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ABSTRACT OF THE DISSERTATION

Multilevel Diagnostic Item Response Model for School Selection and Assessment

by

Meredith Lindsay Langi

Doctor of Philosophy in Education

University of California, Los Angeles, 2021

Professor Minjeong Jeon, Chair

Performance-targeted interventions, typically based on student test performance, are

an important tool in improving educational outcomes. These types of interventions are

often applied at the school level, where low-performing schools are selected for partici-

pation. However, typical school effects methods for understanding school performance

do not directly identify the low-performing schools that would benefit the most from

additional support. Additionally, typical school effects methods do not differentiate

school performance based on important aspects of the curriculum. This dissertation

fills this gap in school effects methods by proposing the Multilevel Diagnostic Item

Response (MD-IR) model. The MD-IR model is a multilevel, confirmatory mixture item

response theory model that incorporates strategic constraints in order to differentiate

schools, and students within schools, based on the aspects of the curriculum that would

be most relevant for a performance-targeted intervention. By incorporating latent classes,

the MD-IR model classifies schools as high- or low-performing, and as such, identifies

schools most in need of support. The formulation of the MD-IR model is presented,

along with a detailed empirical example demonstrating its application in the context of

international educational development using data from PISA for Development. Results

from the empirical example illustrate the utility of this model and its promise in filling

this identification gap in the school effects literature.
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CHAPTER 1

Introduction

In 2015, after over a decade of worldwide commitment to enroll all students in schools,

the United Nations and education leaders shifted the focus from enrollment, or quantity

in education, to quality in education. Broadly, the UN shifted focus from the Millennium

Development Goals to the Sustainable Development Goals (SDGs), with goal number 4

focused on education. This goal aims to “ensure inclusive and equitable quality education

and promote lifelong learning opportunities for all” (United Nations, 2019). Notably, this

goal puts a great emphasis on equity across all populations. The education community,

with support from the UN and the World Bank, responded with the Incheon Declaration,

which commits to “addressing all forms of exclusion and marginalization, disparities and

inequalities in access, participation and learning outcomes” (UNESCO, 2015).

To address issues in equity, many efforts have focused on schools as the target level

for interventions as this is an area in which governments have more control (Anderson,

Milford, & Ross, 2009). The approach used to identify appropriate schools depends on the

type of intervention or policy under consideration. Willms (2006) outlines five different

approaches to targeting an intervention: (1) universal interventions, (2) SES-targeted

interventions, (3) compensatory interventions, (4) performance-targeted interventions,

and (5) inclusive interventions. Universal interventions are implemented for all schools,

and an identification strategy is not necessary. Inclusive, compensatory, and SES-targeted

interventions are determined by more observable categories, (such as community income

level or students’ disability status), although it should be noted that there are often

complexities in measuring these as well.
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Performance-targeted interventions, however, present a particularly challenging iden-

tification process as they are reliant on student test performance. Selecting schools to

target requires creating categories based on performance of students and the impact

schools have on that performance. The decisions required for creating these school

categories should depend on the goal of the intervention as the need for categories can

vary across different political, realistic, and value perspectives (Mehrans & Cizek, 2012).

Whatever the goals of the intervention, the identification process should select schools

by performance-targeted criteria that best match that of the intended intervention. For

example, one performance-targeted intervention that is particularly common in interna-

tional education is teacher professional development and training (e.g., Lucas, McEwan,

Ngware, & Oketch, 2014). Education experts emphasize that professional development

for teachers in targeted schools should link student learning to teacher practice and to do

so, an emphasis should be placed on improving curricular development and instruction

(e.g., Darling-Hammond, 2017). In this professional development intervention, the link

to the curricular and instructional areas that are most in need of improvement should

be included in the school identification process, such that educators participating are

from schools that are most in need of improvement on these particular areas. In other

words, the performance-targeted identification procedure should include not only tar-

geted approaches for identifying schools, but also be based on targeted definitions of

performance.

1.1 School Effects

Targeting schools for interventions is not only a matter of convenience for governments,

but it can also lead to reduction of inequalities in learning outcomes. Figure 1.1 shows

a framework that illustrates the complex relationship between student outcomes and

schools. This framework was first proposed by Willms (2010) and has been adopted

by PISA (OECD, 2010). It highlights heterogeneity in multiple prosperity outcomes

by defining different subpopulations, such as gender or poverty level, and making a
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Figure 1.1: Willms (2010) and PISA framework for the relationship between subpopula-

tions, outcomes, and resources.

key distinction between equality and equity. Equality is defined as differences (or lack

thereof) in prosperity outcomes. For example, researchers may be interested in measuring

differences in math performance by gender or other background characteristics. Equity is

defined as differences in the foundations for success, or as differences in the resources

needed to be successful on the prosperity outcomes. Studying equity, for example,

involves studying the relationship between gender, or other characteristics, and the

foundations for success that are necessary for achievement in mathematics.

In this framework, school effects are captured in the arrow between the foundations

for success and the prosperity outcomes. The placement of this arrow indicates the belief

that schools have a direct impact on prosperity outcomes. The definition of the term school

effects used in the PISA framework is “the effect on academic performance of attending one

school or another” (OECD, 2013). This effect is influenced by foundations of success that

include student dimensions (e.g., family support), teacher dimensions (e.g., instructional

quality), school dimensions (e.g., inclusive environments), and community dimensions

(e.g., community support). The different types of interventions outlined by Willms (2006)

all have important roles to play in influencing the different aspects of this framework and
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improving outcomes for students. Performance-targeted interventions are particularly

useful in the areas of teacher and school dimensions relating to instruction, curricular

materials, and environments. Appropriately identifying schools for interventions in these

areas can improve a schools’ ability to impact student learning.

The term school effects can be controversial in education research. Debates are not

centered around whether schools impact students, but on how to measure and define this

impact. When a definition is agreed upon, policy debates continue as to whether or not

it is appropriate to utilize school effects measures when making high-stakes decisions.

Further, it becomes unclear whether that which is being measured is actually the school

effect on the construct of interest, or some irrelevant variance, such as cheating or inflation

(Koretz, 2017). Despite the controversy, there remains interest in understanding the impact

of schools on student learning, as is demonstrated in the United States ESSA policies

and international development work (e.g., Al-Samarrai et al., 2017; Andrabi, Das, &

Khwaja, 2015; DuFour, 2004). More recent emphasis in school effects research and policies

focuses on how to incorporate feedback and school improvement in the measurement

and resulting classification of schools (e.g., CCSSO, 2017).

To summarize, measuring the impact of schools on student learning is an important

step in implementing interventions needed to achieve the goals set out by the UN and

the World Bank. The approach taken to measure the school effects and identify schools

for interventions must match the goal of the intended intervention. In other words, the

categorization procedure must take into account student and school performance on the

curricular and instructional areas that are most in need of improvement and that are the

aim of the performance-targeted intervention.

1.2 Current Approaches for Measuring School Effects

In recent years, thanks to advances in multilevel modeling, methods for measuring school

effects have become more sophisticated. Despite these advances, the current methods
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are not designed for classifying schools as they require additional steps to make these

categorizations. Additionally, current school assessment approaches do not incorporate

detailed curricular and instructional information that is needed to link school assessments

to interventions. These limitations make it difficult to use the current methods for the

use of quality performance-targeted interventions that could be useful in closing gaps in

student performance. A full review of current methods and their limitations is provided

in Chapter 2.

1.3 Research Aims

This research proposes a psychometric model that addresses the limitations in current

approaches. The proposed Multilevel Diagnostic Item Response model emphasizes

selection and identification of schools, while also incorporating relevant advances in

psychometric modeling, (which are reviewed in Chapter 3). Specifically, this model is a

multilevel item response model that incorporates mixture distributions at both student

and school levels. It is a confirmatory model in that it utilizes existing theories for

defining the latent groups prior to model estimation. This makes it useful in the context

of school effectiveness because both students and schools can be classified into high- and

low-performing groups, and then are appropriately selected for performance-targeted

interventions. The model also enhances existing methods by incorporating additional

information that links the assessment items to curricular domains. By taking advantage

of this item information, classifications are then based on student performance across

these different domains. The full introduction to the new model is given in Chapter 4.

1.4 Example: PISA for Development

A running example is incorporated throughout the following chapters in order to more

clearly illustrate the benefits of the proposed model. It is based on a new PISA initiative,

PISA for Development (PISA-D), that assesses student knowledge in low-income countries.
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The goal of this example is to demonstrate the Multilevel Diagnostic Item Response (MD-

IR) model in the context of international development. This example specifically looks at

mathematical literacy and differences in school effects and student performance across

key processes involved in mathematical problem solving. PISA has made efforts to ensure

that the definition of mathematical literacy is nuanced and relevant for instructional

practices (OECD, 2019). This type of nuanced information can provide education leaders

with key data on student and school math performance that is useful for designing

and implementing performance-targeted interventions, as well as for selecting schools

with the highest need for participation in these interventions. Since resources are often

particularly limited in low-income countries, this targeted selection is essential. While

the PISA-D assessment is not designed for identifying individual schools (due to the

sampling procedures), the running example provides as strong illustration of how the MD-

IR model can provide information for educational planning. Hypothetical illustrations

for identifying individual schools based on the MD-IR model are also included in this

dissertation, with the recognition that the data are not designed for this purpose.

1.4.1 PISA-D Background

The PISA for Development initiative was designed to provide a more accessible test

for countries that expect to perform poorly on the typical PISA assessment. Like the

regular PISA, this assessment was administered to 15 year-old students. The participating

countries include: Ecuador, Guatemala, Honduras, Cambodia, Paraguay, Senegal, and

Zambia. Three subjects are assessed in each country: math, reading, and science. The

PISA-D assessment was balanced between these three subjects, as opposed to the regular

PISA, which assesses one main subject and two minor subjects in each cycle (OECD,

2019). Student and school background questionnaires are also included. The student

questionnaire asks questions regarding the students’ home life, school history, and

physical and mental health. School questionnaires focus primarily on school climate and

community context. This rich set of data allows for exploring the complexity of school
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Table 1.1: School resource statistics for six countries participating in PISA-D

Ecuador Guatemala Honduras Cambodia Paraguay Senegal

N of Students 3715 3332 3131 3225 2837 3174

N of Schools 172 190 201 168 204 159

School Resources

Extremely Low 12 24 36 47 15 46

Severely Low 26 30 35 40 41 36

Low 36 37 40 37 47 30

Moderate 43 39 22 32 58 33

High 55 58 62 12 40 14

effects discussed in Figure 1.1. Students and schools are sampled through a complex

two-phase sampling procedure.

1.4.2 School Resource Data

Table 1.1 presents school resource statistics and sample sizes in six of the seven countries,

(Zambia was excluded.) Sample sizes are similar across countries, with around 3,000

students and at least 160 schools in all countries. School context is different for schools

within country, particularly in terms of the amount of available resources. The empirical

example in this dissertation will focus on Cambodia. More details on the sample are

available in Chapter 5, Section 5.2.3.

1.4.3 PISA-D and School Effects

Large-scale assessments such as PISA and TIMSS (Trends in International Mathematics

and Science Study) have been used in order to study school effects in low-income

countries. A large study across 25 economically diverse countries finds that schools

matter in countries of all economic levels, but particularly so in poor countries and

countries with large economic inequalities (Chudgar & Luschei, 2009). Prior World
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Bank research comparing school effects in high- and low-income countries found that

in low-income countries, schools may play an even more important role than family

characteristics (Heyneman & Loxley, 1983). While this finding is debated (see for example,

Huang (2010) in the Philippines and Bouhlila (2015) in the Middle East and North Africa,)

school effects clearly play and important role in understanding student performance

in low-income countries. As a new initiative, PISA-D and the broader expansion of

large-scale international assessments to include low-income countries has the potential

to expand research on school effects in these countries. The MD-IR example in this

dissertation capitalizes on this opportunity by exploring differences in school effects

within Cambodia.

1.4.4 Mathematics Literacy and Assessment

The PISA for Development mathematics assessment aims to measure students’ mathemat-

ics literacy. PISA defines mathematical literacy as “an individual’s capacity to formulate,

employ and interpret mathematics in a variety of contexts. It includes reasoning math-

ematically and using mathematical concepts, procedures, facts and tools to describe,

explain and predict phenomena” (OECD, 2018, p. 51). The focus of this definition is on

engaging with mathematics, particularly through the key verbs “formulate”, “employ”,

and “interpret”. These three verbs are considered the three processes that students

engage in to be problem solvers in math (OECD, 2018). The formulating process refers to

how well students are able to formulate a stated problem in a mathematical form. The

employing process refers to the students’ ability to perform the appropriate computations

and manipulations to arrive at the correct solution. The interpreting process refers to how

well the students can interpret the solution in the real-world context. In PISA-D, items

are linked to each of these three processes, with 50% of items being employ items, 25%

formulate items, and 25% interpret items. Each item is assigned to only one category.

True mathematical literacy requires the ability to utilize all three of these mathematical

processes and their underlying competencies. However, students throughout the world
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tend to have difficulties with various aspects of these processes. Field testing of PISA-D

assessment items revealed differences in student performance by these processes, with

formulating items being the most difficult (Stacey, 2015). Similarly, students in Indonesia

struggled the most with formulate items, showing consistent errors in this domain (Kohar,

Zulkardi, & Darmawijoyo, 2014). Even countries that typically perform highly on the

general PISA math assessment, such as Finland and South Korea, struggle with various

aspects of these processes (Turner, Blum, & Niss, 2015).

One possible explanation for the struggles students face is the fact that teachers

themselves have deficiencies in explaining the problem solving process (Sáenz, 2009).

Güler and Arslan (2019) find that many teachers could solve math problems, but were

unaware of the processes and competencies they utilized in the process. Teaching the full

mathematical modeling process is essential for student high-performance and therefore,

efforts should be made to improve the teaching of the processes involved in solving

real world math problems (Blum, 2015). The MD-IR example presented here explores

differences in school performance across these mathematical processes in Cambodia.

1.5 Conclusion

The empirical example presented in Chapter 5 demonstrates how the proposed model

brings together the study of school effects, mathematics literacy, and performance-targeted

interventions for the purposes of international educational development. The unique

combination of psychometric modeling approaches used in the MD-IR makes it a useful

new tool in implementing interventions that can support countries as they strive to

achieve the goal of equitable outcomes and learning opportunities for all.
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CHAPTER 2

School Effects Methods Literature Review

Methods for studying the impact of schools on student learning vary widely across many

different disciplines. In this review, I focus on statistical models that utilize multilevel

modeling techniques, which are popular in the field of education research.

2.1 Hierarchical Linear Models

2.1.1 Basic Multilevel Model

Perhaps the most common way of measuring school effects is through two-level regression

modeling, which is often labeled as hierarchical linear modeling (Raudenbush & Bryk,

2002), multilevel models, or mixed effects models, depending on the field. In this

dissertation I refer to these models as hierarchical liner models (HLM) and present this

method in detail as it forms the basis for many of the other approaches reviewed. I

first present the unconditional two-level model, then discuss how it can be adapted for

modeling the complexity of school effects.

The simplest two-level model as outlined in Raudenbush and Bryk (2002) is the

unconditional model, where level one is modeled as,

Yjm = β0m + rjm, (2.1)

and level two as,
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β0m = γ00 + u0m. (2.2)

In school effects studies, Yjm is typically a score for student j, who attends school m,

on an achievement test (e.g., math). The intercept in Equation 2.1, β0m, represents the

mean score for school m. The level one error term is represented by rjm and is normally

distributed with mean zero and a variance of σ2 that remains constant. In this model,

student-level scores are based solely on the mean score of the school the student attends.

Figure 2.1 shows the within-school distribution of student residuals (the lower row of

distributions) for school M. Student j in school M has a positive residual, so that within

school M, student j performs higher than the school’s average.

In Equation 2.2, γ00 represents the grand mean of student scores and u0m is the

school-level random effect associated with school m. The random effect is assumed to

have a mean of zero and a constant variance ε2. To make the interpretation of u0m clear,

substitute Equation 2.2 into Equation 2.1 to get the combined model,

Yjm = γ00 + u0m + rjm. (2.3)

Equation 2.3 shows that student j’s score can be decomposed into the grand mean of

student scores, the unique contribution of school m that is the school’s effect, and the

student’s residual. Figure 2.1 shows the distribution of school effects u0 for all schools

(the upper distribution). School L is located at the bottom of the distribution, such that the

academic performance of students in school L will be lower, on average, compared to the

average student score. Students in school M at the top of the distribution are expected to

perform higher, on average, compared to the average student score. In this unconditional

model, the school effect u0m captures all aspects of the school’s performance, including the

impact of various school practices and the impact of the school’s context. Disentangling

school practices from context is discussed in the following section.

The variance components are an important aspect of the model in school effectiveness
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Figure 2.1: Distribution of school effects u0 and within-school distributions of student

residuals r.

studies. The between-school variance, ε2, signals the extent to which schools influence

student outcomes. If the variance is large, schools have a substantial impact on student

outcomes. On the other hand, if the variance is small, the schools play a less important

role (Raudenbush & Bryk, 2002). The within-school variance, σ2, indicates the size of

gaps within schools. A larger within-school variance suggests larger achievement gaps

between students within schools. In this model, it is assumed that the within-school

variance is equal for all schools. Figure 2.1 shows how the variance is equal for both

school L and school M.

Studies of school effects typically include covariates at one or both levels of analysis.

Raudenbush and Bryk (2002) emphasize that including student-level background vari-

ables improves the accuracy and precision of school effects estimates by reducing the

level one error variance, rjm. Including covariates also accounts for student and school

characteristics, and as such, the school effect term, u0, can be interpreted as an adjusted

measure of performance that captures the school-level variation that is not accounted for

by the covariates in the model. This means that the interpretation of the school effect

term depends on the covariates included in the model (Grilli & Rampichini, 2009).

Adding covariates to Equation 2.1 yields,
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Yjm = β0m + β1mX1jm + ... + βQmXQjm + rjm, (2.4)

where Xqjm represents the qth student background characteristic. Modeling the additional

β coefficients gives,

β0m = γ00 + u0m

β1m = γ10

...

βQm = γQ0.

(2.5)

In Equation 2.5, the student-level intercept, β0m, is allowed to vary across schools, just as

in Equation 2.2. This model is the random-intercept model where the other regression

slopes are assumed to be equal across schools. In other words, a school’s effectiveness

is captured in u0m, which does not vary by the student characteristics that are included

in the model and follows the same assumptions as in Equation 2.2. This assumption

of equal regression slopes across schools can be relaxed, which will be discussed in a

following section.

School-level covariates can also be added to the level two models,

β0m = γ00 + γ01W1m + ... + γSmWSm + u0m

β1m = γ10

...

βQm = γQ0.

(2.6)

In Equation 2.6, the student-level intercept is no longer modeled simply as a function of

the grand mean of student scores and a school-specific deviation from that mean. Instead,

that intercept is modeled as a function of the grand mean, as well as specific school-level

characteristics, such as average student SES (socioeconomic status) and average student

prior achievement. By including these school characteristics, u0m becomes the school
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effect adjusted for school context.

2.1.2 Modeling Type A and Type B Effects

To elaborate on the definition of school effects provided above, Raudenbush and Willms

(1995) give a further explanation of this term by splitting school effects into two different

categories: Type A and Type B effects. A Type A effect is the difference in a students’s

observed performance and the expected performance of that same student were she

to attend an average school. This type of effect is what a parent might consider when

selecting a school for their child. In other words, it does not attempt to isolate a school’s

performance and practice separately from other contextual effects such as the social and

economic characteristics of the school’s community.

A Type B effect is different in that it aims to isolate the impact of the school’s practice

on students’ learning. Practice is considered school leadership, curriculum, instructional

approaches and quality, and resource utilization and would be considered foundations

for success in Figure 1.1. These practices are separate from school context (Raudenbush

& Willms, 1995), although the relationship between the two is typically quite strong. A

Type B effect is the difference in a student’s observed performance in her school and

her expected performance if she had attended an average school within the same context.

School and district administrators are often interested in this type of school effect. In

practice, as is clearly shown in Figure 1.1, there is a relationship between context and

practice (i.e., they covary).

Estimation of Type A school effects is feasible because it is not necessary to isolate

the school effect from the contextual effect. On the other hand, Type B effects are

impossible to isolate without some level of bias (Castellano, Rabe-Hesketh, & Skrondal,

2014; Raudenbush & Willms, 1995). Similarly, consistent estimation of Type A variance

components is feasible, while consistent estimates for Type B effects are much more

difficult (Raudenbush & Willms, 1995).

Type A effects. Type A effects do not aim to isolate school context from the school effects
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estimate. In terms of the model, practice is represented by u0m, and context effects are

represented by the γ coefficients and the WSm covariates,

Am = γ01W1m + ... + γSmWSm + u0m. (2.7)

In Equation 2.7, the Type A effect is consistent for all students within school m. To

clarify this, I present an example with one covariate at each level. At the student-level is

student SES, and at the school-level is the school aggregated SES. The outcome variable is

students’ scores on the PISA-D mathematical literacy assessment. Note that this score

can be created either as a sum score (i.e., totaling the number of correct responses) or

using item response theory. Only a score on the general domain is typically used, without

any information on sub-domains or mathematical processes (formulate, employ, and

interpret).

Writing both the student and school levels in the same equation yields the combined

model,

Yjm = γ00 + βSESSESjm + γ ¯SES
¯SESm + u0m + rjm, (2.8)

where Yjm is student j’s (who attends school m) math score. γ00 represents the grand

mean of all math scores. SESjm is a variable indicating the student’s SES level, and βSES

is the slope associated with student SES that is constant across all students and schools.

¯SES is the school mean SES that represents the school’s context and γ ¯SES represents the

contextual effect of aggregated SES on individual student scores. u0m represents school

m’s unique effect on math achievement adjusted for student and school SES, and rjm

represents the student-level residual. Assumptions for u0m and rjm are the same as in

earlier models. At this point, the model for the Type A effect for student j in school m is

given as,
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Ajm = γ ¯SES
¯SESm + u0m

Ajm = contextual effect + school effect.
(2.9)

Type A effects can be estimated without bias using maximum likelihood estimation

(Raudenbush & Willms, 1995).

This form of school effect is often considered as being useful to parents who are

selecting a school for their children since parents may want to consider the impact of a

school’s context on their child’s scores. However, it is possible that some interventions

are a combination of performance-targeted and SES-targeted interventions. For example,

a program that focuses on providing resources to schools may want to consider a school’s

Type A effect because taking the socioeconomic context into account is important for

resource distribution.

Type B effects. In contrast with Type A effect, Type B effects aim to isolate the impact of

the school separately from the contextual effects, which presents additional challenges in

estimation. Ideally, if it could be assumed that student characteristics, such as student

SES, are unrelated to the school effect, the Type B effect for school m would be written as,

Bm = u0m

Bm = school effect.
(2.10)

In Equation 2.10, the school relevant factors beyond the school mean of achievement and

the included covariates, are captured in u0m, (Grilli & Rampichini, 2009). However, it is

not likely that the school effect is unrelated to the student background characteristics,

resulting in a biased and inconsistent estimate of Type B effects. Additionally, Raudenbush

and Willms (1995) show in more detail that the maximum likelihood estimates of the

Type B variance components will be underestimated, as the estimate will provide a lower

bound of the Type B component.

Value-added models. A common interpretation of school effects study results comes

in the form of value-added. Value-added studies aim to isolate the school’s (or in some
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cases, the teacher’s) additional contribution to student learning beyond what would be

expected for that student based on prior performance and other characteristics. In other

words, a school’s value-added for student i in school j written as a combined model is,

Yjm − (γ00 + βXjm + γWm) = u0m + rjm

observed outcome− expected outcome =value added +residual.
(2.11)

Notation in Equation 2.11 is the same as in previous equations. When shifting the

interpretation, the school effect term u0m is referred to as the school’s value-added, and

a school with a positive value-added score is considered “effective”. Whether, and to

what extent, to include covariates that control for context effects is a considerable point

of debate in the field of education accountability. Additionally, value-added measures

have limited reliability over time, making their application in high-stakes accountability

policies problematic. A full review of value-added approaches is beyond the scope of

this review, but for useful discussions and critiques refer to Koretz (2008), McCaffrey,

Lockwood, Koretz, Louis, and Hamilton (2004), and Reardon and Raudenbush (2009).

2.1.3 Differential Effectiveness

Up to this point, the models have assumed uniform school effects across all schools.

However, this assumption may not always hold true. In the HLM framework, the random-

slope model allows for exploring differential effectiveness based on observable student

characteristics. Specifically, the additional Q number of β coefficients from Equation 2.4

can be set to vary across schools,
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β1m = γ10 + u1m

...

βqm = γq0 + uqm

...

βQm = γQ0 + uQm.

(2.12)

γq0 represents the average slope across schools for student-level covariate q. uqm represents

the unique difference in that slope associated with school m. The uqm components are

assumed to have a mean of zero, constant variance, and are allowed to covary.

To illustrate, Equation 2.8 is adjusted to include the student-level covariate for prior

math achievement. Note that student and school-aggregate SES could have been left

in the model, but for simplicity, only one covariate is included. Writing as a combined

model gives,

Yjm = γ00 + (γmath + u1m)mathjm + γ ¯math
¯mathm + u0m + rjm, (2.13)

where γmath represents the average slope on math achievement for all schools, and u1m

represents the school specific deviation from this average slope. Type A and B effects are

then modeled as follows,

Ajm = γ ¯SES
¯SESm + u0m + u1mmathjm (2.14)

Bm = u0m + u1mmathjm. (2.15)

Using this approach, it is possible to model the fact that school effectiveness may vary

based on student characteristics. However, utilizing the results from these models for

ranking or targeted interventions is difficult because the regression lines for each school

cross at different points (Grilli & Rampichini, 2009). In other words, the rankings for

schools can change drastically depending on the location of the math achievement scale.
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Additional school-level covariates can be included in Equation 2.12 in order to control

for school characteristics in estimating differential effects.

2.1.4 Examples of HLM Studies

The HLM approach outlined above is extremely popular for studying school effects,

and as such, there are a plethora of examples in the literature. The relatively small

number of examples presented here demonstrates the wide-ranging use and flexibility

of the HLM framework across a variety of contexts. Willms and Somer (2001) provide

an interesting example of using HLM to study school effects across numerous countries

in Latin America. The authors demonstrate how two- and three-levels can be used to

study school, classroom, and family effects, both within and between countries. Odden,

Borman, and Fermanich (2004) use HLM to include less common school-level covariates

in order to understand fiscal effects of different levels of investment in education.

Studies have also used primarily random-slope models to look at differential effective-

ness, especially by gender and SES. Opdenakker and Van Damme (2006) use three-level

models, with students nested in classrooms, which are in nested in schools, in order to

look at differences in context and practice in public and Catholic schools. Strand (2010)

explores differential effectiveness by ethnicity, gender, poverty, and prior achievement in

the U.K. Kyriakides, Creemers, and Charalambous (2019) use random-slope models to

emphasize the connection between differential effectiveness and the relationship between

quality and equity in education. van Hek, Kraaykamp, and Pelzer (2018) analyzed data

from PISA 2009 in OECD countries to determine whether school resources had differential

effects on males and females. This study used cross-level interactions, an approach not

outlined above, in order to study differential effectiveness. This allowed the authors to

look at differential Type A effects, but not differential Type B effects.
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2.1.5 Limitations

Clearly, the HLM framework is quite flexible and useful for studying the impact of schools

on student learning, but some important limitations do exist. First, it is difficult to classify

schools in need of a particular performance-based intervention. To create classifications,

schools are often ranked based on their school effect or value-added score. Then, a certain

percentage, such as the bottom 25% of schools in this ranking, might be selected for

intervention. However, these rankings are typically unreliable and highly sensitive to the

specification of the model (McCaffrey et al., 2004).

Second, most HLM studies use scores on a single dimension such as the general “math”

dimension for the analysis. As such, less nuanced and actionable feedback is provided.

In order to make use of the more nuanced information regarding sub-dimensions and

cognitive processes, subsequent analyses beyond the single dimension must be performed.

A third limitation to the HLM approach is the need for the process to be conducted in

two steps. The first step involves estimating student scores based on student responses

to test items. This can be done in a number of ways, and the approach taken involves

differing sets of limitations. If sum scores are used, school effect scores may be biased as

a result of failing to address measurement error that is embedded in observed responses

(Fox, 2004; Fox & Glas, 2001). Often a more modern approach is taken, and scores are

estimated using IRT models. Scores are typically estimated without accounting for school

clustering, which can lead to the attenuation of the relationship between the school effect

and the observed variables (Mislevy, 1984; Pastor, 2003). In response to these concerns,

researchers have recommended incorporating the IRT model as a measurement model

into the multilevel framework. In doing so, latent ability scores (as opposed to sum scores

or total scores) can be utilized to produce more accurate estimates of school effects (Fox

& Glas, 2001). This is the approach discussed in the next section.
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2.2 Multilevel Item Response Theory Modeling

2.2.1 The IRT Measurement Model

Introducing a measurement model based on IRT into the HLM framework is often

referred to as Multilevel Item Response Theory (IRT) modeling. Broadly, models in the

IRT framework describe the relationship between a pattern of item responses and the

student’s ability, taking into account the characteristics of test items (Fox, 2004). Multilevel

IRT has been formulated for the inclusion of covariates in two primary ways across the

literature (Kamata & Vaughn, 2011). The first formulation presented by Kamata (2001)

uses hierarchical generalized linear models to present IRT as a two-level logistic regression

model with items nested in students, which can then be generalized to additional levels

to account for student nesting in schools. A second formulation presented by Fox and

Glas (2001) also considers items nested within students. The formulation of multilevel

IRT for school effects that is presented below is based on the Fox and Glas framework.

The multilevel IRT model incorporates a latent variable based on student responses to

items in order to estimate student latent ability. Using the PISA-D example, this latent

ability would be mathematical literacy. An additional subscript i is introduced to notate

items. To model the probability that student j in school m responds correctly to item i,

Pr(yijm = 1|θjm, bi) =
exp(θjm + bi)

1 + exp(θjm + bi)
, (2.16)

where θjm is the student’s latent ability, bi is the location parameter for item i (i.e., the

location where half of students would respond correctly to the item), and yijm is the

student’s response for item i. Note that yijm is the response on a single item, whereas Yjm

from Equation 2.1 is the full test score for the student. This particular formulation is the

Rasch model, where all items discriminate equally among students (Rasch, 1960). Note

that relaxing this assumption allows for the two-parameter logistic IRT model with an

additional parameter. Other IRT models are also possible, but for simplicity, I will focus

on the Rasch model.
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Similarly to Equations 2.1 and 2.2, student latent ability can be modeled with multiple

levels,

θjm = β0m + rjm, (2.17)

and

β0m = γ00 + u0m. (2.18)

u0m is still interpreted as the deviation of school m from the school mean scores, and can

also be interpreted as the unique contribution of school m. Student-level residuals rjm

are normally distributed with a mean of zero and a variance, σ2. School-level random

effects are also distributed normally with a mean of zero and a variance of ε2. Again,

ε2 represents the amount of influence schools have on student learning, and the within-

school variance, σ2, indicates the amount of equality within schools.

Under these assumptions, because there are no covariates yet in the model,

θjm = rjm + u0m, (2.19)

which represents a student-level latent component and a school-level latent component.

Often in multilevel IRT, the components are rewritten so that rjm = θjm and u0m = θm,

then substituted into the the model giving,

Pr(yijm = 1|θjm, θm) =
exp(θjm + θm + bi)

1 + exp(θjm + θm + bi)
, (2.20)

so that both the student latent trait and the school latent trait are represented with similar

notations. The formulation in Equation 2.20 will be used in later sections.
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2.2.2 Type A and B Effects

Type A and B effects are modeled following the same reasoning as in the HLM framework.

Relevant covariates are added to Equations 2.17 and 2.18,

θjm = β0m + β1mX1jm + ... + βQmXQjm + rjm, (2.21)

and

β0m = γ00 + γ01W1m + ... + γSWSm + u0m. (2.22)

Xqjm represents student background characteristics, and βqj represents the corresponding

student-level regression coefficients. Similarly, Wqm represents school characteristics, and

γqm represents the corresponding school-level coefficients.

2.2.3 Examples of Multilevel IRT Studies of School Effects

Multilevel IRT is a useful advancement in school effectiveness methodology and is gaining

in popularity. However, it is not yet as widely used as the HLM approach without the

measurement model that is outlined in Section 2.1. In fact, Hairon, Goh, Chua, and Wang

(2017) highlight the benefits in applied research on teacher and school development and

encourage researchers to utilize the approach more often. Many of the initial articles on

multilevel IRT are primarily illustrative. Fox (2004) demonstrates the use of multilevel

IRT for understanding the impact of schools on student mathematics learning in Dutch

schools and how explanatory variables can be incorporated at each level. The analysis

shows how the ranking of schools changes when the measurement model is included.

Fox (2005) extends this work by introducing an IRT model for polytonomous responses.

Pastor (2003) takes a different view of school effectiveness and illustrates the differences

between schools on students’ academic self-esteem.

Many of the school effectiveness studies utilizing multilevel IRT focus more on
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explaining differences between groups, rather than for ranking or accountability purposes.

One exception is Bacci and Caviezel (2011), who use a multilevel partial credit model

to rank teachers based on student satisfaction. There are also a few studies that are

examples of a more explanatory approach. Briggs (2008) uses a number of student-

and school-level covariates to analyze group differences in science achievement. Höhler,

Hartig, and Goldhammer (2010) study students’ foreign language competence within-

and between-schools, while providing an additional methodological advancement by

combining multilevel IRT with multidimensional IRT. Sulis and Toland (2017) explore

differences in mathematics achievement between classrooms in Italian schools, and

consider whether differences between students are explained by gender and SES.

2.2.4 Assumptions and Limitations

Multilevel IRT modeling is based on a number of assumptions. First, the assumptions

of the selected IRT model at the item level must be considered. The above formulation

uses the Rasch model, which assumes equal discrimination for all items (Rasch, 1960).

However, this may not be a valid assumption for the assessment, as is the case in many

of the examples provided above, and another IRT model (e.g., two-parameter logistic

model) may be more appropriate. Additionally, most IRT models used for looking at

school effects represent a single dimension, such as math, and do not consider possible

sub-dimensions of math skills or the cognitive processes required for solving items. In

order to incorporate this additional information, an approach such as outlined in Höhler

et al. (2010) would be necessary.

The multilevel IRT approach shares many of the same limitations as the HLM ap-

proach. While multilevel IRT addresses the limitation of the two-step HLM framework

by incorporating the measurement model, it still relies on the assumption of equal vari-

ances within and across sites Pastor (2003). In fact, Figure 2.1 is essentially identical

for multilevel IRT, where the X axis labels are θm in place of u0, and θjm in place of r.

In other words, this model assumes that both students and schools are sampled from

24



homogeneous populations. However, as explored in Figure 1.1, this assumption of a

homogeneous population may not be valid. The assumption of equal variance at the

within-level means that the model assumes all schools have the same achievement gap

within schools. Not only is this assumption likely invalid, understanding whether some

schools successfully reduce the achievement gap is worth investigating.

Finally, multilevel IRT also does not provide a solution to the challenges of classifying

students and schools. When the goal of an analysis is to classify students and schools for

performance-targeted intervention, additional steps must be taken, just as in the HLM

framework.

2.3 Chapter Conclusion

Despite important methodological contributions to the field of school effectiveness re-

search, more research is needed to ensure that the modeling approach addresses the

complex challenges inherent in understanding the impact schools have on students.

Additionally, more needs to be done in order to improve the classification process for

grouping students and schools for performance-targeted interventions.

The next chapter reviews a number of models from the field of psychometrics that are

theoretically and statistically related to multilevel IRT and the Multilevel Diagnostic Item

Response model, but have not yet been used in school effectiveness research.
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CHAPTER 3

Related Psychometric Models Review

The importance of strong methods to classify students and schools for use in performance-

based indicators, and the complexity of the process illustrated in Figure 1.1 are well-known

in the field of psychometrics. Of particular interest in psychometrics is the classification

of respondents based on the belief that the distribution of respondents represents a finite

number of latent (i.e., unobservable and inferred from the data) classes (Gnaldi, Bacci, &

Bartolucci, 2016). In the case of school effectiveness research, school-level latent classes

could represent levels of school performance, based on student achievement data. The

benefits of classifying schools based on performance include the ability to target reforms

and interventions, as well as to understand the characteristics of the higher performing

schools.

The psychometric models reviewed in this section represent existing methods that

primarily aim to classify respondents into latent classes based on their responses to

test items. Each approach has strengths and weaknesses in terms of its capability to

account for latent heterogeneity, while providing useful information for policy makers

and practitioners. Additionally, each model has a theoretical and statistical relationship

to the proposed Multilevel Diagnostic Item Response model that will be presented in

Chapter 4.

The first type of model is an extension of IRT models, termed Mixture IRT, which

aims to improve the modeling of heterogeneity in IRT. The next set of models are

termed Cognitive Diagnostic Models (CDMs) or Diagnostic Classification Models (DCMs),

and these have important similarities to the proposed model regarding classification
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of respondents and the use of item information. The next two models are historically

influential in cognitive diagnostic modeling and in the development of the Multilevel

Diagnostic Item Response model: (1) the Log Linear Test Model (Fischer, 1973) and (2)

the Saltus Model (Wilson, 1989). Each of these models is reviewed below.

3.1 Mixture Item Response Theory

3.1.1 Rationale

As mentioned in Chapter 2, the application of IRT models requires a number of as-

sumptions. Mixture IRT aims to address the key assumption that the IRT model holds

across the population, regardless of latent class. Mixture IRT relaxes this assumption by

incorporating a latent class analysis into the model, which allows the IRT model to vary

across classes, but to hold within a class (Gnaldi et al., 2016; Rost, 1990; Smit, Kelderman,

Flier, et al., 2000). Typically, the models incorporate a finite number of mixture (normal

gaussian) distributions in order to infer group membership based on observations from

multiple latent classes (Marcoulides & Heck, 2013; B. O. Muthén, 1989; von Davier, 2010).

The focus on latent classes is different from multiple-group models, which allow for the

IRT model to differ by groups that are based on observable background characteristics.

The benefit of combining the IRT model with latent class analysis is that students are

assigned to classes, but student ability is also allowed to vary within a class. This is

possible because both continuous and categorical latent variables are estimated, fulfilling

the practical need for diagnosis (categorical variables) and comparison of schools and

students (continuous variables).

3.1.2 Student-level Formulation

Due to the complexity of mixture IRT models, I begin by outlining the student-level

formulation, where items are nested in students. Similarly to the previous IRT section,
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mixture IRT models can include multiple parameters such as in the two-parameter, three-

parameter, and generalized partial credit models. For simplicity, I continue to focus on

the Rasch IRT model.

The probability of student j responding correctly to item i is conditional on the

student’s latent ability θjg and their latent class assignment, C = (1, ..., g, ..., G),

Pr(yij = 1|θjg, C = g) =
exp(θjg + βig)

1 + exp(θjg + βig)
. (3.1)

βig is the item location parameter for latent class g. Importantly, θjg ∼ N (µg, σ2
g), which

highlights another key difference between typical IRT models and mixture IRT models.

The group level subscript in the distributions indicates that the means and variances are

allowed to vary across latent classes. In other words, some student groups may perform

higher, on average, compared to others. They may also have larger gaps between low and

high performing groups within a class.

The marginal probability model across latent classes is,

Pr(yij = 1|θj) =
G

∑
g=1

Pr(C = g)Pr(yij|θjh, C = g), (3.2)

where Pr(C = g) = πg, or the probability of belonging to class g, and ∑G
g=1 πg = 1. The

probability of belonging to class g can be interpreted as the proportion of respondents in

class g where no explanatory variables are included in modeling πg.

Covariates can be included for predicting either the probability of person j belonging

to class g, or for predicting the latent trait θjg (Li, Jiao, & Macready, 2016). Technical

reasons for including covariates include more accurate parameter estimates and latent

class assignment (e.g., Lubke & Muthén, 2005).
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3.1.3 Multilevel Formulation

In order to be useful for school effectiveness studies, the multilevel IRT model can be

extended to include a school level. Incorporating additional levels follows much of

the same logic as in multilevel IRT, but with the relaxed assumption of the IRT model

holding across latent classes. Latent classes are incorporated in both the student-level

and the school-level of the model, where C = (1, ..., g, ...G) now becomes the notation

for student-level classes, and K = (1, ..., h, ..., H) is for school-level classes. Following the

same logic from the multilevel IRT section, the student latent trait, θjm from Equation

3.1 can be decomposed into the student component, still θjm, and a school component,

θm. Now the conditional model, conditional on student group and school group, can be

formulated as,

Pr(yijm = 1|θjmgh, θmh, C = g, K = h) =
exp(θjmgh + θmh + βigh)

1 + exp(θjmgh + θmh + βigh)
. (3.3)

In this model, it is possible for the location parameter, βigh, to vary both by the student-

level classes and the school-level classes. Again, the distributions of the latent traits at

both levels are allowed to vary by classes. In other words, θjmgh ∼ N (µgh, σ2
gh), and

θmh ∼ N (µh, σ2
h). By allowing the between-school variance components to differ across

groups, this model accounts for the possibility that variation in school effects differs by

school latent groups. Allowing for different within-school variance components accounts

for the possibility that schools in each group may have differing levels of achievement

gaps depending on the student group.

Specifying the marginal probability model is more easily shown in two equations:

Pr(yijm = 1|θjm, θmh, K = h) =
G

∑
g=1

Pr(C = g|K = h)Pr(yijm|θjmgh, θmh, C = g, K = h),

(3.4)

and
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Pr(yijm = 1|θjm, θM) =
H

∑
h=1

Pr(K = h)Pr(yijm|θjm, θmh, K = h). (3.5)

In Equation 3.4, Pr(C = g|K = h) = πgh is the probability of a student belonging to

class g, conditional on the school class membership. In other words, the probability of

belonging to different student classes depends on the class of school in which the student

attends. In Equation 3.5, Pr(K = h) = πh is the probability of a school belonging to class

h.

Vermunt (2008) highlights that a number of special cases can exist in this formulation.

One special case the author provides is when the student-level group membership

probabilities do not depend on school-level group membership, but the parameters of the

IRT model do vary based on the school-level membership. In other words, the school-level

classes capture the common variation in responses within a school. Another special case

is when student-level group membership probabilities do depend on school-level group

membership, but the parameters of the IRT model do not. In other words, the association

between item responses is fully captured by the student groups, and the school groups

capture the association between students (Vermunt, 2008). Finally, covariates can also

be included at both levels in order to improve class assignments (Gnaldi et al., 2016;

Vermunt, 2010)

3.1.4 Confirmatory versus Exploratory Applications

Typically, mixture IRT models are used in an exploratory manner to understand the

number of latent classes as well as the distribution of the latent variable in the population

(e.g., B. O. Muthén, 1989). Examples of research using multilevel mixture IRT to account

for school clustering and school impact have primarily used an exploratory approach.

Vermunt (2007) uses mixture IRT to determine whether items function differently across

school groups. To do this, the author introduces school-level classes, but not student-

level classes. Cho and Cohen (2010) look for differential item functioning (DIF) at
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both the student and school levels using a Bayesian estimation framework. Gnaldi et

al. (2016) extend the earlier work of Bartolucci (2007) by extending Latent Class IRT

(LC-IRT) to include multiple levels and multidimensional traits in order to examine

whether subgroups show distinct response styles, and whether expected student scores

are characterized by schools. These examples are exploratory because they do not have a

pre-determined theory guiding the number of classes. Instead, they compare models with

different numbers of classes at each level in order to determine the number of classes that

lead to the best model fit.

Some examples of confirmatory mixture IRT models do exist, but not in the field of

school effectiveness. For example, Mislevy and Verhelst (1990) use mixture IRT models

to identify a fixed number of solution strategies employed by test takers, based on

substantive theories of different strategy types. Bolt, Cohen, and Wollack (2002) apply a

mixture Rasch model to explore test speededness by comparing a “speeded” class with a

“nonspeeded” class.

3.1.5 Limitations

The flexibility of mixture IRT models allows for successful modeling of student and school

heterogeneity. The use of a continuous latent trait allows for within-class comparisons

and an understanding of dispersion within and across schools. Incorporating a categorical

latent class variable provides the opportunity for classifications of students and schools.

As such, multilevel mixture IRT models address an important limitation outlined in the

previous chapter for estimating school effects with HLM and multilevel IRT. However,

without adopting an a priori theory for interpreting the latent classes, classification

assignments are difficult to interpret in the context of targeting policy and program

interventions. Additionally, the complexity of these models means that they can be

quite difficult to estimate. Finally, multilevel mixture IRT does not incorporate curricular

information, and therefore, the estimated scores and classifications are based on a general

dimension such as mathematical literacy, as opposed to a more nuanced definition that
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includes cognitive processes.

3.2 Diagnostic Classification Models

3.2.1 Rationale

Up to this point, the models reviewed have focused on a continuous latent trait. In the

case of mixture IRT, a categorical variable was added in order to classify students and

schools based on latent classes. In this section, I review a modeling framework, called

Diagnostic Classification Models (DCMs; sometimes referred to as CDMs), because these

models are growing in popularity in the field of education for the purposes of providing

diagnostic feedback. DCMs are confirmatory latent class models. The goal of latent class

analyses is to classify respondents into unobserved categorical latent classes (Lazarsfeld

& Henry, 1968). More specifically, the latent classes are based on attribute profiles, where

the attribute profile represents the students’ standings on a number of tested attributes.

These attributes can represent various subdimensions or cognitive functions, such as those

measured by PISA-D mathematics. Under the DCM framework, students can be classified

as mastering or not mastering each of the cognitive processes (formulate, employ, and

interpret). In this case, there are 23 = 8 possible attribute profiles, one of which is where a

student has mastered the formulate process, but not the other two. This type of feedback

can be useful to teachers who are aiming to improve instruction for their students. In

the case of this student, the teacher would want to focus on employing strategies and

interpreting results.

Incorporating the variety of available information about the items into the model is

a key component of DCMs. Having this information, as well as a substantive theory

regarding the latent classes (attribute profiles) makes these confirmatory models. The

next section provides the formulation of a general DCM, followed by discussions of

extensions that have relevance for school effectiveness research.
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3.2.2 Formulation: Log-linear Cognitive Diagnosis Model

Research around DCMs is growing rapidly, and summaries of the field of diagnostic

models already exist (see for example, Rupp & Templin, 2008). Therefore, I limit this

discussion to one general DCM model, the Log-linear Cognitive Diagnosis Model (LCDM;

Henson, Templin, & Willse, 2009) which encompasses other well-known DCMs (e.g.,

DINA and the DINO models). Again, the LCDM is a constrained latent class model

that utilizes categorical variables to classify students based on theoretically determined

attribute profiles. In an exam with A number of attributes, the attribute profile of student

j is given by αj = (αj1, ..., αja, ...αjA). In an exam measuring the cognitive processes of

PISA-D, student j from above who has mastered the first, but not the second and third

attributes, would have an attribute profile of αj = [1, 0, 0].

In order to link the test items to the specific subdimensions or pre-specificed test

information, a design matrix called the Q-matrix is included in the item-level model. For

an exam with I items and A attributes, the Q-matrix is an I × A matrix, with I rows and

A columns.

Here, the probability of a correct response on item i for student j is conditional on

student j’s attribute profile αj, rather than the continuous latent trait of θj as in previous

latent models:

Pr(yij = 1|αj) =
exp(λ0i + λT

i h(qi, αj))

1 + exp(λ0i + λT
i h(qi, αj))

, (3.6)

where the intercept for this item, λi,0 represents the log-odds of a correct response for a

student who has not mastered any of the A attributes that are tested by this item. ˘i is the

regression parameter for item i, qi is the vector of Q-matrix entries indicating whether

the item measures each attribute, and λT
i h(qi, αj) is a vector of linear combinations that

indicate whether or not the parameter is present for student j on item i. For a more in

depth formulation of the conditional model, including a discussion of main effects and

interaction terms for attributes, see Henson et al. (2009).
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Now, let there be C = [1, ..., g, ...G] possible latent classes where each class is rep-

resented by an attribute profile and G = 2A. The marginal probability model can be

expressed as,

Pr(yij = 1) =
G

∑
c=1

Pr(C = g)Pr(yij|C = g), (3.7)

where Pr(C = g) = πc, and πc is the proportion of students who belong to that particular

latent class (i.e., have a given attribute pattern). As in previous models, ∑C
c=1 πc = 1.

The LCDM is a complex model with a large number of parameters and subscripts.

More in-depth information on the formulation of the LCDM, including how specific

constraints are placed to specify other popular DCM models, is presented in Henson et

al. (2009). Another model presented by von Davier (2008) is even more general than the

LCDM in that the LCDM model can be considered a special case of this general diagnostic

model (GDM; von Davier, 2014). The GDM is also based on latent class analysis and can

be thought of as a general framework for confirmatory multidimensional item response

models (von Davier, 2010). For the purposes of this research, the key aspect of both of

these models and their related frameworks is the use of a Q-matrix to link items to more

nuanced aspects of test items in order to classify students into categorical latent classes.

3.2.3 Multilevel DCMs

Research extending DCMs to multiple levels has been limited, and therefore, not yet

used in school effectiveness research. At the time of writing, two examples of early

work in using DCMs in a multilevel framework have been presented. First, von Davier

(2010) presents a Hierarchical General Diagnostic Model (HGDM) as an extension to the

single-level GDM (von Davier, 2008). Specifically, the HGDM accounts for clustering by

modeling the probability of latent group membership conditional on cluster (e.g., school)

membership. It estimates class-specific profiles and parameters, as well as school-level

cluster proportions (i.e., the proportion of students in each class in a school). The author
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uses an example in language testing to demonstrate how modeling student clustering

provides information that improves the classification of students into high- and low-

proficiency groups. While understanding differences in the distribution of the latent

attributes across schools is important, it does not classify schools directly from the model.

Finally, student- and school-level covariates are not incorporated in the HGDM, making

it difficult to isolate school impact from other background characteristics.

W. C. Wang and Qiu (2019) introduce a different approach to multilevel DCMs. This

modeling approach uses the LCDM at the item level and can incorporate student and

school background covariates to understand their effects on attribute mastery. The

authors argue that a major benefit of using the multilevel DCM is that the standard

errors of the covariates are estimated accurately, which leads to appropriate statistical

tests of the covariates and improves the accuracy of student classifications. To do this,

two approaches are provided: (1) the latent continuous variable approach and (2) the

multivariate Bernoulli distribution approach. The first approach is outlined here because

much of its formulation is quite similar to that of the HLM provided in the previous

chapter.

Assume a continuous trait α∗a underlies the categorical trait αa. If α∗a is larger than

some threshold, the trait is considered mastered, and αa = 1. If α∗a is smaller than that

threshold, then αa = 0, and the trait is considered not mastered. It is assumed that the

vector α∗ = (α∗1 , ..., α∗A) follows a multivariate normal distribution that has a mean vector

µT = (µ1, ..., µA) and a variance for all attributes fixed to one.

Now, let α∗jma denote the continuous latent trait for student j in school m on attribute

a. Then, α∗jma can be modeled as with Q number of student covariates,

α∗jma = β0ma ++β1maX1jma + ... + βQmaXQjma + rjma, (3.8)

where Xqjma is the qth student covariate, β0ma the intercept, and βqma the related regression

slope. rjma is the residual and follows a multivariate normal distribution with means of

zero and a variance/covariate matrix Σ. At the school-level,
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βqjm = γ0a + γ1aW1ma + ... + γSmaWSma + uma, (3.9)

where Wsma is the school-level covariate, γ0a the intercept, and γsma the school-level

regression slope. uma also follows a multivariate normal distribution with means of zero

and a variance/covariance matrix Ω.

The benefits of this model are that it is understandable within the HLM framework,

and that it can be estimated with available software. However, as the number of attributes

increases, so does the dimensionality of the integration, making estimation quite slow.

Additionally, the model does not provide school-level classifications.

3.2.4 Limitations

DCMs are very useful in providing student-level classifications that can result in nuanced

feedback regarding student strengths and weaknesses. Modeling categorical latent

variables based on item responses eliminates the need to determine cut-scores and

classifications that are complicated with continuous latent variable models. Additionally,

the DCMs utilize important and relevant information that is often provided by test

makers. However, DCMs have a number of limitations in terms of their utility for school

effectiveness research. First is the limited research on DCMs in multilevel settings. The

new approach outlined above illustrates some early work in this area, but much more

effort is needed in order for multilevel DCMs to be useful in classifying schools for policy

and interventions. Second, research has also been limited on the inclusion of covariates

in DCMs. Ayers, Rabe-Hesketh, and Nugent (2013) illustrate this using student-level

covariates, but not school-level. Future work beyond the W. C. Wang and Qiu (2019)

paper is needed in this area. Finally, because DCMs only use categorical latent variables,

they are unable to provide comparison data within latent classes.
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3.3 Log Linear Test Model

3.3.1 Rationale

One of the early models to make use of subdimensions or cognitive functions attributed to

test items is the Log Linear Test Model (LLTM; Fischer, 1973). The LLTM is an important

adaption of the Rasch model because it considered the impact of cognitive dimensions

on the attributes of the item. In the development of this model, Fischer (1973) argued

that the model can be useful in instructional research if the subject is made up of tasks

or items that are a combination of particular types of cognitive operations. The example

originally proposed by Fischer groups items based on different domains in calculus, and

the author uses the LLTM to test that the seven domains exist as hypothesized.

3.3.2 Formulation

The formulation of the LLTM makes an important change to the Rasch model in Equation

2.16 (without the subscript m for the schools). Specifically, the LLTM decomposes the

item location parameter of item i,

βi =
A

∑
a=1

βaXia, (3.10)

where Xiq is an indicator variable denoting whether item i belongs to item group a, and βa

is the effect item group a has on the location parameter. The item groups are determined

a priori by substantive theory regarding the subject matter being tested. For example, the

three PISA-D cognitive functions (formulate, employ, and interpret) could influence the

location of the items.

3.3.3 Limitations

This model differs from cognitive diagnostic models because the item factors do not vary

by respondent, and therefore, there is no classification of respondents based on these
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factors (Hartz, 2002; Stout, 2007; von Davier, 2009). Additionally, the LLTM rests on the

strong assumption that the location parameter is predicted fully by the item characteristics,

although this assumption can be relaxed (Jeon, Draney, & Wilson, 2015). For additional

information on the importance of the LLTM and its influence on subsequent models (e.g.,

MLGM; Embretson, 1984), see Hartz (2002).

3.4 Saltus Model

3.4.1 Rationale

One model that was influenced by the LLTM is the Saltus model (Wilson, 1989). The Saltus

model was initially developed in order to understand cognitive leaps in development and

to assign students to Piagetian type stages, although its use can be extended beyond this

original purpose (Jeon, 2018; Jeon et al., 2015). The benefit of the Saltus model is that it

incorporates categorical latent classes and a continuous latent trait, and therefore, can

be useful for both classification and comparisons within classes. This makes it similar to

mixture IRT, but it differs in that it is confirmatory with a pre-specified number of latent

classes. Another benefit is that the Saltus model incorporates item information regarding

subdimensions or cognitive functions, based on the approach taken in the LLTM. This

allows it to provide more nuanced information beyond a score on the latent trait.

3.4.2 Formulation

In the Saltus model, the probability of student j responding correctly to item i is con-

ditional on the latent trait θj(g) and latent group membership Cj = h, and is modeled

as,

Pr(Yij = 1|θj(h), Cj = h) =
exp(θj(h) − βi + ∑a τjabia)

1 + exp(θj(h) − βi + ∑a τjabia)
. (3.11)

βi represents the item location parameter. θj(g) similarly represents the ability of student
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Figure 3.1: Item response curves for two latent classes for the reference item group

(left) and for the focal item group (right). τ22 represents the difference in item difficulty

between class 1 and class 2. Theta is student mathematical ability.

j (who is in class g) on the construct of interest, and is distributed with θj(g) ∼ N (µg, σ2
g)

. The additional and key parameters of the Saltus model are based on the ideas in the

LLTM model in that items are divided into groups based on theoretical aspects of the

items. bia is an indicator variable of whether item i belongs to item group a, where

(a = 1, ..., A). τja represents the difference in item location for students in class g on item

group a, compared to the reference class.

Figure 3.1 represents item response curves for two latent classes when there are two

item groups. In the Saltus model, one group of items is set as the reference group. The

item response curve on the left of Figure 3.1 is the response curve for an item in the

reference item group. In this case, there is no difference between classes on the items

in these groups. The response curve on the right is for an item in the focal item group.

On this item, there is a difference in item location between the two latent classes that is

shown as τ22, and this indicates that items in this group are more difficult for students in

class 2.

The choice to decompose the item parameter by item groups is based on the as-

sumption that students in different latent groups perform differently on certain types of

39



items. This is useful when the substantive theory suggests that item difficulty changes

systematically based on student class membership (Jeon et al., 2015).

The marginal probability across latent classes is modeled by,

Pr(Yij = 1|θj) =
G

∑
g=1

Pr(C = g)Pr(Yij = 1|θj(h), Cj = h). (3.12)

where Pr(C = g) = πg, which is the probability of a student belonging to class g. In the

original Saltus model, the number of student latent classes is equal to the number of item

groups (i.e., H = G). However, this can be relaxed in a more generalized version of the

Saltus model presented in Jeon et al. (2015). For identification, one latent class is set as the

reference class with a mean of θ = 0, or the item location parameters are set as ∑ βi = 0.

The original Saltus model is based on the Rasch model. Jeon (2018) extends this basic

model by incorporating the IRT discrimination parameter and polytonomous responses.

The Saltus model has also been explored for use in standards setting (Draney & Jeon,

2011).

3.4.3 Limitations

By simultaneously using categorical latent class variables for classification and continuous

latent traits for within-class comparisons, as well as incorporating more specific item

information, all of which are guided by theory, the Saltus model contains key components

needed for a useful model in understanding school impacts on student learning. However,

the Saltus model is only formulated for the student-level and cannot provide school-level

information.

3.5 Chapter Conclusion

Overall, a number of interesting models exist to help researchers understand student

responses and item characteristics, as well as the fact that student characteristics influence
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these responses. However, no existing models provide clear classifications at both student-

and school-levels while also providing useful and nuanced feedback. The next chapter

presents the development of the Multilevel Diagnostic Item Response model, which

incorporates key components of the Saltus model, and draws on the multilevel analyses

in the other modeling frameworks.
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CHAPTER 4

Multilevel Diagnostic Item Response Model

4.1 Research Motivation and Aims

4.1.1 Motivation

The aim of this research is to address the need for a school effects model that classifies

schools into categories based on average student performance, as well as classifying

students within schools. For the purposes of performance-targeted interventions, the

categories need to be based on overall performance, as well as on relevant aspects of the

curriculum. In other words, for particular interventions, it is useful to select students

and schools based on more than a single score. Rather, it may be useful to define the

latent classes by overall performance and differences on a certain attribute of interest.

In addition to these key goals, it is also useful for the model to be able to account for

differences in achievement gaps within schools.

Currently, no tool is available that addresses all of these goals. To do so, the model

must use a multilevel framework, as in multilevel IRT, include both categorical and

continuous latent variables, as in mixture IRT, and incorporate item attribute information,

as in DCMs or the Saltus model. The Multilevel Diagnostic Item Response (MD-IR) model

proposed here addresses these concerns. The MD-IR model can be viewed as a multilevel

mixture IRT model with strategic theoretical constraints on the latent classes and the

item attribute groupings. It can also be viewed as a multilevel extension of the Saltus

model. As such, the development of the MD-IR model is based on advanced psychometric

modeling such that it addresses a gap in the available models in the school effectiveness
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literature.

4.1.2 Key Components of MD-IR

The MD-IR model is a multilevel model that provides estimates of continuous and

categorical latent variables, at both the student- and school-levels. The inclusion of the

continuous latent variable is the key component for considering this model a school

effects model. At the school-level, the continuous normal latent variable represents the

school effect, and its variance represents the amount of impact schools have on student

achievement. At the student-level, the continuous normal latent variable represents

student achievement, and its variance represents achievement gaps within schools. In

these respects, the MD-IR model is similar to multilevel IRT.

In addition to the continuous latent variable, the MD-IR also includes a categorical

latent variable in the form of latent classes for students and schools. The addition of the

categorical latent variables is similar to mixture IRT, and allows for students and schools

to be classified based on item performance. A key difference between typical mixture

IRT applications and the MD-IR model is that the MD-IR model utilizes a confirmatory

approach in determining the number of estimated latent classes. A second key difference

between mixture IRT and the MD-IR is that the latent classes are defined by more than

the average performance on the general dimension. In the MD-IR, the classes are also

defined by differences in performance on an attribute of interest.

The MD-IR model makes use of important attribute information that is typically

included by test developers. In the case of the PISA-D, the MD-IR model can incorporate

the cognitive functions required for mathematical literacy, and as such, can differentiate

students and schools based on performance on the overall trait, and the cognitive functions.

This is similar to the Saltus model, except that the MD-IR model is able to do this for

both students and schools. In other words, the average gain of a particular student class

on items of a particular attribute does not have to be the same if the students’ schools

belong to different school classes.
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Before fully introducing the MD-IR model, the next section first provides notation,

definitions, and the context for presenting the model. Next, the formulation of the model

is given, along with other technical details. Last, we provide a discussion or possible

extensions for common applications.

4.2 Notation and Context

Let yijm be the response on item i(i = 1, ..., I) for student j(j = 1, ..., Jm) in school

m(m = 1, ..., M). Generally, item responses can be polytonomous or dichotomous and

are assumed to be conditional on student latent achievement θjm and school latent effect

θm, both of which are continuous traits. It is also expected that students clustered

within schools are similar in ways that are attributed to the school in which they attend.

Students are assumed to belong to G number of categorical latent classes, denoted by

C = (1, ..., g, ..., G), and that schools belong to H number of school-level latent classes,

denoted by K = (1, ..., h, ..., H), both of which are unknown and inferred from the data.

For both levels, G and H are defined prior to model estimation by substantive theory

or practical interest. It is assumed that θjm and θm are made up of G and H number of

normal distributions, respectively.

Items are also believed to belong to one of A number of attributes. Attributes are

also defined a priori and can represent subdomains of the continuous latent trait of

interests (e.g., formulate, employ, and interpret in the PISA-D math assessment). Item

location parameters, βi, are expected to be influenced by the item’s attribute, such that

τgha represents the difference in location parameter of items measuring attribute a, and

that this difference varies by student group g and school group h. This will be discussed

more fully below.

For simplicity and clarity, the MD-IR model is presented under a relatively simple

context. The formulation presented below assumes binary response data. It focuses

on only two latent classes at both levels, such that H = G = 2. As in the context of
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performance-targeted interventions, we are looking to differentiate between schools and

students in need of support and those that do not. Additionally, there are only two

attributes, A = 2, and items only measure one attribute at a time.

4.3 Formulation

To formulate the MD-IR model, let Cjm denote the student class for student j in school m.

Also let Km denote school m’s school-level class. The conditional probability of student j

in school m responding correctly to item i is given as,

Pr(yijm = 1|θjm(gh), θm(h), Cjm = g, Km = h) =
exp(θjm(gh) + θm(h) − βi + τghabia)

1 + exp(θjm(gh) + θm(h) − βi + τghabia)
.

(4.1)

The parameters are defined as follows:

• θjm(gh) is the achievement of student j, who attends school m. θjm(gh) ∼ N (µgh, σ2
gh).

The student class means and variances differ across groups, with one student-level

group set as the reference class (discussed below). Allowing the student-level

variance to differ across groups allows for the possibility that within-school gaps

could differ across latent classes.

• θm(h) is the school effect of school m. θm(h) ∼ N (µh, σ2
h). The school class means and

variances differ across groups, with one school-level group set as the reference class.

Allowing the school-level variance to differ across classes allows for the possibility

that school classes may differ in their impact.

• βi is the item location parameter. Note that βi is not called “difficulty”. The

interpretation of this parameter in relation to item difficulty will be discussed below.

Also note that βi is purposely equal across all latent classes, which is a key difference

from typical mixture IRT models.
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• τgha represents the difference in item location for students in class g who attend

a school in class h on an item measuring attribute a, compared to students in the

reference class. This is the key component that differentiates the latent classes and

will be discussed more fully in Section 4.6.2.

• bia is an indicator variable indicating whether item i measures attribute a. One

attribute is set as the reference group.

More details on interpreting these parameters and the reference classes are discussed in

Section 4.6.

The marginal probability with respect to the latent classes is given as the probability

of a correct response conditional on student achievement and school effect,

Pr(yijm = 1|θjm, θm) =
H

∑
h=1

πhPr(yijm|θjm, θm(h), Km = h), (4.2)

where πh = Pr(Km = h) is the probability of school m belonging to class h.

Pr(yijm|θjm, θmh, Km = h) is the average conditional success probability for school m given

student-level class proportions. It can be expressed as,

Pr(yijm = 1|θjm, θmh, Km = h) =
G

∑
g=1

πg|hPr(yijm|θjm(gh), θm(h), Cjm = g, Km = h), (4.3)

where πg|h = Pr(Cjm = g|Km = h), which is the probability of a student belonging to

class g, conditional on the school class membership. In other words, the probability of

belonging to different student classes depends on the student-level class proportions in

the school that the student attends. Pr(yijm|θjm(gh), θm(h), Cjm = g, Km = h) is the success

probability for student j in school m given in Equation 4.1.
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4.4 Maximum Likelihood Estimation

Estimation of model parameters can be conducted using maximum likelihood. The

likelihood of the observed data, assuming local independence of items and where Φ is a

vector of all parameters in the model, is defined as,

L(Φ|Y) = ∏
m=1

∫
θm

[
H

∑
h=1

πh

Jm

∏
j=1

∫
θjm

[ G

∑
g=1

πg|h

I

∏
i=1

Pr(yijm| θjm(gh), θmh, C = g, K = h)
]

g(θjm(gh))dθjm.

]
h(θm(h))dθm

(4.4)

Y is all item responses for students within schools, stacked on top of each other.

Pr(yijm| θjm(gh), θmh, C = g, K = h) is the measurement model given in Equation 4.1.

g(θjm(gh)) is the student-level achievement distribution for student class g, and h(θm(h)) is

the school-level school effects distribution for school class h. πh and πg|h are as defined

above. To maximize the likelihood function in Equation 4.4, use Mplus version 8 is used

(L. Muthén & Muthén, 2019).

4.5 Identification

A number of constraints need to be made for identification of the model. I suggest the

following constraints based on the original Saltus model (Mislevy & Wilson, 1996; Wilson,

1989) as they ease the interpretation of the parameters (see below). First, one latent class

at both the student- and school-levels is selected as the reference class, such that the

means of the continuous latent traits, θjm and θm, are fixed to zero for these classes. The

difference between the constraints in the MD-IR model and the original Saltus model

is that the second school-level latent variable, θm, must be considered as well. Second,

constraints are needed for the τgha parameter. One attribute is selected to be the reference

attribute, such that the value of τgha is zero for all latent classes on the reference attribute.

These constraints together mean that for the reference class, no attributes have higher or

lower difficulty, and for the reference attribute, there are no differences between latent
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classes (Jeon, 2019).

4.6 Parameter Interpretation

In order to illustrate an application of the MD-IR model, imagine a hypothetical scenario

where we are interested in identifying low-performing students within schools who are

in need of additional support in mathematics. We are also interested in identifying

low-performing schools with high proportions of these students. This leads to two latent

classes at each level. At the student-level, one class represents students in need of

support, and are therefore selected for the intervention, while the other represents higher

performing students who do not need support, and are therefore not selected. Similarly,

the school classes represent schools in need of support and those schools that do not. In

this hypothetical scenario, imagine that the particular mathematics intervention focuses

on the cognitive functions used in solving math items, particularly on whether students

can set up a math problem based on the given scenario. As such, an assessment like

the PISA-D could be used where items are assigned to one of two possible item groups:

formulating items and employing/interpreting items.

4.6.1 Latent Classes

Latent classes are defined by the combination of the student-level latent trait and the

school-level effect (as in Equation 2.19), as well as the τ parameters discussed in the next

section. With two classes at each level, there are four possible combinations of classes for

students: (1) low-performing students in low-performing schools, (2) high-performing

students in low-performing schools, (3) low-performing students in high-performing

schools, and (4) high-performing students in high-performing schools. Figure 4.1 shows

these four class combinations. Viewed this way, it is clear that the number of total classes

could be considered as T = G× H = 2× 2 = 4. In other words, within each of the H

school-level classes, there are G student-level classes.
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Figure 4.1: Latent classes for student and school levels

For this hypothetical scenario, we are interested in determining which schools belong

to the low-performing school class. These schools would be in the left column of Figure 4.1,

and the students within these schools would be in classes 1 and 2. Additionally, at the

student-level, we are interested in determining which students within schools fall into

the low-performing student class. These students are classes 1 and 3 in Figure 4.1 (i.e., top

row of student classes).

4.6.2 Item Difficulty and Differences by Group

In applications of IRT, the βi parameter is often interpreted as the item difficulty. To

make use of this interpretation for the MD-IR model, it is helpful to see how the βi and

τgha parameters can be rewritten as a reparameterization of the multilevel mixture Rasch

model. Jeon (2018) demonstrates this relationship in the single-level case, showing that

the Saltus model can be written as a reparameterization of a single-level mixture Rasch

model.

First, note that all the τgha parameters from Equation 4.1 can be represented as a T× A

matrix. In this illustration, the τ matrix is,
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
τ(11)1 τ(11)2

τ(21)1 τ(21)2

τ(12)1 τ(12)2

τ(22)1 τ(22)2

 . (4.5)

Following the constraints outlined in Section 4.5, one attribute is set as the reference

attribute, and as such, all τgh1 = 0 for all latent classes. This implies the assumption

that there are no differences in performance between the latent classes on items in the

reference attribute group (Jeon, 2019). Additionally, one of the T latent classes is set as the

reference class, and τ(22)2 = 0 for that reference class. This implies a second assumption,

that for the reference latent class, no attributes show higher or lower difficulty. Under

these assumptions and constraints, the matrix of τ parameters is,


0 τ(11)2

0 τ(21)2

0 τ(12)2

0 0

 . (4.6)

Now, to show that τgh can be interpreted as the difference in item location for student

class g and school class h, the reparameterization of the model as the multilevel mixture

IRT model is given. Equations 4.7 through 4.10 show the conditional models for all four

classes for items in attribute 2 (the non-reference attribute):

logit(Pr(yijm = 1|θjm(gh), θm(h), C = 1, K = 1) = θjm(11) + θm(1) − βi + τ(11)2bi2︸ ︷︷ ︸
=β∗i(11)

, (4.7)

logit(Pr(yijm = 1|θjm(gh), θm(h), C = 2, K = 1) = θjm(21) + θm(1) − βi + τ(21)2bi2︸ ︷︷ ︸
=β∗i(21)

, (4.8)
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logit(Pr(yijm = 1|θjm(gh), θm(h), C = 1, K = 2) = θjm(12) + θm(2) − βi + τ(12)2bi2︸ ︷︷ ︸
=β∗i(12)

, (4.9)

logit(Pr(yijm = 1|θjm(gh), θm(h), C = 2, K = 2) = θjm(22) + θm(2) − βi + τ(22)2bi2︸ ︷︷ ︸
=β∗i(22)

. (4.10)

In Equation 4.10, τ(22)2 = 0, and therefore, β∗(22) = βi. For the other three classes, β∗i is

equal to the item location plus a difference, τgh2, that is unique to each group, (recall that

bia is an indicator variable, and as such, bi2 = 1 when items belong to attribute two). In

other words, β∗i is the item difficulty. Figure 4.2 shows the item response curve for an

item in attribute 2, with differences across the four latent classes. The curve for class 4

that represents the reference group is shown with the solid black line. The additional

three classes are shown with colored dashed-lines and each group’s corresponding τgh2

parameter is shown as the difference in location for each response curve.

If we imagine that the reference class is high-performing students in high-performing

schools, and that attribute two is math formulating items, then Figure 4.2 shows that

low-performing students in low-performing schools have a relative disadvantage on

formulating items compared to those higher reference students. The other two classes

(high-students in low-schools and low-students in high-schools) have a relative disadvan-

tage as well, but it is not as large as the low-performing class. Capturing this difference

in item difficulty provides a useful distinction between student and school latent classes

that goes beyond multilevel mixture IRT.

4.6.3 Latent Traits and Distribution Parameters

4.6.3.1 School Effect Distributions

School effects mean. Figure 4.3 shows the hypothetical distributions of the student and

school latent traits in a format that is similar to Figure 2.1 in the section on HLM. The
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Figure 4.2: Item response curves for an item measuring attribute 2 for four (two at each

level) latent classes. The IRCs for the non-reference classes are different from that of the

reference class by the corresponding τ(gh)2.

top level shows the distribution for the two school-level latent classes, where the mean

of one class, in this case the higher-performing class, is set to zero. The mean of the

non-reference group at the school level, µ1, is the difference in average school effectiveness

between schools in need of support and those that are not.

School effects variance. The between-school variance of θm, σ2
m, represents the amount of

impact schools have on student math scores. In this example, the (hypothetical) estimated

variance for the schools in the low-performing class is σ̂2
1 = 1, and the estimated variance

for the high-performing school class is σ̂2
2 = 0.8. This means that in the low-performing

class, the school a student attends matters slightly more than school attendance in the

higher-performing class. It is also possible to find the reverse, or no difference between

classes. Understanding the difference in impact between classes is highly useful in

determining the type of intervention for lower-performing schools. It is also highly

possible that whether or not the variance is different by class depends on context, (e.g.,

low-income countries having more drastic differences across classes).
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Figure 4.3: Population distributions for school- and student-level latent traits in the MD-

IR model. θschool represents school effects, and θstudent represents within-school student

achievement scores. One school-level class and one student-level class have a mean set to

zero while variances are freely estimated.

4.6.3.2 Student Achievement Distributions

Student achievement mean. The lower level of Figure 4.3 represents the distribution of

the student-level latent trait. Within each school class, the higher-performing student-level

class has a fixed mean of zero. This means that the interpretation of µ11 and µ12 is the

difference between the means of the high-performing students and the low-performing

students, within the low-performing school class and the high-performing school class,

respectively.

Student achievement variance. The within-school variance of θjm represents the academic

gap within a school. Continuing with the hypothetical example, imagine σ2
11 (the student-

level variance for student class one and school class one) is estimated as 0.6, and σ2
1,2

(the student-level variance for student class two and school class one) is estimated as

1. This would mean that the within-school gap is smaller for low-performing students

in low-performing schools than it is for the same class of students in high-performing

schools.

53



4.6.4 Class proportions

The prior probabilities of class membership in mixture models are often referred to as

mixing proportions. πh in Equation 4.2 can be interpreted as the proportion of schools

in a particular school class. In the hypothetical example, if πh=1 = .30, then 30% of

schools are classified into the low-performing school class. πg|h from Equation 4.3 can

be interpreted as the proportion of students in a particular class, conditional on school

class. For example, if πg=1|h=1 = .40, and πg=2|h=1 = .60, then 40% of students in

low-performing schools are classified as low-performing, while 60% of students in the

same school class are classified as high-performing.

Further examples of parameter interpretations are provided in Chapter 5.

4.7 Student and School Scores and Class Probabilities

Providing individual student and school classification probabilities is essential for the

diagnostic use of the MD-IR. The estimation of the probability of belonging to each class

also provides confidence in the classification of students and schools. To obtain latent

class probabilities, maximum a posteriori (MAP) is used (e.g., Dias & Vermunt, 2008;

B. O. Muthén & Muthén, 2010).

Individual student and school scores, θjm and θm, can also be estimated using the

MD-IR. To obtain student- and school-level scores, an empirical Bayes prediction method,

often termed expected a posteriori (EAP) in IRT modeling, is used. Interpretations of

these latent traits is essentially the same as in multilevel IRT. In other words, θjm is student

j’s overall math achievement. θm is school m’s effect, or contribution, to student scores.

When no covariates are included in the model, the school effect includes both context

and school practice effects.
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4.7.1 Diagnostic Feedback

The goal of obtaining individual school and student classifications and scores is to provide

diagnostic feedback to education leadership. This is possible at multiple levels using the

MD-IR model. At the district level, state level, or possibly even the country level, the

leadership is likely to be interested in the estimated model parameters, particularly the

proportion of schools and students classified in the low-performing categories. Leadership

will also be interested in whether there are differences in item difficulty for certain groups

on important aspects of the curriculum. Beyond the model parameters, leaders who

aim to identify schools for performance-targeted interventions will need to determine

which schools are classified as low-performing, and will therefore need individual school

classifications.

Leadership at the school level is more likely interested in the specific results for their

own school. Specifically, they will want to know to what class their school was assigned,

and with what probability. They would also be interested in the results of continuous

latent school effect because it provides information on the school’s standing within the

school class. At the student-level, schools would be interested in the within-school

classification of students at their own school. This would allow school leadership to

identify students in need of additional support and target relevant programs and support.

4.8 Chapter Conclusion

The Multilevel Diagnostic Item Response model offers a unique approach to studying

schools and their impact on student learning. The MD-IR is multilevel, which allows

for both student-level and school-level information. It also includes a categorical latent

variable for student and school classifications, as well as a student and school continuous

latent variable. By incorporating the continuous latent traits, the model is able to provide

estimates of these variance components, giving information on the impact of schools

in different classes, as well as the achievement gaps within schools in different classes.
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Finally, by incorporating item attribute information, the model classifies students based

on important aspects of the curriculum, as well as on the more general domain of interest.
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CHAPTER 5

Empirical Example: PISA for Development

5.1 Introduction

The goal of this chapter is to provide an example of the application of the Multilevel

Diagnostic Item Response model in the context of international education development.

Specifically, this chapter demonstrates how the key components of the MD-IR model that

were discussed in Chapter 4 can be used to bring together the study of school effects,

performance-targeted interventions, and mathematical literacy. The example provided

in this chapter uses data from the PISA for Development (PISA-D) assessment that was

administered in Cambodia.

The first key component of the MD-IR model is that it incorporates a continuous,

normal latent variable at the school level that represents the school effect, and its variance

represents the heterogeneity in the impact schools have on student achievement. Studying

school effects in the context of international development is important because, as

mentioned in Chapter 1, schools are often found to play an even larger role in student

outcomes in low-income countries compared to those in higher income countries (Chudgar

& Luschei, 2009). This means that not only is it simpler for governments to target schools

for interventions, but it is also an effective method of improving student outcomes. By

focusing on schools as the target level of intervention, countries can improve equity in

the outcomes that are demonstrated in Figure 1.1.

The second key component of the MD-IR model is the incorporation of categorical

latent classes at the student and school levels. This component is key for identifying
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which schools will participate in performance-targeted interventions in order to improve

student outcomes, and is particularly important in the context of international develop-

ment because resources are often scarce for implementing universal interventions. The

confirmatory nature of the latent classes allows for definitions of the classes a priori.

In this example, we will be looking to identify low-performing schools in Cambodia,

and low-performing students within those schools, for participation in a hypothetical

mathematics-based intervention. Using this performance-based approach allows for us

to target best the schools that are likely to see the most improvement from participation.

While the PISA-D assessment is not designed for individual scoring, the identification

aspect of the model will be presented in this example for illustrative purposes.

The third component of the MD-IR model is the use of attribute information provided

by item developers and the estimation of differences in item difficulty. This information

is what allows us to study differences in mathematical literacy based on defined item

groups. In this example, it allows us to differentiate latent classes based on differences

in performance on the first of the three cognitive processes: formulate, employ, and

interpret. This illustration focuses on formulate items for two reasons. First, formulating

a math problem from a real world situation is the first step in problem solving. Second,

formulate items were the most difficult for students in the field test trials across multiple

countries (Stacey, 2015). More information on this mathematical process is discussed in

the following section.

To bring these three components together, we will imagine a hypothetical scenario

where we are aiming to identify low-performing schools that would benefit from addi-

tional support in the area of formulating mathematical problems in real life situations.

This chapter is organized as follows. First, I review the details of the PISA-D math

assessment, as well as demographic and descriptive performance statistics for students

and schools in the sample. Then, I present the specific research goals used to guide the

analysis. Next, I outline the methods, which are followed by the presentation of the

results from the MD-IR model. Then, I present some additional analyses to support the
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conclusions drawn from the MD-IR results. Lastly, I close the chapter with a discussion

of implications and limitations in this specific analysis.

5.2 Data: PISA-D Mathematics Assessment

5.2.1 Background

As discussed previously, the PISA-D initiative was designed to provide education leaders

in low-income countries with more relevant information by creating a more accessible

test. The PISA-D assessment incorporates more easy test items than the original PISA that

was designed for OECD countries, with 60% of test items being considered “easy”. Seven

participating countries have available data, but this example will focus on Cambodia.

The data include tests of 15 year-old students who are still enrolled in school, as well

as students who are no longer attending school. The out-of-school data are essential

for understanding achievement in these countries since many students drop out of

school prior to age 15. However, these data are not relevant for understanding school

performance and are therefore not used in the present study. Three subjects are assessed

with PISA-D: mathematics, reading, and science, but this example will focus on the

mathematics assessment.

Student and school background questionnaires are also included. For the purposes

of this analysis, student socioeconomic status, student urbanicity, school resource status,

and school urbanicity are used and follow the definitions defined by PISA-D. In all PISA

assessments, student socioeconomic status (SES) is referred to as Economic, Social and

Cultural Status (ESCS) and is a composite based on information regarding home posses-

sions (e.g., devices and books in the home) and other measures of home environment

gathered from the the student questionnaire (OECD, 2019). The measure in the original

PISA does not adequately capture lower levels of SES typically found in low-income coun-

tries. Therefore, the PISA-D measure of student SES was adapted to provide additional

levels of poverty and comprises four levels: extremely poor, severely poor, poor, and not
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poor. School resource status is similarly a composite based on information reported by

principals on the school questionnaire regarding school infrastructure, school facilities,

and the availability of instructional resources. The measure has five levels: extremely low,

severely low, low, moderate, and high. School and student urbanicity are dichotomous

variables indicating rural or urban status. The purpose of including these demographics is

to understand better the students and schools that are identified as low-performing, and

to consider the relationship between student populations and mathematics achievement

as discussed in Chapter 1. In this case, we expect to see differences in math performance,

as well as differences in latent classifications, based on these demographics sub-groups.

5.2.2 Mathematics Assessment

The PISA-D mathematics assessment is a unidimensional math assessment that aims

to measure students’ mathematics literacy. PISA defines mathematical literacy as ”an

individual’s capacity to formulate, employ and interpret mathematics in a variety of

contexts. It includes reasoning mathematically and using mathematical concepts, pro-

cedures, facts and tools to describe, explain and predict phenomena” (OECD, 2018, p.

51). The three key verbs, “formulate”, “employ”, and “interpret”, are considered the

three processes that students engage in to be problem solvers in math (OECD, 2018). The

emphasis in the definition of mathematics literacy is on engaging in mathematics through

these different processes, yet established school effects approaches do not differentiate

performance in these areas. The formulating process refers to how well students are able

to formulate a stated problem in a mathematical form. The employing process refers to

the students’ abilities to perform the appropriate computations and manipulations to

arrive at the correct solution. The interpreting process refers to how well students can

interpret the solution in the real-world context. True mathematical literacy requires the

ability to utilize all three of these mathematical processes (OECD, 2018). Figure 5.1 shows

a sample formulate item from PISA-D. The task in this item involves determining the

correct method for changing Singapore dollars to South African rand, given a specific
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Figure 5.1: Sample PISA-D mathematics item that includes the formulate cognitive process

in the first step.

exchange rate. This first formulating step is distinct from the calculation in the second

step that would be considered part of the employing process. Determining the correct

approach to solving a problem such as this one is an essential step in solving other real

world math problems.

In PISA-D, the goal is to include math items of which 50% are employ items, 25%

are formulate items, and 25% are interpret items. Each item is assigned to only one

category. There are a total of 62 possible math items across 8 different booklets. Items

are matrix sampled across students and administered via paper and pencil. Items are

primarily dichotomously scored, with some polytonomous items included. For this

analysis, all polytonomous items are re-scored as binary (full credit or no credit) in order

to demonstrate the context outlined in Chapter 4.

5.2.3 Sample Data and Demographics

As mentioned, school context in Cambodia differs greatly from that of OECD countries.

Before differentiating schools and students based on student math performance, it is

useful to understand better this context for schools and for students.

Overall, the students taking the PISA-D assessment in Cambodia are low-SES, as

indicated by poverty levels of extremely poor, severely poor, or poor. Student sample

statistics are presented in Table 5.1. There are 3,225 students in 168 schools taking the
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Table 5.1: Student sample size and demographic counts and proportions for students

taking the PISA-D mathematics assessment in Cambodia.

N Proportion

Total Sample Size 3225 1.00

Gender

Female 1709 0.53

Male 1516 0.47

Urbanicity

Urban 951 0.29

Rural 2274 0.71

Poverty Level

Extremely Poor 95 0.03

Severely Poor 1436 0.45

Poor 1047 0.32

Not Poor 647 0.20
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PISA-D math assessment. Fewer students are considered extremely poor (p = 0.03), but

large proportions are considered severely poor (p = 0.45) and poor (p = 0.32). Only 20%

of students tested in Cambodia are considered not poor (p = 0.20). A small majority of 15

year-old students are female (p = 0.53), and the majority live in rural locations (p = 0.71).

Similarly, the majority of schools are low- to extremely-low resourced schools, with

only approximately a quarter of schools having moderate or high levels of resources

(p = 0.19 and p = 0.07, see Table 5.2). Most schools are located in rural areas (p = 0.73),

which typically have fewer resources than their urban counterparts. Not only do schools

differ on school resource levels, but they also differ on the proportion of students within

schools that have high levels of poverty. The average level of extremely poor students

within schools is small (mean = 0.03), but varies across schools (SD = 0.07). On the

other extreme, the average level of students who are not poor within a school is larger

(mean = 0.18), but varies even more widely from school to school (SD = 0.22).

The average total school size is also included in Table 5.2. This number represents

the average number of students within schools as reported by principals on the school

questionnaire. The average school size is approximately 1,029 students, with some schools

as small as 17 students, and others as large as 5,111 students. Schools across these

different contexts are likely to differ in their levels of impact on student achievement

scores, as well as differ in their effectiveness of instruction on the cognitive processes.

For all PISA studies, including PISA-D, a two-stage stratified sampling design is

used. In the first stage, schools are sampled from a sampling frame with probabilities

proportionate to their size (OECD, 2019). Students are then sampled from within these

schools in the second sampling stage. The average sample size per school in this analysis is

approximately 19 students. The largest school sample is 29 students, while the smallest is

1 student. Very few schools (7 schools) have fewer than 5 students. Selection probabilities

vary in the sampling process, and non-response exists at both the school and student

levels (OECD, 2019). Therefore, the sampling weights that are provided with the PISA-D

data are incorporated throughout the analysis at both levels. Incorporating sampling

63



Table 5.2: School sample sizes and demographic statistics for schools assessed with the

PISA-D mathematics assessment in Cambodia. Top panel includes sample N counts

and proportions for school demographics. Bottom panel includes means and standard

deviations of within-school student poverty proportions, full school size, and sample size

within schools.

N Proportion

School Sample Size 168 1.00

Urbanicity

Urban 45 0.27

Rural 123 0.73

Resource Level

Extremely Low 47 0.28

Severely Low 40 0.24

Low 37 0.22

Moderate 32 0.19

High 12 0.07

Mean SD

Within School Poverty

Extremely Poor 0.03 0.07

Severely Poor 0.47 0.25

Poor 0.31 0.17

Not Poor 0.18 0.22

Total School Size 1028.72 964.66

Sample Size Within School 19.2 7.31
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Table 5.3: Example Schools A, B, and C demographic information and average proportion

correct on PISA-D all math items and on items from the formulate cognitive process.

School A School B School C

N sample 19 19 25

School Size 655 669 256

Urbanicity Urban Rural Urban

Resource Level Extremely Low Low Moderate

Total Proportion Correct

Mean 0.15 0.27 0.57

SD 0.19 0.17 0.16

Rank 151 75 2

Formulate Proportion Correct

Mean 0.10 0.11 0.44

SD 0.21 0.19 0.30

Rank 72 62 2

weights allows for the model parameters to be interpreted as estimates of the student and

school populations in Cambodia.

Due to the complex sampling procedures, the PISA-D data are not appropriate for

individual school scores, particularly in a high-stakes context. However, for the purposes

of illustration, we will explore the performance of three example schools that have larger

samples in the data. Table 5.3 shows demographic information for these example schools,

Schools A, B, and C, that we will follow throughout this example. School A is a large,

urban school with extremely low resources. School B is a large, rural school, with low

resources. School C is a medium-sized, urban school with moderate resources. The details

of the performance of these three schools will be discussed in the following section.
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Table 5.4: Item statistics for each PISA-D mathematics cognitive process—employ, formu-

late, and interpret—and the full mathematics assessment.

Employ Formulate Interpret All Items

Number of Items 28 12 22 62

Number Per Student

Mean 10.49 4.53 8.48 23.49

SD 3.69 2.54 3.25 7.91

Avg Proportion Correct 0.27 0.15 0.35 0.29

> .50 Correct 0.11 0.00 0.23 0.13

≤ .20 Correct 0.29 0.67 0.18 0.32

5.2.4 PISA-D Math Item Statistics

In Cambodia, 8 of the possible 12 math booklets were administered to students, with 62

overall math items: 28 employ items, 12 formulate items, and 22 interpret items. The

number of items is not equal for all students. Individual students saw an average of 23.49

items overall, 10.49 employ items, 4.53 formulate items, and 8.48 interpret items. Item

information and statistics are presented in Table 5.4.

All items are very difficult. Consistent with field test findings, the formulate items are

the most difficult. The average proportion correct in the sample for individual items is

0.29 across all items, but only 0.15 for formulate items. On the other hand, the average

item proportion correct was 0.27 and 0.35 for employ and interpret items, respectively.

Very few items have more than 50 percent of students responding correctly. In fact, 0

percent of items in the formulate cognitive domain had more than 50 percent of students

responding correctly, compared to 11 percent of employ items and 23 percent of interpret

items. Moreover, 67 percent of formulate items had less than 20 percent of students

responding correctly. Clearly, formulate items are particularly difficult for students. This

is especially concerning because formulating situations into mathematical problems is an

essential first step for utilizing math in real world situations.
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5.2.5 Student Performance

Individual student scores show the same patterns in terms of difficulty by domain. Table

5.5 shows average student scores (as the proportion correct) for the total math score, as

well as by each cognitive process. Individual student proportions are calculated as the

number correct divided by the number of items for each process that the student was

administered. The average student scores that are presented in Table 5.5 are weighted

averages of these individual student proportions, weighted based on the total student

weight that includes the probability of school and student sampling weights for each

individual student (OECD, 2019). This means that the student level rows of Table 5.5

can be interpreted as the estimated mean proportion correct (and its standard deviation)

for students in Cambodia. The assessment is very difficult. The average total proportion

correct for all students is very low (p = 0.28), but with a sizable spread in scores

(SD = 0.18). Formulate items are by far the most difficult (p = 0.16) and has the largest

spread of scores (SD = 0.24) of any of the other cognitive processes. Interpret items are the

easiest (p = 0.36, SD = 0.24), and employ items are in the middle (p = 0.28, SD = 0.21).

These large standard deviations indicate that there are students performing at levels far

below their peers, and that they could benefit from additional support.

On average, student performance differs based on urbanicity and poverty levels.

Students in urban schools outperform their rural peers on all cognitive processes by

a sizable amount. Overall, urban students have an average proportion correct of 0.36

(SD = 0.19), while rural students have an average proportion correct of 0.25 (SD = 0.17).

The standard deviation of the employ and interpret processes are similar for urban and

rural students, but larger for urban students on the formulate process. Students who

are not poor also outperform their peers who are considered poor, severely poor, or

extremely poor in all processes (see Table 5.5). This pattern of performance across these

demographic subgroups is consistent with subgroup differences in other low-income

countries (e.g., Willms, 2010).
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Table 5.5: Weighted average proportion correct on the three cognitive processes and

the full assessment. Top portion includes student-level weighted means and standard

deviations for the full sample and by student urbanicity and poverty. Bottom portion

includes school-level weighted means and standard deviations for the full sample and by

school urbanicity and resource level.

Employ Formulate Interpret Total

Mean SD Mean SD Mean SD Mean SD

Full Student Sample 0.28 0.21 0.16 0.24 0.37 0.24 0.29 0.18

Student Urbanicity

Urban 0.36 0.21 0.24 0.28 0.47 0.23 0.37 0.18

Rural 0.26 0.21 0.13 0.21 0.34 0.23 0.26 0.17

Student Poverty

Extremely Poor 0.18 0.15 0.09 0.19 0.27 0.17 0.18 0.12

Severely Poor 0.25 0.19 0.13 0.21 0.33 0.23 0.25 0.16

Poor 0.29 0.21 0.16 0.24 0.39 0.24 0.30 0.19

Not Poor 0.36 0.22 0.26 0.28 0.48 0.24 0.38 0.20

Full School Sample 0.24 0.10 0.12 0.11 0.31 0.12 0.24 0.10

Within School SD 0.17 0.05 0.17 0.09 0.19 0.05 0.13 0.04

School Urbanicity

Urban 0.35 0.10 0.25 0.13 0.46 0.11 0.37 0.10

Rural 0.22 0.08 0.10 0.08 0.28 0.10 0.21 0.08

School Resource Level

Extremely Low 0.23 0.09 0.12 0.08 0.30 0.09 0.23 0.08

Severely Low 0.20 0.06 0.08 0.08 0.24 0.10 0.19 0.07

Low 0.23 0.08 0.10 0.08 0.33 0.11 0.24 0.08

Moderate 0.29 0.10 0.18 0.11 0.38 0.12 0.30 0.10

High 0.44 0.13 0.34 0.18 0.55 0.11 0.44 0.12
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5.2.6 School Performance

Scores continue to reflect this pattern when aggregated at the school level. As with

the student averages, school averages are weighted averages based on school sampling

weights provided by PISA-D (OECD, 2019). The average school mean was 0.24 (SD = 0.10)

for all items and 0.12 (SD = 0.11) for formulate items. Figure 5.2 shows histograms of the

total score and the scores for each cognitive process. The school mean total score is shown

in the top left histogram. School mean scores are quite low overall, with a small number

of schools having an average above 0.50. School means for employ items are shown in the

top right histogram and show a similar pattern to the overall mean. Mean interpret scores

are shown in the bottom right histogram. These items were somewhat easier for students.

Finally, mean formulate scores are shown in the bottom left histogram of Figure 5.2. This

histogram reflects the challenging nature of these items as it is skewed positive with clear

floor effects. It is possible that there are qualitative differences between the schools who

are getting scores of zero, or essentially zero, and schools who are getting higher scores.

It is also possible that there are differences in item difficulty for students in these lowest

schools compared to the higher schools. By using the MD-IR model, we are able to model

these potential differences and to focus the analysis on the formulating process.

School averages also differ based on school demographics. Urban schools have an

average school mean of 0.36 (SD = 0.10) compared to the rural average school mean of

0.24 (SD = 0.08). Schools with high levels of resources also outperform schools at all

lower levels of resources, on average (see Table 5.5). Schools at higher levels of resources

have a larger standard deviation (SD = 0.12), such that some of these high-resourced

schools perform at levels similar to schools with fewer resources. While the standard

deviations for lower-resourced schools are not quite as large, it is still possible that some

of these schools perform at higher levels more similar to that of the higher-resourced

schools. Therefore, in determining how to select schools for participation in a specific

instructional intervention, school SES may not be the best classification criteria. Using a

model such as the MD-IR for selection based on performance may be a better selection
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Figure 5.2: Histograms of school average proportion correct for full PISA-D math assess-

ment and each cognitive process. (A) Full math average proportion correct. (B) Employ

items average proportion correct. (C) Formulate items average proportion correct. (D)

Interpret items average proportion correct.
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approach when improved performance is the goal.

The within-school standard deviations are also presented in Table 5.5. These show

variation of student scores within schools by each domain and overall. Within schools,

interpret scores show the largest variation with the mean standard deviation of 0.21.

Formulate and employ scores are slightly lower at 0.19 and 0.18, respectively. For employ,

interpret, and total scores, the spread of the average standard deviation is not large. The

spread for formulate scores, however, is larger with a standard deviation of 0.09. Large

differences on scores within schools indicates that there are large within-school gaps

between the high- and low-performers. This suggests that there are larger differences in

within-school gaps for the formulate process than for the other processes or for the total

score.

The left panel of Figure 5.3 shows a scatterplot of average school scores plotted against

the within-school variance. The correlation between overall score and the association

within variance is 0.59. As shown in the scatterplot, schools with lower scores tend to

have a lower within-school variance, likely due to the floor effects associated with the low

scores. The impact of the floor effects on the variance is clear in the right scatterplot of

the mean formulate scores by within-school formulate variance. Here, the zero, or almost

zero, scores have essentially no variance, while the higher scores have a more sizable

variance. The MD-IR model is able to capture these meaningful differences by estimating

unique variances across both student and school latent classes.

5.2.7 Schools A, B, and C

Descriptive results clearly indicate that there are schools and students that perform

at lower levels compared to their counterparts. For Schools A, B, and C, we would

like to determine whether these schools are low-performing schools that are in need

of additional support on the formulating process. We would also like to provide these

schools with clear information regarding their relative performance to other schools, as

well as information on their within-school student performance.
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Figure 5.3: Plots of school mean scores and associated within-school variance. (A) School

mean total score by school mean total within-school variance. (B) School mean formulate

score by school mean formulate within-school variance.

Based on these descriptive results, School A performs substantially below the sample

average, with a total average proportion correct of 0.15 (SD = 0.19). It is ranked 151st

out of all 168 schools on the total assessment (see Table 5.3). However, when looking at

the average formulate proportion correct, School A performs better. On the formulate

process, School A has an average proportion correct of 0.10 (SD = 0.21) that is only

slightly below the sample mean and has a ranking of 72. School A provides an example

of an urban school that does not perform as highly overall as its other urban counterparts,

but is somewhat stronger on the formulate process, relative to other schools.

School B is a rural school that has an overall performance that is slightly above the

sample average, with a total average proportion correct of 0.27 (SD = 0.12) and a ranking

of 129th. When looking at the proportion correct on formulate items, School B is also close

to the sample average, with an average formulate proportion correct of 0.11 (SD = 0.19).

School B provides an example of a school that is in the middle overall, as well as on the

formulate process.

School C, also an urban school, has a high total average performance of 0.57 (SD =

0.16) and a high formulate average score of 0.44 (SD = 0.30). The spread of scores in
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School C is the highest of the three example schools, particularly so in the formulate

process. School C also has the 2nd highest average performance on both the total

assessment and on the formulate process. School C provides an example of a high-

performing school that also has a high spread of students in the formulate process.

The performance of these three schools follows the trend of higher-resourced schools

performing higher than lower-resourced schools, but not necessarily the trend based on

urbanicity. The proportions correct do provide some insight into the performance of these

schools, but do not provide direct classifications for either students or schools.

5.2.8 Summary

To summarize, while all items are difficult for students, formulate items are the most

difficult across all student and school demographic groups. Consistent with other

education research in low-income countries, urban and high-resourced schools outperform

rural and lower-resourced schools, on average. However, this does not tell the full story

of school performance, as some higher-resourced or urban schools may perform at a

lower level similar to their lower-resourced or rural counterparts. For this reason, using

the descriptive results from this section alone makes it difficult to identify schools for

participation in the hypothetical intervention. Finally, within-school student performance

shows some differences across schools, as indicated by spread on the within-school

standard deviations of student performance. Understanding how student performance

within low-performing schools is different from their high-performing counterparts offers

useful insights for the implementation of the formulate intervention.

5.3 Research Goals

The overarching goal of this analysis is to provide an example of how the MD-IR can be

used to identify low-performing schools in Cambodia that are in need of support on the

formulate cognitive process. The specific research goals that guide this analysis are:
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1. To identify low-performing schools that are most in need of support on the formulate

cognitive process.

2. To understand better these low-performing schools in terms of within-school student

performance, compared to high-performing schools.

3. To understand better these low-performing schools in terms of school context and

student demographics, compared to high-performing schools.

To address these goals, we will use the MD-IR model to identify low-performing

schools based on the formulate items of the PISA-D assessment. In addition to these

three research goals, we will continue to follow the three schools, Schools A, B, and C,

throughout the analysis for the example of identification. We will be looking to see which

of these schools would be identified as most in need of support and likely to benefit most

for a performance-targeted intervention. The following section discusses the methods

used to achieve these research goals.

5.4 Methods

Prior to applying the MD-IR model to address the research goals, an additional analysis

is conducted that applies the standard, existing approach for studying school effects.

Specifically, the first analysis applies a multilevel IRT model in order to discuss the

differences between the existing approach and the proposed MD-IR model. The details

for the multilevel IRT analysis and the MD-IR analysis are discussed below.

5.4.1 Multilevel IRT

5.4.1.1 Model and Assumptions

The first model fit is the multilevel Rasch model that is presented in Chapter 2, Equation

2.20. Recall that in this model, the probability of a correct response is conditional on
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student ability (θjm) and school effectiveness (θm), and is a function of item difficulty (βi).

A key assumption in this model is that the school effect and student math achievement

are assumed to be made up of one distribution for all schools and one distribution for all

students, respectively. Because of this assumption, the analysis based on the multilevel

Rasch model does not directly address the research goal of identifying low-performing

schools. Additionally, the traditional multilevel Rasch model does not incorporate item

information, meaning that we cannot differentiate schools and students based on the

formulate cognitive process. Instead, the goal of the multilevel Rasch analysis is to

provide useful information regarding the overall distribution of school effects and how

this effectiveness varies across schools. It also provides estimates of the distribution of

student overall math achievement, giving us insight into student performance.

5.4.1.2 Estimation

Estimation of model parameters is conducted using full-information maximum likelihood

estimation with robust standard errors in Mplus version 8 (L. Muthén & Muthén, 2019).

Estimated scores for student ability and school effectiveness are estimated as expected

a posteriori (EAP) scores, as is commonly done in many IRT analyses (B. O. Muthén &

Muthén, 2010). Sampling weights are included for each level of the analysis, meaning

both the student-level weight and the school-level weight are used. The purpose of

including sampling weights is to allow for the interpretation of the model parameters as

estimates of the student and school population in Cambodia.

5.4.2 MD-IR

5.4.2.1 Model and Assumptions

The application of the MD-IR model follows the formulation discussed in Chapter 4 in

Equation 4.1. To address the first research goal, two latent classes are incorporated at

the school level, defined a priori as low-performing and high-performing school classes.
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Each of these latent classes has its own distribution of school effects, with the mean

of the reference class fixed to zero. The reference school class is the low-performing

school class, meaning that the estimated mean of the high-performing school class is the

estimated difference in average school effect between the two school-level latent classes.

The variance is estimated for both school classes.

For the second research goal, two latent classes are incorporated at the student level.

The combination of these student and school classes results in four possible student-level

classes, as presented in Figure 4.1. The four latent classes are: (1) low-performing students

in low-performing schools, (2) high-performing students in low-performing schools, (3)

low-performing students in high-performing schools, and (4) high-performing students

in high-performing schools. The means of the two reference classes, the low-performing

schools in each school class, are fixed to zero. The variance is estimated for all four

student-level latent classes.

Since our goal in this example is to identify low-performing schools and low-performing

students that are differentiated based on formulating items, the τ parameters that are

incorporated in the MD-IR model are specified to represent the difference in item diffi-

culty on formulating items between a reference latent class and the other latent classes.

This is done (1) by specifying two item groups a priori that are defined using existing

PISA-D item information, and (2) by specifying a student-level reference class. The first

of the two item groups, the target item group, is composed of the formulate items. The

second of the item groups, the reference item group, is composed of the other items

(i.e., employ and interpret items). The student-level reference class is the class that is

the reference class at both school and student levels. In this case, the reference class is

the low-performing student class within the low-performing school class. Recall from

Chapter 4 Section 4.6.2 that a number of assumptions are specified for the τ matrix.

Based on these assumptions, the model is specified such that there are assumed to be

no differences on non-formulating items for any of the latent classes. This assumption

ensures that we are differentiating the latent classes based on only the formulating items,
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which is of interest for our hypothetical intervention. The second assumption is that there

are no differences on formulate items for low-performing students in low-performing

schools compared to the other items. This specification allows us to estimate the τ

parameters for the other three classes as the difference in item difficulty, or the advantage,

that students in the higher-performing classes have on formulate items, compared to the

lowest-performing class.

Finally, to address the third research goal, a post-hoc analysis is conducted where

school resource levels and urbanicity are compared across high- and low-performing

school classes that are determined from the MD-IR model. Student demographics for

poverty and location are also compared across within-school latent classes, providing

more insight into the context of the low-performing schools.

5.4.2.2 Estimation

Like the multilevel Rasch model, full information maximum likelihood estimation is

conducted for parameter estimation. Details regarding the likelihood of the observed

data for the MD-IR model can be found in Chapter 4 Section 4.4. The MD-IR analysis

is also conducted in Mplus version 8 and uses a modified EM algorithm for numerical

integration with 15 integration points. For estimating the MD-IR, as in any mixture

modeling analysis, multiple starting values are used in order to avoid local maxima

solutions. Specifically, the analysis is conducted with 400 random starting values, with 50

optimizations at the final stage. Estimated scores at both the student and school level are

also EAP scores. Latent class posterior probabilities are estimated, and individual class

membership is based on the most likely class. Student-level and school-level sampling

weights are included, again with the goal of interpreting model parameters as estimates

for the student and school population in Cambodia.
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5.4.2.3 Model Fit

Assessing whether the MD-IR shows reasonable fit to the data presents a challenge.

Currently, there are no established goodness-of-fit measures for complex latent variable

models with non-continuous data. In order to provide some evidence of reasonable

fit, two approaches are taken here. The first approach is to assess the relative fit by

comparing relative fit indices with competing, baseline models. Three fit indices are

used: Akaike information criterion (AIC), Bayesian information criterion (BIC), and

sample-size adjusted BIC. Two models are selected as possible competing models. The

first competing model is the multilevel Rasch model. This model is selected because it

is a well-established model, and is the standard approach within an IRT framework for

exploring school effects. Additionally, the multilevel Rasch model can also be thought

of as a single-class MD-IR, where there is only one latent class at each level, and the

item group parameters are equal to zero. The second competing model is a multilevel

mixture IRT model that is discussed in Chapter 3 Section 3.1. Comparisons to this model

are useful because it offers even more flexibility than the MD-IR model by estimating

different item difficulty parameters for each latent class.

The second approach is to assess absolute fit of the MD-IR model by assessing its

predictive validity. To do this, simulated datasets similar to the original data are generated

based on the estimated parameters of the MD-IR model. Then using these datasets, key

aspects of the original data are compared to those of the replicated datasets. For example,

since we are interested in school-level scores on the full assessment and on the formulate

items, the average proportion correct for both in the original data is compared to each

replicated dataset. Small differences between these values indicate reasonable fit of

the MD-IR to these data. This approach is comparable to Bayesian posterior predictive

checking (Jeon, De Boeck, Li, & Lu, 2020) and similar approaches have been used in other

maximum likelihood contexts (e.g., Jeon, De Boeck, & van der Linden, 2017; C. Wang,

Fan, Chang, & Douglas, 2013).
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5.5 Results

5.5.1 Multilevel Rasch Analysis

School effects. Results from the multilevel Rasch model indicate that schools vary in

their impact on student learning (ε̂ = 0.432, SE = 0.06). Estimates for the full sample and

scores by student and school demographics are presented in Table 5.6. The right plot

of Figure 5.4 shows the school effects distribution. These results indicate that there are

less effective schools in terms of overall mathematics instruction, and that some schools

would benefit from additional support. However, this approach does not directly identify

which schools should participate in an intervention. If this standard approach is used

to select schools for a performance-based intervention, a threshold would need to be

applied to this distribution to determine participation among schools. Additionally, this

school effect score represents school impact on overall math achievement, but does not

differentiate based on formulate items.

Additionally, school effectiveness in mathematics does vary by context. Urban schools

are somewhat more effective than rural schools, and highly-resourced schools are more

effective than lower-resourced schools, on average. However, the standard deviations of

both groups indicate that some schools in these categories are performing at levels lower

than that of their rural and lower-resourced counterparts, making these demographic

categories imprecise in terms of selected schools for performance based interventions.

Student math achievement. Results also indicate that there are differences within schools

on math achievement. Within-school differences are moderate as shown by the estimated

within-school variance (σ̂2 = 0.762, SE = 0.04). The left plot of Figure 5.4 shows the

distribution of within-school student math achievement across all students. In this model,

the estimate of within-school variance is the same across the full school population,

meaning that it is assumed that this level of within-school variance is true across all

schools. However, based on the scatterplot in Figure 5.3, schools with higher average

scores may actually have slightly larger within-school variances. Consistent with the
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Table 5.6: Multilevel Rasch distributional estimates of student math achievement and

school effects. Left portion shows student math achievement for the full assessment and

by student urbanicity and poverty level. Right portion shows school effects for the full

sample and by school urbanicity and resource level.

Student-Level Math Achievement School-Level School Effect

Mean Variance Mean Variance

Full Sample 0 0.762 Full Sample 0 0.432

(0.04) (0.06)

Urbanicity Mean SD Urbanicity Mean SD

Urban 0.026 0.755 Urban 0.782 0.565

Rural -0.011 0.684 Rural -0.005 0.521

Poverty Level Resource Level

Extremely Poor -0.228 0.584 Extremely Low 0.044 0.540

Severely Poor -0.039 0.683 Severely Low -0.208 0.477

Poor 0.018 0.711 Low 0.276 0.526

Not Poor 0.108 0.754 Moderate 0.590 0.613

High 0.981 0.561

Note: Standard errors are in parentheses.
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Figure 5.4: Histograms based on two-level Rasch model for (A) student math ability and

(B) school effects. School effect scores for Schools A, B, and C are indicated with vertical

dashed lines.

results from the previous section, student and school performance varies by context. At

the student level, urban students and students who are not poor outperform rural and

poor students, on average, in overall math ability.

Item Difficulty. Consistent with previous results, the majority of these items have high

estimated item difficulty. Table 5.7 presents average item difficulty, the standard deviation,

the minimum and the maximum for formulate items, other items (i.e., employ and

interpet items), and for the overall assessment. Across the full assessment, the average

estimated item difficulty is 1.91 (SD=1.68). Formulate items are the most difficult, with an

average item difficulty of 3.14 (SD=2.10). Not only is the average high for the formulate

process, some individual formulate items have extreme levels of difficulty. Estimated item

difficulties for all items and their associated standard errors are presented in Appendix A.

Schools A, B, and C. Using the results from the multilevel Rasch model, we are able

to find the estimated school effects for Schools A, B, and C, and the average student-

level estimated ability within each school. School A is the lowest performing of these

three schools, with the lowest school effect score (θ̂A = −0.699, see Table 5.8 and Figure
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Table 5.7: Average item difficulty, standard deviation, minimum, and maximum for items

in the formulate cognitive process, the combined other item group (i.e., employ and

interpret items), and the overall assessment, based on the multilevel Rasch model.

Mean SD Min Max

Formulate 3.14 2.10 1.13 8.10

Other Items 1.61 1.44 -1.34 5.78

Overall 1.91 1.68 -1.34 8.10

Table 5.8: School effect, school effect rank, and average student math score estimates

based on multilevel Rasch model for Schools A, B, and C.

School A School B School C

School Effect -0.699 0.184 1.887

School Rank 157 82 1

Student Scores

Mean -0.065 0.027 0.131

SD 1.026 0.863 0.718

5.4) that is well below the mean school effect. In terms of its impact on student math

scores, it is ranked 157th of 168 schools. Within School A, the average student-level

estimated ability is also lowest, and the within-school gap is the highest of the three

schools (θ ¯jA = −0.065; SD = 1.026). School B has a higher estimated school effect score

than School A (θ̂B = 0.184), and is ranked 82nd in terms of school impact. Within School

B, the average student-level estimated ability is close to the mean within-school ability,

and has moderate within-school gaps (θ ¯jB = 0.027; SD = 0.863). School C has the highest

estimated school effect (θ̂C = 1.887), is the highest ranked school in terms of school

impact, and has the highest within-school average ability (θ ¯jC = 0.131; SD = 0.718).

Summary. The analysis using the multilevel Rasch model provides insight into school

effectiveness and student math performance in Cambodia. Results indicate that there

are differences in school effectiveness, and that some schools are less effective than other
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schools. The results also indicate that there are differences in student performance within

schools on mathematical ability. This information is very useful in understanding the

impact schools have on student performance. However, the goals of the multilevel Rasch

analysis differ from those outlined in Section 5.3, and based on this approach, we are

not directly able to identify the low-performing schools that would benefit from an

intervention specifically designed around formulating math problems. To do this, we

now turn to the analysis using the MD-IR model.

5.5.2 Multilevel Diagnostic Item Response Model

The MD-IR model is useful in this scenario because it allows us to identify directly low-

performing schools based on formulating items in order to select the schools that would

most benefit from intervention on the formulating process. This section presents results

from the MD-IR analysis, beginning with interpretations of the parameter estimates,

followed by comparisons of overall probabilities of correct responses by latent classes.

Lastly, evidence supporting reasonable model fit will be presented.

5.5.2.1 MD-IR Parameter Estimates

Table 5.9 presents parameter estimates for the distributions of the latent classes, and

Tables 5.10 and 5.11 present estimates of item location and differences by latent class,

respectively. Each of these is reviewed in turn.

Class proportions. Overall, 62% of schools were identified as low-performing schools.

These schools are identified as the schools that would most benefit from the intervention

on formulating mathematics problems. The majority of students, 56%, are classified in

these low-performing schools, with 31% of these students classified as high-performing

students in low-performing schools and the remaining 25% classified as low-performing

students in low-performing schools. The sizable percentage of high-performing students

within low-performing schools indicates that there are differences within these low-
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Table 5.9: Distributional estimates and proportions for high- and low-performing student

classes within high- and low-performing school classes, based on the MD-IR model.

School Class
Class 1 Class 2

High Low

Student Class
Class 1 Class 2 Class 1 Class 2

High Low High Low

Student Ability Mean (µgh) 1.210 0.000 0.402 0.000

(0.08) (0.13)

Student Ability Variance (σ2
gh) 0.382 0.280 1.023 0.039

(0.06) (0.07) (0.10) (0.08)

School Effect Mean (µh) 0.394 0.394 0.000 0.000

(0.11) (0.11)

School Effect Variance (σ2
h ) 0.295 0.295 0.195 0.195

(0.04) (0.04) (0.02) (0.02)

Proportion (πgh) 0.237 0.204 0.305 0.254

Note: Standard errors are in parentheses.

performing schools on student performance on formulate items. The remaining 44% of

students are classified in high-performing schools, with 24% as high-performing students

in high-performing schools, and 20% as low-performing students in high-performing

schools. Table 5.9 presents the estimates of πgh for each latent class.

School effect distributions. Estimates of the school effect distributions help us to under-

stand the differences between the high- and low-performing schools in terms of their

impact on student achievement. Estimates for school effect distributions are shown in

Table 5.9, and the school-level distributions in the sample are shown in Figure 5.5. Schools

are labeled as high or low depending on the comparative estimate of the school effect. The

high-performing school class is labeled as class 1 (µh=1 and σ2
h=1), and the low-performing

school class is labeled as class 2 (µh=2 and σ2
h=2). For brevity, estimated parameters are
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written here without the h in the subscript.

There is a small difference in the mean school effect between the two latent classes

(µ̂1 = 0.394, SE = 0.11). This small difference indicates two things. First, since the

difference is small, we can conclude that much of the difference between the high-

performing and low-performing schools is due to differences in formulating items.

Second, while the difference is small, any significant difference indicates that there

are some differences in effectiveness in overall mathematics that are not captured in

formulate items and are attributable to other processes. The variance components for

both school-level latent classes are similar and relatively small. The variance component

for the low-performing school class is the smallest (σ̂2
2 = 0.195, SE = 0.02), and is slightly

larger for the high-performing school class (σ̂2
1 = 0.295, SE = 0.04). This suggests that

the heterogeneity of effectiveness within school classes is similar for both high- and

low-performing schools. Figure 5.5 shows the overlapping histograms of the school effect

distributions. The histogram also includes dashed lines showing the estimated model

parameter for the class means, and the dotted lines show the sample means based on

most likely latent class assignment. Small discrepancies between these lines are expected.

Student score distributions. Estimates of student performance within school classes help

us to understand how student performance differs within high- and low-performing

schools. Table 5.9 also provides parameter estimates for student-level latent classes. As

was discussed in Chapter 4 and shown in Figure 4.3, student-level distributions differ

by school latent classes. Figure 5.6 shows student-level histograms for each school-level

latent class. Student classes are labeled as high or low based on the comparative within-

school estimated student ability. Combined with school latent classes, there are four

student-level classes: high students in high schools (µg=1,h=1; σ2
g=1,h=1), low students in

high schools (µg=2,h=1; σ2
g=2,h=1), high students in low schools (µg=1,h=2; σ2

g=1,h=2), and

low students in low schools (µg=1,h=2; σ2
g=1,h=2). For brevity, estimated parameters are

written without the g and h subscripts.

In low-performing schools, there is a small but significant difference between high-
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Figure 5.5: Histogram of school effects by school-level latent class based on results from

the MD-IR model. High-performing schools are light blue and low-performing schools

are gold.

and low-performing student classes, on average (µ̂2,2 = 0.402, SE = 0.13). There is

substantial spread for the high-performing class (σ̂2
1,2 = 1.023, SE = 0.10), but essentially

no spread for the low-performing class (σ̂2
2,2 = 0.039, SE = 0.08). This lack of spread

is shown clearly in Figure 5.6, and is due to the difficulty of the assessment and to

the fact that the students in this lowest-performing class are hitting the floor of the

exam. For these students, the test is providing very little information that differentiates

them from the other low-performing students, resulting in scores for all students in this

low-performing class that are at, or very near, the fixed mean of zero. The large spread

for the high-performing students in this low-performing school class also suggests an

interesting finding. Specifically, there is a group of high-performing students who have

noticeably lower scores compared to the other high-performing students. This can be

seen in the bi-modal distribution of the high-performing school class. This group of

high-performing students even has lower estimated math ability scores compared to

the low-performing students. This unexpected result is due to the limited range and
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the fixed mean of zero of the low-performing class. Additionally, these students differ

from both the other high-performing students and from the low-performing students

in interesting ways. They differ from the other high-performing students because they

are responding correctly to fewer items across the entire assessment. However, they also

differ from low-performing students because they respond correctly to some, albeit not

many, formulate items. The average proportion correct for these students on formulate

items is 0.063. Students in the low-performing class respond correctly to essentially

no formulate items. The average proportion correct for low-performing students on

formulate items is 0.005. Since the model is specified to differentiate latent classes based

on formulate items, this group of students is classified as high-performing, as opposed to

low-performing, because they do respond correctly to a small number of formulate items.

In other words, in the low-performing school class, students are essentially differentiated

based on whether or not they respond correctly to any formulate items. Clearly, many of

the students in the high-performing student class within low-performing schools would

also benefit from interventions on formulate items, making the school level an appropriate

level of intervention for this context.

In high-performing schools, there is a large difference between high- and low-

performing students (µ̂2,1 = 1.210, SE = 0.08). The spread within classes is small

for both classes, but slightly larger for the high-performing class (σ̂2
1,1 = 0.382, SE = 0.06;

σ̂2
2,1 = 0.280, SE = 0.07). The larger difference suggests that in high-performing schools,

the difference between high- and low-performing students is not fully due to the for-

mulate items, but also to the other cognitive processes. This difference is captured in

the right panel of Figure 5.6, where we can see that the two classes in high-performing

schools are relatively similar in size, and the estimated mean and sample class means for

both classes are very similar, indicating reasonable fit and classification.

As discussed in Chapter 2, the within school variance component from the multilevel

IRT model provides researchers with information regarding within-school achievement

gaps. In the MD-IR model, information regarding within-school achievement gaps comes
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Figure 5.6: Histograms of student math ability for both school latent classes. Dashed

lines show estimated model parameters for class means. Dotted lines show sample

means based on latent class assignment. (A) Histogram for low-performing schools. Low-

performing students in low-performing schools are shown as black, and high-performing

students in low-performing schools are shown as gold. (B) Histogram for high-performing

schools. Low-performing students are shown as dark blue, and high-performing students

are shown as light blue.

from the mean difference between within-school latent classes, as well as from the variance

components. When considering within-school gaps, looking at both mean differences and

variances provides a clearer picture than when looking only at the variance component.

This is because, while the variance components within student-level latent classes may

be small, the mean difference could be large. In this example, this is the case for high-

performing schools. The smaller variance components suggest that inequities within

schools are small, but the larger mean difference between these classes indicates otherwise.

The opposite is true for the low-performing school class. In this school class, the mean

difference is small, but the variance component for the high-performing group is large.

Item location and overall difficulty. This section presents estimates and interpretations

of item locations and overall item difficulties. Table 5.10 presents summary statistics for
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Table 5.10: Average item location, standard deviation, minimum, and maximum for items

in the formulate cognitive process, the combined other item group (i.e., employ and

interpret items), and the overall assessment, based on the MD-IR model.

Mean SD Min Max

Formulate 4.63 2.20 2.41 9.77

Other Items 1.99 1.42 -0.90 6.13

Overall 2.50 1.90 -0.90 9.77

the item location parameter (βi) for the MD-IR model. A full table of all item location

parameters and associated standard errors is shown in Appendix A. As expected based

on the preliminary analyses, the formulate items are the most difficult, with extremely

high average location parameters and extreme item difficulties at the upper range of the

distribution. The other items are not nearly as difficult, on average, but do have some

highly difficult items at the extremes.

Estimates for the τgh parameter and its impact on overall item difficulty and response

probability for formulate items are included in Table 5.11. Item response function (IRF)

plots for each latent class for a hypothetical average item (βi = 2) in the formulate item

group are shown in Figure 5.7. Recall from Section 4.6.2 on item difficulty in Chapter 4,

that for an overall reference class, the τgh parameter is fixed to zero, and the overall item

difficulty is equal to the item location. The overall reference class is the class that was

the reference at both the student and the school levels, which in this case is the class of

low-performing students in low-performing schools. This means that the τgh parameter

represents the amount of advantage that students in the higher classes have on formulate

items, compared to the lowest class.

Within low-performing schools, formulate items are easier for high-performing stu-

dents compared to low-performing students (τ̂1,2 = 1.12, SE = 0.32). Formulate items are

also much easier for high-performing students in high-performing schools, compared

to the low-performing students in low-performing schools (τ̂1,1 = 1.66, SE = 0.24). On

89



Table 5.11: MD-IR estimates for the τgh parameter, as well as the overall item difficulty

(combined τgh and item location) on a hypothetical formulate item with an item location

of βi = 2. Probabilities of a correct response by latent class for a student at the mean

of the math ability distribution, and within a school at the mean of the school effect

distribution.

School Class High Low

Student Class High Low High Low

τgh 1.66 0.40 1.12 0.00

(0.24) (0.32) (0.32) –

Hypothetical Formulate Item, βi = 2

Overall Item Difficulty 0.34 2.00 0.88 2.00

Probability of Correct Response 0.64 0.09 0.24 0.06

the other hand, the estimated difference in item difficulty on formulate items between

low-performing students in high-performing schools and the low-performing students in

low-performing schools is small and not statistically significant (τ̂2,1 = 0.40, SE = 0.32).

The IRF in Figure 5.7 shows clearly how the formulate items are easier for the two

high-performing student classes (blue and gold lines) compared to the reference class

(black line). As is clear from the IRF, it is the high-performing student classes in both

high- and low-performing schools that have the advantage on formulate items.

5.5.2.2 Overall Probabilities

In order to help make sense of these many results, it is useful to look at the overall

probability of a correct response based on the different item groups, by class. To do

this, we can consider the response probability for the average student in the average

school, of each respective latent class, and compare these across classes and across item

groups. In other words, we can plug in the means of the student-level and school-level

distributions, the appropriate τ parameter, and selected item location parameters into

Equation 4.1 in order to calculate the probability of a correct response on an item. For
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Figure 5.7: IRF plots from MD-IR model for a hypothetical formulate item with item

location equal to two (βi = 2). The IRF for the reference class, the low-performing

students in low-performing schools, is the black line. The IRF for low-performing

students in high-performing schools is equal to the IRF for the reference class. The IRF

for high-performing students in high-performing schools is light blue, and the IRF for

high-performing students in low-performing schools is gold.
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Figure 5.8: Overall probability plots for average students in average schools of each latent

class, for the formulate (left) and other item (right) groups. Low-performing students in

low-performing schools are black circles, high-performing students in low-performing

schools are gold diamonds, low-performing students in high-performing schools are

blue triangles, and high-performing students in high-performing schools are light blue

squares.

example, consider a hypothetical formulate item with an item location parameter of 2 (i.e.,

βi = 2). The response probability for an average low-performing student in an average

low-performing school is very low, equal to 0.06 (see Table 5.11). In contrast, the response

probability for an average high-performing student in an average high-performing school

is relatively high, equal to 0.64. This approach allows us to see that, despite the fact that

there is no difference in item difficulty for low-performing students in high-performing

schools compared to low-performing students in low-performing schools, there is still

an overall difference in response probability (0.09 compared to 0.06), due to the higher

effectiveness of the high-performing schools.

Now we can consider the overall probabilities across the range of item locations in

each of the item groups. Figure 5.8 plots the calculated probabilities for average students

at each of the item locations in these item groups, separated by latent class. At the school

92



level, the small differences in average school effectiveness suggest that most of what

differentiates the two school classes is captured in the formulate items. At the student

level, the differences are small in the low-performing school class, but are larger in the

high-performing school class, suggesting that not all of the student-level differences

are captured in the formulate items. This becomes clear when looking at the overall

probability of a correct response for students at the means of each latent class, on each

of the two item groups. The left panel of Figure 5.8 shows the overall probability for

formulate items. The number of items and the range of item locations are smallest in this

focal item group. Despite this smaller range, we can clearly see differentiation among

the latent classes on these formulate items. Most notable is the difference between the

high-performing students in high-performing schools compared to the other classes,

including the high-performing students in low-performing schools. The fact that the

difference between low-performing students in each school class is not large suggests

that the difference among schools is more attributable to the higher-performing students.

The right panel of Figure 5.8 shows the overall probabilities for the other items.

While these items do not show as much differentiation as the formulate items, the mean

differences do still capture some differences in probability by latent class. Again, the

high-performing students in high-performing schools are the most clearly differentiated

from the others, including high-performing students in low-performing schools. This

indicates that while formulate items do differentiate well among latent classes, the other

item groups may also differentiate among classes, but to a lesser degree.

5.5.2.3 Goodness-of-fit

Relative Fit. Results from the relative fit comparisons suggest reasonable fit of the MD-IR

model to the data, compared to the first competing baseline model. Recall that two

competing models were selected for comparison. The first is the multilevel Rasch model

that is the most widely used IRT approach to studying school effects. All three fit indices,

AIC, BIC and adjusted BIC, indicate better fit for the MD-IR model than the multilevel
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Table 5.12: Relative model fit by AIC, BIC, and adjusted BIC for multilevel Rasch and

MD-IR models.

Multilevel Rasch MD-IR

Classes Per Level 1-class 2-Class

AIC 70961.512 70742.667

BIC 71350.548 71204.648

Adjusted BIC 71147.193 70963.163

Rasch model (see Table 5.12). Since we would typically expect to see improved fit in a

more flexible model, this provides us with minimal confidence of the reasonable fit to the

data.

The second competing model that was selected was the multilevel mixture IRT. Unfor-

tunately, when attempting to run the multilevel mixture IRT model with the PISA-D data

from Cambodia, the model would not converge. This suggests a problem with empirical

identification and provides some evidence that the data do not support this model. For

this reason, Table 5.12 only presents results for the comparison with the multilevel Rasch

model.

Absolute Fit. Since the relative fit comparisons only provide minimal confidence, an

absolute fit approach is also used to evaluate goodness-of-fit. The second approach

evaluates the predictive validity of the MD-IR model. 200 datasets were generated based

on the MD-IR model parameters. The proportion correct on each subdomain at the

within- and between-levels, as well as the proportion correct per item, are compared to

the observed data weighted distributions as presented in Table 5.5. Small discrepancies

would provide minimal confidence of reasonable fit of the MD-IR model to these data.

Table 5.13 shows the differences in each subdomain for the MD-IR model between the

observed and generated data. At the student level, there are small differences in average

proportion correct in all cognitive processes. The largest differences at the student level

come from the top of the distribution, where a small number of students perform well on
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Figure 5.9: Distributions of differences in mean proportion correct on average school

aggregate proportion correct, and on average student proportion correct, for total and

formulate scores.

this assessment. At the school level, differences are quite small, indicating that the MD-IR

model fits reasonably well, particularly at this level. The largest difference at the school

level is also due to an outlier school at the top of the distribution of school averages on

formulate scores (see Figure 5.2). While we would expect the differences to be smaller

since they are aggregated, the results are encouraging as the MD-IR model aims to offer

strong interpretations at the school level. Figure 5.9 shows the distributions of differences

between the observed means and the generated means at both levels for each replication.

Fit results at the item level give us a more detailed look at absolute fit. On average,

the differences for each cognitive process are small (see Table 5.13). Formulate items have

the smallest average difference, while interpret items have the largest difference. The

individual items that have the largest differences are the easiest items. This is because

items that are extremely difficult have very low proportions correct, and therefore, limited

space for larger differences to occur. To account for this, we can also divide the difference
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Table 5.13: Difference between predicted data and observed data on proportions correct at

the student and school levels, on within-school standard deviations, and on average item

difficulty, all for each cognitive process and the overall PISA-D mathematics assessment.

Employ Formulate Interpret Total

Student Level

Mean 0.039 0.034 0.049 0.043

SD 0.054 0.075 0.055 0.026

Min 0.000 0.000 0.000 0.000

Max 0.125 0.162 0.050 0.150

School Level

Mean 0.006 0.002 -0.001 0.001

SD 0.003 -0.010 0.006 -0.006

Min -0.032 -0.003 -0.057 0.000

Max 0.097 0.197 0.048 0.076

Within School SD

Mean 0.056 0.080 0.051 0.028

SD 0.008 0.039 0.006 -0.005

Min 0.008 0.000 0.054 -0.012

Max 0.053 0.145 0.094 0.016

Item Difficulty*

Mean 0.066 0.049 0.080 0.068

SD 0.033 0.030 0.030 0.033

Min 0.001 0.000 0.024 0.000

Max 0.137 0.088 0.141 0.141

Note: *Item difficulty here is defined as the proportion of students

responding correctly to an item within the processes.
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Figure 5.10: Distribution of differences in item proportion correct between replicated and

original data, divided by the original item proportion correct, across all replications for

all 62 PISA-D mathematics items.

for each replication by the actual proportion correct. Figure 5.10 shows the distributions

for each item after making this adjustment. After accounting for item difficulty, only a

few items with extreme difficulty values show poor fit.

Overall, these two approaches suggest that we can have at least minimal confidence

that the MD-IR has reasonable fit to these data. With reasonable fit established, we can

now explore whether the results provide expected conclusions regarding student and

school context.

5.5.3 Evidence Supporting Model Validity

5.5.3.1 Proportions Correct by Latent Class

In order to explore the reasonableness of results, we can look at the observed proportion

correct based on the most likely latent class classification from the MD-IR model and

compare classifications by demographics. Overall, results from these comparisons support
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the conclusions drawn from the MD-IR model. Table 5.14 presents the proportion correct

on each subdomain and overall for school classes and for students in schools. At

the school level, the high-performing class has higher average performance across all

processes compared to the low-performing school class. There are also differences across

latent classes at the student level. These differences are particularly striking on the

formulate items. In the low-performing student classes, the differences between the other

processes and the formulate domain are quite large, whereas in the high-performing

classes, the differences are smaller. This provides support for the fact that formulate

items do differentiate well among classes. However, there are smaller differences on

the other processes, particularly between the highest performing class, suggesting that

the assumption that there are no differences on the other items may not be ideal. The

limitations around this assumption will be discussed in the conclusion section.

5.5.3.2 Demographics by Latent Class

Comparing school and student demographics by latent classes allows us to address the

third research goal of understanding the schools and students in the low-performing

school class. It also allows us to confirm whether the latent classes from the MD-IR make

sense given our earlier analyses. As would be expected, there is a clear relationship

between school context and school classification. Table 5.15 presents the proportion of

high- and low-performing schools by poverty and urbanicity. Consistent with earlier

findings that lower-resourced schools perform more poorly than their highly-resourced

counterparts, 70% of the 47 schools with extremely low resources, and 88% of the 40

schools with severely low resources are classified as low-performing schools. On the

other hand, 86% of moderately-resourced schools, and 83% of highly-resourced schools

are classified as high-performing. However, it is worth noting that 30% of extremely

low-resourced schools are classified as high-performing. An SES-targeted intervention,

as opposed to a performance-targeted intervention would miss the fact that some low-

resourced schools may not need support in teaching formulate math skills. Additionally,
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Table 5.14: Average proportion correct and standard deviations for high- and low-

performing school and student classes, for each cognitive process and overall PISA-D

math assessment.

Employ Formulate Interpret Overall

School Classes

High

Mean 0.34 0.24 0.45 0.36

SD 0.21 0.28 0.24 0.19

Low

Mean 0.23 0.09 0.30 0.23

SD 0.19 0.18 0.23 0.16

Student Classes

High School, High Student

Mean 0.46 0.42 0.57 0.49

SD 0.19 0.27 0.19 0.14

High School, Low Student

Mean 0.22 0.05 0.31 0.22

SD 0.17 0.09 0.20 0.12

Low School, High Student

Mean 0.29 0.20 0.37 0.29

SD 0.22 0.22 0.26 0.19

Low School, Low Student

Mean 0.18 0.01 0.24 0.17

SD 0.14 0.03 0.17 0.09
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Table 5.15: Proportion and counts of schools in each resource level and urbanicity

categories that are classified in each high-performing and low-performing class.

High Low Total

N Proportion N Proportion N

Resource Level

Extremely Low 14 0.30 33 0.70 47

Severely Low 5 0.13 35 0.88 40

Low 14 0.38 23 0.62 37

Moderate 28 0.86 4 0.14 32

High 10 0.83 2 0.17 12

Urbanicity

Urban 34 0.76 11 0.24 45

Rural 30 0.24 93 0.76 123

only 24% of the 123 rural schools are classified as high-performing, compared to 76% of

the 45 urban schools. This is also consistent with the previous finding that urban schools

typically outperform rural schools.

There is also a clear relationship between student demographics and student classi-

fications. Table 5.16 presents demographics by latent class at the student level. In both

high- and low-performing schools, extremely and severely poor students are more likely

to be classified as low-performing, but not always by sizable amounts. Similarly, it is

only in high-performing schools that not poor students are classified as high-performing

at much higher rates. Differences by gender are small in high-performing schools, but

much larger in low-performing schools. Specifically, female students are more likely to

be classified as low-performing if they attend a low-performing school. Differences in

urbanicity are similar to that of the school level, since for most students, their urbanicity

matches that of their school.

Overall, these differences in classification rates by school and student context support
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Table 5.16: Proportion and counts of students in each poverty level, urbanicity, and gender

categories that are classified in each high- and low-performing student class within high-

and low-performing schools.

High Schools Low Schools

High Low High Low

Students Students Students Students Total

N Prop N Prop N Prop N Prop N

Poverty Level

Extremely Poor 10 0.10 17 0.18 30 0.32 38 0.40 95

Severely Poor 215 0.15 244 0.17 431 0.30 546 0.38 1436

Poor 251 0.24 230 0.22 262 0.25 304 0.29 1047

Not Poor 272 0.42 181 0.28 97 0.15 97 0.15 647

Gender

Female 342 0.20 376 0.22 427 0.25 564 0.33 1709

Male 349 0.23 303 0.20 424 0.28 440 0.29 1516

Urbanicity

Urban 409 0.43 361 0.38 86 0.09 95 0.10 951

Rural 318 0.14 318 0.14 751 0.33 887 0.39 2274
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the validity of the findings from the MD-IR model. While it is very concerning for equity,

higher classifications of rural and low-income students into low-performing student and

school classes are consistent with findings from the well-established multilevel Rasch

approach and with trends in low-income countries. In practice, these findings would

impact delivery and implementation of the hypothetical intervention as urbanicity and

resource level are important considerations in any intervention.

5.5.4 Individual School Classifications

Now that some confidence in the results has been established through fit and validity

analyses, we can now look at individual classifications for the three example schools,

Schools A, B, and C. School classification, its associated probability of this classification,

school effects, and within-school student performance for each of these three schools are

presented in Table 5.17.

School A. Recall that School A is the lowest performing of these three schools in terms

of the total proportion correct (see Table 5.3) and the estimated school effects from the

Rasch model. Also recall, that the average proportion correct on formulate items was

somewhat higher, relative to other processes, but still not higher than the sample average.

However, despite the relative strength in the formulate items, School A is still classified

as a low-performing school with a probability of 92%, and has an estimated school effect

score lower than that of the mean for the low-performing schools (θ̂A,low = −0.59).

Within School A, the highest proportion of students are classified as low-performing

(58%). At the student level, the classification probabilities are given such that the sum of

all four possible student classes sums to one. Within school A, the average classification

probability for the low-performing class is 52%. The low-performing student class within

School A performs below the average of low-performing classes in low-performing

schools, on average (θ̂ j̄,stulow,A,schlow = −0.11; SD = 0.21). The rest of students are

classified as high-performing with an average probability of 73%. The high-performing

student class outperforms the average of the high-performing student class in low-
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Table 5.17: School class, classification probability, estimated school effect, and within-

school student performance statistics for Schools A, B, and C.

School A School B School C

School Class Low Low High

Probability 0.92 0.79 1.00

School Effect -0.59 0.27 1.42

Student Performance

High Student Class

Proportion 0.42 0.67 0.80

Average Probability 0.73 0.63 0.84

SD Probability 0.21 0.13 0.13

Average Math Achievement 0.91 0.55 1.11

SD Math Achievement 1.33 0.92 0.46

Low Student Class

Proportion 0.58 0.33 0.20

Average Probability 0.52 0.47 0.74

SD Probability 0.04 0.07 0.16

Average Math Achievement -0.11 0.11 0.13

SD Math Achievement 0.21 0.36 0.70
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performing schools (θ̂ j̄,stuhigh,A,schlow = 0.91; SD = 1.33).

The classification with confidence of School A in the low-performing school class

provides additional validation of the MD-IR model. Throughout the other analyses,

School A is consistently one of the lower-performing schools, and this remains the same

based on the results of the MD-IR.

School B. School B represents a school that is average performing in terms of proportion

correct on both the full assessment and the formulate items, and average in the estimated

school effects from the Rasch model. Based on the MD-IR, School B is classified as a low-

performing school, but with less certainty than School A. The probability of classification

in this low-performing class is 79%. This lower certainty is expected and common when

scores fall closer to the overlaps of the distributions. School B’s estimated school effect

score is higher than the average low-performing school mean (θ̂B,low = 0.27).

Within School B, a majority of students are classified as high performing (67%) with an

average probability of 63%. The high-performing student class within School B performs

above the average of high-performing classes in low-performing schools, on average

(θ̂ j̄,stuhigh,B,schlow = 0.55; SD = 0.92). The remaining 33% of students are classified as low-

performing with an average probability of 47%. These students perform slightly above

the average of low-performing students in low-performing schools (θ̂ j̄,stulow,B,schlow =

0.11; SD = 0.36).

School B provides an example of a school that is classified with less confidence

compared to most other schools in the analysis. This result for School B is not surprising

given results from the previous analyses as School B is consistently in the middle of the

distribution. In any classification procedure, there will be schools (and students) whose

classification is less certain. As such, seeing this uncertainty from the MD-IR model is

consistent with other classification approaches.

School C. School C is a higher performing school. It is classified as high performing with

over 99% probability. Its estimated school effect is much higher than that of the average

for high-performing schools (θ̂C,high = 1.417).
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Within school C, 80% of students are classified as high-performing students. The

estimated mean student ability for this class is slightly lower than the average for high-

performing students in high-performing schools (θ̂ ¯j,stuhigh,C,schhigh = 1.106; SD = 0.456).

The remaining 20% of students perform above the average for low-performing students

in high-performing schools (θ̂ j̄,stulow,C,schhigh = 0.127; SD = 0.699).

School C provides an example of a school that is classified as high-performing with

a high level of confidence. Throughout the analyses, School C was at the higher end

of the distribution in scores and school effectiveness. As such, the classification in the

high-performing class helps to further validate the MD-IR model.

5.6 Simulation Study

A final step in ensuring we can have confidence in the results provided by the MD-IR

is a small simulation under the same conditions as the PISA-D data from Cambodia.

To assess precision in parameter estimates, parameter bias and root mean square error

(RMSE) are calculated. To assess accuracy of the classifications, classification accuracy

and kappa’s coefficient are calculated for both student and school levels.

5.6.1 Data Generation

Data are generated under the assumption that the MD-IR model is the true model in the

population. Specifically, 100 datasets are generated using the same sample sizes as the

Cambodia data, (i.e., 3,225 students in 168 schools). School effect and ability distributions

are assumed to follow the same distributions by latent class as estimated in the previous

section. Estimated item locations and τ parameters are used to set the item difficulties in

each latent class. Estimation settings for each model were the same as described for the

MD-IR analysis.
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Table 5.18: Average parameter bias and RMSE for school effect latent class distribution

estimates, for high- and low-performing schools.

Mean Variance

Bias RMSE Bias RMSE

High Class -0.019 0.191 0.004 0.036

Low Class – – 0.003 0.034

5.6.2 Results

Of the 100 replications, 91 converged replications were used. 9 replications did not

converge because no correct responses were generated for one item that was extremely

difficult in the original data. Specifically, item 36 has an extremely high estimated item

location that was used in generating the data sets (β̂36 = 9.765; see Table 5.10 for formulate

maximum difficulty and item 36 in Table A.1). Since no correct responses were generated

for this item, and therefore the replications could not converge, these replications were

excluded from the analysis.

5.6.2.1 Parameter Recovery

Results from the simulation are encouraging. At the school level, bias and RMSE are

small for both the estimated means and variances (see Table 5.18), giving us confidence

that we can use the results at this level to understand better the difference between the

high- and low-performing school classes. Figure 5.11 shows the distribution of parameter

bias for each estimated parameter. The parameter bias for the estimated high-performing

school mean (labeled as “Hi:SchMean”) has a small average bias (-0.019) and a small

spread across the distribution. The same holds true for the variances for both school latent

classes. The average bias is very small for the high-performing class (0.004; “Hi:SchVar”)

and the low-performing class (0.003; “Lo:SchVar”) variances, with even smaller spread

across the distribution.
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Table 5.19: Average parameter bias and RMSE for student math achievement latent class

distribution estimates, and difference in item difficulty estimates, for each student-level

latent class within school-level latent classes.

Mean Variance Tau

Bias RMSE Bias RMSE Bias RMSE

High Sch, High Stu 0.004 0.038 -0.005 0.048 -0.023 0.229

High Sch, Low Stu – – 0.001 0.007 -0.004 0.038

Low Sch, High Stu -0.008 0.078 0.001 0.000 -0.028 0.281

Low Sch, Low Stu – – -0.002 0.017 – –

Student level results are also encouraging, and are shown in Table 5.19. Average

bias for the estimated mean is very small for the high school and high students (0.004;

“Hi,Hi:StuMean”), and for the low school and high students (-0.008, “Lo,Hi:StuMean”).

Bias for each of the variances are also very small with small spread in the distribution.

Bias in each of the estimated differences in item difficulty are slightly larger, but are still

quite small. The average bias range is from -0.028 to -0.004, with somewhat larger spread

across the replications.

For most items, item location parameters are well recovered with low average bias.

Figure 5.12 shows the distributions of parameter bias for all 62 items. Three items

with extremely high levels of difficulty have small averages, but large ranges in the

distributions. Other items have small averages and small ranges, giving confidence on

the item location parameters estimated in the MD-IR.

5.6.2.2 Classification Accuracy

In order to assess the accuracy of school and student classifications, the average classifica-

tion accuracy and kappa coefficient were calculated at the school level, the student level,

and the combined levels. Classification accuracy is defined as the proportion of schools

or students correctly classified in each replication. The average classification presented
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Figure 5.11: Parameter bias distributions for estimated school effects by latent class,

student math achievement by latent class, and τ parameters by latent class.

Figure 5.12: Item parameter bias distributions for 62 items across each replication.
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in Table 5.20 is the average of these across each replication. Classification accuracy at

the school level is very strong at 0.92. The kappa coefficient, which shows the level of

agreement while accounting for the possibility of agreement by chance, is also very high

at 0.83. This high accuracy gives us good confidence that we have well identified the

low-performing schools for the intervention.

Classification at the student level is also high. Two student level classifications

are presented in Table 5.20. First is the overall student classification which represents a

student’s high- or low-performing classification, regardless of school classification. Second

is the overall student within-school classification, which is the correct classification rate

for classifications of students in school classes (e.g., low-performing students in low-

performing schools). This second classification rate is slightly lower, as it has two

possibilities for error, one at the student level and one at the school level.

In order to determine whether some classes show better classification rates than

others, the classification accuracy rates by true latent classes are also shown in Table

5.20. Students in high-performing schools show high classification rates for both high-

and low-performing students. On the other hand, rates within low-performing schools

are somewhat lower, particularly so for the high-performing students in low-performing

schools. This is likely due to the low overall performance and floor effects for students in

this school class.

5.6.3 Simulation Summary

Overall, simulation results provide additional confidence in the results found in the

PISA-D study. Parameter recovery is strong for the latent class distribution estimates and

for the estimated τ parameters. Classification accuracy is also very strong, particularly

at the school level. This is very encouraging as the primary goal in this example is to

identify low-performing schools based on the formulating cognitive process. Results

suggest that we can have confidence in the classifications based on the MD-IR model.
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Table 5.20: Average classification accuracy and kappa coefficient for all schools and all

students, and classification accuracy by school and student latent classes.

Classification Accuracy Kappa

Overall School 0.92 0.83

Overall Student 0.83 0.66

Overall Student Within 0.77 0.69

School Classes

High Class 0.90

Low Class 0.93

Student Classes

High Sch, High Stu 0.83

High Sch, Low Stu 0.82

Low Sch, High Stu 0.61

Low Sch, Low Stu 0.79

5.7 Chapter Conclusion

The primary purpose of this chapter was to demonstrate an application of the MD-IR

model in the context of international education development. Specifically, this chapter

has demonstrated how the key components of the MD-IR model can be used to bring

together the study of school effects, performance-targeted interventions, and mathematical

literacy. To do this, we imagined a hypothetical scenario where the goal was to identify

low-performing schools that would benefit from additional support on formulating

mathematical problems in real life situations. Three specific research goals were addressed,

each of which is discussed in more detail in this section. This section will also discuss

limitations from this analysis and potential directions for addressing these limitations.

The first research goal was to identify low-performing schools based on the formulate

cognitive process. 62% of schools in these data were identified as low-performing schools.

Of the three example schools that we followed throughout this chapter, two schools,
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Schools A and B, were identified as low-performing. The second research goal was to

understand student performance within these low-performing school classes. Through the

within-school student distribution estimates, we learned that differences in student overall

math achievement are smaller in low-performing schools, compared to differences in

high-performing schools. However, there are some students classified as high-performing

within low-performing schools who would also benefit from support on formulating

problems. The fact that students were differentiated based on whether they responded

correctly to any formulate items versus no formulate items suggests that even some high-

performing students would benefit from an intervention that is targeted at the school level.

Through the additional τ parameter, we also learned that the high-performing students

in low-performing schools have an advantage over low-performing students on formulate

items. Taken together, these findings suggest that the differences between high- and

low-performing students in the low-performing school class are primarily coming from a

difference in the formulate process. As such, interventions for these schools that focus on

the formulate process should also emphasize the need to support the low-performing

students.

The third research goal was to understand the school and student context of schools

in the low-performing class. The majority of schools in the low-performing class are

extremely low-resourced, severely low-resourced, and low-resourced schools. Only 6

moderately- and highly-resourced schools were classified as low-performing schools.

Similarly, the majority of schools in the low-performing class are rural schools. These gaps

between well-resourced and less-resourced schools, and urban and remote schools, have

implications for the implementation and success of a performance-targeted intervention.

In this case, any targeted intervention would also need to ensure that the schools have the

resources needed to carry out any recommended improvements. Yet despite the fact that

low-resourced schools are over-represented in the low-performing category, a number of

these schools were categorized as high-performing. This is encouraging in that there are

some schools that are effective, despite the challenges of having fewer resources.
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Students who attend the low-performing schools are also disproportionately poor

and rural. There are also larger inequities within low-performing schools. Specifically,

poor students are more likely to be categorized as low-performing when attending

low-performing schools. The same is true for female students. Females who attend a

low-performing school are more likely to be classified as low-performing. In the case

of the hypothetical intervention, emphasis should be placed on reaching the lowest

performing students across all demographic groups.

Two main limitations exist in this analysis. First, the test is extremely difficult, leading

to floor effects and limited variance among the lowest-performing students. This could

be partially due to the fact that the polytonomous items were dichotomized, limiting the

possibility for partial credit. Future extensions of the MD-IR model, discussed in Chapter

6, could address this concern. Second, the current formulation is limited to two item

groups. While the hypothetical scenario was only focused on formulate items, results

indicate that there could be differences among the classes on other cognitive processes as

well. Another extension of the MD-IR model could address this limitation by allowing

for additional item groups.

Overall, this analysis has allowed us to identify the low-performing schools based

on the formulate cognitive process, and has given us insights into the context of these

schools. A performance-targeted intervention is one approach for improving outcomes

and equity for all students, and the MD-IR model is a useful tool in identification of

participants for these interventions.
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CHAPTER 6

Conclusion

Throughout the world, local and national governments hope to improve schools in

order to ensure quality education for all. In order to meet this challenge, governments

need to implement interventions that target specific populations related to the goals of

the improvement plans. Performance-targeted interventions are particularly difficult

when it comes to identifying schools for participation in school-level interventions. This

dissertation has highlighted the need for a modeling approach that supports these types

of interventions, and has presented the MD-IR model as an option for identifying schools

based on student assessment performance. This chapter reviews the contributions of the

MD-IR model which was outlined in Chapter 4, and was demonstrated by the example in

Chapter 5. It also discusses the limitations of the model in its current formulation, and

suggests future extensions that could address these limitations.

6.1 Contributions of the MD-IR model

The current approaches to estimating school effects that were discussed in Chapter 2 do

not provide direct classifications of schools and students based on assessment perfor-

mance. HLM and multilevel IRT models also do not incorporate curriculum information

or allow for differences in within-school achievement gaps based on school effectiveness.

By incorporating approaches from other current psychometric models as discussed in

Chapter 3, the MD-IR model is able to address these limitations, and contributes to the

literature of school effects modeling by offering an alternative approach that may be used

in settings where classifications are needed. Each of these contributions of the MD-IR
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model is reviewed, and the implications in the Cambodia PISA for Development context

are discussed.

6.1.1 Classification of schools and students

The first contribution of the MD-IR model is that it is a confirmatory model that classifies

schools based on an a priori theory. Specifically, the introduction of a pre-specified

number of latent classes allows for the classification of both students and schools into

groups based on performance levels on pre-defined item groups of interest. In the

example from PISA for Development in Cambodia, we were interested in identifying the

schools that need the most support in teaching the formulate cognitive process in order

to solve math problems in real world contexts. The example demonstrates how we can

identify schools with certain levels of probability as high-performing or low-performing.

By identifying schools using this approach, district, state, or national leaders can best

identify schools for performance-targeted interventions that are related to the particular

curricular area that the intervention will address.

Schools can be a particularly useful target level of intervention because education

leaders often have easier access to schools than to individual students. Additionally, as is

shown in the PISA-D example of low-performing schools, both high- and low-performing

students within low-performing schools may need support and can benefit from improved

instruction. This type of performance-targeted support can also have implications for

improving equity outcomes. As is shown in Figure 1.1, inequities can exist when certain

student sub-populations have systematic differences in their foundations for success,

which in turn, can lead to inequalities in prosperity outcomes for some students. We see

this in the PISA-D example. In Cambodia, rural schools and schools with extremely low

resources are more likely to be categorized as low-performing schools, with lower overall

student mathematics achievement. In this case, a performance-targeted intervention with

identification based on the MD-IR model can support reducing inequities due to poverty

and location.
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In addition to identifying schools, the MD-IR model is also able to classify students

as high-performing or low-performing on formulate items. This addition allows us to

understand better the differences between high- and low-performing schools. In the

PISA-D example, the addition of student classes allowed us to learn that there are wider

within-school gaps in high-performing schools compared to low-performing schools.

Additionally, student classes allow school leaders to identify students who may need

the most support in particular curricular areas. Utilizing latent classes at both levels can

allow for tailored interventions depending on the context. In Cambodia, the student-

level classes supported the idea of school-level interventions as the most appropriate for

improving outcomes on the formulate process. However, another scenario could reveal a

different need. For example, if a district has a large number of schools that only have

a few low-performing students, then perhaps a performance-targeted intervention as

enrichment or tutoring makes more sense for these schools than a full school intervention.

The information provided by the MD-IR model allows for these types of context specific

adjustments.

6.1.2 Incorporation of curriculum information

Another important contribution of the MD-IR model is that it incorporates curricular

information to provide structure in a mixture item response theory approach, allowing for

latent classes to be differentiated by their performance on key curricular areas. Specifically,

the inclusion of the τ parameter allows for differences in item location across classes

based on specific item information that is confirmatory and is determine based on theory.

In the PISA-D example, schools were differentiated based on student performance on

formulate items, allowing us to identify the low-performing schools that need the most

support on the formulating process. This parameter also allows us to understand the size

of the differences in difficulty on these items. For example, we were able to learn that

high-performing students in both low- and high-performing schools had an advantage

compared to low-performing students in low-performing schools, but that this advantage
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was particularly large for the high-performing students in high-performing schools.

These results supported the need for an intervention focused on the formulate process.

However, if the τ parameters in the PISA-D example were non-significant or very small,

we might have concluded that an intervention focused on the formulating process is not

the best approach for improving outcomes, and could have considered another theory for

differences based on another curriculum area.

6.1.3 Allowance for differences in achievement gaps

The MD-IR model also allows for differences in achievement gaps across school classes. In

both HLM and multilevel IRT models reviewed in Chapter 2, the distribution of student

scores within schools, and school effect scores between schools, are assumed to be equal

across the population. By incorporating latent classes in a mixture model framework,

we can relax this assumption and allow for differences in gaps within schools. The

differences in achievement gaps are captured both in the difference between student-level

means and the student-level variance of the within-school classes. In Cambodia, results

suggest that there are larger gaps in the high-performing schools compared to the low-

performing schools. The mean difference between high- and low-performing classes in

the high-performing schools is quite large, while the mean difference in low-performing

schools is moderate. While the hypothetical intervention in Chapter 5 was meant for low-

performing schools, this information is also useful for understanding high-performing

schools. Schools in this class, while not participating in the school-level intervention,

should be encouraged to recognize the gaps within their schools and to provide support

for the low-performing students. Accounting for these differences in distributions allows

the model to take into consideration the fact that schools differ in their context and

environment. Additionally, the insights provided by estimating the different distributions

allow education leaders to understand better the context and experiences of schools and

students within these schools, which can lead to improved and targeted interventions.
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6.2 Useful Extensions

This dissertation has demonstrated the usefulness of the MD-IR model in identifying

low-performing schools on a specific curricular area of interest. The formulation of

the model presented in Chapter 4.1 is well suited for this context, but some additional

extensions to the model would make it more general and allow its application in a wider

range of contexts. Some useful extensions for future research are briefly reviewed here.

1. Covariates can be included in different parts of the MD-IR model for different

purposes (Li et al., 2016). First, covariates can be included to explain differences

in latent class assignment. Second, covariates can be included in the measurement

portion of the model to explain differences in the continuous latent trait or to control

for contextual effects. Incorporating covariates in this way allows for the MD-IR

model to consider both Type A and Type B effects as discussed in Chapter 2.

2. The current formulation of the MD-IR was proposed for two item groups. This

is suitable in certain situations, as in the hypothetical intervention in Chapter

5. However, there may be situations where educators would like to differentiate

latent classes based on additional attributes. For example, there may be interest

in differentiating latent classes based on additional cognitive processes, allowing

for targeted interventions at various stages of the mathematical problem solving

process. In these situations, the MD-IR model could be extended to accommodate

multiple attributes.

3. Many assessments are not limited to dichotomous responses. A different link

function could be chosen (e.g., a multinomial or adjacent link function) in order

to accommodate polytonomous items. Jeon (2018) has shown this extension in the

single-level context. This extension could be useful for addressing the high level

of difficulty found in the PISA-D data as allowing for partial credit may better

differentiate among low-performing students.
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4. Currently, the MD-IR uses the Rasch model, with only one item parameter, (i.e., the

item location parameter). A two-parameter logistic model could be used instead,

and an item discrimination parameter would then be included. Again, Jeon (2018)

has shown this extension in the single-level context.

5. A learning method to identify an empirical Q-matrix (e.g., Liu, Xu, & Ying, 2012)

could be applied to the MD-IR if attribute information is not available. While this

is technically possible, the empirical Q-matrix must be validated by content and

assessment experts.

The first two extensions allow for a more thorough understanding of the context of

high- and low-performing classes, at both the student and the school level. The third

and fourth extensions focus on extending the measurement model to accommodate more

assessment contexts. Finally, the last extension furthers possible applications of the MD-IR

model to assessments that do not currently have item attribute information. Together,

these useful extensions allow for additional applications and opportunities, and will be

the focus of future research.

6.3 Future Research

In addition to research on the enumerated extensions, future research will also incorporate

simulation studies to understand better the behavior of the MD-IR model in various

contexts. Some areas of focus will be on the sample size requirements within and

between schools, as well as the ideal number of items needed for the item attribute of

interest. Additionally, simulation studies will focus on the sensitivity of the MD-IR model

to differentiate between classes based on different parameter sizes, as well as under

alternative true population models. These simulation studies will further support future

applications of the MD-IR model.
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6.4 Conclusion

To conclude, the MD-IR model offers new opportunities for identifying schools for

performance-targeted interventions with the overarching goal of improving education

outcomes for all students. It also offers the opportunity to differentiate students and

schools based on important curricular information that is often included in available

assessment data. In addition to providing classifications based on these curricular areas,

the MD-IR model also provides parameter estimates that can reveal interesting patterns in

performance of schools through the school effect distributions. The parameter estimates

can also reveal interesting patterns in the performance of students within schools through

the student ability distributions. These opportunities make the MD-IR model a useful

addition to the school effects literature, providing education researchers an additional

tool that provides actionable data to leaders and practitioners working to make education

equitable for all students in all countries.
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APPENDIX A

Item Difficulty and Location Parameters

Table A.1: Item difficulty estimates from Rasch model and item location estimates from

MD-IR model, for all 62 PISA-D math items, (continued on multiple pages).

Multilevel Rasch MD-IR

Item Item Difficulty (SE) Item Location (SE)

1 1.877 (0.097) 2.235 (0.105)

2 3.126 (0.151) 3.476 (0.139)

3 -1.227 (0.107) -0.812 (0.096)

4 0.992 (0.094) 1.361 (0.094)

5 1.997 (0.106) 2.352 (0.115)

6 -0.610 (0.112) -0.209 (0.104)

7 1.374 (0.088) 1.743 (0.097)

8 -0.047 (0.098) 0.351 (0.094)

9 1.790 (0.092) 2.155 (0.106)

10 1.377 (0.098) 1.749 (0.102)

11 1.851 (0.115) 2.219 (0.107)

12 0.959 (0.101) 1.338 (0.095)

13 5.780 (0.383) 6.132 (0.377)

14 2.185 (0.116) 2.556 (0.128)

15 1.358 (0.127) 1.728 (0.121)

16 1.733 (0.105) 2.111 (0.084)

17 2.242 (0.132) 2.617 (0.126)
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Multilevel Rasch MD-IR

Item Item Difficulty (SE) Item Location (SE)

18 1.198 (0.102) 1.577 (0.115)

19 1.917 (0.118) 2.293 (0.105)

20 2.666 (0.128) 3.038 (0.116)

21 1.012 (0.103) 1.395 (0.103)

22 2.762 (0.150) 3.126 (0.163)

23 1.775 (0.126) 2.147 (0.104)

24 1.692 (0.123) 2.063 (0.100)

25 4.249 (0.235) 4.604 (0.232)

26 0.338 (0.103) 0.732 (0.092)

27 3.871 (0.179) 4.229 (0.170)

28 4.496 (0.247) 4.850 (0.238)

29 2.436 (0.135) 3.900 (0.328)

30 2.324 (0.123) 3.772 (0.312)

31 1.443 (0.113) 2.759 (0.268)

32 2.346 (0.132) 3.815 (0.292)

33 3.312 (0.170) 4.861 (0.285)

34 1.131 (0.103) 2.406 (0.277)

35 1.897 (0.122) 3.307 (0.320)

36 8.098 (0.849) 9.765 (0.931)

37 6.527 (0.660) 8.164 (0.682)

38 2.782 (0.125) 4.365 (0.294)

39 3.601 (0.198) 5.236 (0.338)

40 1.785 (0.122) 3.226 (0.287)

41 0.864 (0.105) 1.233 (0.100)

42 1.500 (0.112) 1.863 (0.100)

43 1.131 (0.102) 1.496 (0.094)
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Multilevel Rasch MD-IR

Item Item Difficulty (SE) Item Location (SE)

44 0.729 (0.106) 1.100 (0.117)

45 3.537 (0.219) 3.886 (0.217)

46 0.492 (0.094) 0.869 (0.091)

47 0.582 (0.089) 0.964 (0.095)

48 1.272 (0.104) 1.645 (0.094)

49 0.086 (0.103) 0.481 (0.103)

50 0.687 (0.100) 1.083 (0.090)

51 1.393 (0.109) 1.776 (0.112)

52 1.584 (0.115) 1.965 (0.117)

53 0.276 (0.109) 0.679 (0.089)

54 3.865 (0.189) 4.228 (0.174)

55 1.801 (0.107) 2.178 (0.104)

56 3.939 (0.195) 4.300 (0.194)

57 -1.344 (0.108) -0.898 (0.108)

58 0.216 (0.109) 0.618 (0.090)

59 2.618 (0.143) 2.986 (0.138)

60 -0.209 (0.100) 0.201 (0.082)

61 1.296 (0.095) 1.675 (0.098)

62 1.401 (0.107) 1.776 (0.114)
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