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NOTATION

M., Hgf/ = moments per unit width in radial and tangential directions
respectively

Mrgf = twisting moment per unit width of pla.te, normal to the radial
direction

Q;, ny = shearing forces per unit width in radial and tangential directions
respectively

w = deflection at any point

M, = ultimate moment capacity per unit width of plate (Fig. 3)

M, = plastic moment, at which yield is assumed to initiate (Fig. 3)

Mc *= equivalent moment ordinate » at which yield would inititate for rigid,
strain - hardening behavior (Fig. 3)

0, = ultimate stress (Fig. 1)

O’p = yield stress (Fig. 1)

dc = equivalent yield stress for rigid, strain - hardening material (Fig. 1)

ry¢ = polar coordinates

x = dimensionless radial coordinate = i
s = parameter defined by s = (,%.)&, the radius of relative stiff-
ness of an elastically supported plate
T = density or reaction modulus of the supporting medium
3
D = flexural rigidity in the purely elastic range = ""El"é"
12(1-Vv°)
Dl = flexural rigidity of a semi-elastic plate, normal to the
3
direction of yielding, = Et
12(1=av ©)
t = plate thickness
V = Poisson's ratio

= glastic modulus



E = jnelastic modulus

p
a = Ep/E
q = Joading intensity

v 2 = Laplace operator

Jn( ) = Bessel function of first kind and order n

ngl)( )= Bessel function of the third kind (Hankel function) and order n
i = Ja

Re, Im = real and imaginary parts respectively, of complex functions



STNOPSIS

The flexural behavior of plates in the post elastic range is
described. The case of linear strein-hardening is considered, and the
criterion of failure is defined by a maximum principal stress or maximum
principal moment in the plate. General solutions are developed from
small deflection theory, for axi-symmetrical and unsymmetrical bending
in the plate. Where bending is axi-symmetrigal, three separate cases
are consideredﬁ strain hardening in the radiél direction only, in the
tangential direction only, and in both directions simultaneously. For
unsymmetrical bending, only the case where strain hardening occurs in
both directions of principal stress is considered.

Tables and formulas are presented for the analysis of edge supported
plates, elastically supported plates, and spherically curved plates, or

shallow shells.

THEORY

General

As a basis for analysis, the plate is considered to be uniformly thin
and to be composed of a homogeneous, isotropic material exhibiting iiﬁéar
strain-hardening in the post-elastic range, (Fig. 1). The term linear
strain-hardening in this sense refers to any linear relationship between
stress and strain occurring at strains exceeding the limit of proportion-
ality of the materisl.

Thus, the distribution of bending stress in the elastic range is
assumed to be proportional to strain (Fig. 2a). In the inelastic range,
a simplified stress block is introduced in which the inelastic relationship
between stress and strain is considered to extend through to the middle
surface of the plate (Fig. 2b). Consequently, the relationship between

moment and curvature may be approximated as in Fig. 3.



Fig. 3 gives principal moments for pure, one-way bending in the plate.
The moment ordinate Mh represents the ultimate moment capacity and, from

Figs. 1 and 2b, is given by

2
M= (0,5 0% (1)

u

where (Z; is the ultimate stress and CL is the assumed stress ordinate at
the middle surface, i.e. the equivalent yield stress for a rigid--strain-
hardening material. The yield moment ordinate Mb (Fig. 3) is also based on

the stress block of Fig. 2b, viz.

(2) »

1 t
M o= + 1 hd ;
L = (¢35 002 ,
as is the ordinate M, (Fig. 3), which is therefore given by
Cy 2
c t (
Hc = h (3)

The magnitudes of the moments Mu and Mc are assumed to remain unchanged
bfor the case of two-way bending in the plate, and the condition M = Mﬁ where
M is the maximum moment in the plate, is considered as a failure criterion.

The term yield will be used herein to designate curvature increments
past the assumed proportional limit (at Mb) of the plate. The condition
of purely plastic yielding, i.e. of zero rate of hardening, is included
as a special case.

For bending past the elastic range, yielding occurs over areas or zones
of the plate, and for the idealized relationship of moment and curvature
assumed in Fig. 3, each zone may be assumed to have a definite boundary.

Yielding may occur in the direction of only one principal moment, or in both



directions, and other areas of the plate may remain elastic. In the case
of purely plastic yield, a zone of yield may, under certain conditions, be
effectively reduced in width to a line and is here termed a yield line.
When the rate of hardening is finite and positive however, the yield zones

are always of finite width.

Symmetrical bending

For symmetrical bending in the inelastic range, the various zones of
yield occur concentrically, and three different inelastic zones are possible.
In one, yielding may occur in the tangential (or circumferential) direc-
tion; in another, in the radial direction; and in the third, yielding may
occur in both directions simultaneously.

For the purpose of analysis, each zone may be considered separately
and a separate differential equation obtained for the deflection in
each.

The analysis of a plate on a liquid type elastic foundation will be
considered initially as a general case. The solution for an edge supported
plate may be obtained from this as the limiting case where the density
or reaction modulus of the liquid approaches zero.

Hence for symmetrical bending in the elastic range, the classical

differential equation for deflection is

vhw e iV L2 A0 1 4d
r r2

W= (=T (L)

'1\*"}-‘

The corresponding equations for deflection in the inelastic zones are
derived in the Appendizx.
Hence for strain-hardening in the tangential direction only, with

elastic bending in the radial direction, the differential equation is




+ % W - 2? w4 E§ W = (q- Uh)/Dl . (5)
r r

Where the plate is inelastic only in the radial direction,

i iii 1 _ii 1 i
wv+-lg.wlil--a—;2-wll+;:3'w =(Q“UV)/3D15 (6)

and when yielding occurs in each direction of principal stress,

iv 2 dii 1 ii
W+ E e a4
T ;f

w = (q- Tw)/aD. (7)

WL

Primes in the above equations denote differentiation with respect
to r; a is the ratio Ep/E of the inelastic and elastic moduli; q is
the intensity of lateral load; T is the density of the supporting

liquid; and D, Dl’ aDl, and aD are the effective flexural rigidities in

the radial direction of the respective zones of the plate., From the linear

relationships between stress and strain,

Bt Et>
D= o 2y and D1 I T
12(1- v2) 12(1-av?) ,

where t is the thickness of the plate, and V is Poisson's ratio.
For an edge supported plate, § = 0, and Eqns. i to 7 reduce

respectively to

iv 2 4i1 1 41 .1 i _g
LA - W+t w 3 (8) §
r r i
iv 2 iii a _ii a _i q_
W +=w -— W o+ W= (9)
r r2 ;5 D1
iv , 2 _iii 1 _ii 1 i_ q
R - w4+ w o= (10)
T ar? ard aby



and

iv. 2 341 1 ii 1 4
LA -8 -Zw +;§w =3 (11)

Introducing the dimensionless yariable x. = r/s., (j =1, 2, 3, L,)
p mi o ahi .0 i
= [~ - = (— T a (———)4 -
whereslA(.J),s2 (7)")’83 (_F),mdsh (T) in the re
spective zones of the plate, and setting q = 0, Eqns. 4 through 7 simplify

respectively to

iv 2 dii 1 Vll 1
— W - + W 4w=0 12
X1 xlz E a2
iv. 2 ii a wii a 1
W+ ——Xz vt . — t3Y e 0 (13)
iv. 2 _iii 1 il
PRI - W o+ W +4w=0
2 =z ; ()
and ‘ 5 .
w1v+i.£wlll-..]:2wli+;l]f3wl+w=0 (15)

where primes in this case, and from here on, denote differentiation with
respect to x. For' q = 0, Eqns. 8 through 11 may be correspondingly

written in the form

wiv+§wili—r:‘_[2wil+ijwi=0 (16)
N 2 .o a .

lv+;wlll-;2wli+%wi=0 an
v, 2. Aii 1 41, 1 .4

w + X VW -;J—;z_ 4-:&-3 =0 (18)
iv 2 443 1 i1 1 4 _

W +xwii -;c-zw.' +BW:L 0 (19)

where X in this case is introduced only for dimensional consistency

with Eqns. 12 through 15 and may be replaced by r.
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The solution of Eqn. 12; and hence, also, the solution of Eqn. 15,
may be written

w = Re[ & Jg. (x,/5) + B n () (x, /1) ] s-1,1 (20)

where Jo( ) and Ho(l)( ) are Bessel functions of the first and third
kinds respectively, and of zero order. A and B are complex constants
and are determined from the boundary conditions.

The solution of Egn. 13 may be expressed in the form

W= CR 4 CR)+CR + R = CR, (21)

in which B‘k are four independent series solutions and Ck are real

constants.
o0
/s %
R, = 1+ -J* :
2 il n(n-2)[ (0-1)%-a ). (0-1) (n-6)[ (0-8)%-a Js~-nbi 2. (3%-a)
2 (n-2)/l xfl-l
R =x+/ |- ~
2 J 910[]] n(n--2)[ (n-l)2 -a ]. —mme-s . 6 . h(Sz-a)
. | N o0 N N xn ‘
Ry = x?azl' 2 H(Ill e 2 : 1 1 1
a2 gaad n(n-2){ (n-1)%-a]ommmmnn (5wa?) (30a2) (Le2a?))
and oo N o
1-a3 (n=-1#a®)/L Xy
R, 2 ) (-a) (b2
g n(n-2)[ (n-1)%-a]------- (5-a%) (3-8%) (L-2a%)L

The series R, are independent except at a = 0,21, 4., At a = 1, Eqn. 13
reduces to Eqn. 12, whose solution is given by Egqn. 17; and Rj as defined above
reduced to only two independent series, representing the Bessel functions
Red, (x /i) and Lo (x \/I). There is, in effect, no inelastic range

in this case. On the other hand, when a = O, the behavior is purely

plastic, past the elastic range, and Rk are given by



o0
¥

/L n
= 14/ [-] x
a L, ﬂn n(n=1)*(n-2) s===-nn==nn L.3%.2.
Ry = x-tZ[—-]J(n-l)/h %
L 59 n(n-1)%(n-2)emmnmmnmv 5.2.2.
et
6,10 n(n-1)°(n=2)==-------6.52.L.
(n=5)/k x & 2(2rl-l
R, = R,1l - , r+l)
u 2 > x+; 9 [ [ ]] n(n"l)Z)(n"z)"‘"‘SOhZ-Bo Z m

r=5,9,

The solution for w from Eqn. 1 is determined similarly, as

W= 0S5 (22)

where S may be obtained by substituting + for a in R, Eqn. 21.
For the case of an edge supported plate, the solution of Eqn. 16

for bending in the elastic range is

= 2 2
w =0+ Cx" ¢+ 0310g x + 0)x log x (23)
Likewise, the solution of Eqn. 17 for tangential strain-hardening is
1 1
_ 2 1#a® 1-af
w=Cy 4 Cx" 4 03x + Cx (2L4)
For radial strain-hardening, from Eqn. 18,
N 2
- 2 143”2 lea .
W C1 + Cx" + Cth + Chx (25)

and for strain-hardening in each direction, the solution for w is
given by Eqn. 23, since Eqns. 16 and 19 are identical.

Eqns. 23 to 25 might alternatively have been obtained from the
condition that in the limit T-»0, xj(E r/sj) al so approaches

zero and that only the first term in each series solution, for the



plate on a liquid support, is significant, e.g. in Eqn. 21 as T o,
1 I

1+a2

Ry +1, R2->~ x2, R3->~-x and Rh-v-xl-,a 2!?, so that the solution

for w in Eqn. 21 approaches the solutidn for w in Eq. 2. In the

case of symmetrical bending in the elastic range, moments and shears

are given by
a2

=

v

M = -n [

il

] Lo

ng= (3 Foviz]

d

2
Q. = "D[ ar vr w]
Where strain-hardening occurs in the tangential direction, the

corresponding equations (from the appendix) are

%--%[§g+av%%]+vm
W’%‘wﬂ%%*vfﬂ

and for radial strain-hardening,

Mr=Mc'aDl[g_.x_.-"'\)r?i'r“

2
law , ., d
M¢{=-— 1[rdr+a’\}52'_] + VM,
o v 1dw 1 dw]. 1-V
QT--~D:|_[at—dr3+atrdr -radr]" T M

For strain-hardening in each direction
2
acw 1

Mrzmc-aD[ .—2-}\};

1 dw
Mg =M - aD [ i L’Ez?

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(3L)

(35)

(36)
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. 1 l dw |
AR s R n S Y 37)
Hence, for a plate on an elastic foundation and symmetrical bending

in the elastic range, setting

2
W = > Re [ z:] (38)
where
Z2kJ, (x/i)+B Ho(l) (x /1)
gives ;
M, = -Re[ 2 4 V3 7] (39)
M¢--Re[%zi+ vzii] (40)
Q =+ Re[ 17" (41)

Primes again denote differentiation with respect to x, and each of
these functions is available in tabulated form (References 1, 2, 3 and L).

In the inelastic range, with tangential strain-hardening, setting
2
s

= = G l.l.2
v Dl[ kRk] (b2)

gives
M =- Ck[ Rki:1 taV % Rki] + VK, (L3)
M’D,=Mc-ack[%Bki+VRkii] (LL)

1 o il 1 _ 44 a i 1-V
oo ln o Ins a2
For radial strain-hardening, and -
2 .
W= f-mi[cksk] , (46)

ur-Mc-ck[skii +v%ski] (L7)



Nemeemsmred

M =-c[--lsi+vsil
kl ax

t K Kk + VA (L8)

c

:

= _1 idd 1.4 1 i l-VM :
L =- s[ck[ S v x5 -:x'fsk] *X c] (L9)
The functions Rj s, and hence Sj’ and their derivatives, are tabulated herein.

With strain-hardening in each direction, setting

w=§§Re[z] s (50)
gives M = -Re[ zt.vigl ] (51)
M’gsMc-Re[ }-{-zhvzii»] (52)
o =+l 1zt ] (53)

In the case of an edge supported plate under symmetrical bending

in thé elastic range, setting
‘ 2
W= % [ Cl + sz2 + 6310g X + Chleog x] , (5L4)

-

M = - ’.«_’(1+\))C2 - (l--V)C3 ;L—2- + Ch{ 2 log x+3+ V(2 log x+1)]](55)
L X

.

My = - L2(l+ V)C,*(1- V)G, -]-'-+ Ch[ 2 log x+1+ V(2 log x+3)]] (56)

x2 A
1 1°
Q = - 5[ o, %] (57)
For inelastic bending, with tangential strain-hardening,
2 1/2 1/2
- S 2 1l+a l-2
W= 1[ Cy + Cox” + 03x + Chx ] (58)

1/2
M, = - [202(1+av )+03(l+a1/2) (a1/2+ va)x~1*e +Ch(1'al/2)

1/2
(-a1/2+ Va)x-l-a / ] + VMc (59)
1/2
M - Mc-a[ 20, (1+ V)+C3(l+al/2) (1+al/2y )x~1*2
1/2
10, (1-s2/2) (1-a¥/2y )x71- / ] (60)



C

1 1 -V
%.-;[—(14-)+1';—'Mc] (61)
and for radial strain-hardening,
g2 2 wad  ah
W= El.[ C) # Cx" # Cxx +0)x ] (62)
M. =¥ - [202(1+ v)+°3(1+a'%)(a'%+\' )x'lw-%
-3 .
"Ch(l-a'%)(-a‘la v)xl-a ] (63)
My = - [202(%,3 * v)+03(1+a-%)(% + Va'%)x'lm
-% .
+Ch(l-a-%)6%l-\/a-%)x-l-a ] (6L)
2C
' -
G --i5a-d 1Yy (65)
With strain-hardening in each direction,
2 )
W= gﬁ[ Cl+02x2+0310g x + Chleog xj] (66)

M, =M -[?(1+ V)C2'(1'v)c3_:1c7 *Ch[ 2 log x+34+ V(2 iOg X+1)]] (67)
u’{ - Mc-[zi(l-r v)c2+(1-4 V)CB%Z "Ch[ 2 log x+1+ V(2 log x+3)]] (68)

CREHUTR] )

Unsymme trical bending

For unsymmetrical bending in the elastic range, the differential

equation to deflection for the plate on an elastic foundation is
v¢w = (q - Tw)/D (70)
)

where v2 in this case is:

‘72_ * %2 Ch )

15



and r and ¢ are the radial and angular coordinates respectively.
Similarly, when strain-hardening has occurred in each direction

of the plate, the differential equation for deflection is

vhw = (q - w)/aD (71)
L
Where yielding occurs in one direction only, and the bending
is unsymmetrical, the directions of principal stress, and hence the
direction of yield, will vary from point to point, and a general solution
in a usable form appears to be impfa.cticable.

For q = 0, Egns. 70 and 71 may each be reduced to

N
v w+w=20 2
I (72)
i i
r Dyt ap*
where x = 5 and s = [7,-.] or [«-.8-] in the respective zones of the plate.

The solution for w of Eqn. 72 is
o0

W= ZRe[ AJ (x i)+ Ban(l) (x V1) ]cos nd (73)

sin n
n=0

ey

where An and B, are complex constants, and Jn( ) and H are

Bessel functions of the first and third kinds respectively, and of
order n. |
In the elastic range, moments and shears are given in terms of

deflections by

2 2
R B I g
(19w 1 2% 22w ]
M¢==D-;—g;+;’§w¢ 4'\)—6—-2-1'] | .- (75)
~ 2
LN -v)n[% %ﬂ%-#%] (76)

# In a particular case, choice of a suitable origin for ¢ usually enables
the solution to be expressed in terms of the cosine series only.

16



Qr-'D'%?[ vr,;w] (11
>

Y [vr,}éwJ (78)
In the inelastic range the corresponding expressions are

Mr-Mc- [W %-’%;*-ZW” (79)

M"-Mc-aD[-ll: "‘%z (X +\)—,—a@;22“] (80)
urd-u-v)fn[%-%f—“--ig%lﬂ (81)
< "a”%[ Vrf’bw ] (82)
Q, =-ap—2 [ 2 (83)

¢ r 30 vr,¢

Hence for a plate on an elastic foundation and unsymmetrical bending

in the elastic range, setting
2

W= %—Ra [Zn]cos mﬁ* where n®*= 0, 1, 2, =ecccaeee- 0
and 2 = AJ (x fi)mnnn( )(x J1) (8L)
gives (forV = 0),"*
M, = - Re[ %3;2 ijcos néf; (85)
My= - Re| (3 - chl;) Z Jeos n (86)
Mg =+ (1-V) Ref n ;1:- —j{-;-i-ﬁ)zn ] sin n¢ (@)

#* For greater generality, a sine series would again be included. It is.

omitted here for simplicity.

17

¢ A summation convention, i.e. a summation fromn = 0 to n = cg is intended.

3% For other values of Yy momen‘bs are given by superposition.



Q = %Re[i-%—i(zn) ]cosnﬁf (88)
g¢ = - %-Re[ inz, ]sin ng (89)

In the inelastic range, setting

2 .
W= §ﬁ Re[ Z ]cos ng n=0,1, 2 ——==- 00 (90)

M =M -Re| fa—}.czzn ]cosngf (91)
My =, - Fe| (%-%;-i;)zn Jeos n ¢ (92)
Mr¢=+(1-V)Re[ n(%%;-%j-)zn ]sinng{ (93)
o = Lmef i%-x (z,) Jcos n ¢ (5L)
Q= -=ZR Re[ 1nz  [sinng (95‘)

For an edge supported plate the homogeneous differential equation
for deflection reduces to
L

x,¢vv

and the solution for w in the elastic range may be written

=0 (96)

2 5 + Cyx cos #
W= %fl: Cl+02x +0310g X 4{?11x+012x +013x +01hx log x ]

Jn-2,3;——- 0o (97)

sin 4
cos n g
‘[C x40 2+C 3x e x-n+2 ]

2 sin n

where Cnrare real constants, and moments and shears are given in terms

of deflection by Egns. 7L through 78 above.

In the inelastic range, the differential equation for deflection is

again Eqn. (96) and the solution for w may be similarly expressed, as

18
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2 cos g
s 2 2 -1

w df;[ Cl+02x +0310g x+Chx log x+ [011x+01213+C13x +Clhx log x]Sin y
2 -n
+Cn3x +Cnhx

n n+ -n+2 jcos n ¢
+[Cn1x X ]

] n-2,3"'"’ (0.4] (98)
sinn ¢

which differs from Eqn. 97 only by the arbitrary presence of the parameter
'a' in the coefficient. Moments and shears are obtained from Eqns. 79
through 83,

Boundary Conditions

The constants in every case are evaluated from the boundary conditions,
which, except when yielding is confined to a line, are the same as for

an entirely elastic plate. Hence at a clamped edge

w=0=g (99)

at a simple support w=0=M |, (100)
)

and at a free edge 'Mh =0 = Vh éEQn - 75253) (101)

where n is the normal to the edge. At boundaries between the different
zones, deflections, slopes, moments,and shears are continuous.

For purely plastic yield (a = 0), and yielding is considered to be
confined to a line, a discontinuity of slope results at the line, and the
condition Mh = Hﬁ is substituted for the slope condition.

If the line occurs at a boundary, a specified deflection or shear
provides the second determinative condition, and if the line is
straight but is not at a boundary (of a load, reaction, or change in
plate thickness), the required condition is Q = 0.

Typical applications are now considered.
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APPLICATIONS

Simply supported circular plate, ring loading

Consider the case of a simply supported circular plate loaded
with a ring load about the center, Fig. L.

In the elastic range, maximum moment occurs within the circle
of loading where a state of pure bending exists, i.e. ﬁr = Md = MB
(constant).

If the load is steadily increased, M will increase to M% (Fig. 3)
and yielding may occur in each direction throughout the loaded circle.
The surrounding plate is still elastic at this stage.

Under increased loading, radial and tangential yielding each
extend concentrically into the surrounding plate, the radius of tan-
gential yield extending the farther of the two. Radial yield tends to be
limited to a narrow zone surrounding the loaded circle, but tangential
Yyield may extend to the edge of the plate before failure occurs, de-
pending on the proportions involved,

Failure is produced when the maximum moment, the moment within
the loaded circle, reaches the ultimate moment, Mu.

Hence for inelastic analysis, at a specific load, the plate
might be divided into three concentric zones. In the central zone
(extending outside the loaded circle) yielding occurs in each direction;
in the intermediate zone only tangential yielding occurs; and in the
outer portion, the plate remains elastic.

Moments, shears, and deflections in the outer zone are given
by Eqns. 54 through 57, in the next, by Eqns. 58 through 61, and in

the inner zone, by Eqns. 66 through 69. The radii of yield and the
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constants involved are evaluated from the total load, the continuity
conditions between the zones and the conditions of simple support at
the edge.

Plate on elastic foundation, concentrically loaded circular insert

The case of a large or infinite plate on a liquid type elastic
foundation and with a concentrically loaded rigid circular insert,
vis now considered-(Fig. 5).

In the elastic range of stresses the deflection is given by Eqn.
38, Constants are evaluated from the comdition of zero slope at the
edge of the insert, and from the magnitude of the shear at this point.
Hence from Eqn. 39 the maximum moment occurs at the edge of the insert,
in the radial direction, and it is here that yielding commences.
Yiglding begins when M& = Mb, sgy at a load Pi’ and under increased
load a narrow zone of radial yleld develops around the insert edge,
forming in effect a plastic hinge, and allowing symmetrical rotation
of the plate. The increased slope causes tangential moment to increase
until it too reaches Mb, at load P2.

Under larger loads, yielding occurs in the tangential direction,
commencing near to the edge of the insert and spreading concentrically
outwards.

At loads equal to or less than Py, in which yielding occurs only
in the radial direction, deflections, moments, and shears within
the yielded zone are given by Egns. L6 through L49. Deflections,
moments, and shears in the surrounding plate are given by Ems. 38
through Ll.

At loads greater than P, two additional zones may be formed,

2
since tangential yielding can occur both within the area of radial
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yield, and outside it. Deflections, moments, and shears within these zones
are given by Eqns. 50 through 53 and Eqns. 42 through L5 respectively.

Boundary conditions are that: slope equals zero at the insert edge,
Mf = Mb at the edge of radial yield, Mﬂ = Mﬁ at the edge of tangential
yield, there is continuity between the zones, and w = 0 = %g at infinity.
Failure occurs when M} = Mﬁ at the insert edge.

In the 1limit a > O, the radial yield zone is considered to be reduced
in width to a line, a yield line. The above conditions at each edge of
the zone (or line) still hold, necessitating a discontinuity of slope
across the line, as previously noted, and infinite strains in the outer
fibres of the plate. This, however, is merely a convenient approxima-
tion for analysis of the surrounding plate. In practice, yielding in the
outer fibres again occurs over a finite width of plate so that strains
remain finite and continuity of slope is preserved.

For the particular case where the radius of the insert is O.ls,
and a = 1/2, moments at various stéges of yield are shown in Fig. 5.

For load Pl’ at which yield commences, moments are shown in Fig. 5b;

and moments through the elastic range are proportional to these. At
load P2’ tangential yield commences and moments are as shown in Fig. 5c.
A zone of tangential yiéld has developed (M EBMb) in Fig. 5d, and
radial moment at the insert edge continues to increase. In Fig. Se the
radial moment at the edge increases to Mﬁ and the failure load is
reached.

Thin shallow spherical shell

The case of a plate on an elastic foundation is of additional

interest in that it is approximately analogous, during limited yielding



(say P.sng), to the case of a shallow segment, or zone, of a thin
spherical (or paraboloidal) shell.,

Consider a thin spherical shell with a concentrically loaded, rigid
‘circular insert centered at the pole (i.e. origin). Since significant
displacements are limited to a shallow segment or zone surrounding the
insert, moments, shears, and deflections in the elastic range are given
by Eqns. 38 through h1--from either shallow shell. or shallow zone. theory
(depending on the expression used for x--see Reference L).

The parameter s (or L in the present context) is given in this case
by

1/2,1/2
%2

[12(1- V) |

where R is the radius of the shell. The elastic foundation is replaced

s (orlL)=

in effect by the elastic membrane forces (N} and Nt) in the shell, and in
the elastic range, the sum of the magnitudes of these forces is approxi-

mately:proportional to the deflection w,

. _Etw _
ioeo Nr+N¢- R —KW-R

In the inelastic range, provided the extent of yield is limited, its
effect might be considered to be restricted to the moment-curvature
relationship, the inplane forces remaining proportional to net inplane
strains so that the above relationship would again apply. Hence in the
range of ylelding for which this assumption is sufficiently accurate,
bending in the shell is again analogous to that in the plate on an
elastic foundation, and the equations for this latter case are again
applicable.

For the extreme case where a = O (i.e. pure plasticity), radial

yielding is confined to a line and no approximation is here involved. In



the other extreme where a = 1, the shell remains elastic and the above
assumption is again exact. Between these limits, it appears that at
least sufficient accuracy for design calculations may be obtained.

Thus for loads less than or equal to P2, where only radial
yielding occurs, and is confined to a narrow band, deflections, moments,
and shears within the yielded area are given by Eqns. L6 through L9,
and in the surrounding shell by Eqns. 38 through Ll.

Similarly, the effect of a symmetrical moment concentration due to a

fitting in the shell, and its relief by limited yielding around the

fitting, may be readily analysed, allowing the ultimate load capacity to

be determined.

2l



DISCUSSION

Thus for strain hardening (a »0) in the post elastic range, yielding
occurs: overfinite ‘areas of the plate. For the idealized moment-curvature
relationship.shown in Fig. 3, these areas may be considered to have |
definite boundaries.

Yielding may occur in one direction of principal moment, or in
both. For yielding in one direction, only the symmetrical cases of
radial yield alone and of tangential yield alone are readily handled,
and solutions for these are presented. For yielding in two directions,
solutions are developed for both symmetrical and unsymmetrical bending
in the plate. The solutions in each case are applicable to bending in
ény quadrant* of the plate, that is, for moments of the same, or
opposite, sign.

For design caiculations, however, particularly where the ratio
a, of z yis small compared with unity, the approximation might be
introduced that narrow bands of yield be considered as lines--as in
the purely plastic case. This would not only further simplify the
analysis, but extend its application to many cases of unsymmetrical
bending, with yielding in one direction only.

For strgctural materials the magnitude of 'a' will normally lie
between O ana 1 (Fig. 6a and b). Values outside this range, either
greater than 1 or less than O, are also admissable mathematically, and
these may have certain applications, Fig. 6¢c and d. Multiple values
of a, for which the moment curvature diagram may be approximated by

three or more straight lines; can also be handled, Fig. 6e. Each

# In the case of purely plastic yield, a = O, the Tresca yield criteria
may be introduced, providing different behavior in each quadrant
of bending, as described in Reference 7.

25
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value of 'a' is considered to produce a separate zone of yield in the
plate, each of which has a definite boundary as before. Multiple values of

'a'! could be used to approximate more accurately a given moment-curvature

relationship. If one of the velues chosen were a = O, the effect of strain-

hardening in mild steel could be considered, Fig. 6f. In general, though,

the use of multiple values of 'a' would be an unnecessary refinement.
Using superposition, the solutions presented may be readily applied

to the analysis of limited yielding in continuous plates with inter-

mittent supports, and this is outlined for the special case of a = 0O,

in Reference 7.

The application of the solutions to limited yielding in shells

is of specizl interest and will be developed further in a later report.,

Use of Tables

The functions Rj and their derivatives with respect to x are evaluated
in the range o < x <10, for various values of a. It will be noted that
the table Rj (a=lL) is also the table for Sj (a=1/L) and more generally,

R, (a=a,) = S. (asl—), allowing both R,and S, to be determined from one
J 1 Iy J J

set of tables,
The functions are tabulated to eight significant figures. The last
two digits in the number indicate the exponent power of 10, plus 50, and

are used to locate the decimal point, vis.

1111111150 is 0,11111111 x 10°
1111111152 is 0.11111111 x 10°
1111111148 is 0,11111111 x 1072
1111111149~ is -0.11111111 x 107
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Fig.l - Stress - strain reldfionéhip

(a) f (b)

Fig.2 (a) elosfi'c, (b) inelastic, stress blocks
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Fig. 3 Moment curvature relationship
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Fig. 4 sSimply supported circular plate with ring load P
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APPENDIX

The differential equations for deflection are determined from
the requirement of equilibrium and the relationships between stress
and strain.

For symmetrical bending, moments and shear are related by the

equilibrium equation:

Lem)-M-rg=0 . o @

Where yielding is in the tangential direction only, moments and

curvatures are related by :

}g-anl(wii+av%wi)0 V¥,

(b)
M, =M, - 2D G vith
Et>
vhere Dy = 573 V is the elastic value of Poisson's ratio;
12(l-a v ©)
and primes denote differentiation with respect to r.
From Eqns. a and b, the shear Qr may be expressed as
1 f 1=V
R N e AR Ao EE S (e)

Alternatively, by integrating loads and reactions from the origin
to any ordinate r, Qr’ in the case of a plate on an elastic foundation,
is found to be |

1 r .
er - m [ (q-‘z“l) 27]r dr . (d)

o
Equating the expressions for Q'r in Eqns. ¢ and d, and differentiating

with respect to r, gives



*;' | -a.-;iw ta,iwi_-(q-‘o’w)/nl
Where yieldj.ng is in the radial direction only,
M.=M -aD (Wt . V%wi)

--Dl(-wi-fa.\) )-t\)M

and from Eqns. a and e,

.

_ iii 1 1 l=V
Qr"--vpl(aw +a;wii=;2wi)+—-

¢

- Bquating the expressions for Q:r in Eqns. d and f, differentiating,

| and simplii‘ying, gives
Av,2. a1 i 14
Pttt oy wtt e 2wt = (o Tw)/an,
Where yielding occurs in ea.ch.direction.,
M, =M -abd (wii-rv-}-.—‘wi)

My = M -aD (3 ui+\’

t
and from Eqns. a and g,

Q= ab (wiii'no-%wii -bwi)

Hence fronm Eqn‘s.' d and.h,
wiii wii + -3 o= (q- Yw)/aD

For an edge supported plate, Y = 0, and ans. 5, 6 and 7 reduce

rec’peofively to
‘ " | _
wivd-%wi - a.%'zwii + al'gwi --q/Dl

r r

2 - '
.wiv_q-;w -}‘fzw +‘3‘;;wi-q/wl

(5)

(e)

(£)

(6)

(g)

(h)

(7)

(9).

" (20

S )

82





