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Recent progress in the analysis of the low and high frequency beam ion driven instabilities in the
National Spherical Tokamak Experiment~NSTX! @S. Kayeet al., Fusion Technol.36, 16 ~1999!#
plasma is reported. The low Alfve´n speed with respect to the beam ion injection velocity in NSTX
offers a window in the plasma parameter space to study instabilities driven by super-Alfve´nic fusion
alphas, which are expected in the International Tokamak Experimental Reactor—ITER@D. J.
Campbell, Phys. Plasmas8, 2041~2001!#. Low frequency magnetic field activities identified as an
instability of toroidicity-induced Alfve´n eigenmodes~TAEs! have been observed in NSTX and
analyzed with the linear hybrid kinetic magnetohydrodynamic stability codeNOVA-K @C. Z. Cheng,
Phys. Rep.1, 211 ~1992!#. The comparison between the TAE analysis and observations in NSTX
and DIII–D @J. L. Luxon, Nucl. Fusion42, 614 ~2002!# similarity experiments confirms that the
toroidal mode number of the most unstable TAE modes scales withq22 and is independent of
plasma major radius, whereq is the safety factor. This scaling helps validate the predictive
capability of theNOVA-K code for studying TAE stability in future burning plasma devices. The
subion cyclotron frequency magnetic activities in NSTX are identified as compressional and global
shear Alfvén eigenmodes~AEs! ~CAEs and GAEs!. CAE and GAE instabilities are driven by beam
ions via the Doppler shifted cyclotron resonance by the velocity space bump-on-tail distribution
function in the perpendicular velocity. Results of the GAE/CAE theoretical and numerical analysis
are presented. ©2004 American Institute of Physics.@DOI: 10.1063/1.1689667#

I. INTRODUCTION

Collective instabilities associated with superthermal ions
in plasmas have been of interest to fusion researchers during
the last four decades~see for instance Refs. 1 and 2, and
references therein!. Low frequency instabilities of Alfve´n
eigenmodes~AE! driven by the spatial energetic particle
pressure gradient can limit the energetic particle confinement
in toroidal fusion devices and thus may be a principal con-
cern in a fusion tokamak reactor such as International Toka-
mak Experimental Reactor~ITER!.3,4 Among many AEs ob-
served in tokamaks,1,2 the toroidicity-induced Alfve´n
eigenmodes~TAEs!5,6 are considered to be ones of the most
efficient in transporting fast ions across the plasma minor
radius.7 AEs are also of interest since they can be used for
the diagnostics of the plasma density, safety factor, and fast
ion parameters.8,9

A low-field, low aspect-ratio device such as National
Spherical Tokamak Experiment~NSTX!10 is an excellent
testbed for the study of ITER relevant physics of fast particle
confinement, an issue of major importance for burning plas-
mas. The low Alfve´n speed in NSTX offers a window to the
super-Alfvénic regime expected in ITER. Effects such as the
large ion Larmor radii, finite orbit widths, strong plasma

shaping, and high thermal and fast-ion betas make this effort
a greater challenge.

Low frequency magnetohydrodynamic~MHD! activities
in ;100 kHz frequency range on NSTX are often observed
and identified as the TAEs driven by beam ions.11 TAEs in
low-aspect ratio tokamaks@or spherical tokamaks~STs!#
driven by beam ions have been observed in Small Tight As-
pect Ratio Tokamak~START!,12–14NSTX,11 and Mega-Amp
Spherical Tokamak~MAST! experiments15 and have been
studied theoretically in application for NSTX16–18 and
START.14 Typically the range of NSTX operational param-
eters are: toroidal currentI p50.7– 1 MA, vacuum toroidal
field at the geometrical axisB050.3– 0.5 T, central electron
density ne051 – 531019m23, central electron temperature
Te0&1 keV. The plasma is heated with a deuterium beam
with power of Pb51.5– 3 MW and an injection energy of
usually Eb0580 keV. With such a low magnetic field, the
typical ratio of beam ion velocity to the Alfve´n velocity sat-
isfies 1,nb0 /nA&3 ~in ITER 1,na0 /nA,2, wherena0 is
the birth velocity of alpha particle!. This parameter is critical
in determining the stability of TAEs, i.e., typically when fast
ions are super-Alfve´nic, their TAE drive is largest. In NSTX,
the neutron flux drops by as much as 10%–15% due to
TAEs. Sometimes they are accompanied by beam ion losses
in high confinement mode~H mode!, high central safety fac-
tor, q0 , plasmas.11 TAEs often produce bursting behavior of
the mode amplitude which sharply increases on a time scale

a!Paper GI2 1, Bull. Am. Phys. Soc.48, 125 ~2003!.
b!Invited speaker. Electronic mail: ngorelen@pppl.gov

PHYSICS OF PLASMAS VOLUME 11, NUMBER 5 MAY 2004

25861070-664X/2004/11(5)/2586/8/$22.00 © 2004 American Institute of Physics

http://dx.doi.org/10.1063/1.1689667
http://dx.doi.org/10.1063/1.1689667


of ;1 ms. The measured TAE amplitude at the plasma edge
is up todB/B5331024. Multiple modes are often present
in the experiments. Hence, it is clear that TAE instabilities
may lead to profound changes in the predicted transport of
energetic particles, such asa particles in a burning plasma
experiment.

Linear theory of TAE instability predicts that the most
unstable TAE mode numbers are determined by finite orbit
width effects19–21 where k'D f;1 holds for the most un-
stable modes, wherek' is the perpendicular wave vector and
D f is the radial width of fast ion drift orbit. A plateau in the
dependence of the TAE drive on toroidal mode numbern is
achieved in the range

nmin,n,nmax, ~1!

wherenmin.rnmax/R, and nmax.rvcf /q
2nA , r is the minor

radius of the plasma magnetic surface,R is the major plasma
radius,vcf is the fast ion cyclotron frequency. This agrees
with numericalNOVA code6 calculations where finite orbit
width ~FOW! and finite Larmor radius~FLR! effects are
included.22 By changing the parametern/zf;k'D f through
the variation of the energetic particle chargezf ~note thatm
scales withnq), it was found that atn,nmin fast ion driven
growth rate scales likeg f;n, whereas atn.nmax, it de-
creases asg f;n21. The latter scaling confirms the results of
Ref. 20 but is different from the analytical work of Ref. 21,
whereg f;n22 was predicted forn.nmax.

One can see from Eq.~1! that the range of toroidal mode
numbers of the most unstable TAEs is shifted toward high
n’s in ITER which will have a larger machine size. The ma-
chine size scaling of the most unstable mode numbers was
verified in the specially designed similarity experiments on
NSTX and DIII–D,23 in which similar plasma parameters
were established with the exception of their major radii and
the safety factors.24 In NSTX, TAEs are observed withn
51 – 2, whereas in DIII–Dn52 – 7. We analyze these ex-
periments in Sec. II with the help of the ideal MHD code
NOVA6 and hybrid kinetic perturbative codeNOVA-K22,25 in an
attempt to recover the observed scaling. This helps validate
the application ofNOVA andNOVA-K codes to future burning
plasma experiments.

In this paper we show that medium-n TAE instability
thresholds as follows from the hybrid kinetic-MHDNOVA-K

analysis are in agreement with the experimental results. For
the low-n TAE instabilities such analysis shows that there is
a rather large uncertainty in the experimental plasma param-
eters upon which the numerical model is based. In NSTX
NOVA-K computes damping rate ofn51 TAE instability
which is several times smaller than the damping required for
consistent theoretical predictions. This echoes the problem

raised in the recent publication26 that then51 damping rate
measured in Ohmic-heated Joint European Torus~JET! ex-
periments is higher than the one predicted by theNOVA-K

code.
High frequency AEs, at or above the ion cyclotron fre-

quency, driven by the beam ions have been observed in
NSTX and predicted to be excited by the positive velocity
space gradients.27–30 Initial observations of high frequency
modes and their analysis showed that the instability disper-
sion is consistent with the dispersion of compressional Al-
fvén eigenmodes~CAE!. Since the CAE can be driven by the
gradient in the velocity space one expects that it will result in
fast ion energy diffusion. If many high frequency AEs are
excited at sufficiently large amplitude they can interact with
the bulk ions via the stochastic heating mechanism with the
result of perhaps opening a channel for energy transfer from
fast ions to plasma ions without heating electrons.31

Recently some new features of the high frequency mag-
netic fluctuation spectrum were observed in NSTX, which
suggests new instabilities associated with the shear Alfve´n
branch, the so-called global Alfve´n eigenmodes~GAEs!.
Similar to the compressional AEs~CAEs!, GAEs can be de-
stabilized by beam ions via the Doppler shifted cyclotron
resonance. To simulate GAE/CAEs in realistic NSTX plasma
conditions we have developed a nonlinear hybrid kinetic-
MHD simulation code,HYM,32,33 which is capable of simu-
lating the mode structure, saturation, and energetic particle
transport. In Sec. III the experimental observations, develop-
ment of analytical theory, and numerical tools for the analy-
sis of these new instabilities are presented.

II. TOROIDICITY-INDUCED ALFVÉN EIGENMODES IN
NSTX AND DIII–D

A specially designed similarity experiment between
NSTX and DIII–D24 was performed to verify the theoretical
predictions for the scaling of the most unstable toroidal mode
numbers with the machine size. In order to do that the plas-
mas in both tokamaks were created to be similar. However,
the major radii and safety factors were considerably different
in NSTX and DIII–D. Table I shows the main plasma and
fast ion parameters for NSTX and DIII–D and how they are
compared to those of ITER, wherea is the plasma column
minor radius,b is the ratio of the ion pressure to the pressure
of the magnetic field, subscripts here and belowi, b, a refer
to background ions, beam ions, and fusion alpha-particles,
respectively, whereas subscript 0 means that the value is
taken at the magnetic axis,r j is the Larmor radius of specie
j. Critical for the TAE stability is the ratio of fast ion velocity

TABLE I. Plasma parameters in the NSTX/DIII–D similarity experiments and in the planned ITER experiment.

R (m) a (m) B0 (T) b i0(%) q0 bb,a0(%) nb0 /nA0 a/rb,a nmax

NSTX 0.77 0.6 0.5 1.1 1.69 4.2 1.85 6 1
DIII–D* 1.63 0.6 0.63 2.6 0.89 4.4 1.5 6 4
ITER–FEAT, beam ions 6.2 2 5.3 2.2 1 1.2 1.4 50 15
Alphas 0.7 1.8 40 15
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to the Alfvén velocity, which is similar in all the compared
plasmas. Also shown in the table is the estimate of the maxi-
mum toroidal mode number expected for each machine@Eq.
~1!#. The difference in estimates for NSTX and DIII–D
comes primarily from the different values of the safety fac-
tor.

As predicted, the observed most unstable mode numbers
are higher in DIII–D. This is shown in Fig. 1~a! for two
representative discharges in which several modes have been
observed:n51 – 3 in NSTX andn54 – 7 in DIII–D ~Fig. 1
is reproduced from Ref. 24!. The instability spectrum peaks
in each discharge are separated by the Doppler frequency
shift approximately equal to the plasma rotation, which is
induced by the unbalanced neutral beam injection. The de-
pendence of the observed toroidal mode numbers versus pre-
dicted ones is shown in Fig. 1~b!, where the theoretically
predicted value was computed according tontheory

51.3avcb/q2nA , q50.8q010.2q95, q95 is the safety factor
of the magnetic surface that encloses 95% of the poloidal
magnetic flux,nA is the Alfvén velocity calculated with the
magnetic field on the plasma axis and with the averaged
electron density. In Fig. 1~b! the cone in which the majority
of observations fall is also shown. It implies that the TAE
toroidal mode numbers are expected within the rangenexp

5(1.260.35)ntheory. Based on these results, it was con-
cluded in Ref. 24 that the most unstable mode numbers is
independent on the plasma major radius and scale withq22.
The machine size comes into the scaling through minor ra-
dius dependencentheory;a. Note that the experimental tor-
oidal mode numbers shown in Fig. 1 are for TAEs with
nearly constant frequencies; the toroidal mode number with
the largest edge magnetic field amplitude is shown. Another

difference between NSTX and DIII–D is that the instabilities
chirp rapidly in frequency more often in NSTX, whereas this
phenomenon is rare in DIII–D.

Application of NOVA to similarity experiments

Linear TAE stability is analyzed with theNOVA and
NOVA-K codes. TheNOVA-K code implements a perturbative
method in which the ideal MHD mode structure of the TAEs
is calculated first by theNOVA code.6 The plasma parameters
are modeled with theTRANSP code.34 Then the mode struc-
ture is analyzed with theNOVA-K code,22,25 in which the
mode damping and driving mechanisms are evaluated. Fast-
ion drive includes FOW and FLR effects. In the calculations
the following damping mechanisms are incorporated: ion and
electron Landau damping, radiative damping, and trapped
electron collisional damping. Note that it follows from the
Table I that the pressure of fast beam ions can be larger than
the background pressure. The majority of fast ions do not
drive the TAE instability, because the Alfve´n velocity is
much lower than the beam injection velocity. The nonreso-
nant beam ions are included in the equilibrium and in the
adiabatic response of the plasma. The justification for the use
of the perturbative approach is supported by the calculations
hereafter in which it is obtained that the growth rate due to
beam ions is much smaller than the mode frequencygb /v
&10%. TAE growth rates become smaller if the damping is
included. The beam ion contribution to the growth rate is
relatively large for the TAE type instability, which suggests
that a nonperturbative code may be needed to obtain an im-
proved calculation.

Since the interactions of trapped and passing beam ions
with TAEs are different, it is important to have the ratio of

FIG. 2. ~Color! Contours of the beam ion distribution function in NSTX~left! and DIII–D ~right! in the plane of ion energy and pitch angle taken at the
midplane and at the minor radiusr /a51/2. The dashed lines show the boundaries between the passing and trapped regions. The solid black line in the
distribution function for NSTX shows schematically the GAE-beam ion resonance linen i5const.

FIG. 1. ~Color! Comparison of the
Mirnov signal spectrum in the NSTX
and DIII–D similarity experiments
shows higher observed mode numbers
of unstable TAEs in DIII–D in~a!.
Observations of the most unstable
TAE toroidal mode numbers vs those
theoretically predicted are summarized
in ~b!.
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trapped to passing particle densities similar in both experi-
ments. This was achieved by adjusting the angle of neutral
beam injection~NBI!.24 The distribution function of beam
ions is calculated byTRANSP. As shown in Fig. 2, the ratio of
trapped/passing particles is approximately the same in both
experiments. Particles injected at 80 keV into a relatively
narrow pitch angle window slow down and scatter in pitch
angle, so that the pitch angle width is increasing. The beam
distribution function that is obtained from theTRANSP

Monte-Carlo code has statistical errors that are too large to
be used directly in theNOVA code where derivatives of the
distribution function need to be calculated. Thus a numerical
distribution function is fitted into the following analytical
form:

f b~c,n,x!5nb~c!C
e2~x2x0!2/dx~c,n!2

n31n* ~c!3
,

whereC is a normalization constant~details of the distribu-
tion function model are published elsewhere!,35 nb is the
beam ion density,x5n i /n is its pitch angle,n i is the com-
ponent of the particle velocity parallel to the magnetic field,
x0 is the central value of the Gaussian pitch angle distribu-
tion function defined by the injection geometry, andc is the
magnetic field poloidal flux marker of the magnetic surface.

The results of the stability analysis usingNOVA and
NOVA-K codes are shown in Fig. 3. The TAE unstable range
of toroidal mode numbers is shifted to highern’s in DIII–D
due tontheory;q22 dependence as predicted by the theory.
The beam ion drive term peaks atn52 for NSTX and atn
55 in DIII–D. Note that the anisotropic distribution is im-
portant for reproducing the observed unstable mode num-
bers, whereas theNOVA-K calculations with an isotropic dis-
tribution function do not predict unstable modes observed in
the experiment. The main damping mechanisms in the calcu-
lations turned out to be the ion Landau damping and radia-
tive damping. In ITER the ion Landau damping is expected
to be the main damping mechanism.36

The radiative damping is very sensitive to how close the
TAE frequency is to the Alfve´n continuum. This is the reason
for the jump in the damping rate of then52 TAE in NSTX
as compares to then51 mode. In the case of then52 mode

the most unstable TAE is positioned close to the lower tor-
oidicity induced continuum, which enhances the damping.
This is a typical situation for low-n TAE modes in tokamaks.

From the calculations of the TAE beam ion driven
growth rate and the sum of the background damping rates,
gd , in DIII–D it follows that gd /gb,1 for low n modes.
Since these low-n (n52 – 3 for the analyzed shot! modes
were not observed at the edge it is possible that the calcu-
lated damping rates are underestimated or there are extra
linear or nonlinear damping terms that are not accounted for
in the calculations. Additional nonlinear damping may be
due to the dynamical change in the distribution function of
fast ions as an effect of TAE saturation.

Can we estimate the uncertainties of theNOVA-K model.
The linear analysis of the TAE instabilities is based on both
direct measurements of the plasma parameters and the
TRANSP analysis code, which in turn includes several theo-
retical models such as models for plasma transport and equi-
librium. This implies that the final results for the plasma
profiles and parameters may have experimental and model
uncertainties, with quantitative errors that are hard to assess.
In addition, theNOVA-K code does not include the continuum
damping and the radiative damping is calculated37 by using
an analytical model.38 Thus for the purpose of validating the
predictive capabilities of theNOVA-K code we need to pro-
vide a way to estimate the uncertainties of the model. One
way to approach this problem is to employ a nonlinear satu-
ration theory of TAEs. Such theory, if applicable, can predict
TAE saturation amplitude if the linear growth rate and damp-
ing rates are known.39,40 Therefore, it maybe used to check
the consistency of the linear calculations and should provide
an information if there is additional TAE damping.

Let us introducead hocadditional damping termgdx and
estimate it based on the following arguments.~i! Numerical
simulations show that the TAE amplitudes at the plasma edge
is close, within an order of magnitude, to the peak mode
amplitude in the plasma. This can be seen from Fig. 14 of
Ref. 24 for both devices.~ii ! Low amplitudesdB/B;0.5
31025 at the plasma edge were measured in both devices
for the largest amplitude TAEs in the discharges of interest.
The amplitudes of other TAEs with lower signal can be es-

FIG. 3. The results ofNOVA/NOVA-K simulations of the TAE growth rates in NSTX and DIII–D~as indicated!. The fast ion contribution to the growth rates of
the most unstable modes are indicated with aj whereas the net growth rate with the damping terms included is shown asl.
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timated from Fig. 1.~iii ! TAE amplitudes are measured out-
side the plasma, which requires the extension of the solution
into the vacuum region. To estimate the amplitude in the
vacuum it is sufficient to apply the cylindrical approxima-
tion, which results in the poloidal harmonic amplitude at-
tenuation in the vacuum from the plasma edge value
;(a/r det)

m, wherer det is the minor radius of the Mirnov coil
location. In DIII–D r det/a.1.25, whereas in NSTXr det/a
.1.7. In DIII–D the highest poloidal mode harmonic for
eachn, m.nqa , decreases less than two orders of magni-
tudes~for n’s of interest! from its value at the plasma edge,
whereqa is the safety factor at the edge (qa54 in DIII–D
andqa.8 in NSTX were measured!. In NSTX, due to low
aspect ratio and strong plasma shaping, a strong poloidal
harmonic coupling even for low-m harmonics are present at
the edge as the calculations show. Typically in NSTX the
amplitude attenuates within an order of magnitude from its
plasma edge value.~iv! In the NOVA-K, a nonlinear mode
saturation theory is included which predicts the saturated
amplitude of a steady state mode.39,40 It follows from this
theory that the saturated amplitude inside the plasma for the
modes of interest would be considerably larger,dB/B
*1023, than the measured amplitudes unless the modes be-
ing excited are close to the marginal stability condition.~v!
In experiments there were observations of nearly steady TAE
amplitude evolution in both NSTX and DIII–D.

Thus, if we assume that the nonlinear saturation theory is
applicable we conclude that TAEs with the amplitude ob-
served in the experiments should be near threshold. There-
fore, thead hocextra damping termgdx should satisfy the
near threshold excitation conditionR[2(gd1gdx)/gb.1,
i.e., gdx52Rgb2gd . Note that for the measured ampli-
tudesNOVA-K calculations predict (12R).1022– 1023. As
simulations show,gdx is less than 20% of the drive for me-
dium n’s, which is illustrated in Fig. 4. However low-n
modes are very sensitive to the details of theq profile. For
example, in the case of DIII–Dn52 Alfvén continuum gap
is open, which means that there is no continuum damping. A
small change inq or density profile may increase the damp-
ing of low-n modes and reduce the value ofgdx .

For the mediumn numbers, theNOVA-K code does fairly
well in predicting the threshold of TAE instability in both
NSTX and DIII–D. Since in ITER high-n modes are ex-

pected, this helps validate the study of burning plasmas in
ITER using theNOVA/NOVA-K codes, such as the study done
recently~Ref. 36!. This work shows that TAEs are expected
to be weakly~marginally! unstable in nominal ITER plasmas
with a monotonicq profile, ion central temperatures ofTi0

520 keV and fusion alpha central betaba050.7% when
only a particles are included in the drive. The plasmas with
Ti0.20 keV are predicted to be unstable in ITER with re-
spect to TAEs due to fusiona’s. In addition there may be 1
MeV tangentially injected beams which are being planned to
drive plasma current. Beam ions are super-Alfve´nic and can
drive TAE with the growth rates that are comparable to
a-particle growth rates. In Ref. 36 it is shown that including
both NBI anda-particle drives TAEs are expected to be un-
stable over a much wider toroidal mode number range than
for the a-particle drive alone. Lowering NBI energy to 0.5
MeV reduces the TAE drive, and it appears to still allow the
0.5 MeV energy beam to penetrate the ITER plasma.

III. HIGH SUBION CYCLOTRON FREQUENCY MODES
IN NSTX

A. Observations of high frequency modes in NSTX

A new type of MHD activity with frequencies below the
ion cyclotron frequency have been observed in NSTX.27 It
correlates with the NBI and was initially identified as com-
pressional Alfve´n eigenmodes based on the observed spec-
trum and theoretical and numerical analysis.27–29 It was
shown that CAEs can be excited by the super-Alfve´nic beam
ions with the distribution function which has a positive gra-
dient inn' . The beam ions are in the Doppler shifted cyclo-
tron resonance with the CAEs.

Further study showed that high frequency Mirnov signal
spectra in NSTX sometimes contain signatures of a different
instability.30 Typical for these new instabilities is that the
frequency spectrum peaks intersect each other as plasma pa-
rameters evolve as shown in Fig. 5~it is published in Ref.
30!. Recall that the CAE spectrum peaks evolve parallel to
each other.27,29 It is known that the shear Alfve´n modes with
different combinations of (m,n) can have frequencies with
different time dependence. This is due to the shear Alfve´n
dispersionv5kinA , ki.(m2nq)/qR and the fact that theq

FIG. 4. Model of extra damping required to make a prediction of near threshold TAE excitation.
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profile and density are evolving during the discharge. It was
suggested that the global shear Alfve´n eigenmodes are re-
sponsible for such MHD activity.

Global Alfvén eigenmodes are formed below the fre-
quency minimum of the Alfve´n continuum with the fre-
quency given approximately byv.vA min5@ki(r)nA(r)#min .41

The subscript min means that the value is taken at the mini-
mum vA min , ki is the parallel wavevector. The GAE eigen-
frequency is slightly belowvA min , and depends on theq and
density profiles. GAEs are localized radially nearvA min and
are dominated by one poloidal harmonicm. With a typical
flat q profiles, the Alfvén continuum has a minimum at the
plasma center, so thatv.6nA0(m/q02n)/Rax, whereRax

is the major radius of the magnetic axis.
As an example we show the GAE frequencies for differ-

ent sets of mode numbers in Fig. 5~b!. The time evolution of
the plotted peaks is qualitatively similar to the observed
ones. Due to the uncertainty in the measurements ofm andq
it is difficult to make one to one comparison.

Then53 Alfvén continuum and the mode structure of a
GAE in NSTX calculated by theNOVA code are shown in
Fig. 6. The frequencies are normalized to the Alfve´n fre-
quencyvA05nA0 /qaR0 , whereR0 is the major radius of the

plasma geometrical center. Note that as expected the GAE
frequency is very close to the minimum of the Alfve´n con-
tinuum v.vA min .

B. Theory of GAE instability

GAE instabilities are driven by NBI ions and have been
recently studied in detail.30 This theory is outlined here. Due
to the tangential NBI injection in NSTX, the distribution
function of beam ions has a positive gradient in the velocity
space. It provides an energy source for the instability and
forms a ‘‘bump on tail’’ in then' direction. In Fig. 2~a! the
black solid line shows schematically the location of beam
ions, which are in resonance with GAE modes. Particles
resonate with GAEs via the Doppler shifted cyclotron reso-
nancev2vcb2kin i.0. The theory predicts that GAEs are
unstable if 2,(v/vcb)(n'b0 /nA)(k' /ki),4, wherenb0 is
the beam ion injection velocity, and the bump-on-tail width
in the n' direction satisfiesdn'b,2nAvcb/v. The main
GAE damping is the continuum damping.42 For high-m
GAEs it is small30

gd

v
;S r 2

r s
D 2m1d

,

where r 2 is the mode location,r s is the minor radii of the
m11 continuum branch where the GAE has a singularity,
andd5O(1). r s at the singularity is always larger thanr 2 so
that r 2 /r s,1 andgd /v!1.

C. HYM nonlinear hybrid code for GAE study

Three-dimensional~3D! hybrid simulations using the
HYM code32,33 has been employed to study the excitation of
AEs by energetic ions in NSTX. TheHYM code is a nonlin-
ear, kinetic-MHD simulation code in toroidal geometry. In
the numerical model thed f particle simulation method is
employed to describe the beam ions with their full orbits. A
one-fluid resistive MHD model is used to represent the back-
ground plasma. These two plasma components are coupled
using a current coupling scheme. It is assumed that the fast
ion pressure can be comparable to the pressure of the thermal
plasma, but the beam ions have low densitynb!ne . The

FIG. 5. ~Color! Time evolution of the Mirnov signal~a!, and its frequency
spectrum~b! in NSTX shot No. 108 236. The mode frequency time depen-
dences of three GAEs are shown as dashed lines.

FIG. 6. Alfvén continuum~a! and a
GAE mode structure~b! shown forn
523 in a NSTX plasma. The fre-
quency of GAE is shown as the
dashed line in the Alfve´n continuum.
Only two dominant poloidal harmon-
ics are shown for GAE.
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effects of the beam ion toroidal and poloidal currents are
included nonperturbatively to account for the anisotropic fast
ion pressure tensor and to calculate self-consistent equilibria,
which serves as an initial condition for the 3D simulations.
The HYM code includes finite viscosity, which allows for the
effective damping of plasma oscillations. In particular this
introduces the continuum damping discussed earlier if the
radial grid step is small enough.

The HYM simulations for typical NSTX parameters con-
firm that for large injection velocities of beam ions,nb0

.3nA , and strong anisotropy in the pitch-angle distribution,
there are unstable Alfve´n modes.43 It is found that the most
unstable modes for low toroidal mode numbers, 2,unu,7,
are GAE modes.41 These modes are found to be localized
near the magnetic axis, and have largeki ~with nm,0), so
thatv;ukin iu;vcb/2. Note that in theHYM model the back-
ground ions are treated as fluid, which is justified because the
GAE frequency is well below the ion cyclotron frequency,
and the thermal ion cyclotron and transit damping can be
neglected. Indeed only ions which satisfy the conditionv
2vcb2kin i.0 andv2kin i.0 can be in resonance. There-
fore, both types of resonant thermal ions should have veloci-
ties n i.nbi.nA , which means that an exponentially small
number of ions will contribute to an exponentially small
damping;exp(22/b i0), where typicallyb i0&5%. The per-
turbed plasma pressure in the poloidal cross section of a
NSTX plasma due to a GAE withn524 and m52 is
shown in Fig. 7. The poloidal velocity has a vortex-like
structure, which is characteristic for shear Alfve´n waves.
However, in NSTX these modes have a significant compres-
sional component,dBi;dB'/3, due to strong coupling to
the compressional Alfve´n wave. Linearized simulations for
different n’s show that for most unstable modes, a condition
m2n.6 is satisfied~i.e., approximately sameki). Several

Alfvén modes~with different dominantm! can be excited for
each toroidal mode numbern as illustrated in Fig. 8. In the
HYM simulations fornb /np.3%, the growth rates of the
unstable GAEs are found to be of the orderg/vcb

50.002– 0.01 with frequenciesv/vcb50.3– 0.5, wherevcb

is evaluated at the magnetic axis. For the mode shown in
Figs. 7 and 8, the growth rate wasg/vcb50.005 and, as in
the case ofNOVA calculations, its frequency is below the
central Alfvén continuum valuev/vcb50.3&vA min /vcb

5(214q0)n/q0R0vcb50.33.
It is difficult to make a direct comparison betweenNOVA

andHYM results, which are build on different physical mod-
els. The qualitative comparison of the GAE frequencies
shows that the results of both codes are consistent and, as it
is shown, agree with the theory.41 In both codes the mode
structure of GAEs is similar to the cylindrical GAEs. It is
represented by one dominant poloidal harmonic, which is
peaked near the center.

IV. CONCLUSIONS

Perturbative linear numerical tools such asNOVA/NOVA-K

hybrid kinetic codes predict TAE instabilities in the NSTX
and DIII–D similarity experiment in which such instabilities
have been observed. A detail study shows that the unstable
low-n TAEs are reproduced for NSTX, whereas for DIII–D
the modeling predictsn52 – 7 TAEs to be unstable. It is
shown that the model underestimates the damping at the low
end of the unstablen-mode number range so thatn52 – 3
modes in DIII–D are predicted to be unstable while in the
experiments they were seen stable. For the medium-n mode
number range the uncertainty of the damping rate calcula-
tions seems to be reasonable within,20%. It also follows
from the comparison of numerical modeling with experi-
ments that the toroidal number of the most unstable mode
does not depend on the plasma major radius and is propor-
tional to a/q2. The numerical analysis helps validate the
NOVA/NOVA-K predictions that TAEs will be unstable in ITER
if driven by fusion alphas in a plasma withTi0.20 keV.
Calculations also predict that TAEs will be unstable in ITER
if the NBI drive is included even forTi0,20 keV.

New features of the subion cyclotron frequency spec-
trum in NSTX, which reveals frequency peaks intersecting in
time, have been identified as due to the excitation of global

FIG. 7. ~Color! Contours of the fluid pressure perturbation ofn524, m
52 GAE mode plotted in the poloidalR,Z plane. Shown also is the last
closed magnetic surface of the NSTX plasma. The red color regions indicate
the high perturbed pressure, whereas dark blue ones correspond to the nega-
tive value of the pressure perturbation.

FIG. 8. ~Color! The amplitude evolution of the spectrum of unstable modes
with n524 as calculated by theHYM code. Lower frequency peaks of the
spectrum correspond to GAEs withm52 and 3.
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shear Alfvén eigenmode instabilities driven by NBI ions.
GAEs interact with ions via the Doppler shifted cyclotron
resonance and are driven by the positive gradient in then'

velocity space direction of the confined ion beam. Modeling
with both hybridHYM and NOVA codes agree with the ana-
lytical theory on GAE mode structure and dispersion.
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