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ABSTRACT OF THE DISSERTATION

Topics in Quantum-Hall Physics, Game-Optimization and Generalization in Neural
Networks

by

Amartya Mitra

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, December 2021

Dr. Michael C. Mulligan, Chairperson

This thesis contains research conducted on various topics in quantum Hall physics

and deep learning theory. The first chapter studies a particular aspect of quantum Hall

systems, namely their behavior around the ν = 1/2 Landau level (LL) state. This work is

motivated by the need to understand better this particular state in light of the two proposed

distinct theoretical descriptions existing for the same. Specifically, we analyze quantum

oscillations around the ν = 1/2 LL state using one of the propositions to support the latter.

The second and third chapters study two distinct domains in deep learning, multi and

single-objective models. In particular, the second considers a specific type of multi-objective

model, zero-sum games, to demonstrate existing issues in training such setups and develop

an efficient optimization scheme. The final chapter involves studying a particular aspect of

the generalization behavior of deep neural networks (DNNs). Specifically, it attempts to

provide a theoretical framework to explain the recently observed phenomenon of ”epoch-wise

double descent” in such DNNs.
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Chapter 1

Introduction

This thesis presents research across a variety of different topics. Here we discuss

each, in turn.

Fluctuations and magnetoresistance oscillations near the half-filled Landau level:

We study theoretically the magnetoresistance oscillations near a half-filled lowest Landau level

(ν = 1/2) that result from the presence of a periodic one-dimensional electrostatic potential.

We use the Dirac composite fermion theory of Son [Phys. Rev. X 5 031027 (2015)], where the

ν = 1/2 state is described by a (2 + 1)-dimensional theory of quantum electrodynamics. We

extend previous work that studied these oscillations in the mean-field limit by considering

the effects of gauge field fluctuations within a large flavor approximation. A self-consistent

analysis of the resulting Schwinger–Dyson equations suggests that fluctuations dynamically

generate a Chern-Simons term for the gauge field and a magnetic field-dependent mass for the

Dirac composite fermions away from ν = 1/2. We show how this mass results in a shift of the

locations of the oscillation minima that improves the comparison with experiment [Kamburov

1
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et. al., Phys. Rev. Lett. 113, 196801 (2014)]. The temperature-dependent amplitude of these

oscillations may enable an alternative way to measure this mass. This amplitude may also

help distinguish the Dirac and Halperin, Lee, and Read composite fermion theories of the

half-filled Landau level. This research was conducted in collaboration with Michael Mulligan,

and it was published as [242].

LEAD: Min-Max Optimization from a Physical Perspective: Adversarial formula-

tions such as generative adversarial networks (GANs) have rekindled interest in two-player

min-max games. A central obstacle in the optimization of such games is the rotational

dynamics that hinder their convergence. Existing methods typically employ intuitive, care-

fully hand-designed mechanisms for controlling such rotations. This paper takes a novel

approach to address this issue by casting min-max optimization as a physical system to

motivate LEAD, an optimizer for min-max games. Next, using Lyapunov stability theory and

spectral analysis, we study LEAD’s convergence properties in continuous and discrete-time

settings for a class of quadratic min-max games to demonstrate linear convergence to the

Nash equilibrium. Finally, we empirically evaluate our method on synthetic setups and

CIFAR-10 image generation to demonstrate improvements in GAN training. This research

was conducted in collaboration with Reyhane Askari Hemmat, Guillaume Lajoie and Ioannis

Mitliagkas, and it was preprinted as [146].

Double Descent Phenomena: A Tale of Multi-scale Feature Learning Dynamics:

A key challenge in building theoretical foundations for deep learning is the complex opti-

mization dynamics of large neural networks. Such dynamics result from high-dimensional

interactions between the large number of parameters of such networks, thus leading to

2
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non-trivial behaviors. In this regard, a particularly puzzling phenomenon is the “double

descent” of the generalization error, where it undergoes two non-monotonous transitions,

or descents, with increasing model complexity (model-wise) or training time (epoch-wise).

While model-wise double descent has been a subject of extensive study of recent, the origins

of the latter are much less clear. To bridge this gap, in this work, we leverage tools from sta-

tistical physics to study a simple teacher-student setup exhibiting epoch-wise double descent

similar to deep neural networks. In this setting, we derive closed-form analytical expressions

for the evolution of generalization error as a function of the training time. Crucially, this

provides a new mechanistic explanation of epoch-wise double descent, suggesting that it

can be attributed to different features being learned at different time scales. Summarily,

while a fast-learning feature is over-fitted, a slower-learning feature starts to fit,

resulting in a non-monotonous generalization curve. Finally, we validate our find-

ings through simple numerical experiments where our theory accurately predicts empirical

findings and remains consistent with observations in deep neural networks. This research

was conducted in collaboration with Mohammad Pezeshki (Lead), Guillaume Lajoie and

Yoshua Bengio.
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Chapter 2

Fluctuations and

magnetoresistance oscillations near

the half-filled Landau level

In recent years, there has been a renewed debate about how effective descriptions of

the non-Fermi liquid state at a half-filled lowest Landau level (ν = 1/2) of the two-dimensional

electron gas might realize an emergent Landau level particle-hole (PH) symmetry [374, 117],

found in electrical Hall transport [327, 367, 277] and numerical [299, 111] experiments. The

seminal theory of the half-filled Landau level of Halperin, Lee, and Read [140], which has

received substantial experimental support [362], describes the ν = 1/2 state in terms of

non-relativistic composite fermions in an effective magnetic field that vanishes at half-filling

(see [170, 97] for pedagogical introductions). However, the HLR theory appears to treat

electrons and holes asymmetrically [185, 36]. For instance, it is naively unclear how composite

4



fermions in zero effective magnetic field might produce the Hall effect σcf
xy = − 1

4π that PH

symmetry requires [185]. (We use the convention kB = c = ~ = e = 1.)

Two lines of thought point towards a possible resolution. The first comes by way

of an a priori different composite fermion theory, introduced by Son [334]. In this Dirac

composite fermion theory, the half-filled Landau level is described by a (2 + 1)-dimensional

theory of quantum electrodynamics in which PH symmetry is a manifest invariance. This

theory is part of a larger web of (2 + 1)-dimensional quantum field theory dualities [324].

On the other hand, it has recently been shown that HLR mean-field theory can produce

PH symmetric electrical response, if quenched disorder is properly included in the form of a

precisely correlated random chemical potential and magnetic flux [351, 197, 195]. (Mean-field

theory means that fluctuations of an emergent gauge field coupling to the composite fermion

are ignored.) Furthermore, both composite fermion theories yield identical predictions for a

number of observables in mean-field theory [334, 121, 351, 73, 196], e.g., thermopower at

half-filling and magnetoroton spectra away from half-filling. These results suggest that the

HLR and Dirac composite fermion theories may belong to the same universality class.

To what extent do these results extend beyond the mean-field approximation? How

do alternative experimental probes constrain the description of the ν = 1/2 state? The aim

of this paper is to address both of these questions within the Dirac composite fermion theory.

Prior work has identified observables that may possibly differ in the two composite fermion

theories: Son and Levin [212] have derived a linear relation between the Hall conductivity

and susceptibility that any PH symmetric theory must satisfy; Wang and Senthil [353] have

determined how PH symmetry constrains the thermal Hall response of the HLR theory;

5



using the microscopic composite fermion wave function approach, Balram, Toke, and Jain

[33] found that Friedel oscillations in the pair-correlation function are symmetric about

ν = 1/2.

2.0.1 Weiss oscillations and the ν = 1/2

Here, we study theoretically commensurability oscillations in the magnetoresistance

near ν = 1/2, focusing on those oscillations that result from the presence of a periodic

one-dimensional static potential [362]. These commensurability oscillations are commonly

known as Weiss oscillations [360, 113, 365, 359]. For a free two-dimensional Fermi gas, the

locations of the Weiss oscillation minima, say, as a function of the transverse magnetic field

b, satisfy

`2b =
d

2kF

(
p+ φ

)
, p = 1, 2, 3, . . . , (2.1)

where `b = 1/
√
|b| is the magnetic length; d is the period of the potential; kF is the Fermi

wave vector; φ = +1/4 for a periodic vector potential, while φ = −1/4 for a periodic scalar

potential [282, 378]. (Expressions for the oscillation minima when both potentials are present

can be found in Refs. [283, 112].)

Early experiments [362] saw p = 1 Weiss oscillation minima about ν = 1/2 due

to an electrostatic scalar potential, upon identifying, in Eq. (2.1), b = B − 4πne with the

effective magnetic field experienced by composite fermions (B is the external magnetic field

and ne is the electron density) and kF =
√

4πne with the composite fermion Fermi wave

vector, and choosing φ = +1/4. These results, along with other commensurability oscillation

experiments [362], provided strong support for the general picture of the ν = 1/2 state

6



suggested by the HLR theory. In particular, the phenomenology near the ν = 1/2 state

could be well described by an HLR mean-field theory in which composite fermions respond

to an electronic scalar potential as a vector potential.

Recent improvements in sample quality and experimental design have allowed

for an unprecedented refinement of these measurements. Through a careful study of the

oscillation minima corresponding to the first three harmonics (p = 1, 2, 3), Kamburov et

al. [177] came to a remarkable conclusion that is in apparent disagreement with the above

hypothesis (see [329] for a review of these and related experiments): Weiss oscillation minima

are well described by Eq. (2.1) upon taking kF =
√

4πne for ν < 1/2, as before; but for

ν > 1/2, the inferred Fermi wave vector, kF =
√

4π( B2π − ne), is determined by the density

of holes. In both cases, φ = +1/4. Might a theory of the ν = 1/2 state require two different

composite fermion theories [177, 36], a theory of composite electrons for ν < 1/2 and a

theory of composite holes for ν > 1/2? If kF =
√

4πne is instead taken for 1/2 < ν < 1,

there is a roughly 2% mismatch between the locations of the p = 1 minimum obtained

from Eq. (2.1) and the nearest observed minimum; this discrepancy between theory and

experiment decreases in magnitude as p increases [177]. While the mismatch is small, it is

systematic: it persists in a variety of different samples of varying mobilities and densities,

as well as two-dimensional hole gases, which typically have larger effective masses (as well

as near half-filling of other Landau levels [329]). (This mismatch is the same magnitude as

the difference between the electrical Hall conductivities produced by an HLR theory with

σcf
xy = 0 and an HLR theory with σcf

xy = −1/4π, the composite fermion Hall conductivity

required by PH symmetry; an equal value of the dissipative resistance [362] is assumed in

7



both cases for this comparison. See Eq. (48) of [185].)

The hypothesis that composite fermions respond to an electric scalar potential as

a purely magnetic one approximates HLR mean-field field theory. In fact, an electric scalar

potential generates both a scalar and vector potential in the HLR theory. (This observation

by Wang et al. [351] is crucial for obtaining PH symmetric electrical Hall transport within

HLR mean-field theory.) However, the magnitude of the scalar potential is suppressed

relative to the vector potential by a factor of `B/d ≈ 1/50 [36]. Cheung et al. [73] found

that upon including the effects of the scalar potential in HLR mean-field theory, there is a

slight correction to the expected locations of the oscillation minima both above and below

ν = 1/2. The nature of the corrections are such that HLR mean-field theories of composite

electrons or composite holes that take either kF =
√

4πne or kF =
√

4π( B2π − ne) produce

identical results. In addition, the shifted oscillation minima are in agreement with the

mean-field predictions of the Dirac composite fermion theory (at least within the regime

of electronic parameters probed by experiment). Unfortunately, the small disagreement

between composite fermion mean-field theory and experiment persists, in this case for all

values of 0 < ν < 1: for a given p, the observed oscillation minima are shifted inwards relative

to the theoretical prediction by an amount that decreases as ν = 1/2 is approached—see

Fig. 2.1.

2.0.2 Outline

In this paper, we consider the mismatch from the point of view of the Dirac

composite fermion theory. In perturbation theory about mean-field theory, we argue that

the comparison with experiment can be improved if the effects of gauge field fluctuations

8
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Figure 2.1: Weiss oscillations of the Dirac composite fermion theory at fixed electron

density ne and varying magnetic field B about half-filling B1/2 (`B1/2
/d = 0.03 and kBT =

0.3
√

2B1/2). The blue curve corresponds to Dirac composite fermion mean-field theory

[73]. The orange curve includes the effects of a Dirac composite fermion mass m ∝

|B − 4πne|1/3B1/6 induced by gauge fluctuations. Vertical lines correspond to the observed

oscillation minima [177].

are considered. Our strategy is to include their effects by determining the fluctuation

corrections to the mean-field Hamiltonian. We obtain this corrected Hamiltonian through

an approximate large N flavor analysis of the Schwinger–Dyson equations [164] for the Dirac

composite fermion theory. The resulting Dirac composite fermion propagator specifies the

input parameters, namely, the chemical potential and mass, of the corrected mean-field

Hamiltonian. We then follow the analysis by Cheung et al. [73] to determine the corrected

Weiss oscillation curves. Our results are summarized in Fig. 2.1.

To understand our results, it is helpful to reinterpret Eq. (2.1) as a measure of a

Dirac fermion density n by replacing kF 7→
√

4πn (we set the Fermi velocity to unity). Any
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decrease in the density induces an inward shift of the Weiss oscillation minima determined

by Eq. (2.1) towards b = 0. Dirac fermions of mass m, placed at chemical potential µ have

a density n = (µ2 −m2)/4π. Our leading order analysis of the Schwinger–Dyson equations

indicates that gauge fluctuations generate a mass m away from ν = 1/2, while the chemical

potential is unchanged.

Such dynamical mass generation in a non-zero magnetic field is known to occur in

various (2+1)-dimensional theories of Dirac fermions (see [240] for a review). For example,

in the theory of a free Dirac fermion at zero density, a uniform magnetic field sources a

vacuum expectation value for the mass operator. Short-ranged attractive interactions then

induce a non-zero mass term in its effective Lagrangian [136]. We show how a similar

phenomenon occurs in the Dirac composite fermion theory. This effect is also expected from

the point of view of symmetry: PH symmetry forbids a Dirac composite fermion mass (see

§2.1). (Manifest PH symmetry is the essential advantage that the Dirac composite fermion

theory confers to our analysis.) Away from ν = 1/2, PH symmetry is broken and so all

terms, consistent with the broken PH symmetry, are expected to be present in the effective

Lagrangian. Note there is no symmetry preventing corrections to the Dirac composite

fermion chemical potential; rather, it is found to be unaltered to leading order within our

analysis.

We also comment upon the finite-temperature behavior of quantum oscillations

near ν = 1/2. This behavior is interesting to consider because at finite temperatures,

away from the long wavelength limit, differences in the HLR and Dirac composite fermion

theories should appear. We discuss how the temperature dependence of the Weiss oscillation

10



amplitude might exhibit subtle differences between the two theories.

The remaining sections are organized as follows. In §2.1, we review the Dirac

composite fermion theory. In §2.2, we obtain an approximate solution to the Schwinger–

Dyson equations. In §2.3, we use the chemical potential and mass of the resulting Dirac

composite fermion propagator as input parameters for the “fluctuation-improved” mean-field

Hamiltonian and determine the resulting Weiss oscillations. We discuss a few consequences

of this analysis in §2.4 and we conclude in §5. Appendix A.1 contains details of calculations

summarized in the main text.

2.1 Dirac composite fermions: review

Electrons in the lowest Landau level near half-filling can be described by a La-

grangian of a 2-component Dirac electron Ψe [334]:

Le = Ψeγ
α(i∂α +Aα)Ψe −meΨeΨe +

1

8π
εαβσAα∂βAσ + . . . , (2.2)

where Aα with α ∈ {0, 1, 2} is the background electromagnetic gauge field; Ψe = Ψ†eγ0; the

γ matrices γ0 = σ3, γ1 = iσ1, γ2 = iσ2 satisfy the Clifford algebra {γα, γβ} = 2ηαβ with

ηαβ = diag(+1,−1,−1); the anti-symmetric symbol ε012 = 1; and we set the Fermi velocity

vF = 1 here and in the Dirac composite fermion dual. The benefit of the Dirac formulation

is that the limit of infinite cyclotron energy ωc = B/me can be smoothly achieved at fixed

external magnetic field B = ∂1A2 − ∂2A1 > 0 by taking the electron mass me → 0. The . . .

include additional interactions, e.g., the Coulomb interaction and coupling to disorder.

The electron density,

ne = Ψ†eΨe +
B

4π
. (2.3)
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Consequently, when ν ≡ 2πne/B = 1/2, the Dirac electrons half-fill the zeroth Landau level.

For me = 0 and ν = 1/2, the Dirac Lagrangian is invariant under the anti-unitary (i 7→ −i)

PH transformation that takes (t, x, y) 7→ (−t, x, y),

Ψe 7→ −γ0Ψ∗e,

(A0, A1, A2) 7→ (−A0, A1, A2), (2.4)

and shifts the Lagrangian by a filled Landau level Le 7→ Le + 1
4π ε

αβσAα∂βAσ.

Son [334] conjectured that Le is dual to the Dirac composite fermion Lagrangian,

L = ψγα(i∂α + aα)ψ −mψψ − 1

4π
εαβσaα∂βAσ +

1

8π
εαβσAα∂βAσ −

1

4g2
f2
αβ + . . . , (2.5)

where ψ is the electrically-neutral Dirac composite fermion; aα is a dynamical U(1) gauge

field with field strength fαβ = ∂αaβ − ∂βaα and coupling g; and m ∝ me is the Dirac

composite fermion mass. Aα remains a non-dynamical gauge field, whose primary role in

L is to determine how electromagnetism enters the Dirac composite fermion theory. As

before, the . . . represent additional interactions, which can now involve the gauge field

aα. The duality between Le and L obtains in the low-energy limit when g → ∞. See

[235, 352, 176, 111, 248, 251, 322, 178, 335] for additional details about this duality and

[324] for a recent review.

At weak coupling, the a0 equation of motion implies the Dirac composite fermion

density,

ψ†ψ =
B

4π
. (2.6)

At strong coupling, the right-hand side of Eq. (2.6) receives corrections from the . . . in L

and should be replaced by − δL
δa0

+ ψ†ψ. In the Dirac composite fermion theory, the electron

12



density,

ne =
1

4π
(−b+B), (2.7)

where the effective magnetic field b = ∂1a2 − ∂2a1. In the Dirac composite fermion theory,

the PH transformation takes (t, x, y) 7→ (−t, x, y),

ψ 7→ γ2ψ,

(a0, a1, a2) 7→ (a0,−a1,−a2),

(A0, A1, A2) 7→ (−A0, A1, A2), (2.8)

and shifts the Lagrangian by a filled Landau level. Intuitively, the PH transformation acts

on the dynamical fields of L like a time-reversal transformation. As such, PH symmetry

requires m = 0 and forbids a Chern-Simons term for aα.

Away from half-filling, PH symmetry is necessarily broken since Eq. (2.7) implies

the effective magnetic field b = B − 4πne 6= 0. Consequently, we can no longer exclude

any PH breaking term allowed by symmetry. In particular, we generally expect a Dirac

mass to be induced by fluctuations. Scaling implies the mass m =
√
Bf(ν), where f(ν) is

a scaling function of the filling fraction ν. Unbroken PH symmetry at half-filling requires

f(ν = 1/2) = 0; away from ν = 1/2, it is possible that m can have a non-trivial dependence

on B and ne, as determined by f(ν). In the next section, we study the Schwinger–Dyson

equations to determine how fluctuations generate a mass m away from ν = 1/2 within an

expansion where the number of Dirac composite fermion flavors N →∞.
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2.2 Dynamical mass generation in an effective magnetic field

Beginning with the works of Schwinger [318] and Ritus [301], there have been a

number of studies on the effects of a background magnetic field on quantum electrodynamics

in various dimensions. In this paper, we rely most heavily on Refs. [128, 358, 181]; see

Ref. [240] for an excellent introduction to this formalism and for additional references. We

first summarize the relevant aspects of this formalism. Then, we analyze the Schwinger–

Dyson equations for the Dirac composite fermion theory away from half-filling when the

fluctuations of the emergent gauge field aα about a uniform b 6= 0 are considered.

2.2.1 Dirac fermions in a magnetic field

At tree-level, i.e., in mean-field theory, the time-ordered real-space propagator

G0(x, y) for a massive Dirac fermion in a uniform magnetic field (a0, a1, a2) = (0, 0, bx1) can

be written in the form,

G0(x, y) = eiΦ(x,y)

∫
d3p

(2π)3
eipα(x−y)αG0(p), (2.9)

where the Schwinger phase,

Φ(x, y) = − b
2

(x2 − y2)(x1 + y1). (2.10)

The tree-level pseudo-momentum-space propagator,

−iG0(p) = i

∫ ∞
0

dse
is

(
(p0+µ0+iεp0 )2−m2

0+iδ− p
2
1+p

2
2

bs
tan(bs)

)

×
[
(pα + µ0δα,0)γα − ib

(
(p0 + µ0)I +m0γ

0
)

tan(bs) + piγ
i tan2(bs)

]
, (2.11)

where the pseudo-momenta p = (p0, p1, p2) are analogous to the conserved momenta in a

translationally-invariant system, µ0 is a chemical potential, m0 is a mass, εp0 = sign(p0)ε

14



with the infinitesimal ε > 0 ensures the Feynman pole prescription is satisfied, δ > 0 is an

infinitesimal included for convergence of the s integral, and I is the 2× 2 identity matrix.

Expanding in b:

−iG0(p) ≡ (pα + µ0δα,0)γα +m0I
(p0 + µ0 + iεp0)2 − p2

i −m2
0

+ b
(p0 + µ0)I +m0γ

0(
(p0 + µ0 + iεp0)2 − p2

i −m2
0

)2 +O(b2).

(2.12)

We imagine applying this formalism to the vicinity of ν = 1/2 when the effective magnetic

field b is small. As such, we drop all O(b2) and higher terms in the pseudo-momentum-space

propagator. For convenience, we use G0(p) to denote the linear expansion in Eq. (2.12) with

higher order in b terms excluded.

The tree-level inverse propagator G−1
0 (x, y) satisfies∫

d3y G−1
0 (x, y)G0(y, z) = δ(3)(x− z). (2.13)

It takes a particularly simple form:

iG−1
0 (x, y) = eiΦ(x,y)

∫
d3p

(2π)3
eipα(x−y)α

(
(pα + µ0δα,0)γα −m0I

)
. (2.14)

In contrast to G0(x, y), the magnetic field dependence is entirely parameterized by the

Schwinger phase in G−1
0 (x, y).

Both the propagator and its inverse are obtained after performing an infinite sum

over all Landau levels. Thus, G0(x, y) and G−1
0 (x, y) in Eqs. (2.9) and (2.14) allow for a

straightforward expansion about their translationally-invariant forms at b = 0; see [358] for

further discussion. In the Dirac composite fermion theory, G−1
0 (x, y) defines the mean-field

Lagrangian, from which the Hamiltonian readily follows; the Schwinger phase Φ(x, y) reminds

us to include a non-zero magnetic field by the Peierls substitution.
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We use the following ansatz for the exact real-space propagator:

G(x, y) = eiΦ(x,y)

∫
d3p

(2π)3
eipα(x−y)αG(p). (2.15)

For the exact pseudo-momentum propagator G(p), we write

−iG(p) = −iG(0)(p)− iG(1)(p), (2.16)

where

−iG(0)(p) =

(
pα + µ0δα,0 − Σα(p)

)
γα + Σm(p)I

(p0 + µ0 − Σ0(p) + iεp0)2 − (pi − Σi(p))2 − Σ2
m(p)

, (2.17)

−iG(1)(p) = b

(
p0 + µ0 − Σ0(p)

)
I + Σm(p)γ0(

(p0 + µ0 − Σ0(p) + iεp0)2 − (pi − Σi(p))2 − Σ2
m(p)

)2 . (2.18)

In contrast to the tree-level pseudo-momentum propagator, G0(p), both G(0)(p) and G(1)(p)

are expected to depend on b through the self-energies Σm(p) and Σα(p), in addition to the

explicit linear dependence that appears in G(1)(p). We write the exact inverse propagator as

iG−1(x, y) = eiΦ(x,y)

∫
d3p

(2π)3
eipα(x−y)α ((pα + µ0δα,0 − Σα (p)) γα − Σm (p) I) . (2.19)

In G(p) and G−1(p), we set the tree-level mass m0 = 0; this is consistent with the assumption

of unbroken PH symmetry at ν = 1/2. The ansatze for the exact propagator and its inverse

are simplifications of that which symmetry allows for a Dirac fermion in a magnetic field

[358]. Nevertheless, our ansatze are consistent to leading order in a 1/N analysis of the

Schwinger–Dyson equations described in the next section.

In general, the self-energies Σm(p) and Σα(p) are non-trivial functions of the

pseudo-momenta p. We expect the low-energy dynamics of the fermions to be dominated by
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fluctuations about the Fermi surface. Thus, we replace the self-energies as follows:

Σm(pFS + δp) 7→ Σm(pFS), (2.20)

Σα(pFS + δp) 7→ δ0αΣ0(pFS) + δpαΣ′α(pFS), (2.21)

where pFS = (0, pi) lies on the Fermi surface (in mean-field theory, this is defined by p2
i = µ2

0

and p0 = 0), |δpα| � µ0, Σ′α(pFS) = ∂pαΣα(p = pFS), and there is no sum over α in

Eq. (2.21).

G−1(x, y) determines the “fluctuation-corrected” Dirac composite fermion mean-

field Hamiltonian. The tree-level chemical potential and mass are corrected by the fermion

self-energies Σα and Σm. We define the physical mass,

m =
Σm(pFS)

1− Σ′0(pFS)
≡ Σm

1− Σ′0
, (2.22)

and chemical potential,

µ =
µ0 − Σ0

1− Σ′0
. (2.23)

The Schwinger phase Φ(x, y) in G−1(x, y) reminds us to to include the effective magnetic

field b via the Peierls substitution.

2.2.2 Schwinger–Dyson equations: setup

The Schwinger–Dyson equations [164] are a set of coupled integral equations that

relate the exact fermion and gauge field propagators to one another by way of the exact

cubic interaction vertex Γα coupling the Dirac composite fermion current to aα. We will

not solve the equations exactly; rather, we seek an approximate solution that one obtains
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within a large flavor generalization of the Dirac composite fermion theory. We hope this

approximate solution reflects a qualitative behavior of the Dirac composite fermion theory.

Specifically, we consider the Lagrangian,

LN = ψnγ
α(i∂α + aα)ψn −

N

4π
εαβσaα∂βAσ +

N

8π
εαβσAα∂βAσ −

1

4g2
f2
αβ, (2.24)

where the different fermion flavors are labeled by n = 1, . . . , N . When N = 1, we recover

the Dirac composite fermion theory. In LN , ne = δLN/δA0 = N
4π (B − b); thus, in our large

N theory, half-filling means ν = N/2. To make contact with the formalism of §2.2.1, we

introduce a SU(N)-invariant chemical potential µ0 =
√
B and we factor out the uniform

effective magnetic field (a0, a1, a2) = (0, 0, bx1) that is generated away from half-filling from

the dynamical fluctuations of the emergent gauge field aα. Setting Aα = 0, Eq. (2.24)

becomes

LN = ψnγ
α(i∂α + aα + aα)ψn + µ0ψ

†
nψn −

1

4g2
f2
αβ. (2.25)

This is the large N theory that we analyze.

To leading order in N , the Ward identity implies that there are no corrections

to the cubic interaction vertex at ν = 1/2 [302].1 Taking Γα = γα, the Schwinger–Dyson

equations for LN become:

iG−1(x, y)− iG−1
0 (x, y) = γαG(x, y)γβΠ−1

αβ(x− y), (2.26)

iΠαβ(x− y)− iΠαβ
0 (x− y) = Ntr

[
γαG(x, y)γβG(y, x)

]
, (2.27)

where Παβ(x−y) is the gauge field self-energy, Παβ
0 (x−y) is the kinetic term for aα contributed

by its Maxwell term, and we have taken the fermion propagator Gn,n′(x, y) = G(x, y)δn,n′

1Furthermore, there are no corrections to this vertex if the Dirac composite fermion is given a non-zero
bare mass m2

0 � µ2
0 at b = 0. We thank N. Rombes and S. Chakravarty for correspondence on this point.
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to be diagonal in flavor space. G(x, y) and G0(x, y) are defined in Eqs. (2.16) and (2.12).

The factor of N in Eq. (2.27) arises from the N flavors in the fermion loop.

Upon substituting the Fourier transform Παβ(p), defined by

Παβ(x− y) =

∫
d3p

(2π)3
eipσ(x−y)σΠαβ(p), (2.28)

and Eqs (2.14), (2.16), and (2.19) into the Schwinger–Dyson equations, (2.26) and (2.27)

become [358]

iΣα(q)γα + iΣm(q)I =

∫
d3p

(2π)3
γαG(p+ q)γβΠ−1

αβ(p), (2.29)

iΠαβ(δq) = N

∫
d3p

(2π)3
tr
[
γαG(p)γβG(p+ δq)

]
, (2.30)

where q = qFS + δq. We aim to solve these equations.

Our ansatz for the fermion self-energies is motivated by similar studies of (2 + 1)-

dimensional quantum electrodynamics at zero density [287, 17, 260]. We consider the 1/N

expansion for the fermion self-energies,

Σα = Σ(1)
α + Σ(2)

α + . . . ,

Σm = Σ(1)
m + Σ(2)

m + . . . . (2.31)

All terms and all ratios of successive terms in Eq. (2.31) vanish as N →∞. Ignoring terms

with i ≥ 2, we set Σα = Σ
(1)
α = 0 and Σm = Σ

(1)
m , and find a self-consistent solution to the

Schwinger–Dyson equation in terms of Σ
(1)
m and Παβ . This choice is consistent with the Ward

identity, to leading order in 1/N . From Eqs. (2.22) and (2.23), the resulting solution implies

m = Σ
(1)
m and µ = µ0 to leading order in 1/N . We then calculate the leading perturbative

correction Σ
(2)
α to Σα and verify that Σ

(2)
α /Σ

(1)
m → 0 as N →∞.
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2.2.3 Gauge field self-energy

The gauge field self-energy factorizes into PH symmetry even and odd parts:

Παβ(q) = Παβ
even(q) + Παβ

odd(q). (2.32)

As the PH transformation acts like time-reversal, Παβ
even(q) contains the Maxwell term for

aα, while Παβ
odd(q)—which can only be non-zero when PH symmetry is broken—can contain

a Chern-Simons term for aα.

To leading order in b, we substitute G(p) = G(0)(p) into Eq. (2.30) and first compute

Παβ
odd(δq) = iεαβσδqσΠodd(δq) = −iN

{∫ d3p

(2π)3
tr
[
γαG(0)(p)γβG(0)(p+ δq)

]}
odd

, (2.33)

where {·}odd indicates the PH odd term is isolated. We find

Πodd(0) =
N

4π

(
Θ(|Σm| − µ0)

Σm

|Σm|
+ Θ(µ0 − |Σm|)

Σm

µ0

)
, (2.34)

where Θ(x) is the step function. See Appendix A.1.1 for details. Additional momentum

dependence in Πodd(q) is subdominant at low energies. For µ0 > |Σm|, Eq. (2.34) implies an

effective Chern-Simons term for αα with level,

k =
N

2

Σm

µ0
, (2.35)

is generated if Σm 6= 0. (This non-quantized Chern-Simons level is reminiscent of the

anomalous Hall effect [139].)

Next, consider

Παβ
even(δq)−Παβ

0 (δq) = −iN
{∫ d3p

(2π)3
tr
[
γαG(0)(p)γβG(0)(p+ δq)

]}
even

, (2.36)
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where {·}even indicates the PH even term is isolated and we have again substituted G(p) =

G(0)(p). The Maxwell kinetic term is

Παβ
0 (q) = q2ηαβ − qαqβ. (2.37)

Ref. [239] finds:

Π00
even(q0, qi)−Π00

0 (q) = Πl(q0, qi),

Π0i
even(q0, qi)−Π0i

0 (q) = q0
qi

q2
i

Πl(q0, qi),

Πij
even(q0, qi)−Π0i

0 (q) = (δij − qiqj

q2
k

)Πt(q0, qi) +
q2

0q
iqj

(q2
k)

2
Πl(q0, qi), (2.38)

where

Πl(q0, qi) = µ0N
(√ q2

0

q2
0 − q2

i

− 1
)
,

Πt(q0, qi) = µ0N −
q2

0 − q2
i

q2
k

Πl(q0, qi). (2.39)

We have simplified the expressions for Πl and Πt by taking q2
0 − q2

i > 0 and by setting the

common proportionality constant to unity. The precise behaviors of Πl and Πt and their

effects on aα depend upon whether |q0| < |qi| or |qi| < |q0|. For instance, when |q0| < |qi|

(small frequency transfers, but potentially large ∼ 2kF momenta transfers) and in the absence

of Παβ
odd, Πl gives rise to the usual Debye screening of the “electric” component of aα and

Πt results in the Landau damping of the “magnetic” component of aα [239], familiar from

Fermi liquid theory [154]. These corrections dominate the tree-level Maxwell term for aα at

low energies.

In our analysis of the fermion self-energy in the next section, we focus on the regime

|qi| ≤ |q0|. In this case, Πl and Πt provide non-singular corrections to the Maxwell term
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for aα and will be ignored. At low energies, g → ∞, the effects of the Maxwell term are

suppressed compared with the Chern-Simons term [89]. Thus, to find the effective gauge

field propagator Π−1
αβ(q) for use in Eq. (2.29), we drop Παβ

even(q), add the covariant gauge

fixing term − 1
2ξ q

αqβ to Παβ
odd(q), and invert. Choosing Feynman gauge ξ = 0, we obtain:

Π−1
αβ(q) =

2π

k

εαβσq
σ

q2
, (2.40)

where k is given in Eq. (2.35). It is with this gauge field propagator that we find a self-

consistent solution to the Schwinger–Dyson equation for the fermion self-energy Σm in

§2.2.4.

Instantaneous density-density interactions between electrons give rise to additional

gauge field kinetic terms in L. Such terms, which should therefore be included in the tree-level

Lagrangian LN , generally contribute to Παβ
0 ⊂ Παβ

even. To understand their possible effects in

the kinematic regime |qi| ≤ |q0|, we set a0 = 0 and decompose the spatial components of the

gauge field in terms of its longitudinal and transverse modes:

ai(q) = −iq̂iaL(q)− iεjiq̂jaT (q), (2.41)

where the normalized spatial momenta q̂i = qi/|~q |. An un-screened Coulomb interaction

dualizes to a term in L proportional to |~q |z−1aT (−q)aT (q) with z = 2; a short-ranged

interaction give z = 3 (see Sec. 3.4 of [176]). (We are working in momentum space for

this analysis.) On the other hand, the effective Chern-Simons term is proportional to

iq0aL(−q)aT (q); there is no aL−aL or aT −aT Chern-Simons coupling. We consider z > 2 in

our analysis below. In this regime, the effects of any such screened interaction are expected

to be subdominant compared with those of the Chern-Simons term, as such interactions

correspond to higher-order terms in the derivative expansion.
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2.2.4 Fermion self-energy

We now study Eq. (2.29) for the Σm and Σ0 components of the Dirac composite

fermion self-energy using the effective gauge field propagator in Eq. (2.40).

Σm

Taking the trace of both sides of Eq. (2.29) and setting δqα = 0, we find:

iΣm(qFS) = iM(0)(qFS) + iM(1)(qFS), (2.42)

where

iM(0)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γαG(0)(p+ qFS)γβ

(2π

k

εαβσp
σ

p2

)]
, (2.43)

iM(1)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γαG(1)(p+ qFS)γβ

(2π

k

εαβσp
σ

p2

)]
, (2.44)

and G(0(p) and G(1)(p) are given in Eqs. (2.17) and (2.18). Recall that we set Σα = 0 and

only retain Σm when using G(0)(p) and G(1)(p) to evaluate M(0) and M(1). The details of

our evaluation of M(0) and M(1) are given in Appendix A.1.2. Here, we quote the results:

M(0) = −2µ0sign(Σm)

N
, (2.45)

M(1) =
2

3

bµ2
0

N |Σm|3
. (2.46)

Thus, Σm solves:

Σm = −2µ0sign(Σm)

N
+

2

3

bµ2
0

N |Σm|3
. (2.47)

When b = 0, the only solution is Σm = 0, consistent with our expectation that PH symmetry

is unbroken at ν = 1/2. Dimensional analysis and 1/N scaling implies

Σm =
µ0

N
f
(bN3

µ2
0

)
. (2.48)
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We find that Σm has the following asymptotics: for fixed |b|/µ2
0 ≈ 10−1,

Σm = µ0sign(b)
( |b|
µ2

0N

)1/4[
c1 + c2

( µ2
0

|b|N3

)1/4
+ . . .

]
, (2.49)

where c1 ≈ 0.9, c2 ≈ −0.5, and the . . . are suppressed as N →∞; while for fixed N ,

Σm = µ0sign(b)
( |b|
µ2

0

)1/3[
c3 + c4

( |b|N3

µ2
0

)1/3
+ . . .

]
, (2.50)

where c3 ≈ 0.69, c4 ≈ −0.08, and the . . . vanish as |b|/µ2
0 → 0.

Σ0

We now consider the leading perturbative correction to Σ0. This allows us to

calculate the corrections to Σ′0 and the chemical potential µ0.

To evaluate the leading correction to Σ0 that one obtains when G(p) = G(0)(p), we

multiply both sides of Eq. (2.29) by γ0 on the left and take the trace to find:

iΣ0(q) =
1

2

∫
d3p

(2π)3
tr
[
γ0γαG(0)(p+ q)γβ

(2π

k

εαβσp
σ

p2

)]
, (2.51)

where qα = qαFS + q0δ
α0. As detailed in Appendix A.1.2, we find the leading correction Σ

(2)
0

to Σ0 (see Eq. (2.31)) for |q0|/µ0 � Σ2
m/µ

2
0,

iΣ
(2)
0 (qFS) = −i 2µ0

3N |Σm|
(q0 + µ0). (2.52)

At large N , we use Eq. (2.49) for Σm to find Σ0 ∝ Σ′0 ∝ N−3/4. This vanishes by a factor of

N−1/2 faster than Σm and so it is relatively suppressed as N → ∞. Next-order terms in

Σα and Σm are obtained by self-consistently solving the Schwinger–Dyson equations with

propagators corrected by the leading self-energy corrections. We have checked that the

other components of Σα are likewise suppressed at large N ; as such and because they do not
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enter our subsequent calculations, we will not discuss them further. Because Σm vanishes at

half-filling, we may only ignore Σ′0 for sufficiently large |b|/µ2
0 at large N .

Dynamically-generated mass and corrected chemical potential

We are now ready to evaluate Eq. (2.22) for the dynamically-generated mass. We

extrapolate our large N solution for Σm to N = 1 using Eq. (2.50):

m =
Σ

(1)
m

1− Σ
′(1)
0

≈ .69sign(b)|b|1/3B1/6, (2.53)

where we set µ0 =
√
B. The specific behavior of the mass m, away from ν = 1/2, depends

on whether the electron density ne or external magnetic field B is fixed. At fixed B, the

magnitude of m is symmetric as function of ne about half-filling; on the other hand, |m| is

asymmetric for fixed ne and varying B. Using Eqs. (2.23) and (2.31), the chemical potential,

µ =
µ0 − Σ

(1)
0

1− Σ
′(1)
0

=
√
B. (2.54)

These results imply that the Dirac composite fermion density and mass are corrected in

such a way that the chemical potential is unaffected.

In our analysis of the Weiss oscillations in the next section, we ignore all higher-

order in 1/N corrections and assume that a mass term is the dominant correction to the

Dirac composite fermion mean-field Hamiltonian away from ν = 1/2. The chemical potential

for this fluctuation-improved mean-field Hamiltonian will be taken to be µ =
√
B.

2.3 Weiss oscillations of massive Dirac composite fermions

Following earlier work [227, 342, 64, 73], we now study the effect of the field-

dependent mass of Eq. (2.53) on the Weiss oscillations near ν = 1/2 using the fluctuation-
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improved Dirac composite fermion mean-field theory. We find that a non-zero mass results

in an inward shift of the locations of the oscillation minima toward half-filling.

2.3.1 Setup

We are interested in determining the quantum oscillations in the electrical resistivity

near ν = 1/2 that result from a one-dimensional periodic scalar potential. In the Dirac

composite fermion theory, the dc electrical conductivity,

σij =
1

4π

(
εij −

1

2
εik(σ

ψ)−1
kl εlj

)
, (2.55)

where the (dimensionless) dc Dirac composite fermion conductivity. This equality is true at

weak coupling; at strong coupling, 〈ψγiψ(−q0)ψγjψ(q0)〉 should be replaced by the exact

gauge field aα self-energy, evaluated at q1 = q2 = 0.

σψij = lim
q0→0

〈ψγiψ(−q0)ψγjψ(q0)〉
iq0

. (2.56)

Thus, the longitudinal electrical resistivity,

ρii ∝ |εij |σψjj , (2.57)

where there is no sum over repeated indices. When a one-dimensional periodic scalar

potential, A0 = V cos(Kx1) with K = 2π/d, is applied to the electronic system, the a2

equation of motion following from the Dirac composite fermion Lagrangian (2.5) implies

ψγ2ψ = −KV
4π

sin(Kx). (2.58)

We accommodate this current modulation within Dirac composite fermion mean-field theory

by turning on a modulated perturbation to the emergent vector potential,

δ~a =
(

0,W sin(Kx1)
)
, (2.59)
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where W = W (V ) vanishes when V = 0. (Fluctuations will also generate a modulation

in the Dirac composite fermion chemical potential; we ignore such effects here.) Putting

together Eqs. (2.57) and (2.59), our goal in this section is to determine the correction to σψjj

due to δ~a,

∆ρii ∝ |εij |∆σψjj . (2.60)

In Dirac composite fermion mean-field theory, corrected by Eq. (2.53), the calcu-

lation of ∆σψij simplifies to the determination of the conductivity of a free massive Dirac

fermion. We use the Kubo formula [69] to find the conductivity correction:

∆σψij =
1

L1L2
ΣM

(
∂EM fD(EM )

)
τ(EM )vMi v

M
j , (2.61)

where L1 (L2) is the length of the system in the x1-direction (x2-direction), β−1 = T is

the temperature, M denotes the quantum numbers of the single-particle states, f−1
D (E) =

1 + exp(β(E − µ)) is the Fermi-Dirac distribution function with chemical potential µ =
√
B,

τ(EM ) is the scattering time for states at energy EM , and vMi = ∂piEM is the velocity

correction in the xi-direction of the state M due to the periodic vector potential. As before,

the Fermi velocity is set to unity. Assuming constant τ(E) = τ 6= 0, we only need to calculate

how the energies EM are affected by δ~a, which in turn will determine the velocities vMi . We

will show that the leading correction in W to EM only contributes to vM2 . Calling x1 = x

and x2 = y, this implies the dominant correction is to ∆ρxx ∝ ∆σψyy. There are generally

oscillatory corrections to ρyy and ρxy, however, their amplitudes are typically less prominent

and so we concentrate on ∆ρxx here.
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2.3.2 Dirac composite fermion Weiss oscillations

The Dirac composite fermion mean-field Hamiltonian, corrected by Eq. (2.53),

H = ~σ ·
( ∂
∂~x

+ ~a
)

+mσ3
, (2.62)

where

~a =
(

0, bx1 +W sin(Kx1)
)
. (2.63)

To zeroth order in W , H has the particle spectrum,

E(0)
n =



√
2n|b|+m2, n = 1, 2, . . . ,

|m|, n = 0.

with the corresponding eigenfunctions,

ψn,p2(~x) =



N eip2x2


−iΦn−1

(
x1+xb
lb

)
√
m2+2n|b|−m√

2n|b|
Φn

(
x1+xb
lb

)
 for n = 1, 2, . . .,

N eip2x2


0

Φ0

(
x1+xb
lb

)
 for n = 0,

where the normalization constant,

N =

√
n|b|

lbLy(m2 + 2n|b| −m
√
m2 + 2n|b|)

,

k2 ∈ 2π
L2

Z is the momentum along the x2-direction (L2 →∞), xb(p2) ≡ xb = p2l
2
b , l
−1
b = |b|,

and Φn(z) = e−z
2/2√

2nn!
√
π
Hn(z) for the n-th Hermite polynomial Hn(z). Thus, the states are
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labeled by M = (n, p2). We are interested in how the periodic vector potential in Eq. (2.59)

lifts the degeneracy of the flat Landau level spectrum and contributes to the velocity vMi .

(Finite dissipation has already been assumed in using a finite, non-zero scattering time τ in

our calculation of the oscillatory component of ρxx.)

First order perturbation theory gives the energy level corrections,

E(1)
n,p2 = W

√
2n

Klb

[√
2n|b|

m2 + 2n|b|

]
cos(Kxb)e

−z/2
[
Ln−1(z)− Ln(z)

]
, (2.64)

where Ln(z) is the nth Laguerre polynomial, z = K2l2b/2, and terms suppressed as L1, L2 →

∞ have been dropped. Thus, to leading order, vn,p21 = 0 and

vn,p22 =
∂E

(1)
n,p2

∂p2
= −Wlb

√
2n

[√
2n|b|

m2 + 2n|b|

]
sin(Kxb)e

−z/2
[
Ln−1(z)− Ln(z)

]
. (2.65)

We substitute these vn,p2i into the Kubo formula (2.61) to find ∆σψyy. To perform the integral

over p2, we approximate the Fermi-Dirac distribution function by substituting in the zeroth

order energies E
(0)
n (which are independent of p2). Thus, we obtain the periodic potential

correction to the Dirac composite fermion conductivity:

∆σψyy ≈W 2τ̃β
∞∑
n=0

(
2n|b|

m2 + 2n|b|

)
n exp(β(E

(0)
n − µ))[

1 + exp(β(E
(0)
n − µ))

]2 e−z
[
Ln−1(z)− Ln(z)

]2
, (2.66)

where τ̃ ∝ τ has absorbed non-universal O(1) constants.

∆σψyy in Eq. (2.66) exhibits both Shubnikov–de Haas (for large |b|) and Weiss

oscillations (for smaller |b|). We are interested in extracting an analytic expression that

approximates Eq. (2.66) at low temperatures near ν = 1/2, following the earlier analysis in

[283]. In the weak field limit, |b|/µ2 � 1, a large number of Landau levels are filled (n→∞).

Thus, we express the Laguerre polynomials Ln as

Ln (z) −−−→
n→∞

ez/2
cos
(
2
√
nz − π

4

)
(π2nz)1/4

+O(
1

n3/4
). (2.67)
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Next, we take the continuum approximation for the summation over n by substituting

n→ l2b
2

(
E2 −m2

)
,
∑
n

→ l2b

∫
EdE,

into Eq. (2.66):

∆σψyy = C
∫ ∞
−∞

dE
βeβ(E−µ)

(1 + eβ(E−µ))2
sin2

(
l2bK

√
E2 −m2 − π

4

)
, (2.68)

where C = W 2τ̃ l2bK and we have approximated 2n|b|/(m2+2n|b|) by unity. (The substitution

for n is motivated by the zeroth order expression for the energy of the Dirac composite

fermion Landau levels.) Anticipating that at sufficiently low temperatures the integrand in

Eq. (2.68) is dominated by “energies” E near the Fermi energy µ, we write:

E = µ+ sT (2.69)

so that Eq. (2.68) becomes for |s|T � µ =
√
B:

∆σψyy = C
∫ ∞
−∞

ds
es

(1 + es)2
sin2

(
l2bK

√
B −m2 +

sT l2bK√
1− m2

B

− π

4

)
. (2.70)

Performing the integral over s, we find the Weiss oscillations (see Eq. (2.60)):

∆ρxx ∝ 1− T/TD
sinh(T/TD)

[
1− 2 sin2

(2πl2b
√
B −m2

d
− π

4

)]
, (2.71)

where

T−1
D =

4π2l2b
d

1√
1− m2

B

, (2.72)

we have substituted K = 2π/d, l2b = |b|−1, and the proportionality constant is controlled by

the longitudinal resistivity at ν = 1/2.
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Eq. (2.71) constitutes the primary result of this section. The minima of ∆ρxx occur

when

1

|b| =
d

2
√
B −m2

(
p+

1

4

)
, p = 1, 2, 3, . . . , (2.73)

where m is given in Eq. (2.53). For either fixed electron density ne or fixed external field

B, the locations of the oscillation minima for a given p (either B(p) or ne(p)) are shifted

inwards towards ν = 1/2. This is shown in Fig. 2.1 for fixed ne and in Fig. 2.2 for fixed B.

The magnitude of this shift is symmetric for fixed B, but asymmetric for fixed ne, given

the form of the mass in Eq. (2.53). Mass dependence also appears in the temperature-

dependent prefactor T/TD
sinh(T/TD) . In principle, this mass dependence could be extracted from

the finite-temperature scaling of ∆ρxx at the oscillation extrema.

2.4 Comparison to HLR mean-field theory at finite temper-

ature

2.4.1 Shubnikov–de Haas oscillations

In [225], Shayegan et al. found the Shubnikov–de Haas (SdH) oscillations near

half-filling to be well described over two orders of magnitude in temperature by the formula,

∆ρxx
ρ0
∝ ξNR

sinh(ξNR)
cos(2πν − π), (2.74)

where ξNR = 2π2T
ωc

, ωc = |b|/m∗, m∗ is an effective mass, ν is the electron filling fraction,

and ρ0 is the longitudinal resistivity at half-filling (measured at the lowest accessible

temperature). (Note that these experiments were performed without any background
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Figure 2.2: Weiss oscillations of the Dirac composite fermion theory at fixed magnetic field

B and varying electron density ne about half-filling n1/2 = B1/2/4π (`B1/2
/d = 0.03 and

kBT = 0.3
√

2B1/2). The blue curve corresponds to Dirac composite fermion mean-field

theory [73]. The orange curve includes the effects of a Dirac composite fermion mass

m ∝ |B − 4πne|1/3B1/6 induced by gauge fluctuations. Vertical lines correspond to the

observed oscillation minima [177].
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periodic potential and so no Weiss oscillations were present.) Recall that we are using units

where kB = ~ = e = c = 1. In particular, it was found that m∗ ∝
√
B for sufficiently large

|b| = |B− 4πne| and that m∗ appeared to diverge as half-filling was approached. Interpreted

within the HLR composite fermion framework, m∗ corresponds to the composite fermion

effective mass. The
√
B behavior of the composite fermion effective mass is consistent with

the theoretical expectation [140, 297] that the composite fermion mass scale at ν = 1/2 is

determined entirely by the characteristic energy of the Coulomb interaction. (Away from

ν = 1/2, scaling implies the effective mass can be a scaling function of B and ne.)

Applying previous treatments of SdH oscillations in graphene [135, 129] to the

Dirac composite fermion theory, the temperature dependence of the SdH oscillations is

controlled by

∆ρxx
ρ0
∝ ξD

sinh(ξD)
, (2.75)

where ξD = 2π2T
√
B

|b| . Thus, ξNR ∝ ξD if m∗ ∝
√
B. Consequently, the Dirac composite

fermion theory is consistent with the observed temperature scaling with
√
B. We cannot

account for the divergence at small |b| attributed to m∗ in our treatment.

2.4.2 Weiss oscillations

In [73], it was shown that the locations of the Weiss oscillation minima obtained

from Dirac and HLR composite fermion mean-field theories coincide to 0.002%. This

result provides evidence that the two composite fermion theories may belong to the same

universality class. However, the (possible) equivalence of the two theories only occurs at long

distances and so the finite-temperature behavior of the two theories will generally differ.
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In HLR mean-field theory, the temperature dependence of the Weiss oscillations

enters in the factor [283],

∆ρxx ∝
T/TNR

sinh(T/TNR)
, (2.76)

where the characteristic temperature scale,

T−1
NR =

4π2l2b
d

m∗√
4πne

. (2.77)

Assuming the effective mass m∗ ∝
√
B, the characteristic temperatures TD and TNR generally

have very different behaviors as functions of B and ne. It would be interesting to study

the effects of fluctuations in HLR theory, along the lines of the study presented here, and

compare with our result in Eq. (2.71).
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Chapter 3

LEAD: Min-Max Optimization

from a Physical Perspective

Much of the advances in traditional machine learning can be attributed to the success

of gradient-based methods. Modern machine learning formulations such as GANs [125],

multi-task learning, and multi-agent settings [323] in reinforcement learning [62] require joint

optimization of two or more objectives. In these game settings, best practices and methods

developed for single-objective optimization are observed to perform noticeably poorly [233,

32, 116]. Notably, they exhibit rotational dynamics about the Nash Equilibria [233], slowing

down convergence to the same. Recent work in game optimization [356, 228, 233, 32, 2, 216]

demonstrates that intuitively introducing additional second-order terms in the optimization

algorithm, helps to suppress these rotations, thereby improving convergence. Despite their

relative success in many settings, several of these methods are computationally expensive to

implement, preventing successful deployment in setups of relevance such as in GANs.
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Taking inspiration from recent work in single-objective optimization that re-derives

existing accelerated methods from a variational perspective [361, 364], in this work, we adopt

a similar approach in the context of games. By likening the gradient-based optimization of

two-player (zero-sum) games to the dynamics of a particular physical system, we introduce

a relevant force that helps curb these rotations. We consequently utilize the dynamics of

this resultant system to propose our novel second-order optimizer for games, LEAD.

Next, by using Lyapunov and spectral analysis, we demonstrate linear convergence

of our optimizer (LEAD) in both continuous and discrete-time settings for a class of quadratic

min-max games. In terms of empirical performance, LEAD achieves an FID of 10.49 on

CIFAR-10 image generation, outperforming existing methods such as BigGAN [60] which is

approximately 30-times larger than our baseline ResNet architecture.

What distinguishes LEAD from other second-order optimization methods for min-

max games such as [233, 356, 228, 315] is its computational complexity. All these other

methods, involve Jacobian (or Jacobian-inverse) vector-product computation1, thus making

a majority of them intractable in real-world problems such as GANs. On the other hand,

LEAD involves computing only one-block of the full Jacobian of the gradient vector-field

multiplied by a vector. This makes our method significantly cheaper and comparable to

several first-order methods, as we show in section 3.5.1.

We summarize our contributions below:

• In Section 3.2, we model gradient descent-ascent as a physical system. Armed with the

physical model, we introduce counter-rotational forces to curb the existing rotations in

1 [356, 315] propose a conjugate-gradient approximation of the Jacobian-inverse to reduce computational
cost, though still performing poorly in neural network setting. Additionally, their provided proofs of
convergence rely on the expensive exact computation of the inverse.
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the system. Next, we employ the principle of least action to determine the (continuous-

time) dynamics. We then accordingly discretize these resultant dynamics to obtain

our optimization scheme, Least Action Dynamics (LEAD).

• In Section 3.3, we use Lyapunov stability theory and spectral analysis to prove a linear

convergence of LEAD in continuous and discrete-time settings for bilinear min-max

games.

• Finally, in Section 3.5, we empirically demonstrate that LEAD is computationally

efficient. Additionally, we demonstrate that LEAD improves the performance of GANs

on different tasks such as 8-Gaussians and CIFAR-10 while comparing the performance

of our method against other first and second-order methods. Furthermore, we achieve

a competitive FID of 10.49 for CIFAR-10 on a ResNet architecture.

• The source code for all the experiments is available at:

https://github.com/ReyhaneAskari/Least action dynamics minmax.

3.1 Problem Setting

Notation: Continuous time scalar variables are in uppercase letters (X), discrete-time

scalar variables are in lower case (x) and vectors are in boldface (A). Matrices are in

blackboard bold (M) and derivatives w.r.t. time are denoted as an over-dot (ẍ).

Setting: In this work, we study the optimization problem of two-player zero-sum games,

min
X

max
Y

f (X,Y ) , (3.1)
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where f : Rn×Rn → R, and is assumed to be a convex-concave function which is continuous

and twice differentiable w.r.t. X,Y ∈ R. It is to be noted that though in developing our

framework below, X, Y are assumed to be scalars, it is nevertheless found to hold for the

more general case of vectorial X and Y , as we demonstrate both analytically (Appendix B.3)

and empirically, our theoretical analysis are found to hold.

3.2 Optimization Mechanics

In our attempt to find an efficient update scheme or trajectory to optimize the

min-max objective f (X,Y ), we note from classical physics the following: under the influence

of a net force F , the trajectory of motion of a physical object of mass m, is determined by

Newton’s 2nd Law,

mẌ = F, (3.2)

with the object’s coordinate expressed as Xt ≡ X. According to the principle of least

action2 [200], nature “selects” this particular trajectory over other possibilities, as a quantity

called the action is extremized along it.

Hence, the ability to model our game optimization task in terms of an object moving

under a relevant set of forces, can be perceived as determining an efficient optimization

path through the least action principle for the same. Regarding how such modeling may be

performed, we take inspiration from Polyak’s heavy-ball momentum [290] method3 in single

objective minimization of an objective f (x),

xk+1 = xk + β (xk − xk−1)− η∇xf (xk) , (3.3)

2Also referred to as the Principle of Stationary Action.
3Arbitrary momentum coefficient results in incorporating friction in the equivalent physical system
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which in continuous-time translates to (see Appendix B.1),

mẌ = −∇Xf (X) . (3.4)

Comparing Eqns.(3.4) and (3.2), we notice that in this case F = −∇Xf (X), i.e. f (X) acts

as a potential function [200]. Thus, Polyak’s heavy-ball method Eq.(3.3) can be interpreted

as an object (ball) of mass m rolling down under a potential f (X) to reach the minimum.

Armed with this observation, we perform a straightforward extension of Eq.(3.4)

to our min-max setup,

mẌ = −∇Xf (X,Y )

mŸ = ∇Y f (X,Y ) .

(3.5)

which represents the dynamics of an object moving under a curl force [48]:

Fcurl = (−∇Xf,∇Y f) (3.6)

in the 2-dimensional X−Y plane. It is to be noted that discretization of Eq.(3.5) corresponds

to Gradient Descent-Ascent (GDA) with momentum 1. [116] found that this optimizer is

divergent in the prototypical min-max objective, f (X,Y ) = XY itself, thus indicating the

need for further improvement.

To this end, we note that that the failure modes of the optimizer obtained from

the discretization of Eq.(3.5), can be attributed to: (a) an outward rotatory motion by our

particle of mass m, accompanied by (b) an increase in its velocity with time. Following

these observations, we aim to introduce suitable counter-rotational and dissipative forces

to our system above, in order to tackle (a) and (b) in an attempt to achieve converging

dynamics. Specifically, as an initial consideration, we choose to add to our system, two

ubiquitous forces:
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• magnetic force,

Fmag =
(
− q∇XY f Ẏ , q∇XY f Ẋ

)
(3.7)

known to produce rotational motion (in charged particles), to counteract the rotations

introduced by Fcurl. Here, q is the charge imparted to our particle

• friction,

Ffric =
(
µẊ, µẎ

)
(3.8)

to prevent the increase in velocity of our particle (µ: coefficient of friction)

Assimilating all the above forces Fcurl, Fmag and Ffric, the equations of motion (EOMs) of

our crafted system then becomes,

mẌ = −µẊ −∇Xf − q∇XY fẎ ,

mŸ = −µẎ +∇Y f + q∇XY fẊ.
(3.9)

Without loss of generality, from hereon we set the mass of our object to be unity.

3.2.1 Discretization

With the continuous-time trajectory of Eq.(3.9) in hand, we now proceed to

discretize it using a combination of Euler’s implicit and explicit discretization schemes,

Implicit : xk+1 − xk = δvxk+1

Explicit : xk+1 − xk = δvxk .

(3.10)

to discretize Ẋ = VX (δ: discretization step-size, k: iteration step).

Proposition: The continuous-time EOMs (3.9) can be discretized in an implicit-explicit
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way, to yield,

xk+1 = xk + β(xk − xk−1)− η∇xf (xk, yk)− δ∇xyf (xk, yk) (yk − yk−1),

yk+1 = yk + β(yk − yk−1) + η∇yf (xk, yk) + δ∇yxf (xk, yk) (xk − xk−1),

(3.11)

where we have defined α = 2qδ, β = 1− µδ and η = δ2 (Proof in Appendix B.2).

Taking inspiration from the fact that Eq. (3.9) corresponds to the trajectory of a

charged particle under a curl, magnetic and frictional force, as governed by the principle of

least action, we refer to the discrete update rules of Eq. (3.11) as Least Action Dynamics

(LEAD). (Algorithm 1 details the pseudo-code of LEAD)

Terms in LEAD: Analyzing our novel optimizer, we note that it consist of three types of

terms, namely,

1. Gradient Descent or Ascent: −∇xf or ∇yf : Each player’s immediate direction of

improving their own objective.

2. Momentum: Standard Polyak momentum term; known to accelerate convergence in

optimization and recently in smooth games. [116, 26]

3. Coupling term: −∇xyf (xk, yk) (yk − yk−1) and ∇yxf (xk, yk) (xk − xk−1): Main new

term in our method. It captures the first-order interaction between players. This

cross-derivative corresponds to the counter-rotational force in our physical model; it

allows our method to exert control on rotations.
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Algorithm 1 Least Action Dynamics (LEAD)

Input: learning rate η, momentum β, coupling coefficient α.

Initialize: x0 ← xinit, y0 ← yinit, t← 0

while not converged do

t← t+ 1

gx ← ∇xf(xt, yt)

gxy∆yt ← ∇y(gx)(yt − yt−1)

xt+1 ← xt + β(xt − xt−1)− ηgx − αgxy∆yt

gy ← ∇yf(xt, yt)

gxy∆xt ← ∇x(gy)(xt − xt−1)

yt+1 ← yt + β(yt − yt−1) + ηgy + αgxy∆xt

end while

return (xk+1, yk+1)

42



3.3 Convergence Analysis

We now study the behavior of LEAD on the quadratic min-max game,

f (X,Y) =
h

2
||X||2 − h

2
||Y||2 + XTAY (3.12)

where X,Y ∈ Rn, A ∈ Rn ×Rn is a (constant) coupling matrix and h is a scalar constant.

Additionally, the Nash equilibrium of the above game lies at X∗ = 0,Y∗ = 0. Let us further

define the vector field v of the above game, f , as,

v =

 ∇Xf (X,Y)

−∇Yf (X,Y)

 =

 hX + AY

hY − A>X

 . (3.13)

3.3.1 Continuous Time Analysis

A general way to prove the stability of a dynamical system is to use a Lyapunov

function [138, 221]. The scalar function Et : Rn × Rn → R, is a Lyapunov function of a

continuous-time dynamics if ∀ t,

(i) Et(X,Y) ≥ 0,

(ii) Ėt(X,Y) ≤ 0

The Lyapunov function Et can be perceived as a generalization of the total energy of the

system and the requirement (ii) ensures that this generalized energy decreases along the

trajectory of evolution, leading the system to convergence as we will show next.

For the quadratic min-max game defined in Eq.(3.12), Eq.(3.9) generalizes to,

Ẍ = −µẊ − (h+ A)Y − qAẎ

Ÿ = −µẎ − (h− AT )X + qAT Ẋ,

(3.14)
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Theorem 1 For the dynamics of Eq.(3.14),

Et =
1

2

(
Ẋ + µX + µAY

)T
(ẋ + µX + µAY )

+
1

2

(
Ẏ + µY − µATX

)T (
Ẋ + µY − µATX

)
+

1

2

(
ẊT Ẋ + Ẏ T Ẏ

)
+ XT (h+ AAT )X + yT (h+ ATA)Y

(3.15)

is a Lyapunov function of the system. Furthermore, by setting q = (2/µ) + µ, we find

Ėt ≤ −ρEt for ρ ≤ min

{
µ

1+µ ,
2µ(σ2

min+h)

(1+σ2
min+2h)(µ2+µ)+2σ2

min

}
with σmin being the smallest singular

value of A. This consequently ensures linear convergence of the dynamics determined

Eq. (3.14),

||X||2 + ||Y ||2 ≤ E0

h+ σ2
min

exp (−ρt) . (3.16)

(Proof in Appendix B.3).

3.3.2 Discrete-Time Analysis

In this Section, we next analyze the convergence behavior of LEAD, Eq.(3.11) in

the case of the quadratic min-max game of Eq.(3.12), using spectral analysis,

xk+1 = xk + β∆xk − hxk − ηAyk − αA∆yk

yk+1 = yk + β∆yk − hyk + ηATxk + αAT∆xk,

(3.17)

where ∆xk = xk − xk−1.

For brevity, consider the joint parameters ωt := (xt,yt). We start by studying the

update operator of simultaneous gradient descent-ascent.

Fη(ωt) = ωt − ηv(ωt−1).

where, the vector-field is given by Eq. (3.13). Thus, the fixed point ω∗ of Fη(ωt) satisfies
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Fη(ω
∗) = ω∗. Furthermore, at ω∗, we have,

∇Fη(ω∗) = In − η∇v(ω∗), (3.18)

with In being the n × n identity matrix. Consequently the spectrum of ∇Fη(ω∗) in the

quadratic game considered, is,

Sp(∇Fη(ω∗)) = {1− ηh− ηλ | λ ∈ Sp(off-diag[∇v(ω∗)])} . (3.19)

Proposition:[Prop. 4.4.1 [49]] For the spectral radius,

ρmax := ρ{∇Fη(ω∗)} < 1 (3.20)

and for some ω0 in a neighborhood of ω∗, the update operator F , ensures linear convergence

to ω∗ at a rate,

∆t+1 ≤ O(ρ+ ε)∆t ∀ ε > 0,

where ∆t+1 := ||ωt+1 − ω∗||22 + ||ωt − ω∗||22.

Next, we proceed to define the update operator of Eq.(3.11) as FLEAD (ωt,ωt−1) =

(ωt+1,ωt) . Now, for the quadratic min-max game of Eq.(3.12), the Jacobian of FLEAD takes

the form,

∇FLEAD =

I2n + βI2n − (η + α)∇v −βI2n + α∇v

I2n 0

 . (3.21)

Theorem 2 The eigenvalues of ∇FLEAD(ω∗) are,

µ± =
1− (η + α)λ+ β − ηh±

√
∆

2
(3.22)
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where, ∆ = (1− (η + α)λ+ β − ηh)2 − 4 (β − αλ) and λ ∈ Sp(off-diag[∇v(ω∗)]). Further-

more, for h, η, |α|, |β| << 1, we have,

µ+ ≈ 1− ηh− ηhβ

2
+ λ

(
η + α

2
(ηh− β)− η

)
(3.23)

and

µ− ≈ β +
ηhβ

2
− λ

(
η + α

2
(ηh− β) + α

)
(3.24)

See Proof in Appendix B.4.
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Figure 3.1: Diagram depicting positioning of the eigenvalues of GDA in blue (Eq. (3.18))

and those of LEAD (Eqns.(3.23),(3.24)) in red. Eigenvalues inside the black unit circle imply

convergence such that the closer to the origin, the faster the convergence rate (Prop. 3.3.2).

Every point on solid blue and red lines corresponds to a specific choice of learning rate. No

choice of learning rate results in convergence for gradient ascent descent method as the blue

line is tangent to the unit circle. At the same time, for a fixed value of α, LEAD shifts the

eigenvalues (µ+) into the unit circle which leads to a convergence rate proportional to the

radius of the red dashed circle. Note that LEAD also introduces an extra set of eigenvalues

(µ−) which are close to zero and do not affect convergence.
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In the following Proposition, we next show that locally, a choice of positive α

decreases the spectral radius of ∇Fη (ω∗), ρ := max{|µ+|2, |µ−|2} ∀ λ.

Proposition: For any λ ∈ Sp(off-diag[∇v(ω∗)]),

∇αρ (λ)
∣∣
α=0

< 0⇔ η ∈
(

0,
2

Im(λmax)

)
, (3.25)

where Im(λmax) is the imaginary component of the largest eigenvalue λmax. See Proof in

Appendix B.5.

Having established that a small positive value of α improves the rate of convergence,

in the next theorem, we prove that for a specific choice of positive α and η in the quadratic

game Eq.(3.12), a linear rate of convergence to its Nash equilibrium is attained. Before

proceeding, we would like to note that we can write λi = ±iσi where σi ≡ sing. values(A).

Theorem 3 If we set η = α = 2
σmax

, then we have ∀ ε > 0,

∆t+1 ∈ O
((

1− 6
2σ2

min + h2

σ2
max

− 2h
2 + β

σmax
+
β2

2

)t
∆0

)
(3.26)

where σmax(σmin) is the largest (smallest) singular value of A, ∆t+1 := ||ωt+1 − ω∗||22 +

||ωt − ω∗||22.

Theorem 3 ensures a linear convergence of LEAD in the quadratic min-max game. (Proof in

Appendix B.6).

3.4 Comparison of Convergence Rate

In this Section, we perform a Big-O comparison of rates of convergence of LEAD

(Eq. (3.26)), with Extragradient [188] in the quadratic min-max game of Eq. (3.12), with
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β = 0. Specifically, from [25] we find,

rEG = O
(
h2

L2

)
+O

(
σ2

min (A)

L2

)
+O

(
h

L

)
rLEAD = O

(
h2

σ2
max (A)

)
+O

(
σ2

min (A)

σ2
max (A)

)
−O

(
h

σmax (A)

) (3.27)

where, L := max{h, σmax(A)}. Therefore, for h < σmax (A), we observe that rLEAD . rEG.

While for h > σmax (A), we note that,

rEG = O (1) +O
(
σ2

min (A)

h2

)
rLEAD = O

(
h2

σ2
max (A)

)
+O

(
σ2

min (A)

σ2
max (A)

)
−O

(
h

σmax (A)

) (3.28)

Hence, for h & 1.62σmax, we find rLEAD & rEG.

3.5 Experiments

In this Section, we empirically validate the performance of our proposed method

LEAD. Furthermore, we implement LEAD-Adam (pseudo-code in Appendix B.7.1) to be

used in our experiments.

3.5.1 Comparison of Computational Cost

The Jacobian of the gradient vector field v = (∇xf(x,y),−∇yf(x,y)) is given by,

J =

 ∇2
xf (x,y) ∇xyf (x,y)

−∇yxf (x,y) −∇2
yf (x,y)

 . (3.29)

Considering player x, a LEAD update for the same requires the computation of the term

∇xyf (xk,yk) (yk − yk−1), thereby involving only one block of the full Jacobian J. On the

other hand, the released implementation of Symplectic Gradient Adjustment (SGA) [31],
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requires the full computation of two Jacobian-vector products Jv, J>v. Similarly, Competitive

Gradient Descent (CGD) [315] involves the computation of
(
1 + η∇2

xyf(xk,yk)∇2
yxf(xk,yk)

)−1

along with the Jacobian-vector product ∇2
xyf(xk,yk)∇yf(xk,yk). While the inverse term

is approximated using conjugate gradient method in their implementation, it still involves

the computation of approximately ten Jacobian-vector products for each update.

To explore these comparisons in greater detail and on models with many parameters,

we experimentally compare the computational cost of our method with several other second

as well as first-order methods on the 8-Gaussians problem in Figure 3.2 (architecture reported

in Appendix B.7). We calculate the average wall-clock time (in milliseconds) per iteration.

Results are reported on an average of 1000 iterations, computed on the same architecture

and the same machine with forced synchronous execution. All the methods are implemented

in PyTorch [279] and SGA is replicated based on the official implementation 4.

Furthermore, we observe that the computational cost per iteration of LEAD while

being much lower than SGA and CGD, is similar to WGAN-GP and Extra-Gradient. The

similarity to Extra-Gradient is due to the fact that for each player, Extra-Gradient requires

the computation of a half-step and a full-step, so in total each step requires the computation

of two gradients. LEAD also requires the computation of a gradient (∇fx) which is then used

to compute (∇fxy) multiplied by (yk−yk−1). Using PyTorch, we do not require to compute

∇fxy and then perform the multiplication. Given ∇fx the whole term ∇fxy(yk − yk−1), is

computed using PyTorch’s Autograd with the computational cost of a single gradient. Thus,

LEAD also requires the computation of two gradients for each step.

4SGA official DeepMind implementation (non-zero sum setting): https://github.com/deepmind/symplectic

-gradient-adjustment/blob/master/Symplectic Gradient Adjustment.ipynb
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Figure 3.2: Average computational cost per iteration of several well-known methods for (non-

saturating) GAN optimization. The numbers are reported on the 8-Gaussians generation

task and averaged over 1000 iterations. Note that the y-axis is log-scale. We compare

Competitive Gradient Descent (CGD) [315] (using official CGD optimizer code), Symplectic

Gradient Adjustment (SGA) [32], Consensus Optimization (CO) [233], Extra-gradient with

Adam (Extra-Adam) [115], WGAN with Gradient Penalty (WGAN GP) [130]. We observe

that per-iteration time complexity of our method is very similar to Extra-Adam and WGAN

GP and is much cheaper than other second order methods such as CGD. Furthermore, by

increasing the size of the hidden dimension of the generator and discriminator’s networks we

observe that the gap between different methods increases.

3.5.2 Generative Adversarial Networks

8-Gaussians: We first compare LEAD-Adam with vanilla-Adam [183] on the

generation task of a mixture of 8-Gaussians. Standard optimization algorithms such as

vanilla-Adam suffer from mode collapse in this simple task, implying the generator cannot

produce samples from one or several of the distributions present in the real data. Through
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Fig. 3.3, we demonstrate that LEAD-Adam fully captures all the modes in the real data in

both saturating and non-saturating losses.

CGD

WGAN GP-Extra-OMD
CO

Extra-Adam

sLEAD-Adam (ours)

WGAN GP

OMD
Adam

0 20 40 60 80 100
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LSD Saturating Loss
<latexit sha1_base64="h3CFwpJ9CG5f3OjruBTt46Fr7qI=">AAACA3icbZC7SgNBFIZn4y3G26qdNoNBsAq7IihWAS0sUkRiLpAsYXYymwyZnV1mzophCdj4KjYWitj6Ena+jZNkC038YeDjP+dw5vx+LLgGx/m2ckvLK6tr+fXCxubW9o69u9fQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q+vJvXmPVOaR/IORjHzQtKXPOCUgLG69kEH2AOkldo1rhFIlLFlH1circddu+iUnKnwIrgZFFGmatf+6vQimoRMAhVE67brxOClRAGngo0LnUSzmNAh6bO2QUlCpr10esMYHxunh4NImScBT93fEykJtR6FvukMCQz0fG1i/ldrJxBceCmXcQJM0tmiIBEYIjwJBPe4YhTEyAChipu/YjogilAwsRVMCO78yYvQOC25hm/PiuXLLI48OkRH6AS56ByV0Q2qojqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76I+vzB+cIl6Y=</latexit><latexit sha1_base64="h3CFwpJ9CG5f3OjruBTt46Fr7qI=">AAACA3icbZC7SgNBFIZn4y3G26qdNoNBsAq7IihWAS0sUkRiLpAsYXYymwyZnV1mzophCdj4KjYWitj6Ena+jZNkC038YeDjP+dw5vx+LLgGx/m2ckvLK6tr+fXCxubW9o69u9fQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q+vJvXmPVOaR/IORjHzQtKXPOCUgLG69kEH2AOkldo1rhFIlLFlH1circddu+iUnKnwIrgZFFGmatf+6vQimoRMAhVE67brxOClRAGngo0LnUSzmNAh6bO2QUlCpr10esMYHxunh4NImScBT93fEykJtR6FvukMCQz0fG1i/ldrJxBceCmXcQJM0tmiIBEYIjwJBPe4YhTEyAChipu/YjogilAwsRVMCO78yYvQOC25hm/PiuXLLI48OkRH6AS56ByV0Q2qojqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76I+vzB+cIl6Y=</latexit><latexit sha1_base64="h3CFwpJ9CG5f3OjruBTt46Fr7qI=">AAACA3icbZC7SgNBFIZn4y3G26qdNoNBsAq7IihWAS0sUkRiLpAsYXYymwyZnV1mzophCdj4KjYWitj6Ena+jZNkC038YeDjP+dw5vx+LLgGx/m2ckvLK6tr+fXCxubW9o69u9fQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q+vJvXmPVOaR/IORjHzQtKXPOCUgLG69kEH2AOkldo1rhFIlLFlH1circddu+iUnKnwIrgZFFGmatf+6vQimoRMAhVE67brxOClRAGngo0LnUSzmNAh6bO2QUlCpr10esMYHxunh4NImScBT93fEykJtR6FvukMCQz0fG1i/ldrJxBceCmXcQJM0tmiIBEYIjwJBPe4YhTEyAChipu/YjogilAwsRVMCO78yYvQOC25hm/PiuXLLI48OkRH6AS56ByV0Q2qojqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76I+vzB+cIl6Y=</latexit><latexit sha1_base64="h3CFwpJ9CG5f3OjruBTt46Fr7qI=">AAACA3icbZC7SgNBFIZn4y3G26qdNoNBsAq7IihWAS0sUkRiLpAsYXYymwyZnV1mzophCdj4KjYWitj6Ena+jZNkC038YeDjP+dw5vx+LLgGx/m2ckvLK6tr+fXCxubW9o69u9fQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q+vJvXmPVOaR/IORjHzQtKXPOCUgLG69kEH2AOkldo1rhFIlLFlH1circddu+iUnKnwIrgZFFGmatf+6vQimoRMAhVE67brxOClRAGngo0LnUSzmNAh6bO2QUlCpr10esMYHxunh4NImScBT93fEykJtR6FvukMCQz0fG1i/ldrJxBceCmXcQJM0tmiIBEYIjwJBPe4YhTEyAChipu/YjogilAwsRVMCO78yYvQOC25hm/PiuXLLI48OkRH6AS56ByV0Q2qojqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76I+vzB+cIl6Y=</latexit>

Real Data
<latexit sha1_base64="FdT6eyhhlhIAYBmyLILbsl13xrE=">AAAB+XicbZDJSgNBEIZ7XGPcRj16aQyCpzAjguIpoAePUcwCSQg1nUrSpGehuyYYhryJFw+KePVNvPk2dpaDJv7Q8PFXFVX9B4mShjzv21lZXVvf2Mxt5bd3dvf23YPDqolTLbAiYhXregAGlYywQpIU1hONEAYKa8HgZlKvDVEbGUePNEqwFUIvkl0pgKzVdt0m4RNlDwiK3wLBuO0WvKI3FV8Gfw4FNle57X41O7FIQ4xIKDCm4XsJtTLQJIXCcb6ZGkxADKCHDYsRhGha2fTyMT+1Tod3Y21fRHzq/p7IIDRmFAa2MwTqm8XaxPyv1kipe9XKZJSkhJGYLeqmilPMJzHwjtQoSI0sgNDS3spFHzQIsmHlbQj+4peXoXpe9C3fXxRK1/M4cuyYnbAz5rNLVmJ3rMwqTLAhe2av7M3JnBfn3fmYta4485kj9kfO5w9roZN6</latexit><latexit sha1_base64="FdT6eyhhlhIAYBmyLILbsl13xrE=">AAAB+XicbZDJSgNBEIZ7XGPcRj16aQyCpzAjguIpoAePUcwCSQg1nUrSpGehuyYYhryJFw+KePVNvPk2dpaDJv7Q8PFXFVX9B4mShjzv21lZXVvf2Mxt5bd3dvf23YPDqolTLbAiYhXregAGlYywQpIU1hONEAYKa8HgZlKvDVEbGUePNEqwFUIvkl0pgKzVdt0m4RNlDwiK3wLBuO0WvKI3FV8Gfw4FNle57X41O7FIQ4xIKDCm4XsJtTLQJIXCcb6ZGkxADKCHDYsRhGha2fTyMT+1Tod3Y21fRHzq/p7IIDRmFAa2MwTqm8XaxPyv1kipe9XKZJSkhJGYLeqmilPMJzHwjtQoSI0sgNDS3spFHzQIsmHlbQj+4peXoXpe9C3fXxRK1/M4cuyYnbAz5rNLVmJ3rMwqTLAhe2av7M3JnBfn3fmYta4485kj9kfO5w9roZN6</latexit><latexit sha1_base64="FdT6eyhhlhIAYBmyLILbsl13xrE=">AAAB+XicbZDJSgNBEIZ7XGPcRj16aQyCpzAjguIpoAePUcwCSQg1nUrSpGehuyYYhryJFw+KePVNvPk2dpaDJv7Q8PFXFVX9B4mShjzv21lZXVvf2Mxt5bd3dvf23YPDqolTLbAiYhXregAGlYywQpIU1hONEAYKa8HgZlKvDVEbGUePNEqwFUIvkl0pgKzVdt0m4RNlDwiK3wLBuO0WvKI3FV8Gfw4FNle57X41O7FIQ4xIKDCm4XsJtTLQJIXCcb6ZGkxADKCHDYsRhGha2fTyMT+1Tod3Y21fRHzq/p7IIDRmFAa2MwTqm8XaxPyv1kipe9XKZJSkhJGYLeqmilPMJzHwjtQoSI0sgNDS3spFHzQIsmHlbQj+4peXoXpe9C3fXxRK1/M4cuyYnbAz5rNLVmJ3rMwqTLAhe2av7M3JnBfn3fmYta4485kj9kfO5w9roZN6</latexit><latexit sha1_base64="FdT6eyhhlhIAYBmyLILbsl13xrE=">AAAB+XicbZDJSgNBEIZ7XGPcRj16aQyCpzAjguIpoAePUcwCSQg1nUrSpGehuyYYhryJFw+KePVNvPk2dpaDJv7Q8PFXFVX9B4mShjzv21lZXVvf2Mxt5bd3dvf23YPDqolTLbAiYhXregAGlYywQpIU1hONEAYKa8HgZlKvDVEbGUePNEqwFUIvkl0pgKzVdt0m4RNlDwiK3wLBuO0WvKI3FV8Gfw4FNle57X41O7FIQ4xIKDCm4XsJtTLQJIXCcb6ZGkxADKCHDYsRhGha2fTyMT+1Tod3Y21fRHzq/p7IIDRmFAa2MwTqm8XaxPyv1kipe9XKZJSkhJGYLeqmilPMJzHwjtQoSI0sgNDS3spFHzQIsmHlbQj+4peXoXpe9C3fXxRK1/M4cuyYnbAz5rNLVmJ3rMwqTLAhe2av7M3JnBfn3fmYta4485kj9kfO5w9roZN6</latexit>

LSD Non-Saturating Loss
<latexit sha1_base64="ZnD2gaMaynywXRicigGaJwPkD1Q=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiuLHMiKC4KujCRZFK7QXaUjJp2oZmkiE5I5ahOze+ihsXirj1Fdz5NqaXhbYeCHz8/zmcnD+IBDfged9OamFxaXklvZpZW9/Y3HK3dypGxZqyMlVC6VpADBNcsjJwEKwWaUbCQLBq0L8c+dV7pg1X8g4GEWuGpCt5h1MCVmq5+w1gD5AUSlf4RsnjEoFYW0t2cUEZM2y5WS/njQvPgz+FLJpWseV+NdqKxiGTQAUxpu57ETQTooFTwYaZRmxYRGifdFndoiQhM81kfMcQH1qljTtK2ycBj9XfEwkJjRmEge0MCfTMrDcS//PqMXTOmwmXUQxM0smiTiwwKDwKBbe5ZhTEwAKhmtu/YtojmlCw0WVsCP7syfNQOcn5lm9Ps/mLaRxptIcO0BHy0RnKo2tURGVE0SN6Rq/ozXlyXpx352PSmnKmM7voTzmfP6unmSY=</latexit><latexit sha1_base64="ZnD2gaMaynywXRicigGaJwPkD1Q=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiuLHMiKC4KujCRZFK7QXaUjJp2oZmkiE5I5ahOze+ihsXirj1Fdz5NqaXhbYeCHz8/zmcnD+IBDfged9OamFxaXklvZpZW9/Y3HK3dypGxZqyMlVC6VpADBNcsjJwEKwWaUbCQLBq0L8c+dV7pg1X8g4GEWuGpCt5h1MCVmq5+w1gD5AUSlf4RsnjEoFYW0t2cUEZM2y5WS/njQvPgz+FLJpWseV+NdqKxiGTQAUxpu57ETQTooFTwYaZRmxYRGifdFndoiQhM81kfMcQH1qljTtK2ycBj9XfEwkJjRmEge0MCfTMrDcS//PqMXTOmwmXUQxM0smiTiwwKDwKBbe5ZhTEwAKhmtu/YtojmlCw0WVsCP7syfNQOcn5lm9Ps/mLaRxptIcO0BHy0RnKo2tURGVE0SN6Rq/ozXlyXpx352PSmnKmM7voTzmfP6unmSY=</latexit><latexit sha1_base64="ZnD2gaMaynywXRicigGaJwPkD1Q=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiuLHMiKC4KujCRZFK7QXaUjJp2oZmkiE5I5ahOze+ihsXirj1Fdz5NqaXhbYeCHz8/zmcnD+IBDfged9OamFxaXklvZpZW9/Y3HK3dypGxZqyMlVC6VpADBNcsjJwEKwWaUbCQLBq0L8c+dV7pg1X8g4GEWuGpCt5h1MCVmq5+w1gD5AUSlf4RsnjEoFYW0t2cUEZM2y5WS/njQvPgz+FLJpWseV+NdqKxiGTQAUxpu57ETQTooFTwYaZRmxYRGifdFndoiQhM81kfMcQH1qljTtK2ycBj9XfEwkJjRmEge0MCfTMrDcS//PqMXTOmwmXUQxM0smiTiwwKDwKBbe5ZhTEwAKhmtu/YtojmlCw0WVsCP7syfNQOcn5lm9Ps/mLaRxptIcO0BHy0RnKo2tURGVE0SN6Rq/ozXlyXpx352PSmnKmM7voTzmfP6unmSY=</latexit><latexit sha1_base64="ZnD2gaMaynywXRicigGaJwPkD1Q=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiuLHMiKC4KujCRZFK7QXaUjJp2oZmkiE5I5ahOze+ihsXirj1Fdz5NqaXhbYeCHz8/zmcnD+IBDfged9OamFxaXklvZpZW9/Y3HK3dypGxZqyMlVC6VpADBNcsjJwEKwWaUbCQLBq0L8c+dV7pg1X8g4GEWuGpCt5h1MCVmq5+w1gD5AUSlf4RsnjEoFYW0t2cUEZM2y5WS/njQvPgz+FLJpWseV+NdqKxiGTQAUxpu57ETQTooFTwYaZRmxYRGifdFndoiQhM81kfMcQH1qljTtK2ycBj9XfEwkJjRmEge0MCfTMrDcS//PqMXTOmwmXUQxM0smiTiwwKDwKBbe5ZhTEwAKhmtu/YtojmlCw0WVsCP7syfNQOcn5lm9Ps/mLaRxptIcO0BHy0RnKo2tURGVE0SN6Rq/ozXlyXpx352PSmnKmM7voTzmfP6unmSY=</latexit>

Real Data Adam Non-Sat

LEAD-Adam Sat LEAD-Adam Non-Sat

SGA

Figure 3.3: Performance of LEAD-Adam on the generation task of 8-Gaussians. All samples

are shown after 10k iterations. Samples generated using Adam exhibit mode collapse, while

LEAD-Adam does not suffer from this issue.

CIFAR-10: We additionally evaluate LEAD-Adam on the task of CIFAR-10 [189]

image generation with a non-zero-sum formulation (non-saturating) on a DCGAN archi-

tecture similar to [130]. As shown in Table. 3.1, we compare with several first-order and

second order methods and observe that LEAD-Adam outperforms the rest in terms of

Fréchet Inception Distance (FID) [151]5, reaching a score of 19.27±0.10 which outperforms

OMD [232] and CGD [315]. See also Figure 3.4.

Furthermore, we evaluate LEAD-Adam on more complex and deep architectures

such as the ResNet architecture in [243]. We compare with several state of the art results on

5The FID is a metric for evaluating the quality of generated samples of a generative model. Lower FID
corresponds to better sample quality.

51



ima
<latexit sha1_base64="E2g6hBmAtqidT2HMt4vGhWmfwKQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ3Tt294Rw5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rczv32E2rDY/VopwmGko4UH3JGrZMeuKT9csWv+guQdRLkpAI5Gv3yV28Qs1SiskxQY7qBn9gwo9pyJnBW6qUGE8omdIRdRxWVaMJsceqMXDhlQIaxdqUsWai/JzIqjZnKyHVKasdm1ZuL/3nd1A6vw4yrJLWo2HLRMBXExmT+NxlwjcyKqSOUae5uJWxMNWXWpVNyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYATP8ApvnvBevHfvY9la8PKZU/gD7/MHUjyNzQ==</latexit><latexit sha1_base64="E2g6hBmAtqidT2HMt4vGhWmfwKQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ3Tt294Rw5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rczv32E2rDY/VopwmGko4UH3JGrZMeuKT9csWv+guQdRLkpAI5Gv3yV28Qs1SiskxQY7qBn9gwo9pyJnBW6qUGE8omdIRdRxWVaMJsceqMXDhlQIaxdqUsWai/JzIqjZnKyHVKasdm1ZuL/3nd1A6vw4yrJLWo2HLRMBXExmT+NxlwjcyKqSOUae5uJWxMNWXWpVNyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYATP8ApvnvBevHfvY9la8PKZU/gD7/MHUjyNzQ==</latexit><latexit sha1_base64="E2g6hBmAtqidT2HMt4vGhWmfwKQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ3Tt294Rw5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rczv32E2rDY/VopwmGko4UH3JGrZMeuKT9csWv+guQdRLkpAI5Gv3yV28Qs1SiskxQY7qBn9gwo9pyJnBW6qUGE8omdIRdRxWVaMJsceqMXDhlQIaxdqUsWai/JzIqjZnKyHVKasdm1ZuL/3nd1A6vw4yrJLWo2HLRMBXExmT+NxlwjcyKqSOUae5uJWxMNWXWpVNyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYATP8ApvnvBevHfvY9la8PKZU/gD7/MHUjyNzQ==</latexit><latexit sha1_base64="E2g6hBmAtqidT2HMt4vGhWmfwKQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ3Tt294Rw5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rczv32E2rDY/VopwmGko4UH3JGrZMeuKT9csWv+guQdRLkpAI5Gv3yV28Qs1SiskxQY7qBn9gwo9pyJnBW6qUGE8omdIRdRxWVaMJsceqMXDhlQIaxdqUsWai/JzIqjZnKyHVKasdm1ZuL/3nd1A6vw4yrJLWo2HLRMBXExmT+NxlwjcyKqSOUae5uJWxMNWXWpVNyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYATP8ApvnvBevHfvY9la8PKZU/gD7/MHUjyNzQ==</latexit>

F
ID

<latexit sha1_base64="RgNgpnZl8WxYd2jh8c0C2ELEyIc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkveiwqoreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3nlBpHstHM07Qj+hA8pAzaqz0cHN33SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhBd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXhuxbuvlmuXeRwFOIYTOAMPzqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QO6M41p</latexit><latexit sha1_base64="RgNgpnZl8WxYd2jh8c0C2ELEyIc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkveiwqoreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3nlBpHstHM07Qj+hA8pAzaqz0cHN33SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhBd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXhuxbuvlmuXeRwFOIYTOAMPzqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QO6M41p</latexit><latexit sha1_base64="RgNgpnZl8WxYd2jh8c0C2ELEyIc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkveiwqoreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3nlBpHstHM07Qj+hA8pAzaqz0cHN33SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhBd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXhuxbuvlmuXeRwFOIYTOAMPzqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QO6M41p</latexit><latexit sha1_base64="RgNgpnZl8WxYd2jh8c0C2ELEyIc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkveiwqoreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3nlBpHstHM07Qj+hA8pAzaqz0cHN33SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhBd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXhuxbuvlmuXeRwFOIYTOAMPzqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QO6M41p</latexit>
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Figure 3.4: Plot showing the evolution of the FID over 400 epochs for our method (LEAD-

Adam) vs vanilla Adam on a DCGAN architecture. Note that the FID is computed over

50k iterations.

the task of image generation on CIFAR-10 using ResNets. See Table 3.1 for a full comparison.

We report our results against a properly tuned version of SNGAN that achieves an

FID of 12.36 using the code base of SNGAN PyTorch6. Our method obtains a competitive

FID of 10.49.

We give a detailed description of these experiments and full detail on the architecture

and hyper-parameters in Appendix B.7. See also Figure 3.5 for a sample of generated samples

on a ResNet using LEAD.

3.6 Related Work

Game Optimization: With increasing interest in games, significant effort is being

spent in understanding common issues affecting optimization in this domain. These issues

range from convergence to non-Nash equilibrium points, to exhibiting rotational dynamics

6
https://github.com/GongXinyuu/sngan.pytorch
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Figure 3.5: Generated sample of LEAD-Adam on CIFAR-10. LEAD-Adam achieves an FID

of 10.49

around the equilibrium which hampers convergence. [233] provides a discussion on how

the eigenvalues of the Jacobian govern the local convergence properties of GANs. They

argue that the presence of eigenvalues with zero real-part and large imaginary part results

in oscillatory behavior. To mitigate this issue, they propose Consensus Optimization (CO).

Along similar lines, [32, 108, 210, 216] use the Hamiltonian of the gradient vector-field,

to improve the convergence in games through disentangling the convergent parts of the

dynamics from the rotational. Another line of attack taken in [315] is to use second-order

information as a regularizer of the dynamics and motivate the use of Competitive Gradient

Descent (CGD). In [356], Follow the Ridge (FtR) is proposed. They motivate the use of a

second order term for one of the players (follower) as to avoid the rotational dynamics in a

sequential formulation of the zero-sum game. See appendix B.8 for full discussion on the
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comparison of LEAD versus other second-order methods.

Another approach taken by [116], demonstrate how applying negative momentum

over GDA can improve convergence in min-max games, while also proving a linear rate of

convergence in the case of bilinear games. [83] show that extrapolating the next value of

the gradient using previous history, aids convergence. In the same spirit, [70], proposes

LookAhead GAN (LA-GAN) and show that the LookAhead algorithm is a compelling

candidate in improving convergence in GANs. [115] also explores this line of thought by

introducing averaging to develop a variant of the extra-gradient algorithm and proposes

Extra-Adam-Averaging. Similar to Extra-Adam-Averaging is SN-EMA [373] which uses the

SN-GAN and achieves great performance by applying an exponential moving average on the

parameters. Recently [344] proposes to train mixtures of BigGANs [60] to achieve state of

the art performance on the task of image generation with GANs on CIFAR-10.

Lastly, in regard to convergence analysis in games, [122] provide last iterate

convergence rate for convex-concave saddle point problems. [270] propose a multi-step

variant of gradient descent-ascent, to show it can find a game’s ε–first-order stationary point.

Additionally, [25] and [159] provide spectral lower bounds for the rate of convergence in the

bilinear setting for an accelerated algorithm developed in [26] for a specific families of bilinear

games. Furthermore, [95] use Lyapunov analysis to provide convergence guarantees for

gradient descent ascent using timescale separation and in [155], authors show that commonly

used algorithms for min-max optimization converge to attractors that are not optimal.

Single-objective Optimization and Dynamical Systems: The authors of [339]

6For FtR, we provide the update for the second player given the first player performs gradient descent.
Also note that in this table SGA is simplified for the two player zero-sum game. Non-zero sum formulation
of SGA such as the one used for GANs require the computation of Jv, J>v.
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started a new trend in single-objective optimization by studying the continuous-time dynam-

ics of Nesterov’s accelerated method [263]. Their analysis allowed for a better understanding

of the much-celebrated Nesterov’s method. In a similar spirit, [361, 364] study continuous-

time accelerated methods within a Lagrangian framework, while analyzing their stability

using Lyapunov analysis. These works show that a family of discrete-time methods can be

derived from their corresponding continuous-time formalism using various discretization

schemes. Additionally, several recent work [250, 28, 223, 307] cast game optimization al-

gorithms as dynamical systems so to leverage its rich theory, to study the stability and

convergence of various continuous-time methods. [253] also analyzes the local stability of

GANs as an approximated continuous dynamical system.
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DCGAN FID IS

Adam 24.38 ± 0.13

LEAD-Adam 19.27 ± 0.10

CGD-WGAN [315] 21.3 7.2

OMD [83] 29.6 ± 0.19 5.74 ± 0.1

ResNet

SNGAN 12.10 ± 0.31 8.58 ± 0.03

LEAD-Adam (ours) 10.49 ± 0.11 8.82 ± 0.05

ExtraAdam [115] 16.78 ± 0.21 8.47 ± 0.1

LA-GAN [70] 12.67 ± 0.57 8.55 ± 0.04

ODE-GAN [291] 11.85 ± 0.21 8.61 ± 0.06

Evaluated with 5k samples

SN-GAN (DCGAN) [243] 29.3 7.42 ± 0.08

SN-GAN (ResNet) [243] 21.7 ± 0.21 8.22 ± 0.05

Table 3.1: Performance of several methods on CIFAR-10 image generation task. Methods

that are not cited are reported using our own implementation where we compute and report

the mean and standard-deviation over 5 random runs. The FID and IS is reported over 50k

samples unless mentioned otherwise.
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Chapter 4

Double Descent Phenomena: A

Tale of Multi-scale Feature

Learning Dynamics

Classical wisdom in statistical learning theory predicts a trade-off between the

generalization ability of a machine learning model and its complexity, with highly complex

models less likely to generalize well [98]. If the number of parameters measures complexity,

deep learning models sometimes go against this prediction [See for example [379]]: deep

neural networks trained by stochastic gradient descent exhibit a so-called double descent

behavior [42] as with increasing model parameters. Specifically, with increasing complexity,

the generalization error first obeys the traditional “U” shaped curve consistent with statistical

learning theory. However, a second regime emerges as the number of parameters is further

increased past a transition threshold where generalization error drops again, hence the
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“double descent” or more specifically, model-wise double descent [254].

[254] show that double descent is not limited to varying model size but is also

observed as the training time proceeds, specifically in the presence of label noise. Once

again, the so-called epoch-wise double descent is in apparent contradiction with the classical

understanding of overfitting [347], where one expects that longer training of a sufficiently

large model beyond a certain threshold should result in overfitting. This phenomenon has

important consequences for practitioners. It suggests the practice of early stopping, perhaps

the most widely used regularization method in deep learning [124], prevents models from

being trained at their fullest potential.

Although the term ‘double descent’ has been introduced recently to refer to such

non-trivial behaviors of deep neural networks (DNNs), a similar phenomenon had already

been studied in several decades-old works in the regression setting [190, 273, 274, 55] under

a statistical physics framework. More recently, these behaviors have been investigated in the

context of modern machine learning, both from an empirical [15, 372] and theoretical [4,

230, 91, 110, 90] point of view, to determine various limiting behavior of the training and

generalization error.

In this work, we build upon early work on double descent, with roots in statistical

physics, to provide a theory explaining epoch-wise double descent. Particularly,

• In Section 4.1, we introduce a novel linear data model in a teacher-student paradigm

that, despite its simplicity, exhibits some of the puzzling properties of generalization

dynamics in deep neural networks, namely epoch-wise double descent.

• In the limit of high dimensionality, we leverage the replica method of statistical physics
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to derive closed-form expressions for the generalization dynamics of our teacher-student

setup as a function of training time (Eq. (4.11)).

• Our theory provides an explanations for the existence of the epoch-wise double descent

through the lens of multi-scale feature learning. Simply put, features that are learned

on a faster time-scale are responsible for the conventional U-shaped generalization

curve, while the second descent can be attributed to the features that are learned at a

slower time-scale.

• Our analytical results closely match with simulations demonstrating epoch-wise double

descent. To ensure reproducibility, we provide the code at: GitHub repository.

4.1 Theoretical Results

4.1.1 Prelude

This Section provides a theoretical framework to study the generalization dynamics

of a high-dimensional regression model from a statistical physics perspective. Before diving

into the theory, we invite the reader to recall a simple equation from thermodynamics.

Consider an ideal gas in a container with its large number of molecules moving around,

colliding with each other, all while obeying Newton’s laws. While the exact dynamics of each

of such molecules are intractable, the system’s macroscopic behavior can be characterized

in terms of a handful of scalar quantities, namely, the pressure P , the volume V , and the

temperature T . By averaging over suitable probability measures and applying the principle

of free-energy minimization, one consequently arrives at a remarkably simple relationship

between these three macroscopic variables, i.e., the well-known PV = nRT (n: number of
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moles of gas, R: gas constant) [298].

The same principle can be ported to neural networks. Stochastic Gradient Descent

(SGD) — the de facto optimization algorithm for neural networks — exhibits complex

dynamics arising from the interactions between a large number of parameters [198]. However,

the idea is to describe the high-dimensional microscopic dynamics of neural networks in

terms of low-dimensional macroscopic entities. In a series of seminal papers by Gardner [100,

101, 102], the replica method of statistical physics was adopted to derive expressions describing

the generalization behavior of large linear models trained using SGD. In this paper, we

employ the so-called Gardner analysis to build upon an established line of work studying

linear and generalized linear models [325, 175, 193]. While most of these previous works study

the asymptotic generalization behavior in the limit of large training time, our contribution

is to adapt these methods to study transient learning dynamics of generalization. We apply

these tools to a simplified teacher-student model that exhibits key characteristics of modern

neural network use cases, which we now describe.

4.1.2 A Teacher-Student Setup

Teacher: We study a supervised linear regression problem on a dataset D{(xµ, y∗µ)}nµ=1

containing n training data-points generated by a linear teacher of width d (Fig. 4.1).

Additionally, each input datapoint xµ ∈ Rd, is assumed to be sampled from an isotropic

Gaussian distribution,

xµ ∼ N (0, Id), (4.1)
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Figure 4.1: (a): A visual depiction of the teacher-student setup of Sec. 4.1.2. The linear teacher having

access to the whole input x, generates labels y∗ via a weight vector W ∗. However, the student’s access

to the input is regulated through a pre-factor diagonal matrix Γ. (Only the diagonal of Γ is depicted for

illustration) (b, c): An intuitive illustration of generalization behaviour using the macroscopic variables R

and Q at initialization. We assume Q = ||W ||22 = 1. R represents the cosine similarity (cos(θi)) between the

teacher’s weight (taken to be along the z-axis) and the students weights Wi (red dots).

with the corresponding true label y∗µ ∈ R being determined as,

y∗µ :=
1√
d

(xµ)T W ∗, (4.2)

where W ∗ ∈ Rd represents the (fixed) weights of the teacher.

Student: Our student network is correspondingly chosen to be a similar shallow network,

governed by trainable weights W ∈ Rd,

yµ :=
1√
d

(xµ)T (ΓW ), (4.3)

with the important difference of an additional diagonal matrix1 Γ ∈ Rd×d (Γii ∈ [0, 1]) acting

on W . This matrix can be perceived to be a mask, regulating the student’s access to data

features xµi . With more features available, the student can learn a richer model.
1General matrix, SVD
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Learning algorithm and Loss function: To train our student network, we use stochastic

gradient descent (SGD) on the mean squared loss, defined on the n training examples as,

LT :=
1

2n

n∑
µ=1

(y∗µ − yµ)2 (4.4)

yielding the student weight update,

Wk+1 = Wk − η∇WLT (Wk) + ε, (4.5)

with k denoting the training step, η the learning rate while ε ∼ N (0, σ2) models the

stochasticity of our optimization scheme as an uncorrelated Gaussian noise.

The quantity of interest in this work, is the generalization error of the student

model on the entire task, determined by averaging the network loss over all inputs x:

LG :=
1

2
Ex

[
(y∗(x)− y(x))2

]
. (4.6)

Macroscopic variables: In the high-dimensional limit of n, d → ∞ with a finite ratio

α := n
d , the generalization error of Eq. (4.6), is a function of scalar macroscopic variables

H,R and Q defined as,

H =
1

d
(W ∗)T W ∗, (4.7)

R =
1

d
(W ∗)T (ΓW ) , Q =

1

d
(ΓW )T (ΓW ) , (4.8)

which as shown in [55, 190], lead to

LG (R,Q) =
1

2
(H − 2RH +Q) , (4.9)
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4.1.3 Main Result

In this Section, we present our main analytical results, with Section 4.1.4 containing

a sketch of their derivations. (Detailed proofs in Appendix C.2).

Closed-from expressions. By employing the replica method of statistical physics [100,

101], we derive expressions for the dynamics of R and Q for the particular case,

Γii =


γ1, for i = 1, p

γ2, for i = p+ 1, d

(4.10)

such that γ1 � γ2, to yield,

R(a1, a2, α1, α2) :=
α1

a1
H1 +

α2

a2
H2,

Q(a1, a2, α1, α2) :=
α1

a2
1 − α1

(
H1 −

2− a1

a1
α1H1

)
+

α2

a2
2 − α2

(
H2 −

2− a2

a2
α2H2

)
.

(4.11)

Here, H1 and H2 correspond to the parts of the teacher norm for the respective bi-partitions.

While a1 and a2 are related to the learning time-scales t1, t2 of the two student bi-partitions,

and are defined as (see Section 4.1.4),

a1 =
β(Q

(0)
1 −Q1)

1 + β(Q
(0)
1 −Q1)

a2 =
β(Q

(0)
2 −Q2)

1 + β(Q
(0)
2 −Q2)

(4.12)

Here,

Q
(0)
1 =

1

p

p∑
i=1

Γ2
ii〈W 2

i 〉, Q1 =
1

p

p∑
i=1

Γ2
ii〈Wi〉2

Q
(0)
2 =

1

d− p
d∑

i=p+1

Γ2
ii〈W 2

i 〉, Q1 =
1

d− p
d∑

i=p+1

Γ2
ii〈Wi〉2

(4.13)

Substituting Eqs. (4.11) into Eq. (4.9) then provides a closed-from analytic expression for the

generalization error. These equations provide some qualitative insights: in high dimension,
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generalization error is fully characterized by two scalar macroscopic observables, determined

from the specific structure of the teacher and the student networks.

4.1.4 Sketch of derivations

In this Section, we sketch the key steps in the derivation of our main results.

Derivation of Eq. (4.9) The generalization error of Eq. (4.9) comprises an average over

the input distribution x. Since x’s are i.i.d. and drawn from Gaussian distributions, the

variables (y, y∗) is a bi-variate Gaussian with zero mean and a variance of, Σ =

1 R

R Q

 ,
which implies a correlation between y and y∗ obstructing the calculation of the average.

Following [55, 190], we define decoupled variables ỹ∗ and ỹ as follows,

y∗ = ỹ∗, and y = Rỹ∗ +
√
Q−R2. (4.14)

Simply replacing y∗ and y into Eq. 4.6 and averaging over independent Gaussian variables

of ỹ∗ and ỹ, result in Eq. 4.9.

Warm-up: Generalization at the initialization

It is instructive to start with studying the generalization at initialization. For the

sake of clarity, here we assume the pre-factor matrix in Eq. 4.3 is Γ = I. For this warm-up

exercise we also assume that the teacher and the student are initialized with unit norm, i.e.,

||W ∗||22 = 1 and Q = ||W ||22 = 1. That means that both the teacher and the student live on

a d-dimensional sphere with unit radius. Since y∗ and y in Eq. 4.6 are Gaussian variables

with unit variances, LG is expected to be close to 2.

Since Q is assumed to be 1, the generalization error in Eq. 4.9 is only dependent

on R. It is also useful to think about it from a geometrical perspective as advocated in [91].
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Fig. 4.1 (b, c) depict that the variable R simply represents the cosine similarity between the

teacher’s weight and the students’ weight. Since the teacher is only sampled once, we let

W ∗ be aligned with the z-axis. Note that as R grows, the angle between the teacher and

the student becomes smaller. This leads to lower generalization error.

Therefore, the question becomes: What is the typical value for R if we randomly

initialize students? To answer it, we group students based on the angle they make with the

teacher and simply count how many students fall into each group. It is evident that the

majority of the students live near the equator and hence one may conclude that majority

of the students have an R = 0. Substituting R = 0 into Eq. 4.9 shows that the typical

generalization error is LG = 2.0, the value we expected.

More formally, let Ω(R) denote the volume of the students with a cosine similarity of

R with the teacher. With students randomly initialized over the surface of an d-dimensional

sphere, it is straightforward to show the following,

Ω(R) :=

∫
dW δ(||W ||22 − 1) δ

(1

d
(W ∗)TW −R

)
∝ exp(d

[1
2

(1 + ln 2π) +
1

2
(1−R2)

]
), (4.15)

in which d, the number of dimensions, appears in the exponent. This suggests that as

the number of dimensions grows, Ω(R) becomes exponentially larger for the students that

maximize the term inside brackets. It is consistent with the general intuition that in

high-dimensions, every random student is perpendicular to the teacher with overwhelming

probability.
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Generalization during training

To track the generalization error during training, we first turn to the free energy

of the system, which is defined to be the logarithm of the partition function, i.e., f ∝

− ln(Z). The free energy is a self-averaging quantity where its mode coincides with its

mean. Consequently, it allows us to compute the values of our macroscopic quantities at

equilibrium. Next steps are: 1) Analytically derive the expression for the free-energy which

is typically done by using the replica method of disordered systems [237], and, 2) Solve for

values of R and Q which minimize the free energy and consequently provide us with the

typical generalization behavior.

The free-energy. The first step is to note that SGD as defined in Eq. 4.5, in the long

run, follow a Boltzmann distribution over the student weight, P (W ) ∝ exp(−LT /T ), where

T denotes the temperature and LT is the training loss. It signifies that for a large T , the

distribution of P (W ) is almost uniform while as T → 0, P (W ) becomes more concentrated

around the minimum (minima) of the training loss. While most of work in this literature

study the case of zero temperature, here we take the approach of [55] to provide more general

expressions dependent on the temperature.

The partition function is then defined as,

Z :=

∫
e−nβET δ (ΓW − dQ) dW , (4.16)

in which δ is the Dirac delta function. The free-energy is the self-average of the logarithm of

the partition function w.r.t. n training examples,

f := −
〈〈

lnZ

βn

〉〉
W ∗,x

. (4.17)
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Since logarithm is inside the expectation, analytical computation of Eq. 4.17 is intractable.

However, the replica method allows us to take the logarithm outside according to the

following identity also referred to as the replica trick,

E [lnZ] = lim
r→0

E [Z]r − 1

r
. (4.18)

Accordingly, the analytical expression for the free-energy reads,

−βf =
1

2

Q1 −R2
1

Q
(0)
1 −Q1

+
1

2
ln(Q

(0)
1 −Q1)− α

2
ln
[
1 + β(Q

(0)
1 −Q1)

]
− αβ

2

H1 − 2R1H1 +Q1

1 + β(Q
(0)
1 −Q1)

.

+
1

2

Q2 −R2

Q
(0)
2 −Q2

+
1

2
ln(Q

(0)
2 −Q2)− α

2
ln
[
1 + β(Q

(0)
2 −Q2)

]
− αβ

2

H2 − 2R2H2 +Q2

1 + β(Q
(0)
2 −Q2)

(4.19)

Solutions for R and Q. Given the analytical form of the free-energy, we can simply solve

for values of R and Q that minimize the free-energy to obtain the expressions of Eq. (4.11).

Intuitively, one may see that as the temperature drops, variables R and Q reach

their asymptotic values. Hence, the last piece of puzzle is to formalize the relationship

between the temperature, T , and the training time, t.

Training time is inversely proportional to the temperature. For a linear model,

such as the one in Eq. 4.3, t iterations of gradient descent is shown to be equivalent to

the same model trained with L2 regularization with a coefficient inversely proportional to

training time. Formally, Thm. 3 of [10] provides an upper bound on the excess risk of

stochastic gradient flow at time t, over regularized regression λ = 1/t, for all t ≥ 0.

Accordingly, to incorporate training time in the free-energy, one may add an L2

regularization to the training loss with a coefficient of λ = 1/t. Hence the expressions for
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the loss and the free-energy are updated as,

LT → LT +
1

2t
||W ||22 , and f → f +

Q
(0)
1

2γ2
1t

+
Q

(0)
2

2γ2
2t
. (4.20)

Now, we can minimize the free-energy w.r.t. Q0 and derive an expression for the

temperature T as a function of time, t.,

∇
Q

(0)
1

f = 0 ⇒ a1 =
1

b1
+ 1 ⇒ b1 =

1− α1 − 1
γ21 t
±
√(

1− α1 − 1
γ21 t

)2
+ 4

γ21 t

2
γ21 t

(4.21)

∇
Q

(0)
2

f = 0 ⇒ a2 =
1

b2
+ 1 ⇒ b2 =

1− α2 − 1
γ22 t
±
√(

1− α2 − 1
γ22 t

)2
+ 4

γ22 t

2
γ22 t

(4.22)

which coincides with the intuition that training longer implies lower temperature.

4.2 Experimental Results

In this Section, we provide numerical simulations to validate our analytical theory.

Furthermore, we demonstrate that our teacher-student setup exhibits generalization behavior

which is qualitatively similar to that of deep neural networks. The experiments are designed

to provide a better understanding of the epoch-wise double descent phenomenon.

In simulations and evaluation of the theory, we set the number of training examples

n = 150, the dimensionality of data d = 200. Also the cutting point of the diagonal elements

of Γ matrix is set to p = 100. Numerical simulations are averaged over 100 random runs.

App. C.3 provides additional examples with different data and model settings. To ensure

reproducibility of the results, we provide further details in App. C.3 and include the complete

source code in a GitHub repository.
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4.2.1 Match between theory and simulations

We conduct an experiment on the classification task of CIFAR-10 [189] and monitor

the generalization error (0-1 test error) during the course of training. We follow the setup

of [254] and add 15% random label noise to the training set, which leads to epoch-wise

double descent. Fig. 4.2 (Left) depicts the generalization curve for two models of ResNet-18

[143] with different widths. It can be observed that the network with a smaller width

displays a typical overfitting behavior in which the generalization error decreases first and

then overfitting occurs, resulting in worse generalization. However, the network with a

larger width exhibits a double descent generalization curve, i.e., with more training, the

generalization error will eventually improve.

To compare with the teacher-student setup in Sec. 4.1.2, we consider the following

two cases for the pre-factor diagonal matrix Γ,

Γ
(A)
ii =


1 for i < p

0 for i ≥ p
, and Γ

(B)
ii =


1 for i < p

0.1 for i ≥ p
. (4.23)

Fig. 4.2 (Right) presents the analytical generalization dynamics of Eq. 4.11 for

the two cases above and provides comparison between the theory and simulation results

of the same model. We observe that the theory and simulations accurately match. We

also note that Fig. (Right) and (Left) qualitatively match with each other, suggesting

that the proposed teacher-student model is a valid approximation of deep neural networks’

generalization dynamics.
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<latexit sha1_base64="clmsYrMMEJq1OnUMKv8rcuzCCZU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsx0o8uiCC4r2Ae2Q8mkd9rQTGZIMmIp/Qs3LhRx69+482/MtLPQ1gOBwzn3kHtPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4OvPbj6g0j+W9mSToR3QoecgZNVZ6uHlKUPEIpemXK27VnYOsEi8nFcjR6Je/eoOYpVmWCap113MT40+pMpwJnJV6qcaEsjEdYtdSSSPU/nS+8YycWWVAwljZJw2Zq78TUxppPYkCOxlRM9LLXib+53VTE176Uy6T1KBki4/CVBATk+x8MuAKmRETSyhT3O5K2IgqyowtqWRL8JZPXiWtWtVzq95drVK/yusowgmcwjl4cAF1uIUGNIGBhGd4hTdHOy/Ou/OxGC04eeYY/sD5/AHQapD9</latexit><latexit sha1_base64="clmsYrMMEJq1OnUMKv8rcuzCCZU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsx0o8uiCC4r2Ae2Q8mkd9rQTGZIMmIp/Qs3LhRx69+482/MtLPQ1gOBwzn3kHtPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4OvPbj6g0j+W9mSToR3QoecgZNVZ6uHlKUPEIpemXK27VnYOsEi8nFcjR6Je/eoOYpVmWCap113MT40+pMpwJnJV6qcaEsjEdYtdSSSPU/nS+8YycWWVAwljZJw2Zq78TUxppPYkCOxlRM9LLXib+53VTE176Uy6T1KBki4/CVBATk+x8MuAKmRETSyhT3O5K2IgqyowtqWRL8JZPXiWtWtVzq95drVK/yusowgmcwjl4cAF1uIUGNIGBhGd4hTdHOy/Ou/OxGC04eeYY/sD5/AHQapD9</latexit><latexit sha1_base64="clmsYrMMEJq1OnUMKv8rcuzCCZU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsx0o8uiCC4r2Ae2Q8mkd9rQTGZIMmIp/Qs3LhRx69+482/MtLPQ1gOBwzn3kHtPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4OvPbj6g0j+W9mSToR3QoecgZNVZ6uHlKUPEIpemXK27VnYOsEi8nFcjR6Je/eoOYpVmWCap113MT40+pMpwJnJV6qcaEsjEdYtdSSSPU/nS+8YycWWVAwljZJw2Zq78TUxppPYkCOxlRM9LLXib+53VTE176Uy6T1KBki4/CVBATk+x8MuAKmRETSyhT3O5K2IgqyowtqWRL8JZPXiWtWtVzq95drVK/yusowgmcwjl4cAF1uIUGNIGBhGd4hTdHOy/Ou/OxGC04eeYY/sD5/AHQapD9</latexit><latexit sha1_base64="clmsYrMMEJq1OnUMKv8rcuzCCZU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsx0o8uiCC4r2Ae2Q8mkd9rQTGZIMmIp/Qs3LhRx69+482/MtLPQ1gOBwzn3kHtPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4OvPbj6g0j+W9mSToR3QoecgZNVZ6uHlKUPEIpemXK27VnYOsEi8nFcjR6Je/eoOYpVmWCap113MT40+pMpwJnJV6qcaEsjEdYtdSSSPU/nS+8YycWWVAwljZJw2Zq78TUxppPYkCOxlRM9LLXib+53VTE176Uy6T1KBki4/CVBATk+x8MuAKmRETSyhT3O5K2IgqyowtqWRL8JZPXiWtWtVzq95drVK/yusowgmcwjl4cAF1uIUGNIGBhGd4hTdHOy/Ou/OxGC04eeYY/sD5/AHQapD9</latexit>

Epochs
<latexit sha1_base64="gPEuxYJeVeQFc7btpAndKHm1jtQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgUwWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc1bxPNRrZXKvsVfw6ySoKclCFHvVf66vY1S2OukElqbSfwEwwzalAwyafFbmp5QtmYDnnHUUVjbsNsfu2UnDulTwbauFJI5urviYzG1k7iyHXGFEd22ZuJ/3mdFAdXYSZUkiJXbLFokEqCmsxeJ31hOEM5cYQyI9ythI2ooQxdQEUXQrD88ippViuBXwnuq+XadR5HAU7hDC4ggEuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBipmPFg==</latexit><latexit sha1_base64="gPEuxYJeVeQFc7btpAndKHm1jtQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgUwWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc1bxPNRrZXKvsVfw6ySoKclCFHvVf66vY1S2OukElqbSfwEwwzalAwyafFbmp5QtmYDnnHUUVjbsNsfu2UnDulTwbauFJI5urviYzG1k7iyHXGFEd22ZuJ/3mdFAdXYSZUkiJXbLFokEqCmsxeJ31hOEM5cYQyI9ythI2ooQxdQEUXQrD88ippViuBXwnuq+XadR5HAU7hDC4ggEuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBipmPFg==</latexit><latexit sha1_base64="gPEuxYJeVeQFc7btpAndKHm1jtQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgUwWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc1bxPNRrZXKvsVfw6ySoKclCFHvVf66vY1S2OukElqbSfwEwwzalAwyafFbmp5QtmYDnnHUUVjbsNsfu2UnDulTwbauFJI5urviYzG1k7iyHXGFEd22ZuJ/3mdFAdXYSZUkiJXbLFokEqCmsxeJ31hOEM5cYQyI9ythI2ooQxdQEUXQrD88ippViuBXwnuq+XadR5HAU7hDC4ggEuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBipmPFg==</latexit><latexit sha1_base64="gPEuxYJeVeQFc7btpAndKHm1jtQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgUwWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+mfmtJ26s0OoBJwkPYzpUYiAYRSc1bxPNRrZXKvsVfw6ySoKclCFHvVf66vY1S2OukElqbSfwEwwzalAwyafFbmp5QtmYDnnHUUVjbsNsfu2UnDulTwbauFJI5urviYzG1k7iyHXGFEd22ZuJ/3mdFAdXYSZUkiJXbLFokEqCmsxeJ31hOEM5cYQyI9ythI2ooQxdQEUXQrD88ippViuBXwnuq+XadR5HAU7hDC4ggEuowR3UoQEMHuEZXuHN096L9+59LFrXvHzmBP7A+/wBipmPFg==</latexit>
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<latexit sha1_base64="3vc2CC6vHdSHp6MGiqYZRIYkvrU=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuLnoM5uIxgnlAsoTZSW8yZPbBTK8QluDFX/HiQRGvfoU3/8bZZBFNLGgoqrpnusuLpdBo219WYW19Y3OruF3a2d3bPygfHrV1lCgOLR7JSHU9pkGKEFooUEI3VsACT0LHmzQyv3MPSosovMNpDG7ARqHwBWdopEH5pCGZ1j8CRdBIQalIDcoVu2rPQVeJk5MKydEclD/7w4gnAYTIs0d7jh2jmzKFgkuYlfqJhpjxCRtBz9CQBaDddH7CjJ4bZUj9SJkKkc7V3xMpC7SeBp7pDBiO9bKXif95vQT9KzcVYZwghHzxkZ9IihHN8qBDoYCjnBrCuBJmV8rHTDGOJrWSCcFZPnmVtGtVx646t7VK/TqPo0hOyRm5IA65JHVyQ5qkRTh5IE/khbxaj9az9Wa9L1oLVj5zTP7A+vgGfv6XeQ==</latexit><latexit sha1_base64="3vc2CC6vHdSHp6MGiqYZRIYkvrU=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuLnoM5uIxgnlAsoTZSW8yZPbBTK8QluDFX/HiQRGvfoU3/8bZZBFNLGgoqrpnusuLpdBo219WYW19Y3OruF3a2d3bPygfHrV1lCgOLR7JSHU9pkGKEFooUEI3VsACT0LHmzQyv3MPSosovMNpDG7ARqHwBWdopEH5pCGZ1j8CRdBIQalIDcoVu2rPQVeJk5MKydEclD/7w4gnAYTIs0d7jh2jmzKFgkuYlfqJhpjxCRtBz9CQBaDddH7CjJ4bZUj9SJkKkc7V3xMpC7SeBp7pDBiO9bKXif95vQT9KzcVYZwghHzxkZ9IihHN8qBDoYCjnBrCuBJmV8rHTDGOJrWSCcFZPnmVtGtVx646t7VK/TqPo0hOyRm5IA65JHVyQ5qkRTh5IE/khbxaj9az9Wa9L1oLVj5zTP7A+vgGfv6XeQ==</latexit><latexit sha1_base64="3vc2CC6vHdSHp6MGiqYZRIYkvrU=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuLnoM5uIxgnlAsoTZSW8yZPbBTK8QluDFX/HiQRGvfoU3/8bZZBFNLGgoqrpnusuLpdBo219WYW19Y3OruF3a2d3bPygfHrV1lCgOLR7JSHU9pkGKEFooUEI3VsACT0LHmzQyv3MPSosovMNpDG7ARqHwBWdopEH5pCGZ1j8CRdBIQalIDcoVu2rPQVeJk5MKydEclD/7w4gnAYTIs0d7jh2jmzKFgkuYlfqJhpjxCRtBz9CQBaDddH7CjJ4bZUj9SJkKkc7V3xMpC7SeBp7pDBiO9bKXif95vQT9KzcVYZwghHzxkZ9IihHN8qBDoYCjnBrCuBJmV8rHTDGOJrWSCcFZPnmVtGtVx646t7VK/TqPo0hOyRm5IA65JHVyQ5qkRTh5IE/khbxaj9az9Wa9L1oLVj5zTP7A+vgGfv6XeQ==</latexit><latexit sha1_base64="3vc2CC6vHdSHp6MGiqYZRIYkvrU=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuLnoM5uIxgnlAsoTZSW8yZPbBTK8QluDFX/HiQRGvfoU3/8bZZBFNLGgoqrpnusuLpdBo219WYW19Y3OruF3a2d3bPygfHrV1lCgOLR7JSHU9pkGKEFooUEI3VsACT0LHmzQyv3MPSosovMNpDG7ARqHwBWdopEH5pCGZ1j8CRdBIQalIDcoVu2rPQVeJk5MKydEclD/7w4gnAYTIs0d7jh2jmzKFgkuYlfqJhpjxCRtBz9CQBaDddH7CjJ4bZUj9SJkKkc7V3xMpC7SeBp7pDBiO9bKXif95vQT9KzcVYZwghHzxkZ9IihHN8qBDoYCjnBrCuBJmV8rHTDGOJrWSCcFZPnmVtGtVx646t7VK/TqPo0hOyRm5IA65JHVyQ5qkRTh5IE/khbxaj9az9Wa9L1oLVj5zTP7A+vgGfv6XeQ==</latexit>

ResNet-18
<latexit sha1_base64="nYm+ZQcStuFv4iOU4k6jY1Jrc68=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdzRSEm0sTJo5MPAhewtc7Bhb++yu2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrmd+6wmV5rF8MOME/YgOJA85o8ZKj/eob9FceNVeseSW3TnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn84On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzVh1Z9wmaQGJVssClNBTExm35M+V8iMGFtCmeL2VsKGVFFmbEYFG4K3/PIqaVbKnlv27iql2lUWRx5O4BTOwYNLqMEN1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/yn6PuQ==</latexit><latexit sha1_base64="nYm+ZQcStuFv4iOU4k6jY1Jrc68=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdzRSEm0sTJo5MPAhewtc7Bhb++yu2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrmd+6wmV5rF8MOME/YgOJA85o8ZKj/eob9FceNVeseSW3TnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn84On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzVh1Z9wmaQGJVssClNBTExm35M+V8iMGFtCmeL2VsKGVFFmbEYFG4K3/PIqaVbKnlv27iql2lUWRx5O4BTOwYNLqMEN1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/yn6PuQ==</latexit><latexit sha1_base64="nYm+ZQcStuFv4iOU4k6jY1Jrc68=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdzRSEm0sTJo5MPAhewtc7Bhb++yu2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrmd+6wmV5rF8MOME/YgOJA85o8ZKj/eob9FceNVeseSW3TnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn84On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzVh1Z9wmaQGJVssClNBTExm35M+V8iMGFtCmeL2VsKGVFFmbEYFG4K3/PIqaVbKnlv27iql2lUWRx5O4BTOwYNLqMEN1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/yn6PuQ==</latexit><latexit sha1_base64="nYm+ZQcStuFv4iOU4k6jY1Jrc68=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdzRSEm0sTJo5MPAhewtc7Bhb++yu2dCCL/CxkJjbP05dv4bF7hCwZdM8vLeTGbmBYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrmd+6wmV5rF8MOME/YgOJA85o8ZKj/eob9FceNVeseSW3TnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn84On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzVh1Z9wmaQGJVssClNBTExm35M+V8iMGFtCmeL2VsKGVFFmbEYFG4K3/PIqaVbKnlv27iql2lUWRx5O4BTOwYNLqMEN1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/yn6PuQ==</latexit>

width=20
<latexit sha1_base64="HlPPKbxVza9yEVjIarSw+OyZQVE=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw8zEZOJBCHrxGMEskAyhp6eTNOlZ7O5RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTV8xPOpLKsD2NpeWV1bT23kd/c2t7ZLeztN2WcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH11O/dYdFZLF0Y0aJ9QL8SBifUaw0lL7ngVqeO5YvULRMsunJbd6hiyz4lbKFVsT2ym5ro1s05qhCAvUe4X3bhCTNKSRIhxL2bGtRHkZFooRTif5bippgskID2hH0wiHVHrZ7N4JOtZKgPqx0BUpNFO/T2Q4lHIc+rozxGoof3tT8S+vk6p+1ctYlKSKRmS+qJ9ypGI0fR4FTFCi+FgTTATTtyIyxAITpSPK6xC+PkX/k6Zj2jqZa6dYu1jEkYNDOIITsMGFGlxBHRpAgMMDPMGzcWs8Gi/G67x1yVjMHMAPGG+f5xuP3w==</latexit><latexit sha1_base64="HlPPKbxVza9yEVjIarSw+OyZQVE=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw8zEZOJBCHrxGMEskAyhp6eTNOlZ7O5RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTV8xPOpLKsD2NpeWV1bT23kd/c2t7ZLeztN2WcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH11O/dYdFZLF0Y0aJ9QL8SBifUaw0lL7ngVqeO5YvULRMsunJbd6hiyz4lbKFVsT2ym5ro1s05qhCAvUe4X3bhCTNKSRIhxL2bGtRHkZFooRTif5bippgskID2hH0wiHVHrZ7N4JOtZKgPqx0BUpNFO/T2Q4lHIc+rozxGoof3tT8S+vk6p+1ctYlKSKRmS+qJ9ypGI0fR4FTFCi+FgTTATTtyIyxAITpSPK6xC+PkX/k6Zj2jqZa6dYu1jEkYNDOIITsMGFGlxBHRpAgMMDPMGzcWs8Gi/G67x1yVjMHMAPGG+f5xuP3w==</latexit><latexit sha1_base64="HlPPKbxVza9yEVjIarSw+OyZQVE=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw8zEZOJBCHrxGMEskAyhp6eTNOlZ7O5RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTV8xPOpLKsD2NpeWV1bT23kd/c2t7ZLeztN2WcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH11O/dYdFZLF0Y0aJ9QL8SBifUaw0lL7ngVqeO5YvULRMsunJbd6hiyz4lbKFVsT2ym5ro1s05qhCAvUe4X3bhCTNKSRIhxL2bGtRHkZFooRTif5bippgskID2hH0wiHVHrZ7N4JOtZKgPqx0BUpNFO/T2Q4lHIc+rozxGoof3tT8S+vk6p+1ctYlKSKRmS+qJ9ypGI0fR4FTFCi+FgTTATTtyIyxAITpSPK6xC+PkX/k6Zj2jqZa6dYu1jEkYNDOIITsMGFGlxBHRpAgMMDPMGzcWs8Gi/G67x1yVjMHMAPGG+f5xuP3w==</latexit><latexit sha1_base64="HlPPKbxVza9yEVjIarSw+OyZQVE=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw8zEZOJBCHrxGMEskAyhp6eTNOlZ7O5RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTV8xPOpLKsD2NpeWV1bT23kd/c2t7ZLeztN2WcCkIbJOaxaPtYUs4i2lBMcdpOBMWhz2nLH11O/dYdFZLF0Y0aJ9QL8SBifUaw0lL7ngVqeO5YvULRMsunJbd6hiyz4lbKFVsT2ym5ro1s05qhCAvUe4X3bhCTNKSRIhxL2bGtRHkZFooRTif5bippgskID2hH0wiHVHrZ7N4JOtZKgPqx0BUpNFO/T2Q4lHIc+rozxGoof3tT8S+vk6p+1ctYlKSKRmS+qJ9ypGI0fR4FTFCi+FgTTATTtyIyxAITpSPK6xC+PkX/k6Zj2jqZa6dYu1jEkYNDOIITsMGFGlxBHRpAgMMDPMGzcWs8Gi/G67x1yVjMHMAPGG+f5xuP3w==</latexit>

width=60
<latexit sha1_base64="yV/2v/+AOUt5Zi+glwg9L0FZiSU=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgaZkNxmwOQtCLxwjGBJIlzM7OJkNmH870KiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7y0+l0EDIh5VbWl5ZXcuvFzY2t7Z3irt7NzrJFONNlshEtX2quRQxb4IAydup4jTyJW/5w4up37rjSoskvoZRyr2I9mMRCkbBSO17EcDg7JT0iiViO5Wae1LFxCZupeoSQ4xASA07NpmhhBZo9Irv3SBhWcRjYJJq3XFICt6YKhBM8kmhm2meUjakfd4xNKYR1954du8EHxklwGGiTMWAZ+r3iTGNtB5FvumMKAz0b28q/uV1MghdbyziNAMes/miMJMYEjx9HgdCcQZyZAhlSphbMRtQRRmYiAomhK9P8f/kpmw7Jqurcql+vogjjw7QITpGDqqiOrpEDdREDEn0gJ7Qs3VrPVov1uu8NWctZvbRD1hvn/QGj+g=</latexit><latexit sha1_base64="yV/2v/+AOUt5Zi+glwg9L0FZiSU=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgaZkNxmwOQtCLxwjGBJIlzM7OJkNmH870KiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7y0+l0EDIh5VbWl5ZXcuvFzY2t7Z3irt7NzrJFONNlshEtX2quRQxb4IAydup4jTyJW/5w4up37rjSoskvoZRyr2I9mMRCkbBSO17EcDg7JT0iiViO5Wae1LFxCZupeoSQ4xASA07NpmhhBZo9Irv3SBhWcRjYJJq3XFICt6YKhBM8kmhm2meUjakfd4xNKYR1954du8EHxklwGGiTMWAZ+r3iTGNtB5FvumMKAz0b28q/uV1MghdbyziNAMes/miMJMYEjx9HgdCcQZyZAhlSphbMRtQRRmYiAomhK9P8f/kpmw7Jqurcql+vogjjw7QITpGDqqiOrpEDdREDEn0gJ7Qs3VrPVov1uu8NWctZvbRD1hvn/QGj+g=</latexit><latexit sha1_base64="yV/2v/+AOUt5Zi+glwg9L0FZiSU=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgaZkNxmwOQtCLxwjGBJIlzM7OJkNmH870KiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7y0+l0EDIh5VbWl5ZXcuvFzY2t7Z3irt7NzrJFONNlshEtX2quRQxb4IAydup4jTyJW/5w4up37rjSoskvoZRyr2I9mMRCkbBSO17EcDg7JT0iiViO5Wae1LFxCZupeoSQ4xASA07NpmhhBZo9Irv3SBhWcRjYJJq3XFICt6YKhBM8kmhm2meUjakfd4xNKYR1954du8EHxklwGGiTMWAZ+r3iTGNtB5FvumMKAz0b28q/uV1MghdbyziNAMes/miMJMYEjx9HgdCcQZyZAhlSphbMRtQRRmYiAomhK9P8f/kpmw7Jqurcql+vogjjw7QITpGDqqiOrpEDdREDEn0gJ7Qs3VrPVov1uu8NWctZvbRD1hvn/QGj+g=</latexit><latexit sha1_base64="yV/2v/+AOUt5Zi+glwg9L0FZiSU=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgaZkNxmwOQtCLxwjGBJIlzM7OJkNmH870KiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7y0+l0EDIh5VbWl5ZXcuvFzY2t7Z3irt7NzrJFONNlshEtX2quRQxb4IAydup4jTyJW/5w4up37rjSoskvoZRyr2I9mMRCkbBSO17EcDg7JT0iiViO5Wae1LFxCZupeoSQ4xASA07NpmhhBZo9Irv3SBhWcRjYJJq3XFICt6YKhBM8kmhm2meUjakfd4xNKYR1954du8EHxklwGGiTMWAZ+r3iTGNtB5FvumMKAz0b28q/uV1MghdbyziNAMes/miMJMYEjx9HgdCcQZyZAhlSphbMRtQRRmYiAomhK9P8f/kpmw7Jqurcql+vogjjw7QITpGDqqiOrpEDdREDEn0gJ7Qs3VrPVov1uu8NWctZvbRD1hvn/QGj+g=</latexit>

Figure 4.2: Comparison between generalization performance predicted by theory and ResNet-18 on CIFAR-10,

as function of training time. We observe that the qualitative dynamics match on the left and right plots.

Left: Generalization curves for a ResNet-18 model, following the setup in [254], we add 15% label noise.

The plots depict two networks with different width. The green curve corresponds to a network with width

20. It undergoes a typical over-fitting behavior. The blue curve corresponds to a network with width 60

which undergoes two descents and with more training the generalization error eventually improves. Right:

The teacher-student set-up in Sec. (4.1.2). We compare the analytical solutions in Eq. 4.11 to simulations

performed on our teacher-student setup with d = 200, p = 100, n = 150 and we plot the error bars over

100 random seeds. The solutions and the simulations match closely and we observe double descent over the

generalization error in both cases of the blue curve.

4.2.2 The Phase diagram

To further understand the transition between the two phases of decent-ascent and

decent-ascent-descent, we explore the phase diagram.

Before discussing the structure of the phase diagram, let us highlight the fact

that given Eq. 4.9, one can fully characterize the evolution of the generalization dynamics

in terms of two scalar variables instead of the d-dimensional parameter space. R and Q

presented in Eq. 4.8 are macroscopic variables that together represent the angle between

the student and the teacher. Hence, a better generalization performance is achieved with
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larger R and smaller Q.

Fig. 4.3 illustrates the generalization loss for all pairs of (R,Q) ∈ [0.0, 0.8]×[0.0, 1.6].

However, R and Q are not free parameters and both depend on the training dynamics

through Eq. 4.11. Specifically, at the time of initialization, (R,Q) = (0, 0) as the students

are initialized at zero. As training time proceeds, values of R and Q follow the depicted

trajectories. In Fig. 4.3, different trajectories correspond to different choices of the pre-factor

matrix Γ where,

Γii =


1 for i < p

γ for i ≥ p
, for γ ∈ [0.0, 0.1]. (4.24)

The yellow curve which corresponds to the case with γ = 0 exhibits traditional over-fitting

due to over-training, i.e., the yellow trajectory starts at (0, 0) and moves towards Point A

which has the lowest generalization error of this curve. Then as the training continues, Q

increases and as t→∞ the trajectory lands at Point B which has the worse generalization

error.

The curves in orange, green and blue correspond to trajectories of γ > 0. They

follow the case of γ = 0 up to the vicinity of Point B, but then the trajectories slowly incline

towards another fixed point, Point C signalling a better generalization performance.

The phase diagram along with the corresponding generalization curves in Fig.

4.2 suggest that features that are learned on a faster time-scale are responsible for the

conventional U-shaped generalization curve, while the second descent can be attributed to

the features that are learned at a slower time-scale.
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log(t) = log(1/λ)

γ = 0.0

γ = 0.1

Figure 4.3: Left: Phase diagram of the generalization error as a function of R and Q (Eq. (4.8)). The

generalization loss for all pairs of (R,Q) ∈ [0.0, 0.8]× [0.0, 1.6] is contour-plotted in the background in shades

of beige, with the best generalization performance being attained on the lower right part of the plot. The

trajectories, starting from (0, 0), on the other hand, correspond to the values of R and Q as training proceeds.

Each trajectory correspond to a different choice of γ in Eq. (4.24), with γ = 0 (bright yellow) exhibiting

traditional over-fitting, while for γ > 0 the test error demonstrates epoch-wise double descent Right: The

corresponding generalization curves for different values of γ ∈ [0, 0.1].

4.3 Related Work

If we consider plots where the generalization error on the y-axis is plotted against

other quantities on the x-axis, we find earlier works that have identified double descent

behavior for quantities such as the number of parameters, the dimensionality of the data, the

number of training samples, or the training time on the x-axis. In this paper, we study epoch-

wise double descent phenomena, i.e. we plot the training time t, or the number of training

epochs, on the x-axis. Literature displaying double descent phenomena in generalization

behavior wrt other quantities do so in the limit of t → ∞. Nevertheless, since our work

builds upon past studies, it is relevant to review different perspectives taken in the existing

literature towards studying other forms of non-monotonicity of the generalization error.
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Random matrix theory perspective. [205, 141, 5], and [44] are among works which

have analytically studied the spectral density of the Hessian matrix. According to their

analyses, at intermediate levels of complexity, the presence of small but non-zero eigenvalues

in the Hessian matrix results in high generalization error as the inverse of the Hessian is

calculated for the pseudo-inverse solution. In an influential work, [230] extend the same

analysis to a random feature model and theoretically derive the model-wise double descent

curve for a model with Tikhonov regularization. [168] also study double descent in ridge

estimators and show an equivalence to kernel ridge regression.

Bias/variance trade-off. [107], and more recently, [261] empirically observe that while

bias is monotonically decreasing, variance could be decreasing too or unimodal as the

number of parameters increases, thus manifesting a double descent generalization curve.

[141] analytically study the variance. More recently, [372] provides a new bias/variance

decomposition of bias exhibiting double desc-nt in which the variance follows a bell-shaped

curve. However, the decrease in variance as the model size increases remains unexplained. For

high dimensional regression with random features, [90] provides an asymptotic expression for

the bias/variance decomposition and identifies three sources of variance with non-monotonous

behavior as the model size or dataset size varies. [82] also employs the analysis of random

feature models and identifies two forms of overfitting which leads to the so-called sample-wise

triple descent. More recently, [71] show that as a result of the interaction between the data

and the model, one may design generalization curves with multiple descents.

Statistical physics perspective. [273, 54, 55, 274] are among the first studies which

theoretically observe sample-wise double-descent in a ridge regression setup where the
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solution is obtained by the pseudo-inverse method. Most of these studies employ the

“Gardner analysis” [100, 101, 102] for models where the number of parameters and the

dimensionality of data are coupled and hence the observed form of double descent is different

from that observed in deep neural networks. A beautiful extended review of this line of

work is provided in [91]. Among recent works, [110] also apply the Gardner analysis but to

a novel generalized data generating process called the hidden manifold model and derive the

model-wise double-descent equations analytically. In this work, we also leverage the tools of

statistical physics, namely the replica method. We adopt the approach of [55] for introducing

training time into the equations through finite-temperature learning in our teacher-student

setup.

Other related work. On the empirical side, [254], study the different forms of double

descent in deep networks; this is the first work that identifies epoch-wise double descent and

shows that it manifests in the presence of noisy training labels. In our experiments on deep

networks, we follow [254] and explicitly add label noise to the training data to simulate the

noise that can naturally occur in wild datasets.

Towards providing an explanation for the epoch-wise double descent, we argue that

the epoch-wise double descent can be attributed to different features being learned at different

time-scales, resulting in a non-monotonous generalization curve.

A related result was obtained by [144] in the framework of the bias/variance

decomposition. The authors argue that epoch-wise double descent is observed due to the

overlapping of two or more U-shape generalization curves with different minimas. Several

other related works have identified that different model components are learned at different
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rates depending on the data and model structure. [313, 314, 4, 5, 114, 199, 66] study the

learning dynamics of linear or linearized networks and show that learning along each principal

component of the NTK [167] or input covariance matrix progresses at a different rate. [285]

show that different rates of learning at the presence of cross-entropy loss could result in

failure to capture slower-learning features.
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Chapter 5

Conclusions

In the following we provide concluding remarks on each of the three distinct topics

discussed in the thesis.

Fluctuations and magnetoresistance oscillations near the half-filled Landau level:

In this work, we studied theoretically commensurability oscillations about ν = 1/2 that are

produced by a one-dimensional scalar potential using the Dirac composite fermion theory.

Through an approximate large N analysis of the Schwinger–Dyson equations, we considered

how corrections to Dirac composite fermion mean-field theory affect the behavior of the

predicted oscillations. We focused on corrections arising from the exchange of an emergent

gauge field whose low-energy kinematics satisfy |~q | ≤ |q0|. In addition, we only considered

screened electron-electron interactions. Remarkably within this restricted parameter regime,

we found a self-consistent solution to the Schwinger–Dyson equations in which a Chern-

Simons term for the gauge field and mass for the Dirac composite fermion are dynamically

generated. The Dirac mass resulted in a correction to the locations of the commensurability
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oscillation minima which improved comparison with experiment.

There are a variety of directions for future exploration. It would be interesting to

consider the effects of the exchange of emergent gauge fields with |q0| < |~q |. In this regime,

Landau damping of the “magnetic” component of the gauge field propagator is expected to

result in IR dominant Dirac composite fermion self-energy corrections [208, 234, 249]. In

particular, it would be interesting to understand this regime when a dynamically-generated

Chern-Simons term for the gauge field is present. These studies are expected to be highly

sensitive to the nature of the electron-electron interactions. At ν = 1/2 when the effective

magnetic field vanishes, single-particle properties depend upon whether this interaction is

short or long ranged [182]. It is important to understand the interplay of this physics with

a non-zero effective magnetic field that is generated away from ν = 1/2 and its potential

observable effects.

The corrections to the predicted commensurability oscillations relied on a solution

to the Schwinger–Dyson equations, obtained in a large N flavor approximation, that was

extrapolated to N = 1. The study of higher-order in 1/N effects may provide additional

insight into the validity of this extrapolation. Alternatively, study of the ’t Hooft large N

limit of the Dirac composite fermion theory dual conjectured in [157] may complement our

analysis.

Recent works [351, 197, 195] have shown that PH symmetry at ν = 1/2 and

reflection symmetry about ν = 1/2 rely on precisely correlated electric and magnetic

perturbations. (This correlation is implemented by the Chern-Simons gauge field in the

HLR theory.) Specifically, a periodic scalar potential V (x) generates a periodic magnetic
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flux b(x) via,

b(x) = −2m∗V (x). (5.1)

How might fluctuations about HLR mean-field theory affect Eq. (5.1) and potentially modify

its predicted commensurability oscillations and other observables?

LEAD: Min-Max Optimization from a Physical Perspective: In this work, we

leverage tools from physics to propose a novel second-order optimization scheme LEAD,

to address the issue of rotational dynamics in min-max games. By casting min-max game

optimization as a physical system, we use the principle of least action to discover an

effective optimization algorithm for this setting. Subsequently, with the use of Lyapunov

stability theory and spectral analysis, we prove LEAD to be convergent at a linear rate

in bilinear min-max games. We supplement our theoretical analysis with experiments on

GANs, demonstrating improvements over baseline methods. Specifically for GAN training,

we observe that our method outperforms other second-order methods, both in terms of

sample quality and computational efficiency.

Our analysis underlines the advantages of physical approaches in designing novel

optimization algorithms for games as well as for traditional optimization tasks. It is

important to note in this regard that our crafted physical system is a way to model min-max

optimization physically. Alternate schemes to perform such modeling can involve other

choices of counter-rotational and dissipative forces which can be explored in future work.

Double Descent Phenomena: A Tale of Multi-scale Feature Learning Dynamics:

Leveraging tools from statistical physics such as Gardner analysis and Replica method, we

derive explicit equations for the generalization error as a function of model size and training
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time in a teacher-student setup. We believe our analysis introduces a convenient approach

to study the generalization dynamics of neural networks. We provide important insights

while characterizing some of the aspects of deep neural networks with simple analytical

equations. Particularly, we provide an explanation for the epoch-wise double descent by

characterizing the dynamics of a teacher-student setup with two microscopic variables. In

short, epoch-wise double descent can be explained by the interaction of different learning

speeds for subsets of features in the data.

Limitations. It should be noted that studying finer details of the dynamics would require

a more precise model of the neural networks. Clearly, our proposed model is not a universal

and unique way to model the dynamics of the complex, over-parameterized deep neural

networks.
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Appendix A

Chapter 2: Appendix

A.1 Integrals

In this appendix, we give details for the calculations of the gauge and fermion

self-energy integrals quoted in the main text.

A.1.1 Gauge field self-energy

We begin with the gauge field self-energy given in §2.2.3. We are interested in

computing the PH odd component of the gauge field self-energy Πodd:

Παβ(q) = Παβ
even(q) + iεαβτqτΠodd(q). (A.1)
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To leading order in b, we substitute G(p) = G(0)(p) from Eq. (2.17) with Σα = 0 for

α ∈ {0, 1, 2} into Eq. (2.30):

iεαβτqτΠodd(q) = N
{∫ d3p

(2π)3
tr
[
γαG(0)(p)γβG(0)(p+ q)

]}
odd

= −N
{∫ d3p

(2π)3
tr
[
γα
i(γσ(pσ + µ0δσ,0) + Σm)

(p0 + µ0)2 − p2
i − Σ2

m

γβ

× i(γτ (pτ + qτ + µ0δτ,0) + Σm)

(p0 + q0 + µ0)2 − (pi + qi)2 − Σ2
m

]}
odd

. (A.2)

We have suppressed the iεp0 factor in Eq. (2.17) that defines the Feynman contour for

the Minkowski-signature p0 integration because we will will evaluate the above integral in

Euclidean signature. In subsequent sections of this appendix, we will likewise suppress the

iεp0 factor for the same reason without further comment. Recall that the factor of N arises

from the fermion loop over N flavors of Dirac composite fermions and that µ0 > 0.

To leading order in the derivative expansion, i.e., Πodd(q = 0), the expression for

Πodd(0) simplifies to

Πodd(0) = −2iNΣm

∫
d3p

(2π)3

1(
(p0 + µ0)2 − p2

i − Σ2
m

)2 . (A.3)

Here, we have used the trace identities,

tr
[
γαγβ

]
= 2ηαβ,

tr
[
γαγβγτ

]
= −2iεαβτ . (A.4)

To compute this integral, we first Wick rotate, p0 7→ i(pE)3 and d3p 7→ id3pE , and then
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sequentially integrate over (pE)3 and the spatial momenta (pE)i (i = 1, 2) to find:

Πodd(0) = 2NΣm

∫
d3pE
(2π)3

1

(i(pE)3 + µ0)2 − (pE)2
i − Σ2

m)2

= 2NΣm

∫
d3pE
(2π)3

1

((pE)3 − ω+)2((pE)3 − ω−)2

=
NΣm

2

∫
d2pE
(2π)2

Θ(|Σm| − µ0) + Θ(µ0 − |Σm|)Θ(|(pE)i| −
√
µ2

0 − Σ2
m)

(|(pE)i|2 + Σ2
m)3/2

=
N

4π

(
Θ(|Σm| − µ0)

Σm

|Σm|
+ Θ(µ0 − |Σm|)

Σm

µ0

)
, (A.5)

where the step function Θ(|(pE)i| −
√
µ2

0 − Σ2
m) in the third line ensures the double poles

ω± = i(µ0 ±
√

(pE)2
i + Σ2

m) occur on opposite sides of the real (pE)3 axis. Eq. (A.5)

implies that, for µ0 > |Σm| > 0, the gauge field obtains a correction to its propagator that

corresponds to an effective Chern-Simons term with level,

k =
N

2

Σm

µ0
. (A.6)

A.1.2 Fermion self-energy

Next, we calculate the fermion self-energies Σm and Σ0 quoted in §2.2.4.

We begin with Σm. Taking the trace of both sides of Eq. (2.29) and setting δqα = 0,

we find:

iΣm(qFS) = iM(0)(qFS) + iM(1)(qFS), (A.7)

where

iM(0)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γαG(0)(p+ qFS)γβ

(2π

k

εαβσp
σ

p2

)]
, (A.8)

iM(1)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γαG(1)(p+ qFS)γβ

(2π

k

εαβσp
σ

p2

)]
, (A.9)
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G(0(p) and G(1)(p) are given in Eqs. (2.17) and (2.18), k is given in Eq. (A.6), and qFS =

(0, µ0n̂) for the unit vector n̂ (e.g., n̂ = (cos(ϕ), sin(ϕ)) where ϕ parameterizes a point on the

Fermi surface) normal to the (assumed) spherical Fermi surface. As before, we set Σα = 0

for α ∈ {0, 1, 2} and only retain Σm when using G(0)(p) and G(1)(p) to evaluate M(0) and

M(1), as well as Σ0 below. It is convenient to define Q = (µ0, µ0n̂) so that

iM(0)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γα
( i(γσ(p+Q)σ + Σm)

(p+Q)2 − Σ2
m

)
γβ
(2π

k

εαβτp
τ

p2

)]
, (A.10)

iM(1)(qFS) =
1

2

∫
d3p

(2π)3
tr
[
γα
( ib(I(p+Q)0 + γ0Σm)

((p+Q)2 − Σ2
m)2

)
γβ
(2π

k

εαβτp
τ

p2

)]
. (A.11)

We first consider M(0) =M(0)(qFS). Using the trace identities in Eq. (A.4), we

find

iM(0) =
πi

k

∫
d3p

(2π)3
tr
[
γα
((γσ(p+Q)σ + Σm)

(p+Q)2 − Σ2
m

)
γβ
(εαβτpτ

p2

)]
= −4π

k

∫
d3p

(2π)3

(p+Q)σp
σ

((p+Q)2 − Σ2
m)p2

. (A.12)

Next, we combine denominators using the Feynman parameter x and then shift the integration

by defining `α = pα +Qαx:

iM(0) = −4π

k

∫
d3p

(2π)3

∫ 1

0
dx

(p+Q)σp
σ

(p2 + 2p ·Qx+Q2x− Σ2
mx)2

= −4π

k

∫
d3`

(2π)3

∫ 1

0
dx
`2 + ` ·Q(1− 2x)− x(1− x)Q2

(`2 +Q2x(1− x)− Σ2
mx)2

= −4π

k

∫
d3`

(2π)3

∫ 1

0
dx

`2

(`2 − Σ2
mx)2

, (A.13)

where we evaluated Q2 = 0 and dropped the linear in ` term in the third line since it

vanishes upon integration over `. Next, we Wick rotate by taking `0 7→ i(`E)3, `2 7→ −`2E ,

and d3` 7→ id3`E , integrate over `E via dimensional regularization, and finally integrate over
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x:

iM(0) =
4πi

k

∫
d3`E
(2π)3

∫ 1

0
dx

`2E
(`2E + Σ2

mx)2

= −12π3/2i|Σm|
k(4π)3/2

∫ 1

0
dx x1/2

= −i |Σm|
k

= −i2µ0sign(Σm)

N
, (A.14)

where we substituted in the Chern-Simons level given in Eq. (A.6) in the final line.

Next, consider M(1) =M(1)(qFS). Using the trace identities in Eq. (A.4), we find

iM(1) = −4πbΣm

k

∫
d3p

(2π)3

p0

((p+Q)2 − Σ2
m)2p2

= −4πbΣm

k
I(Σ2

m, Q). (A.15)

With the help of the formal identity,

I(Σ2
m, Q) = −∂Σ2

m
J(Σ2

m, Q) = −∂Σ2
m

∫
d3p

(2π)3

p0

((p+Q)2 − Σ2
m)p2

, (A.16)

we rewrite

iM(1) =
4πbΣm

k
∂Σ2

m

∫
d3p

(2π)3

p0

((p+Q)2 − Σ2
m)p2

. (A.17)

This integral has the same basic form as the one we encountered in calculating M(0) and so

we will follow the same steps as before: combine denominators with the Feynman parameter

x, shift the integration `α = pα +Qαx, and substitute in Q0 = µ0 and Q2 = 0:

iM(1) = −4πbΣmµ0

k
∂Σ2

m

∫
d3`

(2π)3

∫ 1

0
dx

x

(`2 − Σ2
mx)2

. (A.18)
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Next, we Wick rotate by taking `0 7→ i(`E)3, integrate over `E via dimensional regularization,

integrate over x, take the derivative with respect to Σ2
m, and then evaluate k = N

2
Σm
µ0

:

iM(1) = −i4πbΣmµ0

k
∂Σ2

m

∫
d3`E
(2π)3

∫ 1

0
dx

x

(`2E + Σ2
mx)2

= −ibΣmµ0

k
∂Σ2

m

1

(Σ2
m)1/2

∫ 1

0
dx x1/2

= i
2

3

bµ2
0

N |Σm|3
. (A.19)

Finally, we calculate Σ0(qFS) and Σ′0(qFS), which we obtain from evaluating the

derivative with respect to q0 of Σ0(P ) at the Fermi surface:

iΣ0(P ) =
1

2

∫
d3p

(2π)3
tr
[
γ0γαG(0)(p+ P )γβ

(2π

k

εαβσp
σ

p2

)]
, (A.20)

where P = (q0 + µ0, µ0n̂). First, we note that

tr[γ0γαγσγβ](p+ P )σp
τ εαβτ = 2(η0αησβ − η0σηαβ + η0βηασ)(p+ P )σp

τ εαβτ

= (p+ P )βpτ ε0βτ + (p+ P )αpτ εα0τ

= 0. (A.21)

Therefore, only the term proportional to Σm in the numerator of G(0) contributes. Using

the trace identities in Eq. (A.4), we find

iΣ0(P ) =
4πΣm

k

∫
d3p

(2π)3

p0

((p+ P )2 − Σ2
m)p2

. (A.22)

As above, we combine denominators, shift the integration variable `α = pα + Pαx, and drop

any linear in ` terms in the numerator:

iΣ0(P ) = −4πΣm(q0 + µ0)

k

∫
d3`

(2π)3

∫ 1

0
dx

x

(`2 + x(1− x)P 2 − Σ2
mx)2

. (A.23)
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We assume Σ2
m > |P 2| ≈ |2µq0|. Wick rotating `0 7→ i(`E)3 and sequentially performing the

`E and x integrals, we find:

iΣ0(P ) = −i4πΣm(q0 + µ0)

k

∫
d3`E
(2π)3

∫ 1

0
dx

x

(`2E − x(1− x)(2µ0q0) + Σ2
mx)2

= −iΣm(q0 + µ0)

2k

∫ 1

0
dx

x

(Σ2
mx− 2µ0q0x(1− x))1/2

= −iΣm(q0 + µ0)

3k|Σm|
(

1 +
2µ0q0

5|Σm|2
+O(q2

0)
)

= −i 2µ0

3N |Σm|
(q0 + µ0)

(
1 +

2µ0q0

5|Σm|2
+O(q2

0)
)
. (A.24)

Taking the derivative of Σ0(P ) with respect to q0, evaluating at q = (0, µ0n̂), and retaining

only the first term (µ0q0 � |Σm|2), we obtain

iΣ′0(qFS) = −i 2µ0

3N |Σm|
. (A.25)
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Appendix B

Chapter 3: Appendix

B.1 Derivation of Eq. 3.3

Proof. Polyak’s heavy ball method with unit momentum for the minimization of

a single objective f (x) is given by,

xk+1 = xk + (xk − xk−1)− η∇xf (xk) , (B.1)

where η is the learning rate. One can rewrite this equation as,

(xk+δ − xk)− (xk − xk−δ)
δ2

= − η

δ2
∇xf (xk) , (B.2)

where δ is the discretization step-size. In the limit δ, η → 0, Eq.(B.2) then becomes

(xk → X (t) ≡ X),

mẌ = −∇Xf (X) (B.3)

This is equivalent to Newton’s 2nd Law of motion (Eq.(3.2)) of a particle of mass m = δ2/η,

if we identify F = −∇Xf (X).
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B.2 Proof of Proposition 3.2.1

Proof. The EOMs of the quadratic game in continuous-time (Eq.(3.9)), can be

discretized in using a combination of implicit and explicit update steps as [331],

xk+1 − xk = δvxk+1, (B.4a)

yk+1 − yk = δvyk+1, (B.4b)

vxk+1 − vxk = −qδ∇xyf (xk, yk) v
y
k − µδvxk − δ∇xf (xk, yk) (B.4c)

vyk+1 − v
y
k = qδ∇xyf (xk, yk) v

x
k − µδvyk + δ∇yf (xk, yk) (B.4d)

where δ is the discretization step-size. Using Eqns.(B.4a) and (B.4b), we can further

re-express Eqns. (B.4c), (B.4d) as,

xk+1 = xk + β∆xk − η∇xf (xk, yk)− α∇x,yf (xk, yk) ∆yk

yk+1 = yk + β∆yk + η∇yf (xk, yk) + α∇x,yf (xk, yk) ∆xk

(B.5)

where ∆xk = xk − xk−1, and,

β = 1− µδ, η = δ2, α = 2qδ (B.6)

B.3 Continuous-time Convergence Analysis: Quadratic Min-

Max Game

Proof. For the class of quadratic min-max games,

f (X,Y ) =
h

2
|X|2 − h

2
|Y |2 + XTAY (B.7)
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where X ≡
(
X1, · · · , Xn

)
,Y ≡

(
Y 1, · · · , Y n

)
∈ Rn and An×n is a constant positive-definite

matrix, the continuous-time EOMs of Eq.(3.9) become:

Ẍ = −µẊ − hX − AY − qAẎ

Ÿ = −µẎ − hY + ATX + qAT Ẋ
(B.8)

We next define our continuous-time Lyapunov function in this case to be,

Et =
1

2

(
Ẋ + µX + µAY

)T (
Ẋ + µX + µAY

)
+

1

2

(
Ẏ + µY − µATX

)T (
Ẋ + µY − µATX

)
+

1

2

(
ẊT Ẋ + Ẏ T Ẏ

)
+ XT (h+ AAT )X + Y T (h+ ATA)Y

≥ 0 ∀ t

(B.9)

The time-derivative of Et is then given by,

Ėt =
(
Ẋ + µX + µAY

)T (
Ẍ + µẊ + µAẎ

)
+
(
Ẏ + µY − µATX

)T (
Ÿ + µẎ − µAT Ẋ

)
+
(
ẊT Ẍ + Ẏ T Ÿ

)
+ 2

(
XT (h+ AAT )Ẋ + Y T (h+ ATA)Ẏ

)
=
(
ẊT + µXT + µY TAT

)(
(−q + µ)AẎ − AY

)
+ ẊT

(
−qAẎ − µẊ − AY

)
+
(
Ẏ T + µY T − µXTA

)(
(q − µ)AT Ẋ + ATX

)
+ Ẏ T

(
qAT Ẋ − µẎ + ATX

)
+ 2

(
XT (h+ AAT )Ẋ + Y T (h+ ATA)Ẏ

)
= (µ (q − µ)− 2)

(
Y TAT Ẋ −XTAẎ

)
− (µ (q − µ)− 2)

(
XTAAT Ẋ + Y TATAẎ

)
− µ

(
XT (h+ AAT )X + Y T (h+ ATA)Y

)
− µ

(
ẊT Ẋ + Ẏ T Ẏ

)
(B.10)
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where we have used the fact that XTAY being a scalar thus implying XTAY = Y TATX.

If we now set q = (2/µ) + µ in the above, then that further leads to,

Ėt = −µ
(
XT (h+ AAT )X + Y T (h+ ATA)Y

)
− µ

(
ẊT Ẋ + Ẏ T Ẏ

)
= −µ

(
h||X||2 + h||Y ||2 +

∣∣∣∣ATX∣∣∣∣2 + ||AY ||2
)
− µ

(∣∣∣∣∣∣Ẋ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ ∣∣∣∣∣∣2) ≤ 0 ∀ t

(B.11)

exhibiting that the Lyapunov function, Eq.(3.15) is asymptotically stable at all times t.

Next, consider the following expression,

− ρEt −
ρµ

2

∣∣∣∣∣∣X − Ẋ
∣∣∣∣∣∣2 − ρµ

2

∣∣∣∣∣∣Y − Ẏ
∣∣∣∣∣∣2 − ρµ

2

∣∣∣∣∣∣Ẋ − AY
∣∣∣∣∣∣2 − ρµ

2

∣∣∣∣∣∣ATX + Ẏ
∣∣∣∣∣∣2

= −ρEt −
ρµ

2

(
||X||2 + ||Y ||2

)
+ ρµ

(
XT Ẋ + Y T Ẏ

)
− ρµ

(∣∣∣∣∣∣Ẋ∣∣∣∣∣∣2 + ||Y ||2
)

− ρµ
(
XTAẎ − ẊTAY

)
− ρµ

2

(∣∣∣∣ATX∣∣∣∣2 + ||AY ||2
)

= −ρ (1 + µ)

(∣∣∣∣∣∣Ẋ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ ∣∣∣∣∣∣2)− ρ

2

(
µ2 + µ+ 2h

) (
||X||2 + ||Y ||2

)
− ρ

2

(
µ2 + µ+ 2

) (∣∣∣∣ATX∣∣∣∣2 + ||AY ||2
)

≤ −ρEt

(B.12)

where ρ is some positive definite constant. This implies that the above expression is negative

semi-definite by construction given µ ≥ 0. Now, for a general square matrix A, we can

perform a singular value decomposition (SVD) as A = VTSU. Here, U and V are the right

and left unitaries of A, while S is a diagonal matrix of singular values (σi) of A. Using this
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decomposition in Eq.(B.12), then allows us to write,

− ρ (1 + µ)

(∣∣∣∣∣∣Ẋ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ ∣∣∣∣∣∣2)− ρ

2

(
µ2 + µ+ 2h

) (
||X||2 + ||Y ||2

)
− ρ

2

(
µ2 + µ+ 2

) (∣∣∣∣ATX∣∣∣∣2 + ||Ay||2
)

= −ρ (1 + µ)

(∣∣∣∣∣∣VẊ∣∣∣∣∣∣2 +
∣∣∣∣∣∣UẎ ∣∣∣∣∣∣2)− ρ

2

(
µ2 + µ+ 2h

) (
||VX||2 + ||UY ||2

)
− ρ

2

(
µ2 + µ+ 2

) (
||SVX||2 + ||SUY ||2

)
= −ρ (1 + µ)

(∣∣∣∣∣∣Ẋ ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ∣∣∣∣∣∣2)− ρ

2

(
µ2 + µ+ 2h

) (
||X ||2 + ||Y ||2

)
− ρ

2

(
µ2 + µ+ 2

) (
||SX ||2 + ||SY ||2

)
= −

n∑
j=1

ρ (1 + µ)

(∣∣∣∣∣∣Ẋ j∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏj∣∣∣∣∣∣2)

−
n∑
j=1

ρ

2

((
1 + σ2

j + 2h
) (
µ2 + µ

)
+ 2σ2

j

) (∣∣∣∣X j∣∣∣∣2 +
∣∣∣∣Yj∣∣∣∣2)

(B.13)

where we have made use of the relations UTU = UUT = In = VTV = VVT, and additionally

performed a basis change, as X = VX and Y = UY . Now, we know from Eq.(B.11) that,

Ėt = −µ
(
h||X||2 + h||Y ||2 +

∣∣∣∣ATX∣∣∣∣2 + ||AY ||2
)
− µ

(∣∣∣∣∣∣Ẋ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ ∣∣∣∣∣∣2)

= −µ
(
h||X||2 + h||Y ||2 +

∣∣∣∣UTSVX
∣∣∣∣2 +

∣∣∣∣VTSUY
∣∣∣∣2)− µ(∣∣∣∣∣∣VẊ∣∣∣∣∣∣2 +

∣∣∣∣∣∣UẎ ∣∣∣∣∣∣2)
= −µ

(
h||X ||2 + h||Y ||2 + ||SX ||2 + ||SY ||2

)
− µ

(∣∣∣∣∣∣Ẋ ∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏ∣∣∣∣∣∣2)

= −
n∑
j=1

µ
(
σ2
j + h

) (∣∣∣∣X j∣∣∣∣2 +
∣∣∣∣Yj∣∣∣∣2)− n∑

j=1

µ

(∣∣∣∣∣∣Ẋ j∣∣∣∣∣∣2 +
∣∣∣∣∣∣Ẏj∣∣∣∣∣∣2)

(B.14)

Comparing the above expression with Eq.(B.13), we note that a choice of ρ as,

ρ ≤ min

{
µ

1 + µ
,

2µ(σ2
min + h)(

1 + σ2
min + 2h

)
(µ2 + µ) + 2σ2

min

}
∀ j ∈ [1, n] (B.15)

91



implies,

Ėt ≤ −ρE

⇒ Et ≤ E0 exp (−ρt)

⇒ XT
(
h+ AAT

)
X + Y T

(
h+ ATA

)
Y ≤ E0 exp (−ρt)

⇒ X T (h+ S2)X + YT (h+ S2)Y ≤ E0 exp (−ρt)

⇒
n∑
j=1

(h+ σ2
j )
(
||X j ||2 + ||Yj ||2

)
≤ E0 exp (−ρt)

⇒
n∑
j=1

(h+ σ2
j )
(
||Xj ||2 + ||Y j ||2

)
≤ E0 exp (−ρt)

∴ ||X||2 + ||Y ||2 ≤ E0

h+ σ2
min

exp (−ρt) ∀ j

(B.16)

B.4 Proof of Theorem 2

Theorem: The eigenvalues of ∇FLEAD(ω∗) about the Nash equilibrium ω∗ = (x∗, y∗) of

the quadratic min-max game are,

µ±(α, β, η) =
1− (η + α)λ+ β − ηh±

√
∆

2
(B.17)

where, ∆ = (1− (η + α)λ+ β − ηh)2 − 4 (β − αλ) and λ ∈ Sp(off-diag[∇v(ω∗)]). Further-

more, for h, η, |α|, |β| << 1, we have,

µ
(i)
+ (α, β, η) ≈ 1− ηh+

(η + α)2 λ2
i + η2h2 + β2 − 2ηhβ

4

+ λi

(
η + α

2
(ηh− β)− η

)
µ

(i)
− (α, β, η) ≈ β − (η + α)2 λ2

i + η2h2 + β2 − 2ηhβ

4

+ λi

(
η + α

2
(β − ηh)− α

)
(B.18)
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Proof. For the quadratic game (B.7), the Jacobian of the vector field v is given by,

∇v ≡ ∇

 ∇xf(xt,yt)

−∇yf(xt,yt)

 =

hI2n A

−A> hI2n

 ∈ R2n ×R2n. (B.19)

Let us next define a matrix Dq as,

Dq =

∇2
xyf(x,y) 0

0 −∇2
xyf(x,y)

 =

A 0

0 −A>

 ∈ R2n ×R2n (B.20)

Consequently, the update rule for LEAD can be written as:xt+1

yt+1

 =

xt
yt

+ β

xt − xt−1

yt − yt−1

− η
 ∇xf(xt,yt)

−∇yf(xt,yt)

− α
 ∇2

xyf(xt,yt)∆yt

−∇2
xyf(xt,yt)∆xt



=

xt
yt

+ β

xt − xt−1

yt − yt−1

− ηv − αDq

∆yt

∆xt


(B.21)

where ∆yt = yt − yt−1 and ∆xt = xt − xt−1.

Next, by making use of the permutation matrix P,

P :=

 0 In

In 0

 ∈ R2n ×R2n

we can re-express Eq. (B.21) as,ωt+1

ωt

 =

I2n 0

I2n 0


 ωt

ωt−1

+ β

I2n −I2n

0 0


 ωt

ωt−1

− η
v

0

− α
Dq 0

0 0


P −P

0 0


 ωt

ωt−1



=

I2n 0

I2n 0


 ωt

ωt−1

+ β

I2n −I2n

0 0


 ωt

ωt−1

− η
v

0

− α
DqP −DqP

0 0


 ωt

ωt−1


(B.22)
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where ωt ≡ (xt,yt). Hence, the Jacobian of FLEAD is then given by,

∇FLEAD =

I2n 0

I2n 0

+ β

I2n −I2n

0 0

− η
∇v 0

0 0

− α
DqP −DqP

0 0



=

(1 + β) I2n − η∇v − αDqP −βI2n + αDqP

I2n 0


(B.23)

It is to be noted that, for games of the form of Eq. (B.7), we specifically have,

∇v = DqP + hI2n

and,

off-diag[∇v] = DqP

Therefore, Eq. (B.23) becomes,

∇FLEAD =

(1 + β − ηh) I2n − (η + α)DqP −βI2n + αDqP

I2n 0

 (B.24)

We next proceed to study the eigenvalues of this matrix which will determine the convergence

properties of LEAD around the Nash equilibrium. Using Lemma 1 of [116], we can then
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write the characteristic polynomial of ∇FLEAD as,

det (XI4n −∇FLEAD) = 0

⇒ det


(X − 1) I2n − (β − ηh) I2n + (η + α)DqP βI2n − αDqP

−I2n XI2n


 = 0

⇒ det

([
(X − 1) (X − β) I2n +XηhI2n + (Xη +Xα− α)DqP

])
= 0

⇒ det

([
((X − 1) (X − β) +Xηh) UU−1 + (Xη +Xα− α) UΛU−1

])
= 0

⇒ det

([
((X − 1) (X − β) +Xηh) I2n + (Xη +Xα− α) Λ

])
= 0

⇒
2n∏
i=1

[(X − 1) (X − β) +Xηh+ (Xη + α (X − 1))λi] = 0

(B.25)

Where, in the above, we have performed an eigenvalue decomposition of DqP = UΛU−1.

Therefore,

X2 −X (1− (η + α)λi + β − ηh) + β − αλ = 0, λi ∈ Sp(DqP)

⇒ X(i) ≡ µ(i)
± =

1− (η + α)λi + β − ηh±
√

∆

2

(B.26)

with,

∆ = (1− (η + α)λi + β − ηh)2 − 4 (β − αλi) (B.27)

Furthermore for h, η, |β|, |α| << 1, we can approximate the above roots to be,

µ
(i)
+ (α, β, η) ≈ 1− ηh+

(η + α)2 λ2
i + η2h2 + β2 − 2ηhβ

4
+ λi

(
η + α

2
(ηh− β)− η

)
µ

(i)
− (α, β, η) ≈ β − (η + α)2 λ2

i + η2h2 + β2 − 2ηhβ

4
+ λi

(
η + α

2
(β − ηh)− α

)
(B.28)
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B.5 Proof of Proposition 3.3.2

Proposition: For any λ ∈ Sp(off-diag[∇v(ω∗)]),

∇αρ (λ)
∣∣
α=0

< 0⇔ η ∈
(

0,
2

Im(λmax)

)
, (B.29)

where Im(λmax) is the imaginary component of the largest eigenvalue λmax.

We observe from Proposition 3.3.2 above that for h, η, |α|, |β| << 1,

ρ(α, η, β) := max{|µ(i)
+ |2, |µ

(i)
− |2} ∀ i

= max{
∣∣∣µ(i)

+

∣∣∣2} ∀ i (B.30)

∴ ∇αρ
∣∣
α=0
≈ max

{η2 |λi|2 − η2h2 − β2

4
η |λi|2 +

ηhβ − (ηh− β)2

2
η |λi|2

− (1 + β) η |λi|2
}
∀ i

≈ max
{η3

4
|λi|4 −

(
1 + β +

3β2

4

)
η |λi|2

}
∀ i

< max
{(η2

4
|λi|2 − 1

)
η |λi|2

}
∀ i

(B.31)

where we have retained only terms up to cubic-order in η, |β| and h. Hence, choosing

η ∈
(

0, 2
Im(λmax)

)
, ensures:

∇αρ
∣∣
α=0

< 0 ∀ i, (B.32)

We thus posit, that a choice of a positive α causes the norm of the limiting eigenvalue µ+ of

FLEAD to decrease.

B.6 Proof of Theorem 3

Theorem: If we set η = α = 2
σmax(A) , then we have ∀ ε > 0,

∆t+1 ∈ O
((

1− 6
2σ2

min + h2

σ2
max

− 2h
2 + β

σmax
+
β2

2

)t
∆0

)
(B.33)
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where σmax(σmin) is the largest (smallest) singular value of A, ∆t+1 := ||ωt+1 − ω∗||22 +

||ωt − ω∗||22.

Proof : From Eq. (B.26), we recall that the eigenvalues of ∇FLEAD (ω∗) for the

quadratic game are,

µ
(i)
± (α, β, η) =

(1− (α+ η)λi + β − ηh)

2

(
1±

√
1− 4 (β − ηλi)

(1− (α+ η)λi + β − ηh)2

)
(B.34)

with λi ∈ Sp(off-diag[∇v(ω∗)]). Now, since in the quadratic-game setting considered, we

have,

off-diag[∇v(ω∗)] = DqP =

 0 A

−AT 0

 (B.35)

hence, λi = ±iσi with σi being the singular values of A. This, then allows us to write,

µ
(i)
± (α, β, η) =

(1− (α+ η)(±iσi) + β)

2

(
1±

√
1− 4 (β − α(±iσi))

(1− (α+ η)(±iσi) + β)2

)
(B.36)

Now, according to Proposition 3.3.2, the convergence behavior of LEAD is determined as,

∆t+1 ≤ O(ρ+ ε)∆t ∀ ε > 0, where (setting η = α),

ρ := max{|µ(i)
+ |2, |µ

(i)
− |2} ∀ i

= |µ(i)
+ |2 ∀ i

≈ 1− 3η2σ2
min −

β2

2
− 3

2
η2h2 + (2 + β) ηh

≡ 1− rLEAD

(B.37)

Here, rLEAD = 3η2σ2
min − β2

2 − 3
2η

2h2 + (2 + β) ηh, is defined to be the rate of convergence

of LEAD. Furthermore, using the largest learning rate η as prescribed by Proposition 3.3.2,

in the above, we find,

rLEAD = 6
2σ2

min − h2

σ2
max

+ 2h
2 + β

σmax
− β2

2
(B.38)
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Therefore,

∆t+1 ≤ O
(
(1− rLEAD)t ∆0

)
= O

((
1− 6

2σ2
min + h2

σ2
max

− 2h
2 + β

σmax
+
β2

2

)t
∆0

) (B.39)

where ∆t+1 := ||ωt+1 − ω∗||22 + ||ωt − ω∗||22.
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B.7 Experiments and Implementation Details

B.7.1 LEAD-Adam Pseudocode

See Page 109.

B.7.2 Simple Experiment On Quadratics

In this Section, we provide an experimental setting of the quadratic min-max game,

f(x,y) =
1

2
xTHx + xTAy − 1

2
yTGy. (B.40)

where we set, the matrices H,G and A as,

H = G := Rθ=90◦ΛRTθ=90◦

A := RθAΛRTθ=90◦

(B.41)

where,

Rθ =

 cos θ sin θ

− sin θ cos θ

 , Λ =

λ1 0

0 λ2

 (B.42)

We next vary θA from 90◦ (A fully aligned with H, G) to 0◦ (A fully unaligned with H, G)

and compare different methods (Figure B.1). For θA = 90◦, the matrices are simultaneously

diagonalizable, implying decoupled dynamics between the different parameters of players

x and y. As we decrease θA, the dynamics become more coupled. We observe that at 0◦

(fully unaligned), LEAD outperforms Extra-Grad with momentum (the optimal 1st-order

method) and all the other 2nd-order methods. We conjecture that superiority of LEAD is

the result of the term ∇xyf(x, y)(xk − xk−1) for player x and equivalently for player y. We
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<latexit sha1_base64="mL80Z/WxW+P48KLxu2IvsE4aeto=">AAACC3icbVC7SgNBFJ31GeMramkzJAhWYVcELYMPsLCIYB6QhDA7uUmGzM6uM3fFsKS38VdsLBSx9Qfs/BtnkxSaeGDgcM693DnHj6Qw6LrfzsLi0vLKamYtu76xubWd29mtmjDWHCo8lKGu+8yAFAoqKFBCPdLAAl9CzR+cp37tHrQRobrFYQStgPWU6ArO0ErtXL6J8IDJddijF/YaUxwohvTyLhZS+FrEwaidK7hFdww6T7wpKZApyu3cV7MT8jgAhVwyYxqeG2ErYRoFlzDKNmMDEeMD1oOGpYoFYFrJOMuIHlilQ7uhtk8hHau/NxIWGDMMfDsZMOybWS8V//MaMXZPW4lQUYyg+ORQN5Zp2rQY2hEaOMqhJYxrYf9KeZ9pxtHWl7UleLOR50n1qOi5Re/muFA6m9aRIfskTw6JR05IiVyRMqkQTh7JM3klb86T8+K8Ox+T0QVnurNH/sD5/AFGg5sw</latexit><latexit sha1_base64="mL80Z/WxW+P48KLxu2IvsE4aeto=">AAACC3icbVC7SgNBFJ31GeMramkzJAhWYVcELYMPsLCIYB6QhDA7uUmGzM6uM3fFsKS38VdsLBSx9Qfs/BtnkxSaeGDgcM693DnHj6Qw6LrfzsLi0vLKamYtu76xubWd29mtmjDWHCo8lKGu+8yAFAoqKFBCPdLAAl9CzR+cp37tHrQRobrFYQStgPWU6ArO0ErtXL6J8IDJddijF/YaUxwohvTyLhZS+FrEwaidK7hFdww6T7wpKZApyu3cV7MT8jgAhVwyYxqeG2ErYRoFlzDKNmMDEeMD1oOGpYoFYFrJOMuIHlilQ7uhtk8hHau/NxIWGDMMfDsZMOybWS8V//MaMXZPW4lQUYyg+ORQN5Zp2rQY2hEaOMqhJYxrYf9KeZ9pxtHWl7UleLOR50n1qOi5Re/muFA6m9aRIfskTw6JR05IiVyRMqkQTh7JM3klb86T8+K8Ox+T0QVnurNH/sD5/AFGg5sw</latexit><latexit sha1_base64="mL80Z/WxW+P48KLxu2IvsE4aeto=">AAACC3icbVC7SgNBFJ31GeMramkzJAhWYVcELYMPsLCIYB6QhDA7uUmGzM6uM3fFsKS38VdsLBSx9Qfs/BtnkxSaeGDgcM693DnHj6Qw6LrfzsLi0vLKamYtu76xubWd29mtmjDWHCo8lKGu+8yAFAoqKFBCPdLAAl9CzR+cp37tHrQRobrFYQStgPWU6ArO0ErtXL6J8IDJddijF/YaUxwohvTyLhZS+FrEwaidK7hFdww6T7wpKZApyu3cV7MT8jgAhVwyYxqeG2ErYRoFlzDKNmMDEeMD1oOGpYoFYFrJOMuIHlilQ7uhtk8hHau/NxIWGDMMfDsZMOybWS8V//MaMXZPW4lQUYyg+ORQN5Zp2rQY2hEaOMqhJYxrYf9KeZ9pxtHWl7UleLOR50n1qOi5Re/muFA6m9aRIfskTw6JR05IiVyRMqkQTh7JM3klb86T8+K8Ox+T0QVnurNH/sD5/AFGg5sw</latexit><latexit sha1_base64="mL80Z/WxW+P48KLxu2IvsE4aeto=">AAACC3icbVC7SgNBFJ31GeMramkzJAhWYVcELYMPsLCIYB6QhDA7uUmGzM6uM3fFsKS38VdsLBSx9Qfs/BtnkxSaeGDgcM693DnHj6Qw6LrfzsLi0vLKamYtu76xubWd29mtmjDWHCo8lKGu+8yAFAoqKFBCPdLAAl9CzR+cp37tHrQRobrFYQStgPWU6ArO0ErtXL6J8IDJddijF/YaUxwohvTyLhZS+FrEwaidK7hFdww6T7wpKZApyu3cV7MT8jgAhVwyYxqeG2ErYRoFlzDKNmMDEeMD1oOGpYoFYFrJOMuIHlilQ7uhtk8hHau/NxIWGDMMfDsZMOybWS8V//MaMXZPW4lQUYyg+ORQN5Zp2rQY2hEaOMqhJYxrYf9KeZ9pxtHWl7UleLOR50n1qOi5Re/muFA6m9aRIfskTw6JR05IiVyRMqkQTh7JM3klb86T8+K8Ox+T0QVnurNH/sD5/AFGg5sw</latexit>

Degree
<latexit sha1_base64="xGu1Bq2UABDAndcUiwAF2hYu7UY=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeizqwWMF+wFtKJvtpF262cTdSbGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjeTP3mCLQRsXrAcQJ+xPpKhIIztJLfQXjC7Bb6GmDSLZXdijsDXSZeTsokR61b+ur0Yp5GoJBLZkzbcxP0M6ZRcAmTYic1kDA+ZH1oW6pYBMbPZkdP6KlVejSMtS2FdKb+nshYZMw4CmxnxHBgFr2p+J/XTjG88jOhkhRB8fmiMJUUYzpNgPaEBo5ybAnjWthbKR8wzTjanIo2BG/x5WXSOK94bsW7vyhXr/M4CuSYnJAz4pFLUiV3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5A+czx85XJJh</latexit><latexit sha1_base64="xGu1Bq2UABDAndcUiwAF2hYu7UY=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeizqwWMF+wFtKJvtpF262cTdSbGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjeTP3mCLQRsXrAcQJ+xPpKhIIztJLfQXjC7Bb6GmDSLZXdijsDXSZeTsokR61b+ur0Yp5GoJBLZkzbcxP0M6ZRcAmTYic1kDA+ZH1oW6pYBMbPZkdP6KlVejSMtS2FdKb+nshYZMw4CmxnxHBgFr2p+J/XTjG88jOhkhRB8fmiMJUUYzpNgPaEBo5ybAnjWthbKR8wzTjanIo2BG/x5WXSOK94bsW7vyhXr/M4CuSYnJAz4pFLUiV3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5A+czx85XJJh</latexit><latexit sha1_base64="xGu1Bq2UABDAndcUiwAF2hYu7UY=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeizqwWMF+wFtKJvtpF262cTdSbGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjeTP3mCLQRsXrAcQJ+xPpKhIIztJLfQXjC7Bb6GmDSLZXdijsDXSZeTsokR61b+ur0Yp5GoJBLZkzbcxP0M6ZRcAmTYic1kDA+ZH1oW6pYBMbPZkdP6KlVejSMtS2FdKb+nshYZMw4CmxnxHBgFr2p+J/XTjG88jOhkhRB8fmiMJUUYzpNgPaEBo5ybAnjWthbKR8wzTjanIo2BG/x5WXSOK94bsW7vyhXr/M4CuSYnJAz4pFLUiV3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5A+czx85XJJh</latexit><latexit sha1_base64="xGu1Bq2UABDAndcUiwAF2hYu7UY=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeizqwWMF+wFtKJvtpF262cTdSbGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjeTP3mCLQRsXrAcQJ+xPpKhIIztJLfQXjC7Bb6GmDSLZXdijsDXSZeTsokR61b+ur0Yp5GoJBLZkzbcxP0M6ZRcAmTYic1kDA+ZH1oW6pYBMbPZkdP6KlVejSMtS2FdKb+nshYZMw4CmxnxHBgFr2p+J/XTjG88jOhkhRB8fmiMJUUYzpNgPaEBo5ybAnjWthbKR8wzTjanIo2BG/x5WXSOK94bsW7vyhXr/M4CuSYnJAz4pFLUiV3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5A+czx85XJJh</latexit>

sLEAD
<latexit sha1_base64="eKkAhsS0bR8k2IphhRYq5uyJgkw=">AAAB83icbZDJSgNBEIZ74hbjFvXopTEInsKMCHqMG3jwEMEskBlCT6cmadKz0F0jhiGv4cWDIl59GW++jZ1kDpr4Q8PHX1VU9e8nUmi07W+rsLS8srpWXC9tbG5t75R395o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD68m9dYjKC3i6AFHCXgh60ciEJyhsVwX4QkzfXdzcT3ulit21Z6KLoKTQ4XkqnfLX24v5mkIEXLJtO44doJexhQKLmFcclMNCeND1oeOwYiFoL1sevOYHhmnR4NYmRchnbq/JzIWaj0KfdMZMhzo+drE/K/WSTE49zIRJSlCxGeLglRSjOkkANoTCjjKkQHGlTC3Uj5ginE0MZVMCM78lxeheVJ1DN+fVmqXeRxFckAOyTFxyBmpkVtSJw3CSUKeySt5s1LrxXq3PmatBSuf2Sd/ZH3+AOdwkZQ=</latexit><latexit sha1_base64="eKkAhsS0bR8k2IphhRYq5uyJgkw=">AAAB83icbZDJSgNBEIZ74hbjFvXopTEInsKMCHqMG3jwEMEskBlCT6cmadKz0F0jhiGv4cWDIl59GW++jZ1kDpr4Q8PHX1VU9e8nUmi07W+rsLS8srpWXC9tbG5t75R395o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD68m9dYjKC3i6AFHCXgh60ciEJyhsVwX4QkzfXdzcT3ulit21Z6KLoKTQ4XkqnfLX24v5mkIEXLJtO44doJexhQKLmFcclMNCeND1oeOwYiFoL1sevOYHhmnR4NYmRchnbq/JzIWaj0KfdMZMhzo+drE/K/WSTE49zIRJSlCxGeLglRSjOkkANoTCjjKkQHGlTC3Uj5ginE0MZVMCM78lxeheVJ1DN+fVmqXeRxFckAOyTFxyBmpkVtSJw3CSUKeySt5s1LrxXq3PmatBSuf2Sd/ZH3+AOdwkZQ=</latexit><latexit sha1_base64="eKkAhsS0bR8k2IphhRYq5uyJgkw=">AAAB83icbZDJSgNBEIZ74hbjFvXopTEInsKMCHqMG3jwEMEskBlCT6cmadKz0F0jhiGv4cWDIl59GW++jZ1kDpr4Q8PHX1VU9e8nUmi07W+rsLS8srpWXC9tbG5t75R395o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD68m9dYjKC3i6AFHCXgh60ciEJyhsVwX4QkzfXdzcT3ulit21Z6KLoKTQ4XkqnfLX24v5mkIEXLJtO44doJexhQKLmFcclMNCeND1oeOwYiFoL1sevOYHhmnR4NYmRchnbq/JzIWaj0KfdMZMhzo+drE/K/WSTE49zIRJSlCxGeLglRSjOkkANoTCjjKkQHGlTC3Uj5ginE0MZVMCM78lxeheVJ1DN+fVmqXeRxFckAOyTFxyBmpkVtSJw3CSUKeySt5s1LrxXq3PmatBSuf2Sd/ZH3+AOdwkZQ=</latexit><latexit sha1_base64="eKkAhsS0bR8k2IphhRYq5uyJgkw=">AAAB83icbZDJSgNBEIZ74hbjFvXopTEInsKMCHqMG3jwEMEskBlCT6cmadKz0F0jhiGv4cWDIl59GW++jZ1kDpr4Q8PHX1VU9e8nUmi07W+rsLS8srpWXC9tbG5t75R395o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD68m9dYjKC3i6AFHCXgh60ciEJyhsVwX4QkzfXdzcT3ulit21Z6KLoKTQ4XkqnfLX24v5mkIEXLJtO44doJexhQKLmFcclMNCeND1oeOwYiFoL1sevOYHhmnR4NYmRchnbq/JzIWaj0KfdMZMhzo+drE/K/WSTE49zIRJSlCxGeLglRSjOkkANoTCjjKkQHGlTC3Uj5ginE0MZVMCM78lxeheVJ1DN+fVmqXeRxFckAOyTFxyBmpkVtSJw3CSUKeySt5s1LrxXq3PmatBSuf2Sd/ZH3+AOdwkZQ=</latexit>

Extra-Gradient + Momentum
<latexit sha1_base64="9xhMyYymA7palYyuzXwyupgWkfs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARBLEkIuiyKKIboYK9QBvKZDJph04uzJxIS+jWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/G4suALL+jYKC4tLyyvF1dLa+sbmlrm901BRIimr00hEsuUSxQQPWR04CNaKJSOBK1jTHVxm9eYDk4pH4T2MYuYEpBdyn1MC2uqauANsCOnVECQ5vpbE4ywEfIRvo0BDEoy7ZtmqWBPhebBzKKNcta751fEimmTjVBCl2rYVg5MSCZwKNi51EsViQgekx9oaQxIw5aSTS8b4QDse9iOpn95j4v6eSEmg1ChwdWdAoK9ma5n5X62dgH/upDyME2AhnX7kJwJDhLNYsMcloyBGGgiVXO+KaZ9IQkGHV9Ih2LMnz0PjpGJrvjstVy/yOIpoD+2jQ2SjM1RFN6iG6oiiR/SMXtGb8WS8GO/Gx7S1YOQzu+iPjM8fZgyaIA==</latexit><latexit sha1_base64="9xhMyYymA7palYyuzXwyupgWkfs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARBLEkIuiyKKIboYK9QBvKZDJph04uzJxIS+jWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/G4suALL+jYKC4tLyyvF1dLa+sbmlrm901BRIimr00hEsuUSxQQPWR04CNaKJSOBK1jTHVxm9eYDk4pH4T2MYuYEpBdyn1MC2uqauANsCOnVECQ5vpbE4ywEfIRvo0BDEoy7ZtmqWBPhebBzKKNcta751fEimmTjVBCl2rYVg5MSCZwKNi51EsViQgekx9oaQxIw5aSTS8b4QDse9iOpn95j4v6eSEmg1ChwdWdAoK9ma5n5X62dgH/upDyME2AhnX7kJwJDhLNYsMcloyBGGgiVXO+KaZ9IQkGHV9Ih2LMnz0PjpGJrvjstVy/yOIpoD+2jQ2SjM1RFN6iG6oiiR/SMXtGb8WS8GO/Gx7S1YOQzu+iPjM8fZgyaIA==</latexit><latexit sha1_base64="9xhMyYymA7palYyuzXwyupgWkfs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARBLEkIuiyKKIboYK9QBvKZDJph04uzJxIS+jWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/G4suALL+jYKC4tLyyvF1dLa+sbmlrm901BRIimr00hEsuUSxQQPWR04CNaKJSOBK1jTHVxm9eYDk4pH4T2MYuYEpBdyn1MC2uqauANsCOnVECQ5vpbE4ywEfIRvo0BDEoy7ZtmqWBPhebBzKKNcta751fEimmTjVBCl2rYVg5MSCZwKNi51EsViQgekx9oaQxIw5aSTS8b4QDse9iOpn95j4v6eSEmg1ChwdWdAoK9ma5n5X62dgH/upDyME2AhnX7kJwJDhLNYsMcloyBGGgiVXO+KaZ9IQkGHV9Ih2LMnz0PjpGJrvjstVy/yOIpoD+2jQ2SjM1RFN6iG6oiiR/SMXtGb8WS8GO/Gx7S1YOQzu+iPjM8fZgyaIA==</latexit><latexit sha1_base64="9xhMyYymA7palYyuzXwyupgWkfs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARBLEkIuiyKKIboYK9QBvKZDJph04uzJxIS+jWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/G4suALL+jYKC4tLyyvF1dLa+sbmlrm901BRIimr00hEsuUSxQQPWR04CNaKJSOBK1jTHVxm9eYDk4pH4T2MYuYEpBdyn1MC2uqauANsCOnVECQ5vpbE4ywEfIRvo0BDEoy7ZtmqWBPhebBzKKNcta751fEimmTjVBCl2rYVg5MSCZwKNi51EsViQgekx9oaQxIw5aSTS8b4QDse9iOpn95j4v6eSEmg1ChwdWdAoK9ma5n5X62dgH/upDyME2AhnX7kJwJDhLNYsMcloyBGGgiVXO+KaZ9IQkGHV9Ih2LMnz0PjpGJrvjstVy/yOIpoD+2jQ2SjM1RFN6iG6oiiR/SMXtGb8WS8GO/Gx7S1YOQzu+iPjM8fZgyaIA==</latexit>
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Figure B.1: Comparison of the performance of LEAD vs. several other first-order and

second-order methods on a variant of the quadratic min-max game. We start with a game

where the matrices are all simultaneously diagonizable and slowly move to the case where

they are fully unaligned. We see that LEAD converges faster to the solution of quadratic

games whose Jacobian consists of blocks that are not simultaneously diagonizable.

would like to state that for every angle choice, all the methods are fully tuned (a budget of

1000 hyper-parameters was given to each method).

B.7.3 Mixture of Eight Gaussians

Dataset The real data is generated by 8-Gaussian distributions their mean are

uniformly distributed around the unit circle and their variance is 0.05. The code to generate

the data is included in the source code.

Architecture The architecture for Generator and Discriminator, each consists of

four layers of affine transformation, followed by ReLU non-linearity. The weight initialization
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is default PyTorch’s initialization scheme. See a schematic of the architecture in Table B.1.

Generator Discriminator

Input: z ∈ R64 ∼ N (0, I) Input: x ∈ R2

Linear (64→ 2000) Linear (2→ 2000)

ReLU ReLU

Linear (2000→ 2000) Linear (2000→ 2000)

ReLU ReLU

Linear (2000→ 2000) Linear (2000→ 2000)

ReLU ReLU

Linear (2000→ 2) Linear (2000→ 1)

Table B.1: Architecture used for the Mixture of Eight Gaussians.

Other Details: We use the Adam [183] optimizer on top of our algorithm in the reported

results. Furthermore, we use batchsize of 128.

B.7.4 CIFAR 10 DCGAN

Dataset The CIFAR10 dataset is available for download at the following link;

https://www.cs.toronto.edu/~kriz/cifar.html

Architecture The discriminator has four layers of convolution with LeakyReLU

and batch normalization. Also, the generator has four layers of deconvolution with ReLU

and batch normalization. See a schematic of the architecture in Table B.2.
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Generator Discriminator

Input: z ∈ R100 ∼ N (0, I) Input: x ∈ R3×32×32

conv. (ker: 4×4, 100→ 1024; stride: 1; pad: 0) conv. (ker: 4×4, 3→ 256; stride: 2; pad: 1)

Batch Normalization LeakyReLU

ReLU conv. (ker: 4×4, 256→ 512; stride: 2; pad: 1)

conv. (ker: 4×4, 1024→ 512; stride: 2; pad: 1) Batch Normalization

Batch Normalization LeakyReLU

ReLU conv. (ker: 4×4, 512→ 1024; stride: 2; pad: 1)

conv. (ker: 4×4, 512→ 256; stride: 2; pad: 1) Batch Normalization

Batch Normalization LeakyReLU

ReLU conv. (ker: 4×4, 1024→ 1; stride: 1; pad: 0)

conv. (ker: 4×4, 256→ 3; stride: 2; pad: 1)

Tanh Sigmoid

Table B.2: Architecture used for CIFAR-10 DCGAN.

Other Details For the baseline we use Adam with β1 set to 0.5 and β2 set to

0.99. Generator’s learning rate is 0.0002 and discriminator’s learning rate is 0.0001. The

same learning rate and momentum were used to train LEAD model. We also add the mixed

derivative term with αd = 0.3 and αg = 0.0.

The baseline is a DCGAN with the standard non-saturating loss (non-zero sum

formulation). In our experiments, we compute the FID based on 50,000 samples generated

from our model vs 50,000 real samples.
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Figure B.2: Performance of LEAD on CIFAR-10 image generation task on a DCGAN

architecture. Left: LEAD achieves FID 19.27. Right: Vanilla Adam achieves FID 24.38.

LEAD is able to generate better sample qualities from several classes such as ships, horses

and birds (red). Best performance is reported after 100 epochs.

B.7.5 CIFAR 10 ResNet

Dataset The CIFAR10 dataset is available for download at the following link;

https://www.cs.toronto.edu/~kriz/cifar.html

Architecture See Table B.4 for a schematic of the architecture used for the

CIFAR10 experiments with ResNet.

Other Details: The baseline is a ResNet with non-saturating loss (non-zero sum formula-

tion). Similar to [243], for every time that the generator is updated, the discriminator is

updated 5 times. For both the Baseline SNGAN and LEAD-Adam we use a β1 of 0.0 and β2

of 0.9 for Adam. Baseline SNGAN uses a learning rate of 0.0002 for both the generator and
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Gen–Block

Shortcut :

Upsample(×2)

Residual :

Batch Normalization

ReLU

Upsample(×2)

conv. (ker: 3×3, 256→ 256; stride: 1; pad: 1)

Batch Normalization

ReLU

conv. (ker: 3×3, 256→ 256; stride: 1; pad: 1)

Dis–Block

Shortcut :

downsample

conv. (ker: 1×1, 3`=1/128`6=1 → 128; stride: 1)

Spectral Normalization

[AvgPool (ker:2×2, stride:2)], if ` 6= 1

Residual :

[ ReLU ], if ` 6= 1

conv. (ker: 3×3, 3`=1/128 6̀=1 → 128; stride: 1; pad: 1)

Spectral Normalization

ReLU

conv. (ker: 3×3, 128→ 128; stride: 1; pad: 1)

Spectral Normalization

AvgPool (ker:2×2 )

Table B.3: ResNet blocks used for the ResNet architectures (see Table B.4).

the discriminator. LEAD-Adam also uses a learning rate of 0.0002 for the generator but

0.0001 for the discriminator. LEAD-Adam uses an α of 0.5 and 0.01 for the generator and

the discriminator respectively. Furthermore, we evaluate both the baseline and our method

on an exponential moving average of the generator’s parameters.

In our experiments, we compute the FID based on 50,000 samples generated from

our model vs 50,000 real samples and reported the mean and variance over 5 random runs.

We have provided pre-trained models as well as the source code for both LEAD-Adam and

Baseline SNGAN in our GitHub repository.
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Generator Discriminator

Input: z ∈ R64 ∼ N (0, I) Input: x ∈ R3×32×32

Linear(64→ 4096) D–ResBlock

G–ResBlock D–ResBlock

G–ResBlock D–ResBlock

G–ResBlock D–ResBlock

Batch Normalization ReLU

ReLU AvgPool (ker:8×8 )

conv. (ker: 3×3, 256→ 3; stride: 1; pad:1) Linear(128→ 1)

Tanh(·) Spectral Normalization

Table B.4: ResNet architectures used for experiments on CIFAR10.

B.8 Comparison to other methods

In this section we compare our method with several other second order methods in

the min-max setting.

The distinction of LEAD from SGA and LookAhead, can be understood by

considering the 1st-order approximation of xk+1 = xk − η∇xf (xk, yk + η∆yk), where

∆yk = η∇yf (xk + η∆x, yk).

1For FtR, we have provided the update for the second player given the first player performs gradient
descent on f .
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Figure B.3: Generated sample of LEAD-Adam on CIFAR-10 after 50k iterations on a ResNet

architecture. We achieve an FID score of 10.49 using learning rate 2e− 4 for the generator

and the discriminator, α for the generator is 0.01 and for the discriminator is 0.5.

This gives rise to:

xk+1 = xk − η∇xf (xk, yk)− η2∇2
xyf (xk, yk) ∆y, (B.43)

yk+1 = yk + η∇yf (xk, yk) + η2∇2
xyf (xk, yk) ∆x, (B.44)

with ∆x,∆y corresponding to each player accounting for its opponent’s potential next

step. However, SGA and LookAhead additonally model their opponent as naive learners i.e.

∆x = −∇xf(xk, yk), ∆y = ∇yf(xk, yk). On the contrary, our method does away with such

specific assumptions, instead modeling the opponent based on its most recent move.

Furthermore, there is a resemblance between LEAD and OGDA that we would like

to address. The 1st order Taylor expansion of the difference in gradients term of OGDA
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Coefficient Momentum Gradient Interaction-xy Interaction-xx

GDA ∆xk+1 = 1 0 −η∇xf −η∇xf 0

LEAD ∆xk+1 = 1 β∆xk −η∇xf −α∇2
xyf∆yk 0

SGA[32] ∆xk+1 = 1 0 −η∇xf −ηγ∇2
xyf∇yf 0

CGD[315] ∆xk+1 = C−1 0 −η∇xf −η2∇2
xyf∇yf 0

CO[233] ∆xk+1 = 1 0 −η∇xf −ηγ∇2
xyf∇yf −ηγ∇2

xxf∇xf

FtR[356] ∆yk+1 = 1 0 ηy∇yf ηx
(
∇2
yyf
)−1∇2

yxf∇xf 0

LOLA[96] ∆xk+1 = 1 0 −η∇xf −2ηα∇xyf∇yf 0

Table B.5: Comparison of several second-order methods in min-max optimization. Each

update rule, corresponding to a particular row, can be constructed by adding cells in that

row from Columns 4 to 7 and then multiplying that by the value in Column 1. Furthermore,

∆xk+1 = xk+1 − xk, while C =
(
I + η2∇2

xyf∇2
yxf
)
. We compare the update rules of the

first player1 for the following methods: Gradient Descent-Ascent (GDA), Least Action

Dynamics (LEAD, ours), Symplectic Gradient Adjustment (SGA), Competitive Gradient

Descent (CGD), Consensus Optimization (CO), Follow-the-Ridge (FtR) and Learning with

Opponent Learning Awareness (LOLA), in a zero-sum game.

yields the update (for x):

xk+1 = xk − η∇xf − η2∇2
xyf∇yf + η2∇2

xxf∇xf, (B.45)

which contains an extra 2nd order term ∇2
xxf compared to ours. As noted in [315], the

∇2
xxf term does not systematically aid in curbing the min-max rotations, rather causing

convergence to non-Nash points in some settings. For e.g., let us consider the simple game

f(x, y) = γ(x2 − y2), where x, y, γ are all scalars, with the Nash equilibrium of this game
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located at (x∗ = 0, y∗ = 0). For a choice of γ ≥ 6, OGDA fails to converge for any learning

rate while methods like LEAD, Gradient Descent Ascent (GDA) and CGD ([315]) that do

not contain the ∇xxf(∇yyf) term do exhibit convergence. See Figure B.4 and [315] for more

discussion.

Figure B.4: Figure depicting the convergence/divergence of several algorithms on the game

of f(x, y) = γ(x2 − y2) (Nash equilibrium at x∗ = 0, y∗ = 0). Left: For γ = 1, OGDA and

LEAD/GDA/CGD (overlaying) are found to converge to the Nash eq. Right: For γ = 6,

we find that OGDA fails to converge while LEAD/GDA/CGD (overlaying) converge. We

conjecture that the reason behind this observation is the existence of ∇2
xxf term in the

optimization algorithm of OGDA.
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Algorithm 2 Least Action Dynamics Adam (LEAD-Adam)

1: Input: learning rate η, momentum β, coupling coefficient α.

2: Initialize: x0 ← xinit, y0 ← yinit, t← 0, mx
0 ← 0, vx0 ← 0 my

0 ← 0, vy0 ← 0

3: while not converged do

4: t← t+ 1

5: gx ← ∇xf(xt, yt)

6: gxy∆y ← ∇y(gx)(yt − yt−1)

7: gxt ← gxy∆y + gx

8: mx
t ← β1.m

x
t−1 + (1− β1).gxt

9: vxt ← β2.v
x
t−1 + (1− β2).(gxt )2

10: m̂t ← mt/(1− βt1)

11: v̂t ← vt/(1− βt2)

12: xt+1 ← xt − η m̂t/(
√
v̂t + ε)

13: gy ← ∇yf(xt+1, yt)

14: gxy∆x← ∇x(gy)(xt+1 − xt)

15: gyt ← gxy∆x+ gy

16: my
t ← β1.m

y
t−1 + (1− β1).gyt

17: vyt ← β2.v
y
t−1 + (1− β2).(gyt )2

18: m̂y
t ← my

t /(1− βt1)

19: v̂yt ← vyt /(1− βt2)

20: yt+1 ← yt + η m̂y
t /(
√
v̂yt + ε)

21: end while

22: return (x, y)
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Appendix C

Chapter 4: Appendix

C.1 Self-averaging and the replica trick

Before proceeding, we note that using the replica trick [237], one can recast Eq. (C.2)

as,

−βf =
1

d
lim
r→0

〈〈Zr〉〉x,W ∗ − 1

r
, r ∈ Z (C.1)

C.2 Theoretical Details

C.2.1 Generalization Error

The self-averaged free energy (per network weight) is given by [91],

−βf =
1

d
〈〈lnZ〉〉x,W ∗ (C.2)
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where β = 1/T is the inverse temperature, d the student (and teacher) width, and Z is the

partition function of the system defined to be,

Z =

∫ ∞
−∞

dµ (W) e−nβET

with, dµ (W) =

d∏
i=1

dWi(√
2π
)d δ

(
γ2
i

d∑
i=1

(Wi)
2 − dQ0

) (C.3)

Here, the γi’s correspond to the respective mask values acting on each student neuron while

n corresponds to the number of training examples. Additionally, 〈〈·〉〉 in Eq. (C.2) refers to

self-averaging over the (normal Gaussian) input and (uniform) teacher weight distributions.

Next, by making use of the replica trick, one can rewrite Eq. (C.2) as,

−βf =
1

d
lim
r→0

〈〈Zr〉〉x,W ∗ − 1

r
, r ∈ Z (C.4)

To evaluate 〈〈Zr〉〉x,W ∗ , we first introduce the teacher and the student outputs y∗µ and ya,µ

(Eq. (4.2),(4.3)) as Gaussian variables (for d >> 1) in the partition function, as,

〈〈Zr〉〉x,W∗ =

∫ r∏
a=1

dµ (Wa)
∏
a,µ

dya,µ
∏
µ

dy∗µ
∏
a,µ

exp−nβET (y∗µ,ya,µ)

×
∏
a,µ

〈〈
δ

(
y∗µ − 1√

d

d∑
i=1

W ∗i x
µ
i

)
δ

(
ya,µ − 1√

d

d∑
i=1

γiW
a
i x

µ
i

)〉〉
x,W∗

(C.5)

with a being the replica index. We next express the above δ functions using their integral

representations, to get,

〈〈Zr〉〉x,W∗ =

∫ r∏
a=1

dµ (Wa)
∏
a,µ

dya,µ
∏
µ

dy∗µ
∏
a,µ

exp−nβET (y∗µ,ya,µ)
∏
a,µ

∫
dŷ∗µ

2π

∫
dŷa,µ

2π

× ei(y∗µŷ∗µ+ya,µŷa,µ)
〈〈
e
− i√

d
((
∑
iW
∗
i x

µ
i )ŷ
∗µ+(

∑
i γiW

a
i x

µ
i )ŷ

a,µ)
〉〉

x,W∗

(C.6)
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Now, as d→∞, one can write,

∏
a,µ

〈〈
e
− i√

d
((
∑
iW
∗
i x

µ
i )ŷ
∗µ+(

∑
i γiW

a
i x

µ
i )ŷ

a,µ)
〉〉

x,W∗

≈
〈〈

1− 1

2d

∑
i,µ

(
W ∗i ŷ

∗µ +
∑
a

γiW
a
i ŷ

a,µ

)2〉〉
W∗

=

〈〈
e

ln

(
1− 1

2d

∑
i,µ

(
W ∗i ŷ

∗µ+
∑
a
γiW

a
i ŷ

a,µ

)2
)〉〉

W∗

(C.7)

where we have made use of the fact that 〈xi〉 = 0 and 〈xixj〉 = δij . Now, since ln(1 + x) ≈ x

for x << 1, we can furthermore write the above as,

∏
a,µ

〈〈
e
− i√

d
((
∑
iW
∗
i x

µ
i )ŷ
∗µ+(

∑
i γiW

a
i x

µ
i )ŷ

a,µ)
〉〉

x,W∗

≈
〈〈

e
− 1

2d

∑
i,µ

(
W ∗i ŷ

∗µ+
∑
a
γiW

a
i ŷ

a,µ

)2〉〉
W∗

(C.8)

We can additionally expand the argument of the above exponential as,

− 1

2d

∑
i,µ

(
W ∗i ŷ

∗µ +
∑
a

γiW
a
i ŷ

a,µ

)2

= − 1

2d

∑
i,µ

(
W ∗i ŷ

∗µ +
∑
a

γiW
a
i ŷ

a,µ

)(
W ∗i ŷ

∗µ +
∑
b

γiW
b
i ŷ

b,µ

)

= −1

2

∑
µ,a,b

ŷa,µŷb,µ · 1

d

∑
i

γ2
iW

a
i W

b
i −

∑
µ,a

ŷa,µŷ∗µ · 1

d

∑
i

γ2
iW

a
i W

∗
i

− 1

2

∑
µ

(ŷa,µ)2 · 1

d

∑
i

γ2
i (W ∗i )2

(C.9)

If next set,

1

d

d∑
i=1

(W a
i )2γ2

i ≡ Q0,
1

d

d∑
i=1

W a
i W

b
i γ

2
i ≡ Qab, for a 6= b (C.10)

1

d

d∑
i=1

γiW
a
i W

∗
i = Ra,

1

d

d∑
i=1

γ2
i (W ∗i )2 = 1, (C.11)
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then we can consequently write,

〈〈Zr〉〉x,W∗ =

∫ r∏
a=1

dµ (Wa)
∏
a,µ

dya,µ
∏
µ

dy∗µ
∏
a,µ

exp−nβET (y∗µ,ya,µ)

×
∏
a,µ

∫
dŷ∗µ

2π

∫
dŷa,µ

2π
ei(y

∗µŷ∗µ+ya,µŷa,µ)×

〈〈
exp(− 1

2

∑
µ,a(ŷa,µ)2Q0− 1

2

∑
µ,a 6=b ŷ

a,µŷb,µQab−
∑
µ,a ŷ

a,µŷ∗µRa− 1
2

∑
µ(ŷ∗µ)2)

〉〉
Wt

(C.12)

We can now additionally incorporate integrals over dQab and dRa as,

〈〈Zr〉〉x,W∗ =

∫ r∏
a=1

dµ (Wa)
∏
a,µ

dya,µ
∏
µ

dy∗µ
∏
a,µ

exp−nβET (y∗µ,ya,µ)

×
∏
a,µ

∫
dŷ∗µ

2π

∫
dŷa,µ

2π
ei(y

∗µŷ∗µ+ya,µŷa,µ)
∏
a<b

d
(
dQab

)∏
a

d (dRa)

×
〈〈∏

a

δ

(∑
i

γiW
a
i W

∗
i − dRa

)〉〉
W∗

×
〈〈∏

a<b

δ

(∑
i

γ2
iW

aW b − dQab
)〉〉

W∗

× e− 1
2

∑
µ,a(ŷa,µ)2Q0− 1

2

∑
µ,a 6=b ŷ

a,µŷb,µQab−
∑
µ,a ŷ

a,µŷ∗µRa− 1
2

∑
µ(ŷ∗µ)2

(C.13)

⇒ 〈〈Zr〉〉x,W∗ =

∫ ∏
i,a

dW a
i(√

2π
)d δ

(
d∑
i=1

γ2
i (W a

i )2 − dQ0

)∏
a,µ

dya,µ
∏
µ

dy∗µ

×
∏
a,µ

exp−nβET (y∗µ,ya,µ)
∏
a,µ

∫
dŷ∗µ

2π

∫
dŷa,µ

2π
ei(y

∗µŷ∗µ+ya,µŷa,µ)

×
∏
a<b

d
(
dQab

)∏
a

d (dRa)

〈〈∏
a

δ

(∑
i

γiW
a
i W

∗
i − dRa

)〉〉
W∗

×
〈〈∏

a<b

δ

(∑
i

γ2
iW

a
i W

b
i − dQab

)〉〉
W∗

× e− 1
2

∑
µ,a(ŷa,µ)2Q0− 1

2

∑
µ,a6=b ŷ

a,µŷb,µQab−
∑
µ,a ŷ

a,µŷ∗µRa− 1
2

∑
µ(ŷ∗µ)2

(C.14)
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where in the above we have re-expressed dµ (Wa) using Eq. (C.3). Now, integrating over

ŷ∗µ and W∗
i , then yields,

〈〈Zr〉〉x,W∗ =

∫ ∏
i,a

dW a
i(√

2π
)d ∫ ∏

a

dk̂a
4π

∏
a,µ

dya,µdŷa,µ

2π

∏
µ

dy∗µ√
2π

∏
a,µ

exp−nβET (y∗µ,ya,µ)

×
∏
a<b

dQabdQ̂ab

2π/d

∏
a

dRadR̂a

2π/d

∏
a,µ

e
idQ0

2

∑
a k̂a+id

∑
aR

aR̂a+id
∑
a<bQ

abQ̂ab

× e−i
∑
i,a

k̂a

2
γ2i (Wa

i )
2−i

∑
i,a<b γ

2
iW

a
i W

b
i Q̂

ab−i
∑
i γiW

a
i R̂

a

× e
− 1

2

∑
µ

(y∗µ)2− 1
2

∑
a

(Q0−(Ra)2)
∑
µ

(ŷa,µ)2− 1
2

∑
µ,a6=b

ŷa,µŷb,µ(Qab−RaRb)

× e
i
∑
µ,a

ya,µŷa,µ−i
∑
µ,a

y∗µŷa,µRa

(C.15)

C.3 Experimental Details

C.3.1 ResNet-18 on CIFAR-10

We train a ResNet-18 on the CIFAR-10 [189], following the setup of [254] for two

different width of k = 20 and k = 60 which according to [254], are considered moderately

and highly overparameterized, respectively. For the experiments a 15% label noise is added.

C.3.2 Decomposition of the Generalization Error

We would like to draw readers’ attention to Eq. 11, in which each of R and Q are

consisted of two terms which together results in the expression for the generalization error

as in Eq. 9. Let us denote these two terms as following,

L(1)
G :=

1

2
(H1 − 2R1H1 +Q1),

L(2)
G :=

1

2
(H2 − 2R2H2 +Q2),
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where,

R1 :=
α1

a1p
H1

R2 :=
α2

a2(d− p)H2,

Q1 :=
α1

a2
1 − α1

(
G1 −

2− a1

a1
α1H1

)
,

Q2 :=
α2

a2
2 − α2

(
G2 −

2− a2

a2
α2H2

)
,

in which, the terms with a super or subscript 1 evolve at a faster time-scale compared to

those with 2 as we have assumed that γ1 � γ2.

In Fig. C.1, we separately plot L(1)
G and L(2)

G for a fixed γ1 = 1 while varying γ2

from 0.0 to 0.1.

C.3.3 Extra Experiments Varying n/d

In the framework of statistical mechanics, the derivations are valid in the limit of

high dimensions. Hence, it is reasonable to study the case where n, d, p → ∞ while their

ratio remains finite. In this section, we consider the case where p
d = 0.5 remains fixed while

we vary n
d from 0.1 to 3. In all the experiments we fix γ1 = 1 and γ2 = 0.1. Fig. C.2 shows

a plot of this experiment.

C.3.4 Computational Resources

For the experiments, an approximate number of 100 GPU-hours has been used.

GPUs used for the experiments are NVIDIA-V100 mostly on internal cluster and partly on

public cloud clusters. Numerical simulations of the analytical expressions are performed on
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>

log(t) = log(1/λ)

L(1)
G

<latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit>

L(2)
G

<latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit>

LG
<latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit>

L(1)
G

<latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit>

L(1)
G

<latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit><latexit sha1_base64="X5PR1a4G2pEBJcfyKddJJEL3Dk4=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSiKDLogtduKhgL9DGMJlO26GTCzMToYSs3Pgqblwo4tZncOfbOGmDaOsPAx//OYc55/cizqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kYXWb11T4VkYXCrxhF1fDwIWJ8RrLTlmvtdH6shwTy5Tt0fvkzvkop9lLpm2apaE6F5sHMoQ666a352eyGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTM1J0qJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ciUdgj178jw0j6u2VbVvTsq18zyOIuzBAVTAhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbPvuY8w==</latexit>

L(2)
G

<latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit>

L(2)
G

<latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit><latexit sha1_base64="IYVSeGzbmVIT3GBbHPBJ3Aq5sww=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIdVOSIuiy6EIXLirYC7QxTKbTdujkwsxEKCErN76KGxeKuPUZ3Pk2Ttog2vrDwMd/zmHO+b2IM6ks68tYWFxaXlktrBXXNza3ts2d3aYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaOLrN66p0KyMLhV44g6Ph4ErM8IVtpyzYOuj9WQYJ5cp+4PX6Z3Sbl6nLpmyapYE6F5sHMoQa66a352eyGJfRoowrGUHduKlJNgoRjhNC12Y0kjTEZ4QDsaA+xT6SSTM1J0pJ0e6odCv0Chift7IsG+lGPf053ZonK2lpn/1Tqx6p85CQuiWNGATD/qxxypEGWZoB4TlCg+1oCJYHpXRIZYYKJ0ckUdgj178jw0qxXbqtg3J6XaeR5HAfbhEMpgwynU4Arq0AACD/AEL/BqPBrPxpvxPm1dMPKZPfgj4+MbQIGY9A==</latexit>

LG
<latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit>

LG
<latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit><latexit sha1_base64="EAVlR0Ky31DEw6TMfjX8kbIxSb8=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEhF0WXShCxcV7AXaECbTaTt0MgkzE6GEbHwVNy4UcetjuPNtnLRBtPWHgY//nMOc8wcxZ0o7zpdVWlpeWV0rr1c2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FVXm8/UKlYJO71JKZeiIeCDRjB2li+fdALsR4RzNPbzP/h68y3q07NmQotgltAFQo1fPuz149IElKhCcdKdV0n1l6KpWaE06zSSxSNMRnjIe0aFDikykunB2To2Dh9NIikeUKjqft7IsWhUpMwMJ35imq+lpv/1bqJHlx4KRNxoqkgs48GCUc6QnkaqM8kJZpPDGAimdkVkRGWmGiTWcWE4M6fvAit05rr1Ny7s2r9soijDIdwBCfgwjnU4QYa0AQCGTzBC7xaj9az9Wa9z1pLVjGzD39kfXwDV46W3w==</latexit>

�2 = 0.1
<latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit>

�2 = 0.05
<latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

�2 = 0.0
<latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

�2 = 0.1
<latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit><latexit sha1_base64="jpzIX/nROamtRIfGMl9CflR2ykE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7tlHf39g8OK0fHbZ1kirIWTUSiuiFqJnjMWoYbwbqpYihDwTrh+G7md56Y0jyJH80kZYHEYcwjTtFYyfeHKCX26zduzetXqm7NnYOsEq8gVSjQ7Fe+/EFCM8liQwVq3fPc1AQ5KsOpYNOyn2mWIh3jkPUsjVEyHeTzm6fk3CoDEiXKVmzIXP09kaPUeiJD2ynRjPSyNxP/83qZia6DnMdpZlhMF4uiTBCTkFkAZMAVo0ZMLEGquL2V0BEqpMbGVLYheMsvr5J2vebZxB4uq43bIo4SnMIZXIAHV9CAe2hCCyik8Ayv8OZkzovz7nwsWtecYuYE/sD5/AGH4JCu</latexit>

�2 = 0.05
<latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit><latexit sha1_base64="tQD3FLUy7l+5Ko/FJunwvUvJvNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktil6EohePFewHtEuZTbNtaLK7JtlCKf0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfju5tfWNza38dmFnd2//oHh41NBxqiir01jEqhWgZoJHrG64EayVKIYyEKwZDO9mfnPElOZx9GjGCfMl9iMecorGSn6nj1Jit3Ljlt3LbrFk2xxklXgZKUGGWrf41enFNJUsMlSg1m3PTYw/QWU4FWxa6KSaJUiH2GdtSyOUTPuT+dFTcmaVHgljZSsyZK7+3pig1HosAzsp0Qz0sjcT//PaqQmv/QmPktSwiC4eClNBTExmCZAeV4waMbYEqeL2VkIHqJAam1PBhuAtf3mVNCplzy17Dxel6m0WRx5O4BTOwYMrqMI91KAOFJ7gGV7hzRk5L86787EYzTnZzjH8gfP5A/9lkOw=</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

�2 = 0.0
<latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit><latexit sha1_base64="GodUN+oeN1hY5+f7XT9jEDEpCtY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gCWWy3bRLd5OwuxFK6N/w4kERr/4Zb/4bt20O2vpghsd7M+zsC1PBtXHdb2dtfWNza7u0U97d2z84rBwdt3WSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYr9+4Nbdfqdo+B1klXkGqUKDZr3z5g4RmksWGCtS657mpCXJUhlPBpmU/0yxFOsYh61kao2Q6yOc3T8m5VQYkSpSt2JC5+nsjR6n1RIZ2UqIZ6WVvJv7n9TITXQc5j9PMsJguHooyQUxCZgGQAVeMGjGxBKni9lZCR6iQGhtT2YbgLX95lbTrNc+teQ+X1cZtEUcJTuEMLsCDK2jAPTShBRRSeIZXeHMy58V5dz4Wo2tOsXMCf+B8/gCGXJCt</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

�1 = 1
<latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit><latexit sha1_base64="LYpmAskJA6yN/Bj+hufJjKJ/KYY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFW5F0EYI2lhGMDGYHGFus5cs2d07dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjQ2Cb6+wsrq2vlHcLG1t7+zulfcPmibJNGUNmohEtyI0THDFGpZbwVqpZigjwR6i4c3Uf3hi2vBE3dtRykKJfcVjTtE66bHTRymxS65It1wJqsEM/jIhOalAjnq3/NXpJTSTTFkq0Jg2CVIbjlFbTgWblDqZYSnSIfZZ21GFkplwPLt44p84pefHiXalrD9Tf0+MURozkpHrlGgHZtGbiv957czGl+GYqzSzTNH5ojgTvk386ft+j2tGrRg5glRzd6tPB6iRWhdSyYVAFl9eJs2zKgmq5O68UrvO4yjCERzDKRC4gBrcQh0aQEHBM7zCm2e8F+/d+5i3Frx85hD+wPv8Aab9kDs=</latexit>

Figure C.1: The plot shows the decomposition of the generalization error into fast and slow components.

The double descent curve results from overlapping of these two components.

authors’ personal computer with CPU.
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>M
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<latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit><latexit sha1_base64="RmZQmjrrZdoLIMJsgukYHnuHMkE=">AAACCHicbVDLSgNBEJz1GeNr1aMHB4PgKeyKoMegCF6EiOYBSQizk04yZHZ2mekV45KjF3/FiwdFvPoJ3vwbJ4+DJhY0FFXddHcFsRQGPe/bmZtfWFxazqxkV9fWNzbdre2yiRLNocQjGelqwAxIoaCEAiVUYw0sDCRUgt750K/cgTYiUrfYj6ERso4SbcEZWqnp7tUR7jG9urmgHVCgmRQPI4uC1pEeNN2cl/dGoLPEn5AcmaDYdL/qrYgnISjkkhlT870YGynTKLiEQbaeGIgZ77EO1CxVLATTSEePDOiBVVq0HWlbCulI/T2RstCYfhjYzpBh10x7Q/E/r5Zg+7SRChUnCIqPF7UTSTGiw1RoS2jgKPuWMK6FvZXyLtOMo80ua0Pwp1+eJeWjvO/l/evjXOFsEkeG7JJ9ckh8ckIK5JIUSYlw8kieySt5c56cF+fd+Ri3zjmTmR3yB87nD0z/miU=</latexit>

log(t) = log(1/λ) log(t) = log(1/λ)
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<latexit sha1_base64="+EDfs7QfUrQBStYVYSl2wRwh5ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKpi20oWw2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAmujet+O6W19Y3NrfJ2ZWd3b/+genjU0mmuGPosFanqhFSj4BJ9w43ATqaQJqHAdji6m/ntJ1Sap/LRjDMMEjqQPOaMGiv5klyQqF+tuXV3DrJKvILUoECzX/3qRSnLE5SGCap113MzE0yoMpwJnFZ6ucaMshEdYNdSSRPUwWR+7JScWSUicapsSUPm6u+JCU20Hieh7UyoGeplbyb+53VzE98EEy6z3KBki0VxLohJyexzEnGFzIixJZQpbm8lbEgVZcbmU7EheMsvr5LWZd1z697DVa1xW8RRhhM4hXPw4BoacA9N8IEBh2d4hTdHOi/Ou/OxaC05xcwx/IHz+QOtLY3t</latexit><latexit sha1_base64="+EDfs7QfUrQBStYVYSl2wRwh5ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKpi20oWw2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAmujet+O6W19Y3NrfJ2ZWd3b/+genjU0mmuGPosFanqhFSj4BJ9w43ATqaQJqHAdji6m/ntJ1Sap/LRjDMMEjqQPOaMGiv5klyQqF+tuXV3DrJKvILUoECzX/3qRSnLE5SGCap113MzE0yoMpwJnFZ6ucaMshEdYNdSSRPUwWR+7JScWSUicapsSUPm6u+JCU20Hieh7UyoGeplbyb+53VzE98EEy6z3KBki0VxLohJyexzEnGFzIixJZQpbm8lbEgVZcbmU7EheMsvr5LWZd1z697DVa1xW8RRhhM4hXPw4BoacA9N8IEBh2d4hTdHOi/Ou/OxaC05xcwx/IHz+QOtLY3t</latexit><latexit sha1_base64="+EDfs7QfUrQBStYVYSl2wRwh5ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKpi20oWw2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAmujet+O6W19Y3NrfJ2ZWd3b/+genjU0mmuGPosFanqhFSj4BJ9w43ATqaQJqHAdji6m/ntJ1Sap/LRjDMMEjqQPOaMGiv5klyQqF+tuXV3DrJKvILUoECzX/3qRSnLE5SGCap113MzE0yoMpwJnFZ6ucaMshEdYNdSSRPUwWR+7JScWSUicapsSUPm6u+JCU20Hieh7UyoGeplbyb+53VzE98EEy6z3KBki0VxLohJyexzEnGFzIixJZQpbm8lbEgVZcbmU7EheMsvr5LWZd1z697DVa1xW8RRhhM4hXPw4BoacA9N8IEBh2d4hTdHOi/Ou/OxaC05xcwx/IHz+QOtLY3t</latexit><latexit sha1_base64="+EDfs7QfUrQBStYVYSl2wRwh5ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKpi20oWw2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAmujet+O6W19Y3NrfJ2ZWd3b/+genjU0mmuGPosFanqhFSj4BJ9w43ATqaQJqHAdji6m/ntJ1Sap/LRjDMMEjqQPOaMGiv5klyQqF+tuXV3DrJKvILUoECzX/3qRSnLE5SGCap113MzE0yoMpwJnFZ6ucaMshEdYNdSSRPUwWR+7JScWSUicapsSUPm6u+JCU20Hieh7UyoGeplbyb+53VzE98EEy6z3KBki0VxLohJyexzEnGFzIixJZQpbm8lbEgVZcbmU7EheMsvr5LWZd1z697DVa1xW8RRhhM4hXPw4BoacA9N8IEBh2d4hTdHOi/Ou/OxaC05xcwx/IHz+QOtLY3t</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

n/d = 0.1n/d = 0.25n/d = 0.5n/d = 0.74n/d = 1.25n/d = 2.5
<latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit><latexit sha1_base64="ljfWLLUHR3Ty1v9JzGWmc2EtvB8=">AAACM3icbZBNS8NAEIY39avGr6hHL4tF8FST0lIvQtGLeKpgP6ANZbPdtEs3m7C7EUrof/LiH/EgiAdFvPof3LZBY+vAwjPvzDA7rxcxKpVtvxi5ldW19Y38prm1vbO7Z+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja6m9dY9EZKG/E6NI+IGaMCpTzFSWupZNxyewT68gHbRMX+5VMkkWa6WfxIn21UqVnpWwS7as4DL4KRQAGnUe9ZTtx/iOCBcYYak7Dh2pNwECUUxIxOzG0sSITxCA9LRyFFApJvMbp7AE630oR8K/biCMzU7kaBAynHg6c4AqaFcrE3F/2qdWPnnbkJ5FCvC8XyRHzOoQjg1EPapIFixsQaEBdV/hXiIBMJK22xqE5zFk5ehWSo62vDbcqF2mdqRB0fgGJwCB1RBDVyDOmgADB7AM3gD78aj8Wp8GJ/z1pyRzhyCP2F8fQOszp5A</latexit>

Figure C.2: The plot shows the dynamics of the generalization error as n
d

is varied from 0.1 to 3. The ratio

p
d

= 0.5, γ1 = 1, and γ2 = 0.1 are fixed.
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