
Lawrence Berkeley National Laboratory
Recent Work

Title
AN ITERATION METHOD IN THE S-MATRIX THEORY

Permalink
https://escholarship.org/uc/item/1067d4dk

Author
Hwa, Rudolph C.

Publication Date
1964-07-07

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/1067d4dk
https://escholarship.org
http://www.cdlib.org/


UCRL-11545 

University of California 

Ernest 0. 
Radiation 

Lawrence 
Laboratory 

AN ITERATION METHOD IN THE S-MATRIX THEORY 

TWO-WEEK LOAN COPY 

This is a Library Circulating Copy 
which may be borrowed for two weeks. 
For a personal retention copy, call 
Tech. Info. Division, Ext. 5545 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



1 y 

i .. 

-------------------, 
1 Submitted t?_ Phys. Rev. for publication. --- ---~-------- . 

UNIVERSITY OF CALIFORNIA 

Lawrence Radiation Laboratory 
Berkeley, California 

AEC Contract No, 7405-eng-48 

I 
\ 

UCRL-11545 

AN ITERATION METHOD IN THE S-MATRIX THEORY 

Rudolph C. Hwa 

July 7, 1964 

'\:· 

'. ·,. 



~St. 
~~-r . . ~ 

'. 

' ... 

t~ 

' ~ 

' .. ·. 
-·. ~ '· 

' · · AN ITERATION METHOD IN THE S-MATRIX THEORY 

,· 

Rudolph C. Hvra 

Lawrence Radiation Laboratory 
··university of California 

Berkeley, California 

July 7, 1964 

ABSTRACT · -~. 

UCRL-11545. 

':•;' 

' .. 

An iteration method is formulated for the determination of the 

partial-wave scattering amplitude on the basis of analyticity and ., 

unitarity postulates. The analytic.properties in the physical and 

· unphysical sheets are considered simultaneously in a study of the 

' logarithmic S function . tn S t ( s) • The usual Njn approach and some \j 

:. \• 

. ;I 
of its associated drawbacks are avoided. A relationship between the I 

total number of composite particles and the phase change .of S t ( s) · 

along the left-hand· cut is. derived; this may be regarded as a 

generalization Of J;.evinson' s theorem. · The .use of this relationship .. · 
in the iteration method is discussed •. '..,.'_ .... · .. .,.;· 
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I. INTRODUCTION 

So far in the development of the analytic S~matrix theory, 

calculations of the partial-wave scattering amplitu~es have been based 

almost exclusively on the 
. 1 

Njb method. Its advantage lies in the 

fact that the nonlinear integral equation of a scattering amplitude 

satisfying analyticity and unitarity postulates can be reduced by this 

method to a set of tvro coupled' linear integral equations. However, ~it 
., 

is marred by the disadvantages associated inherently with the definition 

of a function as a quotient of two 'functions. Given a particular left-

hand cut representing the dynamical force operating in a channel, it 

is not impossible that the . D 
' !I 

function has zeroes in the complex epergy 

plane. Since causality forbids the amplitude to have poles in the 

complex plane of the physical sheet, this implies either that the N 

function must have zeroes there also or that the input force is 

unrealistic. In either case some remedy seems necessary, which is 

to be imposed so as to meet an extra condition not already contained 

in the postulates of analyticity and un:i.tari ty, contrary to the 

philosophy of'the S-matrix theory. It is therefore desirable to have 

a method which is free of this shortcoming, that is, a method in which 

analyticity and unitarity automatically guarantee that all the complex 

poles of the amplitude are in the unphysical sheet. 

Another drawback of the Njb method is that the analytic 

property which is to be assigned to D is not unambiguous. It can 

have the entire right~hand unitarity cut or just the elastic section 



; . •••• j_ ." ~ .. ·,.:, 
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of. this cut or the. entire'.: right-hand cut with. only the. elas'tic_; . . ;, ; 
.. -,, .. /:-(~-... '.t·,·:_· ___ ·-:-~ .. _~:\·_,.(_..·t:· -~(~:::: ;'- '!'~_::,_~ __ ....... · ·--·~-~~· ~- ·~;·--'j .. : -~-: ··{·~· '·':: 

discontinuity<· One' must examine whether this f'reedpm. is consistent. ;v : . 
._·. ~--

.· ... ;.·· 

",~th the oiu.-to-One corj~·~~'c,~~hc~ b~~~.~~ ~ p6i.; ¥ ih";~~~tt~ring ··· .. ,'H 
._; .. i'amplitud~:- and. a- zero. or -.-:n:. ,· -~hicl1,,is · gen~raily as~dlrined ·unless proven ~·::·.:~~_::;<_.~:-~ 
' '. ' ' ~~ :... ' . . ' . . ··. . t ;: . . ._ 

.' \ 

.,,_,., .... i •:,Inadmissible a posteriori.on;the grounds pf:,other~onsist€mcy require.;· .... ·:: -· 1 · 
·,.;-!I. ~> . • ~· !' >- ·~.-:_<,.',::··· ~-' -·~· ·. • f.' ( ~:- .; •. ::.r.J~ .. ; '·, •' . •· ·, · .. 1 

,. n-l 

-:.--·· 

' ments ~- If.· D, is: required ,t9 ·have only. the · · eiastiq; cut; 'then·_ special 
• ·, ~-~ •• > • 

,:· 
-/-. . . -- -:~- .--.~,_ ·:.·-'{ .;::.L ·-:--';..<=!', ,.. __ !rl_:"-:_:·-__ ,_·-~r--- ,_.-,-_·:.::·.~-.~-~,-.. _:~_.-._. , ,\ .... --·,_~:~~:_;.--~·-·- -~-

.. ; . - ---- - ·- ·- . .-' :--- :l .,_-;· 

,• :':' .~;.' ,care must be taken to ~n~ure' that the amplitude do~~:not 'acquire'an. . ... ',··: 
I,,._., • ~ ~ ~" :,. ;, .' ·• , ·-- .• ··J'f·~~·-~·-> • ,::, -~: ... ' ,_.r~i~>~--·. -~ ,-' •· :' ., "'< I •' .':' ,,.: 

artificial singulB.ritY at the: inelastic threshold< In_ so_ .d~ing an '.: . I -~·-·' 
... -_- ... ~ " ; :_ . ~ ~· : ... ·. ~ .. 

>integral.equation:of the_.Wi~ner-Hopf .~6rm' must ·be· soive·d.X It~ is:not <.\~ "· 
.- •. ·; ··.• '~ ' . · .... ; ·~ _:· --~ '-~ . : ,; t 

.. ' ' . '·,_ app~,rent; }lowever, ;that;·th~·:;?dmplic~rt~m·~~·-invol~e_a ~in s~lving i;h~t,' <._: :·.~· '·, .. ·,. 
~~.-·l ...-l • ~ ~·,, ~~: . .-;--.'':-·'···~-=·· .. :~',;,.··~·:. ,-';;,.·:.,._ l'" 

· _ .. · ~~:-· .. -~_quatfon_ail:·ha~e physical'_·:·coil~ent.:.:.:~-- -:··:.,<;,t _.,·_'.' ... . '·· ' .- ··.\\(:-~-:;. 

; :- . .,· · · .. · :. i''. t_ . : finaliy, we h6te,;t~~t''' the' _:·:·N·~,:~rid._·· ~ ::: fu~~tions":are '·asso'ci~ted.'J 
'·' ~t 

--~ 

~,_ ,, .··• • • ~ ·• . • ···":'""" .... ~'f .... y ~ .. ~-"' ~ ,. ~- ••• , -,.;o> 

.. : ' : wi t;b. the~- scattering' amplitude defined::~l~ the physical :sheet (Jnly; ) : ~ ' ·: 
. ' ~ . ~- .. 

'\": 

. .. :, <Although it is not difficult 'to :construct the amplitude on. the· · '- · .. 
' ~- ·' < t ' . ' , .. , . I ~ ~' :. • ' ~ :. :;,- ~ ·.. • ,, •..; . - ' .~ • ',' ' I ( ·. 

'. "•' .:<unphysical•;,sheet (reached'by conti~uationac:ross the ela~tic"!~u~itarity:: :' :~ 

. -~ 
· -:-:~~:t~u.t}'.iri terms of· N;. and· D,~:;here:i~\~~·r~~~:~n· td:p~ejtidice._on~·sheet · ... . . ' ;:' ~ .,. /_.r--·-

• -;; ;~gainst the other; when 'resohancesand:~bou~d 'statks are regarded~~~ 
·. ~ . 

·generically.the'same~ 
. ~- ... 

~· ,; .. 

. : ~_'-,-:~--.~. ~:<: ··: . 
·"-' :. . .. 

.... ~-

( .. 

; . ; . _; ~ 
. · we:_-p:ropose here a method for.'detepnining the P.Gl.:rtial--vrav~ 

~:< ;. . ·•. .·-. > ·.l ., . 
• .. 

scattering amplitude without:recour'se to the factorization of 'the --
;.· 

.;..· .. _ 

... ·: 
1/': . 

. . amplit~de into two ~nalytic :functions, thu~. av~i-ding some of· the 
. .- ~ ' 

~ ' •:" 
I· 

. ;: 

,_. ;·. '' . drawbacks of th~ ·.N/D procedure;, In~; our approach the physical and ., . 

·; .. : · ::_ · ;unp~ysica~.3· ~h~e~s .. a;~·-e~licitly pu~ ~ri the same footing • .., This is 

' . , ·. 

. ,' 

'!'--
' ... - .. 

- ' . ,.; ,• ., - ' ~-- ' . > ~ ' . \-.. ;· ;. ,. ~- ; ·t. 

acc!ompli~he~. by 'uti.lizing _the ~act that 'the s functio~ on the unphys--
' :~. f:·: ·.· ·.·: .;·· .... - ,_-. ~ i~.· ; -~ ;., . .. .--· ... ~'jot., -~. ;· . -~- - ~ ! .. 

ical~sheet,:···s ,_·is'' the_inverse.6f .S on the_physical sheet; thus 
... ·.:-._-,_ . . :,- .. ·. ".· U•:;.::. :-, ·_:·.:··· • · ... · ,., ;.:·'.-· . . ·.·· , .·• 
, ' , ~;~. "~i- r ' ' ~ 0 

' • ' ' > ' 

i • . .,;. .: .. ' : ·'·. •·• -·~- '\'· ... :. •, :-·--,--,{. '•'. ·;,,'. ~--~ :· , .. : '· • . ~.-· •• -' '. ',·· . ._, '·. ,,. 

··< 
'.-:i., .··'· 

... _.,_ 

·, 

.··. -'· 

; ' ··. 

. -~ . ~ 

. ·>1 ' 
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the function ... tn S(s) is si_ttgular at all the positions in the complex 

_5 plane where either s( s) or S (s) u 

' ' ' 

is singular.~ · Our principal·.· 

dynamical equation is a dispersion relationof this; logarithmic function. 
. ·• ,. 

It is supplemented by anumber of subsidiary equations. This system 
J 

of' equations is then ~o be solved by an iteration procedure. 

We shall derive a generalized form of the Levinson's theorem, 

which relates the phase change of S(s) along the left-hand cut to 
~ 

the total number of composite particles--resonances and bound states--

in the channel under consideration." The iteration method shows how 

the pole positions of these composite states move as a result.of the 

: t\ unitarity correction, which, for potentials not too singular; ·never _ ,• 

.increases the number of such states. Thu~, even before a calculation 

is attempted, one can predict on the basis of the .nature of the input 

dynamical force whether a .certain numb.er of composite states in a 

particular partial wave is possible •. · 

fhe movements of the poles in the complex s plane can also be 

studied as a function of the interaction strength or the angular 

momentum. Tne pole positions can be complex only in the unphysical 

sheetj any one emerging into .the physical sheet through t~e elastic 

cut, must stay on the real axis below the elastic threshold. An 

inversion of-the dependence of the pole positions on angular momentum. 

giVes, of .course,.· _the Regge trajectories~·· · 

,In .the iteration method there are 'nointegral equations to be 

solved. One simply evaluates integrals over known. integrands at each 
~ . '. . . . ~: "1> r' .'· ,· 

'( ,., 

-~· .. ' 

·,.·. 

. ~- . 
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'· .. 
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' :.;; \~ ·; . ". •' . .· ·.·., ··): ", ; .. 

. '. / W~· 'as~~e •that ·:At ( s) :_.satisfies ~he. an;,_~~c;i ty. and ~ni tarity. postulates ·: ' 
' ' • • .. .•... I • '· • • '!- • • ~ 

; · '.)_. : .. •t_,: pO that· it is a :meromorp?ic function in .'the ·cut s-plane •. -~e .branch · 
... 

. '. -.a: 

'·· 

·' •• I 

> ... •• 

. ·, 

, . 
• -~ f 

·"'. :. ~-~ ~."' 
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. j··· ... ·.-· 

, .. 
'·· •·. ijl 

·.· ;·' 

•, . '. "'- ~· . . :·. 
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. 4 :· 
cut, the scattering amplitude can be continued across the elastic· 

\,_1 

unitarity cut into the unphysical sheet u , and on~ obtains 

S ( s) 
u 

I 
i. 

. (2.3) 

Here and in the following the partial-wave index t will be suppressed 

until Section IV, where the problem for noninteger t will .be considered • 

. It is clear from (2.3) that the elastic cut connects only two 

sheets. The zeroes of .s(s) correspond to the po+es of Su(s{· Thus 

the singularities of the S function on both sheets are present in the 

logarithmic function 
i ._: ; 

1. K(s) .:: tn S(sf. . (2.4) 1, ,; . 
'I 

Poles of S(s) and Su(s) both ~ppear as logarithmic singularities of 

K(s), differing only.in the sign factor. 

·we assume in this work that S(s) tends to .unity as s- oo •. 

This has been shoW!l.by Omnes to be true5.if the asymptotic behavior is. 
. 

dominated by ·one Regge pole in the cross channel, which has the properties 
I . 

that its trajectory in the complex angular momentum piane satisfies the 

Froissart limit and that it loops back to the left of Re t = 1 at large 

momentum transfer. The same result holds if a finite number of Regge 
. . 

poles of such character contributes to.the asymptotic behavior, but it 

is not yet known whether the conclusion is to be altered when an infinite 
....... · -. ·: 

number of poles or a cut·in the t plane governs the asymptotic .behavior ~·r. · ·· · 
. . . 

vlith s(s) tending to unity at infinity,.· K(s) ·.vanishes asymptotically/ 

. : .... and the dispersion relation for K( s) · .· ·which we shali. consider exists 

·. , ... without. subtraction.~ .. <~· .·. 

,. __ .. { ":~. ·., . '.;' 

.. 
''. ··- .. 

· .. ··· 
'. ·,· '':_·, _:_ 

',.._-. 

. . . -~ 

. . : . . 

. : ~ ' 

•, .. 
'.; 

, •'' -.·,·., ,• 
' , • ~-~ • ( <!- ~ 

_·, j 

·.·_ ... 

I . 
·'· 
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; : ~ '. ' ' ' ":.; . . .. 
' r :'·<. 

.. : ' 

,:_-: .... 
~ . (. 

,. · .. 
:.i· ' 

'.!" " .. ?' -<f·.:i.: · ..... 
~ •. ~... • •' . . . ' . <·-·: 

·~ ' ·,' ·.· . . . . ~- .. 
> ., ; 

: • . • 'ot~ t, 

. '· ...... 
·--r .. ··,_._·, 

.. 6 
·':.? ,;, -- - ,·; 

•. ~ ' ·.; ,. 1:-' · .. j . ~- ' ..•• , ~ 

~. ;. . ... ·~~ .; \ • . '- ,· ·., ... __ .;.~!~' -; ·--~ ... ·. .· ·, : ./ ·. ·~··. _'!··· .···~~-, ,.· ' ' ... ~ 

.... ~.Let~ ul c;:o~sider first the. si tti~ticin ;.in -~hich·;,_s( s) :. has. neither. 

. '. 
.- .. 

· , · · .· '·. ~, .. , ;- ... Y>· ·.·. ;·:·~_,--,":.·_."'';"t.· .. ., .. ~.:..-~;;_~-~-- .· , ·.=· , ·· ;- · '·· 
nor ·J?Oles j '.this can always be made' p6ssib:l.e' PY ·letting ,the. inter;._ 

.· .. ·' ' ' '_ .. ' ' :>· ·.,. . <' .-._. '·_ •·· .. ,·· •, ~- ...• ,.;:ti1 ,;_<-::- .. . ,. , ,• . 
.. action•'.strength be wealcenoug}l •.. In this· ·case.~::l<( sJ:>.:::fs: analYtic 'Jn 'the· 

~-~p-lane ~ut:·rrorrt~ .:ex;_ to·J o ':'and t~om 6~;:·_/td .. :·~::Ar_:t~ choose t~e. ',/' ry· .· . ._ .. , ~ :'lc'· .. :.;· .· . · .. __ :· ... , _· ... _. . . -~:. _, 

'• ·.·. 

h~. \ branch· of the logar~thm in which K(s) ; {~' PU,!:~- real on the real axis :_ . 

. -.- ·~-~ ~~· b~twe~n · ·.o . and.· s ~-. -~e.~aus~. ot· uni t~ri t~; 'K( s.). ·,:~s · p~te,..ima.gina~ . '.. ; -.~ :t t· 
~ 1-.:· ~ ' ,. ·:- ..... \;'..._-/' .. ~·-"'-:.:· .. -,:·,_,·.·. ·i;·",_._.·· ..• ,; .. _. ' .. -.~ .. , ,·· .. · .• :· •.•. --:··-~·-:;~ •• :.·.···;· •.• ·.·l·:,_.· •. ·:··_·::,.·-•• ·_·ll_.·· ~ .•. f:~~ ' ~ ,· -~ ";• .- ·-.·~·>··~~ -.. ·, "' ... ~~'rf..'~··> '~-- >'-.~:·._~-:-:·=:-. ';-~- ·. >·-'~; .; _,,'_,• ;.·· - ~ ' 

. ,between •s1 and· s2'; :.having .OP~?site signs_·~n the: tw() ~~des ?.f the· .·. ·; 
·f . \: . . -.. ~ , . .... , -'.i ·, ~\ '.. . . .!. . .'- -·. . ···~ : r .·- . , . , ' . , (~ ,.,.__ '·,. ~f.,. 

. . . r:al axis~·~ Thus it.: \s_--;! ~lr .. ·is def~~ed ·in the ~~-pl~rie··C.Y~- ~~;m·~, :s~ _; __ . , 

· --~- ,; to ·+eo, 'then· . K( ~ )/(s~ .. :~.~:~;~)?:· ;~i_s· regular _at s = s1 _8Il<l ·ha~ __ .. _cu~~; iJ:l>.·:ny .·:•.·. ,:.,!b· 
·' :. • '· 1-be ; s ~lane from:. '-oo, : ~- 0 >arid 'l'r~ .-"2, , to ' +()() • /By . C~~ch1' s. , ',, : ' :j: ': ' ! 

·.· -;th~orem • We have·~":, ' ' •; .: I '< ,: ~ 
......... . -~~'" .t.·· .~.·· .. -~ ......... ~~ ... }_: ·'tt·.. ,-·~· 
..t ·" .'":~ .. .-,. .. ~ • ' • • < ,. ·' } -~ ·; ~-- ._. •• •• 

. ' :..,·' .. _... . . . . ... -~· ... ' ' ,· ., ' 

K(~')ds' . 
.. . .. ·.,' .. 

,:11- "f'. 

,. :(2 •. 5)·.-~:.t·. . ' ' 1 ' , 
(si. s)(s' -- s )2 : . 1 ...: ·, •• •• , } to • 

..... . ~. '. .. - \-,1. ' ..... 
··'· • ···./.• ,1 . 

• ·~ ; ' t'· 
·./~-:~ ::d:;.- j ,· •• ~.~ 

...... 
.... ·.-:./ 
..... £ 

- ~:-

. ':! f .~ 

where :ct ~and· cR .. are contours shown in Fig. 1. Along the;: left-han~ ·• 

.P ,cut ~t 'i~f -the· imagi~ary · pa~t ·of · K that·· contr~b1lte~-~t6, the :11~-~:bn~inu·ity., 
. ... 'and . I~ K(~~) is just_ the ·phase ·:o·r · s(~) ... ~.~in th~ ~-nt~~ai':ovet. t~e,_ < 

.: .. 6' ·.,··. ·: .·. " .-·_·.: . . . -, ;'·' {· .,··,., .... ," .· ' . . ,.'•· .... ;.;_: .. ;--. ' .. ~ ·.' 

irieiastic ,cut'· the 'c-ontribution ~bmes:·rroci :::Re·· K(~):·/.-~lif:~b.! i~< .:::in T)( s); · 

~ ....... 

. . . ' . 
i ·~ . 

" ·.--~ 
. ~ '' ~ . ~ . -,- ' ~ 1

. - • ~-~- ~. -·.) 

0

'! .: ~ :~~~i·· ·.. . ·: : ··.. ..,1 ./:. ' 

.. ~ . 
,· .· ... :.,,j 

l·. -. -~ 

•: 

1 .. 

.·. 
_:-\~. 

. •'; 

where .. 'T) . •is. the. absorption 'coefficient ·defiried' b~- . :•:'-· J1' .· .. :· "''.. - < 
~"'-.::.·::· . ... :< ... /.2u>(s)'.. ·.· ··;· .,';· ·$::_h)' . . · .. ··· 

;' 

-· , .... ;s(s) = .. n(s)e:_. ,:: , ... ~ ·,_':;_ s. > s
1

: . .-· ·-::>.>(2~6) 

.r ·. ·.:· 

'··.' 

' "": 

·,:-.... ~·- '. ' ,· . 

., 
-~ •. 

..,_ .. ,. 
. . ... / 

. --~ ·· .. ·~·- . ' 
' 

. ·, ·,· ~ 

·:.;..'¥ . . , 

. ' . 
:· .•• · •J. ·. 

-.! •. ' 

' 
.. ~. 

.. ' -~· 
· .. ~ •.· 

. r ,_ . 

l,. . '; ~-·· .., : ~ 

.. ' 

, ~. • . f. ·. 
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'· 
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From (2.1) and (2.4) we have 

Im ~s) = cos-1 { .-Re K(s)[l- 2p(s} ~ A(s)]} (2.8). 

In solving the present problem the inelasticity function ~(s), s > s2 , 

and the left-hand discontinuity 21 Im A(s), 's < 0 , are the input 

information that is assumed .known. Thus (2~7) and (2.8) constitute a 

' closed set of equations which can be solved by successive iteration. 

Let AB(s) denote the Born term that gives rise to the left-h~nd cut 

and the right-hand inelastic cut, and KB(s): tn(l + 2ipAB). Then 

the iteration procedure involves first putting Im ~ and tn ~ in 
l . • lj 

the first and second integrals of ( 2. (),. evaluating the two integrals; 1, 

and obtaining'the once-iterated K(s). fo~ any value of s in the 
' ' 

entire cut plane. The real part of this result .along the negative real 

axis is used in (2.8) to give an improved Im K(s) , and the iteration 

is repeated. The solution is expected to converge rapidly if the input 

force isiweak and is such that S(s) has no,zeroes or poles in the cut 

.s plane. 

Consider now the situation that S(s) can have zeroes or poles. 

We shall show in the next section how·theintal number of poles in the 

two_;sheeted.Riemann surface is related to the phase change of S(s) along 

the boundary of this surface. It suffices to remark here that if when 

the interaction strength is initially weak S(s) has no zeroes or poles, . 
. ' ' 

then as the .. interaction is strengthened,· zeroes· of · S( s) may emerge 

into the complex plane of the physical sheet from· the left-hand cut or 
~· . ' . 

. , 

the right-hand inelastic cut. So long as none of these.zeroes crosses 

·' 

. ~· . ~: . 

. · .. 

. '" 
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·~· . · .. <.{:. the ·elasti~ cut ~t-. s ==; ~i /no poles __ :~f:_ S(~)- :: ca~c_·e'n~er. i~~o- the 

··complex s plane; riot- fro~:-infin:i.ty> since :·s( s) ·'ip·.'cori.strained· to 
.'·, 

' .. '-r . . . . ... ·. . : . . • • . . . ;1! ' . . . ;\ . . .(": . • · •' ,· • 

:- .. '. ·unity there at all times; not from the right-hand cut, on account of 
·;':·'>:·_·_ .. _·, :: .. - ·_-_ ::.:_:,;: __ .: ._ ->,~:.-~ -~-- ~- -A~--<--'-:'<- ·---:- ,, -

. :':_.the restriction. T}(s) < l ·;::and-not 'from the left-hand cut -if the·:~ 
~!f.· t -~ < • .-. •,._-:,.· ;e_,• ·-~ • .'.' :' '·,·: ··.·-: .. ·'j._.-.· ._:,:: i··." ~:.·:. L" ,•, 

,; · • ·- t· interaction strength _i5 __ -increased 'adiabatically. .. ., .... -
' ' ,i:>_•·;--·_--_·.;:;' -_>>. _.·' ,. ·· .. _.--";;_, ·--

-'' : To_ see how a _ zero of _ S(.s) . can enter into. the. complex:: plane jl",, • ,--

-l~t us:, sup!)~s~- thS:t._for ~6me· w~ak'' cou~iirig ~he·- image of ~he''upp~;- -h~lf'··-::·_··-~ ··,·.:' :-~ .. );/ 

·,,'' 

... ·,.. . 

-~·· ---- I 

_, 

-. ·. . ~ 

~,·_~{~,;11-COntour.·.~~ :c:L:,under~-the·~~pping s=:: S(s).-is as shown in Fig~.2 b~-::; ... · 
. . "~ 

. ·;- the solid line. ·· · A.s -the· interaction strengt;h is· increased; the image 
~ ' . s 

.~ : .• ! 

't~'-~ .•. ·-.·~ .... ·.·-~ ~ ,ot:. ·' : . .-:· .. :··::_· .. · .. ·_ .... ~ .... -~-~-,·-._'_,.·:<-..',':-.-_· :··: ,,!.(-, f• 

J'' ,may :nove tO: the dashed: line .:in_ the·· same .figure., ';If suc]l is the case, .. :.': ;:., . 
~- '. . . ; . •' . . . . . '. . ' ' . . ' '• . 1\. .. ·.· 

y , . .,~:~en in th~. pr.o~ess ~f the· change a: z~.ro of·' s( s) moves throu7h, c 1 ; . .. '· . 

:as_ it emerges from the left-hand cut. · Notice that the· phase diffe~ence· 

-l 
.j :: 

:•-. 

t ,·.· 
' -

_f 

of:. s( s ~· 0) in th~ tvTO cases is · ~ -' · ~Since. a zero of S ('s) corresponds , · .' ;, . _.: ,. 

. to ~ ,log~rithmic branch ·poi~t of. ~(~s) '; ·t~~ contour> :cL/:6/:t~~· ~~J~~Y~. :, . .. ·f.· 

·:·.~ 

'' .. -
., 

'·· ·· integral irl' ( 2.5) must be distorted· to'avoid .the· adva?cing singulari tt':/ :~. : .... 
. . ·. • .. '. . . • ... .• ·. ... . .· ·:_·~~: ~. "'1'. _: __ -'t.i" \: ,·._~·-~:·.:; ,"-' +-. 

of the .integrand. If we place the logarithmic branch cut· qf _. K( s) . _ . 
·-·:·· ._., "··· ~ .... '·.' . . . ~·, ...• ~ ;· ··f_.'\.~' ~-·~~-~;~_·;· ~·~-. ~--.~ _ ... ,·)_.· 

. along the J.inage -of the negat'ive ~.eai axis 6£ the . s-: plane' under :tpe,_ 
- , . ' '\.- , , ' : 1 . ' ' .. " '. '" I ; ' , ' ' ,' ', · 
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,•·l. 
,. _{'· 

. : ... ~ -L ·_. 
•. ~ i- . 

•• '• 1 ~. ·• 

·. ·' 

'···.,-
. ,· ..,_ . '· ··~ 

Similar., considerations .can: be made for zeroes coming· ~ut from,· 
'. )··· -:-' _..~ .-: . . ' ,,:• ' 

~· ': • ..... >' ., ~ '.· ~·... . 'l 
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Consider the modification needed for the dispersion relation for 

·. ( K( s) when the left-hand cut is such as to provide a pair of zeroes of 

-~ · .. 

-.• 

S(s) in the complex s plane. 
I 

The· Cauchy integral along CL: · ·may be -

separated into several terms: 

. ~. 
.. 
, . >··1· · K(s' )ds'' 

.!. 
··. · '(s1 -~ s)(s•.- s. )2 

CL. 1. 
~ ,, ~-

·. 

" 

= ·:·J· a tK(s')ds' 

a' (s' - s)(s' - ~1)i 
. .. 

+ ;[ j. a' -€ +_ ... JO J _ _.K.;.J( .... s_'.~..)d_.s;_'_-__ -.-1 + 

(s' - s)(s' -.s )~ .:.oo · ··. a'+~ · -1 . 

.... 
' 

where the dot's symbolize similar terms corresponding to integration along 

the lower half of CL' • The limits of integration, a and -a" , are 
... ·,1 

defined by . S( a) = 0 and Im S( a') = 0 r Re S( a') < 0 • . The · 

discontinuity t:SK across the complex logarithmic cut is just 2rci , 

since s(s) is assumed to have only a simp+e zero at s = a • Thus 

the first·term on the right of (2.9) gives . ~~ 

1 .l 
2tci (a - s )~ - (s - s ) 2 

.;tn 
1 1 [a a'] - ... 

(s - s )~ (a :.. sl)~ + (s -· .sl)~ 1 

) 

(2.10) 

The logarithm term in the square bracket cancels a similar term in (2.9) 

coming from integrations ending at. a' - e and a'· + e •.. Hence the 

dispersion relation for K(s) 
8 . 

has the form ~ 
. . ... ·. ·'! '·.···· . 

• .. ·· 

I.·· 



.r ~- i 
·'""·' 

... '• .· 

-· ...... 

; . 

·'· 

.. 

.. ' ~ -' 

::~·· 
{t'· ·' 

. '· 
,\• . 

··: ~-
~- , .. : ... 

...-. / 

·. ~ 

. . . ~ 

~ {~.: .. 

..... . .' 
' ~ ,; 

:are m6re··~than one pair ·of,.thein> ,In (2;.ii)· th:~- fu~cti~~·: ImK(s'} (,,_, 
'~ . 

. inside. ~~~··inte~~·{·~ve~),h: ~e-ft-hand~ cut is ~ow;ih~' continuo:s :. >c 
.. ·.·; 

.'_::'• .. · ... ;"'",' . ·.~ • *· '.· ,· 
function . arg s( s '} for : s ',- _running from 

.I , 
-o::> to 0 · just above 

'· .. 
real axis,· and should riot contain'.a d'iscontinuity. 21ri: ·at. ar /wpich' 

,.... t·' -:-·. 

• ...,. ',l 

. -~. ~ ~ ... · ~ •' .... has beeil removed·by:the cancellationmenti~ned above.· In'othe;:Wo~ds 
. . ; .. . :··.··:.):":· ... ' : .··,. . .··· .. · ' ; .-:' ·. ··: . ·. •"·)'· . .... ·.. · ..... . 

:.¥!~,have,· ~n· deriving (2'!ll,) ;. m.o-ved·the_ ~omplex branch cuts ~~f., K( s) ~ .. > ... ·" 
t . 1, .• · :., .: ~ ' r~ ,- · ~ .. : ' 

i.,·o;.iginally b~tw~en .. 'a. a:l').d. 'o' ~ j.' to' positions· connecting. a .. . and th~· ~ 
, .. ' .. •· ~ .•. ' .~· ,._ ~ .. • .· ', . . . • . . ' ;. .. . . . l. . 

; ··-~ ... ··- ~ ·.· -.• ~:: .. :'•:?". , ..... ~ . :. ~:_- :···. --~ '~ ···;'1~, .... 

;:·~· · .threshold · .. s1 , as ·is ·evidenced by the· logarithm· terms in ( 2.12) ; · 
... ~. · .. ; -~ ·. ·:~. ·. '<!. .· . . . f '. . . • • . . . . ' ' 

We: note',that eac}?: term.in' (2.i2) has the properties that the 

... \,. 

~-. - ~ i 
-. 1 • 

., 
•.. l .r 

'1 
. '1. 

_:, ·- .• ~- ·'· . ~... ,... "; 

-( --~ . . . 

·:,· 

.. 

·..J·. 

.. ~- _;, 

' • 

.·, .: : ,. :·.· _,., ·.~: :·· .... ~.. -~ . f,: i .. . -~~· -:~_J, '\. :.~ -~-
.~ •.._. . 

\/ · ·.ai·~en,~ .o~----t~~. 1og~rit~;~as/ a :ero .~~ s. ;a1 :, but that if ··.~1~·. goes ... /.:_/ 

acro~s ~1;/'u~}. tari~Y. ~~t beginning_.at. s·1~r, ,,'then the a;gument has a pole· 
l' 

_/ ,. • • · • .(' . . .,._. -_. . '•. ~ . . ~ ' .J ~ -~ ! • 

. . ·. ~~. s =":ai·~;,. Th~s 'is, of co~rse; wh~t.is:expected' as a resonance becomes 
~ - .... ' ' .. • ... .. • ~ • . ' • ~1 .; .•. :_· "·'· :"'". ,:. ;, . .::. ; ' .. , .. ·> ·: .. ;·.· '· >·:.. '~· ;;.(_{',,'·. :_; .. _2_·,·::_.~-~.·_.·,:_-. .... -.• -: .... -~- -~~- -.-... ·, ... 
~. . . ~ ·- '· ' ~ -... >~;, - - ~ - .. 

.' 0 . :· ~-, •• ,_.. ..... _ . . ' ·, • . ...r.._ ' ... -_ 

. -~ .... _ .... -~--"'. -· ... ~ ' . ,. ~~ ' :' . ·-~· ·. . . . : ~(-J :: ,' ,,. .'~ ·. .· .... .. . £." 

· .. _.;. . .. -~-.. 
' . 

.. r ~ 

._,. : '• -~ I 

-· ;_.:'1:. 
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a bound state. The companion pole in the pair originally in the complex 

conjugate position remains9 in the unphysical sheet and gives rise.to 

the virtual state. Because of symmetry in reflection across the real 

axis these poles must be on the real axis below s1 • 

Since f(s) depends only on the positions of the poles of the 

S function on the two sheets, (2.11) provides a· formula ideally suited 

· for the parameterization of the phase shift, which is K(s)/2i , s ? s1 ., 
The last integral can be evaluated, since ~(s') is determined by experi-

ment, while the integral over the left-hand cut can be approximated by 

some poles. 
I 

· To proceed with the formulation of the iteration method when 
II ,. 

S(s) has zeroes, we note that (2.8) can be used to improve the first 

integrand of (2.11) at successive stages of the iteration, but we need 

another equation to improve also the valu;es of o
1 

, lest the iteration 

not converge. This equation is supplied by the dispersion relation for 

S(s) · itJelf. Since. Re S(s) = 1- 2p(s) Im A(s) is a known function 
1 . 

for s real and negative, we apply the.Cauchy.theorem to S(s)/s2 and 

obtain 

S(s) 

0 ·j' Re S ( s ' ) ds; . + 
. (s' - s)(s•)2 -co . 

ro . 1· . Im S { s 1 
) ds 1 

· 
. 1 

6 
.. (s' s)(s')2 

1 (2.13) 

. In the second integral Im S(s') is provided by the output of (2.11) 

at each stage of the iteration, so (2.13). can be. used to det~rmine the 

values of .. d
1 

where S(.s) ·vanishes. The numerical procedure involves 

~ . 



;,I_, 

·':-

'-· 
' . ' 

-12~ 
. .~\J 

1·,' simply the de'termination of the direction, ·at each -Ppint,. in which·. . - :· ,. i 

djS(s) 1/d]s I is greatest and the succ~ssive progression<a.long the 
., 

, .. ;_'path Of , steepest ,.descent tO\vard the pain~ Wher.e ls(s)L= o ~- When 
\,·: : 

are found; they are then substituted ·in (2.12) for.the next ·,. 

-, ,_. 

. ··. 

. ·.;a 
'- i 

:iteration~ <.Thus' Eqs,. (2.il) and (2~12); 
·. 

. ,·· -. 

·•'. '· 

s~pp_lemented by ( 2 .8) and ( 2.13) , 

form a clo,sed system of equations fro~ .i-Thich a u:nique solution can be _ 

~;· . :· 

~;: ., 

·._ ' ~ . . .... ,' . ~' ~ _; l ; ,,.. . . _-; 

.·.· .. :sought, provided that :the ·interaction is such that :there can be ho stable· ·: > 
" ~ .. 

. , _particles, elementary or- composite. 
-.. ''- ·.;)- - ... _, .. , ... 

' ' 

·,-·..,, 

To .eliminate this last. re~t~;i.ction we must ~ve CL' final equation ~ 

·to determine the posi tioris .-of the po1:7s of . S( s) :. >When there 
~ .. ' 

' . .. ;· 
' ".[i.e., when ai in (2.12) •mo'Ves to a different_ b~an:ch·~:f~.- (a~ 

. . • . : . • . t- • ' .,,·~ ~ • J' •.. · . ·.. . 

( 2.13) must first be a~gmented by. a.~~er;;; .: :· ' - ··. ' . -
'!- ' ·····. ' ' . ~ 1 

. . 1.. r...P \(' ~)2· .- ]. L· P -.- P - a. ·. a. -i . ]. . . . l. . 

' -. ~ ... 
'. ·- <. ; ' 

-- ' '-· .. -· . ·.f. 

. - s .- .· .,', -~- -~ . -., .· '. 4 ... 

',\' ,• 

"' '-· 

. ' 
.•' 

' ' 'A' 

on the rtght-hand side; The pole· position and residue are determined by 

the 'zero positi'on and the derivative there:~~ the inverse function.·:· s~1(s') 
.,·; ... 

. -;;' 

. \ .. ~ 
' ~ .- .· 

·.:,,·given b~ the ;dispersion /elation ~':;·~:~~·; 
' . . . ,·' _,. . ..... 

J..~·· . 

•, 

·· .. ·• 
._; ' 

,·· 

.. · \ 

where 

. ~f .-

.. ,. ·. 

. , 
·' 

. ·" ' ~. 

-. 

... · ' ~ .· .. 

\.'• 

.. '. 

.. · ~ 

: .. ' ~· 

·-.·· ~j·~· . 

.1. '·. b' 
) ·' 

- s 2 
·' ']. Re 

·+·--. 
· ilf ·. ( S I 

,· ;..1' ' • '·. 
S ( s 1 )ds 1 :. 

. .!.-
s)(s')2 

. •·. -oo 
~-." r .. , 

rm s~1<s')ds 1 
• 

( ( 1. ' 
S I -. S) S I) 2. 

(2.14) 

' .· . ~· 

', ' 

t,". 

.. , 

, ~ ,'.I-

. . 
lo ~ ,, .... : 

'-, t 

, .. ·.; 

.. •' 

t·_·i •,"' 

t. ' ~- ~ . -~ 

. ' (· 

a i 0 : ~nd "-;i o. c ~r·e . obtaine~ from .(2 .13) plus -( 2 ~ 13' ) ·• For every . 

'-

'' :' 

'·. ; 
-~ -.. ... ' 

. ,'!:, 

., 

• .. ' 

· .. ,. 

'. ' ~. ,• 
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·. set of discontinuities along the right- and left-hand cuts, these two 

equations are iterated. to give the best aiP and ai0 
, which are 

used in (2.12) for the next iteration of (2.11). 

'. 

The numerical work involyed in this iteration procedure should 

not be complicated, since all integrals are straightforward evaluations. 

There are no difficulties regarding the possibility of any artificial 

singularity at · s = s2 , and there are no integral equations to be 

solved. The stability of the iterated solution can be controlled by 

adiabatic variation of the coupling strength. 

As a final remark of this section, we note that, for t ~ 1 , 

(2.7) and (2~11) do not guarantee the threshold behavior ll 
. 1 

' ' K(s) cc· (s - s1)~+'2 as s-+ s
1 

. This can be corrected if vre consider 

the dispersion relation for K(s)/(s )
.t-li I 

- s • The only changes that 
1· 

are entailed in (2.7) and (2.11) are that all the integrands should be 

multiplied by the factor should 

be replaced by the function 
.· j . 

2:. 
.e.-t-k-

(J'i 

f~s) (s - ) 2 j' ds' = sl . t+-
i (s' - s)(s' sl) - ~ 

(2.15) 

All other consideratio~s proceed as before without alteration. 

III. NUMBER OF COMPOSITE STATES 

In.the preceding section, we have anticipated the emergence of 

a zero of S(s) into the complex,plane from the left-hand cut of the 

physi.cal sheet, thus changing the phase of S( s) · along CL • He now 

. ~- .., ' 
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Now,· _since' .. S( s) ·. tend~·-:to: ~··.:constari~:·~t :i.Ilfinity, the: cm1tribution to 
. ,-.:. <·. ;. . . . ·., ,. ,. ·.· ·. "'. . ~ 

the integral fro~ the·'integration aicmg. t~e .infin~t~. partof' .> q(vanishes. 
. . "'· .· ~- . . . ·,. '~- : -~ .• 1: i . . .. ~ . ;'. <.;~ ~ 

Relating the irrtegr'ation·arou;d the:right-hand cut· to the'pha~e shift;·-.• 

--~e thus have .,· ·· ~; .• ;,·· :<~-~·<:.:· ..•. ,:·:_);;:.-:::··:;:,:::~·-.·;_'-·\;·_;··,~.::. :,· .:.>·. ;~·i~:,t::·;:;·· 
. ·. '~· 

-.-. t';· 

>~ ... . ">;, ' .-... \, • : •• ~' ~. • i ; .. l.. . f ~. ,:~. '"'t.i ·, .~:· ,· ~. 4. - . ~· •. ~ 
:. >~:· .... . ~.. . -! . • ~-·~- '••> ·i." :.~-· 

. . - ·'~ . ;""'' .• ' . 
" , : _k(s) I ;·;. :·: +> \~:[~(~J -~.· 8(si) .. f ~-~· ·~i(ri0 . ~.-.. :nP) ·~;. _:··.:··. 

.. : ... , ·: .. cLt-_\, :.·/ __ .~:~:'.~--; ~ ·t:_~-~> ....... · '':~ ..... ~. ·;!. ':' -~ .... .:- > ... _-~'; . 
. ... · . :·.·~- .. "' · .. \-. . ,._. -,,;.,! ·'·. -.. ,.:'~; 

.''1- ·, s 

' , < where the 
'·· . " ":; ' . ~ "· i·' 

,- ........ 
.. ·.:· 

~ake~_along the·contour 
'"--..' 

'.' .. 

··,. 

. :the unitarity· cut, the u,sua1Jr.evinso~ 1 ,S, theo~em states 
;-.,· 

..... ' 

·' . ' 
. ~· ..... 

•j 

~/.(3.4) 
I • •· 

, ..... 

',::: t::,; .·~here'· n ;~s th~ total number bfi stable p~rticles [and therefore poles . 
p ::· ~ .. 11.: 

~ .. ; ·:·::.". S(s}] and· -n <.··is the number· of elementary particles •. e Combining 
.; .. 

··_ (3.3)·.and_(3.'4);we obt'a:in ., 
-~ ·, 

.<.,. t'.+ 
': .• ~ : ··,,: ' • >(. .-. ) • ::' 

4 .. ·. ·~ ·' . 
. ~ '' . . i ... · •'.- ' '·"'·'. '· • . ~..:. i,.,- .. I <, 

' ~t . .... ~ .. - --~> ·-~ 
~,_ "·~ J,- ( . 

_,.· 
.,<(-1, 

··: < 

; ' 
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' 
. ; K(s) I . ~ ' 21Ci(n . + n ... 2n r ... 

_ __ . CL . . ~ . -_ 0 · _ p e . . 
.. 

-~ :. 
- ~ .. ( ·. 
,,·:.•,' 

.,._. 

., . 

.•. 

.· . ..,_ 

,.,{ 

...... 

: · For-.e~ery pole corresponding to an elementary particle added to a 

:dynamical system, there is generated a zero_ of S(s) somewhere in the 

s- plane. Hence, we .see that. n
0 

+ n -- ... 2n . is the total number of 
. . . "' P . e 

poles of s( s) · a,nd S · ( s) .corresponding to composite particles i let · 
u ' . .,_, 

"\-' . 

·this number denoted by _ n · • . We thus have 
c 

{ .. 

K(s) I · = 
CL 

2n:i n -· • 
. c' 

\'. 

(3.6) :' 

The -left-hand side of this equation is just the change in phase of 

1 
· S( s) as s is taken along the contour . CL Since the phase 

tl . 
!! ,• 
' . 

., difference may be different if some other·path is foll~wed, adherence ; 
'1, ' . 

. ·to _CL is to be noted explicitly. This formalizes our earlier 

··surmise that all the "resonance, rr- virtual, and bound-state poles are 

'. 

. . fed· into the two-sheeted Riemann surface' through the 'left-hand cut of. ·~::. -

·· · ·the unphysical sheet in the case of no inelasticity! 
' . . . ' 

. I''!" ~· 

,·,_ 

. .. ·If there is coupling to other channels through unitarity,. (3.4) 
L , . 

must be inodifled and (3.6) is therefore riot valid in gEmeral. However, 
: . . : '· - . . . . . 

if the coupled channels do_ not contribute to any resonance poles in . . . . . 

S(s) ,. as is assumed in the 1C1C 
. . ,11 

problem in the strip approximation, 

then (3.6) c~n of' _course still be used t'o determine the total number of: 

composite states. \-Te have not succeeded in generalizip.g (3.6). to the 

case in which inelastic· uni tari ty'is the source of some resonance poles, 

·.but in such a case' the "wisdon of restricting ones .considerations to the 

. :·study .. of a single channel is questionable~ 
. '-,_ ... · 

·t"'· 

.l 

;'' 
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. ,_". 
I ... 

•·. ·:- .,._; 

. - . 
• -l . ~ ... 

':.- ·; ... 
In.the remainder of· this section we illustrate how n _can. be · c.. . c 

.·.·. ~--~ . .,·-~- : .. -.. :·::<~l- .• t·_ ... r_ -- _, -~ . -- .... · .. _ .. ·- -· --. -< .. - ~- .... __ ·_·-B. - .. . . 

. ,. ,.- .- .•· ,-· estimated from ah exami~tion of the Born term· A ( s), whi~h gives rise'' 
·-:·~~··-·_-.~;--.~~-:-.:;; '. ~- .:· > ~ -._· ••• ··-· ; • • ', ..__ • •• 

··' ·to the. left..;band cut.' We have already observed -f~om ·(3.6) 't!W.t '~n is.·-· 
-·' :.<!._ .• .• · .. '· _· c 

,j 

... 

· .. ·, . 

: ' ·' 

-... 
the nuinber. of times , . S . goes around the origin,_ where -S is the image·· - -' · 

. of. 

.. n 
c 

.•. 

cL und~t the -~apping·~·_s = _s( s) ·:'·:since .. s -_ is unity at s = -co, 
. .• , . . ~. • , , ' _· . ~--· , l :· 1 ' _V;· ~ .. , , 

is therefore the' number of times.-, s crosses the negative real axis 
·.::- 1 

._-with negative 9-(I~ S)/ds' minus'the·.·times it crossps with positive '.·. 
<! •• J .·-,:, 

d( Im s)jds ,·where. s has the ,.sense of _GL: ~ _ In~ 9rder 'that S(s) be 

.': 

. . ~ 

.• "..r 

• j .: 

_ :_t' · 'real alo;ng th~ negative 're~i s ·ax:i.s, • Re A(s) 

, .. 

• # •• 

must vanish there. The 

·contribution to ·A( s) ·from the unitarity integral. (and bo~ncl-state pole ::: 
. ~ ... -~ ,. 

'if a~y) for negative- s 'is always real and positive;. let· us postpone![ . 
; . - . ! ~ ·-

for the moment the discussi~n of its effects. vlhat remains is .. just· 
' {~ ."· • , . . I . 

··the ''potential" te~ AB(s) , which· is· pres~ed known •. ' . 
. :: 

. 1 t 

• . ·r.; •.. 
' · .. , ··Ignoring ·any· par;ticles excbanged in the u _-channel for the·_- ·. _ ;-, ... -· 

. . .· ", . ~ 
_; ·. ' '.. _-._ . - :--·---· -~: .. ·- ' .. .> i2· ·: .. 

convenience .. of th~.;pres~l:_lt'dis.cussion, we' have_. -
.' --~: . ·~ :... ~ 

. -
'•·. 

:., . ' '. ,··.-,<·· 

~· .' ;.: . :. ~. ~ .. ·, · .. '. ~' 

. ~ ...... ' " ~: ... 
'ii· . . • . ... · • ..~ · •• t" • ' 

/ ~ .... · · .... . 
~ ,.. . . ... , 

' . 
1 :· •• ; ~- • ..., • :. 

'where-:.~j_ At(s,t) .is. '!;he d~scontinuity of. A(s,t) across its. t c~t .. 
. ' -

' •. ~v • . • • • . 

Consider the force_arising from the -exchange of.a·single particle of.· 
•• lo- • ' 

has the f'orm ·mass.· ·ni 'and spin· j -in the t chaimel. .·· Then _ At ( s.,t) 
o' -'·' ,-., .• : . ····, ... - ,,· -. -.-. . .!'': .. '· .. 

t • • t ~ 

·' : ... A~~( ~'~t · - .. ~j ~j(1 ~- 2~/(m~ -· t],)) ~(t -~- ~?) , (}.8) 

... ~ ·(~ . 
.. -. ~ 

. ...... ,· . . . ' 

... ~ . ' w_here' A.j is a -r-eal constant pro:orti'onal to the._,s;_trength of interaction, 

:and. _ti:_·i~ t~e ·e~~~ti~-.thr~~holdofthe t channel.. Equation 
: -.~ -.· ~-· ·' .~ ~- ·,•. • ,1· -~~ 

( 3.8) is, 

. . ;r- ., -
-·;. ··::.~--·':.'; __ :·,,·:'\>- ·-·· ' ~-· 

~ .:: : . -

•. -~· 

•. ~ ·. "J· 

' . 
·, -;. 

\ . 

-~ . \ ' 

~ . _ .... 
. _! ~· •. 

',J' 
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of course, incorrect in the asymptotic region of s , where a proper · 

Regge formula should be used to ensure that At(s) is damped out 

logarithmically.5 _For our purp~se here we assUme that in the finite 

. _ part of the left-hand · s cut A~.,B(s) is determined by (3.7) and (3.8), 
' 

and that·some damping factor is introduced in the as;ymptotic region to· 
B . 

Thus ·reduce At (s) to .zero. except in the asymptotic region we have 
·; 

... 
2A.:. P .( 1 ·+ 2s/(m2 

tl)) 2m2 
~-

' B -
·' At (s) = 

J J . . Q (1 + ) 
1!(s.- sl) t s - sl 

( 3-9) 

Now, StB(sJ is real along the negative real s axis if 
. B . · . 2 

Re At (s) vanishes; this occurs at the zeroes of Pj(l + 2s/(m 
2 . 

and of Re Qt(z) for -1 < z < +l , where z = 1 + 2m /(s - s1) • 

In view of the relationship 
v. 

' -

( ' ) ( .) t+l . ( . '· 
Qt -z ::;. i~ - = . -1 . Qt z :!:". • i~) (3.10) 

• 
for intefJ;ral · t and z in the interval [ ... 1, +1] , we see that 

Re Qt(z) is symmetric (antisymmetricy if t is odd (even); in fact, 
.,, ' . -. . 

Re Qt(z) has t + 1 ·zeroes in this interval.. Among 1all the zeroes 
. B . -

the ones corresponding to _s t ( s) being negative satisfy the require~ · 

.. ment. Im AtB(s + i€)_ > l/2p(s + i~) .• _ = I/2lp(s) 1·; this puts a lower 

bound on l"-j I if use is made of the propert:y . 
... ; 

r .. 

-. 
2 ' 

Take,. for example, the case of j = 1 and m > t 1 = s1 , and 

. consider only the p-wave amplitude. It can_ be established that, l- if 

r , 
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. _ )' :··~· ~ 
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..... ~-·; ' .... :~ 

\• . . 
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• '.!-~ .... ' ·,. ·; 

-.-~· •.• ·~ ,f ·.• 

' ~· ~· . ' 

~-.. -i ~ •. 

. ,UCR~~ll545 .,_;_:; .· .. ~- . 
'l -.~ ~ .. :.:.. . • ..... :.J- )<' ·: 

-. !::.,/· .... -.~. .. . . . ; , .- ~r\ 
.•• "··'. 't .. ,_,_ ,· • r_;;,., .• ;.:-~ •. ~·; , .-. ~ :. "' . ·:· ...... _ :·. ,-_ . ~ ~-~- -~ -.-

! .: _.. .,.,_. .~ _. ,,~;- .... _- . ~ ,.~-, ~~ -· ~.' _·.·<. B - ·~· ~ .. -.-~,. -..: ...... ·.-: ~::·:-·:·- -

.. , \;:·,··, · ·:.~:;· A1 ·>.? , ~hEm ·:the only value~: of _: ~· on C<:._'a_~ ,~hich .:·st~l ·is :eal·, _ ~·.:·.r:·· ~ :;·;.; 1,j::_; 
·····. , .•5,.\: :and negative ~;e~ where ;Re.Q1( __ z :!:·_ie)\'=·~.o;·,,,,i_._e• z·:;; +0.83 ;~.·.· .. ··-.·~;- ·.· .... >_ •. , •. ·· .. ·-~·- ·,._,_._;_{.;_·_,·.:, •... ·,·_·~;:_.· 

Ft, ... ~--: 'ttf~-~-/::~·'t't:'· 1 ' .,. -1 -~' . 

,. ' ~.,.,:l ··' .. . '.,. ~- /_H . ·.~,.. ,.;·::' .·<"\ ~~ >;.:~··\~ ;',-;.:; ... ~t:~ .. _·- "t :_.>t:f.}:_:~-· .. :.,~~< ·"~ .. ;- _: :.~.- ·. ··~ .--~ ,< tl,.\f .. ;. 

.. :-

.I 

·~. :-

><:;:; ~- ;~~~;ided tr~a:t-;' .. . :. .. . :· .. _. ·. ·_-.·.,, _ _ '~' ·,. . , .. _.. .. . . _.' /· ". ~: . {>: •. 
.. ~ .I ;. < "' _,; J -~-~· r..~- .., , ~ .... "l y ... ~ -.~4. •1,i 

·~: ,~·.::f~:': .-. . . ;I , " s. -. s21 . . . .[·2·z-jp( ~):J] -~ .-t -,, ;;:.i·: ~- . , i • . " ;~ ·{·<:r· ;~_.:< 

''._~:_:;:;,·; >; )..F ~ 1 
+ ~s/(m. ~:>). ' . , ! , . , ·' 0 '· d .. e._r··(i_v-~a·~,t1l.1···_·v_)··e,·.·· · · ·. ::_ ••.•..• _._,,·_:_ •.. -.•. 1.

1

_if 

.-,, :•, <:(., At these ~l~es of'·· s --i.e;•,' (s1· ~2;~.17) .. ± i< "-the '... _, , :,, .' ;\_, 

· . . .\·' : ,; . d(Im. s) /ds ' along CL · .,. is ne·g~ti ve •.. Thus; · if the intera.cti~n ;s :. ··~ ·: ·· f···' 
. :. ::.,:-·.attractive·an:d strong enough that .(3.11} is satisfied; ·siB(~). for ,. ' , ' ·t 

,. 
· .. 

.... ; 

•• ~..-. '. • • • • > '· '., •• , 

1::·: ~-;;_._s· E_ ·.cL·. turris· c~unterclockwi~e ·around the origin twice, so .it has· 
: -·. .. . .. 

'· two' zero~s· irt' the cut s plar{e, corr~~~·ond:i.ng 'to 'o~e-.resonance st~t~·~,>;. ' ' .. ·. ::. ;· 
.. ~' . .; .... - . -. ~ ' • ·- '.r • !•, • . -~- \ ,- • t' , 

~-we therefore see from this kind .. of consideration that it .is· possible ,I;~·-·. . . .. ··::; 
.. ·, . ·. ~o attribute the existence o.:f.<~~- . in· \~e ·1!1!: system 't~· the force:·. :·: ;> ·.r:.:.:_ ' ' ·{ 

-~,. ·:_~: ·-.. ·~;..~- ,._ ..-~ ,.,._ ~-
1 ... :- • . . ,; -~ ~ : ~ 

• ' ' ~ ~ :: ." . • ~ Jo~ 

. .t. ~ : • 
,• ~ ·.: ' 

L'. ""!: + 

·'~'·I 

·arising ·from. the' exchange' of:~;:;~ •. ,. 
••• 1 • .· .. l.J;'_, 

• _!;. •· ~ 

I , 

~ ,;. . "-'·~· 
· .. , ,. 

·; · .. ,. 

In this case 

real axis. • .. ;. 
.• ~., :< • .. -/': 

·"'·· . Thus far~· the considerations are . based. only on the potential term 
· .. 

·. ,. '. . ' 
without unitarity 'correction'.. :,The contribution-of the unitarity integral . ,., 

• .t. ~ '·! ·• - .'-., . . . . ... ., . ..... ' ·' 

so 
p., : .. ~ 

to (;~_9) :for s .< 0 ·is an a~ditive quaritity;always real and positive, 
· .. .., 

'- .. ~ . 
,· .... ' ... :-; 

" ..... * 

· ... 
... 

t r ~~··;­

.. ~~: 
' , .... 

. .- ... ~ ~ . 

l. 

. .., .. 
.... ·~ ... ;.- .. ~ . 

! 

-' 

~ :.~> ~: . ~-"t l ! • ( ·':_ it_ 
·_. 

:~ .. :- .. ~ 
r{• 

.. 

"'~ t ,.. \ !•';,. '~I_ ·~ 

.·J -~- \: .... 

t" 
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,_ 

it generally does not introduce additional zeroes to Re At(s) , only 

shifts the positions of the zeroes of Re AtB(s), ~hus.resulting in 

moving the positions of the zeroes.of St(s) away;from the original 

· positions associated with StB(s) = 0 • ·That .no aqditional zeroes of 

Re At~s). can be introduced by the unitarity correqtion is true only 

if Re AtB(s) does not have more than one extremum between two 

.. adjacent-zeroes; i.e., 'for -oo < s < 0, Re AtB(~) should oscillate_. 

around zero, not around some value. such that two adjacent maximum and 

minimum values both have the same sign. This property is generally 

satisfied by forces due to particles exchanged in crossed channels •. h 
I, 

Hence, in'these_ problems the number of composite states determined by 

a consideration of the Born term alone is the maximum numb~_02~~blg 

when the unitarity condition is fully taken into account. It is taken 

as understood that these statements here apply only to t?e pro~lems 

in which the inelastic Unitarity does not introduce any resonance poles. 
I 

-- Although the 

any resonance poles, 
'';>' 

unitarity correction does not generally introduce 

'B 
it can make some zeroes of St (s) retreat to 

the left-hand cut. That occurs when the minimum requirement on the 

. interaction strength, such as ( 3.11) or ( 3.12),. is no longer satisfied, 

as· the value of s , where Re A/ s) = 0 , is shifted. The odd zero of 

-S t ( s) on the real axis, which we have --encountered in the above example · 

- for A.~ . < o_ , ·will always remain in the interval between s = 0 and 

s .= s1 , so long as the interaction strength-is nunzero. _This -is-

because in those cases in which an odd zero occurs, S .e. <.-:e:) is large 

.~: ... ~-~~~r~·~.,·:r--..,.,;< .. ·~"(!?'''1"""':-~:--.,.·tr~;-·-:--~ ... ~...-~-~~-:7('~~~-~· ~· 
. ·....:..~ ;> , " I ~· . 

'. 

't 

·. -"' 

~-· 

·-
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.-.. : '. ,.· ... ' . . .!"···,. 

•.- ..... 

.. \ 

' ,•. 

,_,. 

.;._ ·,_ 
.:2o-. · 

-~.-.··· 
,.·and negative;~ since. St(s1 ) = 1 , St(s) must vanis~ on the real axis 

,• ·' Jt, 

in the interv~~ (o,s1):~~nless it ha~ a p()~e'·or po~~tiveresidue (a 

.::\ou~d state) i~ tli~. sa.m~ ~nterval. 13. ~s pole rna~~- ~e·'·r~ga~d~d ·as 
v . . ··.;~_, ~ _.:,-' .; ... ;:-'_--~~. ~- ... ~ 

.:.•: 
:,_• 

.··1 ~<:.'.-

·- ,.\i:•: 

. ;_i~-~ - ,, .. 

_ :,::)uivi~g moved· into the physical sh~et• from the·'.u~physical one. Which~ ~: · ,r. ·•• 
' • ~ . ' J ••• • ~ ' ' • <;: :11' 

ev7~. ,~h~et~i\ is_ e>n~ it :is-~~ __ odd. pole unacco111panie~.by any oth~r~· .i '· -~ k 
.. .. '·">.;.--·~-•• '-;l'(_·. :-- ~, _,,~_:.~ •'•.;. . .-.t: --~-::- ,~--~ 

·-:~ .-;;-_·· ~··:·>.· :-~----~~-

IV •. COMPLEX ANGULAR 'MOMENTUM · -: ··.->· .. 
,. _;. .... ... 

Our. interest in • ~~e analytic properties. of . Kt ( s) ' . defined . ,j . ' . '· '· J 

I : t : .•," ~ \ ' • ' ' ·., .;. ' " .t .. 

as · tn s~(s} ; :i~ basedon'_the fact that· in. the unl?hys_ical sheet 

• ... ~ .. 
'.')' 

. :·l· 
-·. '4 f: 

·_;_ <· . -.~ ( ' .·. . . - ,_• ·- t. . , -~- . • ' ,~ ' ;.' ' 

., .' . : .•; < .: ·'.S furiction is s i-l( s) ,. so ,that 'a pole ';·in. ~his sheet results ;in a. 
•\ .'· ,' 

singularity of 1{ t ( s). • How~ver.,· such -a relationship betw~en'· the 
.-~. •. • • .. , r .-

~> ·' 

. ·physical and :unphysical sheet_s has 'been. sholm .to be true only for 
• . ~ t •· ... 

..... • ; '~ :··~ '. t 1; ·,'1 

· · · .. ,, •. · .. :fintegral values of ',t • An invalidation of this relationship for· 
. . · .. :...· 

· ..... ·. 
. •' nonintegral · t 

} . 
. ,t_ 

· ,_,.. function 
_, ',..• 

. :;. 

.. . 

' .. '·q 

..... 
·.;:. 

:0,-j 

would necessitate. the search 'fqr a new logarithmic'·.·'·· . 
. ., '.' ·· .. 

•' . .. . . . .. ;··· _. 

which ·can put 

~ .... 
;')_: 

' 
'-~-~ 

,· ,.'· 
'{; .. ~ .. 
~ .· 

·::...< .... 

.. :'~~-t~=~);·'~;: ·-~ 
. _·;.,. 

-~~ :">•. 

~ .. ··-:·· 

., 

,!' . 
.f,. ........ : 

. '·.,:. 

·j .. 

-- \ 

1."1 . .. 

,. '• . ~ #. 
~. • .. I, 

< ., ... -:.. · . 

~· .. ' 
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The J-parity amplitude is thE:m d'efined in terms of h1(t;~) and 

~ .. 

. (4.4) 

In the following we omit the signature symbol ± for the sake of 

convenience~ 

Now,. the unitarity condition, when .generaliz~d to comp~ex .e. , 

14 has the form · 

' . 

F(t,s+) F*(.e.*,s+) . - 2i F(t,s+) F*(.e.*,s+) 
. . 

where s+ . implies s + il:: Hriting F*(t"*,s+) as F*(t*,s*-:-) , 
'! 
I\ . 

vre 'i 

obtain from (4.5) 

F( .e.,s+) · = ( 4.6) 
.. 1 

I. 

Among thr infinite number of sheets connected by the cut between s
1 

and s
2 

when t is'not an integer, let the first unphysical sheet 

be the one reached directly from the physical sheet by a clockwise 

continuation around s
1 

. Thus, by definition = F(t,s+) ·• 

· Con~inuing tl;J.e. ,right-hand side of ( 4. 6) to· ~he complex s* . plane 

simultaneously as ,Fu(t,s-) is continued to the complex s p;J.ane, 

we·obtain . ' 

F (.e.',s)' -
u 

t .• ~. 

_F*~.e.*,s*) 

·' 

., 

.·: 
! 
I 
I 
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'. < .-.~ ~ ~ 

···;'_g,: _:_..·• 
···~' ., 

·' . ,) . 
. ' . 

: .,.l-' 

•,.: 

'.· ,· 
:·.f'.., 

-;V 

"' 
~·· -~: .. 

-,(;. ". 

,._.'. ~ ~ ( 
;. .... 

~. • .. ri_ '-~ : ' {·f: .:._ > .. :;: 
.. r.·.·.·.(: 

>... .- ~ ' -~.' ..;. '• ~ ' ; ·' 

· \ ' .· ·" , .. It ·has been ~~. b/(/ku\i;)? _ ~~at ~he' ~.~~i;,;;or:~4'ao~b;i~ ;S~~c:rai ; ' 
·· .. ,~<-functions implie·s the· ·foll~wing ·re:h~ct:!.on ::feiation~hip·:·S ': · 

+ •. • 

f.' 

· \1, , ~ · 1 • • · • • • '. >. • • ' I •• •• +· ;_. , · .t. • -·~' ~,t ·•. 

-:.,_(~· ·.··~-· ·-~~-~-- ,. . -.. -~ .f L . •· 
. t .'•. 

~'1" • ' . 

. -· .. 

.· . ."-t . 1! 

.r< ·:·· .•• . 

... 
vle now 

',.,: 

-1. 

't;-' 

·' ... ·~ .. 
.it: •• ,.,. . 

F*_·(· t* s*)-·_ . .'_;-. ·-F(. t. s·)_.··• __ .-~-xp-· ·.( .:~:t.i) ·;.: f · .i.· 
. : ·' ·. ···: ' . . •. · ~ • . ' ' • ~ • 1 i~· -~ ;' '···. -~ 

·i·~.. • -~·.:.:. _.t· .l :.- '•';" ·.:.:./ ' - .,;. ~--·. ,;,.•k: 

d~fin~ ·c~~~-· ~~~~r8.i{z~:d ;S, fun~~ion, ~d :·be : __ ,_ ;-, . 
·.: .. 

Froni '(4.7) an~- (4~8_) y·e:_~hus~ obtairi,, __ , __ .,, •. ·<:·, 
:: . .:.1 .- _-2:Jtit 

+ · S ( h s ) e . · ·. •· .. · · s (t,~Y ._-
.. ·U ._., ... 

-21!it '1 

(1:~ e )_ 
--·· 

1·:·· '-~. \ ' : ! -~ : . 
.. · 
l; ~ ',· ·1". +. 

·.Clearly; when · t: is ari ·integer, • we '_regain ·( 2~ ~). 
1; , .. 

-~ ' )'_;· "'{• ~.t ~~:• . .:~ 

.~ : 

., . 
: : ~· . -

-~ , ... 

< • 

··"'! 

:(4~8): 

i· 

'~·· . ... 
; ... 

~- . ' 

-(~.11) 

t :is. not an 
..-.. 

'l '· 
.~;·', f·c 

~ .. 

' . -~ 

··-~ ., 

_.;. 

!'. 

. integer; the .definition of' ·s(t;~) has made 'possible·!the associat'ion· 
·l'' ,,, .. -i '~t' •' '' ' · .. ·~. ·, ' 'r • ,;':,~ !• ,'_. ,_- '' • ',•"'w~~~'._ ··.·,,~· 

...... 

·· ... -
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FIGURE CAPTIONS ' 

J Fig. 1. Contours CL and CR in the s plane. 

.-~ 
'Fig. 2. Example of the images of the upper half of CL under the 

mapping S = S(s) 

\..; Fig. 
I 

(a) (b). 3. Distorted contour CL and its image . in the. S plane 

Fig. 4. ·contour C in the s plane • 
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