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Abstract

Hypersurfaces of constant curvature in asymptotically hyperbolic spaces
by

David T. DeConde

The relationship between the geometry of a conformally compact manifold and
the conformal geometry of its conformal infinity is of particular interest due to its
association with the AdS/CFT correspondence of physics, a conjectured correlation
between a string theory on a negatively curved Einstein manifold and a conformal
field theory on its boundary at infinity. In the case of hyperbolic space H"™! with
conformal infinity the round sphere S™, a very precise relationship has been estab-
lished between conformal invariants (the eigenvalues of the Schouten tensor) on S"
and Weingarten curvatures of immersed hypersurfaces [8]. This same relationship
has been extended to hyperbolic Poincaré manifolds [3]. We establish a correspon-
dence between constant scalar curvature metrics on conformal infinity and families of
hypersurfaces of constant Weingarten curvature in a neighborhood of infinity. This
generalizes results of Mazzeo and Pacard [31] on existence of constant curvature foli-

ations of asymptotically hyperbolic spaces to more arbitrary Weingarten curvatures.
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Chapter 1

Introduction

Throughout history mathematics and physics have enjoyed a famously fruitful
and intimate interaction with geometry being the first and most frequent point of
contact. A relatively recent and remarkable case of this interplay between the two
disciplines is the AdS/CFT (Anti de Sitter/Conformal Field Theory) correspondence,
a conjectured equivalence between a string theory and gravity on one space, and a
quantum field theory without gravity on the conformal boundary of this space. The
notion of the AdS/CFT correspondence was originally proposed by Maldacena in
1997 [30], and important aspects of the theory were developed by Witten [48] and
others [17].

Activity on the mathematical side of this story began in 1985 with the introduc-
tion of the ambient construction by Fefferman and Graham [10]: the goal was to find

new conformal invariants by using a correspondence between asymptotically hyper-



bolic Einstein metrics and their conformal boundaries. This construction provides a
ready mathematical manifestation of the physical model; the original statement of the
correspondence provides a duality between the partition function of an n-dimensional
conformal field theory (resident on a conformal manifold M) and the renormalized
Einstein-Hilbert action of an Einstein metric on an (n + 1)-dimensional manifold X
with conformal boundary at infinity M.

Anti de Sitter space is a maximally symmetric pseudo-Riemannian manifold with
Lorentzian metric and constant negative curvature; it is the Lorentzian analogue of
hyperbolic space. This suggests hyperbolic space as a conveniently simplified model
in which to study the relationship between the geometry of a bulk space and the
structure of its infinity. Indeed, a very precise such connection is already well known;
realizing hyperbolic space as the hyperboloid embedded in Minkowski space, and
the null cone as its conformal infinity, hyperbolic symmetries of the hyperboloid and
conformal transformations on the sphere at infinity are related by a natural bijection:
a hyperbolic symmetry and a conformal transformation are in correspondence when
they both result from restriction of the same Lorentz transformation on the ambient
Minkowski space.

In fact more is known; the conformal metrics on the sphere at infinity are in
correspondence with the compact immersed hypersurfaces of hyperbolic space with
regular hyperbolic Gauss map, furthermore the eigenvalues of the Schouten tensor

(basic conformal invariants) of metrics on the boundary are linked to the principal



curvatures of these hypersurfaces by a surprisingly simple relationship [8]. These
same relationships hold also for spaces which are quotients of hyperbolic space un-
der discrete isometry groups [3]. One especially interesting use of this link in [8] is
to provide a translation procedure between the Cristoffel problem [11] in hyperbolic
space and the Nirenberg-Kazdan-Warner problem (there are extensive references for
this problem; see the survey [29]) on the conformal boundary. This renders a ge-
ometric partial differential equation into a conformally invariant one, and similarly
turns solutions to one of these problems into solutions of the other (a la Bécklund
transformations).

When the bulk space under consideration is not so homogeneous as hyperbolic
space, then the recovery of such a precise connection to the conformal boundary
becomes difficult. However, for asymptotically hyperbolic spaces one might hope to at
least find some relationship between the bulk geometry and the conformal structure
on the boundary, at least in a neighborhood of infinity. In fact, the existence of
hypersurfaces in a neighborhood of the boundary with extrinsic curvature linked
to the conformal structure at infinity has been demonstrated and used to produce
constant mean curvature foliations of asymptotically hyperbolic manifolds [31]. Tt
is this route we wish to explore as it seems to hold potential for eventually yielding
some results analogous to those of [8] and [3] but in more general cases.

We begin with background, introducing the objects under study and the tools

used to study them: chapter 2 summarizes the ambient construction and chapter 3



provides details about asymptotically hyperbolic manifolds, while chapter 4 is a brief
synopsis of the Yamabe problem including just the details necessary for the sequel. In
addition to their immediate relevance, it may be noted that all three of these topics
hold positions of significance in the history of conformal geometry. Chapter 5 is a
detailed examination of the existence of constant mean curvature hypersurfaces in
asymptotically hyperbolic spaces as done by Mazzeo and Pacard in [31], though we
exclude some of their results in favor of more detail on others. As will be seen in
that chapter, the results regarding curvature of hypersurfaces in the bulk space are
achieved via curvature prescription in the conformal structure on the boundary (cf.
[8] and [3]), thus keeping with the leitmotiv of the AdS/CFT correspondence. In
chapter 6 we extend these methods to hypersurfaces distinguished by other types of
curvature.

The presentation here assumes familiarity with the fundamentals of Riemannian
geometry and partial differential equations, which in turn require proficiency with
differentiable manifolds and real and functional analysis. There are numerous good
sources for this material, but we list a few recommended ones here: for analysis,
[39] and [40]; for manifolds, [26] and [47]; for differential equations, [9] and [13]; for
Riemannian geometry, [25] and [5].

The following conventions will be followed throughout:

1. Unless stated otherwise the Einstein summation convention will be employed,

i.e. repeated indices with one raised and one lowered are summed over.



2. Tensor indices (whose position indicates valence) are raised and lowered freely
via the “musical isomorphism” provided by appropriate metric. Usually the
metric to be used is clear, However explicit mention is frequently provided or

included in notation.

3. The definition of the Riemann curvature tensor used will be R(X,Y)Z =
Vixy1Z — [Vx, Vy]Z for vector fields X,Y, Z, and with [-,-] denoting the Lie

bracket (this differs from the alternative definition only by sign).

4. The definition of the Laplace-Beltrami operator is simply the trace of the co-
variant Hessian. This operator has negative spectrum and differs from the other

common convention only by sign.



Chapter 2

The Ambient Metric

In Riemannian geometry the objects of study are smooth manifolds equipped with
a metric which allows the measurement of both length and angle of tangent vectors:

given (M, g), v,w € T,M, we have

o] = g(v,v),  cosf =

The maps which define equivalence in this category are isometries, diffeomorphisms
that preserve the metric, and hence lengths.

In conformal geometry only the angle information is retained, there is no unambiguous
length. This is the same as knowing a metric only up to scale at each point of a

manifold. Hence

Definition 2.0.1 (Conformal Manifold). A conformal manifold M is a smooth man-

ifold equipped with an equivalence class of (pseudo-)Riemannian metric tensors [g] =



{e**g : we C®(M)}, i.e. a collection of metrics on M, differing only by a factor of

scale determined by some smooth function on M.

In this context the maps of relevance are those that preserve angle; conformal
maps.

The Ambient Metric was originally introduced by Haantjes and Schouten in 1936-
37 ([42], [43]), and independently rediscovered in modern form by Fefferman and
Graham in 1985. The central idea is to apply the methods of pseudo-Riemannian
geometry to conformal manifolds by realizing them as submanifolds of a (uniquely
associated) pseudo-Riemannian space, with the motivating goal being to thus derive
from Riemannian local invariants (e.g. curvature) conformal invariants (cf. Weyl’s
Theorem).

We will outline the ambient metric construction in some detail here, in partic-
ular those parts which have bearing on the asymptotic expansion of asymptotically
hyperbolic metrics, and especially Poincaré and Poincaré-Einstein metrics, however
extensive proofs of the technical details will be omitted and the reader is referred to
[10] for the complete treatment of the subject. Note that the ambient metric con-
struction works equally well without any modification in the pseudo-Riemannian case
as there is never any use made of the positive-definite aspect of a Riemannian metric.
Because the construction adds a time-like dimension to whatever sort of manifold
we begin with we will simply find it convenient to assume that whenever a time-like

direction is mentioned it is that one.



2.1 Motivation

Before addressing the technical details of the ambient construction it is instructive
to consider the concept from the perspective of the motivating case, the conformal
round sphere (S™,[g]). S™ is (locally') conformally flat, meaning that the standard
sphere metric is related to the (flat) Euclidean R™ metric by a conformal factor
((c™H*g = (W) g) obtained via pullback of the metric along the stereographic
projection map o Euclidean R” metric by a conformal factor. This is the standard
conformally flat case in the following sense.

Conformal transformations of R" are generated by Euclidean motions (transla-
tions and orthogonal transformations), dilations, and inversions (in n-spheres or hy-
perplanes)?. Inversion in a sphere is not a bijection on R" (as the center point is sent
to infinity), so the more natural setting for studying conformal transformations is the
compactification of R™ via the addition of {oco} by stereographic projection.

On the conformal sphere there is no unambiguous sense of scale at any point.
Consider the following nice manner in which such a conformal sphere may be visu-
alized. (For concreteness, picture the n-sphere as a circle; we will need two more
dimensions for the ambient space.) Let Ny be the upper half of the standard cone in
R"*2. Any horizontal plane will intersect the cone in a circle, and as the plane moves

up or down the size of the circle of intersection varies. If instead of intersecting the

IThe distinction locally means that there is not a global chart that is conformally flat.

2This is Liouville’s Theorem for conformal mappings and applies in dimensions > 3. When
dim = 2 there is much more freedom; the Riemann Mapping Theorem implies that all simply-
connected open domains are conformally equivalent.



cone with a plane, we use any smooth surface that might be realized as the graph of
a smooth function, the result is a point-wise scaling of the circle.

In fact, we can make this precise and recapture all of the standard conformal
structure on S™ from a pseudo-Riemannian metric on R"*2. Give R™*! x R the
coordinates x = (£',...,&""1 1) (the & are spacelike and 7 is timelike) and the
Minkowski metric g = >_.(d¢€")* — dr?. Let Q = >_,(£")? — 72 be the quadratic form
associated to §. Then the null-cone is the quadric N’ = {y € R**? : Q(x) = 0} =
{I¢] = 7}. Projectivization yields PN = P = {[x] € RP"** : x € N} ~ S and
if 7: N — P is the projection y +— [x], then we will use smooth sections of 7 to
represent members of the conformal class on S™. We want to realize the conformal
structure on S™ as invariantly determined by the Minkowski metric on R"*2, but the
restriction g|ry is degenerate, i.e. if X = x'd,:, (the positional vector field), then
g(X,V) =0 for all V € TN. Clearly for x € N g,(X,,X,) = Q(x) = 0. Then

dQ(V)=0if V € TN, but Q = gi;x"x’ so dQ = 2g;;x"dx’. Thus
0=dQ(V) =2g;x'V? =2§(X,V).

So, X L T\ for any x € N and hence gy is degenerate, but it does induce an

inner product g, on T} P as follows: For 7, : T\N — T}, P,
m.(X)=0 and m.:T,N/spanX Z Ty @

For v,w € TjjP choose any V,W € T\ N such that 7,V = v,7,W = w and define
gX by gX(v,w) = g(V,W). This is well-defined because our choices of V' and W are

9



unique up to addition of a multiple of X, i.e. if V.V’ are such that =,V = 7, V' = v.
Then V' = V+ X for A € R and thus the condition X L T\, makes g* independent
of such choices. For a given point [y] € P ~ S™ we can apply this definition for any
point x € R™2 in the line [y]. Now, when 0 # s € R we wish to know how are gX
and ¢°X are related.

Name the map corresponding to multiplication by s, i.e. x — sy, 0, : R*"*2 —
R"™2 called “dilation by s” for obvious reasons. Then (), also just multiplies tangent
vectors by s and hence ¢ is homogenous of degree two with respect to dilations, i.e.

)

(65)*g = s*g. Dilations correspond precisely to “scaling by s,” and of course 7(sy) =
m(x) = [x]. Suppose v,w € T};P and choose V,W € T\ N so that 7,V = v, 7,V = w.

Then

g7 (v, w) = g((05).V; (0:).W) = (6:)"g(V, W)
= s*G(V, W) = s*gX(v,w).
Therefore g*X = s%gX; at each point [x] € P we obtain an inner product on TP by
pushing down g, for some x € [x] and each such selection determines the conformal

scale based on the magnitude |x|. Hence the Minkowski metric on R"™ invariantly

determines the conformal structure on S™ as wished.

10



2.2 Coordinate Selection

Before we establish the general case definitions, we make an alternative selection
of coordinates in the flat case that will prove convenient for the abstract general

ambient construction. Choose coordinates:
) . 1Q 1
= gfr b= ad p= 2= (e - )

corresponding to scaling up of the spacial dimensions proportional to the time com-

ponent so that the upper-half of the null cone
Ny={(7)eR"™ xR : || =7,7 >0}

looks like the cylinder
{I¢l=1,7 > 0}.

We disregard from now on points with 7 < 0; 7(x) = m(—x) and hence g% = gX
and thus we lose nothing by doing so. By substitution then the Minkowski metric
becomes

g = 2pdt* + 2tdtdp + t°g,

where go is the standard metric on S™ C R"™| and g, in general is the standard
metric on the n-sphere of radius \/2p + 1. Note that g is homogenous of degree two

in 1, and gl,—01=1 = go.

11



2.3 The Ambient Metric Construction

The goal of the ambient construction is to produce such an ambient space and
metric ¢ for any conformal manifold (M, [g]). First we construct an analog of the

upper null cone N,

Definition 2.3.1. For a conformal manifold (M, [g]) of dimension n > 2, equipped
with conformal class [g], of signature (p,q), the metric bundle G = {(h,z) : h €

lg],z € M} C S*T*M is an R,-bundle over M with projection map
7:G— M, (hz)—=x
and the maps comprising an R -action on fibers, “dilation” by s for any s € R :
6:G—G, (hx)— (s*h,x).

G is naturally equipped with a tautological symmetric 2-tensor g° defined as fol-

lows. For X,Y € T(} )G let
" (X,Y) = h(r,X,7.Y).
Then g° is

Homogenous of degree 2 with respect to the dilations d,, i.e. d7g° = s*g°. For-
mally this can be seen by just unwinding the definitions, but note its geometric
significance: dilations on G act as conformal scalings on M. Thus the metric
bundle encodes the conformal structure on M.

12



Degenerate: If T' = d%(SS|S:1 is the vector field on G which is the infinitesimal gen-
erator of the dilations d,, then 7,7 = 0 and §(7’,-) = 0; this is the generalized

version of the positional vector field in the flat model.

It can be easily verified that the objects defined above, G, 7, d,, and g, are all well-
defined based solely on the conformal class [¢g] and do not depend on the particular
representative g, however, once a choice of representative ¢ is fixed, we obtain a

trivialization of the bundle G; identify
(t,2) € Ry x M with (t*g,,z) € G.
In terms of this identification we then have
7 (t,z) — x, ds : (t,x) — (st,x), T = to}, g’ =t’r1g.

Then the chosen representative metric g can be regarded as a section of the metric
bundle G; the image of this section is the submanifold of G given by t = 1.

So far we have constructed the general analog of the null cone N of the flat
case. Next we add a final dimension corresponding to the defining function of the
null cone to allow us to repair the degeneracy of g and fill out the space on which
the ambient metric g will live. Let QN =G xR =R, x M xR. The dilations d
extend to G by acting on the first factor alone, while 7" may similarly be extended
by assuming constancy along the R factor. If g is a representative metric for the
conformal structure with associated R,-fiber coordinate ¢, and if (z',...,2") are
local coordinates on M, then (¢, z',... 2™ p) are local coordinates on G x R. The

13



indices 0 and oo will be used to refer to the ¢ and p coordinates respectively, while
1,7, ... refer to the other coordinates. Capital Roman letter indices may vary over all
coordinates.

The general definition is inspired by features that defined the flat model, plus
the fact that while the metric bundle arises quite immediately from the conformal
structure on M, the extension of the metric off of the “null cone” will require solving

an ordinary differential equation in the p coordinate.

Definition 2.3.2 (Ambient Space). An ambient space for a conformal manifold

(M, [g]) is a pair (5, g), where:

1. (j is a dilation-invariant open neighborhood of G x {0} in G X R and ¢ is a

smooth metric on 5 ;
2. g is homogenous of degree 2 on G (i.e. 07g = sg, for s € R,);
3. The pullback ¢*§ is the tautological tensor g° on G;
4. g is Ricci-flat on G x {0}, i.e. Ric(g) = 0.

When [g] is a conformal class of signature (p, ¢), g is a smooth metric of signature
(p+1,q+1).

The reasoning behind the axioms can be seen most easily by considering the flat
model. As in the flat case, the space should be homogenous (in the geometric sense)

in the dimension corresponding the conformal scaling; movement in this direction

14



should not alter anything about the space but sense of scale. This also expresses
itself as (algebraic) homogeneity of the metric with respect to dilations. Restriction
of the ambient metric back to the metric bundle will be an initial condition for a
second-order differential equation in terms of the metric that we get from the Ricci-
flatness condition. The tautological 2-tensor on the metric bundle arises naturally,
but extending this to an ambient metric on G requires imposing additional conditions
and vanishing Ricci tensor on G is strict enough to be useful but (mostly) solvable.
As is commonly the case in finding solutions to differential equations we do not in
general expect to find global solutions for our metric in the p dimension so we content
ourselves with a p-neighborhood around the metric bundle. Ambient metrics for the

same conformal manifold have an appropriate sense of equivalence:

Definition 2.3.3 (Ambient-Equivalence). Let (Gy, 1) and (Gs, ¢2) be two ambient
spaces for (M, [g]). We say that (G, d1) and (Ga, G2) are ambient equivalent if there
exist open sets U; C 51, Us C (32 and a diffeomorphism ¢ : Uy — U, with the following

properties:
1. Both U; and U, contain G x {0};
2. Uy and U, are dilation invariant and ¢ commutes with dilations;
3. The restriction of ¢ to G x {0} is the identity map;

4. g1 — ¢*g vanishes to infinite order at every point of G x {0}.

15



In general when we say something like “up to diffeomorphism” about ambient
metrics, it usually refers to diffeomorphisms satisfying properties like ¢ above. Hav-
ing defined ambient-equivalence, we want to find a unique (up to such equivalence)

ambient metric associated to each conformal manifold. So far we have
1. the second-order differential equation Ric(g) = 0 and
2. the initial condition g|rg = g°.

We want to ensure that
1. this is an ordinary differential equation in terms of the p coordinate only, and

2. we have a first-order condition that yields a unique solution.

Ideally, we also make the actual problem easier to manage also. To this end we

stipulate:

Definition 2.3.4 (Straight, Normal Form Ambient Metrics). An ambient space is

said to be straight if

1. For each point p in a dilation-invariant neighborhood U C G, the parameterized

dilation orbit s — d,p is a geodesic for §.

and in normal form relative to a representative metric ¢ if the follow conditions hold:

2. For each z € G, the parameterized curve (—¢,€) 3 p — (z, p) is a geodesic for g.

16



3. Writing (¢, z, p) for a point in R, x M x R ~ G under the association induced
by the fixing of a representative metric g, at each point (¢,z,0) € G x {0}, the

metric tensor g takes the form

g =g°+ 2tdtdp

A consequence of the existence proof of ambient metrics is that any ambient metric
will be equivalent to a straight one in normal form, so it suffices to consider only such
cases. Furthermore these conditions determine several of the Christoffel symbols r 1K
for g and hence several of the components of g itself. Hence by stipulating that g is

straight and in normal form relative to a representative metric g, it can be written

nicely:
20 0 ¢t
gu= | 0 #gy; 0
t 0 O
where
gu = t2gij

is determined by the condition t*g = g,,

g1y = 0
t 00

17



is determined by g being in normal form, and

2p 0

gIJ = 0

is determined by g being straight.
The metric g;; in the above expression is a function g;;(x, p) of both the point in

the manifold M and the p coordinate. In the formula
§ = 2pdt* + 2tdtdp + t°g,

it is g,, a l-parameter family of metrics on M. In the sequel whenever a metric is
referred to as “in normal form” it will also be assumed straight and expressible in
the matrix form written above. This form puts our expression for the metric into a
configuration that nicely mimics the flat case.

As a result of the series analysis mentioned below, both existence and uniqueness of
ambient metrics is dependent on the parity of the dimension of the starting conformal

manifold. If we assume our ambient metric to be straight and in normal form relative

to g, then in
20 0 t
gu=1] 0 tg; 0
t 0 O

only the expansion of g;;(x, p) remains undetermined. The components of the Ricci

18



tensor form a system of equations; using the expression for Ricci curvature

~ 1. . - - -
Rry = §9KL(3%L9JK +0jxc i — 01,9K1 — Oxc,91)

+gitghe <fILPfJKQ — fIJPfKLQ)

we may compute the following components (the other two, involving the ¢-coordinate,

will not be needed here)

~ 1 n 1
Rij=glp— g guglhup + 59’“192l9§jp — (5 - 1) 9i; — 59’“’925% + Ry, (23.1)
R —lkl(v = Vigh) (2.3.2)
00 — 29 kgil ngl ) eJe
E __1 kL 1 1Kqu/ / 233
w00 = =59 G T 79" 9" Gy 1g- (2.3.3)

Here " denotes 0, and R;; and V denote the Ricci curvature and Levi-Civita connection
of g;;(z, p) with p fixed.

The Taylor expansion of g;;(x, p) can be determined by setting these expressions
equal to zero (the Ricci-flat condition) and successively differentiating and evaluating
at p = 0 (in some cases tracing the equations and then substituting the solved trace

part back into the original expression). In doing so one finds that

L. For n odd: Equation 2.3.1 above determines the derivatives d]"g;; for m < n
as well as the trace-free part of 97g;;. (The trace-part of equation 2.3.1 is
automatically satisfied.) The value of the trace-part "9} g; is determined by

equation 2.3.3 and then all higher derivatives are determined by equation 2.3.1.

19



2. For n even: Equation 2.3.1 determines the derivatives 0™g;; for m < n/2 and
also the trace part g”9™g;;. (Although calculating traces may be faster and
easier using equation 2.3.3.) When trying to solve for the m = n/2 term the
recurrence fails as one of the terms in the relation vanishes (it has a coefficient

including (n — 2m)).

The first few derivatives are

9£j|p=0 =2P;

G0 = —ﬁBH F2PFPy nAd

9iglo=0 = (n — 4)2(n —6) Bigs” - (n — 4;4(71 —g) VD - (n8— 1By
- 4>8(n —6) P*Bij + mpklc(ij)k,l - ﬁckilcljk
+ ﬁ@kloﬂd + n i 6) P*iClijy' — ﬁWmﬂPkaml,
n#4,6

and in general, at p =0

(4=n)(6—n)- (2m —n)dTg; = 2(A™ Py — A" PF )+
where the tensors P, Wi, Ciji, Bij are defined as follows:
Schouten: P; = -1 (Rij - %gzj);

Weyl: Wik = Rijii — (P © 9)ijul,

Cotton: Cjj, = Pijr — Py,

20



. — k kl
Bach: Bij = Uijk,” — P Wkijl-

Recall, the definition of ambient-equivalence above. Uniqueness means only up to
such a diffeomorphism. Now, the summarized existence and uniqueness results for an

ambient metric of a conformal manifold (M, [¢g]) of dimension n are as follows:

n odd: There exists an ambient metric uniquely determined to infinite order. If
there is a real-analytic metric in the conformal class [g] then the expansion of

the ambient metric converges.

n even: 1. There is an ambient metric uniquely determined up to order n/2 — 1.

2. In general there is a local obstruction to existence. This obstruction can
be realized as a conformally invariant 2-tensor on M which generalizes the

Bach tensor (they coincide in dimension 4).

3. In the case of special types of conformal manifolds there are infinite or-
der solutions for the even dimensional case. One example that will have

relevance to us is when the starting manifold is conformally flat.

4. Alternative manner to handle even dimensional case: generalized ambient
metrics. (due to Graham and Hirachi [15]) Basically, relax the smooth-
ness requirement and instead try to construct more general formal series,
potentially involving log terms. Introduce a choice of undetermined terms
to allow full expansion. This yields results, but uniqueness in particular
remains elusive outside of special cases.
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Accordingly we must revise our definition for ambient metrics to

Definition 2.3.5 (Ambient Space). An ambient space for a conformal manifold

(M, [g]) is a pair (G, ), where:

1. G is a dilation-invariant open neighborhood of G x {0} in G X R and g is a

smooth metric on 5 :
2. ¢ is homogenous of degree 2 on G (i.e. 0fg = sg, for s € R,);
3. The pullback ¢*g is the tautological tensor g, on G;

4. (a) If dim M = n is odd, or n = 2, then Ric(g) vanishes to infinite order at

every point of G x {0}.

(b) If n is even, then Ric(§) = O(p™/*71).
Briefly, in our previous definition of an ambient metric, we make the alterations:
Ric(g) =0
becomes

n odd: Ric(g) vanishes to infinite order at every point of G x {0}.

n even: Ric(§) = O(p™/?>71)
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The initial terms of the ambient metric expansion are:

1
9ij(z, p) = gij(x,0) + 2P;;p + (—msz + -sz-ij) PP+

Bijix" — 2WiinBM — 4(n — 6) Py By — 4P By

. 1
3(n—4)(n—6)

+ 4(n - 4)Pklc(ij)k,l - Q(TL - 4)CkilCljk + (TL - 4)Cikl0jkl

+2(n — 4)P* 1 Cupt — 2(n — 4)Wkijlp’fmpml> p*+ O(p")

Finally, though it is not (at least apparently) germane to the sequel, we remark
that the obstruction to finding ambient metrics in the even dimensional case can be
identified as a conformally invariant 2-tensor on M, which when n = 4 is the Bach
tensor. Recall that when g is a straight ambient metric in normal form [T|; = 2pt?,
and in the case of the flat model 2pt? = [£|? — |7|? = Q(x), i.e. the standard defining
function of the null cone. In the general case Q = |T|; = §(7.T) is a defining
function for G x {0} C G invariantly associated to ¢, which is homogenous of degree
2. (To verify that @ is a defining function, note that in normal form Q = 2pt?
mod O(p™/?™)). As Ric(g) = O(p™?™1), Q' ™2 Ric(§)|rg is a tensor field on G of
degree 2 —n which annihilates 7', and thus it defines a symmetric 2-tensor-density of
weight 2 —n on M which is trace-free. Evaluating this tensor-density on the image of
the representative metric as a section of G defines a 2-tensor on M. Then the ambient

obstruction tensor is defined by
O = ¢,(Q' " Ric(7))]
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where ¢(n) is a constant derived from the dimension equal to

n/2-1 2" ?(n/2 - 1)1

e =(=1) n—2

For g in normal form this reduces to
Oy = 2" (p" "2 Rij)| po.

This tensor is conformally invariant, trace-free, divergence-free, and equal to the Bach

tensor when n = 4. For more about this tensor see [10], [14] and [15].

2.4 Conformal Curvature Tensors

Conformal curvature tensors are conformal invariants analogous to the curvature
tensors of Riemannian geometry; the search for such tensors provided the original
motivation for the producing the ambient construction. The general procedure for
constructing these invariants is to perform the ambient construction, then calculate
the Riemannian curvature of the resulting ambient metric, finally restricting this
curvature tensor back to the original manifold (a submanifold of the ambient space)
yields a conformally invariant tensor. Taking covariant derivatives of the ambient
curvature before the restriction produces additional invariants, and in the simplest
cases the well known conformally invariant tensors are recovered by this method. We
will use some of the calculations of this section to realize the expansion of Poincaré-

Einstein manifolds (these have conformally flat conformal infinity).
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Let g be a metric on a manifold M. Then there is an ambient metric in normal

form relative to g, which may be taken to be straight. Such metrics have the form:

2p 0 ¢t
gu=1] 0 tg; 0
t 0 O

on a neighborhood of Ry x M x {0} in Ry x M x R. The condition of Ricci flatness
(the resulting second-order ODE in p) determines the 1-parameter family of metrics
gi;(, p) based on the initial metric to infinite order for n odd and modulo O(p™/?) for
n even, with the trace term g* 83/ 2g,~j| p=0 also determined for n even. Each of these
determined (formal) Taylor coefficients is a natural invariant of the initial metric g.
The conformal curvature tensors will be defined in terms of the covariant deriva-
tives of the curvature tensor of an ambient metric in normal form relative to g. Denote
the curvature tensor of an ambient metric by R with components E; JiL- The r-th
covariant derivative will be denote by R(") with components }N%YJ)K L., Lhe cur-

vature tensor for ¢ can be computed directly from the explicit form of the metric

given above, and the result of such computation shows that fil Jsko0 = 0 and that

~ 1 p
Rijie = t* | Riji + 5 (99 + 9ix9h — 9 — 95u9i) + 5 (9095 — Gudin)

2 2
5 1 2 / /
Reoji = §t [vlgjk - vkgjl}
D 1 2| n 1 pg 1]
Roojkos = 515 ik = 59 9jpIkq (2.4.1)

where " denotes d,, and V and R;j;; denote the Levi-Civita connection and curva-
ture tensor respectively of the metric g;;(x, p) with p fixed. The symmetries of the
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curvature tensor imply that all other components look like one of these up to sign.
Components of the ambient covariant derivatives of the ambient curvature can then
be calculated by taking iterated derivatives of these formulae.

We will restrict our attention here to the case r = 0, as it is here that we recover
the known conformally invariant curvature tensors called the Weyl, Cotton, and Bach
tensors.

First recall that from the calculations involved in the formal analysis of the ex-

pansion of g we have that

2
Fijlp=0 = ——— Bij + 2P Py,

(n—14)

gz/'j‘pzo = 2Pij7

where the second derivative is only unambiguously defined when n # 4.
Now evaluating the three components of R listed above but restricted to the metric

bundle p = 0 yields:

Rijiilp=o = t*(Rijia + 9aPix + 96 P — 9i Pyt — 91 Pix)
= t*(Riju — (P @ 9)iji)
= Wi
Where @ denotes the Kulkarni-Nomizu product that combines two symmetric 2-
tensors to produce a 4-tensor with the symmetries of a curvature tensor. At ¢ =1 of

course we see the Weyl tensor of the representative metric, but also as t varies we see

precisely the expected conformal transformation of the Weyl tensor (when all indices
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are lowered). Next we have

Eoojkl|p20 = tZ(ij,l - lek)

= t*Cyju,

the Cotton tensor, also transforming as expected with respect to change in t. And

finally
~ 2
Roojkoo’p:O = (Tl — 4)

t2
- B.
(n—4)"7"

[—Bji + (n — 4) P! Py] — 26*P}' Py

The fact that the Bach tensor is only obtained in this way when n # 4 is unfortunate,

but the invariant is recovered nonetheless.
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Chapter 3

Poincaré Metrics & Asymptotically

Hyperbolic Manifolds

3.1 Motivation & Analogy to Flat Model

There is another construction associated to a conformal manifold that carries
equivalent data to that of the ambient construction and actually arises naturally
on its own, particularly in the context of contemporary physical theories. While
the ambient space and associated metric fully translate conformal data into pseudo-
Riemannian structure through the addition of two extra dimensions, Poincaré metrics
arise through the addition of one extra (spacelike) dimension and realize a confor-
mal manifold as the boundary of a Riemannian bulk space. Such spaces form the

focus of our investigations; it is the interplay between the conformal structure of the
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boundary and the Riemannian geometry of the bulk space that produces the salient
characteristics of these objects.

The connection between the two constructions is easily described in the flat model:
restrict the Minkowski metric g to the upper sheet of the hyperboloid () = —1, this will
be the standard hyperbolic metric. The hyperboloid is complete but not compact, and
thus has no actual boundary, however it approaches the null-cone in every direction;
the null-cone looks like a boundary at infinity for this hyperbolic space. This can be
made precise by moving from the hyperboloid to the Poincaré disk model of hyperbolic
space. This is via a conformal map which is very much analogous to stereographic
projection. The result is a metric (W) g on the unit disk in R**!, where g is the
Euclidean metric there. Here the “boundary at infinity” is the unit n-sphere. This

inspires the definitions that follow.

Remark 3.1.1. In the ambient construction one begins with a conformal manifold
(M, [g]) and proceeds to construct an ambient space around it. While the construc-
tion of Poincaré metrics follows a rather similar plot, in subsequent sections our per-
spective will often be rather reversed, i.e. we will start with a Riemannian manifold
(X, g) and find that its conformal compactification has “conformal infinity” (M, [h]).
Anticipating the notation of those sections, we will use (M, [h]) to denote the con-
formal manifold that is the boundary of a Poincaré space, and (X, g) to refer to the

Riemannian bulk space we construct.

Let (M, [h]) be a smooth conformal manifold of dimension n > 3 and X a manifold

29



with boundary satisfying 0X = M. Let r € C*(X) denote a defining function for
0X = M,ie. r>0onint X, r =0 and dr # 0 on M. Most results are equally
true for n = 2, but the plentitude of conformal mappings in two dimensions, and
in particular the fact that all two dimensional manifolds are locally conformally flat,

makes n = 2 a relatively special (frequently easy) case in most circumstances.

Definition 3.1.2 (Conformally Compact). A smooth metric g on int X is said to be

conformally compact if for a defining function r,
1. the conformal metric 72¢g extends smoothly to a metric on X and
2. the restriction r2g|ry; induces a metric on M (is nondegenerate on M ).

The restriction r2g|7as, which we will call g, rescales by a conformal factor upon a
change in the defining function r, and therefore defines a conformal structure (M, [g])

on M called the conformal infinity of X.

The full condition of smoothness up to the boundary is frequently unnecessary,
but unless otherwise indicated, we assume conformal compactifications to have at
least C>* regularity up to 0X. Fix for convenience the notation g = r?g.

Computing the change in curvature under a conformal transformation (see ap-

pendix B) by a factor of 72 gives
e =2
Rm(g) = —|dr|2(gixgj — gugse) + Rm(g)r >+ (Vrogr™ (3.1.1)

Implying that ¢ has asymptotically constant sectional curvature of —]dr|§ near M.
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(The symbol @ above is the Kulkarni-Nomizu product on symmetric 2-tensors:
(U @ V)ijr = WigVji + UjVik — UigVjk — UjkV4.

Thus %g @ g is the curvature tensor of constant sectional curvature +1. Recall that
the sectional curvature requires dividing Rm(g) by a normalization factor that will
be quadratic in g.) It can be seen by taking the trace of the expression 3.1.1 above,
that the Einstein condition Ric(g) = —ng can be satisfied (modulo O(r~')) near the

boundary of X only if |dr|§ =1 on 0X = M. Such metrics are named:

Definition 3.1.3 (Asymptotically Hyperbolic). A conformally compact metric g on

a manifold X is called asymptotically hyperbolic if ]dr|fgg =1on0X.

A choice of defining function r always determines a representative metric § =
Glrar = r*glrar in the conformal class [g], however in the other direction a choice of
representative metric generally only determines a defining function r modulo O(r?).
(As a defining function must vanish to exactly first order at M, all higher orders of
7 are unseen in a member of the conformal infinity.) Stipulating that |dr|? = 1 not
only on M but in a neighborhood of M allows determination of a particular defining

function r:

Theorem 3.1.4 (Geodesic Boundary Defining Function). Let (X, g) be an asymp-
totically hyperbolic manifold. Then any representative hy in the conformal infinity
(M, [g]) of (X,g) determines a unique defining function r such that r*g extends to a
metric on 0X = M, r*g|lra = ho, and |dr]§ =1 in a neighborhood U of M in X.
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Proof. Fix any choice of defining function p and let g, = p?g. Set r = e?p so that

g = €?*g, and dr = e’(dp + rdw). Then

|dr(5 = |dp +rdgl2 = |dpl} + 2p(grady, p)(8) + p°|dol; ,

so that the condition |dr|? = 1 is equivalent to

1 —[dpl|?

2(grady, p)(¢) + pldel;, = (3.1.2)

This is a non-characteristic first-order PDE for ¢, so there is a solution near M with

¢\ = ¢o arbitrarily prescribed. U

For future use we will consider the solution ¢ = ¢(r, x) whose existence is guaran-
teed by the above theorem to be the result of an “extension operator” £ : C>*(M) —
C>*(U), where U is a neighborhood of M in X. Thus, given hg € [g], if hy =
e (g, ), then E(dg) = ¢ is the extension of the conformal factor from boundary

to neighborhood of the boundary that satisfies
r=ep, g =r°glrar = ho,

and M, |dr|? = 1 in that neighborhood.

We will call such a function r the geodesic boundary defining function associated
with h. This defining function provides an identification of M X [0, €), for some € > 0,
with a neighborhood of M in X: the point (z,€) corresponds to the point obtained
by following the integral curve of grad; r emanating from x € M for € units of time.

As |dr|§ = 1 the e-coordinate is just r, and grad; r is orthogonal to the slices M x {¢}.
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Identifying r with € then, on M x [0,d) the metric takes the form g = dr? + h, for a
1-parameter family of metrics h, on M, and therefore g can be written in a manner

described as:

Definition 3.1.5 (Normal Form). An asymptotically hyperbolic metric g is said to

be in normal form relative to a metric h in the conformal class of metrics on M if
g=r"2(dr*+h,),
where h, is a 1-parameter family of metrics on M such that hg = h.

We will frequently make use of the asymptotic expansion (in terms of a geodesic
boundary defining function r) of the boundary-tangential component of an asymp-
totically hyperbolic metric A in normal form, and the corresponding expansion of its

inverse:

hr = h0+h1’l“—|—h27“2 +O(T3) (313)

hyt =hy' — (hg")2har + [(h')?hT — (hg')?he] 1* + O(1®). (3.1.4)

In 3.1.4 indices have been suppressed in pursuit of simplicity but each factor of hy !
refers to the raising of an index by the metric hg. As all tensors involved are symmetric

2-tensors the omission of specific indices should cause no confusion.

Definition 3.1.6 (Poincaré Metric). A Poincaré metric for (M, [h]) is a conformally
compact metric g on X°, where X is an open neighborhood of M x {0} in M x [0, 00),
such that:
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1. g has conformal infinity (M, [h]).

2. If n is odd or n = 2, then Ric(g) + ng vanishes to infinite order along M, and

if n > 4 is even, then Ric(g) + ng € O(r"=2).

A Poincaré metric which is also Einstein (not just at the boundary) is called a
Poincaré-Finstein metric. Just as in the case of ambient metrics there is an appropri-
ate sense of equivalence up to diffeomorphisms that are the identity on the conformal
infinity. Issues of existence, uniqueness, and construction can be handled directly (cf.
[16]), however here the equivalence described next allows results for ambient metrics
to be translated into results for Poincaré metrics (and vice versa).

Going in the other direction, that is conformally compactifying a given asymp-
totically hyperbolic manifold, there is also an equivalence up to diffeomorphism of
conformal compactifications, ensuring that the conformal infinity of these manifolds

is unique:

Theorem 3.1.7 (Crusciel-Herzlich [4]). Let (X, g) be a conformally compactifiable
asymptotically hyperbolic Riemannian manifold that admaits two C*-conformal com-
pactifications, (X1 = X U0 X1, G1,%1) and (X = X U0 Xo, G2, ¥2), where the maps
v X = X;, 1 =1,2, are the embeddings provided by the definition of compactifica-
tion. Then

-1
¢2 ‘Intyl O@Dl . X1 — X2

34



extends to a conformal diffeomorphism
v 71 — 72

so that X, and X, are diffeomorphic as manifolds with boundary, and 05X, and

OsoXo are conformally equivalent.

3.2 Equivalence with Ambient Metrics

Recall how in the flat model the hyperboloid is identified by H = {Q = —1,7 > 0}.
This quadratic form ) associated with g provides an easy source for defining functions
for both the null-cone and the hyperboloid.

Having the metric g and the “dilation vector field” T" we can construct () invari-
antly by |T\§ = (). This is verified by computation for the flat metric in normal
form: |T|2 = 2pt* = |§|* — |7|> = Q(x), but it should make sense intuitively since the
hyperboloid is part of the "unit sphere” in a flat Lorentzian metric. (In fact, here
arises the importance of straightness in this context: when (é ,§) is a straight ambient
space for (M, [g]), the function |7T'|; vanishes to precisely first-order on G x {0} C G
and thus yields a defining function for the metric bundle.)

In the flat model then, H is the hyperboloid, in the general ambient space G it is
an invariantly defined hypersurface (looking like the portion of the hyperboloid very

close to the null-cone); in both cases we will find a Poincaré metric associated to a

given ambient metric by restriction of the ambient metric to the hypersurface. Of
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note here is that the construction of the ambient metric described above had positive
p direction “outside the null-cone,” while now we look at the hyperboloid sheet on
the other side. This has little real effect as the equations defining an ambient metric
in normal form all possess a symmetry under reflection in p. The only artifact of this

issue will be a necessary sign-change. In the general case we define maps
projection: 7 : G C GxR — M xR defined by extending the projection on G, and
sign & scale change: ¢ : M xR — M X [0, 00) defined by 9 (z, p) = (x, \/2|p|>.

Then (shrinking G if necessary), there is an open set X C M x [0,00) containing

M x {0} such that 1 o 7|y : H — X° is a diffeomorphism, and we have

Theorem 3.2.1. If (G, §) is a straight ambient space for (M, [h]) and H and X are

defined as above, then

1. the metric
g:=((Worlw)™) g

is an (even) asymptotically hyperbolic metric with conformal infinity (M, [h]);

2. if g is in normal form relative to a metric h € [h], then g is also in normal form

(as a Poincaré metric) relative to h;

3. Every (even) asymptotically hyperbolic metric g with conformal infinity M, [h])

is of this form for some straight ambient metric g for (M, [h]). If g is in normal
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form relative to h then g can be taken to be in normal form relative to h, and

in this case g on {|T|2 < 0} is uniquely determined.

Note that in general there are many different ambient metrics that may give the
same Poincaré metric if the action of the diffeomorphism by which g is pulled back
scales each R, -fiber by an appropriate amount depending on the base point. As
expected it is the insistence on both metrics being in normal form which yields the
desired one-to-one association. Straightness of the ambient metric is also important;
if the ambient metric is not assumed to be straight, then the Poincaré metric obtained
from this association may not be asymptotically hyperbolic.

In particular, when both ambient and Poincaré metrics are in normal form then
we have the following (c.f. flat model as described above): The ambient metric has
the form

G = 2pdt* + 2tdtdp + t°g,
where g, is a 1-parameter family of metrics on M. Under the change of variables
—2p =12,
s=rt on {p<0}
g then takes the form
g=sr?(dr*+g,) — ds.
Recalling the definition of normal form for a Poincaré metric let us set

hr =4g_1,2

1
2
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and then re-label g as
g=r"(dr*+ h,)
so that we see the ambient metric as a cone metric over g:
§=s%g—ds°.

In these new variables, H is defined by {s = 1}, thus the restriction g|ry is precisely
the new metric g. The process may be reversed to obtain ambient metrics from
Poincaré metrics, often allowing results regarding one to be translated into similar
results for the other.

Now the relation between the curvature of a cone metric and that of its base (as
calculated from the general formula for conformal change of a metric) will elucidate

the stipulation of the Einstein condition on Poincaré metrics:

Theorem 3.2.2 (Cone Metric Curvature). Let g be a metric on a manifold X of

dimension n + 1, and define a metric § = s*g — ds* on X x R,. Then

Run(g) = o [Rulg) + 329

Ric(g) = Ric(g) + ng

R(9) = s *[R(g) + n(n +1)]

where Rm denotes the Riemann curvature tensor as a covariant 4-tensor and Q© is

the Kulkarni-Nomizu product on symmetric 2-tensors:

(U @ V)ijr = WikVj; + WjVik — UgVjk — WjkVi.
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(Thus %g@g is the curvature tensor of constant sectional curvature +1.) Here tensors

on X are implicitly pulled back to X x R,.

Proof. Let s = ¢¥; then § = e*(g — dy?) is a conformal multiple of a product metric.

Under a conformal change g = e?Yh, the curvature tensor transforms by
Rm(g) = ¢*[Rm(h) + A @ h),

where A = —Viy + dy? — 3|dy[;h. When h = g — dy* we have Rm(h) = Rm(g),
Viy =0, and |dy[; = —1s0 A = 3(g+dy?). Thus Aoh = (g+dy*)@(9—dy?) = g2y,
yielding the first equation above. The second and third equations then follow by

contraction on the first. O]

This implies that g is flat if and only if g has constant sectional curvature —1,
g is Ricci-flat if and only if Ric(g) = —ng, and g is scalar-flat if and only if ¢
has constant scalar curvature —n(n + 1), making clear one significant feature of the
Einstein condition on Poincaré metrics: it is precisely the Ricci-flat condition on

ambient metrics.

3.3 Translation of Formal Theory

The equivalence outlined above implies that for metrics in normal form, the formal

asymptotics for Poincaré metrics are precisely equivalent to those for straight ambient

1,2

metrics under the change of variables p = —5r“. In addition to this allowing us to
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translate several of the above theorems for ambient metrics into an equivalent form
for Poincaré metrics it also implies that after making the substitution p = —%TZ into

the ambient metric expansion we get the following first few terms of the expansion

for a Poincaré metric ¢ = r2(dr? + h,) in normal form:
g

1 1
By + —Pi’“ij) SR

(hy)ij = (ho)ij — Pyr® + (—4< 1

n—4)

3.4 Poincaré-Einstein Metric Expansion

The ambient metric for the conformal infinity of a Poincaré-Einstein space can
be used to quickly derive the metric expansion for the tangential component of the
bulk metric in normal form. In this case the ambient metric is flat and the conformal
boundary is locally conformally flat. These strong constraints ensure unique, smooth,
invariant ambient and Poinaré metrics for any dimension.

When g is conformally flat we may, by definition, select a flat metric v € [g]. Then
the expressions for the components of the ambient curvature above imply that the

normal-form ambient metric
G = 2pdt?* + 2tdtdp + t*y

is flat (recall that v will be independent of p, as it already satisfies Ric(y) = 0 and

the above ambient metric will be completely flat for every p). Then, knowing that

R =0, we may use the above formulae (2.4.1) for the components of R to deduce

~ 1 1
Roojkoo = §t2 |:gg/k - §gpqg;pg/k:q:|
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equal to zero implies

1
0= gix = 59"95p9kq:

Differentiating with respect to p and substituting the original expression for the re-

sulting second derivatives yields g7

= 0. Plugging this into the expressions for the
Ric(g) components used in the original formal expansion of g;;(x, p)) then shows that
this implies that all higher terms must consequently be zero. Thus the expansion of

gij (or g4) in the conformally flat case is only quadratic. We recall the first few terms

of the expansion in the general case:

1
9ij(z, p) = gij(x,0) + 2P;;p + (—MB@‘ + szpjk> P

Now note that in the conformally flat case the Bach tensor is zero, and hence our
expansion is:

9ij(z, p) = 7ij(x) + 2Pyp + P Pyp®

Theorem 3.4.1 (Ambient Metric Uniqueness for Conformally Flat Spaces). Let n >
3 and suppose that (M, [g]) is locally conformally flat. Then there exists an ambient
metric g for (M, [g]) which is flat to infinite order, and such that g is unique to infinite

order up to diffeomorphism.

Note that when n = 2 of course every manifold is locally conformally flat, but there
are many inequivalent ambient metrics for this dimension (these are parametrized by
choice of the first-order term of their expansions: tr (0,¢;|,—0)). As conformally flat
is a much weaker condition on 2-dimensional manifolds this is not surprising.
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Translating the above expansion to the Poincaré Metric case via the substitution
—2p = r? and the fact that flat ambient metrics are equivalent to hyperbolic Poincaré

metrics yields

Theorem 3.4.2. Let v be a smooth flat metric on a manifold M, and let g be a
hyperbolic Poincaré metric defined on int X, where X is a neighborhood of M x {0}
in M x [0,00), with conformal infinity (M, [y]). Then there is a neighborhood U of
M x {0} in M x [0,00) and a diffeomorphism ¢ mapping U into X which restricts to

the identity on M x {0}, so that
¢*g = r*(dr* + g.)
where
1
(90)ij = vij — Pyr® + ZPikPkﬂA
and
1. if n > 3, the P is the Schouten tensor of v, while
2. if n =2, P is a symmetric 2-tensor on M satisfying
i1 _ 1
Pi = QR and Pij,] = §R,z

As mentioned before, the 2-dimensional case requires special treatment because

of the differing implications of the condition of conformal flatness.
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Chapter 4

The Yamabe Problem

A critical step in all methods we describe here is the selection of a metric within a
given conformal class for which the function we call x5 is constant. In the Poincaré-
Einstein case, this means finding a metric in the conformal class of the boundary for
which the scalar curvature is constant. This turns out to be a natural and well known
generalization of the uniformization theorem of compact surfaces called the Yamabe
problem. In the case of surface theory, there is only the one sectional curvature and
hence a conformal adjustment of the metric can control this, in higher dimensions
however, controlling the Riemannian curvature 4-tensor via choice of a single function
is clearly implausible (compare degrees of freedom), and in fact even locally it does
not hold, for example in dimensions n > 4 the Weyl tensor provides and obstruction
to a metric being locally conformal to a Euclidean metric. Given this constraint,

it seems natural to ask instead if conformal change can be used to make the scalar
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curvature (the completely contracted curvature tensor) constant, as this too is just a

function on the manifold. The result is

Theorem 4.0.3 (The Yamabe Problem). Given a compact Riemannian manifold
(M, g) of dimension n > 3, there exists a function ¢ € C*°(M) such that the metric

e??q has constant scalar curvature.

Yamabe claimed this result in 1960 [49], but unfortunately an error in his proof
was discovered in 1968 by Trudinger [45]. The combined work of Trudinger, Aubin,
and Schoen provided a complete proof as of 1984 ([45], [2], [41]).

There are a few obvious directions in which to generalize the Yamabe problem.
One might ask for other curvatures to be made constant (although as we have already
suggested, not all such generalizations are especially plausible). Having established
the result for compact Riemannian manifolds, an immediate question is whether or
not it might also hold for non-compact cases. The answer, in the most general sense,

is negative, as demonstrated by counterexample in [20].

4.1 The Yamabe Invariant

Let g = €*g for ¢ € C*°(M) and R,, R; be the scalar curvatures of g and g
respectively. Then (simply calculating from the definition of scalar curvature) these

curvatures satisfy

Ry = e (Ry —2(n — 1)Ag¢ — (n — 1)(n — 2)[ V][] .
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Making the substitution e2? = wiz simplifies this expression:

n+2 - 1
Ry =un> (—42_2Agu+3gu>. (4.1.1)

Labeling

n—2

— -1
L, = <—4" A, +Rg> . and  A=R,
lets us write 4.1.1 as a sort of “nonlinear eigenvalue problem:”
Lyu = Aun-2. (4.1.2)

Finding a positive solution u : M — R to this nonlinear partial differential equation
means finding a solution to the Yamabe problem for the manifold M; the metric
= g has constant scalar curvature \.

Yamabe made the observation that 4.1.1 is the Euler-Lagrange equation for the

normalized total scalar curvature functional:

o fM R@ dv};
- -2

(fy dVa) ™

where ¢ is allowed to vary over metrics conformal to g. This may been seen as follows:

A

Q(9)

Let

n _1
E(u):/ R, dvgz/ un (—4” Agu—{—Rgu> dv.
M M n—2

If #',..., 2" are coordinates, then

dV, = \/det(g)dz' A -+ A dx"
=1/ det(uﬁg)alac1 A Adx"
4n _2n_
= \Jun—2 det(g)dz' A+ Ada" = un-2dV,
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and thus

-1 _
E(u) = / " (_4n Agu+ Rgu) dV, = / ulLyu dV, (4.1.3)
M n—2 M

/ dvg:/uf"zdvg.
M M

Write Q(g) = Q(uﬁg) = @Q4(u) where

E(u) _2 n—1 5 2n
Qg(u) ”uHIQJ ||u||p /]\4 TL—QU gu+ gU g b n—29 ( )
As M has no boundary, integration by parts turns 4.1.4 into
Qolw) = ull? [ 4= [90ul + Ry aV, (115)
q(u ull, A ull; Gu” dVy, 1.
and now taking the first variation,
d 2 — E(u) n+2
— Q(u—i—tv):—/ (]Lu——un—?)vdv,
dtf,_o "’ lallz Jar N7 lullp !
and naming % = A, it is clear that u is a critical point of (), if and only if it satisfies
p

the equation 4.1.2.

Let ¢ = £, ie. 1 +2 = 1. Then as the scalar curvature of a compact manifold
p—2 q P

is bounded, by Holder’s inequality

1 2
[ | < ([ rran)" ([ 1) = o
M M M

for some constant C' > 0. Thus the expression in 4.1.5 is bounded below and hence

I(M,g) =inf{Q(9) : g€ 9]} = nf{Qy(v) : uwe C®(M),u> 0}, (4.1.6)

which is called the Yamabe invariant of (M, [g]), is a well-defined conformal invariant.
The Yamabe invariant divides conformal manifolds into three classes according to its
sign:
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Negative: When (M, g) < 0 then solutions to the Yamabe problem have constant
negative scalar curvature and hence the Yamabe equation 4.1.2 is elliptic, this
allows application of the maximum principle to guarantee uniqueness of the

solution.

Zero: When (M, g) = 0 the the manifold is confomally flat and 4.1.2 becomes linear;

the solution is unique up to a constant factor.

Positive: When (M, g) > 0 the structure of the solution set can be very involved.
The simplest, most important and well known example is that of (S™,[g]), the
standard sphere. Obviously the round metric is a solution, but the conformal
sphere is quite special because it is the only compact manifold with a noncom-
pact group of conformal transformations. Call this group Conf(S™). Then the
set of all solutions to the Yamabe problem on (S, [g]) is given by (a result of

Obata [35]) {a(c*g) : a € RT o € Conf(S™)}.

The Yamabe invariant played a central role in the solution of the Yamabe problem as
Trudinger’s modification of Yamabe’s original proof worked whenever (M, g) < 0,
and Aubin then extended this to yield solution whenever I(M,g) < I(S™, g). After
this the problem shifted to showing that this condition on the Yamabe invariant is
met by conformal manifolds other than the standard sphere. Finally achieving this in
all cases involved the positive mass theorem of general relativity and the resulting so-

lution is notable both for its geometric importance and for the fact that the exponent
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n+2

22 in equation 4.1.2 is a critical exponent (where the Sobolev embedding is no longer

compact) and this was the first case in which a very satisfactory existence result was
obtained for a nonlinear PDE with such a critical exponent. The reader interested in
complete details is recommended to consult the review [27]. Finally, we remark that
the Yamabe invariant has also been used by to examine which Riemannian manifolds

have a conformal compactification [23].

4.2 The Generalized Yamabe Invariant

Multiplying Eg by ﬁ produces a scaled version of this operator called the

conformal Laplacian:
n—2
Ly=—(4A,——=R, | .
= (i)
The name is due to the fact that (even in dimensions n > 2, unlike the Laplacian

itself) it behaves rather nicely under conformal change:
]Lg = U_ng.

Restricting the functional @,(u) to functions such that ||ul|, = 1 we can use 4.1.3 to

express the (scaled) Yamabe invariant as follows

inf{/ ullyu dV, : ||ul]w = 1}. (4.2.1)
M n—2

By analogy,
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Definition 4.2.1 (Generalized Conformal Laplacian). For an asymptotically hyper-
bolic manifold (X, g) with conformal infinity (M, [ho]), and metric in normal form

g=1"2(dr* + hog + hyr + hor* + - - -) for a geodesic boundary defining function r, let

1
Ko = (trho h2 — 5”thle0> 5

and define the generalized conformal Laplacian on M to be

9
Ly, = — (Aho + 2 5 @) . (4.2.2)

Note that when X is weakly Poincaré-Einstein this is just the ordinary conformal

Laplcian. Then using this, define

Definition 4.2.2 (Generalized Boundary Yamabe Invariant). The generalized bound-

ary Yamabe invariant of X is

A1 = inf {/ dolln, o dViy 1 do € C(M), ||do||*2n = 1} (4.2.3)
M n—2

when for X of dimension n > 3. When n = 2 this becomes

)\1 = —/ K9 tho'
M

By a variational principle (note that the definition is a Rayleigh quotient) this is

equivalent to the first eigenvalue of Ly, .
The sign of \; is a conformal invariant of the class [ho]:

Theorem 4.2.3. The sign of the least eigenvalue \i of Ly, is independent of the
choice of conformal representative hy.
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. 4 ~ ~
Proof. Let hy = uj~hg, and Afj = Ffj — Ffj where Ffj and I’fj are the Christoffel
symbols corresponding to the metrics ho and hy respectively. First we verify the

identity
n+2

ug* Aj w = Ap, (ugw) — wAp,ug (4.2.4)

via direct computation. On the left-hand side we have:

n+2 n+2 4

A~ A~

=1 U = e PRV
uy A w =uguy hg ViViw

= uohéj (VzV]w - Afjvkw)

2

=ttt T

(hf)kviug + WV up — ndu()) Viw

= upAp,w + 2V 1V w
While on the right:

Ap, (uow) — wAp up = héj(viwvjuo +wV,;V,ug
+ Viuovjw + U()Vz'v]‘w) — wAhUuo
= ijVjU() + VjUOVjU) + UOAU)

= upAp,w + 2V 1V w.

Now we use 4.2.4 to compare LL; with Ly, and see that the generalized conformal
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Laplacian shares the conformal covariance of the standard conformal Laplacian:

L;mw = —A;mw —

n+2

= —uy, n=2 (Apy (uow) — wAp up)

n+2

n—2( -4 2 -ng2
- (uo "Ry + Uy " Apgug | w
n

Therefore
/ wl; wdVj, :/ (wow) L, (ugw) dVi,,
M M

implying that the sign of A;(IL; ) is the same as that of A;(Ly,).
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Chapter 5

Constant Mean Curvature

Foliations

Spacelike foliations of Lorentzian manifolds of prescribed, and in particular con-
stant mean curvature arise frequently in general relativity as a manner of accommo-
dating the lack of a canonical time coordinate and finding “optimal” frames [1], [12].
In asymptotically flat manifolds constant mean curvature foliations in the exterior
regions have been used to supply a definition of center of mass [19], [18], in addition
to providing an intrinsic geometric structure near infinity. There are similar results
for the asymptotically anti de Sitter case too [37], [33], [32].

The normal form associated to a chosen representative hg of the conformal infinity
of an asymptotically hyperbolic manifold X automatically yields one natural folia-

tion of X near 0.X, this is the collection of level sets of the corresponding geodesic
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boundary defining function. When X is sufficiently nice (e.g. hyperbolic) such levels
sets may exhibit particular geometric characteristics (e.g. constant mean curvature).

This search for geometric foliations can be generalized in several directions: far-
ther away from infinity, on more general asymptotically hyperbolic manifolds, and for
more general curvature conditions. In [31] Mazzeo and Pacard concentrate on con-
stant mean curvature foliations in a neighborhood of infinity in asymptotically (only)
hyperbolic manifolds. Their first result applies to a class of manifolds less general
than asymptotically hyperbolic, but more general than Poincaré-Einstein, namely

manifolds that are Poincaré-Einstein “up to quadratic order:”

Definition 5.0.4. An asymptotically hyperbolic manifold (X, g) is called weakly

Poincaré-Finstein if g has a normal form
g=r"2(dr* +h,), By =ho+ 4 hor® 4
where by = 0 and hy = — Py, = — 55 (Ric(ho) — 525ho ).

In this context the level sets of the boundary defining function r» have mean curva-
ture which is almost constant, and and in fact they can be perturbed to yield constant

mean curvature foliations near the boundary. Precisely:

Theorem 5.0.5 ([31]). Let (X, g) be an asymptotically hyperbolic manifold which is

weakly Poincaré-FEinstein with conformal infinity (M, [g]). Then

1. If the conformal class [g] has non-positive Yamabe invariant, then there exists
a unique constant mean curvature foliation of X near M.
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2. If instead [§] has positive Yamabe invariant, then to each constant scalar curva-
ture metric hg € [g] which is non-degenerate for the linearized Yamabe equation

5.5.4, there exists an associated distinct foliation of constant mean curvature.

In fact the weakly Poincaré-Einstein condition can be relaxed even further: hy = 0
is not needed for this to hold, only that tr"0 h; = 0, also while hy = — P, makes for a
particularly easy case, there is really no restriction required on hs. Thus an amended
version of the above theorem can assert the existence of constant mean curvature
foliations whenever h; is trace free.

N.B. The non-degeneracy assumption required in the positive Yamabe invariant
case is not required in the negative case because in that case it can be shown that

DN = (Ap, — 2k2) must always be invertible.

5.1 Synopsis
The strategy for proving theorem 5.0.5 can be summarized as follows:

1. Calculate the second fundamental form of a level set of a boundary defining

function in terms of this defining function.

2. Take the trace of the second fundamental form to find the mean curvature of

such a level set.

3. Calculate how the mean curvature of such a level set behaves with respect to
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conformal change on the boundary (and hence subsequent change of defining

function).

4. Employ the implicit function theorem to say that as one moves a small amount
inward from the boundary (along a geodesic boundary defining function), the
deviation of the mean curvature of the level sets of such a function from constant

can be corrected by an appropriate conformal change on the boundary.

5.2 The Second Fundamental Form of Level Sets

Recall that g = r?g = dr? + h and let N = grad,r and N = r~'grad,r, i.c. the
conformally scaled and unscaled gradients of the geodesic boundary defining function
r; these are vector fields normal to the level sets of r. We begin by calculating the

second fundamental form of such a hypersurface from the standard formula
Il = ! L
=75 Ng.

To facilitate the calculation we first note that by definition N = rN, g = r~2g, and

and Ldr? = 0. Also,

Lemma 5.2.1. Let X be a vector field on a manifold, w a tensor field, and f a

function. Then

£X(fW) = fEXw + (Xf)w, (521)
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and if a © f=a® [+ ®«a and w is a 2-tensor, then
Lixyw = fLxw+df © txw. (5.2.2)

Proof. Let 6 be the flow of X and recall that for any p € X, if ¢ is sufficiently close
to zero, then 6, is a diffeomorphism from a neighborhood of p to a neighborhood of
0:(p), and thus 6; pulls back tensors at 0;(p) to tensors at p.

The identity 5.2.1 is most easily seen as a particular case of the more general
product rule

ﬁx(T ®w) =7 (ﬁxw) -+ (ﬁxT) ®w, (523)

where by the definition of Lie derivative, in the case of a function f, i.e. a 0-tensor
field, 0 f = f o0, so

d

Lxf(p) = pr _0f<9t(p)) = X f(p).

The proof of 5.2.3 is as follows:

0;((T @ w)p,p) — (T W)y

(Lx(T®w)), =lim

t—0 t
— lim 0; (Tet(p)) ® 0f (w(?t(p)) — Tp & Wp
t—0 t
— lim 9: (Tet(p)) ® ‘9: (w(?t(p)) - 9: (TOt(P)) @ Wy
t—0 t
4 lim 0 (Tet(p)) @ wp — Tp & Wy
t—0 t
o wi (Wo,(p)) — Wy
= 11_{% 0, (th(’p)> ® n
or —
n 11_%% t(Tet(];)> Tp ® w,

=T ®@ (Lxw)p + (LxT)p @ Wy
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Meanwhile 5.2.2 may be suitably generalized to symmetric or antisymmetric k-tensors
but the second term will take an appropriately altered form. For smooth vector fields

Y1, ..., Y, and w a symmetric k-tensor we have

(Lpxw)(Yr, ... Vi) = fX (w1, ... Ya) —w([fX V1], Yo, .0 Yy) — -+
—w(Yy, ..., Y1, [fX, Vi)
= [X(w(Ye, .. Y2)) — fw([X, Vi), Yay .. Vi) — -+
— fw(Vi,. . Yy, [X, Vi) + (f)w(X, Ya, .., Vi) + -
+ (Y flwYr, .., Vi1, X)

J(Lxw)+ de @ WX, Y1, Yo, ¥ Yo, V),

where 3/}1 means to omit Y;. When k& = 2 then this expression is precisely the identity

5.2.2. [l

The lemma makes calculation of the second fundamental form brief:

Lng = Lx(r"%g) = rLy(r2g) +dr © 15(r~%g)
=r(r2Lyxg — 2r°g) + 2r 2dr?
=1 2(rLxg — 29 + 2dr?)

=r"2(rLxh — 2h),
and for simplicity denoting Lyh = 0,h from now on, we find
1
Il = 7 (2h — r0.h). (5.2.4)
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Having obtained the second fundamental form of a level set of a geodesic boundary
defining function 5.2.4, the mean curvature of this hypersurface can be found by

taking the trace with respect to the induced metric, i.e. r~2h, so

H=t""" (%r2(2h — r@rh)) =n— %trh(r&h). (5.2.5)

Expressing 5.2.5 in terms of the expansion 3.1.3 then gives
Hen- % (6 hy) 7 — (trho hy — %thllio) 2100, (5.2.6)
Or by defining,
oy — %u«he hi € C2OM)  and Ky — tr hy — %thnio € ¢ (aM)

we can write 5.2.6 as

H =n— rir — ko + O(r?). (5.2.7)

5.3 Consequences of Conformal Change

The above expresses H for a level set of r in terms of r. Next we see what effect a
change of representative of the conformal class at the boundary, and hence a change
of associated geodesic boundary defining function, has on H:

Let ho = €>#hy. We then have a new geodesic boundary defining function 7 = e®r

associated to hy and metric § = #2g = €2?g. Also write
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where

Bo = §|TM = 62d)oho

and the expansion for h is generated as explained before for Poincaré metrics. It will
be most convenient for us to parameterize this change in terms of the conformal factor
on the boundary, ¢y € C>*(M), which must then be extended to to a neighborhood
of M. We may use 3.1.2 to express this extension in a manner that facilitates the
following calculations. Using 3.1.2 but with the assumption that both the functions p
and r are geodesic boundary defining functions, corresponding to distinct conformal
representatives, we see that

20,6 = r| V9|2 (5.3.1)

and thus as ¢ € C**(M),
1
o(r,x) = ¢go(x) — Z|\Vh0¢o\|ior2 + O(r*t?). (5.3.2)

Having our new metric § and geodesic boundary defining function 7 we denote as

N =1 grad, 7 the rescaled boundary defining function gradient. As before we will
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employ the identities of theorem 5.2.1 but first note:

=r~'e % grad,(re?)

= re ¢ grad,(re?)

—re® ((gradg r)e’ +r grad, e¢)
=re? (e¢ grad; r + e’r grad, ¢)
= r(grad, r + grad; ¢)

=r(N+r grad; ¢).

Then

L59 = L1 4rgrad, (1 9)
= "L rgrady ) (1°0) T A7 O Lty grady ) (70)
=1 LFsrgrad, 9 — 20 [(N +rgrad; o)r] §+17dr © ¢4y graa, )9
=7 LG+ 1 Lrgraa, 09 — 250 (1+78,0)
+r%dr © (Wg + Tlgrad, ¢§/)
— 2 (Tﬁﬁh + ?"2£(gradg »g Trdro d¢> g = 27009
+r2dr O dr +rtdr © dé

— T_2 (Tﬁﬁh — 2h) + ‘C(gradg ¢)§ + 27"_1d7” © d¢ - T_18T¢g
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Using 5.3.1 and the fact that Lgaq,¢)g = 2 Hess?(¢) we find

11(¢o, €) = (i(% —rd,h) — r~Y(dr © d¢) — Hess?(¢) — %HV%Hﬁg)

2r2

ePr=c

(5.3.3)
As before, to obtain H we trace by the induced metric #=2h on this hypersurface
(note that there is no d7* component here so actually this trace can be just with

respect to g):

H(60,€) = (809 11(60)),,, = (877 [1(60))

ePr=e

1 —1,_.
= (5 tr"(2h — r0,h) — 1 (quﬁ + n 5 ||Vg¢||§>)
ebr=¢
So that finally we have
of —op (1 1 n—1.z 2
H(¢o,e) =n—ele 2—Ttr 8rh+Ag¢+Tva¢Hg (5.3.4)
ePr=c
Using 5.3.2 we see that
1
Ay = Buugho = 3IV"60ll, + O(), (535)

and this along with 3.1.3 and 3.1.4 let us expand 5.3.4 to obtain

1
H(¢o, ) =n— §€_¢0 trho b7

_ 1 n—2
+ e 200 <trh0 hy — 5thuio + Apy o + 5

96l ) 2+ O),
Comparing this expansion with the original expansion for H, 5.2.7, we can see

how k; and kg are affected by conformal change:
Ry = e Pk, (5.3.6)

N _ n— 2
o = €7 2% (/{2 + Apy o + T||V’10¢>0||20) . (5.3.7)
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In particular, we will use 5.3.7 to reduce the general problem to the case when ks is
constant. That this apparently substantial restriction can be used to find constant
mean curvature foliations for general ks is predicated on finding solutions for equation
5.3.7 where we assume that ks is constant. For completely arbitrary smooth non-
constant ko this might not always be possible; sufficient conditions for reduction to
the constant ko case are the content of section 5.5 below. For now we assume ko
constant and look to frame the existence question in a form amenable to the implicit

function theorem.

5.4 Linearization

When ¢y = 0 and r = ¢, the assumption tr"® h; = 0 makes 5.2.7 into
H(0,€) =n — rae® + O(%),

where 1y € CH*(M). Assume ky to be constant, we wish to find for each € > 0 a

function ¢g(e) on M such that
H(po(e),€) =n — koe® (5.4.1)
By 5.3.4 this is equivalent to

= :‘i2€2

s (1 n g
2 (o (L wans s Thiwor))

ebr=c

Or letting

)
ePr=e

1 1
N = (e (o g0+ 115012 )
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we are looking to solve

N (¢o, €) = k2 =0 (5.4.2)

for ¢o(e). Note that when x; = 0, N(0,0) = k2, and because in this case we see
from 5.2.5 and 5.2.6 that tr" 9,h = 2kyr + O(r?), it follows that A is C! up to
the boundary (e = 0). We are well poised to apply the implicit function theorem,
provided that the linearization of A is invertible at ¢y = 0,e = 0. To this end,
we compute the linearization of N with respect to ¢, which we will denote Dy N
First, express A as a composition N'= R o L o £, where & is the extension operator
defined previously, R(¢,€) is restriction of a function ¢ on X to the hypersurface

corresponding to {e®r = ¢}, and
(L n—1,og.2
Liom (e (uton+ a0+ |vig|2) ). (5.4.3)

By the chain-rule we have D N (0,0) = Dy R(0,0) o Dy £(0,0) 0 Dy, E(0,0). Let us

consider each piece:
Dy, R(0,0) This is simply restriction to M.

Dy,£(0,0) To see how this operator acts on functions ¢y € C**(M) we linearize the

equation used to derive £, 5.3.1 to get

oy =0,  with  (0,2) = vo(x),

and thus

P(r,x) = o(x),
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i.e. constant extension.

Dy, £(0,0) We linearize L at ¢y = 0:

d

dt

_d 2 (L n i n—1l g e
E(tw)—dt t:()e (Qrtr Orh + Ay(ty) + 5 VIt

t=0
1 h
= (A, ——t"0,h) .
T

We have already seen above that tr” 9,h = 2kar + O(r?) and combining this with our

knowledge that D4 £(0,0) is constant extension plus 5.3.2 and 5.3.5 yields:
Dy N(0,0) = (Ap, — 2kK2). (5.4.4)

Now provided 5.4.4 is invertible the implicit function theorem (A.0.7) asserts exis-
tence of a unique smooth function € — ¢q such that ¢o(0) = 0 and N (¢pg(€), €) —ro = 0
for all sufficiently small 0 < e. Thus € parameterizes collections of constant mean cur-
vature hypersurfaces near M.

When Dy N (0,0) is non-degenerate the implicit function theorem may be em-
ployed. This provokes the questions: When does this non-degeneracy condition fail
to hold? Can the existence result of the original theorem be in any sense salvaged in
such an event?

So long as we assume ko to be constant, the first of these questions is in effect the
eigenvalue problem:

Ap+ Ao =0
but with the eigenvalue A\ = —2k, specified. The question becomes: Is —2k5 in the
spectrum of M? Perhaps in some circumstances we may exclude this possibility via
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some relations between the geometry of M and the bounds of Spec(M) without need-
ing to actually calculate the spectrum itself. Unfortunately, we already know a natu-
ral and quite common example of when this degeneracy occurs: when the conformal
boundary is the round sphere, then our linearized operator has eigenvalue —2ks = n
with associated eigenspace comprised by the first degree spherical harmonics. This

defect is an obvious target for future improvement.

5.5 Reduction to a Yamabe-type Problem

The method of proof employed above assumed ko to be constant. In the case of

weakly Poincaré-Einstein metrics, h; = 0 and hy = —Fj,, so that

Ry,
2(n—1)

Ro = tI'hO hg = —

and thus we will see below that equation 5.5.1 can be written as the Yamabe equation.
This suggests that the ko constant condition can be ensured via solution of a Yamabe-
type problem.

Recalling 5.3.7 we are seeking non-degenerate solutions to
—2¢0 n=2 12 .
e lig—f-Ahogbo—f-THV ¢0||h0 — Ko =0 (551)

where &y, corresponding to ks after a conformal change of metric hy = e2%hy, is

constant.
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Let n > 3. Recalling the generalized conformal Laplacian

n—2
]Lho = — (Aho + 9 RQ) )

we can rewrite 5.5.1 so as to make it more clearly a Yamabe-type equation. To this
end set ¢y = % log ug which transforms 5.5.1 into

n—2 n+42

oty 2 =0 (5.5.2)

LhOUQ +

N.B. that in the weakly Poincaré-Einstein case, as just mentioned, this is precisely the

Yamabe equation, as then ko = —R—fﬁ). This illustrates the opposite sign relationship
2(n—2) g

between ko and the generalized Yamabe invariant.

Lemma 5.5.1. The sign of A\1(ILy,) is opposite to the sign of ke. That is,
1. if M(Lp,) < 0 then ke > 0,
2. if M (Ly,) > 0 then ke < 0, and
3. if M (Lp,) = 0 then ke = 0.

Proof. Suppose that 1); is the eigenfunction corresponding to A;(LLy,) and that ug > 0

is a solution to 5.5.2. Multiplying 5.5.2 by 17 and integrating yields

n—2. nt2
/ 1/}1Lh0U0 tho + 5 lig/ wlug thO =0.
M M

Integration by parts (M is compact and without boundary) then produces

n — n+2

2 n+2
5 Ko ZZJ1U6HQ tho = 0.
M

)\1/ Prug Vi, +
M

As ¢y > 0 and ug > 0, A\; and ko must have opposite signs or both be zero. O
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Theorem 5.5.2. Let (X, g) be an asymptotically hyperbolic manifold with k = 0,
and the operator (Ap, — 2Ks) invertible. Then if the generalized boundary Yamabe
invariant (equivalently, the least eigenvalue of the generalized conformal conformal
Laplacian) is non-positive there ezists a constant mean curvature foliation of X within
a neighborhood of conformal infinity. If the generalized boundary Yamabe invariant
1s negative then there is a unique monotone constant mean curvature foliation near

0o X

Proof. Suppose that Ai(Ly,) < 0 and hence &y > 0. For each 1 < p < £ minimize

the functional

1 he 12 M—2 n—2 1
Ep(u) = 5 /];4 (‘V °u|h0 — TKQU ) tho + mlﬁg /M\u]er thO. (553)

Existence of such minimizers u, is a consequence of the compactness of the Sobolev

embedding H'(M) < LP(M) when p < 2£2 and they satisfy the Euler-Lagrange

equation of 5.5.3:

n—2 n—2.

Kolly — Iigug =0.

Ahoup +

Smoothness of the wu, is ensured by elliptic regularity theory. To find a smooth

n+2

positive solution to 5.5.2 we wish to take a limit of a subsequence of {u,} asp * 5.

To ensure uniform convergence we use the Arzela-Ascoli theorem after verifying its
hypotheses are met. Recalling that M is compact and without boundary, it will suffice
to find a uniform bound for {u,}, as Schauder estimates will then yield a uniform

bound of the Holder norms. Let x, € M be a point where u,, attains its maximum,
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then
KQ(J:p)up(xp) > I%ng(l‘p))
and thus
Rollupllf= < [l

yielding the required uniform bound.
To demonstrate uniqueness, assume v and v are both positive solutions of 5.5.2
(with the same value of #3), and let ¢ = Y. Using the calculations in theorem 4.2.3

we compute

Bggt + ko (9 — )

where hg = wiz ho. Where ¢ achieves its supremum A 1 < 0, and so we have 1) <1
everywhere. Similarly, considering the point at which v reaches its infimum we find
1 > 1. Thus ¢ = 1, proving uniqueness.

This encompasses the case n > 3. When n = 2 a similar argument produces
the result but the definition of the generalized boundary Yamabe invariant in that
case means that the appropriate assumption is [, ks dVj, > 0. When Ay (LLy,) = 0,

equation 5.5.2 becomes linear elliptic and thus a solution exists. O

Recall that in theorem 5.0.5 when the generalized boundary Yamabe invariant
is positive, the invertibility of the linearized Yamabe-type equation is sufficient for
existence of constant mean curvature foliations. It should be remarked that this is

because applying the extension and restriction operators to equation 5.4.3 to find the
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explicit form of A yields

_ n—2
do > e 2% (Foz + Apydo + Tllv%ollio) ,

i.e. precisely the expression for the conformal transformation of kg (5.3.7). Thus it
seems that the conformal adjustment of the boundary on the boundary to produce
constant mean curvature level sets of the boundary defining function is quite directly
linked to the Yamabe-type problem for finding constant k,. This has implications
for the handling of the degenerate situations, as it means that conformal adjustments
cannot be used to circumvent the degeneracy of the linearization of N

The linearization of 5.5.2 at w is

—2 2
Ap, + 2 52— n;r four? = 0 (5.5.4)

and hence combining the calculations of theorem 4.2.3 with equation 5.5.2 yields

n—2 n+2. 4 nt2 .
(Aho + 5 2T Ty /€2U"2) (uw) = un—2 (A;m — 2Ro)w.

Then the assumption that &y > 0 implies that (A; — 2#2) and hence 5.5.4 must be

invertible.
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Chapter 6

Foliations of Constant Weingarten

Curvature

Finally, we extend the methods described in chapter 5 to functions of the principal
curvatures other than the mean curvature.

Let A1, ..., A\, be the principal curvatures (eigenvalues of the second fundamental
form) of a hypersurface ¥ and f(\,...,\,) a symmetric function of these curvatures.
Then f is called a Weingarten curvature of 3. The most commonly studied of Wein-
garten conditions is f(A1,...,\,) = >, A; = c for some constant ¢, i.e. hypersurfaces
of constant mean curvature. Prescriptions of Weingarten curvature have been used in
sphere theorems for hypersurfaces in Euclidean spaces in [38], Euclidean and hyper-
bolic spaces in [38], and in spaces of constant curvature in [46] and [6]. In all but the

last of these cases, investigation is restricted to f = oy, the elementary symmetric
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polynomials o (A1, ..., An) = D> Ay -+ - Ai,.. In [31] foliations near infinity of constant
or-curvature of asymptotically hyperbolic spaces are briefly considered and we will
continue that consideration here.

A similar sort of hypersurface curvature prescription in hyperbolic spaces is a topic
of [8]. In this case however the Weingarten functionals are applied to the principal
curvature radii, i.e. the reciprocals of the principal curvatures, and the existence of
hypersurfaces of specified curvature is sought. When f = o; this is a formulation of
the classical Christoffel problem but in hyperbolic space. Exploiting the duality of
hyperbolic (n + 1)-space with de Sitter (n + 1)-space provided by embedding both in
(n+2)-dimensional Minkowski space, they exhibit a very precise relationship between
the scalar curvature of metrics in the conformal structure at infinity and the mean
curvature of immersed hypersurfaces in H"*!. In [3] this same relationship is obtained
through the methods and perspective of asymptotically hyperbolic geometry, while
the results are also extended to quotients of hyperbolic space by discrete groups of
isometries (even so the same duality between hyperbolic and de Sitter space is still
required).

A salient point of comparison between the results in [8] and [3], and those of this
section (besides the use of principal radii instead of curvatures) is that the curvature
interplay between hypersurfaces and conformal infinity seem to differ in a potentially
interesting way. In both cases a constant curvature metric on the conformal boundary

is tied to a constant curvature hypersurface in the bulk space. The equivalence
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provided in [8] and [3] relates differing Weingarten curvatures on hypersurfaces to
differing curvatures on metrics on the conformal boundary, in the case of constant
mean radial curvature hypersurfaces the boundary curvature in question is the scalar
curvature. Curvature conditions involving elementary symmetric functions of higher
order produce more complicated relationships, e.g. the hypersurfaces of constant
> ¢io-curvature correspond to boundary metrics with constant oy, of the eigenvalues
of the Schouten tensor. In contrast, the methods of this section produce constant f-
curvature hypersurfaces for most Weingarten functionals f, predicated on finding only
constant scalar curvature metrics on the conformal boundary of a Poincaré-Einstein

manifold.

6.1 Spectral Functions of the Second Fundamental

Form

In this section we will implicitly exploit the isomorphism between smooth sections
of the (1, 1)-tensor bundle 7} (X) and smooth maps from a manifold M™ to the set

of (n x n)-matrices to refer interchangeably to (1, 1)-tensors and matrices.

Definition 6.1.1. A real-valued function F' which takes as argument real-valued
symmetric matrices is called spectral if F(A) = F(UAU?T) for all A in the domain of
F and all orthogonal matrices U. Equivalently, F' is a function on symmetric matrices

that depends only on the eigenvalues of its argument.
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The restriction of a spectral function F' to the subspace of diagonal n x n matrices
defines a function on R", f(x) = F(Diag(z)) where Diag(z) is the diagonal matrix
with entries the components of x € R". As permutation matrices are orthogonal, f is
by construction a symmetric function in the sense that f(Px) = f(z) for any permu-
tation P. Furthermore, we can write F(A) = (fo\)(A) where A\(A) = (A, ..., \,) s
the eigenvalue map which sends a symmetric matrix to the vector of it’s eigenvalues
(suppose the components of this vector to be in non-increasing order to make this a
single-valued function).

The question of precisely what degree of smoothness the function F' inherits from
the map f is actually a delicate one in general because while the eigenvalue map A is
always continuous, it is not necessarily differentiable with respect to A. A thorough
examination of the regularity of A can be found in [22] and some implications for F’
are explored in [44] and [28] for example. Since the classical statements of problems
of prescribed curvature (e.g. Christoffel, Minkowski) are made in terms of a sym-
metric function of principal curvatures, i.e. in terms of a function like f, we use F
primarily for conceptual and notational purposes and might simply assume that F
retains “enough” smoothness. In fact, when the argument A of A\ depends on a single
real parameter ¢ and all A(t) are symmetric, a result of Rellich [36] (outlined more
succinctly in [22]) ensures that A will be as smooth as A(t), and this is precisely the
context of concern here.

As before we calculate the second fundamental form I1(¢g) of level sets of the
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defining function 7 associated to the boundary conformal representative izo = 2%y
Instead of taking the trace of I1 to find the mean curvature of level sets we instead

apply any function F' with the following properties:
1. F'is a spectral function,
2. Fis C2.

Equivalently, we require that F(A) = (f o A\)(A) for A the eigenvalue map and f a

function on the n eigenvalues such that
1. f is symmetric,
2. fisC%

Finally we will make one further assumption on f, the importance of which will

become clear in the course of our investigation:
3. f has non-vanishing first-derivative at (1,...,1).

The o, provide simple and concrete examples of this class of function; oj-curvature
is mean curvature and o,-curvature is Gaussian curvature.

As F'is a function on symmetric matrices we first use the metric g to raise one
index of I to obtain a (1, 1)-tensor denoted g~'II. (N.B. that in this section occur-

1

rences of g1, g7 and h~! denote raised indices, not traces.) For convenience recall

the expression for I1(¢y), 5.3.3:

11(00.0) = (5y(2h — r00) = {dr ©.d6) ~ Hess'(0) ~ 776l

ePr=e
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Then g~ 1T = (r—2g)"'11 = g~ '(r?II) where
——1(,2 1 1
g (r°II)(¢o,€) =g ((h — éré?rh)

Y

- rlar @ d) —1* (Hes? ()~ 5 V0l ) )

ePr=c

and in particular

g TI(0) = h\(h — %r@,,h) (6.1.1)

=67 — %(hl)/r — ((h2)/ — %(h1 . hl)/) 2 +Or?), (6.1.2)

where the h; refer to the terms in our original expansion of h and (h; - hy);/ denotes
composition (natural pairing) of the (1, 1)-tensor (h;);/ with itself.

Let A7 = g7 '11(0) and Ay = (1,...,1) and note that the symmetry of f means
that taking partial derivatives and then evaluating at )\ yields a value dependent

only on the order of the derivative; denote these values by

of

CO:f()\O)v G = O\

(Ao), C2 =

Finally note

Lemma 6.1.2. Let § C R" be a symmetric set, g : S — R, M,, the set of symmetric
real n X n matrices A with n-tuple of eigenvalues A\(A) lying within S. For A € M,,

let G(A) = g(A(A)). Let Ay be diagonal, hence with diagonal entries \(Ag) = Ao.

Then
oG dg
aTLg(Ao) = 5”8_)\1-()‘0) (6.1.3)

5



Proof. Note that G is spectral, i.e. G(A) = G(UAUT) for U orthogonal, so it suffices
to consider diagonal A. The lemma is then an immediate consequence of the chain-

rule. O

We calculate the expansion of F/(A) in terms of r by taking derivatives:

| =3 Gt
> SO0
B g)j\;(/\())(_%(hl)zl)
— _62_1trh0 I
-
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Where the second line follows from lemma 6.1.3 and the third from 6.1.2. Similarly,

s OF d. d. .
S5 F(4) L Z W(Ao) <$[Ak ]rO) (E[Ai ]TO)
r 9.k, k 7
oF d? ,
+ ; @(Ao)ﬁ[/lﬂ]rzo

= ;::1 %(Ao) (%[Akk]r()) (%[Aii]ro)

" Of 2.
+ ; N, (AO)W[Ai ]rzo

i=1
= % | (h1)i* (ha)" = 2e1 Z ((h2)iZ - §(h1 ' hl)il)
i,k=1 i=1
ho 1 9 Co -1
= —2¢; | tr" hy — §||h1||h0 + Z02(>\((h0) hl))

C
= —201:‘4,2 + ng()\(hl))

Where o(A(h1)) = 327 (Aj((ho)'h1))? denotes the second order elementary sym-

metric polynomial in the eigenvalues of hy. Thus

F(0,6) = F(g~ T1(0)) = co — c1rire — (cmg - %az(x(m))) e+ O(e),

and just as before we seek € — ¢ such that

F(¢o(€),€) = co — crhine’,
or equivalently

612 (F(¢o,€) — co) + c1kz = 0. (6.1.4)
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6.2 Linearization & Result

Recalling that ky is assumed constant, we linearize

N (o, €) = 612 (F (o, €) — co) (6.2.1)

with respect to ¢g at (0,0). Just as in the mean curvature case we factor N' = RoLo€&

with R and & being extension and restriction as before, but this time with £ being
1
b1 2R (g_l(h — Erarh) — g 'r(dr ® do)
——1.2 g L2 -2 —2¢
=g 7 (Hess"(¢) = S[VI9ll39 ) | —r7"e o,

so that again Dy N(0,0) = Dy, R(0,0) 0 Dy L£(0,0) 0 Dy, E(0,0). Once again we have
that Dy R(0,0) is restriction to M, and D,,E(0,0) extends functions by ¢(r,z) =

o(z) (i-e. 0,1 = 0). The linearization of our new £ at ¢ =0, € = 0 is:

= L) =

t=0

e (A 10) g o )

1. 2w3/w3\j % 2¢ —2 oty
rwvg)ﬂ(w)——||vgw||f5ﬂ)—r e,

= —2r %Y F (g 110 *UI(tw) Nimo + 21 2co

= —2r 2 F (g I11(0)) + c1(—2r ' 0,b — Agth) + 2r 2coyp

= —9p 2 (co — c1kar? 4 (’)(1“3)) Y —cAgY + 2r_200¢.
Using 6.1.2 and 5.3.5, we have:

D¢ON(0, O) = —C (Aho — 2/’332) . (622)
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Now provided 6.2.2 is invertible the implicit function theorem yields a unique smooth
function € — ¢q satisfying 6.1.4 and thus e parameterizes collections of constant
f-curvature hypersurfaces near M.

Comparing 6.2.2 with 5.4.4 it is clear that the only additional hypothesis needed
to make this generalization to the case of any f-curvature is that ¢; # 0. This is

expressed in

Theorem 6.2.1. Let (X, g) be an asymptotically hyperbolic manifold which is weakly
Poincaré-Einstein with conformal infinity (M,[g]). Let f : R™ — R be a function

with the following properties:

1. f is symmetric,

2. fis C?,

3. f has non-vanishing first-derivative at (1,...,1).

Then

1. If the conformal class [g] has non-positive Yamabe invariant, then there exists

a unique constant f-curvature foliation of X near M.

2. If instead [§] has positive Yamabe invariant, then to each constant scalar curva-
ture metric hy € [g] for which the linear operator (Ap, — 2k2) is invertible there

exists an associated distinct foliation of constant f-curvature.
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Examining the weakly Poincaré-Einstein case, this linearization is

Dy, N(0,0) = —¢; (Aho 4 Fin ) .

n—1
A minor issue to note is that while in the constant mean curvature case the condition
hy = 0 is stronger than required (h; being traceless is enough to use these methods,
and in fact with much more trouble even this can be made unnecessary [31]), it

becomes necessary (at least via these methods) for more arbitrary f-curvatures.

6.3 A Corollary

Let us briefly examine what may be said when the expansion h, is neither arbitrary,
nor necessarily so well characterized as weakly Poincaré-Einstein. Suppose that h; =
0, but h, # 0 for some p > 1 (clearly hy # 0 is by definition always true as it is
a Riemannian metric). The methods of chapter 5 require only h; = 0, not the full
strength of the prescribed quadratic term of the weakly Poincaré-Einstein condition.

Then we have the following corollary of theorem 6.2.1:

Theorem 6.3.1. Let (X, g) be an asymptotically hyperbolic manifold with conformal

infinity (M, [g]) and geodesic boundary defining function r and metric g such that
g=r"2(dr* + ho+hyr + -+ hyr? +---)

where h; =0 fori=1,...p—1, but hy, # 0, and where p > 1. Let f : R" = R be a
function with the following properties:
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1. f is symmetric,

2. f is CP,

3. f has non-vanishing first-derivative at (1,...,1).
Then when p = 2:

1. If the conformal class [§] has non-positive generalized boundary Yamabe invari-

ant, then there exists a unique constant f-curvature foliation of X near M.

2. If instead [g] has positive generalized boundary Yamabe invariant, then to each
constant scalar curvature metric hy € [§] for which the operator (Ap, — pk,) is

wnvertible there exists an associated distinct foliation of constant f-curvature.

When p > 2, if the operator (A, — pk,) is invertible, there exists a unique constant

f-curvature foliation of X near M.

Proof. To begin, consider the case of p = 3 in detail, as the results of chapter 5

already cover p = 2. We can continue the expansion 6.1.2 of g~'II by one more term:

| . | ;
o1 =67 = L) = () = Jhn ) )

- g ((hS)ii — (h1 - h2>ii — (hy-hy - hl)ii) 4 (9(7“4),
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and then use this to extend the mean curvature expansion, finding xs,

1
H = tr" (h — 57“&]1)

1
—n— (5 ' hl) € = (82" hy — ||l ) €

_ ; (607 By — (B, )y — pa(A(R0))) € + O(eY

=N — K€ — ko€® — Kze® + O(e).

Then using this, the f-curvature expansion may also be continued:

< pa y LY ) )
e ( )r:O Z 8>\ 8>\ a)\k o) (—5) (h1)i*(h1);” (P1)k
- 82f i J 1 J
+3” Y)Y ——(No)(h1); ((h2)j — 5(’11 ~hy); )
9 i=1 o\ ((h‘S)i — (h1 - h2)i" — (b1 - hy - ha); )
= %pg(A(hl)) + 3cov(hy, he) — 3c1k3

where we have labeled the mixed terms v(hy, hy), and p3(A(hq)) refers to the degree-3

power sum in the eigenvalues of hq, and thus

F(0,€) = F(g ' 1I(0)) = ¢y — c1k1€ — (cmg - %Ug()\(hl))) =

C3

— (C1/€3 — cov(hy, h) — ﬁpii()\(hl))) e+ O(e"),

By assumption k1 = ko = 0. Employing the same methods as before, in this case we

are looking to solve
F(¢0(E), 6) = Cy — C1KJ363,
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or
1
3 (F'(¢o(€)) — co) + c1r3 = 0.
As k3 can be assume constant by lemma 6.3.2, we linearize

N (o, €) = = (F(o() = co)

to obtain

Dy, N(0,0)(1hy) = (—37’_3 (co — 1k + (’)(7’4)) Y — Ay + 37’_3001/1) |T:0

= —C (Aho — 3l€3> 'lb().

An appeal to Faa di Bruno’s formula ([7], [21]),

LIRSS . g (o)) [ L0 )™,

my 11"t mp 1212 o omy, Il

j=1
(the sum is over all n-tuples of non-negative integers satisfying 1m,+2mq+- - -4+nm,, =

n) demonstrates that whenever h; = 0 for i = 1,...p — 1, while h, # 0, we will be

solving

1

P

(F(¢o(€)) — co) + c1bp =0

for € — ¢g. Linearizing as in theorem 6.2.1 and employing the implicit function theo-
rem produces constant f-curvature foliations whenever the linear operator (A, — px,)

is invertible. Clearly in all cases the condition ¢; = %()\0) # 0 is required. O

Finally, as we have always employed the assumption that s, can be made constant

by a conformal change, let us verify that this assumption is a significant one only when
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p = 2 (the case already addressed in chapter 5). The manner in which conformal

change affects H is quite simple away from order-2. Recall

—1 g 9
vl ) )

It is clear from this expression that all of the impact of conformal change is seen in

n

H{(¢o, €) = (% tr"(2h — r0,h) — 1 (Aggb +

(6.3.1)

ePr=c

the r2-coefficient, i.e. 9. Indeed, expanding 6.3.1 we see
H(gbo,e):n—§e 0 tr"0 by
—2¢0 ho 1 2 =2 Cnon2 | a2
= e (00 by — I, + Aggo + "o 9ol ) 7

_ 6_3¢0 (trho h3 - <h17 h2>h0 - p3()\(h1))) 723 + O(,fA)’
implying that

/%1 = €_¢0 K1,

. B n—2
frg = 7270 (HLQ + Apg o + T||Vh°¢0||io) ;

A

Ry = e 3% K3,

L — o~ pdo
Ky, = € /‘ip

Therefore only when p = 2 does the stipulation that , be made constant require
solving a Yamabe-type equation; even in that case, as we have seen (see chapter 5),

it may be done. This may be expressed as the
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Lemma 6.3.2. Let (X, g) be an asymptotically hyperbolic manifold with conformal

infinity (M, [g]) and r a geodesic boundary defining function. For any fived r let
H(T):n—KlT—KgTQ—-'-—Kpr—---

be the mean curvature of the hypersurface defined by a level set of r. For any p there
exists some metric hy € [§] such that k, is constant. Furthermore, the sign of k, is

an invariant under conformal change.

6.4 Conclusion

The results of this section exhibit the fullest scope of Weingarten curvature func-
tionals to which this method of implicit function theorem applied to linearized Yamabe-
type equation appears to be applicable. Precisely, any Weingarten curvature func-
tional will by definition be a symmetric function of the principal curvatures, and it is
clear from the proofs above that the condition of non-zero first derivative is always
necessary in employing this method.

These results link the existence of hypersurfaces of constant f-curvature for a very
extensive class of Weingarten functionals f to constant scalar curvature metrics in
the conformal class at infinity. An intriguing application of this would be to use an
appropriate translation of the results in [8] and [3] to then tie such hypersurfaces
back to prescribed curvatures of other types on the boundary. Until those results can

be extended to more general spaces (beyond completely hyperbolic) this naturally
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restricts the setting for such applications, however, it provides the potential to link
Yamabe-like semilinear elliptic equations on the boundary at infinity with a potential

variety of other sorts of differential equations on this same manifold.
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Appendix A

Calculus in Banach Spaces

We collect here some essential elements of calculus on Banach spaces. Only needed
definitions and theorems will be included; the presentation here largely follows that of
[34] with the exception of the use of the uniform contraction principle. The primary
purpose of this appendix is to provide a precise statement and proof of the implicit
function theorem for Banach spaces. For a stunningly thorough examination of the
history, underlying concepts, and the many generalizations and applications of this

powerful tool, the reader is recommended to see [24].

Definition A.0.1 (Fréchet Derivative). Let X and Y be Banach spaces and £L(X,Y) C
C(X,Y) denote the set of bounded linear functions from X to Y (a subset of con-
tinuous functions from X to Y). Let U be an open subset of X. Then a function

F:U —Y is called (Fréchet) differentiable at x € U if there exists a linear function
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DF(z) € L(X,Y) such that

F(x +u) = F(z) + DF(z)u + o(u).

The map DF(z) is called the (Fréchet) derivative of F' at x. If F is differentiable at

all z € U then it is called (Fréchet) differentiable and

DF:U — L(X,Y), x> DF(x)

If DF is continuous we write F' € C*(U,Y)

(Note that the Landau symbols o and O will always be taken to include the
application of appropriate norms.) As with all derivatives there are many equivalent
notations. For convenience, we will often write the Fréchet derivative of the map F',
at x, applied to u, as D, F(u) instead of DF(x)-u. Establishing the implicit function
theorem in Banach spaces will require, as expected from the finite dimensional case,
a contraction mapping principle, but first we verify that the familiar chain rule still
holds in the infinite dimensional case. This wholly norm-based proof requires no

special ingredients different from those of introductory calculus.

Theorem A.0.2 (Chain Rule). Let F € C*(X,Y) and G € CP(Y,Z) for Banach

spaces X, Y and Z, p>1. Then Go F € CP(X,Z) and

D(Go F) = DG(F(z)) o DF(z), Vx € X.
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Proof. Let z,u € X and y = F(z) € Y. Then

(GoF)(x+u)— (GoF)(z)=G(F(zx+u)) — G(F(z))
=G(F(r+u)— F(x)+ F(z)) — G(y)

=Gw+y)—Gy),

where v = F(z + u) — F(x). Therefore

(G o F)(z +u) = (G o F)(x) = DG(y) - v]| = o([[v]])-

As ||lv = DF(z)u|| = o(||ul]|), we have

[(GoF)(z+u)—(Go F)(z) — DG(y) - DF(x) - u|
=[[(GoF)(x+u)— (Go F)(x) — DG(y) - v+ DG(y) - v— DG(y) - DF(z) - ul|

= o([Jv[) + o (Jfull)-

Then as F' is continuous at x, |[v|| = o(||u||), so

D(GoF)-u=DG(F(x)) - DF(x)-u

as desired. O

Definition A.0.3 (Contraction). A fixed point of a mapping F': C C X — C'is an
elements « € C such that F(z) = z. The mapping F' is called a contraction if there

exists a (contraction) constant 6 € [0, 1) such that

|F(z) — F(z)| < 0l — 7, Vo, z € C.
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Clearly a contraction is continuous. We denote repeated applications of the map-

ping F by: F*(x) = F(F"!(x)), F'(x) = .

Theorem A.0.4 (Contraction Principle). Let X be a Banach space, C' C X a closed
subset, and F' : C'— C' be a contraction, then F has a unique fized point & € C' such

that
91’L

F(a) - 7] < =

|F(z) — x|, zeC. (A.0.1)

Proof. Fix xy € C and let x,, = F"(xy). Then

|Tpi1 — np| < Olzy, —xpq] <o <02y — 20,

and thus by the triangle inequality (for n > m)

n n—m-—1 m
T = ] < Y = X SO Y Oy — x| < —lo =@l (A02)
i=M+1 i=0

Therefore x,, is Cauchy and has limit z. Furthermore,
|F(z) — 2| = nh_)ngO’me — 2| =0

implies that 7 is a fixed point of F' and A.0.1 follows after letting n — oo in A.0.2.
The uniqueness argument goes as follows: if + = F(x) and £ = F(Z), then

|z —z| = |F(z) — F(z)] < flz —z|, but as 0 < 1, |z — Z| = 0. O

To apply the contraction principle to proving an implicit function theorem for
Banach spaces we will need to verify that fixed points of parameterized contractions

vary with regularity. To this end we define
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Definition A.0.5 (Uniform Contraction). If U C X and V C Y are open subsets of

the Banach spaces X and Y and F : U x V — U a mapping such that
[F(a.y)— F@y)| <Oz -7, VrzelyeV (A.0.3)
for some 6 € [0,1), then F'is called a uniform contraction.

Then we must extend the contraction principle to such maps:

Theorem A.0.6 (Uniform Contraction Principle). Let X, Y be Banach spaces, U C
X,V CY be open subsets, and F : U x V. — U be a uniform contraction with
unique fized point T(y) € U of the mapping F(-,y). If F € CP(U x V,U), p > 1, then

z(-) e CP(V,U).
Proof. We begin by showing that Z(-) is continuous. Using A.0.3 we have

Z(y +v) —z(y)| = [F(z(y +v),y +v) = F(z(y),y +v)
+ F(z(y),y +v) — F(X(y),y)]
<0|z(y +v) —z(y)| + [F(Z(y),y +v) — F(Z(y),y)|

and thus

Z(y +v) —2(y)| < %\F(ﬂf(y), y+v) = F(Z(y),y)l- (A.0.4)

Therefore z(-) € C(V,U).
Now suppose that p = 1 and formally differentiate the fixed point equation z(y) =

F(z(y),y) with respect to y:

Dz(y) = D, F(z(y), y) DT + Dy F(z(y), y). (A.0.5)
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Then looking at A.0.5 as a fixed point equation of the form 2’ = G(2/,y), with

G(y): LIV, X) = LY, X)),

x' — D, F(z(y),y)x" + Dy F(%(y), y),

we see that G is a uniform contraction because |D,F(Z(y),y)| < 6 by Theorem ?7?.
Therefore we have a unique continuous solution Z’(y).

We still must verify that ' is actually a Fréchet derivative, i.e.

Z(y +v) —Z(y) — 7' (y)v = o(v).

Call u = Z(y +v) — Z(y). Then using A.0.5 and the fact that Z(y) is a fixed point we

get

= F(Z(y) +u,y +v) — F(Z(y),y) — DF(2(y),y)u — D, F(Z(y), y)v

as F € CH(U x V,U) by assumption. As we have just remarked, |D,F(Z(y),y)| < 0,

thus

1 1
1—DIF(i‘(y),y)‘ = ‘1—9‘
and by A.0.4 u = O(v). Therefore u—7'(y)v = 0(v), so &’ is the derivative as desired.
Higher degrees of regularity result from induction: Suppose that Dz(y) € CP~!
holds for p — 1 > 1 when F € CP, then Z(y) € CP~! and the fact that Dz satisfies

A.0.5 means that actually z(y) € CP(V,U). O
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Finally we can state and prove our goal, the

Theorem A.0.7 (Implicit Function Theorem). Let X, Y, Z be Banach spaces and
UCX,V CY beopen. Let FF € CP(U xV,Z), p > 1, and fix (xo,y0) € U X
V. Suppose D, F(xg,y0) € L(X,Z) is an isomorphism. Then there exists an open
neighborhood Uy x Vo C U X V' of (xo,y0) such that for each y € Vi there exists a
unique point (u(y),y) € Uy x Vi satisfying F(u(y),y) = F(xo,v0), and the map u is

in CP(Vy, Z). Furthermore, u fulfills

Du(y) = —(DoF(u(y), y)) " o DyF(u(y),y). (A.0.6)

Proof. First note that the translation F'— F(xg,yo) — F means we may assume that
F(xo,y0) = 0. We construct a function with fixed points corresponding to solutions

of F(z,y) = 0; let

G(I,y) =T — (DmF(x07y0)>_1 o F(Jf,y)

Now G has the same smoothness as F, and as ||D,G(zo,%)|| = 0, we can find
neighborhoods Uy and Vj around z, and gy, such that for (z,y) € Uy x V we have
| DG (z,y)|| <0 <1, that is G : Uy x Vy — Uy is a uniform contraction. The result
then follows from the uniform contraction principle A.0.6.

The formula A.0.6 follows from the chain rule by differentiating F'(u(y),y) = 0. O
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Appendix B

Formulas Associated with

Conformal Change

Let g be a Riemannian metric on a smooth manifold M and ¢ a smooth real-valued
function on M. Then
g=¢"g
is also a Riemannian metric on M. We say that g is conformal to g, and as
conformality is evidently an equivalence relation on metrics, a conformal structure
on a smooth manifold is an equivalence class of smooth metrics on this manifold
lg] = {e*?g : ¢ € C*(M)}. For convenience we list here equalities expressing the
manner in which several tensors associated with a metric transform under confor-

mal change, all are simply the result of calculation from the definitions. Quantities

associated to the metric ¢ are denoted by a ~ above their symbol.
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Flrst, the metric and its Christoffel symbols (N.B. the Christoffel symbols are not

actually proper tensors.):
ﬁij = €2¢9ij
TE =T% + 6806 + 650,6 — g;; V"0
The volume element and Laplacian:
dV = e"*dV
Af =V'0;f
Note the sign of the Laplacian here.
Af =e 2 (Af + (n—2)VF 6V, f)
The curvature tensors (Riemann, Ricci, and scalar):
EUM =% (Rijkl — [g @ (V3¢ — 0909 + %]!V(ﬁ\]Qg)]ijkl)

Rij = Rij — (n — 2) [Vi0;¢ — (0:0)(9;0)] + (Ad — (n — 2)[|Vo|1?) g5

R=e (R+2(n—1)A¢ = (n—2)(n - 1)|Vo|?)
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