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Abstract.8

We present a mathematical treatment of the kinetic equations that describe9

isotopologue and isotopomer speciation and fractionation during enzyme-10

catalyzed biochemical reactions. These equations, presented here with the11

name GEBIK (General Equations for Biochemical Isotope Kinetics) and GEBIF12

(General Equations for Biochemical Isotope Fractionation), take into account13

microbial biomass and enzyme dynamics, reaction stoichiometry, isotope sub-14

stitution number, and isotope location within each isotopologue and isotopomer.15

In addition to solving the complete GEBIK and GEBIF, we also present and16

discuss two approximations to the full solutions under the assumption of biomass-17

free and enzyme steady-state, and under the quasi-steady-state assumption18

as applied to the complexation rate. The complete and approximate approaches19

are applied to observations of biological denitrification in soils. Our analy-20

sis highlights that the full GEBIK and GEBIF provide a more accurate de-21

scription of concentrations and isotopic compositions of substrates and prod-22

ucts throughout the reaction than do the approximate forms. We demonstrate23

that the isotopic effects of a biochemical reaction depend, in the most gen-24

eral case, on substrate and complex concentrations and, therefore, the frac-25

tionation factor is a function of time. We also demonstrate that inverse iso-26

topic effects can occur for values of the fractionation factor smaller than 1,27

and that reactions that do not discriminate isotopes do not necessarily im-28

ply a fractionation factor equal to 1.29
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1. Introduction

Isotopes are widely used in environmental sciences since the magnitude of isotopic en-30

richment can often be linked with specific processes, and therefore can be used to bet-31

ter understand movement and turnover of chemical compounds within the ecosystem.32

For example, Perez et al. [2006] have observed an average N2O enrichment of −74‰33

from nitrification processes and −23‰ from denitrification in forested soils. The cur-34

rent mathematical treatment of isotopic effects in biochemical kinetics used to interpret35

isotopic signatures is based on the pioneering work by Mariotti et al. [1981], which has36

been used in several interpretations of isotopic signature observations [e.g., Van Breukelen37

et al., 2005; Elsner et al., 2005]. However, this framework has three major limitations:38

(i) the reactions are considered to be first order and exclude the concurrent enzyme and39

biomass dynamics; (ii) the reaction stoichiometry is not explicitly taken into account;40

(iii) isotopologue and isotopomer speciation are not considered. Removing these limita-41

tions could improve the interpretation of isotopic signatures and, in a broader context,42

our understanding of biochemical reactions. In this work we present general equations43

for biochemical kinetics and isotope speciation and fractionation that address these three44

limitations.45

The first aspect that we include in our treatment is related to the reaction order. Bio-46

chemical reactions are widely accepted to occur with order between zero and one, such47

as in the Michaelis-Menten reaction type [Laidler, 1965]. In this reaction type, the re-48

actants bind to an enzyme to form an activated complex which then releases the final49

products. The Michaelis-Menten framework, however, assumes a constant enzyme con-50
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X - 4 F. MAGGI AND W.J. RILEY:

centration and no biomass dynamics. This assumption, also used in recent analytical51

studies [e.g., Thullner et al., 2008], may lead to incorrect interpretation of isotopic signa-52

tures in instances where microbial biomass contributes substantially to the reaction rate53

via enzyme production. Evidence of the importance of biomass dynamics in relation to54

reaction velocity has been discussed by Mauclaire et al. [2003]. In that work, however,55

the chemical reaction performed by the biomass was not explicitly linked to the enzyme56

dynamics. To circumvent these limitations, we explicitly take into account simultaneous57

enzyme and biomass dynamics under the assumption of transient kinetics as introduced58

in [Maggi and Riley, 2009] and discussed earlier in Northorp [1980].59

The second important aspect we implement in our mathematical treatment is the stoi-60

chiometric relationships between reactants and products. Taking into account the reaction61

stoichiometry is necessary to derive rate constants which mirror the specific velocity of a62

reaction, and to maintain isotope mass balance along the reaction pathway.63

The third aspect introduced in this work is the description of isotopologue and iso-64

topomer kinetics and speciation. More specifically, the location at which an isotope65

substitution occurs in a product can be used to track which substrate has been con-66

sumed and how the product was synthesized during a biochemical reaction. Isotopomer67

detection has been applied in only a few experimental observations due to the rather68

complicated techniques involved [e.g., Toyoda et al., 2005; Well et al., 2006]. However, to69

our knowledge, there is no general approach aimed at modeling kinetic isotopic effects in70

enzyme-catalyzed reactions in which isotopomer substrates and products intervene simul-71

taneously. To this end, we characterize isotopomer reactions by introducing the number72

and locations of each isotopic substitution within reacting molecules, and we model iso-73
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topomer product speciation and fractionation using partitioning coefficients in addition74

to the stoichiometric coefficients.75

The equations presented here have general applicability to describing the components’76

concentration and isotopic effects and, ideally, could be used in any enzymatically-77

controlled reaction regardless of the number of substrates, products, microbial strains,78

and enzymes. Under suitable assumptions, these general equations can be treated in two79

simplified forms: the first introduces the biomass-free and enzyme-invariant approxima-80

tion; the second introduces the quasi-steady-state approximation in solving for enzyme-81

substrate complexation. We demonstrate applications of these equations using isotopic82

observations of N2O production and consumption from the experiments by Mariotti et al.83

[1981] and Menyailo and Hungate [2006].84

2. General Equations for Biochemical Isotope Kinetics (GEBIK)

To present the kinetic equations describing isotope kinetics in biochemical reactions, we85

first introduce the notation used to define the isotopic expression of a molecule, and we86

next present examples to help the reader throughout the remainder of the paper.87

2.1. Notation

We define S and P to be the generic substrate and product molecules that are consumed88

and produced during a reaction, respectively, and the italic character S and P to be the89

concentrations of S and P. Both S and P molecules contain at least one isotopic expression90

of the tracer atom used to assess the isotopic effect of a reaction. For simplicity, we limit91

to two the number of isotopic expressions for a tracer element, though the notation can92

be applied to any number of isotopic expressions. For instance, if the carbon element is93
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used as a tracer, both S and P contain at least one C atom, which can appear in not94

more than two isotopic forms, e.g., 12C and 13C. We use the left subscript notation to95

indicate the total number of tracer atoms, and the left superscript to indicate the number96

of isotopic substitutions in the same molecule. In this way, b
aS means that the substrate97

molecule S contains a atoms of tracer (rare plus abundant), and that b atoms have been98

substituted with the rare isotopic expression of the tracer. The condition 0 ≤ b ≤ a has99

to be satisfied. For example, if the rare stable nitrogen isotope 15N is used in the reaction100

15N14NO → 15N14N, both substrate 1
2S and product 1

2P have a = 2 nitrogen atoms, b = 1101

atom being substituted with the rare isotope 15N. Note that our notation of the chemical102

reactions takes into account the mass and molar balance of the isotope tracers but not of103

other elements. This approach, however, does not affect our mathematical treatment of104

isotope kinetics and fractionation.105

Substrates and products appear in a chemical reaction with specific stoichiometric coef-106

ficients. When chemical reactions comprise combinations of reactants and products with107

various isotopic expressions, the stoichiometric coefficients are functions of the isotope108

substitution number. If xb and yd are the stoichiometric coefficient for b
aS substrate and109

d
cP product, we can write110

a∑

b=0

xb
b
aS →

c∑

d=0

yd
d
cP.

For example, in the reaction 14NO−
3 + 15NO−

3 → 14N15NO, our notation becomes 0
1S+1

1S→111

1
2P, with x0 = x1 = 1 for both isotopologue reactants of the same substrate with substi-112

tution number b = 0 and b = 1, and with y1 = 1 for 1
2P and y0 = y2 = 0 because the113

reaction does not comprise production of 0
2P = 14N2O and 2

2P = 15N2O.114
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The tracer element in a multiatomic molecule with multiple atoms of the same tracer115

may occupy diverse locations, i.e., it can have different isotopomer expressions. We indi-116

cate the location of the tracer element with a Greek symbol as right superscript, so that117

the isotopomer reactants b
aSβ and b

aSγ will be different expressions of the same isotopologue118

b
aS. Isotopomers only exist when 1 ≤ b < a and a ≥ 2. The substitution location has to be119

specifically defined depending on the number of tracer atoms a, number of substitutions120

b, and molecule structure. For multiatomic molecules that are symmetric with respect121

to tracer position, there is no need to specify the substitution position when b = 1. For122

example, one substitution of deuterium D = 2H in the symmetric methane molecule CDH3123

does not require the use of the right superscript. In the case that b = 2, the substitution124

location has to be specified, while for CHD3 and CD4 it is not required. For example,125

two D substitutions in CD2H2 can occur in adjacent or non-adjacent locations. Using this126

notation, the reaction127

CD2H2 + 2O2 → H2O + D2O + CO2,

can be written as 2
4Sβ → 0

2P+2
2P, where the β expression in 2

4Sβ defines only one of the two128

methane forms (either with adjacent or non-adjacent D atoms). The location of D in the129

two isotopologue water molecules produced on the right-hand side of the reaction has not130

been indicated because D is present in only one water molecule at saturation, and because131

the water molecule is symmetric. For asymmetric and multiatomic molecules with 1 ≤132

b < a and a ≥ 2, definition of the substitution location is always required. For instance,133

the isotopomers of the (asymmetric) nitrous oxide molecule N2O are 1
2Sβ = 15N14NO and134

1
2Sγ =14N15NO.135
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When the isotopomer products are asymmetric molecules, a number of isotopomer re-136

actions should be written, each describing production of a different isotopomer from the137

same reactants. A convenient way to take into account isotopomer formation is to intro-138

duce a partitioning coefficient, u, linked to each isotopomer expression, and generalized139

as140

a∑

b=0

∑

β

xb
b
aSβ →

c∑

d=0

∑
γ

uγyd
d
cPγ,

where
∑

β and
∑

γ are expressed over the possible combinations of locations for b and141

d substitution numbers, with
∑

γ uγ = 1. For example, using N isotopes as tracers, the142

isotopomer reactions143

14NO−
3 +15 NO−

3 → 14N15NO,

14NO−
3 +15 NO−

3 → 15N14NO,

can be written as one reaction in which each isotopomer product is multiplied by its144

partition coefficient as145

0
1S + 1

1S → uβ
1
2Pβ + uγ

1
2Pγ,

with uγ = 1− uβ.146

More generally, the tracer element does not necessarily occur in only one substrate147

and one product. If nS substrates react releasing nP products, each having an isotopic148

expression of the tracer element, then we can write149

nS∑
j=1

aj∑

bj=0

∑

βj

xbj

bj
aj

Sβj

j →
nP∑

h=1

ch∑

dh=0

∑
γh

uγh
ydh

dh
ch

Pγh

h . (2)
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For instance, consider the 16O and 18O tracers in the reaction CH2
18O+16O2 → H2

16O150

+ C18O16O; in this case the reaction can be written as 1
1S1 +0

2 S2 → 0
1P1 + 1

2P2 with two151

substrates and two products without indication of the substitution location because all152

molecules are symmetric.153

2.2. Isotope balances

Regardless of the number of reacting substrates and released products, the principle of154

mass conservation relative to the tracer isotopes has to be satisfied within a multimolecular155

and multiatomic reaction. Using the notation introduced in Eq. (2), the following isotope156

balances have to hold157

nS∑
j=1

aj∑

bj=0

∑

βj

xbj
aj =

nP∑

h=1

ch∑

dh=0

∑
γh

uγh
ydh

ch, (3a)

nS∑
j=1

aj∑

bj=0

∑

βj

xbj
bj =

nP∑

h=1

ch∑

dh=0

∑
γh

uγh
ydh

dh. (3b)

2.3. Biochemical reactions

Biochemical kinetic reactions are often catalytic reactions in which one or more sub-158

strates, Sj, bind to an enzyme, E, to form a reversible activated complex, C, which159

releases one or more products, Ph, and free, unchanged enzyme. This representation of160

biochemical enzymatic reactions was proposed in 1913 and is known as Michaelis-Menten161

kinetics [Laidler, 1965]. This approach is generalized in this section to account for sub-162

strate and product isotopologue and isotopomer expressions, and for the stoichiometric163

relationships among them. To this end, we consider m reactions, each describing the164

reaction among reactants with different isotopic expressions and the release of products165
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with different isotopic expressions. Generalizing Eq. (2) for a set of m reactions, and166

using the Michaelis-Menten complexation framework, we obtain for each reaction167

nS∑
j=1

aji∑

bji=0

∑

βji

xbji

bji
aj

Sβji

j + E
k1(i)−−→←−−
k2(i)

Ci (4a)

Ci

k3(i)−−→
nP∑

h=1

chi∑

dhi=0

∑
γhi

uγhi
ydhi

dhi
ch

Pγhi

h + E, (4b)

where i = 1, ...,m identifies the reaction, j identifies the substrate, h identifies the product,168

and k1(i), k2(i), and k3(i) are the rate constants indexed for each of the m reactions. The169

value of m has to be consistent with the number of combinations between stoichiometric170

coefficients (x and y), number of tracer atoms in substrates and products (a and c),171

number of substitutions (b and d), and number of different locations of the substituted172

atoms (β and γ), see Example 1.173

• Example 1. Consider the 15N and 14N isotopes in the reaction 2 NO−
3 →N2O which174

comprises one or multiple isotopologue reactants of one substrate (i.e., j = 1) and one175

product (i.e., h = 1). The m = 4 isotopologue and isotopomer reactions are176

2 14NO−
3 → 14N2O, (5a)

14NO−
3 + 15NO−

3 → 14N15NO, (5b)

14NO−
3 + 15NO−

3 → 15N14NO, (5c)

2 15NO−
3 → 15N2O, (5d)

while their symbolic representation using Eqs. (4) is177
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2 0
1S + E

k1(1)−−→←−−
k2(1)

C1
k3(1)−−→ 0

2P + E, (6a)

0
1S + 1

1S + E
k1(2)−−→←−−
k2(2)

C2
k3(2)−−→ uβ

1
2Pβ + uγ

1
2Pγ + E, (6b)

21
1S + E

k1(3)−−→←−−
k2(3)

C3
k3(3)−−→ 2

2P + E, (6c)

where the reaction in Eq. (6b) describes both isotopomer products Pβ and Pγ. Notice that178

the isotopomer treatment introduced with the partition coefficients uβ and uγ = (1− uβ)179

allows us to eliminate biochemical reactions, decrease the number of rate constants and,180

therefore, simplify the kinetic equations as shown in the following examples.181

2.4. Generalized kinetic equations

In the Michaelis-Menten approach described above, the total enzyme concentration was182

assumed to be constant over time, and, under the quasi-steady-state hypothesis applied183

to the concentration of C, the kinetic equations describing S and P could be written in184

a simplified form. In a recent work, Maggi and Riley [2009] have coupled the Michaelis-185

Menten equations describing chemical kinetics with the Monod kinetics [Monod, 1949]186

describing biomass dynamics, under the assumption that the enzyme concentration is187

proportional to the biomass concentration and that the reaction is not in quasi-steady188

state. This approach, described in Maggi and Riley [2009] under the name of transient189

Michaelis-Menten-Monod kinetics, is generalized here to describe the kinetics of biomass190

and enzyme-mediated isotopologue and isotopomer speciation and fractionation.191

We assume that the system is closed to mass transfer; therefore the total mass of each192

tracer in S, C, and P in Eq. (4) is conserved through time. In addition, we assume that193

the total enzyme concentration (free plus bound in the complexes Ci), is proportional to194
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the biomass concentration, B, through the enzyme yield coefficient, z, as zB. Assuming195

that the initial concentrations of all complexes and products in Eqs. (4) are zero at time196

t = 0, the following molar conservation law for the chemical components in each reaction197

and mass conservation low for biomass and enzyme can be written198

bji
aj S

βji

j (0)

xbji

=
bji
aj S

βji

j (t)

xbji

+ Ci(t)+

+

nP∑

h=1

chi∑

dhi=0

∑
γhi

uγhi
ydhi

dhi
ch

Pγhi

h

nP∑

h=1

chi∑

dhi=0

∑
γhi

uγhi
ydhi

, (7a)

zB(t) = E(t) +
m∑

i=1

Ci(t), (7b)

with the coefficients xbji
> 0, ydhi

> 0 and uγhi
> 0 in Eq. (7a), and with E(t) in Eq.199

(7b) being the free enzyme concentration at time t. Equation (7b) states that the m200

reactions are coupled to each other via the complexes Ci (the number of complexes equals201

the number of reactions), thereby introducing competitive substrate consumption.202

The rate of change of each substrate Sj for each isotopic expression bj and βj, each203

complex Ci, and each product Ph for each isotopic expression ch and dh in Eqs. (4) can204

be expressed as a function of the rate constants k1(i), k2(i) and k3(i), and as a function of205

the product of the reactants’ concentrations. This product also defines the reaction order.206

For reactions with multiple reactants, however, there exists no first-principle method to207

determine the reaction order, that is, how many reactants and to which power (in some208

cases the stoichiometric coefficients) have to be used in writing the kinetic equations209

[McNaught and Wilkinson, 1997; Atkins, 1998]. In isotopic applications, the number of210

reactants may become exceedingly large due to their isotopologue expressions, therefore211
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taking the product of each reactant concentration to the power of their stoichiometric212

coefficient may lead to incorrect description of the reaction order. An empirical rule that213

we propose here is to describe chemical kinetics in terms of the concentration of the two214

most limiting reactants. This rule returns kinetic equations that are analogous to the215

classic Michaelis-Menten kinetics. We assume therefore that the substrate kinetics are216

always determined by the enzyme concentration E (required for the reaction) and the217

reactant with the lowest concentration within each of the m reactions. We define by Si218

the most limiting reactant substrate among bji
aj S

βji

j in the ith reaction of Eqs. (4). For219

example, the limiting reactants in the isotopologue reactions of Eqs. (5b) and (5c) are E220

and 15NO−
3 .221

For each substrate j, activated complex i, product h, enzyme E, and biomass B, we222

can write the following kinetic equations223

d[bj
ajS

βj

j ]

dt
=

∑
i

xbji
[k2(i)Ci − k1(i)ESi], (8a)

dCi

dt
= k1(i)ESi − [k2(i) + k3(i)]Ci, (8b)

d[dh
ch

P γh

h ]

dt
=

∑
i

uγhi
ydhi

k3(i)Ci, (8c)

dE

dt
= z

dB

dt
−

∑
i

dCi

dt
, (8d)

dB

dt
= Y

∑

h

∑

dh

∑
γh

d[dh
ch

P γh

h ]

dt
− µB. (8e)

The enzyme dynamics in Eq. (8d) are obtained by taking the first derivative of the224

mass conservation law in Eq. (7b). Equation (8e) describes microbial biomass dynamics225

by means of multiple Monod kinetics, with Y the yield coefficient expressing the biomass226

gain per unit of released product and µ expressing the biomass mortality rate [Monod,227
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1949]. Because B is assumed to increase in response to the release of the products Ph, and228

because enzyme and biomass concentrations are linearly dependent, Eq. (8d) implies that229

the enzyme is synthesized at the same rate as biomass growth and deteriorates at the same230

rate as microbial death. The kinetic equations presented above do not imply any specific231

assumption on where complexation occurs exactly, that is, whether enzyme-substrate232

binding occurs inside, outside, or within the cell membrane. It is assumed, rather, that233

Eqs. (8) describe the reactions as they occur at scales much larger than the cell scale and234

that, therefore, the enzyme concetration is the bulk concetration. This approach, though235

simplifying the enzyme dynamics, improves the original Michaelis-Menten formulation by236

which the total enzyme concentration, E+
∑

i Ci, was assumed constant over time and not237

linked to any microbial biomass dynamics [Haldane, 1930]. Finally, biomass is assumed238

to not immobilize substrates or products for cell maintenance or incorporation into new239

biomass and, therefore, no fractionation was assumed to occur within the biomass.240

Eqs. (8) are presented here for only one microbial functional group and one enzyme.241

However, the same biochemical system can be further generalized to include any number242

of microbial group and for multiple enzymes for each function group.243

Eqs. (8) cannot be solved analytically and must therefore be solved numerically. Ap-244

proximate solutions to Eqs. (8) are possible under specific assumptions that are discussed245

later.246

We refer to Eqs. (8) as the General Equations for Biochemical Isotope Kinetics247

(GEBIK).248
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3. General Equations for Biochemical Isotope Fractionation (GEBIF)

In this section we introduce the equations describing the isotopic composition of the249

components within a biochemical system and the isotopic effects produced by the reaction.250

3.1. Isotopic ratio and isotopic composition

The isotopic composition of the components in the biochemical system of Eqs. (4) can251

be defined in different ways depending on the definition of isotopic ratio. Three definitions252

are described here: (i) isotopic ratio relative to each component in the system, each with its253

isotopic expression, with respect to the concentration of its most abundant isotopologue;254

(ii) isotopic ratio relative to the mass of the tracer element in each component; and (iii)255

isotopic ratio relative to the mass of the tracer element in the accumulated substrates and256

products.257

The isotopic ratio in definition (i) relative to each component in the system can be258

calculated from the ratio between the concentration of that component (with substitution259

numbers 0 < bj ≤ aj and 0 < dk ≤ ck) and the concentration of its most abundant260

isotopologue expression (i.e., with bj = 0 and dk = 0) as261

R∗∗
Sbj ,βj

(t) =
bj
ajS

βj

j (t)
0
aj

Sj(t)
, (9a)

R∗∗
Pdh,γh

(t) =
dh
ch

P γh

h (t)
0
ch

Ph(t)
, (9b)

where each concentration is computed from the GEBIK Eqs. (8). The double star (∗∗) is262

the marker used to differentiate the isotopic ratios in this definition from the other defini-263

tions. For instance, if one wished to assess the isotopic ratio of N2O product from nitrate264

NO−
3 reactant using N as a tracer, the ratio 15N14NO/14N2O can be calculated from Eq.265

(9b), while the isotopic ratio 15NO−
3 /14NO−

3 can be calculated from Eq. (9a). However, it266
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is not currently possible to experimentally assess with ease the number and substitution267

locations in a specific molecule with mass spectrometry analyses. More specifically, N2O268

can occur with four isotopic expressions as described in Eqs. (5). Mass spectrometry can269

return the mass of 15N and 14N in N2O but does not indicate how 14N and 15N are dis-270

tributed among the fours isotopic expressions of N2O. For comparison with experimental271

data, therefore, it may be convenient to use the isotopic ratios expressed as functions of272

the mass of the tracer element of definition (ii).273

The isotopic ratios in definition (ii) for the relative mass of the tracer element in each274

component within the system requires the molecular weight of each substrate, bjMSj
, and275

product, dhMPh
, accounting for the substitution numbers bj and dh, respectively. Defining276

the atomic weight of the abundant isotope with p, and of the rare isotope with q > p, the277

isotopic ratios become278

R∗
Sj

(t) =

∑

bj 6=0

∑

βj

bjq
bjMSj

bj
aj

S
βj

j (t)

∑

bj 6=aj

∑

βj

(aj − bj)p
bjMSj

bj
aj

S
βj

j (t)
, (10a)

R∗
Ph

(t) =

∑

dh 6=0

∑
γh

dhq
dhMPh

dh
ch

P γh

h (t)

∑

dh 6=ch

∑
γh

(ch − dh)p
dhMPh

dh
ch

P γh

h (t)
, (10b)

where star (∗) is introduced to differentiate the isotopic ratios defined here from the other279

definitions. Equations (10) can generally be used for comparison with mass spectrometry280

data if the various j substrates and h products can be separated with ease. If this281

is not possible, a convenient way to interpret isotopic compositions from experimental282
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observations is to compute the cumulative isotopic ratios relative to the tracer element as283

in definition (iii).284

Definition (iii) for the cumulative isotopic ratios relative to the mass of the tracer285

element can be derived from Eqs. (10) by accumulating the mass of the tracer element in286

all isotopologue substrate and product expressions as287

RS(t) =

∑
j

∑

bj 6=0

∑

βj

bjq
bjMSj

bj
aj

S
βj

j (t)

∑
j

∑

bj 6=aj

∑

βj

(aj − bj)p
bjMSj

bj
aj

S
βj

j (t)
, (11a)

RP (t) =

∑

h

∑

dh 6=0

∑
γh

dhq
dhMPh

dh
ch

P γh

h (t)

∑

h

∑

dh 6=ch

∑
γh

(ch − dh)p
dhMPh

dh
ch

P γh

h (t)
. (11b)

Eqs. (11) become equal to Eqs. (10) if there is only one substrate (j = 1) and one product288

(h = 1). For practical reasons, and for the higher degree of generalization, we will use289

definition (iii) of the isotopic ratios in the remainder of the paper keeping in mind that,290

nevertheless, definitions (i) and (ii) can also be used. An application of Eqs. (11) is291

shown in Example 3.292

It is common to describe the isotopic composition in ‰ relative to a standard, Rstd, as293

δ = (R/Rstd − 1)1000. Using the isotopic ratios of Eqs. (11), the isotopic compositions294

become295

δS(t) =

(
RS(t)
Rstd

− 1

)
1000, (12a)

δP (t) =

(
RP (t)
Rstd

− 1

)
1000. (12b)
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Similar definitions of isotopic compositions can be derived using the isotopic ratios in Eqs.296

(9) and Eqs. (10).297

• Example 3. For the biochemical system used in Example 1 with S = NO−
3 and P =298

N2O, the isotopic ratios of Eqs. (11) are299

RS(t) =
15/63 1

1S(t)
14/62 0

1S(t)
, (13a)

RP (t) =
15/45 1

2P (t) + 30/46 2
2P (t)

28/44 0
2P (t) + 14/45 1

2P (t)
, (13b)

where 1
2P (t) = 1

2P
β(t) + 1

2P
γ(t). The concentration of each component can be calculated300

using the GEBIK Eqs (8).301

3.2. Fractionation factor

The isotopic ratio of the product in Eq. (11b) can be used to define the instantaneous302

isotopic ratio, IRP (t) as303

IRP (t) =

∑

h

∑

dh 6=0

∑
γh

dhq
dhMPh

d[dh
ch

P γh

h (t)]

dt

∑

h

∑

dh 6=ch

∑
γh

(ch − dh)p
dhMPh

d[dh
ch

P γh

h (t)]

dt

, (14)

where the rate of change d[dh
ch

P γh

h (t)]/dt is defined in GEBIK Eq. (8c) for each product,304

each with an isotopic expression of the tracer element. The ratio IRP (t) describes the305

isotopic ratio of the increment of product concentration relative to the mass of tracer306

element over the infinitesimal time interval dt.307

Combining Eq. (14) with the cumulative isotopic ratio of the substrate RS(t) of Eq.308

(11a) as proposed in Mariotti et al. [1981], we obtain the fractionation factor relative to309

the tracer element310
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α(t) =
IRP (t)
RS(t)

. (15)

Equation (15) describes the most general case of bulk isotopic effects which the tracer311

element is subject to in biochemical reactions of the type in Eq. (4).312

Because of their general applicability, we refer to the isotopic ratios in Eq. (11), the313

instantaneous isotopic ratio of Eq. (14), and the fractionation factor in Eq. (15) as the314

General Equations for Biochemical Isotope Fractionation (GEBIF). Two applications of315

GEBIF are shown in Example 4 and 5 to calculate the fractionation factor α.316

• Example 4. For the biochemical reactions in Example 1 we calculate the instantaneous317

isotopic ratio of the product using Eq. (14) as318

IRP (t) =
15/45 d[12P ] + 30/46 d[22P ]
28/44 d[02P ] + 14/45 d[12P ]

=

=
165
161

23 k3(2)C2(t) + 45 k3(3)C3(t)

45 k3(1)C1(t) + 22 k3(2)C2(t)
, (16)

with d[12P (t)]/dt = d[12P
β(t)]/dt + d[12P

γ(t)]/dt. The rate of change of the product con-319

centrations are written using the GEBIK equations.320

In a similar way, we compute the isotopic ratio of the substrate, RS, using Eq. (11a),321

which is already given in Eq. (13a) of Example 3. Substituting Eq. (13a) and (16) into322

the definition of α(t) in Eq. (15) we obtain323

α(t) =
693
713

[23 k3(2)C2(t) + 45 k3(3)C3(t)]

[45 k3(1)C1(t) + 22 k3(2)C2(t)]

0
1S(t)
1
1S(t)

. (17)

• Example 5. If we simplify Example 1 by using only the first and third reactions, that324

is, excluding the isotopomer reaction i = 2, then we obtain325
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IRP (t) =
165
161

k3(3)

k3(1)

C3(t)
C1(t)

, (18)

α(t) =
693
713

k3(3)C3(t)

k3(1)C1(t)

0
1S(t)
1
1S(t)

. (19)

Equations (17) and (19) show that the isotopic effects are not steady, but rather change326

over time with the ratio of complex and substrate concentrations.327

4. Approximate GEBIK and GEBIF

GEBIK and GEBIF fully characterize the reaction rate, speciation, and fractionation328

(i.e., the isotopic effect) of each component in a biochemical reaction taking into account329

the number of substrates and products, isotopologue and isotopomer expressions, and the330

enzyme and biomass dynamics. Nonetheless, a number of assumptions allow us to derive331

simpler, approximate forms of GEBIK and GEBIF. In the following sections we present332

two mathematical treatments corresponding to: (i) the biomass-free and enzyme-invariant333

(steady state) assumption (BFEI); and (ii) the quasi-steady state assumption (QSS) in334

which the complex concentrations Ci are assumed to be constant (dCi/dt = 0) [Haldane,335

1930; Laidler, 1965].336

4.1. Biomass-Free and Enzyme-Invariant (BFEI) treatment

In instances where the biomass and enzyme concentrations are not appreciably changing337

in time, we can assume that biomass dynamics is negligible and that the total enzyme338

concentration is constant. These assumptions are referred here to as biomass-free and339

enzyme-invariant (BFEI). The mass conservation laws of Eq. (7b) simplify to340

E0 = E(t) +
∑

i

Ci(t), (20)
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and the GEBIK equations become341

d[bj
ajS

βj

j ]

dt
=

∑
i

xbji
[k2(i)Ci − k1(i)ESi], (21a)

dCi

dt
= k1(i)ESi − [k2(i) + k3(i)]Ci, (21b)

d[dh
ch

P γh

h ]

dt
=

∑
i

uγhi
ydhi

k3(i)Ci. (21c)

dE

dt
= −

∑
i

dCi

dt
, (21d)

with E(t) = Eo −
∑

Ci(t) in Eqs. (21a) and (21b). Equation (21d) states that the342

rate of change of the free enzyme concentration depends only on the rate of change of343

total complex concentration. The isotopic ratios and fractionation factor can be written344

following Eqs. (11), Eq. (14), and Eq. (15)345

4.2. Quasi-Steady-State (QSS) treatment

The quasi-steady-state (QSS) treatment of chemical kinetics, originally proposed as the346

Haldane-Briggs assumption [Haldane, 1930; Laidler, 1965], assumes that complexation of347

Ci is very fast during the early stage of the reactions, and that, afterwards, Ci does not348

appreciably change in time. This assumption implies that, after the initial phase,349

dCi

dt
' 0 and

dE

dt
' 0, (22)

from the mass conservation law in Eq. (20).350

We apply here the quasi-steady-state assumption to the BFEI treatment of Section 4.1.351

Taking into account that the free enzyme concentration is a function of each complex, Ci,352

as stated in the mass conservation law of Eq. (20), we can write the rate of change of353

each complex as354
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dCi

dt
= k1(i)

(
E0 −

m∑
p=1

Cp

)
Si − [k2(i) + k3(i)]Ci ' 0,

which leads to355

Ci ' E0Si

Si + Ki

(
1 +

∑

p6=i

Sp

Kp

) , (23)

where Ki = [k2(i) + k3(i)]/k1(i) is equivalent to the Michaelis-Menten constant for the ith356

reaction, and Si is the most limiting reactant in the same reaction.357

Using the quasi-steady-state assumption of Eq. (22) and the solution for the complexes358

Ci of Eq. (23) we can write approximate GEBIK equations that also include the BFEI359

and QSS assumptions as360

d[bj
ajS

βj

j ]

dt
' −

m∑
i=1

xbji
k3(i)E0Si

Si + Ki

(
1 +

∑

p6=i

Sp

Kp

) , (24a)

d[dh
ch

P γh

h ]

dt
'

m∑
i=1

uγhi
ydhi

k3(i)E0Si

Si + Ki

(
1 +

∑

p 6=i

Sp

Kp

) . (24b)

The instantaneous isotopic ratio of product, IRP (t), and substrate, RS(t), can be cal-361

culated using the above kinetic equations. Next, these ratios can be used to calculate the362

fractionation factor α defined in Section 3.2.363

5. Isotopic effects

The GEBIK equations are used to define the instantaneous cumulative isotopic ratio,364

IRP , and the fractionation factor, α. Consequently, the BFEI and QSS approximations of365

GEBIK have important consequences on how the isotopic effects are described in GEBIF,366
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and introduce characteristics which are analyzed in this section by means of simple ex-367

amples.368

When the full GEBIK equations are used, the fractionation factor α calculated using369

the GEBIF equations is always expressed as a nonlinear combination of the substrate and370

complex concentrations (see Example 4 and Example 5 in which S and C appear both371

at numerator and denominator). Because substrates and complexes are time varying,372

the fractionation factor α is a function of time and not necessarily constant. When the373

BFEI and QSS assumptions are used to solve the GEBIK equations, the isotopic effects in374

GEBIF do not depend on the complex concentrations. In this instance, two scenarios are375

possible depending on the reaction structure. If more than one isotopologue expression376

of the same substrate is present in one or more reactions, the isotopic effects are always377

nonlinear combinations of the substrate concentrations, that is, α is again a function of378

time. This feature is shown below in Example 6, in which the isotope tracer appears with379

two expressions in the second reaction (i.e., in reactants 0
1S(t) and 1

1S(t)). Conversely, if380

only one isotopic expression is present in each reaction, then the isotopic effects are always381

constant, that is, α is strictly a function of the rate constants and it does not depend on382

the substrate concentration or time. This characteristic is shown in Example 7, in which383

each reaction comprises exclusively one isotopologue expression of the same reactant, i.e.,384

only 0
1S(t) in reaction i = 1 and only 1

1S(t) in reaction i = 3.385

The full GEBIK and GEBIF equations demonstrate that the isotopic effects (fractiona-386

tion and enrichment) are a function of time. When a biochemical reaction can be described387

with the BFEI and QSS approximations of GEBIK and GEBIF, the isotopic effects are388

either time changing or constant depending on the structure of the reaction. The GEBIK389
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and GEBIF equations, regardless of whether they are solved under the full treatment390

or the BFEI-QSS approximations, show an additional important property. Normally, if391

corresponding rate constants in m isotopologue reactions have identical values, the m392

reactions are assumed not to produce fractionation and, therefore, the value of the frac-393

tionation factor is expected to be α = 1. In contrast, our mathematical approach shows394

that a reaction that does not lead to fractionation may have α 6= 1. We demonstrate this395

property in Example 8.396

• Example 6. Consider the reactions in Eqs. (6) of Example 1

2 0
1S + E

k1(1)−−→←−−
k2(1)

C1
k3(1)−−→ 0

2P + E,

0
1S + 1

1S + E
k1(2)−−→←−−
k2(2)

C2
k3(2)−−→ uβ

1
2Pβ + uγ

1
2Pγ + E,

21
1S + E

k1(3)−−→←−−
k2(3)

C3
k3(3)−−→ 2

2P + E,

Under the BFEI and QSS assumptions, the GEBIK and GEBIF equations become397
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d[02P ]
dt

' k3(1)E0
0
1S

0
1S + K1

(
1 +

1
1S

K2
+

1
1S

K3

) ,

d[12P
β]

dt
' uβk3(2)E0

1
1S

1
1S + K2

(
1 +

1
0S

K1
+

1
1S

K3

) ,

d[12P
γ]

dt
' (1− uβ)

uβ

d[12P
β]

dt
,

d[22P ]
dt

' k3(3)E0
1
1S

1
1S + K3

(
1 +

1
0S

K1
+

1
1S

K2

) ,

RS(t) =
15/63 1

1S(t)
14/62 0

1S(t)
,

IRP (t) =
330
161

[23 k3(2)K3 + 45 k3(3)K2]11S(t)

45 k3(1)K2
0
1S(t) + 44 k3(2)K1

1
1S(t)

,

α(t) =
1386
713

[23 k3(2)K3 + 45 k3(3)K2]01S(t)

45 k3(1)K2
0
1S(t) + 44 k3(2)K1

1
1S(t)

. (26)

Equation (26) shows that, in this case, α is not a function of the complex concentrations398

in contrast to the results shown in Examples 4 and Example 5. However, α is a function399

of time because reactants 0
1S(t) and 1

1S(t) appear in more than one reaction.400

• Example 7. Take again the system in Example 6 but consider only the first and the

third reactions, that is, the rate constants k1(2) = k2(2) = k3(2) = 0

20
1S + E

k1(1)−−→←−−
k2(1)

C1
k3(1)−−→ 0

2P + E,

21
1S + E

k1(3)−−→←−−
k2(3)

C3
k3(3)−−→ 2

2P + E.

The GEBIK and GEBIF equations written under the BFEI and QSS assumptions become401
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d[02P ]
dt

' k3(1)E0
0
1S

0
1S + K1

(
1 +

1
1S

K3

) ,

d[22P ]
dt

' k3(3)E0
1
1S

1
1S + K3

(
1 +

0
1S

K1

) ,

RS(t) =
15/63 1

1S(t)
14/62 0

1S(t)
,

IRP (t) =
330
161

k3(3)K1
1
1S

k3(1)K3
0
1S

,

α =
1386
713

k3(3)K1

k3(1)K3
. (28)

Notice that the fractionation factor of Eq. (28) does not depend on the substrate concen-402

tration but is constant over time in contrast to Example 6.403

• Example 8. Consider the fractionation factor derived using the full GEBIK and GEBIF404

as in Example 4 and Example 5. Assuming that the rate constants k3 have the same value405

in the three reactions, the fractionation factors can be calculated as406

α(t) =
693
713

[23C2(t) + 45 C3(t)]
[45C1(t) + 22C2(t)]

0
1S(t)
1
1S(t)

, (29)

α(t) =
693
713

C3(t)
C1(t)

0
1S(t)
1
1S(t)

. (30)

In both reaction schemes α is a function of time and not necessarily equal to 1. Similarly,407

consider the fractionation factor derived from GEBIK and GEBIF under the BFEI-QSS408

approximations of Example 6 and Example 7 ; assume the rate constant k3 have the same409

value in the corresponding reactions, and the Michaelis-Menten equivalent concentrations410
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are K1 = K2 = K3. Under these constraints, the fractionation factors become, for Example411

6 and Example 7, respectively412

α(t) =
1386
713

[23 + 45] 0
1S(t)

45 0
1S(t) + 44 1

1S(t)
, (31)

α =
1386
713

. (32)

It is clear that α is not necessarily equal to 1 when corresponding rate constants have413

identical values in m isotopologue reactions, that is, when reactants identically react in414

each reaction regardless of the isotopic expressions. However, depending on the reaction415

structure, α may either be time-varying or constant as shown above.416

6. Application of GEBIK and GEBIF to denitrification

In this section we describe the application of the full GEBIK and GEBIF equations and417

their approximations solved under the BFEI and QSS assumptions to describe the deni-418

trification reactions of N2O production and consumption. To this end, the experimental419

observations in soil samples by Menyailo and Hungate [2006] and Mariotti et al. [1981]420

provide the necessary constraints to the model and, at the same time, show non-common421

inverse isotopic effects (i.e., N2O consumption in Menyailo and Hungate [2006]). Similar422

inverse effects were observed for 18O during N2O production [Toyoda et al., 2005], during423

N2 fixation [Yamazaki et al., 1987], and during intermediate NO−
2 → N2O in-cell redox424

reactions [Shearer and Kohl, 1988]. However, the data density in these experiments could425

not be used to constrain the parameters involved in the GEBIK and GEBIF presented426

here. The use of Manyailo and Hungate’s and Mariotti’s and co-worker experiments is427

aimed to illustrate the main features of the two forms of GEBIK and GEBIF presented428
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in Section 2, 3 and 4, whereas a detailed interpretation of the experiments can be found429

in Menyailo and Hungate [2006] and in Maggi and Riley [2009].430

6.1. Experimental data

The experimental data used in this application were collected from incubated soils tests431

of N2O production from NO−
3 [Mariotti et al., 1981; Menyailo and Hungate, 2006], and432

N2O consumption into N2 [Menyailo and Hungate, 2006]. In both experiments, the bulk433

δ15N-NO−
3 and δ15N-N2O were measured during N2O production using N2O-reductase434

acetylene inhibition. The δ15N-N2O were measured with no additional treatment during435

N2O consumption. During N2O production, the isotopomer speciation of the asymmetric436

molecules 15N14NO and 14N15NO were not assessed. However, in a similar experiment437

of N2O production from NO−
3 , [Well et al., 2006] measured the signature of the two438

isotopomers in soils treated with moisture saturation ranging from 0.55 to 0.85. Their439

analysis showed that the average isotopomer speciation was 50.225% as 14N15NO and440

49.775% as 15N14NO with a very small standard deviation across the water saturation441

treatments. We will use these values for the partitioning coefficients introduced in the442

GEBIK and GEBIF equations.443

The numerical solution of the kinetics of each system component was obtained with an444

explicit finite difference technique. Model calibration was carried out using N2O concen-445

tration and δ15N measured in both N2O production and consumption tests. For these446

applications, the enzyme yield coefficient was arbitrarily set at z = 0.01 knowing that the447

ratio E/B is small, while the microbial death rate was set at µ = 10−6 s−1 knowing that448

it ranges between 10−7 s−1 and 1.15 10−6 s−1 [e.g., Salem et al., 2005; Kim, 2006]. The449

enzyme yield coefficient and the mortality rate were held identical in the N2O production450
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and consumption tests assuming that there is only one function group of denitrifying bac-451

teria in these tests. The remaining parameters (highlighted in brackets in the first column)452

were obtained by calibration using the software package PEST (Parameter ESTimation,453

Papadopulos & Associates Inc., www.sspa.com/pest). Table 1 summarizes the parameters454

used and calibrated for these experiments. Calibration of the rate constants was carried455

out in a way such to satisfy the conditions k1(1) ≥k1(2), k2(1) ≥k2(2), and k3(1) ≥k3(2) in456

the full GEBIK equations, and the condition k3(1) ≥k3(2) in the GEBIK equations solved457

under BFEI and QSS assumptions. These conditions were imposed on the basis of the458

higher energy barrier required in reactions involving molecules with heavier isotopes.459

6.2. N2O production

N2O production from NO−
3 can be described by the reactions460

2 0
1S + E

k1(1)−−→←−−
k2(1)

C1
k3(1)−−→ 0

2P + E,

0
1S + 1

1S + E
k1(2)−−→←−−
k2(2)

C2
k3(2)−−→ uβ

1
2Pβ + uγ

1
2Pγ + E,

where production of 2
2P = 15N2O from 1

1S = 15NO−
3 was excluded due to its scarcity.461

The isotopomer partitioning coefficients uβ = 0.5022 and uγ = 1 − uβ = 0.4978 were462

derived from the experiments presented in Well et al. [2006]. The full GEBIK and GEBIF463

equations describing N2O production are464
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d[01S]
dt

= 2[k2(1)C1 − k1(1)
0
1SE] +

d[11S]
dt

, (34a)

d[11S]
dt

= k2(2)C2 − k1(2)
1
1SE, (34b)

dC1

dt
= k1(1)

0
1SE − (k2(1) + k3(1))C1, (34c)

dC2

dt
= k1(2)

1
1SE − (k2(2) + k3(2))C2, (34d)

d[02P ]
dt

= k3(1)C1, (34e)

d[12P
β]

dt
= uβk3(2)C2, (34f)

d[12P
γ]

dt
=

1− uβ

uβ

d[12P
β]

dt
, (34g)

dE

dt
= z

dB

dt
− dC1

dt
− dC2

dt
, (34h)

dB

dt
= Y

(
d[02P ]

dt
+

d[12P
β]

dt
+

d[12P
γ]

dt

)
− µB, (34i)

RP (t) =
165 1

2P

154 1
2P + 315 0

2P
, (34j)

IRP (t) =
165 k3(2)C2

154 k3(2)C2 + 315 k3(1)C1
, (34k)

RS(t) =
155
147

1
1S
0
1S

, (34l)

α(t) =
693 k3(2)C2

1395 k3(1)C1 + 682 k3(2)C2

0
1S
1
1S

, (34m)

with 1
2P (t) = 1

2P
β(t) + 1

2P
γ(t) in Eq. (34j).465

For the same system, the GEBIK and GEBIF equations under the BFEI and QSS466

approximations are467
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d[01S]
dt

= −2
d[02P ]

dt
− 1

uβ

d[12P
β]

dt
, (35a)

d[11S]
dt

= − 1
uβ

d[12P
β]

dt
, (35b)

d[02P ]
dt

' k3(1)E0
0
1S

0
1S + K1

(
1 +

1
1S

K2

) , (35c)

d[12P
β]

dt
' uβk3(2)E0

1
1S

1
1S + K2

(
1 +

1
0S

K1

) , (35d)

d[12P
γ]

dt
' 1− uβ

uβ

d[02P
β]

dt
, (35e)

IRP (t) =
165 k3(2)K1

1
1S

315 k3(1)K2
0
1S + 154 k3(2)K1

1
1S

, (35f)

α(t) =
693 k3(2)K1

0
1S

1395 k3(1)K2
0
1S + 682 k3(2)K1

1
1S

. (35g)

Relatively to the experiments by Menyailo and Hungate [2006], N2O product concen-468

trations and δ15N values predicted from the full and approximate forms of the GEBIK469

and GEBIF equations are relatively similar (Figure (1a) and (1b)). The fractionation470

factor (Figure 1c) is not constant in both forms of GEBIF owing to the mixed reaction in471

which 0
1S and 1

1S produce the isotopomers 1
2Pβ and 1

2Pγ. Notice that the Michaelis-Menten472

constants K1 approximate well 4.5 mmol NO−
3 kg−1

soil reported in Li et al. [1992] (Table473

1). The values of K2, smaller by about 2 mmol NO−
3 kg−1

soil, may reflect differences in474

experimental setup. Interestingly, the K1 and K2 values obtained by calibration of the475

BFEI-QSS approximation of GEBIK and GEBIF are very similar to the values calculated476

a posteriori with the rated constants of the full GEBIK and GEBIF.477

The full and approximate forms of the GEBIK and GEBIF applied to the experimental478

data from Mariotti et al. [1981] predict very well the concentrations of N2O and NO−
3 and479

δ15N (Figure 2). In this case, the full GEBIK and GEBIF approach performs better than480
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the approximate forms, but the differences in accuracy are relatively small. It is important481

to observe that the values of rate constants obtained by calibration on this experiment482

have very similar values to those obtained from data by Menyailo and Hungate [2006],483

thus signifying that the model can capture the reaction kinetics consistently.484

As evidenced in Figure 1c and 2c, the fractionation factor α is time varying in both full485

and approximate forms of GEBIK and GEBIF.486

6.3. N2O consumption

N2O consumption can be described by the following reactions487

14N2O → 14N2,

14N15NO → 14N15N,

15N14NO → 14N15N,

which can be rewritten using the generalized notation in Eqs. (4) as488

0
2S + E

k1(1)

À
k2(1)

C1
k3(1)→ 0

2P + E, (37a)

1
2Sβ + E

k1(2)

À
k2(2)

C2
k3(2)→ 1

2P + E, (37b)

1
2Sγ + E

k1(3)

À
k2(3)

C3
k3(3)→ 1

2P + E, (37c)

where 0
2S =14N2O, 1

2Sβ =14N15NO, 1
2Sγ =15N14NO, 0

2P = N2, and 1
2P = 15N14N. Here, we489

have not considered the substrate 2
2S =15N2O due to its scarcity. In addition, we have490

not specified the isotopic substitution in the N2 product of the second and third reactions491

because N2 is symmetric.492
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Assuming that the second and third reactions in Eqs. (37b) and (37c) have identical493

reaction rates (k1(3) ≡ k1(2), k2(3) ≡ k2(2), and k3(3) ≡ k3(2)), the full GEBIK and GEBIF494

equations describing the reactions in Eqs. (37) are495

d[02S]
dt

= k2(1)C1 − k1(1)
0
2SE, (38a)

d[12S
β]

dt
= k2(2)C2 − k1(2)

1
2S

βE, (38b)

d[12S
γ]

dt
= k2(2)C3 − k1(2)

1
2S

γE, (38c)

dC1

dt
= k1(1)

0
2SE − (k2(1) + k3(1))C1, (38d)

dC2

dt
= k1(2)

1
2S

βE − (k2(2) + k3(2))C2, (38e)

dC3

dt
= k1(2)

1
2S

γE − (k2(2) + k3(2))C3, (38f)

d[02P ]
dt

= k3(1)C1, (38g)

d[12P ]
dt

= k3(2)(C2 + C3), (38h)

dE

dt
= z

dB

dt
− dC1

dt
− dC2

dt
− dC3

dt
, (38i)

dB

dt
= Y

(
d[02P ]

dt
+

d[12P ]
dt

)
− µB, (38j)

RP (t) =
15 1

2P (t)
14 1

2P (t) + 29 0
2P (t)

, (38k)

IRP (t) =
15 (C2 + C3)k3(2)

29 C1k3(1) + 14 (C2 + C3)k3(2)
,

RS(t) =
165 1

2S

154 1
2S + 315 0

2S
, (38l)

α(t) =
7 (C2 + C3)k3(2)[45 0

2S + 22 1
2S]

11 [29 C1k3(1) + 14 (C2 + C3)k3(2)] 1
2S

. (38m)

The same equations with the BFEI and QSS approximations are496
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d[02S]
dt

' − k3(1)E0
0
2S

0
2S + K1

(
1 +

1
2S

β

K2
+

1
2S

γ

K2

) , (39a)

d[12S
β]

dt
' − k3(2)E0

1
2S

β

1
2S

β + K2

(
1 +

0
2S

K1
+

1
2S

γ

K2

) , (39b)

d[12S
γ]

dt
' − k3(2)E0

1
2S

γ

1
2S

γ + K2

(
1 +

0
2S

K1
+

1
2S

β

K2

) , (39c)

d 0
2P

dt
= −d[02S]

dt
, (39d)

d 1
2P

dt
= −d[12S

β]
dt

− d[12S
γ]

dt
, (39e)

RP (t) =
151

2P

141
2P + 29 0

2P
, (39f)

IRP (t) =
15K1k3(2)

1
2S

29K2k3(1)
0
2S + 14K1k3(2)

1
2S

, (39g)

RS(t) =
465 1

2S

14[63 0
2S + 31 1

2S]
, (39h)

α(t) =
14K1k3(2)[63 0

2S + 31 1
2S]

31[29K2k3(1)
0
2S + 14K1k3(2)

0
2S]

, (39i)

where K3 has been substituted with K2 because the rate constants in the third reaction497

have been assumed to equal those of the second reaction. In addition, 1
2S = 1

2S
β + 1

2S
γ

498

has been taken in Eqs. (39g), (39h), and (39i).499

The full GEBIK and GEBIF equations capture the N2O and δ15N values with higher500

accuracy as compared to the GEBIK and GEBIF equations solved under the BFEI and501

QSS approximations (Figure 3a and Figure 3b). Also in this case the fractionation factor502

is not constant, as shown in Eqs. (38m) and (39i). The variability of α obtained from503

the GEBIF equations solved under BFEI and QSS is small as compared to that obtained504

from the full solution of GEBIK and GEBIF (see insert in Figure (3c)), but has a strong505

impact on the curvature of δ15N in Figure (3b). Also in this case, we observe that K1506
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and K2 values calculated a posteriori with the full GEBIK and GEBIF are very similar to507

those calibrated under the QSS and BFEI approximations, and differ only slightly from508

values reported in the literature [e.g., Li et al., 1992].509

With respect to the specific interpretation of the N2O consumption experiment, it is510

important to notice the capability of the full GEBIK and GEBIF equations to predict511

inverse isotopic effects that result in d[δ15N]/dt < 0 after t = 80 h (Figure 3b). Inverse512

isotopic effects arose when the substrate was almost completely consumed and converted513

into complex. From around time t = 90 h, the small amounts of the complex being514

transformed back into the substrate controlled its isotope signature and led to a signature515

close to the initial composition. Finally, it is important to notice that inverse isotopic516

effects in the full GEBIK and GEBIF equations do not necessarily imply α > 1 (Figure517

3c). This property of GEBIK and GEBIF is a unique consequence of the transient kinetics,518

that is, complexation was not assumed to be a steady state process.519

7. Conclusion

We have presented an original mathematical treatment of isotopologues and isotopomer520

speciation and fractionation that integrates the Michaelis-Menten kinetics with the Monod521

kinetics for biomass and enzyme dynamics, and that accounts for (1) non-steady complex-522

ation; (2) reaction stoichiometry; and (3) number of isotope substitutions and location523

within the molecule. We have also developed and tested two mathematical simplifications524

to the full mathematical treatment by introducing the biomass-free and enzyme-invariant525

assumption, and the quasi-steady-state assumption for the complexation.526

The full representation of isotope kinetics presented here produced the most accurate527

predictions of observed concentrations in denitrification experiments, and showed the528
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unique capability to predict variable and inverse isotopic effects as compared to previous529

mathematical approaches. The full GEBIK and GEBIF equations demonstrated that: (i)530

microbial biomass and enzyme dynamics substantially improve modeling of biochemical531

isotopic kinetics; (ii) isotopic effects are always time-dependent because they are linked to532

the substrate and complex concentrations; (iii) inverse isotopic effects can be modeled only533

assuming transient kinetics, i.e., when the complexation is not assumed in quasi-steady534

state; (iv) inverse isotopic effects may occur also for values of the fractionation factor535

smaller than 1; and (v) a biochemical reaction that does not fractionate isotopes does not536

necessarily imply a fractionation factor equal to 1, the characteristic which depends on537

the reaction structure.538

More generally, the mathematical treatment presented here suggests that isotopic mea-539

surements have the potential to help improve the mathematical understanding of the540

kinetics of biologically-mediated chemical reactions. However, we recognize that a more541

comprehensive experimentation into isotopic effects, such as simultaneous measurements542

of substrate, product, and biomass concentrations, and the components’ isotopic com-543

position, is equally important to fully understand the dependence of isotopic effects on544

otherwise unobservable interactions with non-steady complexes.545
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Figure 1. (a) observed and predicted N2O concentration, and (b) observed and pre-

dicted N2O isotopic composition during N2O production from NO−
3 . (c) fractionation

factor calculated with the full and BFEI-QSS approximate solutions of GEBIK equations.

Experimental data are redrawn from Menyailo and Hungate [2006]. The acronyms BFEI

and QSS define, respectively, the biomass-free and enzyme-invariant approximation, and

the quasi-steady-state approximation.
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Figure 2. (a) observed and predicted N2O concentration, and (b) observed and pre-

dicted NO−
3 isotopic composition during N2O production from NO−

3 . (c) fractionation

factor calculated with the full and BFEI-QSS approximate solutions of GEBIK equations.

Experimental data are redrawn from Mariotti et al. [1981]. The acronyms BFEI and

QSS define, respectively, the biomass-free and enzyme-invariant approximation, and the

quasi-steady-state approximation.
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Figure 3. (a) observed and predicted N2O concentration, and (b) observed and pre-

dicted N2O isotopic composition during N2O consumption into N2. (c) fractionation factor

calculated with the full and BFEI-QSS approximate solutions of GEBIK equations. Ex-

perimental data are redrawn from Menyailo and Hungate [2006]. The acronyms BFEI

and QSS define, respectively, the biomass-free and enzyme-invariant approximation, and

the quasi-steady-state approximation.
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production [Toyoda et al., 2005], during N2 fixation [Ya-
mazaki et al., 1987], and during intermediate NO−

2 → N2O
in-cell redox reactions [Shearer and Kohl, 1988]. However,
the data density in these experiments could not be used to
constrain the parameters involved in the GEBIK and GEBIF
presented here. The use of Manyailo and Hungate’s and
Mariotti’s and co-worker experiments is aimed to illustrate
the main features of the two forms of GEBIK and GEBIF
presented in Section 2, 3 and 4, whereas a detailed inter-
pretation of the experiments can be found in Menyailo and
Hungate [2006] and in Maggi and Riley [2009].

6.1. Experimental data

The experimental data used in this application were col-
lected from incubated soils tests of N2O production from
NO−

3 [Mariotti et al., 1981; Menyailo and Hungate, 2006],
and N2O consumption into N2 [Menyailo and Hungate,
2006]. In both experiments, the bulk δ15N-NO−3 and δ15N-
N2O were measured during N2O production using N2O-
reductase acetylene inhibition. The δ15N-N2O were mea-
sured with no additional treatment during N2O consump-
tion. During N2O production, the isotopomer speciation of
the asymmetric molecules 15N14NO and 14N15NO were not
assessed. However, in a similar experiment of N2O produc-
tion from NO−

3 , [Well et al., 2006] measured the signature of
the two isotopomers in soils treated with moisture satura-
tion ranging from 0.55 to 0.85. Their analysis showed that
the average isotopomer speciation was 50.225% as 14N15NO
and 49.775% as 15N14NO with a very small standard devi-
ation across the water saturation treatments. We will use
these values for the partitioning coefficients introduced in
the GEBIK and GEBIF equations.

The numerical solution of the kinetics of each system
component was obtained with an explicit finite difference
technique. Model calibration was carried out using N2O

concentration and δ15N measured in both N2O production
and consumption tests. For these applications, the enzyme
yield coefficient was arbitrarily set at z = 0.01 knowing
that the ratio E/B is small, while the microbial death rate
was set at µ = 10−6 s−1 knowing that it ranges between
10−7 s−1 and 1.15 10−6 s−1 [e.g., Salem et al., 2005; Kim,
2006]. The enzyme yield coefficient and the mortality rate
were held identical in the N2O production and consump-
tion tests assuming that there is only one function group
of denitrifying bacteria in these tests. The remaining pa-
rameters (highlighted in brackets in the first column) were
obtained by calibration using the software package PEST
(Parameter ESTimation, Papadopulos & Associates Inc.,
www.sspa.com/pest). Table 1 summarizes the parameters
used and calibrated for these experiments. Calibration of
the rate constants was carried out in a way such to satisfy the
conditions k1(1) ≥k1(2), k2(1) ≥k2(2), and k3(1) ≥k3(2) in the
full GEBIK equations, and the condition k3(1) ≥k3(2) in the
GEBIK equations solved under BFEI and QSS assumptions.
These conditions were imposed on the basis of the higher en-
ergy barrier required in reactions involving molecules with
heavier isotopes.

6.2. N2O production

N2O production from NO−
3 can be described by the reac-

tions

2 0
1S + E

k1(1)−−−→←−−−
k2(1)

C1
k3(1)−−−→ 0

2P + E,

0
1S + 1

1S + E
k1(2)−−−→←−−−
k2(2)

C2
k3(2)−−−→ uβ

1
2Pβ + uγ

1
2Pγ + E,

where production of 2
2P = 15N2O from 1

1S = 15NO−3 was
excluded due to its scarcity. The isotopomer partitioning

Table 1. Summary of parameters used in the GEBIK and GEBIF equations in the cases of full solution and
approximate BFEI-QSS solution for the experiments of N2O production and consumption from Menyailo and
Hungate [2006] (M&H2006) and Mariotti et al. [1981] (M1981). The parameters in parentheses in the first column
were calibrated, the value z = 0.01 was assigned arbitrarily under the assumption that E/B is small, µ = 10−6 s−1

was chosen within the range of values reported in Kim [2006] and Salem et al. [2005], while S0, B0, and E0 were
determined from the experiments. The reference isotopic ratio Rstd = 2.305 · 10−2 was used. The parameters K1
and K2 within ∗-∗ in the full solution of GEBIK were calculated a posteriori as K = (k2+k3)/k1 for comparison
with K1 and K2 of the BFEI-QSS approximate solution of GEBIK. The values of the parameters k1(i), k2(i) and
k3(i) are expressed with a precision of four digits owing to the model sensitivity to these values.

N2O production N2O consumption

Solution of GEBIK Full BFEI-QSS Full BFEI-QSS

Experiment from M&H2006 M1981 M&H2006 M1981 M&H2006 M&H2006
(k1(1)) [mmol−1 kgsoil s−1] ·10−6 2.5833 2.0872 - - 6.8606 -
(k1(2)) [mmol−1 kgsoil s−1] ·10−6 2.5176 1.9489 - - 6.6418 -

(k2(1)) [s−1] ·10−6 9.7848 6.3234 - - 15.2727 -
(k2(2)) [s−1] ·10−6 2.9413 1.3275 - - 14.6963 -

(k3(1)) [s−1] ·10−6 3.3650 3.0910 4.0319 2.5334 3.8023 3.4542
(k3(2)) [s−1] ·10−6 3.2914 3.0127 3.8911 2.5294 3.7935 3.4376

(K1) [mmol kg−1
soil]

∗5.09∗ ∗4.51∗ 4.65 4.65 ∗2.78∗ 2.27
(K2) [mmol kg−1

soil]
∗2.47∗ ∗2.23∗ 2.24 2.32 ∗2.78∗ 2.26

(Y ) [mg mmol−1] 95.39 64.44 - - 305.41 -
z [mmol mg−1] 0.01 0.01 - - 0.01 -
µ [s−1] 10−6 10−6 - - 10−6 -

S0 [mmol kg−1
soil] 27 14.8 27 14.8 55 55

B0 [mg kg−1
soil] 312.42 13.45 - - 212.18 -

E0 [mmol kg−1
soil] - - 27.80 1.716 - 30.71
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