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Abstract

Fiber-reinforced elastomeric isolators (FREIs) have been proposed as a cost-effective solution for
expanding the use of seismic isolation to normal-importance structures. By using lightweight fiber
reinforcement and eliminating the attachment plates, FREIs reduce cost while improving the iso-
lation efficiency and reducing tensile stresses in the rubber. However, the flexural flexibility of
the fiber allows cross-sectional distortions (i.e., warping) to occur, which significantly impacts the
stability of these devices. This paper evaluates the buckling of rectangular, circular and annular
FREIs, taking into account shear warping effects. A planar buckling theory previously proposed
by the authors is adapted for the three-dimensional problem, and effective warping rigidities and
warping-related areas are derived for the above bearing geometries, accounting for rubber com-
pressibility. To assess the adequacy of the proposed buckling theory and derived warping proper-
ties in predicting the buckling of FREISs, a parametric finite element study is conducted. The critical
load predictions of the proposed analytical formulation are found to be in excellent agreement with
those of the numerical simulations. It is shown that traditional estimations of the buckling load that
neglect warping are significantly unconservative. Finally, design recommendations and resources

are provided for practice-oriented applications.
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INTRODUCTION

Elastomeric isolators consisting of thin rubber layers interleaved by reinforcement layers are vul-
nerable to buckling under compressive loads due to their high flexibility in shear. Haringx’s buck-
ling theory (1949), originally developed for helical springs and solid rubber rods, was adopted by
Gent (1964) to study the buckling of thin rubber blocks bonded to steel plates, and has now be-
come widely accepted to evaluate the stability of traditional steel-reinforced elastomeric isolators

(SREIs) (Kelly and Konstantinidis 2011). Haringx’s buckling load is given by:

—P5+w,P§+4P5PE

2

Pi = (1)
where Ps = GA = the shear rigidity, Pz = 7*EI/h* = Euler’s critical load, and EI = the bending
rigidity. In the context of SREIs, GA, and El » should be used instead, where GA, = GA(h/t,) = the
shear rigidity of the multilayer bearing, El, = EI(h/t,) = the effective bending rigidity of the mul-
tilayer bearing, EI = the effective bending rigidity of a single rubber layer, 4 = total height of the
bearing, and ¢, = total height of rubber. Haringx’s buckling load is derived from a one-dimensional
beam theory which assumes that cross-sectional planes remain plane after deformation, but not
orthogonal to the deformed axis, therefore allowing for shear deformations. This is suitable for
SREIs where the steel plates are thick and very rigid in bending, and thus prevent cross-sectional
distortions. However, this is not the case when the reinforcement is flexible in bending, as in the
case of fiber-reinforced elastomeric isolators (FREIs), and cross-sectional warping due to trans-
verse shear (i.e., shear warping) needs to be accounted for.

The first study concerning the buckling behavior of planar elastomeric bearings accounting for
the impact of reinforcement flexural flexibility is by Simo (1982). Later, Kelly (1994) introduced
an alternative formulation, which was later extended by Tsai and Kelly (2005a, 2005b). Both for-

mulations, despite yielding significantly different results, predicted an important reduction in P,.,
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with respect to Haringx’s buckling load estimate. Recently, the stability of short beams accounting
for shear warping has been revisited in (Montalto and Konstantinidis, "Buckling of short beams",
submitted, J. Eng. Mech., ASCE). A buckling formulation was derived from the consistent lin-
earization of a fully geometrically nonlinear planar beam accounting for warping where the finite
deformation field was posed as that of a constrained director Cosserat rod. The resulting theory
generalizes the one by Kelly and Tsai, and accounts for warping effects as well as axial shorten-
ing of the element. Its applicability to FREIs was verified using a parametric finite element study
of infinite strip isolators, where the predictions of the analytical formulation were shown to be
in excellent agreement with results from the numerical simulations. This study also provided a

comparison with respect to previous buckling formulations that account for warping.

1
b

The buckling formulation presented in (Montalto and Konstantinidis, "Buckling of short beams'
submitted, J. Eng. Mech., ASCE), as well as the earlier one by Kelly and Tsai, make use of an ef-
fective isolator warping rigidity and warping-related cross-sectional areas. These were derived for
an infinite strip bearing by Tsai and Kelly (20052a) accounting for fiber extensibility, and extended
in (Montalto and Konstantinidis, "Buckling of short beams", submitted, J. Eng. Mech., ASCE)
to also consider rubber compressibility. Both of these results are based on the usual kinematic
assumptions of a parabolic bulging shape and linear variation of displacements through the thick-
ness of the rubber layer, and the assumption that normal stresses in the rubber are dominated by
the pressure, leading to the so-called pressure solution. The warping properties of an infinite strip
bearing were also derived by Pinarbasi and Mengi (2008, 2017) using an approximate formulation
based on a modified Galerkin method which uses weighted averages of displacements and stresses
through the layer thickness, and does not depend on the assumptions cited before; reinforcement
flexibility and rubber compressibility were considered. Despite recognition of the significant effect
of warping on the mechanical response of FREIs since their inception (Kelly 1999), warping for
bearing geometries other than infinite strip has been unexplored thus far (Van Engelen 2019).

The present study investigates the warping response of three-dimensional FREIs and the im-

pact of warping on their stability under compressive loads. First, the buckling theory presented
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in (Montalto and Konstantinidis, "Buckling of short beams", submitted, J. Eng. Mech., ASCE) is
revisited, and the necessary modifications to apply it to three-dimensional elements are described.
In particular, warping distortions vary depending on the cross-sectional geometry of the element,
and thus a specific warping function for each geometry is proposed. Then, the effective warping
rigidity and warping-related cross-sectional areas are derived for rectangular, circular and annular
bearings following the assumptions of the pressure solution. Rubber compressibility is accounted
for, but fiber extensibility is neglected based on results from previous studies on planar infinite strip
bearings which indicate negligible impact of this parameter on their warping properties and sta-
bility (Pinarbasi and Mengi 2008, 2017; Montalto and Konstantinidis, "Buckling of short beams",
submitted, J. Eng. Mech., ASCE). The use of the cited buckling theory together with the derived
warping properties is evaluated on the basis of a three-dimensional parametric finite element study
for unbonded FREIs. Recommendations for the estimation of the buckling of FREIs are given and

design resources are provided to aid the practical implementation of these results.

BUCKLING THEORY

Planar Formulation

The buckling of a planar beam accounting for nonuniform shear warping and axial shortening was
presented in (Montalto and Konstantinidis, "Buckling of short beams", submitted, J. Eng. Mech.,
ASCE). The beam with reference configuration 8 ¢ R? such that 8 = AX [0, h], with cross section
A C R and height 2 C R is assumed to lie in the xz plane such that its line of centroids is aligned
with the z axis in the undeformed configuration (see Fig. 1). Then, the beam deforms according to

the displacement field u with x and z components given by:

u, = v(z) u; = A2) — x(z) — fiu(X)p(z) ()

where A(z), v(z) = the vertical and lateral displacements of the beam’s axis, respectively, ¥(z) =
the cross-sectional rotation in the absence of warping, and ¢(z) = the dimensionless amplitude

multiplier for the cross-sectional warping f,,(x).
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The following conditions are enforced to decouple the generalized stress resultants P (axial

load), M (bending moment), and Q (warping moment):

f Jwoa(x)dA =0 f fwoy(x)dA =0 f os(x)dA =0 f xo4s(x)dA =0 (3)
A A A A

where o A(x), oy(x), o4(x) = the axial stresses caused by an axial displacement, a rotation, and a
warping deformation, respectively. These conditions impose restrictions on the definitions of the

warping function f,,(x). In the case of a homogeneous isotropic beam, such restrictions are:

f Sw(x)dA =0 f xXfu(x)dA =0 4)
A A

which allow the interpretation of A(z) and v(z) as the average axial and transverse displacements,
respectively, and of y/(z) as the average rotation of the cross section.

Based on the previous displacement field and the assumption that stresses normal and tangent to
the cross section are linear with respect to their work-conjugate strains, the following second-order

accurate potential can be established for the beam:

| |EI 0 0 0 4
1 el [0 Eg 0 0 2
ne.¢.9) = 5 f ’ ) ) “Vobwyd:
o1yl |0 0o GA+P -GB-PLZ||y
#| |0 0 -GB-PL GC+PL||g

where ¥ = V' — ¥, ¢ = 1,0, P =P/A,,and A, = | — P/EA = the initial stretch of the beam due
to the application of the axial load P. Moreover, EA, GA and EI correspond to the axial, shear and
bending rigidities as normally defined, while EJ, B, C, f3 and f¢ are the effective warping rigidity
and warping-related areas dependent on the definition of the function f,.

The equilibrium equations, shown in (Montalto and Konstantinidis, "Buckling of short beams",
submitted, J. Eng. Mech., ASCE), can be obtained by virtue of the principle of virtual work such

that 6I1 = 0. These equations along with the appropriate boundary conditions are then used to

5 Montalto, May 26, 2023



116

117

118

119

120

121

122

123

124

125

126

127

128

129

131

132

133

obtain the critical load for the element. For a beam with fixed end conditions (i.e, no rotation or
warping at the supports) but free to sway at the top, the normalized critical load P., = P../GA

corresponds to the solution of the following quartic equation:
p {[13 + /10(}_’)] kc(P) — ,(P) KB(P)} + 720 {P [13 + 10(13)] + kg(P) — KC(P)} —2*0%=0 (6

where Q = EI/GAR? is the bending-to-shear stiffness ratio, while A4,(P), xz(P) and k¢ (P) are:

_ _GA

A,(P)=1-P— 7
(P) = )

_ Sy B\ EI _ _ fe C\ EI
P)=\P—+ 1, -] — P)=4,|P—+ 1, —|— 8
KB()(A a) zg KeP A A)E] .

Hereinafter, Eq. (6) will be referred to as the proposed-exact equation.
Alternatively, the buckling load can be calculated from the approximate equation:
PsP
P~ |———— )
1+ (3) &

where Ps = GA = shear rigidity, and Pz = n2EI/h* = Euler’s buckling load. Haringx’s buckling
load [Eq. (1)] can be approximated by P ~ +/PsPr when Py > Pg. Then, Eq. (9) can be
interpreted as this critical load reduced on the basis of the bending-to-warping rigidity ratio EI/EJ
and the ratio fz/A, which measures the angular deviation of the line of action of the axial load
P with respect to the normal to the average cross-sectional plane. Eq. (9) was shown to predict
critical loads very close to those of Eq. (6) for infinite strip bearings (Montalto and Konstantinidis,
"Buckling of short beams", submitted, J. Eng. Mech., ASCE). In the following, Eq. (9) will be

referred to as the proposed-approximate equation.

Extension to Three-Dimensional Case
In the three-dimensional case, the beam has a cross section A C R?, assumed to be doubly-

symmetrical, such that its reference configuration 8 C R? is defined as 8 = A x [0, h]. In the
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undeformed configuration, the cross section lies in the xy plane such that x and y correspond to the
symmetry axis, while z is the centroidal axis as before. The lateral deformation is still assumed
to occur in the xz plane, and the interpretation of the generalized displacements A, v, ¥ and ¢
and the cross-sectional warping f,, remains the same. Again, the cross-sectional warping function
satisfies the orthogonality conditions in Eq. (3) [or Eq. (4) for the homogeneous isotropic case].
The only difference is that f,, is now, in general, a function of both x and y. The definition of this

cross-sectional warping function for a two-dimensional cross section is detailed next.

Warping function

In three-dimensional beam theories that consider cross-sectional warping (developed for numerical
implementation), the warping function has often been taken as that from the solution to Saint-
Venant’s flexure problem with vanishing Poisson’s ratio v (El Fatmi 2007; Genoese et al. 2013;
Dikaros and Sapountzakis 2014; Lewinski and Czarnecki 2021). This leads to formulations that
account for out-of-plane cross-sectional warping but neglect in-plane cross-sectional distortion.
In this study, this approach is adopted and the warping function is based on the so-called Saint-
Venant warping. However, the latter function needs to be further modified to allow the axial load,
the bending moment and the warping moment to be decoupled for the stress distribution that occurs
in the bearings, which differs from that of homogeneous isotropic beams.

The Saint-Venant flexure problem consists of determining the three-dimensional linear elas-
ticity solution to the problem of a cantilever beam subjected to tractions at its free end which are
statically equivalent to a transverse load H acting through the centroid of the cross section. At the
fixed end of the beam the centroidal displacement and a rotation are imposed to be zero, but no fur-
ther essential boundary conditions are imposed. The traction boundary conditions at the free-end
are specified in terms of the resultant transverse load H, while the point-wise tractions are assumed
to be applied in such a way that they coincide with the stress distribution from the solution. Hence,
this solution corresponds to that of unrestrained warping and end-effects are neglected. The prob-
lem has been solved in classic texts [e.g., Love (1944)] in terms of displacements for common

cross-sectional geometries, including rectangular and circular ones.
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The Saint-Venant warping function f>"(x, y) can be extracted from the exact displacement so-
lutions presented, for example, by Love (1944) as shown in (Cowper 1966; Simo 1982). However,
under the assumption of v = 0, a simpler approach can be adopted as illustrated next. The three-
dimensional beam B C R? is defined as before with a height / and a cross section A C R? with
boundary A and normal vector v, such that 8 = A x [0, h]. In the undeformed configuration,
the cross section lies in the xy plane, while the line of centroids of the beam is aligned with the z
axis. The semi-fixed end is taken at z = 0, while tractions are applied at z = h with a resultant H
acting in the x direction through the centroid of the cross section. The cross-sectional boundary is
traction-free throughout the beam such that ov = 0 on J.A.

The exact displacement field for Saint-Venant’s flexure problem with vanishing Poisson’s ratio

can be expressed as:

u,=v@)  uy=0 = -xp@) - 2 xR - ¢ (10)

plus a rigid-body motion which depends on the specific rotation boundary condition enforced at the
semi-fixed end z = 0. In this case, v(z) and ¥(z) have the same interpretation as before, being the
average transverse displacement and average cross-sectional rotation respectively, while f5V(x,y)
satisfies the orthogonality conditions in Eq. (4).

Defining the function ®(x, y) as:

O(x,y) = x— £V (x,y) (11)

the strains can be written as:

e = Wx=fN0" =) Y= 00—y =00 ) (12)

with the rest of the strains being equal to zero; the notation (e) . represents the partial deriva-

tive with respect to x. For a homogeneous isotropic material with Young’s modulus E and shear
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modulus G, the stresses are given by:

o.=—E[yx+ V0" —y)] T = GO (V' — ) 7,, = GO (V' — ) (13)

Moreover, the traction-free boundary condition for the cross section now reads VO - v = 0 on d.A.

Neglecting body forces, the equations from the balance of linear momentum corresponding to
div(o)-e, = 0 and div(0) - e, = O result in (v —¢’) = 0. Multiplying the last equilibrium equation
div(o) - e, = 0 by x, integrating over the cross section and making use of ov = 0 on dA, the

relation —ENY"” = kGA(V' — ) is recovered, where « has been defined as:

[, ®..dA
ﬂ ’
== 14
K 2 (14)
Using this relation in div(o) - e, = 0, the following is obtained:
A
W®+%ﬁ:0 (15)

The Saint-Venant warping function can be determined by solving the elliptic problem in Eq.
(15) over the cross section (A, with the traction boundary condition VO - v = 0 on dA and the
relation f3 = x — @. Additionally, the orthogonality conditions in Eq. (4) need to be enforced
to uniquely define the solution. Following this approach, the Saint-Venant warping function is
obtained for a rectangular cross section with width 26 in the x direction and depth 2/ in the y

direction:

Vg = 2 (23
£V ) = 6(2b2 lox) (16)

For the circular and annular cross sections, we make use of polar coordinates such that x = r cos(8)

and y = rsin(6). Then, the warping function for these cross sections is given by:

27,2

100 = | (1= )= 2 o

N 6(1 + n*)?
1+n2|2b> \k 2 r

T T

7)
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where b = the exterior radius of the cross section, a = the interior radius, and n = a/b = the
interior-to-exterior radius ratio; for a circular cross section n = 0.

Enforcing the orthogonality conditions in Eq. (4) allows to decouple the generalized stress
resultants P, M and Q in the case of an isotropic homogeneous beam. However, for an elastomeric
bearing the stress distributions are not proportional to the cross-sectional deformations, and thus
the general conditions in Eq. (3) are required. The Saint-Venant warping functions are then modi-

fied to allow the satisfaction of these requirements. For the rectangular case we use:

5 3
Sl =2 (% + wx) (18)

For the circular and annular cross sections we have:

6(r 3772b2
fu(r,0) = 7 (ﬁ + wr — n )cos(@) (19)

where w is a parameter that depends on the cross section and material properties, which is obtained

from the satisfaction of Eq. (3). These warping functions are shown in Fig. 2.

EFFECTIVE WARPING PROPERTIES

Whereas the buckling theory assumes a homogeneous isotropic material in the element, the me-
chanical response of an elastomeric isolator is governed by the composite action of the rubber
and the reinforcement, producing different stress distributions than those obtained by the beam
theory. Effective rigidities are thus required to apply the buckling theory to elastomeric isolators;
see discussion following Eq. (1) for the analogous case of using Haringx’s theory for SREIs. The
effective axial and bending rigidities, EA and EI, considering rubber compressibility but not rein-
forcement extensibility have already been presented for different bearing geometries by Kelly and
Konstantinidis (2011). In the following, the effective warping-related properties for bearings with

rectangular, circular and annular cross section are derived.
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Boundary Value Problem
The effective rigidites are obtained by evaluating the mechanical response of a single rubber layer
of thickness 7, using linear elasticity and following traditional assumptions regarding the deforma-
tion of the layer and the stress distribution (Kelly and Konstantinidis 2011). Namely, it is assumed
that vertical lines are deformed into a parabola, and that the vertical displacement varies linearly
throughout the layer. Furthermore, it is assumed that the normal stresses are dominated by the in-
ternal pressure p such that o, ~ o, * 0, ® —p, while the in-plane shear stress 7,, ~ 0. This leads
to the so-called pressure solution (Gent and Lindley 1959; Gent and Meinecke 1970; Kelly and
Konstantinidis 2011). These assumptions have been shown to be accurate for layers of nearly in-
compressible material bonded to nearly inextensible reinforcement when the shape factors § (i.e.,
ratio of loaded to force-free area) are in the typical range used in elastomeric isolators (10 - 30)
using more refined analytical solutions (Papoulia and Kelly 1996; Pinarbasi and Mengi 2008).
Pinarbasi and Mengi (2008, 2017) showed that, for layers of nearly incompressible material
with high shape factor bonded to reinforcement with axial rigidity values characteristic of the fiber
in FREISs, reinforcement extensibility has a negligible influence on the effective warping rigidity
of infinite strip bearings. Moreover, results in (Montalto and Konstantinidis, "Buckling of short
beams", submitted, J. Eng. Mech., ASCE) indicated that reinforcement extensibility has a negligi-
ble effect in the buckling of planar infinite strip bearings considering realistic material parameters
and thickness of the fiber. Reinforcement extensibility is measured by the dimensionless parame-
ter @ o /Gt,/Est; S, where E; = fiber Young’s modulus, and ¢, = fiber thickness, while rubber
compressibility is measured by the dimensionless parameter 8 oc v/G/K S, where K = rubber bulk
modulus (Van Engelen et al. 2016). For a given shape factor S, the required thickness ¢, of a three-
dimensional layer is smaller than that of its planar counterpart. Thus, « is reduced while S remains
the same and the influence of fiber extensibility is expected to be even lower in three-dimensional
bearings. Therefore, the following analysis will account for rubber compressibility but neglect the
extensibility of the fiber reinforcement.

Following the presentation for the beam theory, it is assumed that the isolator’s axis is oriented

11 Montalto, May 26, 2023
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along the z direction with the mid-height of the layer located at z = 0, while the reinforcement lies

in the xy plane (see Fig. 3). Then, the assumed displacement field is as follows:

472 472
u@)=wwdwl—j;) Vﬂﬁzmﬁdwl—j;) w@):<muaw§ (20)

where u(x), v(x) and w(x) are the displacement fields in the x, y and z directions respectively, and
up(x,y) and vo(x,y) are functions to be determined based on the solution to the boundary-value
problem. As indicated before, it is assumed that the displacement along the axis of the beam varies
linearly. Hence, ¢/2 corresponds to the warping amplitude at the top and bottom of the layer, while
the term z/f, provides the linear variation of the displacement explicitly. The warping function
fw(x,y) depends on the cross-sectional geometry and is given by Eq. (18) for the rectangular case,

and Eq. (19) for the circular and annular ones. The corresponding strain fields for the rubber are:

4 2 4 2
a®=%ﬁ—%) q@zm@—gj @®=%$ 1)
8uyg Z 8o <
)/xz(x) == ( : + ﬁv,x¢) l_ 7yz(X) == (Z_ + fw,y¢) t_ (22)

The material constitutive relation for the volumetric deformation of the rubber is given by

tr(e) = —p(x,y)/ K, where K = bulk modulus of the rubber, leading to the equation:

(vos ) (1- ) -2 -2 23)
Integrating this equation through the thickness of the rubber layer, we obtain:
2 (s +v0)) - £, = -2 24)
The shear stresses are obtained from the material constitutive relation:
m®:4ﬂ?wmmﬁ- m®:4{%+m@§ (25)
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where G = shear modulus of the rubber.

Now we make use of the balance of linear momentum for the rubber layer, which in the absence
of body forces and under quasi-static conditions reads div(o) = 0. Under the assumptions that the
normal stresses are dominated by the pressure and that 7., is negligible in comparison to the other

stress components, the first equation of equilibrium, corresponding to div(o) - e, = 0, results in:

G (8140
Pxt — P

P + fw,x¢) =0 (26)

The second equilibrium equation, corresponding to div(o) - e, = 0, becomes:

G (8
Pyt (% + fw,y¢) =0 @7)

te e

Taking the partial derivative of Eq. (26) with respect to x, the partial derivative of Eq. (27)
with respect to y, adding them together, and substituting u . + vy, using Eq. (24), we obtain the
following equation for the pressure p(x, y):

12G 12G¢ 2
2 | == _— e 2
Vop (th )p ; (fw + 12V fw) (28)

For rubber layers with a shape factor S in the range used for elastomeric isolators (10-30), the last
term in the parenthesis of the right-hand side of the pressure equation is at least a couple of orders
of magnitude smaller than the leading terms and is thus neglected in the following.

The pressure distribution on the layer due to a warping deformation is obtained from Eq. (28),
alongside the boundary condition p = 0 on the cross-sectional boundary. This pressure distribution
is then used to determine the effective warping rigidity and warping-related areas, following their
definitions given in (Montalto and Konstantinidis, "Buckling of short beams", submitted, J. Eng.

Mech., ASCE), recalling that the warping displacement has been assumed to vary linearly in the
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rubber layer such that ¢’ = ¢/¢, and taking P/A = (A/ te)(Ez\ /A):

— fﬂ SfwpdA
J== 29
o1, 29
B= [ fuda  c= [ (s (30)
A A
_ A j%ﬁ"’prdA _ A j;[ (fw,x)2 pAdA (31)
 (A/1)EA T (A/)EA

where p, = pressure due to an axial shortening displacement A, and EA = effective axial rigidity.

Rectangular Layer
For the case of a rectangular cross section, we consider the layer to have a width of 26 in the x

direction and a depth of 2/ in the y direction. Therefore, the shape factor is given by:

bl b 1
le

S:(b+l)te_ (1+p) (32)

where p = b/l gives the in-plane aspect ratio of the bearing. Making use of the warping function

in Eq. (18), the partial differential equation for the pressure can be restated as:

B\ 10G¢ [ x*
Doxx * Pyy — (5) p=- B \20p2 towx (33)
where,
12Gb*>  12G
2 2 2
= =—57(1 34
B= =g S+n) (34)

The solution to Eq. (33) is obtained by assuming a single Fourier series in the x direction. The

resulting pressure is given by:

_ 5 L (b < (=1)[6 — n27%(1 + 2w)] cosh(&,y/b)| . (nmx
p(x,y) = 10GS~(1 + p) (I_)Z B 1- cosh(€,/p) s1n( 5

e

JJED)

n=1

where €2 = (nm)? + 2. The parameter w is obtained using Eq. (3). Albeit not shown here for
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brevity, the first two conditions are analogous to the third and fourth conditions, and the latter two

are used. The third condition is trivially satisfied. The fourth condition yields:

) _
Znn(1+2w) 6[1_tanh(§"/p)]:0 (36)

n*mi&; Enlp

n=1

Because the pressure in the rectangular layer is given in terms of an infinite Fourier series, the
orthogonality condition for the warping function does not have a closed-form solution for w; hence
Eq. (36) requires to be solved numerically. In general, it depends on the ratio K/G, the in-plane
aspect ratio p and the shape factor S. Numerical results for this are presented in Fig. 4.

The effective warping rigidity EJ and the cross-sectional areas B and C can then be obtained

from their definitions in Egs. (29) and (30):

—  50GS*(1 +p)*b* > [Pn*(1 + 2w) - 6]° tanh (£,/p)
D Ve [1 T e ] GD
2
B = &(1 +2w) (38)
3p
2
C= ﬂ@ + 20w + 20w?) (39)
36p

For the calculation of the areas fz and f, the pressure due to a vertical displacement A, denoted
Pa, 1s required. This has been presented by Kelly and Konstantinidis (2011) accounting for rubber
compressibility. When the origin of the Cartesian system is located at the centroid of the layer, this

pressure is given by:

_ aeeiq2 (A (=D [ coshZy/b)| - [(2n—Drx
pa(x,y) = 48GS2(1 + p) (t) Z; 7an - Dr [1 AT ]cos [—2 ; ] (40)
where % = [(2n - D)r/ 2]" + B2 The effective axial rigidity EA is given by:
—  384GS(1 + p)*h* 1 tanh (¢,/p)
A= o 2 A [ A ] @b
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Using Eq. (31), the areas fp and f¢ are given by:

) [—24+(1—2n)27r2(3+2w)]{ _ tanh({,l/p)}
507 Zn=1 202 1 Gulp

(42)

B= 5
3 (S 1 { _ tanh(é’n /,0) }
p Zin=i Gr(1-2n)’x? 1 Lilp
oo [3456+(1-2n)*7* (3+2w)>—48(1-2n)*1%(9+2w)] { _ tanh(g“n/p)}
3 2552 Zin=1 22(1-2n)576 1 Lilp (43)
C — 36p Zoo 1 {1 _ tanh({,,/p)}
n=1 2(1-2n)2n2 Llp

The previous results provide all the warping related properties needed for the estimation of the
buckling load. However, the effective bending rigidity El is also required. Accounting for rubber

compressibility, this is given by (Kelly and Konstantinidis 2011):

(o)

—  96GS*(1 + p)*b* 1 tanh (&,/0)
= p 2, g2 [  Edp ]

(44)

n=1

The critical load for the bearing can then be computed using Eqs. (6) or (9) with the previous
effective cross-sectional properties. Fig. 5 presents the comparison between the critical load esti-
mates of these equations as a function of the shape factor S and the width-to-height aspect ratio
S5 = 2b/h. These results verify that the proposed-approximate solution [Eq. (9)] provides close

estimates to those of Eq. (6) for the isolator with rectangular cross section.

Circular and Annular Layers
For the circular and annular cases, we consider the layer to have an exterior radius of b, an
interior radius a, and an interior-to-exterior radius ratio n = a/b; for circular cross sections 7 = 0.

Hence, the shape factor is given by:

b—a b(1-mn)

S =
2t, 2t,

(45)
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In this case the warping function is given by Eq. (19). Then, the partial differential equation for

the pressure [Eq. (28)] in polar coordinates becomes:

b

2 3 272
1 1 (ﬁ) ) _72G¢( r 3n°b cos(8) 46)

+—p,+ =P — = — +wr—
Par® Pt 5P, 76 \2b? 2r

where the non-dimensional ratio S measuring the compressibility of the material corresponds to:

,  12G?  48GS*?
- K2 K(1-p)p?

(47)

Circular Layer
For the circular layer, the solution to Eq. (46) is given in terms of modified Bessel functions of the

first kind of order m, referenced as 1,,(r):

p(r,0) =

144GS? (b_¢) {(r)3 N 2(r)( 4 N w) B [1+ 24/ + w)|I,(Br/b)

7\ )6 720\ L@ }COS(Q) 4o

b

As before, the parameter w defining the warping function f, (r, 6) is calculated from satisfying the
third and fourth orthogonality conditions in Eq. (3) (equivalent to the first two conditions). The
third orthogonality condition is directly satisfied. Then, the fourth orthogonality condition is used

to determine w, and the following is obtained:

o= B2+ BHL(B) + 6(8 + BHL(B)
363 L(B)

(49)

The warping properties are then obtained following the same approach as for the rectangular

layer. Using Eq. (29), the effective warping rigidity is given by:

—  187GS2b*
EJ = ”—{3+8w(2+3w)+

498

16(5+ 12w) 384 24[8 + 521 + 2w)]212(ﬁ)
_ 50
[ FLB) } 0
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The areas B and C are calculated from Eq. (30):
3
B = 57119 (1+2w) (&2))]

9
C = %ﬂb2(3 + 8w + 8w?) (52)

The calculation of the areas fz and fc- requires the pressure pp. When accounting for rubber

compressibility, this corresponds to (Kelly and Konstantinidis 2011):

_ 48GS? (A Iy(Br/b)
Pl 0= =g (7) [1 ) ] oY
The effective axial rigidity EA for the circular cross section is:
—  487GS?b* L(B)
EA = 54
[T oY
Hence, the areas f3 and f- [Eq. (31)] are given by:
_ 35 [BI8+ B+ 20)[Ih(B) — 4[4 + (1 + w)]L(B)
fo= 37} FhE) | o)
9 B{576 + 8829 + 8uw) + B3 + 8w(l + w)]}o(B)
o= g8 FLE)
(56)
2{576 + 168%(9 + 4w) + B*[9 + Bw(2 + w)]| 1, (B)
) BL(B)

Similar to the case of the rectangular bearings, it is convenient to provide the effective bending

rigidity, which corresponds to (Kelly and Konstantinidis 2011):

—  487b*GS? [1 L(B) ]

EI= — - 57
B 4 BLPB) oD

Then, the critical load for the bearing can be computed using the proposed-exact expression [Eq.
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(6)] or the proposed-approximate closed-form solution [Eq. (9)] with the effective cross-sectional
properties presented before. Fig. 6 shows that Eq. (9) provides excellent agreement with Eq. (6)
for the circular bearing. In this figure results are presented in terms of the shape factor S and the

width-to-height aspect ratio S = 2b/h.

Annular Layer
Albeit common in the context of SREIs, annular FREIs have seldom been explored. Only recently
have they been evaluated with the purpose of isolating lightweight structures and nonstructural
components (Ghorbi and Toopchi-Nezhad 2023). Because of this and the length and complexity
of the resulting equations, the corresponding effective warping rigidity and warping-related cross-
sectional properties are presented in Appendix I for the interested reader. Using these properties,
Fig. 6 shows the excellent agreement between Eqgs. (6) and (9) for the critical load estimation of
annular bearings.

Kelly and Konstantinidis (2011) recognized that, when warping is neglected, the introduction
of an inner hole in the bearing causes a negligible reduction in the critical pressure p., = P../A,
and the reduction in the critical load is approximately of the same proportion as the area reduction.
However, this is not the case when warping occurs, as illustrated in Fig. 7, where the critical
pressure of an annular bearing has been normalized by that of a circular bearing with the same
outer radius and layer thickness. When neglecting warping, an inner hole with = 0.40 reduces
Per by no more than 15%, while the reduction for smaller holes is negligible. In contrast, when
accounting for warping using Eq. (6) and the properties in Appendix I, even a small hole with 7 =
0.1 reduces p., as much as 35%, while for = 0.4 this reduction is greater than 70% in some cases.

Note that the critical load P,, is reduced even further due to the area reduction.

FINITE ELEMENT ANALYSIS

The use of the proposed effective warping properties and Eq. (9) was validated by a finite ele-
ment parametric study developed using the nonlinear FEA software Marc (Hexagon AB 2021a).
Isolators with rectangular, circular and annular cross sections were modeled in an unbonded con-

figuration, and the critical load estimates from the numerical models were used as a benchmark to
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evaluate the analytical formulation. In the following, the modeling and results are described.

Modeling
To avoid volumetric locking and element failure due to mesh distortions, mixed-formulation low-
order elements were used for the rubber. A three-field formulation proposed by Simo et al. (1985)

was used; it is derived from a variational principle using the following functional:

(g, p,6) = fB [WC) + U®) + p(J = )] aV + () (58)

where the fields are @ = deformation, p = pressure, and 8 = volumetric strain. Additionally,
J = det(F), where F = d@/0X = the deformation gradient, and I1,,,(¢) = the external potential
energy due to the imposed body forces and surface tractions; W(C) and U(9) are defined in the

following. The functional (¢, p, 8) uses the multiplicative split of F given by:
F=0""F, (59)

where F = J-'*F = isochoric part of F. The domains were discretized using Q1-PO hexahe-
dral elements, which use continuous piecewise trilinear interpolation for the deformation field and
piecewise constant interpolation for the pressure and volumetric strain fields (Simo et al. 1985);
this corresponds to element type 7 in Marc with the constant dilation parameter activated (Hexagon
AB 2021b). They were implemented in an Updated Lagrangian formulation.
An additive split of the strain energy W(C) = W(C)+ U(0) has been assumed in Eq. (58), where
W and U are the deviatoric and volumetric parts of the strain energy, respectively, and C = F7F
is the modified right Cauchy-Green deformation tensor. A compressible neo-Hookean model was
used for the rubber, whose corresponding deviatoric strain energy defined by the shear modulus G
and bulk modulus K is given by:
W(C) = g(lc -3) (60)

where I¢ = tr(C). This model is considered to represent rubber response accurately in the small to
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moderate deformation range (principal stretches in the range of 0.5-2.0) (Treloar 2005; Steigmann
2017), which covers the range of deformation exhibited in the numerical simulations. The follow-

ing volumetric strain energy satisfying polyconvexity and growth conditions was used:

(61)

2 _
U(G):K(Q 1_111_9)

4 2

Only half of each isolator was modeled considering symmetry conditions (see Fig. 8); for the
nodes lying on the plane of symmetry, no displacement was allowed perpendicular to such plane.
Three elements were used along the height of each rubber layer. For the isolators with rectangular
cross section, a structured mesh was applied using transfinite interpolation such that a coarser
mesh with element width-to-height aspect ratios of approximately 4:1 was produced at the interior
of the bearing, and a finer mesh was produced towards the edges. In the case of the circular and
annular isolators, a two-dimensional unstructured mesh was produced over the cross section using
Marc’s MoM mesh generator (Hexagon AB 2021a); this planar mesh was later extruded to produce a
structured mesh over the height of the bearing. In this case, the width-to-height aspect ratio of the
elements was maintained at 2:1 over the entire bearing. These mesh sizes were verified to achieve
convergence of the estimated critical loads.

The fiber reinforcement was modeled using quadrilateral membrane elements in a Total La-
grangian formulation; this corresponds to element type 18 in Marc (Hexagon AB 2021b). These
elements use bilinear displacement interpolation and have no flexural rigidity. Moreover, they
have zero out-of-plane thickness and therefore the overall height-to-total rubber thickness ratio
h/t. = 1 in the models. The fiber reinforcement material is modeled as linear elastic, defined by
its Young’s modulus E and Poisson’s ratio v¢. The contact between the bearing and its supports
and the bearing with itself was modeled with a node-to-segment formulation, where the top and
bottom supports were represented by rigid planar surfaces. Coulomb friction was used to model

the friction between isolator and its supports with a friction coefficient u = 1.
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Buckling Analysis Method

The isolator model was progressively loaded by a compressive axial load P in the range of 0.5
to 1.5 times the critical load estimated by Eq. (9). After every ramp load increment of 5%, the
axial load was held constant while a small lateral perturbation was applied to the model (see Fig.
9a). This perturbation corresponded to a maximum lateral displacement u,, of 0.2 mm at the top
support, inducing an average shear strain of 0.2% in the isolator. Based on this, the global lateral
stiffness of the isolator K; was measured at different axial loads. The buckling load was taken as

the axial load at which K, vanishes (see Fig. 9b).

Cases

The variable parameters in the study were the shape factor S, the width-to-height aspect ratio S,
the in-plane aspect ratio p for rectangular isolators, and the interior-to-exterior radius ratio n for cir-
cular and annular isolators. The values for these parameters included in the analysis are presented
in Table 1, the values presented for S are satisfied exactly, while reported S are target values and
the actual values of the models differ slightly from those in Table 1. All the combinations between
these parameters were considered, except those leading to less than 5 or more than 25 rubber layers
which were deemed unrealistic for practical scenarios. Hence, a total of 100 cases were evaluated,
50 of which were bearings with rectangular cross section and the remaining ones with circular or
annular cross section. In all the analyses the bearing height was fixed at 100 mm, the rubber was
modeled with a shear modulus G = 0.4 MPa and bulk modulus K = 2000 MPa, while the fiber
reinforcement was modeled with a fiber thickness z; = 0.5 mm, Young’s modulus £, = 100000

MPa, and Poisson’s ratio vy = 0.20.

Results

The FEA results are used as a benchmark to study the adequacy of the buckling theory and the ef-
fective warping properties derived herein. Figs. 10 and 11 present the critical loads estimated with
the proposed-approximate formulation [Eq. (9)] normalized by the critical loads from the FEA
models. As can be interpreted from Figs. 5 and 6, the results for the proposed-exact formulation

are nearly identical to those of Eq. (9), and hence are not presented in the following. Figures 10
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and 11 also present the critical loads estimated using Haringx’s theory for comparison purposes.
The estimates using the proposed-approximate equation and Haringx’s theory have both used the
effective properties accounting for rubber compressibility, but not fiber extensibility.

Figures 10 and 11 show that the proposed-approximate formulation exhibits excellent agree-
ment with the results obtained from the FEA models. The critical loads tend to be slightly underes-
timated by the proposed formulation when the isolators have low shape factors S, associated with
higher compressibility. Similar findings were shown for the planar bearings in (Montalto and Kon-
stantinidis, "Buckling of short beams", submitted, J. Eng. Mech., ASCE), where it was explained
how bearings with low S experience larger vertical deformation and lateral expansion before buck-
ling, leading to an increase in cross-sectional dimensions that increases their critical load; this is
not accounted for by the one-dimensional buckling formulation. However, the cross-sectional ex-
pansion in the three-dimensional isolators occurs in two-directions and thus has a less significant
effect in the results than for the planar infinite strip bearings. Therefore, the proposed-approximate
formulation presents a better performance for the three-dimensional bearings than the planar ones,
for which it was already satisfactory.

In contrast, Figs. 10 and 11 show that Haringx’s theory can severely overestimate the buckling
load of FREIs. This overestimation was in the range of 1.35 - 2.0 times the critical load obtained
from the FEA models for rectangular isolators, and in the range of 1.35 - 1.75 for circular ones,
with the error increasing with the shape factor §. For annular bearings the overprediction is greater
and, for the cases evaluated, lies between 2.0 - 3.0 times the P,, from the FEA models. The
error increases again with S but also increases significantly with the relative size of the inner hole
measured by 7; this is in agreement with results presented in Fig. 7. In the case of SREIs, the
introduction of an inner hole in a circular bearing has a negligible effect on its stability (Kelly and
Konstantinidis 2011). However, this is not the case for FREIs. Despite not being evaluated here, it
is expected that the introduction of a hole on rectangular FREIs would yield similar results. Interior
holes in FREIs have been proposed to reduce the isolator lateral stiffness for applications dealing

with lightweight structures (Van Engelen et al. 2014; Osgooei et al. 2015; Ghorbi and Toopchi-
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Nezhad 2023). It is recognized that, despite the severe reduction in critical load, stability might
not be an issue in those cases. However, the impact of compressive loads on the lateral behavior

can be significant as the axial load will be much closer to the critical load than formerly expected.

RECOMMENDATIONS FOR DESIGN

Based on the results from the finite element analysis, the buckling theory presented in (Montalto
and Konstantinidis, "Buckling of short beams", submitted, J. Eng. Mech., ASCE) along with the
effective warping properties derived herein produce an adequate estimation of the critical load for
FREIs. Therefore, it is recommended that either Eq. (6) or Eq. (9) be used to evaluate the stability
of FREIs. The latter, however, is deemed more useful for practical application purposes due to
its simplicity. Rubber compressibility should be accounted for in the calculation of the effective
rigidities, especially for bearings with moderate-to-high shape factor §. Alternatively, the buckling
load accounting for warping can be presented as:

PH

P., = - 62
I3 (62)

where P is the critical load due to Haringx’s theory given by Eq. (1). This reduction factor has
been computed using Eq. (6) for different geometric and material parameters, and is presented in
Figs. 12 and 13 for practical implementation of these results.

It should be noted that 4/7, = 1 has been assumed thus far due to the negligible fiber thickness
t; in comparison to the rubber thickness of a single layer ¢, for typical FREIs. However, for some
bearing configurations with very thin rubber layers, this might not hold. For SREIs the approach
has been to increase the effective rigidities of a single layer (e.g., GA, El, EJ) by the factor h/t,
(Gent 1964; Kelly and Konstantinidis 2011); see discussion following Eq. (1). Following this
approach, effective rigidities for the multilayer bearing [e.g., El, = EI (h/t,)] should be used in
Egs. (6) and (9). Alternatively, Eq. (9) shows that this simply leads to an amplification factor
of h/t, for P, calculated using the effective rigidities of a single layer presented before, and this

approach is recommended due to the multiple effective properties required in Egs. (6) or (9). The
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detailed calculation of the effective warping properties and buckling load for each of the bearing

geometries presented in this study is illustrated in Appendix II.

CONCLUSIONS
This study investigated the warping of three-dimensional FREIs and its impact on their buckling
load P.,. First, modifications necessary to apply the planar buckling theory accounting for shear
warping previously presented by the authors were described. In particular, warping functions were
introduced for each of the evaluated cross sections by modifying the warping displacements from
the Saint-Venant flexure problem to allow for decoupling of the generalized stress resultants in the
isolators. Then, effective warping properties were derived for rectangular, circular and annular iso-
lators, following the usual assumptions from the pressure solution. In these derivations, the effect
of rubber compressibility was included but fiber extensibility was neglected because previous stud-
ies noted the latter to have a negligible influence on the warping properties and stability of planar
FREIs. Using these properties, it was shown that the proposed-exact and proposed-approximate
equations for estimating the critical load are in excellent agreement for three-dimensional isolators.
The use of the proposed-approximate buckling formulation and the effective warping related
properties to predict the stability of FREIs was validated through a finite element parametric study
on the stability of rectangular, circular and annular FREIs. The results from the proposed analytical
formulation match closely the results from the numerical simulations for all examined bearing
geometries. Moreover, it was shown that neglecting warping effects by using Haringx’s theory
can result in significantly unconservative estimates of P.. for FREIs. Based on these findings,
it is recommended that warping effects be considered when evaluating the stability of FREIs by
using either the proposed exact or approximate buckling load equation in conjunction with the
effective warping properties derived herein. Alternatively, figures providing a reduction factor for
the buckling load with respect to Haringx’s theory due to warping effects have been provided to
facilitate the practical application of these results. Furthermore, in contrast to the case of SREISs,
introducing a hole in FREIs was found to severely reduce their stability. Therefore, caution is

advised when introducing these modifications in the isolators.
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APPENDIX I. EFFECTIVE WARPING PROPERTIES FOR ANNULAR LAYER
The pressure in an annular layer is obtained from solving Eq. (46) with the boundary conditions

p(a,0) = p(b,0) = 0. The pressure is given by:

p(r,0) = 7;;4(4;—?9;)2 (l;—f) {(%)3 +2 (g) (,% + a)) - 3’ (?) + D1, (%) + D, K, (%)} cos(0)
(63)

where 1,,(r) and K,,(r) are the modified Bessel functions of the 1% and 2™ kind of order m, and,

21+ ) 3] [+ 2+ 0 3]0

D, = L(BK,(B) — I,(B)K,(Bn) (64)
po L2t Ere)-3r] e -1+ 2 (# +o-]1e)
= —

LBK(B) — L(B)K 1 (Bn)
Enforcing the third and fourth orthogonality conditions in Eq. (3) (and in passing satisfying the

first and second conditions), the parameter w from the warping function is obtained:

=W, (65)

w

where,

Wi = 120[8 1+ 7) = 8] + B{WaL(BKA(B) + Wala(B)K1 (B
+ LB WaKa(B) = WsKi(B)] + 1B WsKa(Bn) + WsKi(6ip)||
(66)
W, = 38280 + B{BLBK: (1) + L EIBGT — DKA(B) - 4K2(6)]

— AL EDKB) + Bl K @]

and,

Ws = 6n°[8 + B(n” - 3)|
Wy = 6(8 + 8% — 36°1°) (67)

Ws = 07" = D[12(1 + °) + B*(1 = 87" +1*)]
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520 Using Eq. (29) for the effective warping rigidity, and Eq. (30) for the areas B and C, these

521 properties are calculated as:

—  1087GS?b* ((1+2w 8 2
E = o5 =7 {( . E) |D1(B) - D2KA(B)| - E[Dlh(ﬁ) + D2K(B)]
+ 2w 8 2
- (% o ) [D11280) = DoKp)] + - [Dafign) + D:K ) (68)
3n? -7 4
- 7{D1[10<ﬁ> - 1o(Bn)] = Do Ko®) — KolB)] | + — = 9" logl)
—_nd 2
(%+2w)[1 1 +3(" =)+ (1 - )[ (—+a)) 3;7 ]}
522 3
= 7”192(1 — )1+ 17 +2w) (69)
523 9
C= 9—gb2(1 —12)[3 + 37" + 8w(1 + w) + 2779 + 4w)| (70)
524 The pressure due to an axial displacement A, p,, and the effective axial rigidity EA have been

525 presented by Kelly and Konstantinidis (2011) and are given by:

48GS? (A B Br
PN = s ( )[1 Dilo(5) + Dak ()| (71)
_ 487GSWP 2D 2D,
EA= Gl {1—n 3 —=|1(8) - nhBn)| - 5 —|Ki(8) - nKl(ﬁn)]} (72)
527 where,
_ Ko(Bn) — Ko(B) Ds = — 1o(Bn) — 1o(B) 73)
7 L(BnKoB) — lBKo(Bn) LT L(BDKB) — lBYKo(B)
528 Then, the effective warping areas fz and fc [Eq. (31)] correspond to:
i B[l () ki) o
=
T {1 =2+ Z2[10B) - nh(Bn)] - K (B) = nKi (B} /(1 = 1)
Lo nj[9(g 16w(g) + (8w + 617) + 9’ (L )][1+1)310( ')+ DuKo (5)| rdr s
ST 2D,

49 {1 =17 + 22 [1B) ~ nhi(Bn)] — 23 [Ki(B) ~ nKy (B} /(1 = 1)
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The solution to the integral in Eq. (74), albeit available, is impractical due to its complexity, while
the integral in Eq. (75) does not have a closed-form solution. Nevertheless, both integrals can be
solved by numerical integration along the radial direction.

Lastly, the effective bending rigidity for annular bearings is provided for completeness. It

corresponds to (Kelly and Konstantinidis 2011):

21,4 2
= _ 481GS? {1 7, Ds

Ds
TRA-n*| 4 B -7l

| - 7 LBn)) 3 Kz(ﬁ>—n21<z<ﬂn>]} (76)

where,
__ KiBn-nKp) _ L@ -nh®
L(BNK(B) — L(B)K,(Bn) °T  LBDKB) - LB)K (Bn)

5 (77)

This provides all the effective properties required to use Egs. (6) or (9) for annular FREIs.

APPENDIX Il. EXAMPLE CALCULATIONS FOR VERIFICATION

In Table 2, results are presented for each of the effective rigidities and warping-related areas to
allow users to verify the proper implementation of the equations; results for the buckling loads are
also presented. Three-cases are analyzed: a rectangular bearing with cross-sectional dimensions of
450 mm X 650 mm, a circular bearing with diameter 600 mm, and an annular bearing with outer
diameter 600 mm and inner diameter 120 mm. All the cases consist of 33 rubber layers with a
thickness 7, = 6 mm, interspersed by 32 fiber reinforcement layers with a thickness 74 of 0.5 mm.
It is assumed that the rubber has a shear modulus G = 0.4 MPa and a bulk modulus K = 2000

MPa. The buckling loads presented account for the amplification due to the A/t, ratio.

DATA AVAILABILITY STATEMENT
All data, models, and code generated that support the findings of this study are available from the

corresponding author upon reasonable request.
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Table 1. Parameters used for buckling analysis

Parameter

Value

S
¥
Je
b

10.0, 12.5, 15.0, 17.5, 20.0
2.0,25,3.0,3.5,4.0
0.5,1.0,2.0

0.0,0.1,0.2

4 Only applicable for isolators with rectangular cross section
b Only applicable for isolators with circular or annular cross section

Table 2. Effective rigidities, warping properties and buckling loads for three example isolators

Parameter Rectangular isolator ~ Circular isolator ~Annular isolator
b (mm) 225 300 300
Jol 0.69 - -
n - 0.00 0.20
A (mm?) 292,500 282,743 271,434
h (mm) 214 214 214
t, (mm) 6 6 6
t- (mm) 198 198 198
ty (mm) 0.5 0.5 0.5
S 22.2 25 20
B 1.84 245 2.45
EA (kN) 202,951 214,863 128,766
EI (kN-m?) 1,381 2,327 2,148
w -0.221 -0.256 -0.116
EJ (kN-m?) 5.21 8.67 55.29
B (mm?) 68,023 59,239 61,523
C (mm?) 56,444 38,378 52,872
fz (mm?) 25,090 23,067 42,301
fc (mm?) 3,885 18,569 34,949
P [Eq. (6)] (kN) 3,553 4,916 2,749
P, [Eq. 9)] (kN) 3,713 4,876 2,770
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Figure 1. Generalized displacements of the beam
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Figure 2. Warping functions for K/G = 5000 for (a) square cross section, (b) circular cross section,
and (c¢) annular cross section with = 0.20
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Figure 4. Numerical solution of w for rectangular cross section
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Figure 5. Ratio of P, from Eq. (9) to P, from Eq. (6) for rectangular isolators
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Figure 6. Ratio of P., from Eq. (9) to P, from Eq. (6) for circular (n = 0) and annular (n > 0)
isolators
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