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ABSTRACT OF THE DISSERTATION

Stochastic Optimization Methods for Modern Machine Learning Problems

by

Yuejiao Sun
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021

Professor Wotao Yin, Chair

Optimization has been the workhorse of solving machine learning problems. The present
dissertation will focus on two fundamental classes of machine learning problems: 1) stochastic
nested problems, where one subproblem builds upon the solution of others; and, 2) stochastic

distributed problems, where the subproblems are coupled through sharing the variables.

One key difficulty of solving stochastic nested problems is that the hierarchically coupled
structure makes the computation of (stochastic) gradients, the basic element in first-order
optimization machinery, prohibitively expensive or even impossible. We will develop the first
stochastic optimization method, which runs in a single-loop manner and achieves the same

sample complexity as the stochastic gradient descent method for non-nested problems.

One key difficulty of solving stochastic distributed problems is the resource intensity,
especially when algorithms are running at resource-limited devices. In this context, we will
introduce a class of communication-adaptive stochastic gradient descent (SGD) methods,
which adaptively reuse the stale gradients, thus saving communication. We will show that the
new algorithms have convergence rates comparable to original SGD and Adam algorithms, but

enjoy impressive empirical performance in terms of total communication round reduction.
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CHAPTER 1

Introduction

Optimization has been the workhorse of solving machine learning problems. However, the
efficiency of these methods remains far from satisfaction to meet the ever-growing demand
that arises in modern machine learning applications. In these applications, the models are
nonconvex and nonsmooth, tasks are coupled or nested, the data are distributed among
agents, which make the theoretically optimal methods often practically inefficient, or even
lose their desired analytical guarantees. A timely opportunity thus emerges to transform
the ordinary optimization framework into a contemporary one tailored for modern machine

learning. My dissertation contributes to this transformative research area.

In this context, the present dissertation will mainly focus on developing new stochastic
optimization algorithms to tackle two fundamental structures of optimization problems: C1)
stochastic nested optimization problems, where one subproblem builds upon the solution
of others; and C2) stochastic distributed optimization problems, where the subproblems
are coupled through sharing the common variables. These two problem structures capture

various machine learning problems.

1.1 Stochastic nested optimization

In the first part of the thesis, which contains Chapters 2 and 3, the goal is to develop sample-
efficient stochastic optimization methods amenable to solve stochastic nested problems in C1.

This part is based on the publications [11} [12]. The stochastic nested problems considered in



this thesis can be summarized as

min F(0) = E[1(0,y"(0):¢ (L)
s.t. y*(0) = argminEy[g(0, y; ¢)]
yeRd’

where f and ¢ are differentiable functions; and, £ and ¢ are random variables. The above
problem is often referred to as the stochastic bilevel problem, where the upper-level optimiza-
tion problem depends on the solution of the lower-level optimization over y € R?, denoted as

y*(0), which depends on the value of upper-level variable § € R?.

Stochastic bilevel optimization generalizes the classic stochastic optimization from the
minimization of a single objective to the minimization of an objective function that depends
the solution of another optimization problem. Examples of stochastic nested problems include
model-agnostic meta learning (MAML), where the goal is to find a model that not only
achieves a good average performance on the training set, but also can quickly adapt to a
new data set in the testing stage [26]. Likewise, stochastic nested problems also emerge
in reinforcement learning (RL), where finding the optimal policy requires to estimate the
quality of a given policy, but such a quality estimate can only be obtained by solving a
policy evaluation subproblem [56]. One key difficulty of solving this class of problems is that
the nested structure makes the computation of (stochastic) gradients, the basic element in

first-order optimization machinery, prohibitively expensive or even impossible.

To get some insights, we will first tackle a special case of ([1.1). When the lower-level
problem is y*(#) = arg min, cpa Ey[[ly — g(6; ¢)||?], the bilevel problem (L.1]) reduces to the

stochastic single-level yet compositional optimization, given by

min F(6) = Ec[f (0, E,lg(6; 0)]: €] (1.2)

0cR4

Stochastic compositional optimization generalizes classic (non-compositional) stochastic
optimization to the minimization of compositions of functions. Each composition may

introduce an additional expectation. Chpater 2 presents a Stochastically Corrected Stochastic

2



Compositional gradient method (SCSC). SCSC runs in a single-time scale with a single loop,
uses a fixed batch size, and guarantees to converge to an e-stationary point using O(e=2)
samples in total, which is the same as the stochastic gradient descent (SGD) method for
non-compositional stochastic optimization. It is easy to apply SGD-improvement techniques
to accelerate SCSC. This helps SCSC achieve state-of-the-art performance for stochastic
compositional optimization. In particular, we apply Adam to SCSC, and the exhibited rate of

convergence matches that of the original Adam on non-compositional stochastic optimization.

To tackle the general stochastic bilevel problem , existing methods require either
double-loop or two-timescale updates, which are sometimes less efficient. In Chapter 3, we
develop a new optimization method for a class of stochastic bilevel problems that we term
Single-Timescale stochAstic BiLevEl optimization (STABLE) method. STABLE runs in a
single loop fashion, and uses a single-timescale update with a fixed batch size. To achieve an
e-stationary point of the bilevel problem, STABLE requires O(¢~2) samples in total; and to
achieve an e-optimal solution in the strongly convex case, STABLE requires O(e!) samples.
To the best of our knowledge, this is the first bilevel optimization algorithm achieving the
same order of sample complexity as the stochastic gradient descent method for the single-level

stochastic optimization.

1.2 Stochastic distributed optimization

In the second part of the thesis, which contains Chapters 4 and 5, the aim was to de-
velop communication-efficient distributed stochastic optimization methods amenable to solve
stochastic distributed problems in C2. This part is base on the publications [I0, 9]. The
key take-home message there is that by exploiting the informativeness of message, our new
distributed stochastic optimization methods can achieve the same convergence rate but save

significantly communication overhead.



The stochastic distributed problems considered in this thesis can be summarized as
. 1 .
min - L(0) = — > Ln(0) with L,(0) :=Ee, [((6;&n)], m € M (1.3)
9cRrd M
meM

where M = {1,2..., M} is the collection of multiple computing nodes, and &,, is the (random)
local data on node m. Examples of stochastic distributed problems in C2 include distributed
learning or recently federated learning [72]. In this case, the data as well as the parameters
are kept on local nodes (e.g., mobile devices), and only the changes of model parameters will
be communicated between computing nodes. There one of the main challenges is the resource
intensity, because machine learning tasks are running at wirelessly connected devices which
are often resource-constrained. Very often, resource scarcity, amplified by data and system

heterogeneity, will become the obstacle of further improving machine learning performance.

Chapter 4 develops algorithms for solving distributed learning problems in a communication-
efficient fashion, by generalizing the recent method of lazily aggregated gradient (LAG) to
deal with stochastic gradient — justifying the name of the new method LASG. While LAG
is effective at reducing communication without sacrificing the rate of convergence, we show it
only works with deterministic gradients. We introduce new rules and analysis for LASG that
are tailored for SGD, so it effectively saves downloads, uploads, or both for distributed SGD.
LASG achieves impressive empirical performance — it typically saves total communication

by an order of magnitude.

In practice, SGD is often used with its adaptive variants such as AdaGrad, Adam, and
AMSGrad. Chapter 5 proposes an adaptive SGD method for distributed machine learning,
which can be viewed as the communication-adaptive counterpart of the celebrated Adam
method — justifying its name CADA. The key components of CADA are a set of new rules
tailored for adaptive SGD that can be implemented to save communication upload. The
new algorithms adaptively reuse the stale Adam gradients, thus saving communication, and
still have convergence rates comparable to original Adam. In numerical experiments, CADA

achieves impressive empirical performance in terms of total communication round reduction.



CHAPTER 2

Single-loop Algorithms for Stochastic Compositional

Optimization

2.1 Introduction

In this chapter, we consider stochastic compositional optimization problems of the form

min - F(0) := fn (fy-a(--- f1(0)---))  with f,(0) := Ee, [fn(0; )] (2.1)

HcRd

where 0 € R? is the optimization variable, f, : R — R+t n =12 ... N (with dyy =1
and d; = d) are smooth but possibly nonconvex functions, and &, ..., &y are independent
random variables. The formulation covers a broader range of applications than the
classical non-compositional stochastic optimization and the empirical risk minimization
problem in machine learning, e.g., [7]. In the non-compositional cases, the problem is to solve
mingegra Ee [f(6;€)], which can be formulated under when f;(6) is a scalar function and

fa, -+, fn are the scalar identity maps, e.g., dyy1 =dy =--- =dy =1 and d; = d.

Problem (2.1)) naturally arises in a number of other areas. In reinforcement learning,
finding the value function of a given policy (often referred to as policy evaluation) can be
casted as a compositional optimization problem; see e.g., [16, 117]. In financial engineering,
the risk-averse portfolio optimization can be also formulated in similar form [101]. A recent
application of is the model-agnostic meta learning (MAML), which is under a broader
concept of few-shot meta learning; see e.g., [26]. It is a powerful tool for learning a new task

by using the prior experience from related tasks. Consider a set of empirically observed tasks



collected in M :={1,..., M} drawn from a certain task distribution. By a slight abuse of
notation, each task m has its local data &, from a certain distribution, which defines its loss
function as F,,(0) := E¢,, [f(0;&n)], m € M, where 6 € R? is the parameter of a prediction
model (e.g., weights in a neural network), and f(6;¢&,) is the individual loss with respect to
each datum. In MAML, the goal is to find a common initialization that can adapt to a desired
model for a set of new tasks after taking several gradient descent steps. Specifically, we find

such initialization by solving the following empirical version of one-step MAML problem

i Fy (0 — aVE,(6)) (2.2)

m=1

with  F,,(0) .= Eg, [f(6:&,)]

1
in F(0) .= —
min F(0) == 17

where « is the stepsize, and V F}, is the gradient of the loss function at task m. The problem
(2.2)) is called the one-step adaptation since the loss of each task is evaluated at the model
0 — aV F,,(0) that is updated by taking one gradient descent of the each task’s loss function.
It is not hard to verify that can be formulated as the special case of with N = 2.

Despite its generality and importance, stochastic compositional optimization in the form
of is not fully explored, especially compared with the major efforts that have been taken
for its non-compositional counterpart during the last decade. Averaging, acceleration, and
variance reduction are all powerful techniques designed for the non-compositional stochastic
optimization. A natural question is Can we develop a simple yet efficient counterpart of SGD
for stochastic compositional optimization? By simplicity, we mean the new algorithm has
easy-to-implement update without double loop, accuracy-dependent stepsizes, nor increasing
batch sizes, and can be easily augmented with existing techniques for improving SGD. By
efficiency, we mean the new algorithm can achieve the same convergence rate or the gradient
query complexity as SGD for stochastic non-compositional problems. This chapter aims to

provide an affirmative answer for this question.



2.1.1 Prior art

We review prior contributions that we group in the following categories.

Stochastic compositional optimization. Non-asymptotic analysis of stochastic compo-
sitional optimization is pioneered by [117], where a new approach called SCGD uses two
sequences of stepsizes in different time scales: a slower one for updating variable €, and a
faster one for tracking the value of inner function(s). An accelerated variant of SCGD with
improved convergence rate has been developed in [I18]. In concurrent with our work, an
adaptive and accelerated SCGD has been studied in [ITI], but the updates of [118, [111]
are different from ours, and thus their convergence rates are still slower than ours and that
of SGD for the non-compositional case. While most of existing algorithms for stochastic
compositional problems rely on two-timescale stepsizes, the single timescale approach has
been recently developed for the two-level compositional problems in [32], which has been
recently extended to the multi-level compositional problems in [94]. Our improvements over
[32, 94] are: i) a different and simpler algorithm that tracks only two sequences instead of
three; ii) a neat ODE analysis backing up our algorithm development, which may stimulate
future development; and, more importantly, iii) the simplicity of both our algorithm makes it
easy to adopt the Adam update. In addition, no convergence rate has been established in

[94] neither in terms of the gradient norm nor the function values.

Starting from [62], much attention has been paid to a special class of the stochastic
compositional problem (2.1) with the finite-sum structure. Building upon variance-reduction
techniques for non-compositional problems [46}, (I8, 81 25], variance-reduced SCGD methods
have been developed in this setting under the convex [62} (5, 21], 65], and nonconvex assumptions
[39]. Recent advances also include stochastic compositional optimization with a nonsmooth
regularizer [40] 130} [I31]. Other variants using ADMM and accelerated variance reduction
methods for finite-sum compositional problems have been studied in [127, 124]. These

variance reduction-based methods have impressive performance in the finite-sum compositional



problems. While they can be applied to the stochastic compositional problems (2.1]), they
require an increasing batch size and run in a double-loop manner, which is not preferable in

practice.

Optimization for model-agnostic meta learning. On the other end of the spectrum,
MAML is a popular framework that learns a good initialization from past experiences for
fast adaptation to new tasks [26, 27]. MAML has been applied to various domains including
reinforcement learning [67], recommender systems, and communication [I02]. Due to the
specific formulation, solving MAML requires information on the stochastic Hessian matrix,
which can be costly in practice. Some recent efforts have been made towards developing
Hessian-free methods for MAML; see also e.g., [82], 23, 54, 103], 24], O0, 134]. While most of
existing works aim to find the initialization for the one-step gradient adaptation, the general
multi-step MAML has also been recently studied in [43] with improved empirical performance.
However, these methods do not fully embrace the compositional structure of MAML, and
thus either lead to suboptimal sample complexity or only obtain inexact convergence for
. While this chapter does not deal with Hessian-free update, our algorithms can friendly

incorporate these advanced techniques motivated by application-specific challenges as well.

2.1.2 Our contributions

In this context, the present paper puts forward a new stochastic compositional gradient frame-
work that introduces a stochastic correction to the original stochastic compositional gradient
method [117], which justifies its name Stochastically Corrected Stochastic Compositional gra-
dient (SCSC). Compared to the existing stochastic optimization schemes, our contributions

can be summarized as follows.

c1) We develop a stochastic gradient method termed SCSC for stochastic compositional
optimization by using stochastically corrected compositional gradients. SCSC is simple to
use as its alternatives, yet it achieves the same order of convergence rate O(k’%) as SGD for

non-compositional problems;



c2) We generalize our SCSC algorithm to solve the multi-level stochastic compositional
problems, and develop its adaptive gradient schemes based on the Adam-type update, both of
which achieve the same order of convergence rate as their counterparts for non-compositional
problems; and,

c3) We empirically verify the effectiveness of our SCSC-based algorithms in the portfolio
management and MAML tasks using standard datasets. Comparing with the existing

algorithms, our new algorithms converge faster and require a fixed batch size.

2.2 A New Method for Stochastic Compositional Optimization

2.2.1 Warm up: Two-level compositional problems

For the notational brevity, we first consider a special case of (2.1]) - the two-level stochastic

compositional problem

min f(g(0)) = Ee [f (Es[g(6; 0)]; )] (2.3)

feRd
where ¢ and ¢ are independent random variables. Connecting the notations of with
those in (2.1), they are fo(-5&) == f(-:€) and f1(6:&) == g(6; 6).
Before introducing our approach, we first highlight the inherent challenge of applying the

standard SGD method to (2.1)).

When the distributions of ¢ and £ are unknown, the stochastic approximation [93] leads

to the following stochastic update
O+t = 0% — aVg(0"; ")V f(Eglg(0"; 0)]: €") (2.4)

where ¢ and ¢ are samples drawn at iteration k. Notice that obtaining the unbiased
stochastic gradient Vg(6%; ")V f(E4[g(6%; ¢)]; €¥) is still costly since the gradient Vf is
evaluated at E4[g(0%; ¢)]. Except that the gradient Vf is linear, the expectation in (2.4)



Algorithm 1 SCSC for two-level problem
1: initialize: 0°, y°, stepsizes v, Bo

2: fork=1,2,..., K do

3: randomly select datum ¢*
4: compute g(0%; o) and Vg (6; ¢*)
5. update variable y**! via or (2.7d)

6: randomly select datum &*
7: compute V f(yF*1; &F)

8: update variable %1 via (2.7a)
9: end for

cannot be omitted, because the stochastic gradient Vg(6%; ¢F)V f(g(6%; ¢*); £F) is biased, i.e.,
Egr e [V9 (0" 6")V f(9(0%:6"):€")] # Ege [V9(05: 0)V f(Bolg(0%:9)1: )] . (2.5)

Therefore, the machinery of stochastic gradient descent cannot be directly applied here.

To overcome this difficulty, a popular SCGD has been developed in [I17] for solving the

two-level stochastic compositional problem ([2.3]), which is given by

Y = (1= B)y" + Brg(6F; ¢") (2.6a)

O+ = 08 — V(6% )V f (5 €F) (2.6b)

where «j, and ), are two sequences of decreasing stepsizes. The above recursion involves
two iterates, y* and 6%, whose updates are coupled with each other. To ensure convergence,
SCGD requires y* to be updated in a timescale asymptotically faster than that of 6% so that
0% is relatively static with respect to y*; i.e., kll_{rolo ar/Pr = 0. This prevents SCGD from
choosing the same stepsize as SGD for the non-compositional stochastic problems, and also
results in its suboptimal convergence rate. In , the iterate y**! linearly combines y* and
g(0%; @), where y* is updated by the outdated iterate #*~1. We notice that this is the main

reason of using a smaller stepsize a4 in the proof of [117].
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With more insights given in Section [2.2.2] our new method that we term stochastically
corrected stochastic compositional gradient (SCSC) addresses this issue by linearly combining
a “corrected” version of y* and g(0*; ¢*). Roughly speaking, if y* ~ g(0*~!), we gauge that
g(0F) =~ g(0*1) + Vg(6%; ¢*) (6% — 0*~1). Therefore, we propose the following new update

0" = 0" — apVg(0"; ")V (v €Y) (2.7a)

Y= (1= Bi) (4 + Vg(8": ") (0" — 0°71)) + Brg(6"; 6"). (2.7b)

We can also approximate Vg(6%; ¢*)(0* — 6*~1) by the first-order Taylor expansion, that is
Y= (1= B) (v + g(6%; 6%) — g(6"5 6")) + Brg (6% 6"). (2.7¢)

Different from ([2.6]), we use two sequences of stepsizes «a;, and [y in that decrease at
the same rate as SGD. As we will show later, under a slightly different assumption, both
and can guarantee that the new approach achieves the same convergence rate
O(k’%) as SGD for the non-compositional stochastic optimization problems. Per iteration,
(2.7h]) requires the same number of function and gradient evaluations as SCGD, and

requires one more evaluation at the old iterate %71,

2.2.2 Algorithm development motivated by ODE analysis.

We provide some intuition of our design via an ODE-based construction for the corresponding

deterministic continuous-time system. To achieve so, we make the following assumptions

117, 62, 131].

Assumption 1. Functions f and g are L¢- and L,-smooth, that is, for any 0,0 € R?, we
have |V f(0;6) = V(0N < Lgll0 = 6", [[Vg(0;0) — Vg(0;0)|| < Lg||6 — &'
Assumption 2. The stochastic gradients of f and g are bounded in expectation, that is

E[[[Vg(6; )] < C5 and B[V f(y; IIP] < CF.

Assumptions 1 and 2 require both the function values and the gradients to be Lipschitz

continuous. As a result, the compositional function F(0) = f(g(6)) is also smooth with

11



L:=C;Ly+ CyL, [131].

Let t be time in this subsection. Consider the following ODE

0(t) = —avg(8(t))V f(y(t)) (2.8)

where the constant o > 0. If we set y(t) = ¢(0(t)), then this system describes a gradi-

ent flow that monotonically decreases f(g(6(¢))). In this case, we have £ f (g(6(t))) =

(Vg(0))V f(g((t))),0(t)) = —L||8(t)||2. However, if we can evaluate gradient V f only at

T«

y(t) # g(0(t)), it introduces inexactness and thus f (g(0(t))) may lose monotonicity, namely

% f(g(6(0)) < —é||9(t)||2 + (Vg (0£) (VF(9(0(1) = Vf(y(1))).0(1))
<100 + IV IV Fa(O(0) — V) 18]
< Lo + 2000 - o2 (29)

where (a) follows from (2.8), (b) uses the Cauchy-Schwarz inequality, (c) is due to Assumptions
1 and 2 as well as the Young’s inequality. In general, the RHS of is not necessarily
negative. Therefore, it motivates an energy function with both f(g(6(t))) and [|g(6(t)) —y(t)||?,
given by

V(t) = f(g(0(1))) + lg(0(t)) — y(®)]I*. (2.10)

We wish V() would monotonically decrease. By substituting the bound in (2.9)), we have

D) < o002 + 2L (o) — w(O +2 {u(0) - a(6(0)).5(6) ~ Va(B(2)d(0))

= 18I - (28 - S0 g(0(0) — (o)
+2(y(0) — g(6(0).5(0) + () -9(6(2)) ~ Va(B(E)(0)) (211

where § > 0 is a fixed constant. The first two terms in the RHS of are non-positive
given that > 0 and > anLfc /4, but the last term can be either positive or negative.
Following the maximum descent principle of V(t), we are motivated to use the following
dynamics

§(t) = =B (y(t) — 9(6(t))) + Vg(8()8(t) = V(1) <0. (2.12)

12



Directly implementing (2.12)) in the discrete time is intractable. Instead, we approximate the

continuous-time update by either the backward difference or the Taylor expansion, given by

Vg(8(1)(t) = 7V g(6*) (ek - ek—l) (2.13a)

or =~y (9(6") — 9(6 ) (2.13D)

where £ is the discrete iteration index, and 7, > 0 is the weight controlling the approximation.

With the insights gained from (2.8) and ([2.12)), our stochastic update (2.7)) essentially

discretizes time ¢ into iteration k, and replaces the exact function g(6(¢)) and the gradients
Vg(0(t)), Vf(y(t)) by their stochastic values. The choice v, := 1 — f in (2.13)) will simplify

some constants in the proof.

Connection to existing approaches. Using this interpretation, the dynamics of y(¢) in
SCGD [117] is

y(t) = =B (y(t) — g(6(2))) (2.14)
which will leave an additional non-negative term (y(t) — g(6(t)), =Vg(0(t))8(t)) < Cylly(t) —
g(OE)]10(®)] in ([2.11). To ensure the convergence of V(t), a much smaller stepsize « is

needed.

Using the ODE interpretation, the dynamics of y(¢) in the recent wvariance-reduced

compositional gradient approaches, e.g., [62), 39, [130, [I31] can be written as

§(t) = Vg(6(1))6(t) (2.15)

which leaves the non-negative term ||g(0(t)) — y(¢)||*> uncancelled in ([2.11]). Therefore, to
ensure convergence of V(t), the variance-reduced compositional approaches must calculate

the full gradient V f(g(0(t))) periodically to erase the error accumulated by ||g(6(t)) — y(t)|*.

13



2.3 Adam-type and Multi-level Variants

In this section, we introduce two variants of our new stochastic compositional gradient

method: adaptive stochastic gradient and multi-level compositional gradient schemes.

2.3.1 Adam-type adaptive gradient approach

When the sought parameter 6 represents the weight of a neural network, in the non-
compositional stochastic problems, finding a good parameter # will be much more efficient
if adaptive SGD approaches are used such as AdaGrad [22] and Adam [55]. We first show
that our SCSC method can readily incorporate Adam update for 8, and establish that it
achieves the same convergence rate as the original Adam approach for the non-compositional

stochastic problems [97, [13].

Following the Adam and its modified approach AMSGrad in [55, 97, [13], the Adam SCSC
approach uses two sequences h¥ and v* to track the exponentially weighted gradient of 6*
and its second moment estimates, and uses v* to inversely weight the gradient estimate h*.

The update can be written as

R = kP (1 — ) VF (2.16a)
VM = etk 4 (1 — 1) (VF)? (2.16b)
hk+1

oF+l = gF — o (2.16¢)

yk+1 via or
where the gradient is defined as V* := Vg(0%; ¢F)V f(y*; £%); 0! := max{v**? §*} ensures
the monotonicity of the scaling factor in ; the constant vector is € > 0; and 7; and
19 are two exponential weighting parameters. The vector division and square in are
defined element-wisely.
The key difference of the Adam-SCSC relative to the original Adam is that the stochastic
gradient V¥ used in the updates and is not an unbiased estimate of the
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true one VF(6%). Furthermore, the gradient bias incurred by the Adam update intricately
depends on the multi-level compositional gradient estimator, the analysis of which is not only

challenging but also of its independent interest.

2.3.2 Multi-level compositional problems

Aiming to solve practical problems with more general stochastic compositional structures,
we extend our SCSC method in Section for to the multi-level problem ({2.1).
As an example, the multi-step MAML problem [43] can be formulated as the multi-level
compositional problem ([2.1)). In this case, a globally shared initial model @ for the N-step

adaptation can be found by solving

M
| 1 v

min £(6) = o m§:1 F, (%(9)) (2.17)
with 671 =" — aVE, (") recursively

where 6N (0) is obtained after N step gradient descent on task m and initialized with %, = 6.

Different from SCSC for the two-level compositional problem ({2.3]), the multi-level SCSC
(multi-SCSC) requires to track N — 1 functions fi,- -, fx_1 using y1,- -+ ,yn—_1. Following
the tracking update of SCSC, the multi-SCSC update is

uitt = (L= Byt + Befa(0%€0) + (1= Bo) (0% €0) = Li(6° 1)) (2.182)

y]]i[tl]_ = (1 - Bk)yqu + 5ka—1(y]]irt12; 1’%_1)

+ (1 - 5k>(fN—1(y§€v+—l2§ fz’i/fﬁ - fN—l(y?vf% 51%/4)) (2.18Db)
O = 0" — V105 68) - Vv (yn SN )V N €8). (2.18¢)

Note that both (2.7b]) and (2.7c|) can be used in multi-SCSC ([2.18)), though above we choose
(2.7¢). Multi-SCSC can also incorporate Adam-type update. Analyzing multi-SCSC is more

challenging that SCSC, since the tracking variables are statistically dependent on each other.
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Algorithm 2 Adam SCSC method
1: initialize: 6°, 4%, v°, K%, 01, 0, o, Bo

2: fork=1,2,..., K do

3: randomly select datum ¢*
4: compute g(0%; o) and Vg(6*; ¢*)
5. update variable y**! via or (2.7d)

6: randomly select datum &*

7: compute V f(yF*1; &F)

8: update AFFL VFFL G+ vig
9: end for

Specifically, conditioned on the randomness up to iteration k, the variable y*! depends on
y" 1 and thus also on ¢t -~ #. Albeit its complex compositional form, as we will shown
later, multi-SCSC also achieves the same rate of convergence as SGD for non-compositional

stochastic optimization.

2.4 Convergence Analysis of SCSC

In this section, we establish the convergence of all SCSC algorithms. For our analysis, in

addition to Assumptions 1 and 2, we make the following assumptions.

Assumption 3. Random sampling oracle satisfies that E [g(0; ¢*)] = g(0), and E[Vg(6; ¢¥)

Vf(y:€5)] = Va(0)V f(y).

Assumption 4. Function g(0; ¢*) has bounded variance, i.e., E [||g(0; ¢*) — g(0)]*] < V2.
Assumptions 3 and 4 are standard in stochastic compositional optimization; e.g., [117,

118, 62], 131], and are analogous to the unbiasedness and bounded variance assumptions for

non-compositional problems.
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2.4.1 Convergence in the two-level case

With insights gained from the continuous-time Lyapunov function ([2.10f), our analysis in this

subsection critically builds on the following discrete-time Lyapunov function:
Vh = F(0F) — F(0%) + [|g(0*~") — y*|I? (2.19)

where 6* is the optimal solution of the problem (2.3]).

Lemma 1 (Tracking variance of SCSC) Consider F* as the collection of random vari-
ables, i.e., F* = {¢° ... "1 €% ... &1}, Suppose Assumptions 1-4 hold, and y**' is
generated by running SCSC iteration (2.7a) and ([2.7d) conditioned F*. The mean square

k+1

error of y* T satisfies

E[llg(0%) = g™ | F*] < (1= Be)[lg(0* ) — "> + 4(1 = B)*CH (16" — 0" H|1° + 267V,
(2.20)

Intuitively, since [|§* — 0*~1(|2 = O(aj_,), Lemma [1| implies that if the stepsizes a; and 37
are decreasing, the mean square error of 3**! will decrease. Note that Lemma [I| presents the
performance of y**! using the update . If we use the update instead, the bound
in will have an additional term (1 — 3;)?||0% — 6%~L||*. Under a stronger version of
Assumption 2 (e.g., fourth moments), the remaining analysis still follows; see the derivations

in supplementary material.

Building upon Lemma [l we establish the following theorem.

Theorem 1 (two-level SCSC) Under Assumptions 1-4, if we choose the stepsizes as ay =

% =a= \/LE’ the iterates {0*} of SCSC in Algom'thm satisfy
aL¥

w0 BIIVE@EYI?) _2v° +28,
K STUR

where the constant is defined as By := £C2C% 44V} +16C,C3.

(2.21)
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Theorem |1| implies that the convergence rate of SCSC is O(k~2), which is on the same
order of SGD’s convergence rate for the stochastic non-compositional nonconvex problems [29],
and significantly improves O(k~4) of the original SCGD [I17] and O(k~s) of its accelerated
version [I18]. Comparing with [32, 94] that achieves the same rate of O(k~2) for the two-level
problem, our algorithm is simpler which makes it possible to adopt the Adam update. In
addition, this rate is not directly comparable to those under variance-reduced compositional
methods, e.g., [62, B9 130, 131] since SCSC does not need the increasing batchsize nor

double-loop.

2.4.2 Convergence of Adam-SCSC

The convergence analysis for Adam SCSC builds on the following Lyapunov function:

VE=F(0*) — F(6*) — ! k+lo¢-<VF 6+1), >+c g(0F 1) — ¥ 2.22
()= FE) = Yy (VPO g )+l =" 22

where c is a constant depends on 7;,7, and €. Clearly, the Lyapunov function is a
generalization of for SCSC, which takes into account the adaptive gradient update
by subtracting the inner product between the full gradient and the Adam SCSC update.
Intuitively, if the adaptive stochastic gradient direction is aligned with the gradient direction,

this term will also become small.

To establish the convergence of Adam SCSC, we need a slightly stronger version of

Assumption 2, which is standard in analyzing the convergence of Adam [55] 97, [13].

Assumption 5. Stochastic gradients are bounded almost surely, ||V g(6; ¢)|| < Cy, |V f(y; &) <
Cy. Analogous to Theorem [T, we establish the convergence of Adam SCSC under nonconvex

settings.

Theorem 2 (Adam SCSC) Under Assumptions 1 and 3-5, if we choose the parameters

m < /M2 < 1, and the stepsizes as o = 23, = \/LE’ the iterates {0%} of Adam SCSC in

18



Algorithm [9 satisfy
K—-1 1

1 2(e + C2C3)2

- E[||[VF (082 < ———9 7~

K; IV E@)[I] =)

VO + (4C2%77 + V2)e + 2diL | CoCrdiy (1+ (1 —m)")C2C2de 3
VK K K

where d is the dimension of 6, and the constant is defined as 7 := (1 —n;) (1 —n2) (1 —

(2.23)

7 /m2) "

Theorem [2| implies that the convergence rate of Adam SCSC is also O(k:_%). This rate is
again on the same order of Adam’s convergence rate for the stochastic non-compositional
nonconvex problems [I3], and significantly faster than (’)(k_%) of the existing adaptive
compositional SGD method [ITI]. As a by-product, the newly designed Lyapunov function
also significantly streamlines the original analysis of Adam under nonconvex settings

[13], which is of its independent interest.

2.4.3 Convergence of multi-SCSC

In this section, we establish the convergence results of the multi-level SCSC, and present the

corresponding analysis.

The subsequent analysis for the multi-level problem builds on the following Lyapunov

function:
N—-1 ,
VE=F(0") = F(07) + > [lvh — fulyi)|| (2.24)
n=1
where 6* is the optimal solution of the problem (2.1J).
To this end, we need a generalized version of Assumptions 1-4 for the multi-level setting.

Assumption m1l. Functions {f,} are L,-smooth, that is, for any 0,0 € R, ||V £.(0;€,) —

Assumption m2. The stochastic gradients of {f,} are bounded in expectation, that is

B[V .(0; £0)]%) < C2.
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Assumption m3. Random sampling oracle satisfies that E [ f,(6;¢5)] = fu(6), Vn, and
E [Vf1(93 ff) T VfN(nyU 51]%)] = Vfl(‘g) T VfN(nyl)'
Assumption m4. For all n, f,(0;&,) has bounded variance, i.e., B[|| f.(0;&,) — fu(0)]%] <
V2,

Building upon these assumptions, we establish the convergence of multi-SCSC under

nonconvex settings.

Theorem 3 (multi-level SCSC) Under Assumptions m1-m4, if we choose the stepsizes
as o = =2 = \/—%, the iterates {0%} of the multi-level SCSC iteration (2.18)) satisfy

N—-1
Zn:1 A?L

o EIIVE@")[*) _ 2V° +2(Bs + Bo(3, A2)°/4)
K - VK '

where By, By, A1, ..., Ax are some constants that depend on Cy,...,Cy and Ly, ..., Ly.

(2.25)

Theorem [3|implies that the convergence rate of multi-SCSC is also O(k'_%). This rate is again

on the same order of SGD’s rate for the stochastic non-compositional nonconvex problems.

2.5 Numerical Tests

To validate our theoretical results, this section evaluates the empirical performance of our
SCSC and Adam SCSC. We evaluate the empirical performance of SCSC and Adam SCSC in
two tasks: sinusoidal regression for MAML and risk-averse portfolio management.

All experiments are run on a computer with Intel 19-9960x and NVIDIA Titan GPU.

2.5.1 Sinusoidal regression for MAML

For MAML, we consider the sinusoidal regression tasks as that in [26]. Each task in MAML

is to regress from the input to the output of a sine wave

s(z;a,p) = asin(x + @) (2.26)
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Figure 2.1: Comparison of two SCSC updates on the Sinewave regression task.

where the amplitude a and phase ¢ of the sinusoid vary across tasks. We sample the amplitude
a uniformly from ¢/([0.1,5]) and the phase ¢ uniformly from U([0,27]). During training,
datum z is sampled uniformly from U ([—5,5]) and s(z;a, ¢) is observed. We use a neural
network with 2 layers of hidden neurons with weights 6 as the regressor $(x; ) and use the

mean square error E,[||5(z;0) — s(x;a, p)||?]. We define
Fn(0) = Eo[[|3(230) — s(x5 am, om)|I°]- (2.27)

In this case, to connect with (2.3), both random variables £ and ¢ in (2.3) are uniformly
drawn from U([—5,5]). Let us define

90) =[g1(0)", -+ ,gu(0)']"
=[(0—-VE@®)", -, (0 —VFy0)"]" € RM? (2.28)

and define y,, € R? to track g,,(0). With y := [y, ,y1,]" € RM? we define

1 M

F@) =57 2 Fnlym). (2.29)

m=1

Then MAML with sinusoidal regression satisfies the composition formulation ([2.3)).

Benchmark algorithms. In Figure 2.1 we first compare the performance of SCSC and

Adam SCSC under two different rules (2.7b)) and (2.7c|). We then compare our SCSC and

Adam SCSC with non-compositional stochastic optimization solver Adam and SGD (the
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Figure 2.2: Summary of results on the Sinewave regression task.

common baseline for MAML), as well as compositional stochastic solver SCGD and ASC in
Figure 2.2]

Hyperparameter tuning. We tune the hyperparameters by first following the suggested
order of stepsizes from the original papers and then using a grid search for the constant. For
SCSC and Adam SCSC, we use stepsizes «a, fr = 0.8. For Adam and SGD, we use a. For
SCGD and ASC, we use stepsizes o, = ak™%/*, B, = k=% and a, = ak™%? and B, = k~*? as
suggested in [117,[118]. The initial learning rate « is chosen from {107*,1072,1073,1074,107°}

and optimized for each algorithm.

During training, we fix M = 100 and we sample 10 data from each task to evaluate
the inner function g(#), and use another 10 data to evaluate f(y). The MAML adaptation

stepsize in ([2.2)) is a = 0.01.

We compare the performance of SCSC and Adam SCSC under two different update rules

[.70) and (2.7d) in Figure 2.1 for the sinewave regression MAML task. Both (2.7b)) and

(2.7d) can guarantee that the new approach achieves the same convergence rate O(k™2), but
([2.7d) requires one more function evaluation than (2.7b)) at the old iterate #*~!. In terms
of both the number of samples and number of gradients, two update rules have very close

performance, and the two lines are almost overlapping.

In Figure [2.2] at each evaluation point of test loss, we sample 100 data to test the
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Figure 2.3: Summary of results on the Industrial-49 dataset.
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Figure 2.4: Summary of results on the 100 Book-to-Market dataset.

performance of each algorithm on these trained tasks. We also sample 100 unseen tasks
to test the adaptation of the meta parameter learned on M = 100 tasks. For each unseen
task, we start with the learned initialization and perform 10-step SGD with minibatch of
10. As shown in Figure in terms of training loss, Adam SCSC again achieves the best
performance, and SCSC outperforms the popular SCGD and ASC methods. In the meta
test, while all algorithms reduce the test loss after several steps of adaptation, Adam SCSC

achieves the fastest adaptation, and SCSC also has competitive performance.

2.5.2 Risk-averse portfolio management

Given d assets, let r, € R? denote the reward vector with nth entry representing the reward
of nth asset observed at time slot ¢ over a total of T' slots. Portfolio management aims to

find an investment # € R? with nth entry representing the amount of investment or the split
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of the total investment allocated to the asset n. The optimal investment 6* is the one that
solves the following problem
max 1 ET: r, 6 — 1 Z <rT6’ _1 ET: rT9>2. (2.30)
gcrd T’ — t T — t T = J
In this case, both random variables £ and ¢ in are uniformly drawn from {ry,--- ,rr}.
If we define g(0;7;) = [0,7]6]" € R™!, and y € R¥*! tracking E[g(0;7)], and define

Fird) = sy — Wasn) — 7 Yaa)? (2.31)

where y(1.qy and y(441) denote the first d entries and the (d + 1)th entry of y. In this case,
problem (2.30)) is an instance of stochastic composition problem ({2.3]).

Benchmark algorithms. We compare SCSC and Adam SCSC with SCGD[I17], VRSC-
PG [40] and Nested SPIDER [131]. For linear ¢(6;r), it can be verified that SCSC is equivalent
to the accelerated SCGD (ASC) [118], and our SCSC and Adam SCSC under two different
inner update rules and are also equivalent. Therefore, we only include one.

Hyperparameter tuning. We tune the hyperparameters by first following the suggested
order of stepsizes from the original papers and then using a grid search for the constant. For
example, we choose oy, = ak™/*, 3, = k~'/2 for SCGD; oy, = k™2, 8, = k~/? for SCSC
and Adam SCSC; the constant stepsize a for VRSC-PG and Nested SPIDER. The initial
learning rate « is chosen from the searching grid {107*,1072,1073,107*, 1075} and optimized
for each algorithm in terms of loss versus the number of iterations. Note that whenever
the best performing hyperparameter lies in the boundary of the searching grid, we always
extend the grid to make the final hyperparameter fall into the interior of the grid. For all the
algorithms, we use the batch size 100 for both inner and outer functions. Figures and
show the test results averaged over 50 runs on two benchmark datasets: Industrial-49 and 100

Book-to-Market. The two datasets are downloaded from the Keneth R. French Data Libraryﬂ

Thttp://mba.tuck.dartmouth.edu/pages/faculty /ken.french /data_library.html
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without preprocessing. On both datasets, Adam SCSC achieves the best performance, and

SCSC outperforms several popular alternatives.

2.6 Proofs of results for the two-level SCSC

In this section, we present the proofs of the theorems in Section Due to space limitation,

we leave the proofs of the multi-level case in the next chapter.

2.6.1 Proof of Theorem [I]
2.6.1.1 Proof of Lemma 1] under Option 1

From the update (2.7b)), we have that

Y= g(0") = (1= Bu) (" — g(0* 1) + (1 = B (g(0" ") — g(6"))
+ Br(g(6%; ¢%) — g(6%)) + (1 — Bi) (g(6%; ¢") — g(6"; ¢7))
= (1= A" — 90" ) + (1 = )T + BiTo + (1 = Bi) T, (2.32)

where we define the three terms as T} := g(6*71) — g(6%), Ty = g(6%;¢*) — g(0%), and
Ty = g(0%:¢") — g(0" 11 ¢").

Conditioned on F*, taking expectation over ¢, we have
E[(1 =BTy + BxTo + (1 — B) 5| F*] = 0. (2.33)
Therefore, conditioned on F*, taking expectation on the both sides of (2.32), we have

Efly"™! — g(0")I1*1F*] = B[l (1 - Bu)(y"* — g(0°))II*|F*]
+E[[I(1 = BTy + BTz + (1 — Bo) T3] 7]

+2E[((1= B — g(0"), (1 = B)Th + BTs + (1 = B)Ts ) |7
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Using the Young’s inequality, we have

E[[|(1 = 8Ty + BiTo + (1 — Bi) Ts|1*| F*]
< 2E [[|(1 = B)Th + BTolP*|F*] + 2(1 — B)°E [||T3]*| F*]
<201 = B ’E[|T1|1* | F*] + 262E[| To)1* | F']

+4Bk(1 = Bi) (11, E[Ty | F¥T) +2(1 — Bo)’E [||T5]*|F"]
< 2(1 = B)’E [|lg(60") — (6" ")|I*|F"]

+2(1 = B)’E [[l9(6%; ¢°) — g(0°~ 1 ") |I°|F*] + 2677

< 41— B)*CRlIo" — 0" + 28V

from which the proof is complete.

2.6.1.2 Proof of Lemma [1) under Option 2

Lemma 2 (Tracking error under Option 2) Suppose that Assumptions 1-4 hold, and

k+

y**1 is generated by running iteration (2.7) given 0%. Then the variance of y*! satisfies

E [[lg(6%) — o7 | 7] < (0= Blls*™" — g6 + 401 — 5)°C26* — 6|

1 — 2L2
+ 267V} + %Hek — 0" (2.34)

Compared with the tracking variance in Lemma |lj under (2.7¢]), Lemma [2{ under (2.7b)) has an

additional term % |6% — 0%=1||*. In this case, under a stronger version of Assumption 2’
(e.g., bounded fourth moments), this term is O (), which will be dominated by second and

the third terms in the RHS of ([2.34]) since both of them are O (a3).

Once we have established this, the remaining proof of SCSC with (2.7b)) follows the same
line as that of SCSC with ([2.7c]). For brevity, we only present the proof under Lemma , and

that under Lemma [2] follows similarly.

Assumption 2’. The stochastic gradients of f and g are bounded in expectation, that is

E[IVg(®; o)l < Cg and B[V f(y; E)|I*] < CF.
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Proof: For (2.7bf), using the fact that Vg(6) is L,-Lipchitz continuous, we have

Y —g(0%) =(1 = B (" — g(6*1) + (1 — Be)(g(6") — g(6* ")
+ Bi(g(6%; 0%) — g(60%)) + (1 — Br)Vg(6*; ¢*) (0" — 6"1)

=(1 =B (" — g0 Y + (1 = BTy + BiTs + (1 — i) T3 (2.35)

where we define the terms as T} := g(6*7 1) — g(0%), Ty := g(6%;¢*) — g(6%), and T3 :=
V(61 64) (0" — 6.

Conditioned on F*, taking expectation over ¢*, we have

B [(1 = BTy + BTz + (1= B)Ts | ¥ (2.36)
= (1= B [|g(0"") — g(6") + Vg(0*1)(0" — 0*71)]]

= (1 — 5k)H /1 —Vg(@’f—l + t(@k _ ek—l))(gk - Qk_l)dt + Vg(@k_l)(ﬁk B Qk_l)H
< (1= 6 [ [9al61) - Tale* o6 — 6+ loF - 0

1 1_ L
<(1- ﬂk)/ Lyt]|6" — 05=1|12 = %H@’“ g,
0
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Therefore, conditioned on F*, taking expectation on both sides of (2.35) over ¢*, we have

[l - g(64)* | 7
= (1= A" — g0 I +2 (1= B — 90" ). E[(1 = AT BTi+ (1 - BT | 7))
+E[[(1 = BTy + BTa + (1 = B)Ts|1* | F¥)
(1= B = 9O DI + 2B - BT + AT | F 4+ 20— BE(IT | F
(L= ALY - g0 16 - 0
< (1= A2 l* — g0 + 201 — BT | 7] + 262B (T | 7
+40(1 = ) (T, E[To | FH) +2(1 = Bi)*E[|| T3] | F*)
(1= a0t — g+ EE I g g
< (1= AL+ Bl — 9O DI +2(1 = B [g(6%) — (6| | 7] + 252V
+3(1— BB [lg(6% ") — g0t | 7] + LIS g gy

< (1 — k_ a(0F112 - 4(1 — 202119 — pF—1112 1= 2321/2 (1_ﬁk>2L2 ok — gr—14
< (1= Pe)lly” — g(0" )" +4(1 = Bi) " Cyl 1P +26:Vy + —— Il I

from which the proof is complete.

2.6.1.3 Remaining proof
Using the smoothness of F', we have
F(O") — F(6%) < (VF(6F), 05 — 0% + gne’f“ —0%)?
= —an(VF(O), Vgl o)V 1 1:64) + 5 6541 = o
= o[ VF@)P+ 516 — 6P

+ap(VF(0"), Vg(0")V f(9(0%)) — Va(0"; 6")V f(y*:67).
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Conditioned on F*, taking expectation over ¢* and £* on both sides, we have

E [F(6")|F*] — F(6%)
< | VE@? + CE [0 — 071
+aE [(VF (@), Vg(6"; ") (V f(9(6"); ") =V (4" €5)) | F*]

(®) L
< — o[ VEO)IP + SE[|6" — 67| F"]

+ ai | VE(O)|| E [[[Vg(0%; ¢*) 217 *E [V £ (g(6%); €5) = V£ (515 €921 FH] T (2.87)

where (a) uses E[Vg(0%; ")V f(g(6%); £¥)|F¥] = Vg(0*)V f(g(0*)) in Assumption 3, and (b)

uses the Cauchy-Schwartz inequality.

Further expanding the RHS of (2.37)), we have

L L
SE[J6 - 4|P|F] < <2037

which follows from Assumption 2. And

o [VE(8)| E [[Vg(6%; ") 21F5)* E [V F(9(6°):€") — VA €97
(c) s
SOZkOgLfHVF(Qk)HE [“g(9k) _ yk+1||2|]-"k} 2
@ ai

<

A5

where (c¢) uses Assumptions 1 and 2; and (d) uses the Young’s inequality.

C2LA|VF(6) | + BiE [[|g(0") — v 1|2 F*]

Therefore, we have

E [F(0")|FF] — F(6%)

(073 L
< —ay (1 - 4—Bk(J§L§> IVE0")]]” + BiE [[|lg(6%) — v*1*|F*] + Ecjoj%ai.
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Then with the definition of Lyapunov function in (2.19)), it follows that

L
EV P~V < —an (1 i FCQLQ) IVE@O)? + 5C5Chai (2.40)

+ (1 BJE [lg(6) - oI g6 ) - P
(%) —ay, ( B 02L2> HVF(@IC)HQ + CQCf

+2(1+ ) kV:q ‘|‘((1 + Be) (1 — 51:)2—1) Hg(ek_l) - kaz
+4(1 + B)(1 — Br)’CyCr0
®) 212 kY12 L 2,2 2
S — O /6 C L HVF(H )H —l—ECngak
+2(1 + Br) BV +4C,Cof

where (a) follows from Lemma [I] and (b) uses that (1 + 8;)(1 — 84)%* = (1 — 83)(1 — Bx) < 1

twice.
Select ay, = % so that 1 — f=C7 L7 = 3, and define (with §; € (0,1))
L 5o 2 a2 < Lo o 2 442
By = §Cgcf + 4V, +4C,CF > §cgcf +2(1 4 B)V, +4C,C5. (2.41)
Taking expectation over F* on both sides of ([2.40)), then it follows that

E[V**] < BN — ZFE[|VF (69 + Bia}. (2.42)

Rearranging terms, we have

Zf:o akE[HVF(Qk)“ ] 2V" 4+ 2B, Zk 0 O‘k
Zf:o Qg B Zk 0 Ok

Choosing the stepsize as o = \/LE leads to

JE[IVF6%)|?] _ 2V° + 2B,
<
K VK

from which the proof is complete.
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2.6.2 Proof of Theorem [2
2.6.2.1 Supporting lemmas

We first present the essential lemmas that will lead to Theorem

Lemma 3 Under Assumption 5, the parameters {h*, o*} of Adam SCSC in Algorithm @
satisfy
IW*| < CyCy,  VE;  0f < CCT, Vi (2.43)

Proof: Using Assumption 5, it follows that ||[V*|| = ||[Vg(0%; ")V f(y*; €M)|| < C,CY.
Therefore, from the update (2.16a)), we have

B <B4+ (L= ) [ 95 < I+ (1= m) Gy

Since ||| < C,Cy, if follows by induction that ||RF+]| < C,C;.

Similarly, from the update (2.16b)), we have

4 < max(ol, el + (1 — m2)(VH)2)

< max{of, o8} + (1 — 1) C2CF}.
Since v} = 0} < C’gQC’JZc, by induction, df! < CSCJ%.
Lemma 4 Under Assumption 5, the iterates {6%} of Adam SCSC in Algorithm @ satisfy
65— 6" < add(1 —n) (1 - 3)7! (2.44)

where d is the dimension of 0, m < /2 <1, and v := 13 /ns.
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Proof: Choosing 1; < 1 and defining 7 := nj /1, it can be verified that

|| = ‘mhf +(1- m)vﬂ < mu|hf|+ |VE]

< (P +VETY) + [VE

k k
<Y Vi =) VAT R TV
1=0 =0

< <Z 7) (Z n§—l<v2>2>
ot (Sot)

where (a) follows from the Cauchy-Schwartz inequality.

N

For oF, first we have that 6} > (1 —1)(V})2. Then since
OFF = mpt] + (1= m2)(VF)?

by induction we have

Using ([2.45) and ([2.46)), we have

P <(1 =) (Z n§"(V§)2>

<(1—me) (1 =)ol

From the update (2.16¢]), we have

d
H9k+1 _ 9k||2 =o? Z €+@k+1 hk+1|2

i=1

<ajd(l—m) M1 —5)"

which completes the proof.
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2.6.2.2 Remaining steps towards Theorem

We are ready to prove Theorem . We re-write the Lyapunov function (2.22)) as

> +c||g(@* ") — y’“”2 (2.48)

hk
Vi = F(0") — F(0") —c <VF 0*),
where {c;} and ¢ are constants to be determined later.

Using the smoothness of F(6*), we have

F(*) — F(6")
< (VF(0%), 0" — g% + gHQk—H i
= — o (VF(0%), (el + VFHH)—apkt1y 4 guek“ — "2 (2.49)
where VFH! .= diag(¢"*1) and (el + V*™1)~2 is understood entry-wise.
Recalling V* := Vg (0F; ¢F)V f(y*+1; £¥), the inner product in (2.49) can be decomposed
as
— (VF(0"), (eI + V*+1)~2pk+1) (2.50)

= —(1 = m)(VF(0"), (I + V*) 72 V")

k
Il

I—T]l(VF(Qk), (el + VF)~2hk)

k
12

—(VF(6), ((61 SV (e f/’f)—%> Ry
Iz

By defining V¥ := Vg(6%; ¢*)V f(g(0%); €¥), we have
If == (L= m)(VE(0"), (el + V*) 72 V")
— (1= mp)(VEO"), (el + V)72 (VF = V). (2.51)
Conditioned on F*, taking expectation over ¢* and &* on I¥, we have
E (17 € (1) [VEO)2, 0,

+(1 - m)||(ef+vk)—iVF(9k)HE[H(eHV’“)—i(V’f—W) | }}'k} (2.52)
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where (a) uses E [V¥|F*] = VF(6F).

Expanding the second term in the RHS of (2.52)), we have

(b)
E[IF < - (1-m) (1 _ _) 9@, oo s
ol
(eI4+VFk)™2
(c)
<—(1—m) (1 —— | |[VF(6") H(dwk) .

k+1
-y

LB e BC2I2E [H
Oék

7]

—~

d)

)
(6"

<—(1-mn) ( —7‘”’) (eI +C2C7) 72 ||VF (")
(

ﬁkz _’C’QL?]E {H gr) — it

- ‘ \f’f} (2.53)

where (b) is due to the Young’s inequality ab < % + Brb* and 1 —n; < 1; (c) follows from

Assumptions 1 and 2; and, (d) uses Lemma [3|

Likewise, for I}, we have

E [I§|F*] = = m(VE(0"), (eI + V) 721)
— n(VE(0F) = VE(OF), (el + V*)72hk)
(@ o
< = (VE@O"), (el +V*)72h*) +m Loyt |6 — 6712

— 771<VF(€k_1), (el + \A/k)_%hk%}—ak_mllzd(l — 772)_1(1 — 7)_1

= A

9 _ mIE + L+ I 4+ apom Ld(1 =) (1 =) (2.54)

where (a) follows from the L-smoothness of F'(#) implied by Assumptions 1 and 2; (b) follows

from Lemma ; and (c) uses again the decomposition ([2.50)).
Use hF,vF 0F V% to denote the ith entry of h¥ o* 6% Wk We have |V,F(6%)] <

17 ’L?Z?

[VE@%)[l, h] < [ and (e +0F)2 > (e+97)7 as 6f 7' = max{-, 8]} > o}
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For I¥, we have

d
E[15F] = = S ViF(0%) ((e+ o) 73 = (e af)73) piH

=1

d
Ay L N _1
SIIVF(Q’“)HIM“IIIZ((6+v§“) 2 — (e+ 07 2)
i=1
(d) d . )
20208 >" (e oyt — (e o))
=1

where (d) follows from Assumption 5 and Lemma [3|

Recalling the definition of V* in , we have
PEFHL _ Pk
— F(0*Y) — F(6) — ey <vp(ek), (el + V’f+1)—%hk+1>
+ellg(6") — g2 + e (VEO"), (el + V) HRE)
— clg(0*) — ¢
— () (VF(8E), (e] + T4+~
N 0P cllg(0h) — P

o (VRO (el + VE3RE) — cllg(6"") = o
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Conditioned on F* taking expectation over ¢* and &* on both sides of (2.56)), we have

E[VHFH] - V!

S(on -+ e JEITE + 15 + I | 4]+ CE[6 — 62 |
+on(IT + LT I + Elllg(0%) — P | FY
—cllg(0*t) — y*|I?

2t a1 -m) (1- 15 ) (e + C2CHHTRERI?
— ((ag + erp)m —c) (I + I+ I

~

+ (g + cpp)agm Ld(1 — o) (1 =)™

d
+ (o + ckﬂ)C;CJ% Z ((e + @f)_% — (e + @f“)_%)

=1

ap + ¢ _1
N (H S P éogL;) Efllg(6%) — g1 | F¥
k

L . _ .
+ 51— m) (=) = elg(0" ) - y* I

where (e) substitutes E[I} + I¥ + I§ | F¥] by (2.53)-(2.55) and applies Lemma [4]

oo P
Selecting a1 < ag and ¢ := Y, [ ma, < (1 —m1) g, we have

p=k j=k
N1
o + Ck+16k€_%C§L?¢ < a4+ (1 —m) aHlﬂke_%CjL?
Qg Qf

o + (1 — 771)_10% _l 979
< e 2C°L
< o Br G Ly
:::cﬁk

where we define ¢ := (1 + (1 — nl)*l)e*%CgQLfc.
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Therefore, applying Lemma [I| we have

ar + ¢
<c+ k k+1

e IO )Elg(0) — o P | P

—cllg(0*=") — ¢
<c(1+ Bo)E[|g(0*) — y" 1P | F = cllg(@"h) — v*|I?
<c ((1+Be)(1 = ) = 1) [lg(0" ") = *|1”
+de(L+ B (1 = Bi)*Callo* — 071> + 2e(1 + Br) BiVy
<de(L+ Br) (1 = Bi)*Cy (ai_yd(L —mo) (1 =) 7)
+2¢(1 4 Br) BV}

)
<4cCZog_yd(1—m) " (1 — )" 4 2c(1 + B) BRV;] (2.58)

where (f) follows from (1 + 8)(1 — B)*=(1 — B2)(1 — Bk) < 1.

o P
Selecting ¢, := Y [[ ma, implies (ax + cx41)m = ¢,. We thus obtain from (2.57) and
p=k j=k
[£59) that

E[vk+1 |fk] . Vk

<~ (o +een)(1—m) (1= 52 ) (e + GO 2 IVEEN)P

+ 4cC20_d(1 —m) (1 =) + 2¢85 (1 + i)V
+ (1= m) ' Ld(1 =) (1 — 7)o
d
+ (an + ) C2CE Y ((e+08)7H = (e 08+ )
=1

FEad ) 1) (2.59)

Defining 7 := (1 — )~ (1 —n2) 7 (1 =)~
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and rearranging terms in (2.59)) and telescoping from k£ = 0,--- , K — 1, we have

2; ar(l —m) (1 - ﬂ) (e + OjCﬁ)‘%E[HVF(e’“)H?]

K-1 K-1
L
<V K]+ Z 4002% L1 = m1)7 + 2eB2(1 + 51:)1/92) + (ﬁLdai_l + 5(1 — 771)77042)
k=0 k=0
K-1 d
1 1
+ > (g +e1)CICTY ((6 +07) 72 — (e + @fﬂ)_g)
k=0 i—1
(9) 0 . ~
<V + (1 =m) " axCyCrd(1 —m)ij
K-1 K-1 I
#3 (1eChad (1= m)i+ 2680+ 5V7) + Y (dad s+ 5 (1= m)iat)
k=0 k=0
d
(4 (=) NaoC2CE Y (e 8) 73 = (e+05)2)
=1

where (g) follows from oy, + cpq < (1+ (1 — 1) Hag, < ag and the definition of V* that
E[V*] > F(6*) = F(6") + cllg(0* ") = "> = (1 = m) e CyCrd(1 = ma) 1 (1 =) "

Select ay, =20, = a = f so that 1 — § . We have that

5

=

-1

E[|VEF(©)]7]

==
ol
f
L

0

K— K—1
VO 4 Z (402(1 —m)n+ ng) ca? Y (nLd + 2 (1 — 771)7]) o? 4+ C,Crdna
k=0

k=
1 + _ 1
Ko (¢ + C2C%) 3 Ko (¢ 4 C2C3) 3
LA+ =m)” DewCyCF Sy (e + )2

K2 e+ C3CY)
2(e+C2CY): (VO +ACT (1 — )il + Vi )e + (d+ 5(1 —m))iL

<

(L —m) VK
N CyCrdi + (14 (1 — )~ 1)CzC%de 2
K
2(e + C2C2)2 (vo + (4Ce0 + V) ¢ + 2dnL L GoCydip (1+(1- m)‘l)cgq%de—%)
(1—m) VK K K

from which the proof is complete.
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2.7 Convergence results of the multi-level SCSC

In this section, we establish the convergence results of the multi-level SCSC, and present the

corresponding analysis.

2.7.1 Supporting lemma

We first prove a multi-level version of the tracking variance lemma.

k+1
n

Lemma 5 (Tracking variance of multi-level SCSC) If Assumptions 1-4 hold, and y
is generated by running the multi-level SCSC iteration (2.18)) given 0%, then the variance of

k+1

Yyt satisfies

E[lynt — falybDIP | FF) < (0= Be)2llyk — folyi_ )P

+4(1 = B)’CoE [llyn_y — vafalIPIF*] + 280V (2.60)

Proof: Use F*" to denote the o-algebra generated by {--- 0% y¥ ... yk |} From the
update (2.18]), we have that

et — falynt) = (1= Be) (h — fulyh 1)) + (1= Br) (fulyhy) — fulyit))
+ B (Fn1:€0) — falynt)) + (1= Be) (Fht1:€0) — flyn_1:€8))
= (1= Bk — falyh_ )+ (1= Be) 1 + BT + (1 — Br) T (2.61)

where we define the three terms as

T, = fn(ysfl) - fn<yzt%))
Ty = fu(yhth &) — falylth)

Ty = fulyn1:60) = Falun_1:60)-
Conditioned on F*, taking expectation over ¢*, we have

E [(1 - Bo)T1 + BT + (1 — By) 3| F*] = 0. (2.62)
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Conditioned on FF" := {FF o1 . 4F11 taking expectation on (2.61)), we have

Elllystt = fulynt DI | F5™

=E[|(1 = By — faWn-))IPIFT+E [l = BTy + BTo + (1 = Bi) T3] | F*]

+2E [((1 = By — falynr)), (1 = BTy + BTe + (1= Bo)T) | F*7]
=(1 = B)?llyn — falymn- DI +E[[I(1 = BTy + B T2 + (1 — )T | F*"]
<(1=61)llyn = falyn_ D> +2E [|[(1 = B)T1 + BTol” | F"] +2(1 — 6)°E [||T5)1* | F*"]
<1 = B1)llyn = falyn-DI? + 21 = B)’E[|T|* | F"] + 26;E[| To||* | F*]

+2Bc(1 = B) (T, E[T | F*']) 4 2(1 — Bp)*E[|| T3 | 5]
<1 =B llyn = Falyn-DIP +2(0 = B1)’E || falyin_1) = fayitDI*[F*]

+2(1 = B)’E [ fa(yn—13€8) — falyni; ’“)Hzlfk] + 200V
<(1 = Be)llyk — falWhDI” +4(1 = Be)*CRE [llys_y — yi T3 IP1F*] + 263V

from which the proof is complete.

Define f™ () := f,, 0 fu_1 0---0 fi(#) and the stochastic compositional gradients as
VE = VA% 6) - Vinalyn e ) VN (a5 ER)
VF = VA0 Vv (20065 )V NNV 00)568).
Thus, taking expectation with respect to &F, ... &% we have

E [VF | FAN] = WF = V(086D - Vv (U e ) Vv (kT €
= VAO"E) - Vvl ) VN (YD (00):68)
+ VA" ) - Vvl En ) VIN (YD (00):68)
= VAO5E) -V v (fY20); €5 ) VN (FYD(07):68)

F V05 ENV fo(yi 5 €8) -V i (FND(07); €k)
— V(05 )V f(f1(07);65) - VEn (FND(0F); ). (2.63)
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Since the nth difference term in (2.63) can be bounded by (for convenience, define
+1 _ 919)
|E[VA@ 6D Vit eh) - Sn(F Y009 68)
— VAOSED - VL)) Tk | P |

(a) 2
< E|[|VAG D) - Va0 )V hua (P07 €hr) - V(AN 09680 | 7]

Iy

B[V ) — VAU | 7] (2.64)

Ih

where (a) uses the Cauchy-Schwartz inequality.

For ij, using Assumption m2, we have

1 =E[B[[VAE ) ViY@ sl | 7] | F]

n
1
2

E[ [V (FO D@ el B[V AE €5 - Vv (Y2 0% gy | 7] | F’f]

1
2

< ONE|E[ [VA(85¢5) -+ V fxa(FY 20 ) b | 7] | f’f]

< OnE E[}}VfN_l(f(N‘”(H’“);Sﬁ“v_l)Hz]

E| VA €0 Vivoa(FY D0 ko) || FH ok k] | ]__,1

< ON_loNE[E[HVfl(ek;gf)---VfN_l(fW‘?)(@’“);&’“V_l)HZ | F* yf“,-..,y%*é] IF’“]E

<Cy--CpiCryr - Ch.

For J* using Assumption m1, we have
n 2k
TE = B[ ||Vt €h) = VA0 €0 | 7]

< E[Hyk—l-l F=) (yh+h) “ |]_—k]
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Plugging the above two upper bounds into (2.64)), we have

[B (V"= 0 | 74| =||B[V A6 6 Tyt €h) - (PO D(0%); 68)
= VAOSEE) VL)) - V(Y065 | 7 |

<Oy Cp_iCryy---CnLy E[ Hka f(”_l)(Hk)H | ]:k}

(b)
<Cre ConiCon - OnLE[ ] = fucahHD) | ]

n—2

-G O O a2 — 0] | 7

(2.65)
where (b) uses the triangular inequality.

Using the L,_; Lipschitz continuity of £~ we have

|E[VE =V | P <Civ  CooiCrgr - O Ly JE[H:L/““ Far(53) | lf’“}

n—2

+ Gy i -+ O L L | [yt = f-2(09)]] | ).

(2.66)

Repeating the steps in (2.65)) and (2.66)), we can recursively obtain

n—2

|E (V" = V5 | FH| <Cr e CoaCrnr - OV LE| it = fua (D) | 7]
+C1 - CriCrgr - Cn Ly Ly 1E[Hyk+1 fa—2(yit) H |-7:k]

+C - CoyiCopr - OnLn - Ly QE[Hka Fas( )| IJ-"k]

n—4

[y

DN A [l = Sl | ]

44O Cr1Cryq - CnLy - LQE[Hka —f1(9k)H |J‘Ek}

(2.67)
m=1
where (c) follows by defining
Ao = O+ Co1 Gy - Ci Ly -+~ L. (2.68)

42



Therefore, using Assumption m3, we have

B [V* [ 7] = VEE| = B[V F] -E[v" | |
[

~|lE[v* - 94 2]

H

n—

N
iz AmnE[Hka yiz+11 H |]_—k}

2 1
1

AnE[Hyk“ — falyEh)| ]]—"’“] (2.69)

1

3
[
3
[

I
P

n

where (d) follows from (2.67) and A, := > V"! 1 Anm

2.7.2 Remaining steps towards Theorem

Using the smoothness of F(0%), we have
L
F(0k+1) < F(Qk) + <VF(Qk),9k+1 _ 9k> + §||‘9k:+1 _ 0k||2
L
= F(6") — ax(VE(0"), V¥) + 0" — 6"

L
= F(0") = ax[ VE@O")* + 16" = %" + an{VF(6%), VF(6") — V).

Conditioned on F*, taking expectation over &, ..., &n, we have

<F(0%) — aul[VF(0°)])* + gE 16 = 6F|*| F*] + . (VF(6%), E [VF(6") — V¥ F*])

L
F(0%) — o[ VE(0F))? + §012 - CRag + ap|VF(ON|||E [V | FF] — VE(O")||

© N-—1

LR~ al VE@P + 503+ Chad +ou Y ANVEOE [J4h* ~ £tk 17
n=1

(d)

< F(0")-a (1——2A2) VR ||2+ﬁsz [k~ £ DIP 17 + 2 e

where (b) uses the Cauchy-Schwartz; (c¢) follows from (2.69)); and (d) uses the Young’s

inequality.
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Then with the definition of Lyapunov function in , it follows that
E[VFFF <VF — oy (1 - Z A2> IVLOF)|? + = 02 -C%a2
N-1 ,
(1+26) z E([lyst = fast DI 17 = SO [llsk — i) | 1]
n=1

—BkZE [Hy’““ Falyith)|” If’“}

(e)
<VF — qy (1 - Z A2> IVLEM|? + = 02 -Chal +2(1 + 28,82V

(42800 - AR 1) T E [
+ 4(1 +2B) (1 — Br)2CIE [||0F — 051 ||2|F*]

+Z (1+260)(1 = B1)°Ca + ] B [llynt1 — vn_i [P1F]

N-1

— N—-1
= B (i = v IPIF] = B ) DR el — fuuh DI F]

n=2 n=1
) k 2 k\ 1|12 2 2 2 27/2
< VP — 1——ZA IVL@O")|? + = c - C202 +2(1 + 28,3V

N-—1
+ACTR [[|0% = 0" 1P | F*] + > (402 +)E [lynth — i _il* | F*]
n=2

—Z% lykts = vb 4117 | 7] 5kZE gkt = L7 | F*] (2.70)

where (e) follows from Lemma ; uses that (4(1+28,)(1 — Bx)?’CHE [|lyh+ — yk||*|F*] <
AC?E [||6% — 01| F*]; and 7, > 0 is a fixed constant.

On the other hand, from the update ({2.18]), we have that

(15 (yﬂ - ?/n 1) B (f(yrlj%a ﬁ 1) — yﬁﬂ) + (1= B) (f(yf;%v Z 1) — f(yn 2 5 1)) .
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Squaring both sides, and taking expectation conditioned on F*, we have

E[lyitt —yb o 1? | F*]

(9) B 2
22 (12 ) B [oca €6 1) — s 0A7) + o (07D — 7 | 7

2B [ ) = Fua i ) 7

2
<2 (12 ) B - feah IR 7
k

/B 2
+ 20 [ - okl | 7] 2 (25 ) v )

where (g) follows from the Young’s inequality.

Plugging (2.71)) into (2.70]), we have
E[VFHHFF < VE — o (1 - Z A2> IVLOM >+ =

ﬁ 2 N—-1
+ (2(1+2ﬁk)ﬁ,f+2<1 ’“5) Z(4C§+%)>V2
- Mk

L
SO - Cha} +4C7)6F — 07

n=2

2 N—1
+2( - > D (AC +3)E [lyhth — faa WD | F¥]

1=0x) %=

N—-1
+2 (AC2 + ) Co B [|lykth — b )71 7]
n=2

N-1
= Z B [llyst] = yh IP1F] = B DB (Il = fahtDIPIFY] . (2.72)
n=1

Choose parameters {7,} and {5} such that

2<4C13 + ’Yn)CZ—l < Yn-1

2( i )2(402+ )< B
1 — Bk n )= Pk

For ~,, the condition can be satisfied by choosing

IN-1 =0, w2 = 8012\1—1012\7—27 TN-3 = 16012\7—1012\/—2012\1—3 + 8012\1—2012\7—37 (2-73)
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For (., the condition can be satisfied by solving following inequality that always has a solution

1— 28k + (Br)?
< .
ﬁk N 711710271

(2.74)

Select B, = 8<% and ap = a = fﬁ&% so that 1 — 7 MR Az = 1, and define

I N-1
By = (5 +4CF + 8C7C; + mcf) C?...C% and B3:=4 (1 +2) (4C2 + %)) V2,

n=2

Plugging into (2.72)) leads to
L
EVM] <EVY - %E[nvz(@k)H?J + 5 C1 e CRa® +2(4C5 + 72 + 2)CTE [[16% — 6"1|”]

+ (2(1 +28)8% +2 (%) 2_(4(}5 + %)> V2

n=2

L
< EVF] - %E[HVL(@’“)HQ] + (5 +4C? + 8C2C3 + 272) C?...C%a?

N-1
+2<1+2B+4Z [4C§+7n})v252

n=2
< EWY] = SE[IVLEY)|] + B:a® + By (2.75)
Choosing the stepsize as o = j—% leads to
K-1 ky (12 0 2 0 N=1 42y2
El|VF(0d 2 2 2(B+ B AZ) /4
SUBIVFOI) 200 0 8 2V 2B+ BT AR/
K Ko o VK

This completes the proof of Theorem
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CHAPTER 3

Single-loop Stochastic Algorithms for Stochastic

Bilevel Optimization

3.1 Introduction

In this chapter, we consider solving the stochastic problems of the following form

min - F(6) = Ee [ (0,57(0); €)] (upper) (3.1a)
s.t.  y'(0) e argg;in Eslg(0,y; 0)] (lower) (3.1b)

where f and ¢ are differentiable functions; and, £ and ¢ are random variables. The problem
(3.1)) is often referred to as the stochastic bilevel problem, where the upper-level optimization
problem depends on the solution of the lower-level optimization over y € R?, denoted as

y*(0), which depends on the value of upper-level variable § € R

Bilevel optimization has a long history in operations research. It can be viewed as a
generalization of the classic two-stage stochastic programming [101], in which the upper-level
objective function depends on the optimal lower-level objective value rather than the lower-
level solution. Earlier works have studied applications in portfolio management and game
theory [104]; see a survey [20]. Recently, bilevel optimization has gained growing popularity in
a number of machine learning applications such as meta-learning [88], reinforcement learning
[56], 7], hyper-parameter optimization [28], continual learning [6], and image processing [58].
In some of these applications, when the lower-level problem admits a closed-form solution,

bilevel optimization also reduces to the stochastic compositional optimization [117], 32 [11].
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Unlike single-level stochastic problems, algorithms tailored for solving bilevel stochastic
problems are much less explored. This is partially because solving this class of problems via
traditional optimization techniques faces a number of challenges. A key difficulty due to the
nested structure is that (stochastic) gradient, a basic element in continuous optimization
machinery, is prohibitively expensive or even impossible to compute. As we will show
later, since computing an unbiased stochastic gradient of F'(f) requires solving the lower-
level problem once, running stochastic gradient descent (SGD) on the upper-level problem
essentially results in a double-loop algorithm which uses an iterative algorithm to solve the

lower-level problem thousands or even millions of times.

3.1.1 Prior art

To put our work in context, we review prior art that we group in the following two categories.

Bilevel optimization. Many recent efforts have been made to solve the bilevel optimization
problems. One successful approach is to reformulate the bilevel problem as a single-level
problem by replacing the lower-level problem by its optimality conditions [14], 57]. Recently,
gradient-based first-order methods for bilevel optimization have gained popularity, where the
idea is to iteratively approximate the (stochastic) gradient of the upper-level problem either
in forward or backward manner [95] 28] 99| 35]. While most of these works assume the unique
solution of the lower-level problem, cases where this assumption does not hold have been
tackled in the recent work [68]. All these algorithms have excellent empirical performance,
but many of them either provide no theoretical guarantees or only focus on the asymptotic

performance analysis.

The non-asymptotic analysis of bilevel optimization algorithms has been recently studied
in some pioneering works, e.g., [33, B7, 44], just to name a few. In both [33] 44], bilevel
stochastic optimization algorithms have been developed that run in a double-loop manner. To
achieve an e-stationary point, they only need the sample complexity O(e~2) that is comparable

to the complexity of SGD for the single-level case. Recently, a single-loop two-timescale
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stochastic approximation algorithm has been developed in [37] for the bilevel problem (J3.1]).
Due to the nature of two-timescale update, it incurs the sub-optimal sample complexity
O(e7%5). Therefore, the existing single-loop solvers for bilevel problems are significantly
slower than those for problems without bilevel compositions, but otherwise share many

structures and properties.

Stochastic compositional optimization. When the lower-level problem in (3.1bf) admits
a smooth closed-form solution, the bilevel problem ([3.1)) reduces to stochastic compositional
optimization

min F(0) := B¢ [f (0, Eo[g(6; 9)]; )] - (3.2)

OcRd

Popular approaches tackling this class of problems use two sequences of variables being
updated in two different time scales [I17) [118]. However, the complexity of [117] and [I1§] is
worse than O(e~2) of SGD for the non-compositional case. Building upon recent variance-
reduction techniques, variance-reduced methods have been developed to solve a special class
of the stochastic compositional problem with the finite-sum structure, e.g., [62, 131], but they

usually operate in a double-loop manner.

While most of existing algorithms rely on either two-timescale or double-loop updates,
the single-timescale single-loop approaches have been recently developed in [32, [I1], which
achieve the sample complexity O(¢~2). These encouraging recent results imply that solving
stochastic compositional optimization is nearly as easy as solving stochastic optimization.
However, whether the stochastic optimization techniques used therein permeate to solving

more challenging bilevel problems remains unknown.

3.1.2 Our contributions

To this end, this chapter aims to develop a single-loop single-timescale stochastic algorithm,
which, for the class of smooth bilevel problems, can match the sample complexity of SGD for

single-level stochastic optimization problems.
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In the context of existing methods, our contributions can be summarized as follows.

1. We develop a new stochastic gradient estimator tailored for a certain class of stochas-
tic bilevel problems, which is motivated by an ODE analysis for the corresponding
continuous-time deterministic problems. Our new stochastic bilevel gradient estimator
is flexible to combine with any existing stochastic optimization algorithms for the single-
level problems, and solve this class of stochastic bilevel problems as sample-efficient as

single-level problems.

2. When we combine this stochastic gradient estimator with SGD for the upper-level
update, we term it as the Single-Timescale stochAstic BiLevEl optimization (STABLE)
method. In the nonconvex case, to achieve e-stationary point of , STABLE only
requires O(e~2) samples in total. In the strongly convex case, to achieve e-optimal
solution of (3.1)), STABLE only requires O(e~!) samples. To the best of our knowledge,
STABLE is the first bilevel algorithm achieving the order of sample complexity as SGD

for the classic stochastic single-level problems.

Trade-off and limitations. While our new bilevel optimization algorithm significantly
improves the sample complexity of existing algorithms, it pays the price of additional
computation per iteration. Specifically, in order to better estimate the stochastic bilevel
gradient, a matrix inversion and an eigenvalue truncation are needed per iteration, which
cost O(d?) computation for a d x d matrix. In contrast, some of recent works [33, [37, 144]
reduce matrix inversion to more efficient computations of matrix-vector products, which cost
O(d?) computation per iteration. Therefore, our algorithm is preferable in the regime where

the sampling is more costly than computation or the dimension d is relatively small.

3.1.3 Applications

Next we describe two popular applications, all of which can be formulated as a bilevel problem.
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Hyper-parameter optimization. Hyper-parameter optimization aims to find the optimal
hyper-parameter € R? (e.g., learning rate, regularization coefficient, neural network archi-
tecture), which is used in training a model w € R? on the training set, such that the learned
model achieves the low risk on the validation set. Let ¢(w;&) denote the loss of the model
w on datum &, and Dy, and Dy, denote, respectively, the training and validation datasets.
Specifically, considering the sought hyper-parameter as the regularization coefficient [28], we

aim to solve

min - F(6) := Eewp,, [((w(0); )] (3-3)
feR?
d
st. w*(f) € argmin Eyop,,, [((w; ¢)] + Zﬁiw?.
weR? i—1

Model-agnostic meta-learning. The goal of model-agnostic meta-learning (MAML) is to
find a common initialization that can adapt to a desired model for new tasks, which inherently
consists of two steps: i) training a model over a variety of learning tasks; ii) refining the model
for each task. Consider a set of empirically observed tasks collected in M = {1,..., M}
drawn from a certain task distribution. Each task m has its local data &,, from a certain
distribution, which defines its loss function as F,(0) := Eg,, [((6;&,,)], m € M, where § € R?
is the parameter of a prediction model (e.g., weights of a neural network), and ¢(6;¢,,) is
again the loss on datum &,,. As an example, the MAML problem can be formulated as the
bilevel problem (3.1]), that is [88]
. 1«
min, F(0)i= 53 Fa 00) (3.4)

feRd

A
s.t. yr(0) € argmin F,,(ym) + =||Ym — 9H2, Ym
ymGRd 2

where A is a constant and y () is, initialized with 6, obtained after fine tuning on task m.
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3.2 A Single-loop Stochastic Method for Bilevel Problems

In this section, we will first provide background of bilevel problems, and then present our
stochastic bilevel gradient method, followed by an ODE analysis to highlight the intuition of

our design.

3.2.1 Preliminaries

We use || - || to denote the ¢, norm for vectors and Frobenius norm for matrices. We use
F* to denote the collection of random variables, i.e., F* := {¢°, ... ¢*1 &0, ... ¢!} For

convenience, we define the deterministic version of (3.1)) as

min  F(0) := f(0,y"(9)) s.t.  y*(0) € argmin g(6,y) (3.5)

d
0eR yeR’

where the functions are defined as g(6,v) := Ey[g(0,y; ¢)] and f(0,y) == E¢[f (0, y;£)].

We also define szg (0,y) as the Hessian matrix of g with respect to y and define ngg 0,v)

as
82 82
90,0y: 9 ty) - 30,0y, 9 (0,9)
Vo9 (0,y) ==
92 52
90,0919 0y) - 9040y, 9 (0,v)

We make the following standard assumptions that are commonly used in stochastic bilevel
optimization literature [33] [37, [44].
Assumption 1 (Lipschitz continuity). For any fized 6, Vof(0,-), V,f(0,-), V,9(0,y),
ngg(Q, = 0), szg(e, @) are Ly,, Ly, , Ly, Lg, , Ly, -Lipschitz continuous. For any fized y,
Vol u:6), Vo (u:6), Vio,a(u36), Va,g(-y;¢) are Ly, Ly, , Ly, , Ly, -Lipschitz continu-

ous.

Assumption 2 (strong convexity of lower-level objective). For any fized 0, g(0,y) is

g-strongly convex in y, that is, szg(G,y) = pigl.
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Assumptions 1 and 2 together ensure that the first- and second-order derivations of

f(0,y),9(0,y) as well as the solution mapping y*(#) are well-behaved.

Assumption 3 (stochastic derivatives). The stochastic derivatives Vo f(0,y;€), V,f(6,y;&),
Vy9(0,y;0), Vi,9(0,y,0), and V3, 9(0,y, ) are unbiased estimators of Vof(0,y), V,f(0,y),
V,9(0,y), szg(ﬁ, y), and szg(Q, y), respectively; and their variances are bounded by 0]%0, aj%y,

o2, 0% o2 | respectively. Moreover, their monuments are bounded by
9y 9oy Gyy

Ec[lIVof (0, 4: O] < CF,, EelllVyf (0,597 < O, p=2,4 (3.6a)
Eo[IV5,9(0.y:9)II°] < Cg. Eolll V3,90, y50)|°] < C5 . (3.6b)

Assumption 3 is the counterpart of the unbiasedness and bounded variance assumption in
the single-level stochastic optimization. In addition, the bounded moments in Assumption 3

ensure the Lipschitz continuity of the upper-level gradient V F'(9).

We first highlight the inherent challenge of directly applying the single-level SGD method
[93] to the bilevel problem (3.1). To illustrate this point, we derive the gradient of the

upper-level function F'(f) in the next proposition; see the proof in Appendix.

Proposition 1 Under Assumption 2, we have the gradients

Yoy (0)T:=—V2,9(0,5(8)) [V2,9(0, 5% (6))] (3.7a)
VE(0) = Vof(0,4°(0)) + Vay (0) YV, £(0,4°(6)). (3.7b)

Notice that obtaining an unbiased stochastic estimate of VF () and applying SGD on
0 face two main difficulties: (D1) the gradient VF(0) at 6 depends on the minimizer
of the lower-level problem y*(6); (D2) even if y*(#) is known, it is hard to apply the
stochastic approximation to obtain an unbiased estimate of VF () since VF' () is nonlinear
in V2, g(0,y*(6)); see the discussion of (D2) in stochastic compositional optimization literature,
e.g., [117, [11].

Similar to some existing algorithms for bilevel problems, our method addresses (D1) by

evaluating VF'(f) on a certain vector y in place of y*(6), but it differs in how to recursively
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update y and how to address (D2). Resembling the definition ({3.7)) with y*(#) replaced by v,

we introduce the notation

Vof (0,y) == Vof (0,y) — V2,9 (0,y) [V2,9(0,9)] V,f(6,). (3.8)

As we will show in Lemma @ of Appendix, Assumptions 1-3 ensure that VF(-), Vof(6,"),

and y*(-) are all Lipschitz continuous with constants Lp, Ly, L,, respectively.

3.2.2 A single-timescale bilevel optimization method

Before we present our method, we first review a successful recent effort. To overcome the
difficulty of applying plain-vanilla SGD, a two-timescale stochastic approximation (TTSA)
algorithm has been recently developed in [37]. TTSA is a single-loop algorithm and amenable
to efficient implementation. It consists of two sequences {#*} and {y*}: for a given 0%, y*
estimates the minimizer y*(6%); and, 0% estimates the minimizer 6*. For notational brevity,

we define
BE = Vyg(0h, 5808, BE(0) = VRa(0% 0 0),  Bb,(6) = V3,00 556).  (39)
With ay and §; denoting two sequences of stepsizes, the TTSA recursion is given by

Yt =yt — Bkl (3.10a)

04 = 0" — oy (Vo f (0%, 4" €") — I, (6°)V,, V, (0", "5 €Y)) (3.10b)
where V;; is a mini-batch approximation of [szg(ﬁk , yk)}_l. To ensure convergence,
TTSA requires y* to be updated in a timescale faster than that of 0% so that 6% is relatively

static with respect to y*; i.e., limy_ o ar/Bx = 0 [37]. However, this prevents TTSA from

choosing the stepsize O(1/vk) as SGD, and also results in its suboptimal complexity.

We find that the key reason preventing TTSA from using a single-timescale update is its
undesired stochastic upper-level gradient estimator (3.10b)) that uses an inaccurate lower-level

variable y* to approximate y*(6*). With more insights given in Section |3.2.3) we propose
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Algorithm 3 STABLE for stochastic bilevel problems

1: initialize: 6°,¢°, HY , H), , stepsizes {ax, B }.

2: for k=0,1,..., K —1do

3: compute h'g; '(¢*) and hf,(¢*) > randomly select datum ¢*

4:  update Hg, via

5. compute hy'(¢*) and A} (¢)

6: update H;jy via

7 compute Vo f (6%, 4% ), V, f (6%, 4%, €*) > randomly select datum &
8: update 6% and y* via

9: end for

a new stochastic bilevel optimization method based on a new stochastic bilevel gradient
estimator, which we term Single-Timescale stochAstic BiLevEl optimization (STABLE)

method. Its recursion is given by

O = 0 —ay (Vo f (0%, 4% €") — H, (H},) 7'V, (6%, 4% €Y)) (3-11a)

Y =y — Bkhg - (ij)_l(Hgy)T(0k+l —0"). (3.11b)
In (3.11]), the estimates of second-order derivatives are updated as (with stepsize 7, > 0)

Hgy =P <(1 — Tk) (Hgy_l - h’g;l(ﬁbk)) + hﬁy(cb’“)) (3.12a)

H,, =P ((1 — k) (Hff - h’;;l(qbk)) + h’gy(qﬁ’“)) (3.12b)

where P is the projection to set {X : | X|| < Cy,,} and P is the projection to {X : X = y,I}.
Compared with and other existing algorithms, the unique features of STABLE lie

in: (F1) its y*-update that will be shown to better “predict” the next y*(#**1); and, (F2) a

recursive update of Hé‘“‘y,

H;“y that is motivated by the advanced variance reduction techniques
for single-level problems [81], [15] and the recent stochastic compositional optimization method
[T1]. The marriage of (F1)-(F2) enables STABLE to have a better estimate of V f(6%), which

is responsible for its improved convergence. Note that we use three stepsizes oy, 8 and 7 in
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(3.11)), but all of them decrease at the same rate as SGD. As we will show later, for a class of
bilevel problems, the single-timescale recursion (3.11]) achieves the same convergence rate as

SGD for single-level problems. See a summary of STABLE in Algorithm

Remark 1 Note that the projection in (3.12a)) is not uncommon in stochastic algorithms to
ensure stability, and the eigenvalue truncation in (3.12b)) is a usual subroutine in Newton-based

methods, which is also referred to the positive definite truncation [83).

3.2.3 Continuous-time ODE analysis

Similar to the stochastic compositional optimization [I1], we provide some intuition of our
algorithm design via an ODE for the deterministic problem (3.5)). To minimize F'(#), we use

an ODE analysis to design a continuous dynamic
0(t) = —aT(8(1), y(6(1)) (3.13)

by choosing an operator 7. For single-level minimization of a smooth function h(6(t)), one
can use the gradient flow (t) = —aVh(6(t)). For bilevel minimization (3.5), however, we
shall avoid T(0,y) = Vo (f(0,y*(6)) and instead use y to approximate y*(#). Here note that

we have dropped (t) for conciseness. Hence, define the operator as
— B8 =
T(0,) = Vol (0,9)= V5,900, 9)[Vy,90,9)] 'V, f(0,y) = Vo (6,y). (3.14)

Here, the variable y follows another dynamic that we specify below, which accompanies

the O-dynamic (3.13)). We will also find a corresponding Lyapunov function V' such that
(C1) V <0; and, (C2)V =0 ifand only if VF() = 0 and y = y*(6).

If the 6 and y dynamics drive an appropriate Lyapunov function V satisfying (C1) and (C2),
then 0 converges to a stationary point of the upper-level problem F(#) and y converges to

the solution of the lower-level problem.

We first state the results for the continuous-time dynamics below.
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Figure 3.1: A geometric illustration of the y* update under different algorithms; black dot
represents y¥, red dots represent the lower-level solution y*(6%) and y*(0**1), blue dots

represent y**!

under different algorithms, and blue arrow denotes the inner loop updates.
STABLE updates y* by linearly combining the stochastic gradient direction towards y*(6*)
and the moving direction from y*(6%) to y*(#**1). In contrast, BSA [33] runs multiple
stochastic gradient steps; TTSA [37] runs one stochastic gradient step with a smaller

stepsize; stocBiO [44] runs multiple stochastic gradient steps with an increasing batch size.

Theorem 1 (Continuous-time dynamics) If we define the 0- and y-dynamics as

0 =—aVof(0,y)— aV,g9(0,)[Ve,9(0,9)] "V, f(6,y) (3.15a)

§=—0Y,9(0.y) — [V3,9(0,9)] " Vi,g(0.y)0 (3.15b)

and choose the constants a and B appropriately, then there exists a Lyapunov function V of

the 0- and y-dynamics that satisfies (C1) and (C2).

Proof: To highlight the intuition, we provide a constructive proof of this theorem. We

first try Vg := f(0,4y*(0)). To clarify, we can use y*(f) in a Lyapunov function but not in a
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dynamic to evolve a quantity. In this case, we have

Vo = (Vo (0,47(0)).6) + (Y, [(6,57(9)), Voy™ (6)6)
= (Vo (8,y7(8)) + Vay" (6) TV, [(8,57(9)),6).
Recall the definition in (3.7). Then we have
Vo = —a(T(6,57(6)), T(6,))
2 T (6.5 O +alFof 6, ) - Tof 05" ONIIT O, 5°6)
< —all 0.5 O)I + aLylly — ' O 176, 6)]

© « . al? .
< =5 IT@.y O+ = ly — v @)1 (3.16)

where (a) uses the Cauchy-Schwarz inequality, (b) follows from the L ;-Lipschitz continuity of
Vof(0,-) established in Lemma |§|, and (c) is due to the Young’s inequality.

To satisfy (C1), we have Vi < 0 only if L¢|ly — y*(8)| < |T(0,y*(9))||, thus, requiring
the information of ||y — y*(0)|| — not doable without knowing y*(#).

Let us try to mitigate the term ||y(6) — y*(0)]|* by defining the following new Lyapunov

function:

V=Vt olly =y O = F6.5°0) + 5y — v O)F (3.17)

which implies that

V=—a(T(0,y"(0)), T(0,y))+{y — v (0),5 — Voy"(0)0)

S0 O+ Sy O + -y 0.5 -V ) (318)

o O{L2
< -SITer P - (5- %5 ) Iy - r O

+(y—y"(0),y+ By —y*(0)) — Voy™(0)0) (3.19)

where > 0 is a fixed constant. The first two terms in the RHS of (3.19) are non-positive

given that « > 0 and 8 > OzL?c /2, but the last term can be either positive or negative. To

o8



control the last term and thus ensure the descent of V'(t), we are motivated to use a y-dynamic

like

Y=~ —PBy—y(0)) + Vey (0)0. (3.20)

To avoid using y* in a dynamic, we approximate y — y*(6) by V,g(0,y) and Vey*(6) by (cf.
(3.7a))
Voy(0) == — [V3,9 (0.9)] " Vi,9(0.9). (3:21)

These choices lead to the y-dynamics:

y = —BVyg(0,y) + Voy(0)0. (3.22)

Although we approximate (3.20)) by (3.22), next we will plug y-dynamics (3.22)) into (3.19))
and show that V satisfies (C1). Specifically, plugging (3.22) into (3.18]) leads to

(y =y (0),9 — Voy"(0)0) = —(y — y"(0), BV,9(0,y) — Voy(0)0 + Voy"(0)0).  (3.23)
As g(0,-) is pg-strongly convex by Assumption 2, we have

(y —y*(0), Vyg(0,y) — Vyg(0,5°(0))) = pylly — y*(0)|? (3.24)

where V,g(0,y*(0)) = 0 as y*(#) minimizes ¢(0,y).
Therefore, plugging (3.24)) into (3.23)), we have

(y =y (0), 5 — Voy™ (0)0) <—{y — y*(0), (Voy™(0)—Voy(0))0) — Buglly — y*(0)||”
<|ly — v (O Vay™(0) — Voy(O)||10]] —Brglly — v (0)])?

<aByLy|ly — y*(O)|1> —Buglly — v ()| (3.25)

where the second inequality uses the Cauchy-Schwarz inequality, and the last inequality
follows the bound By of ||| and the Lipschitz constant L, of Vey(6), both of which can be

derived from Assumptions 1-3.
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Now plugging (3.25)) into (3.18)), we have
2

. L
V< —%HT(@,y*(G))HQ — (ﬁug - % - aBeLy) ly —y* (0)]*. (3.26)

Now let us check (C1) and (C2). To ensure V < 0 in (C1), we can set a < %. For
¥ Y
(C2), we have V = 0 if and only if y = y*() and T (6, y*(0)) = VF(#) = 0.

With the insights gained from the continuous-time update (3.15)), our stochastic update
(3.11)) essentially discretizes time t into iteration k, and replaces the first- and second-order

derivatives in @ and ¢ by their recursive (variance-reduced) stochastic values in (3.12)).

Remark 2 The key ingredient of our STABLE method is the design of the lower-level update
on y*, which leads to a more accurate stochastic estimate of V f(6%). See a comparison of
the y-update with other algorithms in Figure . In the update , we 1mplement the
SGD-like update for the upper-level variable 6%. With the lower-level y* update unchanged, it
18 easy to apply SGD-improvement techniques such as momentum and variance reduction,
to accelerate the convergence of STABLE. This will help STABLE achieve state-of-the-art

performance for stochastic bilevel optimization.

3.3 Convergence Analysis

In this section, we establish the convergence rate of our single-timescale STABLE algorithm.

We will highlight the key steps of the proof and leave the detailed analysis in Appendix.

3.3.1 Main results

We first present the result of our algorithm when the upper-level function F'(6) is nonconvex

in 6.
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Theorem 2 (Nonconvex) Under Assumptions 1-3, if we choose the stepsizes as

Br < min{ ! Hy/ Ly } (3.27a)

\/E7 32(#9 + Lg)

(c+ QCgeyCJ%y/ug)*l (c+ 20?11/#52;)71 thgLgBr/ (g + Lg) } (3.27b)

VE VR e+ L)

aj, < min {Bk,

and T, = \/LE’ then the iterates {0%} and {y*} satisfy
Ky|12] L K s(nk\||2] _ L
E|Vie9)"] =0 (\/K> and B |||y -y @] =0 (\/E> (3.28)
where y*(0%) is the minimizer of the lower-level problem in (3.1b)), and ¢ > 0 is an absolute

constant that is independent of the stepsizes oy, Br, T and the number of iterations K.

Theorem [2 implies that the convergence rate of STABLE to the stationary point of
(3.1)) is O(K _%). Since each iteration of STABLE only uses two samples (see Algorithm [3),
the sample complexity to achieve an e-stationary point of is O(e72), which is on the
same order of SGD’s sample complexity for the single-level nonconvex problems [29], and
significantly improves the state-of-the-art single-loop TTSA’s convergence rate O(e~2?) [31].
In addition, this convergence rate is not directly comparable to other recently developed
bilevel optimization methods, e.g., [33 44] since STABLE does not need the increasing
batchsize nor double-loop. Regarding the sample complexity, however, STABLE improves
over [33, 44] by at least the order of O(log(e™1)).

We next present the result in the strongly convex case. For the strong-convex case, we

slightly modify the update of 0% in (3.11a)) to
0" = Pe (0" — i (Vo f (0", 4" €F) — Hy, (Hy,) 'V, (05, 4" €Y))) (3.29)
where Pg denotes the projection on set ©.
We need the following additional assumption.

Assumption 4 (strong convexity). Function F(0) is p-strongly convex in 6, that is,

V2 F(0) = pl.
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Theorem 3 (Strongly convex) Under Assumptions 1-4, if we choose the stepsizes as

: pg/ Ly 1
=71 < 3.30
Bk = mln{32(ug+Lg)7 K0+k ( a)

4 2
gLy st Ly 1 gy } o (3.300)

ag < min ) 3 ’ )
{ cpg + Lg) 2L3£ (kg + Lg) Ve 80399 Cjzvy Scjzvy
where Ky > 0 1s a sufficiently large constant and ¢ > 0 is an absolute constant that s

independent of the stepsizes ay, Br, Tk, then the iterates {0%} and {y*} satisfy

2 1 k *( pky [|2 1
} =0 (E) and E [Hy —y* (0" ] =0 (E) (3.31)
where the solution 0 is defined as 0* = argming., F(0) and y*(0%) is the minimizer of the

lower-level problem in (3.1b)).

E||o" -0

Theorem 3| implies that to achieve an e-optimal solution for both the lower-level and upper-
level problems, the sample complexity of STABLE is O(e!). This complexity is on the same
order of SGD’s complexity for the single-level strongly convex problems [29], and improves the
state-of-the-art single-loop TTSA’s sample complexity O(e~2) for an e-optimal upper-level
solution and O(e ') for an e-optimal lower-level solution [37]. Compared with double-loop
bilevel algorithms in this strong-convex case, STABLE also improves over the BSA’s query
complexity O(e™!) in terms of the stochastic upper-level function and O(e™2) in terms of the

stochastic lower-level function [33].

3.3.2 Proof sketch

Next we highlight the key steps of the proof towards Theorem [2l The proof for the strongly

convex case in Theorem 3| will follow similar steps.

For simplicity of the convergence analysis, we define the following Lyapunov function
VE=F08) + Ily* =y (0" + 1 Hy, — Vi,0(0" y")|* + 1 Hg, — Vi,9(0" 4" (3.32)

which mimics the continuous-time Lyapunov function (3.17)) for the deterministic problem.

62



Similar to the ODE analysis, we first quantify the difference between two Lyapunov

functions as

VEEL VR = (04 - F(0%) + g~y O g - vt (09

Lemma [6] Lemma [7]
_'_IHHJJ_I - szg(ek+17 yk+1)||2 - HHgfy - viyg(eka yk)HQI
Lemma[§
+ | Hg !t = V5,905 Y|P — || Hg, — V5,0(6%, 45|17 (3.33)
Lemma [§

The difference in (3.33)) consists of four difference terms: the first term quantifies the
descent of the upper-level objective functions; the second term characterizes the descent of the
lower-level optimization errors; and, the third and fourth terms measure the estimation error

of the second-order quantities. We will bound them, respectively, in the ensuing lemmas.

We will first analyze the descent of the upper-level objective in the next lemma.

Lemma 6 (Descent of upper level) Suppose Assumptions 1-3 hold. The sequence of 6

satisfies

EF (6] ~ EL7(6)] < — SEIVA)I) + SCRI6 — 0517 + ax LIy — v (6]

2C? C? o
9oy~ fy 'k k 2 ko k|2
+ - 4 E[HHyy - vyyg(e Y )H ]
g
202 o
Jy ok
+ —2—E[||H, — V5,9(0%, y")|I] (3.34)
g

where L, Ly are defined in Lemma @ of Appendiz, and C,, is the projection radius in

(B12a).

Lemma [6] implies that the descent of the upper-level objective functions depends on the
error of the lower-level variable y*, and the estimation errors of Hgy and Hé“y. We will next
analyze the error of the lower-level variable, which is the key step to improving the existing

results.
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Lemma 7 (Error of lower level) Suppose that Assumptions 1-3 hold, and y**1 is gener-

ated by running iteration (3.11) given 0. If we choose B, <

P +L , then y*+1 satisfies

2

iy peLyB% ca . pig Ly 3"
E [y <e’“+1>—y'f“|12|fﬂs(1— L ) Hy’f—yw’vuu(uL fo?

g+ Ly Br fg + Ly
4 2
s k 2 ko ky2) k] €%

2
coy;

+E [||1Hg, — Vi,9(0",y") P F"] B,

(3.35)

Roughly speaking, Lemma [7| implies that if the stepsizes a2 and 37 and the estimation

errors of H;jy and H, gy are decreasing fast enough, the error of y**! will also decrease.

Since the RHS of both Lemmas |§| and [7] critically depend on the quality of ny and H gy,

we will next build upon the results in [11, Lemma 2| to analyze the estimation errors.

Lemma 8 (Estimation errors of Hj, and H, ) Suppose Assumptions 1-3 hold, and Hp,

and H?fy are generated by running (3.12)). The mean square error of Hé“y satisfies

B[||Hy, - V3,905 s | 7] < (1 =m0 11, = T,9(0" " )| + 2702,

21— TR, + L2, )0% — 612 4 20— mA(IE,, + L2, )t — o (3.36)

where the constants Ly, , Ly, Z_}ggy, Z_}gyy, Ogo,s Oy, QrE defined in Assumptions 1 and 3. And

likewise, the mean square error of ny satisfies

E|([[Hy, — V00" y"II* | F*| < (1= 7o) Hy, " = V3,00 y DI + 2780y

Gyy

£21 = n)2 (B, + L2, 0% — 6P + 21— m)*(E2, + 12 )l — 112 (3.37)

g

Intuitively, the update of * is bounded and so is the update of y*, and thus ||0* —6*~1||2 =
O(ef_,) and [|y* — y*~!||* = O(BZ_,). Plugging them into the RHS of Lemma [§] it suggests
that if the stepsizes a3, 37, 72 are decreasing, then the estimation errors of H, gy and ij also

decrease.
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Applying Lemmas [6H8[ to (3.33]) and rearranging terms, we will be able to get
E[V] - EV¥] < —aiE[ly" — y*(0°)[1”) — E[[VF(0°)[*] + c3 (3.38)

where the constants are ¢; = O(8y), ca = O(ay,) and ¢3 = O(ai + B2 + 72). By choosing
stepsizes ay, B, T as (3.27) and telescoping both sides of (3.38]), we obtain the main results

in Theorem 21

3.4 Appendix

3.4.1 Auxiliary Lemmas

In this appendix, we first present some auxiliary lemmas that will be used frequently in the

proof.

Lemma 9 (|33, Lemma 2.2]) Under Assumptions 1 and 2, we have

IVof(0,y"(0)) = Vaf (0, 9)|l < Lylly*(0) — yll (3.39a)
Vf(01) = V()] < Lpll6h — 05 (3.39b)
[y™(01) — " (02)|| < L,[[01 — 0| (3.39¢)

and the constants Ly, L,, Ly are defined as

C,, L C Cyp. L C
Lf = Lf9 + %y—fy + Ty <Lf9y + 9oy 9yy> 7 Ly — 9oy
/’Lg B ,ug g - ,LLg
- Cyp, (Ly, + L Cr (- C,, L
LF = Lf9 _|_ QGy( fy f) + fy <Lf¢9y + 9oy gyy)
lug :ug g

where the constants are defined in Assumptions 1-3.
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3.4.2 Proof of Proposition

Proof: Define the Jacobian matrix

i (0) - Gg(0)
Voy(0) =
%yd/(@ %yd’(e)

By the chain rule, it follows that

VE(0) = Vof (0,y%(0)) + Voy*(0) TV, f (6,57(0)) .

The minimizer y*(#) satisfies

Vyu9(0,y7(0)) =0, thus V,(V,g(0,y7°(0))) = 0.

By the chain rule again, it follows that

Viyg (0,57(0)) + Vay™(0) " V3,9 (0, y7(0)) = 0.
By Assumption 2, V2 g (0,y*(6)) is invertible, so
-1

Voy*(0)" == —V3,9(0,y7(0)) [V2,9 (6,y7(6))]

By substituting (3.42)) into (3.40)), we arrive at (3.7)).

3.4.3 Proof of Lemma

(3.40)

(3.41)

(3.42)

Proof: Now we turn to analyze the update of 6. For convenience, we define the update in

I as

0 = 0" —aphl  with B =V f (05,47 67) — Hy, (Hy,) 7'V, f (6°, 4" €F) (3.43)
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Using the smoothness of f(¢*) obtained from Lemma [9} we have

Bl (0|7
< F(04) + BI(VAER), 6 — 04)| 4]+ SLE]0 — 042 R
= F(8%) — VS (64), BIRLF) + R0 - 04|

= f(0%) — ol VF(OM)I* + an(V F(0%), V f(6%) — B[R} F]) + %]E[H@'“+1 — 0%|*| 7]

QQ

< 100~ (an = 45 ) 19O + w9564 — BRI + SEE[6 - 041217

(3.44)

where the last inequality uses Young’s inequality with parameter ;. We choose 7, = /2.

The approximation error of B’} can be bounded by

IV f(6%) — E[RE 7| (3.45)

< 2||VF(0%) = VO, y")||* + 2E[[[V (0%, y*) — Eer [15][|*|F*]
212||yf — (69 + 2E[[T (8", 4) — B ]2 7]

L 212y -y (0%)|F + 2 (HE) U, — Hyy (6%, 5*)  Hay (0%, ) [PV 6, 4|
D orzyt — o)+ 40%10?%[”}1@ — Hy, (6" ") |1 7] + ‘f—fgmu% — Hyy (6", ") || 7]

g g

2

where (a) follows from Lemmal9] (b) uses the fact that
Ece [R5 F*] = Vo f (0",4") — (Hy,) " Hg, V, f (0%,°) (3.46)

and (c) follows the same steps of (3.56|) and Assumption 3. Plugging (3.45) into (3.44]) and

taking expectation over all the randomness lead to the lemma.
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3.4.4 Proof of Lemma [T]

Proof: We start by decomposing the error of the lower level variable as

E [ly"" =y (0" )P 7]
= B {lly" = Bihg — y"(6") + 7 (6") —y7(6"") — (Hy,) ™ (Hy,) (657" = 6%)|| 7]
< (L+9)Elly* - Bhy — 7 (0")IP|1F"]

I

+ (L4 ) Elly"(6") =y (0") — (Hy,) ™ (H,) (6" = 6")|°| 7). (3.47)

Iz

The upper bound of I; can be derived as
L= ly* = y™(0°)I* — 2B:E[(y" — y™ (%), hig) | F*] + BRE[[| g [*| ]
(a)
< Nly* =y (OO)1° = 26 y" — v (6"), Vyg(0%, %)) + BV, 9(0%, y")|I* + Bioy,

o) 251, L . 2
< (1 - “—ﬁ) I = 4" (6")]12 + By (m _ ) 19,9065, )12 + 5207,

tg + Lyg g + Ly
(¢) 2y L
< (1= =280 |lyP = yr(09)|)? + Bio? 3.48
< (1 2 ) - P + 2, (3.49

where (a) comes from the fact that Var[X] = E[X? — E[X]?, (b) follows from the y,-strong
convexity and L, smoothness of g(6,y) [79, Theorem 2.1.11], and (c) follows from the choice

: pg/L 2
of stepsize fp < HEtT— < o= in (3.274)).

The upper bound of I can be derived as
L =B |[[y"(6%) = y*(0"1) = (HE,) " (HE,)T (04— 65)|* | 7]
S 3E |:Hy*(9k+l) o y*(ek) . vey*(ek)(9k+1 . 9k>“2 ’fk]
1 3E [||(V0y*<9k) _ Hyy<9k yk)leey(eliyk)T) (9k+1 _ 9k)H2 |}—k}

o+ 3B [[|(Hyy (0%, 5") Hoy(0°,5") T = (HE) ™ (HE)T) (051 = 69)* 7] . (3.49)
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We first bound the first approximation error in the RHS of (3.49)) by

lly*( ek“) Y (0F) = Vay (6) (05 — 08|

y (0% + (0" — 7)) (0" — 0% )dt — Yoy (6%)(0" — 6)

2

! L
< [V (6 67 = 09) = Vi (64)| 741 — 04 [Pae < 10— 64 (350
0

where the first inequality follows from the Cauchy-Schwarz inequality, and the second

inequality follows from the L,-Lipschitz continuity of Vyy*(6) in Lemma |§|

Next we bound the second term in the RHS of (3.49) as

B [[|(Toy"(6) — Hyy (0, 5) " Hay (6%, 4")T) (61 = 89)]|° 7]

<E [|[Voy"(0%) — H,, (0% ) Hoy (0% )| 04" — 4| 7] (3.51)
and likewise, the third term of as

[H k oy lHey(ek’yk)T _ (ny)‘l(Hé‘y)T) (0k+1 _ ek)HQ ’]_—k]

<E [HHyy(H'“, Y Hey (0%, ") T — (HE) T (HE) T [|0F - 6F || \]—"’“} . (3.52)

We then bound the approximation error of H,, (6%, y*)~"Hp, (6%, y*)" in (3.51) by

2

Hvay* 6k> o H (Hk,yk)’ngy(Hk,yk)TH
_ H ek’ v (6%) ) 1 H, (91@, y*(6k>)T Hyy (6%, ) Hyy (60, 48)T
= Huy (05,5 (0) ™ Hay (65,57 (6) " = Hy (0%, 4") " Hay (6%, (6)) "

2
o Hyy (05,5 Hoy (0,5°(6)) " = Hyy (6, 5%) " Hoy (0%, 09)] |

2
Hy, (Qk,y (ek)) —H,, (0", y*)™

2

2 2
<202, + o o (0%, " (6")) — Hoy (6, 5") | (3.53)
g

where the inequality follows from ||Hy, (0, y)| < C,, and Hy,(0,y) = pyl.
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Note that

2

~1 _
Hy, (‘gkhy ) —Hy, (0%, ")
2
=y, ( 6° ) (Hyy (ek’y*(ek))_Hyy(ekvyk)>Hyy(9k>yk)_lH
2 2
<||Hy ( w ( ekmy (0 ))_Hyy(ekayk) w0,y
1 2
<—|H (Gk,y (9’“)) H,, (6%, y") (3.54)
Hg
where the last inequality follows from H,,(6,y) = u,l.
Therefore, we have
[V (6%) — Hyy (6", 4"~ Hoy(0%,41) 7|
2C§0y k 2 k  x/pnk k kK 2
<[ 2 y (05,57 (0%)) — Hyy (0%, %) to Hoy (0%, y*(0%)) — Hoy (0%, y") (3.55)
g g

Following the steps towards (3.53]), we bound the error of (H},)"'(Hg,)" in (3.52) by

2

H (ny)il(Hgy)T - Hyywka yk)ilHwaka yk)T H
= ) )T = Ly (0 ) () T (0, ) () T = Ho (0% ) Hoy (0%, )

<o ot a1~ 005 )T

2

2

o 2| Hyy (6, 4) 7 ()T = Hy (6, 55) " Hay (6", 5")T

202 2 9 2
g
g—ujy Hy — Hy, (0%, 4")| + 2 Hy, — Hoy (6", y")
g g

where the second inequality follows from || Hf, || < Cy, and HY, = p,l.

Plugging (3.50)-(3.56) back to (3.49)), we have

312 6C2
L < 7@’1@[”9’”1 — 0¥||MFM + Mffy [ H,, (6%, y*(0%)) — H,, (6%, y*)|*E[||0* " — 0%||?|F*]

g

(3.56)

6 .
+ || Hoy (0%, y™(0%)) — Hoy (0%, y*)|PE[|0" — 0%|]*| F*]
g
2

6C
+ — B[ Hy, — Hyy (0%, y") P05 — 0% |1*| F"]
Hg
+ —E[||H, — Hoy(0%, 42101 — 0%[|*| F*]. (3.57)

g
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Using the Lipschitz continuity of Hy,(0,y) and Hy,(,y) in Assumption 1, from (3.57),

we have

2
g g

312 6 (C; Ly,
L < SB[ - 0117 + <T+L> I~y (6) B 6+ — 02|

6C?
+ ﬁE[IIHﬁy = Hyy (0%, )P[0 — 0% ]| F]
g

6
4+ —

g

E[||Hp, — Hoy (0%, y*) P16 — 0%[|*|F*]. (3.58)

For any p = 2,4, we next analyze quantity E[||#%"1 — 6%?|F*] in (3.58). Recall the
simplified update (3.43). Therefore, we have ||0**! — 6F|| = ozk||h || and
RS = | Wof (6,9 €%) — (HE) 7 HE L (65,4456 |
< ||Vaf (0%, 4% €5)|| + H(ny)_lﬂéfyvyf (0%, y*; &) H
(a) C
< [|Vof(6F,y"; €| + %Hvyfwk,yk;é"“)\\ (3.59)
9
where (a) follows from the upper and lower projections of Hgy and Hlljy in (3.12)).

Therefore, for p = 2,4, we have
E{|RSIIP\F*, Hy,, H,) < 2B Vof (64, o5 ) PIF*, Hy,, Hy)

Coo \ ¥
b2t () B[00t o P B )

g
-1 4 OQGy g 4
<o+ (=) o (3.60)
9

where the last inequality from Assumption 3. And thus

C p
E [||0"" — 6*|]"|F*, Hy,, Hy, ] < 277! (Cjig + ( :") Cjiy) aj,. (3.61)

g
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Plugging (3.61)) into (3.58)), we have

C 4
2 4 9oy 4 4
I, <121 <Of9 + ( " ) ny> ay,
12 ( C;, Ly, Con, \* .
+— % + Ly, CJQ% * ( gey) C?y Hyk Y (gk)HQQi
2 1y Hg

12C2 Cy \ 2
i (0?9 + ( ,jj) Cﬁ) E[|| Hy, — Hyy (0", )| F 1o
g

12 C, \?
+ (Cj%g + ( :Gy) C?y) ]E[||H§y — Hey(ek,yk)||2|]:k]a,%. (3.62)

2
g g

Now let us define the constants as

Coo \ 12 (C2 Ly, o\ 2
g (e () ) (B e ) (01 () 1)
g g
12C?2 Coo \ 2 12 Coo \ 2
(e () e ) (e () @
1 g It g

_ 2 fg + Ly
Pg + Lg gLy

Plugging the upper bounds of I; in (3.48)) and I, in (3.62)) into (3.47) with € = IZgTLquBk,

we have

52 : C .= 6152.

Y

E |:||yk:+1 . y*(8k+1)||2|fk}
4

poLlyg ok k * (k|2 toLlg ok\ s2 2 ~ - O
< [|1- -2 —y (O + 1+ + Gyt
= ( 5 ) ly" =y (0% ( ,Ug+Lgﬁ )/Bk’agy 1 Qﬁk

g + Lyg
~~a%k*kz2~~ k kakQ%
+ a2t |yt =yt (0°))1P + a1k (| Hy, — Hyy (0%, )P F*] 2E
Br B
2
s o
+ &K [||Hy, — Hoy (6%, y*)|1?|F*] ﬁ—: (3.63)

where we have used the fact that

(1+ :ung Bk) (1_ QILLng Bk) <1- /’Lng Bk
tg + Ly fg + Lyg tg + Ly

-1 -
1+(ung Bk) Si( 2 +Mg+Lg):C_2
Ky + Lg Bk g + Lg :ung ﬂk
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where the last inequality uses [§; < Mgi I in (3.27a)). The proof is complete by defining

C .= 6152.

3.4.5 Proof of Lemma

Proof: Recall that ¢g(6,y) = E4[g(6,y, ¢)]. We only have access to the stochastic estimates
of V5,9 (0,y), V5,9 (0,y), that is

iy (9) = Vo9 (0,45 0) . D, (9) = Vi,g (6*,4%:9). (3.64)
For notational brevity in the analysis, we define

Hyy(0,y) = Vi,9(0,y) , Hy,(0,y) == V,,9(0.y). (3.65)
and rewrite the update of (3.12)) as

H ::P{X:HXHSC%}{FI&} with  HJ = (1 — 7)) (HE =Rl (6%)+hE,(65) (3.66a)

A

Hb, = Pococmun { Bl b with F1, = (1= 7)) (™ = RS (69)) + 1k, (6°). (3.66b)

To analyze the approximation error of HY

o> We decompose it into

E|I[H5, — Ho(0°,y") 12| 7*| < B [|1H5, — Hoy(6", ") F*]
. 2 .
= || [, — Hoyto", ") F¥]|| + 3 var [, — Hoyl6", ")l 7] (367)
2%
where the inequality holds since the projection onto the convex set {X : X > pu,l} is

non-expansive, and the equality comes from the bias and variance decomposition that

Var[X] = E[X?] — E[X]? for any random variable X.
We first analyze the bias term in by
E [}, - Hoy (6", ")l F*]
= E[(1—7) (Hg, "+ hy (") — hg,  (6%)) + 7ihi, (6°) — Hoy (6%, y")| F"]

(1—7) (Hé“y‘l + Hoy (0%, y*) — Hoy (0" ', 4" 1)) + 1. Hoy (6%, y*) — Hoy (6%, y")

= (1—m) (Hy, ' — Hy (0" 1,9"71)) . (3.68)
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The variance term in (3.67)) follows

S Var (A, = Hoy (0%, )il F*| = D Var | (14,)i,1 |
2

i?j

3 Var [(1 = 7) ( (6) = H, (64))sg + 7Bl (6917

< 2(1—7)" Y Var [(hg, (") — b, (0))is | F*] + 272 > Var [(hf, (6%))i ;| F*]

(a)

<2(1 = 7)’E [0, (6%) — b, (61 F4] 427 3 Var [(hfy (64)):| 7]

21— 7 (22, +12,) (16" = 812 + 1" — y*1|12) + 2702, (3.69)

where (a) uses Var[X] < E[X]? and (b) follows from Assumptions 1 and 3.

Therefore, plugging (3.68)) and (3.69) into (3.67)), we have

E[| H, — Hoy (6", y")IP|F*] < o | Hl, = Hay (05 g5 N[ + 2ri0?,

+2(1 - 7)? (12, + Lf,ey) (116 = 6512+ Jly* = 5" 1))
Similarly, we can derive the approximation error of Hz]fy as

|[Hy, — Hyy (0%, y")|P|FY] < (1= 7o) Hy, " = Hyy (054 )|* + 270y

Gyy

vo(t—m) (L2, 4 L2,) (0% — 07+ o )

E[

The proof is then complete.
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3.4.6 Proof of Theorem [2

Proof: Using Lemmas , we, respectively, bound the four difference terms in (3.33]) and

obtain
E[VF+] — B[V} < — Z*E[|W £(6%)]2] - ( Hobo g b2k akLi) Ellly* — y*(6")|’]
D) thg + Ly B
2 20,C% C

Qg E~ g0, f

— (Tk—f—l —01025k T;y> [H ( Y )|| ]
o a2 ZOKkC]%
- (Tk—H - 01025—: — 2 L | E[||Hg, — Hoy(6",4")[17]
_f_ﬁE[Hek—&-l _9k|l2]+ <1+ Ng g 6k> 6 0_2 +6102a4 _|_47_ 0_2
9 ,Ug‘i_L k Bk k+1

+2(1 = 71 GE[0° = 0°[P] + 2(1 — 71 ?GE[ly" — o] (3.70)

where the constant is defined as ¢ := L2 + L2 + L2 +L2 .
y 0y Gyy Jyy

Note that using the y-update (3.11b)), we also have

E[”yk—‘rl y ” [Hﬂkhk Hk) 1H9y Qk—i-l H }

< 253 (Il 1°] + 2 [ (#13,) P15, 17|04+ — 6*7]
(a)
< 2613E[||Vyg(9k’yk)”2} +25£U§y —I—QE[||(H5y)_1||2||H5y||2H9k+1 _ng2]

() Coo\ 2
< 2BV, ) + 25807, + 2 (S ) E[Jor - o)
g

C 2
< 2RL2Blly* - 0P+ 26803, +2 () Il - 04 (37
9
where (a) follows from E[X?] = Var[X] + E[X]? and Assumption 3, (b) uses the upper and
lower projections of Hy, and H}, in (8.12), and (c) is due to V,g(6*, y*(8*)) = 0 as well as

Assumption 1.

Selecting parameter 7, = \/—1? and using (3.70))-(3.71)),
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we have

L Cyo \’
]E[Vk+1] . E[Vk] < — 2 [va(ek)“ ] <7F + 2¢5 + 4¢5 ( /jey) ) ]E[H(9k+1 _ 9’““2]
g
prgLyg ~ O‘% 2 272 k N NIP
- no+ L Br — 0102E — ag Ly _8BkLg Eflly" — y*(0")["]
g g
1 a2 202 G )
(x/f Br Mg
1 o a2 QC?yO[k‘
— (ﬁ — 01626—: - ,u2 E[HH& - Hay(ekayk>H2]
g
L s 402
e ) LR s RS 2 ML
g g

Choosing the stepsize oy as (3.27), it will lead to (cf. ¢ := ¢,é2)

1 a2 202 (12 ap (@) 1 202 C} oy ()
(G — > — Floay, — —2 T > 3.73a
VE B o S yr phoo = (3.73a)
2 20 e (91 20% oy, (@)
~ o~ O 5 x fy &k
—— — (10 — > — C1Co0l, — Y >0 3.73b
VE > Br u§ “vrE 7 A ( )

where both (a) and (c) follow from oy < S in (3.27b)); and (b) and (d) follow from the second
and the third terms in (3.27b]). In addition, choosing the stepsize 5 as (3.27]) will lead to

trgLg ~~ai 2 279 gLy ~ 2 272
—cc——aL -8 L C1Co + L)y, — 863 L
,ug—l-Lgﬁk 1%~ B ,ug_l_Lﬂk (€1C2 + L) — 86, L,
(f) (9) L
Zug—gﬂk 5}3 ;Z,ug—gﬁk (3.73c)
2(M9+L) 4(N9+Lg>

where (e) follows from ay < S in (3.27b)), (f) is due to the last terms in ([3.27b]), and (g) uses
B2,

Using (3.73)) to cancel terms in (3.72)) and using (3.61]) to bound E[[|#*T1 — 6%||?], we are
able to get

1 figLig D * 21 Gk 2 1
BIVA] — BIV] < B -y 01 - SEIVIER 0 (5) 6

from which we can reach Theorem [2| after telescoping the both sides of (3.74)).
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3.4.7 Proof of Theorem [3|
For the strong-convex case, we slightly modify the update of 6* to
0" = Po (6" — ayh}) (3.75)

where 71’} is defined as (3.43]) and Pg denotes the projection on set O.
Slightly different from the Lyapunov function (3.32)), we define the following Lyapunov
function

VF = |08 — 0% + |ly* — y (0P + |1 2}, — V2,905, y")|1” + | Hg, — V5,9(6",4")|.

Lemma 10 Suppose Assumptions 1-3 hold and F () is u-strongly conver. Then 0% satisfies

212 _
E[0"" — 071°] < (1 — pow)E[|6* — 0[] + TfakEHly’“ =y (09)I°) + R E[l|R]|*]

403% J%y k k , k\|2 40?1/ k k _k\||12
+ — B[ Hy, — Hyy (0%, y")|°] + —uE[|| Hp, — Hoy (0%, y") "]
frght Gt

(3.76)

where Ly, Ly are defined in Lemma@ and Cy, is the projection radius of Hgy in (3.12a)).

Proof: We start with

EfI6++ — 0 |P|F4] < E[6* — nt — 0° 217
— (6% — 0|2 — 208" — 0", B[RELFH]) + aZE|RE 2| 7]
— (6% — 0| — 20,6 — 0" V£(6))
T 20,65 — 67,V £(6) — EIREIFY]) + aZE[ S| F]
205 — 0| — 2040 — 0, V1(0F) — VF(0"))
T 20,6 — 0, V(65) — EIRE|FY) + oZE[REIIFY (3.77)

where (a) follows the fact that Pg is non-expansive, and (b) follows the optimality condition

that (Vf(0*),0 —0*) > 0 for any 6 € O.
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Using the p-strong convexity of F'(6), it follows that
— (0" =0, Vf(0") =V f(07)) < —ull0* — 07| (3.78)
plugging which into (3.77)) leads to

E [II0"" — 071 F*] < (1= 2ua) [0 — 07|1* + 200.40* — 07, VF(6%) — B[R} F*]) + ok E [||RF]|*| 7]

C

< (L= pa) |8 = 0" + || V.5(0%) — EIRSIF " + oFE 111

—~
~

where (c) uses the Young’s inequality. Plugging (3.45) into the above completes the proof.

Similar to (3.33)), we first quantify the difference between consecutive Lyapunov functions

as

VEL YR = 0 — g — 0 — 07 P+ Iyt — (05 =l — (0P

Lemma [I0] Lemmaﬁ
+ | HpH =2 (0" g = Hy, — V,9(0%, ")
Lemma@
+ ||H53j_1 - vgyg(6k+17 yk+1)”2_ ||Hgy - vgyg(eka yk)||2 : (379)
Lemma@

Using Lemmas (74| and [10| and defining ¢é; := L? 0y T L ) T L? + L2 , we obtain

. L L a2 2L2Oék .
E[V**'] — E[V¥] < —pauE[||0* - 07]°] - (_Mg SO )E[Hy’“ — Y0
tg + Lg B
2 402 (C?
~ . O 9oy [ k E o ky(2
— <Tk+1 — ClCQE — [Lg—y,uyak> E[HHyy - Hyy(e Y )H ]

2

a2 4c
- <Tk+1 - 01025—: - uQZJ Qg E[HHé“y - Hey(Gk,y'“)IIQ]
g

4
2T Tk (12 toLg ok\ s2 2 L~ O 2 2
Ell|lh 1 _— _ 4

+ o E[||AF]]7] + ( + . Lgﬂ )Bkagy +01025k + 477,04,

+2(1 = 71 GE[0° = 0°[P] + 2(1 — 7)) ?GE[ly" — 7] (3.80)

Note that for the projected update (3.75)), (3.60) still holds. Plugging (3.71)) and (3.60))
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into (3.80]), we have

C. N2 Coyo\ 2
E[Vk+1] . E[Vk] < _,UO‘kE[H@k N G*HQ] + (2 + 4¢s + 853< 9;y> ><C}%€ + ( 99y> C;y) 04%
I Hg

_ 8@3L2L3) Elly* — (6%

a/_z B 2L3¢*O{k
Br Iz

4C? C?
96y fy
(Tk—i-l_ClCZ B, —I%M ) [H ( 79)”]

40}20y k k , k\|2
Th1 — 0162 ~Lay, | E[||Hg, — Hay (6", y")|°]
p2p

4

5, Y drt o) + 8L 5o, . (3.81)

Hglg ok 2
1+ o, 4+ c¢ic
( Ng_’_Lﬂ)ﬁk A

We choose the stepsizes ag, Bk, 7 as (3.30) to guarantee that (cf. ¢ := ¢.é)

2 402 (C? 2 407

~ ~ ak 90y fy ﬁk ~ ~ ak fy /Bk

— & b — & 7Y > =

(a) Tk+1 C1Co ﬁk ,ugu k = 4 ( ) Th+1 C1Co Bk Mgﬂ Q. =~ 1

2
gLy e 2L% 27272 frgLg

—2 =5 — —= — —qy, —8Pf:L° L > ————— 3.82
(C) 1 +L B — Ci1Co B4 0 673 5k g = 4(,ug +Lg) ( )

Therefore, plugging (3.82)) into (3.81]), we have

E[VFH) — E[VY] < —poskE 6" 0*H2] - hm[uy — (0"

~ BB, — Hy, (0%, 1P) - CEB[IA, — Hoy (6 )] + o6

< —&BE[VH] + &2 (3.83)
where the first and second inequalities hold since we define

- . po tgLyg 1}
C5 = min , ,— ¢ =0(1
{0 e 1 = o)

H E\ _2 2 2
Gg 1= (1+M919L B >ng+m—|—4a +8Lgo, +¢éi=0O(1). (3.84)
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If we choose (5, = m where K is a sufficiently large constant, then we have

K-1 K-1 k—1

E[VE] < H(l—csﬁkV +C6ZBI<; H (1 =60

k=0 k=0 j=k+1
(Ko —2)(Ko — 1)
SR+ K- Kot K—1)"
(K() — 1)2 0 406K
\% .
S Kb K—12 TBE K, —17 (3.85)

é—KZ (k+ Ko — 1)(k + Ko)
E = k—i—Ka (K+Ky—2)(K+ Ky—1)

from which the proof is complete.
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CHAPTER 4

Communication-Adaptive Stochastic GGradients for

Distributed Learning

4.1 Introduction

Stochastic gradient descent (SGD) method [93] is prevalent in solving large-scale machine
learning problems during the last decades. Although simple to use, the plain-vanilla SGD
often becomes less efficient when it is applied to the distributed setting, especially in terms

of the communication efficiency.

In this chapter, we aim to solve the distributed learning problem in a communication-
efficient fashion while maintaining the learning accuracy. Consider a setting consisting of a
cloud server and a set of M devices (workers) collected in M :={1,..., M}. Each device m
has its local dataset {&,, n € N}, which defines the loss function of device m as

Ln(0):=> €(0;&), meM (4.1)
nENm

where 6 € R? is the sought vector (e.g., parameters of a prediction model) and &, is a data
sample. For example, in linear regression, £(6;¢,) is the square loss; and, in deep learning,
0(0;¢,) is the loss function of a neural network, and 6 concatenates the weights. The goal is
to solve

min £(6) with L£(6) = % S £.00). (4.2)

0eRP
meM

Problem (4.2)) also arises in a number of areas, such as multi-agent optimization [77], dis-

tributed signal processing [34], and distributed machine learning [17]. While our algorithms
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can be applied to other settings, we focus on the setting that for bandwidth and privacy
concerns, local data {&,,n € N,,} at each worker m are not uploaded to the server. This
setting naturally arises in e.g., federated learning, in which collaboration is needed through

communication between the server and multiple workers (e.g., mobile devices).

To solve (4.2]), we can in principle apply the distributed version of SGD. In this case, at
iteration k, the server broadcasts the current model #* to all the workers; each worker m
computes VL(0%; * ) using a randomly selected sample or a minibatch of samples {¢F} C
{&.,n € N}, and then uploads it to the server; and once receiving stochastic gradients from
all workers, the server updates the model parameters via

k+1 _ gk _ Tk k. ck
SGD 0 0" — n;ww LEF) (4.3)
where 7, > 0 is the (possibly) time-varying stepsize used at iteration k. When V/£(6%; ) is
an unbiased gradient estimator of £,,(#), the convergence of SGD update is guaranteed
[7]. To implement , however, the server has to communicate with all workers to obtain
fresh {V/£(6%; %)}, This prevents the efficient implementation of SGD in scenarios where
communication between the server and the workers is costly [73]. For example, consider
using SGD to iteratively train an image classification model over a group of wireless devices.
The start-of-the-art deep neural network models (e.g., ResNet, LSTM) for computer vision,
speech and natural language processing tasks involve millions of parameters (e.g., 500MB).
This training process is costly because one SGD update generates around 500 MB data on
each device’s up- and down-link transmission, and SGD takes thousands of iterations to
converge. Therefore, our goal is to find the parameter # that minimizes with minimal

communication overhead.

4.1.1 Related work

Communication-efficient distributed learning methods have gained popularity recently [76, 4§].

Most methods belong to two categories: c¢1) reducing the bits per communication round; and,
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c2) reducing the communication rounds.

Reducing communication bits. For cl), methods are centered around the ideas of

quantization and sparsification.

Quantization has been successfully applied to wireless sensor networks [87, [75]. In the
context of distributed machine learning, a 1-bit and multi-bits quantization methods have
been developed in [98, 4, 2]. Other variants of quantized gradient schemes include error
compensation [122], variance-reduced quantization [129], and quantization to a ternary vector
[121].

Sparsification amounts to transmitting only gradient coordinates with large enough
magnitudes exceeding a certain threshold [I]. To avoid losing information of skipping
communication, small gradient components will be accumulated and then transmitted when

they are large enough [66], 105, [3] 119 114].

Quantization and sparsification address c1) but not address ¢2), so they are still affected

by latencies due to initiating communication, queuing, and propagating messages [85].

Reducing communication rounds. Methods using periodic averaging include elastic
averaging SGD [132], local SGD (FedAvg) [73, [106], 115, 126, 52], 36] and momentum SGD
[116]. Except [50, 115] 36], local SGD methods follow a fixed communication schedule. They
work well in the homogeneous setting where data are i.i.d. over all workers, but often sacrifice
the learning accuracy in the non-i.i.d. case. Work tailored for the heterogeneous setting
includes FedProx [60]. Other methods that reduce the number of iterations include the
gradient tracking [108, [59], primal-dual update [69, [71], opportunistic communication [96],
and higher-order methods [100], 133]. Roughly speaking, algorithms in [60, 42, 100, 133]

reduce communication by increasing local gradient computation.

This chapter is based on the method of lazily aggregated gradient (LAG) [8, 109]. LAG
is adaptive and works well for the heterogeneous setting. Parameters in LAG are updated at

the server, and workers only upload information that is informative enough. LAG has great
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performance with full gradient, but its performance degrades significantly with stochastic

gradients, which make its rule of communication highly unreliable.

4.1.2 Our approach

This chapter proposes Lazily Aggregated Stochastic Gradient (LASG), which includes a
set of SGD-based methods that considerably reduce the communication of distributed SGD.
Compared with popular communication-efficient algorithms such as local SGD [73] [106, 115
126], our LASG does not sacrifice learning accuracy in the non-i.i.d. settings. Observing
that not all communications between the server and the workers are equally important,
LASG uses conditions to decide communication adaptively. When a worker skips a round of

communication, the server uses its stale gradient to perform parameter updates.

Define M* as the set of uploading workers at iteration k, and define 7% as the staleness
of the gradient from worker m used at iteration k. LASG has the following update
k+1 _ ok Tk k—7k  ck—7kN Tk k. ¢k
meM\MF meMF

or equivalently (see also Figure

Generic LASG  #"' = ¢* — p,V* (4.5)

1
with v’f:v’f—wﬂ > o
meME

where the stochastic gradient innovation is defined as

k

0%, = VU(OF; €k) — Ve(0r s gk, (4.6)

The staleness {7%} depend on MP*: at iteration k, if worker m ¢ MF¥, the server increases

staleness 7+ = 7% + 1; otherwise, worker m uploads its stochastic gradient, and the server

m
k1 _
resets 7,7 = 1.

Clearly, selection of subset M¥ is critical. The challenges are 1) the importance of each

communication round is dynamic, thus a fixed condition is ineffective; and 2) checking the
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0"+t — gk _ V¥

A
0’:/ /5’; A I ok\;\(s’ﬂy
Y

Server

Workers

Figure 4.1: Generic LASG implementation.

condition must be numerically efficiently. To address these challenges, we develop two types of
adaptive condition based on different communication, computation and memory requirements.

The first type is computed by each worker (WK), and the second by the server (PS).

LASG-WK: At iteration k, the server broadcasts 6* to all workers; each worker m computes

VI(0F; ¢k ), and checks whether m € M¥; only those in M* upload 6% to the server, which

executes .

LASG-PS: At iteration k, the server determines M* and sends #* to those workers m € M¥:
each worker m € M* computes V/(6*; €8 ) and uploads 0% ; those workers m ¢ M* do nothing;
the server executes ;

How M" are computed are deferred to Chapter 4.2, We summarize the contributions of

this chapter as follows.

1) We introduce LASG, a set of communication-skipping methods for distributed SGD.

It reuses stale stochastic gradients to reduce redundant communication.

2) We establish convergence of our proposed methods. The convergence rates match

those of SGD.

3) We tested LASG on logistic regression and neural network training and confirm its

performance gains.
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Metric Communication Computation Memory
Algorithm || PSS WK m|WK m—PS PS WK m PS | WKm
Sync SGD always always (4.3) O(p) /
LASG-WK1 always if me MF [@.9) O(p) O(p)
LASG-WK2 always if me MF [@12) O(p) O(p)

LASG-PS if me Mk | iftmeMF || @&5), (@14) |if me MF | O(Mp) | O(p)
LASG-PSE || ifmeM* | ifmeMF || @F), @E16) |if me M* || O(Mp) | O(p)

Table 4.1: A comparison of communication, computation and memory requirements. PS
denotes the parameter server, WK denotes the worker, PS—WK m is the download from

the server to worker m, and WK m — PS is the upload from worker m to the server.

4.1.3 Why LAG does not work well with SGD?

Let us revisit the LAG method [8] and provide why it works poorly with stochastic gradients.

Similar to what is described above, LAG has both WK and PS types of conditions to
decide MP*. Since they are equally ineffective with stochastic gradients, we limit our discussion
to LAG-WK. Applying LAG-WK to stochastic gradients amounts to, in the condition of [§],
replacing worker m’s gradient by its stochastic gradient, that is, ezclude m from MF if

dmax

2
‘ < dc Z okt — ekdeQ’ (4.7)
max ;5

Hve(e’f; gk ) — Ve(oFm gy

where ¢ > 0 is a pre-defined constant, and d,,., is the number of consecutive past iterates.
This condition compares the new stochastic gradient to the stale copy at the server; if the
difference is small compared to the recent changes in 6, then the server will reuse the stale
copy.

When used with (standard) gradients, LAG [§] proves the condition leads to “larger
descent per upload”. Unfortunately, the two stochastic gradients in are evaluated with
two different samples, €8 and fﬁfﬂi. The left-hand side (LHS) is almost never small. So,

([4.7) becomes ineffective at judging the contribution of V£(6%; ) to the stochastic descent.

86



—_

ElLASG-WK2, c=0.4
ELAG-WK, c=0.4
ELAG-WK, c=4

o
©

o
)
T

o
>
T

Fraction of workers (uploads)
o
o

o

5 10 15 20

Epoch
Figure 4.2: Comparison of upload numbers (10 iterations per epoch). Applying LAG-WK
with stochastic gradients is ineffective. Even using an aggressive parameter ¢ = 4, it is

significantly less effective than LASG-WK2 (proposed).

Figure 4.2] compares the stochastic LAG and one of our new algorithms LASG-WK2
(introduced later) on a synthetically generated logistic regression task, which demonstrates
that the stochastic LAG is ineffective in saving communication — when ¢ is small (e.g.,
0.4), (4.7) is almost never satisfied due to the inherent variance of the computed stochastic
gradients; and when c is large (e.g., 4), (4.7) is satisfied only initially. Mathematically, this
can be explained by expanding the LHS of by (see the supplemental material for the

deduction)
E V0" €k) — e k)| (4.82)
> JE[|[VAe &) ~ VL] (4:80)
+ SB[ Vet gy - vL0tH)| ] (4.8¢)
—E[|[ VLA (0%) — VL (05|12, (4.8d)

When 6% converges, e.g., 0¥ — 0*, the right-hand side (RHS) of (4.7) ||9k+1_d—9k_dH2—>0.
But the LHS of (4.7) does not since the gradient variances in (4.8bf) and (4.8c) do not vanish.

Therefore, the key issue is the variance of stochastic gradients is not diminishing and fails

the LAG rule (4.7) eventually.
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4.2 LASG: Lazily Aggregated Stochastic Gradients

In this section, we formally develop our LASG method. To overcome the limitations of

LAG in stochastic settings, the key of the LASG design is to reduce the variance of the

innovation measure appeared in the adaptive condition. As discussed, LASG-WK uses a

condition checked by each worker; LASG-PS uses one checked by the parameter server.

Algorithm 4 LASG-WKI

Algorithm 5 LASG-WK2

1: Input: Delay counter {70}, stepsizes {n},

max delay D.
2: for k=0,1,..., K —1do
3: Server broadcasts 6% to all workers.
4: All workers save § = 6% if k mod D = 0.
5: for m=1,2,..., M do in parallel
6: Compute VE(6%; €x), Ve(8;F).
7 Check condition (4.9))
8: if is violated
9: or k mod D = 0 then
10: Upload 6F,.
> Save 08 and set 7Rt =1
12: else
13: Upload nothing.
> Set 7Rl =7k 4+ 1
1a: end if
16: end for
17: Server updates via .
18: end for

1: Input: Delay counter {70}, stepsizes {n},

max delay D.
2: for k=0,1,..., K —1do
3: Server broadcasts 6% to all workers.
4: for m=1,2,...,M do in parallel
5. Compute VE(0%; k), Ve(Ok ™ ¢k ).
6: Check condition .
T if is violated, or, 7% > D then
8: Upload &F,.
> Save 6% and set 75! =1
10: else
11: Upload nothing.
> Set A =7k +1
13: end if
14: end for
15: Server updates via .
16: end for

Table 4.2: A comparison of LASG-WK1 and LASG-WK2.
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4.2.1 Worker LASG: save communication uploads

We first introduce two LASG-WK variants. The first one, which we term LASG-WK1,

calculates two stochastic gradient innovations with one at sample £ as
Oy, = V(0% €5) — VUB: &)
k—T1k
and one at sample &, ™ as

O T = VO T ) = VB €.

m

where 0 is a snapshot of the previous iterate 6 that will be updated every D (> dyax)
iterations. As we will show in (4.10)), 5';1 — Sﬁfﬁ‘ can be viewed as the difference of two
variance-reduced gradients calculated at #* and Gk Using an — Sﬁfﬁ“ as the error induced

by using stale information, LASG-WK1 excludes m from M¥* if

-

m

) dmax
< ¢ Z H9k+1—d _ ek—dHZ _ (4.9)
d=1

dmax

Recall if ([4.9)) is satisfied, we increment staleness 7571 = 7% 4 1; otherwise, worker m

uploads the fresh stochastic gradient and resets staleness as 75! = 1.

Behind (4.9) is the reduction of its inherent variance. To see this, decompose the LHS of

([4.9) as the difference of two variance reduced stochastic gradients at iteration k and k — 7% :
B, = 3k = (V0% €8) — VUG €) + VL (D))
— (VO gl = VU k) + VL(0) ) (4.10)

To provide some intuition, we define the minimizer of (4.2)) as #* and assume that V{(0;&,,)
is L-Lipschitz continuou for any &,,,. The LHS of (4.9)) is upper-bounded in expectation by

B [||6h - 5[] < SLELEY) — £07) + SLELE*™) — £(6"))

+ 16L(EL(0) — L(6%)). (4.11)

! This Lipschitz continuous assumption is needed only when we provide some intuitions of our design, but
in our subsequent analysis.
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When the iterate 6% converges, e.g., 6%, 6™ 6 — 6* the RHS of - diminishes, and
thus the LHS of (4.9) diminishes. This is in contrast to the stochastic LAG-WK rule in (4.8)

that is lower-bounded by a non-diminishing value.

The second rule LASG-WK2 excludes m from MF if

Vo eh) — Ve k) H < f”e’f“—d—e’f—dn? (4.12)
d=1

Note that different from (4.7)), condition (4.12) is evaluated at two different iterates but on

the same sample £F .

LASG-WK2 (4.12) also reduces its inherent variance since the LHS of (4.12)) can be
written as the difference between a variance reduced stochastic gradient and a deterministic

gradient, that is

V(08 &k — VO T k) = (V08 €5) — VIO )
F VLA (05)) = VL, (857, (4.13)

With derivations deferred to the supplementary, we conclude that E[||VE(0%; €8 )=V 0(0% ™ €5 )|12] —

0 as 0% — 0~

4.2.2 Server LASG: save up/downloads and calculations

We next introduce two LASG-PS variants. The rationale is that if the model difference is

small, the gradient difference used in Chapter is likely to be small.

The first variant LASG-PS excludes m from M¥* if

12, o - o g’ (4.14)

X d=1

where L, is the smoothness constant of £,,(#). Condition (4.14) can be checked at the server

side without computing new gradients if the server stores {9’“‘”’3} for each worker m.
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The LHS of (4.14) can be upper-bounded in expectation by

D
E[||6* — 0| <2DY B [0 —0* P o
d=1

D
+2D Z]E ||V,C(9k—d)]\2 n_p+ D? ( Z a3n> . (4.15)

d=1 meM

Assume ||V£(9k)H2 is bounded; then the diminishing stepsizes {n;} ensure that the 2nd and
3rd terms in the RHS of (4.15)) vanish. Using mathematical induction, the LHS of (4.14]) also

diminishes. Therefore, this condition remains effective asymptotically.
When an estimate L,, is not available, one can use LASG-PSE, a variation of LASG-PS

that estimates L,, “on-the-fly.” With f)’fn denoting the estimate of L,,, LASG-PSE excludes

m from MF if

dmax

A _r C o .
(L 210 = 0[P < =D 0+ — (4.16)

max d=1

where the estimated constant j}ﬁl is updated iteratively via

k.cky k—tk . ¢k
o {ﬁk Ve ¢) — Vi 7€m>l|}, (4.17)

S ]

We give LASG-PS and LASG-PSE in Algorithms [0 and [7] respectively, and compare all
LASG methods in Table .11

Comparison of all LASG methods. All the LASG rules can be computed efficiently
without storing all previous §*. LASG-PS and LASG-PSE need eztra memory at the server
but save both local computation and download communication while LASG-WK1 and LASG-
WK2 save only upload communication. LASG-WK1 is more conservative as LASG-WK1
measures the change of gradients at two model states for both new and old data samples,

but LASG-WK2 measures only the change of gradient at the new sample.
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Algorithm 6 LASG-PS Algorithm 7 LASG-PSE

1: Input: 6°, delay counter {77}, smoothness 1: Input: #°, delay counter {72}, smoothness
contants { Ly, }, stepsizes {n}, maximum de- estimates {L0,}, stepsizes {n;}, maximum
lay D. delay D.

2: for k=0,1,..., K —1do 2: for k=0,1,..., K —1do

3: for m=1,2,..., M do in parallel 3: for m=1,2,..., M do in parallel

4: Server checks condition . 4: Server checks condition (4.16|).

5: if is violated or 7% > D then 5: if is violated or 7% > D then

6: Server sends 6% to worker m 6: Server sends 6% to worker m.

7: Worker m computes V£(6; ). 7: Worker m computes V£(6%; €F).

8: Worker m uploads dF,. 8: Worker m uploads 6F,.

> Save 0F and 7AH! = 1 > Save 0¥ and TAH =1
10: else 10: Worker m uploads LF+1 in ([.17).
11: No action. > 7l =7k 41 11: else
12: end if 12: No action. b7l =7k +1
13: end for 13: end if
14: Server updates via (4.4)). 14: end for
15: end for 15: Server updates via (4.4)).

16: end for

Table 4.3: A comparison of LASG-PS and LASG-PSE.

4.2.3 Quantized LASG: Save also communication bits

We further reduce communication bits per round by applying quantization.We define the

gradient under a quantization operator Q as
Q(0;€) == Q(VL(0;¢)) . (4.18)

We adopt the stochastic quantization scheme in [2] and develop quantized LASG (LAQSG)
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as

B0 Y Q) Q0 e

meM\MF meMF

where M¥* is determined by one of four described rules.

4.3 Main Results

In this section we present the convergence results of LASG-WK1, LASG-WK2 and LASG-
PS under both the nonconvex condition and the Polyak-Lojasiewicz condition, and the
convergence results of LAQSG under the nonconvex condition only. We leave the analysis of

LASG-PSE for future work, but it empirically has very impressive performance.

First, we make some basic assumptions.

Assumption 1 The loss function L(0) is L-smooth, i.e. for any 01,0 € RP, it follows that

L(02) < L(61) + (VL(6:),0> — 1) + §H‘92 — 0% (4.19)

Assumption 2 The samples L, €2, ... are independent, and the stochastic gradient V{(0; ")

satisfies

Ee [VU(B;€5)] = VL(0), (4.20a)

Ee: [IIVA0:5) — VELO)]?] < o2, (4.200)
For LASG-PS, we require an extra smoothness assumption.

Assumption 3 The local gradient VL,, is L,,-Lipschitz continuous, i.e. for any 0,05 € RP,
we have

VL (01) — VL, (02)]] < Ly||601 — 62 (4.21)
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Figure 4.4: Logistic regression on mnist digits 3 and 5

Assumption [I| implies that the loss function £ can be upper bounded by a quadratic

function at any point. Assumption [2| ensures that the stochastic gradient is unbiased, and has

bounded variance. Assumption [3|bounds the change of local gradients when they are evaluated

at two points. Assumptions|IH3|are common in analyzing SGD [30, 47, 2, 105}, 3], 119, 114} [109].

4.3.1 Convergence in the nonconvex case

We first present the convergence in the nonconvex case.

Theorem 4 (nonconvex) Under Assumptions[1], [3 (for Algorithm|[f] also Assumption[3),

if the stepsize is chosen as n, = n = O(—%), and the threshold is ¢ < min{ =

VK
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k=0

From Theorem [4] the convergence rate of LASG in terms of the average gradient norms is
still O(1/v/K), matching standard SGD [30]. When K > M, the second term is dominant.
If we simplify 0,, = o, Vm, then the bound becomes O(1/(MiK?2)), and the convergence

rate will be improved as the number of workers M increases.

The assumption below bounds the variance of the quantized stochastic gradient.
Assumption 4 For any 6 € RP and any m € M, we have E¢, [||VL(0;¢0)]1?] < B.

Based on this assumption, we have the following result.

Theorem 5 (LAQSG) Under Assumptions E @ ! (also Assumption @for Algorithm @, if

Ne=1n= O(\/LE), c < mm{lﬁ'g‘;Q, md"rL } where ¢, > 0 is a constant, then {0*} generated

by quantized Algorithms[{] - [0 satisfy

K-1

E [|VL(©OH)]?] = (1/\@). (4.23)

k=0

=)=

The rate O(1/v/K) matches the standard QSGD [2).
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4.3.2 Convergence under the Polyak-Lojasiewicz condition

Assumption 5 The loss function L satisfies the Polyak-Lojasiewicz (PL) condition with

constant > 0, that is
. 1
£6) - (") < 5 L@ (4.24)

The PL condition is weaker than strong convexity and may hold with convexity [51]. It is

met by underdetermined least squares and logistic regression.

Theorem 6 (PL-condition) Under Assumption[1|[3[7 (for Algorithm (] also Assumption

. - - dmax dmax ML2
H), if = m < no for a given constant Ky, and ¢ < mm{%DnS’ { }, then 0%

generated by Algorithms [} [J and [ satisfies
E[L(0%)] — L(*) = O (1/K). (4.25)

The rate O(1/K) matches that of SGD [89]. Under the same (or even slightly stronger)
assumptions of Theorem 3, it has been shown that O(1/K) is the best rate by any stochastic
gradient-based algorithm; see [78, Theorems 5.3.1 and 7.2.6].

4.4 Numerical Tests

We conducted numerical tests on both logistic regression and neural network models. We

benchmarked LA(Q)SG with SGD, LAG-WK, local SGD (with varying intervals H) and
QSGD. We did a grid search for best learning rates.

4.4.1 Logistic regression

The data are distributed across M = 10 workers for ijennl, MNIST (with digits 3, 5) and
M = 20 for Covtype. For each worker, the batch size is selected to be 0.01 of the local data

size for ijennl, MNIST and 0.001 for Covtype. The /;-regularization parameter is set to
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Figure 4.6: Training loss on mnist dataset under different number of workers.
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Figure 4.7: Test accuracy on mnist dataset under different number of workers.

be 107°. We choose stepsize n = 0.1. For all LASG algorithms, D = 100, dy,.c = 10 and
¢ = 1/n?. For local-SGD, the communication period is H = 50, 10, 20 iterations for ijennl,
MNIST, Covtype respectively. This is optimized to save communication as much as possible
without largely affecting the convergence speed. For quantization methods, we perform 4-bit

stochastic quantization [2]. Numerical results are reported in Figures [4.3H4.5]

4.4.2 Training neural networks

We train a convolutional neural network with two convolution-ELU-maxpooling layers (ELU
is a smoothed ReLU) followed by two fully-connected layers for 10 classes classification on

MNIST. The data are distributed on M = 10 workers. We choose stepsize n = 0.05. Since
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the objective function is nonsmooth (L,, is unavailable), LASG-PS is not tested. For other
LASG algorithms, we set D = 50, dpa. = 10, and ¢ = 1/n?. For local-SGD, we set H = 4.
For all quantization methods, we set 8 bits. We first report the the total number of uploads
needed to achieve the training loss 0.1 and the test accuracy 95% under different number of
workers M in Figures and [4.7] respectively. We also report the numerical results averaged
over 30 Monte Carlo runs in Figures [4.8 and [4.9]

All algorithms have been tested on the popular tiny imagenet dataset, which contains
200 classes and 500 images per class for training and 10,000 images for testing. All images
in tiny imagenet are 64x64 colored ones. We use the Resnet18 model initialized by weights
pretrained on ImageNet1000; see the accuracy versus the number of communication uploads

in Figures and For training loss, LASG-WK1 and -WK2 require much less total
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time than SGD and local SGD with H = 2, but slightly more than local SGD with H = 4
and 6. However, as shown in Figure [{.11], local SGD with larger communication period
sacrifices the testing accuracy by 3-4%. This reduced test accuracy is common among local

SGD methods, which has been studied theoretically; see e.g., [126].

All LASG algorithms has the same iteration complexity as SGD and outperform local-SGD
in most cases. Compared with SGD, LASG-WK2 and LASG-PSE reduce communication
rounds by about one order of magnitude for neural network training and even more for logistic
regression. LASG-WKI1 also reduce communication by more than one order of magnitude for
logistic regression. Based on the results of LAG-WK it is evident that the selection rules ,
(4.12) and achieve more significant improvement in terms of saving communication
than the selection rule (4.7) of LAG-WK. Moreover, the performance of LAQSG validates
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that LASG can be easily equipped with stochastic quantization with extra benefits from

quantization.

4.5 Appendix

We first highlight the key steps, present some supporting lemmas that will be used frequently
in the subsequent analysis, which is followed by the proofs of the results in Chapter [£.3]

4.5.1 Derivations of missing steps in Chapter

We will provide the detailed derivations of some missing steps in Chapter [£.2 We define an

auxiliary function as
Un(0) 1= Lon(6) = Lon(60) = (VL(67),0 — 07)

where 0* is a minimizer of £(0). Assume that V£(6;¢,,) is L-Lipschitz continuous for all &,,,
we have [|[V0(0; &) — V08 €) |7 < 2L(0(0;6) — £(0%; ) — (VE(0%; Ep), 0 — 0%)). Taking

expectation with respect to &,,, we can obtain

Ee, [IVE(0; &n) — V(0" ) 7] <
2L (Ln(0) — L (0%) — (VL (0%),0 — 0%)) = 2L, (6). (4.26)

Note that VL, is also L-Lipschitz continuous and thus

IVL0n(6) = VL0 < 2L (0).
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Derivations of (4.8)

By ((.38), we can derive that [|6;]|> > 5|01 + 62> — [|62]]>. As a consequence, we can obtain

E[[[ve(6*;¢h,) — vt b))
> 2E[|[(Ve@h;€h) — VL ()
(VL (0" ™) = Voo™ b)) |7]
~E[[[VLn(6) ~ TLn (0]
= E[|ve@t:&h) — Ven@)|]
+ [V ghh) - V6t ]
FE VU5 €5) =~ VL (08),V L (05T )=V E(08 5 €577

- E[Hvﬁm(ek) - vzm(e’f—ﬂ’%)”"'].

To obtain (4.8), we use that

(E[VE0F;:€5)|08] ~VLn(08), VLR (08 ) = VO gh7™)) = 0.

=V Lo (0%)
Derivations of (4.11)
Recall that
Sk Sk

=(VU(OF; €h) = VEB:EL) + V L£(6)
— (VUO ™5 857) = VU €57) + VL (0)
= (V0" €,) = VO;€3) + Vb (0))

.—gk
=9m

(V8T €17y — VU(0; €5+ Vb (6))

k

k—Tyy
=gm "
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And by ([£.38), we have |6 — an_ﬁk”HQ < 2||gk |12 + 2Hg,§f7£‘ |>. We decompose the first term

as

E[llg I 2E[|VE(0*; &5,) — V(0% &5)II7]
+ 2E[||VU(0; €5,) — V(07 €5) — Vom(0)]7]
=2B[E[||VL(0*; &) — V(O™ &) [1]0]]
+2E[|VL(6; &),) — V(05 €)
—E[VU(6; &) — V05 €5) 1011
<ALE[th, (0)] + 2E[[|V(B; £,) — V(O 65)|°]

CALE[n(609)] + AL ().

where (a) follows from (4.26]).

By nonnegativity of 1,,, we have

Ellgh|I’] < 4L Y Evm(0*) +4L Y En(0)

meM meM
— AML(EL(0%) — £(6*)) + 4M L(EL(A) — L(67)). (4.27)
Similarly, we can prove
E[[| g% ™ (|2 < 4ML(EL(§* ™) — L(6*)) + 4M L(EL(G) — L(67)). (4.28)

Therefore, it follows that

E[[|55, — o5 ™ |1%] < 8ML(EL(6*) — L(6"))
+ SML(EL(0" ™) — L(6*))+16 M L(EL(F) — L(67)).

102



Derivations of (4.13)

The LHS of can be written as
V(O €k — VI(OF ek
=(VUO €k) = VU0 €8 )+ VL, (08 ™)) =V L, (0F)
=(VLUOF; €E) = VUOF ™ E8) + Vi (05)) = Vi, (05 ™).
Similar to (4.27]), we can obtain
E[| V(08 €k) — VOO ™ €8) + Vi (™) |1
< AML(EL(6%) — L(6*)) + AML(EL(6* ™) — L(6*)).
Combined with the fact
E[[| Vb (05[] = E[| VL (65"™) = VLo (6%)]]
< 2LEx),, (0F~™)
< 2ML(EL(* ™) — L£(6%))
we have
E[||Ve(6*; &) — Ve ™ &k’
<8SML(EL(6") — L(6%)) + 12ML(EL(0* ™) — L(6*)).

Derivations of (4.15))

Expanding LASG update, we have

IE[HH’“ _ ek—f,’;’ﬂ

'NL

[H Z Ne—a V(0" T gfr;d,Tf;d)

=1 meM

B
d=1

]
Rl
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where we used the Cauchy-Schwartz inequality.

Using E[J4 ~ B[] + [BLA) = B[1AF], we hove

IE{HQ’“ or } M2 an d

B 5 (o e )]

meM
]

-3 Z B[] 3 et
=1

k
Tm

Lk
MfmZ% dZU + Zﬁk dE[H ZVﬁ Chns = ) ]
d=1 meM
Tk T k. Tm 5
mg Z Z Umnk at TSZ [HV'C(Qkfd)H ]ni_d
d=1meM d=1
27”6% 2 k—d _ pk—d—r1]]?], 2
+IEY Y LmE[He —d _ gh—d-mn; }nk—d'
d=1meM

We arrive at our statement since TT]Z <D and n_qg < Mx_p.

4.5.2 Key steps of Lyapunov analysis
With these assumptions, LASG will yield descent of £(6%).

Lemma 11 Under Assumptions and @ {0%} generated by Algorithms @ and@ satisfy

20 - B0 < - (- 5 ) B [I020)]

2
Lng 1 k—k . ck—Tk, k
—E M%ZMW(Q LEhmTmy VL(0Y) ]
(e — L)
e %E [(Vﬁ(ek), 5@)} (4.29)

where 6% = VI(0F; ¢k ) — Vﬂ(@k*ﬂ’%; ffn_T’é‘).

Among three terms in the RHS of (4.29): the first term resembles the standard unbiased

stochastic descent; the second term captures the variance of the stale aggregated stochastic
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gradient; and, the last term quantifies the correlations between the gradient direction V.L(6*)

and the error induced by the stale stochastic gradient V*.

Analyzing the progress of £(6%) under LASG is challenging. Below we characterize the
regularity of the stale stochastic gradients V¥, which lays the foundation for incorporating

the properly controlled staleness into the SGD update.

Lemma 12 Under Assumptions and@ if the stepsizes satisfy N1 < mp < 1/L, then we

have

E [(vg(ek), 5fn>] <D [|]v)|] +% 7,;4 o

D
c vML
E 0k+1—d o Qk—d 2 ) 4.
+ ;(mkdmx + ) [l 1°] (4.30)

12,

Lemma justifies the relevance of the stale yet properly selected stochastic gradients.
Intuitively, the first term in the RHS of will reduces the magnitude of descent in
(4.29), and the second and third terms will diminish if the stepsizes are diminishing since
E[[|6* — 6*~1]%] = O(p).

The next lemma implies that the variance of the stale aggregated stochastic gradient

reduces to that of standard SGD if the stepsizes are diminishing since E [||0k — 0ki1||2} =
O(nz)-

Lemma 13 Under Assumptions and@ if the stepsizes satisfy nxr1 < mp < 1/L, then we

have
1 2
E||l+7 D VO gk — VL) ]
meM
3¢ Ty 9
< ]E 6k+17d o Qkfd 2 v 2 ) 4 1
< 2 I 5m 2 (131)

In view of Lemmas [I1H13] we introduce the following Lyapunov function to capture
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the progress of LASG:
D
VEi= L0%) — £0%) + a0t — g (4.32)
d=1

where {4}, are constants to be determined later. The following lemma is a direct application

of Lemmas [TTHI3L

Lemma 14 Under Assumptzons and@ there exist nonnegative constants { A%} . B and
BY such that
E[VF —E[V* < - BEE[|VL(O")|?] + Bf Z o2
D
=) ALE (0" — 07 (4.33)
d=1

The constants {AX}2 - BY and BY depend on the stepsize 7, the threshold ¢ and the
parameters {y4}2_,. Their expressions are specified in the proof. By choosing proper 7, and

¢, we are able to ensure the convergence of LASG.

4.5.3 Supporting lemmas

Define the o-algebra ©F = {#',1 < [ < k}. For convenience, we initialize parameters as

0P =... =971 = ¢°, and define the difference between #*T'=¢ and #*~¢ as
Ak—d — Hk-‘rl—d . Hk:—d (434)

which implies that AF := gk+1 — g*.
Some basic facts used in the proof are reviewed as follows.

Fact 1. Assume that X, X»,..., X,, € R? are independent random variables, and EX; =
-=FEX,, =0. Then

n
i=1

i 2] = Z]E [11X:01°] - (4.35)
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Fact 2. (Young’s inequality) For any 6;,0s € RP ¢ > 0,

0,112 <6

(0, 0,) < | 22” L 22” . (4.36)
As a consequence, we have
2 1 2 2

161+ 62l < (14 )61 + (1 + )16l (4.37)

Fact 3. (Cauchy-Schwartz) For 6;,...,0, € RP we have
H Z (4.38)

i=1

Lemma 15 Fork— D <[ <k —7F

m’

if {0%} are the iterates generated by LASG, we have
E [(Vﬁ(ek) VU h) — VU k)]

6DLn
ZE [l Ak=4)2] + F’C o) (4.39)

_12

and stmilarly, we have

E [(Vﬁ(ek), VL (6Y) — V(0L 0

VML D 3D L,
= E [IA*P] + e 4.40
SNTTApS [[AR=]1?] 7 (4.40)
Proof: We first prove (4.39)) by decomposing it as
B [(VL(8), VU(o' &) — Te's € )]
) -, 05
<LE [[|6* = 0')[|Ve(6'; £) — 90" &) ]
©) VML 6D L,
= E [|6° - 6'"] + E |[|V05€L) — Vo' el 441
=12y, 21 1) yuar BV - vaeigrr)
— =Th
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where (a) holds due to

(VL(8'), VU0 €h) = VU5 €5 |

—E [E[(VL(), VE0';€5) - Ve's 7)) |

& [(vL(6), E[ve: ¢t) - veeh o))

=E [(VL(0"), VL, (0") = VL,(6"))] =0

and (b) is a direct application of Fact 2.

Applying Fact 3 to 77, we have

k—l

7 =E[| ’iM_dm < (k=D E[Ja=?] < DiE[nM—du?} (4.42)

d=1

and applying Fact 1 to T, we have

T, =E

INGEE W(el;gﬁ—%)m
—E (| VA0 €5) ~ VL (8)+ VL (0) =T (0" €55 ||

=E

IV 5) = L@ ]+ E[|7£0(0") - Ve85 5775 ]
<952 (4.43)

m

where the last inequality uses Assumption 2} Plugging (4.42) and (£.43)) into (4.41)), it leads
to (4.39).
Likewise, following the steps to (4.41]), it can be verified that (4.40)) also holds true.
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4.5.4 Proof of Lemma [11]

Due to the smoothness of £(6) in Assumption [l we have
]E[E(@’““)} - [/L(G’“)]
SB[~ (VL) 7 S VUesTh )|

me./\/l

=
WMZW“5“>

=15

] (4.44)

With 0k := V(0% €k ) — Ve(ok—m; flncf%) denoting the stochastic gradient innovation,

we decompose [; as

I = [ (VL(0Y), Z V(0" € }
mGM
Z (vL(6%), 5]
mGM .
_ E[<Vﬁ(9'f), % S E[VIes )| o) + By
meM
—E[|IVL(O")|?] + H (4.45)

and likewise decompose Iy as

=& |1 3 Ve gy - vieeh) + vee)| |

meM

5|5z X veor et -veo)|]

E [[IVL(0%)]*] -2 [w (6"), Z VI(OF; €k ) ]
mEM
+2E[<vc ("), Z V(G gk ))}
meM
=H, + E [|VL(6")|?] — 2H;. (4.46)
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We obtain Lemma [11| by plugging (4.45)) and (4.46) into (4.44])).

4.5.5 Proof of Lemma [12

We next bound H; defined in (4.45]) separately for different LASG rules. First for LASG-
WK1’s rule (4.9), we have

O ST R [(Ve0h), 5, - 3]
meM

b ST E[(VL), Ve e - Ve, € 7))

meM
(b )L 6D L
SE| VL] + T Z o

" Z (2Lnkdmax gj) E[HM%HQ}

. o, . k . . . o L
where (a) is due to the definition of ¢, and (b) is obtained by (4.9)), (4.36) with ¢ = T and
[@.39) with 6" = . Note that the definition of § in Algorithm 4| implies [ = | £ <k—7k.

For LASG-WKZ2’s rule (4.12)), we apply (4.36]) with ¢ = L+7k and (4.39) with | = k — 7%
which leads to

M= 30 E (VLN Tio*i¢h) - Vet ieh)]

meM

E [<V‘C(Qk), VE(QIC—T,’% ék ) _ V£<9k—7—7’f1; éfn_ﬂ%»}

Ln 6DL77
< EIVEOIT+ 37757 3 o

D
¢ VML k—d||2
> (2Lnkdmax T, > = 1A

d=1
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For LASG-PS’s rule (£.14)), applying E [V{(6%; k)| ©F] = VL,,(6%), we get

1 k k k—rk
0 = S E[(VE0). VL) - VL, (07H))

meM

o S E (VL) VL (65 ) - Ve(e gl )
meM

Sl (v ien)|) + SDL > a

2M\/
D
c VML
E Ak—d 2
* Zl <2L77kdmax 1277k ) [H || }

where (c) uses (4.36) with e = ;- and ([£.40) with | =k — 7.

4.5.6 Proof of Lemma [13

We next bound Hj defined in (4.46)) separately for different LASG rules. For LASG-WKI1,
using (4.38)), we first have

Hy < SE[[| 17 3 8 — 5] B[ 1 30 veet,gh) - vee)|)]

mem meM
#9837 Z(vaé;fﬁ)—wm@wﬁ > (VL) - Vi) ]
meM meM
(@) 3¢ 4

<
—d

max

> E[lat)] Z O
d=1

meM

where (a) follows from (4.9), (4.20b)), and (4.35)).

For LASG-WK2, using (4.38)), we have

1 k k
Hy <9E[|| 2 3 (VU ) - vies k)]
meM

1
+OE[| = 3 (Ve k) - VL (09)]]
meM
o) 2 o

< E [ A*9)7] +— > o
meM
where (b) uses - and -
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For LASG-PS, using (4.38)), we have

Hy <2 Y (VH k) - 90 ]

meM
+2E ||| D (L0 ) = VL (09)]]
meM
© 2 dimax
CN RN 4 1 Y
max d=1 meM

dmax

ZEHM WP 3 o

max meM

where (c) holds due to (4.14]), (4.20b)), and (4.35)).

4.5.7 Proof of Lemma [14]
Plugging Lemmas [12) and [13] into Lemma [T1] leads to
E [5(9’““)} —E [5(9’“)]

L k(9]

Mk —

D
31— L VML i
2 E[|A
" 2 <<2dmax Ldmax> e+ g ) EUAT
1
+ L} (5 + 6\/MD) P > ol (4.47)
meM

where we use the fact that Ln, < 1.

By definition of E[V*], it follows that (with vp ; = 0)
E[VF —E[V*] =E [£(0*")] — E [£(6")]

D
+nE A1) + ) (a1 — 1)E [[IA4)7] .
d=1
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First we decompose E [||A¥||?] as

%E 1] ZE[HAZ%AW% kot — VL(OF) + vz(ek)m

<OE[|VL(0)|] +2E[HfZW 0w
D

<o (v )] + - i ZE (I3 5
- 2

where (a) uses Lemma
Together with (4.47)), it follows that

E[VFH] —E[VF] < _.(nk —(L+ 271)7713)IE [IIVE(H’“)H
::BéC

¢ VML  6eying _
+Z<<77k+> +I %nk“"Yd-l—l—'Yd)E[HAk 2]

12 dmax

— Ak
= Ak

+ ((9 + 6\/MD)L+ 1871) U > ol (4.48)
2 M?2 m '

L 1 meM
.—Rk
:=Bh

from which the proof is complete.

4.5.8 Proof of Theorem [4]

To ensure A% < 0 in (4.48) of Lemma , it is sufficient to choose {74} satisfying (with

Yp+1 = 0)
1 c VML = 6eyn}
— — 7% <0, 0<d<D
(m+351) Qo 12 dp et TS DS ES
where the stepsize is chosen as g, =n, k=1, --- | K.

Solve the linear equations above and get

(n+ QL)CD/dmax + WDL

4.49
= 1 —6¢Dn?/dmax ( )
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Select ¢ < min{ 1‘3}‘;7’7‘2, dm“rL } such that vy < \/ZDL. If we further select n <

1 < 1
2L+3VMDL — 2L+4m and then

B = — (L4270 > 7. (4.50)

Summation up (4.33)) over k =0,--- , K — 1, it follows that

K-1

> %E[HVE(@’“)H?} < L(6°) — L(8*) + Z ( + 12\/_D) % ;afn. (4.51)

k=0

Specifically, if we choose a constant stepsize

1 Cy
=7 = min ) 4.52
L { 2L + 4/MDL \/K} (452)

where ¢, > 0 is a constant, then
E [[[VL(6)|I"]

2 0 * 9 Ly 2
<— | £(#°) - L0 )+K<§+12\/MD) 7 > o

Kn
<( L+8\/ MDL 2
+

- m) (£(8%) = £(6))

ﬁ (9 + 24\/_D) % 3 ol (4.53)
meM

Choosing ¢, = O(M%(ZmeM 02)72) leads to the theorem.

4.5.9 Proof of Theorem [5l

Let Eg and Eg¢,, denote the expectation with respect to the stochastic quantization () and

both the stochastic quantization ) and the datum &,,, respectively.

As a result of |2, Lemma 3.1] and Assumption , b-bit quantized gradients have the

following unbiasedness property

EQ [Q(Q, fm)] = ve(& Sm) (4.54)
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and the bounded variance (with B defined in Assumption [4)

Eqg, [1Q(0;&m) — VE(B;&n)[IP] < min { (217—1d_ 1 vd }B =0

Analogous to the proof of Lemma [11], we can get

E[c(ekﬂ)} . E[z(e’f)} < - <nk - LT"’%)E [I7.L(0")]7]

L 2
+ (e — L) Hy + %m

where Hs and H, are defined similar to H; and Hs in (4.44).

We first bound Hj as

k

1S E (V). vAekieh) - et gl h)]

me./\/l
1 ke k ok ek
=H1+MZE[<vz<ek),vz<9’“ P ) QU TR
meM
(a) 6D Ly
< kfd 2 2
Hl-l-iZE[ H}—i_QM\/MUQ

where (a) is obtained by steps similar to those of (4.39)).

Plugging the bound on H; in Lemma |12]into (4.56[), we have

i, < Lk L’?k [HVﬁ 0" } n Z (C/dmax n \/ML> 4 [HAk—d”2]

67,
6D Ly, ) Ué
+ NI E <Jm+ 5 |-

meM

Likewise, H, can be bounded as

iy =8 [[[ve0) - 5y 3 kgl

meM
() 1 k—1k k—1k k—1k k—1k 2 4
4[|+ gww ) QU gk ]+ S e
(C) dmax
(max d=1 mEM
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where (b) uses (£.37) with ¢ = 3, and (c) uses Lemma [13]
0.2
The remaining steps follow those of Theorem {| with o2, replaced with o2, + =2.
4.5.10 Proof of Theorem
Using the PL-condition of £(0), (4.33) can be rewritten as

E[V*] — B[V < — 2uBFE[L(0%) — L(07)]+B} Y _ op,
meM

D
+ ZAZE[HA’“—ﬂF] (4.57)
d=1

If we choose 74 such that A% < —2uBf~, for d =1,2..., D, then we have

E[V**!) <(1 — 2uBME[V*] + BF — M2 > o (4.58)
meM
<[] -2uB)V°+ ZBJH 0y o
7=0 i=7+1 meM
To ensure Ak <—2,Bkv,, note that if g, <n < L+2 , then
By =1 — (L +27)n; € [0, 7). (4.59)

Hence, it is sufficient to choose 7, satisfying (yp+1 = 0)

1 c VML = 6cyni
(e 52)3 *

— o, < =92 Yd.
max+ 19 4 + Vd+1 — Va S —204m71,

Solve the linear equations above and get

(n+ 55)eD /dmax + VMDL/12

_ 4.60
T T = 6D [y — 20Dy (4.60)
Let np = (k+K y with Ko = maX{H—m 16D}, which ensures that
1 1
< mi e 461
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Together with the selection ¢ < min{dmax dmafo }, this ensures that v; < *ﬁD L

24Dn?>

Plugging into (4.58) leads to

E[VF) < (1 — ) E[VF]+ (g + IQWD) Z o2t

| meM
=R
Multiplying over k =0,--- , K — 1, it follows that
K- K-1  K-1
E[VF] < H L= u)VO+ R T] (1= pmy)
k=0 k=0 Jj=k+1
< (Ko — 2)(Ko — 1) 10
(K + Ky —2)(K + Ko — 1)
+£KZ‘1 4 (k+ Ko — 1)(k + Ko)
p? = (k+ Ko)* (K + Ko — 2)(K + Ko — 1)
(Ko—12 ARK
\%4 . 4.62
“(K+Ky—1)2 +,u2(K—|—Ko—1)2 ( )
Using the definition of V° and the initialization 6= = ... = 6= = 0°, we complete the

proof.
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CHAPTER 5

CADA: Communication-Adaptive Distributed Adam

5.1 Introduction

Stochastic gradient descent (SGD) method [93] is prevalent in solving large-scale machine
learning problems during the last decades. Although simple to use, the plain-vanilla SGD
is often sensitive to the choice of hyper-parameters and sometimes suffer from the slow
convergence. Among various efforts to improve SGD, adaptive methods such as AdaGrad
[22], Adam [55] and AMSGrad [97] have well-documented empirical performance, especially

in training deep neural networks.

In this chapter, we aim to develop a fully adaptive SGD algorithm tailored for the
distributed learning. We consider the setting composed of a central server and a set of M
workers in M := {1,..., M}, where each worker m has its local data &,, from a distribution
Em. Workers may have different data distributions {Z,,}, and they collaboratively solve the
following problem

min  £(0) = % S L) with L,(0) =Ee, [((0:6)], me M (5.1)

0eRP
meM

where 6 € R? is the sought variable and {L,,, m € M} are smooth (but not necessarily convex)
functions. We focus on the setting where local data &, at each worker m can not be uploaded
to the server, and collaboration is needed through communication between the server and

workers. This setting often emerges due to the data privacy concerns [73], 49].

To solve (5.1), we can in principle apply the single-node version of the adaptive SGD

methods such as Adam [55]: At iteration k, the server broadcasts 0% to all the workers;
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each worker m computes V/(6%; €8 ) using a randomly selected sample or a minibatch of
samples {¢¥} ~ Z,,, and then uploads it to the server; and once receiving stochastic
gradients from all workers, the server can simply use the aggregated stochastic gradient
Vk = L5 e VUOF; k) to update the parameter via the plain-vanilla single-node Adam.
When V/(6%;£F) is an unbiased gradient of £,,(#), the convergence of this distributed
implementation of Adam follows from the original ones [97, [I3]. To implement this, however,
all the workers have to upload the fresh {V£(6%; &%)} at each iteration. This prevents the
efficient implementation of Adam in scenarios where the communication uplink and downlink
are not symmetric, and communication especially upload from workers and the server is
costly; e.g., cellular networks [84]. Therefore, our goal is to endow an additional dimension of

adaptivity to Adam for solving the distributed problem ({5.1)). In short, on top of its adaptive

learning rate and update direction, we want Adam to be communication-adaptive.

5.1.1 Related work

To put our work in context, we review prior contributions that we group in two categories.

5.1.1.1 SGD with adaptive gradients

A variety of SGD variants have been developed recently, including momentum and acceleration
[86], 80, [31]. However, these methods are relatively sensitive to the hyper-parameters such as

stepsizes, and require significant efforts on finding the optimal parameters.

Adaptive learning rate. One limitation of SGD is that it scales the gradient uniformly
in all directions by a pre-determined constant or a sequence of constants (a.k.a. learning
rates). This may lead to poor performance when the training data are sparse [22]. To address
this issue, adaptive learning rate methods have been developed that scale the gradient in
an entry-wise manner by using past gradients, which include AdaGrad [22] 120], AdaDelta
[128] and other variants [61]. This simple technique has improved the performance of SGD in

some scenarios.
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Adaptive SGD. Adaptive SGD methods achieve the best of both worlds, which update
the search directions and the learning rates simultaneously using past gradients. Adam
[55] and AMSGrad [97] are the representative ones in this category. While these methods
are simple-to-use, analyzing their convergence is challenging [97, 113]. Their convergence
in the nonconvex setting has been settled only recently [I3] [19]. However, most adaptive
SGD methods are studied in the single-node setting where data and computation are both
centralized. Very recently, adaptive SGD has been studied in the shared memory setting

[123], where data is still centralized and communication is not adaptive.

5.1.1.2 Communication-efficient distributed optimization

Popular communication-efficient distributed learning methods belong to two categories:
cl) reduce the number of bits per communication round; and, c¢2) save the number of

communication rounds.

For c1), methods are centered around the ideas of quantization and sparsification.
Reducing communication bits. Quantization has been successfully applied to distributed
machine learning. The 1-bit and multi-bits quantization methods have been developed in
[98, 2, T10]. More recently, signSGD with majority vote has been developed in [4]. Other
advances of quantized gradient schemes include error compensation [122] 53], variance-reduced
quantization [129] B8], and quantization to a ternary vector [121], [92]. All of them reduce

a significant number of communication bits. Sparsification amounts to transmitting only

gradient coordinates with large enough magnitudes exceeding a certain threshold [107, .
To avoid losing information of skipping communication, small gradient components will
be accumulated and transmitted when they are large enough [66], 105, [3, 119, 45]. Other
compression methods also include low-rank approximation [I12] and sketching [41]. However,
all these methods aim to resolve cl). In some cases, other latencies dominate the bandwidth-

dependent transmission latency. This motivates c2).

Reducing communication rounds. One of the most popular techniques in this category
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is the periodic averaging, e.g., elastic averaging SGD [I32], local SGD (a.k.a. FedAvg)
[74], 164, 50, 106, 115], 52} B6] or local momentum SGD [125], 116]. In local SGD, workers perform
local model updates independently and the models are averaged periodically. Therefore,
communication frequency is reduced. However, except [50, 115, [36], most of local SGD
methods follow a pre-determined communication schedule that is nonadaptive. Some of them
are tailored for the homogeneous settings, where the data are independent and identically
distributed over all workers. To tackle the heterogeneous case, FedProx has been developed
in [60] by solving local subproblems. For learning tasks where the loss function is convex
and its conjugate dual is expressible, the dual coordinate ascent-based approaches have been
demonstrated to yield impressive empirical performance [42] [70]. Higher-order methods have
also been considered [100)], 133]. Roughly speaking, algorithms in [60, 42, [70, 100, 133] reduce

communication by increasing local gradient computation.

The most related line of work to this chapter is the lazily aggregated gradient (LAG)
approach [8, [[09]. In contrast to periodic communication, the communication in LAG is
adaptive and tailored for the heterogeneous settings. Parameters in LAG are updated at the
server, and workers only adaptively upload information that is determined to be informative
enough. Unfortunately, while LAG has good performance in the deterministic settings
(e.g., with full gradient), its performance will be significantly degraded in the stochastic
settings. Very recently, FedAvg with local adaptive SGD update has been proposed in
[91], which sets a strong benchmark for communication-efficient learning. When the new
algorithm in [91] achieves the sweet spot between local SGD and adaptive momentum SGD,
the proposed algorithm is very different from ours, and the averaging period and the selection

of participating workers are nonadaptive.

5.1.2 Our approach

We develop a new adaptive SGD algorithm for distributed learning, called Communication-

Adaptive Distributed Adam (CADA). Akin to the dynamic scaling of every gradient
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coordinate in Adam, the key motivation of adaptive communication is that during distributed
learning, not all communication rounds between the server and workers are equally important.
So a natural solution is to use a condition that decides whether the communication is
important or not, and then adjust the frequency of communication between a worker and
the server. If some workers are not communicating, the server uses their stale information
instead of the fresh ones. We will show that this adaptive communication technique can

reduce the less informative communication of distributed Adam.

Analogous to the original Adam [55] and its modified version AMSGrad [97], our new
CADA approach also uses the exponentially weighted stochastic gradient hA**! as the up-
date direction of §**!, and leverages the weighted stochastic gradient magnitude v*+!
to inversely scale the update direction h**'. Different from the direct distributed im-
plementation of Adam that incorporates the fresh (thus unbiased) stochastic gradients
Vk = L3 V(0% €R), CADA exponentially combines the aggregated stale stochastic
gradients V¥ = =5~ MVE(é',jl; €k ), where V(0% ; € ) is either the fresh stochastic gradient
VI(0F; €k ), or an old copy when é’;l + Gk;fﬁl # &* . Informally, with a; > 0 denoting the

stepsize at iteration k, CADA has the following update

1 PN

W =i+ (1= 1) VF, with VE=— % VU(0]:€)) (5.2a)
meM

,Uk-i-l — Bgﬁk + (1 o ,62)(Vk)2 (52b)

O = 08 — (el + VEH) T ph (5.2¢)

where 1, 3 > 0 are the momentum weights, VL= diag(9**1) is a diagonal matrix whose

k+1 k+1

diagonal vector is 9! := max{v**1 ¥} the constant is € > 0, and I is an identity matrix.
To reduce the memory requirement of storing all the stale stochastic gradients {V£(0%;&x)1,
we can obtain V¥ by refining the previous aggregated stochastic gradients V*~! stored in

the server via

1
V=Vl 4 i > o (5.3)

meMk
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where 6% := V(0% €5) — V(0% ; €% ) is the stochastic gradient innovation, and M¥ is the set
of workers that upload the stochastic gradient to the server at iteration k. Henceforth, éfn =
0% &k = ¢k Wm e MF and 0F = 051k = ck-1 v ¢ MF. See CADA’s implementation
in Figure 5.1

Clearly, the selection of subset MP is both critical and challenging. It is critical because
it adaptively determines the number of communication rounds per iteration |M?¥|. However,
it is challenging since 1) the staleness introduced in the Adam update will propagate not
only through the momentum gradients but also the adaptive learning rate; 2) the importance
of each communication round is dynamic, thus a fixed or nonadaptive condition is ineffective;
and 3) the condition needs to be checked efficiently without extra overhead. To overcome

these challenges, we develop two adaptive conditions to select M* in CADA.
With details deferred to Section [5.2], the contributions of this chapter are listed as follows.

c1) We introduce a novel communication-adaptive distributed Adam (CADA) approach
that reuses stale stochastic gradients to reduce communication for distributed implementation

of Adam.

c2) We develop a new Lyapunov function to establish convergence of CADA under both
the nonconvex and Polyak-Lojasiewicz (PL) conditions even when the datasets are non-i.i.d.

across workers. The convergence rate matches that of the original Adam.

c3) We confirm that our novel fully-adaptive CADA algorithms achieve at least 60%
performance gains in terms of communication upload over some popular alternatives using

numerical tests on logistic regression and neural network training.

5.2 CADA: Communication-Adaptive Distributed Adam

In this section, we develop our communication-adaptive distributed Adam approach. To

be more precise in our notations, we henceforth use 7% > 0 for the staleness or age of
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Server 0A+l _aA 51 + VA+I hk+|

Workers "'|

Figure 5.1: The CADA implementation.

information from worker m used by the server at iteration k, e.g., éfn = @™, An age of 0

means “fresh.”

5.2.1 Algorithm development of CADA

In this section, we formally develop our CADA method, and present the intuition behind its

design.

The key of the CADA design is to reduce the variance of the innovation measure in the
adaptive condition. We introduce two CADA variants, both of which follow the update ([5.2)),

but they differ in the variance-reduced communication rules.

The first one termed CADA1 will calculate two stochastic gradient innovations with

one 0F = V(0%: ¢F) — VI8, Sk) at the sample £* | and one G . V(G fﬁfﬁ%) -

Vﬁ(é; Sﬁfﬁz) at the sample ﬁm , where 0 is a snapshot of the previous iterate § that will
be updated every D iterations. As we will show in , 5fn — &{Tm can be viewed as the
difference of two variance-reduced gradients calculated at 8% and #*~™. Using an — S,I%J’IZ
as the error induced by using stale information, CADA1 will exclude worker m from MP¥ if

worker m finds

mdx

"< —Z o+ — e (5.4)

k

Sk Sk—,
Hém - 5m "

In (5.4), we use the change of parameter 6% averaged over the past dy,., consecutive iterations

to measure the progress of algorithm. Intuitively, if (5.4)) is satisfied, the error induced by
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using stale information will not large affect the learning algorithm. In this case, worker m
does not upload, and the staleness of information from worker m increases by 751 = 7% +1;
otherwise, worker m belongs to M¥, uploads the stochastic gradient innovation 6%, and resets
TRl = 1.

The rationale of CADA1. In contrast to the non-vanishing variance in LAG rule, the
CADALI rule reduces its inherent variance. To see this, we can decompose the LHS of
as the difference of two variance reduced stochastic gradients at iteration k and k — 7% .

Using the stochastic gradient in SVRG as an example [47], the innovation can be written as

ok, — 8l = (V8% €8 ) — VU(G;€8) + VL, (6))
— (VUE T ) = VUG ) + VL (0)) . (5.5)

Define the minimizer of (5.1)) as 8*. With derivations given in the supplementary document,
the expectation of the LHS of (5.4)) can be upper-bounded by

E [[|35 — 35 *] = O(ELL(6")] - £(67) + EIL(6" )] - £(6%) + E[L(8)] - £(6")).
(5.6)

If O% converges, e.g., 6%, 9’“_751,5 — 0%, the RHS of (5.6) diminishes, and thus the LHS of
(5.4) diminishes. This is in contrast to the LAG rule lower-bounded by a non-vanishing value.

Notice that while enjoying the benefit of variance reduction, our communication rule does

not need to repeatedly calculate the full gradient VL,,(8).

In addition to ([5.4)), the second rule is termed CADA2. The key difference relative to
CADAL1 is that CADA2 uses V/(0%; €F) — Vﬁ(@f{”}%; €% ) to estimate the error of using stale

Tk

information. CADA2 will reuse the stale stochastic gradient V@(an#ﬁl; 55; ™) or exclude

worker m from MP* if worker m finds

dmax

V00" €h) = Ve(ok i gh) [P < =3[R+t — o+ (5.7)

m
dmax d=1

If (5.7) is satisfied, then worker m does not upload, and the staleness increases by 75! = 7% +1;

otherwise, worker m uploads the gradient innovation 8% , and resets the staleness as 77! = 1.
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Algorithm 8 Pseudo-code of CADA; red lines are run only by CADAT1; blue lines are

implemented only by CADA2; not both at the same time.
1: Input: delay counter {72}, stepsize oy, constant threshold ¢, max delay D.

2: for k=0,1,..., K —1do

3: Server broadcasts 6% to all workers.
4: All workers set § = 6% if k mod D=0.

5: for Worker m =1,2,..., M do in parallel

6: Compute V(6% €F ) and VE(6;€F).

7 Check condition (/5.4) with stored §h=mm

8: Compute V£(0%; ¢F) and VK(an_T’k”; £R).

9: Check condition (5.7)).

10: if or is violated or 7% > D then
11: Upload 6% > ThHl =1

12: else

13: Upload nothing. o 75 =7k 1

14: end if

15: end for

16:  Server updates {h*, v*} via (5.2a))-(5.2b).
17: Server updates 6% via (5.2d).

18: end for

The rationale of CADA2. Similar to CADA1, the CADA2 rule (5.7)) also reduces its
inherent variance, since the LHS of (5.7)) can be written as the difference between a variance

reduced stochastic gradient and a deterministic gradient, that is
VUO"EL) — VIO gh) = (VU0 ) — VO 5 €h) 4+ VLu(045) ) VL, (045).
(5.8)
With derivations deferred to the supplementary document, similar to (5.6) we also have that
E[||VE(0F; €8 ) — Ve(0F ™ €5 )||2] — 0 as the iterate 68 — 6*.
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For either (5.4) or (5.7), worker m can check it locally with small memory cost by
recursively updating the RHS of (5.4) or (5.7). In addition, worker m will update the
stochastic gradient if the staleness satisfies 78 > D. We summarize CADA in Algorithm .

Computational and memory cost of CADA. In CADA, checking and
will double the computational cost (gradient evaluation) per iteration. Aware of this fact, we
have compared the number of iterations and gradient evaluations in simulations (see Figures
5.5)), which will demonstrate that CADA requires fewer iterations and also fewer gradient
queries to achieve a target accuracy. Thus the extra computation is small. In addition, the
extra memory for large dp.x is low. To compute the RHS of or , each worker only

stores the norm of model changes (d., scalars).

5.3 Convergence Analysis of CADA

We present the convergence results of CADA. For all the results, we make some basic

assumptions.
Assumption 6 The loss function L£(0) is smooth with the constant L.

2

ms -

satisfies B [VL(0;EF)] = VL (0) and [|[V(0; 5| < o

Assumption 7 Samples &}, . are independent, and the stochastic gradient V{(0;&")

Note that Assumptions[6l[7]are standard in analyzing Adam and its variants [55, 97, 13, 123].

5.3.1 Key steps of Lyapunov analysis

The convergence results of CADA critically builds on the subsequent Lyapunov analysis. We
will start with analyzing the expected descent in terms of £(6*) by applying one step CADA

update.
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Lemma 16 Under Assumptions@ and@ if app1 < ay, then {0} generated by CADA satisfy
E[L(0*+)) — E[L(0Y)] < —a(1 = BIE [(VL(8"), (el + V*2)73 wh)]

— B [(VLEO), (e + V)30 + (§ - m) E [|j6"" - 6%

p

+ ar(2=B)o%E| 3 ((e+af Py = (e+aft) 7)) (5.9)

i=1

where p is the dimension of 0, o is defined as o := ﬁ Y mem Oms and By, e are in (5.2)).

Lemma (16| contains four terms in the RHS of : the first two terms quantify the
correlations between the gradient direction VL(6*) and the stale stochastic gradient V* as
well as the state momentum stochastic gradient h*; the third term captures the drift of two
consecutive iterates; and, the last term estimates the maximum drift of the adaptive stepsizes

over D 4+ 1 iterations.

From Lemma , analyzing the progress of £(6*) under CADA is challenging especially
when the effects of staleness and the momentum couple with each other. Because the the
state momentum gradient h* is recursively updated by V*, we will first need the following
lemma to characterize the regularity of the stale aggregated stochastic gradients V¥, which
lays the theoretical foundation for incorporating the properly controlled staleness into the

Adam’s momentum update.

Lemma 17 Under Assumptions @ and@ if the stepsizes satisfy apy1 < ax < 1/L, then we

have
k rk—D\—L ok Ok INIE: 6DLajez 2
—oxE[(VL(0Y), (el + VEP) 73w >} < —ZE || VEO)G fprmnyd |+ — %:Aom
1 L C D
(L Z k+l—d _ pk—d||2
e (12 * 2Ldmax) d:1IE il et
(5.10)

Lemma justifies the relevance of the stale yet properly selected stochastic gradients.
Intuitively, the first term in the RHS of (5.10]) resembles the descent of using SGD with the
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unbiased stochastic gradient, and the second and third terms will diminish if the stepsizes

are diminishing since E [[|6¥ — 6*71[]?] = O(a}).

In view of Lemmas [16] and [I7], we introduce the following Lyapunov function:

Vk: :,C(@k) . £<9*) . Zajﬁi'—k—l-l <V,C(9k_1>, (6] + Vk)—%hk>
j=k

—i—bkii(e—kﬁfd)é —i—ide@kHd—@deQ (5.11)
d=0 i=1 d=1

where 6* is the solution of (5.1]), {bx}t_, and {ps}2_, are constants specified in the proof.
The design of Lyapunov function in is motivated by the progress of L£(6%) in

Lemmas , and also coupled with our communication rules and that contain

the parameter difference term. We find this new Lyapunov function can lead to a much

simple proof of Adam and AMSGrad, which is of independent interest. The following lemma

captures the progress of the Lyapunov function.

Lemma 18 Under Assumptions |67, if {bx 1, and {pa}5_, in (5-11)) are chosen properly,

we have

D=

) B < MO e ) B vee ] veics a2

where the constant Cy depends on the parameters c, 31, Ba, €, D, and L,{c?}.

The first term in the RHS of is strictly negative, and the second term is positive
but potentially small since it is O(a2) with ap — 0. This implies that the function V¥ will
eventually converge if we choose the stepsizes appropriately. Lemma [18|is a generalization of
SGD’s descent lemma. If we set 51 = 8o = 0 in (5.2)) and by =0, ps = 0, Vd, k in , then
Lemma |18 reduces to that of SGD in terms of L£(6%); see e.g., [T, Lemma 4.4].

5.3.2 Main convergence results

Building upon our Lyapunov analysis, we first present the convergence in nonconvex case.
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Theorem 7 (nonconvex) Under Assumptions @ @ if we choose a = a = (9(\/1—?) and
B1 < /B2 < 1, then the iterates {0F} generated by CADA satisfy
1K1]E [IVL(OM)]?] = ( ! ) (5.13)
VK '

k::O

From Theorem [7], the convergence rate of CADA in terms of the average gradient norms is
O(1/v/K), which matches that of the plain-vanilla Adam [97, 13]. Unfortunately, due to the
complicated nature of Adam-type analysis, the bound in does not achieve the linear
speed-up as analyzed for asynchronous nonadaptive SGD such as [63]. However, our analysis
is tailored for adaptive SGD and does not make any assumption on the asynchrony, e.g., the
set of uploading workers are independent from the past or even independent and identically

distributed.

Next we present the convergence results under a slightly stronger assumption.

Assumption 8 The loss function L£(0) satisfies the Polyak-Lojasiewicz (PL) condition with
the constant i > 0, that is L£(0) — L(6*) < i 1£(8)]°.

The PL condition is weaker than the strongly convexity, which does not even require
convexity [51]. And it is satisfied by a wider range of problems such as least squares for

underdetermined linear systems, logistic regression, and also certain types of neural networks.

We next establish the convergence of CADA under this condition.

Theorem 8 (PL-condition) Under Assumptions @-@ if we choose the stepsize as oy, =

(k+K for a given constant Ky, then 0% generated by Algomthm@ satisfies

E [£(6%)] — £(6") =0 (%) : (5.14)

Theorem [8 implies that under the PL-condition of the loss function, the CADA algorithm
can achieve the global convergence in terms of the loss function, with a fast rate O(1/K).

Compared with the previous analysis for LAG [§], as we highlighted in Section [5.3.1] the
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Figure 5.2: Logistic regression loss on covtype dataset averaged over 10 Monte Carlo runs.
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Figure 5.3: Logistic regression loss on ijennl dataset averaged over 10 Monte Carlo runs.

analysis for CADA is more involved, since it needs to deal with not only the outdated
gradients but also the stochastic momentum gradients and the adaptive matrix learning rates.
We tackle this issue by i) considering a new set of communication rules and with
reduced variance; and, ii) incorporating the effect of momentum gradients and the drift of

adaptive learning rates in the new Lyapunov function ({5.11]).

5.4 Numerical Tests

In order to verify our analysis and show the empirical performance of CADA, we conduct

experiments in the logistic regression and training neural network tasks, respectively.

In logistic regression, we tested the covtype and ijcnnl in the main context, and
MNIST in the appendix. In training neural networks, we tested MINIST dataset in the

main context, and CIFAR10 in the appendix. To benchmark CADA, we compared it with
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Figure 5.5: Training Neural network for classification on cifar10 dataset.

some state-of-the-art algorithms, namely ADAM [55], stochastic LAG, local momentum
[125], T16] and FedAdam [91]. For local momentum and FedAdam, workers perform model
update independently, which are averaged over all workers every H iterations. In simulations,

critical parameters are optimized for each algorithm by a grid-search.

All experiments are run on a workstation with an Intel i9-9960x CPU with 128GB memory
and four NVIDIA RTX 2080Ti GPUs each with 11GB memory using Python 3.6.

Logistic regression. For CADA, the maximal delay is D = 100 and d,,,x = 10. For local
momentum and FedAdam, we manually optimize the averaging period as H = 10 for ijennl1

and H = 20 for covtype. Results are averaged over 10 Monte Carlo runs.

Tests on logistic regression are reported in Figures In our tests, two CADA
variants achieve the similar iteration complexity as the original Adam and outperform all

other baselines in most cases. Since our CADA requires two gradient evaluations per iteration,
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the gradient complexity (e.g., computational complexity) of CADA is higher than Adam, but
still smaller than that of other baselines. For logistic regression task, CADA1 and CADA2

save the number of communication uploads by at least one order of magnitude.

Training neural networks. We train a neural network with two convolution-ELU-maxpooling
layers followed by two fully-connected layers for 10 classes classification on mnist. We use
the popular ResNet20 model on CIFAR10 dataset, which has 20 and roughly 0.27 million
parameters. We searched the best values of H from the grid {1,4,6,8,16} to optimize the
testing accuracy vs communication rounds for each algorithm. In CADA, the maximum delay

is D = 50 and the average interval d., = 10.

Tests on training neural networks are reported in Figures [5.415.5 In mnist, CADA1 and
CADA2 save the number of communication uploads by roughly 60% than local momentum
and slightly more than FedAdam. In cifar10, CADA1 and CADA2 achieve competitive
performance relative to the state-of-the-art algorithms FedAdam and local momentum. We
found that if we further enlarge H, FedAdam and local momentum converge fast at the
beginning, but reached worse test accuracy (e.g., 5%-15%). It is also evident that the CADA1

and CADA2 rules achieve more communication reduction than the stochastic version of LAG.

5.5 Appendix

We first present some basic inequalities that will be used frequently in this document, and
then present the missing derivations of some claims, as well as the proofs of all the lemmas
and theorems in the paper, which is followed by details on our experiments. The content of

this supplementary document is summarized as follows.

5.5.1 Supporting Lemmas

Define the g-algebra ©F = {0, 1 <[ < k}. For convenience, we also initialize parameters as

=P =P+ . 97! =§°. Some basic facts used in the proof are reviewed as follows.
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Fact 1. Assume that X, X5,..., X,, € R? are independent random variables, and EFX; =
--.=FX, =0. Then

E

|3
1=1

Fact 2. (Young’s inequality) For any 6,,0, € RP ¢ > 0,

] = > E[Ixl]. (515)

1641 el
01,0,) < . 1
(61,0) < 00 + S5 (5.16)
As a consequence, we have
2 1 2 2
161+ 6al1® < (14 )61 + (1 + )16l (5.17)
Fact 3. (Cauchy-Schwarz inequality) For any 6,0, ...,60, € RP we have
n 9 n
H ool <o Y16 (5.18)
i=1 i=1

Lemma 19 For k — Tyax <1 <k — D, if {0F} are the iterates generated by CADA, we have
E [(VL(OF), (eI + V*P) 75 (Vee'; k) - Ve s ™))
L

1 D
€ 2 ZE [H6k+1fd _ Gk’d|]2}+6DLake’%a

< 2 .
~ 120y, m (5.19)
d=1
and similarly, we have
E[(VL(O°), (eI + V*P) 7% (VLn(0') — Ve 6 74))]
Le 3 D
< k+1-d _ pk—d)|2 352 ‘
<Toar ;E (116 0" °] + 3DLaye 202, (5.20)
Proof: We first show the following holds.
E[(VLE), (el +V*P) 5 (Ve k) - Ve eh ™))
UE [E[(VL0), (el + V*P) 4 (Vo6 - Ve es™))) o)
OB [(VL(O'), (el + V*P) 3B Va0 6k) - veo's )] ef])]
—E (VL) (eI + VEL)"3 (VL (0) — vzm(el))>] —0 (5.21)
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where (a) follows from the law of total probability, and (b) holds because V*~? is deterministic

conditioned on ©! when k — D < [.
We first prove (5.19) by decomposing it as
E (VLY (e + V)78 (Va0'; k) — Vo' i) |

OB [(VL(8) ~ VLO), (] + V*0)7 (Vee'seh) - Ve3¢ )]

(d) Sk—D\—=2||| gk p Srk—Dy— L Ioeky I ¢k—7k

Lk [||(er + V425 [l0f — o | e+ VE0)E (veet e - e e ) |]

(e) LE_% k ) 6DLO[]€€_% 1. ¢k l. k*Tﬁq 2

< Topar B [I8" = 0]+ — }E[nww,fm)—ww,gm )| l (5.22)
I I

where (c) holds due to (5.21)), (d) uses Assumption [6 and (e) applies the Young’s inequality.

Applying the Cauchy-Schwarz inequality to I;, we have

k—1 9
el os-oof
d=1

—1 D
<(k—1) Y[l = 02| < DIR[0l (5.23)
d=1

1

N

a
Il

Applying Assumption [7] to I, we have
I =E[[[ve(e; &) - vid's i )| ]

:E[wal;gg)”?] + E[\}V@(el;gg—Ti)\}Q] < 202 (5.24)

where the last inequality uses Assumption [} Plugging (5.23) and (5.24)) into (5.22)), it leads
to (5.19)). Likewise, following the steps to (5.22), it can be verified that ([5.20]) also holds

true.
Lemma 20 Under Assumption@ the parameters {h*, 9%} of CADA in Algom'thm@ satisfy
I <o, ki 0f <o® Yk (5.25)

— L
where 0 = 37> e Om-
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Proof: Using Assumption 2, it follows that

k| _ k—1py, . ck—Tp, - k—17, . ck—T}, _ _
IVH = |57 D2 e )| < o2 D0 Ve g < 2 X on =
meM meM meM
(5.26)
Therefore, from the update (5.2al), we have
IR < BillR* ]+ (1= BV < Bullh*|| + (1 = By)o.
Since ||h!|| < o, if follows by induction that ||h*"!]| < o, Vk.
Using Assumption 2, it follows that
. 2
W= (4 3 ww“%afy%)
meM
1 2
< 2 (Vi)
meM
< i Z va(gk—n’; k—'r,’;) ‘2 _ i 2 o~ ;2 (5 27)
< e = 0. < o”. .
meM meM

Similarly, from the update , we have
0f T < max{of, Bo0f + (1= B2)(V)?*} < max{0f, B20f + (1 — B2)0”}.
Since v! = o} < o2, if follows by induction that 9¥*! < 2.
Lemma 21 Under Assumption @ the iterates {6*} of CADA in Algorithm@ satisfy
05— 6%° < adp(1 — B2) 7 (1 — Bs) ! (5.28)

where p is the dimension of 0, B1 < /B2 < 1, and Bs := 3?2 /5.
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Proof: Choosing 3; < 1 and defining 33 := 32/, it can be verified that

[P = [Bih + (1= B) Vi | Bulbi] + V3|

< By (Bilhi = + (Vi) + [V

k k
<S BV =Y VB VB IV
=0 =0

(a) k 2 k
2 (z 5) (z ﬂg—%véf)
=0 =0
. 3
<(1- gy (Z ﬂ§—l<vé>2>

=0

2

where (a) follows from the Cauchy-Schwartz inequality.

For 9F, first we have that 9} > (1 — 35)(V})% Then since
T 2 B0 + (1= B) (V)

by induction we have

k
BT > (1= ) Y BTV
=0

Using ((5.29) and ([5.30)), we have

k
B <(1— ) (z Bé“‘l(ViV)
=0

<(1—Fo) (1 — Bs) Mot

From the update (5.2d)), we have
- -1
|’9k+1 _ QkHQ _ O‘i Z (E + @f—i—l) |hf+1|2
i=1
< app(l— o) (1 —Bs)7"

which completes the proof.
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5.5.2 Proof of Lemma [16]

Using the smoothness of £(#) in Assumption [6 we have

L

= L(6F) — ap(VL(OY), (el + VFHH)"apktty 4 gue’““ — 6%, (5.32)

We can further decompose the inner product as

— (VL(0Y), (eI + VFH)—2phtl)

= — (1= B(VLEY), (] + V)" 2VH) = (VLE), (] + V") 2hF)

I

VL0, ((d F UMY (] 4 Vk)-%) Py (5.33)

3

where we again decompose the first inner product as

—(1 = B(VLO), (I +V*)2VF) = —(1 = B)(VLE"), (] + V)2 ")

k
13

—(1= BOTLEY), (el + VE 3 = (L + VD) 3) vh) . (5.34)

Iy
Next, we bound the terms IF, I5 I¥ I¥ separately.

Taking expectation on I¥ conditioned on ©*, we have

E[If | 6] = —E B (VL("), (eI + V) "5h") | ©F]
= —BUVLOFY), (el + VE) 2hF) — BV L(O%) — VLEO ), (el + VF) 2hF)
< BUTLE ), (e + 74504 + o Lo — 6
(I I I Y o Lt — 0P (5.35)

where follows from the L-smoothness of £(6) implied by Assumption [6} and (b) uses again

the decomposition ((5.33) and (5.34)).
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Taking expectation on I% over all the randomness, we have
E[Ig] =K o (Vﬁ(@’f)’ ((e[ 4 Vk+1)f% (el + ‘A/—k)fé) hk+1>}

—FE Zp: Vi L(0%)RE ((e + k)T — (e + @fﬂ)_%ﬂ
=1

- p

<E[[VLEIRHIDS ((e+ 087 = e+ o844
i i=1

(e) P

SUZE{Z ((e I @fﬂ)*é)] (5.36)

i=1
where (d) follows from the Cauchy-Schwarz inequality and (e) is due to Assumption [7]

Regarding I¥, we will bound separately in Lemma .

Taking expectation on I} over all the randomness, we have
E[IS] =E| — (1= B)(VLEY), (el +V*)3 = (el + VE2)~4) w5
=-(1- &)E[ivm(e’“)w((e +08)7E (e ofP) )]
<(1- BOE[VLEY IV Z ((e+o2)72 = (e+)H)]
<(1- ma?E[f ((e+o2)3 = (e+35)74)]. (5.37)

Taking expectation on ([5.32)) over all the randomness, and plugging (5.35)), (5.36)), and
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, we have
E[L(6")] — E[L(09)] < — auE [(VL(OY), (el + V*)73nb1)| 4 éE 1o+ —6|]
— B [T+ I+ IE 4+ 1] + g]E (ot = 6%
< — a1 = B)E [(VL(OY), (el + V*P) 5 vh)]

— W BE [(VLE), (el + V)38

+ aka2E[i ((e + ﬁf)_% — (e+ ﬁf“)’%)}

i=1
p

+ (1 — 51)021}3[2 <(6 + i) = (e + 6’?)_%”

=1

L
+ <§ + akak_llﬁlL> E [[|6* — 6] . (5.38)

< (e+ @f’l)_%, we have

N

Since (e + F)~

02E[i((e+ﬁf)_§_(e + @f+1>—%>+(1 — B) i(<€ +@f_D)_5—(e+ﬁf)_%>}

i=1 i=1

<(2- &)ﬁE[i ((e I @fﬂ)*%)] . (5.39)

i=1
Plugging ((5.39)) into (5.38)) leads to the statement of Lemma
5.5.3 Proof of Lemma

We first analyze the inner produce under CADA2 and then CADAT.

First recall that V* = LY~ V(6% ¢F). Using the law of total probability implies that

E[(VL6"), (el + V’f—D)—%V’“)} —E :]E [(vc(ek), (el + VF=D)=3 kY | @’“H

= E [(VL(0), (eI + V*P)SE [V* | 4])]

= E || VLO) [ rspnny3 ] (5.40)
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Taking expectation on (VL(6%), (eI + VF~P)~2W*) over all randomness, we have
_E [<vc(9k), (el + V’C*D)*év’w]
—E [(VL(0Y), (el + VEP) 4]

SE[(VLE), (o + V) ST (Vi g - veet k)

meM

(@)
Y- E [HW GOl ey
S Z [v.c (0%), (eI + V*=P) 4 (Ve(* s ho™) = vaehh) ) (5.41)
mEM
where (a) uses (5.40).

Decomposing the inner product, for the CADA2 rule (5.7)), we have
—E[(VL(0), (el + V*=P)~% (Ve(oh—s gh) — V(' eh) )

— — E[(VL(8"), (eI + V)% (Ve0h s hmh) — we(g=; ¢h) )|

— E[(VL(0"), (el + VF=P) 7 (Ve(0" s gh) — Va0 €))) |

(b)Le : k+1-d _ pk—d 12
<900 ZE 105174 — ¢"=4)|?] +- 6D Lage 202,
~E [N.cwk), (el + V*-P) 4 (VU8 6h) - VU ¢h) )] (5.42)

where (b) follows from Lemma [19]

Using the Young’s inequality, we can bound the last inner product in (5.42)) as

—E[(VL(8"), (el + V*P) 75 (Ve(or s ¢h) — Veos€h) )|

1.7 NIk 1,1 Ork—Dy—1 P k. H
<;E||vee) (EHWD)%_jLZE[H(eIJrV ) ‘(W(e Leby _vi(or ) }
@1 7 NI 1,1 Ork—Dy—1 ’ Y AN k. ck H
<SE(IVEE o] 21@:[ (eI + VEDy3||||we(gr—m ek ) — we(o*; ek ) }
Lgflveen| | + 5 —E[||(er + 7+-P) di“”e’f“—d— 0|
-2 L (ef-HA/k*D)_% Amax d=1
Lelllvcem| [ iE[He’““d— i (5.43)
21 (eI+V’<—D)’% x 4= '
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where (g) follows from the Cauchy-Schwarz inequality, and (h) uses the adaptive communi-
cation condition (5.7) in CADA2, and (i) follows since V¥~ is entry-wise nonnegative and

[ Hk_d”Q is nonnegative.
Similarly for CADA1’s condition (|5.4)), we have
—E[(VL(0"), (e + VE2)~3 (VU0 s ¢hm) = V(o5 ¢h)))]

=~ E[(VL(OY), (el + V*P) % (Ve &™) - V@i eh) )

~E :<vc(9k>, (eI +VF D)z (Sf,ﬁfn — an)) >]

U)Le™s & ktl—d _ pk—d)2 L1 . Dl [k
=190, ;E 16777 = 6" ||*] + 6D Laye QUm_E[NE(Q ), (eI + VF=D)=3 (6m _ 5m>}

(5.44)

where (j) follows from Lemma [19|since 6 is a snapshot among {#*,--- 0¥ P}.

And the last product in (5.44)) is bounded by
—E [(vc(ek), (el +V*P) =5 (8 — 3% )|

% [Jvee)

—-E [H(e[ + Vk_D)_m

dmax
1
(eI+Vk—=D)~ ?]
1

Z [ gk—dHZ]
d=1

(eI+Vk=D) ] ~ i [HOHPL ekdeQ] (5.45)
=1

max

[Hw (6%)

Combining (5.41)-(5.45) leads to the desired statement for CADA1 and CADA2.

5.5.4 Proof of Lemma [18

For notational brevity, we re-write the Lyapunov function (5.11)) as
VE = £(6%) — L(67) — e <vc(9k‘ Y, (el + V’f)—%hk>

D »p
k’zz E—{-’Uk d 5 +Zp ||9k:+1 d 9k: d||2 (546)

d=0 =1 d=1

where {c,} are some positive constants.
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Therefore, taking expectation on the difference of V¥ and V*¥*1 in (5.46]), we have (with
pp+1=10)
E[V*] — DY) =E[£(0°)] — BIL0OY)] — cuiE [ VLEOY), (el + VH)73nb1)|

+ G [ (VLE), (el + V) EE))|

D
T 5 SR RIS B o) RIS

d=0 i=1 d=0 i=1
D
+pE 05 = 05T + D (pars — pa)E [|[0F1 0 = 65|)7]
d=1

(a)
<(op+ e )E[IF+ 1y + 1§ + I} — B [+ B+ I+ 17

+bk+1ZE[€+ﬁk+l 7%} kaE[ 7%}

=1

D
s L
+ ; D+t — bi) Z]E[ e+ 0F 1T d)fa] + (5 + p1> E [||o"" — 6%]°]
D
+ 3 (par1 — pa)E |05 — 65)°] (5.47)
d=1

where (a) uses the smoothness in Assumption @ and the definition of I, I}, I¥ I} in (5.33)

and (5:37).

Note that we can bound (ay, + cpi1)E [If + 1§ 4+ I§ + If] the same as (5.33) in the proof
of Lemma [16] In addition, Lemma [I7) implies that

E[I}] < [Hvz ][
1 ( L < ktl—d  pk—d|2 6D Lage > 2
(5.48)

Hence, plugging Lemma (16| with a4 replaced by ay + ¢4 into (5.47)), together with (5.48]),
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leads to

B[V —EVY < — (ax + ces1) (1 ;Bl) [”Vﬁ (6%) ” el+VE=D)~ %}

+<ak+ck+1>(1—51>e-%( - )ZE [16%F — o= ||?]

12&]6 max

6D Lay,e3
+ (o + cp) (1 — 51)Tk Z T
meM
+ ((Oék + Ck+1)ﬁ1 — Ck)E [[kil —+ [kil —+ Ikil + [fil}

(e—i—v )72 —(e—i—@f“)*%)}
P . )
b Y E[(e+ )] —kaE[&wf‘D)‘?}
=1
D p D
+ 3 (biss — by) ZE[(H@?“ 9 *5} + > (part — pa)E |05 = 0F)°]
d=1 =1 d=1
“(3

Select a < a1 and ¢ 1= Ozjﬁ{;kﬂ < (1 - B1)"tay so that (ag + ¢ry1)B1 = ¢ and
=k

1 M*@

+ (g + k1) (2 = By)o [

h

Fout (o + oy 151L)E[||e’f+l—ek||2}. (5.49)

(ar + 1) (1= Br) < (o + (1= B1) ) (1 = Br)

<ap(l+1—=38)"H(1 = b)) =w2-5).
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In addition, select by, to ensure that by < bg. Then it follows from ([5.49) that

E[VHH] — B[V} < — (=B [HVﬁ(ek)H?dwk—D)*%] +(2- ﬁl)a§6DLe‘5 S o2

2 M meM
+ (2= Bi)age 2 (12[;% >ZE (|05 — 0" =4|1?]
(o0 3 (it ottt
=1
+(§+er1—&) )EMW“-@Wﬂ
D
+ > (pas1 — pa)E |05 — 65)°] (5.50)
d=1

1-3 ag(1—p1)
1) < %% .

where we have also used the fact that —(ay + cxi1) ( 5

since cx4+q > 0.

If we choose ay, < for k=1,2..., K, then it follows from ([5.50) that

w\»—‘

E[V" — EVY
[ch (0%) H } (2- 51)6%DL€ 2 ZU

S_Oék(l—ﬂl) <€+ 02 > 2 -1 g}
2 1- 62 M meM

p

(R - E et tor)

=1

L
+(§+pr+1—&> L) {10 - o4
_1 COl k+1—d k—d|2
+3 (2_@1 (5 o) pae = o B[ - 0] (5)
1. max |
Bk

d

To ensure A* < 0 and BY < 0, it is sufficient to choose {b;,} and {py} satisfying (with

PD+1 = 0)
2
— P1
L co
(2_51)5_% (ﬁ+2d d )+Pd+1—;0d§0, d=1,---,D. (5.53)
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Solve this system of linear equations and get

2-/)? _
by = AL o, k=1,---,K (5.54)
pd:(z—ﬁl)e—é(l—g+2L§ )(D—d+1), d=1,---,D (5.55)

plugging which into (5.51]) leads to the conclusion of Lemma [18]

5.5.5 Proof of Theorem [7]

From the definition of V¥, we have for any k, that

B > £(6%) - £07) — i (VLEO), (el + V) 300) + Zp o1t — 6=

Vv

~lexl [FLE )| || e+ 720k

[

> —(1—B) tago?e 2 (5.56)
where we use Assumption [7] and Lemma [20]

By taking summation on over k=0,---, K — 1, it follows from that

O‘(lgﬁl) (e—l— 1_&) ZIE N1

E[V!] — [VK“] 6a2DLe 2 .  (2-51)%, e
< 9B — 7 TP 2 Der =
L k+1 k
+(Frmra-se) 5 ZE 61— 6¥|]
(a )E[Vl 602D Le 2 La (2-5)° /6’1) e
9 _ == 1523 2pDe 2 —
L
+ (5 + P1 + (1 — 51)_1[/) p(l — 52)_1(1 — 53)_1(12 (557)
where (a) follows from (5.56) and Lemma [21]
Specifically, if we choose a constant stepsize a := \/"—E, where 1 > 0 is a constant, and
define
Cy = (2— 31)6DLe 2 (5.58)
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and

L (2— )3 1

Co=(1—-p)te2+-——2De 3 5.59
2 ( ﬁl) (1 _ ﬁl) ( )
and
~ L
Cy = (5 +p1+ (1 - ﬁ1)1L> (1—B2) 11— Byt (5.60)
and )
~ 1 o2 \ 2
= —(1— 5.61
Cy 2( B) (€+1—ﬂ2) ( )
we can obtain from ((5.57)) that
lK 11[~«:: (VL) |°] E—(go)z_f(e*) + 85 e 0h0? + Copo? 2 + Cypa?
K k=0 aC,
0\ * ~ B 2 ~
SE(@ ) ~£(0 ) N ~C’loz Z o2 4 Cop o C'3~poz
KOé04 C4M mem KC4 04
(L(8Y) — £7)C 5 Gt
\/?77 mE./\/l o \/F

where we define CI = 01/6'4, C2 = 02/04, Cg = 63/64, and C4 = 1/04

5.5.6 Proof of Theorem

By the PL-condition of £(#), we have

B0 2y o]

< —apu(l —B) <e + : i2ﬁ2>_2E [,C(Qk) _ E(Q*)}
(a)

D D
< — 2auCy <E[Vk]+ck <vc(9’H), (el + Vk)’%hk>—bk SN e+ it TE =3 pylloh o - 9’“%\2)
d=0 i=1 d=1

l\J\»—'

® D
S — 2akuC’4E[Vk] + 20%,[1,04(1 — ﬂl) U € 2 + 204k,u,C4bk ZZE |:(€ + ﬁf_d)_%}
d=0 i=1
D

+ 205uCa Y paB[|6F 7 — 05797 (5.62)
d=1

where (a) uses the definition of Cy in (5.61]), and (b) uses Assumption [7| and Lemma
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Plugging (5.62)) into ((5.50)), we have

E[VE+] — EVY] < =200 uCyE[VF] + (2 — 51)60@%1}#201 (5.63)
meM
2 — 1 2 u ~k—Dy—1 ~k+1y—1
+(<1_%1)) E[Z((e—l—vf Dy~ — (e +oFth 2)]

p
+ bk-i—l ZE [(E + @f—i_l)_%} - (bk - 2akﬂé4bk) ZE[(G + {)z]'c_D)_%}

=1 i=1

D p
+ Z bir1 — by + 20, uCyby) Z E [(6 + ﬁf“’d)’%]

i=1
X

—1 cay ~ k+l—d _ pk—d||2
(2 — 2| — — 20, uC. E (|0 —0 )
+ Z( Br)e (12 Qdmax) + Pd+1 — Pd T 201 4Pd> [H | }

l\2>|b|>—‘

fot (- ) )p(l—&)‘l(l—ﬁg) 2 4 202uCy(1 — By) ot

If we choose by to ensure that by, < (1 — Qakué’4)bk, then we can obtain from ((5.63) that

E[VF] — E[VY] (5.64)
— 204, uC4E[VF] Z 0202 + Capa +2uCy(1 — B1) o€ 204,3
mGM
- 2 ~ P 1 1
+ (—((21 _%1)) oo — (1 — 2akuC’4)bk) E[; ((e ) Ry @f“)*a)}

1 CX 4 _
+ Z( (2—pr)e 2 <E dezx> + Pd+1 — Pd T 2Oék,UC4Pd>E [H@kﬂ% — 0" d”ﬂ :

If ap, < +, we choose parameters {bg, ps} to guarantee that

(2 - 61)2 2 2ﬂé4
1-sL’ _(1_ L

. 2uC
( _ﬁl)(12 2Ld )62+pd+1—(1— ML4>pd§O, dzl,,D (566)

)bk <0, Vk (5.65)

and choose 31, (2, € to ensure that 1 — % > 0.
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Then we have

E[VFH] < (1 — 2aku6~’4) E[VF] + (% Z 02 + Cap +2uCy(1 — 51)4026*% )ai

i meM .
Cs
k ~ k k o
J=0 i=0  i=jt1

1 1

TR < 7, where K is a sufficiently large constant to ensure that

If we choose oy, =
oy, satisfies the aforementioned conditions, then we have

K-1 K-1 K-1

E[VK] SE[VO] (1- 2aku6~'4) +Cs Oéi (1-— 2Oéjué'4)

k=0 k=0  j=k+1
<ED ThtE-2 G 1 fi—‘f j+ Ko —2
o k+ Ko ©2C3 = (k + Ko)? Pl Jj+ Ko
o U D) g, G (k+ Ko~ 1)
“(K+Ky—2)(K+Ky—1) p2C? = (k + Ko) (K + Ko — 2)(K + Ko — 2)
(Ky—1)? 0 CsK
EDY] + —
_W+%—W[] p2C3 (K + Ko —1)2
(Ky—1)? 0 CsK
= L(0°) — L(6¥)) + —=
(K+Ko—1)2( (6%) (%)) w2 CH(K + Ko — 2)?

from which the proof is complete.
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CHAPTER 6

Summary

In this final chapter, we provide a summary of the main results discussed in this thesis.

6.1 Thesis summary

This thesis focuses on developing new stochastic optimization methods to tackle two fun-
damental classes of machine learning problems: C1) stochastic nested problems, where one
subproblem builds upon the solution of others; and, C2) stochastic distributed problems,

where the subproblems are coupled through sharing data and/or variables.

In the first part of the thesis, which contains Chapters 2 and 3, the aim was to develop
sample-efficient stochastic optimization methods amenable to solve stochastic nested problems
in C1. The key take-home message there is that for a class of stochastic nested problems, our
single-loop stochastic optimization methods can achieve the same sample complexity as the

stochastic gradient descent method for classic problems without stochastic nested structures.

In Chapter 2, we introduced a new method termed SCSC for solving the class of stochastic
compositional optimization problems. SCSC runs in a single-time scale with a single loop,
uses a fixed batch size. Remarkably, it converges at the same rate as the SGD method for
non-compositional stochastic optimization. This is achieved by making a careful improvement

to a popular stochastic compositional gradient method.

In Chapter 3, we developed a new stochastic gradient estimator for bilevel optimization

problems. When running SGD on top of this stochastic bilevel gradient, the resultant
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STABLE algorithm runs in a single loop fashion, and uses a single-timescale update. To
achieve an e-stationary point in the nonconvex case, STABLE requires O(e~?) samples, and to
achieve an e-optimal solution in the strongly-convex case, STABLE requires O(e~!) samples.

In both cases, STABLE matches the sample complexity of SGD for single-level problems.

In the second part of the thesis, which contains Chapters 4 and 5, the aim was to
develop communication-efficient distributed stochastic optimization methods amenable to
solve stochastic distributed problems in C2. The key take-home message there is that by
exploiting the gradient innovations, our new distributed stochastic optimization methods can

achieve the same convergence rate but save significantly communication overhead.

In Chapter 4, we developed a class of communication-efficient variants of SGD that we
term LASG. The LASG methods leverage a set of adaptive communication rules to detect and
then skip less informative or redundant communication rounds between the server and workers
during distributed learning. To further reduce communication bandwidth, the quantized
version of LASG is also presented. Both LASG and their quantized version are simple to

implement, and have convergence rate comparable to the original SGD.

In Chapter 5, we have developed a communication-adaptive distributed Adam method
that we term CADA, which endows an additional dimension of adaptivity to Adam tailored
for its distributed implementation. CADA method leverages a set of adaptive communication
rules to detect and then skip less informative communication rounds between the server and
workers during distributed learning. All CADA variants are simple to implement, and have

convergence rate comparable to the original Adam.

6.2 Future research directions

e Distributed stochastic nested optimization. With our promising results of stochastic
nested optimization in this thesis, we plan to tackle the decentralized formulation of (1.1)). We

plan to answer the following questions: Whether the decentralized optimization algorithms
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for can achieve the same order of sample complexity obtained by decentralized SGD
for the single-level problems? If the answer is yes, what are the complexities of it? Building
upon prior work on decentralized optimization for single-level problems, we will conduct a
thorough analysis in terms of the iteration, sample and communication complexities for the

decentralized stochastic bilevel and compositional algorithms.

e Accelerated stochastic nested optimization methods. Going beyond the SGD-
based stochastic nested optimization methods, we are motivated to develop accelerated
stochastic compositional methods that incorporate the momentum and acceleration techniques

[86], B0, [31] into the update of the outer variable 6.

Starting again from the two-layer compositional optimization case, we plan to develop

accelerated compositional gradient methods relying on the following ODE

f(t) = —2/E(t) — aVau(6(t) Ve (y(2)) (6.1)

where p > 0 is the strong convexity constant of F'(#). This is non-trivial considering their
non-compositional counterparts because the momentum update of 6 is intertwined with the
tracking variables for the inner functions. Once we develop the accelerated methods in the

strongly convex case, we will then extend it to the convex and nonconvex cases.
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