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Highlights

• A numerically efficient but accurate model for frosting evaporators is de-
veloped.

• The enthalpy-based reformulation and linearization method are employed

• Simulation results on flat plate and finned-tube heat exchangers are pro-
vided.

• It is 8 to 20 times faster than reference models but withcomparable accu-
racy.
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Computationally Efficient Modeling Strategy for
Evaporator Performance under Frost Conditions

Donghun Kima,∗, James E. Brauna, Sugirdhalakshmi Ramaraja

aRay W. Herrick Laboratories, School of Mechanical Engineering, Purdue University, West
Lafayette, IN, USA

Abstract

Growth of a frost layer on an evaporator surface due to low evaporator temper-
ature as well as moisture contained in surrounding air deteriorates performance
of a refrigeration system significantly and requires significant energy for defrost.
Many studies have been performed to model the heat and mass transfer phe-
nomena in an attempt to have insight and accurate prediction. However, many
models form nonlinear algebraic differential equations which require iterative
numerical solvers. Computationally efficient but accurate models are needed in
order to evaluate overall system performance. The objective of this paper is
to introduce a modeling approach to overcome the problem. A solution strat-
egy based on an enthalpy-based reformulation and linearization method will be
presented. Comparisons of the proposed and detailed model results for both
flat plate and finned tube heat exchangers are provided. The proposed model-
ing approach is around 10 times faster than reference models while maintaining
comparable accuracy.

Keywords: frost modeling, frosting evaporator, heat exchanger,

defrost

1. INTRODUCTION

Frost accumulation on a cold evaporator surface occurs when moist air flows
over the surface. This can significantly deteriorate performance of a refrigeration
unit due to the increase of thermal resistance of frost and decrease of air flow
rate associated with frost built-up. A number of models have been developed
for accurately predicting the frost growth on refrigeration system evaporators.
Jones and Parker [1] developed a one-dimensional model to predict dynamic
responses of a frost layer on a cold plate. The model is based on the assumption
that the amount of water vapor being frozen is uniform in a frost layer and they
arrived at a nonlinear algebraic equation that has to be solved at each time step.

∗Corresponding author
Email address: kim1077@purdue.edu (Donghun Kim)
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Kondepudi and O’Neal [2] developed a finned-tube heat exchanger model under
frosting conditions. An energy transfer coefficient, which is a generalization
of an overall heat transfer coefficient for dry conditions, was introduced and
the ε-NTU method was applied. Lee et. al. [3] developed a model for a flat
plate based on the assumption of a homogeneous absorption of water vapor
in a frost layer. Analytic solutions for distributions of temperature and water
vapor density in a frost layer were derived. A total heat flux and frost surface
temperature are calculated iteratively with an air side heat transfer equation.
The same methodology has been applied to a finned tube heat exchanger and
results of the proposed model agreed well with experimental data [4]. Tso et.
al. [5] investigated spatial distributions of the air temperature, frost growth
rate and densification rate for a finned tube heat exchanger. For each control
volume, the analytic solution of [3] was coupled to the energy equation for a frost
layer and the air side heat transfer equation. A similar study has been carried
out by Padhmanabhan et. al. [6] to predict an evolution of a non-uniform frost
thickness distribution under fixed flow conditions. The modeling approach of
[1] for a frost layer was adopted. Silva et. al. [7] studied interactions between
a finned tube heat exchanger and fixed speed fan, and corresponding transient
behaviors of the cooling capacity and frost growth. A frosting evaporator model
was iterated with a fan characteristic curve for the purpose.

Most of models, even for one-dimensional heat transfer, form nonlinear alge-
braic differential equations and thereby iterative numerical methods are needed
for each time step and control volume (see above and other papers [8, 9, 10, 11]).
Therefore, it is computationally demanding to use them for other purposes, e.g.
defrost control evaluations.

This paper aims at developing a numerically efficient modeling approach,
that is generally applicable to models which include a water vapor diffusion
equation, to overcome this problem. It is based on an enthalpy-based refor-
mulation and linearization method. Baseline models are selected and described
in Section 2. Section 3 shows our modeling approach based on the reference
models. Comparisons of the proposed and reference model results are provided
in Section 4.

2. DESCRIPTIONS OF REFERENCE MODELS

This section is to introduce two reference modeling approaches for a frosting
evaporator that are used to develop and benchmark our simplified modeling
approach. We select Lee’s [3] and Jones and Parker’s [1] models as our baseline
models, because they are theoretical, experimentally validated, and widely used
in the literature over the past several decades, e.g. [5, 4, 7, 8, 9, 10, 11].

For simplicity in understanding the basic modeling approaches, consider a
flat plate where the temperature is fixed as Tp. Fig. 1 shows a control volume
for a frost layer of width dx where mass and energy balances are applied and
where y measures the distance from the plate surface into the frost layer. q

′′
tot

3



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

is the total energy heat flux from the air to the frost layer and is given by

q
′′
tot = α(Ta − Tδ) + hsubαd(ωa − ωv,sat(Tδ)). (1)

The following assumptions were commonly employed in reference models.

• frost surface temperature in each control volume is lower than freezing
point

• heat and mass transfer within the frost layer are one dimensional and
quasi-steady

• water vapor is saturated at the frost surface and within the frost layer
(thermal equilibrium)

• thermal conductivity of the frost layer varies only with frost density

• diffusion coefficient of water vapor is uniform

• uniform frost density

For simplicity of notation, time dependency of variables is omitted in most
equations in this paper.

2.1. Lee’s model

To describe the water vapor diffusion and absorption phenomena in a frost
layer, Lee [3] additionally assumed that the amount of water vapor being frozen
is proportional to the local water vapor density. We call Lee’s model a homoge-
neous first-order ice formation model. The term ”homogeneous” is to indicate
that the water vapor absorption occurs at all locations of a frost layer rather
than just at the interface between the air and the frost layer. The term ”first or-
der” is to point out that the amount of water vapor being frozen is proportional
to the local water vapor density (see the r.h.s. of Eqn. 2).

Using the assumptions, the governing equations and boundary conditions
for a given control volume of width dx at a time are

D
d2ρv
dy2

= κρv, (2)

−kfr
d2T

dy2
= hsubκrρv (3)

and

dρv
dy

(0) = 0, ρv(0) = ρv,sat(Tp) (4)

kfr
dT

dy
(δ) = q

′′
tot − hsubD

dρv
dy

(δ), T (0) = Tp. (5)

4
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Figure 1: Schematic diagram in a frost layer

Corresponding solutions for Eqn. 2 and 3 are (See [3])

ρv(y) = ρv,sat(Tp) cosh(My), (6)

T (y) = Tp +
q
′′
tot

kfr
y − κhsubρv,sat(Tp)

kfrM2
(cosh(My)− 1) (7)

where M =
√
κ/D.

The water vapor absorption coefficient can be calculated by imposing a
boundary condition, i.e. ρv(δ) = ρv,sat(Tδ), as follows.

κ =
D

δ2
[cosh−1(

ρv,sat(Tδ)

ρv,sat(Tp)
)]2. (8)

From Eqn. 7,

Tδ = Tp +
q
′′
tot

kfr
δ − κhsubρv,sat(Tp)

kfrM2
(cosh(Mδ)− 1). (9)

Note that, to calculate the temperature at the surface of the frost layer,
i.e. Tδ, based on a local inlet air condition (Ta, ωa) and a plate temperature
Tp, Eqn. 1 and 9 must be solved iteratively using Eqn. 8 and psychrometric
relations. Once Tδ is obtained, the mass flux of water vapor from the air to
frost surface and densification rate are obtained by the equations of the air side
mass transfer and D dρv

dy (δ) respectively as given by

m
′′
fr = αd(ωa − ωv,sat(Tδ)) (10)

and
m

′′
ρ = DMρv,sat(Tδ)tanh(Mδ). (11)

5
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Using those, the frost thickness and density are updated for the next time
step as follows

δ(t+ ∆t) = δ(t) +
1

ρfr
(m

′′
fr(t)−m

′′
ρ (t))∆t (12)

ρfr(t+ ∆t) = ρfr(t) +
1

δ
m

′′
ρ (t)∆t.

The air temperature and humidity at the exit of the control volume are
calculated using energy and water vapor mass balances. The exit condition
becomes the inlet condition for the next control volume. The above procedure
is repeated for a predefined simulation period.

2.2. Jones and Parker’s model

The Jones and Parker [1] approach differs from Lee′s in modeling the ab-
sorption rate of water vapor. More precisely, Jones and Parker assumed that
the amount of water vapor being frozen is the same at all locations in the frost
layer in contrast to Lee’s assumption. This results in the following diffusion and
energy equations in the frost layer1.

D
d2ρv
dy2

= m
′′
ρ/δ (13)

and

−kfr
d2T

dy2
= hsubm

′′
ρ/δ. (14)

Since the water vapor absorption rate or ice formation rate on the right hand
side of Eqn. 13 is independent of location y, we call Jones and Parker’s model
a homogeneous zeroth order ice formation model.

The final equation of Jones and Parker’s model is

Tδ = −
(
D
dρv,sat
dT

(Tδ)×
q
′′
tot

kfr + hsubD
dρv,sat
dT (Tδ)

)
× hsub

2kfr
δ +

q
′′
tot

kfr
δ + Tp. (15)

The original expression in the reference paper (See Eqn. (14A) in [1]) is a bit
more complicated than Eqn. 15 due to the inclusion of the ideal gas law for
water vapor and the expansion of the effective diffusivity D using correlations
of porosity and tortuousity for the frost layer, but it is equivalent to Eqn. 15.

Eqn. 15 together with the air side heat and mass transfer equation, i.e.
Eqn. 1, forms a very complicated implicit equation which must be solved by
algebraic equation solvers.

1See Eqn. (8A,9A) in the reference paper [1].
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3. SIMPLIFIED MODEL DEVELOPMENT

A numerical strategy to avoid iteration consists of the following two main
steps.

1. Reformulate Eqn. 1 with an approximation such that q
′′
tot relies on a differ-

ence in enthalpy rather than two differences of temperature and humidity.

2. Reformulate the reference models, i.e. Eqn. 9 and Eqn. 15, and linearly
approximate q

′′
tot with respect to the enthalpy potential.

3.1. Reformation of air side heat equation using enthalpy potential

The main idea for the first step comes from the enthalpy potential approach.
This approach for modeling combined heat and mass transfer was developed sev-
eral decades ago and has been validated for and widely applied to cooling coils,
cooling towers, and desiccant wheels. It is very well accepted as a general ap-
proach for characterizing total energy transfer due to the combined effects of
temperature and humidity gradients in air and is introduced in a number of
HVAC equipment modeling text books [12, 13]. The enthalpy potential formu-
lation has also been used for modeling frost formation on evaporators [2, 14].
The current paper extends the previous work by integrating this generalized en-
thalpy potential approach into an overall computationally-efficient evaporator
model.

Let us define the following quantity for moist air.

i(T, ω) := h(T, ω) + ω × (hsub − hrefv ) ∀T, ω (16)

where hrefv represents the specific enthalpy of moist air used in developing the
psychrometric chart (ASHRAE [15]). More precisely, h(T, ω) = (Cp,a+Cp,vω)×
T + hrefv ω and hrefv is the specific enthalpy of saturated water vapor at 0 (oC),
i.e. 2501 (kJ/kg). i is also a specific enthalpy for moist air but having the heat
of sublimation of water vapor as an enthalpy reference rather than hrefv .

When the Lewis number is unity, Eqn. 1 can be approximated as follows
using the boundary layer analogy.

q
′′
tot ≈ αd

(
(Cp,a + Cp,vωa)Ta − (Cp,a + Cp,vωsat(Tδ))Tδ + hsub(ωa − ωsat(Tδ))

)
(17)

This approximation is valid with negligible error if the Lewis number is close
to one [12]. Therefore,

q
′′
tot ≈ αd

(
h(Ta, ωa)− hv,sat(Tδ) + (hsub − hrefv )(ωa − ωsat(Tδ))

)

= αd(i(Ta, ωa)− iv,sat(Tδ)). (18)

7
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3.2. Reformulation and linearization

The second step is to reformulate and approximate the nonlinear heat flux
equations in the frost layer, i.e. Eqn. 9 and 15, to a linear form with respect
to the enthalpy difference. Reformulation processes are different depending on
reference models that are described in the following two sections (Section 3.2.1
and 3.2.2). We will come up with a very simple expression for the combined heat
and diffusion equations in the frost layer through the reformulation process. An
approximation method is described in Section 3.2.3.

3.2.1. Reformulation of the first order homogeneous ice formation model

Evaluating Eqn. 6 at y = δ leads to

ρv(δ) = ρv,sat(Tp) cosh(Mδ), (19)

By plugging Eqn. 19 into 9, one can obtain the following expression.

q
′′
tot =

kfr
δ

(Tδ − Tp) +
Dhsub
δ

(ρv,sat(Tδ)− ρv,sat(Tp)). (20)

Applying the mean value theorem and enthalpy to 20 results in

q
′′
tot =

kfr + hsubD
dρv,sat
dT (T ∗∗)

δ
div,sat
dT (T ∗)

× (iv,sat(Tδ)− iv,sat(Tp)) (21)

for some T ∗, T ∗∗ ∈ (Tp, Tδ) .

3.2.2. Reformulation of the zeroth order homogeneous ice formation model

From boundary conditions at the frost surface layer, it is clear that

m
′′
ρ = D

dρv,sat
dT

(δ)
dT

dy
(δ), (22)

q
′′
tot = (kfr + hsubD

dρv,sat
dT

(Tδ))
dT

dy
(δ).

After manipulations of Eqn. 15 with Eqn. 22, Eqn. 15 can be reformulated as
follows.

Tδ = −m
′′
ρhsub

2kfr
δ +

q
′′
tot

kfr
δ + Tp. (23)

Solving the ordinary differential equation of Eqn. 13 under water vapor
boundary conditions of Eqn. 4 results in the following water vapor distribu-
tion inside the frost layer.

ρv(y) =
m

′′
ρ

2Dδ
y2 + ρv,sat(Tp). (24)

Evaluation of Eqn. 24 at y = δ leads to the expression of densification rate
for the zeroth order model as follows.

m
′′
ρ = 2

D

δ
(ρv,sat(Tδ)− ρv,sat(Tp)) (25)

8
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Substituting m
′′
ρ in Eqn. 23 with Eqn. 25 leads to exactly the same equation

of Eqn. 20, and hence the expression of Eqn. 21 is also valid for the zeroth order
homogeneous model.

3.2.3. Linearization approach

The two derivatives in Eqn. 21 are approximated as

dρv,sat
dT

(T ∗∗) ≈ ρv,sat(T
−
δ )− ρv,sat(Tp)
T−δ − Tp

, (26)

div,sat
dT

(T ∗) ≈ iv,sat(T
−
δ )− iv,sat(Tp)
T−δ − Tp

.

where T−δ is the frost surface temperature calculated at the previous computa-
tion time step. For this calculation, the saturation curve of iv,sat is obtained
using psychrometric relations (ASHRAE [15]) along with Eqn. 16.

By the approximation, the expression for heat flux through the frost layer,
i.e. Eqn. 21, becomes

q
′′
tot ≈

keq,fr
C∗δ

(iv,sat(Tδ)− iv,sat(Tp)) (27)

where

keq,fr = kfr + hsubD
ρv,sat(T

−
δ )− ρv,sat(Tp)
T−δ − Tp

, (28)

C∗ =
iv,sat(T

−
δ )− iv,sat(Tp)
T−δ − Tp

. (29)

Note that Eqn. 27 is valid regardless of the reference models.

3.3. Final form of simplified model

Since the forms of Eqn. 18 and Eqn. 27 provide a way to construct a thermal
network, one can solve q

′′
tot, iv,sat(Tδ) without any iterations as follows which

are our final model.

q
′′
tot =

i(Ta, ωa)− iv,sat(Tp)
R∗a +R∗fr

(30)

and

iv,sat(Tδ) =
R∗a

R∗a +R∗fr
iv,sat(Tp) +

R∗fr
R∗a +R∗fr

i(Ta, ωa) (31)

where R∗a = 1/αd and R∗fr = C∗δ/keq,fr.

Once q
′′
tot and iv,sat(Tδ) are calculated at each time step, Tδ can be de-

termined from a correlation for iv,sat(Tδ) which can be easily developed using

9
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psychometrics and Eqn. 16. Then, the mass flux of water vapor from the air
side to frost surface can be calculated from Eqn. 10. The densification rate for
the frost layer is calculated by either Eqn. 11 or 25 depending on the reference
model. Ta and ωa for the next downstream control volume can be calculated
using energy and water vapor mass balances, and the frost thickness and den-
sity can be updated for the next time step using Eqn. 12. Correlations from the
literature for frost thermal conductivity, diffusivity and convective heat transfer
coefficient are employed to update parameters of Eqn. 30 and 31 (see Section 4
for descriptions for correlations). The above procedure is repeated for a pre-
defined simulation period. The overall solution process for a control volume
of our simplified and baseline approaches is depicted in Fig. 2. Note that the
simplified modeling approach only differs in calculating Tδ (3rd to 5th block)
while correlations for parameters in the 2nd block and models for water vapor
flux to the frost surface and densification rate in the 6th block are the same for
both approaches.

In the diagram, there are a few points to be mentioned for clarifying the
frost surface temperature calculation for the proposed solution approach.

• Tδ is a variable to be calculated at each time step (see 5th block).

• To calculate Tδ, resistances in the 3rd block (or Eqn. 31) should be defined
at each time step which require T−δ as shown in Eqn 27.

• Since T−δ is defined as the previously calculated frost surface temperature,
i.e. T−δ (k) := Tδ(k − 1), an initial guess for T−δ at time zero should be
specified.

• We assigned the initial guess as T−δ (t = 0) = Tp + 10−2(oC) in the first
block because it should be very close to the initial plate surface tempera-
ture.

• T−δ is not used for the reference solution approach.

3.4. Comments on simplified modeling approach

The presented model has been derived for a flat plate heat exchangers. How-
ever, the approach can be directly applied to more complicated heat exchanger
geometries with a small modification of air side thermal resistance. This paper
also includes a simplified model for a fin and tube heat exchanger, but it is
described in the Appendix due to a large number of equations.

4. RESULTS AND DISCUSSION

This section provides result comparisons between the proposed model, ref-
erence models and experimental data available from the literature. Model be-
haviors for cold plates are first investigated and results are shown in Section 4.1
and 4.2. Comparisons for a more realistic case, a finned-tube heat exchanger in
which frost accumulation interacts with a fan, is provided in Section 4.3.

10
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Figure 2: Solution process of a simplified model for one control volumne (flat plate heat
exchanger)
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The initial conditions for frost thickness and density are important and
should match the actual initial conditions from the data for the models. The
papers associated with the baseline models (Lee, and Jones and Parker) did not
specify nor describe how they determined the initial conditions. In order to be
consistent with those papers, we parametrically adjusted the initial conditions
for our implementation of the reference models so that our reference model pre-
dictions matched those of the papers. For consistency, we used the same initial
conditions of density and thickness for both the simplified model and reference
models.

4.1. Results comparisons with Lee’s data for a cold plate

The evaluation of the proposed simplified model, i.e. Eqn. 30 and 31, is
performed by comparing the predicted frost thickness and frost surface temper-
ature with those of the reference model and experimental data available from the
literature (Lee et. al. [3]). In the test, the temperature of a flat plate, air tem-
perature, humidity and velocity were regulated. For more detailed descriptions
of the experimental setup, see [3].

The evaluation of the reference model follows the Lee’s solution approach
which is shown as the ”Reference Solution approach” in Fig. 2. For each control
volume and time step, the reference model, i.e. Eqn. 1, 8 and 9, was solved
using the nonlinear equation solver fsolve in Matlab [16]. Frost density and
thickness were updated at each time step based on a solution for frost surface
temperature. CoolProp [17] was used to calculate properties of dry and moist
air, and correlations for the diffusion coefficient, thermal conductivity of frost
layer, the Lewis number, and air side heat transfer coefficient presented in [3]
were applied. A 10 sec time step was employed.

On the other hand, the evaluation of the simplified model follows the ”Sim-
plified Solution approach” in Fig. 2. The same correlations and models for frost
deposit and denstification rate presented in [3] were applied.

Fig. 3 shows comparisons of frost layer thickness and surface temperature
under a frost condition; Air velocity, air temperature, air humidity and plate
temperature are 1 m/s, 25 oC, 70 % and −15 oC, respectively.

There are some differences in predictions between the reference and simpli-
fied model resulting from simplifying assumptions. However, the discrepancies
are in an acceptable range (up to 7% relative error in frost thickness) and it
is evident that the simplified model captures the most significant dynamics of
frost accumulation even compared to measurements.

To identify error sources, another simulation of the reference model with the
Lewis number of unity was carried out. In this study, air conditions were varied
and result comparisons are shown in Fig. 4. The results were almost identical
to those of the proposed model (relative errors for the frost thickness and devi-
ation of the frost surface temperature from the evaporator surface temperature
are no more than 2 % and 3 % respectively), and thereby we conclude that the
differences between the simplified and reference models are due to the assump-
tion in the proposed model of Le = 1. The results imply that the linearization

12
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Figure 3: Comparisons of the simplified model with Lee’s model and experimental data
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Figure 4: Comparisons of the simplified model with Lee’s model under differeint air conditions
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Table 1: Comparison of simulation times

Lee’s Model Present Model
Computation time (sec) 24.36 1.55

approach to estimate derivatives of saturated properties of water vapors, i.e.
Eqn. 26, does not introduce a significant approximation error.

Table. 1 compares simulation times for the two models for the 2-hr simulation
period. The simplified model reduces the computation time by about a factor
of 15 compared to the reference model.

15
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Table 2: Boundary conditions (Jones and Parker)

Boundary Conditions Ta[oC] ωa[kg/kg] Tp[
oC] V [m/s]

Case 1 21.85 0.0106 -18.15 2.57
Case 2 22.85 0.0117 -8.15 2.92

Table 3: Comparison of simulation times

Computation time (sec) Jones and Parker’s Model Present Model
Case 1 38.61 2.46
Case 2 44.14 2.41

4.2. Results comparisons with Jones and Parker’s data for a cold plate

The proposed simplified model is compared with Jones and Parker’s model
and experimental data from their paper [1]. The same numerical experiment
described in the last section was used in simulation. Boundary conditions for
tests are summarized in Table 2 and the duration of the tests is 180 min. In
this case study, correlations of frost conductivity, diffusivity and air side heat
transfer coefficient presented in [1] are employed for both models. Fig. 5 shows
comparisons of the proposed model (dashed lines) with the reference model
(solid lines) and measurements (dots).

It is not clear what causes differences between the predictions of the reference
model and measurements due to lack of explanation in the reference paper.
Nonetheless, the discrepancies are not significant. The last sub-figure in Fig. 5
shows an interesting behavior of the proposed model which under-predicts heat
flux at the beginning while it eventually over-predicts the heat flux. This is
because of the higher Lewis number, i.e. Le = 1, of the proposed model.
Since increased Lewis number implies lower mass transfer coefficient αd for the
proposed model, predictions of heat and water vapor transfer from air to frost
layer are lower than those of the reference model at the beginning. This can be
confirmed with the slower frost growth of the proposed model as shown in Fig. 5.
In addition, since the thermal resistance of the reference model increases faster
than that of the proposed model due to faster frost accumulation, the proposed
model eventually over-predicts the heat flux compared to the reference model.
However, the simplified model actually agrees better with the experimental data.

Comparisons of simulation times for the two models for the 180-min sim-
ulation period are summarized in Table. 3. The simplified model reduces the
computation time by about a factor of 15 to 20 compared to the reference model.

4.3. Results comparisons with Silva’s data for a fan-supplied fin-and-tube heat
exchanger

The modeling scheme is applied to a fin and tube heat exchanger operating
with a fixed speed fan. Experimental results are taken from Silva et. al. [7].
The geometry information for the evaporator is summarized in Table 4. For

16
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Figure 5: Comparisons of the simplified model with Jones and Parker’s model and experimen-
tal data

Table 4: Summary of evaporator geometry

Type Finned circular tube cross-flow
Width of the HX 320 mm
Height of the HX 152 mm

Depth of the HX in airflow direction 45 mm
Tube outer diameter 10 mm

Fin thickness 0.2 mm
Fin density 4 fins/cm

Number of tube rows 2
Number of tubes per row 6

Transversal tube pitch 25 mm
Longitudinal tube pitch 22 mm

17
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more detailed descriptions of the heat exchanger and experimental setup, refer
to the reference paper.

Because of long mathematical descriptions of the reference and simplified
models, they are provided in the Appendix (Section 6.2). A brief outline of the
approaches is as follows. A control volume was made for each tube of the heat
exchanger. It is assumed that inlet air conditions for each row are uniform.
Uniform frost thickness on both tubes and fins is further assumed, and the
superheated refrigerant zone is neglected for model simplicity. Mass and energy
balances are applied to air side and frost layer of the control volume and overall
fin efficiency is utilized to take the fin effect into account. The ε-NTU method
is employed for both sensible and latent heat transfers. The boundary analogy
is used to calculate the convective mass transfer coefficient. For the frost layer,
the first order homogeneous ice formation model (Lee’s approach) is adopted
according to the reference paper. A resulting baseline model forms essentially
the same model structure for flat plate cases. Therefore, to construct a simplified
model, the same numerical approach described in Section 3 was applied to the
baseline model.

It should be noted that for the finned tube heat exchanger case, unlike
flat plate cases, there is an interaction between frost accumulation and the fan
characteristic because growth of frost narrows down air flow passages leading to
a reduced air flow rate. Fig. 6 shows simulation results of the proposed model for
frost thickness and dimensionless free flow passage area, i.e. Afree/Aface (see
the Appendix), under a frosting condition; inlet air temperature, air humidity
and tube surface temperature are 2 (oC), 80 (%) and -10 (oC), respectively.
Reduction of flow area passage is clearly seen in the first sub-figure due to frost
accumulation as shown in the second sub-figure. About half of the air flow
passage is blocked after 40 min, and only 20% of the air flow passage under dry
conditions is available after 1 hr. The second sub-figure shows that the frost
layer of the first tube row is thicker than that of the second row. This is due to
higher humidity of the air inlet steam for the first row which creates a higher
potential for the water vapor transfer.

Results comparisons for the corresponding air pressure drop, air flow rate
and (total) cooling capacity between experiments, proposed and reference mod-
els are shown in Fig. 7. Both models predict behaviors of those quantities within
±5 [Pa], ±20 [m3/h] and ±70 [W ] error bounds. As mentioned, the discrep-
ancy between the proposed and reference model is due to the Lewis number
assumption.

Comparison of computation times is summarized in Table 5. The proposed
model is around 3.22 times faster than the reference model. Although the
corresponding time saving is still significant, the relative speed is significantly
reduced compared with that of flat plate cases which are around a factor of 15.
This is due to additional nonlinear algebraic equations that calculate air flow
rate using an updated frost thickness and fan curve for each time step. Since
this paper is about heat exchanger modeling rather than system modeling, it
is of interest to know the time saving without the flow rate iteration. To do
this we re-ran both models with previously calculated flow rates as if flow rates
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Figure 6: Calculated free flow passage and frost thickness with the simplified model
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Figure 7: Comparisons of reference and simplified models with experimental data (fin-and-
tube): The error bars indicates ±5 [Pa], ±20 [m3/h] and ±70 [W ] error bounds.
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Table 5: Relative simluation speed of the proposed model compared with Silva’s model (see
Appendix)

case speed [-] time saving [%]
with flow rate iter. 3.22 68.95
w/o flow rate iter. 8.00 87.49

are known: evaporators having variable speed fans could be the case. In this
scenario, the proposed model is 8 times faster than the reference model.

5. CONCLUSIONS

A numerically efficient modeling approach that avoids iterations in predict-
ing the performance of evaporators under frosting conditions was derived and
demonstrated. The methodology was developed based on reformulation of more
detailed reference models using an enthalpy potential and linear approximation
method. It was shown that the approximation strategy is accurate over a wide
range of frosting conditions. The proposed model was compared with reference
models and experimental data from the literature for flat plate and finned tube
heat exchangers. It is 8 to 20 times faster than the reference models but with
comparable accuracy.

6. APPENDIX

6.1. Nomenclature for Appendix

AHT : heat transfer area per tube row (m2)

Aflow : minimum free flow area per tube row (m2)

Aface : heat exchanger face area per tube row, i.e. W × ST (m2)

do : outer tube diameter (m)

FD : fin density (#/m)

Gmax : mass flux at the maximum air velocity point of HX (kg/s)

NR : number of tube rows of HX (-)

NT/R : number of tubes per each HX row (-)

SL : longitudial pitch (m)

ST : transverse pitch (m)

tf : fin thickness (m)

W : width of heat exchanger (m)
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Figure 8: Schematic of a finned tube evaporator under frosting conditions and control volume

εs : sensible HX effectiveness (-)

εl : latent HX effectiveness (-)

ε∗ : HX effectiveness w.r.t. enthaply potential (-)

ηo : overall fin efficiency (-)

ρa,i : air density at the inlet of tube row (kg/m3)

ρa,o : air density at the outlet of tube row (kg/m3)

σ : the ratio of the minimum free-flow area of the finned passages to the frontal
area of the heat exchanger (-)

6.2. Simplified modeling approach applied to a finned tube heat exchanger

Fig. 8 shows a schematic diagram of a finned tube cross flow heat exhanger.
There are NR-number of tube rows along air flow direction and NT/R-number

of tubes in each row. A control volume was made over one of tubes at the jth

row having the volume of ST × SL ×W . The air inlet conditions to the HX are
represented as Ta, ωa and ṁa. Note that ṁa represents the air mass flow rate
for a control volume, and hence a total mass flow rate of air can be obtained
by multiplying NT/R. Since the reference paper [7] does not provide a complete
set of equations, such as updating rules for frost areas and some correlations,
other papers were also utilized to establish the baseline models.
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6.2.1. Assumptions

The following assumptions were employed from the reference paper [7] for
modeling frosting finned-tube heat exchanger, in addition to the assumptions
listed in Section 2.

• inlet air temperature and humidity are uniform for any row of a heat
exchanger.

• refrigerant is two phase throughout a tube pass

• curvature of frost layer on tube is negligible

The assumptions above are mainly for simplicity of formulation by reducing the
number of control volumes but can be relaxed without difficulties.

6.2.2. Heat and mass transfer equation in air side

The air side heat transfer equation is adopted from [7] as follows.

q
′′
tot =

1

AHT

(
εsṁaCp,a(Ta − Tδ) + hsubεlṁa

(
ωa − ωv,sat(Tδ)

))
(32)

where εs and εl represent sensible and latent effectiveness, respectively, ex-
pressed as follows.

εs = 1− exp
− ηoαAHTṁaCp,a (33)

εl = 1− exp−
ηoαdAHT

ṁa (34)

AHT and ηo are the heat transfer area (or surface area) inside the control
volume and the overall fin efficiency, respectively. Since frost thickness varies
with time, they need to be updated at each computation step. The following
geometric relations between the area and thickness are used for the update.

Afin = 2
(
SLST − π(do+2δ)

2
/4
)
× FD ×W

Abase = π(do+2× δ)× (W − (tf+2δ)× FD ×W )

AHT = Afin +Abase (35)

For the calculation of sensible convective heat transfer coefficient, correla-
tions of Wang et. al. [18] that provide Colburn j factor are used. The minimal
flow area is updated using the following relation.

Aflow = (ST − (do + 2δ))× (W − (tf+2δ)× FD ×W ) (36)

The boundary layer analogy is used to calculate mass transfer coefficient as
αd = α

CpLe2/3
, and correlations in [10] are used for calculating the overall fin

efficiency.
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Since the total heat flux from air to frost layer in Eqn. 32 relies on both
temperature and humidity potential differences, the concept of enthalpy poten-
tial difference described in Section 3.1 is used based on the assumption of unity
Lewis number. Using Eqn. 16, Eqn. 32 can be approximated as follows.

q
′′
tot ≈

ṁaε
∗

AHT
(i(Ta, ωa)− iv,sat(Tδ)) (37)

where ε∗ = εl = εs = 1− exp−
ηoαdAHT

ṁa .

6.2.3. Heat and mass transfer in frost layer

Due the assumption of the negligible curvature of frost layer, Eqn. 2 and 3
that describe heat and mass transfers in the frost layer also hold for a finned
tube HX2. Therefore, the linear approximation method described in Section 3.2
can be directly applied as follows.

q
′′
tot ≈

keq,fr
C∗δ

(iv,sat(Tδ)− iv,sat(Tp)). (38)

For the definition of the equivalent thermal conductivity, that considers heat
generation due to the deposition of water vapor inside of the frost layer, see
Eqn. 27.

6.2.4. Heat transfer equation in refrigerant side

In the reference paper [7], refrigerant and tube surface are considered to
be the same due to a strong thermal coupling (or a relatively small thermal
resistance) between them. However, for generalization, it is worthwhile to dis-
tinguish between them as follows. The corresponding heat transfer equation is

q
′′
tot = αr(Tp − Tr), (39)

where Tr is refrigerant temperatures and αr is an overall heat transfer coefficient
between the tube (outside) surface and refrigerant.

Since the heat flux is dependent on the temperature potential difference, it
is not compatible with Eqn. 37 and 38 which use enthalpy potentials. However,
using the same methodology described in Section 3.2, Eqn. 39 is approximated
with enthalpy potential as follows.

q
′′
tot ≈

αr
C∗r

(iv,sat(Tp)− iv,sat(Tr)) (40)

where

C∗r =
iv,sat(Tp)− iv,sat(Tr)

Tp − Tr
. (41)

2Here, we adopt the first order homogeneous ice formation model according to the reference
paper [7].

24



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

6.2.5. Combined linearized model

Eqn. 37, 38 and 40 form a standard thermal network structure in which
iv,sat(Tδ), iv,sat(Tp) and q

′′
tot can be calculated explicitly as follows.

q
′′
tot =

i(Ta, ωa)− iv,sat(Tr)
R∗a +R∗fr +R∗r

(42)

and

iv,sat(Tδ) =
R∗a

R∗a +R∗fr +R∗r
iv,sat(Tr) +

R∗fr +R∗r
R∗a +R∗fr +R∗r

i(Ta, ωa) (43)

iv,sat(Tp) =
R∗a +R∗fr

R∗a +R∗fr +R∗r
iv,sat(Tr) +

R∗r
R∗a +R∗fr +R∗r

i(Ta, ωa)

where

R∗a =
AHT
ṁaε∗

(44)

R∗fr =
C∗δ
keq,fr

R∗r =
C∗r
αr

As mentioned, the reference paper [7] provides only the tube (outside) surface
temperature rather than refrigerant temperature and flow conditions. Therefore,
for the case study of Section 4.3, we equate Tr to Tp and R∗r to zero in Eqn. 43.

6.2.6. Frost growth

Once Tδ is calculated, densification rate and the mass flux of water vapor
from the air to frost surface are calculated using (11) and

m
′′
fr =

εlṁa

AHT
(ωa − ωv,sat(Tδ)). (45)

The frost thickness and density are updated for the next time step using
Eqn. (12).

6.2.7. Pressure drop and mass flow rate

The fan performance curve (a typical light commercial axial fan) was ob-
tained from the reference paper [7].

The pressure drop across the coil is calculated using [18] by

∆P =
G2
max

2ρa,i

(
f
AHT
Aflow

ρa,i
ρm

+ (1 + σ2)(
ρa,i
ρa,o
− 1)

)
. (46)

where f is the friction factor obtained from the literature.
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6.2.8. Correlations

For the effective diffusion coefficient of water vapor in the frost layer, the
following equations are used [10, 6].

D = Da
ε

τ
(47)

τ = 1 +

√
ρfr
ρice

(48)

ε = 1− ρfr
ρice

(49)

where ε and τ are the porosity and tortuosity of the frost layer. The thermal
conductivity of the frost layer is determined by [19]

kfr = 1.202 · 10−3 · ρ0.963fr . (50)

6.2.9. Solution procedures for reference and simplified models

Fig. 9 shows the solution procedure for the proposed simplified modeling
approach. A description for each solution step is:

1. Update minimum flow and heat transfer areas per each row using Eqn. 35
and 36, and calculate air flow rate using Eqn. 46 and a fan curve [7].

2. Start a loop from the 1st row of HX with air stream inlet boundary con-
ditions of Ta and ωa.

3. Calculate air side, frost layer and refrigerant side thermal resistances (with
respect to enthalpy potential differences) using Eqn. 44.

4. Determine total heat flux and frost surface temperature using the linear
thermal network model Eqn. 42.

5. Obtain frost and densification rates using Eqn. 45 and 11.

6. Calculate exit air temperature and humidity using energy and mass bal-
ances for air side, and update frost thickness and density using Eqn. 12.

7. Repeat steps from 3 to 7 with updated inlet air conditions for the other
rows of HX.

8. After the final row is calculated, move to the next time step.

For the reference model, the steps from 3 and 4 are replaced by a step that
solves a set of nonlinear algebraic equations of Eqn. 32, 9 and 39.

7. NOMENCLATURE

Cp : specific heat (J/kg-K)

D : (effective) diffusion coefficient considering porosity and tortuosity (m2/s)

h : a specific enthalpy of moist air used in developing the psychrometric chart
(ASHRAE) (J/kg)

hsub : enthalpy of sublimation of water (J/kg)
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Figure 9: Solution process of a simplified model (finned tube heat exchanger under a fixed
speed fan)
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hrefv : a reference specific enthalpy of water vapor (J/kg)

hv : a specific enthalpy of water vapor (J/kg)

i : a specific enthalpy of moist air having hsub as reference

k : thermal conductivity (W/m-K)

keq : equivalent thermal conductivity of a frost layer (W/m-K)

m
′′
: mass flux (kg/m2-s)

m
′′
fr : mass flux of water vapor from the air to frost surface (kg/m2-s)

m
′′
ρ : mass flux for densification of frost layer (kg/m2-s)

q
′′
: heat flux (W/m2)

q
′′
tot : total heat flux, sensible and latent (W/m2)

R∗ : thermal resistance w.r.t. enthalpy potential difference (m2-s/kg)

T : temperature (oK)

Tδ : surface temperature of a frost layer for a control volume at a time (oK)

Tp : plate surface temperature or tube (outside) surface temperature for a con-
trol volume at a time (oK)

α : convective heat transfer coefficient (W/m2-K)

αm : convective mass transfer coefficient (m/s)

αd : αm × ρair (kg/m2-s)

δ : frost thickness at a time (m)

κ : absorption rate (1/sec)

ρ : density (kg/m3)

ω : humidity ratio (kg/kg-air)

Subscript

a : air

fr : frost

p : plate

r : refrigerant

sub : sublimation

v : vapor

v, sat : saturated vapor
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