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M a n a g i n g U n c e r t a i n t y i n R u l e - b a s e d R e a s o n i n g 

Thomas R. Shultz, Philip David Zeiazo, and Daniel J. Engelberg 

Departmen t  o f  Psychoiog y 

IVIcGli i  Universit y 

ABSTRACT 

Ther e ar e tw o majo r  problem s associate d wit h propagatio n o f  uncertaint y i n th e rule-base d 

modelin g o f  huma n reasoning .  O n e concern s h o w th e possibl y uncertai n evidenc e i n a  rule' s 

antecedent s affect s th e rule' s conclusion .  Th e othe r  concern s th e issu e o f  combinin g evidenc e 

acros s rule s havin g th e sam e conclusion .  T w o experiment s wer e conducte d i n whic h psychologica l 

dat a wer e compare d wit h a  variet y o f  mathematica l  model s fo r  managin g uncertainty .  Result s o f  a n 

experimen t  o n th e fu-s t  proble m suggeste d tha t  th e certaint y o f  th e antecedent s i n a  productio n rul e 

ca n b e summarize d b y th e m a x i m u m o f  disjunctivel y connecte d antecedent s an d th e m i n i m u m o f 

conjunctivel y connecte d antecedent s {maximi n summarizing) ,  an d tha t  th e m a x i m u m certaint y o f 

th e rule' s conclusio n ca n b e scale d d o w n b y multipUcatio n wit h th e result s o f  tha t  summar y 

{multiplicatio n scaling) .  A  secon d experimen t  suggeste d tha t  th e secon d proble m ca n b e solve d 

wit h Heckerman' s modifie d certaint y facto r  mode l  whic h sum s th e certaintie s contribute d b y eac h 

of  tw o rule s an d divide s b y 1  plu s thei r  product . 

INTRODUCTION 

Rule-base d system s hav e prove n t o b e amon g th e mos t  successfu l  technique s fo r  th e computationa l 

modelin g o f  huma n reasoning .  The y ar e abl e t o mode l  huma n procedura l  knowledg e i n a 

convenient ,  homogeneous ,  modula r  fashio n tha t  i s consisten t  wit h a  grea t  dea l  o f  psychologica l 

evidence .  S o m e o f  th e newe r  productio n system s hav e th e capacit y t o lear n o r  modif y thei r  o w n 

rule s (Klahr ,  Langley ,  &  Neches ,  1987) .  M a n y o f  th e artificiall y  intelligen t  exper t  system s ar e als o 

buil t  o n a  rule-base d architectur e (Buchana n &  Shortliffe ,  1984) . 

Curiously, several of the rule-based expert systems, but very few of the rule-based human 

simulations ,  emplo y technique s fo r  representin g an d propagatin g uncertainty .  Althoug h i t  i s widel y 

acknowledge d tha t  m u c h o f  huma n knowledg e i s uncertain ,  i t  i s i n th e fiel d o f  artificia l  intelligenc e 

tha t  th e debat e abou t  h o w t o represen t  an d manag e uncertaint y i n rule-base d reasonin g ha s bee n 

focuse d (Kana l  & .  L e m m e r ,  1986 ;  Hin k &  W o o d s ,  1987) . 

Th e proble m o f  uncertaint y i n rule-base d architecture s ca n b e broke n int o tw o sub-problems .  O n e 

concern s h o w th e possibl y uncertai n evidenc e i n a  rule' s antecedent s affect s th e rule' s conclusion . 

Conside r  th e genera l  cas e o f  a  productio n rul e wit h /  antecedent s and y conclusions . 

I F antecedent ! 

antecedent ! 

antecedent! 

T H EN conclusio n 1  (maxcfi ) 

conclusionj (maxcfj) 

Antecedents and conclusions would typically be represented as propositions, perhaps using a 

predicate-argumen t  structure .  Eac h o f  th e rule's ;  conclusion s woul d typicall y b e qualifie d b y a 

numericall y represente d m a x i m u m certaint y facto r  (maxcf) .  I f  th e evidenc e containe d i n th e rule' s 

antecedent s i s believe d wit h perfec t  certainty ,  the n eac h conclusion j  woul d b e draw n wit h it s 

maxcfj .  However ,  i n th e genera l  case ,  th e evidenc e i n eac h o f  th e rule' s antecedent s woul d b e 

believe d wit h varyin g degree s o f  certainty .  H o w shoul d th e uncertaint y o f  anteceden t  evidenc e b e 

summarized ? A n d h o w shoul d thi s summarize d anteceden t  certaint y affec t  th e maxc f  o f  eac h 
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conclusion? Slightly complicating the first question is the fact that the antecedents could be 
connecte d eithe r  conjunctivel y o r  disjunctively .  Wit h conjunctiv e connectives ,  al l  o f  th e antecedent s 
must  hol d i n orde r  fo r  th e rul e t o fire .  Fo r  disjunctiv e connectives ,  satisfactio n o f  onl y a  singl e 
anteceden t  coul d enabl e th e rul e t o fire . 

The other uncertainty sub-problem in rule-based systems concerns the issue of combining evidence 
acros s differen t  rule s wit h th e sam e conclusion .  Imagin e tha t  particula r  conclusion s exis t  i n mor e 
tha n on e rule .  A s rule s fire ,  thei r  conclusion s com e t o b e believe d wit h varyin g degree s o f 
certainty ,  a s outline d above .  H o w shoul d thes e uncertaintie s b e combine d i n case s wher e a 
previousl y fire d rul e ha s overlappin g conclusion s wit h a  newl y fire d rule ? Thi s i s no t  a  proble m i n 
deterministi c productio n system s tha t  d o no t  handl e uncertaint y sinc e the y typicall y avoi d drawin g 
th e sam e conclusio n mor e tha n once .  However ,  i t  i s  a  proble m i n an y productio n syste m tha t 
attempt s t o propagat e uncertaint y a s it s rule s fire . 

Solution of these two sub-problems is critical for rule-based efforts to model human cognition. 
Algorithm s implementin g a  solutio n t o eac h sub-proble m ar e typicall y invoke d ever y tim e a  rul e 
fires .  I f  thes e algorithm s lac k psychologica l  validity ,  simulatio n error s wil l  ten d t o accumulat e an d 
be compounde d a s rule s fire . 

EXPERIMENT 1 :  PROPAGATING UNCERTAINTY WITHI N A  SINGL E RUL E 

The purpos e o f  thi s experimen t  wa s t o tes t  severa l  differen t  plausibl e model s fo r  combinin g 
anteceden t  uncertaintie s t o creat e a  summar y anteceden t  c f  an d tw o model s fo r  scalin g dow n th e 
conclusion' s maxc f  b y th e summar y anteceden t  c f 

The summar y anteceden t  c f  coul d b e compute d a s th e (a )  minimu m o f  th e anteceden t  cfs ,  (b ) 
maximu m o f  th e anteceden t  cfs ,  (c )  produc t  o f  th e anteceden t  cfs ,  (d )  su m o f  th e anteceden t  cf s 
minu s th e overla p amon g them ,  (e )  mea n o f  th e anteceden t  cfs ,  o r  (f )  media n o f  th e anteceden t  cfs . 
The firs t  fou r  model s deriv e fro m insight s o r  assumption s i n probabilit y  calculus .  Th e las t  tw o 
model s represen t  guesse s abou t  wha t  ordinar y human s migh t  do .  Th e minimu m an d produc t 
model s woul d b e mos t  appropriat e fo r  conjunctivel y connecte d antecedents ;  th e maximu m an d 
sum-overla p model s fo r  disjunctivel y connecte d antecedents . 

Barclay and Beach (1972) reported psychological support for tht product model with conjunctive 
connective s an d fo r  th e sum-overla p mode l  wit h disjunctiv e connectives .  Wye r  (1976 )  als o foun d 
suppor t  fo r  th e sum-overla p mode l  wit h disjunctiv e connectives .  Bu t  wit h conjunctiv e connectives , 
Wyer  reporte d tha t  a n averagin g togethe r  o f  th e result s o f  th e produc t  an d mea n model s wa s mos t 
successfu l  i n accountin g fo r  hi s data . 

Two hybrid models for summarizing antecedent uncertainty were also tested. The maximin model 
i s  a  combinatio n o f  th e maximu m an d minimu m models .  I t  use s th e maximu m o f  disjunctivel y 
connecte d anteceden t  cf s an d th e minimu m o f  conjunctivel y connecte d anteceden t  cfs .  Maximi n i s 
easy t o comput e an d sensitiv e t o th e distinctio n betwee n conjunctiv e an d disjunctiv e connections . 
I t  make s som e sens e t o us e th e minimu m o f  conjunctivel y connecte d anteceden t  cf s sinc e al l  o f  th e 
antecedent s nee d t o b e satisfie d i n orde r  fo r  th e rul e t o fire .  Th e weakes t  lin k i n thi s evidentia l  chai n 
i s tha t  conditio n wit h th e smalles t  c f  Similarly ,  i t  make s sens e t o us e th e maximu m o f  disjunctivel y 
connecte d anteceden t  cf s sinc e satisfactio n o f  an y on e o f  the m ca n qualif y th e rul e fo r  firing .  Th e 
stronges t  o f  thi s evidentia l  se t  i s  th e anteceden t  wit h th e highes t  c f  Th e othe r  hybri d model ,  her e 
terme d th e probabilisti c  model ,  combine s th e produc t  an d sum-overla p models .  I t  compute s th e 
produc t  o f  conjunctivel y connecte d antecedent s an d th e sum-overla p o f  disjunctivel y connecte d 
antecedents . 

Scaling down the maxcf in the conclusion by the summary antecedent cf could be done by 
multiplication ,  o r  averagin g (mean) .  Multiplicatio n i s commonl y use d fo r  scalin g i n productio n 
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systems (Shortliffe, 1976; van Melle, Scott, Bennett, & Peairs, 1981). Averaging would be 
mathematicall y unsophisticated ,  bu t  i s  stil l  a  possibilit y  fo r  ordinar y human s face d wit h th e tas k o f 
combinin g tw o numerica l  estimate s (Wyer ,  1976) . 

Metho d 

Our  subject s learne d a  rul e i n whic h anteceden t  cf s wer e assigne d an d the n wer e aske d firs t  abou t 
th e certaint y o f  th e rule' s antecedent s bein g satisfied ,  an d secon d abou t  th e certaint y o f  th e rule' s 
conclusion .  Th e firs t  se t  o f  rating s wer e correlate d wit h thos e generate d b y eac h o f  th e 8 
summarizatio n model s above .  The n th e secon d se t  o f  rating s wa s correlate d wit h thos e generate d 
by th e tw o scalin g model s combine d wit h th e bes t  o f  th e summarizatio n model s an d wit h th e 
subject' s ow n summarizatio n rating . 

A sample item was: 
I f  even t  A ,  o r  even t  B ,  o r  even t  C  happens ,  the n even t  D  i s highl y certai n t o happen . 
Event  A  i s highl y certai n t o happen . 
Event  B  i s moderatel y certai n t o happen . 
Event  C  slightl y certai n t o happen . 

With this item, subjects were asked to rate the certainty of their belief that one or more of events A, 
B,  an d C  wil l  happen ,  an d tha t  even t  D  wil l  happen .  Acros s th e items ,  ther e wa s systemati c 
variatio n i n th e connectiv e (conjunctiv e o r  disjunctive) ,  th e certaint y o f  bot h antecedent s an d 
conclusions ,  an d th e sig n o f  th e conclusio n (positiv e o r  negative )  s o a s t o permi t  a  robus t  tes t  o f 
th e models .  Fo r  conjunctiv e connectives ,  subject s wer e aske d t o rat e th e certaint y tha t  event s A ,  B , 
and C  wil l  al l  happen .  Additiona l  item s wer e presente d a t  th e en d o f  eac h questionnair e i n orde r  t o 
calibrat e th e subject' s us e o f  th e certaint y descriptor s employe d i n th e previou s rul e items . 

Result s 

Becaus e differen t  subject s ma y interpre t  th e certaint y expression s differently ,  response s t o th e 
calibratio n question s wer e use d t o establis h wher e o n th e ratin g scal e eac h subjec t  viewe d th e 
adjective s completely- ,  highly- ,  moderately- ,  an d slightl y certain ,  an d uncertain .  Thes e calibrate d 
value s wer e the n use d t o generat e mode l  prediction s fo r  eac h subject .  Response s t o th e rul e item s 
wer e converte d t o cfs . 

The first major problem for the results is to identify the best model for summarizing the uncertainty 
of  th e anteceden t  evidence .  Prediction s fo r  th e eigh t  abov e model s o n eac h o f  th e rul e item s wer e 
generate d usin g eac h subject' s calibrate d scores .  The n th e predicte d rating s fo r  eac h o f  th e eigh t 
model s wer e correlate d wit h th e subject' s actua l  ratings . 

The resulting correlation coefficients were subjected to an analysis of variance. The mean 
correlatio n coefficient s fo r  th e variou s model s i n descendin g orde r  wer e maximi n .728 , 
probabilisti c  .706 ,  maximu m .322 ,  sum-overla p .319 ,  mea n .288 ,  media n .216 ,  produc t  .170 ,  an d 
minimu m .129 .  Th e tw o hybri d model s tha t  distinguishe d conjunctiv e fro m disjunctiv e connective s 
{maximi n an d probabilistic )  performe d significantl y bette r  tha n an y o f  th e othe r  models . 

Visual examination of the predicted ratings for these two best models indicated that the probabilistic 
model  generate d rating s tha t  wer e to o extrem e fo r  mos t  subjects .  T o tes t  thi s systematically ,  th e 
variance s o f  th e prediction s o f  th e maximi n an d probabilisti c  model s an d thos e o f  th e subject' s 
actua l  rating s wer e subjecte d t o a n analysi s o f  varianc e i n whic h th e sol e facto r  wa s th e sourc e o f 
th e variances .  Th e mea n variance s v/er e probabilisti c  .166 ,  maximi n .091 ,  an d actua l  .073 .  Eac h o f 
thes e wa s significantl y differen t  fro m th e other ,  bu t  th e actua l  variance s wer e muc h mor e closel y 
approximate d b y th e maximi n mode l  tha n b y th & probabilisti c  model . 
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Visual examination of the data also suggested that there were substantial differences between 
subject s i n th e siz e bu t  no t  th e patter n o f  correlation s wit h models .  Analysi s o f  varianc e o f  th e 
model  correlations ,  wit h subjec t  a s th e repeated-measure s independen t  factor ,  yielde d a  mai n effec t 
fo r  subject .  Mea n correlation s fo r  subject s range d fro m .0 4 t o .64 .  Th e mode l  correlation s wer e 
als o converte d t o rank s withi n eac h subject ,  an d analyze d fo r  concordance ,  revealin g considerabl e 
agreemen t  amon g subject s i n th e patter n o f  thei r  correlation s wit h models . 

The next major task for the Results was to determine the best model for scaling down the certainty 
of  th e conclusio n b y th e summarize d anteceden t  certainty .  Th e summarize d anteceden t  certaintie s 
wer e compute d fo r  th e tw o bes t  summarizin g models :  maximi n din d probabilistic .  Th e subject' s 
actua l  summarize d rating s wer e als o used ,  an d thi s wa s terme d th e pur e mode l  sinc e i t  permitte d a 
pure r  tes t  o f  th e scalin g model ,  uncontaminate d b y th e summarizin g model .  Predicte d certaintie s o f 
th e rule' s final  conclusion s wer e generate d fo r  eac h o f  thes e summarize d source s b y bot h th e 
multiplicatio n an d mea n scalin g models .  The n eac h o f  thes e si x mode l  base d prediction s wa s 
correlate d wit h th e subject' s actua l  certaint y conclusion s acros s th e rul e items . 

The resulting correlation coefficients were subjected to an analysis of variance in which the 
repeate d measure s wer e summarizin g mode l  {maximin ,  probabilistic ,  an d pure) ,  an d scalin g mode l 
(multiplicatio n an d mean) .  Th e mea n correlatio n coefficient s fo r  model s usin g th e superio r 
multipUcatio n scalin g wer e .70 2 pure ,  .63 4 maximin ,  an d .62 6 probabilistic . 

Discussio n 

The result s o f  thi s experimen t  clearl y sugges t  tha t  th e bes t  wa y t o summariz e anteceden t  evidenc e i s 
by takin g th e maximu m o f  disjunctivel y connecte d anteceden t  certaintie s an d th e minimu m o f 
conjunctivel y connecte d anteceden t  certaintie s (th e maximi n model) .  Th e probabilisti c  mode l  als o 
correlate d wel l  wit h subjec t  data ,  bu t  th e fac t  tha t  th e maximi n mode l  predicte d th e absolut e value s 
of  th e subjec t  rating s s o muc h bette r  recommend s thi s mode l  ove r  th e probabilisti c  model .  Maximi n 
als o ha s th e advantag e o f  bein g eas y fo r  subject s t o comput e regardles s o f  th e numbe r  o f  rul e 
antecedents .  Th e bette r  o f  th e tw o teste d scalin g method s wa s multiplication .  Thus ,  a  goo d 
techniqu e fo r  propagatin g uncertaint y withi n a  productio n rul e woul d summariz e th e uncertaint y o f 
th e anteceden t  evidenc e usin g maximin ,  an d the n scal e dow n th e maxc f  i n th e conclusio n b y 
multiplyin g th e maxc f  b y th e resul t  o f  maximin . 

EXPERIMENT 2 :  COiVlBININ G UNCERTAINTY ACROSS RULES WIT H TH E SAME CONCLUSION 

The proble m o f  combinin g evidenc e acros s rule s wit h th e sam e conclusio n ha s bee n th e focu s o f  a 
goo d dea l  o f  researc h i n artificia l  intelligence .  A  majo r  distinctio n amon g th e variou s approache s i s 
betwee n thos e tha t  us e numeri c vs .  non-numeri c approaches .  Non-numeri c approache s (e.g. ,  P . 
R.  Cohen ,  1985 ;  Kuipers ,  Moskowitz ,  &  Kassirer ,  1988 )  hav e no t  ye t  successfull y deal t  wit h th e 
issu e o f  combinin g conflictin g evidence .  Numeri c approache s us e technique s suc h a s certaint y 
factors ,  Bayes '  theorem ,  fuzz y logi c (Zadeh ,  1979) ,  an d Dempster-Shafe r  theory .  Th e Bayesia n 
and fuzz y logi c approache s hav e th e difficult y o f  requirin g knowledg e tha t  peopl e rarel y possess . 
The Dempster-Sh^e r  techniqu e bear s som e similaritie s t o certaint y factor s (Gordo n &  Shortliffe , 
1984) ,  whic h i s th e metho d emphasize d here . 

The certainty factor approach derives from the MYCIN (Shortliffe, 1976) and EMYCIN (van Melle 
et  al. ,  1981 )  programs .  I n th e simples t  case ,  wher e bot h rule s suppor t  th e sam e conclusion ,  th e 
certaint y facto r  approac h specifie s tha t  a  prio r  c f  (cfp )  i s  update d (cfu )  b y ne w evidenc e (cfn )  b y 

addin g th e ne w evidenc e t o ol d afte r  first  scalin g dow n th e ne w evidenc e b y th e amoun t  i t  coul d 
benefi t  th e ol d evidenc e 

cf u =  cf p +  [cfn*(l-cfp) ]  (1 ) 

230 



S H U L T Z,  ZELAZO ,  E N G E L B E RG 

The scaling down serves to keep the revised cf within the bounds -1 to +1. Interestingly, this 
reduce s t o th e su m o f  th e tw o cf s minu s thei r  produc t 

cf u =  cf p +  cf n -  (cf p *  cfn )  (2 ) 

Not e tha t  (2 )  i s  simpl y th e sum-overla p rul e fo r  combinm g probabilitie s wit h n o assumption s abou t 
thei r  correlatio n .  (1 )  an d (2 )  appl y onl y whe n bot h cf s ar e positive .  Wher e bot h cf s ar e negative , 
one take s th e negativ e o f  (2 )  wit h negate d c f  argument s 

cfu = cf p +  cf n +  (cf p *  cfn )  (3 ) 
Take n together ,  (2 )  an d (3 )  describ e th e certaint y facto r  approac h t o combinin g confirmin g 
evidence .  Fo r  disconfirmin g evidence ,  tha t  is ,  whe n onl y on e o f  th e cf s i s negative ,  th e functio n 
becomes 

cf u =  (cf p +  cfn )  /  ( 1 -  mi n (|cfp| ,  |cfnl) )  (4 ) 
The rational e fo r  th e unusua l  diviso r  i n thi s thir d cas e i s tha t  a  singl e ne w piec e o f  disconfirmin g 
evidenc e shoul d no t  b e allowe d t o overpowe r  th e accumulate d evidenc e produce d b y possibl y a 
larg e numbe r  o f  rule s (Buchana n &  Shortliffe ,  1984) .  Th e c f  approac h describe d i n (2 )  -  (4 )  shal l 
be referre d t o her e a s th e classi c c/approach . 

Heckerman (1986) demonstrated that there is an unlimited number of probabilistic interpretations 
of  cfs ,  al l  o f  whic h ar e monotoni c transformation s o f  th e likelihoo d ratio .  I n additio n t o th e 
standar d c f  formulation ,  reveale d i n (2 )  -  (4) ,  Heckerma n propose d a n alternate ,  simplifie d versio n 

cf u =  (cf p +  cfn )  /  [1 + (cf p *  cfn) ]  (5 ) 
Heckerma n showe d tha t  bot h (5 )  an d (2 )  -  (4 )  ar e vali d probabilisti c  interpretation s o f  cfs ,  unde r 
th e assumption s tha t  th e evidenc e provide d b y th e rule s i s conditionall y independen t  an d tha t  th e 
rul e bas e form s a  tre e structure .  Th e consequence s o f  violatin g thes e tw o assumption s ar e 
unknown .  Groso f  (1986 )  showe d tha t  (5 )  i s  equivalen t  t o a  specia l  cas e o f  Dempster-Shafe r 
theory .  Th e c f  approac h i n (5 )  shal l  her e b e referre d t o a s th e modifie d c/approach . 

The classi c an d modifie d c f  approache s wer e contraste d wit h thre e mathematicall y unsophisticate d 
model s tha t  w e though t  ordinar y reasoner s migh t  employ .  Th e unsophisticate d model s compute d 
th e mean ,  maximum ,  o r  minimu m o f  th e tw o certainties . 

Metho d 

Subject s learne d tw o productio n rule s wit h th e sam e conclusion ,  wer e give n anteceden t  cf s fo r  th e 
tw o rules ,  an d wer e the n aske d t o indicat e ho w strongl y the y believe d th e conclusio n proposition . 
Subjec t  dat a wer e correlate d wit h thos e generate d b y th e five  combinin g models .  I n a  partia l 
replicatio n o f  th e result s o f  Experimen t  1 ,  th e maxc f  o f  eac h rul e coul d b e scale d b y th e anteceden t 
certaint y usin g eithe r  multiplicatio n o r  averagin g (mean) .  Thes e tw o scalin g model s wer e crosse d 
wit h th e fiv e combinin g model s t o produc e 1 0 teste d models . 

A sampl e ite m was : 
Event s A  an d B  ar e independen t  source s o f  evidenc e fo r  even t  C . 
I f  even t  A  happens ,  the n even t  C  i s moderatel y certai n t o happen . 
I f  even t  B  happens ,  the n even t  C  i s moderatel y certai n no t  t o happen . 
Event  A  i s highl y certai n t o happen . 
Event  B  i s slightl y certai n t o happen . 

Subjects were asked to combine this evidence to rate the certainty of their belief that event C will 
happen .  A s i n Experimen t  1 ,  ther e wa s systemati c variatio n i n th e certaint y o f  antecedent s an d th e 
positivity-negativit y o f  th e conclusion s s o a s t o permi t  a  robus t  tes t  o f  th e models .  Th e las t  fe w 
item s o f  eac h questionnair e wer e use d t o calibrat e th e subject' s us e o f  th e certaint y descriptors . 

Result s 
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Predictions were generated for each of the 10 models using each subject's calibrated scores. These 
prediction s wer e the n correlate d wit h th e actua l  certaint y conclusion s give n b y eac h subject . 
Correlation s wer e subjecte d t o analysi s o f  variance .  Th e mea n correlatio n coefficient s wer e 
significantl y highe r  fo r  multiplicatio n scalin g tha n fo r  mea n scalin g fo r  ever y combinin g mode l 
excep t  th e maximu m model .  Descriptio n o f  difference s amon g th e combinin g model s wil l  b e 
limite d t o thos e usin g th e superio r  multiplicatio n scaling .  Th e mea n (.835) ,  classi c c/(.858) ,  an d 
modifie d c f  (.%4S )  combinin g model s yielde d significantl y highe r  correlation s tha n di d th e 
maximu m (.694 )  an d minimu m (.723 )  combinin g models ,  bu t  di d no t  diffe r  fro m eac h other . 

In order to draw a clearer distinction between the two cf and the mean combining models, their 
absolut e prediction s wer e contraste d wit h th e actua l  absolut e certaint y scores .  Th e insigh t  tha t  le d 
t o thi s compariso n wa s tha t  th e c f  technique s alway s rais e th e update d cf ,  an d th e mea n techniqu e 
alway s lower s th e update d cf ,  relativ e t o th e highe r  o f  tw o origina l  cfs .  Thus ,  th e c f  combinin g 
model s produc e highe r  absolut e prediction s tha n doe s th e mea n combinin g model .  A n analysi s o f 
varianc e o f  thes e absolut e predicte d an d actua l  score s wa s undertake n i n whic h th e sol e withi n 
subject s facto r  wa s sourc e o f  th e absolut e scores .  Th e mea n absolut e score s wer e .37 8 actual ,  .36 2 
classi c c/model ,  .38 0 modifie d c/model ,  an d .18 9 mea n model .  Th e actua l  an d c f  model s score s 
di d no t  diffe r  significantl y fro m eac h other ,  bu t  di d significantl y excee d thos e generate d b y th e 
mean model . 

As in Experiment 1, individual differences were confined to the size rather than to the pattern of 
correlation s wit h models .  Analysi s o f  varianc e o f  th e mode l  correlations ,  wit h subjec t  a s th e 
repeated-measure s independen t  factor ,  yielde d a  mai n effec t  fo r  subject .  Mea n correlation s fo r 
subject s range d fro m .4 9 t o .86 .  Th e mode l  correlation s wer e als o converte d t o rank s withi n eac h 
subjec t  an d analyze d fo r  concordance ,  verifyin g tha t  ther e wa s considerabl e agreemen t  amon g 
subject s i n th e patter n o f  thei r  correlation s wit h models . 

Discussio n 

Confirmin g th e result s o f  th e previou s experiment ,  th e presen t  dat a indicate d stron g suppor t  fo r 
scalin g th e maxc f  i n a  conclusio n b y multiplicatio n wit h th e anteceden t  cf ,  a s oppose d t o takin g th e 
mean o f  th e tw o values .  Th e mai n resul t  o f  thi s experimen t  wa s th e findin g tha t  th e tw o c f  model s 
wer e th e mos t  effectiv e i n combinin g certaintie s acros s tw o productio n rules .  Th e principa l  wa y i n 
whic h th e c f  model s wer e superio r  t o th e mea n mode l  wa s i n matchin g th e absolut e value s o f 
subjects '  certaint y ratings .  Sinc e th e tw o c f  model s ar e bot h monotoni c transformation s o f  th e sam e 
likelihoo d ratio ,  i t  i s  no t  surprisin g tha t  the y produc e highl y simila r  results .  W e hav e a  sligh t 
preferenc e fo r  th e modifie d c/mode l  (5 )  sinc e i t  present s a  simpler ,  mor e unifie d formul a tha n doe s 
th e tri-partit e classi c c/mode l  [(2) ,  (3) ,  (4)] . 

GENERAL DISCUSSIO N 

The result s o f  thes e tw o experiment s sugges t  tha t  a  modifie d c f  approac h produce s a  goo d fi t  t o th e 
certaint y judgment s o f  ordinar y reasoners .  Ou r  c f  approac h summarize s th e certaint y o f  anteceden t 
evidenc e i n a  productio n rul e b y takin g th e maximu m o f  disjunctivel y connecte d antecedent s an d 
th e minimu m o f  conjunctivel y connecte d antecedent s (maximi n model) .  I t  scale s dow n th e maxc f  i n 
th e rule' s conclusio n b y multiplyin g wit h th e summar y anteceden t  c f  (multiplicatio n model) .  An d i t 
combine s certaint y evidenc e acros s productio n rule s wit h th e sam e conclusio n b y dividin g th e su m 
of  th e certaintie s b y 1  plu s thei r  produc t  (modifie d c/model) . 

Previously, the only reported psychological support for a cf approach was provided by the 
anecdota l  testimon y o f  a  singl e exper t  diagnosticia n (Shortliffe ,  1976) .  Th e presen t  dat a sho w tha t 
th e c f  approach ,  whe n modifie d t o allo w fo r  rule s wit h disjunctivel y connecte d antecedents ,  ha s 
considerabl e validit y i n accountin g fo r  th e reasonin g o f  ordinar y people .  Th e M Y C I N (Shortliffe , 
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1976) and EMYCIN (van Melle et al., 1981) programs that pioneered the use of cfs did not 
apparentl y allo w disjunctivel y connecte d antecedent s (excep t  withi n a  conjunct) .  Th e assumptio n 
was tha t  disjunctio n coul d b e handle d b y havin g multipl e rule s wit h th e sam e conclusion .  Ou r 
approac h differ s i n allowin g bot h disjunctiv e antecedent s withi n a  rul e a s wel l  a s multipl e rule s 
wit h th e sam e conclusion . 

The decision about whether to use multiple rules vs. disjunction within a rule can be governed in 
par t  b y considerin g th e correspondin g difference s i n updatin g o f  certainties .  Representatio n o f  a 
packe t  o f  procedura l  knowledg e i n a  singl e rul e wit h disjunctiv e antecedent s specifie s tha t  th e 
certaint y o f  th e anteceden t  evidenc e shoul d b e summarize d b y th e maximu m o f  th e anteceden t  cfs . 
Representatio n i n multipl e rule s specifie s tha t  th e updatin g o f  certaintie s acros s thes e antecedent s 
shoul d b e don e usin g th e modifie d c/procedure .  Th e forme r  assume s maxima l  correlatio n amon g 
th e antecedent s an d implie s tha t  cf s o f  th e othe r  antecedent s shoul d no t  incremen t  th e maximu m cf , 
wherea s th e latte r  assume s conditiona l  independenc e amon g th e antecedent s an d implie s tha t  cf s 
fro m othe r  antecedent s (i n othe r  rules )  ma y incremen t  th e cf s conclude d earUer .  Thes e 
consideration s ca n giv e rul e writers ,  whethe r  cognitiv e modeler s o r  artificia l  intelligenc e 
programmers ,  greate r  expressiv e power . 

Some of the evidence from Experiment 1 suggests that researchers in probabilistic reasoning ought 
t o conside r  th e absolut e value s predicte d b y probabilisti c  model s a s wel l  a s thei r  abilit y  t o correlat e 
wit h huma n judgments .  I n particular ,  th e maximi n mode l  prove d superio r  t o \h & probabilisti c 
model  i n matchin g absolut e value s i n huma n data .  Us e o f  th e maximi n mode l  coul d accoun t  fo r  th e 
ofte n reporte d tendenc y o f  ordinar y reasoner s t o overestimat e th e probabilit y  o f  conjunctiv e event s 
and underestimat e th e probabilit y o f  disjunctiv e event s (Barcla y &  Beach ,  1972 ;  Bar-Hillel ,  1973 ; 
J.  Cohen ,  Chesnick ,  &  Haran ,  1972 ;  J .  Cohe n &  Hansell ,  1957 ;  Howell ,  1972 ;  Slovic ,  1969) . 
The minimu m wil l  invariabl y b e highe r  tha n th e product ,  an d th e maximu m lowe r  tha n th e sum -
overlap .  Previou s explanation s o f  thes e estimatio n error s hav e emphasize d th e adjustmen t  an d 
anchorin g heuristi c (Hin k &  Woods ,  1987 ;  Tversk y an d Kahneman ,  1974) .  I n tha t  heuristi c 
account ,  a  perso n migh t  us e th e certaint y o f  a n elementar y even t  a s ancho r  an d the n insufficientl y 
adjus t  th e certaint y fo r  th e compoun d even t  upwar d i n th e cas e o f  disjunctio n an d downwar d i n th e 
cas e o f  conjunction .  Bu t  withou t  specifyin g th e degre e o f  adjustment ,  th e adjustmen t  an d 
anchorin g mode l  doe s no t  generat e sufficientl y specifi c  prediction s t o compar e wit h th e maximi n 
model . 

A limitatio n o f  th e presen t  studie s i s tha t  the y ar e restricte d t o reasonin g wit h abstract ,  de -
contextualize d material .  Futur e researc h wil l  b e necessar y t o exten d th e presen t  finding s t o mor e 
realisti c  items .  A s tha t  happens ,  theoretica l  idea s abou t  th e impac t  o f  contex t  o n reasonin g unde r 
uncertaint y ca n b e develope d an d contextua l  result s ca n b e compare d t o th e thos e generate d i n th e 
present ,  abstrac t  situation . 

The results of both experiments indicated that there were individual differences in models for 
managin g uncertainty .  Thes e difference s di d no t  appea r  t o reflec t  th e us e o f  differen t  model s b y 
differen t  subjects .  O n th e contrary ,  subject s showe d remarkabl e agreemen t  i n th e patter n o f  thei r 
correlation s acros s models .  Th e bes t  model s wer e bes t  fo r  everyon e tested .  Th e wa y tha t  subject s 
differe d fro m eac h othe r  wa s i n thei r  tendenc y t o produc e moderat e o r  hig h correlation s wit h th e 
model s i n general .  I t  i s  possibl e tha t  suc h individua l  difference s i n averag e siz e o f  correlation s 
reflec t  difference s i n menta l  abiht y o r  motivation .  Subject s wh o fil l  ou t  questionnaire s withou t 
much car e o r  wh o becom e confuse d b y th e item s woul d no t  b e expecte d t o generat e dat a consisten t 
wit h thes e sort s o f  models . 
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