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ABSTRACT OF THE DISSERTATION

Three Essays on Nonparametric Hypothesis Testing
by
Seolah Kim

Doctor of Philosophy, Graduate Program in Economics
University of California, Riverside, June 2020
Professor Aman Ullah, Chairperson

Nonparametric approaches have widely been used due to their advancement in not mak-
ing assumptions on the distribution of the data. Even with their extensive development,
nonparametric hypothesis testing has not been developed as much as a nonparametric es-
timation even though it is one of the key components of the econometric analysis. This
dissertation has mainly two parts. I first explore the systematic development of the current
nonparametric tests and provide results on testing linearity as an illustration. Then I de-
velop new nonparametric tests for detecting endogeneity in cross-sectional data and panel
data respectively.

Elaborating each test’s performance can be meaningful in that it allows us to
decide on which test to use depending on the hypothesis and even construct a new test
based on such a relationship. Under the hypotheses for linearity, Chapter 2 will categorize
the types of nonparametric tests and discuss the analytical relationship of those tests. By

imposing some conditions, I can compare the local power of each test asymptotically. While
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examining the analytical relationship, I also develop a nonparametric Rao-Score test and
show that it is equivalent to the Su and Ullah (2013) test.

Once analyzing the analytical relationship of the current nonparametric tests, 1
focus on developing a new nonparametric test for endogeneity. Since endogeneity is com-
monly observed in many economic contexts, detecting its presence is a preliminary step for
choosing an estimation strategy. In Chapter 3, I construct a test using the control function
approach under a triangular simultaneous equations model. My test can be summarized as
being simple to implement as a test and being able to capture the locally nonlinear correla-
tion with kernel weighting. Furthermore, I will apply these tests to the empirical analyses
and show the contradicting results with the parametric test.

Not only in triangular simulation equations model, but also is endogeneity im-
portant model specification issue in panel data setting. The estimation strategy differs
depending on the presence of endogeneity between the individual-specific components and
the variable. I propose a new estimation method for the nonparametric panel random ef-
fects model and construct a new test for endogeneity using the residuals from the proposed
estimation method. By obtaining the individual-specific effects in the random effects model,
I construct a test over the ¢ index instead of the ¢ index and time. With a large T, the test

performs well in terms of size and power.
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Chapter 1

Introduction

Since the nonparametric methods have been introduced in statistics and econometrics, they
have been powerful in econometric analyses due to their advancement in not making as-
sumptions on the distribution of the data. Extensive development of the estimation methods
range from a density estimation to a single index model (Rosenblatt (1956), Rao (1985),
Silverman (1986), Ullah (1985, 1988), Horowitz (1992), Klein and Spady (1993), Ichimura
(1993), Linton and Nielson (1995), Fan and Gijbels (1996), Newey et al. (1999), Li and
Racine (2003), Fan and Yao (2005), among others). On the consolidated background, there
is an ongoing research about a consistent nonparametric estimation.

Once running the estimation, a hypothesis testing is one of the key components
of the econometric analysis to analyze the effect with the statistical significance. However,
nonparametric hypothesis testing has not been developed systematically and the current
nonparametric tests are ad-hoc. Elaborating each test’s performance will allow us to un-

derstand the principles of the test statistic and even construct a new test based on such a



relationship. For example, Ullah and Zinde-Walsh (1984) compared the robustness both in
small and large sample between the likelihood function based tests. Therefore, the goal of
this dissertation is to propose a systematic approach in a nonparametric hypothesis test-
ing for linearity and then develop new nonparametric tests for the model specification and
endogeneity as an illustration.

In Chapter 2, I investigate the analytical relationship between the existing non-
parametric test statistics for the linearity test. Among many different nonparametric hy-
pothesis tests, I focus on Li-Wang type conditional moment test, Su-Ullah type goodness-of-
fit test, Yao-Ullah type goodness-of-fit test, and F type test. I present which nonparametric
test is locally most powerful, which can be useful for empirical researchers in conducting a
test for model specification. By imposing some conditions, I can compare the local power
of each test asymptotically. Furthermore, I develop a nonparametric Rao-Score test for the
model specification and show its equivalence to Su-Ullah type goodness-of-fit test. While
a nonparametric test is superior over parametric tests due to its consistency, the Rao-
Score test has not been developed yet in a fully nonparametric context. Using the local
log-likelihood functions, I can develop a fully nonparametric Rao-Score test.

Chapter 3 introduces a consistent nonparametric test for endogeneity using a trian-
gular simultaneous equations model. In such a setting, I take the control function approach
to obtain the conditional moment of interest E[U|V], where U is the error term of the struc-
tural equation and V is the error term from the reduced-form equation. This conversion
opens a new way of constructing a test because it significantly reduces the dimension when

estimating the conditional moment, which can alleviate the curse of dimensionality. In con-



structing a test, I use nonparametric residuals to obtain the consistency of the test. My test
has strengths in that it is easy to implement as its asymptotic distribution is the standard
normal and it can capture the locally nonlinear correlation with kernel weighting. Then, I
apply this test using the data from Autor, Dorn, Hanson (2013) and get the contradicting
results with the parametric test.

Endogeneity issue is important both in cross-sectional and panel data settings.
While I develop a new nonparametric test for endogeneity with cross-sectional data, Chapter
4 proposes a new estimation method for the nonparametric panel random effects model and
develops a new nonparametric test for endogeneity. In a panel data setting, testing for
endogeneity in an individual fixed effects determines whether to use the fixed effects or the
random effects model. There has been a difficulty in testing this hypothesis mainly because
these individual fixed effects under the random effects model cannot be obtained. However,
I extend the approach of Huang et al. (2019), then the individual fixed effects model can
be estimated even under the random effects. With this estimation, I construct a test using
the residuals from the proposed estimation strategy. Using this test, I also apply to the

empirical data analyzing the productivity of the public capital in the United States.



Chapter 2

Systematic Development of
Nonparametric Testing for
Linearity: Small and Large Sample

Properties

2.1 Introduction

Testing for linearity is an important subject in model specification, as it can prevent an
estimator from being inconsistent due to misspecification of a functional form. Since a
nonparametric test has superiority over any parametric tests due to its consistency, non-
parametric hypothesis testing methods have been extensively developed until now. However,

analytical comparisons of the local power between nonparametric tests have not been made.



The elaboration of these tests’ performance is meaningful in that it can be practical for em-
pirical researchers in specifying the model and even propose a new path for nonparametric
hypothesis testing. In this regard, this paper proposes a systematic approach in current
nonparametric hypothesis testing.

There are two main contributions of this paper. First, this is the first paper that
categorizes the four popular nonparametric tests under the same hypotheses— Li-Wang type
conditional moment test, Su-Ullah type goodness-of-fit test, Yao-Ullah type goodness-of-fit
test, and F-type test. Since these tests are based on the kernel sum of squared residuals, I can
compare them analytically. Since the currently developed tests are ad-hoc, this systematic
development can propose a new path for the development of nonparametric hypothesis
testing by providing the analytics of these tests. Second, I analyze how the relationship
between these four tests is shown in their asymptotic power and different depending on
the estimation method in simulations. I suggest under which conditions this inequality
holds. Based on both the analytical and numerical results, I show which nonparametric
test is locally most powerful for each estimation method, which can be useful for empirical
researchers testing for the correct model specification.

Since the nonparametric methods have been introduced in econometrics, there has
been an extensive evolution of nonparametric tests ranging from a distributional test to
testing for serial correlation (Whang and Andrews (1993), Fan and Ullah (1999), Fan et
al. (2001), Hsiao and Li (2001), Horowitz and Spokoiny (2001), Linton et al. (2005), Su
and Ullah (2008), Mishra et al. (2010), Su et al. (2013), among others). Among many

different nonparametric hypothesis tests, I focus on four nonparametric tests, which use the



kernel sum of squared residuals. These four tests are Li-Wang type conditional moment
test, Ullah-type F test, Su-Ullah type goodness-of-fit test, and Yao-Ullah type goodness-of-
fit test (See Ullah (1985), Fan and Li (2002), Li and Wang (1998), Su and Ullah (2013),
and Yao and Ullah (2013)).

The Li-Wang type test is based on the moment condition of interest. It has an
advantage for is simplicity among nonparametric tests in that it only requires the null
hypothesis. For example, the parametric specification will only be needed to test for the
parametric specification against the nonparametric specification. Since this requirement
facilitates the procedure of constructing a test, Li-Wang type test has been used in testing
a wide range of null hypotheses (See Hidalgo (1995), Zheng (1996), Lavergne and Vuong
(2000), Hsiao and Li (2001), Henderson et al. (2008) among others). When constructing a
test statistic, the conditional moment is converted to another one so that the test statistic
can be derived for the second-order U-statistics.

The second type is the goodness-of-fit test, which corresponds to Su-Ullah type
and Yao-Ullah type tests. The goodness-of-fit in the model specification is constructed using
the ANOVA decomposition (See Doksum and Samarov (1995) and Huang and Chen (2008)
among others), which contains the residual sum of squares. The only difference between the
Su-Ullah type and Yao-Ullah type is that the former uses the local ANOVA decomposition
while the latter uses the global ANOVA decomposition. An interesting approach with the
goodness-of-fit is that the goodness-of-fit will be zero under the null hypothesis. The F-
type test and goodness-of-fit test are similar in that these types require the estimation both

under the null and the alternative hypothesis.



The third type is the F-type test. It is first proposed by Ullah (1988), and then
was extended by Fan and Li (2002). The form of this F-statistic is similar to the parametric
version of the F-test, but it is different in that it does not contain the degrees of freedom due
to nonparametric estimation. The null hypothesis in this type of test is that the difference
between the sum of parametric residuals and the sum of nonparametric residuals is equal
to zero. Yatchew (1992) develops the F-type test using the sample splitting.

In addition to these four types of nonparametric tests, I construct a nonparametric
Rao-Score (RS) test using two steps. Using the local log-likelihood function, I construct
a local RS and then I set up the global RS by integrating the local test statistics over
the support of a variable of interest. Once obtaining the global RS, I construct a fully
nonparametric RS test. This type of test has not been developed in the literature, but I
show the equivalence in test statistics between a nonparametric RS test and Su-Ullah type
test asymptotically.

The evaluation of different test statistics has been accumulated over time in a
parametric context. For example, Ullah and Zinde-Walsh (1984) showed the relationship
between F, Wald, Lagrange Multiplier, and Likelihood Ratio tests, where they provided a
way of developing a test statistic for any given problem based on the principles of the test.
Unlike parametric hypothesis testing, any systematic development among nonparametric
tests in hypothesis testing has not been done much due to its complexity. By extending
the tests of Fan et al. (2001) and Fan and Yao (2008), Hong and Lee (2013) showed the
approximate relationship between the F-type test and the general likelihood ratio test. Also,

Su and Ullah (2013) compared the asymptotic local power between the method of moment



test and their goodness-of-fit test. In this regard, I generalize the relationship of different
nonparametric tests asymptotically by investigating their alternatives or modifications and
present the inequality between them by their asymptotic local power.

The structure of this paper is as follows. Sections 2.2-2.3 introduce model and
hypotheses as well as the examples of nonparametric test statistics. After comparing the
local power of each test statistic asymptotically in Section 2.4, I present the simulation
results of the different test statistics in testing for linearity with the bootstrap procedure in

Section 2.5. Section 2.6 concludes the paper.

2.2 Model and Hypotheses

In this section, the general model will be discussed for testing linearity. Based on this
general model, I introduce different types of kernel-based nonparametric tests using the
kernel sum of squared residuals, and show how they are linked to each other asymptotically.
Consider the model as follows:

yi = m(xi) + u; (2.1)

for i = 1,...,n, where y; is an observable scalar random variable and «/ is a p x 1 vector of
regressors with the unknown functions m : R? — R!. All the variables are i.i.d. over i. u; is
disturbance term such that Efu; | z;] = 0 is satisfied. Based on this model, The hypotheses

for linearity are as follows.

Ho: m(x;) = Ely; | @] = 28

Hi: m(zs) = Elyi | 2] # xi8



The model (2.1) can be re-written by accommodating the given null hypothesis, which

allows constructing a goodness-of-fit test.

yi = m(x;) + u;

yi — zif = m(xi) — xiB + (2.2)

Using the model (2.2), the ANOVA decomposition of variance following Doksum and
Samarov (1995) is given as E[(y; — z:i8)%] = E[(m(z;) — 2:8)%] + E[u?]. Under the null
hypothesis, the second term becomes zero if the null is true. Following the given model,
the goodness-of-fit R? can be constructed as R? = E[(m(z;) — xzﬁ)Q]/E[(yl — 2;8)%]. Then

another set of hypotheses for testing linearity can be set up.

Hy: R>=0

Hy: R?#0

These hypotheses will used for the Su-Ullah type and the Yao-Ullah type tests. When
R? = 0, it implies that the model does not explain any variation of 3, which suggests that
the model is linear.

For the asymptotic properties of each test, the assumptions will be characterized
as follows.

Assumptions

(A1) {y;,x;};—, is independently and identically distributed.

(A2) 0 < V(y) < 0.



(A3) The marginal density f(z) is differentiable, 0 < f(z) < By < o0, and |f(z) — f(2)] <

my |z — 2’| for some 0 < my < oo is satisfied.

(A4) Let o%(z) = E [u?| 2], and 0*(z) = F [u*| z] . 0*(2) is continuous at z, E[o?(z)] < oo,
and E[o*(z)] < oo. In addition, both E[o?(x)] and E[0*(z)] satisfy the Lipschitz-type

condition, where |u(z + u) — p(z)| < 9(z) ||lu| with E[9?(x)] < oo for u = o2, and o2

(A5) i) B — B = O(n~/2) under Hy. i) m(z) is twice differentiable in R such that m® (z)
and m(2)(:n) are continuous, and dominated by functions with finite second moments,

respectively.

(A6) The kernel function K(-) is continuous, symmetric, and bounded with [ K(z)dz = 1.
For Vo € R, |K(z)| < By < oo. I assume |K7(u) — K’ (v)| < Cy|u—v], for j =

0,1,2,3.

(A7) Asn — 0o, h — 0, nh? — oo, nh3/? — co, nh?*2/(logn)? — ¢ € (0, 00).

The model assumes the i.i.d. distribution of {y;, z;}? ;. By (A3), the conditional variance
o%(z) is continuous at x and its expectation is finite. (A2) is required to construct the
globally constructed goodness-of-fit test (Yao-Ullah type). In (A3), the conditional density
f(x) satisfies the Lipschitz continuous condition. (A5)-ii) is the standard assumptions
for nonparametric estimation, which are required for all the tests except the conditional
moment test (Li-Wang type). In constructing all types of test, the kernel function is used
as a weighting function. Regarding properties of the kernel function, it is bounded and
symmetric by (A6). As in f(x), the kernel function satisfies the Lipschitz continuous

function. (A7) is on the restriction of the bandwidth.

10



2.3 Examples of Nonparametric Test Statistics

Based on the suggested models (2.1) and (2.2), I present four types of nonparametric tests—
Conditional moment test (Li-Wang type), locally constructed goodness-of-fit test (Su-Ullah

type), globally constructed goodness-of-fit test (Yao-Ullah type), and F-type test.

2.3.1 Conditional Moment Test (Li-Wang Type)

The conditional moment test is first developed by Zheng (1996), and widely used in different
contexts (See Li and Wang (1998), Hsiao and Li (2001), and Henderson et al. (2008) among
others). As discussed earlier, the advantage in constructing this type of test lies in its
simplicity that the test required only the null hypothesis.

Under Hy, there is no misspecification, and it contains the moment condition,
which becomes E|u; | ;] = 0, where u; = y; — x; 5. Instead of directly testing the moment
condition, the converted condition will be used for constructing a test statistic, which is

Elu;Elu; | ;] f(z;)] = 0. The equivalence of two moment conditions is simply derived.

Bl @ wiBlufed) = ([ ( / uzf@,uz)duz)  (yur) dusd

-/ ( [l dul) ( [ et Gl du2> 12 (2) da
_ / (/uf (ulz) du>2f2 () de,

since w; is i.i.d. over i. Therefore, Elu;|z;] = [uf (u|z)du = 0 iff E[f (z;) wiEu;|z;]] =0

since f(z) >0. W

11



Define f(z;) = m YK (zj ;‘m) (See Rosenblatt (1956)). Then, the sample analogue

of the moment condition, I,,, and its standardized test statistic J,, are proposed as follows.

I, = Bla; Bl | z;)f ()]

' nflhﬁzu] (

i=1 JFi

— i k().

i=1 j#i

Il
S
g

S)

")

where 4; = y; — m(z;). Note that 4; = y; — z;3 under the null.

Define ), = DD oy W5 K (IJ xl) . Then,
Jn = Vn2hPI, Q1 ~ N(0,1)

Following Zheng (1996) and Li and Wang (1998), J,, asymptotically follows N(0,1) with
the consistency of €.
2.3.2 Locally Constructed Goodness-Of-Fit Test (Su-Ullah Type)

This test is initially proposed by Su and Ullah (2013) for testing heteroskedasticity. The es-
timation strategy for this type is weighted least squares (WLS) with using kernel weighting.

The estimation is done at the local x, which allows obtaining local estimators 6(x).

yi — xiff = m(x;) — 2B +

g = X;(2)0(x) + (2.3)

12



Note that §(2) becomes a local constant estimator if X;(z) = 1, and §(z) becomes a local
linear estimator if X;(z) = (1, z; —)". Then, the local R? will be calculated in this setting.
As the first step, the local ANOVA (Analysis of Variance) decomposition can be derived

from estimated model.

TSS(z) = ESS(z) + RSS(z)

>t (T ) = S’ () + Lt ()

=1

The local goodness-of-fit R2(z) can be obtained.

_ RSS(z) _ BSS(2) _ Y (Xi(@)d(x)’K (452
TSS(x)  TSS(x) 1 (y; — 2i8)2K (2:2)

R (z) =1

Once the local R? (x) is constructed, the second step is to obtain the global R? by integrating
the local ANOVA decomposition over y,, a compact subset of the support of the probability
distribution function of . The advantage of using a local ANOVA decomposition over the

global ANOVA decomposition is that the probability of the global R2 being negative is zero.

/ TSS(x)dz = / ESS(x)dx + / RSS(x)de

TS5 =ESS+ RSS

Define W, = diag(Kiz, ..., Knz). At the global level, H* = an H,dxz, where H, =

W X () (X (2) Wo Xi(2)) ™ X (2) W

13



The Su-Ullah type test statistic is then constructed by standardizing the estimated

R? with its bias adjustment term and the variance.

Y n2hPR? — B,
V) (n1TSS)?

T

where B, = h?/2Y"1 | a2H; /(n~'TSS) and Qpy, = 20 hPY L S0 a2a? (nHj;)2. Follow-

ing the similar proofs of Su and Ullah (2013), T;, asymptotically follows N(0,1).

Rao-Score Test

Before introducing the next type of the test, I will propose a nonparametric Rao-Score test
and show its equivalence to Su-Ullah type test. Then, the new hypotheses under the new

model will be given as below.

Under the null hypothesis, the model is correctly specified. Under the alternative, the model

is incorrect. Consider a local log-likelihood function given in Fan et al. (2001).

1(6(2), 02(); b, ) = —g log(27) — g log o%(z) — W(é — X(2)6(2)) Wa(é — X (2)6(z))
The score function is given as
X O'2 X X
$(0(0)) = AL LRI, B X @ Wale - X ()
X O'2 Z); X n
(o) = AADT I L i (6 - X)) Wale - X(2)3(0)
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Based on the score functions, the second-order derivative of the local log-likelihood function

with respect to d(z) is

95(6(x)) 32((5($),02(x);h,x) - 1 ,
96 () @00y oty @ WeX(@)

Note that the conditional variance under the null 52(z) is obtained by the first-order con-

dition as follows:

Based on the obtained score function and #2(z), I can construct the local Rao-Score:

RS(x) = (S(3(2)) Js1o)' 1 (5(2)) [y ] (S(3(a)) Jey)

(5(6(2)) I (@g?fp

/ -1
_ (52(;)th(z)'Wxé> <52(313WX(1:)'W$X(95)> ((}Q(i)th(z)’Wxé)
1 W, X (2)(X(2) WX (2)) ' X (x) W,é
hp a2(x)
| EH,
o
eH,e
W,

-1
) (S(6(2)) ez, )
Ho

As R2(z) = Y00 (Xi(2)0(2))2K (252) /300 (i — 2B)2K (Z52), it is easy to show that

}/%Tg(:c) = nR?(z) at the local level.
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Once constructing a local measure, the global Rao-Score can be constructed by integrating

: ~2 _ 1 N
the local measures over x,,. Using 6* = 5 We,

The difference between the global goodness-of-fit and the global Rao-Score is that the global
goodness-of-fit is established by integrating the ESS, and T'S'S, respectively. On the other
hand, the global Rao-Score is constructed by integrating the n(ESS,/TSS,). I can show
in Theorem 1 that both global measures are equivalent. The proof of Theorem 1 is given

in Appendix A.
Theorem 1 Asn — oo, an (€'Hyé/(n~TeW,e)) do = an E'W,é da/(n™! an EW, édx).

Using Theorem 1, asymptotically at the global level,

RS =nk?

To derive the asymptotic distribution of Rao-score Type test, I modify the global Rao-Score

following the similar proofs from Theorem 5 in Fan et al. (2001).
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Then, the standardized Rao-Score test statistic .S, can be derived. Define fi,, =

S @2HY/(n T TSS) = hP2B, and Ty, = 2072 370, S0 a2a2(nHj;)? = hP Sy,

V/u/(n 1TSS
nR2 — lan

- ~ N(0,1)
V/Iu/(n1TS5)?

The modification of the test statistic 5, gives the equivalence to the test statistic T,,.

h=P/2(nhP/2R% — hP/21,,)

VBT, /(0 1TSS
h—P/2
==

n

n

Therefore, even though both test statistics are constructed from the weighted least squares
and the local log-likelihood function respectively, they are equivalent and follow the standard

normal distribution asymptotically.

2.3.3 Globally Constructed Goodness-Of-Fit Test (Yao-Ullah Type)

This type of test is constructed by the global ANOVA decomposition, which was proposed
by Yao and Ullah (2013) for testing relevant variables in the model. Different from the
locally constructed goodness-of-fit test, this test is directly constructed from the global Ré.
For testing linearity, the global RZ and RQG are derived as below. Note that RZ is always

between 0 and 1, but Ré may not lie between 0 and 1. Given the ANOVA decomposition,
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El(yi — 2:B)?) = E[((:) — 2:8)%] + E[(ys — i(w:))?] + 2E[(yi — 1iu(x,))] - Elrin(i) — wi3].
But, 2> [(yi — m(x;))] - E[f(x;)] might not be equal to zero. Due to this potential issue,

it is necessary to impose a condition in constructing the test statistic.

PP I i B [ _m@)?]
E [(yi - xiﬁ)ﬂ E [(yi - %3)2}

PR I i B | —m@)z]
B [(yi - xiﬁ)ﬂ E [(yi - %3)2}

A 02 .
Define A, = i >0, >z f(q;i_)Q K? (zjhwl> L. The estimated goodness-of-fit

and test statistic are given as follows.

LS (g — i(z))? - 5 3
| n 2=t (i — (i) ] I (TllZ(yz‘ —wif)? > =) (v _m(xi)>2>

%Z:’L:I(yi — z;3)? i=1 i=1

_ P [ IS~ 2 s 1N e An
Tan = \/AfG {RG+I (nZ(yz xzﬁ) > nZ(yz m(l’z)) > %E” 1(% —%BV}

i=1 i=1

Note that second term of Ty, is bias adjustment term for T, and it is defined differently

depending on the estimation method. Also, V¢ is shown as

A 62
Ve = 1= L
w21 (Y — i)

202

where 32 = | 0, X7 K (45 W} (J 22K () — £(1))2dw), and k() is

two-fold convolution kernel of K (-).

In Yao and Ullah (2013), there is an additional bias adjustment term, but it is cancelled out because
the estimation in this setting is leave-one-out estimation.
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2.3.4 F-Type Test

Ullah (1985) initially introduced a nonparametric F-type test by using the kernel squared
sum of residuals. In Ullah (1985), the following statistic U, was proposed, which has a

similar form to the parametric F-test.

o _ BSSU —RSSy _ L (yi — rin(wi))® — 3L (i — 2iB)?
' RS0 Sy (i — wif)?

Based on this test statistic, Fan and Li (2002) derived asymptotic normality of U, and

developed the new test statistic F,.

Define Qp, = 5 D1 > s fg(lxi)afﬁ(ﬁ (v) — 2K (%5*))2, Bpy is a bias adjustment

1112 Q(Ij—l‘i

F(ai)? ), and i; = y; — z; under the null.

1 n n
term, where Brn, = o5p D g D gz

n+BFn

F,, = nh?/? U
V QFn

~ N(0,1)

By Fan and Li (2002), F,, follows the standard normal distribution under the null.

2.4 Asymptotic Local Power Properties

With the test statistics from the Section 2.3, I focus on deriving the relationship of the
given four test statistics—Li-Wang type test, Su-Ullah type goodness-of-fit test, Yao-Ullah
goodness-of-fit test, and F-type test. Even though it is difficult to compare these test
statistics, it is feasible to directly compare the test statistics asymptotically to analyze the
asymptotic local power of each test statistic. When the conditions are imposed as below,

then the inequality among the test statistics can be obtained.
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For the asymptotic properties under the alternative, I introduce the Pitman local

alternatives as follows:

Hy(0p) : mi(x;) = @B + dpl(x;)

where [(-) is continuously differentiable and bounded, and &, = n~'/2h"P/%. Due to their
complicated form, two conditions will be imposed for comparing the asymptotic local power

of the test statistics.
(B1) E[l(x;)] =0.
(B2) X is uniformly distributed.

If (B1) holds, this means that V (m(2;)) = E[(mi(z;))?]. Also, the uniformly
distribution of z; implies that f(x;) = 1/vol(x). In the following sections 2.4.1-2.4.4, the
asymptotic mean and the variance will be shown. In all calculations, the Gaussian kernel

is used and p = 1 for the simplicity.?

2.4.1 Method of Moment Test Statistic

With the two conditions above, the test statistic can be simplified as below. I will present

the mean, the variance, and the test statistic in order.

E [nhl/QIn} = lim E[I*(x;)f ()]

n—oo
_ # li E[l2( )]
~ wol(X) 00 i

2The detailed derivation for each type of the test in this section will be given in Appendix A.
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Qy, =2lim Efo xz x, /K2

n—oo

2
= ————  lim E[o*(z;)] | K*(u
(vol(X))2 niie P17 /

- . 2 im E[o*(z;

P .
~ 0.2821W lim Elo? ()]

Define I' = lim,, 00 E[1%(2;)]/V/2lim,, 00 E[0*(x;)]. Based on the above information,

lim E[1?(z;)]/v2 lim Efo*(z;)]

2 n—00 n—00

= 1.882T"

2.4.2 Locally Constructed R? Test Statistic

Likewise, the asymptotic mean and the asymptotic variance will be calculated. Define
02 = E[(y; — 2:8)%) ,and py(x) refers to the stack of 27,0 < |j| < ¢ in the lexicographical
order. The local constant least squares estimation is when ¢ = 0, and the local linear least
squares estimation is when ¢ = 1.

E[nh'?*R? - B, = lim E [1*(z;)] /o?

n—00

Q7,9 = 2nli_>rr01O E[JA‘(aci)]/Ug/(/ K(2)pq(2) pg(z + 2)K (2 + x)dz)2dx
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Note that the value of Q7 3 changes depending on the estimation method, and I present
the variance when the local constant least squares estimation (75, 0) and the local linear

least squares estimation (7},;) are applied respectively.

.0 =2 lim Elo'(w))/o? [ ([ K(:)pole) ol +0)K (z + 0)d)da

— 2 lim Elo(z:)]/02 / 2 () du

n—oo

1 . 4 2
Nord 2nh_)120E[0 (x;)]/ oz

~0.1995 - 2 lim E[o*(z;)]/0?

n—oo €

=2 lim E[o*(x;)]/0?

£

Q1= 2n1Lngo E[a4(£€z‘)]/0§/ (/ K(z)p(2) pa(z + 2)K (2 + :c)dz)2 dx
/

(/ w(@)(1+ (= + x))dz)2 da

n—oo

= v 2 lim Efo"(z;)]/o:

~0.3366 - 2 lim E[o*(z;)]/0?

n—o0 €

Then, there are two versions of the test based on the estimation methods.

T e - Tn
n,0 /TTH,()

1 i 2(z; im Elo?(x;
WHIEEOE[Z (Q:Z)]/\/?nlaoo Elo®(z;)]

= 2.238T

12

3As the estimation methods used are the local constant and local linear estimations, the given variance
formula is a simplified version of that in Su and Ullah (2013).
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12

‘ 2(x; im Elo*(z;
mﬂlg&]_@[l (xz)]/\/inlﬁoo Elo" ()]

= 1.723T

From this calculation, the power of the locally constructed R? test increases when using the
local constant estimator due to its relatively smaller variance than that of the local linear

estimator. This result has been also shown in Su and Ullah (2013).

2.4.3 Globally Constructed R? Test Statistic

Under the alternative, the probability of I (%Z?:l(yl —ziB)? > IS (v — ﬁz(xl))2> be-

comes 1 as n — oo?. Then, the second term of Tzn converges to zero.

~ . 1 lz(l‘l)
B[R] = i | ]

=vol(X)- lim FE [lz(l‘l)] /o2

n—oo €

Qr,

Gn

— 2 lim (v0l(X))2E[0 (x:)] / (k(u) — 2K (u))2du/o

n—oo

_M. 2 im 07 04
= N 2(vol(X)) nl_wOE[U (z4)]/0:

~ 0.4065 - 2(vol(X))? lim E[o*(x;)]/o?

3
n—oo

“Please refer to the proof of Theorem 3 in Yao and Ullah (2013).
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Different from the locally constructed goodness-of-fit test (Su-Ullah type test), the variance

formula stays the same when R? is globally constructed.

nh'/2 R,

T, —_ G
Gn /TTGTL

12

sl EI(@))/V2 Jim Elo'(r0)

= 1.568T

2.4.4 F-Type Test Statistic

The asymptotic mean and the variance of of F-Type test can be written as follows.

E[nh'/?(U, + Brn)] = E [l;((i’))]

= vol(X) - E[1%(x;)]

Qp, =2 lim E { 4(%)] /(K(U) — 2K (u))*du

n—oo fQ( )
— 2(vol(X))? lim Efo" ()] / (k(u) — 2K (u))2du

~ 0.4065 - 2(vol(X))? lim E[o*(;)]

n—oo

As P (I <%Z?:1 (yi — sz) > A5 (g — xz))2>) 2 1 asymptotically under the al-

ternative, the F-type test becomes identical to the globally constructed R? test.

nh/?(U,, + Bry) 1
F, = " nl o~ lim E[l?(z; \fl E
O STo6s A, (1 (:)]/V2 lim_Efo* (x;)]
= 1.568T
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2.4.5 Asymptotic Local Power

Depending on the estimation method, each test statistic is ranked based on its asymptotic

local power given (B1) and (B2). For the local constant least squares estimation,

TGnSFn<Jn<Tn,O

<= 1.568I" < 1.568T" < 1.882I" < 2.238T"

The inequality between T, and F}, is due to the indicator function term in 7T, which can
increase the variance and make the test statistic decrease. For the local linear least squares

estimation, the rank of the asymptotic local power between J,, and T}, is switched.

TGnSFn<Tn,1<Jn

<= 1.568I' < 1.568I" < 1.723I" < 1.882I"

Based on the asymptotic relationship, I can conclude that the locally constructed R? test
is most powerful for the local constant estimation while the conditional method of moment

test is most powerful for the local linear estimation.

2.5 Simulation

This section will show how the analytical results from the previous section match in the
simulations for a small sample and large sample. In addition, I present the simulation

results using a wild bootstrap procedure to improve the test performance in a finite sample.
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2.5.1 Data Generating Processes

For calculating the size, I follow the data generating process of Hardle and Mammen (1993)
and Li and Wang (1998), where z; ~ U[0,1] and u; ~ N(0, .1). DGP; is to estimate the
size of the test under the null hypothesis. I also construct DG P» to estimate the power of
each test by applying the same data generating process for z; and u; as DG Py, but x; is
not linear in y; anymore. Note that the uniform distribution of z; is the key condition in

comparing the test statistics.

DGP, : yi =1+ x; +u;

DGP; : yi:xi—x?—f—ui

I consider two samples sizes, 100 with 1000 repetitions and 400 with 500 repetitions. Wild
bootstrap is applied and its procedure will be introduced in the following session. The
number of bootstrapping B is fixed as 399. I implement both local constant (LC) and local
linear (LL) least-squares estimation. The Gaussian kernel is chosen for the estimation and
test statistics. The rule-of-thumb bandwidths are used for z;, h = ¢ - std(x;) - n= /> by
taking different values of ¢ = 0.5, 1, and 1.5. For the conditional moment test, as it is

constructed under the null, using either LC or LL method does not affect the test statistic.

2.5.2 Bootstrap Procedure

To improve the test performance in a small sample, I propose a wild bootstrap test as an
alternative. I apply a wild bootstrap method using Mammen’s distribution. Steps to get a

bootstrap test statistic are given below.

26



. Estimate m(x;) = sz , Where B is the estimates from the linear regression under the

null hypothesis.

1-/5
2

. Generate u} as the wild bootstrap error. I construct u; = 1; with the probability

and u; = Hi\[ﬂi with the probability of 1 —

1+v5
of 2 3

1+v5
3

It is easy to show

Euf]=0, E [u}?] =42, and E [u}®] = @
. Generate y;, where y = azlﬁ + 5.

. Using the bootstrap sample {y;, z;}!" ;, regress y; on z; to obtain m*(z;) = z;3*, and

get u =y —m*(x;).

. Compute the bootstrap test statistic and repeat above procedure for B times. In this

simulation, the number of bootstrapping is 399.

. Based on the empirical distribution of each test, calculate the critical value ¢* and
obtain the p-value. If p-value is less than 0.05 at 5% significance level, the null is

rejected.

Following these bootstrap procedures, I can obtain the asymptotic distribution of each test.

The results will be given in Table 2.1-2.4. Following the asymptotic properties of each test

statistic, the bootstrap tests are consistent.

2.5.3 Simulation Results

The simulation results are given in Table 2.1-2.4 to compare the test performance by differing

the estimation methods. The size performance is shown in Table 2.1 and Table 2.2. For

Table 2.1, the size of each test under the local constant least squares estimation is presented
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for each sample size, bandwidth, and the significance level. While each bootstrap test seems
oversized in a finite sample, it gets closer to the correct size in a large sample. For the Yao-
Ullah type test, the size is undersized even in a bootstrap test when the bandwidth is large.
This can be explained by the fact that the Yao-Ullah type test includes an indicator function
to prevent the goodness-of-fit from being negative, which can happen as the local constant
estimator gets closer to the parametric linear model with the increase in a bandwidth.
However, each test’s size performs well overall.

The size performance using a local linear estimator in Table 2.2 is similar to the
results in Table 2.1. At each significance level, the estimated size is better in a large sample
for all tests. In particular, the bootstrap size of the Yao-Ullah type test is recovered in a
larger bandwidth. In addition, the noticeable result is that the asymptotic size is better
when implementing a local linear estimation than implementing a local constant estimation
even though the bootstrap size is still closer to the correct size.

More importantly, Table 2.3-2.4 presents the power of each test, which can verify
the analytical comparison between tests in Section 2.4.5. Table 2.3 presents the power of
each test using the local constant estimator. At all significance levels and all sample sizes,
the Su-Ullah Type test is the most powerful, followed by the Li-Wang type test, the Yao-
Ullah type test, and F-Type test. As the sample size increases, the difference in the power
performance between the Su-Ullah type test and the Li-Wang type test becomes narrower.
Also, asymptotically the F-Type and the Yao-Ullah test are equivalent. On the other hand,
the bootstrap power of Yao-Ullah test is smaller because of the indicator function element

in their test statistic. Both tests become almost identical with a larger sample size.
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In Table 2.4, the power of each test when using the local linear estimator is shown.
The interesting aspect of the test comparison is that the Li-Wang type test outperforms the
Su-Ullah type test in both sample sizes with a smaller bandwidth. When the bandwidth
increases, the power of the Su-Ullah type test is higher than that of Li-Wang type test. This
can be because the estimation gets closer to the local constant estimator with the increase
in bandwidth. This tendency is consistent for each sample size and the significance level.

In summary, I analyze the numerical relationship among four types of nonpara-
metric tests. For all tests, the bootstrap size performs better than the asymptotic size as
it is closer to the correct size. Each test performs almost equally well, and its performance
varies with the bandwidth. However, there is a clear difference between the tests in esti-
mating the power, and the power comparison between these test statistics matches with
the analytical comparison in Section 2.4.5. One interesting result is that the Su-Ullah type
test outperforms the Li-Wang type test in power as the bandwidth increases with the local
linear least squares estimation. When using the local constant least squares estimation, the
numerical comparison of the four tests is identical to the analytical comparison for any level

of bandwidth.

2.6 Conclusion

Since the extensive development in nonparametric hypothesis tests, there has not been any

systematic development in nonparametric hypothesis testing due to its complexity. Such
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Table 2.1: Size of Each Test Using Local Constant Estimation

Bootstrap Test Asymptotic Test
o Tests ¢c=05 ¢=106 c=15 ¢c=05 ¢c=106 c=15
n=100 1% JIn 0.008 0.010 0.012 0.001 0.000 0.000
T, 0.007 0.012 0.012 0.000 0.000 0.000
Ten 0.008 0.014 0.013 0.001 0.002 0.000
E, 0.008 0.014 0.013 0.001 0.002 0.000
5% JIn 0.051 0.051 0.060 0.012 0.003 0.000

T, 0.052 0.050 0.061 0.010 0.000 0.000
Tan 0.048 0.059 0.052 0.002 0.009 0.004
F, 0.048 0.059 0.058 0.002 0.009 0.004

10%  Jy 0.101 0.107 0.113 0.024 0.008 0.002

T, 0.106 0.111 0.111 0.020 0.002 0.000

Tan 0.103 0.112 0.067 0.007 0.018 0.013

F, 0.103 0.112 0.108 0.007 0.018 0.013

n =400 1% JIn 0.016 0.014 0.012 0.010 0.002 0.000

T, 0.014 0.010 0.010 0.004 0.000 0.000
Ton 0.016 0.008 0.008 0.002 0.000 0.000
E, 0.016 0.008 0.008 0.002 0.000 0.000
5% In 0.050 0.034 0.042 0.020 0.008 0.002
T, 0.038 0.040 0.048 0.018 0.002 0.000
Tan 0.044 0.048 0.022 0.004 0.006 0.000
F, 0.044 0.048 0.044 0.004 0.006 0.000
10%  Jy 0.088 0.084 0.072 0.028 0.016 0.004
Tn 0.080 0.078 0.084 0.022 0.004 0.000
Ton 0.100 0.062 0.022 0.008 0.010 0.002
F, 0.100 0.084 0.078 0.008 0.010 0.002

Note: a denotes the significance level. The different level of bandwidth depends on
the value of ¢, where h = ¢ - std(z;)n~/5.

30



Table 2.2: Size of Each Test Using Local Linear Estimator

Bootstrap Asymptotic
a Tests ¢c=05 ¢c=106 c=15 c=05 c=106 c=1.5
n=100 1% In 0.008 0.010 0.012 0.001 0.000 0.000
T, 0.008 0.015 0.013  0.003 0.001 0.001

Ton 0.008 0.011 0.012 0.003 0.012 0.020
F, 0.008 0.011 0.012 0.003 0.012 0.020
5% In 0.051 0.051 0.060 0.012 0.003 0.000
T, 0.047 0.054 0.062 0.014 0.013 0.005
Tan 0.047 0.056 0.060 0.010 0.039 0.050
F, 0.047 0.056 0.060 0.010 0.039 0.050

10%  Jy 0.101 0.107 0.113 0.024 0.008 0.002

T, 0.105 0.106 0.108 0.031 0.024 0.011

Ton 0.107 0.110 0.108 0.022 0.062 0.084

F, 0.107 0.110 0.108 0.022 0.062 0.084

n =400 1% JIn 0.016 0.014 0.012 0.010 0.002 0.000

T, 0.014 0.006 0.010 0.010 0.004 0.000
Ton 0.014 0.006 0.008 0.002 0.006 0.008
E, 0.014 0.006 0.008 0.002 0.006 0.008
5% In 0.050 0.034 0.042 0.020 0.008 0.002
Tn 0.042 0.038 0.042 0.018 0.014 0.008
Tan 0.052 0.044 0.044 0.010 0.024 0.030
F, 0.052 0.044 0.044 0.010 0.024 0.030
10%  Jy 0.088 0.084 0.072 0.028 0.016 0.004
Tn 0.096 0.080 0.080 0.036 0.022 0.012
Ton 0.102 0.088 0.074 0.016 0.036 0.044
F, 0.102 0.088 0.074 0.016 0.036 0.044

Note: a denotes the significance level. The different level of bandwidth depends on
the value of ¢, where h = ¢ - std(z;)n~/5.
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Table 2.3: Power of Each Test Using Local Constant Estimator

Bootstrap Asymptotic

a Tests ¢c=05 ¢c=106 c=15 c=05 c=106 c=1.5

n=100 1% In 0.319 0.414 0.470  0.239 0.222 0.155
T, 0.385 0.456 0.501 0.267 0.137 0.014

Ten  0.309 0.421 0.381 0.137 0.277 0.192

F, 0.309 0.421 0.382 0.137 0.277 0.192

5% JIn 0.547 0.659 0.704  0.383 0.344 0.251

T, 0.617 0.688 0.729  0.400 0.235 0.067

Ten  0.517 0.636 0.588  0.230 0.399 0.293

F, 0.517 0.636 0.596  0.230 0.399 0.293

10%  Jy 0.662 0.757 0.799 0.464 0.423 0.334

T, 0.722 0.793 0.822 0.474 0.321 0.116

Tan 0.653 0.735 0.642 0.307 0.479 0.364

F, 0.653 0.738 0.702 0.307 0.479 0.364

n =400 1% JIn 0.974 0.988 0.992 0.962 0.976 0.968

T, 0.986 0.992 0.992 0.974 0.968 0.932
Ton 0.970 0.988 0.982 0.910 0.974 0.946
E, 0.970 0.988 0.982 0.910 0.974 0.946
5% In 0.990 0.998 0.998 0.984 0.990 0.984
T, 0.996 0.998 0.998 0.990 0.986 0.968
Tan 0.986 0.996 0.990 0.942 0.986 0.974
F, 0.986 0.996 0.994 0.942 0.986 0.974
10%  Jy 1.000 0.998 0.998 0.984 0.992 0.990
T, 1.000 0.998 0.998 0.990 0.990 0.980
Ton 0.994 0.996 0.990 0.962 0.988 0.982
F, 0.994 0.998 0.996 0.962 0.988 0.982

Note: a denotes the significance level. The different level of bandwidth depends on
the value of ¢, where h = ¢ - std(z;)n~/5.
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Table 2.4: Power of Each Test Using Local Linear Estimator

Bootstrap Asymptotic
o Tests ¢c=05 ¢=106 c=15 ¢c=05 ¢c=106 c=15
n=100 1% JIn 0.319 0.414 0.470 0.239 0.222 0.155
T, 0.304 0.440 0.508 0.235 0.326 0.299
Ten  0.267 0.411 0.489 0.181 0.455 0.573
F, 0.267 0.411 0.489 0.181 0.455 0.573
5% JIn 0.547 0.659 0.704 0.383 0.344 0.251
Th 0.521 0.678 0.722 0.395 0.442 0.428
Ten  0.486 0.655 0.712 0.306 0.617 0.708
F, 0.486 0.655 0.712 0.306 0.617 0.708

10%  Jy 0.662 0.757 0.799 0.464 0.423 0.334

T, 0.645 0.777 0.826 0.474 0.530 0.510

Tan 0.614 0.764 0.795 0.391 0.685 0.770

F, 0.614 0.764 0.795 0.391 0.685 0.770

n =400 1% JIn 0.974 0.988 0.992 0.962 0.976 0.968

T, 0.962 0.990 0.992 0.960 0.984 0.986
Ton 0.966 0.986 0.994 0.922 0.986 0.994
E, 0.966 0.986 0.994 0.922 0.986 0.994
5% In 0.990 0.998 0.998 0.984 0.990 0.984
T, 0.988 0.998 0.998 0.984 0.992 0.996
Tan 0.986 0.998 0.998 0.960 0.994 0.996
F, 0.986 0.998 0.998 0.960 0.994 0.996
10%  Jy 1.000 0.998 0.998 0.984 0.992 0.990
Tn 0.998 0.998 0.998 0.988 0.996 0.996
Ton 0.992 0.998 0.998 0.976 0.996 0.998
F, 0.992 0.998 0.998 0.976 0.996 0.998

Note: a denotes the significance level. The different level of bandwidth depends on
the value of ¢, where h = ¢ - std(z;)n~/5.
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development is important because the most powerful test can be identified and even a new
test can be proposed based on the obtained analytical results.

Among many different nonparametric hypothesis tests, I focus on four nonpara-
metric tests—Li-Wang type conditional moment test, Su-Ullah type goodness-of-fit test,
Yao-Ullah type goodness-of-fit test, and the F-type test—because they have in common in
that they are based on residual sums of residuals using kernel weighting methods. Under
some conditions, I found the inequality between these four tests in their asymptotic power
and it becomes different depends on the estimation method.

In simulations, both the size and power are estimated for a small and large sample
by differing the estimation methods. Overall, the bootstrap size is better than the asymp-
totic size for all tests. The size performance between the tests is almost equal to each
other. For the power analysis, the numerical results match with the analytical results. At
all significance levels and all sample sizes, the Su-Ullah Type test is the most powerful when
the local constant estimator is used. When implementing the local linear estimation, the
Li-Wang type test outperforms the Su-Ullah type test in both sample sizes with a smaller
bandwidth.

To conclude, I propose a systematic development of a nonparametric hypothesis
testing focusing on the tests by providing information about the asymptotic local power
analysis. This systematic approach can propose a new path for nonparametric hypothesis
testing in the future. Furthermore, it can be practically used for empirical researchers in

conducting a model specification test for linearity.
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Chapter 3

A Consistent Nonparametric Test

for Endogeneity

3.1 Introduction

Endogeneity is commonly observed in many economic contexts. While assuming endogene-
ity by economic theory, econometricians have focused on developing consistent estimation
methods to tackle endogeneity (See Card (2001), Miguel et al. (2004), and Coglianese et al.
(2017) among others). However, variables can be exogenous in one setting, but endogenous
in another setting even in the same data context (See Kocherlakota and Yi (1996), Semyk-
ina (2018) among others). Therefore, detecting the presence of endogeneity is important as
a preliminary step for determining the estimation strategy in any empirical analysis. Due

to a challenging testing procedure, there are only a few tests for endogeneity. This paper
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develops a consistent nonparametric test for endogeneity to aid in more accurate estimation
strategy of the model.

My nonparametric test is based on a nonparametric triangular simultaneous equa-
tions model from Newey et al. (1999) and Su and Ullah (2008). This model is essential
to incorporate endogeneity by introducing instrumental variables. Triangular simultaneous
equations consist of a structural equation (or second-stage equation) and a reduced-form
equation (or first-stage equation). In addition, nonparametric estimation in each equation
is run to overcome the weaknesses of a parametric estimation because the misspecification
of a model undermines the consistency of a test.

Under the given setting, I take the control function approach (CFA), which allows
an endogenous factor to enter the structural equation. This endogenous factor in the struc-
tural equation is presented as the conditional moment E[U|V], where U is the error terms
from a structural equation and V' is the error terms of a reduced-form equation. The CFA is
practical in that it is equivalent to a two-stage least squares estimation but simpler in that
the estimation can be done only through the structural equation (See Blundell and Powell
(2003), Das et al. (2003), Horowitz (2011), Kasy (2011), Murtazashvilli and Wooldridge
(2016) among others).

Another advantage of implementing the CFA also relates to constructing a test
for endogeneity, and it has not been used for any nonparametric test for endogeneity. In
a conventional triangular simultaneous equations setting, the moment condition of interest
for testing endogeneity is E[U|X, Z] = 0, where X is a set of potentially endogenous vari-

ables, and Z is a set of potential instruments. With the CFA, I can convert the moment
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condition of interest to a simpler form to construct a test with the reduced dimension. This
contributes to resolving the curse of dimensionality in a nonparametric setting as well as
the computational burden in the estimation of the conditional moment.

Using the converted moment condition, I set up the null hypothesis as no endo-
geneity against a presence of endogeneity. Then I construct a conditional moment test using
kernel weighting (Li and Wang (1998), Hsiao and Li (2001), Henderson et al. (2008), Wang
et al. (2018) among others). The conditional moment test is simple to construct as it only
requires the null hypothesis compared to other nonparametric tests using the estimation
under the alternatives (See Gonzalo (1993), Fan and Li (2002), Su et al. (2013), Lee et
al. (2015), Yao and Ullah (2013), Chen and Pouzo (2015) among others). In addition, the
kernel weighting enables the local approximation of the conditional moment.

Once constructing a test, I introduce a Wild bootstrap procedure using Mammen’s
distribution to improve the finite-sample performance of a test. Wild bootstrap is resam-
pling residuals using a two-point distribution, which allows heteroskedasticity as well as
non-i.i.d. structure (See Wu (1983), Liu (1988), Mammen (1993), Davidson and Flachaire
(2008) among others). Since Wild bootstrap is more robust than a pair bootstrap and
resampling bootstrap (See Efron (1979), Horowitz (2001, 2003) among others), it has been
used in many previous studies (See Li and Wang (1998), Fan and Li (2002) among others),
but not in a simultaneous equations model.

There are two main contributions of this paper to econometrics. For one part is in
the estimation in that I take the control function approach in a nonparametric triangular

simultaneous equations model. By applying the nonparametric estimation, this nonpara-
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metric test overcomes the chronic limitations of a misspecification of the functional form.
The nonparametric estimation improves the power of the test because a correct model spec-
ification under the alternative ensures the consistency of a test. In addition, I can convert
the conditional moment of interest E[U|X, Z] to E[U|V] by taking the control function
approach. I reduce the dimension of a conditional moment of interest, which is important
to resolve a potential problem of curse of dimensionality. This converted moment condition
has not been used for testing in the current literature and makes the estimation of the
conditional moment simpler.

The other part of the contributions lies in the simple construction and implemen-
tation of the test by using a kernel weighting. Even though there are some test statistics
that are difficult to implement despite their advantages in accuracy, my test statistic is
easy to implement because it only requires the null hypothesis. Furthermore, I can capture
nonlinear correlations with the kernel weighting. Using the kernel increases the accuracy
for detecting endogeneity as local approximation of the correlation between U and V' be-
comes possible. In addition to the improvement in accuracy, it can be a useful test due to
its simplicity since it follows the standard normal under the null. I also introduce a Wild
bootstrap procedure to enhance the finite-sample performance.

A large literature has been developed on estimation methods of nonparametric
simultaneous equations (See Newey et al. (1999), Su and Ullah (2008), Matzkin (2008),
Berry and Haile (2018), Hahn et al. (2018), Imbens and Newey (2009) among others).
However, as my test requires only the null hypothesis, I do not need to implement these

nonparametric two-stage estimation methods. Rather, I can apply conventional nonpara-
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metric estimation methods to obtain Nadaraya-Watson estimator or local linear estimator
(See Pagan and Ullah (1999), and Li and Racine (2007) among others).

For the current parametric tests for endogeneity, the Hausman test and Wu test
are the most popular endogeneity test in a parametric regression setting (See Wu (1973),
Hausman (1978)). Even though both tests are constructed in a different way, they are
analogous in that the model specification under the alternative is confined to parametric
estimation. As noted earlier, the power of a test inevitably declines if the model specification
under the alternative is incorrect. Acknowledging this, many empirical papers instead report
the difference between OLS estimates and 2SLS estimates as an alternative (Angrist and
Evans (1998), Autor et al. (2013), Coglianese et al. (2017), Semykina (2018) among others).

There have been a few papers on nonparametric tests for endogeneity (See Blun-
dell and Horowitz (2007), Breunig (2015)). The advantage of these tests lies in their great
performance in size and power in a finite sample and they are good for a global approx-
imation. Meanwhile, a kernel weighting method is suited for the local approximation. If
the data have nonlinear elements in a small range of a variable, then local approximation
with the kernel can capture the endogeneity more accurately. The use of kernel weighting
in constructing my test can require additional computational burden. However, as I reduce
the dimension in the conditional moment of interest, such computational burden of using
the kernel function is lessened. Also, my test can enhance the finite-sample performance
with bootstrapping.

The paper is organized as follows. Section 3.2 introduces a model, hypotheses,

and the test statistic for endogeneity. In Section 3.3, I conduct Monte Carlo simulations
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with other current test statistics for endogeneity. Once introducing the extension of the
conditional moment test to include other exogenous variables in Section 3.4, I then apply
the test to the empirical data in Section 3.5. I will test the endogeneity of Chinese import
shock to the US with the US local unemployment share using Autor et al. (2013). Section

3.6 concludes the paper.

3.2 A Consistent Nonparametric Test for Endogeneity

In this section, I introduce a triangular simultaneous equations model and hypotheses.
Then, I propose the test statistic for endogeneity and its asymptotic properties. Lastly, a
wild bootstrap procedure is proposed to improve the test’s performance in a finite sample

using Mammen’s distribution.

3.2.1 Model and Hypotheses

In constructing a test for endogeneity, I consider a triangular nonparametric simultaneous
equations model of Newey et al. (1999) and Su and Ullah (2008), which is given as

yi =m(x;)+u; 51)

zi =g(z)+ v,
for i = 1,...,n, where y; is an observable scalar random variable, z; is a d, x 1 vector of
regressors, and z; is a d, x 1 vector of instrumental variables with the unknown functions
m : R% — R! and g : R4 — R%_ All the variables are i.i.d. over i. wu; and v; are

disturbances such that Efu; | x;, 2] = 0 and Efv; | z;] = 0 are satisfied. From equation
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(3.1), the moment condition of interest in the structural equation is Efu; | x;, 2] = 0.
Assuming the exogeneity of instrumental variables, the moment condition itself can be used
to test for endogeneity (Blundell and Horowitz (2007) and Breunig (2015)).

As an alternative to estimate this triangular simultaneous equations model, the
structural equation can be re-written as follows by taking the control function approach
(Blundell and Powell (2003), Das et al. (2003), Horowitz (2011), Kasy (2011), Murtazashvilli

and Wooldridge (2016) among others):

yi = m(xi) + u;
=m(z;) + Elu; | vi] +wi — Elu; | vj] (3.2)
= m(x;) + h(v;) + €, where ¢; = u; — Efu; | v;]

= ml(:vi, ’Ui) + €

It is easy to show Ele; | vi] = Elu; — Elu; | v] | vi] = Elu; | vi] — Efu; | vi] = 0.
More importantly, for testing endogeneity, the moment condition Efu; | x;, z;] can be also

expressed from the equation (3.2) as

Elu; | i, zi] = Elui | 7 — g(21), zi

= Elu; | vi]

The two moment conditions are equivalent under the exogeneity of Z. But the latter
condition can be useful because this conversion reduces the dimension, which can resolve

curse of dimensionality to some degree. Based on the re-written model, I develop a direct
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test for the endogeneity under the assumptions above, i.e., whether Elu;|v;] = 0 a.s. or not.

The testing hypotheses are as follows:

H() : Pr (E [Uz‘vz] = 0) =1

H; :Pr (E [UZ’UZ] = 0) <1

Under Hy, if E[u; | v;] = 0, this implies that there is no endogeneity in the model. If not,
there exists endogeneity. The test results will suggest which estimation strategy can give a
consistent and most efficient estimator.

I will first show E [u;|v;] = 0 is equivalent to E[f (v;) u;E[u;|v;]] = 0 since I use
the latter moment condition in constructing a test statistic. This has been used in other
nonparametric test literature as well (Li and Wang (1998), Hsiao and Li (2001), Henderson
et al. (2008), Wang et al. (2018) among others). Showing the equivalence of two moment
conditions is given in Theorem 2. Even though they are equivalent, the latter condition has
an advantage by simplifying the form of the test statistic by cancelling out the marginal
density of v; in the denominator for estimating F [u;|v;]. T will use the moment condition

in Theorem 2 in constructing a test for endogeneity.

Theorem 2 Elu;|v;] = 0 iff E[f (vi) uiE[u;|vi]] = 0, where f (-) is the density function of

v; that is bounded away from zero for all v.

Proof of Theorem 2 1let f(v) and f(u|v) be the marginal density of v; and the condi-

tional density of u; given v; = v, respectively.

42



E[f (vi) ui Elus|v]] = // uy (/qu(v,uQ)duQ> f (v, ur) durdv

- / (/ulf(ulyv) dul) </u2f(u2!v) du2> f? (v)dv
_ / (/uf (ufo) du>2f2 (v) do,

since w; is i.i.d. over i. Therefore, Elu;lv;] = [wf (u[v)du = 0 iff E[f (v;) u;E[u;|vi]] =0

since f (v) >0. W

3.2.2 Test Statistic and Asymptotic Properties

Define the probability density function of #; as f(9;) = L > K (Hy ! (0; —0;)). The

sample analogue of E[u;E[u; | v;]f(v;)] = 0 can be derived as follows:

1 ~ 1
=—Y uf(v) — u; K (H,' (v; —0))) (3.3)
n (n— 1) [H,| ] () § ‘
1 = 1 S RN
=0 2 oy ] 2 P 5 =)
i=1 j#i
1 n n
= a K (H Y (0 —57))
n(n—1)|Hv|;; J ( v J Z)

where K is a non-negative d,-variate kernel function, and H, is a d, x d, bandwidth matrix

that is symmetric and positive definite; |H,| is the determinant of H,.
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The difference from the Li-Wang type test is that I use generated regressors inside

the kernel function!. Then, the estimates can be obtained as below.

where m(-) and g (-) are consistent estimators under Hjy using the conventional nonparamet-
ric regression (either local constant or local linear). Since the test statistic is constructed
under the null hypothesis, I do not consider instrumental variable estimation. For charac-

terizing the asymptotic distribution, the following assumptions will be used.

(A1) {vi, Xi, Z;}7, is independently and identically distributed (IID).

(A2) E[u| 2] =0, 0%(v) = E[u? | v], 0(v) is continuous at v and E[o?(v)] < oo.

The model assumes the i.i.d. distribution of {y;, X;, Z;}I' ;. Also, as my interest
lies in testing the endogeneity of X, I assume the exogeneity of Z. The conditional variance
o2(v) is continuous at v and its expectation is finite. I do not assume the homoskedasticity

for the conditional variance.

(A3) f(z) is uniformly continuous at z,Vx € G,G compact subset of R, 0 < f(z) < By <

oo, and |f(z) — f(2')] < my |z — &'| for some 0 < my < oo is satisfied.

'Li and Wang (1998) use fixed regressors X inside the kernel function. Theorem 5 from Hsiao and Li
(2001) suggests a test using generated regressors inside the kernel function, but those generated regressors
are from the parametric estimation.
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(A4) The kernel function K(-) is bounded and symmetric density function with com-
pact support such that [K(¢)dyp = 1. For Vo € R, |K(z)] < By < oo. I assume

{Kj(u) — KI(v)| < CyJu—w], for j =0,1,2,3.

n (A3), the conditional density f(x) satisfies the Lipschitz continuous condition.
In addition, as it is smooth and bounded, a Taylor expansion can be applied. When con-
structing the test, I use the kernel function as a weighting function. Regarding properties of
the kernel function, it is bounded and symmetric. As in f(z), the kernel function satisfies

the Lipschitz continuous function.

(A5) As n — oo, each element of H,, H., H, — 0. i) It satisfies n'/? | H,| \HU|1/2/lnn — 00,

n|Hy|? — oo, and n|H,|® = 0. i) n|H.| /Inn — oo and n|H,|/Inn — co.

This assumption is on the restriction of the bandwidth. A5-i) is for the asymp-
totic properties of the proposed test statistic and A5-ii) is the standard assumptions for
nonparametric estimation. (A5)-i) are the additional assumptions because I apply the non-
parametric estimation to obtain the residuals inside the kernel function. For parametric

residuals, this assumption is not needed as seen in Hsiao and Li (2001).
(A6) m(-) and g(-) are continuous and twice differentiable in X and Z respectively.

The last assumption (A6) is to allow for the differentiability of g(-) is necessary in
terms of applying a Taylor expansion inside the kernel function of the test statistic for all

the following theorems. Based on these assumptions, I standardize the estimator,

Jn = /2 [Hy |1,/ Q, where (2 = = ‘H | ZZ@QUQK (0 — ) -

1=1 j#i
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Theorem 3 shows that the asymptotic distribution of this test statistic follows the stan-
dard normal distribution. Based on this, the asymptotic critical value of the test can be
calculated. Therefore, when J, is large enough to exceed the critical value of N(0,1) at
a-percent level, then I reject the null hypothesis, meaning that the variable of our interest

is not endogenous. Otherwise, I accept the null hypothesis.

Theorem 3 Under Hy, as §) is a consistent estimator of = 2[[ K2(v)dy)Elot(v) f(v)],

Jp — N(0,1) as n — oo.

For the asymptotic properties under the alternative, I introduce the Pitman local

alternatives as follows:

Hy (6p) = my (i, v;) = m(x;) + opl(v;),

where I(-) is continuously differentiable and bounded, and 6§, = n~1/2 |Hv|_1/ . Based on
the equation (2), note that [(-) does not include the elements of x; because mq(z;,v;) is

separable by construction of the model?.

Theorem 4 Under the Pitman local alternative, if 8, = n='/2|H,|~"*, then

Jn N(E[l(v:)%f(v:)]/V1) as n — co.

2This is different from Yao and Ullah (2013) which tests for a relevant variable. Under the alternative, as
they do not assume the separability of two sets of variables z1; and x2; , m(x1s, Z2:) = m(z1:) + On U(T14, T2:)
under the alternative.
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Then, as the magnitude of E[l(v;)?f(v;)]/VQ increases, the test statistic deviates
farther from the zero mean, and the local power increases. However, the variance remains

at one for both hypotheses.

Theorem 5 Assuming (A1)-(A6) and under Hy, PrfJ, > B,] — 1 for any non-stochastic
sequence {B, : By, = o(\/n?|H,|)}. Under Hy, I, =1I,+ Op((n|Hv|1/2)_1), where I, =

E[(h(v:))2f ()], and Q = Q + 0,(1).

Theorem 5 suggests the consistency of the test statistic. Under Hj, the probability

of rejecting the null will converge to 1.

3.2.3 Bootstrap Method

As the asymptotic normal approximation does not perform well in small sample settings,
I propose a wild bootstrap test as an alternative. Hardle and Mammen (1993) proposed a
wild bootstrap method using two-point distribution. Wild bootstrap method has advantages
among different bootstrap methods in that it can generate the non-i.i.d. samples as well as
allowing heterogeneity in the sample. Among the choices for a two-point distribution, I use
Mammen’s distribution rather than Rademacher distribution because it does not require
the symmetry of a distribution. In this regard, I apply a wild bootstrap method using

Mammen’s distribution. Steps to get a bootstrap test statistic are given below.

1. Estimate §(z;) and 7 (z;) by a nonparametric kernel estimation (either LCLS or LLLS)
for a structural and reduced-form equation respectively. Note that this is not an

instrumental variable (IV) estimation.
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2. Generate u; as the wild bootstrap error. I construct u; = 1_2‘/5711- with the probability

of % and u} = H'T‘fﬁz with the probability of 1— % It is easy to show E[u}] = 0,

E [u*Q] =42, and E[u;‘?’] = a3

2 7"

3. Generate y, where yf = m(x;) + @} under the null hypothesis.

4. Using the bootstrap sample {y}, z;, z; }- |, regress y; on z to obtain m*(z}), and get
af = y; —m*(z;). Under the null, the variable of interest lies in the structural equation

by taking a control function approach. Thus, I do not generate the wild bootstrap

sample on {z;, z;}7_ ;. Therefore, v} = v;.

5. With {u}, 0} }" ;, compute the bootstrap test statistic J;; and repeat above procedure

for B times. In the simulation, the number of bootstrapping used is 399.

6. Based on the empirical distribution of J;;, calculate the critical value ¢* and obtain
the p-value, which is P(J,, > ¢*). If p-value is less than 0.05 at 5% significance level,

the null is rejected.

Following these bootstrap procedures, I can obtain the asymptotic distribution of J;. I will
show how the bootstrap test performs in the Monte Carlo Simulations. The asymptotic

distribution of bootstrap test under the null is shown in Theorem 6.

Theorem 6 Let the bootstrap statistic be defined as J; = n |Hv|1/2 I /Ny, where QF =

2 n N A% A %2 —1 /% ~ % * oL, . .
DT D1 D WK (Hy (07 — 07)). Under HE, as QF is a consistent estimator

of Q =2[[ K2(¥)dy]E[f(v)at(v)], J} — N(0,1) in distribution as n — oc.
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The proofs of Theorem 6 will follow similarly to those of Theorem 3. Under the
Hy(5y), P(J, > ¢*) — 1 asymptotically, where ¢* denotes the bootstrap critical valude

based on the boostrap samples. This shows the consistency of the bootstrap test statistic.

3.3 Simulations

3.3.1 Data Generating Processes

Now, I perform the test for endogeneity using three different data generating processes.
For DGP,, 1 followed data generating process from Newey and Powell (2003). Here,

{Y;, X;, Z;}7, does not have a bounded support.

DGP12 )
Xi=9(Z)+Vi=Z; +V;

where ¢ = 1, ...,n, and errors U; V;, and Z; are generated as

Next, I do the simulations where {Y;, X;, Z;}?_; has a bounded support in DGP3 and DGPs3.

DGP; is from Su and Ullah (2008) and DGPj3 is modified from DGPs.

Y; =14 2exp(X;)/(1 + exp(X;)) + U;
Xi=2;+V;

where ¢ = 1,...,n, errors V;,and Z; are generated as

Vi = 0.5w; + 0.2v;, Z; =1+ 0.5v,,
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in which vy v, w; are i.i.d. sum of 48 independent random variables each uniformly dis-

tributed on [-0.25,0.25].

DGPs : U; = Qw; + 0.31)y

DGP3 : U; = 0(w; + 2w?) + 0.3v,

For all three data generating processes, 8 = 0,0.2,0.5, and 0.8, which indicates no endo-
geneity, weak endogeneity, medium endogeneity and strong endogeneity, respectively. In
particular, when 6 = 0, note that it refers to no endogeneity and DG P, and DG Ps become
identical. The main difference between two data generating processes is how U; and V; are
correlated in terms of a functional form in the presence of endogeneity while the model is
still correctly specified. In this regard, the simulation results for DGP3 will present how my
nonparametric test captures such nonlinear terms under the alternative.

For bandwidth selection, I use rule-of-thumb bandwidths for both the estimation
and the test. For the estimation, I use local linear estimation with a second-order Epanech-
nikov kernel by using a rule-of-thumb bandwidth?®, which is h, = 2.34std(z;)n~'/" and
h. = 2.34std(z;)n~'/> for the structural equation and reduced-form equation respectively. I

obtain 1(z;) = é& from (&, §) = arg max S (y—a—B(xi—x))?. For the test bandwidth,

hy = ¢ - std(z;)n~ Y5 and ¢ = 0.5, 1.06, 1.5. For the Blundell and Horowitz (2007) test, I
use the cross-validation bandwidth for estimating the joint density of (X, Z), and obtain the

bandwidth by multiplying n'/5=7/24 times the cross-validation bandwidth. For the Breunig

3This rule-of-thumb bandwidth when using a second-order Epanechnikov kernel is suggested by Hender-
son et al. (2012).
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test (2015), I use series estimation based on his simulation settings. Since both tests use a
Fourier series as a basis function, and I implement cosine basis functions given by f;(t) =
V2cos(jmt) for j =1,2,...M. I set M = 40 and the smoothing parameter as Tj = =L The
number of repetition is 1000 for the sample size of 100, and 500 for the sample size of 400.

The number of bootstrap repetitions is 399 for both sample sizes.

3.3.2 Simulation Results

For each data generating process, both the size and the power are estimated by changing
the strength of endogeneity (the value of §). I then compare my test’s performance with the
Hausman test, the Blundell and Horowitz (2007) test (BH,), and the Breunig (2015) test
(By). The Hausman test is a parametric test, where it measures the difference between OLS
and 2SLS estimates. While Blundell and Horowitz (2007) apply a kernel-based estimation
and Breunig (2015) applies a series-based estimation, both use Fourier series in constructing
a test statistic.

Table 3.1-3.4 represent both size and power for each data generating process with
different values of bandwidth. Other than my conditional moment test (.J, and JJ), all
other tests’ performance does not vary with the bandwidth.* In addition, I apply bootstrap
procedure to the conditional moment test (J,, and J) as its asymptotic distribution follows
the standard normal as in Theorem 6 to improve a finite-sample performance. However, as
the asymptotic distribution for both BH,, and B,, is not pivotal, I do not apply bootstrap

procedure.

4Even though Blundell and Horowitz (2007) applies a kernel-based estimation, they construct a series-
based test. Thus, different bandwidths for the test only applied to the conditional moment test.
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Table 3.1 presents the estimated size for all cases. As mentioned earlier, DG Ps
and DG Ps results are identical when there exists no endogeneity. The bootstrap size of my
conditional moment test is close to the correct size at each significance level although J,, is
undersized in the asymptotic test®. For different bandwidths, their estimated size is close to
the nominal size in all significance levels and its performance improves with the increase in
size. Overall, the size of the Hausman test is close to the correct size for other significance
levels. In addition, the BH,, and B,, tests are undersized, but their performance is better
in the bounded support of {Y;, X;, Z;}? ; since both tests assume the bounded support.

In Table 3.2, the power of DG P is shown for a different level of endogeneity under
an unbounded support of {Y;, X;, Z;}I* ;. With weak endogeneity, the power of the test is
slightly over the nominal size. As the strength of endogeneity increases, the test becomes
more powerful. Furthermore, the power increases as the bandwidth increases, which can be
explained by Theorem 4. In all sample sizes, the Hausman test performs better than the
conditional moment test except when there is a stronger endogeneity (0 = 0.8). While the
rejection probabilities of BH,,, and B,, test rise as the sample size as well as the level of
endogeneity increase, it does not perform as well as the conditional moment test.

The power of DG P, is presented in Table 3.3. In a small sample, my conditional
moment test is the most powerful at each level of endogeneity among all tests. The power
of the conditional moment test is almost equal to 1 with the sample size of 400 even in
the presence of weak endogeneity with the bounded support case. Hausman test performs
equally as well as the conditional moment test except when under the weak endogeneity

for both small and large sample sizes. Overall, BH,, test performs better mostly in a large

5This underestimation of the size has been also noted in Li and Wang (1998) and Hsiao and Li (2001).
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sample. However, the power of BH,, is slightly over the nominal size in a small sample.
BH,, test outperforms B,, both in small and large samples.

Table 3.4 presents the power of DG Ps, where a nonlinear correlation between U;
and Vj; is present. Considering that my nonparametric test can capture the nonlinear rela-
tionship between U; and V;, the test performance compared to Hausman test is noticeable
in estimating the power for all sample sizes. First, due to a presence of the nonlinear term
in the data generating process, my test’s power reaches almost 1 even in a small sample size
as well as the weak endogeneity. In contrast, as Hausman test cannot capture the nonlinear
relationship, power falls compared to DGP5 in a small sample. In addition, the Hausman
test’s power is less than its performance with the presence of a linear correlation. This
implies that the Hausman test can be inconsistent if the model specification is incorrect
under the alternative.

In summary, even though I observed the undersized test for J, using asymptotic
critical values, the estimated size based on bootstrap procedure is close to the nominal size
for all the data generating processes. As the strength of endogeneity increases, the test
becomes more powerful. At the same time, as the sample size increases, the tests become
more powerful for all cases. Compared to the Hausman test, BH,, and B, tests, my
conditional moment test performs the best in that it can detect the nonlinear relationship
between U; and V; and it is robust to any choice of bandwidth.

Furthermore, I can compare clearly the nonparametric tests’ performance between
a kernel method and a series-based method. BH,, test uses a series method for the test

but still applies a kernel method in the estimation while B,, test is solely on series-based
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estimator. As kernel-based method performs well in a local approximation, BH,, test is
better than B,, test overall. However, the current test dominates all the other tests in both
sample sizes in that I use kernel techniques in running an estimation and constructing a

test to capture the local correlation.

3.4 Extension: The Case with Other Exogenous Variables

Extending the previous model, I consider a case with both endogenous and exogenous

regressors.

yi = m(xi1, Ti2) + u;

v =g (zi,Ti2) + i,
where ¢ = 1,...,n, y; is an observable scalar random variable, m(-) denotes a structural
function of unknown form, x;; is a dg, X 1 vector of endogenous regressors, and x;2 is a
d, x 1 vector of exogenous regressors. ¢(-) is a dy, X 1 vector of functions of the instruments.
z; is a d, x 1 vector of instrumental variables. u; and v; are disturbances such that E|u; |
zi, Ti1, i) = 0 and Elv; | z;, zi1, x42] = 0 are satisfied. Additional assumptions are needed

for this extension.
(B1) {Yi, X1, X4, Z;}7, is independent and identically distributed.

(B2) Eu| z,21,72] = 0.0%(v) = E[u? | v], 0%(v) is continuous at v and E[o?(v)] < oo.

(B3) f(x) is differentiable, 0 < f(x) < By < oo, and |f(z) — f(x)| < my |z — 2’| for some

0 < my < oo is satisfied.
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Table 3.1: Size of Each Test

DGP; DGP, DGPj;

c 1% 5%  10% 1% 5%  10% 1% 5%  10%
0.5 0.011 0.048 0.093 0.015 0.053 0.102 0.015 0.053 0.102
1.06 0.011 0.045 0.084 0.009 0.050 0.106 0.009 0.050 0.106
1.5 0.009 0.043 0.089 0.006 0.048 0.089 0.005 0.048 0.089
JIn 0.5 0.007 0.022 0.042 0.013 0.028 0.0563 0.013 0.028 0.053

1.06 0.006 0.010 0.018 0.008 0.014 0.022 0.008 0.014 0.022
1.5 0.004 0.006 0.010 0.002 0.007 0.011 0.002 0.007 0.011

n=100 J

n

BH, — 0.000 0.002 0.004 0.004 0.005 0.008 0.004 0.005 0.008
B, — 0.026 0.040 0.053 0.034 0.051 0.061 0.034 0.051 0.061
H, — 0.009 0.047 0.099 0.007 0.055 0.103 0.007 0.055 0.103
n =400 J; 0.5 0.010 0.058 0.090 0.008 0.048 0.098 0.008 0.048 0.098

1.06 0.008 0.046 0.098 0.010 0.044 0.104 0.010 0.044 0.104
1.5 0.012 0.046 0.100 0.010 0.030 0.088 0.010 0.030 0.088
JIn 0.5 0.010 0.026 0.058 0.004 0.014 0.050 0.004 0.014 0.050
1.06 0.010 0.018 0.028 0.002 0.008 0.016 0.002 0.008 0.016
1.5 0.004 0.010 0.018 0.002 0.006 0.006 0.002 0.006 0.006

BH, — 0.000 0.006 0.022 0.004 0.020 0.042 0.004 0.020 0.042
B, — 0.000 0.002 0.008 0.000 0.004 0.004 0.000 0.004 0.004
H, — 0.018 0.050 0.100 0.014 0.050 0.098 0.014 0.050 0.098

Note: Note that there is no difference in size between DGPy and DGP3 because the difference
between the two data generating processes comes from the non-zero value of 8. Except for J,
and J;;, all other tests are not constructed based on the kernel techniques. Therefore, the test
performance does not vary with the bandwidth choice.
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Table 3.2: Power of Each Test of DG P,

f=0.2 0=0.5 =038
n c 1% 5%  10% 1% 5%  10% 1% 5%  10%
100 J; 0.5 0.009 0.054 0.116 0.084 0.206 0.313 0.675 0.884 0.936
1.06 0.013 0.065 0.121 0.174 0.379 0.506 0.901 0.981 0.996
1.5 0.017 0.085 0.138 0.254 0.491 0.621 0.958 0.998 0.998
JIn 0.5 0.007 0.023 0.055 0.091 0.174 0.233 0.772 0.888 0.933
1.06 0.005 0.020 0.033 0.138 0.224 0.290 0.931 0.973 0.981
1.5 0.005 0.015 0.023 0.135 0.227 0.302 0.955 0.981 0.990
BH, — 0.015 0.067 0.141 0.029 0.107 0.190 0.008 0.016 0.022
B, — 0.020 0.034 0.043 0.018 0.037 0.045 0.078 0.110 0.144
H, — 0497 0.635 0.711 0.558 0.678 0.752 1.000 1.000 1.000
400  J; 0.5 0.030 0.118 0.190 0.708 0.908 0.966 1.000 1.000 1.000
1.06 0.068 0.192 0.300 0.948 0.994 0.998 1.000 1.000 1.000
1.5 0.100 0.272 0.360 0.978 1.000 1.000 1.000 1.000 1.000
Jn 0.5 0.042 0.094 0.146 0.788 0.908 0.950 1.000 1.000 1.000
1.06 0.070 0.128 0.180 0.954 0.982 0.994 1.000 1.000 1.000
1.5 0.070 0.144 0.18 0972 0.994 1.000 1.000 1.000 1.000
BH, — 0472 0.636 0730 0564 0.724 0.798 0.052 0.068 0.090
B, — 0.000 0.000 0.000 0.000 0.000 0.000 0.020 0.028 0.046
H, — 0936 0960 0.974 0.946 0.976 0.982 1.000 1.000 1.000

Note: Except for J, and J;, all

other tests are not constructed based on the kernel
techniques. Therefore, the test performance does not vary with the bandwidth choice.
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Table 3.3: Power of Each Test of DG P,

0 =0.2 0=0.5 =038
n c 1% 5%  10% 1% 5%  10% 1% 5%  10%
100 J; 0.5 0372 0.621 0.730 0.995 1.000 1.000 1.000 1.000 1.000
1.06 0.601 0.827 0.888 1.000 1.000 1.000 1.000 1.000 1.000
1.5 0722 0.882 0.939 1.000 1.000 1.000 1.000 1.000 1.000
JIn 0.5 0.443 0.597 0.677 0.997 0.999 1.000 1.000 1.000 1.000
1.06 0.604 0.756 0.808 1.000 1.000 1.000 1.000 1.000 1.000
1.5 0.640 0.780 0.839 1.000 1.000 1.000 1.000 1.000 1.000
BH, — 0.004 0.005 0.008 0.016 0.036 0.0566 0.026 0.048 0.077
B, — 0.034 0.061 0.061 0.062 0.091 0.114 0.065 0.100 0.128
H, — 0.007 0.055 0.103 1.000 1.000 1.000 1.000 1.000 1.000
400  J; 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.06 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Jn 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.06 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BH, — 0.004 0.020 0.042 0.726 0.756 0.802 0.744 0.802 0.830
B, — 0.000 0.004 0.004 0.006 0.016 0.044 0.010 0.024 0.048
H, — 0.014 0.050 0.098 1.000 1.000 1.000 1.000 1.000 1.000

Note: Except for J,, and J;, all other tests are not constructed based on the kernel
techniques. Therefore, the test performance does not vary with the bandwidth choice.
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Table 3.4: Power of Each Test of DG Ps

f=0.2 0=0.5 =038
n c 1% 5%  10% 1% 5%  10% 1% 5%  10%
100 J; 0.5 0993 0.996 0.998 0.999 1.000 1.000 0.999 1.000 1.000
1.06 0.994 1.000 1.000 0.999 1.000 1.000 0.999 1.000 1.000
1.5 0995 1.000 1.000 0.999 1.000 1.000 0.999 1.000 1.000
JIn 0.5 0997 0.998 0.999 1.000 1.000 1.000 1.000 1.000 1.000
1.06 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.5 0999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BH, — 0.004 0.005 0.008 0.029 0.107 0.190 0.034 0.116 0.206
B, — 0.034 0.061 0.061 0.018 0.037 0.045 0.020 0.038 0.047
H, — 0.007 0.055 0.103 0.558 0.678 0.752 0.562 0.691 0.748
400  J; 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.06 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Jn 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.06 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
BH, — 0472 0.636 0730 0564 0.724 0.798 0.578 0.734 0.810
B, — 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
H, — 0936 0960 0974 0946 0.976 0.982 0.952 0.976 0.982

Note: Except for J, and J;, all

other tests are not constructed based on the kernel
techniques. Therefore, the test performance does not vary with the bandwidth choice.
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(B4) The kernel function K(-) is bounded and symmetric density function with com-
pact support such that [ K(¢)dy = 1. For Vz € R, |K(z)| < By < oo. I assume

‘Kj(u)—Kj(v)| < Cilu—wl, for 7 =0,1,2,3.

(B5) As n — oo, |Hy|,|H.|,|Hy, |, |Hz,| — 0. 1) Tt satisfies n'/2 |H,||H,|"? /Inn — oo,

n|Hy* = oo, and n |H,|® = 0. i) n|H.| /Inn — co and n |H,| /Inn — .
(B6) m(-) and g(-) are continuous and twice differentiable in X and Z respectively.

Note that the moment condition of interest with other exogenous variables are identical to

the previous case.

Elu; | 14, 2, 2zi) = Elu; | x16 — 9(2i, 2:), ©2i, 2i]

= Elu; | v

The test statistic will be written as follows:

where 4; = y; — m(xi1,2:2), Ui = 1, — §(2i, Ti2), and both 7 (-) and §(-) are nonparametric

estimates.Then, The standardized test statistic is

W2 [Hy I,/ V4,

where ) = \Hul D12y w705 K (H™' (b; — 0;)). The extension of the test statistic

is not complicated because the test statistic does not change as it analyzes the correlation
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between u; and v;. The only difference is how the residuals are obtained from the estimation,
where 4; = y; — m(x;) and 9; = x; — §(z;). In the next section, I will apply the test for

endogeneity using the extension.

3.5 Application

By extending the empirical analysis of Autor, Dorn, and Hanson (ADH, 2013), I apply my
test for endogneity. In their paper, they analyze the impact of Chinese import exposure
on the US local labor market outcomes including employment share and wages. I mainly
focus on the US local employment share in manufacturing. The triangular simultaneous

equations are set up is as follows.

ALY = ay + BIATPWyi + X/, B2 + i

AIPWy i =+ 0AIPW i + X{t(gg + vit,

where AL} is decadel change in the manufacturing share of the working-age population
in commuting zone i. AIPW,; is the change in import exposure to the US. AIPW,;; is
the change in import exposure to other high-income markets. Following the same model
specifications given in ADH (2013), my main interest is on testing the endogeneity of US
trade exposure, AT PW;.

For the testing, two model specifications are considered: One (Model 1) is includ-
ing only a time dummy, and the other (Model 2) is including A(imports from China to
US)/worker, percentage of employment in manufacturing in the previous period, and cen-

sus division dummies. For the parametric estimation, the pooled 2SLS is used as in ADH
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(2013) for constructing the Hausman test. As I did in simulations, I present the results
of my test in comparison with the Blundell and Horowitz (2007) test (BH,,), the Breunig
(2015) test (By,), and the Hausman test (H,,). For the nonparametric tests, local linear es-
timation is used and its bandwidth is chosen with cross-validation. For Breunig (B,,) test, I
run the local polynomial estimation in getting the residuals. I report both asymptotic and
bootstrap p-values. The number of bootstrap is 399. For a test statistic, the rule of thumb
bandwidth is used for constructing a test statistic using a Gaussian kernel.

Before presenting the test results, Figure 3.1 and Figure 3.2 gives an idea how the
residuals u; and v; are correlated when they are estimated differently either in parametric
or in nonparametric estimation. The dotted line is to denote the 95% confidence interval.
If the zero line is inside the confidence interval, it implies no significant correlation. For
Figure 3.1, both parametric and nonparametric residuals present a positive significant cor-
relation. In terms of nonparametric residuals, the positive correlation is more present where
the data are concentrated. However, the correlation between parametric residuals and non-
parametric residuals is shown differently for Model 2 in Figure 3.2. While I can observe a
positive correlation using parametric residuals, I do not see any significant correlation in
nonparametric residuals u; yp and v; yp. This contradicting pattern of the correlation can
imply a potential problem of misspecification.

The test results are given in Table 3.5. For the test bandwidth of my test, I use
hy, = c-std(v;)n~'/> and ¢ = 0.5, 1.06, 1.5. For Model 1, I reject the null hypothesis both in
asymptotic and bootstrap test at 5% significance level. This result is also consistent with the

Hausman test, the Blundell and Horowitz (2007) test, and the Breunig (2015) test. However,
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I have a contradicting test result with Hausman test in Model 2. All nonparametric tests
do not reject the null hypothesis with the high p-values while the Hausman test still rejects

the null hypothesis at 5% significance level.

Table 3.5: P-Values of Each Model

Jr Iy BH, B, H,
c 05 106 15 05 1.06 15 - _ _

Model 1 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.034 0.000
Model 2 0.115 0.499 0.679 0.232 0.487 0.616 0.120 1.000 0.000

Note: Except for J, and J, all other tests are not constructed based on the kernel

techniques. Therefore, the test performance does not vary with the bandwidth choice.

There can be two possible explanations why I have such a contradicting test results
for endogeneity. Considering that Model 2 is estimated by adding other exogenous variables,
some factors which cause endogeneity of Chinese import variable might have been filtered
out by those variables. In addition, there could the misspecification of the model in terms
of the functional form. While the nonparametric tests are not confined to a functional form
of the model, parametric tests are. Thus, the misspecification of the functional form can
result in the inaccurate detection of endogeneity.

Based on the test results, I further estimate the marginal effect of the Chinese
import exposure to US local employment share in manufacturing to discuss the potential
bias for both models. The estimation results are given in Figure 3.3. For Model 1, the
nonparametric instrumental variable estimation is applied following Darolles et al. (2011).
The global nonparametric estimate is -0.883 while the estimate in ADH (2013) is -0.746.

This implies that the estimate is overestimated in ADH (2013).
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For Model 2, I apply conventional nonparametric estimation because the null hy-
pothesis is not rejected. The global nonparametric estimate is -0.06 and the 2SLS estimate
in ADH (2013) is -0.538. The difference between the global nonparametric estimate and
2SLS estimate becomes larger because I do not implement the nonparametric instrumental
variable estimation. Even with the parametric OLS estimate, -0.183, it is underestimated
in this model specification. In brief, this estimation result implies that the presence of
endogeneity is a preliminary step and then the functional form of the estimation strategy
is the secondary step in reducing the potential bias of an estimator.

The economic intuition why Chinese import exposure may not be endogenous lies
in the inclusion of a variable for the percentage of employment in manufacturing in the pre-
vious period. By controlling the percentage of employment in manufacturing in the previous
period, this can reflect the shift in the US demand curve to the left, which accompanies
the decrease in income. Then, the Chinese import exposure shifts the domestic supply to
the left, but it may not further increase Chinese imports because of a decrease domestic
demand, which can cut down the simultaneous causality of Chinese import exposure and

the current US local employment share.

3.6 Conclusion

Endogeneity is commonly observed in economics by assumption and estimated with instru-
mental variables in many applied economic papers (Angrist and Evans (1998), Autor et al.
(2013), among others). However, testing for the presence of endogeneity cannot be under-

estimated due to consistency and efficiency issues. Moreover, not every variable which has
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Figure 3.3: Marginal Effect of Chinese Import Exposure
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been believed to be endogenous is endogenous in every context. Even though there is a large
literature on how to deal with the endogeneity in the estimation, testing for endogeneity
should be a priority for a more efficient estimator. In this paper, I propose a consistent
nonparametric test for endogeneity.

By introducing an alternative way of using the conditional moment in a triangular
equations model by taking the control function approach, I can convert the conditional
moment for endogeneity test E[U | X,Z] = 0 to E[U | V] = 0. As the dimension of V is
smaller than that of X and Z, it suffers less from the curse of dimensionality. Based on
the modified moment condition, I construct a Li-Wang type test. The advantages of the
current test are; i) it follows the standard normal distribution under the null hypothesis,
and ii) it can capture the nonlinear correlation between the disturbances U and V aside

from the advantage of a nonparametric estimation over a parametric estimation.
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As with other nonparametric conditional moment tests (Zheng (1996), Li and
Wang (1998), Hsiao and Li (2001), among others), I introduce a wild bootstrap method
using Mammen’s distribution to improve the finite-sample performance. In simulations, I
show that my bootstrap test performs better in finite samples than the asymptotic test for
both size and power. In particular, when I have a bounded support for {Y;, X;, Z;}I ;, my
test statistic performed better both in estimating size and power than having a unbounded
support. Compared to the Hausman, the Blundell and Horowitz (2007), and the Breunig
(2015) test, my test statistic outperforms them when the error terms are nonlinearly cor-
related with each other at all levels of endogeneity. When the error terms are nonlinearly
correlated, it seems that the test statistic using a kernel method is better than the statistics
using a series estimator.

I also apply this test to the empirical analysis of Autor, Dorn, and Hanson (2013)
to test endogeneity of Chinese import exposure with the US local employment. As this
estimation includes other exogenous variables, I use the extension of the test statistic given
in Section IV. When including a variable for the percentage of employment in manufacturing
in the previous period, I obtain a contradicting result between the Hausman test and my
test. There can be the cases where the model might have a functional form misspecification
or the nonlinear correlation between the error terms U and V. For these two possible
reasons, my nonparametric test can be used more accurately for testing for endogeneity.
With the comparison in the estimates based on the test results, the potential bias can

occur.
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In summary, the proposed nonparametric test can be useful in many aspects since
endogeneity can be present in different forms and contexts. In addition to a triangular
simultaneous equations setting, I can observe endogeneity when having measurement errors
in the data or when misspecifying the model by omitting a variable. In this regard, my test
statistic can provide a generic approach to test endogeneity in other econometric problems

in future research.
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Chapter 4

A Nonparametric Panel Estimation
for Random Effects and a
Consistent Nonparametric Test for

Endogeneity

4.1 Introduction

There are many interesting testing problems in panel data for model specification such as
cross-sectional independence (Chen et al. (2012)), the time trend (Zhang et al. (2012)),
and linearity (Lin et al. (2014)). Among them, endogeneity is important in determining the
model specification. In a panel data setting, there are two strands of endogeneity—one is

the endogeneity of a variable, and the other is the endogeneity of an individual fixed effect.
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When ruling out the possibility of the former, testing for endogeneity in an individual fixed
effect plays an important role in determining whether to use the fixed effects or the random
effects model. Regarding this issue, there is a trade-off between consistency and efficiency.
Under the null hypothesis, which is no endogeneity, the random effects model will be used.
With the presence of endogeneity, the fixed effects model will be chosen, giving a consistent
but less efficient estimator.

Despite the importance of detecting endogeneity of an individual fixed effect, there
has been a difficulty in testing this hypothesis mainly because these individual fixed effects
under the random effects model cannot be obtained. Unlike the fixed effects model where the
individual fixed effects can be separately estimated, the random effects model is estimated
by including individual fixed effects into the error terms. However, if the objective function
is defined differently as in Huang et al. (2019), the individual fixed effects model can be
estimated even under the random effects.

There are two main contributions of this paper. First, this paper develops a new
estimation method to obtain individual-specific components under the random effects by
extending Huang et al. (2019). While Huang et al. (2019) impose a parametric specifica-
tion, I implement the nonparametric random effects panel estimation. This minimizes the
chance of having endogeneity of a variable, which can be caused by the misspecification of
a functional form. As I can obtain the individual-specific components under the random
effects model, the accuracy of a test can be improved instead of testing with the residuals
from the random effects model as a unity. Second, I construct a test by converting the

moment condition of interest. Because the individual-specific components can be obtained,
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I construct a test over the ¢ index instead of the ¢ index and time. Then, the rate of
convergence can be faster than the previous test statistics.

I set up the null hypothesis as no endogeneity against the presence of endogeneity.
Then I construct a conditional moment test using kernel weighting (Li and Wang (1998),
Hsiao and Li (2001), Henderson et al. (2008), Wang et al. (2018) among others). One
difference is that I use the mean of a fixed variable over time instead of a fixed variable itself.
The conditional moment test is simple to construct as it only requires the null hypothesis.
If T construct a test using an estimation under the alternative, the nonparametric fixed
effects estimation must be applied. Once constructing a test, I introduce a wild cluster
bootstrap procedure using Mammen’s distribution in a nonparametric random effects model
to improve the finite-sample performance of a test. Wild cluster bootstrap is similar to a
wild bootstrap, but it resamples clusters of residuals using a two-point distribution (See
Wu (1983), Liu (1988), Mammen (1993), Davidson and Flachaire (2008) among others).
There has been literature on wild cluster bootstrap such as its asymptotics as well as its
procedure with different cluster sizes (See Cameron et al. (2008), Mackinnon et al. (2017),
Djogbenou et al. (2019) among others).

As mentioned earlier, there is a trade-off between the random effects and the fixed
effects model. Since the fixed effects estimators are consistent both under the null and
the alternative, the nonparametric methods estimation methods are heavily based on fixed
effects estimation. Regarding the nonparametric panel fixed effects estimation, there has
been extensive literature from a standard panel estimation to a dynamic panel estimation

(See Lin and Carroll (2000), Su and Ullah (2006), Su and Lu (2013), Lee and Robinson
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(2015), Lee et al. (2019) among others). For the random effects model, the nonparametric
panel random effects estimation methods have evolved toward obtaining a more efficient
estimator (See Henderson and Ullah (2005), Mukherjee (2006), Ma et al. (2015) among
others). While there exist extensive estimation methods for the panel, this paper’s test for
endogeneity can play a role as a preliminary step for the model specification.

Regarding the endogeneity tests, the most popular parametric test is the Hausman
test. This compares the random effects estimates and the fixed effects estimates under the
parametric specification. With the chronic problem of the Hausman test which suffers
from the misspecification of a functional form, Henderson et al. (2008) constructed a Li-
Wang type test. In constructing their nonparametric test, the residuals which include the
individual fixed effects are used due to the difficulty of obtaining the individual-specific
components under the null. This implies that this test improves the accuracy of a test
compared to the Hausman test but may fail when the endogeneity of a variable occurs.

The paper is organized as follows. Section II introduces a model, hypotheses,
estimation method, and the test statistic for endogeneity. In Section III, I conduct Monte
Carlo simulations and compare the test results with the currently developed endogeneity
tests. I then apply the test to the empirical data in Section IV. I test the endogeneity of an
individual fixed effect by implementing it to the US state-level public capital data. Section

V concludes the paper.
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4.2 Model and Hypotheses

Consider a nonparametric random effects model for panel data as follows:

yit = m(Xi) + ugg, where uy = o; +vy, i =1,...,nandt=1,...,T (4.1)

In this model, y;; is an observable scalar random variable, m(-) is an unknown function, Xj;
is a d x 1 vector of regressors, and wu;; is the random disturbance such that E [u; | X = 0.
The data is independent across the ¢ index. For the disturbance term, I assume that «a; ~
i.i.d. N(0,02), vyt ~ i.i.d. N(0,02), o; and vj; are uncorrelated for i,j = 1,--- ,n, and ¥ =
Eluul] = 0211 + oZirir, where It is a T x T identity matrix and i is a T x 1 vector of
ones.

Assuming the exogeneity of the random errors where E [vy | Xj1,..., Xi7] = 0 is
satisfied, the assumption of interest for testing in this paper is whether the individual specific

effects, «;, is exogenous or not. The testing hypotheses are given as follows:

HO : E[ozz ’ th] =0

Hl . E[O{l ’ th] 7& 0

Under the null, the random effects estimation can be implemented as there is no endogeneity
problem in the estimation. Under the alternative, the fixed effects estimation will be applied
due to an inconsistency problem of the random effects estimators. Testing for its presence
is important because there is a consistency /efficiency trade-off between the random effects

and the fixed effects estimators.
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Since the individual-specific component varies over the ¢ index only, the moment
condition of interest under the null can be converted to another form, which is E[a; | Xi] =
0, where X; = %Zthl Xt The equivalence of the two conditions can be simply shown as

below. Suppose X; = r(X;;) and there exists g(-) such that E[o; | Xi] = g(r(Xyt)). Then,

Blog | Xi) = E[Blo | r(Xie), Xal | r(Xa)] (42)
= B[Eloy | Xit] | 7(Xat)]
= Elg(r(Xa)) | 7(Xat)]
= g(r(Xar))

= Floy | Xit]

The second line of the equation (4.2) holds by the tower property of the conditional ex-
pectation as o(X;) C o(X;). With this converted moment condition, I can set up new

hypotheses for testing endogeneity of individual-specific components.

Hp : Bl | Xi] =0

H; : Eloy | Xi] #0

One obstacle in directly testing for this null hypothesis is the difficulty in esti-
mating «; in the random effects model unlike the fixed effects model. Therefore, both the
Hausman test and the nonparametric test of Henderson et al. (2008) for endogeneity are
constructed by assuming Efu; | Xi] = 0. However, Huang et al. (2019) set up a new

objective function to obtain a random effects model estimator in a parametric context,

73



which allows the derivation of the individual-specific component in a random effects panel
model. By extending their estimation strategy to a nonparametric context, I can obtain

the individual specific components in a nonparametric random effects panel model.

4.2.1 Estimation

Extending Huang et al. (2019), I define a new objective function to derive (;, m(x)) under a
nonparametric random effects panel data model. First, I re-write the model in the previous

section as follows:

y=m(z) + U, where U = Da+V (4.3)
y = (9117'” SYLT > Ynly© 7ynT)7 = (1-11’... STIT, Tl " 7an)7 D=1,® LT,
a= (a1, ,ay),and V = (v, ,017,- -+ ,Un1, -+ , V7). Then the objective function is
introduced as
n T n T
YN K (H N (X —2) D) (g —m(x) — )’ K (H ' (Xie — )
a}\ﬁi&) i=1 t=1 7o 4 i=li=1 =
@a}\’é{i&) To? o' D'W(z)Da + 01% (y — m(x) — Do) W(x) (y — m(z) — Da),
where K is a non-negative d,-variate kernel function, H = diag(h1,--- ,hq,) is a dg X dg

bandwidth matrix that is symmetric and positive definite, W(z) = diag(K(H1(X1; —
x))’ T 7K(H_1(X1T - x))) T ,K(H_I(an - x))) T 7K(H_1(XTLT - .73))), L= (1’ T 71)/

is a n x 1 matrix, |H| is the determinant of H, and m(z) is a nonparametric estimator.
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There are three steps to obtain r(z). As the variance structure is unknown, there

are additional steps to follow to estimate it. The procedure is as follows:

1. From the equation (4.3), obtain the usual LCLS estimator, m(x), and @ = y;: —m(x),
where m(z) = (/W (x)t)~1/W (z)y. Note that this estimator is not a random effects

estimator.

2

2. Define 07 = o2 + To2. Using the residuals ;’s, both 62 and 62 can be simply

obtained as follows!:

T <A
o ==> a7
n 4
=1
1 n T
~2 ~ _:AQ
e e

where 1; = Zthl 25:1 U K (X — Xis)/ Z?:l 23:1 K(X; — X;s). Once estimating

—

61 and 62, I can obtain &; using 62 = 7(67 — 62).

3. With 3 = 6’3[T + c}EiTz'T, the nonparametric random effects estimator m(az)Q and the
individual specific effects & can be estimated, which can be easily derived from the

first order conditions from the objective function above.

Uit = Yit — MrE(T)
T2

—_ % Yoy Yoy i K (X — Xis)
T62 + 62 -

St K (X — Xis)

~

0%}

i;, where 1; =

!The consistency of these variance has been shown in Henderson and Ullah (2005).
2This can be obtained either from Henderson and Ullah (2005) or Su and Ullah (2007). For a more
efficient estimator, I apply Su and Ullah (2007) random effects estimator.
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4.2.2 Test Statistic and Its Asymptotic Properties

In this section, I construct a test statistic and derive its asymptotic properties.

yir = m(Xit) + i
=m(Xit) + Eloy | Xit] + wir — Eloy | X
= m(X,t) + E[Ozi ‘ XZ] + uir — E[Ozi ‘ XZ]

= ml(XZ-t, Xl) + Mit, where Nit = Wit — E[Ozl ‘ Xz] (44)

It is easy to show E[T]zt | Xit7Xi] = E[nzt | th} = E[uit—E[ait ‘ X@} | th} = E['Uit | th] =0.
The last equality holds by assumption. Using the equivalence of the moment condition
from the previous section, I can construct a Li-Wang type test statistic. Efo; | X;] = 0

implies E[o;Ela; | X;]] = 0. Then, the conditional moment condition under the null

implies Ela; Elo; | Xi]f(X;)] = 0.

Theorem 7 Elo; | X;] = 0 iff Elf (X;) a;Eley | Xi]] = 0, where f(-) is the density

function of X; that is bounded away from zero for all X;.

Proof of Theorem 1 let f ()_(Z) and f(a|Z) be the marginal density of X; and the con-

ditional density of a; given X; = Z, respectively.

E[f (X)) aiBles| Xi]] = // o (/ asf (2, aQ)d@) f (&, 01) dondz

_ / </a1f(a1|x) da1> (/agf(a2|x) da2> 2 (3) dz
-/ ( [attala) da>2f2 (2) d,
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since ; is i.i.d. over i. Therefore, Elo; | Xi] = [af (a|Z)dz = 0 iff E[f (X;) E[o; |

X;]] = 0 since f(z) >0. H

Define f(X;) = ﬁZ?ﬂK (HY(X; — X)), where H = diag(hy,--+ ,hq,) is a

dy X d, bandwidth matrix that is symmetric and positive definite,

H ’ is the determinant
of H. These bandwidths are different from the bandwidths for the estimation because the
regressors are X;, not X;;. Throughout the paper, the bandwidths for testing are calculated

using the rule-of-thumb. The test statistic I, is obtained as follows:

= -3 &K (HH(X; — X;)
n P (n—l)‘H’ P J ( J )
1 LR I
TL(TL _ 1) ‘Hl ZZO&Z‘CMJK (H (XJ - Xl))
i=1 j#i

For characterizing the asymptotic distribution, the following assumptions will be used.

(Al) {Ul,Xl}:Lzl is lld, where Ul = (Uﬂ, s ,uiT)’ and X = (Xﬂ, s ;XiT>/-
(A2) Efu|z] =0, 0%(x) = E[u? | 2], 0?(x) is continuous at = and E[o%(z)] < oo.

The model assumes the i.i.d. distribution of {U;, X;}I" ;. Also, as my interest lies in testing
the endogeneity of a, I assume the exogeneity of V. The conditional variance o?(x) is con-
tinuous at = and its expectation is finite. I assume the homoskedasticity for the conditional

variance.
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A3) f(z) is differentiable, 0 < f(x) < By < oo, and |f(x) — f(2')] < my |z — 2'| for some
f f

0 < my < oo is satisfied.

(A4) The kernel function K(-) is bounded and symmetric density function with com-
pact support such that [ K(¢)dy = 1. For Vo € R, |K(z)| < By < oo. I assume

|K7(u) = K/(v)| < CyJu—vl, for j =0,1,2,3.

n (A3), the conditional density f(z) satisfies the Lipschitz continuous condition. In ad-
dition, as it is smooth and bounded, a Taylor expansion can be applied. In constructing
my test, I use the kernel function as a weighting function. Regarding properties of the
kernel function, it is bounded and symmetric. As in f(z), the kernel function satisfies the

Lipschitz continuous function.

(A5) As n — oo, [H|,|H| — 0. Itsatisﬁesn}H‘Q—>oo,n‘H‘6%O, and n |H|/Inn — oo.

(A6) m(-) is continuous and twice differentiable in X respectively.

The assumption (A5) is on the restriction of the bandwidth for the asymptotic properties
of the proposed test statistic and the standard assumptions for nonparametric estimation.

The test statistic then can be standardized as follows:

:n}ﬂ‘l/QIn/\/ﬁ,WhereQ— N ‘H‘ZZ&2Q2K (Xj_)_(i)).
n(n —

=1 j#i

Theorem 8 Under Hy, as ) is a consistent estimator of Q = 2[[ K2(¢)dy) Elo*(X) f(X)],

T, — N(0,1) as n — oc.
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For the asymptotic properties under the alternative, I introduce the Pitman local alterna-
tives as follows:

Hi (0,) : ma (X Xs) = m(Xa) + 6al(X5)

1/4

where 1(-) is continuously differentiable and bounded, and &, = n~'/? ‘]:I |_ . Based on

the equation (4.4), note that I(-) does not include the elements of X;; because my (X, X;)

is separable by construction of the model.

Theorem 9 Under the Pitman local alternative, if 6, = n~1/2 ‘I:I‘fl/zl, we have

T, % N(E[I(X:)2f(X)]/VQ,1) as n — occ.

Then, as the magnitude of E[I(X;)?f(X;)]/VQ increases, the test statistic deviates farther
from the zero mean, and the local power increases. However, the variance remains at one

for both hypotheses.

Theorem 10 Assuming (A1)-(A6) and under Hy, Pr(T}, > B,] — 1 for any non-stochastic

sequence { By, : By, = o(4/n? |Iﬂ)} I = I+o,((n ‘H{lm)_l), where I, = B[(1(X;))? f(X,)],

and Q = Q + o,(1).

Theorem 10 suggests the consistency of the test statistic. Under Hj, the probability of

rejecting the null will converge to 1.

4.2.3 Bootstrap Procedure

In order to increase the test’s performance in a finite sample, I introduce a wild cluster

bootstrap for the test statistic as below.
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. Estimate 7 (z) and &; for a nonparametric random effects model following the esti-

mation method given in Section 4.2.1.

. Generate u as the wild bootstrap error, where u} = (u}j,---,ujp). I construct
wf = 1554, with the probability of 12+7\/55 and uf = Y54, with the probability
of 1 — 1;\/‘/;, where 4; = (U, -+, %) and 4 = yi — m(x). It is easy to show

Elu] =0, B [uif] = 4, and E [uf] = @.
. Generate y};, where y, = m(x) + u}, under the null hypothesis.

. Use the bootstrap sample {y;, X;}* ; to obtain 7*(z), and get & = (T62/(T62 +

7))y

. With {&], X;}7,, compute the bootstrap test statistic 7,; and repeat above procedure

for B times. In this simulation, the number of bootstrapping is 300.

. Based on the empirical distribution of 7}, calculate the critical value ¢* and obtain
the p-value, which is P(T}, > ¢*). If p-value is less than 0.05 at 5% significance level,

we reject the null.

Following these bootstrap procedures, I can obtain the asymptotic distribution of T0r. I will

show how the bootstrap test performs in the Monte Carlo Simulations. The asymptotic

distribution of bootstrap test under the null is shown in Theorem 11.

Theorem 11 Define Q* = n(n%l)’m D1y &;‘Qd;K (H (X, — X;)). Let the bootstrap

test statistic be T =n ‘H‘UQ I /N, where Under HY, as Q* is a consistent estimator of

Q =2[[ K2(¥)dy)E[f(2)o*(z)], T — N(0,1) in distribution as n — oc.
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The proofs of Theorem 11 will follow similarly to those of Theorem 8. In addition, when
the null hypothesis is false, P(T,, > T)¥) — 1 asymptotically, which shows the consistency

of the bootstrap test statistic.

4.3 Simulations

4.3.1 Data Generating Processes

I perform the test for endogeneity using two different data generating processes. I follow

Henderson et al. (2008) for DGPs.

Yie =1+ 2Xy — X2 + o + vig, vy ~ i.i.d.N(0,1)
DGPl :

Q; = fl + Q(XZ + QXZ‘)?’

Y = sin(2X4;) + i + vig, vig ~ i.i.d.N(0,1)
DGPQ .

a; =& + 0X;,

where X;; is i.i.d. U[~1,1], & ~.0.d.U(0,1), and X; = L S0, Xy

For both data generating processes, = 0, 0.4, and 0.8, which indicates no en-
dogeneity, weak endogeneity, and strong endogeneity, respectively. For DGP;, the model
is correctly specified in both the parametric and nonparametric specification but the cor-
relation between o; and X; is nonlinear. For DGP» follows the specification from Wang
(2003). In this case, the model is nonlinearly specificed while the correlation between «;
and X; is linear. For bandwidth selection, I use rule-of-thumb bandwidths for both the es-

timation and the test. For the estimation, I use local linear estimation with a second-order
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Gaussian kernel by using a rule-of-thumb bandwidth, which is h = 1.06std(X;;)(nT)~1/5.

I obtain m(X;) from 7m(z) = argmaxiy Sory S0 a2 K (Xu=L) 4 LS S (g —
m(x) [e3 v

m(x) — 040%((%). For the test bandwidth, h = ¢- std(X;)n~'/5 and ¢ = 0.5, 1.06, 1.5.

The number of repetition is 1000 for both sample sizes of 50 and 100. T is fixed as 3

throughout the simulations. The number of bootstrap repetitions is 300 for both samples.

4.3.2 Simulation Results

For each data generating process, both the size and the power are estimated by changing
the strength of endogeneity (the value of §). I then compare my test’s performance with the
Hausman test (H,) and the Li-Wang type test (J,,) using the «;’s from the nonparametric
fixed effects estimation. In this paper, I use the Su and Ullah (2006) nonparametric fixed
effects estimation method. The Hausman test is a parametric test, where it measures
the difference between fixed effects panel and random effects estimates. First, Table 4.1-
4.3 represent both size and power for each data generating process with different values of
bandwidth. Both nonparametric tests’ performance varies with the bandwidth. In addition,
I apply a wild cluster bootstrap procedure for both test statistic.

Table 4.1 and 4.2 presents the size and power when the model is correctly specified
but the endogenous correlation is nonlinear. The bootstrap size of my conditional moment
test is close to the correct size at each significance level although T), is undersized in the
asymptotic test. For different bandwidths, their estimated size is close to the nominal size

in all significance levels and its performance improves with the increase in size. For the fixed
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Table 4.1: Size of Each Test

1% 5% 10%
n c 0.5 1.06 1.5 0.5 1.06 1.5 0.5 1.06 1.5

DGP, 50 Ty 0.012 0.010 0.020 0.044 0.054 0.048 0.082 0.094 0.094
T, 0.010 0.004 0.004 0.022 0.010 0.008 0.038 0.016 0.010

Jy 0.002 0.004 0.004 0.032 0.028 0.022 0.072 0.070 0.072

Jn 0.004 0.006 0.006 0.020 0.006 0.008 0.038 0.014 0.010

H, 0.024 0.024 0.024 0.052 0.052 0.052 0.094 0.094 0.094

100 7 0.016 0.014 0.014 0.062 0.070 0.064 0.116 0.122 0.138

T, 0.010 0.004 0.002 0.022 0.010 0.004 0.060 0.016 0.012

Jy0.004 0.002 0.000 0.040 0.046 0.038 0.096 0.096 0.080

Jn0.002 0.002 0.002 0.020 0.014 0.006 0.050 0.030 0.010

H, 0.002 0.002 0.002 0.036 0.036 0.036 0.084 0.084 0.084

DGP, 50 Ty 0.012 0.006 0.012 0.034 0.036 0.030 0.082 0.080 0.070
T, 0.002 0.000 0.000 0.018 0.002 0.002 0.034 0.004 0.002

Jy0.002 0.004 0.004 0.030 0.032 0.024 0.076 0.076 0.080

Jy, 0.004 0.006 0.006 0.020 0.006 0.008 0.038 0.014 0.010

H, 0.014 0.014 0.014 0.060 0.060 0.060 0.098 0.098 0.098

100 Ty 0.012 0.014 0.004 0.042 0.050 0.050 0.112 0.110 0.110

T, 0.004 0.000 0.000 0.018 0.000 0.000 0.044 0.008 0.000

Jr 0.004 0.004 0.004 0.040 0.046 0.040 0.088 0.094 0.090

J,0.002 0.002 0.002 0.020 0.016 0.006 0.050 0.030 0.010

H, 0.002 0.002 0.002 0.034 0.034 0.034 0.088 0.088 0.088

Note: c is for different bandwidth sizes, T, is a bootstrap test, T}, is an asymptotic test,
J is a bootstrap test for fixed-effects o, J,, is an asymptotic test for fixed-effects «;, and
H,, is the Hausman test.
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Table 4.2: Power of Each Test under DG P,

1% 5% 10%
0 n c 0.5 1.06 1.5 0.5 1.06 1.5 0.5 1.06 1.5

04 50 Ty 0.018 0.022 0.024 0.056 0.068 0.090 0.096 0.138 0.156
T, 0.008 0.006 0.004 0.034 0.018 0.014 0.060 0.026 0.028

Jy 0.012 0.028 0.034 0.062 0.090 0.102 0.132 0.180 0.216
Jn0.026 0.034 0.032 0.062 0.066 0.060 0.102 0.098 0.082

H, 0.148 0.148 0.148 0.298 0.298 0.298 0.382 0.382 0.382

100 77} 0.018 0.026 0.042 0.074 0.088 0.112 0.122 0.154 0.190

T, 0.016 0.014 0.010 0.048 0.040 0.032 0.078 0.062 0.060

0.070 0.116 0.122 0.134 0.220 0.250 0.224 0.286 0.362
J, 0.082 0.118 0.128 0.142 0.172 0.178 0.204 0.222 0.224
H, 0312 0.312 0.312 0.504 0.504 0.504 0.640 0.640 0.640

0.8 50 Ty 0.034 0.060 0.098 0.104 0.176 0.208 0.170 0.272 0.328
T, 0.036 0.032 0.032 0.070 0.074 0.064 0.102 0.114 0.106
Jy0.108 0.200 0.252 0.300 0.422 0.498 0.416 0.528 0.590
Jn0.206 0.290 0.300 0.298 0.386 0.394 0.386 0.452 0.452
H, 0.620 0.620 0.620 0.778 0.778 0.778 0.846 0.846 0.846

100 T 0.066 0.148 0.216 0.190 0.352 0.444 0.298 0.498 0.584
T, 0.076 0.118 0.130 0.158 0.220 0.238 0.224 0.294 0.332

0.402 0.602 0.706 0.638 0.810 0.874 0.744 0.908 0.924

Jn 0.504 0.674 0.708 0.648 0.778 0.814 0.712 0.840 0.864

H, 0954 0954 0.954 0982 0.982 0.982 0.990 0.990 0.990

Note: c¢ is for different bandwidth sizes, T, is a bootstrap test, 73, is an asymptotic
test, J is a bootstrap test for fixed-effects «;, J,, is an asymptotic test for fixed-effects
«a;, and H, is the Hausman test.
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Table 4.3: Power of Each Test under DG P,

1% 5% 10%
0 n c 0.5 1.06 1.5 0.5 1.06 1.5 0.5 1.06 1.5

04 50 Ty 0.016 0.022 0.032 0.044 0.066 0.092 0.098 0.132 0.148
T, 0.002 0.000 0.000 0.024 0.012 0.006 0.052 0.020 0.016

Jr 0.008 0.014 0.016 0.064 0.050 0.058 0.104 0.102 0.114

Jn 0.010 0.018 0.014 0.038 0.032 0.028 0.068 0.050 0.042

H, 0.052 0.052 0.052 0.146 0.146 0.146 0.228 0.228 0.228

100 Ty 0.018 0.028 0.068 0.078 0.114 0.138 0.118 0.182 0.224

T, 0.014 0.012 0.002 0.046 0.034 0.026 0.066 0.048 0.040

0.034 0.064 0.068 0.090 0.138 0.150 0.152 0.196 0.220
Jn0.052 0.068 0.062 0.080 0.094 0.092 0.110 0.130 0.116
H, 0.100 0.100 0.100 0.220 0.220 0.220 0.338 0.338 0.338

0.8 50 Ty 0.030 0.056 0.084 0.078 0.150 0.214 0.146 0.250 0.320
T, 0.014 0.016 0.014 0.054 0.042 0.034 0.076 0.064 0.056

Jy 0.046 0.066 0.088 0.142 0.224 0.274 0.230 0.336 0.380

J, 0.082 0.100 0.084 0.152 0.178 0.178 0.204 0.250 0.234

H, 0254 0254 0.254 0.414 0.414 0.414 0.546 0.546 0.546

100 77 0.060 0.136 0.216 0.160 0.306 0.406 0.272 0.430 0.522

T, 0.058 0.076 0.066 0.104 0.160 0.148 0.164 0.202 0.202

0.164 0.274 0.332 0.316 0.472 0.562 0.422 0.604 0.660
Jn0.206 0.298 0.310 0.320 0.420 0.430 0.386 0.486 0.522
H, 0.524 0.524 0.524 0.742 0.742 0.742 0.842 0.842 0.842

Note: c¢ is for different bandwidth sizes, T, is a bootstrap test, 73, is an asymptotic
test, J is a bootstrap test for fixed-effects «;, J,, is an asymptotic test for fixed-effects
«a;, and H, is the Hausman test.
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effects based test, the test is oversized. For the Hausman test, the size of the test is close
to the correct size, but still undersized. As the level of endogeneity becomes stronger, the
power of all test increases. My conditional moment test does not reject the null hypothesis
as much as the other two tests do, and this may lie in the fact that the individual-specific
components are obtained with the 1" = 3 observations.

Table 4.1 and 4.3 presents the size and power when the model is mis-specified but
the endogenous correlation is linear. In this case, my nonparametric bootstrap size is close
to the nominal size when the sample size is 100. As the strength of endogeneity increases,
the test becomes more powerful. However, as the endogenous correlation is linear, the
Hausman test performs the best among the three tests.

In summary, even though I observed the undersized test for 7, using asymptotic
critical values, the estimated size based on bootstrap procedure is close to the nominal
size for all the data generating processes. As the strength of endogeneity increases, the
test becomes more powerful. Furthermore, I can compare clearly the nonparametric tests’
performance when constructing a test between using individual-specific components only
and using random effects residuals. In this regard, the current test dominates all the other
tests in terms of accuracy in capturing the endogeneity of individual-specific components

by kernel techniques to capture the local correlation.

4.4 Application

In this section, I analyze the productivity of public capital in the economy. In a large

literature, there has been a deviate over whether the public capital productivity contributes
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to the private sector, but the focus of my application lies in whether the model is correctly
specified-between fixed effects and random effects.
Following Baltagi and Pinnoi (1995), Henderson and Ullah (2005), and Su et al.

(2013), I consider the following one-way random effects nonparametric model:

log(Yit) = m(log(KGit),log(K PRjt),log(Lit), UN EM;) + o + vy,

where i =1,---,48, t=1,---,17, Y;; denotes the GDP of state i in period ¢, KG denotes
public capital, KPR denotes the prival captial stock estimated from the Bureau of Economics
Analysis, L is employment, and UNEM stands for the unemployment rate used to control for
business cycle effects. The panel data is for the US 48 continuous states over the period 1970-
1986. For the test bandwidth of my test, I use h = ¢ - std(X;)n='/5 and ¢ = 0.5, 1.06, 1.5
for using the second-order Gaussian kernel. The number of bootstrap repetition is 300.
Before presenting the test results, Figure 4.1 and Figure 4.2 show the correlation
between individual-specific components and each variable from the panel random effects
estimation. From both figures, it is easily to note that there is almost no correlation
detected. In Figure 4.3, there seems to be nonzero correlation between the individual-
specific components and the unemployment rate, the correlation is almost zero in value.
The test results are given in Table 4.4. The null hypothesis is rejected both in
asymptotic and bootstrap test at 5% significance level. This result is also consistent with
the test using arp’s. However, I have a contradicting test result with Hausman test. All
nonparametric tests do not reject the null hypothesis with the high p-values while the

Hausman test still rejects the null hypothesis at 5% significance level.
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Table 4.4: P-Values of Each Test

c T* T, J* In Hy,

n n

0.5 0.470 0.677 0.357 0.481 0.000
1.06 0.520 0.578 0.547 0.840 0.000
1.5 0.567 0.530 0.560 0.842 0.000

Note: c is for different bandwidth sizes, T}, is a bootstrap test, T;, is an asymptotic test,
J is a bootstrap test for fixed-effects «;, J,, is an asymptotic test for fixed-effects «;, and
H,, is the Hausman test.

4.5 Conclusion

In a panel data, testing for endogeneity in an individual-specific component plays
an important role in determining whether to use the fixed effects or the random effects
model. In this regard, testing for the presence of endogeneity of individual-specific compo-
nents cannot be underestimated due to consistency and efficiency issues. In this paper, 1
propose a consistent nonparametric test for endogeneity.

By introducing a new objective function to obtain a nonparametric random ef-
fects estimator, I can extract the individual-specific components in the random effects and
construct a new nonparametric test for endogeneity. I can convert the conditional moment
for endogeneity test E[a | X] = 0 to E[a | X] = 0. Based on the modified moment
condition, I construct a Li-Wang type test which follows the standard normal distribution

asymptotically under the null hypothesis.
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Figure 4.1: Correlation between Individual-Specific Effects and Each Variable from Para-

metric Regression
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Figure 4.2: Correlation between Individual-Specific Effects and Each Variable from Para-

metric Regression

Public Capital Private Capital Stock
0475 04r
027 0.2r
0 L@
© ©
= =
2 0 =2 0 o T =
7] [
Q [H)
v o
-0.2 ¢ -0.2¢
-0.4 : : : : ' -0.4 - - - - :
7 8 9 10 11 12 8 9 10 11 12 13
Public Capital Private Capital Stock
Employment Unemployment Rate
047 0471
02r¢ 021
0 o
© ©
3 3
0 0 — 0 0
Q [1h}
v o
-0.2¢ 0.2+
-0.4 : : ' -0.4 ' ‘ ; :
4 6 8 10 0 5 10 15 20
Employment Unemployment Rate

90



Figure 4.3: Correlation between Individual-Specific
parametric Regression

Effects and Each Variable from Non-
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As with other nonparametric conditional moment tests (Zheng (1996), Li and
Wang (1998), Hsiao and Li (2001), among others), I introduce a wild cluster bootstrap
method using Mammen’s distribution to improve the finite-sample performance. In simula-
tions, I show that my bootstrap test performs better in finite samples than the asymptotic
test for both size and power. Compared to the Hausman and fixed-effects individual specific
components tests, my test statistic outperforms them when the individual-specific terms are
not correlated but error terms are correlated with a variable. This addresses the advantage
of my test by using the estimated individual-specific components instead of the residuals
which include both individual-specific components as well as the random errors.

I also apply this test to the empirical analysis anayzing the effect of public capital
to the economy. Following the same specification of Su et al. (2013), I tested for endogeneity
and I obtain a contradicting result between the Hausman test and the nonparametric tests
including my test. There can be the cases where the model might have a functional form
misspecification or the nonlinear correlation between the individual-specific components and
the variables @ and X. For these two possible reasons, my nonparametric test can be used

more accurately for testing for endogeneity.
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Chapter 5

Conclusions

A hypothesis testing is one of the key components of the econometric analysis to analyze
the effect with the statistical significance. However, nonparametric hypothesis testing has
not been developed systematically and the current nonparametric tests are ad-hoc. The
objective of this dissertation is to explore these issues and provide results on testing linearity
as an illustration and develop new nonparametric tests for endogeneity in a cross-sectional
data and a panel data respectively.

In Chapter 2, I analyze the relationship of the current nonparametric tests for
linearity. By imposing some conditions, I obtained which test is locally most powerful both
analytically and numerically. I can compare the local power of each test asymptotically.
Furthermore, by developing a nonparametric Rao-Score test for the model specification, I
show its equivalence to Su-Ullah type goodness-of-fit test.

Chapter 3 develops a consistent nonparametric test for endogeneity under a tri-

angular simultaneous equations model. After taking the control function approach, I use
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nonparametric residuals in constructing a test to obtain the consistency of the test. My test
has strengths in that it is easy to implement as its asymptotic distribution is the standard
normal and it can capture the locally nonlinear correlation with kernel weighting.

Chapter 4 proposes a new estimation method for the nonparametric panel random
effects model and develops a new nonparametric test for endogeneity. Extending Huang et
al. (2019) to a nonparametric context, the individual fixed effects model can be estimated
under the random effects and they are used to construct a test. With a large T', the test

performs well in terms of size and power.
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Appendix A

Appendix for Chapter 2

This Appendix is for the derivation of the comparison between test statistics for 2.4.5. Note
that it is done when p = 1, and the Gaussian kernel is used. Define K (u) as the standard

Gaussian kernel function and x(u) as the convolution kernel as follows.

For the following derivations/calculations of the test statistics, please note that only the

kernel components are extracted for simplicity.
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A.1 Li-Wang Type Test

/K2 du—/exp

1
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A.2 Su-Ullah Type Test

For a local constant estimator,
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A.4 Proof of Theorem 1

Let f(x) = ¢ H,¢ and §(x) = n~'¢'W,2. I claim
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By Taylor expansion,
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It will be sufficient to show that the above claim holds by showing
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Appendix B

Appendix for Chapter 3

B.1 Proof of Theorem 3

I let

Az‘j = i)\j — /17% and Aij = Vj — ;.

I also let Afj be a vector between ﬁij and A;;. Note that

Assuming that K (-) is twice continuously differentiable, I expand:

v v

K <H’13ij) = K (H,'Ay) + KW (H ' Ay) H? (&J‘ - Az’j)

+ (KU - Aij)/Hy_lK(2) (Hv_lAZj) ! (zu - Aij) ,

1
2
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The test statistic I,, can be written as follows:

In = n—1|H|ZZ“ZuJ ( 1A”>

i= 1]751
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To derive the asymptotic distribution of I,,, I will show
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(I) Let py, () = m (x) —m (x). I first decompose
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T D] 2 2 0 e (03) K (27 )

= liin + lion + L13n-

(I)-(A) Following Lemma 1 from Yao and Ullah (2013), define second-order U-statistic
Uy = ﬁzﬁzl > 190 (Xi, Xj), where ¢ (X, X;) is symmetric function of X; and Xj,
1<j

where {X;}?_; is a sequence of IID random variables. E[¢,(X;, X;) | X;] = 0. I can easily

verify that I1, is a degenerated second order U-statistic.

1 n .
Tin = Sy T 2o 2 v K (1 Ay)
vhi=1 i
1 n n ) )
T Dol (A + i (1A,
vli=1 j=1
i<
1 n
= n(n——l)uﬂz ijn(Wza VVJ) + wn(Wj,Wi)], where Wi = (uiavi)
vli=1 j=1
1 n
= n(n_w; ;¢n(WZ,WJ)
i<j

As E[¢n (Wi, W;)] =E[pa (Wi, W)+ E[a (Wy, Wi)] 4 2E[thn (Wi, W) bn (W, W),

L o2 Wl = 2 B2 (W W
|HU’E[wn(WZ7W])] - |HU|E[1/}TL(W]7WZ)]
1 _
= |HU|E[K2 (H,U lAij) U?U?]
1

_ 2 —1A .. 0_2 vi 0_2 v;

|;v| /K2 (Hv_lAij) 0'2(“@')02(Uj)f(vi)f(vj)dvidvj
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/K2 2(0; + Ho)o(03) f (03) f (01 + Hotb)dvsdip

ﬁ/k%wmemvmﬂ<m

2 2
7 e (Was Wi)ha (W3, W) = 1

(K% (Hy ' Agj) o (v5) f(5)]

2 [ KX@)dvEl () f(0)] < o0
Then, I have (E[¢2(W;, W;)])* = O(|H,[*). By Cr inequality,

E[¢n (Wi, W))] < C [E[yn (Wi, W;)] + E[wn(W;, W;)]] -

AV = e (B [ (1 Al | )]
:q;ﬁﬂ#mw%wK%mﬂ&m
= [ KA @) (00" (0 + Ho) f(00) 05+ Ho) v
/ K 2 (v;)dvsda)

=(/K%ww)(/a@mﬂ@mm)

Here, I have 1E[¢% (W;, W;)] = O(n™! |H,|).
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Gn(Wi, Wj) =E [¢n (W, Wi)pn(We, W) | Wi, W]

=E [(Vn (Wi, Wi) + (Wi, W) (0 (Wi, W5) + (W5, W5)) | Wi, W]
=E[n (Wi, Wi) oo (W, W;) | Wi, Wi + Elpn(We, Wi)thn (W, W) | Wi, Wi
+E [ty (Wi, W)y, (Wi, W5) | Wi, W;| + Elpn (Wi, W) b (W5, We) | Wy, W]

:Gl(Wi, Wj) + GQ(VVi, Wj) + Gg(Wi, VV]) + G4(Wi, Wj)

By Cr inequality,

E (G (Wi, W))] = E[(G1(Wi, Wj) + Go(W;i, Wj) + G3(Wi, Wj) + Ga(Wi, Wy))?]

< O [GR(Wi, W)) + G (Wi, W) + GE (Wi, W) + GR(W;, W)

E[GE (W, Wj)]

B [ (We W) (Wi, W3) | W W]
B [K (H, D) K (H, Age) wigud | v, 0]

(wiy B [K (H Dig) K (Hy'Age) o(v0) | v3,0]) 7]

<u,u] / K (H'Ay) K (H'Ajp) o ()f(vt)dvt>2]

E

2
g ( / K (1) K (Y1 + Hy ' Ayg) 0® (vi + Hotor) f (v + Hytpr) | H| dwl) | vi, vj”

o*(v;)? (vj) (/K (1) K (1 + Hy ' Agj) 0 (vs + Hyby) f(vi + Hotpr) | Hoy| dwl) ]
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2
= |H,[” / (vi)o? (vj) (/K Y1) K (Y1 + Hy'Ayj) o (Ui+Hv¢1)f(vi+Hu¢1)d¢1>
x f(vi) f(vj)dvidov;
2
= |Hv|2/0'2(vi)02(vi — Hyo) </K(¢1) K (1 + o) 0*(v; + Hythr) f (v; + Hv¢1)d1/11>
X f(vi) f(vi — Hytpo) [Hy| dvidapo

2
= |Hv|3/0'4(vi) (/K(%bl)K(lZ}l +¢2)0’2(Uz‘)f(vi)dll}1> £2 () dvidapo

— |1, ( [ st dvz) / ( [ @) <¢1+¢2>dwl) dipy

= O(|H,[)

I can conclude that

E[GE (Wi, W)l + n ' Elgn (W W))] _ O(H.|*) +n " O(|H,))
(E[¢2 (W W;)))* O(|H,[*)

= O(|H,|) + O((n|H,)™Y)

—0asn— o0

Also, T have H— E[¢2(W;, W;)] — Q, where Q = 2 [ K?(¢)dyE[o*(v;) f(vi)]. By applying

Hall’s Central Limit Theorem,

V2 [Hy| i1 % N(0,9)

112



(I)-(B) As m(;) is a local linear estimator and z; = (1, #=5),
m(x;) — m(x;)
1 n -1y
:e'1§ Z K (Hx_l(xt — ;) zt> 4K (Hy (v — 24)) (w7 — 2)mP (zg) (z; — 1)
t=1 t=1
n -1 p
+e’1 (Z z;K (H;l(xt — xz)) zt> zéK (H;l(:zt — xl)) Uy
t=1 t=1
n -1y
=€) (Z 2K (Hx Yy xz)) zt> Z 2K (H;l(;z;t — xz)) <2m*(l‘it) + ut>
t=1 t=1

where m* () = (x; — :Ut)m(2) (xit)(x; — x¢)" and z = Az; + (1 — N)ay. Define
fin (i) = m(2;) — m(2;) = pn (i) + fin (i) — pn(22),

where p,(z;) = m S K (Hy (v — 2) Gm* (zie) + we).

2 n n . B
Liop, = —m ZZu](m(arz) —m(x;))K (Hv 1(vj — vl))

i=1 j#i

n n n -
2 / -
RTCE AP SO [ (Z o (B (e = ) )
i=1 j#i t=1

K (Hy ™ (vj = i)

v

y ti;ztf( (H (2 — 7)) (;m*(xit) + ut>

- _n(n_21)|Hv| Z > uj (i) K (H, (v — i)

i=1 j#i

= T D Do () + () — () K (H (0 = v0)
i1 i
2 n n 1 n . . *
= D] 2 2 (W > OK (H, (@ — ) 5m (mit)>
i=1 j#i t=1
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n

I (U = w0) ~ e S (uulm 2K (= ) )

i=1 j£i t=1

_ 2 - _
X K (Hy (v —v) + w(n—1) 5| ;;% (i (i) = pin () K (Hy (05— v3))

= Sln + S2n + S?m
(D-(B)-(1)

e n<n—1>\HerZ”<mH$rf<xi> KU =) 5 M)

i=1 j£i t=1

n n n

2 1
= 2 ) [Ha ] 2 2 2 Gy ™ (i B (H = ) B (H, (5 = w0)

i=1 jsi t=1

T n2(n-— 1)2]}[”] |H,| Z Z Z 2f(1xl)u]m*(xn)K (Hy Y2 — 23)) K (Hy ' (v — vy))

i=1 j#i t=1

1)i=t

_ 2 Yy #um*x vy — ) =
oin = n(n—1)|Hv||Hx’;§2f(xi)] (RO ey =) =0

() = (@ — z)m® () (2 — x) = 0
D j=t, it t#i

2 e 1 . _ _
S = = D] 2 2 2y ™ K (e e =) B = )
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Given Efu | z,v] =0,

TR zzlg{zﬂw)m\%m (o) B (H = ), B
+2f(1:j1)|Hv|u’m () K (H (2 = @), Hy ' (0 = v1))

By letting W; = (ui, x4, vi),

Sln: n—l ZZ WwW +¢(W17W)]

i=1 j#i

ZZ%MW

i= ljyéz

= _n(nQZ Z¢n Wm W )

=1 j=1
1<j

By applying Lemma 1 of Yao and Ullah (2013),

2 ¥ B U
Stn [n(n ) ;/Cbn(W,,W])dP(W]) Elpn (Wi, W;)]

)

N

= 0, (W™ (BIGZ(Wi, )]
Note that E[¢,(W;, W;)] =0 (.- E[u; | z;,v;] = 0). By Lipschitz-condition,

E[¢2 (Wi, W))] < C [E[*(W;, W;)] + E[*(W;, W5)]] -
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E[*(Wi, W;)]

= v w2(m*(z;:))2K? (H- Y2y — ; Ly, — v,

= B | ) PR (7 ), 0y = 0)

- F ﬂlﬂ (Hy ' (z; — x))2 (m® (2:))? (H; (2 — J;))Q
4f(1'1)2|Hv|2 ] x J 7 1] x J 1

K? (Hw_l(.%'t — ZL‘Z‘),H,U_l(’Uj — Ul))]

-/ 2y (7 0y = 20 () (B — )
Af (@:)? [H,|* : :

x K? (Hz_l(z:t — ), Hy H(vj — v;)) fw;) f(w;)dw;dw;

Let v, =

Hy N a — x),0 = Hy H(v; — vi), and ¥ = (g, 1y).
|H,|*

:/4ﬂ

20w )2 (m@ (g _ 2,12 772
T Bt P e s (L M) U2 (e )

x f() f(wj + HeHotp) [ H| dipduw);

:/4ﬂ

_|H*
| Ho|

x5)% | Hy|

Then, I have

3)j#t t#i

2
Sln:_

n?(n

4
Bl 2 )02 (m® (1) 22K (b, ) f () by + o(1)

([ wrwtan) ([ 5o, )

N

n ! (Blon (Wi, W))])2 = Op(n™" |H,| ™12 |H,[).

n n n

1
1y 22 2 g

i=1 j=1 t=1
i#j#t

“(zu) K (H;*

xT
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By letting W; = (w;, x4, v;),

2 n n n
= 3 1) SO Won (Wi, Wy, Wo) + b (Wi, Wa, Wi) + b (W, Wi, W)
i=1 j=1 t=1
i j#t

n n n

_ _nQ(nQ_l)Z ST 26, (Wi, Wy, W)

(S () () ) EE S

Eg7 (Wi, Wy, Wy)] < C [E[* (Wi, W;, Wo)] + E[*(W;, We, Wi)] + E[v*(We, Wi, W)]]

By H-decomposition,

E[¢H(VI/Z’ W]) Wt) | VI/ja Wt}

1

= u;E Wm*(xit)f( (Hy (e — 22)) K (Hy Yoy —vy)) | Wy, We

v

= ¢2n(ij Wt)

2f (i) [ Hoyl
Uj (E

x K (H_l(:z:t — :BZ)) K (H_I(Uj - Uz)) | Wj, Wt})Z]

T v

|H:c|4 Hil ) 2 (2) (0 \\2 Hil A 9
W( @ (xt—xz)) (m'(x4)) ( - (th_xz))

—F 2

4
o?(vj) ( / %V;)’!HI (H;  (wr — 22)) (m® (wa))? (H (r — 24))

x K (Hy Yy — ;) K (Hy  (v; — ;) f(wi)dwi)g]

T v
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| |H[* m® (2, —
o* (v;) (/ 27 oy~ Hoo) H] Vet @ = At )L K (1)

X K (o1 + Hy (0 = v0) f(we = HH, 1) [H| diy)?]

:/ *(v;) / .0 $2 1 (m® (2 — NHptpp1)) Y21 K (1)
TS 2f = hathen) ! bl e A

XK (o1 + Hy M (vj —vp)) flwg — HHbel)d%)Q f(w;) f(wi)dwjdw,

= /02(vt+Hv¢v,2) (/ 2f(xt‘H ’zwxl)?ﬁ L (m® (2 — NHypy 1)) 2 K (Y21)

X K (Yo1 +u2) fwe — Hpp)dyn)? f(w;) f(we)dw;duwy
IH\ \H\/ f4 wt

2
m® (l't))2dwt/ </ ¢§,1K (Y1) K (o1 + 1o 2) d1!}1> dipo

= O(|H,[* |H))

o S =0 2| H|Y? |H,

(D-(B)-(ii)

=1 j#i

- n—l\HHH!EZZf wuek (Hy' (@0 =) K (Hy' (0= )

i=1 j#i t=1

Z ZujutK )) K (Hgl(vj — vl))

j#i t=1

n(n—1) \HHHIZfﬂ:z

D wu K (Hy (e —20) K (Hy (v — vi)

j#i t=1
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By letting W; = (w, x4, vi),

_ —%ZZ [ (W5, W5) + o (W, W5)]

- n(n—1) ZZQS"WW

1<j

As E[¢2(W;, W;)] =E[2(W;, W) +E[2(W;, Wi)] + 2E [0, (Wi, W;)thn(W;, W5)]

1
E[¢2 (Wi, W;

— 1 2,272 . P
B |HUI|H$\E[f( )2“j“z‘K (Hy ' (25 — i), Hy H(vj — v5))

N |Hv’ |Hac‘ / f(ﬂfi>202(wi)o—2(wj)K2 (H:c_l(xj - xi)a Hv_l(vj — Uz))

X f(wi)f(wj)dwidwj

T H,|[H,| / 1 ;,1; 507 (wi)o? (wi + HY)K? () f(wi) f(wi + HE) | H| | Hy| dwidy

/f (x;) Hwi) K2 (¢) f(wi)?dwdip

- ([ ‘w) (/ e o)
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n (|Hy| |Ho|)"? 82 5 N(0, %),

where ¥ = ([ K%(¢)dy) (f ﬁaﬂ‘(wi)f(wi)dei).

n [ Hy Y2 Son = (07 | Ha| Y2 (n (|Ho| [Ho|)"? S20)

—0asn— o

2) t=j, j#i t#i

ST |H||lezf He oy =2, Hy (v = v0)

1
{fz(wz‘) (|Ho| |Hal)®

E[2(W;,W;)]| = E WK? (Hy (25 — i), Hy ' (05 — vy)

= o“(vj) K
/‘102(90@')(115%\!lﬁfasl)2

o2 (v; + Hyhy) K2 () f(w;) f(w; + HHytp)hdw;dep

_/f%ci ) ([Hy| |H,|)?
-7 / Ao K (0) s

~ [Hy|[Hy| ||H | </ dw>/f2 2 (v3) £2 (w;) duw;

= O((‘Hv| ‘Hx’)i )

1/2

5 San =0T (BREW, W) T = 0 (|Hy| [Ha|) ™)
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3)j#tt#i

_ 2 NNy b (o 1y
S2n = n2<n_ﬁgggmnm\nyuautK(Hx (w0 — @) K (Hy (v = i)
i#j#t
Z Z Z [ton, (W5, Wi, Wh) + ¢n<Wj, Wi, Wi) + (W, Wi, WJ)]
i=1 j=1 t=1
i£j#t

— _Tﬁ(;_l)zzzwnwj,wj,wﬁ)

i<j<t

(e ()0 () ) TR T

1<j<t

-2
~ 3n2(n—1)

By H-decomposition,

Elon(W;, Wi, W) | W;, Wi

HyYay — 23)) K (Hy Hv; — ) | Wi, Wy

(2

1
=uuhl | —----—"=-K
PR ) [Hy| [Ho| (

= don(W;, Wi)

Then, I can write U-statistic

6 n n
Un = mz Z@"(Wj’ Wi) + Op(Hf(P))

j<t
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Blg3,(Wj, Wi)]

=K

(ujUtE [W;WK (Hy (e —a)) K (Hy (v — i) | 25, Zt]>2

=K

ujug </fo|H||H] (Hy (2 — 2:)) K (Hy (05 — 1) f(wi)dwi>2]

=F|E

1 -1 .
u? ut </ f(xe — Hyptbp 1) | Hy| | Hy| K (Y1) K (1%,1 + H, (v, Ut))

2
< F(wn — HyHytoy) | Ho| || dwl) 2,2,

=F

‘72(%‘)‘72(%)(/ WK (V1) K (P01 + Hy vy — vt))
2
X f(wt - HvHx¢1)¢1> ]
/U vj)o Ut </f x¢m1 K (Yg1) K (¢v,1+HJI(Uj—Ut))
X fuwn— H wandwl) a0 (wn) oy
/02(Ut) (Ut + Htpy2) </ f——:ﬂ/)zl) K (2,1) K (o1 + 10.2)

2
% (s HUHmndw) Flwn) f (s + HyHytpn) | Hol | Ha| dibsduo,

~ it ([ oo i) [( [ 5 @ K G+ o) ) o

I have 02, = O(1), Var(HY)) = O(n=3) = o(n=2 | H,|?).

o Son = O(n "2 |Hy|Y?)
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(D-(B)-(iii)

1/2
1 1 Inn

2 n n . B
Sn = T n(n—1)|H,| ZZ“J (fin (i) — pn(22)) K (Hy (05— v3))

=1 j#i

B S o N LR Ly o

i=1 j#i

x (;m*(xit) + m) K (H, ' (v; — ;)

< <0p ((m)v +0p<|Hx|>)

x K (H; 2 — i) K (Hy (v — vy))]

v

_n(n—21)|m Zn: i Uj <;m*($it) + ut>

1=1 j#i

= Op(n™ ™2 [Hy| ™ |H, |7V (Inn) /%) 4 Op(n ™2 [Hy |2 |Ho|'/?)

= o(n |H,|"*)™")

(D-(C)

. 1 f () 0
By letting Sy, (z¢) = 3oy 2eKirze)  and S(z) = ,
0 flz)of

€1 Sn(z) 7t Z uK (Hy (v — 7)) (;m*(xn) + ut>

t=1

1
_n|Hx|

n

_f(lx-) Z 2K (Hx_l(xt — J;'Z)) <;m*(x2t) + ut>
Yot=1

6,1 (Sn(zt)_l _ S(zt)_l) Z th (Hx_l(l't — l’z)) <;m*(l‘zt) + Ut>

t=1
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2)71 = S(z)"H2(1,0))1/2
< ’Hx|<(170)(5n( ) S(z)~7)7(1,0))
1 Y Yy — 2 lm’k T; U
xn<;K(Hx<t »)(2 (2i) + )‘
+ Z (Hy ! (2 —xi))/K (Hy' (¢ — 7)) <2m*(mit) —I—ut> D
t=1

I follow Lemma 2 of Martins-Filho and Yao (2007) to obtain
1 2
N nn 3
i) — o) (r (ar) >+ (11,7)

Then, I have

sup i) — m(z)] = O ((J%)) +O(|H.P)

Using 7n(x;) = mM (24;)(z; — x;), where x;; = Az; + (1 — N)a;,

B S o § o P ~L(y o,
zlgn—n(n_l)‘mizl;ﬂn@l) fin (@)K (Hy " (v = )

N nm_lmm DD (i) + fin(wi) = ()’
Ul i=1 j#i

X (pin(25) + fin(25) — pin(25)) K (H, (05 — v7)

Sup |pn (i) + fin (i) = pn ()] < sup |pn ()| + sup |fin (i) — pn (4]

=0 ((%)1/2) + Op(|Ho[?)
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sup ‘(Nn(xZ) + fin (i) — Nn(xi))/(ﬂn(xj) + fin(z5) — Nn(xj))‘

< (sup |pn (i) + fin (@) — pn(2)])?

~0, (%) +0, (1H.*)

X 1 n n 3
TIign < (sup |pn(@i) + fin(2:) — Mn(l’z‘)DQm ; ;K (Hy (v —vi))

Inn
_ —2 —2 -1 4
=0, (w2180 (571 ) ) + O (72 101 111
(m

sup [§(zi) — g(zi) — (9(25) — 9(27))| < sup |§(2:) — g(zi)| + sup|9(z;) — g(25)]

e ((%) é) L O(H.P),

fon = n(n_lmm > o> iKY (H, vy — ) Hy ' (=) — 9(z0) = (3(z5) = 9(2))
Ul =1 j#i

‘1211

< sup [Hy ' (9(21) — 9(20) = (9(25) — 9(27)))]

1 n n
X — G, KW (H (v — v

1
Inn 2 |H.,?
=|l|— +0

= o((n |H,|"?)71)
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(111)

sup [§(2:) — g(zi) — (9(25) — 9(25))| < sup |g(zi) — g(zi)| + sup [G(2;) — g9(%;)]

-0 ((;“}j,) é) +O(IH.P),

j3n ) ‘H | Zzuluj (2:) — g(zi) — (g(zj) —g(Zj)))/

i=1 j#i

x Hy 'K (H (0 —v0) Hy ' (9(2:) — 9(20) — (9(25) — 9(25)))

< O S s (7 (5 o)) (1 s a(2) — o)

i=1 j#i

_ Inn |H| 1/2
_O<n|HZ||Hv|2)+O<n|HU|2> of(n |, V%))

Q0= w1 |H|ZZU2UZK2 L(o; — o))

i= 1]751

oSS A (1 - ) + ()

i=1 j#i

= Y- |H’ZZu2u2K2 L(vj — ;) + 0p(1)

i=1 j#i
= T S R (7 0y~ ) K (7 ()

1<)

By using the properties of U-statistics, Q@ = 2 [ K2(¢)dy E[o?(v) f (v)].
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B.2 Proof of Theorem 4

Under the alternative, mq(z;,v;) = m(x;) + 6,l(v;). Then, u; = €; + 0,l(v;), where g; =

yi - m(xiavi) and 571 — n_1/2 |Hv|_1/4 )

R 1 n n o B
hn = ooy 2o 2 K (Hy (0 = vi)

i=1 j#i
1 n n
= S K () (- )
n(n —1) |Hy| ;;
n(n —21) 1, | DD (i) — miz))K (Hy' (v = vi)
U=l gt
1 n n

= Iing + Li2ng + li3nc

For the following sections, I will show

n|Hy|'? Liing % N(0,9Q)
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1 n n B
Line = m ZZUZUJK (Hv 1 (Uj — Uz))

i=1 jAi
- n(n_ll)|H| O (e 6al(vi) (g5 + Sul(vy) K (Hy (v
Uli=1
NN e K (H (e
 n(n—1)|H,| ;; i€ K (Hy ™ (v = vi))
2 NONC oK (H (oo
e §§ (g B (Hy ™ (v = i)

5721 n n -
DT 2 2 M) K (H (o = )

i=1 j#i

= an + 25nQ2n + 62@371

(D-(A)

1 n n B
Q= =Dy ] 2 2 =K (" (v =)

i=1 j£i

L NN e K (H (0 — o) 4 e K (H (0
_n(n—1)|Hv|;;[EZEJK(Hv (vj —vi) + el (H, ™ (v

i<j

By letting W; = (v;, &),

1 n n
Qin = mz > (Wi, W) + b (W, W5)]

i=1 j=1
i<j

1 n n
= = D 2 2 (Ve )

i=1 j=1
i<j
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As B[¢2(Wi, W;)] =E[p:2 (Wi, W) 4B 2 (W;, Wi)] + 2B [ton (Ws, W) o (W, Wi)],

1

T ER = ([ K2 ) do, ) £ [0 (0] < o0

u—i ‘ [¢H(Wla W )wn(Wja W _> 2 (/ K2 % d%) [ 4(Uz)f(02)]
n|Hy'? Q1 % N(0,9),

where Q = 2 ([ K2 () diy) E [0*(v;) f(vs)].

1l [ gy o .
:n(nl_ 1)Zz[¢n<%W)+¢n(W W), where W; = (ui, ;)
i=1 j#i
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N[

As Qan = n~ ' (B[Q2(Wi, W))]) 2 = O(n~ " |H,|7V/?),

o [ Ho Y2 6,Qan = n V2| H, TV B o

1 o _
Qon = 1y 2 O K (B (0= w0)

i=1 j#i

1

mE [1(vi)l(v)) K (Hy* (v; — ;)]
1
=T /l(w)l(w + Hyp)K () f(vi) f(vi + Hytp) | Hy| dvgdp

_ / L(0:)2 K () f(03)2dvsdi)

= (/K(w) dw) (/l<vi)2f(vi)2dvi>

=E[l(v:) f (v:)]

=0p(1)

n|Hy|Y? 62Qz = n | Hy Y (074 [Hy| ") Q30 = Qa0 2 Ell(0:)2 f(v;)]

s Hy Y2 Ling 5 N(E[L(0:)? f(v)), Q)
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B.3 Proof of Theorem 5
Under Hy,
iy = y; — m(x;)
=y; — m(z;,v;) + m(x;,v;) — m(z;)
=e; + m(x;,v;) — m(x;)
=& + (m(w;,v;) —m(xi)) — (m(z;) —m(x;))

= u; — (M(z;) —m(x;))

The test statistic is then written as follows:

_ 1 ~\ N 1~ 5.
I = ] 2 2 Bt (7 (0 = 00)

i=1 ji
= n(n_ll)uﬂ Z ZuinK (val (Uj — Ul)) + 0( (n |Hv’1/2)_1)
Uli=1
B n<n—11>|H| D2 (i h(w)(ej + h(i)) K (Hy (v = vi))
U=

Define ¢, (W;, W;) = ‘H—lqj'h(vi)h(vj)K (Hy' (vj —vy)).

Elpn (Wi, W))| = E[E[pn (Wi, W;) | Wi, Wi]|

_ 1 ~1 (o — o)) Ao (o
_EL v’K(Hv (vj — v3)) h(vi)h(vj)
1 10— o)) Ao (o) £ o) o duvsdos
= v|/K(Hv (vj = vi)) h(vi)h(v)) f (v3) f (vg)dvido;

= [ K G+ Ho) S0 i+ o)y
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/ ) dip / (vi)) )2dv;

= E[(M”l)) f(vi)]

0= ni=1) ‘H|ZZU2U2K2 ﬁj—ﬁi))

i=1 j#i

= n—l ‘H ‘ ZZu2u2K2 ’UJ —vi))—i-o((n\Hv\)_l)

1=1 j#i

Eon(Wi, Wj)] = E[E [¢n (Wi, Wj) | vi]]

=E[1K%mﬂw—w»w%w+mmWMﬁw+uMWVﬂ

= o R = 0) (20 + (@) (720) + (0)?) F00) ()
= [ 52 0) (0%(00) + (w0)?) (020 + Ho) + (s + Ho) ) S v+ Hosh) i
= ([ ) ([ @)+ twp)? s

= ([ wear) 0" 0] + 28 [ S ] + B (1)1

=B

OLop

=21,
= T (V)
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Appendix C

Appendix for Chapter 4

C.1 Proof of Theorem 8

An estimated individual-specific component under the random effects model as follows:

. 16t YLyt (H (X — Xy
NTTe2 152 T T X _ X,
[e} v 25:1 Zt:l K(H (Xz th)

= pti; — piini(x) + Op((nT)™")
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The test statistic is given as below.

1 "N - )
In_n(n—l)‘H|;;O&za]K(H 1(XJ—XZ))
- n(n—1) ‘H‘ ZZ pii; — piini (%)) (pii; — pfin;j(x)) K (HH(X; — X))
i=1 J#z
n - 1 ‘H| ; j#i ulu] _I(Xj B Xz))
‘H‘ ZZuZ/'L'IZj 1(Xj — Xz))
i=1 j#i

\mZZum )i g (@)K (H(X; — X))

i=1 j#i

= Iln + I2n + ISn

Following Lemma 1 from Yao and Ullah (2013), define second-order U-statistic U, =

ﬁzy’:l 2?21 én(Xi, Xj), where ¢, (X;, X;) is symmetric function of X; and X;, where
1<J

{X;}~, is a sequence of IID random variables. E[¢,(X;, X;) | X;] = 0. I can easily verify

that Iy, is a degenerated second order U-statistic.

P NN (HMNT T

i = ] 2 & P )
_ p? e o o
n(n—l)’H};;[usz(H 1(X] XZ))+UJU1K(H 1(Xz ]))]

izz Un(Wi, Wj) + ¢u(Wj, Wi)], where W; = (a;, X;)
(n—1) ’H}l i
1<J

T \H}ZZ% Wi, W)

=1 j=1
1<j
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As El¢n (Wi, W;)] = E[n (Wi, Wy)] + E[a(Wy, Wi)] 4 2E[1hn (Wi, Wy )thn (W, Wy)],

B [W2(W,, W) = o B [K2(H (X, - X))

|H]| |H| Y
_ |1[ﬂE (K24 (X; — X)o']
1 4 2 —1/v \ Y Y
- / KXHY(X; — X)) (X)) (X))dXidX;

which results in (E[¢2(W;, W;)])? = O(|H|?).

By Cr inequality,

El¢n (Wi, Wy)] < C [E[Ws(Wi, W))] + E[ws(W;, Wy)]] .
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Here, I have 1E[¢} (Wi, W;)] = O(n™! |H|).

Lastly, define

Gn(Wi, Wy) = E [¢n(We, Wi) o (W, W) | Wi, W]
= E[(n(We, Wo) + ton (Wi, W) (o (We, W) + b (W, W3)) | Wi, W]
= Elpn(We, Wi)on(We, W) | Wi, Wi + Elipn (Wi, Wi)on (W, Wr) | Wi, Wj]
+ Elibn (Wi, We)tbn (Wi, Wy) | Wi, WiI + Elpn (Wi, W) (Wi, We) | Wi, Wi

= Gl(Wi, Wj) + Gz(Wi, Wj) -+ G3(W,’, Wj) + G4(Wi, Wj)
By Cr inequality,

E (G (Wi, W))| = E[(G1(Wi, W)) + Go(Wi, W;) + Gs(W;, Wj) + Ga(Wi, Wy))?]

< C [GHW;, W) + G5(W;, W;) + G5(W;, W;) + G3 (Wi, W)

E[GE(W;, W;)]

—B B [K (AN(X; - X)) K (A%, - X)) waya? | X, X5)°]
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2
<uuj / K (B'(X, - X)) K (H'(X; — X)) (%) f(X,)dX,> ]

2
a2 ( [ @ K (o1 7R = %) (X + Hon) (i + Hin) | ] d¢1>

02(Xi)02(Xj)</K(801)K (o1 + H N (Xi = X)) 0*(Xs + Hpr) f(Xi + Hepr)

2
< F(Xi+ Hgol)dsol) F(X)F(X))dXidX,

2
= A / *(Xi — Heo) </K 01) K (o1 + 2) 0 (Xi + Her) f(Xi +H<p1)d901>
X f(Xi)f(Xi — Heo) |H| dXdpy

— — — 2 — —
‘H‘/ (Xi) </K ©1) K (p1+ p2) 0 (Xz‘)f(Xz')d<P1> F(Xi)dXdpy

= |a[’ </08(Xi)f4(Xi)dXi) / (/K(@1)K(@1+@2)d901>2d902

—O(|H[)

I can conclude that

E[G2(Wo W)+ n~ E[gh (Wi Wy)] _ O(H[*) +n~'O(|H])
(E[¢2 (W, W;)))? o(|H|*)

=O(|H|)+O0((n|H|)™Y)

—0asn— o

137



Also, mE[(ﬁ%(WZ, W;)] — Q, where Q = 2 [ K2(p)dpE[c*(X;) f(X;)]. By applying Hall’s

Central Limit Theorem,
\/n? [H| I, % N(0,0)

(D-(B)

As 1 (x;) is a local linear estimator and z;, = (1, #=7*it)

)

m(xi) — m(zi)

n T
z

_ (Z > "2 K (H (2 — 2a0)) ZZs) >

=1 s=1 =1 s=1

! K xls - -th))

ls
X (xls - $it)m(2) (xls,it)(xls - xit)/

n T n T
+ €} (Z Z zsz Yy — xzt)) z18> Z Z zgtK Yy — ;UZ,;)) Uy
=1 s=

=1 s=1 1
n T
/
Z Z le ‘Tls - mzt)) Zls Z Z ZZSK xls - xzt))
=1 s=1 =1 s=1

1 *
X §m (xls,it) +us |,

where m*(z154¢) = (215 — 2it)m® (215,40) (215 — 2iz)" and @5 = Aags + (1 — N2y

~ T T
m; —m; = Z Z(m(xzt) ($zt))wzr(xzt)
t;l r=1 : »
= Z Z (e’l (Z Z 2 K (H Y — xzt)) z13>
t=1 r=1 =1 s=1
n T
X Z Z 2l K (H Y25 — 2at)) <;m*($ls,it) + Uzs> )wir(ivit),
=1 s=1

where wi, (1) = K(H Y (i — z4it) /Zt 1 Zr | K(H Lz — xi)).
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Define

T

T n T 1 .
Hni = Z Z T2 |H| fl SC,Lt <Z ZK xls wzt)) <2m (xls,it) + uls)>

t=1 r=1 1=1 s=1

x K(H Nz — it))

g = My — My = lng + fini — tn,i-

Ion = ZZ% 1 (zi) — mi(za)) K (HH(X; — X))
’H} =1 j#i
-1
N ZZU’] lzzei (Zzzls xls ﬂfz‘t)) le>
‘}1137&@ t=1 r=1 1=1 s=1

X ZZzlS Yo — i) (;m*(gglsﬁ) + uls> ww(xit)] K(HY(X; - X))
=1 s=1
n n T
u nz X Xz
n—1\H};§; i b ( )

n n T

n(n—1) !H}ZZZ“J pini + i — pn i) K (HH(X; = X5))

i R
A o
nn = 1) \H};g j(Z;;?nT?IHI Fof o) (ZZ;K a1y = 7))
Xm*(xls,z‘t)>K Yaiy — x4) )K T X5 - X;))
T T n T
a(n—1) ] Z;“ (; 2t E T (ZZEK (17 (e = ) “ls)

x K(Hil(xir - »th)))K (H’I(Xj _ XZ))

= Sln -+ SQn + S3'rl
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D-(B)-(1)
H(l=ii#jr=s=t),(l=1ii#js=tr#t)

Sin=0 (i) = (wir — zi)mP (i) (2 — i) = 0.

2) (l=1d,i#j,r=s,1#1)

n T T
Stn K (H (i — xa)
! n(n — 1) \H\Z 1; 3(;;%\}1\ 2 fif (zir) ( 2
x m* (xir,it)K xzr - fl:zt )K g X X@))

= O((nT|H|"*)"|H|'/?)

3) (l=i,i#j,r=t,s#r)

T

Sin = = n(n—1) ‘H}ZZ <Z2T!H| fif (xit) Z i — )

=1 j#i

X m*(xzszt)> K(O>> K (HN(X; - X3))

= O((nT|H|'?)7"|H|'/?)
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4) (l:Z,Z#j,T#Silét)

9 n o on T T .
Sin =~ D] 2 ]<ZZQT2IH| 1.f <m><ZK(H )

t=1 r=1

X m*(a:is,it)) K(H_l(l'ir — -rzt))) K (H_l(Xj — Xz))

= O((nT?|H*)~"|H])
5 (l=j,l#i,r=s=t)

1
Sip = — —_— K H_lx't—:vit m* (zit i
= S (X s ) e

X K(O))K (H_I(Xj — Xl))

= O((n|H[*)""H|'/?)

6) (l=g,l#i,r=s,1#1)

Mﬂ

H_1($jr — xzt))

T
Z 2T‘H‘ fz (xzt)K(

1r=1

Sin = —
! \H@; (

7 t

X m*(mjrjit)K(Hfl(xir — xzt)) K (Hil()_(j — Xz))

~— |

= O((nT|H|"*)~"H])
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7) (l:jal#ivs:tvr7és)

T

Sin = K (H ™ (@0 = i)

M’ﬂ

1
n(n— 1) \H\;§ J( 2 ST F )

t=1 r=1

X m*(l‘jtﬁ)K(H_l(J:‘ir — xlt)) K (H_l(Xj — XJ)

N——

= O((nT|H|'/?)7"|H])

8) (L= j,l £isr =t,5 1)

_ 1 g 1o
Sin = ]H‘ ZZ <Z 2T [HP fif (o) (ZK(H (zjs — mit))

i=1 j#i s=1

X m*(IEjs,it)) K(O)> K (H_I(Xj - X))

= O((nT|H|'?)~"|H])

9 (I=j,l#ir#s#t)

T

Sip = — K (H Y5 — 24
' ‘H‘z;; ]<t 17"12T2|H| ff(w%t)<z ( . )

(2

X m*(mjsﬁit)> K(Hil(l‘ir — a:lt))> K (f_fil(Xj — Xl))

= O((nT?|H|"*)~"H])
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10) (i #j #lr=s=t)

Sln =

1 n
K Hill't—fﬂit
n(n—1) ‘H|;; (Z%IHI fif m»(,zg SR

x m*<xlt,it>> K(O)) K (HY(X; - Xi))

= O((T*|H|'*)"1H|'/?)

1) (6 £ # L7 =s,7 £1)

n

K (H™ (i — i
;2”TIHI fif (a;n)<; (2 (a )

T
=1
X m*(mlnit)) Yoy — ) )K : X X

Sip = —
=TT Z (

=1

= O((nT|H|"*)*|H])

12) (i #£j#l,s=t,r#s)

T T 1 i
o K (H M xy — i
| \H|;§ ]<ZZQ”T\H\2fif($it)<; it !

X m*(:zlt’it)> K(Hil(ﬁir — xzt)) K (E[ﬁl(Xj — Xl))

= O((n*T|H|"*)~"|H|)

143



__# n o n . 1 n T 71% o
o = n(n—l)‘mzz ](Z2nT|H|2fif( )(;ZK(H (15 — i)

=1 s=1

= O((n®T|H["%) 7 H['?)

1) (1 £ A L1 #541)

n

Sin = — n(n—1) ;;ﬂ]<222nT2’H’ ff(%t)(

t =1 s=

1r
X TTL*(ZL‘lth)) K(H_l(ﬂj‘ir — $zt))) K (ﬁ—l(Xj — XZ))

= O((n*T|H|"/?)~"|H])

(I)-(B)-(ii)
1) (I=i,i#jr=s=t)

SQn =
i=1 j#i

=0 - Eluy|xy) =0
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T
ZK (H_l(xls - xzt))
1

1 — — _
n(n—1) \H}ZZ (Zwuz*t(ff((l))?)ff(ﬂ X - X))



2) (l:Z,Z#j,S:t,’F;ét)

Son = = |H‘ZZ j

wit S (0) K (H ™ (i — xit)))
=1 j#i t=1r= 1T|H| fl z)

e
N ”<”‘2”|H‘;;j(é%ﬂffﬁlﬂm oK ”“’“”)
x K (H (X, - X;))
=0 Eluir | 2] =0
) (l=ii#jr=ts#r)
,
o= 2 oo 3 g (5707 )

. K<o>) K (X, - X))

— O((TLT|FI|1/2|H|3/2)_1)
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5) (l:Z,Z#j,T#Silét)

SQn =

T T
“HN@is — it
<; TP ffm)(Z;K(H =)

’H‘ =1 ]#'L =

xu,'s)K(H (T3 — mzt))>K X))

= O((nT?|H|'?|H|)™)
6) (=4 l#i,r=s=t)

1
Sop = — — g — xi)) uje
T PO (z,m K () JK«»)

i=1 j#i t=1
XK(EIT*l(Xj—Xi))

= O((n|H|'*|HP?)™")
) (I=4l#ir=sr1#1)

t=1r=1

T T
Sy = — K (H Yz — i Uy
? ‘H’ i=1 j#i ]<ZZT‘H’ fif(zit) ( ( ’ ))
x K(H (xi — %t)))K (H'(X; - X))
)

— O((nT|H|"/2|H])™!
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8) (l:jal#ivs:tvr7és)

SQn =

T T
L., .
‘H‘;g ]<;;T]H| T Z)K(H (zjt — Tit)) wjt

x K(H (2 — wzt))) K (HN(X; - X3))

— O((nT|H|2|H])™)
0) (L= j,l £isr =t,5 1)

S = S (zw(imﬂ—m ) )

i=1 j#i s=1

x K(O)) K(A\(X; - X))

= O((nT|H|'?|H[**)™")

10) I=j4,l#i,r#s#1)

S2n =

T
Tl ) s
|H‘ =1 j#i J(t (T HI ff $zt><ZK(H (wjs = i) JS>

JFi
x K(H (2 — JUzt)))K (H(X; - X))
— O((nT? H|M?|H|)™)
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1) (i#j#lLr=s=1)

1 n
Sn: - - K H*ll_t_xit uy
9 n(n —1) |H‘;; <Z \H|? f;f (xlt)<; ( (1 ) z)
" K<0>> K (H71(X; - Xi))
=0 - E[ult|xit]:0
12) (i #j #Lr=57#1)
Sn: K H_lxr_.flfz't gy
2 }H‘l 1 j#i J(;r 17’LT|H| fz J?n)(lZ:; ( (l )) l)

x K(H (2 — éUzt))) K (HY(X; - X))
)7)

= O((n*T|H|"?|H|)™?

13) (1 #£j#l,s=tr#s)

SZn =

#i j<t { = nT |H|” fif (wzt)<ZK(H_1(x’t_$it))uzt>

=1

x K(H (2 — fUzt))) K (H'(X; - X;))

= OGPTI A ) )
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9 n n,‘ T
&”:_mn—DHﬂZ:UMKEZMﬂH|ﬁ M/<

15) (i ] # Lr#s#1)

pIIL

=1 s=1

n T
Son = — U
; !H|ZZ ”<t 1;HT2\H\ ff(ww(

i=1 j#i

X uls> K(H Yz — ZUzt))) K (g_l(Xj - Xﬁ))

=0 - Eluy|zi] =0
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$ls - xlt))



(D-(B)-(iii)

1/2
Note that — A =0, <($}]‘§|) > + Op(|H]).

f( a)  f(@it)

B u T-1(%. _ %

n n

‘H,zzz z: ( s )

i=1 j#i t=1 s=1

1, _
X (2m (Tis,it) + ws> K (H Yays — zit))

InnT 1/2 2 "L B

X <;m (z1s,it) + u15> K(HNX; - X)K (H N (as — %t))]

= O((nT|H|~2|H**)" nT)'/?) + O(nT|H|) ™)

I-(C)
. -1 f(xls) 0
By letting Sy, (z5) = <Zl 1 ZS 1 21K lszls> and S(z;5) = ,
0 f(l'ls)o-]%
’:&'n,i - Mn,i|
1 n T T
e1Sn(z15) 2K (H Nz x))(m(x )—I—u)
5 €1 ls ls ls — it ls,it ls
T JRIp3pD 2
1 n T T 1
x K(H Yxgy — i) fzf(wz 2 Z}X;le Yas — xue)) <2m*($ls,it) +u15>
S T
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n T T

6/1(Sn(2'ls) le Z Z Z 21s K xls :L‘Zt)) <;m* (xls’it) + uls>

=1 s=1r=1

1
nT? |H|?

x K(H ™" (zir — f'Jit))‘

< ’1|2((1,0)(,5'n(215)1 S(z15)”7)“(1,0) )1/2
1 n T T 1
X ) ( ZZZzlsK (H (215 — IEzt)) <2m (z1s.4t) + Uls> K(H (x4 xzt))‘
=1 s=1r=1
n T .
+ Z Z (H (xls - xzt)) K (Hi (xls - xzt)) < m (xls zt) + uls)
=1 s=1r=1

I follow Lemma 2 of Martins-Filho and Yao (2007) to obtain

—O<\H\ Gl >+0<|H\>

= lnnT
sup‘m,-—mi‘—0< nT\H! ) \H\

N
|Un,i -

Using 7(x;) = mM (24;)(x; — x;), where x;; = Az; + (1 — N)a;,

Iz, = H Z :U’n szy (Flil(Xj - XZ))
‘ ‘ =1 j#i
= n—l ‘H‘;; an“‘/%lz /Lnl)

X (pnj + fng — png) K (H X — X))
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SUD | i + fingi — fhnyi)| < SUD |t i| +SUD |fin s — fhn il

_ InnT \ 2 9
_Op<<nT|H|> >+Op(’H|)

SUP | (Kni + finyi — pni)) (B + fingg — bng)| < (SUP [ty + fingi — pnsi])?

InnT 4
=0p <nT|H|> + Op(|H][")

X 1 & o
Lizn < (sup pn,i + fin,i — un,il)zm YD K (HTN(X; - X))
Uli=1 j#i

_ InnT _
o8 o o

(IV)

Q= a262K? (H ' (X; — X,
n(n—1)|H‘;; J ( (X5 )
2 ~\ 2272 (F-1(%. _ ¥
= 7] 2 2 T (7 (% = %) + o)
_ 2 Y\ 272 (-1 (%. _ ¥. 2-27-2 (-1 (%. _ ¥
= 1) 11] 2 2 [ (R (5 = X0) 4 b (" (5

By using the properties of U-statistics, Q = 2 [ K?(¢)dyE[oc*(z) f(Z)].
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C.2 Proof of Theorem 9

Under the alternative, mq(X;:) = m(Xit) + 8,0(X;). Then, wu;

Nit = Yit — m(Xy) and &, = n=1/2 (‘HD_WL'

= [1nG + I2nG + ISnG

For the following sections, I will show

n|H|'? e % N(0,9)
Iing = ‘H| Z; HAZ iy K (™ (X - Xi))
— ‘H| 2; i + 0l (X)) (7 + 0,l( X)) K
= o ml;;mm - Xi))
" ’H};;m (X)) K (H™ (X - X))
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= nit + 6,1(X;), where

(A7 (X5 - X))



’H} Z nin; K ( Xj — _Z))

i=1 j#i

‘H}ZZ i K (™1 (X = X)) + i (H (X — X))

By letting W; = (;, X;),

Qun = ZZ [0 (Wi, W) + n (W, Wi)]

=1 j=1
1<j

T

=1 j=1
1<j

\HI

By (Wi, Wj)] = Ei (Wi, W) + Elbg (Wy, We)] + 2E[bn (Wi, W)t (W, Wi)),

‘;‘ [ (Wi, )] (/K2 dso) X)f(%)] <

mewn(Wi, W, )i (W5, W] — 2 ( [ dw) E o (X)£(X0)]
1/2

“n|H|[" Qun 4 N(0,9), where Q =2 (/ K2 (y) dgo) E [0*(X) f(X,)]
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- B (7 (5 - ) )]
= n(nl_ 1) Z Z [V (Wi, W)) + (W, W5)], where W; = (1, X;).
i=1 j#i

En(W;, W;)] = 0. By applying Lipschitz condition,

7

BV )] = B | PR (7 (X, - X))

Qan = 0! (B2 (Wi, W))])® = O~ |E|7V?)

1/2

s HY?6,Qon = n V2 H| T B0
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LSS U)K (A (X, - X))
Q3n ( —1)|H‘;;( )(J ( J
ﬁ;EW&ﬂMQKGFW%—*UH
_@‘uxmxuhmwwamwﬁH@WMW¢

0| HY?62Qsn = n |H|"? (0 H|7V?)Q30 = Qa0 B EI2(X:) (X))

n 8] Ling % N(BI(X) £(X0)],Q)
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C.3 Proof of Theorem 10

Under Hy,




05 oB
n‘H’lmln

Va

Jn = > cp = 0p(n ’I:I‘l/z)
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