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Abstract

Lipschitz Embeddings of Random Objects and Related Topics
by
Riddhipratim Basu
Doctor of Philosophy in Statistics
University of California, Berkeley
Professor Allan M Sly, Chair

More than twenty years ago Peter Winkler introduced a fascinating class of dependent or co-
ordinate percolation models with his compatible sequences and clairvoyant demon scheduling
problems. These, and other problems in this class, can be interpreted either as problems of
embedding one sequence into another according to certain rules or as oriented percolation
problems in Z? where the sites are open or closed according to random variables on the
co-ordinate axes. In most situations, these problems are not tractable by the usual tools
of independent Bernoulli percolation, and new methods are required. We study several
problems in this class and their natural extensions.

We develop a new multi-scale framework flexible enough to solve a number of prob-
lems involving embedding random sequences into random sequences. A natural question in
this class was considered by Grimmett, Liggett and Richthammer in [24] where they asked
whether there exists an increasing M-Lipschitz embedding from one i.i.d. Bernoulli sequence
into an independent copy with positive probability. We give a positive answer for large
enough M. A closely related problem is to show that two independent Poisson processes on
R are almost surely roughly isometric (or quasi-isometric). Our approach also applies in this
case answering a conjecture of Szegedy and of Peled [35]. We also obtain a new proof for
Winkler’s compatible sequence problem. All these results are obtained as corollaries to an
abstract embedding result that can potentially be applied to a number of one-dimensional
embedding questions.

We build upon the central idea of the multi-scale construction in the above work to
apply it to a different problem. On the complete graph K,; with M > 3 vertices consider
two independent discrete time random walks X and Y, choosing their steps uniformly at
random. We say that it is possible to schedule a pair of trajectories X = {X;, X5,...}
and Y = {Y},Y3,...}, if by delaying their jump times one can keep both walks at distinct
vertices forever. It was conjectured by Winkler that for large enough M the set of pairs
of trajectories {X,Y} that can be scheduled has positive measure. Noga Alon translated
this problem to the language of coordinate percolation. In this representation Winkler’s



conjecture is equivalent to the existence of an infinite open cluster for large enough M.
With a multi-scale construction we provide a positive answer for M sufficiently large.

The questions of Lipschitz embedding and rough isometry of random sequences have
natural higher dimensional analogues. We consider the higher dimensional analogue of the
Lipschitz embedding problem. We show that for M sufficiently large and two independent
collections of i.i.d. Bernoulli random variables X = {X,},ezz and Y = {Y,},ecz2, almost
surely there exists an M-Lipschitz embedding of X into Y. The argument is again multi-
scale using similar ideas, but this is technically much more challenging because of the more
complicated geometry in two dimensions.

This presents an added difficulty in extending the argument in one dimension to show
that copies of two dimensional Poisson processes are almost surely rough isometric. A key
ingredient is to show that one can map measurable sets to smaller measurable sets in a
bi-Lipschitz manner. This motivates the final problem we consider. We show that for
0 < 7,7 < 1 and for measurable subsets of the unit square with Lebesgue measure ~ there
exist bi-Lipschitz maps with bounded Lipschitz constant(uniformly over all such sets) which
are identity on the boundary and increases the Lebesgue measure of the set to at least 1 —+/.
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Chapter 1

Introduction

Percolation has been studied as a paradigm model for spatial randomness for more than half a
century. The deep and rich understanding that emerged in the study of independent Bernoulli
percolation is a celebrated success story of contemporary probability. In the mean time
several natural questions arising from mathematical physics and theoretical computer science
has necessitated the study of models containing more complicated dependent structures,
which are not amenable to the tools of Bernoulli percolation. In this dissertation we focus
on questions in and around one particular subclass of dependent percolation models, called
“co-ordinate percolation”, which have received significant attention in the past couple of
decades.

In the simplest setting, a co-ordinate percolation model is an oriented percolation model
on the positive quadrant of Z? (or some modifications thereof), where the vertex (i,j) € Z>
is declared to be open or closed depending on two variables on the co-ordinate axes X,
and Y; where typically {X;}i>o and {Y}};>0 are independent sequences of ii.d. random
variables. The questions asked about these models are the same ones that are studied in the
independent Bernoulli percolation, e.g. whether there exists an infinite open oriented path
starting at origin and whether the probability of percolation exhibits a phase transition as
certain model parameters are varied. Long range dependent structure makes these models
difficult to study and it turns out that many of these models are fundamentally different
from the independent Bernoulli percolation models in that these exhibit power law decays
for certain tail probabilities as opposed to exponential decays. This is one of the reasons the
techniques for independent percolation do not yield useful results in these models.

Models of co-ordinate percolation were first introduced, motivated by problems of sta-
tistical physics, in late eighties by B. T6oth under the name “corner percolation” which was
later studied by Gabor Pete in [36]. It is curious to observe that a co-ordinate percolation
environment was introduced by Diaconis and Freedman earlier in 1981 in the context of
studying Julesz conjecture on visually distinguishable patterns in [12]. In early nineties a
number of problems in this class were popularised by Peter Winkler, who introduced and
later studied several models of this type arising out of considerations in theoretical computer
science [11, 38, 34, 10].
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Another set of questions in random geometry involving embedding one random sequence
into another can also be cast into the framework of co-ordinate percolation. In several of its
variants this has been investigated in [24, 20, 18, 16, 31]. The simplest problem in this vein
is the problem of embedding one random sequence into another in a Lipschitz manner. This
in turn is intimately connected to quasi-isometries of one dimensional random objects [35].

In this dissertation we focus on Lipschitz embeddings of random objects and some related
problems. We study Lipschitz embeddings of one dimensional random binary sequences,
and the related problem of quasi-isometry of one dimensional Poisson processes and the
problem of compatible sequences. Using similar techniques we also investigate a specific
model of co-ordinate percolation that arises from Winkler’s scheduling problem. We further
extend the Lipschitz embedding result to two dimensions, and obtain certain results towards
establishing on quasi-isometries to random objects in higher dimensions. We start with
formal descriptions of the models we consider.

1.1 Embedding Problems in One Dimension

In the simplest and most natural setting, we first consider the problem of embedding a
random one dimensional object into another. We restrict our attention to i.i.d. binary
sequences.

1.1.1 Lipschitz Embedding of Binary Sequences

Let X = {X,;}iez and Y = {Y;}icz be two binary sequences. For M > 0, we call X M-
embeddable in Y if X can be embedded into Y in an M-Lipschitz manner, i.e. there exists
a strictly increasing function ¢ : Z — Z such that X; = Yy, and 1 < ¢(i) — (i — 1) < M
for all <. Grimmett, Liggett and Richthammer had the following question as the main open
problem in [24] (re-iterated in [20]).

Question 1.1.1. Let X = { X, }iez and Y = {Y;}icz be independent sequences of independent
identically distributed Ber(%) random variables. Does there exist M > 0 such that X is almost
surely M-embeddable into Y ¢

The original question of [24] was slightly different asking for a positive probability on
the natural numbers with the condition ¢(0) = 0, which is implied by a positive answer to
the above question (and is equivalent by ergodic theory considerations). In this variant, the
question can be cast into the co-ordinate percolation framework as follows.

Consider the following graph with vertex set Z2%,, i.e., {(i,5) € Z* : 4,5 > 0}, with the
following edge set. There is an edge between (4,5) and (7', ;') if and only if |i — i'| = 1 and
1 <|j—j'| £ M. For any two binary sequence X = {X;},>; and Y = {Y;};>1 as above,
consider the following site percolation on this graph. Call (4, j) closed if X; # Y; and open
otherwise. It is easy to see that there is an M-embedding ¢ of X into Y (with obvious
modification of the definition above) with ¢(0) = 0 if and only if there is an infinite open
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oriented path starting at the origin. See Figure 1.1 for the case M = 3 where we write the
sequences X and Y along the z-axis and y-axis respectively. The open and closed vertices
are denoted by blue and red respectively.

Oe {

le ) )
le ° °
Oe ) ) )

1@

°
1

—@

°
1

e

°
0

Figure 1.1: Lipschitz embedding as co-ordinate percolation

Of course one can ask the same question with independent Ber(p) sequences for any
p € (0,1). It was shown in [24] that an affirmative answer to Question 1.1.1 for some
p € (0,1) is equivalent to an affirmative answer for all p € (0,1). Among other results they
also showed that the answer to the question is negative for M = 2.

In a series of subsequent works Grimmett, Holroyd and their collaborators [13, 20, 21, 23,
22, 26] investigated a range of related problems including when one can embed Z¢ into site
percolation in Z” and showed that this was possible almost surely for M = 2 when D > d
and the the site percolation parameter was sufficiently large but almost surely impossible for
any M when D < d. Recently Holroyd and Martin showed that a comb can be embedded
in Z?. Another important series of work in this area involves embedding words into higher
dimensional percolation clusters [9, 32, 29, 30]. Despite this impressive progress the question
of embedding one random sequence into another had remained open. The difficulty lies in
the presence of long strings of ones and zeros on all scales in both sequences which must be
paired together.

In Chapter 2 we provide an affirmative answer to Question 1.1.1 for M sufficiently large.
See Theorem 2.1.

1.1.2 Rough Isometry of One Dimensional Random Objects

Intimately connected with the embedding problem is the question of a rough, (or quasi-),
isometry of two independent Poisson processes. Informally, two metric spaces are roughly
isometric if their metrics are equivalent up to multiplicative and additive constants. The
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formal definition, introduced by Gromov [25] in the case of groups and more generally by
Kanai [27], is as follows.

Definition 1.1.2. We say two metric spaces X andY are roughly isometric with parameters
(M, D, C) if there exists a mapping T : X — 'Y such that for any x1,z9 € X,

1
de(th) — D <dy(T(z1),T(x2)) < Mdx(xy,22) + D,

and for all y € Y there exists x € X such that dy (T(x),y) < C.

Whether two random metric spaces (or two i.i.d. copies of the same random metric space)
are almost surely rough isometric have been asked in several instances. Originally Abért [1]
asked whether two independent infinite components of bond percolation on a Cayley graph
are roughly isometric. Szegedy asked the problem when these sets are independent Poisson
process in R (see [35] for a fuller description of the history of the problem). An important
progress on this question is by Peled [35] who showed that Poisson processes on [0,n] are
roughly isometric with parameter M = y/logn. The main open question of [35] was the
following.

Question 1.1.3. Let X and Y be independent homogeneous Poisson processes on R viewed
as metric spaces, i.e., X and Y are metric subspaces of R induced by independent Poisson
processes on R. Does there exist (M, D, C) such that almost surely X andY are (M, D, C)-

roughly isometric?

The same question can also be asked about two independent copies of Bernoulli percola-
tion on Z. That is, considering the random metric subspaces of Z given by the set of open
sites in two copies of site percolation on Z, where each vertex is declared open with prob-
ability p € (0,1) with different vertices receiving independent assignments. Results of [35]
show that an affirmative answer to Question 1.1.3 is equivalent to an affirmative answer for
percolation on Z and the answer is independent of the parameter p.

Again the challenge is to find a good matching on all scales, in this case to the long
gaps in the each point processes with ones of proportional length in the other. In Chapter
2 we provide an affirmative answer to Question 1.1.3 for M, D, C sufficiently large. See
Theorem 2.2. The isometries we find are also weakly increasing answering a further question

of Peled [35].

1.1.3 Compatible Sequence Problem

In a similar vein, we also consider the compatible sequence problem introduced by Peter
Winkler. Given two binary sequences {X;}ien and {Y;}ien, we say they are compatible
after removing some zeros from both sequences, there is no index with a 1 in both sequence.
Equivalently there exist increasing subsequences ki, ks, ..., (respectively k] ...) such that if
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X; = 1 then j = k; for some ¢ (resp. if ¥; = 1 then j = k) so that for all i, we have
XY =0,

The question of compatibility can be cast into the co-ordinate percolation frame work as
well. Consider the directed graph with vertex set Z2, where we have edges leading from the
vertex (7,7) to vertices (i +1,j), (4,7 + 1) and (i + 1,5 + 1). Consider the following bond
percolation on this graph. If X; = 1 then we declare the edges from (i, j) to (i + 1, 7) closed
for all j. Similarly if Y; = 1 we declare the edges from (i, j) to (¢,7 + 1) closed for all . If
X, =Y}, we declare the edge from (i, j) to (i +1,j + 1) closed. All other edges are declared
open. It is easy to see that the sequences {X;} and {Y;} are compatible if and only if there
is an infinite open (oriented) path from (1,1).

Now suppose { X, };eny and {Y; }ien are independent i.i.d. sequences of Ber(q) random vari-
ables where ¢ € (0,1). It is not hard to show that if ¢ is sufficiently large then the sequences
are compatible with positive probability. Winkler and Kesten independently obtained upper
bounds on ¢ that are strictly smaller than 1/2. The following question was asked by Winkler.

Question 1.1.4. Does there exist ¢ > 0 two independent Ber(q) sequences {X;}ien and
{Y;}ien are compatible with positive probability?

Numerical simulations suggest that the above question has affirmative answer for ¢ < 0.3.
An affirmative answer for ¢ sufficiently small was given by Gécs in [18]. Other recent progress
was made on this problem by Kesten et. al. [31] constructing sequences with a positive density
of zeros which are compatible with a random sequence with positive probability. We give a
new proof of Gacs’ result in Chapter 2. See Theorem 2.3. Our proof is different and we believe
more transperant. We also provide deterministic construction of a sequence with positive
density of zeros that is compatible with an i.i.d. Ber(q) sequence with positive probability
for ¢ sufficiently small.

In each of Theorems 2.1, 2.2 and 2.3 the main difficulty is the presence of difficult to
embed strings of arbitrarily large length. The challenge is to be able to simultaneously
match these strings with their suitable partners (in the other sequence) at all length scales.
Like essentially all results in this area, our approach is multi-scale using renormalization.
The novelty of our approach is that, as far as possible, we ignore the anatomy of what
makes different configurations difficult to embed and instead consider simply the probability
that they can be embedded into a random block proving recursive power-law estimates for
these quantities. It is thus well suited to addressing embedding questions in a range of
different models even in the ones where to give a description of bad configurations becomes
exceedingly difficult. Indeed, we prove an abstract embedding result for general alphabets
satisfying certain conditions. See Theorem 2.4 in Chapter 2. Theorems 2.1, 2.2 and 2.3
follow in turn from this abstract theorem. The general idea of our multi-scale construction
yields useful results in other co-ordinate percolation type problems as well.
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1.2 Winkler’s Scheduling Problem

We consider the following problem introduced by Winkler, which in its original formulation
relates to clairvoyant scheduling of two independent random walks on a complete graph.
More precisely, on the complete graph Ky, with M > 3 vertices consider the trajectories
of two independent discrete time random walks X and Y which move by choosing steps
uniformly at random, for convenience we assume the graphs have self-loops at each vertex.
We say that it is possible to schedule X and Y if it is possible to introduce delays (i.e., with
the knowledge of both X and Y, at each time only one of the random walks is chosen and
allowed to move) in the random walk trajectories such that the random walks never collide.
The following question, asked by Winkler, became prominent as the clairvoyant demon
problem.

Question 1.2.1. Does there exist M > 0 such that it is possible to schedule two independent
random walks on Ky; with positive probability?

For M = 3 it was shown in [38, Corollary 3.4] that the answer to the above question is
negative, i.e., even with the knowledge of infinite future of both the random walks, it is not
possible to schedule the walks on K3. However an affirmative answer to Question 1.2.1 was
conjectured in [11] for large enough M. In particular it is believed based on simulations,
that for M > 4 the set of trajectories {X, Y} that can be scheduled has positive measure.

Noga Alon translated this problem into the language of coordinate percolation. Namely,
let X =(X1,Xs,...)and Y = (Y1,Ys,...) be two i.i.d. sequences with

1
]P’(Xizk):]P’(Yj:k):Mfor k=1,2,...,M and fori,j =1,2,....

Consider the following oriented percolation on the subgraph of the two-dimensional Eu-
clidean lattice induced on the vertex set Z2. Call a vertex (i1, 42) € Z2, closed if X;, =Y,
an call it open otherwise. It is curious to notice that this percolation process (for M=2) was
introduced much earlier by Diaconis and Freedman [12] in the completely different context
of studying visually distinguishable random patterns in connection with Julesez’s conjecture.
It is easy to observe that a pair of trajectories {X, Y} can be scheduled if and only if there
is an open oriented infinite path starting at the vertex (1,1). See Figure 1.2 where blue and
red vertices respectively denote open and closed ones and open paths from (1, 1) are shown.

This scheduling problem first appeared in the context of distributed computing [11] where
it is shown that two independent random walks on a finite connected non-bipartite graph will
collide in a polynomial time even if a scheduler tries to keep them apart, unless the scheduler
is clairvoyant. In a recent work [3], instead of independent random walks, by allowing coupled
random walks, it was shown that a large number of random walks can be made to avoid
one another forever. In the context of clairvoyant scheduling of two independent walks,
the non-oriented version of the oriented percolation process described above was studied
independently in [38] and [4] where it is established that in the non-oriented model there is
percolation with positive probability if and only if M > 4. In [19] it was established that,
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Figure 1.2: Scheduling problem as co-ordinate percolation

if there is percolation, the chance that the cluster dies out after reaching distance n must
decay polynomially in n, which showed that, unlike the non-oriented models, this model was
fundamentally different from Bernoulli percolation, where such decay is exponential.

In Chapter 3 we prove that for M sufficiently large it is possible to schedule two indepen-
dent random walks on K, with positive probability, thus providing an affirmative answer to
Winker’s question. See Theorem 3.1. Our proof uses a similar multi-scale structure devel-
oped in Chapter 2 but with crucial differences. An exceedingly complex proof of the same
result was previously given in [17]. Our proof is different and we believe more transparent.
In addition, we believe that our proof is robust and can be applied for more general graphs
and also for the situation when we try to schedule multiple random walks.

1.3 Higher Dimensional Embedding Problems

The first natural question one can ask by way of generalising the results in Chapter 1 are
the following higher dimensional analogues of Questions 1.1.1 and 1.1.3.

Question 1.3.1. Let X = {X;}icze and Y = {Y;}icza be independent collections of i.i.d.
Ber(%) random variables. Does there exist M > 0 such that X is almost surely M -embeddable
into Y?

Question 1.3.2. Let X and Y be independent homogeneous Poisson processes on R viewed
as metric spaces, i.e., X and Y are metric subspaces of R induced by independent Poisson
processes on RY. Does there exist (M, D, C) such that almost surely X andY are (M, D, C)-

roughly isometric?

Here the definition of M-embedding is the obvious modification of the definition in one
dimension where we consider M-Lipschitz maps from Z? to Z?. In Chapter 4 we provide
an affirmative answer to Question 1.3.1 for d = 2 and M sufficiently large; see Theorem
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4.1. The same argument works for d > 2 with minor modifications. The argument here is
also multi-scale and in spirit similar to the arguments presented in Chapter 2, but this is
much more technically challenging than the proof of Theorem 2.1 as in higher dimensions
the difficult to embed regions can have very complicated shapes.

1.3.1 Bi-Lipschitz Expansion

The complicated geometry of higher dimensional spaces presents an added challenge while
investigating Question 1.3.2. One key feature of the proof of Theorem 2.2 is that we have
to map large gaps between points in our Poisson process to relatively smaller gaps. In one
dimension it is straightforward to do as the geometry is linear and the gaps are all intervals.
But for d > 2, we need to deal with arbitrary measurable sets. This motivates the following
question, which is also of independent interest.

Question 1.3.3. Fiz 0 <y <1 —+' < 1. Does there exist C = C(v,7') > 0 such that for
each measurable subset A of [0,1]* with Lebesque measure v, there exists a bijection ®4 :
0,1]% — [0, 1]? which is identity on the boundary and bi-Lipschitz with Lipschitz constant C
and such that ® 4(A) has Lebesque measure at least 1 — ~'?

In Chapter 5 we provide an affirmative answer to this question. See Theorem 5.1. Al-
though our construction of such maps is deterministic, the analysis is probabilistic using
martingale techniques. This result lets us map big holes in the Poisson process into smaller
holes in a bi-Lipschitz manner while maintaining a uniform control on the Lipschitz constant.
See Theorem 5.2 for an illustration of why this result is useful in proving rough isometry of
Poisson processes.

1.4 Note on Prior Publication and Collaboration

The results presented in this dissertation were obtained in collaboration with other re-
searchers and some have already been published elsewhere. Chapter 2 is based on a joint
work with Allan Sly [8] that has been published by Probability Theory and Related Fields.
We acknowledge the journal as the first published source of this material. The remaining
chapters are based on joint works with Vladas Sidoravicius and Allan Sly. Chapter 3 is based
on [7], which is available on Arxiv. Chapter 4 is based on [6], a work in preparation. Chapter
5 is based on [5], which is also available on Arxiv. I express my sincere thanks towards my
co-authors for allowing the inclusion of joints works with them in this dissertation.



Chapter 2

Embeddings of One Dimensional
Random Objects

In this chapter we study embeddings of one dimensional random objects, i.e., binary se-
quences or Poisson processes on R. We provide affirmative answers to Questions 1.1.1, 1.1.3
and 1.1.4 using a multi-scale argument. Theorems 2.1, 2.2 and 2.3 are our main results in
this chapter.

2.1 Main Results

We start with Lipschitz embedding of binary sequences. We prove the following result.

Theorem 2.1. Let {X;}iez and {Y;}icz be independent sequences of independent identically
distributed Ber(%) random variables. For sufficiently large M almost surely there exists a
strictly increasing function ¢ : Z — 7 such that X; = Yy4y and 1 < (i) — ¢(i — 1) < M for
all 1.

Recall Definition 1.1.2 for rough isometry of two metric spaces. We have the following
theorem for random metric spaces given by independent Poisson processes on R.

Theorem 2.2. Let X andY be independent Poisson processes on R viewed as metric spaces.
There ezists (M, D, C) such that almost surely X and Y are (M, D, C)-roughly isometric.

Our final result is the compatible sequence problem of Winkler. Recall the definition of
compatible sequences from § 1.1.3. We give a new proof of the following result of Gacs [18].

Theorem 2.3. For sufficiently small ¢ > 0 two independent Ber(q) sequences {X;}ien and
{Y;}ien are compatible with positive probability.

Independent Results: Two other researchers have also solved some of these problems
independently. Vladas Sidoravicius [37] solved the same set of problems and described his
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approach to us. His work is based on a different multi-scale approach, proving that for certain
choices of parameters p; and p, one can see random binary sequence sampled with parameter
pp in the scenery determined by another binary sequence sampled with parameter py, with
positive probability. This generalizes the main theorem of [28] and a slight modification of
it then implies Theorems 2.1, 2.2 and 2.3.

Shortly before uploading this work to arXiv Peter Gacs sent us a draft of his paper [16]
solving Theorem 2.1. His approach extends his work on the scheduling problem [17]. The
proof is geometric taking a percolation type view and involves a complex multi-scale system
of structures. Our work was done completely independently of both.

As already mentioned in Chapter 1, each of Theorems 2.1, 2.2 and 2.3 follows from an
abstract embedding result for general alphabets which we now turn to.

2.1.1 General Theorem

To apply to a range of problems we need to consider larger alphabets of symbols. Let
C* = {C),Cy,...} and CY = {C},C5,...} be a pair of countable alphabets and let u* and
1Y be probability measures on C* and C¥ respectively.

We will suppose also that we have a relation R C C* x C¥. If (C;,C}) € R, we denote
this by C; <= C}. Let G C C* and GY C C¥ be two given subsets such that C; € Gi and
C;. € GY implies C; = C}. Symbols in Gif and G will be referred to as “good”.

Definitions

Now let X = (X3, Xs,...) and Y = (Y3,Ys,...) be two sequences of symbols coming from
the alphabets C* and C¥ respectively. We will refer to such sequences as an X-sequence and
a Y-sequence respectively. For 1 <4y < ig, we call the subsequence (X;,, X;, 41,...,X;,) the
“[i,i]-segment” of X and denote it by X2, We call X2l a “good” segment if X; € G&
for i1 < i < iy and similarly for Y.

Let R be a fixed constant. Let Ry = 2R, Ry =1, R = 3R>

Definition 2.1.1. Let X and Y be sequences as above. Let X = (Xi,...X,) and Y =

(Y1,...Y,) be segments of X and Y respectively. We say X R-embeds or R-maps into Y,
denoted X — g Yif there exists 0 =ip < i1 <ip < ...<ipy=nand 0 =i, <) <ifp <...<
i, = n' satisfying the following conditions.

1. For eachr, r >0, either iyy1 — i, =4, — 4. =1 or ty41 — i, = Ry or i, — i, = Ry.
. . y .,
2. If iy —dp =15 — 10, =1, then X; 41 — Yi41.

8. If ipy1 — i, = Ry, then Ry < il —i. < R{, and both Xlirtbiral gpd Ylrtlinal gre
good segments.

4. If il — 4. = Ry, then Ry < i, 11 —i, < R{, and both Xirt1iril gnd Yir+lical gre

good segments.
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We say that X R-embeds or R-maps into Y, denoted X —r Y if there exists 0 = ig <
ih <y <...and0=i{ <iy <iy<...satisfying the above conditions.

Throughout we will use a fixed R defined in Theorem 2.4 and will simply refer to mappings
and write that X < Y (or X < Y) except where it is ambiguous. The following elementary
observation is useful. Suppose we have ng < n; < ...n, and nj < nj < ...n) such that
Xl tlnra] oy yle bl for 0 < r < k, then XPotlmel ey ylot+1mi],

A key element in our proof is tail estimates on the probability that we can map a block
X into a random block Y and so we make the following definition.

Definition 2.1.2. For X € C*, we define the embedding probability of X as SF(X) =
P(X < Y|X) where Y ~ p¥. We define Sy (Y') similarly and suppress the notation X, Y
when the context is clear.

General Theorem

We can now state our general theorem which will imply the main results of this chapter as
shown in § 2.2.

Theorem 2.4 (General Theorem). There exist positive constants 3, §, m, R such that for
all large enough Lg the following hold. Let X ~ p* and Y ~ p¥ where p** and p¥ are
probability distributions on alphabets such that for all k > Ly,

1 o 1
1 ({Cri1, Crya, - }) < T 1 ({Cri1s Chyar - }) < T (2.1.1)

Suppose the following conditions are satisfied

1. ForallO<p§1—Lal,
P(S3(X) <p) <p™T'Ly", PS5 (Y) <p) <p™H LY (2.12)

2. Most symbols are “good”,
PXeGH>1-L;%, PY eG)>1-1L;° (2.1.3)
Then for X = (X1, Xs,...) and Y = (Y1,Y5,...), two sequences of i.i.d. symbols with laws

p and pY respectively, we have
P(X—gY)>0.
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2.1.2 Proof Outline

The proof makes use of a number of parameters, «, 3,9, m, kg, R and Ly which must satisfy
a number of relations described in the next subsection. Our proof is multi-scale and divides
the sequences into blocks on a series of doubly exponentially growing length scales L; = L§’
for j > 0 and at each of these levels we define a notion of a “good” block. Single characters
in the base sequences X and Y constitute the level 0 blocks.

Suppose that we have constructed the blocks up to level j denoting the sequence as
(Xl(j),Xz(j) ...). In § 2.3, we give a construction of (j + 1)-level blocks out of j-level sub-
blocks in such way that the blocks are independent and apart from the first block, identically
distributed and that the first and last L? sub-blocks of each block are good. For more details,
see § 2.3.

At each level we distinguish a set of blocks to be good. In particular this will be done in
such a way that at each level any good block maps into any other good block. Moreover,
any segment of R; = 47(2R) good X-blocks will map into any segment of Y-blocks of length
between Ry = 4/(2—277) and Rf = 4/ R*(2+277) and vice-versa. This property of certain
mappings will allow us to avoid complicated conditioning issues. Moreover, being able to
map good segments into shorter or longer segments will give us the flexibility to find suitable
partners for difficult to embed blocks and to achieve improving estimates of the probability
of mapping random j-level blocks X — Y. We describe how to define good blocks in § 2.3 .

The proof then involves a series of recursive estimate at each level given in § 2.4. We
ask that at level j the probability that a block is good is at least 1 — Lj_‘s so that the
vast majority of blocks are good. Furthermore, we show tail bounds on the embedding
probabilities showing that for 0 < p <1 — Lj_l,

P(S}(X) <p) <p™*7L;"
where SJX(X ) denotes the j-level embedding probability P[X — Y|X] for X,Y random
independent j-level blocks. We show the analogous bound for Y-blocks as well. This is
essentially the best we can hope for — we cannot expect a better than power-law bound here
because of the probability of occurrences of sequences of repeating symbols in the base 0-level
sequence of length C'log(L$) for large C'. We also ask that good blocks have the properties
described above and that the length of blocks satisfy an exponential tail estimate. The full
inductive step is given in § 2.4.1. Proving this constitutes the main work of this chapter.
The key quantitative estimate in the chapter is Lemma 2.7.3 which follows directly from
the recursive estimates and bounds the chance of a block having an excessive length, many
bad sub-blocks or a particularly difficult collection of sub-blocks measured by the product
of their embedding probabilities. In order to achieve the improving embedding probabilities
at each level we need to take advantage of the flexibility in mapping a small collection of
very bad blocks to a large number of possible partners by mapping the good blocks around
them into longer or shorter segments using the inductive assumptions. To this effect we
define families of mappings between partitions to describe such potential mappings. Because
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m is large and we take many independent trials the estimate at the next level improves
significantly. Our analysis is split into 5 different cases.

To show that good blocks have the required properties we construct them so that they
have at most ko bad sub-blocks all of which are “semi-bad” (defined in § 2.3) in particular

with embedding probability at least (1 — W). We also require that each subsequence
41

of L;’/ * sub-blocks is “strong” in that every semi-bad block maps into a large proportion of
the sub-blocks. Under these condition we show that for any good blocks X and Y at least
one of our families of mappings gives an embedding. This holds similarly for embeddings of
segments of good blocks.

To complete the proof we note that with positive probability X l(j ) and Yl(j ) are good for
all j with positive probability. This gives a sequence of embeddings of increasing segments of
X and Y and by taking a converging subsequential limit we can construct an R-embedding
of the infinite sequences completing the proof.

We can also give deterministic constructions using our results. In Section 2.10 we con-
struct a deterministic sequence which has an M-Lipschitz embedding into a random binary
sequence in the sense of Theorem 2.1 with positive probability. Similarly, this approach
gives a binary sequence with a positive density of ones which is compatible sequence with a
random Ber(g) sequence in the sense of Theorem 2.3 for small enough ¢ > 0 with positive
probability.

Parameters

Our proof involves a collection of parameters «, (3, d, kg, m and R which must satisfy a system
of constraints. The required constraints are

a>6,0>2aV48,8 > a(d+1),m > 9af, ky > 36ap, R > 6(m +1).
To fix on a choice we will set
a = 10,0 = 50, 5 = 600, m = 60000, kg = 300000, R = 400000. (2.1.4)

Given these choices we then take Ly to be a sufficiently large integer. We did not make a
serious attempt to optimize the parameters or constraints and indeed at times did not in
order to simplify the exposition.

2.1.3 Organization of the Chapter

In Section 2.2 we show how to derive Theorems 2.1, 2.2 and 2.3 from our general Theorem 2.4.
In Section 2.3 we describe our block constructions and formally define good blocks. In
Section 2.4 we state the main recursive theorem and show that it implies Theorem 2.4. In
Sections 2.5 and 2.6 we construct a collection of generalized mappings of partitions which we
will use to describe our mappings between blocks. In Section 2.7 we prove the main recursive
tail estimates on the embedding probabilities. In Section 2.8 we prove the recursive length
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estimates on the blocks. In Section 2.9 we show that good blocks have the required inductive
properties. Finally in Section 2.10 we describe how these results yield deterministic sequences
with positive probabilities of M-Lipschitz embedding or being a compatible sequence.

2.2 Applications to Lipschitz Embeddings, Rough
Isometries and Compatible Sequences

In this section we show how Theorem 2.4 can be used to derive our three main results. Notice
that since Theorem 2.4 does not require X and Y to be independent. Hence all the three
results shall remain valid even if we drop the assumption of independence between the two
sequences.

2.2.1 Lipschitz Embeddings
Defining the sequences X and Y and the alphabets C* and CY

Let X* = {X;};>1 and Y* = {Y;*};>1 be two independent sequences of i.i.d. Ber(1) variables.
Let My be a large constant which will be chosen later. Let Y* = {Y;*} be the sequence given
by Y;* = y =D MotLiMol - Now Jet us divide the {0, 1} sequences of length M in the following
3 classes.

1. Class . Let Z = (Z1,Za, -+ ,Zun,) be a sequence of 0’s and 1’s. A length 2-
subsequence (Z;, Z;11) is called a “flip” if Z; # Z;1. We say Z € x if the number
of flips in Z is at least 2R .

2. Class 0. If Z = (Zy,Zs,- -+ , Zn,) & x and Z contains more 0’s than 1’s, then Z € 0.

3. Class 1. If Z = (Zy,Zs,--+ , Zp,) ¢ * and Z contains more 1’s than 0’s, then Z € 1.
For definiteness, let us also say Z € 1, if Z contains equal number of 0’s and 1’s and

Z & *.

Now set X = (X1, Xs,...) = X* and construct Y = (Y7, Y5,...) from Y* as follows. Set
Y; = 0,1 or % according as whether 3/};* € 0,1 or *.

It is clear from this definition that X = (X3, X5,...) and Y = (Y7, Y5, ...) are two indepen-
dent sequences of i.i.d. symbols coming from the alphabets C* and C¥ having distributions
p* and p¥ respectively where

C* =1{0,1},C¥ = {0,1,x}.

We take p* to be the uniform measure on {0, 1} and u¥ to be the natural measure on {0, 1,x}
induced by the independent Ber($) variables.

We take the relation R C C* x C¥ to be: {0 = 0,0 < x, 1 = 1,1 < x} and the good
sets Gi = {0,1} and Gy = {x}.
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It is now very easy to verify that C*,CY, u*, u¥, R, Gi, GY, as defined above satisfies all
the conditions described in our abstract framework.

Constructing the Lipschitz Embedding

Now we verify that the the sequences X and Y constructed from the binary sequences X* and
Y™ can be used to construct an embedding with positive probability. Note that though we
constructed the sequences X and Y from i.i.d. Ber( ) sequences X* and Y* in the previous
subsection, the construction is deterministic and hence can be carried out for any binary
sequence. We have the following lemma.

Lemma 2.2.1. Let X* = {X[};>1 and Y* = {Y*};>1 be two binary sequences. Let X and
Y be the sequences constructed from X* and Y™ as above. There is a constant M, such that

whenever X — Y, there exists a strictly increasing map ¢ : N — N such that for all 7,7 € N,
X, = Yo and |6(i) — 8(5)] < Mli — j|, ¢(1) < Mj2.

Before proceeding with the proof, let us make the following notation. We say X* <., Y*
if a map ¢ satisfying the conditions of the lemma exists. Let us also make the following
definition for finite subsequences.

Definition 2.2.2. Let X*I%2 gnd Y*F2l pe two segments of X* and Y~ respectwely We
say that X2l s 0 V00l it there exists a strictly increasing qb {i1,i1 +1,... i} —
{#},é +1,...,1} such that

(i) X =Yg,y and k,l € {i1,51 4+ 1,... 42} implies |p(k) — ¢(1)] < M|k —1|.

(ii) Blir) — it < M/3 and it — d(iz) < M/3,
In what follows, we shall always be taking M > 6. The following observation is trivial.

Observation 2.2.3. Let 0 =iy < iy < ... and 0 =i < i, < ... be two increasing sequences
of integers. If X*tbinal ey y+BALinl for each k>0, then X* <, Y.

Proof of Lemma 2.2.1. Let X*,Y*,X,Y be as in the statement of the Lemma. Let X — Y.
Let 0 =4 < i3 <iy <...and 0 =1j <] < iy < ...be the two sequences obtained from
Definition 2.1.1. The previous observation then implies that it suffices to prove that there
exists M (not depending on X* and Y*) such that for all » > 0,

X*[ih+lvih+l] %*M Y*[i/}LMO+1’i;L+1MO].

Notice that since {in11 —i5} and {7}, — i), } are bounded sequences, if we can find maps
Gn o {in+ 1, iy = {6, Mo+ 1,... i) Mo} such that X = Y5 ) then for sufficiently

large M and for all A we shall have X *lintLing] M y *lin Mo+1, Zh+1M° . We shall call such a
¢n an embedding.
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There are three cases to consider.

Case 1: ip41 — iy = 13,44 — i, = 1. By hypothesis, this implies X;, ; — Y;Hl' If
X7 1 =0and y <l MotL, Mo+Mo] {0, }, then y i Mo+ 1, Mo+Mo] st contain at least one
0 and hence an embedding exists. Similarly if X7 ,; = 1 and y i Moty MotMo) £ 41
then also an embedding exists.

Case 2: i, — i), = Ro, Ry < ips1 —in < RJ. In this case, Y+l is a “good”
segment, i.e., Y*(@+RMFLEGARDML ¢ o for 0 < k< ip1 — 1, —1. By what we have
already observed it now suffices to only consider the case i1 — i, = RJ. Now by definition
of , there exist an alternating sub-sequence of 2R3 0’s and 2R} 1’s in Y*inMotL @ +1) Mol
It follows that there is an embedding in this case also.

Case 3: iy —ip = Ry, Ry < i), — 1, < Ry. Similarly as in Case 2, there exists an
embedding in this case as well, we omit the details. O

Proof of Theorem 2.1
We now complete the proof of Theorem 2.1 by using Theorem 2.4.

Proof of Theorem 2.1. Let C*, i*,CY, ¥ be as described above. Let X ~ p*, Y ~ pu¥.
(Notice that p¥ implicitly depends on the choice of My). Notice that (2.1.1) holds trivially
if Ly > 3. Let 8,6, m, R, Ly be given by Theorem 2.4. First we show that there exists M
such that (2.1.2) and (2.1.3) hold.

Let Z = (21, Zs, ..., Zu,) be a sequence of i.i.d. Ber(5) variables. Observe that

1
2

M,

1—| 20
P(Zex)>(1-2 L2%”)233 — 1 as My — oo.
Hence we can choose M, large enough such that
p¥ (%) > max{1l — Lj°,1 — 2"+ P (2.2.1)

Since all X blocks are good and * is a good Y block, P(X € G§) = 1 and P(Y € GY) >
p¥ (%) > 1 — Ly° and hence 2.1.2 holds. For (2.1.3), notice that S¥(X) > 1 — Lg* for all X
and Sy (Y) > 1 for all Y. Hence P(Sy(Y) <p)=0ifp<i Forl—Ly'>p>1

1 - —
P(SY(Y) <p) SBY £ %) < (5)" 157 < "L,

and hence (2.1.3) holds.

Now let X* = {X;};>1 and Y* = {¥;*};>1 be two independent sequences of i.i.d. Ber(3)
variables. Choosing M, as above, construct X, Y as described in the previous subsection.
Then by Theorem 2.4, we have that P(X < Y) > 0. Using Lemma 2.2.1 it now follows that
for M sufficiently large, we have P(X* <,y Y*) > 0. This gives an embedding for sequences
indexed by the natural numbers which can easily be extended to embedding of sequences



CHAPTER 2. EMBEDDINGS OF ONE DIMENSIONAL RANDOM OBJECTS 17

indexed by the full integers with positive probability. To see that this has probability 1 we
note that the event that there exists an embedding is shift invariant and i.i.d. sequences are
ergodic with respect to shifts and hence it has probability 0 or 1 completing the proof. [

2.2.2 Rough Isometry

Proposition 2.1 and 2.2 of [35] showed that to show that there exists (M, D, C') such that two
Poisson processes on R are (M, D, C')-roughly isometric almost surely it is sufficient to show
that two independent copies of Bernoulli percolation on Z with parameter %, viewed as sub-
sets of R, are (M’, D', C")-roughly isometric with positive probability for some (M’, D', C").
We will solve the percolation problem and thus infer Theorem 2.2.

Defining the sequences X and Y and the alphabets C* and C¥

Let X* = {X]}i>0 and Y* = {Y;*};>0 be two independent sequences of i.i.d. Ber(3) variables
conditioned so that Xj = Y = 1. Now let us define two sequences ky < k; < ky < ... and
ko < ky < k5 < ...as follows. Let ko = 0 and k;1 = min,>g, X7 = 1. Similarly let & = 0
and ki ; = min,.p V' = 1. Let X7 = Xkiciki—ll and Y* = Y*Fi-uki—1l - The elements

of the sequences {X;};»; and {Y"};>1 are sequences consisting of a single 1 followed by a
number (possibly none) of 0’s. We now divide such sequences into the following classes.

Let Z = (Zy, Z1,...Z1),(L > 0) be a sequence of 0’s and 1’s with Zy = 1 and Z; = 0 for
0<i<L. Wesay that Z € Cyif L=0and for j > 1, wesay Z € C; if 2771 < L < 27,

Now construct X = (X, Xs,...) from X*and Y = (Y1,Ys,...) from Y* as follows. Set
X, =Cjif )A(;* € C;. Similarly set Y; = C} if }//? e (.

It is clear from this definition that X = (X, X5,...) and Y = (Y,Y5,...) are two
sequences of ii.d. symbols coming from the alphabets C* and C¥ having distributions p*
and p¥ respectively where

C* = CY = {Cy, Oy, Ch, ..}
and p* = u¥ is given by

p{C}) = ' ({C5}) = P(Z € Cy)
where Z = 201 75 — 0, Z* are of i.i.d. Ber(1) variables for ¢ > 1 and ¢ = min{k > 0 :
Zr =1}.

We take the relation R C C* x CY¥ to be: Cy — Cy if |k — k| < My. The “good”
sets are defined to be Gy = Gy = {C; : j < My}. It is now very easy to verify that
CX,CY, 1%, Y, R, G, GY, as defined above satisfy all the conditions described in our abstract
framework.

Existence of the Rough Isometry

Lemma 2.2.4. Let X* = {X/}i>0 and Y* = {Y;*}i>0 be two binary sequences with X§ =
Yo =1. Let Nx- = {i : X/ =1} and Ny~ = {i : Y;* = 1}. Let X and Y be the sequences
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constructed from X* and Y* as above. Then there exist constants (M', D’ ,C"), such that
whenever X — g Y, there exists ¢ : Nx» — Ny+ such that $(0) =0 and

(i) For allt,s € Nx-,
1
ol sl = D < o(t) = o(s)] < M'[t — s+ D'.

(ii) For allt € Ny«, Is € Nx« such that |t — ¢(s)| < C".

That is, X <—r Y implies Nx+ and Ny« (viewed as subsets of R) are (M', D', C")-roughly
1sometric.

Proof. Suppose that X — Y and let 0 =iy < i3 < iy < ...and 0 =i < ) <1y, < ... be
the two sequences satisfying the conditions of Definition 2.1.1. Let 0 = ko < k1 < kg < ...
and 0 = kj < ki < Kk} < ... be the sequences described in the previous subsection while

. *% *[k k; —1] *k * {k;’ ’k;’ _1} : *%
defining X and Y. For r > 1, define X;* = X*l"r—0"r " and Y* =Y*L 1 " 1 e, X

is the segment of X* corresponding to XI7—1+1%] and Y** is the segment of Y* corresponding
to Ylr1#14] Define Ny, = Nx- 0 [ki,_y, ki, — 1] and Ny, = Ny~ N[k}, ki, —1]. Notice
that by construction, for each r, Xi, L= 1 and Yk’i_/ =1, ie, k;j, , € Nx, € Nx« and

k‘:/r 1€NY,7~QNY’«. Tl

Now let us define ¢ : Nx« — Ny« as follows. If s € Nx,, define ¢(s) = kg; - Clearly
#(0) = 0. We show now that for M’ = 2MT2Rx D/ = 22Mot3(RHY2 and €' = 2MoHI RS the
map defined as above satisfies the conditions in the statement of the lemma.

Proof of (i). First consider the case where s,t € Nx, for some r. If s # t then clearly
Xlir-1#1ir] is a good segment and hence |s —t| < 2M0 R} Clearly |¢(s) — ¢(t)| = 0. It follows
that for the specified choice of M’ and D',

1
21t sl = DS 1o(t) = ls)] < M|t — 5| + D'

Let us now consider the case s € Nx,,, t € Nx,, where r; < ry. Clearly then kirlq <
s < ki, and ki, <t < k;,. Also notice that by choice of D', for any good segment

Xlintbinnl we must have |k;,,, — ki, | < 2" Ry < 5. Further if for some h, ij1 = iy + 1,

we must have that [Nx 41| = 1. Tt follows that s < k; _, + % and t < k;, _, + %,. It is

clear from the definitions that ¢(s) = &, and o(t) =k, .
ry— ro—

1

Then we have,
ro—1

o) — (s)] = > Ky — ki |

h=r1

and
ro—1

D/ rg—1 D/
Z ’kih - kihq’ - M < |t - 5‘ < Z ’kih - kih71| + M

h=r1 h=r1
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It now follows from the definitions that for each h,

1

27 Fin = Ko | < (kg = Fgy | < MCJks, — K

th—1 ‘

Adding this over h = rq,...,ry — 1, we get that
1
ot sl = D < [6(t) — 6(s)] < MYt — 5| + D

in this case as well, which completes the proof of (7).
Proof of (ii). Let t € Ny« and let r be such that kj, <t <k}, . Nowifi , —i =1

r+1
we must have ¢ =k}, and hence ¢ = ¢(s) where s = k;, € Ny~ and hence (i7) holds for ¢. If
il —i. # 1 we must have that Yir+1ir+1) is a good segment and hence Ky —ki < 2Mo Rt
Setting s = k;, € Nx- we see that ¢(s) = ki, and hence [t —¢(s)| < 2" Ry < C', completing
the proof of (7). O

Proof of Theorem 2.2

Now we prove Theorem 2.2 using Theorem 2.4.

Proof of Theorem 2.2. Let C*, u*,CY, ¥ be as described above. Let X ~ pu*, Y ~ puY.
Notice first that

1 L, gi- Lo
p(Co) = n¥(Co) = 5 and p(Cy) = n¥(Cy) = (5)° - (5)°
for 7 > 1, hence (2.1.1) is satisfied for for all k. We first show that there exists M, such
that (2.1.2) and (2.1.3) hold if 8,0, m, R and L, are constants such that the conclusion of
Theorem 2.4 holds.
First observe that everything is symmetric in X and Y. Clearly, we can take M, suffi-
ciently large so that S5 (X) > 1 — Lal for X = C}, for all k& < M,.
Now suppose X = C}, where k > M,.
1\ oh—no— 1
S = > WGH="" -

2 2
K|k — k| <My

Let us fix p < 1 — Ly'. Then we have
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PSE(X) <p) < 30 WECOI( T — (5™ <p)

2
k> My

S G < p)
2

> G-

k>Mo+logy(— log, p)

IN

IN

< (%)2M0+10g2(—1022 p)—l(%)2MO_1(—10g2 p)

2]\/10 —1

= p < pm+1(1 - Lal)2M0_1—m—1 < pmHLaﬁ
for My sufficiently large. Also, since Y, u*(Cjy) = 1, by choosing M, sufficiently large we
can make o p*(Cy) > 1 — Ly°.
Hence there exist some constant M for which both (2.1.2) and (2.1.3) hold. This together
with Lemma 2.2.4 and Theorem 2.4 implies a rough isometry with positive probability for
two independent copies of site percolation on NU{0} and hence on Z. The comments at the

beginning of this subsection then show that the conditional results of [35] extend this result
to Poisson processes on R proving Theorem 2.2. O

2.2.3 Compatible Sequences
Defining the alphabets C* and C¥

Let X = {X;}i>1 and Y = {Y;}i>1 be two independent sequences of i.i.d. Ber(q) variables.
Let us take C* = C¥ = {0,1}. The measures p* and p" are induced by the distribution of
Xi’s and Yy's, ie., p*({1}) = u¥({1}) = ¢ and p*({0}) = p¥({0}) = 1 — ¢. It is then clear
that X and Y are two independent sequences of i.i.d. symbols coming from the alphabets
C* and CY having distributions p* and p" respectively.

We define the relation R C C* x C¥ by

{0—=0,0— 1,1 = 0}.

Finally the “good” symbols are defined by G& = GY = {0}. It is clear that all the conditions
in the definition of our set-up is satisfied by this structure.
Existence of the compatible map

Lemma 2.2.5. Let X = {X;};>1 and Y = {Y; }i>1 be two binary sequences. Suppose X — Y.
Then there exist D, D" C N such that,

(i) For alli € D, X; =0, for alli' € D', Yy =0.
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i) Let N— D =k <ko<...and N— D' =k, <k, <.... Then for each i, X}, # Y
1 2 g 7
and hence X Y = 0.

Proof. The sets D and D’ denote the set of sites we will delete. Let 0 = ig < i1 < ip < ...
and 0 = 4 < i} < i < ... be the sequences satisfying the properties listed in Definition
2.1.1. Let Hik = {h . ih+1 - ih = Ro}, H; = {h . ilh+l — Z% = Ro}, Hg = {h . ih+1 - ih =
i1 — iy =1, X501 =Yy 11 = 0}. Let H* = UL, H. Now define

D= |Jlin+Lina)NN, D' = | [ij + L}, ] NN (2.2.2)
heH* heH*

It is clear from Definition 2.1.1 that D, D’ defined as above satisfies the conditions in the
statement of the lemma. O]

Proof of Theorem 2.3

Now we complete proof of Theorem 2.3 using Theorem 2.4.

Proof of Theorem 2.3. Let C*, i*,CY, 1Y be as described above. Let X ~ p*, Y ~ pu¥.
(Notice that p*, ¥ implicitly depend on ¢q) Let 3,4, m, R, Ly be constants such that the
conclusion of Theorem 2.4 holds. Take gy = L 9. Let g < qo. Clearly, then, for any X € C*
(resp. for any Y € C¥) we have S3(X) >1—q¢>1— Ly (resp. S{(Y)>1— Ly*'). Hence,
(2.1.2) is vacuously satisfied. That (2.1.3) holds follows directly from the definitions. Notice
that since the alphabet sets are finite (2.1.1) trivially holds. Theorem 2.3 now follows from
Lemma 2.2.5 and Theorem 2.4. O

2.3 The Multi-scale Structure

Let X, Y, C%,CY, G¥,G{ be as described in the previous section. As we have described in
§ 2.1.2 before, our strategy of proof of Theorem 2.4 is to partition the sequences X and
Y into blocks at each level 7 > 1. Because of the symmetry between X and Y we only
describe the F_rocedure to form the blocks for the sequence X. For each j > 1, we write
X = (XY, X7, ...) where we call each X7 a level j X-block. Most of the time we would
clearly state that something is a level j block and drop the superscript 7. Each of the X-block
at level j is a concatenation of a number of level (j — 1) X-blocks, where level 0 blocks are
just the characters of the sequence X. At each level, we also have a recursive definition of
“good” blocks. Let G;g and G}{ denote the set of good X-blocks and good Y-blocks at j-th
level respectively. Now we are ready to describe the recursive construction of the blocks
Xi(j). for j > 1.
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2.3.1 Recursive Construction of Blocks

We only describe the construction for X. Let us suppose we have already constructed the
blocks of partition upto level j for some j > 0 and we have X = (Xl(j),Xz(j), ...). Also
assume we have defined the “good” blocks at level j, i.e., we know G;g. We can start off the
recursion since both these assumptions hold for j = 0. We describe how to partition X into
level (j + 1) blocks: X = (ijﬂ), X2(j+2), c).

Recall that L, = L] = L™ Suppose the first k (k > 0) blocks X{jﬂ), . ,X,gjﬂ) at
level (j + 1) has already been constructed and suppose that the rightmost level j-subblock

of X,gjﬂ) is X, Then X,S'jl” consists of the sub-blocks X,(njjrl,Xgl% . ,anleLs where
J

[ > L;)? + L;“’l is selected in the following manner. Let Wy ;41 be a geometric random
variable having Geom(Lj_4) distribution and independent of everything else. Then

[ = min{s > L? + L;‘fl + Wit1j+1 0 Xongsti € G;g for 1 <i< 2L:]3-}.

That such an [ is finite with probability 1 will follow from our recursive estimates.

Put simply, our block construction mechanism at level (j 4 1) is as follows:

Starting from the right boundary of the previous block, we include L? many sub-blocks, then
further L;’_l many sub-blocks, then a Geom(Lj_4) many sub-blocks. Then we wait for the
first occurrence of a run of QL? many consecutive good sub-blocks, and end our block at the
madpoint of this run.

This somewhat complex choice of block structure is made for several reasons. It guar-
antees stretches of good sub-blocks at both ends of the block thus ensuring these are not
problematic when trying to embed one block into another. The fact that good blocks can be
mapped into shorter or longer stretches of good blocks then allows us to line up sub-blocks
in a potential embedding in many possible ways which is crucial for the induction. Our
blocks are not of fixed length. It is potentially problematic to our approach if conditional on
a block being long that it contains many bad blocks. Thus we added the geometric term to
the length. This has the effect that given that the block is long, it is most likely because the
geometric random variable is large, not because of the presence of many bad blocks. Finally,
the construction means that block will be independent.

We now record two simple but useful properties of the blocks thus constructed in the
following observation. Once again a similar statement holds for Y-blocks.

Observation 2.3.1. Let X = (X{jﬂ),XéjH), )= (X{j),Xéj), ...) denote the partition of
X into blocks at levels (j + 1) and j respectively. Then the following hold.

1. Let X7 = (X X X)) Fori > 1, X,y € G foreachk, 1 < k < L3,

Further, ifi > 1, then Xi(flk_l € G¥ foreach k, 1 <k < L3. That is, all blocks at level

(7 4+ 1), except possibly the leftmost one (ijﬂ)), are guaranteed to have at least Lg?

“good” level j sub-blocks at either end. Fven Xl(jH) ends in L;’ many good sub-blocks.



CHAPTER 2. EMBEDDINGS OF ONE DIMENSIONAL RANDOM OBJECTS 23

2. The blocks Xl(jﬂ), X;jﬂ), ... are independently distributed. In fact, Xz(jﬂ),XéjH), e
are independently and identically distributed according to some law, say ,u?gﬂ. Further-

more, conditional on the event {XZ-(k) € G fori=1,2,..., L3 forall k < j}, the
(7 + 1)-th level blocks X{ﬁl),XQ(jH), ... are independently and identically distributed
according to the law p7, ;.

From now on whenever we say “a (random) X-block at level 57, we would imply that it
has law u?g, unless explicitly stated otherwise. Similarly let us denote the corresponding law
of “a (random) Y-block at level ;7 by u). Also for convenience, we assume pug = p* and
frg = "

Also, for j > 0, let l@%c denote the conditional law of an X block at level j, given that it
is in G5. We define i} similarly.

We observe that we can construct a block with law g}, (resp. p),,) in the following
alternative manner without referring to the the sequence X (resp. Y).

Observation 2.3.2. Let X1, Xo, X3,... be a sequence of independent level 7 X-blocks such
that X; ~ e for 1 <i < L3 and X; ~ pif fori > L3. Now let W be a Geom(Lj_‘l) variable
independent of everything else. Define as before

l=min{i > L3+ L¢ '+ W : Xy € GF for 1 <k <2L%}.
Then X = (Xl,Xg,...,XHL?) has law (i}, ;.

Whenever we have a sequence X7, Xs,... satisfying the condition in the observation
above, we shall call X the (random) level (j + 1) block constructed from X;, Xs, ... and we
shall denote the corresponding geometric variable to be Wy and T'x =1 — Lg? — L?’l.

2.3.2 Embedding Probabilities and Semi-bad Blocks

Now we make some definitions that we are going to use throughout our proof.

Definition 2.3.3. For j > 0, let X be a block of X at level j and let' Y be a block of Y at
level j. We define the embedding probability of X to be SY(X) = P(X — Y|X). Similarly
we define S} (Y) =P(X < Y|Y). As noted above the law of Y is i in the definition of S}
and the law of X 1is ,u?g in the definition of S}Y.

Notice that j = 0 in the above definitions corresponds to the definition we had in Sec-
tion 2.1.1.

Definition 2.3.4. Let X be an X-block at level j. 1t is called “semi-bad” if X ¢ G;g,
SHX) > 11— JX| < 10L; and Cy ¢ X for any k > L7'. Here |X| denotes the

1
20ko R},
number of C* characters in X. A “semi-bad” Y block at level j is defined similarly.
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We denote the set of all semi-bad X-blocks (resp. Y-blocks) at level j by SB]X (resp.
SBY).
J

Definition 2.3.5. Let Y = (Y1,...,Y,) be a sequence of consecutive Y blocks at level j. Y
18 said to be a “strong sequence” if for every X € SB]X

1
10ko R

j+1

#{1<i<n: X —=Y}>n(l )-

Sitmilarly a “strong” X-sequence can also be defined.

2.3.3 Good Blocks

To complete the description, we need now give the definition of “good” blocks at level (j+1)
which we have alluded to above. With the definitions from the preceding section, we are now
ready to give the recursive definition of a “good” block as follows. Suppose we already have
definitions of “good” blocks upto level j (i.e., characterized G5 for k < j). Good blocks at
level (j + 1) are then defined in the following manner. As usual we only give the definition
for X-blocks, the definition for Y is exactly similar.

Let X0+) = (XY XU . XY be a X block at level (j + 1). Notice that we can
form blocks at level (j 4 1) since we have assumed that we already know G;g. Then we say
XUt e G%,, if the following conditions hold.

(i) It starts with L? good sub-blocks, i.e., X9 e G7 for 1 <i < L.
(i) It contains at most ko bad sub-blocks. #{1 <i<n:X; ¢ G} < k.

(iii) For each 1 < i < n such that X; ¢ GY, X; € SB}, i.e., the bad sub-blocks are only
semi-bad.

(iv) Every sequence of [L?/ ?| consecutive level j sub-blocks is “strong”.
(v) The length of the block satisfies n < L§~ + L3.

Finally we define “segments” of a sequence of consecutive X or Y blocks at level j. Notice
that for j = 0 the following definition reduces to the definition given in § 2.1.1.

Definition 2.3.6. Let X = (X1, Xa,...) be a sequence of consecutive X-blocks. For iy >
Xijt1y -5 Xiy) the iy, iz]-segment” of X denoted by
Xlivi2l - The ‘i1, 19)-segment” of a sequence of Y blocks is also defined similarly. Also a
segment 1s called a “good” segment if it consists of all good blocks.

ip > 1, we call the subsequence (X,
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2.4 Recursive Estimates

Our proof of the general theorem depends on a collection of recursive estimates, all of which
are proved together by induction. In this section we list these estimates for easy reference.
The proof of these estimates are provided in the next section. We recall that for all j > 0
Lj=1L§ = L§ and for all j >0, R; =4 (2R), Ry =4(2—277) and R] =4/ R*(2+27).

J
For j = 0, this definition of R;, R;r and R; agrees with the definition given in § 2.1.1.

2.4.1 Tail Estimate
I. Let j > 0. Let X be a X-block at level j and let m; = m + 277, Then

IP’(SJX(X) <p) < pmjL;'B for p<1—1L;" (2.4.1)
Let Y be a Y-block at level j. Then

P(SY(Y) <p) <p™L;” for p<1-L;" (2.4.2)

2.4.2 Length Estimate
II. For X be an X-block at at level 7 > 0,

Elexp(L; % (|1 X] = (2—279)L;))] < L. (2.4.3)

Similarly for Y, a Y-block at level j, we have
Elexp(L; 5 (Y] - (2 - 277)L;))] < 1. (2.4.4)

1

For the case j = 0 we interpret equations (2.4.3) and (2.4.4) by setting L_; = L§ .

2.4.3 Properties of Good Blocks
ITI. “Good” blocks map to good blocks, i.e.,

XeGYeG/ =X =Y (2.4.5)

IV. Most blocks are “good”.
P(XeGf)>1-L;" (2.4.6)

P(Y €G))>1-L;"° (2.4.7)
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V. Good blocks can be compressed or expanded.

Let X = (X1, Xa,...) be a sequence of X-blocks at level j and Y = (Y1,Y5,...) be a

sequence of Y-blocks at level j. Further we suppose that X1 and YRR are “good
segments”. Then for every t with Ry <t < R},

XLBR) .y vl gng X8 <y yILRS] (2.4.8)

Theorem 2.4.1 (Recursive Theorem). For «, 3, §, m, kg and R as in equation (2.1.4), the
following holds for all large enough Lg. If the recursive estimates (2.4.1), (2.4.2), (2.4.3),
(2.4.4), (2.4.5), (2.4.6), (2.4.7) and (2.4.8) hold at level j for some j > 0 then all the
estimates hold at level (j + 1) as well.

Before giving a proof of Theorem 2.4.1 we show how using this theorem we can prove the
general theorem.

Proof of Theorem 2.4. Let X = (X1, Xs,...), Y = (Y1,Y3,...) be as in the statement of the
theorem. Let for j > 0, X = (ij),Xz(j), ...) denote the partition of X into level j blocks
as described above. Similarly let Y = (Yl(j ), YQ(j ), ...) denote the partition of Y into level j
blocks. Let 3,0, m, R, Ly be as in Theorem 2.4.1. Recall that the characters are the blocks
at level 0, i.e., Xi(o) = X; and Yi(o) =Y, for all i > 1. Hence the hypotheses of Theorem 2.4
implies that (2.4.1), (2.4.2), (2.4.6), (2.4.7) hold for j = 0. It follows from definition that
(2.4.5) and (2.4.8) also hold at level 0. That (2.4.3) and (2.4.4) hold for j = 0 is trivial.
Hence the estimates I — V' hold at level j for j = 0. Using Theorem 2.4.1, it now follows
that (2.4.1), (2.4.2), (2.4.3), (2.4.4), (2.4.5), (2.4.6), (2.4.7) and (2.4.8) hold for each j > 0.

Let 7;X = {X,gj) S G;g, 1<Ek< L;’} be the event that the first L;’? blocks at level j are
good. Notice that on the event ﬂijﬂ’x = 7?51, X fj ) has distribution ,u?g by Observation 2.3.1
and so {XZ-(j )}izl is i.i.d. with distribution . Hence it follows from equation (2.4.6) that
P(TE My T5) = (1 — L;‘S)L?. Similarly deﬁning T = (v ¢ GY,1 <k < L3} we get
using (2.4.7) that P(TY| N _y T,Y) > (1 — L;°)".

Let A = Nj>o(7;* N T;"). Tt follows from above that P(A) > 0 since § > 3 and Lo
sufficiently large. Also, notice that, on A, ij) — Yl(j) for each j > 0. Since |X1(j)|, |Y1(j)| —
oo as j — oo, it follows that there exists a subsequence j, — oo such that there exist I2-
embeddings of X" into YY) with associated partitions (i, ", . .. yiy ) and (i, 4", ..., 1))
with ¢, — oo satisfying the conditions of Definition 2.1.1 and such that for all » > 0 we
have that i — ¥ and ¢ — /7 as n — oo. These limiting partitions of N, (i§,4%,...) and
(i'5,4'7, . . .), satisfy the conditions of Definition 2.1.1 implying that X < Y. It follows that
P(X—Y)>0. O

The remainder of the chapter is devoted to the proof of the estimates in the induction.
Throughout these sections we assume that the estimates I —V hold for some level j > 0 and
then prove the estimates at level j 4+ 1. Combined they complete the proof of Theorem 2.4.1.
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From now on, in every Theorem, Proposition and Lemma we state, we would implicitly
assume the hypothesis that all the recursive estimates hold upto level j, the parameters
satisfy the constraints described in § 2.1.2 and L, is sufficiently large.

2.5 Notation for maps: Generalised Mappings

Since in our estimates we will need to map segments of sub-blocks to segments of sub-blocks
we need a notation for constructing such mappings. Let A, A” C N, be two sets of consecutive
integers. Let A={ny+1,...,ny +n}, A ={nf+1,... ,nf +n'}. Let

PA:{P:P:{n1:i0<2'1<...<Z'Z:n1+n}}

denote the set of partitions of A. For P = {n; = ip < i3 < ... < i, = ny +n} € Py, let
us denote the “length” of P by I[(P) = z. Also let the set of all blocks of P, be denoted by
B(P)=A{li,+1,i,1)]NZ:0<r<z-1}.

2.5.1 Generalised Mappings

Now let T denote a “generalised mapping” which assigns to the tuple (A, A’), a triplet
(P, P',7), where P € Py, P' € Py, with [(P) = [(P’), and 7 : B(P) — B(P’) be the unique
increasing bijection from the blocks of P to the blocks of P’. Let P = {n; =ig <i; < ... <
ipy = +n}and P’ ={n} =ip <1} <... <ipy=mny+n'}. Then by “7 is an increasing
bijection” we mean that I(P) = I(P’) = z (say), and 7([i, + 1,%,44] NZ) = [i. + 1,4, ] N Z.
A generalised mapping T of (A, A") (say, T(A, A") = (P, P, 7)) is called “admissible” if the
following holds.

Let {x} € B(P) is a singleton. Then 7({x}) = {y} (say) is also a singleton. Similarly,
if {y} € B(P') is a singleton, then 7=({y}) is also a singleton. Note that since we already
require T to be a bijection, it makes sense to talk about 7' as a function here.

If 7({z}) = {y} or 77 *({y}) = z, we simply denote this by 7(z) = y and 77(y) = z
respectively.

Let B C A and B’ C A’ be two subsets of A, A’ respectively. An admissible generalized
mapping T of (A4, A’) is called of class G? with respect to (B, B’) (we denote this by saying
Y(A, A, B, B') is admissible of class GY) if it satisfies the following conditions:

(i) If z € B, then the singleton {z} € B(P). Similarly if y € B’, then {y} € B(F’).
(ii) If ¢p41 > i, + 1 (equivalently, i/, > 4/ 4+ 1), then (4,41 — 4y) A (i, —7.) > L; and

1= G40/ i =l R(1 4 2-G+5/9),

R - ir+1 —ip

(iii) For all z € B, 7(x) ¢ B'.

Similarly, an admissible generalised mapping YT(A, A') = (P, P',7) is called of Class H]
with respect to B if it satisfies the following conditions:
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(i) If z € B, then {z} € B(P).
(ii) If ¢p41 > i, + 1 (equivalently, i/, > 4/ 4+ 1), then (4,41 — iy) A (i, —7.) > L; and

1= G40/ i =l R(1 4 2-G+5/9),

R - ir+1 —r

(iti) For all z € B, n' — L3 > 7(x) —ny > L3.

Finally, an admissible generalised mapping Y7 (A, A’) = (P, P, 7) is called of Class H)
with respect to B if it satisfies the following conditions:

(i) If z € B, then {z} € B(P).
(i) L} <7(x) —ny <n/ — L forall z € B.

(111) If [Zh+1, ih+1]ﬂZ € B(P) and Zh+1 7& ih+1 then ih+1—’ih = Rj and Rj_ S ithrl_i;l S R;'_

2.5.2 Generalised Mapping Induced by a Pair of Partitions

Let A, A’ B, B’ be as above. By a “marked partition pair” of (A, A’) we mean a triplet
(P*,P;,Z) where P, = {n1 =< 1 < ... < il(p*) = N +n} € Py and P,ﬁ = {n/1 =
G0 <y < ... <dypy =nj+n'} € P, U(P) = U(P])and Z C [I[(P) — 1] is such that
rEZ Sy — iy =1y — i
It is easy to see that a “marked partition pair” induces a Generalised mapping Y of
(A, A, B, B') in the following natural way.
Let P be the partition of A whose blocks are given by

B(P) =U,ez{{i} :i € [iy + 1,41 | N Z} Upgz {[iy + 1,3, 11| N Z}.
Similarly let P’ be the partition of A’ whose blocks are given by
B(P") =U,ez{{!'}: " € i, + 1,4, | N2} Upgz {[i. + 1,4, 4] N Z}.

Clearly, [(P,) = [(P)) and the condition in the definition of Z implies that I(P) = [(P’). Let 7
denote the increasing bijection from B(P) to B(P’). Clearly in this case T (A, A") = (P, P', 1)
is a generalised mapping and is called the generalised mapping induced by the marked
partition pair (P,, P., Z).

The following lemma gives condition under which an induced generalised mapping is
admissible. The proof is straightforward and hence omitted.

Lemma 2.5.1. Let A, A", B, B’ be as above. Let P, = {n; = iy < i1 < ... < iyp,) =
ni+n} € P(A) and P] = {ny = io < i) < ... <dypy =mny+n'} € P, be partitions of A
and A’ respectively of equal length. Let Bp, = {r : BN [i, + 1,i,41] # 0} and Bp, = {r :
B'N[il.+1,i.41] # 0}. Let us suppose the following conditions hold.

(1) (Ps, P/, Bp, U Bp) is a marked partition paar.
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(ii) For v ¢ (Bp, U Bpy), (irsa — i) A (ilyy — if) > Ly and =250 < T2l < Ry 4
9-+5/4)).

(iii) Bp, N Bp =0,
then the induced generalised mapping Y(A, A', B, B") is admissible of Class G.

The usefulness of making these abstract definitions follow from the following lemma and
next couple of propositions.

Lemma 2.5.2. Let X = (X1, X5, ...) be a sequence of X blocks at level j andY = (Y1,Y5,...)
be a sequence of Y blocks at level j. Further suppose that n,n’ are such that X and
Yl are both “good” segments, n > L; and ﬂ < %/ < R(1 + 2*(J'+5/4)). Then
X ol ey yitn],

Proof. Let us write n = kR; +r where 0 < r < R; and k € NU {0}. Now let s = [2=].
Define 0 =ty <ty <ty <...tp =n' —r <t 1 =n' such that for all i < k, t; —t;_ 1 = s or
s+ 1.
Claim: Rj_ <s< R;L —

Proof of Claim. From % < R(1 + 27U+%/9) it follows that,

ks <n' <nR(1+270+1) < (k4+1)R;R(1 4 27 U+5/),

< Li < 27U+ (214 1) it follows

=

Since n > L; and L is sufficiently large we have

1 (14 2-G+5/9))
s = <1 _)R 1_|_2 J+1))

1 92— (a+5/4)(21/4 1)
b E)( 1+ 2-G+D) )

1 + ) —(j+9/4) (21/4 1))

from the above that

IN
?U

IN
=
+

IA
:U
/‘\/‘\/-\ +

| = oG9/ g1/ _ 1)+1)

k
Rt (1 2= (j+13/4)(21/4 _ 1))

IN

AN
oy
N
—
|
-
N~

the last inequality follows as 2/ R?(2'/4 — 1) > 2%4 for all j since R > 10. Hence s < Rf -1
To prove the other inequality in the claim, we note that it follows from # < %

that
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1 — 27 (+5/4)) (1 —2-U+5/9))
k+1 Ry >n'> ( > kR; .
(k+1)s+R;>n">n 7 > kR; 7

This in turn implies that

ER;(1 — 2-U+5/9) R.
> J _ Y
- (k+ 1R k+1

- Eo(1- 2—(j+5/4)) R
- (k +1 (1—2-0U+D) B (k+1)(1— 2—(j+1)))

k - 2R
[ (1 9GSy ol/4 _ )y =
= B (k—l—l( i ) ) k+1

> R

J

where the last inequality follows from the fact that for L, sufficiently large we have for all
. i+5/4
71>0,k> % > M. This completes the proof of the claim.

21741
Now, from (2.4.5) and (2.4.8) it follows that, X +L0+DR] oy ylttltind for 0 <4 < k
and XFEi+1nl oy yitetltial  The lemma follows. O

Let X = (X1, X5, X3,...,X,) be an X-block (or a segment of X-blocks) at level (5 + 1)
where the X;’s denote the j-level sub-blocks constituting it. Similarly, let a Y-block (or a
segment of Y-blocks) at level (j + 1) be denoted by Y = (Y7,Y5,Ys,...,Y,). Let Bx =
{i : X; ¢ G7} ={ly <ly <...<lg,} denote the positions of “bad” level j X-subblocks.
Similarly let By = {i: X; ¢ G} = {l} <) < ... <l } be the positions of “bad” Y-blocks.

We next state an easy proposition.

Proposition 2.5.3. Let X,Y, Bx, By be as above. Suppose there exists a generalised map-
ping T given by Y([n],[n'], Bx, By) = (P, P',7) which is admissible and is of Class G7.
Further, suppose, for 1 < i < Kx, Xj;, = Yrq,) and for each 1 < i < Ky, X;-105) < Yir.
Then X — Y.

Proof. Let P, P’ be as in the statement of the proposition with [(P) = I(P') = z. Let us fix
r, 0 <r <z —1. From the definition of an admissible mapping, it follows that there are 3
cases to consider.

® i1 —% =14, —i. = 1andeither i, +1 € Bx or i, +1 € By. In either case it follows
from the hypothesis that X; ;3 < Y 1.

® iy — i =i, —i.=14.+1¢ By, i, +1¢ By. In this case X; ;1 — Y 1 follows
from the inductive hypothesis (2.4.5).

e i,.1 —i, # 1. In this case both X[rtlirl and YIr+binl are good segments, and it
follows from Lemma 2.5.2 that Xrtlirta] g ylitli,],
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Hence for all 7, 0 < r < z — 1, Xlirtbirnl oy YI+Linl Tt follows that X < Y, as
claimed. O

In the same vein, we state the following Proposition whose proof is essentially similar
and hence omitted.

Proposition 2.5.4. Let X, Y, Bx be as before. Suppose there exists a generalised mapping
T given by Y([n), [n']) = (P, P',7) which is admissible and is of Class Hi or H} with respect
to Bx. Further, suppose, for 1 <i < Kx, Xj, <= Y;q,) and for each i’ € [n'|\ {7(l;) : 1 <
i< Kx}, Yie G}{. Then X — Y.

2.6 Constructions

In this section we provide the necessary constructions of generalised mappings which we
would use in later sections to prove different estimates on probabilities that certain X-blocks
can be mapped to certain Y-blocks.

Proposition 2.6.1. Let j > 0 and n,n’ > L;‘_l such that

1 —2-0+7/4)
R

Let B={li <lp <...<ly} Cn]and B = {l} <l <...[; } C [n'] be such that
Ll (n— L), (0 = 1) > L}, ko ky < koR}y . Then there exist a family of admissible
generalised mappings Ty, for 1 < h < L3, such Ty([n], [n'], B, B') = (Py, P}, ) is of class
G’ and such that for 1 < h < L?, 1 <i<ky, 1 <r <k, nl)=nl)+h—1and
) = M) b+ L

/
< < R(1 + 27U+, (2.6.1)
n

To prove Proposition 2.6.1 we need the following two lemmas.

Lemma 2.6.2. Assume the hypotheses of Proposition 2.6.1. Then there exists a piecewise
linear increasing bijection 1 : [0,n] — [0,n'] and two partitions Q and Q' of [0,n] and [0,n/]
respectively of equal length (= q, say), given by Q@ = {0 =1ty <t < ...t,1 <ty =n} and
Q' ={0=1vY(ty) <P(t1) <...¥(t,—1) < Y(ty) =n'} satisfying the following properties:

1. None of the intervals [t,_1,t,| intersect both B and ¢~ (B') but each intersects B U
»~Y(B'). Hence, none of the intervals [t(t,_1),0(t,)] intersect both B’ and 1 (B) but
each intersects B' U (B).

2. For all a,b; 0 <a<b<n, 1’27;%/2) < w(bl)):;/’(a) < R(1 4 2-U+3/2)),

3. Suppose i € (BUYY(B)) N [t,_1,t.]. Then |i —t,_1| A |t, — i > L?/4. Similarly if
i € (B'UG(B) N [(t1), ()], then [ = d(tr-1)| Alu(t,) —i| = L),
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Proof. Let us define a family of maps ¢ : [0,n] — [0,n/], 0 < s < L?/Q as follows:

3 S
x—Liéi; it < L3)2
J s
Vi) =4 L}/2+s+ nf% (w—L3/2) if L}2<a<n—L}>2 (2.6.2)

3
Li/2—s

It is easy to see that 1, is a piecewise linear bijection for each s with the piecewise linear

inverse being given by

L3/2 .
n—L3
W (y) = L?/2+n,,i]3(y—L?/2—s) if L3/24+s<y<n' —L}2+s (263)
J 3
n—(n’—x)(#ﬁs) if n'—L3/24+s<y<n

Notice that since a > 4, for Ly sufficiently large, we get from (2.6.1) that %}?W

n/—L3 . . . . . . . .
n_LLg < R(1 4 2-U+13/8)) Since each v, is piecewise linear, it follows that each v, satisfies
J

condition (2) in the statement of the lemma.

<

Let S be distributed uniformly on [0, L?/ 2], and consider the random map ¥g. Let

E = {|ps(i) — | > 2L, |i — v5'(¢")] > 2LY*Vi € B,vi' € B}.

9/4

It follows that for i € B,i" € B', P(|¢g(i) — | < 2L3/4) = SIZ;Z = L%%. Similarly
P(|i — ' (i)] < 2L?/4) < 231}/%4. Using k., ky < koR,,, a union bound now yields

J

16 REZ (R}, )
P(E)>1- # >0
Lj

for Ly large enough. It follows that there exists sy € [O,L?/ ?] such that |1y, (i) — @] >
20 |i — o M(i")| > 2LY/*Vi € B, € B

Setting 1 = 1), it is now easy to see that for sufficiently large L there exists 0 = ¢y <
ty < ...<t,=mn € [0,n] satistying the properties in the statement of the lemma. One way
to do this is to choose t,’s at the points w where 7,4’ are such that there does not
exist any point in the set BUv¥™!(B’) in between [; and ¢~ *(l},). That such a choice satisfies
the properties (1) — (3) listed in the lemma is easy to verify. O

Lemma 2.6.3. Assume the hypotheses of Proposition 2.6.1. Then there exist partitions P,
and P, of [n] and [n'] of equal length (= z, say) given by P, = {0 =iy < iy < ...<1i,=n}
and Pl = {0 =i} < i} < ... < i, =n'} such that if we denote Bp, = {r : BN[i,+1,i,41] # 0}
and Bp, = {r: B'N[i. + 1,i;.,] # 0} then all the following properties hold.
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[t1] +1 S (A 39" (b5) () i3 |t2]
[¥(t)] +1 02 by =1 i2 02 by =15 by =14 i [(t2)]
—— —— —— —
| \Y;
N[

N[—=

b‘ KL=
QU 3

J ®

o

Figure 2.1: Partitions described in Lemma 2.6.2 and Lemma 2.6.3

1. (P, P}, Bp, U Bp,) is a marked partition pair.

17/8
2. Forr ¢ Bp. U By, (iry1 —ir) A (iLy, — i) > =4

—_9—(i+7/5) i
. o1 — ) = S and =2 <
2-G+T/5),

—1!

R = zT:z::i < R(1+
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3. Bp, NBp =0,0,2—1¢ Bp, UBp;, Bp, UBp, does not contain consecutive integers.

b If 1 € [ir + 1yina, then |l —in| Al — iria| > LTS Similarly if I € [ih + 1,4,4],

then [l — | Al — i,y | > 3LI7%.

Proof. Choose a map 1 and partitions @, Q) as given by Lemma 2.6.2. Let us fix an interval
[tr—1,t.], 1 <r < q. We need to consider two cases.

Casel:BT::Bﬂ[r 1, ] {bl<b2< <bkr}7£®

Clearly k, < koR},,. We now define a partition P" = {[t,_1] = if < i < ... <1} =
|t-]} of [[t,—1] + 1, [t,]] as follows.

o it =b —[L*].

J

o For h > 1, if [if_,,#] N B, = 0, then define, ¢}, = min{i > i + [L;/®] : B,n[i —
LL17/8J +3L 17/8J]—®}

e For h > 1,if [i}_,,4,]NB, # 0, define i} ; = min{i > zh—l—QLL”/SJ Dt LL;WBJ—H € B}
or |t.] if no such i exists.

Notice that the construction implies that i _, = by, + LLJU/ ®|+1. Also ! i > 2 [L;W °
for all h. Also notice that this implies that alternate blocks of this partition intersect B,
and hence z, < 2/{:0]%+ 1 + 2. It also follows that the total length of the blocks intersecting

B, is at most 8k0R;r+1L17/8.

Now we construct a corresponding partition P = {|¢(t,_1)| = if <if < ...<il =

| (t)]} of [[w(tr—1)] + 1, [¢(¢,)]] as follows. -
o iy = [¥(i])].

e For 1 < h <z —2 i, =i +(i5,, —1), when B, N[ir, i}, ,] # 0, and i)/, =
i+ [¥(ih ) — ¥(i)] otherwise.

Notice that condition (2) of Lemma 2.6.2 and the preceding observation implies that

’ /

67 =7 3) = (W) = (i, )| < ARk RS L 4 2k B +2).

Zr zZr—1 Zr 741
This together with conditions (2) and (3) of Lemma 2.6.2 implies that for Ly sufficiently
large P is a valid partition of [|¢(¢,—1)] + 1, [¢(¢,)]] such that for all A

—(j+7/5 e G
1 — 2-(+7/5) < ’l'};_s_l Z.}; < R(1 +2—(j+7/5))‘
R th1 T th
Case 2: B, == B'N[|[¥(t,—1)], [¥(E)]] = {b) <by <...<bj, } #0.
Clearly k; < koRS, ;. In this case, we start with defining a partition P7={|¢(t,_1)] =

i <iy <...<il =[¥(t)]}of [[¥(t—1)| + 1, [¢(t)]] as follows.
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o iy = —[L"*].

e For h > 1, if [z;l i) N B = 0, then define, 4, ; = min{i > i} + LL;NSJ B/ NJ[i—

e For h > 1,if [iy_,,iy]N B. # 0, define 37, ; = min{i > i}’ —I—QLL”/BJ ci+ | L 17/8j +1e
B!} or W( )] if no such i exists.

As before, next we construct a corresponding partition P" = {|t,_;| = ij <} < ... <
il = |t.]} of [[t,—1] + 1, [t ]] as follows.

i = [ (i)
For 2 —2 > h > 1,45, = i + (i — i), provided B} N [if,i),] # 0, and
iy =iy + [ (i) — (6T |, otherwise.

As before it can be verified that the procedure described above gives a valid partition of
[[tr—1] + 1, [(¢.)]] such that for Ly large enough we have for every h

< i";r“ — zh < R(1+2707/5)),
R thy1

1 — 2-(+7/5)

Let us define, P, = U, P" and P, = U,P"" where UP" denotes the partition containing
the points of all P"’s (or alternatively, B(UP") = U,B(P")). It is easy to check that (P, P})
satisfies the properties (1)-(4) listed in the statement of the lemma. O

The procedure for constructing (Py, P.) as described in Lemma 2.6.2 and Lemma 2.6.3
is illustrated in Figure 2.1. The upper figure illustrates a function ¢ and partitions 0 =
to <t <...<t,=n"and 0 =9Y(ty) < Y(t1) < ... < Y(t,) = n' as described in Lemma
2.6.2. The lower figure illustrates the further sub-division of an interval [¢;,?5] as described
in Lemma 2.6. 3 The nelghbourhoods of b}, b, b are mapped rigidly so above we have
i2 — % =i —i? and i2 — i =i} — i
Proof of Proposition 2.6.1. Construct the partitions P, and P, of [n] and [n/] respectively
as in Lemma 2.6.3. Let P, = {0 =iy < i3 < ... <i,1 <i,=n}and P, = {0 =1, <
i < ...<il,_, <i,=n}. For 1 <h<L?welet il =i, andsoP*h:P*whilewedeﬁne
'h—z +h—1for1<r<z-1so that Ph {0=if <it<...<il <il=n'}.
Flrst we observe that conditions (2) and (3) Lemma 2.6.3 implies that in the above
definition is consistent and gives rise to a valid partition pair (P, P,*) for each h, 1 < h < LJQ-.
From item (4), in the statement of Lemma 2.6.3 it follows that for each h, (P" P.", B pr U
Bpih) forms a marked partition pair. Furthermore, for each h, if Ly is sufficiently large this
marked partition pair satisfies
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L For 1 ¢ Bpr U B, (irg1 — i) A (ifyy — if) > L? and B2 < 28 < R(1 4
2=(+5/4),

2. BPIL N Bpsih = @

Using Lemma 2.5.1, for each h, the generalized mapping Y, ([n], [n], B, B') = (Py, P}, 1)
induced by the marked partition pair (P*, P.", Bp, U B pr) is an admissible mapping of class
G7. Tt follows easily from definitions that for 1 < h < L3, 1 < i < ky, 1 < 7 < ky,
(L)) = 71(l;) + h — 1 and 7, '(I.) = 7, '(I.) — h + 1. This procedure is illustrated in Figure
2.2. ]

10

Figure 2.2: Construction of generalized mappings (P, Py, 7,) from (P, P,) as described in
the proof of Proposition 2.6.1

Proposition 2.6.4. For j > 0, let n,n' > L?_l be such that }% < %' <R LtB={h<
lo < ... <l } C[n] be such that Iy, (n —li,) > L;?, k. < ko. Then there exist a family of
admissible mappings Ty, for 1 < h < L3, Tp([n], [n']) = (Pa, P, 7) which are of Class H]
with respect to B such that for 1 < h < LJZ, 1 <i <k, we have that 7,(l;) = 71 (l;) + h — 1.

Proof. This proof is a minor modification of the proof of Proposition 2.6.1. Clearly, as in the
proof of Proposition 2.6.1, we can construct LJZ admissible mappings i (A, A") = (P}, P,*)
which are of Class G’ with respect to (B, 0) where A = {|L3/2]+1, | L3/2]+2,....n—|L3/2]}
and A" = {L3+1,L3+2,...,n' = L3}. Denote Py = {|L3/2]+1 =if <} <... <l <il =
n—|L?/2]}. Define the partition P, of [n] as P, = {0 < i < i} <...<il_; <i? <n}, that
is with segments of length |L3/2] added to each end of Pj. Define P} similarly by adding
segments of length L;’ to each end of P,’L*. It can be easily checked that since Ly is sufficiently
large, for each h, 1 < h < L?, (Py, Pi, ) is an admissible mapping which is of Class H] with
respect to B such that for 1 < h < L?7 1 <i <k, we have that 7,(l;) = (l;)) + h—1. O
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!

Proposition 2.6.5. Let For j > 0, n,n’ > L;‘_l be such that % <= < %. Let B =
n—2L3
L <ly<...<l} C[n] be such that Iy, (n — 1) > L3, k, < QLJ. Then there exist an
T T J 10R
J

admissible mapping Y([n), [n']) = (P, P',7) which is of Class H} with respect to B.

To prove this proposition we need the following lemma.

Lemma 2.6.6. Assume the hypotheses of Proposition 2.6.5. Then there exists partitions P
and P' of [n] and [n'] of equal length (= z, say) given by P, = {0 =g < iy =L} < ...i, =
n— L} <i,=mn}and P, ={0 =iy <y =L} <...<i,_, =n'— L} <i, =n'} satisfying
the following properties:

1. (P., P, B*) is a marked partition pair for some B* O BpU{0,z — 1} where Bp = {h :
[in + 1, ina] O B # 0}

2. For h ¢ B*, (ipg1 —in) = Ry and Ry <), — i, < R].

L;’- R; R; R; R; k Lg?
~ — —~ ~ . ~
1 ° ° n
I l2
) 7(l1) 7(l2) o
— — — — — - =
L_‘;’- s R; s s+1 k L_“;’-

Figure 2.3: Marked Partition pair of [n| and [n'] as described in Lemma 2.6.6 and the induced
generalised mapping

Proof. Let us write n = QL? +kR;+7r where 0 <r < R; and k € N. Construct the partition
P, ={0=1io <iy =L} <...i,.y =n— L} <i, =n} where we set i, = L% + (h — 1)R; for
h=23,...,(k+1)and z = (k+2) or (k+ 3) depending on whether = 0 or not. For the
remainder of this proof we assume that r» > 0. In the case r = 0, the same proof works with
the obvious modifications.

Now define B* = Bp U {0,z — 1} U{k + 1}.

Clearly
n—2L3 n—2L3
. . j J
E (Zh+1 — Zh) < Rj ( 1OR]+ + 1> < 9R (264)

heBpU{k+1}
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for Ly sufficiently large.
1213
Also notice that since o > 4, for Lg sufficiently large % < 2_22 f}i < %.

Now let

(n — 2L§) - ZheBpu{kH}(ih-l-l — in)
k+1—|BpU{k+1}|

S =

Claim: Rj_ <s< R;F — 1.
n—2L3 n—2L3 .
Proof of Claim. Clearly, |Bp U{k + 1}| < (10]2#) +1 < (QI;LJ) < (k;}z)ﬁ]. Hence
k+1—|BpU{k+1} > (k+1)(1— 2%) > 8(k +1). It follows that

~ 9Rf
n'—2L3
TL/ — 2L§) (n - 2L§’) n,2L§
s S Sk+1)  fk+1)
9 9
18(k+1)RR; 3 n
— - = < R —1.
24(k+1) 4RRJ - Rj

To prove the other inequality let us observe using (2.6.4),

(n—2L3)
U IR
- (k+1)
- (k+1)
25k R; 4R 227+3 . A
> 27U 1> 29 1> —1>2%+t _9i = R~
— 18k+ 1R — 3R - J

for all 7 > 0, since for L, sufficiently large and n > L;“_l, we have k£ > QL—}gj and % > %.

This completes the proof of the claim.

Coming back to the proof of the lemma let us denote the set {1,2,...,k+ 1} \ (Bp U
{k+1}) ={w <wy < ... <wyg} where d =k +1— |BpU{k+ 1}|. Also let us write

(n'=2L)— Y (iny1—in) = s(k+1=[BpU{k+1}))+r"; 0 <r' < k+1—|BpU{k+1}|.
heBpU{k+1}

Now we define P, = {0 = ify <) = L} < ... < i, =n' — L} < i, =n'}. We define i,
inductively as follows.

e Set i = L.

e Lor h € Bp U {k? + 1}, define ilh—i—l = l;l + (ih+1 - Zh)
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o If h = wy for some ¢, then define i), =), + (s+ 1) if t > d — ', and i}, = 1), + s,
otherwise.

Now from the definition of s, it is clear that i; ., = n’ — L3, as asserted. It now clearly
follows that (P, P.) is a pair of partitions of ([n], [n']) as asserted in the statement of the
Lemma. That (P, P/, B*) is a marked partition pair is clear. It follows from the claim just
proved that (P, P]) satisfies condition (2) in the statement of the Lemma. This procedure

*

for forming the marked partition pair (P,, P/) is illustrated in Figure 2.3. m

*

Proof of Proposition 2.6.5. Construct the partitions (P,, P,) as given by Lemma 2.6.6. Con-
sider the generalized mapping Y([n], [n]) = (P, P’,7) induced by the marked partition pair
(P., P, B*). It follows that B* D {0,z — 1} that T is an admissible mapping which of class
HJ with respect to B. [l

2.7 Tail Estimate

The most important of our inductive hypotheses is the following recursive estimate.

Theorem 2.7.1. Assume that the inductive hypothesis holds up to level j. Let X and Y be
random, (j + 1)-level blocks according to 15, and ), . Then

P(S5.(X) <p) <p™+ L), P(S)

G410 j+1<Y) <p) < pmHILJ‘;ﬁl

-1
Jorp<1-—1L;5

and mjy, =m + 270+,

There is of course a symmetry between our X and Y bounds and for conciseness all our
bounds will be stated in terms of X and S¥,; but will similarly hold for Y and S},,. For
the rest of this section we shall drop the superscript X and denote SJX+1 (resp. SJX) simply by
Sj—i-l (resp. S])

The block X is constructed from an i.i.d. sequence of j-level blocks X7, X5, ... conditioned
on the event X; € G;g for 1 <3< L? as described in Section 2.3. The construction also
involves a random variable Wy ~ Geom(Lf) and let T'x denote the number of extra sub-
blocks of X, that is the length of X is LJO-"1 + 2L§ + Tx. Let Kx denote the number of
bad sub-blocks of X and denote their positions by ¢1,...,0k,. We define Y;,... , Wy, Ty
and Ky similarly and denote the positions of the bad blocks by /1, ..., ¢ . The proof of
Theorem 2.7.1 is divided into 5 cases depending on the number of bad sub-blocks, the total
number of sub—blockssof X and how “bad” the sub-blocks are.

Let Kx(t) = .75, 10X ¢ GF) and Gx(t) = =02, 1 I(X0 ¢ GI)S(X). Owr

inductive bounds allow the following stochastic domination description of Kx(¢) and Gx(t).
Lemma 2.7.2. Let Ky = K (t) be distributed as a Bin(LJO-‘_1 +1t, L;‘S) and let S = &(t) =
Zfi’i(t)(l + U;) where U; are i.i.d. rate m; exponentials. Then,

(Kx(t),Gx(t)) < (Kx,®)
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where < denotes stochastic domination w.r.t. the partial order in R? given by (via a slight
abuse of notation) (x,y) =2 (', y) iff v <2',y <.

Proof. 1f V; are i.i.d. Bernoulli with probability Lj"s, by the inductive assumption and the
fact that 3 > 0 we have that for all 7, I(X; ¢ G7) < V; and hence

(I(X; ¢ G¥), —1(X; & G¥)1og S;(X3)) = (Vi, Vi(1 + Uy))
since for x > 1
P[—1log S;(X;) > z] < L]._Be_“”mf < Lj_‘se_(x_l)mj =PVi(1+U;) > z].
Summing over L? +1 <4 < L3 + L?‘_l + ¢ completes the result. O

Using Lemma 2.7.2 we can bound the probability of blocks having large length, number
of bad sub-blocks or small [[X S;(Xy,). This is the key estimate of the chapter.

Lemma 2.7.3. For allt' k', 2 > 0 we have that

Kx

ok 1
Tx >t ,Kx >k, —logHSj(Xgi) > a:] <2L; W/ exp (—xmj+1 - 575/[/]'_4) .
i=1

P

Proof. If Tx =t and Kx = k then Wx > (t — 2kL?) v 0. Hence when Ky =0
/ 2
PTxy >t,Kx =0 <PWx >t]=(1- Lj_4)t < exp[—gt'Lj_‘l] (2.7.1)

and of course — log [[X S;(X,,) = 0.
By Lemma 2.7.2 and the fact that P[Wx > (t — 2k:L§?)] increases with £ we have that

P

Kx
Tx >t ,Kx > I, —1OgHSj(Xe,.) > SE]

i=1

= iiP[TX =t, Kx(t) =k,Gx(t) > 2]

< i i]P’ Wx > (t —2kL3), Kx(t) = k,Gx(t) > ]

k=K' t=t/

= Z ZP Wy > (t — 2kL)P[Kx(t) = k, Gx (1) > 2]

k=K' t=t'

< Z ZIP’ [Wx > (t — 2kL3)P[Kx(t) = k, &(t) > 2]

<y iexp[—g(t — 2k L3 LTYP[Kx (t) = k, &(t) > a). (2.7.2)

k=K' t=t/
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Since Ky is binomially distributed,

~ Lot 4t a=liy_
P[Kx(t) = k] = ( L )Lj—‘”ﬂ (1—L;5)LJ E (2.7.3)

If k > 1, conditional on Ky = k, we have that & — Kx has distribution I'(k, 1/m;) and so

P& > 2| Rylt) = K] = /( R e (2.7.4)

Observe that myk_l exp(—y2~U*Y) is proportional to the density of a I'(k, 2/*!) which
is maximized at 2/7!'(k — 1). Hence

k k

mj k1 —(+1) mj i1 h—1
S Y S —R—— ) ¥ TR | —(k—1
< (27my)", (2.7.5)

since by Stirling’s approximation % < 1. Since mjy; = m; — 27U substitut-
ing (2.7.5) into (2.7.4) we get that

PI& > o | Rx(t) = 1< (27 mp)* [ e expl—ymyn)dy
(z—k)VO

< (m; 27t temit )R exp(—amjy ). (2.7.6)
Combining (2.7.3) and (2.7.6) we get that,
P[Kx(t) =k, &(t) > 2]

Lot t\ LT -k 1 s

( "k )La‘ =L (my27 " e )E exp(—wmyia)
s\ Lo -k
(1—L7%)" 52
Lo t—k (Lj

(1 _ Lfs/z) J

IN

m; 27 e+ 1) exp(—zmiy ) (2.7.7)
j

since

I A AN . racl —5/2
( L )Lj (1-12,°7) — P[Bin(Le 44, L;°%) = k] < 1.

Now for large enough Ly,

(1 _ Ll_(g)L;‘*%Lt—k
J < exp(2(Le71 + 1) L% < 2exp(2tL;7?), (2.7.8)

Lo tyt—k — J
—0/2\ 7
(1 —I; )
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since 6/2 > . As L; = Lg’, for large enough Ly we have that L;é/Qijj“emHl < %L;‘s/g
and so combining (2.7.7) and (2.7.8) we have that

~ 2 _
P[Kx(t) = k,&(t) > z] < —— exp(2tL;**) L7 exp(—xmy ). (2.7.9)

10 J
Finally substituting this into (2.7.2) we get that if &’ > 1,

Kx
P|Tx >t Kx > K, —log || S;(Xy,)
=1
vy 2 2 (¢ — ORI L 4 2t L0 :
> Zl_()keXp[_g( - j) ;i T j ] j exp(—xmyjy1)
k=k' t=t'
1
< Llexpl—-t'L; L7 exp(—amy1). (2.7.10)

2
for large enough L since §/2 > 4. Since §/3 — §/4 > 4, we get that for k' > 1,

Kx
— 5k 1,
P|Tx >t Kx >k, —log ][ S;(Xs) > x] < LM exp(—amyi — 5L D)
i=1
which together with (2.7.1) completes the result. O

We now move to our five cases. In each one we will use a different mapping (or mappings)
to get good lower bounds on the probability that X — Y given X.

2.7.1 Casel

The first case is the generic situation where the blocks are of typical length, have few bad
sub-blocks whose embedding probablhtles are not too small. This case holds with high
probability. We define the event .AX 41 to be the set of (j + 1) level blocks such that

) RLY1 Kx 1/3
A1 = {X T £ =5 K < ko [T 85(%e) > 177 }

i=1
Lemma 2.7.4. The probability that X € AQM is bounded below by

1 _
PIX ¢ AV, < LY.

RLS™ RLS™
Tx > 2] <2exp| — i

Proof. By Lemma 2.7.3

P

LY. (2.7.11)

oolr—t
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since a > 5 and Ly is large. Again by Lemma 2.7.3

o 1
P[Kx > ko] < 2L 70004 = g~/ 3ij15, (2.7.12)

since kg > 36a. Finally again by Lemma 2.7.3,

Kx
P[] Si(Xe) < L7 <217 <

=1

LY, (2.7.13)

W =

since smj41 > sm > 3af. Combining (2.7.11), (2.7.12) and (2.7.13) completes the result.
[l
Lemma 2.7.5. We have that
3
PIX — Y |Yed  Xedl  X]> : (2.7.14)
and that
PIX »Y|Xedy . vedl J>1-L% (2.7.15)

Proof. We first prove equation (2.7.15) where we do not condition on X. Suppose that

X € .A;LH,Y € A%H' Let us condition on the block lengths T'x, 7Ty, the number of
bad sub-blocks, Kx, Ky, their locations, /1, ...,k and £}, ..., and the bad-sub-blocks
themselves. Denote this conditioning by

F={Xe AP .Y € AV, Tx, Ty, Kx, Ky, i, b, U U
Xfp"'7X€KX7YV€'17"'7}/Zle}-

By Proposition 2.6.1 we can find L? admissible generalized mappings Th([L?_l + 2L§? +
Tx],[L§™" + 2L% + Ty]) with associated 7, for 1 < h < L? which are of class G with
respect to B = {{; < ... < /lg},B = {f; < ... <l }. By construction we have that
7h(¢;) = 11(¢;) + h — 1 and in particular each position ¢; is mapped to L? distinct sub-blocks
by the map, none of which is equal to one of the £,. Similarly for the 7, 1. Hence we can
construct a subset H C [L3] with |H| = L; < [L7/2k] so that for all iy # iy and hy, hy € H
we have that 7, (€;,) # 7h,((;,) and 7, ' (¢,,) # 7,1 (£},), that is that all the positions bad
blocks are mapped to are distinct.

By construction all the Y, () are uniformly chosen good j-blocks conditional on F and
since S;(Xy,) > Lj_l/3 we have that

PIXe, = Yoo | F1 2 Sj(Xe) = PV, ) € GJ] > 555(Xe,). (2.7.16)

1
2

Similarly we have
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PIX -1y = Yo | F] > 85(Ye) = PIX 1) € G5 2 55;(Yer). (2.7.17)

1
2
Let D;, denote the event

Dy = {Xg > Yy for 1< < Ky, X1y > Yoy for 1 < < KY}.

By Proposition 2.5.3 if one of the D, hold then X < Y. Conditional on F, for h € H, the
Dy, are independent and by (2.7.16) and (2.7.17),

Ky
P[D, | F] >H ~55(X,,) H =Si(Yy) > 272k 2P, (2.7.18)
=1 =1
Hence
PIX <Y | F] > PlUpesDy | F] > 1 (1 2~ QkOL_Q/?’) >1-L1;%. (2.7.19)

Now removing the conditioning we get equation (2.7.15). To prove equation (2.7.14) we
proceed in the same way but note that since it involves conditioning on the good sub-blocks
of X, equation (2.7.17) no longer holds and further the events th*l(e;) < Yp are no longer
conditionally independent. So we will condition on Y having no bad blocks so

.F {X € AX]+1,Y S AYJJFI,X,TX?Ty,Kx,KY :07817"'7£KX7X€17'"?XEKX}'

By the above argument then

PIX < Y | F] > PlUpesDy | F(X)] > 1 - (1 g 1/3> >1-L%  (27.20)

Hence
PIX =Y |YedD X, Ty] >P[X =Y | F] - P[Ky =0|Y € A}, |, Ty]
1
(1-1;30) Pl =01 Y € A, Tv].

v

Removing the conditioning on 7y we get

PIX oV [V e Al X] > (1- L) Py =0V € AL} ]

3

> (1= L) (- L2 —2L7 > =

for large enough L, where the penultimate inequality follows from Lemma 2.7.3 and Lemma
2.7.4. This completes the proof of the lemma. O
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Lemma 2.7.6. When : <p<1-— Lj_il
P(Sj11(X) <p) < pmj+lL]'_f1
Proof. By Lemma 2.7.4 and 2.7.5 we have that
P(RIX 4 Y | X] > L;1) < PIX o YLy
< (PX oV | X € AQ, Y €AY ]
+P[X ¢ A§3j+1] +PlY ¢ A(Y{;+1]>Lj+1
<L <2mmn L]

where the first inequality is by Markov’s inequality. This implies the lemma. O]

2.7.2 Case 2

The next case involves blocks which are not too long and do not contain too many bad sub-
blocks but whose bad sub-blocks may have very small embedding probabilities. We define
the class of blocks AE?}J. 41 @S

2 RLS! Kx s
Ag(,)j"rl = {X : TX < 2] 7KX < kOaHSj(X&') < L]_ / }

=1

Lemma 2.7.7. For X € Ag??j+1,

Kx
) 11
Sj+1(X) = min {57 Tol E Sj(Xei)}

Proof. Suppose that X € Ag??j +1- Let &€ denote the event
g - {Wy S L?_I,TY - Wy}

Then by definition of Wy, P[Wy < L8] > 1—(1— L; )% "' > 9/10 while by the definition
of the block boundaries the event Ty = Wy is equivalent to their being no bad sub-blocks

amongst YL?JFL?AJFWYH, e YL?+L?71+WY+2L?, that is that we don’t need to extend the block

because of bad sub-blocks. Hence P[Ty = Wy | > (1 — L;‘S)ZL? > 9/10. Combining these we
have that

P£] > 8/10. (2.7.21)
On the event Ty = Wy we have that the blocks YL?_H, S
since the block division did not evaluate whether they are good or bad.

Lo lyr, Are uniform j-blocks
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Similarly to Lemma 2.7.5, by Proposition 2.6.4 we can find L? admissible generalized
mappings Tp,([L¢™" + 2L% + Tx],[L¢™" + 2L3 + Ty]) for 1 < h < L? with associated 7,
which are of class H] with respect to B = {{; < ... < {g, }. For all h and 1, Li+1<
m(l;) < L3+ LY+ Ty. As in Lemma 2.7.5 we can construct a subset H C [L3] with
|H| = L; < [L3/kg] so that for all iy # iy and hy, hy € H we have that 7, (£;,) # 7, (£i,),
that is that all the positions bad blocks are mapped to are distinct. We will estimate the
probability that one of these maps work.

In trying out these h different mappings there is a subtle conditioning issue since a map
failing may imply that Y;, is not good. As such we condition on an event D, U G;, which
holds with high probability. Let D; denote the event

Dh = {X@Z — YTh(Zi) for 1 <1 < Kx} .
and let

g, = {Y;-h(gi) € G;{ for1 <i< KX}.
Then

P[D, UG | X,E] > P[Gy | X,€] > (1 — L) >1— 2k L;°.

and since they are conditionally independent given X and &,

P[Mhen(Dr U Gh) | X, €] > (1 — L;°)*% > 9/10. (2.7.22)
Now
Kx
P[Dy | X, &, (DyUGh)] > P[Dy | X, €] =[] 9(Xe)
=1
and hence

Kx L
PlUrenDn | X, & Mnen(DrUGn)] > 1 — (1 - H Sj(X&)>
i1

0 1
> 5Nk Esj(xei) (2.7.23)

since 1 —e™* > /4 AN 9/10 for x > 0. Furthermore, if
M ={3h1 #hy € H : Dy, \ Gny, D, \ Gno }
then

L
PLM | X, €, PhenPh UG < (5 )FIDL\ G | X8 nen(Dy UG

L X i
j -
< (23)2 (11 S;(X0,) A 2koL; )

Kx
< 2koL; OV T Si(Xu). (2.7.24)

=1
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Finally let J denote the event
j = {Yk € G;fv for all k& € {L;’ + 1, ey L;’ + L;-x_l + Ty} \ UhE’H,lSiSKX{Th(&)}} .

Then
2L?*1

PlJ | X,&] > (1-L;°) > 9/10. (2.7.25)
If J,Unen Dy, and Npen (Dr UGy) all hold and M does not hold then we can find at least
one h € H such that D), holds and G, holds for all A’ € H \ {h}. Then by Proposition 2.5.4
we have that X — Y. Hence by (2.7.22), (2.7.23), (2.7.24), and (2.7.25) and the fact that
J is conditionally independent of the other events that
]P)[X — Y | X, E] > ]P)[UhEHDh; mheH<Dh U Qh), j, M | X, 5]
=P[T | X, E]PUnenDh, ~M | X, &, Npen(Dr U Gy)]
X P[Mhen(Dr U Gr) | X, €]

81 [(9 1 14 =
—(5-2
> 155 [(1—0 A Z—leHSj(X@i)) — 2k L; 7 '| [ S;(x0,)
Kx
7 1
> AL TS0 (X0).
Combining with (2.7.21) we have that

Kx

1 1
PX Y| X]|>=-AN—L, (X
[ — | ] 2/\10 JES]( Zz)’

which completes the proof. O]

Lemma 2.7.8. When 0 <p < %7
X Lo -
P( S Ag?,)j—&-l’ Sj+1<X> < p) < _pmhLlL»’B

Proof. We have that

Kx
1
P(X € AL .1, S (X) <p) <P [_Lj [I5i(x0) < P]

10p\ ™ 1 )
§2<L—?) < pL, (2.7.26)

J

where the first inequality holds by Lemma 2.7.7; the second by Lemma 2.7.3 and the third
holds for large enough L since mji; > m > af. O]
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2.7.3 Case 3

The third case allows for a greater number of bad sub-blocks. The class of blocks .AX 118
defined as ) )
RLY™ Ly +T
Ag?,)jJrl::{XiTXS 2] ko < Kx < 00 X}.

Lemma 2.7.9. For X € AX;+17

Proof. The proof is a simpler version of Lemma 2.7.7 where this time we only need consider
a single map Y. Suppose that X € A&?fj +1- Again let & denote the event

g = {Wy S L?_I,TY == Wy}

Similarly to (2.7.21) we have that,
P[€] > 8/10. (2.7.27)

On the event 7y = Wy we have that the blocks YL? s Vs Lol AIC uniform j-blocks

since the block division did not evaluate whether they are good or bad.

By Proposition 2.6.5 we can find an admissible generalized mapping T([L?_l + 2L§-’ +
Tx], [LS" + 2L3 4 Ty]) with associated 7 which are of class H) with B={l; < ... </lx}
so that for all 4, L3 +1 < 7(4;) < L} + L;‘_l + Ty. We estimate the probability that this
gives an embedding.

Let D denote the event

D={X; — Y for 1 <i<Kx}.

By definition,
P[D | X,&] = Hs (X)) (2.7.28)

Let J denote the event
T ={Vi€G forallk e {LI+1,.. LI+ LI +Tx}\ Uiz {7(€:)}} -

Then for large enough L;,

PL7 | X.€ > (1- L) >9/10. (2.7.29)
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If D and J hold then by Proposition 2.5.4 we have that X — Y. Hence by (2.7.28) and
(2.7.29) and the fact that D and J are conditionally independent we have that,

PX <Y | X, >PD,J|X,E
=P[D | X, EIP[T | X, €]

9 T
> 5 11 S;(X4,).
Combining with (2.7.27) we have that
175
B o )2 S s 00
which completes the proof. m
Lemma 2.7.10. When 0 <p < %,

1o
P(X = Ag?,)j-&-l? Sj—l—l(X) < p) < gpm]+1Ljf1

Proof. We have that

Kx
1
P(X € Ag??j+1,sj+1(X) <p) <P |Kx >k, 5 HSj(Xei) <p
=1

mjp1 7 —0ko/d _ L g
< 2(2p)"+ LM < =P L (2.7.30)
where the first inequality holds by Lemma 2.7.9, the second by Lemma 2.7.3 and the third
holds for large enough Lg since dky > 4af. m
2.7.4 Case 4

Case 4 is the case of blocks of long length but not too many bad sub-blocks (at least with a
density of them smaller than (10R;)~"). The class of blocks Aﬁ?fj 41 1s defined as

RLS™! Ly 4T
4 ) X
.AX,j+1 = {X Ty > 2] ,Kx < JH)T
j

Lemma 2.7.11. For X € Ag??jﬂ,

S1(X) = [ 8(Xs) exp(~3Tx L;*/R)

=1
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Proof. The proof is a modification of Lemma 2.7.9 allowing the length of Y to grow at a
slower rate than X. Suppose that X € Ag??j 41 and let £(X) denote the event

g(X) = {Wy = LQTx/RJ,Ty == Wy}

Then by definition P[Wy = [2Tx/R]]| = Lj_4(1 — LJ-_4)L2TX/ Rl Similarly to Lemma 2.7.7,
P[Ty =Wy | Wy] > (1 — Lj_‘s)M? > 9/10. Combining these we have that

9 _
PlE(X)] > 1—0Lj4(1 — LyHPTx/RL (2.7.31)

By Proposition 2.6.5 we can find an admissible generalized mapping T([Lj“_l +2L% +
Tx], [L§™" + 2L% 4 Ty]) with associated T which is of class Hj with respect to B = {{; <
. < Uk} so that for all 4, L3 +1 < 7(¢;) < L3 4+ L' + Ty. We again estimate the
probability that this gives an embedding.
Defining D and J as in Lemma 2.7.9 and we again have that (2.7.28) holds. Then for
large enough Ly,
a—1 k
L;é)Lj +[2Tx /R|+2L% > exp (—2[;;6([/?71 +|2Tx/R] + QL?)) '
(2.7.32)
If D and J hold then by Proposition 2.5.4 we have that X < Y. Hence by (2.7.28) and
(2.7.32) and the fact that D and J are conditionally independent we have that,

PLT | X, E(X)] > (1-

PIX =Y | X,&] >PD| X,EP[T | X,&]
> exp (—2L;° (LY~ + |2Tx /R| + 2LY)) ﬁ Si(Xy,).

i=1
Combining with (2.7.31) we have that for large enough L,

Kx
PIX — Y | X] > exp(=3TxL;*/R) [ | Si(X0),
=1

since Tx L;* = Q(L5™°) and § > 5 which completes the proof. O

Lemma 2.7.12. When 0 <p < %,

Lo e
P(X € Ag?,)ﬂpsjﬂ(X) <p) < gpmJ“Ljfl
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Proof. We have that

fe'e) Kx
P(X € AY 1, Sia(X)<p) < Y P Ty =t]]8(Xe)exp(—3tL;*/R) < p
t: RLJZ‘*1 " 1=1
< Z 2 (pexp(3tL;*/R))"™ " exp <—§tL;4)
RrRLO1
t=—=—+1
1 mj1 7 —B

where the first inequality holds by Lemma 2.7.11, the second by Lemma 2.7.3 and the third
holds for large enough Lg since 3m;41/R < % and so for large enough Ly,

> 1  3m; 1
§ : —4 j+1 -8

t=RL ™' /241

2.7.5 Case 5

The final case involves blocks with a large density of bad sub-blocks. The class of blocks
Ag??j 41 is defined as

lf¥71 + Tx
A§)~+1 = {X . KX > ]—+
! 10R;
Lemma 2.7.13. For X € Aﬁ?fjﬂ,
Kx

Sj(X) > exp(—2Tx L;*) [ | 8;(Xe)
i=1
Proof. The proof follows by minor modifications of Lemma 2.7.11. We take £(X) to denote
the event
g(X) - {Wy - T)(,Ty - Wy}
and get a bound of
9 _ -
PE(X)] > ol (1= LyhT. (2.7.34)

We take as our mapping the complete partitions {0 <1 <2< ... < 2L§-’ + LJO.‘_1 + Tx} and
{0<1<2<...< 2L§? + L;"l + Ty} and so are simply mapping sub-blocks to sub-blocks.
The new bound for J becomes
a—1 3
PLT | X,E(X)] > (1—L;%)" T > oxp (2L79(L97 + T +2L%) . (2.7.35)

Proceeding as in Lemma 2.7.11 then yields the result. [
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Lemma 2.7.14. When 0 <p < %,
PX € AD. | 81 (X) <p) < spmii [P
X, j+1 J+1( ) > p) > gp 1
Proof. First note that since o > 4,
s sad

" 40RT " 40RT
J J

j =Ly

L —0

as j — o0o. Hence for large enough Ly,

[e.9]

4 _40;&;L '

=0
We have that

o0

< P

t=0

Kx

Ly 4+t _
leT’ [T 5i(x0) exp(—2tL;*) < p
J i=1

5(L?*1+t)

< pmitt Z 2 (exp(2mj+1tLj_4)) L,
=0

P Ll (2.7.37)

Ty =t,Kx >

40RT
J

<

ot =

where the first inequality holds be by Lemma 2.7.13, the second by Lemma 2.7.3 and the
third follows by (2.7.36) and the fact that

éLa_l
J
40RT
J

- 1
-8
L < Sglst

for large enough Lj. O

2.7.6 Proof of Theorem 2.7.1

We now put together the five cases to establish the tail bounds.

Proof of Theorem 2.7.1. The case of % <p<l1l- Lj’jl is established in Lemma 2.7.6. By
Lemma 2.7.5 and Lemma 2.7.4 we have that S;41(X) > 1 for all X € A§7j+1 since Ly is

sufficiently large. Hence we need only consider 0 < p < % and cases 2 to 5. By Lemmas 2.7.8,
2.7.10, 2.7.12 and 2.7.14 then
5
P(Sjn(X) =p) < ZP(X < Agl(),j—i-l’ Sj+1(X) <p) < ij+1Lg‘_f1-
1=2

The bound for S]YH follows similarly. O
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2.8 Length Estimate
Theorem 2.8.1. Let X be an X block at level (j + 1) we have that
Elexp(L; (1X| — (2—2"V")L;41))] < 1. (2.8.1)

and hence for x >0,
P(X|> (2—2"U") Ly +2Lf) <e™™ (2.8.2)
Proof. By the inductive hypothesis we have for X, a random X-block at level j,
Elexp(L; % (|1X] = (2—279)L;))] < L. (2.8.3)

It follows that

Elexp(L; % (| X] = (2-27)L;))|IX € G]] <PX e GJ] 7' < - <1+42L;7°, (2.84)

-5 —
Lj

since Lg is large enough. Since 0 < Lj’6 < 2Lj’6 < Lj’_61 Jensen’s inequality and equa-
tion (2.8.3) imply that ‘

Elexp(2L;°(|X| - (2 = 277)L;))] < 1 (2.8.5)
and similarly

Elexp(L;°(|X| = (2—277)L)))|X € G} < 1+ 2L;°. (2.8.6)

Let X = (X1, Xa,...) be a sequence of independent X-blocks at level j with the distri-
bution specified by X; ~ pf, for i = 1,..., L% and X; ~ pf for i > L3 Let X =
(X1, Xo, ... ,XL?71+2L?+TX) be the (j + 1) level X-block obtained from X. Then since T is
independent of the first L? sub-blocks we have

2L§+L§“—1+t

Elexp(L;°|X])] = ED_exp(L;® > [X)I[Tx =1]]

t=0 =1

3
= E {exp (L;ﬁ Z \XJ)}
i=1
2L3+L T 4t 1

.iP[TX:t]iE[exp@Lj‘ﬁ > IXiMQ,

=0 i=L3+1
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using Holder’s Inequality. Now using (2.8.5), (2.8.6) and Lemma 2.7.3 it follows from the
above equation that

1
Elexp(L;°|X|)] <2 (1+2L;° Zexp( (2—279)(Ls™ 1+2L3+t)—ZtL )

o0

< dexp (2 - 279) (L8 ° +20;%) Y (exp 52— 279) — ;le‘*))t
t=0
< exp ((2—270H)L97),
since o > 6. It follows that
Elexp(L;°(IX] = (2= 27U L)) < 1 (2.8.7)

while equation (2.8.2) follows by Markov’s inequality which completes the proof of the the-

orem.
[l

2.9 Estimates for Good Blocks

2.9.1 Most Blocks are Good

Theorem 2.9.1. Let X be a X-block at level (j + 1) Then P(X € G¥,) > 1 - L},
Similarly for Y-block Y at level (j +1), P(Y € G},,) > Ljfl

Before proving the theorem we need the following lemma to show that a sequence of
LLJ ?| independent level j subblocks is with high probability strong.

Lemma 2.9.2. X = (Xy,.. .XLL?/QJ) be a sequence of LL?/QJ independent subblocks at level
7. Then

(a)

L5/4

P(X is “strong”) >1—e "7 .

(b) Let, fori=1,2,. LB/2 & = {XWM1 is “good” }. Then for each i,

15/4

P(X is “strong”|&) >1—e "7 .

Proof. We only prove part (b). Part (a) is similar. Let Y be a fixed semi-bad block at level
j. Each of the events { X} < Y} are independent, they are independent conditional on &;

as well. Now, for k£ > i
P(X, = Y|&) >1—1/20koRT g (2.9.1)
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and for k <1

P(X), — Y[&) > (1 —1/20k R}, — L;°). (2.9.2)

Since Ly is sufficiently large, we have L? > 60koRT,,. It then follows that, conditional on &,

J+1°

#{k: X, Y} =V

where V' has a Bin(LLg/ |, (1 —1/15kR 111)) distribution. Using Hoeffding’s inequality, we
get

P(#{k: X — Y} > [LY?](1 - 1/10kRY,))|E)

3/2
LL}

>P(V > [LY](1 = 1/10koR,,) > 1 — 2¢ “8050? > 1 — ¢l

5/4

for Ly sufficiently large. Since the length of a semi-bad block at level j can be at most 10L;,

and semi-bad blocks can contain only the first LT many characters, there can be at most
L;Oij many semi-bad blocks at level j.

Hence, using a union bound we get, for each 1,
L5/4

J

. 5/4 _
P(X is “strong”|&;) > 1 — e'0mbiloslic=lit > 1 773

for large enough Ly, completing the proof of the lemma. O]

Proof of Theorem 2.9.1. To avoid repetition, we only prove the theorem for X-blocks.

Recall the notation of Observation 2.3.2 with (X7, X5, X3, .....) a sequence of independent
X-blocks at level j with the first L;)? conditioned to be good and X ~ ,ui-%rl be the (5 + 1)-th
level block constructed from them. Let Wx be the Geom(Lf) variable associated with X
and Tx be the number of excess blocks. Let us define the following events.

A= {(Xs, Xigr, - X,

+LL3/2J)IS a strong sequence for 1 <i < 2157 a3

={#{1<i <Ly +2L+ Tx : X; ¢ G} < kol
Ay ={#{1<i<2Ly':X; ¢ GFUSB'} =0}.
Ay ={Tx < L? — 2L§?}.
From the definition of good blocks it follows that

P(X € Gfy) > P(A1N AN AN Ay). (2.9.3)

Now, to complete the proof we need suitable estimates for the quantities P(A4;), i = 1,2, 3,4,
each of which we now compute.
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e Let Z = (Xis1, Xizo, - - X+LL3/2J)' From Lemma 2.9.2, it follows that for each 1,

L5/4

P(X; “is strong” ) >1—¢ "7 .

It follows that

5/4

C a— 1
P[A7] < 2L] < 1OLJ£1 (2.9.4)
since Lg is sufficieciently large.
e By Lemma 2.7.3 we have that
_5k 1
PlAs) >1— L% > 1~ 1—0L]ﬁ1 (2.9.5)
since ko > 4a.
e From the definition of semi-bad blocks, we know that for ¢ > L?,
P(X; ¢ GXUSBY) <P(SF(X;) <1 — ————) +P(|X;| > 10L;
(X GTUSBI) < BIST00) < 1= o) + B > 10L)
P(Cy, € X; for some k > L")
Claim: We have
P(Ck e X; for some k > LT) < ,UX({CLT+1,CL;H+2, .. })E(‘XA) (296)

Proof of Claim. Let A, denote the event that {C}, € XY for some k > L7} where xY
denotes the r-th block at level j. Observation 2.3.1 and strong law of large numbers then

imply
lim — Z[ P(Cy, € X; for some k > L7") a.s. . (2.9.7)

Let B, denote the event that {X = C}, for some k > LT} where X denotes the s-th
element of the sequence X, i.e., the s-th block at level 0. Observe that

N

1(B;
hmsup E I(A,) < limsup 2o I (.)) a.s (2.9.8)
n—oo T N—oo max{t Zh lthj ’ < N}

Dividing the numerator and denominator of the right hand side of (2.9.8) by N and using
strong law of large numbers again we get that the a.s. limit of the right hand side of (2.9.8)
is ,uX({CL;_nH, Crraso, .. }HE(]X;]). Comparing (2.9.7) and (2.9.8) completes the proof of the
claim.

Using (2.1.1) and (2.4.3), it follows that P(C} € X; for some k > L) < 3L1™™ < L7
for Ly large enough and since m > 2 + f.
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Since for Lg sufficiently large, 1 — m <1— L7}, using (2.4.1) and (2.4.3) we sce
G+1
that
P(X, ¢ GFUSBY) < (1- WWL}B +P(|X;| > 10L;) + L;” < 3L;°
j+1
since o > 6.
Hence it follows that |
PIAS] < 6L 7' < 1—01;];51 (2.9.9)
for sufficiently large L since > ad + a — 1.
e By Lemma 2.7.3 we have that
1 1 5

Now from (2.9.3), (2.9.4), (2.9.5), (2.9.9), (2.9.10) it follows that,

4
P(X € Gyy) > 1= PlA>1-L7,

=1

completing the proof of the theorem. n

2.9.2 Mappings of Good Segments

Theorem 2.9.3. Let X = (X1, Xs,...) be a sequence of X-blocks at level (j +1) and Y =
(Y1,Y5,...) be a sequence of Y-blocks at level (j + 1). Further we suppose that XEERG] gnd
YRl are “good segments”. Then for every t with Ry, <t< Rl
XAl oy Il gpg X1 <y VIR (2.9.11)

Proof. Let us fix t with R, ) <t < RT .. We only prove that XWLRitl y VI the other

F
part follows similarly. a B

Let XM+l = (X, X5, ..., X,) be the decomposition of XM+l into level j blocks.
Similarly let Y0 = (Y;,Ys,...,Y,) denote the decomposition of Y}, into level j blocks.
_ Before proceeding with the proof, we make the following useful observations. Since both
X[l and YU are good segments, it follows that RjHL?’l <n< RjH(LJO-"l + L3), and
tLje 1l <n' < t(L;‘_l + L?) Since Ly large enough and o > 6, we have

1 — 2-0+7/4)
R

Let By ={1<i<n:X; ¢ G} ={lh <la <...<lky} denote the positions of “bad”
X-blocks. Similarly, let By = {1 <i <n':Y; ¢ G} = {l] <y <... <l%, } denote the

/
< < R(1 + 27U+, (2.9.12)
n
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positions of “bad” Y-blocks. Notice that Ky, Ky < kORjH. Using Proposition 2.6.1 we can
find a family of admissible generalised mappings Tp, 1 < h < L? which are of Class GY
with respect to (Bx, By), given by T, ([n], [n'], Bx, By) = (P, P;, ) such that for all h,
1<h<L?1<i<Kx, 1<r<Ky,ml)=n()+h—1and 7 (L) =7 '(Il) —h+1.
At this point we need the following Lemma.

Lemma 2.9.4. Let ¥}, = (P, P, m),1 < h < LJZ be the set of generalised mappings as
described above. Then there exists 1 < hy < L?, such that X;, — tho(li) foralll <1< Ky
and X -1,y = Yy for all1 <i < Ky.

ThO

Proof. Once again we appeal to the probabilistic method. First observe that for any fixed
i, {mn(l;) : h = 1,2,... L3} is a set of L? consecutive integers. Notice that the j-th level
sub-blocks corresponding to these indices need not belong to the same (j + 1)-th level block.
However, they can belong to at most 2 consecutive (j + 1)-level blocks (both of which are
good). Suppose the number of sub-blocks belonging to the two different blocks are a and
b, where a + b = L?. Now, by the strong sequence assumption, these L? blocks the must

contain at least | 57| + L#J > |LY?
J J

;7] —2 many disjoint strong sequences of length LLE/ 2j.

By definition of strong sequences then, there exist, among these L? sub-blocks, at least

(L;/2 _ 3)L§f/2(1 - 10kole++1) many to which X, can be successfully mapped, i.e.,
1
#{h: Xy, = Yoo}y > (L2 =3) L0 — ——). (2.9.13)
10ko R,

Now, choosing H uniformly at random from {1,2,..., LJQ}, it follows from (2.9.13) that
for each i, 1 <1 < Kx

1 1 3

P(X, =Y. gy)>(1—3/LVH1 - ———)>1— - : 2.9.14
( l; H(lz)) fl ( / j )( 1OkORJ++1) - 1O]€0R;r+1 L;/Q ( )
Similar arguments show that for all i € {1,2,..., Ky},
1 3
P(X 1, —Yy)>1-— — . 2.9.15
( T (1) ll) 1OkORj++1 Lj/Q ( )

A union bound then gives,

P (Xli = Yoy 11 S0 < Ky, X1y o Yo 110 < Ky> > 1-
1 3

+
2l~<:<)lw°,J.+1(Wm+1 + LI/Z)’
; A

J

and the right hand side is always positive for L, sufficiently large. The lemma immediately
follows from this. []

The proof of Theorem 2.9.3 can now be completed using Proposition 2.5.3. O]
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2.9.3 Good Blocks Map to Good Blocks
Theorem 2.9.5. Let X € G, Y € G}, then X <Y

The theorem follows from a simplified version of the proof of Theorem 2.9.3 so we omit
the proof.
We have now completed all the parts of the inductive step. Together these establish Theo-
rem 2.4.1.

2.10 Explicit Constructions

Our proof provides an implicit construction of a deterministic sequence (X7, ...) which em-
beds into Y with positive probability. We will describe a deterministic algorithm, based on
our proof, which for any n will return the first n co-ordinates of the sequence in finite time.
Though it is not strictly necessary, we will restrict discussion to the case of finite alphabets.
It can easily be seen from our construction and proof that any good j-level block can be
extended into a (j + 1)-level good block and so the algorithm proceeds by extending one
good block to one of the next level. As such one only needs to show that we can identify all
the good blocks at level j in a finite amount of time.

We will also recover all semi-bad blocks. By our construction all good and semi-bad
blocks are of bounded length so there is only a finite space to examine. To determine if a
block is good at level 7+ 1 one needs to count how many of its sub-blocks at level j are good
and verify that the others are semi-bad. It also requires that it has “strong subsequences”.
This can be computed if we have a complete list of semi-bad j-level blocks.

Determining if X, a (j + 1)-level block, is semi-bad requires calculating its length and its
embedding probability. For this we need to run over all possible (j+ 1)-level blocks, calculate
their probability and then test if X maps into them. By the definition of an R-embedding
we need only consider those of length at most O(R|X]|) so this can be done in finite time.

With this listing of all good blocks one can then construct in an arbitrary manner a
sequence in which the first block is good at all levels which will have a positive probability
of an R-embedding into a random sequence. From this construction, and the reduction in
§ 2.2, we can construct a deterministic sequences which has an M-Lipschitz embedding into
a random binary sequence in the sense of Theorem 2.1 with positive probability. Similarly,
this approach gives a binary sequence with a positive density of ones which is compatible
sequence with a random Ber(q) sequence in the sense of Theorem 2.3 for small enough ¢ > 0
with positive probability.
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Chapter 3

Scheduling of Random Walks on a
Complete Graph

In this chapter we study Winkler’s scheduling problem and provide an affirmative answer to
Question 1.2.1 for M sufficiently large. Recall the problem in the language of co-ordinate
percolation. Let X = (X7, Xs,...) and Y = (Y1, Y5, ...) be two i.i.d. sequences with

1
P(Xi:k):IP’(Yj:k):Mfor k=1,2,...,M and fori,j =1,2,....

Define an oriented percolation process on Z, X Z.: the vertex (i1,i2) € Z2, is closed if
X;, =Y, and is open otherwise. The issue of settling Winkler’s conjecture then translates
to proving that for M sufficiently large, there is percolation with positive probability, which
is our main result in this chapter. For X and Y as above, we say X <— Y if there exists an
infinite open oriented path starting from (1, 1).

Theorem 3.1. For all M sufficiently large, P(X <— Y) > 0, thus clairvoyant scheduling is
possible.

To prove Theorem 3.1, we build upon the methods of Chapter 2, using a similar multi-
scale structure, but with crucial adaptations. The most crucial difference comes in the
definition of good blocks. Unlike in Chapter 2 we work here directly with the percolation
picture, which necessitates considerations of different types of connections across a square
in the plane. Also notice that, it is impossible to define good blocks in this model in such a
manner that good block are typical and a good block in one sequence can always be matched
to any good block in the other sequence. Our multi-scale structure needs to be adapted to
circumvent these difficulties.

3.1 Outline of the Proof

As already mentioned, the proof of Theorem 3.1 is based on a multi-scale argument similar
to the one appearing in Chapter 2. As there we divide the original sequences into blocks of
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doubly exponentially growing length scales L; = ng, for j > 1, and at each of these levels
J we have a definition of a “good” block. The multi-scale structure that we construct has a
number of parameters, «, 3,9, m, kg, R and Ly which must satisfy a number of relations. For
our purposes we shall take these parameters to be identical to ones defined in (2.1.4). Single
characters in the original sequences X and Y constitute the level 0 blocks.

Suppose that we have constructed the blocks up to level j denoting the sequence of blocks
of level j as (X fj ), XQ(] .). We construction of (j 4 1)-level blocks out of j-level sub-blocks
in such way that the blocks are independent and, apart from the first block, identically
distributed, this construction is identical to the one appearing in Chapter 2. Construction
of blocks at level 1 has slight difference from the general construction.

At each level we have a definition which distinguishes some of the blocks as good. This
is designed in such a manner that at each level, if we look at the rectangle in the lattice
determined by a good block X and a random block Y, then, with high probability, it will have
many open paths with varying slopes through it. For a precise definition see Definitions 3.2.4
and 3.2.5. Having these paths with different slopes will help achieve improving estimates
of the probability of the event of having a path from the bottom left corner to the top
right corner of the lattice rectangle determined by random blocks X and Y, denoted by
[X <25 V], at higher levels.

The proof then involves a series of recursive estimates at each level, given in § 3.3. We
require that at level j the probability of a block being good is at least 1 — Lj"s, so that the

vast majority of blocks are good. Furthermore, we obtain tail bounds on P(X &Sy | X)
by showing that for 0 < p < % +2-0+3),

P(P(X <5 Y | X) < p) < p™2 L7,

where 8 and m are parameters mentioned at the beginning of this section. We show the
similar bound for Y-blocks as well. We also ask that the length of blocks satisfy an expo-
nential tail estimate. The full inductive step is given in § 3.3. Proving this constitutes the
main work in this chapter.

We use the key quantitative estimate provided by Lemma 3.6.2, which bounds the proba-
bility of a block having: a) an excessive length, b) too many bad sub-blocks, ¢) a particularly
difficult collection of sub-blocks, where we quantify the difficulty of a collection of bad sub-
blocks {X;}5_, by the value of [\, P[X; +2% Y|X], where Y is a random block at the same
level. This lemma is essentially identical to Lemma 2.7.3.

In order to achieve the improvement on the tail bounds of P(X <2 Y | X) at each level,
we take advantage of the flexibility in trying a large number of potential positions to cross
the rectangular strips determined by each member of a small collection of bad sub-blocks,
obtained by using the recursive estimates on probabilities of existence of paths of varying
slopes through rectangles determined by collections of good sub-blocks.

To this effect we also build upon the notion of generalised mappings developed in Chapter
2 to describe such potential mappings. Our analysis is split into 5 different cases. To push
through the estimate of the probability of having many open paths of varying slopes at a
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higher level we make some finer geometric constructions. To complete the proof we note
that X, U) and Y, U) are good for all j with positive probability. Using the definition of good
blocks and a compactness argument we conclude the existence of an infinite open path with
positive probability.

Parameters

Our proof involves a collection of parameters «, (3, 9, kg, m and R which must satisfy a system
of constraints. The required constraints are identical to the ones listed in § 2.1.2.

a>6,0>2aV48 5> a(d+1),m > 9ab, ky > 36as, R > 6(m+1).

To fix on a choice we will the parameters to be the same ones given in (2.1.4). Recalling
from § 2.1.2 we take

a =10, = 50, 8 = 600, m = 60000, ky = 300000, R = 400000. (3.1.1)

Given these choices we then take Ly to be a sufficiently large integer. We did not make a
serious attempt to optimize the parameters or constraints, sometimes for the sake of clarity
of exposition.

3.2 The Multi-scale Structure

Our strategy for the proof of Theorem 3.1 is to partition the sequences X and Y into blocks
at each level j > 1. For each 7 > 1, we write X = (Xl(J),XQ(J), ...) where we call each X( D a
level j X-block, similarly we write Y = (Yl(j ), Yz(j ), ...). Most of the time we would clearly
state that something is a level j block and drop the superscript j. Each of the X-block (resp.
Y-block) at level (j + 1) is a concatenation of a number of level j X-blocks, where the level
0 blocks are just the elements of the original sequence.

3.2.1 Recursive Construction of Blocks

Level 1 blocks are constructed inductively as follows:

Suppose the first £ blocks X 1(1), o X 121) at level 1 have already been constructed and
suppose that the rightmost element of X ,gl) is X,(T(,)C). Then X, (1 ) 41 consists of the elements
0 0 0
X0 x0 5, XY, where
| =min{t > L, : Xfli)ﬂ =1 mod 4 and Xfli)HH =0 mod 4}. (3.2.1)

The same definition holds for k£ = 0, assuming nyg = —1. Recall that L, = Lg.

Similarly, suppose the first k& Y- blocks at level 1 are Yl(l), ..

) ,Yk(l) and also suppose that
the rightmost element of Yk( is Y . Then Y )1 consists of the elements Yn(kll, Yfk) 25 s

Yn(,?zr ; Where
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[ =min{t > L, : Yn(,(jzrt = 3 mod 4 and Yn(gltﬂ =2 mod 4}. (3.2.2)

We shall denote the length of an X-block X (resp. a Y-block Y) at level 1 by Lx =
L+ T )({1 ) (resp. Ly = Ly + Ti(/l)). Notice that this construction, along with Assumption 1,
ensures that the blocks at level one are independent and identically distributed.

At each level j > 1, we also have a recursive definition of “good” blocks (see Defini-
tion 3.2.7). Let G;g and G}f denote the set of good X-blocks and good Y-blocks at j-th level

respectively. Now we are ready to describe the recursive construction of the blocks Xi(j ) and
Yi(j ) for j > 2.

The construction of blocks at level 7 > 2 is identical to the one described in § 2.3. We
recall it here for ready reference. Let us suppose we have already constructed the blocks of
partition up to level j for some 7 > 1 and we have X = (Xl(j),Xéj), ...). Also assume we
have defined the “good” blocks at level 7, i.e., we know G?g. We describe how to partition X

into level (j + 1) blocks: X = (XY, Xg(j“’, ).
Suppose the first k£ blocks X} Y H) X ,ﬁf 1 at level (7+1) has already been constructed

and suppose that the rightmost level j-subblock of X} Ut s X, Then X 1£J++1 ) consists of

the sub-blocks Xerl? Xr(nlz, e ,Xr(i)HJrLg where [ > L3 + LS~ ! is selected in the following

manner. Let Wi, ;11 be a geometric random variable having Geom(L; *) distribution and
independent of everything else. Then

[ = min{s > L? + L?_l + Wit1,j11 0 Xongsti € G;g for 1 <i< 2L§}.

That such an [ is finite with probability 1 will follow from our recursive estimates. The case
k = 0 is dealt with as before. Observe that as the recursive construction is identical to the
one in § 2.3. Observation 2.3.1 holds for this model as well.

We use the same notations used there. From now on whenever we say “a (random)
X-block at level j7, we would imply that it has law ;@g, unless explicitly stated otherwise.
Similarly let us denote the corresponding law of “a (random) Y-block at level j” by ,u}{.

Also, for j > 0, let p? ' denote the conditional law of an X block at level j, given that
it is in GX We define /ﬁg similarly. Note also that Observation 2.3.2 holds for this model
too.

As before, whenever we have a sequence X7, X, ... satisfying the condition in the obser-
vation above, we shall call X the (random) level (j + 1) block constructed from X, X, ....
and we shall denote the corresponding geometric variable by Wx and set Tx = [ — L? — L?_l.

We still need to define good blocks to complete the structure, we now move towards this
direction.
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3.2.2 Corner to Corner, Corner to Side and Side to Side
Mapping Probabilities

Now we make some definitions that we are going to use throughout our proof. Let X =
(XX, x ) = (X8, X)) be alevel (j + 1) X-block (j > 1) where X/s
and Xi(o) are the level j sub-blocks and the level 0 sub-blocks constituting it respectively.
Similarly let Y = (YY), Y5, . Y9 ) = (%, v,0) is a level (j + 1) Y-block. Let us
consider the lattice rectangle [a1, as] X [by, be] N Z?, and denote it by X x Y. It follows from

(3.2.1) and (3.2.2) that sites at all the four corners of this rectangle are open.

Definition 3.2.1 (Corner to Corner Path). We say that there is a corner to corner path in
X xY, denoted by
X 5,

if there is an open oriented path in X XY from (a1, by) to (az,bs).

A site (x,b9) and respectively a site (as,y), on the top, respectively on the right side of
X xY, is called "reachable from bottom left site” if there is an open oriented path in X xY
from (aq, b;) to that site.

Further, the intervals [a;,as] and [by, bs] will be partitioned into “chunks” {CX},~; and
{CY},>1 respectively in the following manner. Let for any X-block X at any level j > 1,

Z(X) = {a € N : X contains the level 0 block X(9}.

Let X = (X, x9), ... ,Xs(i)lx), and ny := |Ix/Lj]. Similarly we define ny := [ly/L}].

Definition 3.2.2 (Chunks). The discrete segment C¥ C Z(X) defined as

4 .
Uk TX9), k=1,... ,nx —1;

— 4
t=(k—1)L4+1

l () o
UtikXL?—Q—lI(Xsit)? k= nx;

Q
=X

(3.2.3)

is called the k'™ chunk of X .

By C* and C¥ we denote the set of all chunks {C}* }7X, and {C{}Zlil of X and Y
respectively. In what follows the letters T, B, £, R will stand for "top”, "bottom”, "left”,
and "right”, respectively. Define:

CF = 0¥ X (1), CF = 0% x (),
Cr ={1} xCY, C%={nx}xC".

Definition 3.2.3 (Entry/Exit Chunk, Slope Conditions). A pair (Ci,1) € Cg, k €
[Lj,nx — Lj] is called an entry chunk (from the bottom) if it satisfies the slope condition

1 — 270+ oy -1

< R(1 4+ 276+, 3.2.4
I S e kS (1+ ) ( )



CHAPTER 3. SCHEDULING OF RANDOM WALKS ON A COMPLETE GRAPH 65

Similarly, (1,CY) € CY, k € [Lj,nY — L;], is called an entry chunk (from the left) if it
satisfies the slope condition

1-270t) pf —k (4
S o SRO+2O), (3.2.5)
The set of all entry chunks is denoted by £,(X,Y) C (CF UCE). The set of all exit chunks
Eout(X,Y) is defined in a similar fashion.

We call (e1,e9) € (CE UCY) x (CF UCY) is an “entry-exit pair of chunks” if the
following conditions are satisfied. Without loss of generality assume e, = (Cir,1) € Cp
and es = (ny,CY) € Ck. Then (e, e2) is called an "entry-exit pair” if k € [Lj,nx — Lj],
k' € [L;,ny — L;] and they satisfy the slope condition

1—270H) 1
<
R - nx — k
Let us denote the set of all "entry-exit pair of chunks” by E(X,Y).

< R(1 4270+, (3.2.6)

Definition 3.2.4 (Corner to Side and Side to Corner Path). We say that there is a corner
to side path in X XY, denoted by
X«=Y

if for each (C¥ nx), (nk,CF) € E(X,Y)

#{a € C; : (a,by) is reachable from (ay,by) in X xY } > (2 + 2—(j+5)> 105X,

#{b € O} : (ay,b) is reachable from (a1, b)) in X x Y } > (Z + 2—(j+5)) Y.

Side to corner paths in X x Y, denoted X <% Y is defined in the same way except that
in this case we want paths from the bottom or left side of the rectangle X x Y to its top
right corner and use & (X,Y") instead of &(X,Y).

Condition S: Let (ej,e5) € £(X,Y). Without loss of generality we assume e; =
(Cix,1) € Cf and e; = (nx,C)) € Ck. (e, €2) is said to satisfy condition S if there
exists A C CF with [A] > (3 +27U) |CX| and B C C} with |B| > (2 4+ 27U) |CY |
such that for all a« € A and for all b € B there exist an open path in X x Y from (a,b;) to
(az,b). Condition S is defined similarly for the other cases.

Definition 3.2.5 (Side to Side Path). We say that there is a side to side path in X XY,
denoted by
X &Sy

if each (e1,e2) € E(X,Y) satisfies condition S.
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It will be convenient for us to define corner to corner, corner to side, and side to side paths
not only in rectangles determined by one X-block and one Y-block. Consider a j + 1-level
X-block X = (X1, Xy, ..., X,) and a L j + 1-level Y block YV = (Y1,...,Y,) where X;,Y; are j
level subblocks constituting it. Let X (resp. Y) denote a sequence of consecutive sub-blocks
of X (resp. V), e.g., X = (X4, Xpiq1, .-, Xy,) for 1 < ¢y <ty < n. Call X to be a segment
of X. Let X = (th,XhH, ..., X,,) be a segment of X and let ¥ = (Yt/ Yiq1,...,Yy) be
a segment of Y. Let X x Y denote the rectangle in Z? determined by X and Y. Also let
Xoy = (XD, XD, Xy = (X, X)), Yy = (50 YD), v = (9.

e We denote by X &5 }7, the event that there exists an open oriented path from the
bottom left corner to the top right corner of X x Y.

o Let X &% Y denote the event that

{#{b € [bs, by] : (az,b) is reachable from (ay,b;)} > (% + 27 U+7/2))(p, — bg)} and

{#{a € [as, a4 : (a,by) is reachable from (ay,by)} > (% + 270+ (g, — ag)} :

I S,Ck o . . .
X <Y is defined in a similar manner.

o We set X &5 ¥ to be the following event. There exists A C [ay, as] with [A] >
(3 +27Ut2)(ay — ay), A’ C [ag, as] with [4'] > (3 + 2*(j+7/2))(a4 —az), B C [by, by
with |B| > (3 +270+7/2)(by — by) and B’ C [bs, by] with |B| > (3 +270F7/2) (b, — by)
such that for all a € A,a’ € A, b € B, I/ € B’ we have that (a4,b’) and (da’,by)) are
reachable from (a,b;) and (aq,b).

Definition 3.2.6 (Corner to Corner Connection probability). For j > 1, let X be an X-
block at level j and let' Y be a Y-block at level j. We define the corner to corner connecting
probability of X to be S} (X) = P(X S5 Y|X). Similarly we define SY(Y) = P(X &5
Y|Y).

As noted above the law of YV is u}{ in the definition of SJX and the law of X is u§§ in the
definition of SJY.

3.2.3 Good Blocks

To complete the description, we need to give the definition of “good” blocks at level j for
each 7 > 1 which we have alluded to above. With the definitions from the preceding section,
we are now ready to give the recursive definition of a “good” block as follows. As usual we
only give the definition for X-blocks, the definition for Y is similar.

Let X0+) = (XY X9 X{) be an X block at level (j + 1). Notice that we can
form blocks at level (j 4 1) since we have assumed that we already know G7.
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Definition 3.2.7 (Good Blocks). We say XU+ is a good block at level (j + 1) (denoted

XUt ¢ G§‘§+1) if the following conditions hold.

(i) It starts with L3 good sub-blocks, i.e., Xz-(j) € G5 for 1 <i < L. (This is required only
for j >0, as there are no good blocks at level O this does not apply for the case j =0).

.. s,8 —253
(i) P(X = Y[X) >1—L; 7
(iii) P(X <25 V[X) > 9/10 4+ 2-0 gnd P(X <25 Y|X) > 9/10 + 270+,
(iv) S¥(X)>3/4+270Ut,

; a—1
(v) The length of the block satisfies n < L3~ 4 L?.

3.3 Recursive Estimates

Our proof of the theorem depends on a collection of recursive estimates, all of which are
proved together by induction. In this section we list these estimates for easy reference. The
proof of these estimates are provided in the next few sections. We recall that for all 7 > 0

Ly=1L1%, =Ly,

3.3.1 Tail Estimate
I. Let j > 1. Let X be a X-block at level j and let m; = m + 277, Then

P(SF(X) <p) <p™L;” for p< 2 4 9-(+3),
Let Y be a Y-block at level j. Then

3 4
P(S}'{(Y) <p) < pmjL;B for p < 1 + 9~ (+3).

3.3.2 Length Estimate
II. For X an X-block at at level 7 > 0,
Elexp(L; % (|1X] = (2 - 277)L;))) < 1.
Similarly for Y, a Y-block at level j, we have

Elexp(L; 5 (Y] = (2—27)L;))] < 1.

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)
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3.3.3 Probability of Good Blocks

III. Most blocks are “good”.
P(XeGf)>1-L" (3.3.5)

P(Y €G))>1-L;"° (3.3.6)

3.3.4 Consequences of the Estimates

For now let us assume that the estimates I — I11 hold at some level j. Then we have the

following consequences (we only state the results for X, but similar results hold for Y as
well).

Lemma 3.3.1. Let us suppose (3.3.1) and (3.3.5) hold at some level j. Then for all X € G
we have the following.

(i)
PX +5Y |Y eG/,X] > % + 27U/, (3.3.7)
(1)
PX <Y |YeG!,X] > 1% + 27 UFT2),
PX <5 Y |Y €G], X] > 1% 4 27UF/2), (3.3.8)
(iii)
PX <5 Y |YeG!, X]>1-L;" (3.3.9)

Proof. We only prove (3.3.9), other two are similar. We have

s PIX £5Y | X - 5 -
PIX £5 Y |Y € G}, X] < [PS/L;GY'] ]Sij(l—Ljé)lngﬂ
J

which implies (3.3.9). O

Theorem 3.3.2 (Recursive Theorem). There exist positive constants «, 3, 6, m, ko and
R such that for all large enough Lo the following holds. If the recursive estimates (3.3.1),
(3.3.2), (3.3.3), (3.3.4), (3.3.5), (3.5.6) and hold at level j for some j > 1 then all the
estimates hold at level (j + 1) as well.

We will choose the parameters as in equation (3.1.1). Before giving a proof of Theorem
3.3.2 we show how using this theorem we can prove the main theorem. To use the recursive
theorem we first need to show that the estimates I and I hold at the base level j = 1.
Because of the obvious symmetry between X and Y we need only show that (3.3.1), (3.3.3)
and (3.3.5) hold for j = 1 if M is sufficiently large.
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3.3.5 Proving the Recursive Estimates at Level 1

Let X = (XI(O),X((;))),...,X((E) +T(1>)) ~ pf be an X-block at level 1. Similarly denote a
1Tt x
0) 1-(0 0

V-block at level 1 by ¥ = (v, ¥} Y@ )~

Theorem 3.3.3. For all sufficiently large Lo, if M (depending on L) is sufficiently large,

then
: 3
P(SF(X) <p) <p™*T LY for p< 27 (3.3.10)

and
P(X €GF)>1- L7, (3.3.11)

Theorem 3.3.3 is proved using the following Lemmas. Without loss of generality we shall
assume that M is a multiple of 4.

Lemma 3.3.4. Let X be an X block at level 1 as above. Then we have for alll > 1,

-1
1 2
P(TY > 1) < (1—2) . (3.3.12)
Further we have,
Elexp(Ly (|1 X]| — ng))] <1. (3.3.13)

Proof. Tt follows from the construction of blocks at level 1 that T)((1 ) =< 2V where V has a
Geom(1/16) distribution, (3.3.12) follows immediately from this. To prove (3.3.13) we notice
the following two facts.

3
Plexp(Li*(1X] = 31/2) 2 5] < PIIX| > 5Ly — L8log2) < P[IX]| > 5/4Ly

N | —

< (15/16)T < 1/4

for Ly large enough using (3.3.12). Also, for all z > 0 using (3.3.12),

xL8/2+L1/4
| X| —3/2L, 15\ "o/ 1
P[L—S > ] < 16 < —Oexp(—?)x).

Now it follows from above that
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8

Elexp(Lg*(|X| - 3/2L1))] Plexp(Lg *(|1X| = 3/2L1)) > y] dy

-

+
N’"“N’"‘M\.\W\Ho\ S—

Plexp(Lg *(|1X| = 3/2L1)) > y] dy

Plexp(Lg°(1X| = 3/2L1)) > y] dy

8

+ Plexp(Lg*(|X| = 3/2L1)) > y] dy
1 1 [
< -+ -+ = P[(Ly°(|X| — 3/2Ly)) > z]e® dz
8 10 J,
< + = + ! 1
- 8 10 —
This completes the proof. O

We define A;?l to be the set of level 1 X-blocks defined by
-’4;,)1 = {X : T)(g) < 1OOmL1}.
It follows from Lemma 3.3.4 that for Ly sufficiently large
P(X € AY) >1- L. (3.3.14)

Lemma 3.3.5. For M sufficiently large, the following inequalities hold for each X € AE;)I.

(1) ;
PIX <5 Y| X] > 1t 274 (3.3.15)
(ii)
C,S 9 Ss,C 9
PIX <5 Y | X] > T 27 and PIX <5 Y | X] > o+ 274, (3.3.16)
(iii)
PIX &5 Y | X]>1- L% (3.3.17)
Proof. Let Y be a level 1 block constructed out of the sequence Yl(o), .... Let C(X) be the
event

{YZ@ £ X ¢ i € [(10m+ 1)Ly, i € [Ly + T)((l)]} .

Let £ denote the event
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{YeAﬁ)l}.

Using the definition of the sequence Yl(o), ... and the Y-version of (3.3.14) we get that

I (100m+1) Ly
PC(X)NE| X] > (1 - 4(1007}; D 1) — L7% > max {1 S 1% + 2-4}

for M large enough.
Since X <5 Y, X &5 Y, X <5 Y, X <5 Y each hold if C(X) and € both hold, the
lemma follows immediately. O]

Lemma 3.3.6. If M is sufficiently large then
c,c 1 _ 3
P(P(X <5 Y | X) <p) <p"*2L? for p< St 274, (3.3.18)

Proof. Since L; is sufficiently large, (3.3.15) implies that it suffices to consider the case

P < g0 and X ¢ A&;’l. We prove that for p < =

PIP(X <“5 Y [ X) <p, X ¢ AQ] <p™? ' L77. (3.3.19)
Let £(X) denote the event

|
(1) = =T # 2 mod 4¥i € (L +1, L+ T}

It follows from definition that

PlE(X) | X] > G)Q G) o (3.3.20)

Now let D;, denote the event that

Dy = {0 £ X i’ € [50km, 50(k + 2)m A T}

Let
Li+T8
D= () D
k=1
It follows that
PID: | X, £(X)] > (1 - 07,

Since Dy, are independent conditional on X and £(X)
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P[D | X,E(X)] > (1 — 400m/M)" 7% /50m,
It follows that

e

(1)
e 1\2 /3% 200m \ L1 Tx /50m
PIX <5y x] > (=) (2 - =
xesvix = (3)(5)" (-57)

for M sufficiently large.
It follows that
oo log 20
PP(X <5 Y [ X)<p X ¢ AP < PTY > (50m~—2=L) v 100mLy)
G

log 20p

20m—7 40mLq
< 1_5 log 0 A §
16 16

15 40mL4 )
< (20p)2mA( ) < pmH P

16
since (15/16)' < 7/10 and Ly is sufficiently large and m > 100. O

Proof of Theorem 3.3.3. We have established (3.3.10) in Lemma 3.3.6. That (3.3.11) holds
follows from Lemma 3.3.5 and (3.3.14) noting 5 > 9. O

Now we prove Theorem 3.1 using Theorem 3.3.2.

Proof of Theorem 3.1. Let X = (X1, Xo,...), Y = (Y},Y5,...) be as in the statement of the
theorem. Let for j > 1, X = (X7, X! ) denote the partition of X into level j blocks

as described above. Similarly let Y = (Yl(j ), YQ(j ), ...) denote the partition of Y into level
7 blocks. Let 5,0, m, R be as in Theorem 3.3.2. It follows form Theorem 3.3.3 that for all
sufficiently large L, estimates I and I hold for j = 1 for all sufficiently large M. Hence
the Theorem 3.3.2 implies that if L is sufficiently large then I and /7 hold for all 5 > 1 for

M sufficiently large.
Let 7 = (X e G7,1 < k < L3} be the event that the first L? blocks at level j

are good. Notice that on the event ﬂf;lﬂ;x, Xl(j ) has distribution u;g by Observation 2.3.1
and so {Xi(j)}izl is 1.i.d. with distribution 4. Hence it follows from equation (3.3.5) that
P(TF| N TS > (1 - L;‘S)L?. Similarly defining 7" = {Yk(j) € GJ,1 <k < L3} we get

using (3.3.6) that P(T,Y| j_y 7o) > (1 — L7%)%.
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Let A = N>o(T;* N 7). It follows from above that P(A) > 0 since § > 3. Let
Ajvr =M< (TEN 77;75{) It follows from (3.3.7) and (3.3.5) that

j c,c j 3 ;
]P)[X§J+1) PRLEN Y'I(J+1) ‘ AjJrl] > Zl 4 2—(]+9/2) _ 2L~_f1 >

A~ w

Let Bji1 denote the event

B;+1 = {3 an open path from (0,0) — (m,n) for some m,n > L;1}.

Then Bjy; |} and Bjyy 2 {XVT) &% vUY Tt follows that

: e : 3
P[NB;.1] > liminf PXUTY <% y,0) > P4 > 0.
A standard compactness argument shows that NB; 1 C {X > Y} and hence P[X < Y] >
0, which completes the proof of the theorem. O

The remainder of the chapter is devoted to the proof of the estimates in the induction.
Throughout these sections we assume that the estimates I —I11 hold for some level 7 > 1 and
then prove the estimates at level j 4+ 1. Combined they complete the proof of Theorem 3.3.2.

From now on, in every Theorem, Proposition and Lemma we state, we would implicitly
assume the hypothesis that all the recursive estimates hold upto level j, the parameters
satisfy the constraints described in § 3.1 and Ly is sufficiently large.

3.4 Geometric Constructions

We shall join paths across blocks at a lower level two form paths across blocks at a higher
level. The general strategy will be as follows. Suppose we want to construct a path across
X xY where X, Y are level j + 1 blocks. Using the recursive estimates at level j we know
we are likely to find many paths across X; x Y where X; is a good sub-block of X. So we
need to take special care to ensure that we can find open paths crossing bad-subblocks of X
(or Y). To show the existence of such paths, we need some geometric constructions, which
we shall describe in this section. We start with the following definition.

Definition 3.4.1 (Admissible Assignments). Let [} = [a+1, a+t]|NZ and Iy = [b+1,b+t'|NZ
be two intervals of consecutive positive integers. Let IT = [a + L? +1la+1t— Lj”] NZ and
I3 = b+ L3+ 1,b+t' — LI NZ Alsolet B C Ij and B C I3 be given. We call
Y(Iy,15,B,B") = (H,H',T) to be an admissible assignment at level j of (11, I5) w.r.t. (B, B’)
if the following conditions hold.

(i) BCH={a <ay<---<a}CIland BB CH ={b <by <---<bg} CI; with
(= |B|+|B'|.

(i1) 7(a;) = b; and 7(B) N B’ = .
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(i1i) Set ag = a,aps1 =a+t+1;bg=0b 1 =b+t' +1. Then we have for all i > 0

1—270D by —bi— 1
R Qi — QG —

< R(1 4 27072,
The following proposition concerning the existence of admissible assignment follows from
the results in § 2.6. We omit the proof.
Proposition 3.4.2. Assume the set-up in Definition 3.4.1. We have the following.
(1) Suppose we have
1—92-0+9) ¢ .
T < I < R(+427°UM,
g Sy sfiy )

Also suppose |B|,|B'| < 3ko. Then there exist L5 level j admissible assignments
(H;, H,7;) of (I1,I5) w.r.t. (B,B') such that for all x € B, 1;(x) = 1y(x) +i—1
and for ally € B', 77 (y) = 77 Y(y) —i + 1.

(ii) Suppose

3 t 2R
B R gy
2R —t — 3
—213
and |B| < tm;ﬁj. Then there ezists an admissible assignment (H, H',T) at level j of
:

(11712) w.r.1. (B, @)

Constructing suitable admissible assignments will let us construct different types of open
paths in different rectangles. To demonstrate this we first define the following somewhat
abstract set-up.

3.4.1 Admissible Connections

Assume the set-up in Definition 3.4.1. Consider the lattice A = I1 xI5. Let B = (Biwé)(il in)eA

be a collection of finite rectangles where B;, ;, = [n;,] % [n;,]. Let A®B denote the bi-indexed
collection

{((al,bl), (CLQ, bg)) . (CLl,CLQ) & A, (bl,bg) & Bal,@} .

We think of A®Basa ), n;, x ), n; rectangle which is further divided into rectangles
indexed by (i1,i2) € A in the obvious manner.

Definition 3.4.3 (Route). A route P at level j in A® B is a sequence of points
{0, 2}
i€lf]

m A® B satisfying the following conditions.
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(i) V(P) = {v1,vs,...,0¢} is an oriented path from (a+ 1,b+ 1) to (a +t,b+ ') in A.

and b**" € [Lj_q,n, —Lj ] x {nls yU{n, 1} X [Lj 1, nl, — L 1] except that b = (1,1)

and b*" = (ny1,n., ) are also allowed.
ell

(ii) Let v; = (vj,v). For each i, b € [Lj_y,n, — Lj ] x {1} U{1} x [Lj_1,n), — Lj 1]

(iii) For each i (we drop the superscript v;), let b* = (b1, b)) and b* = (b?,03). Then for

_9—(j+3) b2—bl (i
% < b%—b? < R(1+270+3),

each i, we have

(iv) b>U and bYYi+1 agree in one co-ordinate.

A route P defined as above is called a route in A ® B from (vy,b""1) to (v, b*>"t). We
call P a corner to corner route if b'"* = (1,1) and b** = (n,,n,). Fork € Iy, the
14

k-section of the route P is defined to be the set of k' € I such that (K', k) € V(P).

Now gluing together these routes one can construct corner to corner (resp. corner to side
or side to side) paths under certain circumstances. We make the following definition to that
end.

Definition 3.4.4 (Admissible Connections). Consider the above set-up. Let
Sin = [Lj—1,asr — Lja] x {1} U{1} X [Ljy,mp g — L]

and
Sout = [Lj—1,Mq1r — Lj_1] X {”;m‘/} U{nare} X [Lj1, n;ﬂrt — Lj1].

Suppose for each b € S,y there exists a level j route P® in A ® B from (1,1) to b. The
collection P = {P®} is called a corner to side admissible connection in AQB. A side to corner
admissible connection is defined in a similar manner. Now suppose for each b € Si,, V' € Sous
there exists a level j route P** in A®@ B from b to b'. The collection P = {P*'} in this case
is called a side to side admissible connection in A® B. We also define V(P) = UpepV (P).

The usefulness of having these abstract definitions is demonstrated by the next few
lemmata. These follow directly from definition and hence we shall omit the proofs.

Now let X = (Xi, Xo,...., X;) be an X-blocks at level j + 1 with X; being the j-level
subblocks constituting it. Let X; consisting of n; many chunks of (j — 1)-level subblocks.
Similarly let Y = (Y7, Y2, ..., Yy) be a Y-block at level j+1 with j-level subblocks Y; consisting
of n} many chunks of (j — 1) level subblocks. Then we have the following lemmata. Set
A = [t] x [t']. Define B = {B;;} where B, ;, = [nj,] x [nj,].

Lemma 3.4.5. Consider the set-up described above. Let H = {ay < ay < --- < ap} C [t] and
H = {bl <by << bg} Set X(s) = (Xas+17 c 7Xa5+1—1) and }/(s) = ()/1)34_17 . ,YLSJrl_l).

Suppose further that for each s, )}(S) VASEN Yo and X,, <5 Y;.. Then we have X ==Y

The next lemma gives sufficient conditions under which we have X (s) &8 17(8).
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Figure 3.1: Corner to Corner Paths

Lemma 3.4.6. In the above set-up, let I = [a; + 1,a541 — 1], I = [as + 1,a541 — 1]. Set
A® = I§ x I5 and let B® be the restriction of B to A®. Suppose there exists a corner to
corner route P in A®*® B* such that Xa 1 N Xogi1-1 &5 Yy, ..—1 and for all other

(v1,v5) € V(P) X, < Y,,. Then X &5 Y(S)

The above lemmata are immediate from definition. Now we turn to corner to side, side
to corner and side to side connections. We have the following lemma.

Lemma 3.4.7. Consider the set-up as above. Suppose X and Y contain nx and ny many
chunks respectively. Further suppose that none of the subblocks X; or'Y; contain more than
3L; level O subblocks.

(i) Suppose for every exit chunk in Epi(X,Y) the following holds. For concreteness con-
sider the chunk (k,ny). Let Ty denote the set of all i such that X; is contained in
CX. There exists T} C Ty, with |T] > (1 — 10koL; )|Tk| such that for all r € T} and

X =(X1,...,X,) we have X &5 Y .
Then we have X <225 Y.

(i) A similar statement holds for X <25 Y.

(iii) Suppose for every pair of entry-ezxit chunks in E(X,Y) the following holds. For con-
creteness consider the pair of entry-exit chunks ((ki,1), (nx, ks)). Let Ty, (resp. Tj,)
denote the set of all i such that X; (resp. Y;) is contained in Cjy (resp. CY, ). There ex-
ists Ty, v C Thy, Ty, . C Ty, with [Ty, o] > (1 10koL; )| T, |, \TkQ | > (1=10koL; )| T}, |
such that for all v € Ty, », v' € T, , and X = (XT, X)), Y =(Y,...,Y,) we have

S8, >

X &Y.
Then we have X <25 Y.
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Proof. Parts (i) and (ii) are straightforward from definitions. Part (#ii) follows from defi-
nitions by noting the following consequence of planarity. Suppose there are open oriented
paths in Z? from v; = (21, y1) to va = (T2, y2) and also from v3 = (z3,y1) to v4(z2,y3) such
that z1 < x3 < x5 and y; < y2 < y3. Then these paths must intersect and hence there are
open paths from v; to vy and also from v, to v3. The condition on the length of sub-blocks
is used to ensure that none of the subblocks in T}, \ Tk, . are extremely long. ]

% | Epad
9 ¥

aad Padnr ot
P dded

>

=
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Figure 3.2: Corner to Corner and Side to Side routes

The next lemma gives sufficient conditions for X &3V and X £ Y in the set-up of
the above lemma. This lemma also easily follows from definitions.

Lemma 3.4.8. Assume the set-up of Lemma 3.4.7. Let X = (X4, Xty -+, Xy,) and
Y = (Y;&,,Y;gé) Let H = {a1 <Ay < -0 < ag} - [tl,tg] and H' = {bl <b <o <
b}y C [t),15]. Set Xy = (Xayt1s- -5 Xagoi—1) and Yoy = (Yooq1, -+, Yo, —1) (a0, bo etc. are
defined in the natural way).

(i) Suppose that for each s < ¢, )?(S) &5 57(5) and )?(g) & 57(@). Also suppose for each s,
X, <5 Y., Then we have X &8y

(i1) A similar statement holds for X &8y,

(iii) Suppose that for each s € [¢ — 1], )?(S) VRSN ?(S)L X(g*) <iﬂ> 17(0) X & 17(@). Also
suppose for each s, X, VAN Ys.. Then we have X A Ve

. . . i , Sk iad N S d
Now we give sufficient conditions for X €25 Y and X £25 Y in terms of routes.

Lemma 3.4.9. In the above set-up, further suppose that none of the level (j — 1) sub-blocks
of Xi,, Xiy, Yy, Yy contain more than 3L; 1 level O sub-blocks. Set I = [as + 1,a541 — 1],
I5 = las + 1,a541 — 1]. Set A® = I{ x I5 and let B® be the restriction of B to A®. Suppose
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there exists a corner to side admissible connection P in A* @ B® such that X, 11 ¢ Yy, 11
and for all other (vi,vy) € V(P) X,, AN Y,,. Then X (g &5 Y(s). Similar statements hold
fO’I" X(s) <s’—C’*) Y(s) and X(S) (ﬁ Y(S).

Proof. Proof is immediate from definition of admissible connections and the inductive hy-
potheses (this is where we need the assumption on the lengths of j — 1 level subblocks). For

X(s) &2 }7(3), we again need to use planarity as before. O

Now we connect it up with the notion of admissible assignments defined earlier in this
section. Consider the set-up in Lemma 3.4.5. Let By C [} = [t], B C I, = [t'], let B} 2 By
(resp. B5 D Bs) be the set containing elements of By (resp. By) and its neighbours. Let
T be a level j admissible assignment of (I, [s) w.r.t. (By, Bj) with associated 7. Suppose
H =7"%By)UB; and H' = B} UT1(By). We have the following lemmata.

Lemma 3.4.10. Consider ()?(5),57(5)) in the above set-up. There exists a corner to corner
route P in A®* ® B®. Further for each k € I3, there exist sets H] C I with |H]| < L; such
that the k-section of the route P is contained in H] for all k. In the special case where
t =1t and 7(i) = i for all i, one can take H] = {k — 1,k k + 1}. Further Let A’ C A®
with |A’'| < ko. Suppose further that for all v = (vy,ve) € A" and fori € {s,s + 1} we have
l|lv = (as,05)|oo > koR3107T8. Then we can take V(P) N A" = 0.

Proof. This lemma is a consequence of Lemma 3.4.12 below. ]

Lemma 3.4.11. In the above set-up, consider ()N((S), 37(5)). Assume for eachi € [as+1, a5 —
1], " € [bs + 1,bsy1 — 1] we have L?:f < ng,nl < L;'-‘:f + L. Let A’ C A% with |A'| < ko.
Suppose further that for all v = (vi,vy) € A" and fori € s,s + 1 we have ||v — (a;, b;)||00 >
koR3107T8. Assume also as1 —as, bsi1—bs > 5 TOR. Then there exists a corner to side (resp.
side to corner, side to side) admissible connection P in A* ® B® such that V(P)N A" = 0.

Proof. This lemma also follows from Lemma 3.4.12 below.

Lemma 3.4.12. Let A ® B be as in Definition 3.4.3. Assume that L}?m) < <
R(1+ 27Ut “and LS77 + Lj—y > ng,nly > LS. Then the following holds.

(i) There exists a corner to corner route P in A® B where V(P) C R(A) where

R(A) ={v=(v,1) € A:|v—(a+xt,b+ xt")|; <50 for some x € [0, 1]}.

(ii) Further, if t,t' > 57TSR then there exists a corner to side (resp. side to corner, side
to side) admissible connection P with V(P) C R(A).

(iii) Let A’ be a given subset of A with |A’| < ko such that A’ (([koR3*10778] x [koR3107 8] U
([n—koR3107%8 n| x [0 — ko R310778 n']) = 0. Then there is a corner to corner route P
in A® B such that V(P)N A" = 0. Further, if t,t' > 5 TSR, then there exists a corner
to side (resp. side to corner, side to side) admissible connection P with V(P)NA" = ().
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Figure 3.3: Side to Side admissible connections

Proof. Without loss of generality, for this proof we shall assume a = b = 0. We prove (i)
first. Let y; = [it'/t]| + 1 for ¢ € [t] and let a; = [it/t'] for i € [t']. Define y; = (it'/t —y; + 1)
and z; = (it/t' — x; + 1).

Define y; = [yin, | + 1 and z; = [Tin,,]. Observe that it follows from the definitions
that y € [n,] and 2} € [ng,,]. Now define y;* = y; if yj € [L;_1,n, — L] If yf €
[Lj—1] define y;* = L; 4, if yj € [n, — Lj_1,n;,] define yi* = n; — L; . Similarly define
o =t if af € [Lj_1,ng, — Lj1]. If xf € [Lj_4] define o7* = L;_q, if 2} € [ng, — Lj_1,ny,]
define z* = n,, — L;—;. Now for i € [t — 1],7" € [t' — 1] consider points ((7,n;), (vi, ¥;™)),
((+1,1), (i, ), (i, x5F), (¢, nl)), (2, 25), ('+1, 1)) along with the two corner points.
We construct a corner to corner route using these points.

Let us define V(P) = {(i,y:), (xy, ') :i € [t — 1],4" € [t' — 1]} U{(¢,t')}. We notice that
either y; = 1 or x; = 1. It is easy to see that the vertices in V' (P) defines an oriented path
from (1,1) to (¢,#') in A. Denote the path by (v!,v?,... v ~1). Forv =",r € [2,t+t' —2],
we define points b5*" and V" as follows. Without loss of generality assume v = v" = (i, ;).
Then either v ' = (i — 1,y;) = (1 — Lym1) or v ' = (i, — 1) = (vy,—1,y — 1). If
"' = (i — 1,5;_1), then define {(b7"",b5"), (b2, b2°)} by b1 = 1, by = y**,, b¥° = n,,
by =y If '™t = (2,1, — 1) then define K¥ = {(by", by"), (b7",b5)} by by = 23" |,
by’ =1, b2 = n;, b2 = y**. To prove that this is indeed a route we only need to check the
slope condition in Definition 3.4.3 in both the cases. We do that only for the latter case and
the former one can be treated similarly.

Notice that from the definition it follows that the slope between the points (in R?)
(%y,—1,0) and (1,y;) is % We need to show that

1—2-0+3) - by—by oy -1
R - ng -

< R(1427019)
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where once more we have dropped the superscript v for convenience Now if z; , € [n; —
L;_1,n;| and y; € [L;_;] then from definition it follows that bQ bl
condition holds. Next let us suppose y; € [L;_1] but z; | ¢ [nl — L;_1,n;]. Then clearly,
;* - <1 Also notice that in this case z;, _; > Lj_l and y;* — 1 > nj y;(1 — Lj__ll). It
follows that

=1 and hence the slope

nim

k%

T T - 1 - _
1_ynz—.1:1—yn;.1Sl_wyifl—i_;S(l_a;yi*l)(l_i_[’j—ll)'

Hence

LYP(1— L) 1 — 9-(+3)

yir—1 >”’~ Vi 1—L}31 >
(L‘“’+L] 1)(1+L ) R

Yi t
= ~ 1 2 -
n; — xy, 1 ng 1—x,_11+ Ljf1 t

for Ly sufficiently large. The case where y; ¢ [L; 1] but x; _, € [n; — L;_1,n;] can be treated
similarly.
Next we treat the case where x; | € [Lj 1 +1,m; — Lj 1 — 1] and yj € [L; 1 + 1,n;, —
L;_y — 1]. Here we have similarly as before
- Ty ~ _
(1—- Lg 1)(1 —Ty,1) <1— yn;l <(1=Zy)(1+ Lj—11>

and

It follows as before that

(1+2Lj —1"Yn, n' Y —1 >n’yit’(1+2Lj—1‘1)
1—Ljf1 nn-_ n,—x —n; t 1—Lj_}1

%k
yi—1

and hence (G43)
. o — 270
R(l + 2—(]+3)) Y; 1 > 1-2
n; — ili'*ik_l R

for Ly sufficiently large.
Other cases can be treated in similar vein and we only provide details in the case where
y; € [ny, — Lj1,my, ] and @ | € [L; 1] In this case we have that

@(1_2Lﬂ'—1) < —log

/ /
nyi nyi

We also have that

- L;_ T -
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Combining these two relations we get as before that

-1 1 —2-0G+3)
>

R(1 4 27G+3)) Yi© >
ni — T4 R
for Lg sufficiently large.
Thus we have constructed a corner to corner route in A ® B. From the definitions it
follows easily that for P as above V(P) C R(A) and hence proof of (i) is complete.
Proof of (i7) is similar. Say, for the side to corner admissible connection, for a given
b € S, in stead of starting with the line y = (¢'/t)z, we start with the line passing through
(b1/n1,0) and (t,t'), and define z;, y; to be the intersection of this line with the lines y = i
and x = i respectively. Rest of the proof is almost identical, we use the fact ¢, > 5/7°R to
prove that the slope of this new line is still sufficiently close to t'/t.
For part (7i7), instead of a straight line we start with a number of piecewise linear functions
which approximate V' (P). By taking a large number of such choices, it follows that for one
of the cases V' (P) must be disjoint with the given set A’, we omit the details. O]

Finally we show that if we try a large number of admissible assignments, at least one of
them must obey the hypothesis in Lemma 3.4.10 and Lemma 3.4.11 regarding A’

Lemma 3.4.13. Assume the set-up in Proposition 3.4.2. Let Yp, h € [LJQ] be the family of
admissible assignments of (11, 1s) w.r.t. (B,B’) described in Proposition 3.4.2(i). Fix any
arbitrary T C [L3] with |T| = R°kg10%20. Then for every S C I x I with |S| = ko, there
exist hg € T such that

i (1) — sl 1 () )] — sl) 2 2o R0

Proof. Call (x,y) € I x I, forbidden if there exist s € S such that |(x,y) — s| < 2kgR310773.
For each s € S, let By, C I; x Iy denote the set of vertices which are forbidden because of
s, i.e., By = {(z,y) : |(z,y) — 5| < 2koR3107T3}. Clearly |B,| < 10¥"8k2RS. So the total
number of forbidden vertices is < 1083 RS, Since |B|, |B'| < ko, there exists H C T with
|H| = 10T ROk} such that for all z,2” € B, x # 2, y,y/ € B', y # v/, h1, ha € H, we have
Th, () # Ty (2') and Th_ll(y) # 7'h_21(y’). Now for each = € B (resp. y € B'), (x, 7 (x)) (resp.
(77, '(y),y)) can be forbidden for at most 102+18k3 RS many different h € H. Hence,

# U {h € H : (z,m(x)) or (75, '(y),y) is forbidden} < 2 x 10¥ ¥ ROk; < |H|.
r€B,yeB’

It follows that there exist hg € H which satisfies the condition in the statement of the
lemma. O]
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3.5 Length Estimate
Theorem 3.5.1. Let X be an X block at level (j + 1) we have that

Elexp(L; °(1X| — (2—2"V")L;0))] < 1. (3.5.1)

and hence for x > 0,
P(X|> ((2—2"9"L; +2L8)) <e ™ (3.5.2)

The proof of this theorem is identical to the proof of Theorem 2.8.1. We omit the proof.

3.6 Corner to Corner Estimate

In this section we prove the recursive tail estimate for the corner to corner connection prob-
abilities.

Theorem 3.6.1. Assume that the inductive hypothesis holds up to level j. Let X and Y be
random (j + 1)-level blocks according to /@gﬂ and N}{H- Then

P (IP’(X VX < p) <pmrLl, P (lP’(X YY) < p) <pMrL

forp <2 4270 and mjy =m + 270D,

Due to the obvious symmetry between our X and Y bounds and for brevity all our
bounds will be stated in terms of X and S7,, but will similarly hold for Y and S},,. For
the rest of this section we drop the superscript X and denote S, (resp. S5°) simply by Sj1
(resp. S;).

The block X is constructed from an i.i.d. sequence of j-level blocks X, X5, ... conditioned
on the event X; € G’;g for1 <i< L;)? as described in Section 3.2. The construction also
involves a random variable Wy ~ Geom(Lj_4) and let Ty denote the number of extra sub-
blocks of X, that is the length of X is L;“_l + 2L§? + Tx. Let Kx denote the number of bad
sub-blocks of X, and let

By ={i € [L;7" +2L3 + Tx] : X; ¢ G}

denote the position.s of the bad sub-blocks. Let us also denote the positions of bad subblock
of X and their neighbours by {f; < ¢, < --- < lg }, where K denotes the number of
such blocks. Trivially, K% < 3Kx. We define Y, Wy, Ty and Ky similarly. The proof of
Theorem 3.6.1 is divided into 5 cases depending on the number of bad sub-blocks, the total
number of sub-blocks of X and how “bad” the sub-blocks are.

We note here that the proof of Theorem 3.6.1 follows along the same general line of
argument as the proof of Theorem 2.7.1, with significant adaptations resulting from the
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specifics of the model and especially the difference in the definition of good blocks. As such
this section is similar to Section § 2.7.

The following key lemma provides a bound for the probability of blocks having large
length, number of bad sub-blocks or small [[;c 5 S;(X;).

Lemma 3.6.2. For allt',k',x > 0 we have that

1
P|Tx >t,Kx >FK,—log H Si(X >x] <2L 6k/4exp <—xmj+1—§t’Lj4>.

i€Bx

The proof of this Lemma is same as the proof of Lemma 2.7.3 and we omit the details.
We now proceed with the 5 cases we need to consider.

3.6.1 Casel

The first case is the scenario where the blocks are of typical length, have few bad sub-blocks
whose corner to corner corner to corner connection probabilities are not too small. This case
holds with high probablhtgf

We define the event .AX 11 to be the set of (j + 1) level blocks such that

RLa—l
AY L = {X Tx < —5— Kx <k, IT six) > L; 1/3}

i€Bx

The following Lemma is an easy corollary of Lemma 3.6.2 and the choices of parameters,
we omit the proof.

Lemma 3.6.3. The probability that X € A(l) i1 18 bounded below by
PX & AYj] < L3

Lemma 3.6.4. We have that for all X € Ag?jﬂ,

3
PX <5y |Yedl | X]> 1+2 U+3) (3.6.1)

Y, j+1°

Proof. Suppose that X € AX ;11 with length L?‘fl +2L% + Tx. Let Bx denote the location
of bad subblocks of X. let K 4 be the number of bad sub-blocks and their neighbours and
let set of their locations be B* = {f; < --- < g }. Notice that K% < 3k;. We condition

onY € AQ 41 having no bad subblocks. Denote this conditioning by

F={Y e A}, Ty, Ky = 0}.
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Let Iy = [L™" +2L3 + Tx] and I, = [LY~' +2L% +Ty]. By Proposition 3.4.2(i), we can find
L? admissible assignments YT, at level j w.r.t. (B* (), with associated 73, for 1 < h < LJQ-,
such that 7, (¢;) = 71 (¢;) + h — 1 and in particular each block ¢; is mapped to L? distinct sub-
blocks. Hence we get # C [L3] of size L; < [L5/9k3] so that for all iy # iy and hy, hy € H
we have that 75, (¢;,) # T, ({i,), that is that all the positions bad blocks and their neighbours
are mapped to are distinct.

Our construction ensures that all Y7, ,,) are uniformly chosen good j-blocks conditional

on F and since S;(Xy,) > Lj_l/?’ we have that if Xy, ¢ G7,

PXs, = Yo | F1 2 Si(Xe) = PV € GF] 2 55;(Xe,).- (3.6.2)

N | —

Also if X, € G then from the recursive estimates it follows that

P[Xfi S YTh(fi) | f] > =

PIX,, = Yo

If Xy, ¢ G, or, if neither X,y nor Xy, is € G, let Dy; denote the event
Dy = {Xei = YTh(zi)} :
If Xy, Xp,41 € G;g then let Dy, ; denote the event
Dy = {Xgi &5 YTh(,gi)} .
If Xy, Xy,—1 € G then let Dy, ; denote the event
Dy = {X&. LR Ywi)} .
Let Dy, denote the event

Kx
Dy =)D
i=1
Further, § denote the event
S = {Xk S5 YWk € [L6 4 218 + Ty \ By, VK € [L6 + 200 + Ty]} .
Also let

c,s s,c
C = {Xl — Yl} and Cy = {XL?_1+2L?+TX — YL?_1+2L?_+Ty} .
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By Lemma 3.4.5, Lemma 3.4.6 and Lemma 3.4.10 if Upey Dy, S, C1, C all hold then X <=5
Y. Conditional on F, for h € H, the Dy, Cy, Cy are independent and and by (3.6.2) and the

recursive estimates ,
]P)[th | J—_'] Z 2*5k032k0L;1/3. (363)

Hence .
PlUpenDy | F] > 1 — (1 — 2—5’%3%%;1/3) ">1-L (3.6.4)

It follows from the recursive estimates that
9\ 2
PlUnenDp, C1,Co | F| > <1—0) (1 - L;f’f) (3.6.5)

Also a union bound using the recursive estimates at level j gives

R
P[-S | F] < (1+ E)QL?Q‘2L;2B <L;" (3.6.6)
It follows that
9 2
P[X <5 Y | F] > PUnepDh, C1, Co, S] > (E) (1 — L;jf) ~L;”. (3.6.7)

Hence
PIX <25 Y | Y € AV, X, Ty] 2 PIX <5 YV [ F] - P[Ky =0 Y € AV, |, Ty]
> <0.81(1 — L) - L;B>IP’[KY =0|Y € AV, T].

Removing the conditioning on Ty we get

c,c 1 9 2 -3 - 1
PIX <5 Y |V e AN, X] > ((E) (1=230) = L7 ) - Plsy =0 v € AY), )

9\? _38 -8 _33 —5/4
> ((E) (1 —LM) —;7)- (1 — L% 2L )
3 .
> 2 4 9-0U+D
>+

for large enough Lg, where the penultimate inequality follows from Lemma 3.6.2 and Lemma
3.6.3. This completes the lemma. O

Lemma 3.6.5. When 3 <p <3 42°0+)

P(Sj41(X) < p) <p™o L7
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Proof. By Lemma 3.6.3 and 3.6.4 we have that for all X € .A;)jﬂ

c,c 3 .
PIX <% Y | X] > PY € AY) JPIX <5 Y | XY € AP, ] > TH2U (368)

Hence if % <p< % +2-G+D)

P(PLX <*% Y | X] <p) <P[X ¢ AY,, )]

—-38 s -B . -y
<L <omn Ll < prn L

3.6.2 Case 2

The next case involves blocks which are not too long and do not contain too many bad
sub-blocks but whose bad sub-blocks may be very bad in the since that corner to corner
connection probabilities of those might be really small. We define the class of blocks AX 1
as

RLa—l
AG L = {X:TX < —— Kx <ho, II sitx) <L; 1/3}

i€EBx

Lemma 3.6.6. For X € AX_]+17

Sir(X) > mm{; 110 (2) OLj H Sj(Xi)}

i€Bx
Proof. Suppose that X € Aﬁ??j 41+ Let & denote the event
E={Wy <L;™" Ty = Wy}

Then by definition of Wy, P[Wy < L8] > 1— (1 L; )% " > 9/10 while by the definition
of the block boundaries the event Ty = Wy is equivalent to their being no bad sub-blocks

amongst YL?+L?71+WY+1, s ,YL?+L?71+WY+2LJ3, that is that we don’t need to extend the block

because of bad sub-blocks. Hence P[Ty = Wy] > (1 — Lj )2L3 > 9/10. Combining these we
have that

PE] > 8/10. (3.6.9)
By our block construction procedure, on the event 7y = Wy we have that the blocks
YL? +15- -5 Yp3, pa—1,p are uniform j-level blocks.

Define I, I, Bx and B* as in the proof of Lemma 3.6.4. Also set [L;"_1+2L§?+TX]\BX —
G x. Using Proposition 3.4.2 again we can find L? level j admissible assignments Y, of (I, I5)
w.r.t. (B*0) for 1 < h < L? with associated 75,. As in Lemma 3.6.4 we can construct a
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subset H C [L3] with |H| = L; < [L7/9k3] so that for all 4, # iy and hy, hy € H we have
that 7., (¢;,) # Th,(fs,), that is that all the positions bad blocks are assigned to are distinct.
We will estimate the probability that one of these assignments work.

In trying out these L; different assignments there is a subtle conditioning issue since

conditioned on an assignment not working (e.g., the event Xy, TRSEN Y>, ) failing) the distri-
bution of Y7, ¢,y might change. As such we condition on an event Dj, U G;, which holds with
high probability.

If X,, ¢ Gj.g, or, if neither X, 1 nor X, 4 is € G’;g, let Dy, ; denote the event

Dii = { Xo, ¢ Yryen }
If Xy, Xp,11 € G;g then let D, ; denote the event
Dii = { Yoo € G X, € Yo and Xie €% Yo,k € G |
If Xy, Xp,—1 € G;g then let Dy, ; denote the event
Dii = { Vi € GY, Xo, 5 V0 and Xy 5 Y, )Wk € G |
Let D;, denote the event

Kx

Dy =)D
i=1
Further, let

G = { Va0 € G and Yy, 0y * X for 1 i < K, b € G}
Then it follows from the recursive estimates and since 5 > o + 0 + 1 that
P[D, UG, | X,E] > PGy | X,E] >1— 10k L;”°.

and since they are conditionally independent given X and &,

P[Nhen(Dr U Gh) | X, €] > (1 —10koL; )% > 9/10. (3.6.10)
Now
3 2ko
P[Dy | X,E,(DhUGh)] > P[Dy | X,E] > (Z) IT s:(x5)
i€Bx
and hence

3\ 2ko L;
PlUrenDr | X, &, Mpen(DrUGh)l > 1 — (1 - (—) H Sj(Xi>>

1€EBx

> A L8 gkOL-HS-(X-) (3.6.11)
10 4\4 ! I o

i€Bx
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since 1 —e™* > /4 AN 9/10 for x > 0. Furthermore, if

M = {EIhl ;é h2 < H : Dh1 \gh17Dh2 \gh2}7
then

L.
PIM | X, &, Npen(Dr U Gh)] < ( ;)IP)[Dh \Gn | X, & NMpen(Dy U Gp))?
2%k 2
() (20)" I s
icBx

< [0 G)% IT 5:(x%)- (3.6.12)

i€EBx
Let 71 = Ji and Jp = Jpa-1,9p8, 7, denote the events

jI:{X1<i>Y1anka<i>Y1f0rallk‘EGX};

Jr = {XL;“*1+2L§+TY
For k € {2,... LJO-‘_1 + ZL? +Ty —1,}\ Unen,1<i<k’ {mn(€;)}, let Ji denote the event

ENe

S,8
= YL?71+2L?+TY and Xj, <— YL?71+2L?+TY\V/]€ € GX} .

T = {Yk € G, Xy &5 Y, for all K € GX} .

Finally let
J = ﬂ T
ke[L;’"1+2L?+Ty]\uh€%1§i§}(& {mn(€:)}

Then it follows from the recursive estimates and the fact that J; are conditionally indepen-

dent that

9 ? a—1-4 2L?_1
PlT | X, €] > (E) (1 — RL ) > 3/4. (3.6.13)

If 7, Unen Dy, and Npey (Dyp UG) all hold and M does not hold then we can find at least
one h € H such that Dy, holds and G holds for all A’ € H \ {h}. Then by Lemma 3.4.10
as before we have that X <= Y. Hence by (3.6.10), (3.6.11), (3.6.12), and (3.6.13) and the
fact that J is conditionally independent of the other events that

PIX <5 Y | X, E] > PlUnenDn, Mhen (DL UGL), T, ~M | X, E&]
=P[J | X, EP[UnexDh, ~M | X, E, Npen (D U Gh)]
X PlMhen (DU Gh) | X, €|

2719 1 /3\™ _5-2)
>l r i) L I] si(xi) - L; IT si(x)
iEBX iEBX
3 1. 3\
> g A gLJ <Z) SJ(Xz)
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Combining with (3.6.9) we have that
11 3\
PIX =Y | X] > AR (Z) L; H Si(X5),
i€Bx
which completes the proof. O]

Lemma 3.6.7. When 0 < p < %,

T e
P(X € Ag?,)j-&-l?Sj-l—l(X) < p) < gpm]+lef1

Proof. We have that

P(X € A 1, Sj1i(X) <p) <P

5075 s

1€Bx

2ko\ ™M+
<o(10p (4 <
> Lj 3 >

where the first inequality holds by Lemma 3.6.6, the second by Lemma 3.6.2 and the third
holds for large enough L since mji; > m > af. O

P LY (3.6.14)

] =

3.6.3 Case 3

The third case allows for a greater number of bad sub-blocks. The class of blocks Aﬁ??j 418

defined as

RLS™! L'+ T
Ag?,)j+13:{X3TX§ 23 ko < Kx < 4
Lemma 3.6.8. For X € A(X3?j+1,

50022 (3)7 T s

Proof. For this proof we only need to consider a single admissible assignment Y. Suppose
that X € Agg’?j 41+ Again let £ denote the event

E={Wy <Ly Ty = Wy}

Similarly to (3.6.9) we have that,
PE] > 8/10. (3.6.15)

As before we have, on the event Ty = Wy, the blocks YL:;_ 4155 Ypa, pa-1, q  are uniform
J
7-blocks since the block division did not evaluate whether they are good or bad.
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Set I, Iy, Bx,Gx and B* as in the proof of Lemma 3.6.6. By Proposition 3.4.2 we can
find a level j admissible assignment Y of (11, I5) w.r.t. (B*, ¢) with associated 7 so that for
all i, L3 +1 < 7,(4;) < L3 + L?‘_l + Ty. We estimate the probability that this assignment
works.

If X,, ¢ Gj-g, or, if neither Xy, _1 nor Xy 4, is € G;g, let D; denote the event

D, = { X0, ¢ Yo }
If Xy, Xy,41 € G then let D; denote the event
D, = {YT(&.) c G;Z,Xgi &2 Y}(gn and X}, &8 YT(&)Vk‘ S GX} .
If Xy, Xy,_1 € G then let D; denote the event

D; = {YT(gi) € Gj{, Xgi &8 }/T(gi) and X} @}Y}(&)Vk S Gx} .

Let D denote the event

K%
D=(D.
i=1
By definition and the recursive estimates,
3\ 2Kx
P[D| X, & > (Z) I si(xi) (3.6.16)

i€Bx

Let Jr = J1 and Jp = Jpa-1,91s,p, denote the events
J J

.71:{X1<i>Y1anka<i>YlforallkeGX};

ENe

s,8
T = {XL;,,1+2L§+TY 5 Vet gy and X €25 Yooy, Vh € GX} .

For k € {2,... L?‘_l +2L3 4+ Ty — 1, } \ Ur<i<ir {7(£) }, let Ji denote the event
T = {Yk € GY, Xy &5 Yy for all K € GX} .

Finally let
J = N T

kE[L?_l""QL?‘*‘TY]\UgigKg{ {r(&)}
From the recursive estimates

PlT | X,€] > °. (3.6.17)

=1 W
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If D and J hold then by Lemma 3.4.10 we have that X <=5 Y. Hence by (3.6.16) and
(3.6.17) and the fact that D and J are conditionally independent we have that,

PIX <5 Y | X, >PD,J | X, €&

P
P[D|X€] [T | X, €]
3
4

() s

1€Bx

v

Combining with (3.6.15) we have that

PX <5 Y | X] > % G)QKX GI_B[ S;(X;)

which completes the proof. ]

Lemma 3.6.9. When 0 < p < %

1
P(X € AP0, S(X) <p) < 2p™ oL,

Proof. We have that

2 \4 .
ZEBX
00 4 2k
<) P [KX =k, 'H S;(X;) < 2p (g) ]
k=ko i€Bx
[e'e) 4 2k Jj+1 5 1
—5k/4 s _
<2) <2p (5) > LM < =P ML (3.6.18)
k=ko
where the first inequality holds by Lemma 3.6.8, the third follows from Lemma 3.6.2 and
the last one holds for large enough Lg since dky > 4af5. O
3.6.4 Case 4

In Case 4 We allow blocks of long length but not too many bad sub-blocks. The class of
blocks .AX ;41 1s defined as

RLOT ety

@ . . X
AX,j—i—l T {X . TX > 2] JKX S ]1OR+
J



CHAPTER 3. SCHEDULING OF RANDOM WALKS ON A COMPLETE GRAPH 92

Lemma 3.6.10. For X € AX]+17

3 2K
Sjt1(X) > (1) I Si(xX:) exp(—3TxL;*/R)
i€Bx

Proof. In this proof We allow the length of Y to grow at a slower rate than that of X.
Suppose that X € A +1 and let £(X) denote the event

E(X) = {Wy = |2Tx/R], Ty = Wy}

Then by definition P[Wy = [2Tx/R]| = L]-_4(1 - LJ-_A‘)LQTX/RJ. Similarly to Lemma 3.6.6,
P[Ty =Wy | Wy] > (1 — L;‘S)QL? > 9/10. Combining these we have that

9
_L—4(1 Lf4)L2TX/RJ_ (3.6.19)

PIECY)] = 1oL (1 - L

Set I, I, Bx, B* as before. By Proposition 3.4.2 we can find an admissible assignment
at level j, T of (I, 1) w.rt. (B* () with associated 7 so that for all i, L? +1 < 7(¢;) <
L? + L?"l + Ty. We again estimate the probability that this assignment works.

We need to modify the definition of D and J in this case since the length of X could be
arbitrarily large. For k € [L37' +2L3 + Ty]\ 7(Bx), let H] C [LS™" +2L% +Ty]\ Bx be the
sets given by Lemma 3.4.10 such that |H]| < L, and there exists a 7-compatible admissible
route with k-sections contained in H for all k. We define D and J in this case as follows.

If Xy, ¢ G;g, or, if neither X,,_; nor Xy, 1, is € G;g, let D; denote the event

D, = { X0 < Yo }
If Xy, Xo,41 € G;g then let D; denote the event
m:{nwee &4—Hflwmﬁe%Y“WeHlﬁ
If X, X001 € G;g then let D; denote the event
Q:{K@EGf&ﬁiﬂinmﬁeﬁY’VkeHw}
Let D denote the event

K
D:ﬂu.
=1

Let J; = Jh and Jp = Jpa-1, 975, p, denote the events
J J

;E:{X1¢3Y1dek@i}ﬁhNMkefﬁ};
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. s,c 5,8 -
Tr = { Xiptsamnin, €5 Yietapnir, and Xy €5 Yia 0,0, Vh € HL?,1+2L?+Ty} .

For k€ {2,.. . L{™" +2L3 + Ty — 1,} \ Uici<ir {7(£:)}, let Ji denote the event
T = {Yk € G, Xy &5 Y, for all K € H,g} .

Finally let
J = N T

ke[L?—1+2L§?+Ty]\U1SiSK§( {7(£:)}

If D and J hold then by Lemma 3.4.10 we have that X <-= Y. It is easy to see that, in
this case (3.6.16) holds. Also we have for large enough Ly,

L~ 4 |2Tx /R|+2L8 1 S To—
x > 1 exp (=2L;°(L™ + |2Tx/R) +2LY)) .
(3.6.20)
Hence by (3.6.16) and (3.6.20) and the fact that D and J are conditionally independent

we have that,

PLT | X.E(X)] > 5 (1-2L;7)

PIX <5 Y | X,E >PD| X, EPLT | X, €&

exp (—L;(S(L;“—l + |2Tx /R| + QL?)) (z) : H S(X;).

i€Bx

vV
~— N

Combining with (3.6.19) we have that

2K x
PIX <= Y | X] > exp(—3TxL;"/R) (Z) I six),
i€Bx

since Tx L;* = Q(L$™°) and § > 5 which completes the proof. O

Lemma 3.6.11. When 0 < p < %,

1
P(X € AV, Sj(X) <p) < gpm’“Ljfl

a—1
J

Proof. Set ty = RL2

+ 1 and for £ > ko, set

S(k) = (2)% IT 5:(x0)-

i€Bx
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We have that

P(X € AV, 1. Si(X) <p) <Y P[Tx =t, Ky =k, S(k) exp(—3tL;*/R) < p]

t=to k=ko

00 0 A2kp\ Mt » . k)4
<> > 2w ) espBmyatL;t/R—tL;"/2)L;

t=to k=ko

1
< gpmﬁle‘fl (3.6.21)

where the first inequality holds by Lemma 3.6.10, the second by Lemma 3.6.2 and the third
holds for large enough Ly since 3m;.1/R < 5 and so for large enough Lo, (4/3)2(’”*1)[,;5/4 <

1/2 and N
- . (1 3m, 1
E exp (—tLJ 4 <§ - Tgﬂ)> < 1_0Ljf1'

_ a—1
t=RLY™" /241

3.6.5 Case 5

It remains to deal with the case involving blocks with a large density of bad sub-blocks.
Define the class of blocks Ag??j 41 18 as

AQ L = {X Ky > =

Lemma 3.6.12. For X € Aﬁ?}jﬂ,

S(x) 2 epl-21x;) (5 IT 500

i€Bx
Proof. The proof is a minor modification of the proof of Lemma 3.6.10. We take £(X) to
denote the event
E(X) = {Wy = Tx, Ty = Wy}

and get a bound of
9 _ _
PE(X)] > ol =Ly (3.6.22)
We consider the admissible assignment T given by 7(i) = i for ¢ € B*. It follows from
Lemma 3.4.10 that in this case we can define H] = k —1,k,k+ 1. We define D and J as

before. The new bound for J becomes

PlJ | X,E(X)] > % (1—2L;°

) L?_l +Tx+2L3

1
' > exp (=2L;7°(Ly™ + Tx +2L3)) . (3.6.23)

We get the result proceeding as in the proof of Lemma 3.6.10. [
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Lemma 3.6.13. When 0 <p < 1,
5 Lo
P(X € AQ; 1, 851(X) <) < 2p™ L)

Proof. First note that since o > 4,

5 Sad

 50RT  s0RT
Lj 7= LO ’ — O
as J — oo. Hence for large enough Ly,
00 ] t
4\ g BORF
> | exp@mL;HL, 7 | <2, (3.6.24)
=0

LY 4t 3\ 2k
Set k, = ioTj and for k > k, set S(k) = (%)™ [Licp, S;(Xi). We have that

P(X € A1, Sin(X) <p) < DD P[Tx =t Kx =k, S(k)exp(—2tL;") < p]
t=0 k=k.
m; —4 ]'6 mit _g
< pma Z Z 2 (exp(QijtLj ) ((3) L; >
t=0 k=k.
- L;."_1+t
L
< Y 4 (exp(2mytLy)) L, T
t=0
1
< —pmnLp (3.6.25)

5

where the first inequality holds be by Lemma 3.6.12, the second by Lemma 3.6.2 and the
third follows since Ly is sufficiently large and the last one by (3.6.24) and the fact that

5L?—1
" soRT 1

-3
Ly " =l

for large enough Lj. m

3.6.6 Proof of Theorem 3.6.1

Putting together all the five cases we now prove Theorem 3.6.1.

Proof of Theorem 3.6.1. The case of % <p<l1l-— Lj’jl is established in Lemma 3.6.5. By

Lemma 3.6.4 we have that Sj1(X) > 5 for all X € A% +1- Hence we need only consider
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0<p< % and cases 2 to 5. By Lemmas 3.6.7, 3.6.9, 3.6.11 and 3.6.13 then

5
P(S+1(X) <p) < D PX €AY, 11, Sin(X) < p) < p™H L
=2

The bound for SY

i+1 follows similarly. O

3.7 Side to Corner and Corner to Side Estimates

The aim of this section is to show that for a large class of X- blocks (resp. Y-blocks),
P(X <5 Y | X) and P(X <5 YV | X) (resp. P(X <Z5 YV | V) and P(X <5 YV | Y)) is
large. We shall state and prove the result only for X-blocks.

Here we need to consider a different class of blocks where the blocks have few bad sub-
blocks whose corner to corner connection probabilities are not too small, where the excess
number of subblocks is of smaller order than the typical length and none of the subblocks,
and their chunks contain too many level 0 blocks. This case holds with high probability. Let
X be alevel (j 4 1) X-block constructed out of the independent sequence of j level blocks
X1, X5, ... where the first L? ones are conditioned to be good.

Fori=1,2,..., L;“l + QL;)? + T, let G; denote the event that all level 7 — 1 subblocks
contained in X; contains at most 3L;_; level 0 blocks, and X; contains at most 3L; level 0
blocks. Let Gx denote the event that for all good blocks X; contained in X, G; holds. We
define Aﬁ?}j 41 to be the set of (j 4 1) level blocks such that

A(;?j+1 = {X : TX < L? — QL?,KX < k’o, H SJ<XZ) > le/g,gx} .

i€EBx

It follows from Theorem 3.5.1 that P[G%] is exponentially small in L;_; and hence we
shall be able to safely ignore this conditioning while calculating probability estimates since
Ly is sufficiently large.

Similarly to Lemma 3.6.3 it can be proved that

PX € AQ ] >1- L% (3.7.1)

We have the following proposition.

Proposition 3.7.1. We have that for all X € A(X*?j+1,

c,s * 9 a
PX <Y | Y € AP, X] > e,
s,C 9 .
PX <5 Y |Y € AV, X] > =+ o—(+15/4) (37.2)
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We shall only prove the corner to side estimate, the other one follows by symmetry.
Suppose that X € AY), with length LS™' + 2L + T, define By, B*, K%, Ty and Ky as
in the proof of Lemma 3.6.4. We condition on Y € A§i‘; +1 having no bad subblocks. Denote
this conditioning by

Let nx and ny denote the number of chunks in X and Y respectively. We first prove the
following lemma.

Lemma 3.7.2. Consider an exit chunk (k,ny) (resp. (nx,k)) in Euu(X,Y). Fixt € [L}l_l—l—
2L3 + Tx| contained in CfX such that [t,t — L3N Bx =0 (resp. fir t' € [LS™" +2L3 + Ty
contained in CY ). Consider X = (X1,...,X,) (orY = (Y1,...,Yy)). Then there exists an
event S, with P[S, | F] > 1— L7® and on S,, F and {X; <= Y1} we have X E25Y (resp.

j
Sy with P[Sy | F] > 1= L;* and on Sy, F and {X1 <= Y1} we have X <=5Y ).

j
Proof. We shall only prove the first case, the other case follows by symmetry. Set I} = [t],
Iy = [Ly7' +2L3 4+ Ty]. Also define By and B* as in the proof of Lemma 3.6.4. The slope
condition in the definition of &,,(X,Y), and the fact that Bx is disjoint with [t — L?,t]
implies that by Proposition 3.4.2 we can find L? admissible generalized mappings T}, of
(11, 1) with respect to (B*,) with associated 7, for 1 < h < L? as in the proof of Lemma
3.6.4. As in there, we construct a subset H C [L3] with |H| = L; < |L?/3ko] so that for all
i1 # 19 and hy, he € H we have that 7, (6;,) # 7, ().
For h € H,i € B*, define the events D, ; similarly as in the proof of Lemma 3.6.4. Set

K
Dy, =( D}, and D= | | D}.
=1 heH

Further, S denote the event
S = {Xk E5S Yk € [\ b, .., b}, VK € [LO7 4+ 2L3 + Ty]} .

Same arguments as in the proof of yields

P[D|F]>1-L;}} (3.7.3)
and
2a—2 71 —28 —B
P[~S | F] <4L22L;% < L;”. (3.7.4)

Now it follows from Lemma 3.4.8 and Lemma 3.4.11, that on {X; < ¥;}, S,D and F,
we have X €25 Y. The proof of the Lemma is completed by setting S, = S N D. O]

Now we are ready to prove Proposition 3.7.1.
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Proof of Proposition 3.7.1. Fix an exit chunk (k,ny) or (nx, k) in £,,4(X,Y). In the former
case set Ty to be the set of all blocks X; contained in C{¥ such that [t,t — L?] NBx =0, in
the later case set T}, to be the set of all blocks Y}, conttained in C’,zf . Notice that the number
of blocks contained in Ty is at least (1 — QkOLj’l) fraction of the total number of blocks
contained in C¥. For t € T}, (resp. t' € T},), let S; (resp. Sy) be the event given by Lemma
3.7.2 Hence it follows from Lemma 3.4.7(i), that on {X; <2 Y1} ) MerSi N N1, Str, We
have X <22 V. Taking a union bound and using Lemma 3.7.2 and also using the recursive
lower bound on P[X; <=2 Y1] yields,

C,S 9 y
PIX <5 Y [ FX] > 5+ 9= (+31/8),

The proof can now be completed by removing the conditioning on Ty and proceeding as in
Lemma 3.6.4. [

3.8 Side to Side Estimate

In this section we estimate the probability of having a side to side path in X x Y. We work
in the set up of previous section. We have the following theorem.

Proposition 3.8.1. We have that
PX <5 Y [ X e AY Y e AV ] > 1 - L. (3.8.1)

Suppose that X € A%H,Y € A%H. Let Tx, Ty, Bx, By, Gx, Gy be as before. Let
Bf ={l < <Ay }and By ={l} <--- < gV} denote the locations of bad blocks and
their neighbours in X and Y respectively. Let us condition on the block lengths T'x, Ty,

B, B; and the bad-sub-blocks and their neighbours themselves. Denote this conditioning
by

F={X €AY, .Y € AV} | T, Ty, K, Ky b, Ui G U
X@l?"-7XKK3(7}/€’17"'71/€;(§/}'

Let
Bxy = {(k, k') € Gx x Gy : X} £ Yiu}

and Nxy = |Bxy|. Let S denote the event {Nyy < ko}. We first prove the following
lemma.

Lemma 3.8.2. Let nx and ny denote the number of chunks in X and Y respectively.
Fiz an entry exit pair of chunks. For concreteness, take ((k,1),(nx, k")) € E(X,Y). Fiz
t € [Ly' +2L3 + Tx] and t' € [LS™' + 2L + Ty] such that X, is contained in C}\, Yy
contained in C’,}; also such that [t,t + L;’] N Bx = 0. Also let Ary denote the event that
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[t 6+ L3 x [L, LA U (LS + T + L3, LY + T + 2L3] x [t — L3, ] is disjoint with Bxy .

Set X = (X, Xiv1s ooy Xpai g yors) and Y = (Y1,Ys, ..., YY), call such a pair ()N(,SN/) to

be a proper section of (X,Y'). Then there exists an event Syy with P[Syy | F] > 1 — Lj_ff

and such that on S NSy N Ay, we have X &8y,

Proof. Set I = [t, LY~ + Tx + 2L} NZ, I = [1,']NZ. By Proposition 3.4.2 we can find L2
admissible assignments mappings Y}, with associated 7, of (I, [s) w.r.t. (Bf NI, By N Iy)
such that we have 7,,(¢;) = 7(4;) +h — 1 and 7, '(£}) = 77 '(#}) — h + 1. As before we
can construct a subset H C [L7] with [H| = 10koL; < [L7/36k3| so that for all iy # i
and hy, hy € H we have that 7, (0;,) # Th,(i,) and 7, ' (€;) # 7, '(¢},), that is that all the
positions bad blocks and their neighbours are assigned to are distinct.

Hence we have for all h € H

c,c 1
P[Xy, <= Yo, (0 Fl = ésj(X&‘); (3.8.2)
c,c 1

If Xy, ¢ G, or, if neither Xy, _y nor Xy, is € G7, let Dy; x denote the event
DhiX — {Xg & Yk,k’ ) } .
2) 1 Th (gz)
If Xy, X¢,4+1 € G then let Dy, ; x denote the event
Diiox = { Xe <5 Yoy |-
Th (4:)
If Xy, Xy,—1 € G;g then let Dy, ; x denote the event

Dh,i,X = {Xéi <i> Yk,k’(gi)}-

Th

Let Dy, x denote the event
K

Dyx = ﬂ Dhix

i=1
Let us define the event Dy, y similarly and let
Dy, = Dipx NDyy
Finally, let

D= {Z 1p, > R6k3102j+20} :

heH
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Conditional on F, for h € H, the D), are independent and by (3.8.2), (3.8.3) and the
recursive estimates ,

P[Dy, | F] > 27 0ko3tho [ 25, (3.8.4)
Hence using a large deviation estimate for binomial tail probabilities we get,
P[D | F] > P[Bin(10koL;, 2 %030 L 7%%) > ROE310%+20}] > 1 — L (3.8.5)

for Lg sufficiently large. Now it follows from Lemma 3.4.13 and Lemma 3.4.11 that if D, S,
and A;, all holds than X &% Y. This completes the proof of the lemma. O]

Before proving Proposition 3.8.1, we need the following lemma bounding the probability
of S.

Lemma 3.8.3. We have 1
P[-S | F] < gL;jf. (3.8.6)

Proof. Let for k' € Gy,

WXZI[{#{]CGGX3XI€§&YIQ’}21}].

It follows from taking a union bound and using the recursive estimates that

PV =1|F,X] <2057

Since V;} are conditionally independent given X and F, a stochastic domination argu-
ment yields

P> VY > k/? | X, F] < PBin(2L5 " 205 7) > k).
k/

Using a Chernoff bound and setting A = }lkéﬂLf&Hw (note A > 1 as > 2« and Ly is
large enough) we get

P[Z vy > k‘(l)/z | F,X] < exp <4L§O‘_2_5()\ —1—MAlog )\))

k/

< exp (—QLEQ_Q_ﬁAlog )\)

1 ka2 /2
(Z_lké/2Lj2a+2+ﬁ) <

IN

Lj+1

[N

for Ly large enough since k‘é/Q(ﬁ +2—2a) > 6ap.
Removing the conditioning on X we get,
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1/2 -
ka > k| Fl < 6ij’f.
Defining V;X’s similarly we get

ZVk >k | F] < 6ijlﬁ'

Since on F,
-8 C {Z VX >k U {Z VX > k2

the lemma follows. O
Now we are ready to prove Proposition 3.8.1.

Proof of Proposition 3.8.1. Consider the set-up of Lemma 3.8.2. Let T}, (resp. T},) denote
the set of indices ¢ (resp. t') such that X; is contained in C{¥ (resp. Yy is contained in C}).
It is easy to see that there exists Ty . C Ty (vesp. T}, , C T’,) with |Tj.| > (1 —10koL; )|Tk|
(resp. [T}, | > (1 — 10koL;")|T},|) such that for all ¢ € Ty, and for all t' € T}, ,, X and Y
defined as in Lemma 3.8.2 satlsﬁes that (X,Y) is a proper section of (X,Y) and A v holds.

It follows now by taking a union bound over all ¢t € Ty, t' € T},, and all pairs of entry
exit chunks in £(X,Y) and using Lemma 3.4.7 that

S,8 1 — — —
PX <5 Y [ Fl>1— gLJff AL >1- LY (3.8.7)
for Ly sufficiently large since § > 2a. Now removing the conditioning we get (3.8.1). O

3.9 Good Blocks

Now we are ready to prove that a block is good with high probability.

Theorem 3.9.1. Let X be a X-block at level (j + 1) Then P(X € G%,,) > 1 - L},
Similarly for Y-block Y at level (j +1), P(Y € GY,4) >1—L7};.

Proof. To avoid repetition, we only prove the theorem for X-blocks. Let X be a X-block at
level (j + 1) with length L?‘_l
Let the events A;,7 = 1,...5 be defined as follows.

A ={Tx <L?-2L%}.

Ay = {IP’[X EEY X > §+2—U+4>}.
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Az = {]P’[X ELY X > 1%+2—U+4>}.

S,C 9 y
Ay = {]P[X<—’>Y | X] > —+2—<ﬂ+4>}.

— 10
A5:{P[X£>Y\X] 21—L§ﬂ}.
From Lemma 3.6.2 it follows that

PIAS] < LY.

From Lemma 3.6.3 and 3.6.4 it follows that

P[A5) < L7},

From (3.7.1) and Proposition 3.7.1 it follows that

PIAS] < L, P[AS) < LY.

Using Markov’s inequality, it follows from Proposition 3.8.1
P[A¢] PPX <5 Y | X] > L

PIX 45 Y]LY,

-2
j+1]

IN

IN

—B
3L;7.

IN

Putting all these together we get

PX € G¥y] > PN A > 1— L)

for Ly large enough since 5 > 9.

(PLX £ ¥, X € ALY € AV +PIX ¢ AL ]+ PIY ¢ A

(%) 2
Y,j+1]) Ljf—l
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Chapter 4

Lipschitz Embedding in Higher
Dimensions

In this chapter we study the problem of Lipschitz embedding of a collection of i.i.d. Bernoulli
variables indexed by higher dimensional Euclidean lattices. This is a natural generalization
of corresponding one dimensional question studies in Chapter 2. Let X = {X,},cz¢ and
Y = {Y,},ez¢ be collections of binary entries indexed by Z?. We say X can be M-embedded
in Y if there exists an injective map ¢ : Z¢ — Z% such that X, = Yy) Vv € Z4 and
l|p(v1) — d(va)|| < M||vy — vo| Yui,v9 € Z% where || - || denotes the Euclidean norm in Z<.
The primary question we investigate is the following. Suppose X and Y are independent
collection of i.i.d. Bernoulli variables. Does there exist M sufficiently large such that X can
be M-embedded in Y almost surely? This question was answered affirmatively for d = 1 in
[8]. Our main theorem provides an affirmative answer to Question 1.3.1 for d = 2.

Theorem 4.1. Let X = {X,}yeza and Y = {V, },eza be collections of i.i.d. Ber(3) random
variables. For d = 2, there exists M > 0 such that X can be M-embedded in Y, denoted
X —=u Y, almost surely.

By ergodicity, the event X <), Y is a 0 — 1 event, and hence to prove Theorem 4.1 it
suffices to prove that P[X <, Y] > 0 for M sufficiently large. This is what we shall prove.
It will be clear from our proof that the same argument works for any dimensions d > 2 with
minor modifications. We stick to d = 2 for the purpose of notational convenience.

4.1 Outline of the Proof

Our proof again is based on multi-scale analysis and in spirit is similar to the argument used
in Chapter 2. The main challenge, as in one dimension, is to match the difficult to embed
regions in X to their suitable partners in Y simultaneously at all scales. This is technically
much more challenging because the difficult to embed regions can have many different shapes
and complicated geometries in higher dimensions.
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Our proof is multi-scale and divides the collections X and Y into blocks on a series of
doubly exponentially growing length scales L; = Lg’ for j > 0. A block of level j is typically
(approximately) a square of side length L, though we also allow blocks of more complicated
shapes and larger sizes. At each of these levels we define a notion of a “good” block. Single
characters in X constitute the level 0 blocks and in Y squares of a fixed (large) size make
level 0 blocks.

Suppose that we have constructed the blocks up to level j. In § 4.2, we give a construction
of (7 + 1)-level blocks as a union of j-level sub-blocks in such way that the blocks are
identically distributed, non neighbouring blocks are independent and there are no bad j-level
subblocks very close to the boundary of a (j + 1)-level block. To ensure the last condition
we need to allow blocks to be of larger size, and in certain cases blocks will approximate a
connected union of squares of size L;. For more details, see § 4.2.

At each level we distinguish a set of blocks to be good. In particular this will be done in
such a way that at each level (j+ 1) for any good block X in X and any good block Y in Y,
their j-level bad sub-blocks can be matched with suitable partners via a bi-Lipschitz map of
Lipschitz constant (1 4+ 10~0U*%) (this is termed as embedding at level (j + 1)). Flexibility
in choosing this map gives us an improved chance to find suitable partners for difficult to
embed blocks at higher levels. We describe how to define good blocks in § 4.2.9. We also
define components which are unions of blocks such that different components containing bad
sub-blocks are separated by good components which are just single good blocks.

The proof then involves a series of recursive estimates at each level given in § 4.3. We
ask that at level 5 the probability that a block is good is at least 1 — L;W, conditioned on a
subset (possibly empty) of other level j blocks and hence a vast majority of the blocks are
good. Furthermore, we show tail bounds on the embedding probabilities showing that for
0O<p<1-— Lj’l,

P(S{(X) < p, Vx 2 v) < p™7 L7170V

where S}(X ) denotes the j-level embedding probability of a j level component X, and
Vx denote the number of squares of size L; that X approximates, see § 4.2.8 for a formal
definition. We show the analogous bounds for Y-blocks as well. The full inductive step is
given in § ?7?7. Proving this constitutes the main work of the chapter.

The key quantitative estimate in the chapter is Lemma 4.5.2 which follows directly from
the recursive estimates, and bounds the chance of a block having a large size, many bad
sub-blocks or a particularly difficult collection of sub-blocks measured by the product of
their embedding probabilities. In order to achieve the improving embedding probabilities
at each level we need to take advantage of the flexibility in mapping a small collection of
bad blocks to a large number of possible partners in a Lipschitz manner with appropriate
Lipschitz constants. To this effect we define families of maps between blocks to describe
such potential maps. Because m is large and we take many independent trials the estimate
at the next level improves significantly. Our analysis is split into 4 different cases.

To show that good blocks at level (j + 1) have the required properties, we construct
them so that the total size of bad subcomponents contained in them is at most ky and all of
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which are “semi-bad” (defined in § 4.2.8) in particular with embedding probability close to
1. We also require that every semi-bad block maps into a large proportion of the sub-blocks
in every L?/ % x Li/ 2 square of j level blocks contained in a (j + 1)-level block. Under these
conditions we show that good blocks can always be mapped to any other good block.

To complete the proof we note that with positive probability the blocks surrounding the
origin are good at each level. The proof is then completed using a standard compactness
argument.

4.1.1 Parameters

Our proof involves a collection of parameters «, 3, 7, ko, m and vy which must satisfy a system
of constraints. The required constraints are

a > 6,7 > 40a, f > 1500, kg > 6000ay, vg > 3000,

9
8v(vo — 1) > 3B, m > 9aB + 3ayvy, yvko > 3003, kg > 107, (1 — 10710)0 > o

To fix on a choice we will set
a = 8,v = 350, 5 = 4500000, vy = 45000, m = 15 x 107, ko = 13 x 106, (4.1.1)

Given these choices we then take Ly to be a sufficiently large integer. We did not make a
serious attempt to optimize the parameters or constraints, often aiming to keep the exposition
more transparent.

4.1.2 Organization of the Chapter

Rest of this chapter is organised as follows. In Section 4.2 we describe our block constructions
and formally define good blocks. In Section 4.3 we state the main recursive theorem and
show that it implies Theorem 4.1. In Section 4.4 we construct a collection of bi-Lipschitz
functions which we will use to describe our mappings between blocks. In Section 4.5 we
prove the main recursive tail estimates on the embedding probabilities. In Section 4.7 we
show that good blocks have the required inductive properties thus completing the induction.

4.2 The Multi-scale Structure

For reasons of notational convenience that will momentarily be clear, without loss of gen-
erality, we shall take our sequence to be indexed by a translate of Z? rather than Z? itself.
Let © = (1/2,1/2). Let X = {X,},e,422 and Y = {Y, },e,422 be collections of i.i.d. Ber(3)
random variables.

As mentioned above, our argument for proof of Theorem 4.1 is multi-scale and depends
of partitioning X and Y into blocks at level j-for each 5 > 0. The blocks are constructed
recursively. For the purpose of our construction we shall work with R? rather than Z2. At
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each level j we shall partition R? into disjoint (except at the boundary) random regions
{ B3} per, and { BV c1, respectively for X and Y.

We shall interchangeably use the term blocks at level j (for X, say) to refer to
the regions %7* or the collection of random variables contained in these regions:
{X, :ue B}

Our blocks will be indexed by elements in a random partition of Z2.

4.2.1 Blocks at Level 0

We start with describing the construction of blocks at level 0. Construction of blocks at
level 0 are different for X and Y. Also level 0 blocks are deterministic (i.e. the regions
corresponding to them are deterministic) and indexed by vertices in Z2.

For each v = (uy,us) € Z?, the X-block at level 0 indexed by u, denoted by X°(u)
corresponds to the region [uy, uy + 1] X [ug, us + 1].

Let My € N denote some large constant to be determined later. For each u = (uy, us) €
72, the Y-block at level 0 indexed by u, denoted by Y°(u) corresponds to the region
[uy Mo, (uq + 1) M) x [us My, (us + 1) Mo].

For U C Z?2, the collection of blocks {X°(u) : u € U} will be denoted by X (and
similarly for Y}?).

Observe that level 0 blocks are independent for both X and Y. Level 0 blocks are
fundamental units of our multi-scale structure. All the blocks at higher scales will be unions
of blocks at level 0. For the rest of this construction, we rescale space for Y such that blocks
at level 0 become unit squares. Under this rescaling construction of higher level blocks are
performed identically for X and Y.

Good Blocks at Level 0

As we have mentioned before, at each scale of the multi-scale construction, we shall designate
a set of blocks in both X and Y to as good. At level 0, each X-block will be good. For
u € Z?, Y°(u) is called good if we have the fraction of both 0’s and 1’s contained in Y°(u)
is at least 1/3 i.e.,

#{UGYO(U):%Il}/\#{UEYo(u)ZYLIO}ZMT(?.

4.2.2 An Overview of the Recursive Construction

After rescaling blocks at level 0 the recursive construction of blocks at higher levels is identical
for both X and Y. Without loss of generality, we shall restrict ourself to construction of the
blocks for X for levels 7 > 1. Our recursive block construction algorithm is fairly complex
and has many elements to it. To facilitate the reader, before giving the formal definition, in
this subsection we give a rough description of how the construction goes and make a list of
different terms associated with the construction for easy reference.
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e Cells: Cells at level j are basic units of construction at level j. These are squares,
indexed by Z?, of size L;, that R? is divided into. Denote the cell corresponding to
u € Z* by B’(u). Recall that L; = L§’ is the doubly exponentially increasing length
scale.

e Buffer Zones: Buffer zones are regions around the boundary of a cell, which should
be thought of fattened versions of the boundaries of cells.

e Lattice Blocks: At each level j we partition Z? as a (random) union of lattice animals
(connected finite subsets). The elements of this are called lattice blocks. Let the set
of lattice blocks at level j be H; = H. The blocks at level j are indexed by elements
of H, typically denoted X = X 1];[, H € H. For H that is a union of elements in H, X ff
will denote the union of the corresponding blocks.

e Ideal Multi-blocks: For a lattice block H at level j, we call U,egB?(u) an ideal
multi-block.

e Domains and Boundary Curves of Blocks: Domains of blocks at level 5 are small
bi-Lipschitz perturbation of ideal multi-blocks. These are formed in such a way that
the boundaries of the domains are nice (in some sense to be specified later). For a
block X, we typically denote its domain by Ux and the curve corresponding to the
boundary of Uy by Cx.

e Blocks: We shall define regions U x, that are unions of smaller level blocks and these
will define blocks. The regions Ux will be defined as approximations of the regions U
defined above. We shall denote the term block interchangeably for the region defining
it as well as the collection of random variables in the region. For a block X, we shall
denote by Vx the size of a block, i.e., the size of the lattice block corresponding to it.

e Good and Bad Blocks: At each level, we designate some of the blocks to be good
(depending on the configuration), other blocks are called bad. Good blocks will always
correspond to lattice blocks of size 1, but the converse need not be true.

e Components of blocks: We also form components of blocks at each level, where
a component is a connected union of a number of blocks such that two components
containing bad blocks are not neighbouring. Components are deterministically deter-
mined given the blocks and the identity of good blocks. For a component X, the size
of it, i.e., the total size of all lattice blocks contained in that component will be denote
by Vx.

e Semi-bad Components: Components are called bad if they contain one or more bad
blocks. Some of the bad components are designated as semi-bad component, depending
on the configuration.
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Observe that, at level 0, lattice blocks are all singletons. Cells, domains and blocks are
all the same and boundary curves are just the boundaries of cells. Now we give a detailed
description of how we construct each of the steps above for j > 1.

4.2.3 Cells and Buffer Zones

Definition 4.2.1 (Cells at level j). For j > 1, set L; = LY | = LY. Forj > 1 and
u = (uy,uz) € Z*, we define B (u) = [u1Lj, (us + 1)L;] X [uaLj, (ug + 1)L;]. These squares
which partition R?, will be called cells at level j.

Observe that cells at level j are squares of doubly exponentially growing length L;. Also
observe that cells are nested across 7, i.e., a cell at level 7 > 1 is a union of L?a_2 many cells
at level (j — 1). The above definition is illustrated in Figure 4.1.

. Bj
B(@1) - {3,1)), (3,2), (4,1)}

Figure 4.1: Cells and multi-cells at level j

The basic philosophy of constructing the blocks here is similar to that in [8]: we want
the region around the boundary of the blocks at level j to consist of ‘good’ subblocks at
level (j —1). Because of the more complicated geometry of R? (as compared to the real line
considered in [8]) we shall need to consider cells of different shapes and sizes at a given level.
This motivates the following sequence of definitions.

Definition 4.2.2 (Lattice animals and Shapes). A connected finite subset of vertices in Z>
is called a lattice animal. Two lattice animals U and U’ are said to have the same shape
if there is a translation from Z* to itself that takes U to U’.

We shall use the term shape also to identify equivalence classes of lattice animals having
the same shape.
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Two cells B?(u) and B’(v/) are called neighbouring if they share a common side, i.e.,
if v and u’ are neighbours in Z2.

Definition 4.2.3 (Multi-cells at level j). For a lattice animal U C Z?, we call B]ﬁ =
Uuer B (1) a multi-cell at level j corresponding to the lattice animal U.

The size of a multi-cell at level j is defined to be |U], i.e., the number of cells contained
in it. The boundary of B{, shall be denoted by 0Bj;.

Our blocks at levels j > 1 will be suitable perturbations of certain j level multi-cells (ideal
multi-blocks) that ensure that there are no bad (j — 1) level subblocks near the boundary.
To define the appropriate notion of perturbation we need to consider slightly thinned and
fattened versions of cells at levels j > 1.

Definition 4.2.4 (Buffer zones of cells). Consider the squares

BYN0) = (L5, Ly — L] )

J

BP0 = [ L?

Jj=b

For j > 1, call B¥'"™Y(0) the interior and B*¢“t(0) the blow up of the j-level cell Bi(0).
For u = (uy,uy) € Z?, define the interior and blow up of the cell B (u) by setting

L+ L)%

Bj’im(u) = (u1Lj, usL;) + Bj’int(());
B () = (uy Lj, upL;) + B €*(0).

We call ABI(u) := B#€T(y)\ Bi"(y) the buffer for the cell Bi(u). We write AB? (u)
as the (non-disjoint) union of 4 rectangles called the top, left, bottom and right buffer
zone denoted AB»T (u), ABYE(u), AB?B(u) and AB»(u) respectively. Define AB»T (u) =
ABI(u) N AB?(u') where ' = u+ (0,1), rest are defined similarly.

Observe that if u and «' are neighbours in Z?, then B’(u) and B?(u’) has one rectangular
buffer zone (e.g. AB?T(u)) in common, and conversely every rectangular buffer zone is shared
between two neighbouring cells. If u and u’ are neighbours in the closed packed lattice of Z?
then also their buffer zones intersect. See Figure 4.2 for illustration of this definition.

We next extend the definition of buffer zone to multi-cells at level j.

Definition 4.2.5 (Buffer zones of Multi-cells). Fiz j > 1, and a lattice animal U C Z2.
Consider BY;, the multi-cell corresponding to U at level j. Foruw € U, and x € {T, L, B, R},
we call AB(u) an outer bujffer zone of Bé if this buffer zone is shared with a cell outside
Bé. The buffer ABY(U), of the multi-cell Bé 1s defined as the union of all outer buffer zones
of B’(u) for uw € U. The interior and blow up of B{] is defined similarly as above.

This is illustrated in Figure 4.3.
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ABIT(0)

B“""(O) ‘\

BIext(Q)

Figure 4.2: Buffer Zones of Cells

4.2.4 Recursive construction of blocks I: Forming Ideal
Multi-blocks

In this subsection we describe how to recursively construct the blocks at levels j > 1. Suppose
that blocks have already been constructed for some j > 0. Also suppose that the good blocks
at level j have been specified. Further assume that other elements of the structure at level
7 have also been constructed. In particular this means components have been identified
with bad and semi-bad components also being specified at level j. We now describe how to
construct the structure at level (j + 1). Notice that the blocks and good blocks at level 0
has already been defined. We postpone the precise definitions of components and semi-bad
components for the moment.

Conjoined Buffer Zones

Our first step is to construct the lattice blocks and ideal multi-blocks at level (5 +1). We
start with the following observation. For each u € Z2, by recursive construction, there exists
a set H(u) = H/(u) C Z* containing such that X7, is a component at level j.

To construct the ideal multiblocks at level (j + 1) we start with the following definition.

Definition 4.2.6 (Conjoined buffer zone and Conjoined cells). Fix neighbouring vertices
u,u' € Z?%, consider the shared buffer zone denoted by ABI™(u,u’) between cells B (u) and
Bt (W), We call the buffer zone AB’(u,u') conjoined if one of the following conditions
fail.
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Ly:za

Figure 4.3: Buffer Zones of a Multi-cell

i. Let T C 72 be such that Bl = AB*'(u,u'). Then we have
#{teT: Xil(t) is a bad component} < ky.

That is, the total size of bad level j-components contained in the buffer zone is at most

ko.
1. All the bad components contained in the buffer zone are semi-bad.
Call the (j + 1)-level cells B (u) and BT (u') conjoined if ABI™(u,u') is conjoined.

Using the notion of conjoined cells above we now define the ideal multi-blocks at level
J + 1 with the property that if two cells sharing a conjoined buffer zone are necessarily
contained in the same ideal multi-block. More formally we define the following.

Definition 4.2.7 (Lattice Blocks and Ideal multi-blocks at level j + 1). Consider the fol-
lowing bond percolation on Z2*. For u,u' neighbours in Z2, we keep the edge between u and
o' if BPTY(u) and BT (u') are conjoined. The connected components of this percolation are
called the lattice blocks at level (j + 1). For a lattice block U at level (j + 1), we call B{,H
an ideal multi-block at level (j + 1).

It will follow from our probabilistic estimates that almost surely all lattice blocks are
finite. The definition of Ideal multi-blocks is illustrated in Figure 4.4. The conjoined buffer
zones and the ideal multi-blocks are marked in the figure.
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(a) Conjoined buffer zones (b) Ideal multi-blocks

Figure 4.4: Formation of Ideal Multi-blocks. Ideal multi-blocks of size bigger than 1 are
marked

4.2.5 Recursive construction of blocks II: Constructing Domains

Let H = H/*1% denote the lattice blocks of X at level (j + 1) constructed as above. Clearly
H is a partition of Z? and {B}jl} ey is a partition of R?. As alluded to above, the blocks
at level (5 + 1) will be indexed by H and will be “approximations” to the ideal multi-blocks
B}jl. To construct the blocks at level (j + 1), we first start with constructing domains of
blocks which will be some smooth perturbations of the ideal multiblocks B%™.

Potential Boundary Curves

Ideally we would have liked to use the ideal multi-blocks as our blocks at level (j+ 1), but in
that case it is not possible to guarantee that the j-level subblocks near the boundary will be
good. Hence depending on the distribution of j-level subblocks in the buffer zone we would
choose boundaries for our blocks. We want the number of possible curves that could serve
as boundaries to be limited and hence we first construct a family of curves through buffer
zones.

Let (Z?, E?) denote the usual nearest neighbour lattice on Z2. The family of curves we
construct would be indexed by {((y,s,) : v € Z* s, : e € E*} where each /,,s. € [2k]
and each s, € {1,2}. Here is the rough meaning of the above indexing. Observe that
the buffer zone is union of mutually parallel horizontal and vertical strips, which can be
thought of as a fattened version of the graph (Z?, E?). That is, consider the horizontal strips
Sy, = Rx 1L — L3, v Ljyy + L] for v1 € Z and the vertical strips S}, = [v2Lj41 —
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L?,UngH + L?] x R. So the vertex v = (vy,vp) corresponds to the square S, = S; NS,
and an edge would correspond to the rectangle connecting two such squares. Roughly the
parameters £, and s, determine the curve in the square S, whereas s, determines the curve
in the region of the buffer zones corresponding to the edge e € E2.

Curves we construct through S} (say) will be images of the horizontal line y = vy L; 4
under some mild perturbation, and a similar statement is true for vertical strips of buffer
zones. Without loss of generality we describe the construction of these maps of S}, rest are
obtained by translation. Curves through vertical strips are defined similarly.

Let v = (v1,0). Define points p,, = (v1Lj41 — (100709 L2 0) and p, = (viLjs1 +
(100~UT L2 0) for £ € [2ko]. Let Ty, denote the square whose centre is (v1Lj.1,0) and
has a side length 20100~U?) L3, Also let e denote the edge between v and v' = v + (1,0).
Denote by Ty, 4, e the rectangle [vy L1 +¢6,1007U L3 0), (v +1) Ljs — 10070+ L2 0)] x
[—=L2/2,L3/2]. Also let Rj, = Ry, denote the straightline segment in the intersection of
Ty, and the z-axis. Further let Ry ,, . denote the straightline segment in the intersection of
Ty, ¢, and the z-axis.

Now suppose we choose ¢, and ¢, to be corresponding parameters to our curves. Then
the curve passes through points p; = p, , and p; = pj’gv (and also through points p3 = Pure,
and py = p;r,’e ). The curve between the points p; and p, is determined by the choice of
s, and the curve between the points ps and ps is determined by the choice of s.. Fix /4,
ly € [2ko]. Fix functions Fy; , for s € {1,2} and Fy, ,, . for s € [2ko] satisfying the following
properties (we shall suppress the subscript v and e in the following):

i. I} (vesp. Iy ,,) is a bijection from T} (resp. Ty, ¢,) to itself.

ii. F} (vesp. F}; ,,) is identity on the boundary of Ty (vesp. T, r,) and is bi-Lipschitz with
Lipschitz constant 1 + 10~0+10),

iii. For all £1, 0, we have F} (resp. F} , ) is the identity map.

iv. Let Ry (resp. R} ,,) denote the straight line segment formed by the intersection of the
z-axis with Ty (vesp. Ty, 4,). We have that R} = F7(Ry) (vesp. Rj ,, = F}, ., (R}, )
for each s € [2ko] \ {1}) is contained in the strip R x [-100~G+6 L2 100~UFOL?].

v. The /,, distance between R, and Ry for £ # (' (resp. between Rj , and R?;b for
s # s') is at least 10L] on the interval [p), + L, py,q,., — Lj]-

We shall omit the proof of the following basic lemma which easily follows from the fact
Ly is sufficiently large and L; grows doubly exponentially.

Lemma 4.2.8. For all {,(,,0y € [2ko|, there exist functions F} and Fy , satisfying the
properties listed above.



CHAPTER 4. LIPSCHITZ EMBEDDING IN HIGHER DIMENSIONS 114

3
Rél fz TelaEZ

2
Rel N2

T,

0 Ly

Figure 4.5: Potential boundary curves through a buffer zone

See Figure 4.5 for an illustration of the above construction.

We do similar constructions for vertical strips of buffer zones as well using the same maps
F}, for the squares Ty,. Observe the following. For each choice of {£,, s, }yez2 and {s}ecpe
we get one curve contained in each horizontal and vertical buffer zone strip. The family of
such curves are called potential boundary curves. When we restrict to one buffer zone,
the family is called potential boundary curves through that buffer zone.

Fix u € Z?. Now observe that if we restrict to the buffer zone AB/*1B(u), then a
potential boundary curve through AB’B (u) is determined by €y, ly, Sy, Sy and s, where
w =wu+ (1,0) and e is the edge joining v and v/, (except at the extremities). In particular,
a potential boundary curve through the buffer zone of a cell is determined by choices of ¢
and s along the corners and edges of the cell. See Figure 4.6.

Definition 4.2.9 (Potential Boundary Curves of a multi-cell and Potential Domains). Fiz
a multi-cell B{fl at level j + 1. Fach choice of potential boundary curves through each of
the outer buffer zones of B{]H determines a simple closed curve C' through the buffer zone
of B{]H. These curves are called the potential boundary curves of the multi-cell B{]H. The
region surrounded by C' is called a potential domain of the multi-cell Bgfl.

It follows from the construction, that the number of potential boundary curves of the
multi-cell B} is at most (8ko )61V

It is clear from our construction that associated with each potential boundary curve
there is a unique bijection from R? to itself which is bi-Lipschitz with Lipschitz constant
(1 +107U*9). Let F denote such a map. Then for all multi-cell B)™", F(OB}™") is the
potential boundary curve through the buffer zone of B{]H induced by the potential boundary
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Figure 4.6: Two choices of potential boundary curves of a (multi) cell of size 1

curve corresponding to F' That is, potential boundary curves are small perturbations of the
boundaries of multi-cells. We make a formal definition for this.

Definition 4.2.10 (Canonical Maps). For a multi-cell B]Jr and for any potentzal boundary
curve C' through AB{JJr there exists a unique bi- szschztz map F' = F¢o on BJ with Lip-
schitz constant (1 + 10~ (+5) ) such that F(OB}™) = C. These maps and thezr inverses are
called canonical maps. That is, a canonical map s a map that transforms a multi-cell B{jrl
to a potential domain Ug and vice-versa. Observe also that the family of canonical maps
only depend on the shape of U upto tmnslatzon For two potential boundary curves C,Cy of
the multi-cell Bj+1 the maps Fe, o F;! .~ Jrom Uc, to Ug, are also called canonical maps.

Valid Boundary Curves and Domains

Recall that we have already constructed the ideal multi-blocks at level (j+1). Our next order
of business is to stochastically choose one boundary curve through the outer buffer zones of
each ideal multi-block satisfying certain conditions. This curve will be called the boundary
curve at level (j + 1) and the potential domain corresponding to this choice of boundary
will be called domain. Since the outer buffer zones of ideal multi-blocks are not conjoined,
the choice of a boundary curve through these boils down to choosing {(¢,, s,) }vey+ and
{Sc}ecr+. Here V* C Z2 is the set of all vertices corresponding to the squares (intersection of
a horizontal and a vertical buffer zone) such that not all of the four buffer zones intersecting
at that square are conjoined and E* denotes the edges in E? that correspond to non-conjoined
buffer zones.
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Recall that we want to choose our boundaries so that they are away from the j level bad
components. To this end we restrict our choices to valid boundary curves defined below.

For v € V*, we call (4,,s,) (where £, € [2ko] and s, € [2]) valid if there does not exist
any bad j level component within distance 1OL§ of the boundary of T, and F*(R*), where
R* is the intersection of the boundaries of (5 + 1)-level cells with T, ;.

Let e be the edge connecting neighbouring vertices v,v" € V*. For a valid choice of
(o, 8v) and (Lyr, 8,v) we call (€y, 8y, by, 50, 8c) valid if Ry, . does not have any j level bad-
component within distance L* of it.

The following observation is immediate from the definition of conjoined block.

Observation 4.2.11. For all v € V*, there exist valid choices of ({,,s,). Also for all
e = (v,v") € E*, and for all valid choices of ({y,s,) and (Cy, S,) there exist s, such that
(Lo, Sy lury Sury Se) 18 valid.

Given V* and E*, we choose a valid boundary curve randomly independently of every-
thing else as follows.

e For each v € V*, choose a valid (¢, s,).

If there exist valid (,,s,) with s, = 1 choose one such with probability at least
(1 — 10~U+10)),

e For e = (v,v) € E*, choose s, such that (£, sy, Ly, Sy, Se) 1s valid.

If 5, = 1 leads to a valid choice, then choose it with probability at least (1 —10~U+19)),

e The probability of each valid choice must be at least (8k)~**$100~(+10),

This choice leads to a boundary curve, which we shall call the boundary curve at level
(j +1). The following important properties of the boundary curve as chosen above is easy
to see and recorded as an observation for easy reference.

Observation 4.2.12 (Domains). Let H = H7™! denote the set of lattice blocks of X at level
(j +1). The boundary curve partitions R? (in a weak sense) into closed connected regions
{Ux }ven, called domains, which have the following properties.

i. ForeachU € H, Ux contains the interior of the ideal multi-block Bl and is contained
in the blow-up of the B}™.

. Gien H, for Uy,Uz € H such that Uy and Uy are non-neighbouring, the choice of le
and Uy are independent.

ii. There is a canonical map F, which is a bi-Lipschitz bijection from R? — R? with
Lipschitz constant (1+10~0+9) such that F(B}™") = Ux for allU € H, and such that
F is identity everywhere except near the boundaries of ideal multi-blocks.
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w. There are no j-level bad components near the boundaries of the domains.

v. If there are no bad j level component in the buffer zone of the ideal multi-block B]&H,
then with probability at least (1 — 10~UHNUI “the canonical map F is identity on
B

See Figure 4.7 for an illustration of domain constructions. Bad level j components are
marked in red.

Figure 4.7: Domains at level j + 1

4.2.6 Recursive Construction of Blocks III: Forming Blocks out
of Domains

Notice that we have constructed the domains in such a way that boundaries of domains at
level (j+1) avoid the bad components at level j. However observe also that domains at level
7+ 1 are not necessarily unions of blocks at level j. This is why we cannot use domains as
blocks themselves and have to do one more level of approximation. B

Let {Ux }uen denote the set of domains of X at level (j + 1). Define U C Z2 to be the
set of all vertices u of Z? such that the j-level cell B’(u) is contained in Ux or the north
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east corner of B’(u) is contained in (j x. Then define the block at level j + 1 corresponding
to the lattice block U, denoted by X{;Ll to be equal to X (]7 Notice that this is well defined

because by construction U is a union of lattice blocks for X at level j. The set of all blocks
at level (54 1) is {X}T': U € #7*'}. Notice that blocks at level (j 4 1) are union of blocks
at level j with none of the j level bad subcomponents close to the boundary of the (j + 1)
level blocks. Suppose V' C Z? is such that X‘j, is a bad component at level j. Then the
distance of V' from the boundary of U is at least L?-. We record some useful properties of
the blocks in the following observation.

Observation 4.2.13 (Properties of Blocks). The blocks constructed as above satisfy the
following conditions.

1. Fach block corresponds to a unique ideal multi-block, contains its interior and is con-
tained in its blow-up.

1. The distance between any bad j-level subblock contained in a j+ 1-level block is at least
L3 level j cells.

111. Suppose Bf;“l and B};fl are two multi-cells that do not share a buffer zone. Condition
on the event & = E(H, H') that none of the external buffer zones of B;fl and Bf;?l
are conjoined. Clearly, on € we have that H and H' are both unions of lattice blocks
for X at level (j +1). Then conditioned on £, we have that { X'} and {X7'} are
independent.

4.2.7 Geometry of a Block: Components

To complete the description of block construction, it remains to define good blocks at level
7 > 1. Before we give the recursive definition of the good blocks, it is necessary to introduce
certain definitions and notations regarding the geometry of the multi-blocks.

Bad Components of blocks

Fix 5 > 0. Suppose that blocks and good blocks are already defined up to level j. Recall
that good blocks at level j always correspond to lattice blocks of size 1. Let H = {H (u) },ez2
denote the family of lattice blocks at level j, i.e., H(u) denotes the lattice block containing
u. Our objective is to group the neighbouring bad blocks together. To this end we make the
following definition.

Definition 4.2.14 (Lattice Components). Let Q = {Q(u)}yez2 be the family of subsets
having the following properties.

i. Q(u) = UpequyH (v), i.e., elements of Q form a partition of Z*, where each element is
a union of lattice blocks.
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i. If |Q(u)| > 1, then Q(u) must contain H such that X7, is a bad block at level j.

i, If |Q(w)| > 1 or if Xé(u) is a bad block at level j, then for all neighbours v of Q(u) in
the closed packed lattice of 72, X7 = va} 18 a good block at level j.

iv. If there are are vertices v,v" € Q(u) which are not neighbours in the usual Euclidean
lattice but neighbours in the close packed lattice of Z2, then the 2 x 2 square containing
v and v’ is also contained in Q(u).

v. The family {Q(w)}uezz is the mazximal family having properties i.-iv. above, i.e., any
other family having the same properties must consist of unions of elements of Q.

Elements of Q are called lattice components at level j.

It is easy to see that Q is well defined. For @) € Q, we call Xg? a component of X
at level j. Notice that a component is always a union of blocks at level 7. We call Xg? a
bad component at level j if it contains a bad block at level j. Often we shall denote the
component X é(u) by X*J(u). The following observation is easy but useful.

Observation 4.2.15. If |Q(u)| > k > 1, there exists Q* € Q(u) with |Q*| > [ such that
elements of Q* are non-neighbouring and for all v € Q*, X;{(v) s a bad block at level j.

Notice that once we know the blocks at level j, and also know which blocks at level j are
good, we can work out what the components at level j are, as the components only depend
on the geometry of locations of the bad blocks at level j and not on the anatomy of the
blocks themselves. See Figure 4.8 for an illustration. The bad blocks are marked as well as
the boundary of the components.

Sub-blocks and Subcomponents

Let X,j] be a j-level block or component. Then |U| shall denote the size of the block or
component. Now suppose j > 1. Let U’ C Z? be such that X{;l = X[jj. For V' C U’ such
that V is a lattice block (resp. lattice component at level (j — 1)) we call X7 ' a sub-block
(resp. sub-component) at level (j — 1) of the the j-level block/component X7,. Notice that
by construction we have that all bad subcomponents are away from the boundary of the
component X7,.

4.2.8 Embedding, Embedding Probabilities and Semi-bad
components

Embedding at level 0

For v,v" € Z?, suppose X? and Y} are blocks at level 0. We call Y0 € 0 if ¥,0 is not good
and Y9 contains more 0’s than 1’s. Similarly Y9 € 1 if YV is not good and Y9 contains at
least as many 1’s as 0’s.
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Figure 4.8: Blocks and Components: Bad blocks are marked in gray, Boundaries of compo-
nents are also marked

For v,v' € Z?* we call X? embeds into Y9

0, denoted X — Y79, if one of the following
three conditions hold.

i. Y0 is a good block at level 0.
ii. X,4, =0and Y0 €O0.
iii. X4, =1and Y€ 1.

Let U and U’ lattice animals. Let h : Z* — Z? denote the translation that sends U to
U'. Then we say X)) — Y, if X, < Yy, for all u € U.

Notice that at level 0, the component X7} always corresponds to the ideal multi-block
BY,. This is no longer true for j > 1 as the boundaries can have different shapes. So we need
to make a more complicated recursive definition at level j > 1.

Embedding at higher levels

Fix j > 1. Suppose U is a union of lattice blocks X at level j. Suppose also that V C Z?
is a union of lattice blocks for Y at level j. Suppose further that U and V have the same
shape. We want to define an event X [J] embeds into Y‘;, denoted by X {J — Y‘ﬂ'.

Modulo a translation from R? — R? that takes Bé to B{}7 we can assume that U = V.
Define the domain of X[j] to be the union of the domains of the j level blocks contained in
X[j,, denote it by Uyx. Define Uy, the domain of Yg, in a similar manner. To define the
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embedding we need to define bi-Lipschitz maps that take Uy to Uy. Notice that we already
have one such candidate map, namely the canonical map that takes Uy to Uy. We shall
consider small perturbations of that map.

Definition 4.2.16 (a-canonical maps). Let X{), Yg, UX, Uy be as above. Let Ty, Ty, ..., T}
C 72 be such that X%_l), e ,X:(Fi_l) are unions of blocks of X at level (j — 1) with domains
Tix for i € [k]. Similarly let T], Ty, ..., T}, be such that YT(f_l), . ,YT(Z_l) are unions of
blocks of Y at level (j — 1) with domains T’Ly fori € [K']. Let F be the canonical map from

UX to Uy. Then we call Gy = 0 o F' to be an a-canonical map from UX to Uy (with respect
to T ={T\,Ty,..., Ty} and T' ={T7,...T.}) if the following conditions are satisfied.

1. 0 is a bijection from Uy to itself that is identity on the boundary of Uy and is bi-
Lipschitz with Lipschitz constant (1 4 10~0+10)),

ii. There exists {S; : i € [k]} (resp. {Sj :i € [K']}) such that S; has the same shape as T;
(resp. S! has the same shape as T]) such that Ygi_l s a union of j — 1 level blocks of Y
with domain ,SAYZ-,Y (resp. Xj,f1 1s a union of 7 — 1 level blocks of X with domain SA”Z-,X)

such that Go(ﬁ7x) = Sl-y for alli € [k] and GQ(S"Z-,X) =T}y for all i € [K'].

iii. Gy restricted to T} (resp. S!) coincides with the canonical map from T x to S;y (resp.
from S y to T}y ).

Notice that an a-canonical map by definition is a bi-Lipschitz map with Lipschitz constant
(1+10=U+9). In the above setting denote S; = Go(T;) and S} = G, (T}).

Observe that an a-canonical map maps a domain to a domain of same shape while
matching up certain sub-blocks in X (resp. in Y) to sub-blocks of same shapes in Y (resp.
in X). For embedding, we want to match up all bad sub-blocks by an a-canonical map as
above. We define embedding at level j formally as follows. Assume that we have defined
embedding at levels upto (j — 1).

Definition 4.2.17 (Embedding at level j). Let X = X{], Y = Yg, Ux, Uy be as above.

Let Ty, Ty, ..., T, C Z* be such that Xj({_l), e ,Xg:l) are unions of blocks of X at level
(7 — 1) containing all (j — 1) level bad sub-blocks. Similarly let T1, Ty, ..., T}, be such that

YUY YYD are unions of blocks of Y at level (j — 1) containing all bad sub-blocks.

T I,

We say X embeds into Y, denoted X — Y if there exist T = {1, Ts,...,T}.}, and T' =
{TY,...T},} as above and there exists an a-canonical map Gg from Ux to Uy with respect to
T and T such that for all i € [k], X:(Fz__l) — YG(Z?%Z-)) and for all i € [K'] we have ng_ll()ifi’) —
yU-1

IV

In the situation of the above definition, we say Gy gives an embedding of X into Y.
The following sufficient condition for embedding given in terms of components will be useful
for us.
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Lemma 4.2.18. Let X = le], Y = Y(}, UX, Uy be as above. Let Ty, T, ..., T, CZ* be such
that X%_l), e ,X:(Fi_l) are all bad level (j — 1) components contained in X. Let W C Z?
be such that'Y = YVJ";I. Suppose there exists an a-canonical map Gy from Ux to Uy with
respect to T = {T1,Ts, ..., T} and O such that for all i € [k], Xj({_l) — Y((;ZTIZ_)) and for all
u € W\ U;Gy(T;), Y is a good block at level j — 1. Then X < Y.

Proof. Follows immediately from Definition 4.2.17. ]

Random Blocks and Embedding Probabilities

Observe that at a fixed level j the distribution of the blocks and components is translation
invariant. That is, there exist laws j (resp. u) such that for all u € Z?, the j-level
component X*7(u) (resp. Y*/(u)) has the law 1 (resp. p).

Fix a component X* = X,j] at level j. Let Alyfali d denote the event that the external
buffer zones of Bé are not conjoined in Y. On Alyfali Q1 clearly Y* = Yg is a union of j level
blocks in Y. Denote the embedding probability ot the component X*

SHXF) =PX* = Y* AL g | X7, (4.2.1)

In a similar vein we define the embedding probability of a j-level Y-component Y* by

SYY") =P[X* = Y5 AL 19 [ Y. (4.2.2)

We shall drop the superscripts X or Y when it will be clear from the context which block
we are talking about. The embedding probabilities are very important quantities for us. The
key of our multi-scale proof rests on proving recursive power law tail estimates for S;(X*)
when X* is distributed according to /@g and similarly for S;(Y™*).

Semi-bad Components and Airports

It will be useful for us to classify the bad components at level j into two types semi-bad
and really bad. A semi-bad component will be one which is not too large in size and has
a sufficiently high embedding probability. We define it only for X-components, semi-bad
Y-components are defined in a similar fashion. For a component X we shall denote by Vy
its size, that is the size of the multi-cell it corresponds to.

Definition 4.2.19 (Semi-bad Components). A component X = X3, at level j is said to be
semi-bad if it satisfies the following conditions.

1. VX:’UISU().

i SHX)>1-

1
5141007 *
vgka1007
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An airport is a region such that most locations in it can be embedded into any semi-bad
component. The formal definition is as follows.

Definition 4.2.20 (Airports). A square S of Lj-’izl X Lj-’ézl many j — 1 level cells contained

in a j level component of X is called an airport if for all level j — 1 semi-bad component
Y* = Y[}_l the following condition holds.

e Fix any H C S having the same shape as U. Let the event that X* = X};l 18 a union
of blocks at level 7 — 1 be denoted by Aﬁalid' We have

#{H : A% . X* s Y*} > (1 — vy 2ky*10077)N(S, U)

valid’
where N(S,U), denote the number of multi-cells in S having the same shape as U.

Airports are defined for Y blocks in an analogous manner.

4.2.9 Good Blocks

To complete the construction of the multi-scale structure, we need to define good blocks at
level 5 > 1. With the definitions from the preceding subsections, we are now ready to give
the recursive definition. Fix j > 1. Suppose we already have constructed the structure up
to level j — 1. As usual, in the following definition, we only consider X blocks; j-level good
blocks for Y are defined similarly.

Definition 4.2.21 (Good Blocks). A block X = X(u) at level j is said to be good if the
following conditions hold.

i. X has size 1, i.e., B7(u) is an ideal multi-block.
1. The total sizes of 7 — 1 level bad components contained in X s at most kg.
11. All the bad components contained in X are semi-bad.

w. All L?ﬁ X Lfﬁ squares of (j — 1) level cells contained in X are airports.

4.3 Recursive Estimates

Our proof of Theorem 4.1 depends on a collection of recursive estimates, all of which are
proved together by induction. In this section we list these estimates. The proof of these
estimates are provided over the next few sections. We recall that for all j >0, L; = L | =

o
LO .
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e Tail Estimate: Let 7 > 0. Let X = X{; be a X-component at level j (having the
distribution ) and let m; = m + 277, Recall Vy = |U]. Then

P(SH(X) <, Vx >v) <a™L;"L;7"™Y for 0 <o <1-L7! forallo>1. (4.3.1)
Let Y = Yg be a Y-component at level j (having the distribution ,u?g). Recall Vx = |U].
Then

P(ST(Y) <2, Vy >0) <a™L L7 for 0<a<1-L7' forallo>1. (4.3.2)

e Size Estimate: Let j > 0. Let X = X[j] (resp. Y = Y[}) be a X-component at level j

having the distribution p?g (resp. Y-component at level j having the distribution ,u}{).

Then
P(Vy >v) < L7V for v > 1. (4.3.3)

P(Vy >v) < L;'Y(Ufl) for v>1. (4.3.4)
¢ Good Block Estimate:

e Good blocks embed into to good blocks, i.e., for all good j-level block X and for
all good j-level block Y we have

X Y. (4.3.5)

e Conditioned on a partial set of outside blocks, blocks are good with high proba-
bility. Fix u € Z?. Let V C Z*\ {u}. Let F;s (resp. Fi-) denote the conditioning
FE = {X], X(u) ¢ X{} (vesp. F = {YV,YI(u) ¢ Y{}), i.e. we condition on
partial set of j level blocks corresponding to ideal blocks excluding B’(u) such
that these blocks are not the block corresponding to B’(u). Then we have the
following for all u € Z? and for all V' C Z? \ {u}.

P[X] is good | Fyf] > 1— L. (4.3.6)

P[Y7 is good | Fy] > 1— L. (4.3.7)

Theorem 4.3.1 (Recursive Theorem). For a, 3, v, m, ko and vy as in equation (4.1.1), the
following holds for all large enough Lg. If the recursive estimates (4.3.1), (4.3.2), (4.3.3),
(4.3.4), (4.3.5), (4.3.6) and (4.3.7) hold at level j for some j > 0 then all the estimates hold
at level (7 + 1) as well.

We shall prove Theorem 4.3.1 over the next few sections. Before that we prove that these
estimates indeed hold at level 7 = 0.
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Theorem 4.3.2. Fix «, 3, v, m, ko, vo and Ly such that the conclusion of Theorem 4.3.1
holds. Then for My sufficiently large depending on all the parameters the estimates (4.3.1),
(4.3.2), (4.3.3), (4.3.4), (4.3.5), (4.3.6) and (4.3.7) hold for j = 0.

Proof. Observe that (4.3.5) for 7 = 0 follows from the definition of good blocks at level 0.
Recall that blocks at level 0 are independent and hence by taking M, sufficiently large we
make sure that (4.3.7) holds for j = 0, and (4.3.6) holds vacuously. As a matter of fact,
by taking M, sufficiently large, we can ensure that P[Y%(u) is good] > 1 — L, 208 Notice
that components of X all have size 1 and hence (4.3.3) also holds trivially. For a component
X = X%u) we have S3(X) > P[Y°(u) is good] > 1 — Ly', and hence (4.3.1) also holds.
Now look at the component Y = Y*%(u) = Y. If Vi = v > 1, there are at least ¥
many bad blocks contained in Y. Since blocks are independent, it follows by summing over
all lattice animals containing u of size v that P[Vy > v] < Lj_loﬁ =1 " Also notice that,
Se(Y) =1if Y is good, Sy(Y) = 5 otherwise. Hence it suffices to prove (4.3.2) for z =
and v > 1. For z < 1 it follows that for P[S{ (V) < z, Vi > v] < P[Vy > max{v,log, z}] <

o™i+ [P L7 because Ly is sufficiently large. This establishes (4.3.2) for j = 0. O

4.3.1 Proof of the Main Theorem

Before proceeding with the proof of Theorem 4.3.1, we show how Theorem 4.3.1 and Theorem
4.3.2 can be used to deduce Theorem 4.1.

Proof of Theorem 4.1. Notice that by ergodic theory considerations it suffices to prove that
PX <y Y] > 0 for some M. Fix a, 3, v, m, ko, vo, Lo and My in such a way that
conclusions of both Theorem 4.3.1 and Theorem 4.3.2 holds. This implies that the recursive
estimates (4.3.1), (4.3.2), (4.3.5), (4.3.3), (4.3.4), (4.3.6) and (4.3.7) hold for all j > 0.

Let uy; = (0,0), up = (0,—1), us = (=1,1) and uy = (—=1,0). So {XJ :i € {1,2,3,4}}
denote the blocks surrounding the origin at level j. Let us denote the domains of these
blocks by DJ* respectively. Define DJ;" similarly. For j > 0, let A} (resp. A)) denote the
following event that for all i € [4] we have D%* = BJ and X/ is good (resp. DJ¥ = BJ and
YJ,- is good). The proof is now completed using the following three propositions. O

Proposition 4.3.3. Suppose (4.3.1), (4.3.2), (4.3.5), (4.3.3), (4.3.4), (4.3.6) and ({.5.7)

hold for all j > 0. Then
P [ﬂ (AF N A}f)] > 0.

>0

Proof. Notice that A;g = Ai-g’G N Aj'g’a where A?’G denotes the event the the four blocks
around origin at level j are good and A;i’a denotes the event that DI* = BI(u;) for all i.
Clearly P[on,a] = 1. Now for 5 > 1, let Ajg’B denote the event that the j-level buffer zones in
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these blocks (12 in number) only contain good (j —1) level blocks. Clearly from construction
of the blocks
PIAT?] > (1 —1070F)PLAT].

It follows from (4.3.6) that for j > 1
PIASP] > 1 — 12057777

Since v > a + 3 we get
PIA] > 1— 10702

by taking Lg sufficiently large. Combining these estimates we get for all 7 > 0,
PlAT] > 1—10"0FD.

By the obvious symmetry between X and Y the same lower bound also holds for IP[A}{]. The
proposition follows by taking a union bound over X, Y and all 5 > 0. O

Proposition 4.3.4. Fiz J € N. On (,5;50(Af N AY), there exists a map & = & :
(=L, Lj]* = [ Ly, L;]* satisfying the following conditions.

i. ®(0) =0 and P is identity on the boundary.
1. D 15 bi-Lipschitz with Lipschitz constant 10.

iti. For each level 0 bad Y-block Y°(u') contained in [—3L;, 3L ;)?, there is a X-block X°(u)
at level 0 such that ®(u) = u' and X°(u) = Y°(u').

We postpone the proof of Proposition 4.3.4 for the moment.

Proposition 4.3.5. Suppose for all J € N, there exists a ®; satisfying the conditions in
Proposition 4.5.4. Then there exists a 20My-Lipschitz injection ¢ from Z* — Z* such that
Xy =Yg for allv e Z2.

Proof. Fix J € N. Define ¢’ : [—1L;, 1L,]> N Z* — Z? as follows.

Case 1: For u € Z? suppose ®;(u) = v = (v, vs) be such that Y,? is a bad level 0 block
of Y. Clearly, there exists v' € Z? such that ¢ +v" € [v; My, (v1 + 1) My x [va Mo, (v2 + 1) My
and X,,, = Y,;. Choose such a v’ arbitrarily and set ¢”(u) = v'.

Case 2: If for u € Z* Case 1 does not hold then there exists v € Z? such that |[v —
®;(u)|] <1 and Y°(v) is a good block. Clearly there are many (at least MZ2/3 in number)
L+v" € [vy My, (vy + 1) My x [v1 My, (v1 + 1) My] such that X,,, =Y, ;. Choose one such v/
arbitrarily and set ¢7(u) = v’. Since the number of sites u that correspond to v in the above
manner is limited it follows that such a ¢’ can be chosen to be an injection.

Notice that ¢’ is 20M-Lipschitz and also observe that as ®” is identity at the origin
it follows that ||¢7(0)|| < M. It now follows by a compactness argument that there exists
an injective map ¢ : Z* — Z* which is 20My-Lipschitz and such that X,;, = Y, () for all
v e 72 ]
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It remains to prove Proposition 4.3.4 which will follow from the next lemma.

Lemma 4.3.6. Assume the set-up of Proposition 4.3.4. Fix 0 < j < J. Suppose there exists
a map ¢; : [—Ly, Lj|* = [— Ly, L;]* satisfying the following conditions.

i. ¢;(0) =0 and ¢; is identity on the boundary. We take ¢ to be the identity map.
it. @; is bi-Lipschitz with Lipschitz constant C;.

iii. There exists { X}, Yucr, with respective domains {Ux }ues, containing all bad level j
blocks of X contained in [—L;(1 — 107U+D) L;(1 — 107U+TD))2. Also there exists
{YU/}U'GIQ with respective domains {U'y }urer, containing all bad level j blocks of Y
contained in [—L;(1 — 1070+ L;(1 — 10~0+))2,

Also all U € Il, there exzsts f(U) such that ¢; restricted to Ux is a canonical map

to the domain f( )y of Y f(U) and such that such that X] — Y;(U) Further for each

U' € Iy, there exists f~'(U) such that ¢; (U’ ) is the domain f~ (U’) of the block
X},l( and such that ¢; restricted to f~ (U’) s a canonical map and X},l(U) — Yg,.

Then there exists a function ;1 : [—Ly, Ly]* = [— Ly, L;]* with 1;1(0) = 0, v;_; identity
on the boundary, bi-Lipschitz with Lipschitz constant (1+10~U9)) such that Gj_1 = 1j_100;
satisfies all the above conditions with j replaced by j—1 (with setting C;_y = C;(1+1070+9) ),
that is ¢;_1 matches up all the bad (j — 1) level components in a Lipschitz manner.

Notice that Proposition 4.3.4 follows from Lemma 4.3.6 using induction and definition of
good block and embedding. Now we prove Lemma 4.3.6.

Proof of Lemma 4.5.6. We shall construct v;_; satisfying the requirements of the lemma.

The strategy we adopt is the following. Denote B = {UX U € Iq; ffl(\(ﬂ)X U € I}, Set
B =[—Lyj, Lj]*\UaepA. For each A € BU{B}, we shall construct a function ¢ : ¢,;(A) —
¢;(A) that is a Lipschitz bijection with Lipschitz constant (1 + 10~U+9) and is identity on
the boundary of A. We shall take 1);_; to be the unique function on [—L, L;]*such that its
restriction to A equals 1* for each A € BU{B}. We shall then verify that ¢, constructed
as such satisfies the conditions of the lemma.

First fix A € B. We descrlbe how to construct ¥, Without loss of generality, take

A = hatUx and hence ¢;(A) = f( )y~ By definition of X7, — ij(U), there exists an a-

canonical map Gy from Uy — f( )y that gives the embedding. Take A = theta. Clearly ¥4
is identity on the boundary and is a Lipschitz bijection with Lipschitz constant (14 10_(?' +9)),
and also satisfies the hypothesis of the Lemma for all (j — 1) level bad blocks in X{, and

Yf(U by Definition 4.2.17.

So it suffices to define 1/ in such a way that all the bad components at level (j — 1) that
are not contained in any j-level bad sub-block are matched up.
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Let {XIJ/V_ e 1, denote the set of all (j — 1)-level bad components of X contained in

[—L;(1 — 10*(j)),L (1 —10"D))2 and not contained in A for any A € B, let Wx denote
their respective domains. Similarly let {Y}, " byyc 1, denote the set of all (j — 1)-level bad
components of ¥ contained in [L;j(1—10"W), L;(1—10"1)]? and not contained in ¢;(A), let
W'y denote their respective domains. We shall only describe how to match up the X] g
the Y-components can be taken care of similarly.

Notice that since all these are contained in good j-level blocks, these are all away from
the boundaries of B and ¢;(B) respectively. Also it follows from the definition of good blocks
that there cannot be too many bad components close together. It is easy to see that one
can find squares Sy C ¢;(B) such that ¢;(Wx) are all contained in the union of Sj, are at
distance at least L3_1 from the boundary of Sy’s and such that S) does not intersect any of
the bad (j — 1)-level components of Y. Also it can be ensured that for a fixed k, the total
size of components X7, " such that ¢;(Wx) is contained in Sy is not more than k. Since
by definition of good block the components X‘(,V Y are all semi- bad, and the region ¢;(Sk)
contains enough airports it follows that it is possible to define a map 1 : ¢(Sk) — ¢(Sk)
which is identity on the boundary and 1% gives an embedding X{,; ey Y] for all the
bad j — 1 level components contained in S;. Now gluing together all such maps we get the
required 1” that matches up all the bad j — 1 level components contained in B. We omit
the details, see the proof of Proposition 4.4.2 for a similar construction. This completes the

proof.
O

The remainder of the chapter is devoted to the proof of the estimates in the induction
statement. Throughout these sections we assume that the estimates (4.3.1), (4.3.2), (4.3.5),
(4.3.3), (4.3.4), (4.3.6) and (4.3.7) hold for some level j > 0 and then prove the estimates at
level j + 1. Combined they will complete the proof of Theorem 4.3.1.

From now on, in every Theorem, Proposition and Lemma we state, we would implicitly
assume the hypothesis that all the recursive estimates hold upto level j, the parameters
satisfy the constraints described in § 2.1.2 and Ly is sufficiently large.

4.4 Geometric Constructions

To show the existence of embeddings we need to construct a-canonical maps having different
properties. In this section we develop different geometric constructions which shall imply
the existence of a-canonical maps in different cases. We start with the following simple case
where the blocks are not moved around but only the boundaries of domains are adjusted.
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More specifically, our aim is the following. Consider a potential domain U at level (j+1).
We want to construct an a-canonical map from U to itself that takes a given set of potential
domains of j-level multi-cells contained in U that are away from the boundary to any other
given set of potential domains of the same multi-cells. We have the following proposition.

Proposition 4.4.1. Fiz a lattice animal U C Z*. Fiz a level (j + 1) potential domain
U corresponding to the multi-cell BJH, e, C = C(U) the boundary of U is a potential
boundary curve through the buffer zone of BJle Let Uy C Z2 be such that Bél denotes the
collection of all level j-cells that intersect U. Let Uy C Uy be the set of all vertices in Uy such
that the distance from the boundary of Uy is at least %? Let T = {T1,T,... T} be a set
of disjoint subsets of Uy. Let {Ur,}icpy (resp. {UTi}iE[g]) denote a set of potential domains
corresponding to the j-level multi-cells Bgri that are compatible i.e., there exists a canonical
map T (resp. T) at level j such that F(B%_) = Uy, (resp. f(BJTZ) = Uy,). Then there exists
an a-canonical map T with respect to T and O such that Y(T;) = T; for each i € [¢].

Proof. Notice that the canonical map from U to itself is the identity map. Also observe
that without loss of generality we can assume that U = {0} and 7 = {{u} : u € Us}. Let
U, C Us C Z2 be such that Us contains all sites at a distance 2 from U,. It is clear from
the construction of potential domains that I" and [ as in the statement of the proposition
can be chosen such that both ' and I are identity outside Bj Define the map T on U by

T:=T oL It follows from definition that
i. T-is identity on U \ Bés, in particular on the boundary of U.
ii. Y is bi-Lipschitz with Lipschitz constant (1 + 10~0+5)).

iii. Y(Ur,) = Uy, for all i.

It follows then from the definition of a-canonical maps that T = T o Id is an a-canonical
map from U to itself with respect to T and () such that Y(T;) = T; for all . This completes
the proof. n

An a-canonical map as above will be referred to as a *-canonical map. Figure 4.9 illus-
trates this construction.

Now we want to move to a more complicated construction of a-canonical maps, where we
want to match up a non-trivial subset of bad blocks in both X and Y. We have the following
proposition.

Proposition 4.4.2. Fiz U C 7Z?. Consider [71 and (72 to be any two potential domains
corresponding to the j + 1-level multi-cell BjH. Let Uy C 72 (resp. Upa C ZQ) be such
that Bél’l (resp. BJ ,) denotes the collection of all level j-cells that intersect Uy (resp. Us).
Let Usy C Uiy (resp Uso C Uys) be the set of all vertices in Uy (resp. Uya) such that
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Figure 4.9: A x-canonical map

the distance from the boundary of Uiy (resp. Uys) is at least Lé Let T = {T1,Ts,... Ty }
and T' = {T},T3,...T;,} be a set of disjoint and non-neighbouring subsets of Uy and Uy,
respectively such that Y |T;| < woko and Y |T!| < wvoko. Then there exists a sequence of
a-canonical maps {Thl,hz}(hl,hg)e[LfP from Uy to Uy with respect to T and T satisfying the
following conditions.
i. For each i € [01], Yhyon,(Ti) = (b1 — 1,hy — 1) + Y11(T3) and for each i € [{3],
Tiln,(T7) = —(hn — 1,hy = 1) + Y7 1(T7).

ii. For all h = (hy,ha) for alli € [(1],i" € [(2] we have T; and Y} '(T}) are disjoint and
non-neighbouring.

Proof. For i € [{1] (resp. i" € [(5]) Let Uy, (resp. Ur) be the domain corresponding to B%_
(resp. B%,/). Also let F' denote the canonical map at level (j + 1) that takes Uy to U,. Since

(7271 and 17272 are away from the boundaries of Uy ; and Uj o respectively (by a distance of
order L?) and the total sizes of 7 and 7" are bounded (independent of L;) it follows that for

L; sufficiently large there exists a function €2 : Uy — Us satisfying the following properties.

i.  is identity on the boundary of (72, and bi-Lipschitz with Lipschitz constant (1 +
10~06+10),

ii. There exists squares S1, .9, ...S5r C U, with the following properties.
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Figure 4.10: Construction of S; as described in the proof of Proposition 4.4.2

e We have that
(UiQ o} F(UTZ)) U (Ui’UTi’) Q UleSi.

e For a fixed i € [k], S; intersects at most one of U;Q2 o F(Uy,) and Uy Uy .

e Distance between S; and S; for ¢ # ¢’ is at least L7/ 2
e The distance between the boundary of S; and the sets F(Ur,) or Ury, contained

in it is at least L7/ 2
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See Figure 4.10 for the above construction. For (hi,hy) € [L3]* We shall construct

functions pp, p, : [72 — (72 such that each p, 5, is identity except on the interior of U;S;.
Eventually we shall show that Yy, p, := pn,.n, © 2 o F will be the sequence of a-canonical
maps satisfying the conditions in the statement of the proposition. Without loss of generality
we describe below how to construct pp, n, on Sy, similar constructions work for the other S;.

Now consider S;. Without loss of generality assume that S} contains only 2 o F(Ur,),
more general cases can be handled in a similar manner. Fix W a translate of T such that
the distance of F(Uz,) from B, is at most 2L;. For h = (hy, hy) set Wy, = (hy, hy) + W.
Let the domain corresponding to the multi-cell B{;Vh be denoted by Wh. Let GG, denote the
canonical map from Up to W,. On Qo F(Ur,), set pp, :== G, 0o F71 o Q1. Clearly py, is
bi-Lipschitz with Lipschitz constant 1 + 10~U*7  also since F(Ur,) and W), are sufficiently
far from the boundary of Si, it follows that p;, can be extended to S; in such a way that pj,
is bi-Lipschitz on S; with Lipschitz constant 14 10~U*7 and is identity on the boundary of
S1. See Figure 4.11.

I Ph / S Bﬁvh

Sl Sl

Figure 4.11: Construction of p, on S; in the proof of Proposition 4.4.3

It is now easy to check that Y, as defined above does indeed produce a sequence of
a-canonical maps satisfying the conditions in the proposition. This completes the proof. [

Finally we want to construct a-canonical maps that match up bad sub-components and
ensures that interior of the corresponding multi-cell is mapped into the interior of the multi-
cell itself. This property is needed to make sure certain boundaries are valid; see Lemma
4.5.8. We have the following proposition.
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Proposition 4.4.3. Fiz U C Z2. Let U, be any potential domain corresponding to the
7 + 1-level multi-cell B{]H. Let Uy C 72 be such that B{Jl denotes the collection of all level

j-cells that intersect (71. Let Uy C Uy be the set of all vertices in Uy such that the distance
from the boundary of Uy is at least %? Let T ={T1,Ts,...Ty } be a set of disjoint and non-
neighbouring subsets of Uy such that Y |T;| < voko. Let Us C Uy be such that B{}g = Béﬂ’mt.
Then there exists a sequence of a-canonical maps {Thl,h2}(h17h2)€[L?]z from Uy to B with
respect to T and () satisfying the following conditions.

1. For each i € [61], Thl,hQ(j—’i) = (h,l -1, hy — 1) + T171(T'i).

ii. For T; not contained in Uy \ Us, and for all h = (hy, he) we have Y, (T;) C Us.

h ; . Bj+1,int
‘ = P’
: P :
: Ss | Ur, :
| <-\ Bitlext,t
: Bi+1,int,¢ :
L """"""""" ~ """""" g
Ui

Figure 4.12: Construction of S; as described in the proof of Proposition 4.4.3

Proof. This proof is similar to the proof of Proposition 4.4.2 except that we have to do some
extra work to ensure condition ii. above. We use the same notations for domains as in the
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proof of Proposition 4.4.2. Let I be the canonical map that takes lel to Béﬂ. Without
loss of generality, we take U to be the singleton {0}. Define the squares pi+tinte — [Lg’ +
LY, Ljy— L3 — (LY and BA+YXUE = (L3 — (L4, Ly — L3+ (LY]? such that 0 < ¢ < 100kovy
and such that the distance of F(Ur,)’s from the boundaries of BI+LNEE and Bi+LEXtL g o
least L?. See Figure 4.12. Observe that by construction of canonical maps F' is identity on
BItLEXLL Now as in the proof of Proposition 4.4.2, it is not hard to see that there exist
squares S, 59, ... Sk C Uy with the following properties.

e We have that
U F(Ug) C UL S,

e The distance between the boundaries of S; and the sets F'(Ur,) contained in it is at
least L;/ 2,
e The distance between S; and the boundaries of Bi+1A06L and Bi+1EXL g ot Jeast L;-/ 2

For h = (hy, hs) € [LJQ-]Q, as before our strategy is to construct p; that is identity except on
the interiors of S; and such that T = p, o F'is an a-canonical map satisfying the conditions
of the proposition. We construct pj, separately on squares S;. If S; C Uy '\ BitLexte o
S; C BITLIMGL then the construction of pr. proceeds as in the proof of Proposition 4.4.2. We
specify below the changes we need to consider if S; C Bit1exte \ BIFLINGL \Without loss of
generality take S; C BITHEXLL\ RitLINGL 4nq also that Uy, is the only one (among Us’s)
that is contained in S;.

Recall that we only need to worry about condition ii. in the statement of the proposition
being violated if T} is not contained in U\ Us. Let us assume that to be the case. Notice that
the assumptions on S; and Up, implies that there exists W which is a translate of 77 such
that B, has distance at most 10L3 from Uy, = F(Uy,) for all h € [L3]? and W), := h+W we
have that W), C Us. See Figure 4.13. With this choice of W, construct p; exactly as in the
proof of Proposition 4.4.2 and it is easy to verify that Y, = pj o F' satisfies the conclusion
of the proposition. This completes the proof. O]

4.5 Tail Estimates

The most important of our inductive hypotheses is the following recursive estimate. Let
X = Xé“ and Y = Y[}',H be random (j + 1)-level components in X and Y having laws /@il
and /L}{H respectively. Let Vy,Vy denote the sizes of X and Y respectively. We have the
following theorem establishing (4.3.1) and (4.3.2) at level j + 1.
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Figure 4.13: Construction of p;, on S; in the proof of Proposition 4.4.3

Theorem 4.5.1. In the above set-up, we have for allv>1 and all p <1 — ijil

15 - —y(v—1
IP(S]XH(X) <p,Vx >v)<p J+1Ljfle+71( );
]P)(S}(H(Y) <p,Vy >v) < pijLj_flL;lf“ﬂ)
where mj+1 =m + 2_(]"'!‘1).

Due to an obvious symmetry between our X and Y bounds, we shall state all our bounds
in terms of X and SJXH but will similarly hold for ¥ and S}{H. We shall drop the superscript
X for the rest of this section.

As a consequence of translation invariance we can assume without loss of generality that
X = X" = X*t(0), ie., U is the lattice component containing the origin. Let Ux
denote the domain of X. Also let U C Z? be such that XZ;] = X{JH = X. Let X[jh’leh’

X% denote the j-level bad subcomponents of X. Let Kx denote the total size of the bad
N

X
subcomponents, i.e., Kx = sz\g |U;|. Our first order of business is to obtain a bound on

the probability that a component X has either large Vy, or large Kx or small Hf\g S; (XJU)
The following lemma is the key estimate of the chapter.

Lemma 4.5.2. Let X be as above. For all v' > 1,k, 2z > 0 we have that

Nx

P |Vy >, Kx >k —log [ [ $;(X7,) > x| <500L;""" exp(—am; )L 5" Y.
i=1
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For brevity of notation we shall write S*(X) = Hfg S (X{]l) For v > 1, let ‘H, denote
the set of all lattice animals of size v containing 0. Clearly, we have

PlVy >0, Ky >k, —logS*(X)>a]=>_ > P[U=HKx >k —logs(X)>ux].
v=v' HEH,

(4.5.1)

To begin with, let us analyse the event {U = H}. Let W C Z? be such that Bév =

Bj;,“ﬁXt, ie., W corresponds to the j-level cells contained in the blow-up of the level (5 + 1)

ideal multi-block BJ". Observe that on {U = HY}, there exists a subset H* C H with at
least [4] vertices that are non neighbouring (in the closed packed lattice of Z*) and such
that for all h € H*, the ideal multi-block containing B};rl must correspond to a bad block.
Hence, for each h € H*, one of the following there events must hold for the cell B*(h): (a)
it has a conjoined buffer zone or the total size of j level bad components contained in its blow
up is at least ko, (b) it contains a really bad j-level subblock, (¢) it fails the airport condition.
Hence at least one of these conditions must must hold for at least == many (j + 1)-level cells
among the cells corresponding to the vertices of H*. Hence

{U:H} §A1UA2UA3
where A; are defined as follows.

e Let A; denote the event that total size of j-level bad components contained in X%/ is

kov

at least =

e Let Ay denote the event that the total number of really bad components contained in
lefv is at least =z.

e Finally let A; denote the event that there exists a subset H' C H of non-neighbouring

vertices with |H'| = 7= such that Nyepr Sy holds where Sy, is the following event. For

h € H', let GG}, be such that Béh = Bi“’eXt. Then S;, denotes the event that the
following two conditions hold.

i. The total size of bad components at level j contained in Béh is at most k.

ii. There exists a square S C G}, of size L?/ ? such that Bé is not an airport at level
j-

Fix v > ¢ and H € H, for now. The corresponding term in the right hand side of (4.5.1)
can be upper bounded by

3
Z]P’[— log S*(X) >z, Kx >k, Ajl.

i=1

We shall treat the three cases separately.
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Lemma 4.5.3. In the above set-up, we have

P[—log S*(X) >z, Kx > k, A;] < 2exp(—xmj+1)L;Vk/lOL;i(lw(”_l).
Proof. Fix k' > k. Fix a collection Ty = {T1,T3,---,T,} of non-neighbouring subsets of 1%
with », |Tj| = k. Let Fr,, denote the event that X7 is a j-level bad component of X for
each i. It follows that we have

PlU=H Kx >k —logS"(X)>z] <> > Pl-log|[ %(X},) > =, Fr, .U = H|.
K=k T i=1
(4.5.2)
Notice that on the event Fr, , X% are independent. Observe that on Ay, we have Ky > ’“20—4”.
Now fix Tp. Set t; = |T;|. Let ¥;,i = 1,2,...,n be a sequence of independent random
variables with Ber(Lj_vt’ﬂ) distribution. Let #;,i = 1,2,...,n be a sequence of i.i.d. exp(m;)
random variables independent of {#;}. It follows from the recursive estimates that

—log S;(X%)1 iV AVE A

i {X]Tl bad component}

for all 7 where < denotes stochastic domination. It follows that

Pl—log [ [ Si(X%,) > o, Fr, A1) < P[¥ = 1VP)) _(1+ %) > 1

i=1 i=1

< L7YPPY " %> @ ). (4.5.3)
=1

Now observe that Y. | %; has a Gamma(n, m;) distribution and hence

n - o
2 Az ¢ exp(—ym;)dy. 454
[ZZI > n] /(;c—n)VO (TL — 1),?/ eXp( ymj) Y ( 5 )

Following the proof of Lemma 7.3 in [8] it follows from this that
P[Z R; > 1 —n] < (m;27 et exp(—amyig). (4.5.5)
i=1

Since L; grows doubly exponentially and n < k" and k' > vky/24 it follows from (4.5.3)
that for Ly sufficiently large we have

P[— logH Si(X1,) >z, Fr,, Ai] < Lj_“’k//4 exp(—axm;jy1) < Lj_wkl/8 exp(—xijrl)Lj_i?V(”_l)
i=1
(4.5.6)
as ko > 6000ay.
Now notice that total number of choices for Ty is bounded by 16v3¥ Lé‘f;l hence summing
over all such choices and then summing over all £’ from &k to oo we get the desired result as
v > 40a and L; is sufficiently large. O]
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Lemma 4.5.4. In the set-up of Lemma 4.5.3, we have

P[—1log S*(X) >z, Kx > k, Ag] < exp(— :pmHI)L_“/’“/lOLJ—i?W(v n

Proof. Fix k' > k and Ty as in the proof of Lemma 4.5.4. Fix a subset AN of [n] with

V| = 2. Now, fori € N, X;} can be a really bad component in one of two ways: (a)

ti, > vo and (b) $/(Xr, ) <1 — Lj_l. Observe that it follows from the recursive estimates
that for all i € N we have

—log S;(X < W1+ %)

) {X] really bad component} —

where {#;}icn is a sequence of i.i.d. Ber(Lj_vt"/ A=(wo/ANB2)Y Qistribution. It follows that

logHS 7)) >3, Fr,, Al <Y P[#i=1Vi€ [n] \N,# = 1Vi € N]
xP[> (1+ %) > 1
=1
< Z L]-_’Yk//ZL_;WWUOAQB)P[Z R, > 1 — n]
N i=1
E'\ . k4= (0 -
< ( )Lj WA O RIPN U, > 1 — 0] (45.7)
75 i=1

Doing the same calculations as in the proof of Lemma 4.5.3, we obtain that

—log H S;(XT1) > x, Fr,, Ay] < 2k/L;7kl/5 exp(—xij)Lj_%(Womﬁ)
< Lj_wkl/8 exp(—xij)Lj_j(lh(v_l) (4.5.8)
since yvg A 203 > 3000ay.
As before, summing over all 7, and &’ from k to oo gives the result. [

Lemma 4.5.5. In the set-up of Lemma 4.5.3, we have

Pl log S*(X) >z, Kx > k, Ag] < exp(—amy 1)L 0L 100,

Proof. First fix H' C H as in the definition of A3. Fix k&’ > k and Ty as before. Now fix
h e H'. Set Ij, = (U, T;) N G}, and observe that by hypothesis |I;| < ko. It is not too hard
to see that there exists an event S} such that S, C 5} and S} is independent of X7 and
P[S;] < Lj_loﬁ . Indeed, that a square is an airport can be verified, even without checking a
limited number of cells, and this can be established using arguments identical to the proof
of Lemma 4.7.5, we omit the details.
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Repeating the same calculations as in the proofs of Lemma 4.5.3 and Lemma 4.5.4 it
then follows that

Pl—log S*(X) >z, Kx > k, As] < > > N P[Fg|L; %™
H K=k Ty

v — — v
< 2( . ) exp(—amjy1)L; Vk/loLj 108v/75
75
—k/10 7 —10(v—1
< exp(—amyy1) Ly’ / Lj+17( )

as L; is sufficiently large and 8 > 7bary.

Putting together all the cases we are now ready to prove Lemma 4.5.2.

Proof of Lemma 4.5.2. Notice that for a fixed v, we have |H,| < 8. We now get from
(4.5.1), Lemmas 4.5.3, 4.5.4, 4.5.5 by summing over all H € H, and then finally summing
over all v from v’ to oo that

P[Vx >0, Ky >k —log$*(X) >a] < Y 8°50L; """ exp(—am;)L; """

v=0’

S 500 eXp(—xTnj_H)Lj—”/k/loLj_—ig_;z(vl_1)7
this completes the proof of the lemma. .

We now move to the proof of Theorem 4.5.1. Our proof will be divided into four cases
depending on the size of X, the total size of its bad components and how bad the bad
components are. In each one we will use different a-canonical map or maps to get good
lower bounds on the probability that X = X {]H — Yg“. We now present our four cases.

4.5.1 Case 1

The first case is the generic situation where the components are of small size, have small
total size of bad sub-components whose embedding probabilities are not too small. For a

(j +1)-level component X, let Nx denote the number of bad j level components contained in
X and let X7., X7, ,... ,X%NX denote the bad subcomponents. Let Kx = S.n% |T;| denote

the total size of bad subcomponents in X. We define the class of blocks Aﬁ& 41 @s

Nx
AR = {X Vi < vo, K < koo, [ $5(X4,) > L}”g} |

i=1

First we show that this case holds with extremely high probability.



CHAPTER 4. LIPSCHITZ EMBEDDING IN HIGHER DIMENSIONS 140

Lemma 4.5.6. The probability that X € Aﬁi’jﬂ s bounded below by
1 - —v(vp—1
PIX ¢ AY)] < LRI,

Proof. This follows from Lemma 4.5.2 by noting 8y(vg — 1) > 3af, m > 9af + 3ayvg and
vkovg > 300 + ayvy. We omit the details. O

Next we show that S;+1(X) is at least 1/2 for all X € A§3j+1.

Lemma 4.5.7. Condition on X = X[j;r1 € A%H where U C 7% and |U| < vy. Let the bad
j level components of X be X%l,X%Q, o ,X%NX such that Zf\g |T;| < woko. Then we have

Sp1(X) >

N | —

Proof. Let Ux denote the domain of X, Cx denote the boundary of X, and let U C Z2 be
such that X = X%. By Proposition 4.4.2, there exist L;* a-canonical maps at j + 1-th level
{03 =Ty, : b€ [L3?} from Ug to B! with respect to 7 = T3, T, ..., Tk, and () such
that Y, (7;) are different for all h € [L3].

Clearly there exists a subset H C [L3]* with |H| = L; < [L]/100vgkj] so that for all
i1 # 19 and hq, hy € H we have that Ty, (7},) and Y4, (7},) are disjoint and non-neighbouring.
We will estimate the probability that one of these maps work.

For h € H and i € [Nx], let D} denote the event

X

Di = {Y{}L(Ti) valid, X7, < thm)} .

Since we are only trying out non-neighbouring components, these events are conditionally
independent given X and setting
D,= () D
1<i<Nx

we get
Nx

Py | X] =[] Si(xXr) > L;"°.
i=1
By construction of H, we also get that {D), : h € H} are mutually independent given X and
hence setting D = Uy D), we have

PD|X]>1-(1-L;"b >1- L%, (4.5.9)
Let B denote the event that Yg“ is valid and has domain B{fl. Let (72 C 7Z? be such that

(72 corresponds to the j-level cells contained in the blow-up of B{]H, ie., BZ;[ = B{]H’eXt.
2

Let J denote the event

J = {Yj(ﬁ) is good for all £ € (72} .
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By Lemma 4.2.18 on DNJ NB, there exists an embedding and hence S;;1(X) > P[DNJTNB |
X]. Using (4.3.7) at level j we get

Pl X]> (1— ;)" > 9/10 (4.5.10)

as v > 2a and L; is sufficiently large. Notice that on J, Yg“ is valid and B[jfl is a valid
potential domain of Yg“ and by construction

9 » 3
PBNJ | X]|>PJ | X|PB|J,X]> 1—0(1 — 10~ U0y > = (4.5.11)
The lemma follows from (4.5.9) and (4.5.11) since Ly is sufficiently large. O

Now to improve upon the above estimate, we want to relax the condition that Y does not
contain any bad-components by weaker conditions that define a generic block. We proceed
as follows.

Let S = S,, denote the set of all lattice animals containing the set {0} and having size
at most vy. For S € S,,, let Ug denote the set of all potential domains for X é“ (or Yg“).
Also set Sy = UgesS. Let T1,Ts, ..., T, be subsets of Z? such that {X% i € [Nx]|} are

the j-level bad subcomponents in Xg i +1 Similarly let 177, 75,...,T J/V’ be subsets of Z? such

that {Y] i € [Ny/|} denote the j- level bad subcomponents in Y]Jrl Fix S € Sand U € Us.
Let U C Z?2 denote the set such that X7 = XJ on the event that U is the domain of X2
Let By y = By gx ={i € [Nx]: T C U} and let Bpy be defined similarly. Let

Epx = X§+1 Valid,ﬁ valid, Z T3] < kovo, H Sj(X%i) > Lj—l/s

’iEBﬁ’X Z'EB[77X
and
Egy = { Y& valid, U valid, Y |T{| < kovo, ] 8;(¥7)) = L;'?
iEBﬁ,Y iEBﬁ,Y
Finally let By  (resp. B ) denote the event that the domain of XZ*' (resp. YZ*') is

U. We have the following lemma.

Lemma 4.5.8. We have that

SN S P A VI & < o,y Bay xo Boy) < L LY. (45.12)
Ses ﬁlGUs (726“5

Proof. Since |S| < 8" and for all S € S we have Ug < (8%0)'6%% it suffices to prove that
for each fixed S, U1 and U2 we have

j+1 j+1 -4 (vo—1)
]P)[Xé (7L> YSJ 75ﬁl,X78172,Y7BULX’Bﬁz,Y] < L]"!‘l L]':lvo ’
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Now fix S € § and ﬁl, U, € Us. Notice that the total number of ways it is possible to
choose disjoint sets Si,5,...,S, C Up and S,9;,...,S;, C Uy such that »_, |S;| < wvoko
and >, S| < koo is L;*"™. For % = {S1,5,,...5,} and S = {5}, 55,... 5}, let

(A = { A = (Trie By ) A= (Tl i€ By} ).

Clearly then it suffices to show that for each choice of .} and .%; as above, we have

PIXIT o4 VI & &,y Bo, x B,y I (1, F)] < L. AP Skovo o, (4.5.13)

Fix % and ., as above. Condition on {Xj S; € A} and {Yj, : Sl e S}, such that
they are compatible with &  and & . Denote this conditioning by F. Observe that, by
Proposition 4.4.2, there exist L} a-canonical maps at j + 1-th level (Y =", :he [L2]%}
from U; to U, with respect to . and .%5 satisfying the following conditions.

i. Tp(S;) are different for all h € [L7]*.
ii. T,'(S]) are different for all h € [L3].
iii. Y5(5;) # S;, for any iy, iz, h.

As before there exists a subset H C [L3]* with [H| = L; < [Lj/100vgks] so that the sets
{Th(S:y) : h € H,S;, € A} are disjoint and non-neighbouring and also disjoint and non-
neighbouring with the sets in .. Also the collection of sets {T,'(S.,) : h € H,S., € %}
are disjoint and non-neighbouring and also disjoint and non—neighbourmg with the sets in

A
For h € H, let Dy, denote the event

Dh:{X] ‘—)YTJ W(Siy)? X] (S’ ‘—)sz;2 VSileyl VSZ{QEﬂz}.

Arguing as before we have
PO, | Fl= [] sfxi) [ s¥xi)>L*°
S; € SieSs '

Since these events are independent for h € H it follows that

P[UhEHDh | ./T"] 2 1— L]_ﬁf 8kovo—7v0

since Ly is sufficiently large. Now observing that on
Bg, x N Bg,y NI (1N F2) N <uh€HDh>

we have X g“ — Yg 1 and removing the conditioning we get (4.5.13) which in turn completes
the proof of the lemma. O
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Lemma 4.5.9. When % <p<l1l- LJ_Jr1

]P(Sj+1(X) <p Vx> U) < pmj+1L]+1Lj+1(v 1).

Proof. Clearly it is enough to show that

Vi > o] <27 L8 LY, (4.5.14)

P[Sj41(X) <1 Ly j+1

Jj+1

For v > v this follows from Lemma 4.5.2 and 8y(vg — 1) > 3, so it suffices to prove that

P[Sj1(X) <1— L7}, Vx <wp) <27 L0 L1, (4.5.15)

Using Markov’s inequality and Lemma 4.5.8 we get that
P[Sj41(X) <1— L7}, Vx <wo)] <PX ¢ A§3j+1] + Lj (LJE?LJH(UO Dy P[(‘:Y])

where

=2 > Fll€e)’

SES |7 Ucls

It can be shown as in Lemma 4.5.6 that P[(Ey)¢] < LjffLJJrfU Y and this completes the
proof of the lemma. O

4.5.2 Case 2

The next case involves components which are not too large and do not contain too many
bad sub-components but whose bad sub-components may have very small embedding prob-
abilities. For a (j + 1)-level component X, let Nx denote the number of bad j level com-
ponents contained in X and let X%l,X%Q, s ,X%NX denote the bad subcomponents. Let

Kx = Y |T;| denote the total size of bad subcomponents in X. We define the class of
blocks Aﬁ?fj 41 s

Nx
A {X Vi < Ko < hovo | ] S67) < 1 ”3} |

i=1

Lemma 4.5.10. Condition on X = X' € A xji1 where [U| < vo. Let the bad j level
components of X be X%I,X%Q, o ,X%NX such that Zfixl |T;| < woko. Then we have

Nx
i 11 ;
Sj+1(X) Z 1min {E’ 1—0.[/] H S&(X%)} .
=1



CHAPTER 4. LIPSCHITZ EMBEDDING IN HIGHER DIMENSIONS 144

Proof. Let us make some notations first. Let Uy denote the domain of X. Let U C Z? be
such that X = Xé. Let U; C Uy C Uy C Z2 be defined as follows.

J  _ pJtl,
BUO_BU ;
i _ pitlint,

B[71 = By, ;
Bl :Bj+1,ext
Us U :

Now by Proposition 4.4.3, there exist L? a-canonical maps at j 4+ 1-th level {Tffl =7,

h € [L2?} from Uy to By with respect to 7 = {T}, T3, ..., Ty, } satisfying the following
conditions:

i. For each i € [Nx] such that 7} is not contained in Us \ U; and for all h € [L2]? we have
Tu(T;) C UL,

ii. For all h € [L?]* and for all i € [Nx] we have T,,(T;) is at least at a distance L? from
the boundaries of Uj.

iii. Y, (T;) are different for all h € [L3]°.

It is easy to see that there exists a subset H C [L7]* with |H| = L?/Z < | Lj/100v5kg]
so that for all i; # iy and hy, he € H we have that T, (7;,) and Y, (7T;,) are disjoint and
non-neighbouring. We will estimate the probability that one of these maps work.

In trying out these L?/ ? different mappings there is a subtle conditioning issue since a
map failing may imply that Yv, () is not good. As such we condition on an event D), U G,
which holds with high probability. For h € H and i € [Nx]|, let D} denote the following
event. If T; C Uy \ (71, then

Di = {XCJ[, — th(Ti); Y/ is good for all £ € Tl} .

Otherwise set ' ' '
Di = {X{,,i - Yﬁ(n)} .

Define ,
Dy= () Di.
1<i<Nx
Also let ‘ ‘
G, = {Y/ is good for all £ € T;}
and

G= () G

1<i<Ny
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Then using (4.3.7) at level j we get for h € H
P[D, UG, | X] > PGy | X] > (1= L;7)" > 1 — 2kgvo L.

J

Since Dy, U Gy, h € H are conditionally independent given X, we have
Plner(Dh UGn) | X] > (1— L;7)%5" > 9/10 (4.5.16)

for L; sufficiently large. Now

PP, | X. (D1 UG) 2 B2y | X1 = [T (5 A 5500))

=1

Indeed, observe that if T; C [72 \ [71, X7, is semi-bad and hence

P[D}] > 5;(X7,) —vol;” >

N —

Also observe that since none of the multi-blocks that are tried (over all A and i € [Nx])
are non-neighbouring it follows that {D, : h € H} is independent conditionally on X and
Nhen(Dy U Gp) and hence

3/2
Nx Lj
1 )
PlUnesDn | X, Nhen(DrUGr)l > 1 — <1 - (5)]%1}0 H Sj@%))
=1
Nx
9 1 ;
> 5 A7k 1} S;(X4,) (4.5.17)

since 1 —e™* > x/4 A9/10 for x > 0 and L;/2 > 2kov for [; sufficiently large.
Further, set
M= {E'hl 7é hQ cH: Dhl \ghl,Dh2 \QhQ}.

We then have

L
PV | X, en(P UG < (5 ) BIDA\ G | X, ren(D1 UG

Nx 2
L; : _
< ( 29)2 (1} S;(X4.) A 2vko L; V)

Nx
< 2kovoL; TV T S5(X7,). (4.5.18)

i=1
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Finally let J denote the event
J = {ij is good for all £ € (72 \ UheH71§i§NX{Th(Ti)}} .

Then using (4.3.7) again

2a—
4v0Lj

PlT | X, UnenDh, Onen(Dr U Gn), ~M] > (1 = L;7) > 9/10. (4.5.19)

Now let B denote the event that none of the external buffer zones of Yg“ are conjoined
and B/ is the domain of Y. Observe that on Nyey (DrUGL)NT, B is a valid potential
domain for Yg“ and hence we have that

P(B | X, UnesDh, Mher(Dr U Gh), T, ~M] > (1 — 10~ U+10)%0 > g/70. (4.5.20)

If B,J,Uner Dy and Npeyy(Dy, U Gp) all hold and M does not hold then by definition
Yg“ is valid and there is hg € H such that Dy, holds and G, holds for all ' € H \ {ho}.
The a-canonical map T}, then gives rise to an embedding of X into YV = Yé“. It follows
from (4.5.16), (4.5.17), (4.5.18), (4.5.19) and (4.5.20) that

Sir1(X) = PlUnenDn, Mhen(DrUGr), T, B, ~M | X]
= PINB|X,UnenDh, Nher(Dr U Gr), I, ~M]
[

PlUpen Dy, =M | X, ﬂheH(Dh U gh)]P[ﬂheH(Dh U gh) | X] (4.5.21)
79 1. & =
—(v=2)
11
> —AN—L; S:(Xp). 4.5.23
) 10 J E ]( Ez) ( )
This completes the proof. O

Lemma 4.5.11. When 0 < p < % andv > 1,

1
P(X €AY ), S (X) <p,Vx >v) < gpm”leflejf Y,
Proof. We have that
Nx

1
P(X € AL 1, S501(X) <p,Vx > 0) <P [ELj []5(xz) <p Ve >
=1
10p\ ™+ 1 B S
< 500 _p lef 1) < _pijLjflejl( 1)
L; 5
(4.5.24)

where the first inequality holds by Lemma 4.5.10, the second by Lemma 4.5.2 and the third
holds for large enough L since m;; > m > af3. [
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4.5.3 Case 3
Case 3 involves components with very large size. The class of components Aﬁ?}j 1 is defined
as

AE?LH ={X : Vx >w}.

Lemma 4.5.12. Condition on X = X},™" € Aﬁ?}jﬂ with |U| = v > vy. Let the bad j level
components of X be X%I,Xrﬂ, o ,X%NX. Then we have

Nx
Sj+1 (X) > (Sko)flﬁvkg10074(j+10)v27v274k0v H SJ<X%Z)

=1

Proof. Let U = Uy C R2, U C7Z2 U, CUyC U, C 72, be defined as in the proof of Lemma
4.5.10. For i € [Nx], let D; denote the following event.
If T‘z Q U2 \ Ul, then

D, = {X%_ — YTji;Yej is good for all £ € T;} .

Otherwise set

_ J J

Di = {XTi - YUh(Ti)} ’
Let
D =N,
For ( € Uy \ (UNXT}) let ,

G, = {Y}/ is good}

and set

g = mfeﬁz\(uf\’:’g Ti)ge'

Observe that |Us| < 4vL3*. Finally let B denote the event that Y = V4 s valid and

U is the domain of Yg“. Let T be the x-canonical map from U to itself with respect to
T ={T1,T5,..., Ty, } which exists by Proposition 4.4.1. On DNGNB, we get an embedding
of X into Y = Y(}H given by T. Hence it follows that

Si+1(X) = P[DIPG | DIP[B | G, D].

Now observe that the total size of T;’s contained in [72 \ l71 must be at most 4kqv and
hence arguing as in the proof of Lemma 4.5.10 we get that

P[D] = <%>4kov ]Nj Si(X7%.).
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Also using the recursive hypothesis (4.3.7) we get that
PG| D] > (1 - L;")"H" > 27

as v > « and Lo is sufficiently large. Finally observe that on D NG, the curve corresponding
to the boundary of U is a valid level (j + 1) boundary curve for Y and hence,

]P;[B ‘ Q,D] > (8k0)716vk§10074(j+10)v.
Putting all these together we get the lemma. O]
Lemma 4.5.13. When 0 < p < % and v > 1,

Lo
P(X € AV ), S (X) <p,Vx >v) < P LAY,

Proof. Without loss of generality we can take v > vy. Then we have using Lemma 4.5.12
and Lemma 4.5.2

P(X € AY, 1 S (X) <p Vx 2v) = Y PSj(X) <p, Vi =]

S Z ]P) |:(8k0)_16’l}/k3 100_4(j+10)7),2—1]/—4]€01),
Ny |
[I5ix5) <pvx = v’]
i=1
< 500p™H x (2000k) G R
m; - —vy(v—1
< 500p™ L LY
X (Z(2000ko)64"”3““°)mf+1L;j;“)
1 mi1 7 —B 7—7(v—1)
S PV LinLin (4.5.25)
where the penultimate inequality follows from (vg—1) > f and vy > 5 and the last inequality
follows by taking L sufficiently large. 0

4.5.4 Case 4

The final case is the case of components of size not too large, but with a large size of bad

subcomponents. The class of blocks Ag??j 4 is defined as

‘Ag?,)j-&-l ={X: Kx > Vxko, Vx <o}
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Lemma 4.5.14. Condition on a (j+1) level component X = X}, € .A)?j“ with |U| = v <
vg. Let the bad j level components of X be X%l,X%Q, o ,X%NX such that Z T > vko.

Then we have
Nx

Sj1(X) > (8ko) 1R 10010 HO v~ tkor TT 6 (X7 )
i=1
Proof of Lemma 4.5.14 is identical to the proof of Lemma 4.5.12, i.e. we once again get
the result by considering the *-canonical map from the domain of X to itself and asking tor
X and Y to have the same domain. We omit the details.
To complete the analysis of this case we have the following lemma.

Lemma 4.5.15. When 0 <p < % and v > 1,

1 -
P(X € AL, 1, Sjs1(X) < p,Vx 2 0) < 5pmf+1L]+1Lj+1( b,

Proof. Fix p < % and v > 1. By definition of Agﬁ?j 41 and using Lemma 4.5.14 and Lemma
4.5.2, we get that

00
]P)(X < Ag?,)j-i—h SJ+1(X) S b, VX Z U) - Z IP)[X S A(X5,)j+1’ S]+1(X) S D, VX = Ul]

0
= Z {HS (X7.) < (2000k,)04k6v (G+10)
VX = Ula KX 2 Uk0:|
vo
< Z 500pmj+1 (2000k0)64k(2)y/(j+10)mj+1Lj_w/k,o/m
vo
s 64K3u0 -+ 10)m; ko 10
< 500p™*1 (20005 )° 00l +1 ZLJ 0
M 64k2v0 (j+10)m; 41 7 —Yvko/10
< 2000p™5+! (2000kq)54Foro U H10m; 1 vk
1 m 1 v—1
< g LALLTY (4.5.26)

where the final inequality follows because vky > 10af and ky > 10y and taking L, suffi-
ciently large. This completes the proof. O

4.5.5 Proof of Theorem 4.5.1

We now put together the four cases to establish the tail bounds.
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Proof of Theorem 4.5.1. The case of s<p<1-— L_+1 is estabhshed in Lemma 4.5.9. By

Lemma 4.5.7 and Lemma 4.5.6 we have that Sj41(X) > 1 for all X € -AX,j+1 since Ly is

sufficiently large. Hence we need only consider 0 < p < % and cases 2 to 4. By Lemmas 4.5.11,
4.5.13 and 4.5.15 then

4
P(Sj41(X) <p) <> P(X € ALy, S0(X) < p) <pmr LA LY.
=2

The bound for SY

i1 follows similarly. O

4.6 Estimates on Sizes of Components

Our objective here is to bound the probability the (j + 1)-level components have large size,
i.e., we want to prove recursive estimates (4.3.3) and (4.3.4) at level (j + 1). We only prove
the following theorem, the corresponding bound for Y components is identical.

Theorem 4.6.1. Let X be a component of X at level (j + 1) having law ,u?g. Let Vx denote
the size of X. Then we have for all v > 1,
PV >v] < L)1

Proof. This follows immediately from Lemma 4.5.2 and observing that Ly and hence L; is
sufficiently large. |

4.7 Estimates for Good Blocks

4.7.1 Most Blocks are Good

First we prove the recursive estimates (4.3.6) and (4.3.7) at level (j+1). We shall only prove
the estimate (4.3.6) as the other one follows in a similar manner.

Theorem 4.7.1. Foru € Z?, let X = XJ! denote the corresponding X-block at level (j+1).
For V.C 7%\ {u}, let Fy = Fi be as defined in § 4.3 (at level j +1). Then we have
P[X is good | Fy] > 1 — L}/,
Let us first set-up some notation before we move towards proving Theorem 4.7.1. Let C,
denote the set of all potential boundary curves of X provided Vx =1, i.e., C, denotes the
set of potential boundary curves through the buffer zone of B’*!(u). Conditional on Fy,
let C; 1, C C, denote the set of all potential boundary curves that are compatible with Fy-.
By the assumption on Fy,, we must have that C;, |, is non-empty, e.g., if V' contains all the
vertices surrounding u, then C; ;, will be a smgleton
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Now let us fix C' € C,. Let U = U(C) denote the domain having boundary C' Let Epy
denote the event that U is the domain of X. On Eq, let U C Z? be such that X = lej, ie.,
the (j + 1) level block X consists of the j level blocks corresponding to U. Let OU denote
the the vertices on the boundary of U (i.e. the vertices in U that have neighbours outside U)
and U* = U\ 9U. Let V* C Z? be such that X‘j/* = X‘j/“. Let Fy« denote the conditioning
on X‘j/* being valid, i.e., X‘j/* being a union of j-level blocks.

Fix C € C,. Let U denote the total size of bad components in U* and let W¢ denote
the number of really bad components in U*. We have the following lemma.

Lemma 4.7.2. In the above set-up P{US > ko} U{W{ > 1}] < Lj_ﬁ/z.

Proof. This follows from the arguments in Lemma 4.5.2 and using that 5 > 4« + 2, (v —
1) > 28 and ko > 100 are sufficiently large. O

Next define the following event about a stronger notion of airport. A (L?/ ?—1)x (L?/ 2-1)

square S of j cells contained in X7, is called a strong airport if any L?/ % x L?/ 2 square S of J-

level blocks containing S is an airport. Let & denote the event that all (L?/ 1) x (L?/ 2-1)

square of j level cells contained in X7,. are strong airports.

Now we have the following Lemma about airports. First observe the following. Fix a
square Sp of size L?/ > and a square Sy of size L?/ > _ 1. Further fix a lattice animal S of size
at most vg. Let N(S,57) (resp. N(S,S2)) denote the number of subsets of S (resp. Sq) that
are translates of S. It is easy to see that [N(S,S5)] > (1 — L;")|N(S, S1)|.

Lemma 4.7.3. Let S C Z? be a fized square of size (L§/2 —1). Consider the set of blocks
Xé. Fiz a j-level semi-bad Y-component Y = YZ,. Let S denote the set of subsets of S that
are translates of S'. Let H denote the event that
el

S
valid’

#HSeSA S XL V> (1— vk *1007)[S].

/
Then we have P[H | Y] >1— e=eLi” for some constant ¢ not depending on L;.

Proof. Observe the following. As~|SL| < wp it follows that S can be partitioned into 42
subsets S;, i € [4v?] such that S;,S9 € S; for some i implies that S; and Sy are non
neighbouring. By using a Chernoff bound and S;(Y") > (1 — v, °k; *10077) it follows that for
each i, '
~ XL . . . 2

P#{S5 € S —A 1y or XL o4 Y} 2 058k 100778 < e
for some constant ¢ not depending on L;. Taking a union bound over all i we get the
lemma. O
Lemma 4.7.4. In the set-up of Lemma 4.7.3, we have
9/4

P[X% is a strong airport] > 1 — e~<%

or some constant ¢ > 0 not depending on L;.
g j
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Proof. Observe that, conditioned on X% the event X;; — Y is determined by the 0 level
structure of Y, i.e., by looking at whether each 0 level block contained in Y is 0,1 or good.
Hence for our purposes, the different number of semi-bad Y at level j is at most guogduoLy
The lemma now follows from Lemma 4.7.3 by taking a union bound over all semi-bad Y as
L; is sufficiently large, and from the observation immediately preceding Lemma 4.7.3. [

Lemma 4.7.5. Fiz C' € C, and let U denote the domain enclosed by C'. Then we have
/) 79/4

PE]>1—€" L™ for some constant ¢ > 0 not depending on L;.

Proof. Follows in a similar manner to Lemma 4.7.4 and noting that the number of L?/ % Lj/ 2

squares in U* are O(L3*) and taking a union bound over all of them. O

Lemma 4.7.6. On &; NELN {U$ < ko} N{WE = 0}, we have that X is good.

Proof. Noticing that on &, the j level X-blocks corresponding to U are all good, so this
lemma follows immediately from the definition of good blocks. m

Now we are ready to prove Theorem 4.7.1.

Proof of Theorem 4.7.1. For C' € C;, define U = Uo,U = Up and U* = Ut as above. Set
V =72\ U. Let F¢ denote the event that C is a valid level (j + 1) boundary.
Observe that
P[X is bad | Fy] < gneach[X is bad | Fy, &,

Now fix C' € C;;. We have

P[Xis bad, & | XL, F¢]
PlEy | X2, Fe]

< (8ko)'OK91007T10L Y

P(X is bad | Fy, XL, &0, F] =

where the last inequality follows from Lemma 4.7.7 below and the construction of boundaries
at level j+1. The theorem follows by averaging over the distribution of j level blocks outside
Vv =

It remains to prove the following lemma.

Lemma 4.7.7. Fiz C' € C* and let U be as above. Set IS, = (ﬁgl’f])U{Ug > ko}n{W§ > 1},

Consider the above set-up where we condition on X% such that it is compatible with E;. Then

we have ' '
PX is bad, &; | XL, F&] < 2P[I, | X1] <2177
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Proof. 1t follows from Lemma 4.7.6 that
P[Xis bad, &, F | X7]
P[Fz | X7
P[Igad | X\]~/]
PIFE | XT
Let Gy denote the event that j level blocks X7(u’) for all u’ € U are good. Observe that
since X %/ is such that it is compatible with &, it follows that on X 37 NGy we have F¢.. Hence

we have using the recursive estimate (4.3.6) at level j that

P[X is bad, &, | XL, F2] =

PlFs | XL > PGy | X1 > 140577 >

l\DI»—t

Observe that ]kc) d only depends on the blocks corresponding to the set U and hence

is independent of XZ. The lemma now follows from Lemma 4.7.2 and Lemma 4.7.5 since
B > 4oy and L; is sufficiently large. O

4.7.2 Good Blocks Embed into Good Blocks

Theorem 4.7.8. Let X = X/ and Y = YJ*! be level (j + 1) good X and Y blocks
respectively. Then we have X — Y.

Proof. Let Cx and Cy denote the boundary curves of X and Y respectively. Let Ux and
Uy denote the domains bounded by these curves. Let U X, Uy C 72, such that X = X I and
Y = Yéy. Let T = {11, Ts,..., Ty, } (vesp. T' = {T},T3,... Ty, }) be the set of subsets of
Ux (resp. Uy) such that X7, (vesp. Y},) are the j-level bad subcomponents of X (resp. Y).
By Proposition 4.4.2 there exists canonical maps Tfﬁu, (h1, he) € [L3] x [L3] from Ux to

Uy with respect to 7 and 7’ which are bi-Lipschitz with Lipschitz constant (1 4+ 10~0+)
such that for each i € [Nx] we have Yp,, p,(T;) = (h1—1,ha—1)+ 71 1(7;) and for all i € [Ny]
we have T, ', (T;) = —(hy — 1,hy — 1) + T11(T}). Now since all rectangles of L3/2 X L?’/2
sub-blocks are airports, it follows that for all ¢ € [N x]

(o) € (L2 [L2): X0, o0 Y3, g} < vk 1000 !
and for all i € [IVy/]

#{(h1, ho) € [L3] x [L3] : X2 _, o P Y{,} < 05 kg #1007 UV LA

h1 hoy (T3
By taking a union bound it follows that there exists a canonical map T = Ti+! from Uy to
Uy with respect to 7 and 7' which are bi-Lipschitz with Lipschitz constant (1 4 1070+5)),
such that for all i € [Nx] for all ¢/ € [Ny,] we have X%i — Y{;hl,hQ(Ti)' The theorem now
follows from definition that X — Y. O
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Chapter 5

Bi-Lipschitz Expansion of Measurable
Sets

Our main result in this chapter concerns bijections from the unit square on the plane to
itself that are identity on the boundary. Here we provide an affirmative answer to Question
1.3.3. Recall the set-up of Question 1.3.3. For any set A of a fixed Lebesgue measure v, we
are interested in constructing such a function, which additionally is bi-Lipschitz, and maps
A to a set with Lebesgue measure above a fixed threshold 1 —~’. For a fixed choice of 7 and
7" (with 1 — 4" > 7) we want to maintain a uniform control over the bi-Lipschitz constants
of the such functions. The main result in this chapter Theorem 5.1, establishes that it is
possible to do so.

5.1 Statement of the Results

We denote the sigma algebra of all Borel-measurable subsets of [0, 1] by B([0,1]?) and let
denote the Lebesgue measure on R%. Our main result in this chapter is the following.

Theorem 5.1. For each v,v" € (0,1), v+~ < 1, there exists Co = Cy(~y,7') > 0 such that
for all A € B([0,1]?) with A\(A) =, there exists a bijection ¢y : [0,1]> — [0,1]* such that

1. ¢q is Cy-bi-Lipschitz, i.e.

1
o7~ vl = 10o(@) = doy)] < Colz —yl Va,y € [0, 1.

2. ¢o is identity on the boundary, i.e., ¢o(x) = x, for all x € 9]0, 1]2.

3. Mdo(4)) > 1.

As mentioned in § 1.3.1 Theroem 5.1 plays a crucial role in the study of rough isometries
of i.i.d. copies of 2-dimensional Poisson point process. Recall the definition of rough-isometry
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between two metric spaces, Definition 1.1.2 from Chapter 1. The importance of Theorem
5.1 in proving rough isometry of Poisson processes is illustrated by our next result.

Let X and Y be two independent Poisson point processes on R?. Let X, (resp. V)
denote the random metric space formed by points of X (resp. Y') within [0,n]? along with
the boundary of [0,n]?. Let X, —,p,0) Yn denote the event that there exists a rough
isometry with parameters (M, D, C) between X,, and Y,, which is identity on the boundary
of [0,n)?. Let kx(n) denote the number of unit squares in [0, n|> which contains at least one
point of X. We have the following theorem as a consequence of Theorem 5.1.

Theorem 5.2. Fize,d > 0. Then there exist positive constants M, D, C depending on € and
d (not depending on n) such that we have that for all n sufficiently large and for all X with
kx(n) > on?, PIX,, =uu,p,c) Yo | Xn] > e,

By way of proving Theorem 5.1 we also establish the following result which shows that it
is possible to increase the measure of a set by an arbitrarily small amount in a bi-Lipschitz
manner.

Theorem 5.3. Fiz 0 < v <1—+"<1, and n > 0. Then there ezists ¢ = £(v,7',n) > 0
such that the following holds. For every Borel set A C [0,1]? with A\(A) € [y,1 —~'], there
exists a bijection ¢ = ¢4 : [0,1]* — [0,1]* such that

1. ¢ is (1 + n)-bi-Lipschitz.
2. ¢ is identity on the boundary of [0, 1]?.
3. Mop(A) > MA) +e.

5.1.1 Related Works

The question of existence of bi-Lipschitz homeomorphisms between different subsets of R",
satisfying certain conditions, has been studied classically, notably by McMullen [33]. It is
shown in that paper that there exists a positive function f on R™, n > 2, such that there
does not exist a bi-Lipschitz homeomorphism ¢ : R" — R" with det D¢ = f. It is also
proved that there exists separated nets in R™ (n > 2) which cannot be mapped into Z™ in a
bi-Lipschitz way.

Shortly before posting this work [5] on arXiv we came across a very recent paper [14]
on arXiv which investigates related questions and proves a variant of Theorem 5.1 for sets
A of sufficiently small measure ([14, Proposition 11]), as well as much more. Their proof
uses a covering lemma based on a result of [2], which is no longer true in higher dimensions.
Our proof is different and we believe can be adapted to work in higher dimensions as well.
Moreover, the stretching result only for sufficiently small sets is not sufficient for our purposes
in proving rough isometry. Our work was independent of [14].

The question considered in this chapter has connections to several different problems in
analysis, an interested reader is referred to [14] and the references therein for more details.
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5.1.2 Proofs of Theorem 5.1 and Theorem 5.2

In this subsection we establish Theorem 5.1 from Theorem 5.3 and Theorem 5.2 as a con-
sequence of Theorem 5.1. We start with the easy proof of Theorem 5.1 assuming Theroem
5.3.

Proof of Theorem 5.1. Fix 0 < v < 1 —+" < 1. Fix a set A with A(A) = 7. Define a
sequence of bijections 1; on [0, 1]* and a sequence of Borel sets A; as follows. Set A = A;. If
A(A;) < 1—+/, then define 1); = ¢4, where ¢4, is given by Theorem 5.3. If A(4;) > 1 — 7/,
set 1; to be the identity map. Set A;11 = ¥;(A;). Fix n > 0. Set nyg = (81(77/,_77) +1]. It
follows from Theorem 5.3 that the function ¢y = 1, o - - - 0 1y satisfies all the conditions of

Theorem 5.1 with Cy = (1 +n)". This completes the proof. O

Next we show how Theorem 5.2 follows from Theorem 5.1.

Proof of Theorem 5.2. Fix X such that kx(n) > dn?. Let A denote the union of unit squares
in [0,7]? that contain points of X. Now fix £ > 0 such that (1 — e )¥/%* > ¢~ and ¢’ > 0
such that (1—e%")(1=9)% ¢~ > ¢=¢_Since A has measure at least n2, by Theorem 5.1 there
exists a C(d, ") bi-Lipschitz map ¢ from [0,n]? to [0,n]*> which is identity on the boundary
and such that A(¢(A)) > (1 —8")n? (if A\(A) > (1 —d")n?, we take ¢ to be the identity map).
Now let B denote the union of squares in [0, n]? of the form [kj, k(7 +1)] X [kl, (£ +1)] that
intersect ¢(A), and let k}-(n) denote their numbers. Clearly k}-(n) > (1 — ¢')n?x 2. Now let
& denote the event that each square of the form [kj, k(j + 1)] X [k, k(£ 4+ 1)] contained in
B contains at least one point of Y and there are no points of Y in [0,n]? outside B. Tt is
easy to see that on &, there exists M = M (6,¢€), D = D(d,¢), C = C(4, €) such that we have
Xn = w,p,0) Yo Hence

PIX, = unc) Yo | Xu] > PIE| X] > (1 — 7)Ao pmdn? 5 pmen®,
This completes the proof. n

Rest of this chapter is devoted to proving Theorem 5.3. From now on, v and +" and 7
will be fixed positive numbers such that 0 < v < 1 —+' < 1. Also we shall fix a Borel set
A C[0,1]* with A\(A) € [y,1 —+].

5.1.3 An Overview of the Proof of Theorem 5.3

To prove Theorem 5.3 one needs to construct a map satisfying the required conditions which
expands the regions where the set A has higher density and compress the regions where set
A has lower density. For example it is not hard to see that one can construct such a function
if the set A is contained in, say, the left half of the unit square (i.e., [0, 3] x [0,1]) then the
conclusion of Theorem 5.3 holds. Similar construction works for sets which have different
densities in the left half and the right half of [0, 1], (see § 5.2). For more complicated sets

we use the same idea recursively at different scales.
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In § 5.2, we construct an auxiliary family of bijections {Ws}se(—1,1y from [0, 1]* onto itself
which are identity on the boundary and which stretches all regions within the left half of
[0, 1] by the same factor 1+ §. The functions W; also satisfy certain regularity conditions,
in particular these are bi-Lipschitz functions with Lipschitz constant 1+ O(J). We divide
the unit square into dyadic squares and rectangles at different scales recursively such that
each square (rectangle) at a level is divided in two halves by the rectangles (squares) in
the next level (see § 5.3). We use the auxiliary functions Ws to construct bijections on
the dyadic squares (rectangles) at different levels which stretches each half of these dyadic
squares (which are dyadic rectangles at the next scale) proportionally to the density of A
in these dyadic rectangles. Finally we compose these functions (see § 5.4) up to a large
number of levels (with the number of levels depending on the set A and the location of
the dyadic square) to obtain the required stretching function. However, the control on the
Lipschitz constant worsens with the number of compositions and it is necessary to establish
that one can maintain a uniform control over the Lipschitz constant. While the construction
is deterministic, our proof makes use of a probabilistic analysis.

We let X denote a uniformly chosen point in [0, 1]2. Let us reveal sequentially for n > 1,
which dyadic square at level n it belongs to. The expected density of X is then a martingale.
We make use of this martingale to analyse the function described above. Roughly we show
that there exists a stopping time 7 such that if we compose the stretching functions up
to level 7, then the area of A is increased by €, however the bi-Lipschitz constant is still
controlled by 1+n. This argument is spanned over § 5.5, § 5.6, § 5.7 and finally we complete
the proof of Theorem 5.3 in § 5.8. The proofs of a few technical estimates used in § 5.2 is
postponed to § 5.9.

A word about notation: parameters and constants In the course of the proof of
Theorem 5.3 over the next few sections, we shall have occasion of using many constants and
parameters. By an absolute constant we shall mean a constant that depends only on ~ and
~'. We shall denote by C, ¢ absolute constants whose values may vary through the proof while
numbered constants C7,Cy, ..., and €1, €9, ..., will denote fixed constants whose values are
fixed throughout the chapter and in particular are independent of the set A. When we use
a matrix norm for a matrix M, unless otherwise stated, ||M|| will denote its ¢, norm, i.e.,
the maximum of absolute values of its entries.

5.2 The Stretching Function

To construct the map ¢ we shall need an auxiliary stretching map Ws where 6 € (—1,1) is a
stretching parameter. Ws will be a bijection on [0, 1]? which is identity on the boundary of
0, 1]%. We now move towards the construction of Ws.
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5.2.1 Construction of Uy

For the rest of this subsection, fix § € (—1,1). We first construction the following parametri-
sation.

Parametrisation

Let h: [0,3) — [0,00) be a function with the following properties.
1. h(0) =0, and h(r) =0 for all r < 1.
2. h(r) — oo asr — 3.
3. his (weakly) increasing.

4. h is thrice continuously differentiable with (1/(r))? = O((r + h(r))3), W'(r)h/(r) =
O((r + h(r))®) and h® (r) = O((r + h(r))?).

It is easy to see that such an h exists, e.g., we could take a function that behaves like
e~ V/(r=1/10) pear & and like (r — 1)7% near 1. Fix such an & for the rest of this section.
Clearly, there is a unique ¢ € (0, %) such that
1

2roh(ro) + 13 = T

Define O(r) as follows.

h(r) .
o) = {arccos ) if r <,

. 1 .
Arcsin gy if r > rg.

The r — 0 parametrisation

Consider the bijection K : [0,1] x [0, 3)\ {(1/2,0)} — (0,3) x (—1,1) defined as follows. We
have (x1,x2) — (r,0) defined by

1
=3 + (r+ h(r))sin(00(r)), zo = (r + h(r)) cos(0O(r)) — h(r).
We shall work with this parametrisation in the lower half of the unit square. The level
lines of the function r and their reflections about the line x5 = % is shown in Figure 5.1.
Notice that this transformation is C'! except on {r = ry} and the Jacobian matrix J(r, §)

for the transformation K ! is given by

J171(7", 9) JLQ(T', 0)

J(r,0) = Jo1(r,0)  Jas(r,0)



CHAPTER 5. BI-LIPSCHITZ EXPANSION OF MEASURABLE SETS 159

po|—

x2:§

Sl = {T’ = 7'0}

Figure 5.1: Level lines of the function r in the r — 6 parametrisation and their reflections

about the line z = 3

where
Jia(r,0) = (1+1'(r))sin(00(r)) + (r + h(r))O'(r)f cos(66(r))
Jia(r,0) = (r+h(r))O(r)cos(0O(r))
Jo1(r,0) = (1+n'(r))cos(60(r)) — (r + h(r))O'(r)8sin(60(r)) — h'(r)
Joo(r,0) = —(r+h(r))O(r)sin(0O(r))

The (absolute value of) the determinant of J(r,6) is given by

O(r)(r + h(r))(1 + h'(r) — B'(r) cos(0O(r))).

Constructing U,

Let 6 € (—1,1) be fixed. For r € (0, 1), define the function g, 5 = g, : [-1,1] = [—1,1] with
the following properties.

1. g, is an increasing bijection with g(—1) = —1 and ¢(1) = 1.

2. For each ¢ € [—1,0], we have
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¢ g9r(0)
(1496) /1 (14 A'(r) — h'(r) cos(6O(r))) db = /1 (14 A'(r) — KW' (r)cos(66(r))) db.
) ) (5.2.1)
3. For each ¢ € [0, 1] we have

(1-— 5)/ (1+ 1 (r) = h(r)cos(0O(r))) db = / (14 A'(r) — K (r)cos(60(r))) db.
14 gr(£) ( )
5.2.2

(SIS

N
—

M
|

Ty = —_—
_\ ]
gt g1
™ “
T = (1,0) T =(3,0)

Figure 5.2: For § > 0, the functions g, stretch the left half of the level lines of the function r

That such a function exists and is unique follows from the facts that for each r € (0, 3)
the integrand 1+ h'(r) — R/(r) cos(0O(r)) is strictly positive on [—1,1], is invariant under
the transformation € — —6 and the hypothesis that § € (—1,1). Now define the bijection
Hs = H : (0,1) x [-1,1] = [0,4) x [-1,1] defined by (r,68) + (r,g.(f)). Define ¥5 on

[0,1] x [0, 5) \ {(1/2,0)} by
Us(w1, 22) = (Us(w1, 22), U3 (21, 22)) = K~ (Hs (K (1, 22))).

We define ¥5(1/2,0) = (1/2,0) and extend ¥s to [0, 1]? in the following way. For (z1,zs) €
[0,1]? with x5 > 1 define

\115(131,$2) = (\P%(Il, 1'2), \Pg(l’l,.fg)) = (\I/%(l’l, 1-— ZEQ), 1— ‘Ilg(xl, 1-— .7}2))
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On the line x5 = %, we set

1 1 1 {(wl(l +0),1) for 2y < 1,
5

v =) = (Ui(z1, =), Vi(zy, =) =
sl 5) = (Wslan, ), Wilan, ) (4 (1= 8) (2 — 1), ) for oy > 1.

5.2.2 Basic properties of U

Over the next few lemmas we list useful properties of the function Vs as constructed above.
The next lemma is immediate and we omit the proof.

Lemma 5.2.1. For each § € (—1,1), U as constructed above is a bijection from [0,1]* onto
itself and Ws(x) = for all x € 9]0, 1]%,

Lemma 5.2.2. U as defined above is continuous on [0, 1]2.

Proof of this lemma is deferred to § 5.9. The next lemma shows that the left and rights
sides are stretched uniformly by ratios of 1 + ¢ and 1 — ¢ respectively.

Lemma 5.2.3. For each 6 € (—1,1), Us defined as above it satisfies the following properties.
(i) For A, =10, 3] % [0,1], we have A(¥s(Ar)) = (1 + 6)A(AL).

(i) For Ay as above and Ar = [1,1] % [0,1], we have for i = L, R, and for B C A;, B
measurable,

AB)=(14+HANBNAL)+ (1 =5HABNAR).

Proof. We first prove that for all B C Ay, A(Vs(B)) = (1 +0)A(B). Fix B C Az. Without
loss of generality assume B C Al as well. We have using (5.2.1),

(1+ONB) = (1+0) /1/2 /1/2 Iy da dy
= (1+9) /K(B) (r+h(r))(1+ K (r) — h'(r)cos(6O(r)))O(r) dr do
1/2
_ <1+5)/0 (r + h(r)O(r) (/K(B)T(l—kh(r) — (r) cos(60(r))) d9> dr
1/2
= /0 (r+ h(r))O(r) (/gT(K(B)T)(l + h'(r) — h'(r) cos(00(1))) d@) dr

— /H(K(B))(r + h(r))(1+ K (r) = B (r) cos(00(r)))O(r) dr db
= MNUs(B)).

Similarly it can be shown using (5.2.2) that for all B C Ag, we have A(VUs(B)) = (1 —
J)A(B). This completes the proof of the lemma. O
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T2
Ap AR
Tl
Vs
6=-05 d=0.5
T2 T2
s (AL Us(Ar) Us(AL) s(Ar
T! T!

Figure 5.3: Wy for different values of o

5.2.3 Smoothness of U

Now we need to establish that Ws has certain smoothness properties.

Crack, Twists and Seams: Geometric definitions

We introduce the following geometric definitions for [0, 1]2.

Definition 5.2.4 (Crack and Twists). The line a1 = 5 is called the crack € in the unit
square [0,1]?. Let T' and T? denote the points where the crack intersects the boundary, T*
and T? are called twists in [0,1]%. Often we shall call T = T UT? as twists in [0,1]%. For
ry < % small, define T! = K~ ({r < r1}) and define T? to be the reflection of T} on the

line &5 = 3. We call T, = T' UT? as the blown up twists of [0, 1].
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Definition 5.2.5 (Seams). Let S* = K~ '({r = ry}) in the parametrisation described above.
Let S? be the reflection of Sy on the line xo = 1/2. We shall call S* and S* (or, S = S1US?)
seams of [0, 1]2.

Estimates for U}

Proposition 5.2.6. Us is differentiable at all points in [0,1]? except possibly on the crack
¢ and the seams S. For (z1,33) € [0,1]2\ (€U S), let Jy,(x) denote the Jacobian matriz of
the transformation Vs evaluated at x = (x1,22). Then Jy, is continuous on [0,1]*\ (€U S
and there exists an absolute constant Cy (not depending on 0,x, possibly depending on h)
such that

1, (z) = 1] < Cyo.

To prove this proposition, we shall need a few lemmas, dealing with the functions g,(f)
and J(r,6). These lemmas will be proved in § 5.9.

Lemma 5.2.7. There exists an some absolute constant C' > 0 such that the following hold.
(1) (g.(€) =€) < Co({+1) for all £ < 0.
(ii) We have

sup | 99:(6)

—1] < C6.
0<r<3,0€[—1,0)U(0,1] 09

(111) (g-(€) =€) = O((Tf;l((?))g) as r — 3 uniformly for all £ < 0.

Proof of this lemma is provided in § 5.9.

Lemma 5.2.8. There exists an absolute constant C' > 0 such that we have the following.

(i) We have
agr(e)
sup |

0<r<i r#ro,0€[—1,00U(0,1] or

| < Cs,

.. 0gr(0 R (r K (r)3
(i) We have |22 < 60 (53 + Gty @57 = &

The proof is deferred to § 5.9.

Lemma 5.2.9. Let M(r,0) = J(r,g,(0)) — J(r,0). Then there exists an absolute constant
C' such that ||M(r,0)|| < C§.

Proof. This follows immediately from the formula for J(r, #) and part (i) of Lemma 5.2.7. [

Now we are ready to prove Proposition 5.2.6.
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Proof of Proposition 5.2.6. By symmetry it is enough to consider z = (x1,%3) such that

Ty < % To start with, we assume x = (x1,zs) with zo < % The differentiability is

easy to establish. Let (r,0) = K(x1,22). Let Jg(r,0) denote the Jacobian matrix of the
transformation H evaluated at the point (r, ). By Chain rule, it follows that

Jy,(x) = J(r, 0)_1JH(7“, 0)J(r,g.(0)).
It follows that

Jo, () =T=J(r,0) " (Tu(r,0) — 1) J(r,9,(0)) + J(r,0) " M(r, ). (5.2.3)

It follows from the definition of H that

1 0
Ju(r,0) = { 99:(9)  9g,(0) } :
or 00

It follows from Lemma 5.2.7 and Lemma 5.2.8 that there exists an absolute constant C
that
[ (r,0) = 1| < C6.

Observe the following. Fix ry > 1—10 > r; > 0. Observe that there exists a constant C'
such that

sup |[J(r,0)|| V|| J(r,0)71] < C. (5.2.4)

ri<r<3.0

Hence it follows from Lemma 5.2.9 and (5.2.3) that there exists and absolute constant C
such that for all z € K~'({r; <r < 3}) we have

1T () = T|[ < C6.

Since h(r) = 0 for each r < ry it follows that for each r < 7, and § < 0, we have
g-(0) = =14+ (1 +0)(6 + 1) and it can be verified by direct computation that there exists
C' > 0 such that

OE}}ST [|J(r,0)" (I 5 (r,0) — 1) J (1, 9,.(0)) + J(r,0)""M(r,0)|| < C4.

It is also easy to see using symmetry of construction and Lemma 5.2.8 that Jy, is con-

tinuous on {zy = £} \ {(1/2,1/2)}.
This completes the proof of the proposition by choosing C; appropriately. O

Finally we have the following.

Proposition 5.2.10. Let 1 > x > 0 be fized. Then for all § < 6y =
bi-Lipschitz with Lipschitz constant (1 + x).

X .
100(C1+1)’ Ws s
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Proof. For § < ﬁ A 1—(1)0, it follows from Proposition 5.2.6 that

- X
max{|[Ju, — ||, [[Jg; — T} < 5

The proposition follows. O

Proposition 5.2.11. Forz € [0,1]2, let d(z) denotes its distance from the corners of [0, 1]2.
Then there exists an absolute constant C' > 0 such that for all x € [0,1]* we have

|Us(x) — x| < Cdd(z).

Proof. This follows easily from the definition of U5 and part (z) of Lemma 5.2.7. O

Estimates for U}
We want to show that the second derivative of U5 remains bounded away from the Twists.

Proposition 5.2.12. Uy is twice differentiable at all points in [0,1)? except possibly on the
crack € and the seams S. Then there exists an absolute constant Cy > 0 (not depending on
8, x, possibly depending on h) such that for (z1,22) € [0,1]*\ (€U SUT,, ), we have

|| W5 (1, 22)]] < Ca0.

Land 2o < i Let

Proof. Without loss of generality consider x = (z1,22) with z; < 3 5

(r,0) = K(z1,x2). Let us denote
H(r,0) = J(r,0)" (I (r,0) = 1)J(r, g,(9)).

For the rest of this subsection, let us introduce the following piece of notation. For a
matrix A, A, (resp. Ay) shall denote the entrywise derivative w.r.t. r (resp. #) of the matrix
A. Because of (5.2.4), it suffices to prove that for some absolute constant C' we have

[[H,.(r, 0)|| < €9, [[Hy(r, 0)]| < C.

It follows now from Lemma 5.2.9 and Propostion 5.2.6 that it suffices to prove the fol-
lowing.

(i) Let us denote J(r,0) = J(r,6)~. There exists an absolute constant C' > 0 such that
13- (r, O)| < C, [[Jo(r, )] < C.

(ii) Let J°(r,0) = (Jg(r,0) — I). Then there exists an absolute constant C' such that
192(r,0)]| < €6, [|35(r, 0)]] < C6.

(iii) There exists a constant C' > 0 such that ||.J.(r, g.(0))|| < C,||Jo(r,0)|| < C6.

The above three assertions are proved below in Lemma 5.2.13, Lemma 5.2.14 and Lemma
5.2.15 respectively. This completes the proof of the proposition. O
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Lemma 5.2.13. Let jr(r, 0) be defined as in the proof of Proposition 5.2.12. Then there
exists an absolute constant C' such that for r € (r1,3) and 0 < 0, we have ||J,.(r,0)] <
C, || Jo(r,0)|| < C.

Lemma 5.2.14. Let J° be defined as in the proof of Proposition 5.2.12. Then there exists
an absolute constant C' such that ||J%(r,0)|| < C6, ||I5(r,0)|| < C6.

Lemma 5.2.15. There exists a constant C > 0 such that ||J.(r, g.(0))|| < C,||Jo(r,0)|] <
Cs.

Proofs of the above three lemmas are deferred to § 5.9.
Finally we have the following proposition.

Proposition 5.2.16. Let x,2' € [0,1)* be such that Vs is differentiable at both x and z'.
Let S, denote the event that the line joining x and x' intersects S. Also set

g(z,2") = min{|z — (1/2,0)[, 2" = (1/2,0)|, |z — (1/2,1)], |2" = (1/2, 1)}

Then there exists an absolute constant Cs > 0 such that we have

|z — ']

g(w, ')

Proof. Clearly it follows from Proposition 5.2.6 that for all z, 2/, we have ||V} (z) — Us(2)|| <
2C19. For xz € T,, it follows from explicit computations that ||} (z)|| < ﬁ for some

absolute constant C' > 0. It follows from mean value theorem that for z,z’ € K~(T,,) we
have

[|Wh(z) — W(2")|] < C3 ( AT+ 151’1,) .

/ P |ZE — l’/|
Iwito) - Wil < 8 (5=
for some absolute constant C'. Notice that the same also follows for z, 2’ € [0, 1)*\ T}, if S, .
does not hold using Proposition 5.2.12. Now consider the case x € T,,,2" ¢ T,,, S, does
not hold. If « ¢ T, /5, g(x,2') > r1/2 and mean value theorem once again gives the result
using Proposition 5.2.12. In the only remaining case, ;E;ii‘) > 1 and so there is nothing to
check. All these combined proves the lemma for an appropriate choice of Cs. n

5.2.4 Stretching Rectangles

For the proof of Theorem 5.1, we shall need to stretch not only the unit square but also
squares and rectangles of different sizes. Also we shall need to stretch rectangles not only
along its length (z;-direction) but also along its height (z3-direction). We can do these by
using W45 composed with some linear functions as follows.

For u = (uy,us) € R? and a,b > 0, let Dy 4,45 : [0,1]> = u+10,a] x [0, 5] be the bijection
given by (x1,22) — u + (azy,bry). Similarly, let Doy 4p : [0,1]> = u + [0,a] X [0,5] be the
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bijection given by (z1,x2) — u+ (azs, bxry). When u, a,b are clear from the context we shall
suppress the subscript (u,a,b) and write Dy or Dy only.

Consider the rectangle R = u + [0,a] x [0,b]. For U5 = (¥}, U%) constructed as above,
the function U5 _, : R — R is a bijection defined by Usp_, = Do VYs0 D;!. Similarly, the
function Usz+: R — R is a bijection defined by Wsp+ = Dyo W50 D;y'. Note that s,
stretches the rectangle in a left-right direction whereas Ws, 5+ stretches the rectangle in an
up-down direction.

5.3 Dyadic Squares

For a rectangle R in R?, whose sides are aligned with the coordinate axes (i.e., of the for
[z, 2 + a] x [y,y + b]), we call a to be the length of R, and b to be the height of R. At each
level n > 0 we write [0,1]? as a union of (not necessarily disjoint) rectangles aligned with
the co-ordinate axes {AJ ?7:11 satisfying the following properties.

1Ay = Al = [0, 12
2. For a fixed n, for each j € 2771, area of AJ = 2-(n=1).

3. If n is odd, then each AJ is a square, i.e., has length and height equal. If n is even,
then for each j € [2"71], the height of AJ is twice the length of AJ.

4. For each n and j, A/ = A2{:11 U Ai{rl. For n odd, AJ and Ai{:ll has same height. For

n
j 2j—1
n even, A/ and A}’ " have same length.

It is clear that there is a way to partition A; into rectangles at each level in such a
manner, see Figure 5.4. Suppose u, ; denote the top right corner of A, ;. For definiteness
we shall adopt the following convention. For each j, u,2; = u,2;—1 where = denotes the
lexicographic ordering on R?. It is clear that under such a convention there is a unique way
to construct AJs. We shall call the A, ; dyadic bozes at level n.

Let

B,={uec A :ue AN nNA for somej#j'}.
It is then clear from the construction that we have for B := U, B,,, A(B) = 0.
For z € Ay \ B, let us define A, , = AJ where j is such that z € AJ. Let Pn,» denote the

density of A in A, 4, i.e.,
AMANA, L)

pn,m == )\(An’z>
Also, define A, ;, = pp414 — pno- Notice that |A,, ;| is constant on A, , \ B. We shall let v, ,
denote the bottom left corner of A, ,. We shall denote by Li(n,z) and Ly(n,z), the length
and height of A, , respectively. Also 6(n, x) ABny for y € A, , which is very close to v,, .

Pn—1,x
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O ) .
Ay
A3,ac .

Figure 5.4: Dyadic squares at different levels

5.3.1 Crack, Seams and Twists on Dyadic Boxes

For z € [0,1]% consider A; ., the i-th level dyadic box of x. If i is even, then define S;, =
Dy, . L1 (i2), Lo (i) () to be the seams of Aj,, €, = Dy(€) to be the crack in A;,, and
T; . = Dy(T) to be the twists in A;,. If i is odd, we have same definitions except Ds is
replaced by D;. Notice that, with these definition, it is clear that dyadic boxes at level
(i + 1) are created by splitting level ¢ dyadic boxes in half along the cracks at level i.

5.4 Stretching

5.4.1 Martingales

Now let X be a random variable which is uniformly distributed on A;. Notice that A, x,
Pn.x, Ay x are almost surely well-defined. Let F,, denote the o-algebra generated by A, x.
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The following observation is trivial.

Observation 5.4.1. We have p,x = P[X € A | F,] is a martingale with respect the
filtration {F,}n>1. Furthermore, p,x — I[(X € A) a.s. asn — oo.

Clearly it follows from definitions that |A,, x| is F,, measurable. This leads to following
easy and useful observation.

Observation 5.4.2. Now consider a random time T which is F,,-measurable. Then we have
using the Optional Stopping Theorem

VCW’PTX = ZE Pi,x — Pi— 1X) | i— 1

— (Z A? ) . (5.4.1)

5.4.2 Stretching at Different Scales
Forn =1,2,...,, define the function ¢, on A as follows. If n is odd and y € A,, ,, we define

gpn(:y) = ‘Ija(n7m)7An,x7—> (y) .

If n is even and y € A, ,, we define

en(Y) = Vs(n,2),0n,0,1(Y)-
Clearly, each ¢, is a bijection on A; that is identity on the boundary.
Define
D, () =¢p10...0p,(x). (5.4.2)
Clearly, ®,, is also a bijection from A; to itself which is identity on the boundary. Also,
set @y to be the identity. In Figure 5.5, we illustrate the sequence of functions @y, ®;, o,
where 6(1,z) = 0.5 and §(2,z) = —0.5 on A}.
Our primary objective will be to control the derivative of ®, which we can write as

= [T e opua). (5.4.3)

Notice that the product in the above equation is a product of matrices. We will anaylse the
following F,-measurable approximation to @/ ,

Y, = HE [Pi(pir10...0p0n(X)) | Ful. (5.4.4)

=1

We further define the quantities

Win =E[¢i(pir10... 0 0u(X)) | Fu] = E[pi(pir1 0.0 0n1(X)) | Foil; (5.4.5)
Vin =Epi(pir10...00n1(X)) | Fo]l =E@i(pivi0...0pn1(X)) | Fual;  (5.4.6)
Ui =Egi(pip10...00n(X)) | Fu]l =Elpi(@iy10...00n1(X)) | Ful. (5.4.7)



CHAPTER 5. BI-LIPSCHITZ EXPANSION OF MEASURABLE SETS 170

(DO ¢1 @2

Figure 5.5: §(1,2) = 1 and 6(2,z) = —0.5 on A}

It is clear that W, ,, = U, ,, + V;,. Observe that

E[g(pir10...00n(X)) | Ful = > Wi, =E[g}(X) | Fi].

j=i+1

Since ¢;(X) is identity on the boundary of A; x, Green’s Theorem implies that integral of
@; over A; x is equal to the integral of ¢; over the boundary of A; x and hence

E[2/(X) | Fi] = L

It follows that

Y, = ﬁ (I + i Wi,j> : (5.4.8)

j=it+1

Dealing with Twists and Seams:

While the derivative of ¥ is well behaved in most regions, observe that Wy is not differentiable
on the seams S, and the second derivative is unbounded on the twists T'. These shortcomings
in smoothness are inherited by the functions ¢;. To deal with these issues we shall need the
following notations.
For a fixed z, let
Jiw = max{l : Ajp, intersects T; . }.

Clearly J; , is almost surely well defined. It measures for how long the n-th level dyadic box
containing x intersected the twists in A; ,.
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For a fixed z and ¢, and for n > i, let A, ,, , denote the event that ¢;10¢; 90.. .00, (Ay_1 )
intersects S; . Let

aivnvx = (n - Z)]‘Az,n,az
By construction the sets A, ,, , is decreasing in n. Now let o, , = max{n : a;, .} and define

Biw = Jiz V ;. We set Zm = |A; ;20210 re weighting A;, when it is close to a twist or
seam. Finally for n > ¢, we define

Aion = | A 5|28 m=D)/10,

Notice that &mn is increasing in n and ﬁmn < ﬁm Also notice that z”n is F,, measur-
able.

5.5 Stopping Times

The primary philosophy of our proof is to keep stretching A on smaller scales but stopping
before it violates the Lipschitz constant. To implement this approach we define a series of
stopping times. Let €1, be small positive constants that will be chosen later in the proof
and set 3 = $ min{vy,1 — 7'}, &4 = 5. We set

n—1
ro=mi(e) =inf{n: Y Al > e}, (5.5.1)
i=1
To 1= TQ(€2) = mf{n . Ai,X > 52}, (552>
73 1= T3(e3) = inf{n : [ppx — A(A)| > €3}, (5.5.3)
71 = 14(eq) = inf{n : ||Y(X) — I||sc > €4} (5.5.4)

Also we define
T =T NTa ANT3 N\ T4.

It is clear from Observation 5.4.1 that 7 is finite almost surely. We primary work of the next
two sections is to prove the following theorem.

Theorem 5.5.1. There exists €1 and €2 > 0 such that for the stopping times defined above,
we have

Plry =17] <

5.6 Estimates on U and V

In this section we show that for a fixed ¢, on {n < 7}, ||U;,|| and ||V;,|| cannot be too
large and decays exponentially with (n — ). We start with the estimate on V,,,.
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Proposition 5.6.1. There exists some absolute constant Cy > 0 such that for each i > 1,
and n > i, we have

Vi (X[ Lnary < Caly xn27 07020 < CuA; 27 (0720, (5.6.1)
Proof. Observe that,

IVin(X| < max |l¢i(pir10...00n-1(2)) = @i(@ir10... 0 pp1(a))][.  (5.6.2)
zx' €A1 x

Observe that, we have on {n < 7}, d(n, X) < %An,X- Set C5 = % Now we need to
consider two different cases.

Case 1: i + 3, x < n. In this case, we have that the line joining x, 2’ does not intersect
S;.x. Fix a constant 5 > 0 sufficiently small. Notice that we have by Proposition 5.2.10
that if g5 < m, then on {n < 7}, pir10...0 ¢, 1 is a bi-Lipschitz continuous
function on A,,_; x with Lipschitz constant at most (1+&5)"~*. Further observe the following.
Since i + 8; x < n, for any point © € A,_; x, we have d(z,T; x) > %12_(”5@’()/2. By bi-
Lipschitz continuity of ¢;41 0 ... 0 ¢, it follows that d(p;s10...0 pn_1(Ap-1.x), Tix) >
%1(1 + 55)*(n*i)2*(i+5i,x)/2'

Hence it follows from (5.6.2) and Proposition 5.2.16 that on {n < 7} for some absolute
constants C' and e5 sufficiently small

MaXz a/en_1,x ’[K - :L',HgoiJrl ©...0 Qonlelip
d(pit10...0pn_1(Ap_1.x), Tix)
27"2(1 4 g5)""
(14 10g4)~(n=02-(+8ix)/2
OAz‘,X(l + 65)2(”—i)2—(n—i—5i,x)/2
CA; x2Pix/109=(n=0)/20 (5.6.3)

IVin (X[ < CAix

IN

IA A

where the final inequality follows by taking e; sufficiently small.
Case 2: i+ ; x > n.
In this case it follows from Proposition 5.2.16 that we have on {i < 7}

max ||gi(z) — ¢i(2')]] < CA; x.

.I,J?/EAi’X
It follows now from (5.6.2) that on {n < 7},
[Vin(X)|| < CAsx < CAx 20~ D/10970=0)/20, (5.6.4)
The proposition now follows from (5.6.3) and (5.6.4) by choosing C appropriately. [

We have a similar result for U, ,, where we get a AZ xA, x term instead of the A; x term
in the above proposition.
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Proposition 5.6.2. There exists some absolute constant Cg > 0 such that for each i > 1,
and n > 1, we have _
Ui (X[ 1nery < Colixnly x27 7020 (5.6.5)

To prove Proposition 5.6.2 we need some additional work to deal with the possibility that
©it1 0+ ©n_1(A,—1 x) might intersect S; x. To this end we make the following definition.
For x € A, x, let A, , , denote the event that the line segment joining ;11 0 ... 0 @,_1(2)
and ;11 0...0@,(z) intersects S; x. Let

Ai,n,X = {93 c An,X : 1{,41.1”@} > 0}.
We have the following lemma bounding the measure of the set A, x.

Lemma 5.6.3. For some absolute constant C' > 0, we have on {n < 7}

AAipx) < CA, 20020277, (5.6.6)

Proof. Denote the two seams in A; x by S}’  and SZ-% x Trespectively. For z € A, x, let Azlmﬁ
denote the event that the line segment joining ;11 0 ...0 ¢,_1(x) and ;41 0 ... 0 @, ()
intersects S} y. Let

A-l’n’X = {ZE - An,X . 1{Ai,n,z} > 0}

(2

By symmetry, it suffices to prove that for some absolute constant C' > 0, we have on
{n <7}

AAL, x) < CA, x 200720970, (5.6.7)

Interpreting Sil, y as a directed simple curve there exist a first point y € SZ{ x Where SZ{ X
enters @;10...09n_1(Ay x) and a last point y' € S}y where S}  exits @;10...00,_1(Anx).
If &5 is such that the bi-Lipschitz constant of ;41 0 ... 0@, 1 is at most (1 + £5)"* then
we get that |y — /| < C(1+ e5)" 927"/ for some absolute constant C' > 0. Let S} x(y, /)
denote the curve segment S} y from y to /. Let {(y,y’) denote the length S}y from y to /.
It then follows that £(y,y') < C(1 + &5)™~9272 for some absolute constant C' > 0. Now
define

Ayyor={x € Nix:3z€ S x(y,y) such that|lz — 2| < C'A,, x (1 + g5) (o7

Clearly x € A}, y implies i1 0...00, 1(x) € Ay o if |pn(z) — 2] < C'A, x27"2 Tt
follows that

)‘< z{n,X) S (1 + 55)(n7i))‘(Ay,y’,C/)-
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Clearly for some constant C' > 0,
)\(Ay,y/7cl) S Cﬁ(y, y/)ATL,X(l —+ €5>(n—i)2—n/2 S CAn,X(l + 55)2(n_i)2_n

and hence we have

AMAL, ) < CA, x (14 e5)307027m,

7

By taking e5 sufficiently small we establish (5.6.7) and the lemma is proved. O]
We also need the following lemma.

Lemma 5.6.4. For some absolute constant C > 0, we have for each x € A, ., on {n < 7}

[pir10...00u(T) — iy10... 00, 1(z)| —i
< CA,, x2m=0/20, 5.6.8
A7 oo pn(@) Tox) < Clnx (56.8)

Proof. It follows from Proposition 5.2.11 that for some absolute constant C' for all z € A,, x
we have |p,(z) — x| < CA, xd(z,T; x). Now for €5 as in the previous case, we have

|piz10...00n(T) —@ir10...00p ()| < (1+ 55)("_i)d(x,fl},x)

and also '
d(pip10...00a(2), T x) > (1+e5)" " d(z, T, x).

Taking e5 sufficiently small, (5.6.8) follows from the above two equations. O

Now we are ready to prove Proposition 5.6.2.

Proof of Proposition 5.6.2. For the proof of this proposition also we need to consider two
cases.

Case 1: i+ 5, x < n.

In this case, we have that @; 110 - ¢,—1(A,—1 x) does not intersect S; x. Hence it follows
that by arguments similar to those in the proof of Proposition 5.6.1 that on {n < 7} we have
using Proposition 5.2.16

U (X)) < 2B A,y max (P10 0@n(®) = pi10. 0 pn (7))
Y

5.6.9
zE€N, x d(@i-‘,—l ©...0 Spn(x)v T%,X) ( )

Now observe that since i + 5; x < n, we have that d(A,, x, T} x) > %2*(”@7’0/2. Choosing
€5 and g5 as in the proof of Proposition 5.6.1 such that the bi-Lipschitz constant of ¢;10...0
@ is at most (1+e5)" " we get that d(g;10...00,(Apx), T;x) = H(1+e5) (7027 (HFx)/2,
Also observe that it follows from Proposition 5.2.11 that for some absolute constant C' > 0

we have

max |¢on(x) —z| < C’An7x2_"/2
IEAn,X
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It follows now from (5.6.9) that on {n < 7} for some absolute constant C'

PYi4+19...0 SOn—1Hz7;pCAn,X

(1 + 55)—(”—i)2*(i+/3i,x)/2

< CAixA,x(1+ 55)2(n_i)2_(n_i_ﬁi,x)/2

< CAx A, x20ex/109= (=020, (5.6.10)

Ul < CAx

IN

Case 2: i+ f; x > n. It follows from Proposition 5.2.16 that

|piv10...0pu(x) —@ip10...0 gpnl(m)\)
0Ol < O8x (2NA) + om0 2O = Pt 0
(5.6.11)

and using (5.6.11), Lemma 5.6.3 and Lemma 5.6.4 we get for some absolute constant C' > 0
[Uin(X)|] < O x A x 2070720 < OA; x A x 2001027000120 < OA WAy 270/,

Proof of the proposition is completed by choosing Cs appropriately. n

5.7 Bounding Y,

Our next step is to prove Theorem 5.5.1. That is, we need to show that it is unlikely that
||Y,, — I|| becomes large before either p, x deviates significantly from A(A), A, x becomes

sufficiently large or Y7, A x,, becomes sufficiently large. For this purpose we construct a
matrix-valued martingale M,,.

5.7.1 Constructing M,,

Define a sequence {M,, },,>1 of matrix-valued random objects as follows.
1. Set M1 =1L
2. Forn > 1, set

k n n n
M- M, =Y [] <I+ > Wm-> Viar [] <I+ > Wm) . (5.70)

k=1 i=1 j=i+1 i=k+1 j=i+1

3

Clearly, it follows that M,, is F,, measurable and since E[V, .41 | F,] = 0 it follows that
M, is a martingale with respect to the filtration {F,}.

Let 71, 72, 73 be defined by (5.5.1), (5.5.2) and (5.5.3) respectively. Define the stopping
times 75 and 74 by
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75 = {infn : ||V, || > 2}. (5.7.2)

Te = T6(86) = {mfn : HMH - IH Z 66}. (573)
Let us define

=T AR AT3ATs

Observe that 7 < 7.
We shall prove the following theorem.

Theorem 5.7.1. Set g = 1/800. Then there exists £1, €3 > 0 such that we have

Plrs < 7] < = (5.7.4)

o] —

Before proving Theorem 5.7.1, observe the following. It follows from (5.4.8) that

M, — M, = zn:Yn ( 11 <I+ zn: W,-J)) A\ f[ <I+ zn: Wm) . (5.7.5)

i=k+1 j=it+1 i=k+1 j=it+1
Choose ¢5 sufficiently small and set 5 = m. By choosing e sufficiently small we

-1
have for each i € [k+1,n] we have |[I+3°7 ;| W,;|| < (1+e5), || (I + D i W”> | <

(1 + £5) using Proposition 5.2.6. It follows now using Proposition 5.6.1 that on {n < 7'} we
have for €5 small enough and for some absolute constant C' > 0

n 2
||Mn+1_Mn||2 < C||Yn||2 22_(n+1_k)/20(1+55)2(n+1_k)£k,X,n>
k=1

n 2
< C||Y.|P 22—<“+1—’“>/5°Zk,x,n>

k=1
< CHYnH2 22(n+1k)/100> (Z 2(n+1k)/100£z7x’n>
k=1 k=1

< O 2 HERAAR (5.7.6)
k=1
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where the third inequality is by the Cauchy-Schwartz Inequality. Hence on the event {n+1 <
7'} we have

Y OE[IMi = M| | F] < 0 Y 2 CHRANAG

=1 i=1 k=1

S CZA?,X,TL S 0851- (577)
i=1
Similarly to (5.7.6), we have that on the event {n < 7’} for some absolute constant C' > 0

[Mos1 = M|l < OVl Y27 0A «,
k=1

Ci 27(n+17k)/50 (2(nfk)/10\/5/\ \/8_1)

<
k=1
< 3e)/? (5.7.8)

for e, sufficiently small.

Having bounded the quadratic variation and increment size of M, we use the follow-
ing inequality for tail probability of a martingale, which is a generalisation of Bernstein’s
inequality.

Theorem 5.7.2 (Freedman, 1975 [15]). Let {X,}n>1 be a martingale with respect to the
filtration {F,}, with |Xg+1 — Xi| < R almost surely. Let'Y, = Z;.:llE (X1 — X0)? | F
Then for each t

t2
IP’[Eln : Xn - Xl > t,Yn é 0'2] S exp {—m} . (579)
o

Now we are ready to prove Theorem 5.7.1.
Proof of Theorem 5.7.1. Choose ¢ sufficiently small so that g > (\/2008 V 20) 5}/2. For
i,j = 1,2 let the (i, 7)-th entry of M,, be M?’. Consider the martingales {X/} = {M"] ,}.
It follows from Theorem 5.7.2 using (5.7.7) and (5.7.8) that
]P’[Eln <7 |X7i1’j — (57;7j| > 66] < 2675.
Taking a union bound over different values of 7 and j it follows that

1
PEn <7 :|IM, —I|| > g <8 ° < 5

This finishes the proof of the theorem. O
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5.7.2 Bounding Y, — M,
We define D,, =Y, — M,,. Note that D; = 0. We have the following lemma.

Lemma 5.7.3. Set eg = 1/800. There exists €1,e5 > 0, satisfying the conclusion of Theorem
5.7.1 such that we have
|’Dt”1{t<7"} S £g. (5710)

Proof. Observe that on {t < 7'}, we have

t—1
D[] < [Doys = D]
n=1

Expanding out D,, we have

Do - D, — kzn; (H (H 3 Wi,j> Uoner [] <I+ 3 Wi,j>>

i=1 j=i+1 i=k+1 j=i+1
- <H (1{165}\7\7@%1 + 1gigs) (I + ) WJ>>> (5.7.11)
SCn],|S|>2 \i=1 j=it1

Call the first term on the right hand side of the above equation A,,, call the second term
B,,. Choosing ¢5 = 100(C5 + 1)e2 and arguing as in (5.7.6) we get that for some absolute
constant C' > 0 we get that on {n +1 < 7'},

HAnH < CZ 27(n+17k)/20(1 + €5>2(n+17k)Ehx’nHAon
k=1

§ 022 (n1=k/50 (Aan-i-l_'_An-‘rlX)

k=1

< CAZ, i +022 (H1=k)/B0A2 (5.7.12)

It follows that on {t < 7'} for some absolute constants C,Cy > 0

-1 t—1 n
Z ALl < C’ZAHHX + CZZQ_(H—"-I_M/mZi,X,t
n=1 =1 h—1
< OZA < Cy(e1 + &3). (5.7.13)

For obtaining a bound on B,,, observe the following. Fix S C [n] with |S| > 2. It fol-
lows from Proposition 5.6.1 and Proposition 5.6.2 that for some absolute constant C' >
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0 we have |W, 41| < C’ALXQ*("“*")/QO for each i € S. Write F;, = Czi,X,n-{—l(l +
£5)2(n 10— (nH+1=0)/20  Apoying as in (5.7.6) it follows by taking e, sufficiently small, on
{n+1< 7'}, we have

H (1{iES}Wi,n+1 + lyigsy (I + Z W1]>> < ||Ya]] HFm

=1 J=i+1 i€S

< JICA xmpa2 =070 (5.7.14)

ics
Summing over all S C [n] with |S| > 2 we get that
1Bl <[] (1 + C&,X,Wz—("“—i)/f’o) — 1= CA x 2 M0, (5.7.15)
i=1 i=1
Now observe that on {n + 1 < 7'}, by choosing e5 sufficiently small we have
- A —(n+1—1 1
ZCAi,X,n—HQ (n+1-0)/50 < 0
i=1
by the argument used in (5.7.8). It then follows that
HB H < 2C Z Az X n+12 (nt1-4)/50 < 10C Z Az X n+l (n+17i)/200, (5716)

=1 =1

where the final step follows from the Cauchy-Schwarz inequality.
Summing over n we get on {t < 7'}, for some absolute constant Cyo > 0

Z ||Bn|| < 010 ZA < 010 51 + 62) (5.7.17)
It now follows from (5.7.11), (5.7.13) and (5.7.17) that we have

D¢ 1ip<ry < (Cy + Cho)(er + €2).

Choosing €1 and &5 sufficiently small such that (Cy + C1o)(e1 +€2) < €5, we complete the
proof of the lemma. O

5.7.3 Proof of Theorem 5.5.1

Now we are ready to prove Theorem 5.5.1.

Proof. Observe that we have g5 + g < 4. Fix &1, €9 > 0 such that Theorem 5.7.1 and
Lemma 5.7.3 holds. It follows from and Lemma 5.7.3, that on {75 > 7'}, for all n < 7" we
have

||Yn — I|| <eg+eg < &g

Proof of Theorem 5.5.1 is then completed using Theorem 5.7.1. O]
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5.8 Proof of Theorem 5.3

We complete the proof of Theorem 5.3 in this section. We first need the following lemmas.

Lemma 5.8.1. Set eg = 1/400. Then we can choose 1, €9 > 0, in Theorem 5.5.1 so that
we have on {n < 7}, [|®!, — Y,|| < .

Proof. Write
Ein = Pi(Pir1 0. 00a) —Elgi(pir10... 0p) | Fl-

Observe that ||¢;,(X)|| is upper bounded by the right hand side of (5.6.2) with n there
replaced by (n+1). Now arguing as in the proof of Proposition 5.6.1 it follows that for some
absolute constant C' > 0 we have

€in(X)|| < CA; x 2~ D720, (5.8.1)

Notice that
o, =]] (I + W, + §n> . (5.8.2)
i=1 j=i+1

It now follows that

@;1 -Y, = Z H <1i¢S (I + Z WZ]) + 1iesfi,n) . (5.8.3)

0#£SC[n] i=1 Jj=it+1

An argument similar to the one used in (5.7.15) gives that for e, sufficiently small, we have
on {n <7}

19, = Yoll < TT (14 CRip2@019) —1 <303 K201 (5.84)
i=1 1=1

Using the Cauchy-Schwarz inequality as in (5.7.16) we get that for some absolute constant
C > 0 we have
||1©7, = Y| < Cler + &2).

The lemma follows by taking £; and e sufficiently small. O

Lemma 5.8.2. We can choose €1, €9 > 0 in Theorem 5.5.1 such that for some absolute
constant Cy1 > 0 we have

]E[E?XT | Fipa] < Cndiy. (5.8.5)
Proof. The above lemma is an immediate consequence of the following lemma. O]

Lemma 5.8.3. We can choose €1, €2 > 0 in Theorem 5.5.1 such that we have P[3; x >
(n—1i),7 >n| Fip1] <10 x 2==058 " for n sufficiently large.
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Proof. Tt is clear from definition that P[J; x > (n—1) | Fiy1] < 2x27(=9/3, Hence it suffices
to show that Pl x > (n —14),7 > n | Fiyi] < 8 x 27(=9/3 It is easy to see that it suffices
to show Pl x > (n—i),7 >n | F] <4 x 27(=0/3,

From definition, if {a; x > (n—1i),n < 7}, then g 110+ @u(Apnx) = @iv10- - Pn1(An.x)
intersects S; x. Notice that the total length of the curve(s) S;x is at most C1527%2 for
some absolute constant Cha. Let €5 be a constant such that on {n < 7}, ;10 -, is
bi-Lipschitz with Lipschitz constant at most (1 + &5)" . It follows that ;11 0 -+ Ppar_1
is also bi-Lipschitz with Lipschitz constant at most (1 + &5)"~*. Note that, as before, e
can be made arbitrarily small by taking es small. Hence it follows that there exists a
set M of N = 8C12(1 + &5)""2("=)/2 points on S; x such that any point on S;x is at
most distance 1(1 + 5)"~927"/2 from some point in M. Let M = {a1,2,...,2y}. It
follows that any point on (@410 0 @uar—1) 1(Six) is at most at distance 4—112*"/2 from
(Pir1 00 @urr—1) () for some k. Tt follows that for

P[A,, x intersects ;10 -0p, 1) (Six), ™ >n| Fi] < 32C15(1 +55)”’i2’("’i)/2 < 2~(=9)/3
by taking e; sufficiently small completing the lemma. O]

Lemma 5.8.4. We have for the stopping time T w.r.t. the filtration F;,

A(@,_1(4)) = ZomX — x(4) +

A Var(pr.x). (5.8.6)

Proof. Let Wy, Ws, ... be the disjoint (except may be at the boundary) 7 level dyadic boxes
(i.e., Wi = A, x on {X € Wy}) such that U,W), = A;. It follows from the definition od ¢,_;
that for each k£ we have that subsets of W}, are expanded uniformly

M@, (AN AMANW)

= , 5.8.7
MO W) AT 50
and that the measure of the image of a box is proportion to its density
AWk) AWi)A(A)
Combining (5.8.7) and (5.8.8) we get
AA ﬁ W
MO-_1(A) = Y M1 (ANWL)) Z S k
k
1 AMANW)? 1 5
= A(Wg) = —=E 5.8.9
which completes the proof of the lemma. O

Now we are ready to prove Theorem 5.3.
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Proof of Theorem 5.3. Consider 11, 79, 73, 74 as in Theorem 5.5.1. It follows from Theorem
5.5.1 that one of the following three cases must hold.

~—
—
=
S—
=
—
=)
|
o
=
vV
D= Wik O

. We treat each of these cases separately.

Case 1: P[r = 7] > +.
In this case it follows that

T—1
~ €1
E[) A7) > e

i=1

Now observe that using Lemma 5.8.2 we have

E = E

> zf,x,fl{rzm}]
= E (Z E[AY ¢ 1rzity | ]:z‘+1]>

T—1

A2
> Al
=1

< CuE ZA?,Xl{TZm}]

(5.8.10)

[7—1
- Chlﬁl EE:ZSiX
Li=1

It follows using Obervation 5.4.2 that

€1

Vi - x) > )
ar(p ,X) = 60y,

It follows now from Lemma 5.8.4 that
AMP,_1(A)) > A(A) + 2¢

where ¢ is a fixed constant smaller than
m/2] < e. It then follows that

1275,—1011. Choose m sufficiently large so that P[r <

AMP—1am(A)) = A(A) +&.

Also, it follows from Lemma 5.8.1 and the definition of 74 that |[®{,_,,,,, — I|| <n/100.

Since ®(;_1)nm is continuously differentiable except on finitely many curves, it follows that
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we have ¢ := ®_1)nn, is bi-Lipschitz with Lipschitz constant 1+7. So the proof of Theorem
5.3 is finished in this case.

Case 2: Pl =] > %

In this case we have P[r; < oo] > 3. Hence it follows that there exists x1,z,...2, €
Ay and iy,d9,...,4, > 0 such that A; ,, are disjoint (except may be at the boundary),
|Aiy o] = /€2, for each k and ;| A(Ay, 2,) > 55. Define the function ¢ as follows. Set
o=V mA,,, — o0 Ai, z, if g is odd and ¢ = U /55, 0y 1 OLL A, . if ig is even. Set ¢ to be
identity on Ay \ (UkAi, 2, )- It is clear that such a ¢ is well-defined, identity on the boundary
of Ay and is bi-Lipschitz with Lipschitz constant (1 + 1) by choosing e, sufficiently small.
Now observe that

1

/\(Qb(A N AZkﬂk)) - )‘(A N A”Lk,ﬁfk)) > A(Aikamk))€2'

Summing over k we get that
£
A(@(4)) = MA) + 2.

So the conclusion of Theorem 5.3 holds for € < %
Case 3: P[r = 73] > ¢.

€

Qlwm

In this case also it follows that Var(p,x) > =2. Arguing as in case 1, it follows that in
this case also there is a bi-Lipschitz bijection ¢ with Lipschitz constant 1 4 7 such that

A(@(A)) = AMA) +¢

2
. 15
where ¢ is a constant smaller than 1—?2’

This completes the proof of Theorem 5.3. n

5.9 Estimates for g, and W

In this section we provide the proofs of Lemma 5.2.2, Lemma 5.2.7, Lemma 5.2.8, Lemma
5.2.13, Lemma 5.2.14 and Lemma 5.2.15.

Proof of Lemma 5.2.2. Let Al = [0,1] x [0, %) and A2 = [0, 1] x (%, 1].

Step 1: YUy is continuous on AU A2,

Notice that it is clear that W is continuous at (1/2,0). Hence it suffices to prove that
for g, defined by (5.2.1) and (5.2.2) we have (r,¢) — g¢,(¢) is continuous. Without loss of
generality assume [ < 0. Define

B (r) sin(£O(r))
O(r)

Ho(0) = (1+ (1))l — (5.9.1)

Notice that it follows from (5.2.1) that
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and the assertion follows from the continuity of H..

Step 2: Let z = (1, 3) with = € [0, 3]. Then W5 is continuous at z.

Without loss of generality assume z; < 1. Take u, = (uf,u3) € [0,1]* converging to

x. Without loss of generality assume {u,} C A'. Let (rn,0,) = K(u,). Then (rn, () —
(%, 2x1 — 1). To prove that ¢, — ¢ = 2x; — 1, observe that,

uh = % + (ry + h(ry)) sin(£0(ry,)).

Taking limit as r,, — % we get the result. Now taking limit as r, — %, and ¢, — ¢ in (5.9.1)
we get (14 0)(¢ + 1) = lim(g,(¢) + 1), which proves Step 2. O

Proof of Lemma 5.2.7. Without loss of generality fix £ € [—1,0). Observe that
4 gr(e)
5/ (14 B(r) — B (r) cos(60(r))) df :/ (14 B (r) — B(r) cos(00(r))) db.  (5.9.3)
-1 4

Using mean value theorem it follows that there exists 0* € (—1,¢),0* € (¢, g.(¢)) such
that

S0+ 1)1+ A (r) — W (r)cos(6*O(r))) = (g.(€) — )(1 + B'(r) — W (r) cos(00™(r))).
It follows that there exists a constant C' > 0, such that we have for all r, 6,
(g-(0) = 0) <C6(L+1) (5.9.4)

since 1/(r) = O(h(r)?) as r — 1. Moreover, since /(1) = o(h(r)?) as r — 3, we have

(g-(0) =€) =0(L+1)(1 +0(1)) (5.9.5)

as r — 3.
Differentiating the integral equation (5.9.3), we get

(1+8)(1+ K (r)— h'(r)cos(£O(r))) = %gg (1+ 1 (r) — W(r)cos(g.-()O(r))).

It follows that

(39r )= 5 (LR (r) = 1(r) cos(tO(r))) + 67 ' (r)(cos(g, ()O(r)) — cos(¢O(r)))

ot (14 b’ (r) — W' (r) cos(g,(£)O(r))) '
(5.9.6)
It follows now using (5.9.4) that since /'(r) = O(h(r))* as r — 3, there is a constant
C > 0 such that sup,. g |895£9) — 1] < C6. O
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Proof of Lemma 5.2.8. Without loss of generality we again assume that § < 0. Observe that
by differentiating both sides of (5.9.2) w.r.t. r we get that

200 {afggwqmw) + {G%ZMLQT@ -0 (280 O (s

It follows that there exists 6* € (6, ¢g,(0)) such that the left hand side of (5.9.7) reduces
to

a%f>ﬂ+hW0—WWW%@AQGWﬁ%F

(g-(8) — ) (A" (r) — W' (r) cos(0*O(r)) + h'(r)©'(r)8 sin(0*O(r))).

Similarly there exists 0™ € (—1,0) such that the right hand side of (5.9.7) is equal to

50+ 1)(R"(r) — B"(r) cos(07O(r)) + h'(r)O'(r)f sin(6**O(r))).
Now observe that

1+ K (r)
(r + h(r)V/4((r + h(r)))* - 1
for r > ro and ©'(r) is bounded away from infinity if r < r.

Hence it follows from the above equations that as long as h/(r) = o(h(r)?) and h"(r) =
O(h(r)?) as r — %, there exists an absolute constant C' > 0 such that

or
The final assertion follows using (5.9.5). O

O'(r)=—

| (1+R'(r) — B'(r)cos(g,(0)0(r))) < C4.

Proof of Lemma 5.2.13. Let D(r,0) denote the determinant of the J(r,f). Clearly since
D(r,0) is bounded away from 0 and oo it suffices to prove the following two statements.

() 12| <0, 2| < C.
(i) (1. 6)]| < C. || Ja(r,0)]] < C.

The first assertion follows directly by differentiating D since (h'(r))?> = O(h(r)?) and
W'(r) = O(h(r)?) as r — i. The second assertion follows directly by differentiating J(r, 6)
entrywise (w.r.t. r and ) since (h'(r))? = O(h(r)?) and h"(r) = O(h(r)?) as r — 3. O

Proof of Lemma 5.2.14. Without loss of generality, we can assume 6 < 0. It suffices to prove
that there exists an absolute constant C' such that

(i) | 22| < €.
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(ii) gggT|<05

(iii) |2%| < C.

Since the functions are sufficiently smooth the mixed partial derivatives will be equal.

For the proof of (i) and (i7), consider (5.9.6). Call the numerator A(r,#) and the denom-
inator B(r,#). Since B(r,6) is bounded away from 0 and oo, it suffices to prove that for
some absolute constant C' > 0, we have |23| < C§, |2 < C6,|28| < C,|28| < C.

We have from (5.9.6) that

DT < W) (1~ cos(g (0)0(r) + K () sin(a (0)(r)) [ 2~

O(r) + g-(0)0'(r)].

Since the functions above are bounded if r is bounded away from % and as r — % we

have h"(r) = O(h(r)?), and (I'(r))* = O(h(r)?) it follows using Lemma 5.2.8 that |22| < C
for some absolute constant C'.
We also have

B
78— Wr)sin(gr (0)0()0 ) .
It follows that | B| < C for some absolute constant C.
Next observe that
0A

SR (r)(1 — cos(0O(r))) + W' (r)00'(r) sin(00(r))]
+ h"(r)(cos(g,.(0)O(r)) — cos(0O(r)))
LR ((0 ~ () sing, (H)O(r)) — O(sin(90(r)) sin(grw)@(r)))

0

_ h’(r)%@(r) sin(g,(0)0(r)).

ar

As before, notice that everything is bounded if r is bounded away from 0 and % It follows
using Lemma 5.2.7, Lemma 5.2.8 and //(r)? = O(h(r)?), K'(r) = O(h(r)?) as r — 1 that
|94| < €6 for some absolute constant C' > 0.

Finally observe that

0A p . /
o5 = OK(r)e(r)sin(0e(r) + 1'(r)e(r)

X (sin(@@(r)) — sin(g,.(6)O©(r)) — (aaie - 1) sm(gr(e)@(r)))

Arguing as before it follows from Lemma 5.2.7 and h/(r) = O(h(r)?) as r — 3 that
|92| < C6 for some absolute constant C' > 0. This completes the proof of (i) and (ii) above.
For proof of (iii), consider (5.9.7), let us denote
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=[50 L
Ay(r,0) = (8[?(9) _ (9Hra(—1))

and
Az(r,0) = (1 + h'(r) — B (r) cos(g,(8)O(r))).

Observe that Aj is bounded away from 0 and oo, and there exists a constant C' such that
|6A3| < C'since h'(r) = O(h(r)?) and I/(r)? = O((h(r))?) as r — 3. Hence using (5.9.7), it
suffices to show that for some absolute constant C' such that || < C¢ and |22| < C.

Observe that

DA, ‘o / '
o = ) L) =K () cos(06(r)) df

and

gr(0) 52
041 _ /e T (1 W) - 1 () cos(0O(r)) db

or or?
Pr0) (1)1 cos(an (0)O(r))) + H(r)/(r)gn () sin(g, (6)O1)))

Arguing as before, using Lemma 5.2.8, h”(r) = O(h(r)?), k(r)? = O(h(r))* as r — 1 it
follows that it is in fact enough to show that 25 (1 + h'( ) — B (r) cos(6O(r))) is bounded.

+

This follows directly by differentiating since h%) (h(r)?) and h’(r)B/'(r) = O(h(r)?)
as r — 3 (the second derivative remains bounded 1f T is bounded away from 0 and 3).
This completes the proof of the Lemma. n

Proof of Lemma 5.2.15. Notice that any real valued smooth function F' = F(r,6), let F
denote the function F(r,0) = F(r, g.(6)). Then we have

o))
Or L0 ] L9914 O
OF _ [a_F] O9r
o0~ |aa],,, o

Now the lemma follows from Lemma 5.2.7, Lemma 5.2.8 and the fact that ||.J.(r,0)|| <
C, || Jo(r,0)|| < C which was established in the proof of Lemma 5.2.13. O
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