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ABSTRACT OF THE DISSERTATION

Some Results on Factorization in Integral Domains
by
Jack Robert Bennett

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, August 2011
Professor David Rush, Chairperson

In this dissertation, we study three recent generalizations of unique factorization; the
almost Schreier property, the inside factorial property, and the IDPF property. Let R be an integral
domain and let p be a nonzero element of R. Then, p is said to be almost primal if whenever p | zy,
there exists an integer k > 1 and p1, p2 € R such that p* = p;py with py | zF and po | y*. R is said
to be almost Schreier if every nonzero element of R is almost primal. Given an M-graded domain
R = @,,cr R, where M is a torsion-free, commutative, cancellative monoid, we classify when

R is almost Schreier under the assumption that R C R is a root extension. We then specialize to

the case of commutative semigroup rings and show that if R[M] C R[M] is a root extension, then
R[M] is almost Schreier if and only if R is an almost Schreier domain and M is an almost Schreier
monoid.

Let D, (a) denote the set of non-associate irreducible divisors of a”. R is said to be IDPF,
if for every nonzero, nonunit element a of R, the ascending chain Dj(a) C Ds(a) C - - - stabilizes on
a finite set. Also, a monoid H is inside factorial if there exists a divisor homomorphism ¢ : D — H
from a factorial monoid D such that for any € H there is an n € N with 2" € ¢(D). R is inside
factorial if its multiplicative monoid R — {0} is inside factorial. Continuing our investigation of
semigroup rings, we prove that no proper numerical semigroup ring R[S] of characteristic zero is
IDPF. Let R be an order in any quadratic integer ring and let n be the least positive integer in
[R:R E] We tie the IDPF, inside factorial, and the almost Schreier properties together by proving
that R[X] is IDPF if and only if R[X] is almost Schreier if and only if R[X] is inside factorial if

and only if every prime divisor of n also divides 5@( V) the discriminant of Q(v/d).
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Chapter 1

Introduction

1.1 Preliminaries and Motivation

Fermat’s Last Theorem, which states that 2™ 4+ y™ = 2" has no positive integer solutions
when n > 2, has inspired the creation of many branches of mathematics. Historically, mathemati-
cians tried to prove Fermat’s Last Theorem by extending the arithmetic of Z to the slightly larger
domain Z[(], where ( is a primitive nth root of 1 and n > 2 is prime !. By doing this, they could

factor ™ + y™ in Z|[(] as

n—1
2 +y" =] (4 )
i=0
and compare this factorization with the factorization of z" in Z[¢] ([13, Edwards]). This method
proved to be effective provided that nonzero, nonunit elements in Z[¢] had unique factorization into
irreducibles; that is, that Z[(] is a unique factorization domain (UFD). The discovery that not all
algebraic number rings, such as Z[(], are UFDs sparked the search for some useful generalization of
unique factorization. This led Dedekind to the creation of ideals, that is to say the “ideal” elements
of the domain, and the discovery that every nonzero, nonunit ideal in an algebraic number ring
factors uniquely into prime ideals. It was in this setting that the study of factorization in integral
domains arose.
It wasn’t too long before mathematicians began to generalize certain properties of UFDs.
For example, a UFD has the property that every nonzero, nonunit element has a factorization

into a product of a finite number of irreducibles (atoms). A general integral domain R with this

!Fermat’s Last Theorem had already been reduced to the case when n > 2 is prime.



property is called atomic. Examples of atomic domains abound. As mentioned, any UFD is atomic.
More generally, any integral domain satisfying the ascending chain condition on principal ideals
(ACCP) is atomic [3]. It should be noted that one usually proves that an integral domain is atomic
by showing that it satisfies the ACCP. However, there are atomic integral domains that do not
satisfy the ACCP [17]. There are also many examples of integral domains that are not atomic. For
example, any domain that has an element with an infinite number of prime divisors is not atomic.
In particular, the ring of entire functions is not atomic [10]. Atomicity is usually the minimal
condition one requires of an integral domain when studying factorization 2.

Another important property of a UFD R is that every nonzero element of R has only a
finite number of irreducible divisors, up to associates. A general integral domain with this property
is called an irreducible divisors finite (IDF) domain. There are many examples of IDF domains.
As mentioned, UFDs are IDF domains. More generally, Krull domains are IDF [18, Proposition
1]. Thus, all algebraic number rings are IDF. What is surprising is how easy it is to produce an

integral domain that has a single element with an infinite number of irreducible divisors that are

not just unit multiples of one another. The subring
n .
R+ XC[X]=4¢> aiX':a,€Ca€RneN
j=0

consisting of all polynomials of the UFD C[X], with constant term in R, is not IDF [3, Example
4.1]. Indeed, the set {(r +i)X : r € R} forms an infinite set of non-associate irreducible divisors of
X2,

One interesting property of a UFD is that every nonzero element has only finitely many
divisors, up to associates, and hence only finitely many factorizations, up to associates. A general
integral domain with this property is called a finite factorization domain (FFD). There are many
examples of FFDs. As mentioned, any UFD is a FFD. Any Krull domain is an FFD. More generally,
a locally finite intersection of FFDs is again an FFD [4, Theorem 2.2]. There are a couple of
important theorems on FFDs that are used repeatedly throughout this dissertation. The first is a
theorem that links the notion of a FFD with the notions of IDF and atomicity [4, Theorem 1], and

states that an integral domain R is an FFD if and only if R is an atomic IDF domain. Another

2There are times when one will not assume atomicity when studying factorization. For example, if a domain is
Schreier and atomic, it is a UFD. So, one does not assume the integral domain is atomic when studying the Schreier

property.



important property of FFDs is that it behaves well with respect to polynomial extensions. That
is, [3, Theorem 5.3] states that an integral domain R is an FFD if and only if R[X] is an FFD.
Three factorization properties will be the central objects of study in this dissertation; the
IDPF, almost Schreier, and inside factorial properties. In their 2006 paper, A Class of Integral Do-
mains Between Factorial Domains and IDF Domains [21], Malcolmson and Okoh discuss a notion
of factorization that is a stronger condition on an integral domain than the IDF property, but
weaker than the unique factorization property. Given a nonzero, nonunit element a in an integral
domain R, let D, (a) denote the set of non-associate irreducible divisors of a”. The domain R is said
to be i?;?;@ducible divisors of powers finite (IDPF) if for each nonzero, nonunit element a € R, the
union U D,,(a) is finite, up to associates. There are many important examples of IDPF domains.
Clearlj;fl,:ziny UFD is IDPF. More generally, Krull domains are IDPF [21, Corollary 3.3]. Thus, any
algebraic number ring is IDPF. Recall that a ring extension T" of R is a root extension if for each
t € T, there is a natural number n such that ¢ € R. One of the main theorems on IDPF domains
that we will use repeatedly throughout this paper states that if R is a Noetherian domain with
integral closure R and nonzero conductor ideal [R : R], then R is IDPF if and only if U(R)/U(R)
is a finite group and R C R is a root extension [14, Theorem 2.8]. This theorem allows us to

determine, with relative ease, which Noetherian domains are IDPF. For example, let K be a field

of characteristic zero. Then, the cuspidal algebra

K[X? X% = {f(z) € K[X] : the coefficient of the linear term is 0} = K[X,Y]/ (Y? — X?),

—_—

is not IDPF [21, Proposition 4.1]. Indeed, K[X2, X3] = K[X] and X? € [K[X?2, X3] : K[X]]. Now,
K[X? X3] C K[X] is not a root extension, whence K[X?, X3] is not IDPF.

Another factorization property that will be studied in this dissertation is the almost
Schreier property. A nonzero element p of an integral domain R is said to be primal if when-
ever p | xy, there exist p1, p2 € R such that p = pyps with p; | = and ps | y. In their 2010 paper
[11], Dumitrescu and Khalid introduce the notion for a nonzero element p of an integral domain
R to be almost primal. That is to say, p € R — {0} is almost primal if whenever p | zy, there
exists an integer k > 1 and py, pa € R such that p* = p1py with p; | ¥ and po | y*. They define
R to be almost Schreier if every nonzero element of R is almost primal. Unlike FFDs, the almost

Schreier property does not behave well with respect to polynomial ring extensions. For example,



the domain D = C[[X?, X3]], consisting of all formal power series in C[[X]] with zero linear term,
is almost Schreier, but the polynomial ring D[Y] is not [11, Example 4.2]. However, if R is an

integrally closed almost Schreier domain, then R[X] is almost Schreier [11, Theorem 4.4].

1.2 Outline of the Dissertation

In Chapter 2, we investigate when graded domains are almost Schreier and inside factorial.
Let R = @,,c)s Bm be an M-graded domain, where M is a torsion-free, commutative, cancellative
monoid. In Section 2.2, we give a classification of when graded domains are almost Schreier,
under the assumption that R C R is a root extension (see Theorem 10). As a corollary, we
give a classification of the commutative semigroup rings R[M] that are almost Schreier, under the
assumption that R[M] C m is a root extension (see Corollary 14). In Section 2.3, we give
a classification of when graded domains are inside factorial, via the almost primal property (see
Theorem 15). As a corollary, we offer a new proof of the well known result due to Krause (|20,
Theorem 3.2]) as to when commutative semigroup rings are inside factorial (see Corollary 16).

In Chapter 3, we continue to explore commutative semigroup rings, but this time in
relation to the IDPF property. Our main result in this chapter states that given an atomic (IDPF)
domain R of characteristic zero and a proper numerical semigroup S, R[S] will never be IDPF,
even though they are all FFDs (see Theorem 25). We also determine when numerical semigroup
rings R[S] of characteristic ¢ > 0 are IDPF (see Theorem 26).

In Chapter 4, we study the orders R of the quadratic integer rings such that R[X] is IDPF.
Let n be the least positive integer in [R :z R]. We show that R[X] is IDPF if and only if every
prime divisor p of n also divides d¢ /3, the discriminant of Q(v/d), and R is IDPF (see Theorem
35). In Section 4.5, we explore when certain orders R of the ring of integers in cyclotomic field
extensions are such that R[X] is IDPF. In particular, we will see that for orders R in the ring of
integers in cyclotomic field extensions, we lose the number theoretic criterion that we have for the
ring of integers in quadratic field extensions, for determining precisely when R[X] is IDPF.

In Chapter 5, we tie all of these factorization properties together (see Corollary 42) by
showing that for a well known class of rings, the factorization properties that we have been studying
are all equivalent. In particular, we show that given an order R of the quadratic integer rings, the

following are equivalent:



1. R[X] is IDPF

2. R[X] is almost Schreier

3. R[X] is inside factorial

4. R[X] C Jg[X\/] is a root extension

5. Every prime divisor of n also divides 5@( Vi) where n is the least positive integer in [R :p E]
In Chapter 6, we discuss what we have done and outline some ideas for future work. For

the reader’s convenience, we provide an appendix consisting of the main definitions used throughout

this dissertation (see Appendix A).



Chapter 2

The Inside Factorial and Almost
Schreier Properties in Graded

Domains

2.1 Introduction

Let R = @,,cp B be an M-graded domain, where M is a torsion-free, cancellative,
commutative monoid, and let S denote the set of nonzero homogeneous elements of R. One often
likes to know if the M-graded domain R has a property P if and only if the homogeneous elements
of R have the same property. For example, it is well known that the M-graded domain R is a UFD
if and only if R is a graded UFD (that is, M is a factorial monoid) and Rg is a UFD ([1, Theorem
4.4)).

Recall that a nonzero element of an integral domain R is said to be primal if whenever
a | biby in R, there exist a1, as € R such that a = ajag with a; | b; in R, for i = 1, 2. The
integral domain R is said to be pre-Schreier if every nonzero element a of R is primal. If R is an
integrally closed pre-Schreier domain, then R is said to be Schreier. Finally, we call a graded do-
main R = @,,c s Rm gr-pre-Schreier if whenever s | xy, where s, x, y € S, there exist s1, 53 € S
such that s = sysp with s; | z and s | y. In their paper [7, Theorem 2.1}, Brookfield and Rush

determine when an M-graded domain is pre-Schreier.



Theorem A [7]: Let R = @,,.); Rm be an M-graded domain, where M is a torsion-free, com-
mutative, cancellative monoid. Let S denote the set of nonzero homogeneous elements. Then, the

following are equivalent:

1. R is pre-Schreier
2. The homogeneous elements of R are primal

3. R is gr-pre-Schreier and I = (s) :g (x) is a homogeneous ideal for each s € S and = € R.

So, we have seen a couple of examples of when an M-graded domain R = €D, ,; R has a property
P if and only if the homogeneous elements of R have the property P.
In their 2010 paper [11], Dumitrescu and Khalid investigate a generalization of the pre-

Schreier property.

Definition 1 A nonzero element a of an integral domain R is said to be almost primal if whenever
a | bibg, there exists an integer £ > 1 and a1, ag € R such that af = ajas with a; | bf fori=1, 2.

R is said to be almost Schreier if every nonzero element of R is almost primal.
We will also need the following three definitions:

Definition 2 Let R = @,,c;; Rm be an M-graded domain. We say that R is gr-almost-Schreier
if whenever s | zy, where s, z, y € S, there exists an integer £ > 1 such that sk = 5159 with s; | zF

and sy | .

Definition 3 Let R C T be an extension of rings. Then, we say that R C T is a root extension if

for each t € T, there exists an integer k > 1 such that t* € R.

Definition 4 Let © € @, Rm be an M-graded integral domain. Let 2 = x1 + 22 + --- + z,
be the unique representation of x as a sum of homogeneous elements. Then, the content of x is

C(x) = (x1,...,Ty).

In Section 2.2, we prove an analog of Brookfield and Rush’s result for when graded domains are

pre-Schreier.



Theorem B [5]: Let R = @,,.); Rm be an M-graded domain and suppose R C R is a root
extension, where R denotes the integral closure of R. Let S denote the set of nonzero homogeneous

elements of R. Then the following conditions are equivalent:

1. R is almost Schreier
2. the homogeneous elements of R are almost primal

3. R is gr-almost-Schreier and whenever y € (s) :g (x), where z, y € R and s € S, there exists

an integer k > 1 such that C(y*) C (s*) :gr C(2%).

—_—

We then specialize to the case of semigroup rings and prove that if R[M] C R[M] is a root
extension, where the monoid M is a torsion-free, commutative, cancellative monoid, then R[M] is
almost Schreier if and only if R is an almost Schreier domain and M is an almost Schreier monoid.

In Section 2.3, we explore when graded domains are inside factorial. We need the following

definitions:

Definition 5 A monoid homomorphism ¢ : D — H is called a divisor homomorphism if for any

a, be D, ¢(a) | (b) in H implies a | b in D.

Definition 6 A monoid H is called inside factorial if there exists a divisor homomorphism ¢ :
D — H from a factorial monoid D such that for every x € H there exists some n € N such that
2" € ¢(D). An integral domain R is called inside factorial if its multiplicative monoid R* = R—{0}

is inside factorial.

In particular, we classify when an M-graded domain R = €, Rm is inside factorial in terms
of the almost primal property, where M is a torsion-free, commutative, cancellative monoid. As a
corollary, we offer a new proof of the well known result due to Krause ([20, Theorem 3.2]), which

states that given a monoid domain R[M] with trivial invertible elements, R[M] is inside factorial

if and only if R is an inside factorial domain, M is an inside factorial monoid, and R[M| C R[M]

is a root extension.



2.2 Graded Domains and the Almost Schreier Property

Let R = @,,cp B be an M-graded domain, where M is a torsion-free, cancellative,
commutative monoid and let .S denote the set of non-zero homogeneous elements of R. Consider
the following condition:

(f): For any nonempty finite subsets Y;, Yo C M and = € M such that = | Y1Ys, there are
21, 22 € M and an integer k > 1 such that o¥ = 2129 with z; | Ylk and zs | YQk.

We have the following lemma:
Lemma 7 If M is a cancellative monoid which is almost Schreier, then M satisfies ().

Proof. See [5]. =
Let (1) denote the following property:
(t1): If z, y € R, s € S and y € (s) :r (), then C(y*) C (s%) :g C(2*) for some positive integer k.

The following lemmas are from [5]. We give the proofs here.

Lemma 8 Suppose R = @,,,cy; Rm is an M-graded domain, where M is a cancellative, torsionless,

commutative monoid. If R is almost Schreier, then R satisfies (11).

Proof. Let y € (s) :r (z). Then, zy € (s) and hence xy = sz, for some z € R. So, s | xy. Thus,
sF = 5159 with s1 | 2% and so | y*. Now, write y* = s91/, where ¥/ € R. Then, 3* € (s3), a homoge-
neous ideal. Thus, C(y*) C (s3). Now, s1 divides every member of C(z*). Let 2% = x14+xo+- - 41y,
where z; € R,, and o; = «; if and only if ¢ = j. Then, s; | z; for all . Thus, z; = s12}, where

kgl and thus, sy € (s%) g (2;) for all 4.

z, € R, for all i. Hence, sox; = s
So, s9 € ﬂ ((s%) :r (25)) = (s%) i (z1, 22, ..., 2,) = (s") :p C(aF). Thus,
i=1

(52) C (s%) :r C(2%). So, C(y*) C (s*) ;g C(zF). m

Lemma 9 Suppose R = @,,,c s Rm is an M-graded domain, where M is a cancellative, torsionless,
commutative monoid. Let S denote the set of non-zero homogeneous elements of R. Suppose R is
graded almost Schreier, R satisfies (1T) and R C R is a root extension. Then, every s € S is almost

primal in R.

Proof. Let s | xy. Then, zy = sr, for some r € R. Thus, y € (s) :r (z). So, by (1),

C(y*) C (s*) :gr C(2*) for some integer k > 1. Thus, C(2*)C(y*) C (s¥). So, s* divides every



member of C(zF)C(y*). Let x = 1 + 22+ -+ + 2, 7; € Ra,;, o = aj if and only if i = j, and

y=vy1+y2+-+Ym y; € Rg;, Bi =p;if and only if i = j. Now, a:kzzx; andyk:Zyg,

ln

no

i, lo

where each monomial z; is of the form xy'xy ---z;", where 3 l; = k, and each monomial y; is of

the form yll’lyg2 - ogybm where S bj = k. By Lemma 7, there exists an integer ¢ > 1 and s1, so € §
such that s* = s;s5 with s1 | 2/ and s | y}t for every ¢ and j. Now, by [24, Corollary 3.3],
sp | a2 2" where St; = t, in R. Also, by [24, Corollary 3.3], sy | ¢/ 4/ - - - /% where

n m

> a; =t. So, s divides each element of C(z*!) and sy divides each element of C(y*") in R. Thus,

sFt = 5159, s1 | 2¥, and so | y** in R. As R C R is a root extension, there exists an integer w > 1

ktw ktw

such that s = s¥s¥ and s | 2" and s¥ | y** in R. m

We would like to determine when graded domains are almost Schreier. We have the following

theorem.

Theorem 10 Let R = ,,c s Rm be an M-graded domain, where M is a cancellative, torsionless,
commutative monoid. Let S denote the set of non-zero homogeneous elements of R. Suppose R C R

s a root extension. Then, the following conditions are equivalent:

1. R is almost Schreier
2. Every element s € S is almost primal in R

3. R is gr-almost-Schreier and R satisfies (T1).

Proof.
(1) = (2): As R is almost Schreier, every element in the saturated multiplicative set S is almost

primal in R.

(2) = (1): Rg is a GCD-Domain [1, Proposition 2.1], and is hence almost Schreier [11, Proposition

2.2(a)]. Asevery s € S is almost primal in R, it follows that R is almost Schreier [11, Theorem 4.3].

(1) = (3): As R is almost Schreier, R is gr-almost-Schreier. The fact that R satisfies ({1) follows

from Lemma 8.

(3) = (2): This follows from Lemma 9. =

10



We will now specialize to commutative semigroup rings. Given a domain R and a torsion-
free, cancellative, commutative monoid M, one often likes to know if the semigroup ring R[M]
satisfies a property P if and only if the domain R and the monoid M satisfy the property P. For
the almost Schreier property, we will show that if R[M] C }/2[7\?] is a root extension, then R[M] is

almost Schreier if and only if R is an almost Schreier domain and M is an almost Schreier monoid.

To do this, we need the following definition and lemmas (from [5]).

Definition 11 A commutative monoid ring R[M] is said to have trivial invertible elements if

M n—-M = {0}.

Lemma 12 Let R be an almost Schreier domain, M a torsion-free, commutative cancellative,

almost Schreier monoid, and R[M| C R[M] a root extension. Suppose R[M| has trivial invertible

elements. Then, R[M] is gr-almost- Schreier and satisfies (11).

Proof. Suppose r1 X | 7o X*r3 X in R[M]. Then, r; | rorg in R and o1 < ag + a3 in M.
Since R is almost Schreier, there exists an integer k; > 1 and ws, ws in R such that r’fl = wows
with wy | 7“]2“ and ws | 7“]3“ in R. Also, a1 < ag 4+ a3 implies that there exists an integer ko > 1
and B2, B3 € M such that kear; = B2 + O3 and P2 < kaag and (3 < kaas. Let k = lem(ky, ko).
Then, r} = w§2w§2, with w§2 | 5 and w§2 | 7“§. Also, kaq = k189 + k183 with k182 < kas and
k183 < kas. So,

X = (e x005) (o 0

with wk2 X*152 | (pyX2)F and w2 Xk1Ps | (rsX)*. So, R[M] is gr-almost-Schreier.

It remains to show that R[M] satisfies (11). We first show that R and M are almost
Schreier. For, let K be the quotient field of R, and suppose r € K is integral over R. Then,
reR - E[\Z\_J/] So, ¥ € R[M], for some positive integer k, and hence r®* € R. So, R C R is a root
extension. As R is almost Schreier, it follows that R is almost Schreier [11, Proposition 2.2(d)].
Also, let a € M. Then, X € E[\]\?] Thus, there exists an integer & > 1 such that X** ¢ R[M].
So, ak € M. So, M C M is a root extension. As M is almost Schreier, it follows that M is almost
Schreier [11, Proposition 2.2(d)].

We now show R[M] satisfies ({1). Let g € (rX®) :gag (f), where f, g € R[M] and r X« is
a homogeneous element of R[M]. So, X% | fgin R[M], and hence in E[\]\?] So, r X divides every

—_—~

element of C(fg) in R[M]. As R[M] is integrally closed, (C(fg)), = (C(f)C(g))» [2, Theorem

11
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3.5(1)]. So, rX“ divides every element of C(f)C(g) in R[M]. Let f = riX* + -+ + r, X%,
ap < <ap,and g =5 X9 4 4 5, X% B <. < B,. Then, r | ris; for all ¢ and j in R.
As R is almost Schreier, Lemma 7 implies that there exists a positive integer k; > 1 and 2z, w € R
such that

r*1 = 2w with z | 7 and w | s?l,

for all 4 and j. Also, X | X* X5, for all i and j. So, o < «; + Bj for all i and j. As M is almost

Schreier, Lemma 7 implies that there exists an integer ko > 1 and 71, v € M such that
kaae = y1 + yo with 71 < koa; and 72 < kof3;

for all ¢ and j. Now, let & = lem(ky, ko). Then,

rk = ZR2k2 with 282 | vk and w"? | s?,

for all 4 and j. Also,
koo = ki1 + k1o, with k1y1 < koy, and kiye < kB,
for all 4 and j. Thus,

k
(rXa)k = (szXk”1) (kaXk”2> with 2F2 xFimn | (riXO‘i)k and w2 X*172 | (stﬁj) ,

in R[M].
As E[\]\?] is integrally closed, 2" X" | (r X1)1 ... (r, X)) where S 1; = k, in E[\]\?]

[24, Corollary 3.3]. Also, w*2X*172 | (leﬁl)bl--~(sz5m)bm, where Y b; = k in R[M] [24,
Corollary 3.3|. So,

rkxek — (zl”Xk”l) (kaXklw) with 2F2 xkimn | fk and w*2 X*172 |gk,

—_— —_—

in R[M]. Since R[M] C R[M] is a root extension, there exists an integer 7" > 1 such that

12



(’I“Xa)kT _ (ZkQTXk‘l’le> (wkgTXk‘l’sz) with zk‘gTXkl’le | fk‘T and wk’QTXk;l’ygT | ng7

in R[M]. So, zF2T XkmT divides every element of C(f*T) in R[M] and w*?T X*172T divides every

element of C(¢g*T) in R[M]. Thus,
(T,Xoc)k:T _ (ZkgTXk‘l’}qT) (kaTXk1’sz>
divides every element of C(f*7)C(g*T) in R[M]. So,
C(f o) < (X)),

and hence

C(gT) € (X)) impan CUAT).
So, R[M] satisfies ({1). m

Lemma 13 Let R[M] be a semigroup ring with trivial invertible elements. If R[M] is almost-

Schreier, then R is an almost Schreier domain and M is an almost Schreier monoid.

Proof. Let r | zy in R. Then, there exists an integer k£ > 1 and r;, ro € R[M] such that rk = 1o,
r1 | 2%, ro | yF. Since the degree of r is 0, it follows that the degree of 1 and 73 is 0 since R[M] is
a semigroup ring with trivial invertible elements. Thus, 71, 73 € R. So, R is almost Schreier. Now,
suppose @ < a1 + ag. Then, X | X*1 X, As R[M] is graded almost Schreier, there exists an
integer k > 1, and f, fo € R[M] such that f; | X** and fo | X2, By [15, Theorem 11.1], f; and
fo are monomials. So, fi = uX? and fo = u~' X", Thus, X = uXPry~1XP2 X5 | Xk
and u~1XP2 | X2k So, ak = 1 + B2 and B1 < aqk and B2 < ask. So, M is almost Schreier. m

—_~—

Corollary 14 Suppose R[M] C R[M] is a root extension and R[M| has trivial invertible elements.
Then, R[M] is almost Schreier if and only if R is an almost Schreier domain and M is an almost

Schreier monoid.

Proof. Suppose R[M] is almost Schreier. Since R[M] has trivial invertible elements, it follows from

Lemma 13 that R is an almost Schreier domain and M is an almost Schreier monoid. Conversely,

13



—_——

suppose R is an almost Schreier domain and M is an almost Schreier monoid. As R[M] C R[M] is
a root extension, Lemma 12 implies that R[M] is graded almost Schreier and R[M] satisfies ({t).
Thus, by (1) < (3) of Theorem 10, R[M] is almost Schreier. m

2.3 When Graded Domains are Inside Factorial

In this section, we answer the question as to when graded domains are inside factorial.
As a corollary, we offer a new proof of the well known result due to Krause [20, Theorem 3.2],
which states that, given a monoid ring R[M], where M is a torsion-free, commutative, cancellative
monoid and R[M] has trivial invertible elements, R[M] is an inside factorial domain if and only
if R is an inside factorial domain, M is an inside factorial monoid, and R[M] C % is a root
extension.

Recall that a Krull domain is a locally finite intersection of valuation rings {V)} which are
rank one discrete. A generalized Krull domain is a locally finite intersection of rank one valuation

rings {V)\} and a rational generalized Krull domain is a generalized Krull domain such that the

value group of each valuation ring V) is order isomorphic to an additive subgroup of Q.

Theorem 15 Let R = @, ;s Rm be an M-graded domain, where M is a cancellative, torsionless,
commutative monoid. Let S denote the set of non-zero homogeneous elements of R. Then, the

following conditions are equivalent:

1. R is inside factorial

2. FEvery element s € S is almost primal in R, R C R is a root extension, and R is a rational

generalized Krull domain.

3. R is gr-almost-Schreier, R satisfies (1), R C R is a root extension, and R is a rational

generalized Krull domain.

Proof.
(1) = (2): As R is inside factorial, R C R is a root extension and R is a rational generalized
Krull domain [8, Theorem 7(a)]. Also, R inside factorial implies that R is almost Schreier [11,

Proposition 2.2(e)]. In particular, the homogeneous elements of R are almost primal in R.

14



(2) = (1): Rg is a GCD-domain [1, Proposition 2.1] and hence almost Schreier [11, Proposition
2.2(a)]. Since every element of S is almost primal in R, R is almost Schreier [11, Theorem 4.3].
But, R C R is a root extension. So, R is almost Schreier [11, Proposition 2.2(d)]. Thus, Cl;(R)
is torsion [11, Theorem 3.1]. As Cly(R) is torsion, R C R is a root extension, and R is a rational
generalized Krull domain, it follows that R is inside factorial [8, Theorem 7(a)].

(1) = (3): R inside factorial implies that R C R is a root extension and R is a rational generalized
Krull domain [8, Theorem 7(a)]. Now, R inside factorial implies that R is almost Schreier [11,
Proposition 2.2(e)] and hence R is gr-almost-Schreier. Lemma 8 implies that R satisfies ({t).

(3) = (2): This follows from Lemma 9. m

We are now ready to specialize to semigroup rings and offer a new proof of [20, Theorem 3.2], as a

corollary of Theorem 15.

Corollary 16 Let M be a cancellative, torsion-free, commutative monoid, with trivial invertible
elements. Then, R[M] is inside factorial if and only if R is an almost Schreier domain, M is an

almost Schreier monoid, R[M|] C R[M] is a root extension, and R[M] is a rational generalized

Krull domain.

P P

Proof. Suppose R[M] is inside factorial. Then, R[M]| C R[M] is a root extension and R[M] is a
rational generalized Krull domain [8, Theorem 7(a)]. As R[M] is inside factorial, R[M] is almost
Schreier [11, Proposition 2.2(e)]. By Lemma 13, R is an almost Schreier domain and M is an almost
Schreier monoid.

Conversely, suppose that R is an almost Schreier domain, M is an almost Schreier monoid, R[M] C
E[T\[] is a root extension, and }/2[\]\4/] is a rational generalized Krull domain. By Lemma 12, it

follows that R[M] is gr-almost-Schreier and that R[M] satisfies (11). By (1) < (3), R[M] is inside

factorial. m

2.4 Conclusion

We have seen for an M-graded domain R with R C R a root extension, where R denotes
the integral closure of R, that R is almost Schreier if and only if each nonzero homogeneous element
of R is almost primal if and only if R is gr-almost-Schreier and whenever y € (s) :g (z), where
s # 0 is homogeneous and z, y € R, then C(y*) C (s*) :r C(2*), for some integer k > 1 (Theorem

10).

15



Question 17 We wonder if an M-graded domain R, where M 1is a torsion-free, commutative,

cancellative monoid, is almost Schreier implies R C R is a root extension?

We were unable to determine if this is the case or not. In Chapter 5, we classify the orders
R of the quadratic integer rings such that R[X] is almost Schreier and we link this up with two

other factorization properties; namely, the IDPF property and the inside factorial property. As a

corollary to Theorem 10, we have found that if R[M] C R[M] is a root extension, then R[M] is
almost Schreier if and only if R is an almost Schreier domain and M is an almost Schreier monoid
(Corollary 14). We have also given a classification of the M-graded domains that are inside factorial
via the almost primal property (Theorem 15). As a corollary, we offered a new proof to the well
known result of Krause ([20, Theorem 3.2]) which classifies when commutative semigroup rings are
inside factorial (Corollary 16).

In the next chapter, we continue our investigation of commutative semigroup rings and
determine when a particular class of commutative semigroup rings, the numerical semigroup rings,

have the IDPF property (Theorem 25, Theorem 26).
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Chapter 3

Numerical Semigroup Rings and the

IDPF Property

3.1 Introduction

Factorization in commutative semigroup rings is not as nice as one would hope. For
example, let K be a field. It is well known that K[X;(2,3)] is not a UFD, or an HFD for that
matter, since the element X% has two factorizations, into irreducibles, in K[X;(2,3)]; namely,

X0 = X2X2X? = X3X3. Recall the following factorization property:

Definition 18 Let R be an integral domain and let a € R be a nonzero, nonunit element. Let

D, (a) denote the set of non-associate irreducible divisors of ™. Then, R is said to be irreducible
o0

divisors of powers finite (IDPF') if for every nonzero, nonunit a € R, the set D(a) = U Dy (a) is
n=1

finite.

In 2006, Malcolmson and Okoh showed that K[X;(2,3)] is not even IDPF [21, Proposition 4.1].
More generally, they showed that for any integral domain R of characteristic zero, the cuspidal
algebra R[X;(2,p + 2)] is not IDPF for any odd prime p or p = 1 [21, Proposition 4.1]. Before we

state the main result of this chapter, let’s recall a few definitions.

Definition 19 A numerical semigroup S is a submonoid of N = {0,1,2,...} with Z as the group

generated by S.

17



Definition 20 For a numerical semigroup S, the Frobenius number of S, denoted g = g(S), is the

largest element of Z not in S. The multiplicity of S, denoted e, is the smallest positive integer in

S.

In 1884, Sylvester proved that the Frobenius number of a numerical semigroup with two
relatively prime generators n; and ng, is given by g({n1,n2)) = (n; — 1)(n2 — 1) — 1. Interestingly,
there is no known closed formula for the Frobenius number of a numerical semigroup S with three or
more generators. However, it is well known that given a positive integer a, there exists a numerical
semigroup S such that ¢g(S) = a. In this paper, we extend Malcolmson and Okoh’s result. We
show that given any atomic integral domain R of characteristic zero and any proper numerical
semigroup S, it follows that R[X; S] = R[S] is not IDPF. From the results of Etingof, Malcolmson,
and Okoh in [14], we can deduce some special cases of our theorem. For example, since the integral
closure of R[S] is R[X] and X9+ ¢ [R[S] : R[X]], if R is Noetherian, one sees by [14, Theorem
2.8] that R[S] is not IDPF, since R[S] C R[X] is not a root extension. They also show that if K
is a field of characteristic zero, then any K-subalgebra R of K[X] that is IDPF is isomorphic to
K[X] [14, Theorem 2.11]. So, this result shows that K[X;S] is never IDPF, when K is a field of
characteristic zero (this also follows from [14, Theorem 2.8]). So, our result extends the non-IDPF
status of the numerical semigroup rings R[S], when R is atomic and not Noetherian. For example,
if R has characteristic zero and satisfies the ascending chain condition on principal ideals (that is,
R satisfies the ACCP), then R[S] is not IDPF, since if R satisfies the ACCP, then R is atomic [3].

Interestingly, given a numerical semigroup S with Frobenius number ¢g(S) = p™, for p a
prime and m a positive integer, the condition that R is atomic can be dropped (Lemma 21). This
gives Malcolmson and Okoh’s result on the cuspidal algebra as a corollary, since the Frobenius
number of the numerical semigroup (2, p + 2),where p is an odd prime, is g({2,p + 2)) = p.

In section 3.3, we settle the case when R has positive characteristic q. Namely, we show
that if R is an atomic integral domain of characteristic ¢ > 0, and S is a numerical semigroup, then

R[S] is IDPF if and only if R[X] is IDPF.
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3.2 Proper Numerical Semigroup Rings of Characteristic Zero

and IDPF

Before we can prove our main result, we first prove a lemma for the case when the numerical
semigroup S has a Frobenius number that is a power of a prime number. Notice that we need not

assume that our integral domain R is atomic.

Lemma 21 Let S be a proper numerical semigroup with Frobenius number g = p™ and let R be

an integral domain of characteristic zero. Then, R[S| is not IDPF.

Proof. To show that R[S]is not IDPF, we produce an element f(X) of R[S] such that Ds(f(X)) #

Ds11(f(X)) for any positive integer s. This shows that D(f(X)) = U Ds(f(X)) is infinite, whence
s=1
R[S] is not IDPF. Let f(X) = X¢(X9 — 1), where e is the multiplicity of S and g is the Frobenius

number of S. Notice that
(PN = X7 — 1) = XODexe (X9 - 1),

Let f,(X) = X¢(X9 —1)". We should note that

fo(X) = Xei <n> (—1)" I X9 = i <n> (—1)n—i x9ite

=0 =0

belongs to R[S]. This follows because when j = 0, we get £ X°¢ € R[S], since e is the multiplicity
of S, and for j > 1, X97+¢ € R[S], since g is the Frobenius number of S. To prove that R[S] is not
IDPF, it is enough to show that f,,(X) is irreducible for every positive integer n, since f;(X) and
fi(X) are non-associate when i # j. So, by way of contradiction, suppose that f,(X) = FG, for
some n, where F' and G are nonzero, nonunits in R[S]. Let K denote the quotient field of R and
K denote the algebraic closure of K. Since the characteristic of R is zero, we note that K contains

Q. Now, in K[X],
g—1

F=Xx"T[(x-¢)e,
1=0

and
g—1

G=x"]]x-¢)*,

1=0

27

where [1, l2, €;, d; are nonnegative integers with ;1 +1ls =e, e; +d; =n,and ( =e 9 .
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g—1
Consider F = Xh H(X — ()%, Then, either [; = 0 or I; > 0. Suppose first that I; = 0,
i=0
g—1 '
so that F' = H(X — ¢")%. Now, since S is a proper numerical semigroup, 1 ¢ S. Thus, the
i=0
X-coefficient of F' must be 0. Now, we get the X-coefficient of F' by choosing one term in the

product
F=(X-)(X-X-¢) (X =) (X =" (X =7, (3.1)

where the factor X — (7 occurs e;j times, taking the product of the remaining constant terms from
each factor, and taking a sum over all possible ways of doing this. There are (ij) ways we can
choose the binomial X — ¢’ in (3.1), for each 0 < j < g — 1. Choosing the factor X — ¢/ and taking
a product of the remaining constant terms, we obtain H(—Q")ei(—g‘j)ejfl. Taking a sum over all

i#]
the possibilities, we obtain

|
—

g
X — coefficient = €; H(—Ci)ei(—gj)ejil
i#£]

Il
- o

g—1
= JIEEH“> e =6
0

i= J=0 i#j

Q <.

But, the X-coefficient = 0. So, we get by cancellation that

g—1
0=> ¢ J(=¢)
J=0  i#j
Thus,
g—1
0=> e J(¢)
J=0  i#j

20



Now, if g = p™, where p is an odd prime, we get

ch — C0+1+-~~+j—1+j+1+--'g—1
i#]

_ C<9721)g7j

= (7,

since g odd implies 2 divides g — 1, and (9 = 1. Thus,

0 = e;j¢
=0
1

Since g — 1 and g are relatively prime, we can apply the Q-automorphism ¢ — ¢97! to

g—1 )
0= Zej (Cgfl)]. Doing so, we obtain,
§=0

since §92 =("29=1.
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Now, if g = 2™, we get

So, we have

Applying the Q-automorphism ¢ — ¢

since (2"

R Thus,

[1¢

i#]

COHIF =T+ g1

_ g(g;1>g_j

2m_1)2m
ERCEN
= ¢

— (C71)2M*1+j

_ (C2M—1)2m*1+j'

g—1

m— 1 om—1j
E e; (¢ 7,
Jj=0

m__ .
2"=1 we obtain

g—1 1,
m 2 am +]
e (C(Q -1) )
J
Jj=0
g—1 _ .
Sy ()
7=0
g—1
2m71 .
D e
=0
g—1
2m71 -
> e
=0
g—1
e;(—1)¢,
7=0

g—1
0=> e,
j=0
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when g = 2™. So, whether g = p™ has p = 2 or p an odd prime, we obtain from the fact that the

X-coefficient must be zero, the relation

g—1
0="> e
j=0

Now, [Q({y) : Q] = é(g). So, the set {¢,...,¢?W~1} forms a basis for Q((,) over Q. We want to

g—1

express the ¢*in 0 = Z ejgj in terms of the basis elements {¢9, ..., ¢(?@~1} of Q(¢y) over Q, and
j=0

use the linear independence of {¢°,..., Cd’(g)*l} over Q to obtain a relation among the e;, and in

turn use this relation to get a reduction of F. The minimal polynomial for ¢ over Q is

(I)Q(X) = Z kam_lv
0<k<p—1
which has deg ®4(X) = (p — 1)p™ ! = ¢(g). Since ®,(X) is the minimal polynomial for ¢ over Q,

we have 0 = ®4(¢) = Z Ckpmil. Solving for ¢?9), we obtain
0<k<p—1

¢ = N (3.2)
0<k<p—2
To express the remaining (%, ¢(g) +1 <4 < p™ — 1 = g, in terms of
the basis elements {¢?,...,¢?@)~1} of Q(¢y) over Q, we need only multiply (3.2) by ¢/, for

1<j<g—a(g)—1=p" —(p—1)p™ ! —1. Doing so, we obtain

C¢Qﬂ+¢ _ j{: Ckpm_1+1
0<k<p—2
C¢Qn+2 _ 2{: Ckpm_1+2
0<k<p—2
¢t = - ji: crpm TP = (= 1pm T L
0<k<p—2
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g—1
Substituting ¢?@+1 ... ¢97 1 into 0 = Zejcj, we obtain
=0

0 = el’4et+--+ %(g)il@(g)*l + %(g)@(g) o fepm P

= 60(0 -+ 61C1 + -+ 6¢(g),1g¢(g)71

Teo(g) | — Z ¢ epm—1 | — Z chpm T
0<k<p-—2 O<h<p_2
= eol® F el + ey 1 ¢ ey (-CO — T T C(”_Q)pmflﬂ)
+eg(g)+1 <—Cl A S C(p—2>pm*1+1)
ool (—gpm”ﬂ e C(pfl)pm_lfl>

= (e0 = e4()S" + (€1 — egg+1)C" + -+ (epm-11 = eg-1)CP" !

m—1 mfl_l

m—1
+(€pm*1 - €¢(g))Cp + (epm*1+1 - €¢(g)+1)Cp 4 (e2pm*1—1 - 69—1)C2p

)C(p—2)pm‘1 )C(p—2)pm‘1+1

+(ep2)pm-141 ~ €g(g)+1

¢Plo)-1,

F(ep-2)pm-1 = €4(g)

+ .-+ (e(p_Q)pm71+pm71_1 - eg_l)

Using the linear independence of {¢?,...¢?@~1} over Q, we obtain

€0 = €g(g)> Cpm=1 = €o(g)r -5 C(p-2)pm ! T Colg)
€1 = Co(g)+1 Epm=i4l = Co(g)+1> -+ E(p=2)pm—1+1 = Co(g)+1
6pm71_1 - eg_l, €2pmfl_1 - eg_l, . e ,e(p_Q)pmfl_;'_pmfl_l - €g_1.

24



Thus,

€0

Fo= [(X =) = ¢ )X = ) (X = ()
(X =0 = ¢ ) (x = (o

m—1_1

[ S T G e P A A |

Consider the first term in F, namely (X — ¢O)(X — ¢P" " )(X = ¢%™ 1)« (X — ¢P=DP™ 1), The

1

constants in the linear factors are the p”™~! roots of unity, starting at ¢°. Thus,

1 m—1 m—1

(X =X = ¢ )X =) (X = (PP = X - (O (3-3)

So, the X7-coefficient of

(X — O (X — Cpm‘l)(X _ C2pm‘1)...(X — C(pfl)pm_l) =0, for1<j<p-—1.

As far as the other factors of F' are concerned, say
(X = ¢ = ¢ ) (X ¢, (3.4)

we get that the X7-coefficient of (3.4) is

X7 — coefficient
— (i) (XJ' — coefficient of (X — (O)(X — ¢ ) (X — ¢ (X — <(H>Pm’1))
— Ci(p—j)o

= 0.

For, to get the X/-coefficient of (3.4), we take the product of the constant terms of all but j of

the binomials and sum over all possible ways of doing this, namely <p> Each term in the sum
J
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has a common factor of ¢/P~7) Taking this factor out, we get the X7-coefficient of (3.3), which is

zero, for 1 < j < p — 1. Thus, we get that F' reduces as follows:

m—1_1

F= (X7 =) (X7 =)o (X7 = 07T 0)

Since g = p™, the XP-coefficient of F' must be 0. As before, we get that

epm71,1

0= Y e

J=0

But, ¢? is a primitive p~! root of unity. So, the elements {CO, N Cp(¢(pm71)_1)} form a

basis for Q(¢?) over Q. Now, (? is a zero of

m—2
Ty (X) = Y X
0<k<p—2

I root of unity ¢P. Again, we want to use the linear

the minimal polynomial of the primitive p™~
independence of {CO, R Cp(‘ﬁ(pm_l)*l)} over Q, to find a relation among the e; and reduce F
further. We use ®,m-1(X) to find an expression of (p(¢(pm—1)) in terms of the basis elements

{CO, ¢P, ... ,Cp(¢(pM7l)_1)} over Q. We get

0=Cpm1 ()= > (V)"

0<k<p—1

Solving for ¢P?®" ") we obtain

P ) = Z ckm (3.5)

0<k<p—2

To find the other Cp(¢(pm_1)+i), 1 <4 <pm™?2—1, in terms of the basis elements
{CO, cpy ... ,(p(¢(pm_l)_1)} over Q, we multiply (3.5) by ¢/P, for 1 < j < p™~2 — 1. Doing so, we

obtain
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O™ H+) Z R

0<k<p—2

PO P Z chp P 1)

0<k<p—2

€pm—1_1
We now substitute the above equations into Z eijj = 0, and use the linear independence of
j=0
{CO, (P, ... ,Cp(¢(pm71)_1)} over Q to get a relation among the e;. We get

Epm—1_1

0 = Z €ijj
7=0
_ 60(0 4 €1CP + 624‘217 + .4 €¢(pm—1,1)cp(¢(pm_l)_l)
+e¢(pm71)<p¢(pm—l) + e¢(pm71+1)4p(¢(pm_l+l)) + e + e¢(pm71)+pm72_1CP(¢(pm_1)+pM—271)

= eoC® +e1(? + e + -+ egm-) P TH=1)

kmfl kmfl
Feppm-1) | — Z P + egpm-1y41 | — Z ckem T

Osk<p—2 0<k<p—2

kp™ =1 4p(pm—2—
4+t Ep(pm—1)pm—2-1 | — Z ¢ D +p(p 1)
0<k<p—2

= eOCO + elcp + €2<2p 4+ ed)(pmfl_l)cp((é(pmil)_l)
+€¢(pm 1 ( C _ Cpm 1 C P 1 L C(p_2)pm_l>
+€¢(pm 141 ( CP €2pm_l+p L C‘(P*Q)pm_hrp)

e egpmetyppmo21 (_Cp(pm—2,1) . Cpm71+p(p’m72,1) L C(p*2)pm’1+p(pm*271)>
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m72_1)

= (e0 = egim—1)) ¢" F (e1 = eom-1)41) "+ -+ (epm2_1 — epm-1_1) (P
Cp(p’”*2+1) 4o

+ (epm-z = eam—1) (7 + (epm-241 — egpm-1)41)

m—2__
+ (62pm—2—1 - 6pm—l—l) C2p(p b

_ m— _ m—2
+ (ep-aypm—2 = eom1) (V7" 4 (egpmzppm-2 1 = egpm-tyar) (HOTITID 4

+ (e(pf2)pm*2+pm*2fl - epmflfl) Cp(¢(pm71)_1)

Using the linear independence of {CO, ¢P... ,Cp(d)(pm*”*l)} over Q, we get

€y — €¢(pm—1), epm_z = €¢(pm—1), ‘e ,€(p_2)pm—2 = 6¢(pm—1)
el = €¢(pm71)+1, epm72_‘_1 == €¢(pm71)+1, ey e(p_Q)p'm72+1 = €¢(pm71)+1
epm72,1 = epmflfl, €2pm72,1 = epm—lfl, NN ,€(p,2)pmf2+pm—2,1 = epm71,1

Thus, we get that

F = [(Xp _ CO) (Xp _ CP(Pm%)) . (Xp . Cqu(pmil))ro

[(Xp —¢") (Xp - Cp(pmfzﬂ)) (Xp _ Cp((;ﬁ(zv’”*l)jtl))}61

[(Xp - Cp(pm_2_1)> (Xp — (p(2pm_2—1)> . (XP _ Cp(pm‘l—l)ﬂepm_Q*l .

2

Since the constants in the linear factors of the first term in F are the p"™~° roots of unity, we get

(XP - CO) (XP _ Cp(Pm_Q)) (XP _ <p¢(pm_1)> — xP _ ¢o.
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As before, F' reduces to
F = (Xp2 — Co)eo (XP2 — CPQ)el . (Xp2 _ Ciﬂ(p’”*?—l))6""‘72*1 .

But, g = p™ implies that p? ¢ S. Thus, the X P’ _coefficient must be zero. Continuing in this

manner, we arrive at
F— (Xp -1 CO)eo (Xpmq _ Cpm—1>el o (Xpm—l _ Cpmfl(p_l))epfl '

Now, g = p™. Thus, p™~ ! ¢ S. So, the X" _coefficient must be zero. That is,

p—1
0= Z ejcpm_lj.
3=0
But, (*" " is a p = p™~(m=Dth root of unity. So, {Cpmil, e C(p_l)pMA} forms a basis for
Q(Cpm_l) over Q. Thus,
p—1 p—1
0= e (Cpm’lj) — Z(ej — o)
7=0 j=1
The latter equality holds since
p—1
m—1; m—1 m—1 m—1
D (ej—eo)” T = (e1—e0)” A+ (e2— o) 4+ (epo1 —eg)(PIP
j=1

1

tea" T p ep_lg(p—l)pm‘l
—ep (Cpm‘l Lt C(pfl)pm‘l)

= el el o+ ep_1C(p_1)pM71 —eo(—1)

m—
= ed

— eOCO + €1<pmfl + eQQ.mefl +o gt epilc(p—l)pmfl
p—1

= Zej (Cpm’1j> )

Jj=0

By the linear independence of {Cpm_l, . ,C(pfl)pm_l} over Q, we get that e; = e for all
j=1,...,p—1. Thus, F = (XP" —1)%. But, g = p™ implies that the X?"-coefficient must be
zero. The only way this can happen is if g = 0. But, then we get F' = 1, a contradiction to our

g—1

assumption that F is not a unit. Since the assumption that {; = 0 in F = X H (X - Cj)ej led
§=0
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to a contradiction, it must be that [; > 0. In this case, we get that the X'-coefficient is not zero,

g—1
since the constant term of H (X - Qj)ej is not zero. Thus, I; > e, since e is the multiplicity of S.
j=0
g—1
From Iy + 1o = e, we get I1 = e and I = 0. If s =0, then G = H (X — Cj)dj. Applying the same
=0

techniques to GG, we get that G = 1. This is a contradiction to the assumption that G is not a unit.

Thus, fn(X) is irreducible in R[S] for all n, whence R[S] is not IDPF. m

So, we have seen that given a proper numerical semigroup S with Frobenius number
g(S) = p™, where p is prime and m is a positive integer, and given any integral domain R of
characteristic zero, the numerical semigroup ring R[S] is not IDPF. We wish to know what happens
if the Frobenius number of S is not a power of a prime; that is, if g(.S) has more than one distinct

prime factor. To answer this, we must first recall the following definitions and results.

Definition 22 Let R be an integral domain. Then, R is called atomic if every nonzero, nonunit

of R has a factorization into a finite product of irreducibles (atoms).

Definition 23 Let R be an integral domain. Then, R is said to be irreducible divisors finite (IDF)

if every nonzero element has a finite number of irreducible divisors, up to associates.

Definition 24 An integral domain R is said to be a finite factorization domain (FFD) if each

nonzero nonunit of R has only a finite number of non-associate divisors.

An equivalent condition that R be an FFD is that R is atomic and IDF [3, Theorem 5.1].
We also recall that R is an FFD if and only if R[X] is an FFD [3, Proposition 5.3]. We are now

ready to prove the main result of this section.

Theorem 25 Let R be an atomic domain of characteristic zero and let S be a proper numerical

semigroup. Then, R[S] is not IDPF.

Proof. We can assume R is IDPF, for if R is not IDPF, then R[S] is not IDPF. This is because if
R is not IDPF, there is a nonzero element a in R with Df(a) infinite. But each element in D(a)
is an element in D¥%(a) and U(R[S]) = U(R), where U(R][S]) and U(R) denote the unit groups
of R[S] and R respectively. So, no two elements of D(a) are associated in R[S]. Thus, DE5(a)
is infinite, whence R[S] is not IDPF. So, we assume that R is IDPF. If g(S) = 1, then S = (2,3)

and this case has been proven [21, Proposition 4.1]. We induct on the number of district prime
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factors in the Frobenius number ¢(S). If g(S) = pi*, then this is Lemma 21. Suppose the result
holds for any numerical semigroup ring R[S] where S has a Frobenius number with r distinct prime
factors. Let S be a numerical semigroup with Frobenius number g(S) = p{* - - pffrpffll. Construct

the set S = {az €Z: pfflla: es } We claim that S is a numerical semigroup. For, 0 € S since

Pty -0=0¢€ S. Suppose that z1, x5 € S. Then,

Opt ] O Qp ]
peiy (T1+22) = p L 11+ Py w2,

and pf_ﬁlxl, pf_ﬁlacg € S. Since S is a numerical semigroup, it follows that pf_’:{l (x1+x2) € S.

Thus, z1 + 22 € S. So, S is a numerical semigroup.

Notice that S C S and hence R[S] C R[S]. We claim that g(S) = p* - - - p2r. For, (pM Py ¢

Q41 Q41 Q41

S implies p{*---pdr & S. Also, (i o +m)p, = pit e ptrp i+ mp € S for ev-

Q41

ery m > 1, since g(S) = p*---prrp. . So, pit-o-pRt +m o€ S for every m > 1. Thus,
9(S) = p - por. Now, [R[S] : R[§]] £ {0}, since X9+ F(X) € R[S] for any f(X) € R[S].
Since R[S] C R[S], {R[S] : R[g]} + {0}, and by the induction hypothesis R[S] is not IDPF, it
follows from [14, Theorem 2.3] that R[S] is not atomic or that R[S] is not IDPF. Since R is atomic
and IDPF, R is an FFD and hence R[X] is an FFD [3, Proposition 5.3]. So, R[S] C R[X] is an
FFD. For, if not, some f € R[S] has an infinite number of non-associate divisors in R[S] and hence
in R[X], since U(R[X]) = U(R][S]). This contradicts the fact that R[X] is an FFD. Thus, R[S] is
an FFD which implies that R[S] is atomic [4, Theorem 1]. Since R[S] is atomic, it must be that

R[S] is not IDPF. m

So, we have seen that given an atomic domain R of characteristic zero and a proper
numerical semigroup, it follows that R[S] is never IDPF. In the next section, we explore the case

when R has positive characteristic.

3.3 Numerical Semigroup Rings R[S] of Positive Characteristic

It turns out that when the characteristic of the atomic domain R is positive, say R has
characteristic ¢ > 0, it follows that R[S] is IDPF if and only if R[X] is IDPF, for any numerical

semigroup S.
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Theorem 26 Let R be an atomic integral domain with characteristic ¢ > 0, q a prime. Let S be

a numerical semigroup. Then R[S] is IDPF if and only if R[X]| is IDPF.

Proof. Suppose that R[S] is IDPF. Then, R is IDPF. For, if not, there is a nonzero a € R
with D¥(a) infinite. But, the irreducible divisors of @ in R are also irreducible in R[S]. Since
U(RI[S]) = U(R), where U(R][S]) and U(R) denote the unit groups of R[S] and R respectively, it
follows that every y € D (a) belongs to DFS!(a). Thus, DFIS(a) is infinite, whence R[S] is not
IDPF, a contradiction. So, R is IDPF. But, R IDPF implies that R is IDF by definition. Since R is
atomic by hypothesis, it follows that R is an FFD [3, Theorem 5.1]. Now, R is an FFD if and only if
R[X]is an FFD [3, Proposition 5.3]. We claim that R[S] is an FFD. For, if not, there is an f € R[S]
with an infinite number of non-associated divisors in R[S]. But, U(R[X]) = U(R[S]). So, f has
an infinite number of non-associated divisors in R[X]. So, R[X] is not an FFD, a contradiction.
Thus, R[S] is an FFD. So, by [3, Theorem 5.1], R[S] is atomic. Note that [R[S] : R[X]] # {0},
since X9+ £(X) € R[X] for all f(X) € R[X]. We want to show that R[X] is IDPF. Suppose
not. Then, by [14, Theorem 2.3], R[S] is not atomic, or R[S] is not IDPF. But, we have shown
that R[S] is atomic. Thus, R[S] is not IDPF. So, if R[S] is IDPF, then R[X] is IDPF.

Conversely, suppose R[X] is IDPF. Then, R is IDPF by the same reasoning as above. Again, R
IDPF implies that R is IDF, by definition. By hypothesis, R is atomic. Thus, R is an FFD [3,
Theorem 5.1]. But, R is an FFD if and only if R[X] is an FFD [3, Proposition 5.3]. Since R[X] is an
FFD, R[X] is atomic [3, Theorem 5.1]. Now, U(R[X]) = U(R[S]) and this implies that the factor
group U(R[X])/U(R[S]) = 1. By [14, Theorem 2.1], to show that R[S] is IDPF, it is enough to show
that R[S] C R[X] is a root extension. So, let f(X) € R[X]. Write f(X) =ao+ai X +---+a, X"

Choose a positive integer r so that ¢" > ¢(.S). Then,

(F(XNT = (ao+ (a1 X+ +a, X")7
q" r
= Z <q. >agr_j (@ X4+ anX")j
=0 7

= agr + (X 4 +ap X™)7

= af + X7 (a1 4 +a, X",
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since the characteristic of R is ¢ and (3) is divisible by ¢ for 1 < j < ¢" — 1. Since ¢" > g(95),
it follows that (f(X))? € R[S]. So, R[S] C R[X] is a root extension. Thus, if R[X] is IDPF, it
follows that R[S] is IDPF. m

3.4 Conclusion

We have shown that for an atomic integral domain R of characteristic ¢ > 0, R[S] is IDPF
if and only if R[X] is IDPF, where S is any numerical semigroup. Further, we have shown that
for an atomic domain R of characteristic zero, and a proper numerical semigroup S, R[S] is never
IDPF. At this point, two questions arise naturally. The first question comes from the observation
that the condition that R is atomic in Lemma 21 was never used. We only needed this assumption

for the inductive step.
Question 27 Can the condition that R is atomic be removed from Theorem 25¢

In general, we do not know the answer to Question 27. Atomicity was not assumed in Lemma 21 .
Further, one can apply the techniques in the proof of Lemma 21 to show that if g(S) = 2p, where
p is an odd prime, then R[S] is not IDPF, regardless of the atomicity of R. It seems if you can
write down a formula for the irreducible polynomial of (4, where g is the Frobenius number of S,
then the techniques of Lemma 21 show that the condition that R is atomic can be dropped. The
trouble of course is that in general, we don’t know a formula for the irreducible polynomial of (.
It seems reasonable, however, to conjecture that we can drop the condition that R is atomic in
Theorem 25, but we are not sure. The second question removes the condition that S be a proper

numerical semigroup.

Question 28 What conditions on an atomic integral domain R are the necessary and sufficient

for R[X] to be IDPF?

In 2009, Malcolmson and Okoh prove that if n = 2¥ for some positive integer k, then

Z[ni][X] is IDPF [22, Theorem 1.10]. They also show that if n is a positive integer such that Z[ni]
~1++d
2
if d= 1mod 4 and w=+Vdif d= 2, 3mod 4, where d is a square free integer. In the next

is IDPF and n is not a power of 2, then Z[ni|[X] is not IDPF [22, Theorem 2.2]. Let w =

chapter (Chapter 4, Theorem 35), we generalize Malcolmson and Okoh'’s results by classifying the
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orders R of the quadratic integer rings Z[w] such that R[X] is IDPF. We also look at certain orders
R in cyclotomic extensions Q(¢), where ¢ is a primitive mth root of unity, and give a necessary
condition for R to have the property that R[X] is IDPF. We show this condition is sufficient if ¢ is

a p™th root of unity, and fails to be sufficient otherwise.
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Chapter 4

The Case When R|S] = R|X]

4.1 Introduction

In the last chapter, we showed that if R is an atomic domain of characteristic zero and S is
a proper numerical semigroup, then the semigroup ring R[S] is never IDPF. In this chapter, we look
at the case when the numerical semigroup S is N. We classify the orders R of the quadratic integer
rings with the property that R[X] is IDPF, via the discriminant 5@( V) of Q(\/g) In particular,
we prove that given a positive integer n, with prime factorization n = pll1 - plr, Z[nw][X] is IDPF
if and only if Z[nw] is IDPF and pin( vay for every 1 < i < r. This generalizes Malcolmson and
Okoh’s classification of the orders R of the Gaussian integers such that R[X] is IDPF [22]. We
then pass to the ring of integers in cyclotomic field extensions Q((¢), where ( is a primitive root of
unity. Given the order R = Z[n¢] = spang{1,n¢,...,n¢?™ =1} where ¢ is a primitive mth root of
unity, we show that if R[X] is IDPF, then p;|dg ), for every i, where n = pll1 -..plr. In contrast
to the case for orders in quadratic integer rings, we then look at the case where ( is a 15th root
of unity to show that the above condition is no longer sufficient. However, if ¢ is a p”'th root of

unity, where p is prime, then the condition is sufficient.

4.2 Background

Before we classify the orders R of the quadratic integer rings with the property that R[X] is
IDPF, we must state a few known results. Let R denote the integral closure of R. The equivalence

of IDPF and inside factorial for an order R in an algebraic number ring is given by Chapman,
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Halter-Koch, and Krause in [8] and states that R is inside factorial if and only if R C R is a root
extension if and only if R is IDPF. They also give the following classification of the IDPF, and
hence inside factorial, orders of the quadratic integer rings, via the discriminant (5@( V) of Q(\/Zi),

and the Legendre symbol (d>, where d # 1 is a square-free integer [8, Example 3]. Let
p

“LVd if =1 mod 4

W = 5

Vd ifd=2,3 mod 4

and let n be a positive integer. Then, the order Z[nw]| is IDPF if and only if Z[nw] is inside
0
factorial if and only if <M> # 1, for every prime p dividing n. Let n be a positive integer
p
with prime factorization n = pll1 .. plr. In this chapter, we prove that Z[nw][X] is IDPF if and

only if Z[nw] is IDPF and pi\éQ(ﬂ) for every 1 <i <r.

4.3 The Orders R of Z|w| such that the Polynomial Ring R[X] is
IDPF

Being orders in the quadratic integer rings Z[w], the subrings of the form Z[nw] are Noethe-
rian. This is because Z[nw] is a finitely generated Z-module. Thus, Z[nw|[X] is Noetherian. Fur-
thermore, the integral closure of Z[nw|[X] is Z|w]|[X] and n € [Z[nw][X] : Z]w][X]]. So, by [14,
Theorem 2.8], to show that the subring Znw][X] of Zw][X] is IDPF, we need only show that
U(Z[w][X])/U(Z[nw][X]) is finite and Z[nw][X] C Z[w][X] is a root extension. We first show that
U@L [X])/U(Z (] [X]) s finite. Now, U(ZW][X])/U(Z][X]) = U(Z[])/U(Zfns]). As al-

ready observed, Z[nw] is Noetherian. Also, Z[nw] = Z[w] and n € [Z[nw] : Z[w]]. Since Z[nw][X]
is not IDPF if Z[nw] is not IDPF, we may assume that Z[nw] is IDPF. Thus, U(Z[w])/U(Z[nw])
is finite [14, Theorem 2.8], and so it follows that U(Z[w][X])/U(Z[nw][X]) is finite. We must now

find the positive integers n that admit root extensions from Z[w][X] into Z[nw][X].
Lemma 29 Ifn = p* and p\é(@(\/g), then Z[nw|[X] C Z|w][X] is a root extension.

Proof. Let h € Z[w][X]. Then, h = f + gw, where f, g € Z[X]. We claim that h*" € Z[pFw][X].

Throughout the proof, let Wx denote the w-part of (f + gw)” " and let WNpk denote the greatest
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common divisor of the coefficients of the polynomial of the w-part of (f + gw)? " We induct on k.

Suppose that k = 1. There are two cases to consider; namely, d =1 mod 4 and d =2, 3 mod 4.

<p> PP gl
J

< ) P79 (a; + bjw)

p
(s 50

J=0

Suppose first that d =1 mod 4. Then,

M-

<
Il
o

(f +gw) =

I
o,
I M@
o
S

I
.M%

<
I
o

So,

p
W, = <?>fp—jgjbj.
=0

Now, (p) is divisible by p for 0 < j < p. If j = 0, we get a strictly real part; that is, j = 0 implies
J

bop = 0. If j = p, we get gPb,,, where b, denotes the w-part of w”. So, we show that p|b,. Since d =1

(144
w = — |

mod 4, we have that

Thus,
(58) = 5 @) (3) v e g (e (3) o
oy () () e (9),
So,

op—lp — <?)djz1.
p= > j

j odd
Taking both sides mod p, using Fermat’s Little Theorem, the hypothesis that p[&Q( N d, and

(?) = p, we get b, =, 0. So, if d =1 mod 4, the result holds.
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Now, consider the case when d =2, 3 mod 4. In this case, we have

(o0 - 2 (5 (o

j even j odd

So,

g Qe

j odd

Now, <p> is divisible by p for 0 < j < p. If j = p, we have gpdp2;1. But, p\éQ(\/a) = 4d. If
J

p # 2, then p|d and thus W, = 0 mod p. If p = 2, j = p is not an option and W), = 0 mod p.

Thus, w-part of (f + g\/g)p is divisible by p. In either case, we see that the w-part of (f + gw)”

is divisible by p. So, the result holds for £ = 1. Suppose the result holds for k. We prove that the

result holds for k + 1. Now,
D
(F+ 90" = (7 + ")

By the induction hypothesis, the w-part of (f + gw)? " is divisible by p¥. Thus, there are f, g € Z[X]

such that

(f + gw)” = F+prgw.

So, we have

(f g0l = (<f+ w)? )

Now, (p) is divisible by p for 0 < j < p. So, <p>pkj is divisible by p**! for 0 < j < p. If j =0,
J J
we get a strictly real part; that is, if j = 0, then by = 0. If j = p, then p*P is divisible by pF*!

Thus, the w-part of (f + gw)? " is divisible by pF*t1. Therefore, if n = p* and p\é s it follows
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that Z[nw][X] C Z|w][X] is a root extension. m

Proposition 30 Let n be a positive integer for which Z[nw] is IDPF. If n = plf -plr . where
Pildgyay, for all1 <i <r, then Znw|[X] is IDPF.

Proof. As discussed in the introduction, we need only show that if n = plf - plr, where pi\(SQ( V)’
for all 1 <4 <, then it follows that Z[nw|[X] C Z[w][X] is a root extension. By lemma 29, Z[w][X]
is a root extension of Z[pﬁ"w] [X]. That is, given any h € Z[w][X], the w-part of RP* is divisible by

p*. Thus, h?" € Z[p*w][X]. Since the pii are relatively prime for all 4, it follows that given any h €

I lie1 iy iy
o _ o L\PL Py P e
Zw][X], Pt P e Z[nw][X]. For, pl; divides the w-part of - (hpi ) ' Lo . Since

l T .
the pli are relatively prime, p!* - - - plr divides the w-part of hp P , whence Z[nw|[X] C Z[w][X] is

a root extension. m

We have seen if n = p!' - plr where Pildgyq) for all 1 < i <r, then Z[nw][X] is IDPF.
One might wonder if there are any other n such that Z[nw][X] is IDPF. The answer is no as we

will see in the next section.

4.4 Are there any other n for which Z[nw] IDPF implies Z[nw|[X]
is IDPF?

Let n > 1 be a positive integer with prime factorization n = plf - -pl[. To prove that

Z[nw][X] is IDPF precisely when Pildg(yg) for all 1 < i < r and Z[nw] is IDPF, we must prove
that if Z[nw][X] is IDPF, then pi|5@(\/8) for all 1 < i < r and Z[nw] is IDPF. We will prove the
contrapositive. That is, suppose n is such that Z[nw] is not IDPF, or some p; does not divide the
discriminant, dg /), of Q(v/d). Then Z[nw][X] is not IDPF. To do this, we must establish some
lemmas. The first lemma shows that the element f,(X) = (w+ X)" has unique factorization into

irreducibles in Z[w][X], even though the domain Z[w][X] is not necessarily a UFD.

Lemma 31 If p1,po,...,pn are prime elements, not necessarily distinct, in an integral domain A,

then d = p1p2 - - - pn. has unique factorization into irreducibles in A up to order of factors and units.

Proof. We induct on n. If n = 1, then d = p;, and since a prime element is irreducible, there is

nothing to prove. Suppose the result is true for n = k. We will show the result is true for n = k+1.
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Suppose that

P1P2 " PkPk+1 = d = a1+ - ay.
Now, pgy1 prime implies pi11 divides a;, for some i. Without loss of generality, say px.1 divides

ay. Then, since a; is irreducible, a1 = pgyiu1, where u; is a unit in A. Thus,

P1D2 - PkPk+1 = UPk+1G2 * * * Qp.
So,
pip2 Pk =uUaz - - - ar.

By the induction hypothesis, a; = u;—1p,(;—1), where o is a permutation of {1,2,...,k} and 2 <

1<k+1. m

d
Lemma 32 Suppose that () = —1 for some odd prime p and d = 1 mod 4. Then, the w —
p

part of wP" is not divisible by p for any positive integer r.

Proof. Throughout the proof, let the integer N, denote the w — part of wP". We induct on r.

Suppose first that » = 1. Then, we have

(225 - 0 (2)

J=

(]

So,

Thus, we get
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By Euler’s criterion, Fermat’s Little Theorem and the fact that (p

) =, 0 for 0 < j < p, taking

both sides of the above equation mod p, we obtain

Thus, the w-part of wP is not divisible by p. Suppose the result holds for ». We will show that the

result holds for » + 1. Now,

2 2
(B g ()6
0 (2]

By the induction hypothesis, we have that
Ny =3 <p > dz
pr = .
jodd M

is not divisible by p. Using the binomial expansion to expand the above equation, we get

Now, (i) =, 0for 0 <k <p. If k =0, we have a strictly real part. So, we need only consider the

case when k =p. If £k = p, we get
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s y
But, N, =, —1, and by the induction hypothesis, Z <p. )dj’zl is not divisible by p. So,

fodd \/

Npr+1 is not divisible by p. =

We state a lemma due to Malcolmson and Okoh ([22, Lemma 2.1]). In [22], Malcolmson

and Okoh show that given an odd positive integer k£ and p an odd prime that divides k, with
k

k = p"m, ged(m,p) = 1, then p” does not divide ( r). This lemma holds in more generality. We
p

omit the proof as it is similar to the proof in [22].

Lemma 33 Let k be a positive integer. For any prime p that divides k, let k = p"m, where p does

not divide m. Then p does not divide (ﬁ)
p

We are now ready to prove the main proposition of this section. This result enables us to prove

precisely when the subring Z[nw][X] of Z[w][X] is IDPF.

Proposition 34 Let n be a positive integer for which Zlnw| is IDPF. If n = pél -"pff is the

factorization of n into primes and some p; does not divide 5(@(\/3), then Z[nw|[X] is not IDPF.

Proof.
Throughout the proof, let N~ denote the w-part of wP". There are two cases to consider.
Suppose first that d = 1 mod 4, so that w = 71%\/8. Note that in this case, each p; must be odd

d
since <) #£ 1. For, if p; is even, then p; = 2 and 22 = d mod 2 has a solution since d =1 mod 4

bi

implies that d = 4k + 1 = 2(2k) + 1, for some positive integer k. Thus, d =1 mod 2 and 22 = 1
mod 2 has a solution. Without loss of generality, suppose p; does not divide (5@( Vi) = d. We claim

that for any odd positive integer k, the polynomial
fr=n(w+X)
is irreducible in Z[nw][X], or has an irreducible factor of the form

ny (w+ X)*

where nq|n. Since fj, factors uniquely in Z[w][X], by Lemma 31, any factorization of f; in Z[w][X]

is of the form
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ny (w4 X)* ny (w + X)™

where one of the k; is odd, and the other is even. Without loss of generality, suppose k1 is odd

and 1 < nj; < n. Then,

Consider the j = 1 term which is

n1 <k11> Xkl

k
Now, n must divide nl( 11> = ni1ky. If p1 does not divide k1, then p{f divides ni. If p; divides

ki, write k; = ptm, with ged(py, m) = 1. In the binomial expansion of ni (w + X )™, consider the

ni (ki)wngklp?
Dy

k
By Lemma 32 and Lemma 33, p; does not divide ( i) and p; does not divide Npr. Thus, plf

by

j = pj term, which is

k
does not divide ( i) and plf does not divide Npr. Since n must divide the integer coeflicient of

V41
ny <ki> wp{Xkrp?lA,
b

k
which is ny (p;)Npg, it follows that plll divides n1. So, in either case, pll1 divides ni. Thus,
ny = plllsl, for some positive integer s1, with ged(p1,s1) = 1. We look at na (w + X)kQ. Now, n

must divide the integer coefficient of the first term in the binomial expansion of
ko
n9 (w + X ) s

which is

k
n2< 12> = noks.

Now, if p} divides ny for any positive integer ¢, we get that n = plf p} 5189, for some positive integer
s9. But this contradicts the unique factorization of n into primes. So, pll1 divides ks. Now, write
ko = pim, with ged(p1,m) = 1 and consider the integer coefficient of the j = p! term in the
binomial expansion of

n9 (w+X)k2,
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which is

k
Now, p; does not divide no, < 2), or Npr. So, n does not divide the integer coefficient of some

-
1

monomial of the w-part in the binomial expansion. So, we must have k1 = k. Applying the above

argument with k& = kj, we get ni|n. Thus, if k is any odd positive integer, the polynomial
fo=n(w+X)"
is irreducible or has an irreducible factor of the form
ny (w+ X )k ,

where n1|n. One of these irreducible factors divides (n (w 4+ X))* whence D (n (w + X)) is infinite.

The case of d = 2, 3 mod 4 uses techniques similar to the proof given in [14, Theorem
2.2] for Z[i]. We sketch the proof here, using a different element of Z[/d][X], so that we will have
unique factorization of that element in Z[/d][X]. We show that for any odd positive integer k, the

polynomial

fk = ’I”L(\/g-i-X)k

is irreducible in Z[nv/d] or has an irreducible factor of the form
ny(Vd + X)F,
where nj|n. Since (v/d + X)* has unique factorization in Z[v/d][X], by Lemma 31, any
factorization of fy, in Z[v/d][X] is of the form
n(Vd + X)) (Vd + X)P2,

where one of k1 is odd and the other is even. Without loss of generality, take k; odd and

1 < np < n. Consider the binomial expansion

k1
m(Va+ X =y 3 (’“) (Vay X+

j=0
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Now, ki odd implies that we can consider the j = k; term, which has a non-zero v/d-part, and it is

ky—1
nld 2,

Now, n divides nld%. But, some odd prime, say p;, does not divide d ( odd because 2
divides (5@( N 4d). So, plf must divide nq. Thus, ny = plllsl, for some positive integer s; with
ged(pr, s1) = 1. We look at ky. Now, n divides ng <ki2> = ngko, the integer coefficient of the Vd-
part of the first term in the binomial expansion of ny(v/d 4+ X)*2. If p! divides ny for any positive
integer ¢, then we get n = plf ptlsl s9 for some positive integer so, a contradiction to the uniqueness of
the prime factorization of n. Thus, pll1 divides ky. Write k2 = pim, where gcd(p, m) = 1. Consider

the integer coefficient of the j = p/ term in the binomial expansion of (v/d + X)*2. This term is

Now, p; does not divide ng, CZ?), and d. So, n does not divide the integer coefficient of some
monomial of the v/d-part in the blinomial expansion. So, we must have k = kq. If k1 = k, the above
argument gives ni|n. Thus, if k is any odd positive integer, the polynomial f; = n(\/g + X)k is
irreducible in Z[nV/d][X] or has an irreducible factor of the form ni(v/d + X)*, where n; divides n.
Thus, D(n(vd + X)) is infinite. m

We are now ready to state and prove the main result of this chapter.

Theorem 35 Let n be a positive integer with prime factorization n = plf ---pff. Then, the follow-

ing are equivalent:
1. Z[nw][X] is IDPF
2. pi\(s(@(\/g) for every 1 <i <r and Z[nw)| is IDPF.

Proof. We first prove that if Z[nw|[X] is IDPF, then pi\(SQ(\/E) for every 1 < i < r and Z[nw] is
IDPF. By contraposition, suppose that some p; does not divide 5@( va) OF Z[nw] is not IDPF. If
Z[nw] is not IDPF, then it is clear that Z[nw][X] is not IDPF. So, suppose Z[nw]| is IDPF and some
pi does not divide 4¢3 Then, by Proposition 34, Znw][X] is not IDPF.

Conversely, suppose that pi|6Q( Va) for every 1 < i < r and Z[nw] is IDPF. Then, by Proposition
30, Z[nw][X] is IDPF. m
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4.5 Orders of the Ring of Integers in Cyclotomic Field Extensions

Let [F : Q] be finite and let A be the ring of integers in F. Suppose that R is an order
with a positive integer in [R : A]. Let n be the least positive integer in [R : A] and let n = plt - - plr
be the prime factorization of n. One might wonder if R[X] is IDPF if and only if each p; divides
the discriminant dp of F', as was the case for the quadratic integer rings. To answer this question,

let’s examine the cyclotomic field extensions.

Lemma 36 Let ¢ be a primitive pth root of unity and let {1,¢, ..., (P72} be a basis for Q(¢) over
Q. (Then, it is known that {1,(,..., (P2} is an integral basis for the ring of integers A in Q(C);
that is, A = Z[(].) Let R = Z[n(] = spang{1,n(,...,n¢P~2}, and let n = plf ...plr be the prime

factorization of n. If R[X] is IDPF, then p;|dq(c) for every 1 <i <r.

Proof. Suppose some p; does not divide dg(¢) = (—=1)¢®)/2pp=2 (23, Proposition 2.7]. Without

loss of generality, suppose p; does not divide dg(¢) = (—=1)?®)/2pp=2_ Then, p; # p. Let
fe(X) =n(+X)".

Then, we claim that fx(X) is irreducible in R[X] for all k& with ged(k,n) = 1. Now, as before,

(¢ 4+ X)* has unique factorization in A[X] (Lemma 31). Factoring fix(X) in A[X], we obtain
fe(X) =1 (¢+X) " ma (C+ X)™

Now, consider the j = 1 term in the binomial expansion

k1
E\ . .
ni (C—i—X)k1 =n Z ( ~1>CJX]“J.
— J
7=0
The j = 1 term is nllﬁCXkl_l. The integer coefficient is n1kj. So, n|nik;. If p; does not divide
k1, then plf divides n;. If p; divides ki, write k1 = pim, with ged(p;,m) = 1. So, consider the
k - T .
J = p} term in the above binomial expansion, which is n1< i)CplX k1=Pi_ Since p; # p, it must
P
be that (P1 # 1. For, if (Pt = 1, then p| = ap, where a is a positive integer. But, then p divides

p} and hence p divides p1. So, p = pi1, a contradiction to p # p;. Now, if p] is not congruent to

r : : S k r - .
p — 1 modulo p, then (P1 contributes no integer coefficient in ny ( 71,> CPLXFi—py If pY is congruent
b
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to p — 1 modulo p, then we can express (Pl in terms of the basis elements as

Pr=—1—(—---— (P2

So,

k . - k i
ni <pi> <P1Xk1*p1 =n <pi> (_1 — C .. Cpiz)Xklfplj

1 1

k
and the integer coefficient of this monomial is n < i)
V51

k - v k
So, in either case, the integer coefficient of n1< i)(plelpl is n1< :) So, n must
Y41 by

k k

divide n1< i) But, p; does not divide < i), by Lemma 33. Thus, pll1 divides ni. So, in either
Y41 b1

case, pll1 divides ny. Thus, n; = plllsl, with ged(sq,p1) = 1. Consider ng (¢ + X)*. Now, n must

divide the j = 1 coefficient in the binomial expansion
k2 A
na (¢ + X)k2 =Ny Z < ,2>C]Xk2_].
, J
j=0

The j = 1 coefficient is noks. If p} divides ny for any integer ¢ > 1, then ny = p!ss and hence
n=mning = plfslptl s2, a contradiction to the unique factorization of n into primes. So, plll divides
ko. Thus, ke = pim/, where r > [; and ged(py, m’) = 1. Now, n must divide the j = p/ coefficient
in the above binomial expansion of ng (¢ + X )kQ. This coefficient is ng <k3> But, p; does not
ko "

-

divide ny and p; does not divide < ) by Lemma 33. This is a contradiction. Thus, k = k1. So,

D1
F1u(X) = ning (C + X)*. Now, n must divide the j = 1 term in the binomial expansion

fr(X) = n2 (C+ X)*.

The j = 1 coefficient is naok. But, ged(n, k) = 1 So, n divides ny. Thus, ny = 1 and n = nao.
So, fr(X) = n (¢ + X)F is irreducible for every k with ged(n, k) = 1. Therefore, D (n (¢ + X)) is
infinite in R[X]. So, R[X] is not IDPF. m

We can extend this result to all cyclotomic extensions by induction. Before we do this, we need

the following lemma.
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Lemma 37 Let ¢ be a primitive mth root of unity, where m > 3, and m has at least two prime
factors, not necessarily distinct. Let p be a prime factor of m. (So, C™/P s a pth root of unity)
Let A, and A,, denote the ring of integers in Q(C"™/P) and Q(C) respectively. (So that A, has
integral basis {1, cmiv (Cm/p)p_z} and A, has integral basis {1, (... ,C¢(m)_1}) Let

R, = spany, {1,n§m/p, R ) (Cm/p)piz} and R, = spany {1,n(, . ,nC¢(m)_1}. Then,

1. Ry=A,0 Ry,

2. (AyN Ry) [X] = A,[X] N Rpn[X], and

3. U(Ap[X] N B [X]) = U(Ap[X]) N U(Rp[X]).
Proof.

1. We must show that R, = A, N R,;,. Let x € R,,. Then,
T =z20+nzC™P 4+ 4 nzp—2 (Cm/?)p_z7 where z; € Z. Then, x is clearly in A,. Now, for
(Cm/p)i, 0<i<p-—2if (m/p)i> ¢(m)— 1, we can express (Cm/p)i in terms of the basis
elements {1,¢,...,¢?™ =1} for A,, over Z. Since z; € Z and each term of = with (7,
1 <i < ¢(m) — 1 is divisible by n, it follows that € R,,. Thus, x € A, N R,,. Conversely,
let z € A, N R,,. Then, x € R,, implies that x = 2o + nz1( +--- + nz¢,(m),1g¢(m)—1. But,
x € Ay implies that z; = 0 for any ¢ that is not an integer multiple of m/p. Thus, z € R,,.
So, Ry, = Ap N Ry,

2. We must show that (A4, N Ry,)[X]| = Ap[X] N R, [X]. Let f(X) € (4, N Ry,)[X]. Then,
f(X)=ao+ a1 X+ +a,X9 where a; € A, N Ryy,. Thus, f(X) € Ap[X] N Ry, [X].
Conversely, let f(X) € A,[X]|N R, [X]. Then, f(X) =ao+ a1 X + -+ X9, and the
a; € Ap and a; € Ry,. Thus, f(X) € (4, N Ry)[X]. So, (A, N Ry)[X] = Ap[X] N Ry [ X].

3. We must show that U(A[X] N Rp[X]) = U(A[X]) N U(Rm[X]). Let
F(X) € U(Ap[X] N Rin[X]). Then, there exists a g(X) € Ay[X] N Rm[X] such that
f(X)g(X) = 1. Now, f(X), g(X) € Ap[X] and f(X)g(X) = 1. Thus, f(X) € U(A,[X]).
Similarly, f(X) € U(Rp[X]). Thus, f(X) € U(Ay[X]) N U(Rm[X]). Conversely, let
F(X) € U(Ap[X]) NU(Rpm[X]). Then, f(X) € U(Ap[X]) implies that there exists
9(X) € Ay[X] with f(X)g(X) = 1. Now, f(X) € U(Rm[X]) implies that there exists
h(X) € U(Rp[X]) such that f(X)h(X) = 1. But, f(X), g(X), h(X) € An[X]. So, by the
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uniqueness of inverses in A,,[X], g(X) = h(X). Thus, f(X) € U(4,[X] N Ry»[X]). So,
U(Ap[X] N Rin[X]) = U(Ap[X]) NU (R [X]).

Theorem 38 Let (,, be an mth root of unity, where m > 3. Let {1, Cmy - -+ s ,?;(m)‘l} be a basis for
Q(¢m) over Q. (Then, the ring of integers Ay, in Q((n) has an integral basis {1, (., - . ., Cﬁ(m)fl}.)
Let R be the order R = spang {1, nCm, - - - ,n(ﬁ(m)_l}, and let n = plf .. .pff be the prime factor-

ization of n. If R[X] is IDPF, then p;|dq(c,,) for every 1 <i <.

Proof. We induct on the number of prime factors in m. If m = p, then this is Lemma 36. Suppose
the result holds for all m having less than or equal to r prime factors. Let m have r + 1 prime
factors and let ( = e . Let p be a prime factor of m and let A, denote the ring of integers in
Q(¢™P). Now, ¢"™/P is a pth root of unity. So, A, has an integral basis {1, cmiv (Cm/p)pﬂ}.
Let A,, denote the ring of integers in Q({). Let R,, = spany {1,n(, e ,nC‘ﬁ(m)*l} and R, =
spany {1,n§m/7’, R O (Cm/p)p_Q}. From Lemma 37, R, = A, N R;,. Since R, is an order in
Ay, Ry, is Noetherian; that is, R, is Noetherian since R,, is a finitely generated Z-module. Also,
Ry, C A, Ay, is integrally closed, and R, and A,, have the same quotient fields. Thus, the

integral closure of Ry, is A,,; that is, E; = A,,. Finally, n € [R,, : Ap]. So, R,,[X] is Noetherian,

R, [X] = E;[X] = Apn[X], and n € [Ry,[X] : An[X]]. By hypothesis, R,,[X] is IDPF. So, by [14,
Theorem 2.8], R,,[X] C A,,[X] is a root extension and U (A,,[X]) /U (R,,[X]) is finite. By similar
reasoning, Ia)?] = A,[X], Rp[X] is Noetherian, and n € [R,[X] : Ap[X]]. So, in order to show that
R,[X] is IDPF, and hence apply the induction hypothesis, we must show that U(A,[X])/U(R,[X])
is finite and R,[X] C A,[X] is a root extension. By Lemma 37, (4, N Ry,)[X] = Ap[X] N Ry [X]

and U(A,[X|N Ry, [X]) = U(A,[X])NU(R,[X]). So, by the second isomorphism theorem, we have

' U(Ap[X] ‘
U(Ap[X] 0 Ry [ X])

_ U(AP[X]>U<Rm[X1>'
V(R [X])

g U(Am[X])’

= | U(Ra[X))

< o0
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Thus, U(A4,[X])/U(R,[X]) is finite. Now, let f(X) € A,[X]. Then, f(X) € A,[X]. Since
R, [X] C A,,[X] is a root extension, there exists a positive integer ¢ such that (f(X))¢ € Ry [X].
But, (f(X))¢ € A,[X] by closure. Thus, (f(X))¢ € R,,[X] N Ap[X] = (Rn N A4,)[X] = R,[X]. So,
R,[X] C Ap[X] is a root extension. Since, U(A,[X])/U(R,[X]) is finite and R,[X] C A,[X] is a
root extension, it follows from [14, Theorem 2.8] that R,[X] is IDPF. By the induction hypothesis,

p; divides 6Q(Cm/p) for every i. We claim that 5(@((,”/,,) divides dg¢). For, by [23, Proposition 2.7],

dg(cm/ry = (—1)@2pp=2,

Now, p divides m. Write m = p"a, where ged(p,a) = 1. Then, by [23, Proposition 2.7],

m®(m)
o) = (—nemr2_ —
H g®m)/(a=1)

qlm

(p"a)?®"a)

H qqﬁ(p’"a)/(q—l)

qlm

— (_1)¢(pra)/2

= (—1)¢@D9(0)/2 ( r)e(r")(a) g (p")é(a)

pl@(P)é(a)/(p=1) H q /(g=1)
qlm, q¢#p
B o")d(a)/2 P r(p—1)p" " p(a) a®(@)o(p")
= ()7 P [ e e
qlm, q#p
(")

( 1) (a)/2a¢()

Hq /(g—1)

qla

— ppr’1¢(a)(7“(p—1)—1)

= e (5 )"

Q(¢m/(P™)

Since r > 1, it follows that pP~2 divides dQ(¢)- S0, dgem/ry|dg(e) and since p;|dgem/py for all 4, it

follows that p;[dg(c) for every i. m
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Unfortunately, the condition that p; divides dg(¢) in the previous theorem is not sufficient.
Example 39 The condition in Theorem 38 that p; divides dqc) is not sufficient.

Let ( = T Then, by [23, Proposition 2.7],

152(15)

— (cpyemsa_ 1T
36(15)/256(15)/4

o) =
= 3456

Thus, dg(¢) is divisible by 3. Now, ¢(15) = 8, so {1,¢,¢?,...,¢"} is a basis for Q(¢) over Q. If A
denotes the ring of integers in Q(¢), then it follows that {1,¢,¢2,...,¢"} is an integral basis for A.
Let R = spany{1,3(,...,3¢"}. Then, R is an order in A. We claim that R[X] C A[X] is not a
root extension. For, consider f(X) =14 (X € D[X]. Let m be a positive integer. Then, from the
binomial expansion, we have that

(14 ¢X)™ = Emj (j‘) .

j=0
If j =1, we get the monomial m{X, and the integer coefficient is m. If m is not divisible by 3,
then (14 ¢X)™ ¢ R[X]. If m is divisible by 3, write m = 3"a, r > 1, and gcd(3,a) = 1. Consider
the 7 = 3" term, which is (;) ¢3" X3". Observe that ¢3" # 1. For, if (3" = 1, then 3" = 15z, for
some positive integer x. Thus, 3"~! = 5z, a contradiction to the unique factorization of 3"~!. So,
4 = 3" has a nonzero ¢ part. Now, either (3" is a basis element, or not. If not, (3" can be written as

a linear combination of the basis elements {1,¢,...,¢"} over Z. Using the irreducible polynomial

for ¢ over Q, which is ®15(X) = X® — X7 4+ X5 — X* + X3 — X + 1, we see that

¢ = -+ -Gt
CQ — C77<67<—3+C271
ClO — _C5_1

¢ = ¢
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412 _ _<7_62
C13 _ _<7+<—5_<4_<—+1

4—14 — _€7+C6_€4+C3_C2+1'

The largest common integer factor of each of ¢8,..., ¢! is 1. Thus, the integer coefficient
of the j = 3"-monomial is <g:> which is not divisible by 3. Thus, (f(X))™ ¢ R[X] for any m.
Since R[X] is Noetherian, }E[\)?] = A[X] and 3 € [R[X] : A[X]], it follows from [14, Theorem 2.§]
that R[X] is not IDPF. So, we have seen that the condition that p; divide dg(c) in Theorem 38 is
not sufficient. However, if ¢ is a p™th root of unity, this condition is sufficient. Recall that if ¢ is

a p™th root of unity, then the only prime divisor of dg(¢) is p.

Theorem 40 Let ¢ be a p™th root of unity with basis {1,¢,. .., ?®™" )1} for Q(¢) over Q. Let
A be the ring of integers in Q(¢) (Then, {1,¢(, ..., ¢ =1 is an integral basis for A). Let R =

spang{1,pF¢C, ..., pF¢P®™) =1 where k is any positive integer. Then, R[X] is IDPF.

Proof. We claim that R[X]| C A[X] is a root extension. To prove this, we induct on k. Suppose

that £k = 1. Then,

(X)) = (90(X)+ g (X){+ -+ g¢(pm)_1(X)C¢(pm)—1>pm

m

= (7 )0 (XU g1 (X))
J

3
~—~

S

J

Il
o

j ) is divisible by p. If

If j = 0, we do not have a nonzero ¢’ term. For j = 1,...,p™ — 1, (p

J =p™, we have
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(g1(X)C+ S+ Go(pmy—1 (X)) 1)

m m

(gl(X) + -+ g¢(pm)—2(X))p

m
Again, j = 0 gives no nonzero ¢’ terms. For j = 1,...,p"™ — 1, (p. ) is divisible by p. If j = p™,
J

we get

(92(X)C+ S Ggpmy_1 (X))~ 2)

= " (gz(X) +---+ g¢>(pm)—3(X))pm

- Jpz;)(p7>gz(X)pm‘j (gs(X)+ + gom)—1(X)¢PP )j

Continuing in this manner, we obtain

m

(3012030 + 9y (0 =3 (77 )ty a1 (X))

=0

.

m

For j = 0, there is no nonzero ¢’ term. For j =1,...,p™ — 1, (p' ) is divisible by p. For j = p™,
J

we get, g¢(pm)_1(X)§pm = gg(pm)—1(X) and hence there is no nonzero ¢* term. Thus, the (*-parts

of (f(X))P" are all divisible by p. Now, for the induction step, we get

m

(f(X))pm(k“) = ((gO(X)+gl(X)C+ “ Tt Gppm) (X )C(b P 1) k>p
_ <m )+ PG (X)C+ -+ ggm 1 (X)) 1)
N <m> P (PRXC -+ PR 1 ()¢ 1)
=0
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m

For j = 0, we have no nonzero ¢’ part. For j = 1,...,p" —1, (p. ) is divisible by p and each term
J

m

has a common factor of p*. Thus, each term has the common factor of (p‘ > p* which is divisible

J
by pFtL. If j = p™, we get

~ —— my_ p™ m [ — my__
(pkgl(X)C+---+pkg¢(pm)_1(X)C¢(p ) 1) = p'? (gl(X)C+---+g¢(pm)_1(X)g¢<P ) 1),

which is divisible by p**1. So, R[X] C A[X] is a root extension. Thus, R C A is a root extension.

Since R is an order in an algebraic number ring, R is IDPF by [8, Proposition 9]. Since p* € [R : A],

R = A, R is Noetherian and R is IDPF, [14, Theorem 2.8] gives that U(A)/U(R) is a finite
group. Thus, U(A[X])/U(R[X]) is a finite group. Since R[X] C A[X] is a root extension and
U(A[X])/U(R[X]) is finite, it follows from [14, Theorem 2.8 that R[X] is IDPF. m

4.6 Conclusion

In this chapter, we have seen that R IDPF may or may not imply that R[X] is IDPF. In

particular, for quadratic integer rings, Z[w], where

“Vd if =1 mod 4
w = ,

Vd ifd=2, 3 mod 4

we know that the order Z[nw] is IDPF if and only if Q)> # 1, for every p|5@(\/&) 8,
p

Example 3]. We have shown that the only orders Z[nw] such that Z[nw][X] is IDPF are precisely

0,
the orders where (M = 0, for every prime p dividing n. That is, if Z[nw] is IDPF and some
p

prime divisor p of n is such that

J
V) ) —1, then Z[nw][X] is not IDPF, even though Z[nw]
p

is IDPF. On the other hand, if Z[nw] is IDPF and all prime divisors p of n are such that

Sq(va)

p
extensions Q((), where ( is a primitive root of unity. Given the order R = Z[n(], we showed that

= 0, then Z[nw][X] is IDPF. We then looked at the ring of integers in cyclotomic field

if R[X] is IDPF, then pi|5Q( Va) for every i, where n = pll1 -.-plr. In contrast with the quadratic
integer rings, we saw that this condition is not sufficient by looking at the case where ( is a

primitive 15th root of unity. We then showed that if  is a p”th primitive root of unity, where p is

o4



prime, then the condition is sufficient. In the next chapter, we show that given an order R of a
quadratic integer ring, R[X] is IDPF if and only if R[X] is inside factorial if and only if R[X] is

almost Schreier.
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Chapter 5

Polynomial Rings With Coefficients
From Orders in Quadratic Integer

Rings and Factorization

5.1 Introduction

Let Z[w] denote a quadratic integer ring, where

_1%‘/& ifd=1 mod 4
w = .
Vid ifd=2,3 mod4

Let R be an order in this quadratic integer ring. Then, it is well known (see for example [9]) that
R =7Z[nw]| ={a+nbw : a, b, n € Z, with n > 1}.
Let 6g,/z denote the discriminant of Q(V/d). Then, it is well known (see for example [19]) that

d ifd=1 mod 4

Oa(va) = '
4d ifd=2, 3 mod 4
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In this chapter, we show that given an order R of the quadratic integer rings, R[X] is
IDPF if and only if R[X] is inside factorial if and only if R[X] is almost Schreier if and only if
some number theoretic property on the prime divisors of n € [R :p ]?i} holds. In general, the
above three factorization properties are not equivalent. For example, for a general integral domain
R, if R is inside factorial, then R is almost Schreier by [11, Proposition 2.2(e)]. However, the
converse does not hold. The domain C[[X?2, X?]], which is the ring of all formal power series with
coefficients in C and zero linear term, is almost Schreier [11, Example 4.2]. But, it is not inside
factorial by [8, Theorem 7(a)], as C[[X?, X3]] C C[[X]] is not a root extension. The notions of
inside factorial and IDPF are completely independent. For example, every Krull domain is IDPF
by [21, Corollary 3.3]. However, not every Krull domain has torsion class group, and hence by [8,
Theorem 7(a)], not every IDPF domain is inside factorial. On the other hand, Z[2{][[X]] is inside
factorial, as Z[2i][[X]] C Z[i][[X]] is a root extension and Z[i][[X]] is a UFD. However, by [14,
Theorem 2.8|, Z[2i][[X]] is not IDPF, as U(Z[i][[X]])/U(Z][2i][[X]]) is an infinite group. The above
examples also serve to show the independence of the almost Schreier property and IDPF. For, by
[11, Proposition 2.2(e)], Z[2i][[X]] is almost Schreier and not IDPF. To see that IDPF does not
imply almost Schreier, we may take a Krull domain with non-torsion class group (see [14, Corollary

3.3] and [11, Theorem 3.1]).

5.2 Quadratic Integer Rings and Factorization

We first classify the orders R of the quadratic integer rings with R[X] almost Schreier.

Theorem 41 Let Z[nw] be an order in Zlw]. Then, Z[nw][X] is almost Schreier if and only if

every prime diwvisor p of n has p | 5@(\/&)'

Proof. If p | Og(ya) for every prime p dividing n, then Z[nw][X] is IDPF by Theorem 35.
As [Z[nw][X] iz x] Zw][X]] # {0} and Z[nw][X] is Noetherian, it follows that Z[nw][X] C
ZmX] = Z[w][X] is a root extension ([14, Theorem 2.8]). Since Z|w]| is a Krull domain, Z[w][X]
is a Krull domain. Also, since Z[w] has finite, and hence torsion, class group, it follows that Z[w][X]
has torsion class group. Thus, Z[nw][X] is inside factorial ([8, Theorem 7(a)]). Therefore, Z[nw][X]
is almost Schreier ([11, Proposition 2.2(e)]).

0,
“owd) =1, then
p

Conversely, suppose some prime divisor p of n has p [ (SQ( Vi) If

Z[nw] C Z|w] is not a root extension ([8, Example 3(1)]). Thus, Z[nw|[X] is not almost Schreier
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= —1. There are two cases to consider. Suppose

)
([11, Proposition 4.1]). Now, suppose Q(\/;l)>
p

R
first that d = 1 mod 4. Since | —— | = —1, it follows that p is an odd prime. For, if p = 2,
p
then 22 = d mod 2 = 1 mod 2, and this has an integer solution. So, we may assume that p is odd.

Let m be such that p™ | n and p™*! [fn. Then, p*™ | n(w + X)n(@ + X) in Z[nw][X]. For,

nw+X)n@+X) = n(wo+ (w+o)X + X?)
= n}(Wwo+ (w—-1-wX +X?)

= n?(ww— X + X?),

and ww — X + X? € Z[nw|[X], as d = 1 mod 4. Now, we claim that p?™ is not almost primal in
Z[nw][X]. Suppose it is. Then, there exists an integer k > 1 and a, b € Z[nw] such that p*™* = ab

with a | n*(w + X)* and b | n¥(@ + X)*. Now, p?™* = ab is a factorization of p>™* in Z[w]. Since

p
prime in Z[w]. So, p>™* has a unique factorization into irreducibles in Z[w], up to unit multiples

)
<W> = —1 and p # 2, (p) remains prime in Z[w] ([19, Proposition 13.1.3(ii)]). Thus, p is

and order of the factors, by Lemma 31. So, a = up'* and b = u~'p'2, where u € U(Z[w]), l1, lo € N
and [1 + lo = 2mk. As Z[nw] C Z|w| a root extension ([8, Example 3]), we may assume without
loss of generality, that © = 1. Now, either {1 > mk or lo > mk. Suppose first that [y > mk. Then,

p't divides
"k
k k k i vk—j
n“(w+ X)" =n E (,)oﬂX I,
§=0 J

Write k& = p"z, where ged(p,z) = 1. Then, consider the j = p” term of (w + X)¥, which is
k; T T T k

< r)wp X#=P" The w-part of wP" is not divisible by p by Lemma 32. Also, by Lemma 33, ( T> is
p p

not divisible by p. Thus, the w-part of the coefficient of the j = p” term of (w+ X)¥ is not divisible

by n and hence (w + X)* ¢ Z[nw][X]. So, for p'* to divide n*(w + X)* in Z[nw][X], we must have

o8



k-1

ph | n*~*. But, Il > mk, so this is impossible. So, it must be that lo > mk. So, p'2 divides

vt =y (Mo
(oo

Consider the j = p” term of (@ + X)*, which is

k .
Now, as before, p [/ < T), and we claim that p does not divide the w-part of (=1 —w)P . For,
p

o (e

Now, p | (Zj:> for 1 <t <p —1. Ift=0, we get zero w-part. If t = p", we get —wP', and p
does not divide the w-part of this expression by Lemma 32. So, p does not divide the w-part of
(=1 — w)P". Thus, p does not divide the w-part of some coefficient of (@ + X)* and hence n does
not divide the w-part of some coefficient of (@ + X)*. Therefore, (@ + X)* ¢ Z[nw][X]. So, for p'2
to divide n*(w 4+ X)* in Z[nw][X], we must have p'2 | n¥~1. But, Iy > mk, so this is impossible.
Thus, p?™ is not almost primal in Z[nw][X] and hence Z[nw][X] is not almost Schreier.

)
We now consider the case when d = 2, 3mod4. As [ —— ] = -1, p |/ 5(@(\/3) =
p

4d. Thus, p # 2. Again, we claim that p?™ is not almost primal in Z[nw][X]. For, consider
p*™ | n(vVd+ X)n(—Vd + X) = n?(—d + X?). As —d + X? € Z[nw][X],

p*™ | n(Vd + X)n(—vd + X) in Z[nw][X]. Suppose p>™ is almost primal in Z[nw][X]. Then,
there exists an integer k > 1 and a, b € Z[nw] such that p?™* = ab with a | n*(v/d + X)* and
b | nF(—vd+ X)*. Since p # 2 and ((SQ;/E)> = —1, (p) remains prime in Z[w] ([19, Proposition
13.1.3(ii)]). Thus, p is prime in Z[w] and so p>™* has a unique factorization into irreducibles, up to
unit multiples and order of the factors, by Lemma 31. So, a = up"t and b = u~'p'2, where u € Z[w],
li, lo € Nwith l; +12 = 2mk. As Z[nw] C Z[w] is a root extension ([8, Example 3]), we may assume

without loss of generality that «w = 1. Now, either [y > mk or lo > mk. Suppose first that I; > mk.
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Then, ph divides
k

nf(Vd+ X)F =ntY <k.>(\/ﬁ)jX’“‘j-
i=o

Write k = p"z, where ged(p, 2z) = 1. Consider the j = p” term of (v/d + X)), which is

( g ) 4T AX

pT’

Now, p fdandp [ < T>. Thus, p does not divide the w-part of the coefficient of the j = p”
p

term of (\/& + X)* and hence n does not divide the w-part of the coefficient of the j = p” term

of (v/d+ X)*. Therefore, (vd + X)* ¢ Z[nw][X]. So, for p* to divide n*(vd + X)* in Z[nw][X],

1

we must have p't | n*=1. But, l; > mk, so this is impossible. A similar argument shows that if

lo > mk, then p2 does not divide n*(—v/d + X)* in Z[nw][X]. Thus, p>” is not almost primal in

Z[nw][X] and hence Z[nw|[X] is not almost Schreier. m

As a corollary, we will now show that for an order R in the quadratic integer rings, R[X] is IDPF if
and only if R[X] is inside factorial if and only if R[X] is almost Schreier if and only if the following

number theoretic property on n € [R :g E] holds.

Corollary 42 Let Z[nw] be an order in the quadratic integer ring Zlw]. Then, the following are

equivalent.
1. Znw|[X] is IDPF
2. Znw|[X] is inside factorial

3. Znw][X] is almost Schreier

P

4. Zinw|[X] C Z[nw][X] = Z|w][X] is a root extension
5. Fvery prime p diwviding n also divides 5(@(\/3).

Proof.
Since Z[nw] is Noetherian, Z[nw|[X] is Noetherian. Also, Z]w] is Krull whence Z[w|[X] is Krull.
Now, n € [Z[nw] 7 Z[w]] and n € [Z[nw][X] :zpp0x] ZIw][X]]. Finally, Cl;(Z[w]) is finite and

hence torsion, whence Cl;(Z[w][X]) is torsion.

(1) = (2): Since Z[nw|[X] is IDPF, Z[nw][X] C Z]w][X] is a root extension ([14, Theorem 2.8]).

From our above observations, the result follows from [8, Theorem 7(a)].
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(2) = (1): If Z[nw][X] is inside factorial, Z[nw] is inside factorial (else Z[nw] C Z[w] is not a root
extension, a contradiction to Z[nw|[X] inside factorial). By [8, Proposition 9], Z[nw] is IDPF. Thus,
U(Zw])/U(Znw]) = U(Z[w][X])/U(Znw][X]) is a finite group. By the above observations and the

fact that Znw][X] C Z|w][X] is a root extension, the result follows by [14, Theorem 2.8].

(1) < (4): This follows from [14, Theorem 2.8]. For, Z[nw][X] C Z[w|[X] a root extension im-
plies that Z[nw] C Z[w] is a root extension. By [8, Proposition 9], Z[nw] is IDPF, and hence
U(Zw])/U(Znw]) = U(Z[w][X])/U(Znw][X]) is a finite group.

(1) < (5): This is Theorem 35.
(3) < (5): This is Theorem 41.

(2) = (3): This is [11, Proposition 2.2(e)]. =

5.3 Conclusion

We have seen that for polynomial rings over orders in the quadratic integer rings, the
notions of almost Schreier, IDPF, and inside factorial are equivalent and we have given a number
theoretic condition for determining precisely when R[X] has one, and hence all, of these properties

(Corollary 42). We wonder if these factorization properties are equivalent in a more general setting.
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Chapter 6

Conclusion and Future Work

We have investigated the inside factorial, almost Schreier, and IDPF properties in graded
domains and, in particular, commutative semigroup rings. We have classified when an M-graded
domain is almost Schreier, under the assumption that R C R is a root extension, where R denotes
the integral closure of R (see Theorem 10). We then specialized to the case of commutative
semigroup rings and proved that if R[M] C E[\]\_I/] is a root extension, then R[M] is almost Schreier
if and only if R is an almost Schreier domain and M is an almost Schreier monoid (see Corollary
14). Next, we gave a classification of the graded domains that are inside factorial, via the almost
primal property (see Theorem 15). As a corollary, we offered a new proof of the well known result
due to Krause ([20, Theorem 3.2]), which gives a classification of when commutative semigroup
rings are inside factorial (see Corollary 16).

We continued our investigation of commutative semigroup rings and factorization, proving
that no proper numerical semigroup ring of characteristic zero is IDPF (see Theorem 25), even
though they are all FFDs (under the assumption that the base ring is an atomic IDPF domain).
Then, we determined when numerical semigroup rings of characteristic ¢ > 0 are IDPF (see Theorem
26).

Next, we gave a classification of the orders R of the quadratic integer rings such that R[X]
is IDPF (see Theorem 35). We were then able to extend this result to include the almost Schreier
and inside factorial properties. That is, we showed that given an order R of a quadratic integer
ring, R[X] is IDPF if and only if R[X] is inside factorial if and only if R[X] is almost Schreier if

and only if R[X] C R[X] is a root extension if and only if every prime divisor of n divides L

the discriminant of Q(v/d), where n is the least positive integer in [R :r ]Aﬂ
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In the future, there are a few things we would like to investigate. In the immediate future,
we would like to know whether or not R[M] is almost Schreier if and only if R is an almost Schreier
domain, M is an almost Schreier monoid and R[M] C m is a root extension. More generally, we
would like to know when M-graded domains are almost Schreier. Finally, we would be interested
in knowing when graded domains are IDPF.

As a larger project, we would like to determine the relationship between factorization in
integral domains and algebraic geometry. In their paper [14, Remark 2.14], Etingof, Malcolmson,
and Okoh state that their may be “a significant relationship between the types of singularities
of curves and the IDPF-status of the corresponding coordinate rings.” In light of the similarities
between the IDPF property and the inside factorial and almost Schreier properties in certain
settings, we wonder if there could be a connection between types of singularities of curves and

whether or not the coordinate ring satisfies some factorization property, such as almost Schreier or

inside factorial?
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Appendix A

Main Definitions

Throughout this Appendix, R will denote an integral domain, K will denote its quotient field, and
F(R) will denote the fractional ideals of R. The reference used for the *-operation and v-operation
is [16, Chapter 32 and Chapter 34] and the reference used for the ¢-operation is [6]. The references
for the remaining definitions are [3], [7], [8], [11], [16], [21], and [24].

ACCP: R is said to satisfy the ascending chain condition on principal ideals (ACCP) if every

ascending chain of principal ideals stabilizes.

AGCD Domain: R is said to be an almost greatest common divisor domain (AGCD Domain) if

for z, y € R, there is an n € N such that "R Ny" R is principal.

Almost Primal: A nonzero element p € R is said to be almost primal if whenever p | xy in R,

there exists an integer £ > 1 and py, ps € R such that p* = pips with p; | 2* and po | y*.
Almost Schreier: R is said to be almost Schreier if every nonzero element of R is almost primal.

Atomic: R is said to be atomic if every nonzero nonunit element of R has a factorization into a

finite number of irreducibles (atoms).

Divisor Homomorphism: A monoid homomorphism ¢ : D — H is called a divisor homomorphism

if for any a, b € D, ¢(a) | ¢(b) in H implies a | b in D.
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FFD: R is said to be a finite factorization domain (FFD) if each nonzero nonunit element of R
has only a finite number of non-associate divisors (and hence a finite number of factorizations up

to order and associates).

Frobenius Number of a Numerical Semigroup: For a numerical semigroup S, the Frobenius number

of S, denoted g = g(5), is the largest element of Z not in S.

GCD Domain: R is said to be a greatest common divisor domain (GCD Domain) if for x, y € R,

xR NyR is principal.

Generalized Krull Domain: A generalized Krull domain is a locally finite intersection of rank one

valuation rings.

gr-Almost-Schreier: A graded domain R = @, s R is said to be gr-almost-Schreier if whenever
s | xy, s, x, y nonzero homogeneous elements, there exists an integer £ > 1 and sj, s2 such that

sF = sys59 with s; | 2% and so | Y.

gr-pre-Schreier: A graded domain R = @, . 5; Ry is said to be gr-pre-Schreier if whenever s | xy,

s, x, y nonzero homogeneous elements, there exists s1, sg such that s = s1s9 with s; | z and s | y.

HFD: An atomic domain R is said to be a half factorial domain (HFD) if for any nonzero, nonunit

element a € R any two factorizations of an element a into irreducibles has the same length.

IDF: R is said to be irreducible divisors finite (IDF) if each nonzero element of R has at most a

finite number of non-associate irreducible divisors.
IDPF: Let a be a nonzero element of R and let D, (a) denote the set of irreducible divisors of a™.

Then, R is said to be irreducible divisors of powers finite (IDPF) if for each nonzero a € R, the

set D(a) = U D,,(a) is finite.
n=1
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Inside Factorial: A monoid H is called inside factorial if there exists a divisor homomorphism
¢ : D — H from a factorial monoid D such that for every x € H there exists some n € N such that

z" € ¢(D). Ris called inside factorial if its multiplicative monoid R* = R—{0} is inside factorial.

Krull Domain: A Krull domain is a locally finite intersection of discrete valuation rings.

Multiplicity of a Numerical Semigroup: For a numerical semigroup S, the multiplicity of S, de-

noted e, is the smallest positive integer in S.

Numerical Semigroup: A numerical semigroup S is a submonoid of N = {0,1,2,...} with Z as

the group generated by S.

Pre-Schreier: R is said to be a pre-Schreier domain if every nonzero element of R is primal.

Primal: A nonzero element p € R is said to be primal if whenever p | xy, there exists p1, p2 € R

such that p = p1py with p; | z and p2 | .

Rational Generalized Krull Domain: A rational generalized Krull domain is a locally finite inter-
section of rank one valuation rings {V)} such that the value group of each V) is isomorphic to an

additive subgroup of Q.

Root Extension: An extension of domains R C T is said to be a root extension of domains if for

every element ¢ € T, there exists an integer n > 1 such that " € R.

*-Operation: A map ¢ : F(R) = F(R) by F — F* is called a *operation on R if the following

conditions hold for each a € K and A, B € F(R):
1. (a)* = (a) and (aA)* = aA*
2. AC A* and if A C B, then A* C B*

3. (A%)* = A*,
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t-Class Group: Let T'(R) denote the set of all t-invertible ¢-ideals. T'(R) is a group

under t-multiplication (defined by the equations (AB); = (A;B); = (A:By) for all A, B € F(R)).
The group T'(R) contains as a subgroup P(R), the set of all principal fractional ideals. The quotient
group Cl;(R) = T(R)/P(R) is called the t-class group of R.

t-ideal: An ideal F' € F(R) is said to be a t-ideal if F; = F.

t-invertible: A fractional ideal A € F(R) is said to be a t-invertible ideal if there exists a fractional

ideal B € F(R) such that (AB); = R.

t-Operation: For F' € F(R), let F; = |JI,, where I ranges over finitely generated R-submodules of

F. The mapping F — F; is a *-operation called the t-operation.

UFD: R is said to be a unique factorization domain (UFD) if every nonzero, nonunit has a unique

factorization into a finite product of irreducibles, up to order of the factors and associates.

v-Operation: For F € F(R), let F~! denote the fractional ideal [R :x F] of R. We denote by F,

the mapping F ~ (F~!)~! and this mapping is a *-operation called the v-operation.
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