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Plasma Boundary Condition). '
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Eq. (2.6): for jxB

Eq. (2.9):

top: first paragraph should read:
relations Egs. (2.27) and (2.28) with Eqgs.. (2.18),

read 'superscript! .

en in
0~ O
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j><BO + P 4+ P
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'Using the dispersion

we find the wave magnetic fields for the two cases.
The results are summarized in Table 1.
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EXPERIMENTAL STUDY OF
HYDROMAGNETIC WAVES IN PLASMA

Alan W. DeSilva

Lawrence Radiation Laboratory
University of California
Berkeley, California

March 17, 1961

ABSTRACT

An experiment is decribed in which a torsional hydromagnetic
wave is excited in a cylindrical hydrogen plasma. The theory of the
waves is briefly described and expressions are derived for the wave
velocity, attenuation, field distributions, and the tube input impedance.
Measurements are presented which verify the linear dependence of
wave velocity on magnetic field and show fairly good agreement with
theory for variatibn of mass density., The temperature of the plasma
is determined experimentally by a direct resistivity measurement, and
is found to agree well with the observed temperature derived from wave
damping. The variation of attenuation constant with magnetic field is
shown to be consistent with theory. Reflections of the waves occurring
from insulating and conducting boundaries, and from a plasma-neutral
gas interface are described. In all cases the phase changes at reflec-
tion are in agreement witi'l theory. The radial magnetic field distribu-
tions have been experimentally investigated and compared to theoretical
predictions based on a modal analysis of the driving pulse. A des-
cription is given of the plasma preparation process and of measure-
ments of the plasma properties, which show that the plasma is >85%
ionized with an ion density >5><1015 cm—3 and has a temperature of

about 12,000 °K.



1. INTRODUCTION

' Hydromagnetic waves.were first described in .1942 by Hannes
_Alfvén, 1 who suggested that waves of this sort might account for the
existence of sunspots His work was followed up by treatments of these
waves by Walén Astrom, 3, and Herlofson. 4 Since then, a rather ex-
tensive literature on the subject has éccumulated (see Bibliography).
Comparatively little, however, has been done in the way of experimental
work. The reasons for.th'is are found in the considerations of Lund-
quist, 5 who showed that for laboratoi‘y—size experiments with practical
magnetic fields, one needed fluids with very high electrical conductivi-
ties to obtain waves that would not be highly damped. The liquid metals
mercury and sodium offered the best possibilities for experiment, and
accordingly experiments were performed by Lundquis'c5 and Lehnert
using these metals. A wave motion was detected, but the damping was
very hlgh as pred1cted

With the rapid development of the technology of plasma physics,
it became possible to perform hydromagnetic wave exper1ments in
ionized gases. The ettenuation coefficient for the waves is inversely
proportional to the wave velocity, so, even 'thoughkc electrical conduc-
tivities of practical plasmas afe low, the greatly increased wave ve-
locity over that in liquid metals means that in a plasma dissipation .....
Will:»also'bel-ow, meking it an attractive medium for wave experiments.
Observations of‘ such waves in a plasma were first repor'ted by Bostick
and Levine in 1952, ! Reports.of the experimental generation of hydro-
magnetic waves were made almost simultaneously in 1959 by Allen et

9

al. 8 and by Jephcott. The work report.ed' in this paper is an attempt
to establish quantitative correspondence between hydromagnetic wave
theory and experiment.

A hydromagnetic wave is the result of interactions between a
moy.ing,: eIectrically conducting fluid and an externally imposed static
magnetic field. Motions of the fluid in the field induce electrical currents,

and reaction forces from these currents oppose the original motion.
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Simultaneously, energy is stored in the perturbation magnetic fields.
When these fields collapse currents are induced; the forces due to ‘ -
these currents tend to restore the fluid to its original condition. These
are the elements of a wave motiOn;—a continuum that has restoring .
forces that tend to oppose displacements, !

An intuitive deiscription of the transverse hydromagnetic wave
was given by Alfvén in an analogy with waves on a stretched'svtring.
The transverse wave resulting from plucking a string travels with a
velocity given by the square root of the tension divided by the linear
mass density. Now it is well known that the Vlines of force" of a mag-
net1c field behave as though there were a tension along the 1mes of
B /MO newtons/meuer ", along with a hydrostatic pressure of B /2 Po
neyx)to.ns,,/meterzc Since a hydrostatic pressure does not afxect the wave
motion, we\consid.er only the tension. If there is an electfiéally con-
ducting fluid in the field, the fluid particles act as though they were
bound tightly to the field lines. This may be easily seen by imagining
such a fluid element to be suddenly displaced toWard a region of dif-
ferent magnetic field strength. Consider. a path around the fluid ele-
ment enclosing some magnetic flux: this flux cannot cha.ngey for if it
did, an electric field would be set up a_round the path according to
Faraday's law. But since the fluid is a good conduc:tor, a current flows
just sufficient to ensure that the flux remains constant. Saying the flux
is constant through any fluid element is equivalent to saying that the
fluid particles are attached to the field lines. By analogy with the
string then, we can imagine transverse waves traveliqg with a velocity
given by the square root of the teﬁsion per unit area, divided by the
linear mass dénsity pér unit area: V = B/r\/_ This is the Alfvén
velocity, and can be shown by rigorous analysis to be the characteris-
tic speed of a transverse hydromagnetic wave.

The experiments of Lehnert serve to illustrate simply the

hSd

generation of hydromagnetic waves, and provide a good introduction
to this experiment, which is basically very similar. ~ A cylindrical

vessel was provided with a sort of false bottom in the form of a disc



that could be rotated from the outside about the cylinder axis. When
the vessel was filled with liquid sodium, the whole apparatus was
placed in an axial magnetic field of about 10 kgauss. The magnetic
field lines penetrated the fluid, and provided the necessary stiffness
for a wave motion to exist. The disc at the bottom was nowoscillated
about its axis at frequency of 30 cps. The fluid immediately above the
plate was set in motion and a torsional wave induced that propagated
to the top surface of the liquid. The wave was observed by measuring
with a probe the radial electric field produced at the top surface of the
fluid. .

The experiment reported in this paper is conceptually very simi-

vlar. In this case, the cylinder was filled with a plasma of ionized hy-

drogen (see Fig. 1) and the torsional oscillation excited by a radial
current flow at one end, driven from an external circuit. For electric
fields perpendicular to the static magnetic field a plasma behaves like
a material with a high dielectric constant. Hence the cylinder may
alternatively be considered as a dielectric-filled waveguide. Measure-
ments have been made of wave velocity, attenuation, impedance, field
distributions, and reflections.

We shall first develop the theory needed for a comparison with

the results of experiment.

A. Definitions of Symbols

An

Bn Defined in Eq.(2.2)).

B0 Static axial magnetic field of induction.
D Defined above Eq. (2.22).

E Electric field strength.

F Defined following Eq. (2.18).

1 Unit dyad.

J Bessel Function of nth order.
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Fig. 1. Schematic diagram of experimental equipment.



‘Q

K Coefficient of thermal conductivity.
L Damping length (distance in which wave field attenuates to
1/e of its initial value). '

N Neumann function of _r_1th order.

',
53

Momentum transferred in unit time in uhit volume {rom l(th

particle species to jth particle species.

Q . Qualify factor for radial diffusion. See Eq. (3.5 )

S Scalar operator = = % T —g—r L —1—2—

T - Temperature t

U Velocity of ioriizing wave, o . Bo o

\Y Complex Alfven velocity = .

VS Sound velocity.

ZO }Ionput ;mpedance to waveguide.

a_j_ L Where b..L is the GIﬁeld due to ionizing current flow.
Voo |

a radius of central electrode.

b radius of tube. '

c. assumed inner radius of outer electrode (Fig. 3).

101_’9’z Perturbation magnetic field of induction associated with wave.

C Velocity of light.

e Unit electrical charge.

e, Ionization energy per unit mass.

€q Dissociation energy per unit mass.

j Current density.

k Real part of propagation constant (see Eq. 2.29).

kcn Radial wave number (defined above Eq. (2.59) — see also Eq.(2.20).

2 Length of hydromagnetic waveguide.

mj Mass of particle of type j.

nj Number density of particles of type j.

) Complex propagation constant (see Eq. (2.29).

pj Partial pressure of jth particle species.

v Average velocity of particles of type j.

v Axial velocity of gas behind ionizing wavefront.

(4]
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Unit vector in direction of static magnet1c f1e1d

Defined above Eq. (2 15).

W7V 2).

Proportionality factor between pm and v. - v, See definition

‘i
above Eq.(2.12).

Attenuation constant. See Eq. (2.29).
Resistivity tensor = ny z7 + nl (I-zz )
Permeability of free space = (4 1TX10-7 Henrys/meter).

~ Collision frequency for a neutral particle with ions.

w ‘pn

v_. P

Mn:ss de(zlsity of a ga's component.: ‘“(;.Subscr'ipt s'are: n = neutrals;
1= ionsr; e = electrons; o = total mass density; 1 = complex
deﬁsity as defined following Eq. (2.12).

Coupling constant for ions and neutral particles. See Eq. (A.4).
Charge exchange cross section. | '

Angular frequency of wave .
eBy
m
e

Electron cyclotron angular frequencf%
e

Ion cyclotron angular frequency il

w . nm,
C1 1

Defined followirig Eq. (2.62).
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1I. . THEORY OF AXISYMMETRIC WAVES
IN A CYLINDRICAL PLASMA

' _ A. Basic Equations

We shall descrlbe some of the types of hydromagnetlc waves
that can exist in a cylmdr1ca1 plasma imbedded in a uniform axial mag-
netic field. Previous treatments of this problem are reviewed in Appen-
dix D. We require equations descrihing the motions of the particles,
and Maxwell's equations to describe the electric and magnetic fields.

The equations of motion are derived from the second moments

of the Boltzmann equations (see e.g., Spitzer, 11 p. 94) for ions and

~electrons:
catris o~
8Ve ei en a
nm Z—+v -Vv=-neE-n ev. XB-Vp +P +P (2.1)
e c Bt ”enC P (S € M e e m PUSS
8Vi in Qer eatruthon’
n.m. :—t--ﬂ»vi-Vvl—n eE+nev XB - Vp +P + P, (2.2) -

where > and Yo are the ion and electron mass average velocities,
respectively, n, and ng are the corresponding particle densities, E
is electric field strength, B is magnetic field strength, p is pressure
(viscous effects are neglected—for a justification see p. 66 ), and P‘J is
the momentum transferred per unitvtime per unit volume from the jth

. . i) ji SApAE B .
to the ith particle species ( E‘ = -P7"). The subscript n in these

equations refers to neutral particles.

We now make a number of approximations. We assume that in
the equ111br1um state v and E are zero and B equals BO’ the static
axial magnetic field. . Departures from equ111br1um are’assumed small,
S0 that B is replaced in these equations by B and the v Vx terms
:are dropped We also assume that Vp is neg11g1b1e ! Cha.rge neu-

: - tra}lty is assumed (see, e. g , " Ref. 33, p. 62), so n.=n_=n and the
PY are taken to be proportmnal to the relative average velocities

oon

(vj -V ) of the two spec1es mvolved Thls has been shown by Rosenbluth
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and Kaufman13 to be valid for momeéntum transfer between ions and
electrons in plasmas where collieions are 'infrequent and VKT = 0. The
assumption seems to be reasonable in the case (of interest in this ex-
periment) of high collision frequency, but has not been proved for this

case. The proportionality factors are defined by

I - | |
Y= 5% (2.3)
i n : :
and i
. p® _ .
n-j = il (2.4)
where
A=en(xi--xe). ‘ (2.5)

The factor 7 is the resistivity of the plasma, and is a tensor.

o

T o obtain an equation of motion, we add Eqs. (2.1) and (2.2),

&Qp_ M”I '

o . - _ in .
N3t (,meX»e*‘miY‘i)—A].XEO E P | | (2.6))(

giving

The ion- electron momentum transfer terms have canceled out. Sub-

st1tut1ng v from (Z 5) into (2.6) gives |

e m_ 8 v,
V. i .
.nme 5T = & ot + l’l_m.i 5T MXEO + f +”}_.?D . (2.7)

The first term on the left is of order mé/mi compared with the third
term, and for waves of angular frequency w, the second term.is of
order w/w e. compared with the first term on the right, where @ o is
the electron cyclotron frequency, (refer to Eq (Al), Appendix A).

@ o is verymmuch larger than the wave frequenc1es of interest here, S0
to a good appr0x1mat1on we neglect the first two terms. Also PV may

i

be shown to be of order ~ %e compared with Pm, and is accordingly
i

.
-
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dropped. When we use Eq. (2.3) this equation becomes
:8V4_ ’
ol

= JXBg - vlv, -v), (2.8)

where p, =nm, . ‘

We obtain Ohm's law by substituting Ve frorr? Eq. (2.5) into

Eq. (2.1) and using Eq. (2.4). Again dropping“terms of order w/wce,
we obtain

| coe esmrelem.

IXB,. ' (2.9)

o

EruXBerndt i

The set of equations is completed by writing Maxwell's equations in

linearized form: -

IXDb= g ‘ . (2.10)
8b
VXE = 8—:‘ ‘ o | (2.11)

The displacement current term of Eq. (2.10) has been dropped,
since it is of the order of the square of thé ratio, assumed small, of
Alfvén speed to the speed of light. The four equations, (2.8),(2.9),(2.10),
and (2.11), constitute the set to.ble solved.

B. Derivation of Dispersion Relations

We look for departures from equilibrium that are cylindrically
. L . . -iwt
symmetric and harmonic in time,:so wave quantities vary as e ,

and 8/0t is replaced by -iw. The term y( - Vn) in Eq. (2.8) is shown

V.
in Appendix A to be equal to - iwpn[l/(l—i'r)], where 7 = (w/vni), Vai
is the neutral-ion collision frequency per neutral, and pn' is the neutral-

particle mass density. With these substitutions, Eq. (2.8) becomes
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-

where

We now obtain from Eqgs.(2.9), (2.10), (2.11) and (2.12) the wave magnetic
field b (for details see Appendix B). The result is

2 -~ PN ! ' . »
b=-1 vX {[(VXb)XzXz} _i 2 ux(nvxb)
w 0
P vE ( -
! am. oo . v X &(VXP.)XIZ o . (2.13)
i ci
where we have introduced the ho'tations'.
2
o B
V'2 = -—-9——,
HoP1
B eB0
w , = N
ci m,
i
and i
z = By/B

Some vector manipulations with this iequation will leadl(see Appendix B
for details) to |

o2 52 R 3b_ SN ¢
— b + b+vb z-v + i VX(n-vXb)
2 - 2 - 9 2 P
v 9z oV
+iQUX L b=0 (2.14)
8z ~ ’ ’
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‘We now obtain three separate scalar eqﬁationsb‘y separating out the ;,
A‘B‘, anci ; components of this equation in cylindrical coordinates. We
look for solutions of the form £(r) exp[ -i (wt - pz)]. It is convenient
here to assume n= n“ ;; + ﬁlQL - ;;), where ~1‘ "is the unit tensor, and

to introduce the dimensiounless numbers

w w
Qa = ....ﬁ_"L_. and a = _?J.L
A P/ 1 Z
M MoV

The three component equations are:

1)

z bb r ia 2
. 1 8 T 2 | 2. w
‘IO'L[{-"&'}r 8r]+ -P +»2+1(1J_p f——-z]br
[_ T \Y
, 8b_ |
+1p-Qb9-1p 5T = 0; (2.15)
9b ia 2
1 9 6 2 moL. 2
“w[?Trr ar}J"[’p* 7~ tiep ‘+'_2Jb6
r A"
&b
~ip’ Qb _+pQ -2 = 0; (2.16)
]'p T p ar ’ *
z
[ 3b 2
1 & Z
(1—101);;_--—8—rr P + — p(l—m.l)]bz
L L v
[ob,
—pQ[—ﬁ+ - byl =0. (2.17)

Note now that if we differentiate the last equation with re'speét to r, and

define an operator
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then we can write these equations as

2 ab
,(-io._LS + F) b +ip~ Ob, - ip...a_r..z_ = 0;

2 ab_
(-ie S+ F) by - ip Ob_ + pO—s— = 0; (2.18)

b
(1 -iaj)S+ F ST T pQSb9=O;

—

where F = {@)Z/VZ - (l-ia ) ‘pz . Byuseof V- b=0 we can eliminate

abz/ar from these equations, and we find that the last equation contains
the same information as the first. - Some manipulation with this set will then
show that it may be written as a fourth degree' scalar operator operating on

.a new vector
(S + kz)(S+ kz) bf¢b,B-23b foarzl=0, . (2.19)
1 ¢ "2 ¢ T 0 Z ! '

where the ikC are defined by

é k%= 1/2 [u + (u” - 4W’)1/2‘], (2.20)
and
N _pZQZ - F(l-ia, - ia “) 2.21)
ia) (1-ia. )
and _ oht . | 22

)

iap(l - ia
(]
The solutions to Eq.. (2.19) are now easily found for each of the components,

since S +- ikC2 is just Bessel's operator for the first order Bessel function.

The result for br is
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b = ig“, 5 l}‘lijl(ikcr) * AZiNl(ikcr):I (2.23)
with the same solutions, except for the coefficients, for bG and Bbz/ar .
The requirement that axial current density at r = 0 be finite imposes the
condition that the coefficients of the Neumann functions be all zero. In
deriving Eq. (2.19) we have divided through by u”; If a =0, this step is
not permitted; instead we find that the term in S disappears, and the
solution for br then involves only a single kc'

In general the boundary conditions on a given problem will require
the use of both of the .ikc" In cases of this sort it does not seem to be
profitable to attempt to break the wave propagation into modes. However,
in the rather special case that has been found to hold in the ‘experiment
described in this paper (see Section F), it is sufficient to use only a single
term. Then the dispersion relation is given by Eq. (2.20), which may be re-

written

szz(kc2 + p?) - Dy(D, - kcz)lz 0, (2.24)

1

(wZ/V_Z) - {I-1 a_L) p‘2 + io,”kc2 and

where we have defined DH

2 2
= /v ) - {1l -ia;)p +ia, k
" L Le
Equation (2.24) yields two solutions for pz', each of which may be

described as a wave mode, and which have a direct connection with the wave

modes described by other authors. The solutions are
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z .1/2 :
pZ - - b &[b - 43.C] , (2.25)
1 2a . . .
2
where
a:’ﬂz-(l-iuj_)z, B
2, 2 2 2. w®
b=k "0 - 1) + (o +ajak “+2(1 - mﬁ;}*z
4 {2a t+a) ik ° | {2.26)
- 1 u? c’ ’
and
4 2 a 2 ;
c =-2-2-1 +£2 kcz+ a_l@.”kc4+ iu” 'kc4- (l + —8—'—) u_)_z kcz:i .
v v W v

C. Wave Types

We identify the different wave types with modes found by other
authors by examining them in the limiting case @ = 0, which corres-

ponds to dropping the j x B, term of Eq.{(2.9). Equation (2.24) for

0
this case becomes DH(D_L-R'CZ),: 0. The root labeled P, is given by

DH= 0, so that the dispersion relation is
' 2
2 1 w . 2

This is the wave type labeled the Principal Mode by Newcomb, 14 and in
the limit @ = 0 is also the T-type wave of Gajewski. 15 We shall con-
tinue to use Gajewski's nomenclature for these waves. The other root

is characterized by the dispersion relation D= kcz, which gives

- 2 .
2 _ 1 w 2 v
Py TTog, 2 e (2.28)

This is the wave type called the TE mode by Newcomb, and in the Iimit where

a is zero it is the TLA-type wave of Gajewski.
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See cardealinm
Using Eq. (2.22) with the dispersion relations (2.27) and (2.28),
we find the quantities A, B, and C for the two cases. The results are

summarized in Table I.

Table 1

Wave fields in the limit where the j x B, term of Eq. (2.9)
can be neglected.

Wave type T TLA

. . : 2 ' 2
Dispersion relation 2 _ .1 w . 2% 2_ 1 w2
P2 "1 g (;z‘ + ek ) P1 "T-Ha 2 ke

b_ 0 o | Jl(kcr)

bg o J (k1) . _0
. C
bZ 0. 1p— Jo(kcr)

" D. Attenuation Constants

F or either of the wave types considered, the attenuation caused
by finite electrical conductivity is found by breaking the complex pro-
pagation constant pZ into ifs real and imaginary parts. Since p enters
the equations as eipz’ it is seen that the real part of p is the propa-

gation constant k -and that the imaginary part represents a damping

constant €,

. p=ktie. ' (2.29)

Solving in general for k and € leads to
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[ ,\211/2
kz = -Zl Re(pz) 1+11 + ]ELZ) s (2.30)
Re(p”) J
and
L2 1‘/2 ]
2 :%Re(pz) 141+ [Im)) - (2.31)
Re(3)
J
For [Im(p?) /Refp )]2 << 1, then approximately,
e=1 Im(p°) , (2.32)
2 [Retp™)] /2

This may also be written simply in terms of k as

2
Im(p )
=" (2.33)

E. Limiting Cases

The relation Eq. (2.25) written out in its entirety is

2
k
pi2 - S J(1-9%) + 2p%(1-ia) + 2a® + 3ia F -{(1-9‘2)2
5 2(1l-ia)” - 2Q I,

1/2
+ 40%p% - o%ria(20%-1) + 4% ,
(2.34)

. . . 2_ 24,2, 2

where we have introduced the dimensionless number "= w” /V kC It

is possible to carry the tensor resistivity further in the discussion, but
we here take a, = a“ = a for simplicity. We shall look briefly at the
limiting cases of Eq. (2.34) for low frequency compared with ion cyclo-

tron frequency (w<< Qci)’ frequencies near ion 'cyclotron frequency
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(w= wci)’ ‘and small but finite resistivity (a << 1).' Because of the
presence of neutral atoms, V2 is complex {due to pl); therefore both

a and  are complex.  Also, € has an imaginary part due to neutrals.
In 'thé-following discussion we assume the imaginary parts of a, f, €

to be very much smaller than their respective real parts.

1. Low Frequency (@ <<w.:)

" In this case, as long as {34 QZ << 1 and a <<1, the T-wave

dispersion relation becomes

2
k T ol 2
2 _ c 2, . Q7(1+87)

This is the relation appropriate fo the experimental work described in
this paper. The TLA-wave dispersion relation under the same assump-
tions is | ‘
: 2 : .2 2.
p12= , 1 w7 _ kC2 ~ QZ% 1 -8 +1qé . (2.36)
1 -ia’ v (1 - ia)” -

2. Frequencies Near Ion Cyclotron Frequency

We first look at the 1imit of zero .resistivity, i.e., a=0. In

this case Eq. (2.34) simplifies to

p12= I N (1+4;34 SLLEN, . (2.37)
S 2(1-9%) (1-%7)

For ©2-1, the second term in the square root becomes large
compared with the first. Expanding the square root bracket in powers

of the reciprocal of the second term leads to

1/2
2. . 2 ,
o 2 _Q 1-9 (2.38)

4
1+4p — .
(1-2°) 1-9 4“0
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Putting this into (2.37), we find, for the limiting cases,

2 -2 .
2 W 1 1 1-Q
0.2 =8 - - (TLA)
1 VZ [H-Q a.ﬁz 8'['}49
and , (2.39)
2 2]
2 w 1 1 1-Q
P = + : (T)
2 VZ 1-Q 262 8[349
J J

Owing to the term (I—Q)_1 in the T -equation, P, goes.to infinity at
the ion cyclotron frequency, and the group velocity of this wave goes
to zero. Thus this mode has a resonance at the ion cyclotron frequency.
This is the mode discussed by Stix. 16 The TLA wave has no resonance,
since the (I—Q)-1 term ;ioes not appear.

The waves represented by Eq. (2.37) are propagating types only
if pZ is positive. For the T vsave,'pzz 1s alwayspositivefor < 1. However, ..

for the TLA wave the condition that p1~2 be positive is

: 1/2
2 2
2B o1+ |144pt T

2 , (2.40)
1 -0 (1-0%)?

which is always satisfied for B >1. This is the same cutoff condition
one would obtain directly from Eq. (2.28).
It is interesting to see the effect of a small but finite resistivity

on the resonant (T) mode near resonance. For the conditions

(1-f)<<29p® and a<<1 -9°

s

2 1 | &P 2 e W
pZ -—-TQ -\72-+10.kc +(,1_Q)2 ;z . (241)

The attenuation constant € is the imaginary part of p and is calculated
using Eq. (2.31) to be |
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€ 2 < . (2.42)

~ 2V (1- Q)372

Thus, near ion cyclotron frequency, one would expect ohmic damping to be-

come relatively large.

F. Wave Fields

The ikc are determined by a boundary condition at the tube wall
(r = b). The effective boundary condition has been found experimentally to
be jr(b) = bG(b) = 0, probably due to the presence of a poorly conducting
layer of gas at the tube wall (see section on Radial Distributions of bG
Fields). If the thickness of this layer lies within certain limits, it can be
shown (see Appendix F) that it is only necessary to consider a single term
of Eq. (2.23) (thus we may drop the subscript i), and that kc is determined
by '

Jl(kcb) =0, . : : (2.42a)

where b is the radius of the tube wall. Since this condition may be met by
an infinite number of discrete kc’ the‘general solution must be expressed

as an infinite series of Bessel functions. Eq. (2.23) for br now becomes

0

b_ = Z AT (k 1), (2.43)

n=1

Utilizing div b = 0, we obtain

k .
= . cn '
b = B, A Jo(kcnr) ) (2.44)
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We write the equation for b9 as

b9 L/_ fJn Jl(kcnr) ) | (2.45)
n=1
noting that Cn and An are related by any of Eqs. (2.18). The first of these
gives
.2 2
-ip OC_ = (D_L— kcn )An . (2.45a)

The other wave fields can be obtained through substitution of this set

into Eqgs. (2.9) through (2.12). The results are, for the nth mode,

Jp =72 Mg CnJI(kCnr) ! ' - (240
. i 2 2
Jg * HoPy (pn * kCn>AnJl('kcnr)’ : (2.47)
K .
. _ cn :
i, = I CpIoken®) - (2.48)
vl 2 2 | -
Vi T - -wBopn <pn + kcn> An Jl(kcnr), (249)
anZ ‘
Vig =T wBO Cn Jl(kcnr) , (2.50)
v, =0, (2.51)
V2 2 2 | 2
Er Y P, [}1 - ia) Py cn TPyt k<:n An Jl(kcnr) » (2.52)
W
Eg=-2— A Tk 1), (2.53)
and K VZ
cn
E, = ——— aCJ (k 1), (2.54)
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where we have omitted the factor exp [-i(wt - pnz)] everywhere, For
0 = 0, we find.again the results of Table I, where the T-type wave is
given by setting An = 0, and the TLA wave by setting Cn = 0. In the
general case, for ) # 0, each mode involves both the An and the Cn’
For small 0 and a, the T-type wave has An = -;,iQBnZCn, while for the
TLA type Cn = - iQBnZAn., In the experimental work of thisz.paper we
examine the T wave, for which {)-is approx 0.025 and BO is approx
0.025, so to good approximation we can consider the An to be zero. Also
note that to this order of approximation div Vi = 0, which justifies the neglect
of pressure effects for these waves.

The wave fields for both types of waves are shown in the diagram of
Fig. 2. Note that in both types the currents are confined to the plasma,. and

do not enter the wall.
G. T Waves

The T-type wave is the subject of the experimental work undertaken
here, so we exémine it in more detail. To avoid confusion, the subscript
n designating radial mode number is dropped in the following discussion
through Eq. (v2.58)., In order to orient the discussion, we present a few

typical values of pertinent parameters:

& <0015,
N <0.025,
1

k =555m ",
cl

B=0.2

V. ~5x107 sec—1
nit

W ~ 4X106 sec_l,

g ~0.01 .

Under these conditions, the dispersion relation Eq. (2.35) is valid.

If we calculate the dependence of k on w from this equation we obtain,

1]

. ) 2
for w<< Wy (where we define w, 7 kC /Zp.o) 3
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T-type wave. -
T

e e e ———e S ————
P Sp—— g
T e )l &

e — N ——

o o Current
————— o m Moagnetic field and velocity

[ — “ x  Electric field

MU -23371 _

Fig. 2. Schematic diagram of wave fields in hydromagnetic

waveguide for low frequenc¢ies and zero damping. The static
axial magnetic field is not shown.
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(AT

K= L, | | (2.55)
v |
while for w, <€ w << w .
) 1 ci
2
K= S (2.56)
v

For experimental work Wy is approximately 5><105 sec_l.,

When Eq. (2.56) is valid, B = k/kC and a = (BZkZ/Z,' where & =m/€q¢0
is the customary skin depth for penetration of electromagnetic fields
into a conductor. The turnover point for k at w = w, occurs whren the
skin depth has become just equal to a radial wavelength defined by 2
times the reciprocal of the radial wave number k_. From Eq (2.39)
we see that as w approaches w k tends toward inf'mity./ Inclusion
of resistivity causes k to turn over very near to w5 arlxrd go to zero.
Attenuation of the wave s primarily due to two effects-ohmic
losses in the plasma arising from electron-ion COlliSi}(O';lS, and collisions
of ions with neutrals that end to destroy the orde.redj,ilbn motion. The
imaginary part of p in Eq. (2.35) is an attenuatio"n“constant, and is

calculated for w << wy to be

e = | o S (2.57)

ve

In this frequency range then, € = k, so waves are attenuated to l/e in

a distance equal to 1/27 times a wavelength. For W <Lw << . and
2 << -
v, oo

ni

. - .n [N 2 1 w® Pn
€ =e€.te = \=t k|t 5o o - (2.58)
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The first term in Eq. (2.56) expresses the damping due to joule losses
63_; the second term is the damping due to the presence of neutrals €.
"The expression for eJ. may be calculated directly from Eq. (2.27), .
from which it can be seen that the n that appears in Eq. (2.58) is the
parallel resistivity n,. In Fig. 3 the propagation and attenuation
factors are presented.graphica.lly as functions of . In much of the
experimental work, the induced waveform is a single pulse resembling
a half-sine wave of 08 wsec duration. The approximate frequency

- spectrum of this pulse is also shown in Fig.3. When a ringing wave-
form was used, the frequency was w = 3X106 sec_l. Over a fairly wide
band of frequencies, including the dominant experimental frequencies,
k is equal to ¥/V and e. is almost independent of frequency, while €.
is negligible. The variations in k from w/V occur at frequencies low

enough that the effect on the observed velocity of the pulse is small.

H. Analysis of Initial Disturbance into Radial Modes

The coefficients Cn of the T-type wave which appear in Egs.
(2.43) through (2.54) are the amplitudes of the various radial modes.
The relative amplitudes of these modes are determined by the manner
. in which the wave is éxcited, i.e., by the geometry of the driving elec-
trodes. The fields produced by the source of excitation can be analyzed
into the radial normal modes of the waveguide, which form a complete

17,18 Such an analysis is somewhat difficult for the

orthogonal set.
case of finite conductivity, but for the case of zero damping a simple
analysis can be made. We make the analysis for the latter case to find
the relative amplitudes of the various modes at the excitation end, and’
then somewhat arbitrarily we apply the damping of Eq. (2.58) to these
modal amplitudes, in order to find the wave fields at any point in the
tube. To make the necessary expansion, we must know the boundary

condition at the tube wall (r = b). ‘This is the condition which will

determine the k
cn



-29-

1000 T ITIITTIl f TIIHHI RELRRLLL LLRRLL ITIFTHE

I 11l

100 =mm—mm e m e 7-4-_5\
Frequency spectrum ~

of pulse

T T 11717

}(meters‘l)

1 1 lllllll

Attenuation constant e
o

T T Illlll 1
L ||1||||

Propagation constant k

T ll'lllll

| J_lllllll

Fraction ionized 0,5

4|1|||| .II_J_’L ! .
10 i0° w, 10 10 10" Wei 10

Signal frequency w (radians/sec)

MU-23372

Fig. 3. Propagation and attenuation constants as a functjon 3

of fnglquency. Cogditions are: B,=16 kgauss, p=10"°gm/cm’,
T=10"°K, v_.=10°, and for k and €. curves, 90% ionization.
The curve labeled k is the real part] of the propelxgation constant
P,. Note that in the range around w=4x10%sec™ 1 the relation-
sﬁip between k and w is linear. €, is the attenuation constant
for resistive damping, and €_ in khe attenuation constant for
neutral particle damping shown for various particle percent-
ages. w, is defined in the text, and w . is the ion cyclotron .
frequency. The dashed curve is the aS}IQrOXimate frequency
spectrum of the pulse used in some of the experiments.
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It has been found experimentally that the radial wave current
density jr is zero at the tube wall (see Sec. IV-d, Radial Distribution
of b(9 Field). Equation (2.46) then shows the boundary condition to be
Jl(kcnb) = 0. This becomes an enigma, since the method of inducing
the wave requires a current to flow to the wall. The explanation seems
to be that a high-density current from an external source can penetrate
the insulating boundary layer that otherwise exists between the plasma
and the wall. Experimental evidence concerning this boundary layer is
presented below. For the preéent analysis we approximate this state
of affairs with the electrode structure shown in Fig. 4, taking at the
end the limit as ¢ approaches b. |

The assumed boundary condition at the insulator surface at _
z = 0 is that the axial current density j_ is zero. The curl E equa-

tion (2.10) then shows that li (rbe) + % 22-5—15 = 0. 1If the input circuit

587

has axial symmetry, then Téﬁ = 0, and the resultant equation shows
that be(vr, 0) is proportional to 1/r. At the electrode surfaces at z = 0
the tangential electric field is zero. If we now assume & << 1 and zero
damping, reference to Eq. (2.35) shows the P, all equal. Then, com-
parison:of the equations for Er and b@ (2.52) and (2.43) shows that bG
is proportional to Er’ and is thus also zero at the electrode surfaces.

We have then:

0;a<r;c<r<b
(r,0) = (2.59)
é' S C

- a<r <c ¢ EN
r .
where ¥ is a constant.

This function is now equated to Eq: (2.43)"at z = 0, giving

o0
-

be(-r,O):,/ "cn‘_Jl(kcnr)',‘ . , (2.60)
&=
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Fig. 4. Electrode arrangement assumed for modal analysis,
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where the time dependence has been omitted. To find the "Cn’ we

multiply through on both sides by J (kcnr)r dr, integrate over the

1
interval 0 <r <b, and go to the limit as ¢ approaches b. Because

of the orthogonality of the functions only one term survives, and we

obtain
o2n JolkP) - Ttk 2)
Cn = > = . : (2.61)
b kanO (kcnb)
The constant < is determined by matching the vacuum magnetic
field b9vac in the insulator to the magnetic field be(r, 0) in the plasma.

The vacuum field, again assuming a symmetrical drive, is

b Rl (2.62)
“Ovac T 2mr
where 1 is the total current flowing to the electrode. Comparison of

‘the preceeding expression with Eq. (2.59) now shows that

This constant may also be expressed in terms of the applied voltage

VO. It has already been shown that for zero resistivity and low fre-

quency, Er(r) is proportional to be(r), hence goes as 1/r. Integrating
Er(r) between :a and b gives the applied voltage VO’ and we find that
v

B = —2 (2.64)

. r In(b/a)
which is the same as the vacuum field. The ratio of Er ‘to 'be from

Eqs. (2.43) and (2.52) is V, so we obtain

v
b, = — O (2.65)

6 r V In(b/a) ’

from which we see
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VO*

B 5 In(b/a) ~ S , (2.66)
Finally, it should be noted that the input impedance is

ZO = —I— = —Z—; ln(b/a),. . (2.. 7)
which is just the characteristic impedance of a coaxial transmission
line of inner and outer radii a and b respectively, and filled with a
material of dielectric constant

: 2.
Hop C
K= —— , ' (2.68)

7
By

where C 1is the speed of light in vacuum. This has previously been N

shown to be the appropriate dielectric constant for a magnetized plasma
(Ref. 11, p.35).
The ratio of wave energy in any one mode to total wave energy is

now easily calculated to be

_ X 2
\E 2 Jolk_ b) = Jo(k_ a) | (.69
We b° In(b/a) | Ko JolkenP)

In Table Il we summarize some of the results of these calcula-
tions for conditions .of this experimeﬁt. The second column shows the
eﬁergy goiﬁg into each of the first five modes, expressed as a percen-
tage of total wave ehergy at the input end. The third column gives the
peak valb.e of ben for each qf these mo:des, where § has been calcu-
lated from Eq. (2.66), using for V0 the observed value of 780 volts.
In the fourth column we present the damping lengths (distance in which

a wave field attenuates to 1/e of its initial value) calculated from Eq.

(2.58). The value of resistivity used was 3.19)(10_4 ohm—met‘er and was
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experimentally determined by measuring the attenuation of a wave that
had traveled far enough so that oniy the lowest mode was present. Thus
the damping length for the n=1 mode is measured, and the others are
calculated using the same value of re51st1v1ty in the last column we
have applied the dampmg of column four to the amplitudes. in-.;the':thi—r"d

column to obtain the wave amplitudes after -one transit through the tube.

‘Table II

Some results of the modal analysis

Mode Initial energy Initial peak Damping Peak value of b, after
number (% total wave value of b, - length L. one transit (74 cm)

n energy) (gauss) (cm) (gauss)

1 79 4476 107 238

2 7 -188 32 17.5

3 0.7 - 14 15 ' 0.5

4 4.3 - =206 9 0.05

5 2.5 176 e g

The lowest mode is excited most strongly (79% of the wave
evnergyrr goee into this mode), ‘and has considerably less attenuation than
the higher modes. After lthe wave has made one transit throdgh the tube
the amplitude of the second mode is already down to 7% of the ampli-
tude of the 1owest mode,"and h1gher modes are present to a neghglble

extent.
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III. - EXPERIMENTAL METHOD

The cylindrical geometry was.éhosen as the best possible com-
promise between situations amenable to theoretical calculation and
those in which experimental difficulties are minimized. A copper tube
is placed in a uniform axial magnetic field, and is filled with a plasma.
A small disturbance is then introduced into the plasma at one end of the
tube, and the resulting waves are examined. In particular, it is possible
experimentally to look for wave magnetic fields in the body of the plasma
. with small magnetic field probes; integrated radial electric fields appear-
ing as voltages on coaxial electrodes; and radial currents flowing to the
tube walls d’etected by means of radial current probes in the wall of the

tube.

A. Apparatus

The hydromagnetic waveguide is a copper tube (Fig.1l), 14.3 cm
diam X 86.3 c¢cm long. The ends of the tube are closed by pyrex plates
through which coaxial molybdenum electrodes may be inserted. A
water-cooled solenoid surrounds the tube, and provides a magnetic
field variable from zero to about 16 kilogauss. Current to these coils
is supplied from a silicon rectifier power supply and from a motor -
generator set. The field is uniform to within 1/2.% over radius, a’nd to
within 3% along the cebntral 76 cm of the tube. At the extreme ends, the
field is down by 5%. The field was calibrated to within 2%.
| ‘A vacuum wifh a base pressure of 2‘;(10-5 mm of Hg is provided
by a liqﬁid nitfogen trapped oilv diffusion pump. While an experiment
is being run, hydrogen gas fldwé continuously through the tube at a rate
sufficient to change the gas once between shots. The pressure of the
gas in the tube is monitored with a Pirani vacuum gauge, calibrated
periodically against an oil manometer. Uﬁless stated otherwise, all
experi‘me'nts here were made with hydrogen gas at a pressure of 100 p

of Hg.
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The ionization energy is supplied by a lumped-constant pulse
line, consisting of ten 7.5-pf capacitors connected with 1-ph inductances.
Switching is accomplished with-two parallel Westinghouse 5550 ignitrons,
and two more such ignitrons are connected to short circuit (""crowbar')
the bank when desired. It is possible to program the switching operation
' to within 1 psec. A 0.8 ohm resistor in series with the output from the
pulse line reduces the dependence of the driving current on plasma con-
ditions. The bank is initially charged to 10 kv, and delivers a nearly
constant current of about 8000 amps. Current is conducted through six
RG/8U cables to the molybdenum electrode on the "driving end" and
returns via the tube wall to ground. A resistive voltage divider allows

the voltage on this electrode to be monitored by an oscilloscope.

B. Generation of Waves

With a plasma esfablished in the tube, a torsional hydromagnetic
wave is induced by discharging a 0.2-uf capacitor between the central
electrode and the'col.:)per cylinder. This capacitor may be allowed to’
ring or may be critically damped, depending upon the application. When
it is damped, the current pulse is roughly a half-sine wave of 0.8 psec

duration.

- C. Wave Diagnostics

A typical probe tube ié shown at the right side of Fig,. 1. Theseare
2-mm-diam pyrex t.ube“s;' fused o:h.tb;fhfe"f=p7§rﬁ:é.x end plate. Themagnetic field
probe is a 75—tu'rn coil wound on a l-mm-diam ‘forfn and oriented to
measure one of the three éomponeﬁts of the magnetic field. The probe
signals are integrated by a IO—p_sec time éohstént integrating circuit and
~are displayed on Tektronix type 551 oscilloscopes. The pyrex plate on
the right side may also be provided for some épplications with an elec-
trode identical to the one at the other end; at wh1ch th‘e"'iﬁte'gi'}a‘.t"ed",radial

électric field tnay:be observed.
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Radial currents flowing to the tube walls are measured by
"means of current probes in the tube walls, one of which is diagrammed
in Fig. 5. The probe consists of a small section of the tube wall which
has been electrically isolated from the surrounding wall and then con-
nected to the adjacent wall coaxially through a resistance of (.85 ohm.
Current flow to the probe produces a small voltage drop across the

resistor, and this voltage is displayed on an oscilloscope.

D. Plasma Preparation

When the ignitrons connecting the capacitor bank to the tube are
first switched on, the whole 10 kv of the pulse line is applied to the
tube and a local breakdown occurs in the gas at the driving end. The
breakdown delay at low gas pressure is made smaller by providing
the electrode with a small "spark plug" which produces some initial
ionization. Following the local breakdown, a well-defined ionization
wave forms and travels down the tube at a velocity determined by gas

\
pressure; axial magnetic field, and current (typically 5 cm/psec in

this experiment). This front is similar to a switch-on shock wave19
in that a transverse magnetic field and transverse component of ve-
locity are “switched on'" at a point as the front passes. It differs in
that it passes into a gas that is initially cold and non-conducting. We
shall refer to it as a ''switch-on ionization wave', or simply as
"ionization wave.' The wave front is only a few centimeters thick,
and behind the front the plasma is rotating due to the jXB forces.

The progress of the ionization wave through the gas may be observed
by looking at the current density flowing to the tube wall as a function
of position along the tube, utilizing the radial current probes. Five
such probes were used to measure the position of the wavefront as a
function of time, and the results are shown in Fig. 6, Tﬂne constancy
of the front velocity is probably a result of the constant driving current.
Figure 7 is an oscillogram of the current and voltage at the driving end

of the tube during the transit of the ionizing front.
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Fig. 5. Geometry of the radial-current probe. The 1/4-inch
diameter button is connected to the adjacent wall through
six parallel 5-ohm resistors. The maximum voltage drop

" is less than 1 volt.



-39.

‘ T T T T T T T
6
— 14k | 4
n _ ,
€ 12t .
(&)
a 10k -
8 .
© = -
.E 8
o 6f 7]
E
F a4l -
2.__ —
0 [ D O R 1 1
10 30 50 70

Axial position along tube (cm)

MU-20359

Fig. 6. Posifion of the'ioniza.tmn front vs time, as measured
with radial current probes. The axial magnetic field was
16.0 kgauss, and density was 107° g/cm”. '
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Fig. 7. Oscilloscope traces showing ionizing conditions.
The bottom trace is voltage on the driving coaxial
electrode at 2900 volts/cm; the top trace is current
from the pulse line at 8808-amp/em. The horizontal #7490 +7?F/ <7
scale is 5psec/cm. The current was crowbarred 20
psec after the voltage was first applied. A single-
pulse hydromagnetic wave was induced 37 psec after
the voltage was first applied.
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The arrival of the ionization front at the receiving end of the
tube may be seen by looking at the voltage drop produced across a
small (0.33Q) resistor connected from a coaxial electro_de there to the
tube wall. The voltage is zero while the ionization wave is traveling
through the plasma, and then rises abruptly at the time the front arrives,
as shown in Fig. 8. A similar abrupt rise has been observed in the
azimuthal magnetic field upon arrival of the front.

If the receiving end of the-tube is not short circuited, and if,
after the ionization front has reached the receiving end the driving
current is allowed to continue to flow, we observe a drop in the tube
resistance, and simultaneously spectral emission lines of materials
characteristic of the insulator appear strongly. Therefore, to keep
the plasma as clean as possible, ‘the driving current is short-circuited
(crowbarred) just as the front reaches the end. Under these conditions
the impurity lines appear only weakly. The short-circuit also brakes
the spinning plasma to a halt, dissipating the kinetic energy of the plasma
in ohmic losses, mainly in the external circuit. Evidence of plasma
rotation is seen in thve pulse of reverse current that flows from the tube

19a

after crowbar. It is in the decaying plasma so formed that the

wave experiments have been performed.

E. Plasma Properties

1. Ion Density Study

A study of the ion density in the decaying plasma was made by
measuring the Stark broadening of the first three emission lines of the
hydrogen Balmer series. 20 The line width is roughly proportional to

n.2/~3, and thus provides a measure of ion density. The density meas- -

ured in this way was found to deéay from an initial value of 5><1015 cm_3

at the time of crowbar to a value of 2)(1015 cm_3 at 250 psec,

The broadening of emission lines of hydrogen depends upon the
well known Stark effect, in which the energy levels of a radiating atom
are perturbed by an externally applied electric field, resulting in a small

shift in the radiation frequency. In a plasma the radiating atoms are
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Fig. 8. Oscilloscope traces showing arrival of ionization front.

The top trace is the voltage on the driving coaxial electrode
" at 1000 v/cm; the bottom trace is the voltage on the re-

ceiving coaxial electrode at 1000 v/cm. The horizontal
scale is 10 psec/cm. The axial magnetic field is 10 kgauss.
The abrupt rise of the received voltage is evidence for a
well-defined ionization front. Note that the information that
the front has reached the load at the recelvmg end (0.33 ohms,
not shown in Fig. 1) requires one Alfvén transit time (2.8
usec) to reach the driving end, at which t1me the dr1v1ng vol-
tage decreases somewhat.
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continually being perturbed by the coulomb fields of neighboring ions and
electrons. Hydrogen exhibits a first-order Stark effect in which the fre-
quency shift is proportional to the first power of the perturbing electric
field. The problem is treated statistically by taking weighted averages
over all possible perturber configurations. The result is that the
emission line is broadened, with the half-width o.f the line being roughly

2/3

proportional to n, , where n, is thzelion density. This problem was
first treated by J. Holtsmark in 1919. More recently a detailed cal-
culation of the line shape has been made by Griem, Kolb and Shen, who
take into account the effects of electrons as well as those of ions on the
radiating a.toms.‘22  Inclusion of electronic effects introduces a tem-
perature dependence into the line shapes, but the dependence is weak,
and a very rough knowledge of the temperature allows the curves to be
used for ion-density determination.

The. ion density varies with time, so it is desirable to make a
time-resolved measurement. A Jarrell-Ash model 82-000 monochrom-
ator with a resolving power of 0.22 to 0.59 A (depending on the entrance ard
exit slits. used, which in turn depended upon the light intensity) was used
to look at a column of light 5 cm in diameter, coaxial with the axis of
the tube. A photomultiplier tube at the exit slit monitored the light in-
tensity, and ifs output was displayed on an oscilloscope. Traces of
" intensity vs time were obtained at ten different places on the line profile,
and cross plots gave the line shape as a function of time. Since the light
output is not exactly reproducible, (RMS fluctuation is about 20%) six or
eight shots were averaged to get each point on the curves. The results
were plotted and then fitted by eye to the curves of Griem, Kolb and Shen.
Sample curves for Ho.’ H,and .'HY are shown'in Figs. 9, 10, and 11.

On the H, curve we have shown theoretical curves for ion densities

15 -3

differing by 1X10 7 cm from the best fit, to indicate the precision of

the method. Also included are sample curves showing the effect on

X

%heory of varying the temperature by factors of 2.
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Fig. 10. H, profile 50 gsec after the discharge was initiated. Tlfg

solid crves are theoretical profiles computed for N,=4.0X10"~,
5.0 ><1O15 and 6X1015_cm"3, at T=10% OK. The curves are
arbitrarily normalized at the peak, and are drawn to indicate
the precision of fit to the data. On the left side, the effect of
temperature variations by factors of 2 from 104 OK is indicated.
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The ion density as a function of time as obtained in this way is
displayed in Fig. 12. Two curves have been fitted to the data as aids

in extrapolation to the time of crowbar. The solid curve is proportional
1

1+at .

radiative recombination at constant temperature. The dashed curve

to and is the curve to be expected if the decay is due to simple
assumes an exponential decay rate, which would result if the decay were
by the lowest mode of ambipolar diffusion. The data do not distinguish
between the curves, but since estimates of radial and longitudinal dif-
fusion times lead to decay times of the order of milliseconds, it is most
likely that the decay is by a volume recombination process.

Extrapolation of these curves to the time of crowbar gives ion
densities at that time of 7.1%X 1015 cm-3 for the solid curve and 5.6><1015
cm_3 for the dashed curve. If the gas initially in the tube (100 p) were
completely ionized, we would expect an ion density of 6.6><1015 cm-3.
The data therefore indicate that the ion density is >85% of the density
of gas initially in the tube. At the time the wave experiments are

usuallly done (15 psec after crowbar) the ion density is 5.0)(1015

+ 1.0><1015cm'3.

2. Resistivity Measurement

To compare the experimentally determined attenuation of the
waves with theory, it is necessary to obtain a measurement of the plasma
resistivity. Omne approach to such a measurement would be to make a
spectroscopic determination of the temperature of the plasma, calculating
the resistivity by using the well-known formula of Spitzer .11 Unfortu-
nately, however, spectroscopic measurements of temperature are diffi-
cult at best in the tendp‘erat\i_re and density range with which we are con-
cerned. A simpler approach is to attempt to measure the resistivity
di_rec‘tly, by observing the potential drop produced by a known current in
the plasma. . | |
¥ To perform this experiment, the insulator at the receiving end
‘of the tube was provided with an electrode of the same diameter as that

at the driving end, and the plasma was then prepared as describedearlier,
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Fig. 12. The observed time dependence of the ion density. Errors
(not shown) in the experimental points are estimated to be
+ 0.7X10 cm ' early in the decay period, increasing to about
+ 1.0x101% cm ™3 1ate in the decay period. The solid line is a
least-squares fit, assuming the decay rate to be proportional

to the square of the ion density. The dashed line assumes an
exponential decay.
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with B0 = 16 kgauss and Po = 10.8 g/cm3° After the ionizing current
was crowbarred, a small probing current was induced between the two
electrodes. This current is confined to a cylinder along the axis of the
tube defined by the diameter of the electrodes, since any radial currents
would accelerate the plasma azimuthally, setting up a back emf that
opposes such current flow. Since there is of necessity a small potential
gradient along the axis of the tube (indeed, this is what we are measuring),
there is also a small amount of plasma rotation. The radial current re-
quired to maintain this rotation against viscous losses constitutes a
leakage current. Measurements were made under conditions where this
was a small effect.

The probing current should be small enough so that the energy
deposited in the plasma during the measurement does not change the
average energy of the plasma. In practice, this perturbation energy was
< 10% of the plasma thermal energy. |

Wave observations (see Sec. IV-d, Radial Distribution of b6
Field) have indicated that near the tube walls an insulating boundary
iayer tends to form that isolates the plasma electrically from the wall.
This boundary layer is presumably due to a local drop in the electron
temperature, and hence conductivity, near the wall. Such a boundary
layer at the electrodes would add a spurious resistance to that of the
main body of plasma, resulting in a high value for the calculated resis-
tivity. Thus the measurement sets an upper limit to resistivity and a
lower limit to temperature. |

Equation (2.58) shows that the wave attenuation is principally
determined by nH , which is the pa.rt of the resistivityvtensor that is
measured by this method. The resistivity was determined as a function
of time by turning on the probing current at various times after crowbar.
The results of the measurements are plotted in Fig. 13, where the in-

dicated.temperature is calculated from Spitzer‘s11 formula for n” .
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13. The time-dependence of temperature of the decaying
plasma, as determined by hydromagnetic wave attenuation
and by direct resistivity measurements. The vertical bars
indicate the standard deviation:of the mean of a number of
measurements (usually 6).
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3. Impurity Levels

To compare fhé results of experiment with theory requires a
knowledge of the mass density of gas within the cylinder. Because the
presence of an unknown afnbunt of impurity in the gas makes comparison
impossible, it is most desirable to elirninate impurity elements from the
discharge region. Failing in this, the next best course of action is to
determine what impufities, and in what amounts, are present.

| Analysis of the visible emission’spectrum‘ of the discharge re-
veals, in addition to stroﬁg lines of the hydrogen Balmer series, lines
characteristic of Si, Si+, Si++, Si+++, 0O, O+, C+ and Né. A spectrum
of the ultraviolet radiation also shows lines of neutral carbon, aluminum
and copper. The time dei)endence of these lines has been examined as an
aid in fixing the source of impurity. Silicon lines are dbserved to in-
crease in intensity almost linearly with time, albeit remaining at a rel-
atively low level, during the time the ionizing wave is traveling through
the tube. If the wavefront is then allowed to strike the end plate before
crowbar, the light intensity rises rapidly (in about 30 psec) to 6 or 8
times its previous intensity, ‘then decays with a characteristic time

thaf varies with species (Si+ Si++ or Si+++) and is about 100 psec for Si+.

If the ionizing current is crowbarred just before the wavefront strikes

the end plate instead, the light infensity only increases by a factor of

about 2, and decays more ‘rapidiy, in about 20 psec.

- Behawior of the oxygen light is véry similar to that of silicon,
except that it: jumps up rapidly in the first 2 psec of the discharge, then.
rises linearly to the time the wavefront arrives at the far end.

Sodium light rises linearly during the transit of the ionizing wave,
and is little affected by letting the wavefront strike the insulator, sug-
gesting a source along the wall of the tube or in the gas.

The behavior of the carbon light is unique in that it rises within
2 'p.seé to a practically constant level during the time the-ionizing wave
is moving through the gas.. An increase in intensity of a factor of two or
three is noted after the wavefront strikes the end plate, depending on

. whether the current is crowbarred before or after that time. Carbon
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light decays with a characteristic time of about 40 psec. »The rapid
rise early in the discharge suggests a source near the driving end-—
possibly associated with the O- rmg vacuum seals at that end The
similar early behavior of the oxygen 11ght suggest the same source for
at least part of the 0xygen light.

A linear r1se in time of the impurity l1ght mten51ty could indi-
cate either a contmumg erosion of the driving-end insulator, or that '
impurity material is being encountered all along the path of the ionizing
wave, i.e., on the: tube walls. Both are vlikely poss.ibilities, the second
because mater1a1 taken from the insulators on earlier shots is likely to
end up deposited on the tube walls. The comparatwely rapid decay rate
of impurity light when the ionizing current is crowbarred before the
wavefront strikes the end of the tube’indicates, that the imp.urity atoms
only penetrate a short distance into the plasma, remaining in a region
near the boundary that cools rapidly. |

A very rough estimate of the absolute number density of im-
purity atoms within the discharge‘régi,on may Be made by comparing ob-
served impurity line intensities (with a mcnochromator) before and
after introduction of a known amount of gas contéining the impurity ele-
ment. Since it is not certain that all the added impurity atoms will be
excited, this method at best sets an upper limit to the amount of residual
impurity in the region along the tube axis at which the monochromator
looks. The method was used obtain such limits for carbon é.nd for oxygen
which account,along with silicc;n, for the most prominent impurity lines.
The result was an upper limit of 0.2 p for carbon and 0.4 p for oxygen
(02). Oxygen presumably comes from outgassing, bottled gas impurity,
and from insulator materials. Since silicon would only come from in-
sulator material, (no silicone oils are used in the vacuum pumps) it is
assumed that the -1eve_l for oxygen represents also an upper limit for
silicon. Translating these figures into mass densities we obtain as an
upper limit to impurity mass density 1.5><10_9 g/cm3. If we use hydro-
gen mass densities above 10~ g/cm3, which corresponds to hydrogen
pressures above 100 p, the additional mass dué to impurity should be no

greater than 15% of the mass of the hydrogen. The mass density enters
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the formula for wave velocity as a 'square root, and so the shift in
velocity due to impurities would then be of the order of 8%. These
calculations assume a uniform’ distribution of impurity atoms through-
out the discharge region. In reaiity, the impurities seem to originate
at the walls, and estimates of diffusion times for these atoms into the
central plasma region indicate that they could not penetrate signifi-
cantly far 'in the time available. The base pressure in the tube is 0.02 .
If we assume that this residual gas is air, then we can calculate that
the density perturbation to 100 p H, is only about 0.28%. _
Hydrogen itself may represent an impurity, since gas which is
absorbed on the walls of the tube may be released in the ionization proc-
ess, increasing the density of the plasma. The fact that the spectros-
copically measured ion densitieé agree so well with the particle de‘nsity
of gas initially put in the tube indicates that this process is probably not

important.

4. Plasma Uniformity

Gradients in temperature and charged-and neutral-particle den-
sities must exist within the plasma, .and it is necessary to inquire as to
their magnitudes and effects upon the waves. The only available direct
measurements of plasma properties are those a;lready cited, which are
not local imeasurements but integrate over a considerable portion of the
plasma. _ '

We can appeal to theoretical analysis of the ionizing wave pro-
ducing the plasma to learn something of the conditions which might be
expected at the time the wave experiments are performed. Analysis of
such an ionizing wave has been performed by Gross and —~ Kunkel, 23
for the case of a plane wave propagating between parallel c.onducting
plates. The real situation is a cylindrical geometryv for which the analy-
sis has not yet been done. However, we may be able to derive some
general ideas concerning the behavior of such a wave.

The calculation provides us With\an approximate value for the

velocity U of the ionizing wave, in terms of which the density and



temperature ratios across the wavefront are given. This is
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are respectively the ionization and dissociation
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where €, and €4
"energies per unit mass of gas, and b-L is the transverse magnetic field
due to ionizing current. v

The density rat1o across the front is approxmnately 8/5. Since
the density behind the wave is greater than that in front, the gas behind
must be moving in the direction of the wavefront. We denote the axial

velocity of this gas by v Then rﬁass conservation shows that

5
v. = (3/8) U. We define af = _4: . Then, for the case where V >>
HgP

U >> aL , the temperature behind the wavefront is given by
RT = Y — {Uz-af , | (3.2)
(y+1)

where Yy is here the ratio of specific heats, and R 1is the gas constant
per unit mass.

The conditions given are only those immediately behind the ion-
izing wavefront. Since there is no driver piston, there must be a rare-
faction wave which fills the region Between the wavefront and the back
insulator. The rarefaction wave has not yet been analyzed, but in
general it must cause the axial velocity of the gas in this region to fall
from v, just behind the ionizing wave to zero at the back wall. This
implies that the density will also grade from a maximum just behind the
ionizing wave to a minimum at the back wall.. If the driving current is
" large enough so that the magnetic field pressure dué-.to the: current is’com-

parable to the gas pressure:behind the: ionizing wave’ then some of the gas

may be pushed entirely clear of the back plate by a sort of snowplow effect .
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The dependence of U on BO’ p and b; has been checked ex-
perimentally to establish the validity of Eq.(3.1). The agreement of
the predictions of this equation with the observed velocity of the ionizing
wave is within 40% in the range of parameters that were studied |
(5 <'BO< 16 kgauss; ZX10_9<‘p< 4)(10-8 g/crn.3; 2X103< 1< 6><103 amp).
The agreement is probably as good as might be expected in applying
this theory to a cylindrical geometry.

The model from which these theoretical results are defived
postulates a perpendicular current flow in the wavefront, and no current
elsewhere in the gas. The return path for current is assumed to be
through conducting plates lying parallel to the static magnetic field. The
calculated temperature behind the wavefront based on this model
(3)(104 °K for p = 10-8 g/cm3 and B, = 16 kgauss) must bear little
relation to that in the actual case for which there exists a rarefaction
wave, within Which both axial and radial currents flow (the radial cur-
rent maintains the plasma rotation against viscous losses, neglected in
the theory). These currents are probably the principal determinants of
the plasma temperature.

The chief conclusion we can draw from this analysis is that there
is likely to be a considerable axial motion of the plasma behind the ion-
izing wave, which would result in an axial density gradient. Application
of the 'crowbar' halts the gas rotation, but-does nothing to arrest the
axial motion of the plasma.

The density gradients thus produced will smooth out in a time
comparable to the time required by van. acoustic wave to traverse the
system. The gas temperature this early may be about 13,000 °K (see
Fig. 13). Thié gives a sound speed VS = 1.34)(106 cm/sec, and a tran-
sit time of 6‘3 psec. For the wave experiments, in order that there be
low dissipation, the wave is usuaily introduced _at about 15 psec after the
ionizing front has reached the end of the tube, so there may still exist a
moderate densitylgradi_en_t. Experimental observation of the profiles
of the Balmer lines seems to argué against any large axial density gra-

dients, since the experimental line shapes in such case would not fit the



theory for a single density, while in practice the line shapes fit the
theory very well. In any case, the existence of an axial density gradient "
would not affect wave measurements much, since the density enters into
the Alfvén velocity only as a sguare root, and the hydroma.gn_etic wave
measurements necessarily give an average velocity 0vér the length of
the tube. A calculation of the error that would be made in meésuring
the velocity if the density graded linearly from zero at one end to twice
the equilibrium value at the other end, certainly an extreme case,

leads to an error of only 6% in velocity, which is of the order of other
experimental errors. Measurements of attenuation and spatial dis-
tributions of fields are similarly insensitive to density variations.

The plasma left behind the ionizing wave is rotating, and under
some conditions radial plasma drift will result, producing radial den-
sity gradients.. A rough calculation of the magnitude of this kind of
drift has been given by Baker et al. ,24 and is followed here. The
radial drift velocity is obtained from Ohm's.law (Eq. (2.9).

V. B0= nig : (3.3)
The azimuthal current density j6’ in the absence of pressure gradients,
is obtained from the equation-of motion (Eq. 2.8), where now the time

derivative is assumed zero and the inertial contribution comes from the

v Vv term.) This gives

(3.4)

vy is t;; azimuthal vglocif:y of the gas, and is shown by Gross and

Kunkel to be approximately equal to the square root of twice the ion-
ization potential per unit masé, e of the gas. We now define a quality

factor Q as the ratio of the distance the plasma drifts in the radial direc- .
tion to the tube radius, in the time t-hat- it takes the front to move through

the tube. Let £ be the length of the tube, and b its radius. We will somewhat
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arbitrarily take r =b. Then:

2 n peil . '
Q= —5— - o (3.5)
B, Ub

The condition that the radial density gradient be small is Q << 1.
Putting numbers characteristic of this experiment .intq the

above expression shows that Q equals 1 at BO approx 2 kgauss. To

.avoid large radial density distributions than, BO is kept well above

this value.

5. Temperature Gradients

The thermal conducticity coefficient « for a hydrogen plasma

5/2

on temperature provides a rather remarkable mechanism for leveling

as.given by Spitzer11 is proportional to T This strong dependence
out temperature gradients and maintaining a uniform temperature in the
plasma. Near the walls, the plasma must cool by thermal conduction.
The thermal conductivity drops as a result, reducing further heat flow
to the walls., Thus the plasma acts like a '"heat switch, " maintaining
the temperature within the body of the plasma.

The conservation equation g%” - V-k VT =0 that describes the
flow of heat may be used to estimate the rate of cooling by thermal con-
duction to the walls. (W is the thermal energy density) The dependence
of «k on temperature renders the equation nonlinear; however it is pos-
sible for a case in which the heat flow is assumed to be purely radial to
obtain a similarity solution which indicates the cooling rate. The details
of the calculation are given in Appendik C. For an initial temperature
distribution that is nearly flat inthe central portion of thetube (see Fig. 26),
and which .then falls rapidly to room tempéfature at the walls, the tem-
perature at the center will dropvarom. 12,000 OK _to.9,000 OK in about
320 psec. This calculation ignores the effects of particle diffusion to the

walls. An estimate of the rate of diffusion Qf a plasma at 104 OK across
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a maguetic field of 16 kgauss indicates that the time taken to diffuse one
tube radius is about 25 msec. _

Diffusion axially to the ends of the tube is controlled by the rate
of diffusion of ions into the neutral atoms returning from the end, for
‘which the dominant process is the charge exchange collision. A rough
calculation givés 16 msec as the time for ions to diffuse cne half the
length of the tube. These decay times are both long compared to the
time obtained from the thermal conductivity calculation, indicating that
energy transport to the walls is determined mostly by thermal conduction.
These estimates greatly over—éimplify the problem, but are probably

sufficient to indicate the order of magnitude of the effects.

6. Energy Balance

The power delivered by the pulse line during ionization is almost
constant. Under the typicai operating condition where BO = 16 kgauss
and the mass deunsity is l.ldX1O—8 g/crn3, the energy delivered to the
tube during breakdown is about 760 joules. This energy goes into dis-
sociation and ionization of the gas,ohmic plasma heating, kinetic energy
of rotation of plasma (due to ,iXE’o forces) viscous losses arising from
rotation, and radiation. It is instructive to try to account for these
energies quantité.tively. As pointed out be\fore, ion density measure-
ments show that the ion density before crowbar is probably > 6)(1015 cm’” 3,
and temperature measurements indicate a temperature of around 13,000
°K. The energy required to ionize and heat the plasma to this extent is
234 joules, The kinetic energy of rotation is obtained by measuring the
charge flowing out of the tube after crowbar, which is a measure of the
stored energy. This pr0ves,'to give 154 joules. Viscous~ losses due to
radial shear may be estimated by measuring the average radial current
to the tube wall in the region behind the ionizing front. This is the cur-
rent required to maintain the i)lasma rotation against viscous and other
losses, and requires. 170 joules. A calculation of the radiation to be
expected from the tube indicates that this is a negligible energy loss.

Thus we can fairly definitely account for 558 joules out of 760. An
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analysis of the viscous losses in a rotating plasma has been made by
Baker et al. ,24 indicating thatlosses due to axial shear at the end
plates should dominate over other viscous effects. ‘It was not possible
to measure the current flowing along the end plate, so we can only
speculate that some of the remaining energy goes into viscous losses

_there.

7. Summary of Plasma Properties

The ionizing wave produces a plasma that is initially almost
fully ionized- the percent ionization is certainly greater than 85%— and
whose ion density decays by a factor of 2 in about 150 pusec. The
temperature immediately behind the ionizing wave may be as high as
3‘)(104 °K (from Eq. (3.2 )), and is measured to be about 1.2><1(‘)4 °k
20 psec after crowbar. The temperature decreases by a factor of 2
in about 150 pusec, probable loss mechanisms being thermal diffusion
to the walls and radiation. These decay times are all large when com-
pared to the time required for an Alfvén wave to traverse the system,
so during any given measurement the plasma condition is essentially
uniform. | '

During the discharge there is an influx of impurity atoms into
the plasma, most of them originating at the tube walls. Diffusion times
are slow, so the main body of the plasma is relatively free of impurity
atoms while the wave experiments are performed. The plasma probably
has an axial density gradient, which does not greatly affect the obser -
vable Wave properties. Radial density gradients may be minimized by
proper choice of operating parameters —high magnetic field and low
density. '

We are led by these results to place some limits on the variation
of experimental parameters. Considerations of plasma uniformity- as
well as low dissipation (for waves) indicate that high axial magnetic
fields of > 10 kgauss are desirable. The upper limit here is of a prac-

tical nature, i.e., the availability of power to produce the field.
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Plasma uniformity also demands low densities, but we are here limited
by impurities — as densities become lower, the effect of il“npur‘ities in-
creases. The practical limitations of dernsity seems to be 5><1(5_9
g/cm3 <p< .2)(10”8 g/cm3; Some_extensioﬁ.to_ higher dénsi’cy may bhe
realized by modifying the ionization mechanism. _
Temperature changes are easily obtained in the de_cayi“ng plasma,
but changing the initial témp’erature of the plasma by any considerable

amount seems to be very difficult.
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Iv. EXPERIMENTAL RESULTS

A. Wave velocity

- The velocity of the hydromagnetic waves has been measured .
under a variety of combinations of the parameters BO and p. These
measurements are complicated by the fact that, as was noted in the
section on plasma uniformity (I1I-4), the plasma preparation process

necessarily changes when either B, or p is varied, making the inter-

0
pretation of results sometimes difficult.

These measurements were generally made using a single-pulse
wave. A Fourier analysis of this pulse shows that it includes frequen-

cies from zero up to about w = 107 sec-l. Since, according to the

theory developed in Sec. II, frequencies below w = 106 sec"1 suffer
a dispersion in velocity, the shape of the pulse must change with time.
For a symmetrical pulse, the corrections to the velocity made by
making this effect into account are of order az and should be negli-
gible. 244

The density may Ee varied in a fairly straightforward way, but
only by a factor of two, by replacing the hydrogen gas by deuterium.
In principle, this has some advantage over just increasing the hydrogen
particle density since the energy srequired for ionization and dissociation
is not changed. In practice the difference was not noticeable. The re-
sults of velocity measurements for various densities of hydrogen and
deuterium are presented in Fig. 14. The theoretical curves are cal-
culated on the assumption that the density to be used is the total mass
density of the gas initially put into the tube. Thus we assume strong
coupling, so that any neutrals present move essentially with the ions.
The observed velocities are generally high, indicating that the density
may have been lower than expected. There are two possible explana-
tions for the discrepancy. The assﬁmption of strong coupling may not
‘be valid, so that the velocity we measure is really determined by the

ion density alone, while on the other hand there may actually be a lower
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total density in the discharge region than that predicted.

The quality factor Q associated with radial drift of the plasma
is akout 0.015 in this case, so the effects of such drift should be neg-
ligible, although perhaps this effect should not be ruled out altogether,
Let us now examine the assumption of strong coupling. In the section
on theory we showed that the Alfvén velocity for the case of strong
coupling between ions and neutrals should depend upon the total mass
density-ions plus neutrals. In order to check this result, the wave
velocity was measured as a function of time in the decaying plasma.
The curves of Fig. 15 show the measured velocity plotted as a function
of the spectroscopically determined ion density. The experimental
results fall in between the theoretical predictions for strong coupling
(p = P + pn) and for weak coupling (p = pi).

. In Appendix A it is shown that coupling is strong if 7T = w/ Vi
is small compared to umnity . Voi is the collision frequency per
particle for neutrals, and is approximately equal to n, o .. Vey where
S is the neutral-ion charge-exchange cross section and s is the
average thermal velocity of neutrals. The charge-exchange cross
section has only been measured for particle energies above 100 ev. 25
However, in the energy range where it has been measured it falls
fairly uniformly 20% above the theoretical calculations of Dalgarno and
Yadov. 26 Somewhat arbitrarily applying this 20% correction to the
theory of Dalgarno and Yadov at 1 ev, the approximate temperature of

15 om?. Using this figure we then

the plasma, we find o 5.7X%X10
obtain Vi 5)(107 sec - and r approx 0.1. This is only a marginal
case of strong coupling, particularly considering the uncertainty in the
charge exchange cross section, so the results of:Fig. 15 are perhaps
not surprising. If an accurate determination of the temperature of the
plasma can be obtained, it should be possible to use such measurements
of wave velocities to determine the low-energy charge-exchange cross
section. '

Owing to the necessity to keep the quality factor Q small, the
velocity could not be checked at low BO using the method of ionization

already described. The measurements of wave velocity at higher axial

fields are presented as a function of axial magnetic field in Fig. 16.
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Fig. 15. Alfven wave velocity vs spectroscopically deter-
mined ion density. These measurements were made in
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delays after the plasma started to decaér. Axga.l mag-
netic field strength 16.0 kgauss, p=10"" g/cm
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' A different method of plasma preparation has been used, in
which the energy storage bank was discharged between electrodes
mounted at opposite ends of the tube. Ionizing current in this case was
sinusoidal, with a period of 65 psec and a peak value of 3)(104 amp.
Wave measurements were then made at 65 jaisec when the current was
passing through zéro.” Under these conditions, the ionization mech-
anism probably consists of two ionizing waves that converge to the
center of the tube, automatically self-crowbarring the plasma rotation
when they meet. After they imeet, the externally applied current just
flows axially through the tube, mostly confined to the cylindrical region
defined by the diameter of the central electrodes. The current to the
ionizing waves is greatef.than in the ionization mechanism previously
discussed, so radial particle diffusion effects should be reduced
(cf. Eq.3.5). The high axial current density must tend to set up a large
radial temperature gradient; which is opposed by the effect of a high
thermal conductivity. Estimates of the rates seem to indicate that the
radial gradient at the time the wave is induced will be somewhat higher
than in the previously discussed case. Axial flow velocities are higher
with this method of ionization, but the resulting axial density gradient
occurs over a shorter distance and is allowed more time to smooth out.
The additional time available for impurity penetration does not seem to
be significant, since the measured wave velocity was the same whether
measured at 30 psec or at 90 psec.

The results of this velocity measurement, extended to axial
field strengths of 5 kgauss, are presented in Fig. 17. Agreement with

theory is generally very good.

B. Attenuation

The attenuation constant for the wave is given in Eq. (2.58).
It consists of two parts—that produced by ohmic damping within the
body of the plasma, and that due to the presence of neutral particles.
An estimate of the damping which might be expected from viscous
losses27 in the plasma indicates that this process is negligible compared

with the aforementioned ones. In general, the attenuation of waves in
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this experiment is high-the waves typically have a damping length
which is only two or three times the wavelength. Hence, the studies
of attenuation were necessarily done at high magnetic fields, where
damping is lowest. Under these conditions, ooZ/V2 = 100 M-Z and
kc2 = 3000 M_2

constant ej. Both eJ. and € are inversely proportional to V and

, so the <,«>2/V2 term is ignored in the ohmic damping

hence to BO’ 80 it is in principle not possible to distinguish between
them by making measurements at various values of axial field strength.
Unfortunately, making BO small enough so that the. wZ/V2 term be-
comes important causes the attenuation to be too high for good meas-
urements. -

The attenuation constant depends strongly on the two variables
B (through V) and n, the resistivity. Since the resistivity is a strong
function of temperature, and the temperature falls with time in the
decaying plasma, the attenuation may be measured at different tem-
peratures merely by inducing the wave later and later after crowbar.
The direct resistivity measurements described in the section on plasma
preparation (III-D) provide us with a means for checking the damping
measurements. The results of measuring the plasma resistivity as a
function of time after crowbar, using both methods, are presented in
Fig. 13. Both méasurements tend to put upper limits on the resisti‘vity
and hence lower limits on the temperature. The excellent agreement
between the two determinations of resistivity early in time lends support
to the notion that toth are really measures of the same effect. The dif-
ference in observed resistivity later in time is probably due to the
development of a cool; relatively high resistance boundary layer at the
electrode surfaces. Such a layer would not affect the wave measure-
ments since current densities are high enough to heat the layer locally,
reducing its resistivity. | /

The attenuation has also been measured as a function of axial
magnetic field BO' In Eq. (2.58) we showed that the attenuation constant

€ should depend on the inverse first power of axial field strength.
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" Measurements were made using the end-to-end ionization procedure
described in the previous section,since this should have resulted in
minimizing the dependence of plasma conditions on axial field strength.
The results of the measurement are presented in Fig. 18. The scatter
in the experimental points is probably due to shot-to-shot temperature
variations in the plasma, and to the observed presence of m # 0 modes

(see Sec. IV-E, Auxiliary Checks).

C. Reflections

An important check on the theoretical predictions for the wave
fields is provided by the observation of wave reflections. Reflections
have been observed to occur from insulating boundaries, conducting
boundaries, and from a plasma-neutral gas interface.  In all cases,
the observed change of phase of the wave fields on reflection has been
in agreement with theory.

The fields easily accessible to measurement are the magnetic

field, which we measure as V = Er dr, the voltage across the end

field b 9’ measured by probes inﬁle plasma, and the radial electric
electrodes. _

At.an insulating boundary, represented by a pyrex end plate, the
axial current density jz associated with the wave must'be zZero.
Reference to Eq. (2.48) for jz(r,{) then shows that Cn = - Cn’ where
we use the prime to denote quantities associated with the reflected
wave. The reflected wave travels in the negative z direction, so
pn' = -p . Equation (2.43) then shows that by reflects out of phase
by 180 deg, and Eq. {2.52) shows that Er reflects in phase.. Similar
considerations for a conducting boundary, characterized by Er(r, £)=0
reveal that in this case the situation is reversed—be reflects in phase
and Er reflects 180 deg out of phase.

Observations were made using a single pulse, so that the re-
flections would be easily seen. Figure 19 shows oscillograph traces .
of b6 and V for the case of reflection from a pyrex end plate. The

upper trace is the voltage measured at the driving end of the tube.
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Fig. 19. Oscillogram showing reflection from a pyrex end
plate. Upper trace is the voltage measured at the driving
end of the tube between cylinder and coaxial electrode at
100 volts/cm. Lower trace is azimuthal magnetic field,
measured by a probe 13 cm from driving end with a sensi-
tivity of 34 gauss/cm. The sweep speed is 1 psec/cm.
The first pulse is the induced wave; and the first reflection
occurs about 3-1/2 usec later on the voltage trace, cor-.
responding to two transits through the tube at the Alfven
speed. The voltage reflects in phase, the magnetic field
out of phase, in accordance with theory for a nonconducting
boundary. :
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The first peak is the induced pulse, and at 5.6 psec the in-phase re-
flection returning from the far end of the tube is seen. The lower
trace shows the azimuthal magneti.c field b6’ measured by a probe 13
cm from the driving end. The reflected wave is out of phase, as pre-
dicted.

An attempt to show reflection from a copper end plate produced
the unexpected result shown in Fig. 20, The phases of the reflected
waves are appropriajce to reflection from an insulating boundary. The
resolution of this paradox is most likely found in the fact that the ob-
servations were made in a decaying plasma. The tube wall is, in
effect, a low-temperature heat sink, and the plasma near the wall must
cool by thermal conduction. Since the electrical resistivity is a strong
function of temperature, the resistivity near the wall becomes high,
accounting for the insulating-boundary type of reflection. If this hypo-
thesis is correct, it might be expected that a high-density current
flowing through the plasma to the wall and maintaiﬁed by an external
source would provide electrical contact between the plasma and the wall.
The ionizing current can perform just such a function, since if it is not
crowbarred after it has filled the tube with plasma, the current will
just flow axially through the tube to the end plate. The wave was there-
fore induced while this current was flowing, and the reflections appro-
priate to a conducting boundary shown in Fig. 21 were obtained.

Finally, an attempt was made to reflect a wave from the ionizing
wavefront as it was moving through the tube. Since during this time
background noise on both b6 and V 1is high, the ionizing current was
crowbarred while the ionizing wavefront was about half way through the
tube. Plasma pressure causes a shock to continue on after the current
is gone, but this gasdynamic shock travels considerably slower than the
electrically driven ionizing wave. The hydromagnetic wave was induced
about 15 wsec after crowbar. The observed reflections from the inter-
face thus produced are shown in Fig. 22. The currenf was crowbarred
just as the ionizing wave reached a point 58 cm from the driving end of

the tube. Using the observed reflection time and the wave velocity as
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Fig. -20. Oscillogram showing reflection from a copper plate

30 pusec after plasma has started to decay. Traces are as’
in Fig. 19, with upper trace at 250 volts /cm and lower
trace at 50 gauss/cm. The phase of the reflected fields is
the same as for a nonconducting boundary, indicating that
the copper wall is isolated from the plasma.
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Fig. 21. Oscillogram showing reflection from a copper plate

with ionizing current still flowing to the plate. Traces are
as in Fig. 19, with upper trace at 250 volts/cm and lower
trace at 68 gauss/cm. The electric field has reflected out
of phase, and the magnetic field in phase, in agreement
with theory for a conducting boundary.
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Fig. 22. Oscillogram showing reflection from an interface
between plasma and neutral gas. Upper trace is voltage
on end electrode at 250 volts /cm, and lower trace is
magnetic field at 70 gauss/cm. The phases indicate a
nonconducting boundary at reflection. The small ampli-
tude of the reflected signal indicates a lossy reflection.
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obtained from measurements made while the tube was full of plasma,
one calculates that the reflection occurred from a point 68 cm from
‘the driving end, in reasonable agreement with the expected continued
motion of the gasdynamic shock.. At the same time, probes at the
receiving end of the tube detected no wave magnetic field, as expected.
The observation of reflection of a hyvdromagnetic wave from an
interface between plasma and an un-ionized gas may be compared with
the recent observation of a similar type reflection occurring to a wave
induced in the ionosphere which followed along the magnetic field lines
of the earth's field, and was observed to reflect from the discontinuity

between the ionosphere and the atmosphere.

D. Radial Distribution of bg Field

The radial distribution of the azimuthal magnetic field b9 as-
sociated with the wave has been measured with magnetic probes, Six
probes were used, pla.céd near the receiving end insulator at various
radii. The result of this measurement is displayed in Fig. 23. The
upper solid curve results from experimental data for a wave induced
20 psec after the ionizing current was crowbarred (The lower solid

' curV"e will be diséu’.ssed).

The observed b6

to Eqs. (2.43) and (2.46) shows that for any given mode, b6 and iy

becomes zero at the tube wall. Reference

have the same radial dependence. We are here observing essentially
(Slr-llly’ thé loWesf .m)c_>c‘1e, therefore the observation indicates that no radial
currents flow to the tube wall, as was previously noted in the section

on theory. This observation was found to be true independently by
looking for wall currents with the radial current probes (Fig. 5). At
first glarice the result is surprising, since the conductivity of the copper
is much higher than that of the plasma, and since the method of inducing
the wave requires a current to flow to the wall. However, for the same
reasons discussed in the section on reflections from a copper boundary

(IV-C), the electrical conductivity in the plasma adjacent to the wall
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Fig. 23. The radial distribution of the wave magnetic field
b,, measured near the receiving end of the tube after
"the wave has made one transit. The upper dashed curve
is the theoretical distribution calculated from Table II
for a wave induced 20 psec after crowbar. The upper
solid curve is the measured distribution for a wave in-
duced 20 pusec after crowbar, and the lower solid curve
is the measured distribution for a wave induced 90 psec
after crowbar.
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may be low, isolating the-plé.sma from the wall. The same distributions
of bG were observed with either p—olarity of driving current, so this
effect does not seem to be associated with the well known anode sheath
which is sometimes observed in discharges where the current flow to a
boundary surface is perpendicular to the static magnetic field.

The calculations of Table 1I lead to the theoretical prediction for
be(r) which is shown as a dashed line in Fig. 23. The zero of the
Bessel functions was taken to be 4 mm inside the physical boundary, to
better match the experimental data: this distance may be interpreted as
roughly indicating the thickness of the non-conducting layer of gas.

The measured value of VO', used to determine the scale of the theoret-
ical curve, was subject to an error here of £10%. The agreement of

the observed wave amplitude with that predicted on the basis of knowledge
of the peak voltage applied to the driving end is remarkably good. It
indicates that it has been possible to account for the energy flow from
the external circuit into wave enefgy and the subsequent damping of this
wave as it traveled through the tube.

The radial distribut\ion of the wave magnetic field bG was also
measured for a wave which had reflected from the receiving end of the
tube and then from the driving end, i.e., the wave made three transits
of the tube. The result is displayed in Fig. 24, where the dashed curve
represents the lowest T type mode. The exact shape of the theoretical
distribution is not reproduced in the measurements for either the single
transit or the three-transit wave. The most likely explanation for this
observation is that the plasma temperature may be somewhat non-uniform.

The lower solid curve of Fig. 23 is the distribution of b@ meas-
ured for a wave that was induced 90 psec after the ionizing current was

crowbarred (For the previous discussion the waves were induced 20 psec
after crowbar). In this case, the peak of the distribution is shifted to-

ward the axis of the tube. This observation would be consistent with the
assumption that the decaying plasma has.a radial temperature gradient
with the warmest plasma (which would produce less wave attenuation)

near the center of the tube.
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Fig. 24. The radial distribution of the wave magnetic field
b ,, measured near the receiving end of the tube after
the wave has made three transits of the tube (i.e., two re-
flections). The dashed curve is the theoretical distribution
for the lowest mode, from the information in Table II.
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E. Auxiliary Checks

Thek theoretical analysis postulates aiimuthally symmetrical
waves. The driving electrode system has this property, and the cylinder
was carefully aligned with the axial magnetic field, using a method which
has been previously reported. 26 The symmetry of the wave was meas-
ured by a set of four magnetic field probes, placed 90 deg apart on the
same base circle and oriented to pick up the 6 component of the wave
field. A random shot-to-shot variation of 20% was observed in indivi-
dual probe signals, but the.average of several shots gave azimuthal
symmetry to within a few percent.

In order to justify the assumption that we are actually measuring
the properties of the T-type waves, we measured the radial and axial
components of the wave magnetic field. Accorvding to the theory of Sec.
II, these components are of order Q[‘}Z if we excite only the T-type

wave. For the highest frequencies of interest, w is approx 107 sec_l

and so 9[32 is approx 10_2, and the amplitude of b, should be negligibly
small. It was possible to show experimentally only that br is less than
10% of the amplitude of b@’ (probably due to the presence of m # 0
modes ) so the assumption that we are working with T-type waves seems
to be justified.

The maximum perturbation magnetic field produced in the plasma
in these experiments was of the order of 500 gauss, which is only 3% of
the static axial field, iﬁdicating that a small amplitude analysis should
be valid. To check this, a measurement of wave velocity was made,
varying.the magnitude of the initial perturbation. The initial charge on
the wave generation capacitor was varied from 4 to 16 kv, without
noticeably affecting wave velocity. The results of this measurement

appear in Fig. 25.
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-82-

V. DISCUSSION

We have observed a number of the phenomena associated with
hydromagnetic waves and, wher.e comparisons with theory are possible,
have found generally good agreement. The limitations on the precision
of measurements stem almost entirely from the dual difficulties of
pfoducirig a uniform, clean plasma and of measuring its properties.

- While it cannot be said that the plasma with which we work is absolutely
pure or uniform, it is at least close enough to these ideals to allow
comparisons with theory to within about 20%. To this level of accuracy,
we found good agreement with theor};}: in all our measurements.

Determinations of the plasmé. deﬁsity and temperature in the
ranges of parameters used in this experiment are not easily made. It
seems from our work that Alfvén waves may well be used in future exper-

- ments as fast; nonperturbing probes to measure these important quantities.
The particle density is simply related to the wave velocity, which is
easily measured. Inany specific case, the coupling between neutral
particles and ions will have to be considered, in order to make clear
just what density is being measured, but this should present no great
problem. »

Temperature determination is accomplished by measuring the
wave attenuation, which gives directly the resistivity of the plasma.

The temperature is then calculated from one of the theoretical formulae
for resistivity (see e.g., Spitzer, 1 p- 84). In the case where the
resistivity is very low, the waves will propagate along the magnetic

flux tube in‘which they are initially induced, without appreciable spreading,
thus offering the possibility of making space resolved measurements. 31

Several further experiments are sugges'ted by this work. The
phenomenon of the switch-on ionization wave which is used to producé the
plasma is not at all well understood, and much further experimental and
theoretical work is needed. Since the plasma made in this manner seems
to be a convenient one with which to work, a better understanding of the

ionization process may be of considerable practical interest.
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It has been pointed out by Gajewski32 that the cylindrically sym-
metric mode investigated in this work does notrepresent the '""lowest'
mode, since for the observed boundary conditions there exists an
m = 1 mode for which kc is smaller than the kCl of this paper,
which should lead to considerably lower dissipation for the m = 1 mode.
Some indication of the existence of this mode has been noted, at a time
when an asymmetric drive was being tried, but no careful measurements
have been made. |

The cross section for charge-exchange collisions between protons
and atomic hydrogen occurs in the expression for attenuation due to the
presence of neutral atoms. It may be possible to measure this cross
section by measuring the damping of waves in some region where neutral
damping is dominant over resistive damping. Since no experimental
determination of the cross section has been made for energies below
100 ev, this would be of basic interest.

Finally, the need to find the temp-erature of the plasma has led
to a proposal to measure the temperature by observation of the recom-
bination radiation of the Balmer c‘cntinuum. This proposal is being in-

- vestigated at this laboratory,
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APPENDICES.

A. FEffect of Neutral Particles

The effects produéed by neutral particles in a nearly fully-
ionized plasma have been discusséd' in detail by Lehnert. 33 For the
pu'r:poses of this work it will only beheceésa'ry to take into account the
effective frictional force between ions and ﬁ'éutrals, considering the
two species as interpenetrating fluids. This force is expressed by the
last term of Eq ‘.(2.8), in which the rate of transfer of momentum from
ions to neutrals is assumed tobe propoftional to tHe difference between
ion and neutral average velocities. The équétiOn for neutrals corre::

sponding to Eqgs. (2.1) and (2.2) for ions and electrons is

\2

8 .
nm —2 = ptsptt : _ ‘ (A.1)
n n t " s

where n is the number density of neutral particles, and m is
their mass..

We will now derive an expression for Enl, the momentum trans-
fer between neutrals and ions. Ene is assumed negligible since neutral-
electron momentum transfer is relatively slow. |

If z is the number of collisions per unit volume per second be-

tween neutrals and ions, then
z = n_v ., : (A.2)

where n_ is the number density of neutrals and Voi is the frequency
of collisions of a neutral with ions.. We now assume that in a collision
the neutral loses all '"memory'" of the wave motion it may have carried
prior to the collision. The wave momentum gained by a neutral pér
collision is proportional to the relative average velocity of ions and neu-
trals, and is m(Y.i —"Yn)(the charge-exchange cross section is much
larger than any other ion-neutral cross section at the energies of

interest here, so we consider only charge-exchange collisions. Such
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collisions are always in effect head-on collisions, in the center-of-mass
system).

We then have

. : v
ny _ _ - e T
E - m(,.\.’i Xn) %n Vni T ™%y Tt ’ (A.3)

Assuming harmonic time dependence and solving for v gives
o,

S ©(A.4)

v
wall 1-i7 i

where T is defined as w/vni' If r is small, the fwo fluids are closlely
coupled and move practically together, with a phase lag given by tan " T.
In the work quoted here, w= 4X10 se_c"1 and v_. ® 4x10" sec™}, so

T is about 0.1, and may be considered small as a first approximation.

We define Py equal to mon Then using'Eq. (A.4) to eliminate v

from (A.3) gives

) | (A.5)

ni
P = -iw - V.
P P T %

which is the expression used in deriving Eq. (2.13).

B. Derivation of Vector Wave Equation

We seek to derive :an equation for the perturbed magnetic field
b from the set of Eqs. (2.9), (2.10), (2.11), and (2.12). We start by
solving Eq. (2.12) for- v ‘ ' '

v .. = L j X B

i wpy & ~0 (B.1)

This is now substituted into Eq. (2.9) to give
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.. 1 \ . 1 . .
E*‘wpl(-g,xgo)xgo Nt AixE (B.2)

We now use Eq. (2.10) to eliminate j from Eq. (B.2)

E+—
=Sy

1™0

:
[(VXR) XEOJ*XB =
: - (B.3)

Finally we take the curl of this equation and substitute Eq. (2.11),

curl "E = iwb, to get

i [ - 3
Boh | T o .
b= —— v X [(VXb)‘XZ Xzt VX(n- Vv Xb) |
0oy ’[(vva) ol | 4
leOen i. A z,j (B.;:)

where z = BO/BO.

on

: 2_ o 2 o \ —
Introducing V = .B-O,/"LOPI and: wc_i = gBQ/ m, gives:

VX (R -VXDb)
‘J‘O et ~

X [vxg}x; . . . (B.5)

In a cartesian system the _1_th component of b may be written
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Noting that Zi

we get

Pl w

where we have introduced Q = —
nm, ©
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bp] . (B.6)

9%b ]
__r
Ox. 8x

J P.
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8o kp 6mpéko) ij 8x '

(B.7)

is the z direction, and going back to vector notation

8b

VX(nVXb)-lﬂvxa ,

w@g,q,u/o,/zn‘“
(2.14)
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C. Cooling of Plasma by Thermal Conduction to the Wall

We consider the rate of héat transfer in the radial direction
in a cylindrical plasma, due to thermal cc:;nddctivity. Particle dif-
fusion effects are ignored in this calculation, as is the effect of neutral
particles. The conservation equation for thermal energy, assuming

no sources or sinks, is

s -]

t

[+

OW v kvT=0, - (C.1)

where W = 3nkT is-the-:t:herrrfal energy density, n is the ion density
and k is the coefficient of thermal conduction for a fully ionized

plasma which is, from Spitzer, 1
K =g T5/2 erg/sec deg cm, (C.2)

where g is a constant which for the experiment has the value '
g = 7.4X10_6 erg/sec deg /2 cm. Since the tube vwall is an electrical
conductor and during the time of interest is short circuitéd to a central
~electrode, it should not be possible for a radial electric field to exist,
so the thermoelectric effect is ignored. ;If a radial field.cti)uldvexist,
x would be reduced by a factor 0.419} |
Equation (C.1) becomes, upon substitution for W and «,

- —v-<f1‘5/2vT)=0,_ (C.3)

)

H

h

=

where h = 3115

g

This equation is nonlinear, but separable. Set T = 7 (t) R (r),

2
and let N\~ be the separation constant. Then we obtain

5 v
+}h—"r 7/Z=0; (C.4)

o]

er
dt
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v2R +-§4R-1~(\7R)2 + \2r732 (C.5)

The equation for the time variation is easily integrated and

yields
-2/5
1 i

t+ =
TOS/Z

:" .

(C.6)

Q
il
o

where To is the initial temperature at r = 0 and t = 0. A charac-

teristic decay time is given by

h | | | - (©

and is the time for the temperature to drop to 0.758 To.
To treat the R equation, we first assume cylindrical symmetry
and negligible z variation of temperature (long cylinder approximation).
9 9
Then 0.

30 Bz '
In cylindrical coordinates, Eq. (C.5) becomes

+ N =g, = 0. (C.8)

We now make the following changes of variables:

2/5 '
R = (; )\Zﬁyz ) : Z2/7 ; (C.9)
r = ys. (C.10)

The change of Eq. ‘(C.IO) is made for convenience later in

scaling. With these substitutions, Eq. (C.8) becomes

i’z
.__Z. +
ds

QaIQa
“IN

1 +2 272 (C.11)
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s

A solution to this equation can be found graphically, which
serves to determine )\2 and hence the chardcteristic decay time. A
simple and very rough approach is to notice that the solutions to the
.twverqu:ations obtained by replacing the exponent 2/1 in Eq. (C.11) by
0 or 1 are respectively Z =1 - 52/4 and Z = Jo(s), where J, 1s
the zero order Bessel function. A plot of these two solutions out to the
first zero of Z reveals that they" are very similar (Fig. 26), and since
they must bracket the solution to Eq. (C.11), we obtain immediately the
approximate value s = 2.1 at the first zero of z. The physical boundary
condition is assumed to be T =0-at r = 7.3.cmn,, so.we obtain from Eq.
(C.10) y=7.3/2.1=3.48. Since the temperature at r = 0 has already
been specified in 7, we must have R (0) = l. Then Eq. (C.9) serves
to determine XZ, which is equal to 23 )(10_2 cm. The shape of the
temperature distribution is obta._ine_‘d from thezgrajphical ‘soluvti(_)n for Z

'and Eg. (C.9),. and is shown in Fig. 26. For "th~i§; solutibn, the charac-

- . teristic time from Eq. (C.7) is ts = 320 psec,
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06 r

0.4}

Approximate solution
for Z

0.2~

o) ! | 1 L
0] 04 0.8 1.2 1.6 20 24 28

- Scale radius s

MU=-23370

Fig. 26. Approximate solution to Eq. (C.11). The upper
dashed curve is the similarity solution for the radial
dependence of temperature in the tube.



D. Review of Theoretical Literature
-Relating to Hydromagnetic Waves in Waveguides

The problem of hydromagnetic waves is a waveguide with a
magnetic field directed along the axis of the guide has been treated by
a number of authors. These papers will be briefly discussed here,
mostly with regard to their respective limits of validity and their ap-
plicability in various extreme cases. For consistency the términology
of Gajewski will be used to refer to the various types of waves, because
the designation of different wave types is by no means uniform among
these authors. Since the work of Gajewski will be used as a frame
within which the other work will be examined, we begin with a review
of the results of his work.

Gajewski begins with the linearized equations of magnetohydro-
dynamics, as they appear in Egs. (2.8) through (2.11) of this paper,
with the exception that dissipative effects are ignored (y =n'= 0) and
the LX "Ié term of Eq. (2.9) is neglected. His results are applicable
to waveguides of arbitrary cross section, and he gives some specific
results for guides of circular cross section. He finds four types of
waves. The first is a purely longitudinal wave which travels at sound
speed and is identicai to the principal wave of an acoustic guide, and
is termed the L type wave. A second typé is purely transverse, tra-
vels without dispersion at the Alfvén speed, and is called a T type
wave. This is the type experimentally investigated in this paper. The
third and fourth types involve both transverse and longitudinal dis-
placements and are termed TL types. These last two waves are
examined in detail for the case where sound speed Vs greatly exceeds
the Alfvén speed V. Under these conditions, one wave travels at
nearly the Alfvén speed and is called a TLM (magnetohydrodynamic) type,
and one travels at nearly sound speed and is called a TLA (acoustic) type.
Unfortunately, the notation is inconsistent for the opposite case of V>>Vs,
for in this case the TLA type travels at nearly the Alfvén speed and the
TLM type travels at sound speed.



-93.

The earliest work in this field was done by Lundquist.,.5 His
work is a simplified theory giving only the m = 0, T type wave, with
“the inclusion of finite conductivity. This theory is used in his paper
for a comparison with his exp'erimental results in mercury. |

In 1954 thié work was extended by Lehnert, 6 both experimentally
and theoretically.. The theory used by Lehnert was similar to that of
Lundquist, treating only the m = 0, T type wave.

The first author to treat the general problem of hydromagnetic
waves in a cylindrical geometry was Banos. 34 He starts with a general
‘set of equations retaining not only a finite conductivity, but the dis-
placement current term in the curl Ii equétion. These inclusions allow
him to examine the behavior of the wave types in the limiting cases of
low static magnetic field, where the wave goes over to an ordinary elec-
tr‘omagnetic wave, and of finite conductivity, in which case the waves
are damped by ohmic losses within the fluid. Banhos does not examine
in detail all the wave types, and finds the T ‘type and the extremes of
the TLA wave for Vs>> V and V 1<V,

Newcomb14 looks Speciffcally at the case of a waveguide of cir-
cular cross section with electrically conducting walls and with . V>> VS.
He starts with the same set of equations as Gajewski, and finds the T
and TLA waves. Then, treating the terms individually as perturbations,
‘he finds the effect on these waves of finite conductivity, pressure gra-
dients within the plasma, and of the term el_n AXE which appears in
Ohm's law. The conductivity term leads to damping constants for the
two types of waves. With the inclusion of pressure gradients, he finds
the TLM type wave, and the last term leads to a rotation of the plane of
polarization of the two TL waves. ) .

Lehnert's work33 is very general in leading up to a vector wave
equation for b, the wave magnetic field. It includes the effects of neutral
atoms within the plasma, finite conductivity and displacement currents.
However, in applying this equation, he allows some sweeping approxima-
tions to be made which reduce the equation to one containing only the
m = 0, T type wave. From our experimental point of view this is still

very interesting though, since the effects of neutral atoms are still included.
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This effect had not been taken into account by other workers.

Finally, Schmoys and.Mishkin35 have recently treated the prob-
lem of a guide of arbitrary cross section, containing vab plasma of finite
conductivity and including the effect of displacement currents. Since
they do not include pressure effects, they only.find the T Vtype wave
and the V> Vs‘limit of the TLA type. |

An intersting case occurs when the wave frequency approaches
‘the ion cyclotron frequency. The T-type wave shows a resonance
effect at this frequency, where the attenuation becomes very high and
the wave velocity goes to.zero. This problem has been thoroughly
examined by Stix, 16 in connection with is proposals to use this res-
onance as a means for plasma heating. This work has recently been
extended by Bernstein and Trehan. 36 They develop a. dispersion
relation for the T-type wave (their Eq. IV-25) which is identical to the
zero resistivity limit (Eq. 2.37) of Eq. (2.34) of this thesis.

The terminology used by various authors to designate these

waves is presented in tabular form in Table III.
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. Table III ‘

Comparisons of wave terminology of various authors

~ : . . 35
Cra.jewski15 Ba.nos34 Newcomb14 Lehnert33 Schmoys® Mishkin
L o - . Cmm o . _———-
T Velocity mode .= Principal Torsional ™™

mode - mode mode

TLM in equations but Sound-like --- ‘ ---

(V»Vs ) not specifically mode ' o
’ named : o

TLM  in equations but = --- .- -

(V<< V_) not specifically
named

TLA Modified --- ---

(V<.<Vs) sound wave '

TLA Modified TE  TE
(V>>_VS) Alfven wave mode’ o mode
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APPENDIX F

&
Plasma Boundary Condition

We assume the plasma to be surrounded by a thin annular vacuum

space of thickness £, with the plasma—iia;chum bound'ary'a'lt r =b- E. The

vacuum space is bounded by a conducting wall at r =b. To o‘?)tain the con-
ditions on the ikc’ we match the tangential electric and magnetic fields in
plasma to those in vacuum and put the appropriate conditions on the vacuum
fields at the conducting wall. (

The plasma fields are obtained from Eqs (2.23), (2.18), and (2.9)
through.(2:,1‘2). - We require the tangential components of b and E at

r=r,. To simplify the following expressions, we define the symbol [ ]

such that
[’Af‘(D_L, k= i§ , Aiﬁ‘(iDi, K- (F1)
The fields at r = r, are then:
b= [AT kmp) ], o (F2)
by = —— RDl-kC ) ATk T)] L (F3)
Op
i
b, = 5 [k AT (k )], S (F4)
w ‘ T
Eg=-—% [AT (k_ro) 1, - (F5)
and ia VZ : : o
Ez__“_[k(D nkZ)A.I(kr)]. (F6)
z 2 c Y c 0"c O .
Op w

The vacuum solutions are well known: If-we define

sk .
The author is indebted to Dr. Klaus Halbach and Mr. Gary Pearson for

.valuable discussion regarding this condition.:"
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2

Y £ 5— -P

[¢]

S, (yr)
0

and

i

0 ‘ 0
'.=_ GlJ1 (yr) + GZNI,(Yr)’
0 2

the vacuum fields are:’

=AY g i
bzv(ro)- 5 so(vro),
: w
Eg,(rg) = - 5 S (yrg),
and >
- icty
Ezv(rO) B ) TO(YI‘O) ‘

Cplp ym) + CNy vy,

(F'7)

o(F8)

| C(F9)

‘ (F10)

(F11)

‘ (F12)

(F13)

0’ Tl’ T0 about
b, noting that the boundary condition on Etan at r = b requires Sl(_yb) =

We now assume £ <<b, yYE<< 1, and expand SI’S

To(Yb) = 0. The results are, to first order in £:

T =14 )T, 00, (F1%)
Tolvrg) = EVT)(vb), o E)
S, (vrg) = = EYS,(¥b), . ~(F16)

and

Sol¥rg) = S, (¥b) . o - (F17)
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Eqs. (F10), (F13), (F14), and (F15) show that b@v(ro) oc Ezv(ro), and

Eqs. (F1l1), (F12), (F16), and (F17) show that bzv(ro) oc EOv(rO)° Since the
plasma fields at the interface must match the vacuum fields, the above con-
ditions give the following relations between bO and EZ and between bz and

EQ in plasma, at r = r,:

o
2
. oY g
15[(DI )AJ(kr)] —— 1+ ) [k (D)~ k )AJ(kr)'lO
1 A
’ (F18)
- & [k, ATk ro) 1- [AT (k r)]=0. ) (F19)

We consider the special case (VZ/CZ) (kc/yz) o <<E << kl , for
: c
which the second pair of terms of Eq. (F18) and the first pair of terms of

Eq. (F19) are negligible. The first inequality requires essentially that the
capacitive reactance of the vacuum layer be much greater than the resistance
of an equally thick layer of plasma. Substituting from Eq. (Fl9) into Eq. (F18),

we obtain

2

2

(lkc - ch ) A1 Jl (lkcro) =0 (F20)
and

(kZ kZAJ(k )=0 (F21)

2Ke make ) Ay I Gk Ty) =0
Equation (2.20) shows that, in general, .lk'c is not equal to ch, so we obtain
as the solutions of interest

A2 = 0; Jl(lkcro) =0 (F22)
and

A1 = 0; Jl(zkcro) =0. (F23)

These are equivalent, and show that only a single term (that is, i = 1 only) is

needed to describe the wave field in Eq. (2.23). No additional information is

obtained by considering the case 1k ch
In the experiment, we have typically (V /c ) (k_ /y ) @y = 10 "8 i1 and
l/kC A~ 2X107 -2 m., The estimated value of £ from experlmental data is
3

4%10" " m.
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