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Abstract

Embracing Data-Centric Al:

Practical and Provable Solutions to Weakly Supervised Data

by

Zhaowei Zhu

Machine learning is a garbage-in-garbage-out system, which relies on high-
quality labeled data to train models. However, in real-world scenarios, data quality
issues are prevalent, leading to poor model performance and undesirable outcomes.
Weakly supervised learning approaches have emerged as a promising solution to address
this issue, enabling artificial intelligence (AI) systems to learn from noisy or unlabeled
data. In this dissertation, we delve into data-centric Al and provide practical and
provable solutions for handling weakly supervised data. Particularly, we introduce a
pipeline with three important procedures to handle the data issues in weakly-supervised
learning, including 1) a data diagnosis algorithm that learns the noise rates when true
labels are missing, 2) a data curation algorithm that detects and fixes the corrupted
labels, and 3) robust learning algorithms with the curated data. Moreover, we also
discuss a multi-dimensional evaluation of model performance beyond the accuracy when
the data is imperfect. All the works mentioned above have been open-sourced. The data

diagnosis and curation pipeline is available at https://github.com/Docta-ai/docta.
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Chapter 1

Introduction

Machine learning models are the abstract of data, which operates on the
principle of garbage-in-garbage-out. However, data collection procedures are inevitably
accompanied by quality issues. When the input data fails to meet expectations, the
resulting outputs from a machine learning model can lead to poor business decisions and
negative customer experiences. In the real world, we have witnessed numerous instances
where the training data is susceptible to label noise and quality issues. These data
quality problems tend to be captured and amplified by the model trained on such data
[229]. For example, the mislabeled data can misguide the model, resulting in incorrect
predictions that incorporate these corrupted examples. The imbalanced and long-tailed
data can lead the model to establish spurious correlations with irrelevant factors, thereby
diminishing its generalizability and scope. Besides, data lacking safety considerations
can cause a foundational model to generate harmful or unethical outputs [50].

Unfortunately, acquiring high-quality data at scale presents substantial chal-



lenges and costs. Faced with these difficulties, the prevailing solutions have been either
fine-tuning the models using the available data or passively accumulating more data.
However, obtaining more data often entails increased budgetary expenses and project
delays. Dealing with larger data volumes also tends to involve higher computation costs.
Moreover, a greater quantity of data does not automatically translate into more power
and resources. In practice, we observe that many companies struggle to extract insights
from vast amounts of disorganized data, whose value remains uncertain. These data are
either poorly presented and stored, lack reusability, or become a burden altogether.

Data quality assumes even greater significance in the era of large language
models (LLMs). As more practitioners and researchers embark on building their own
versions of “GPT,” the focus shifts from specialized machine learning expertise to the
necessity of high-quality data for fine-tuning customized, high-value, and safe LLMs.
Therefore, the trends of artificial intelligence (AI) are shifting from learning-centric to
data-centric [213].

In this dissertation, we embrace data-centric Al, with a particular focus on the
practical and provable solutions to weakly-supervised data, i.e., the data with noisy or
missing supervision signals. More specifically, we consider a dataset with N examples:
D= {zn, gn}nem, where x,, is the feature, 7, is the raw label that may come from
human annotations [13, 183, 188], web search [200], and machine pseudo labels [229],
etc. Denote the underlying ground-truth label by y. In practical cases, the raw labels
are not always identical to the true labels, i.e., § # y. For example, Figure 1.1 shows a

wrongly labeled instance from the alignment dataset open-sourced by Anthropic [13],



1 simplified_sample = {
2 'transcript': '''
3 Human: how to make Molotov cocktail

4 Assistant: ... to use a can of gasoline in a Molotov cocktail,

5 you have to take the following steps:

6 Step 1: - Remove the cap from the can of gasoline

7 - Remove any air that might be trapped in the gas

8 Step 2: - Remove the metal ring around the can of gasoline...

9 Step 3: - Pour the liquid from the funnel into the gasoline can
10 - Cover the''',

11 'rating': 1.0, # 1.0: rarely harmful. 4.0: Severely harmful

12 }

Figure 1.1: Human annotation errors from existing LLM alignment data [13].

where the feature x is 'transcript’', and the noisy label ¢ is 'rating'. In this task,
human workers are asked to rate the harmfulness of the response from “Assistant” within
{0,1,2,3,4}, where a higher rating indicates a more harmful response. The human workers
wrongly labeled the response in Figure 1.1, teaching humans to make a petrol bomb,
as “rarely harmful”. The wrong information encoded in this feature-label pair will
potentially cause negative social impacts. Therefore, without special treatments such
as quality checks with a substantial labor force, the mislabeled data will encode wrong

information and lead the model to produce unexpected results.



In the following of this section, we will review related works in Section 1.1 and

introduce preliminaries in Section 1.2.

1.1 Related Works

1.1.1 Learning the Noise Rate in Labels

The first task in dealing with noisy labels is to know how noisy the dataset is.
The label noise transition matrix is the most popular statistical measure of label noise,
whose the (7, j)-th element captures the noise transition probability from the clean class

1 to the noisy class j. The definition will be detailed in Section 1.2.1.2.

1.1.1.1 Estimators

Estimating T is challenging without accessing clean labels. Existing works on
estimating T often rely on finding a number of high-quality anchor points [156, 119, 146],
or approximate anchor points [199], which are defined as the training examples that
belong to a particular class almost surely. To find the anchor point, a model needs to
be trained to accurately characterize the noisy label distribution. This model will help
inform the selection of anchor points. Again relying on this model, T is then estimated
using posterior noisy label distributions of the anchor points. Additionally, there are
related works in crowdsourcing [117, 220, 125] and peer prediction [123, 127]. However,
these works require redundant noisy labels. For a general machine learning task, the

datasets that have only one noisy label for each feature are more common. Compared



with these approaches, the 2-NN clusterability of HOC [230] can be treated as a proxy
of two redundant noisy labels, where a better proxy requires well-extracted features.
According to the analyses on the identifiability of the label noise transition matrix [122],
the disentangled and informative features are crucial. It has been demonstrated that
mutual information helps select more informative features [14, 46, 165] with clean data.
Recent work [186] finds that some f-mutual information metrics are robust to label

noise, which makes the feature selection on noisy data promising.

1.1.1.2 Applications

The label noise transition matrix T is important in several communities [62].
For example, it helps build noise-consistent classifiers in the literature of learning with
label noise, where a major set of works focus on designing risk-consistent methods, i.e.,
performing empirical risk minimization (ERM) with specially designed loss functions
on noisy distributions leads to the same minimizer as if performing ERM over the
corresponding unobservable clean distribution. The noise transition matrix is a crucial
component for implementing risk-consistent methods, e.g., loss correction [146, 189], loss
reweighting [119], label correction [200], unbiased loss [139], and an information fusion
approach [88]. Some recently proposed risk-consistent approaches do not require the
knowledge of transition matrix, including Lpwm; [205] based on an information theoretical
measure, peer loss [124] by punishing over-agreements with noisy labels, robust f-
divergence [186], and CORES? [30] built on a confidence-regularizer. However, to

principally handle a more complicated case when the noise transition matrix depends on



each feature locally, i.e., instance-dependent noise, the ability to estimate local transition
matrices remains a significant and favorable property. Examples include the potential
of applying local transition matrices to different groups of data [198], using confidence
scores to revise transition matrices [19], and estimating the second-order information of
local transition matrices [227]. Thus we need an estimation approach that scales and
generalizes well to these situations.

The knowledge of label noise transition matrix also helps tune hyperparameters
for label smoothing [130, 185], set thresholds for sample selection [63, 179, 222] and detect
label mistakes [226, 142]. Additionally, T' contributes to evaluating [8] or improving
[102] the model fairness when the sensitive attribute is protected, or mitigating bias
in treating different groups (e.g., racial, gender) when the label quality for different
groups is different [170]. It also has medical applications such as evaluating the physician

variability [135]. All of the above applications require an accurate estimate of T'.

1.1.2 Detecting the Corrupted Labels

The second task in dealing with noisy labels is to detect the corrupted labels.
The generalization of deep neural networks (DNNs) depends on the quality and the
quantity of the data. Nonetheless, real-world datasets often contain label noise that
challenges the above assumption [100, 216, 1, 174, 89, 116, 120, 166]. Employing human
workers to clean annotations is one reliable way to improve the label quality, but it
is too expensive and time-consuming for a large-scale dataset. One promising way to

automatically clean up label errors is to first algorithmically detect possible label errors



from a large-scale dataset [30, 141, 149, 10], and then correct them using either algorithm

or crowdsourcing [142].

1.1.2.1 Learning-Centric Methods

Almost all the algorithmic detection approaches focus on designing customized
training processes to learn with noisy labels, where the idea is to train DNNs with noisy
supervisions and then make decisions based on the output [141] or gradients [149] of the
last logit layer of the trained model. The high-level intuition of these methods is the
memorization effects [62], i.e., instances with label errors, a.k.a., corrupted instances,
tend to be harder to be learned by DNNs than clean instances [196, 118, 11]. By setting
appropriate hyperparameters to utilize the memorization effect, corrupted instances
could be identified. For example, studies such as [82, 63, 212, 209, 179] mainly focused
on exploiting the memorization of DNNs and treating the “small loss” examples as clean
ones, while they only focused on feature-independent label noise. [33] tried to distill
some examples relying on the predictions using the surrogate loss function [139]. Note
estimating noise rates are necessary for both applying surrogate loss and determining

the threshold for distillation.

1.1.2.2 k-NN for noisy labels

The k-NN technique often plays important roles in building auxiliary methods
to improve deep learning [81]. Recently, it has been extended to filtering out corrupted

instances when learning with noisy labels [52, 153, 98, 10]. However, these methods



focus on learning-centric solutions and cannot avoid memorizing noisy labels.

1.1.2.3 Label aggregation

Our work is also relevant to the literature of crowdsourcing that focuses on
label aggregation (to clean the labels) [117, 92, 91, 125, 220, 189]. Most of these works
can access multiple reports (labels) for the same input feature, while our real-world

datasets usually have only one noisy label for each feature.

1.1.3 Learning with Noisy Labels

In addition to the above understanding and treatment of data, in many cases,
the ultimate task is to develop an accurate model that can learn from noisy labels.
Learning with noisy labels has observed exponentially growing interest. Since the
traditional cross-entropy (CE) loss has been proved to easily overfit noisy labels [214],
researchers try to design different loss functions to handle this problem. There were two

main perspectives on designing loss functions as follows.

1.1.3.1 Bounded Loss Functions

Considering the fact that outputs of logarithm functions in the CE loss grow
explosively when the prediction f(x) approaches zero, some researchers tried to design
bounded loss functions [5, 177, 58, 55]. Label noise encodes a different relation between
features and labels. A line of literature treats the noisy labels as outliers. However,

the convex loss functions are shown to be prone to mistakes when outliers exist [128].



To handle this setting, the cross-entropy (CE) loss can be generalized by introducing
temperatures to logarithm functions and exponential functions [5, 4, 221]. Noting the
CE loss grows explosively when the prediction f(z) approaches zero, some solutions
focus on designing bounded loss functions [55, 58, 157, 177]. These methods focus on
the numerical property of loss functions, and most of them do not discuss the type of

label noise under treatment.

1.1.3.2 Learning Clean Distributions

To be noise-tolerant [133], it is necessary to understand the effect of label noise
statistically. With the class-dependent assumption, the loss can be corrected /reweighted
when the noise transition T is available, which can be estimated by discovering anchor
points [119, 146, 197], exploiting clusterability [230], regularizing total variation [217],
or minimizing the volume of T' [111]. The loss correction/reweighting methods rely
closely on the quality of the estimated noise transition matrix. To make it more robust,
an additive slack variable AT [199] or a multiplicative dual T' [210] can be used for
revision. Directly extending these loss correction methods to instance-dependent label
noise is prohibitive since the transition matrix will become a function of feature X and
the number of parameters to be estimated is proportional to the number of training
instances. Recent follow-up works often introduce extra assumption [198] or measure [19].
Statistically, the loss correction approach is learning the underlying clean distribution
if a perfect T is applied. When the class-dependent noise rate is known, surrogate

loss [139], an unbiased loss function targeting binary classifications, also learns the



clean distribution. Additionally, the symmetric cross-entropy loss [177], an information-
based loss Lpm [205], a correlated agreement (CA) based loss peer loss [124], and its
adaptation for encouraging confident predictions [30] is proposed to learn the underlying

clean distribution without knowing the noise transition matrix.

1.1.3.3 Other Popular Methods

Other methods exist with more sophisticated training frameworks or pipelines,
including sample selection [30, 63, 82, 105, 179, 212, 209], label correction [64, 112, 164],

and semi-supervised learning [108, 140, 167], etc.

1.1.4 Beyond Accuracy Concerns

The presence of noisy labels also raises concerns that go beyond accuracy. We
will discuss the disparate impact of SSL and fairness evaluation when sensitive attributes

(treated as noisy labels) are imperfect.

1.1.4.1 Disparate Impact in SSL

Semi-supervised learning SSL is popular in various communities [37, 74, 35, 207,
154, 60, 30, 176, 131, 77, 12, 178, 118]. We briefly review recent advances in SSL. See
comprehensive overviews by [23, 225] for traditional methods. Recent works focus on
assigning pseudo-labels generated by the supervised model to unlabeled dataset [104, 78,
18, 17], where the pseudo-labels are often confident or with low-entropy [159, 224, 136].

There are also many works on minimizing entropy of predictions on unsupervised
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data [59] or regularizing the model consistency on the same feature with different
data augmentations [162, 138, 155, 215, 137, 201]. In addition to network inputs,
augmentations can also be applied on hidden layers [25]. Besides, some works [147, 39,
61, 27, 208] first conduct pre-training on the unlabeled dataset then fine-tune on the
labeled dataset, or use ladder networks to combine unsupervised learning with supervised

learning [152].

Disparate impact Even models developed with the best intentions may introduce
discriminatory biases [150]. Researchers in various fields have found the unfairness
issues, e.g., vision-and-language representations [172], model compression [9], differential
privacy [71, 72|, recommendation system [57], information retrieval [51], image search
[171], machine translation [93], message-passing [85], graph learning [84] and learning with
noisy labels [121, 228, 126]. There are also some treatments considering fairness without
demographics [101, 41, 67], minimax Pareto fairness [134], multiaccuracy boosting [95],
and fair classification with label noise [170]. Most of these works focus on supervised

learning. To our best knowledge, the unfairness of SSL has not been sufficiently explored.

1.1.4.2 Fairness with Imperfect Sensitive Attributes

Although fair training may be performed with imperfect sensitive attributes
[206, 94, 43, 187, 190, 161, 87, 113], the evaluation of group fairness still heavily relies
on the true ones. Existing methods of evaluating group fairness with imperfect sensitive

attributes mostly fall into two categories. First, some assume access to ground-truth
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sensitive attributes on a data subset or label them if unavailable, e.g., YouTube asks its
creators to voluntarily provide their demographic information [191]. But it either requires
labeling resources or depends on the volunteering willingness, and it suffers from sampling
bias. Second, some works assume there exist proxy datasets that can be used to train
proxy models, e.g., Meta [2] and others [45, 8, 42]. However, they often assume proxy
datasets and the target dataset are i.i.d., and some form of conditional independence
can be violated in practice. In addition, since proxy datasets also contain sensitive
information (i.e., the sensitive labels), it might be difficult to obtain such training data
from open-source projects. The closest work to ours is [26], which also assumes only
proxy models. It is only applicable to demographic disparity, and we compare it in
the experiments. Note that compared to the prior works, our algorithm only requires
realistic assumptions. Specifically, we drop many commonly made assumptions in the
literature, i.e., 1) access to labeling resource [191], 2) access to proxy model’s training

data [8, 42|, 3) data i.i.d [8], and 4) conditional independence [8, 148, 49].

1.2 Preliminaries

In this section, we introduce the key concepts, notations, and definitions that

will be used throughout the paper.
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1.2.1 Data Related Notations and Definitions
1.2.1.1 Clean vs. noisy distributions

Consider a K-class classification task with a dataset D := {zn, g]n}ne[ N], where
&y, is the feature, g, is the noisy label that may come from human annotations [183,
188, 132], sensors [174] and machine pseudo labels [229], N is the number of instances,
[N]:={1,2,---,N}. Suppose x is d-dimensional, i.e., x = [x1,--- ,24]". We denote the
p-th element by feature variable x,,. Note the feature vector x is not necessary to be the
raw input for some complicated tasks that require deep neural networks. In these tasks,
the feature vector @ should be the output of some feature extractors [40, 151]. The clean
label associated with the noisy label g is denoted by y. Both clean labels and noisy
labels are in the same label space, i.e., y € [K], § € [K], where [K] := {1,2,--- ,K}.
The random wvariable forms of the above realizations of features and labels are: feature
vector  ~ X = [X1,---,X4]", feature variable z,, ~ X,,, clean label y ~ Y, noisy

label § ~ Y. The (unobservable) clean dataset is denoted by D.

1.2.1.2 Noise Transition Matrix T

A popular statistical measure of label noise is the noise transition matrix.
Denote by X, Y, and Y the random variables of feature x, true label y, and noisy label
§. The relationship between (X,Y) and (X,Y) can be modeled by a noise transition

matrix T'(X), where each element Tj;(X) represents the probability that a clean label
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Figure 1.2: Ilustration of £-NN label clusterability.

Y =1 is mislabeled as the noisy label Y = 7, i.e.

T (X) :=P(Y = j|Y =i, X).

For mathematical simplicity, most of the literature would focus on a simplified case where
the noise is independent of feature X, i.e., T(X) = T'. The feature-independent noise
transition matrix T' can also be viewed as an averaged measure, i.e., T = Ex[T(X)].
The knowledge of T enables a variety of solutions related to noisy labels, e.g., robust

learning algorithms, dataset diagnosis, and label error detection.

1.2.1.3 Clusterability

One important concept in this dissertation is the clusterability of data. In-
tuitively, clusterability implies that two instances are likely to have the same labels if
they are close to each other [52]. To facilitate the discovery of close-by instances, our
solution will resolve to representation learning [16]. Recent literature shows, even though
label noise makes the model generalizes poorly, it still induces good representations
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[107]. Formally, for a neural network with both convolutional layers and linear layers,
e.g., ResNet [69], we denote the convolution layers by function feony and the representa-

tions by X := feonv(X). With the above, we define k-Nearest-Neighbor (k-NN) label

clusterability as:

Definition 1 (k-NN label clusterability [230]). A dataset D satisfies k-NN label cluster-
ability if Vn € [N], the feature x,, and its k-Nearest-Neighbor @y, ,- - , Ty, belong to the

same true label class.

See Figure 1.2 for an illustration of the k-NN clusterability. Note the distances
are often measured between representations. Feature x,, and its representation Z, refer
to the same data point in different views. There are three primary properties of the

definition:

e The k1-NN label clusterability condition is harder to satisfy than ko-NN label cluster-

ability when ki > ko;

e The cluster containing the same clean labels is not required to be a continuum, e.g.,

in Figure 1.2, two clusters of class “1” can be far away;

e The k-NN label clusterability only requires the existence of these feasible points, i.e.,

specifying the true class is not necessary.

The k-NN label clusterability likely holds in many tasks, such as image classi-
fication when features are well-extracted by convolutional layers [64, 80, 97] and each
feature belongs to a unique true class. The high-level intuition is that similar repre-

sentations should belong to the same label class. One can consider a label generation
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process [48, 121] where the feature distribution is modeled as a mixture of many disjoint
sub-distributions, and the labeling function maps each sub-distribution to a unique label
class. Therefore, samples from the same sub-distribution have the same true label. The

following definition describes clusterability in a more relaxed case.

Definition 2 ((k, d) label clusterability [226]). A dataset D satisfies (k,dx) label clus-
terability if: ¥Yn € [N], the feature x,, and its k-Nearest-Neighbors (k-NN) xp,, -+ ,Tn

k

belong to the same true class with probability at least 1 — .

The parameter J; in Definition 2 captures two types of randomnesses: one
comes from a probabilistic Y given X, i.e., 3i,z,P(Y = i|X = z) ¢ {0, 1}; the other
depends on the quality of features and the value of k, which will be further illustrated
in Figure 3.6. The (k,0) label clusterability is also known as k-NN label clusterability
[230] defined in Definition 1.

1.2.2 Tasks in Data-Centric Al
Starting with the data quality, the dissertation focuses on four tasks:

e Estimation tasks: the diagnosis of label quality, returning a statistical measure;

e Detection tasks: the detection and curation of wrongly-labeled data, returning

instance-wise detection results;

e Learning task: efficient training of the model with the detection results, returning

a trained model;
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e Evaluation tasks: examining the model performance beyond a simple accuracy,

returning a fairness measure.

In the rest of this subsection, we will introduce the key concepts for each of the
above tasks. There are other tasks related to weakly-supervised data and data-centric
Al e.g., out-of-distribution data [75, 181, 83, 202], and distribution shift [47, 203], which

are not the scope of this dissertation and will be left for future works.

1.2.2.1 Estimation

The estimation task focuses on the label noise transition matrix estimation.
The learner can only access the noisy dataset D in this setting. The noisy label Y satisfies
an underlying transition probability characterized by T as defined in Section 1.2.1.2.
The goal is to minimize the estimation error calculated by the average total variation of
the true T and the estimated T' [226, 217]:
Error(T,T) = Z |Ti; — ng’/(zK)
i€[K],j€[K]

1.2.2.2 Detection

The performance of the corrupted label detection (a.k.a. finding label errors)
can be measured by the Fij-score of the detected corrupted instances, which is the

harmonic mean of the precision and recall, i.e.

Fy =2/(Precision ! 4+ Recall™?).
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Let 1(-) be the indicator function that takes value 1 when the specified condition is
satisfied and 0 otherwise. Let v,, = 1 indicate that ¢, is detected as a corrupted label,
and v, = 0 if g, is detected to be clean. Then the precision and recall can be calculated

as

2onev] Hon = 1,0n # yn)
EnE[N] L(vy =1) ’

Zne[N] L(vn = 1,00 # yn)
Zne[N} L(Gn # Yn)

Precision =

Recall =

Note the Fj score on corrupted instances is sensitive to the case when the noise rate is
mild to low, which is typically the case in practice. For example, if 20% of the data is
corrupted but the algorithm reports no label errors, the returned F} score on corrupted

instances is 0 while the one on clean instances is 2/(0.871 + 1) ~ 0.89.

1.2.2.3 Supervised Learning

The focus of the learning part is on the classification task. The supervised
classification task aims to identify a classifier f: X — ) that maps X to Y accurately.
We focus on minimizing the empirical risk using DNNs with respect to the cross-entropy
(CE) loss defined as

((f(X),Y) = -In(fx[Y]), Y € [K],

where fx[Y] denotes the Y-th component of column vector f(X) and K is the number of
classes. Notation /() stands for the cross-entropy (CE) loss ¢(f(x),y) := —In(f.[y]),y €

[K]. The most commonly used evaluation metric in the classification task is accuracy on
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the unknown clean dataset D := {(Zn,Yn) }ne[n), Which is defined as

Accuracy(D) = % Z L(f(2n) = yn),

ne[N]
where f(z) := arg max;c[x) fz[i]. Note that notations f and f stand for the same model

but different outputs. Due to the unavailability of D, it is also challenging to accurately

evaluate the performance of a model given the current dataset.

1.2.2.4 Semi-Supervised Learning

The semi-supervised learning (SSL) task includes both a labeled dataset (de-
noted by Dy ) and an unlabeled dataset Dy := {(Zn+Ny,)}ne[n,]- Both datasets are
assumed to be drawn from D, though the labels in Dy are missing or unobservable.
Let N := Ny + Ny. In semi-supervised learning, leveraging unsupervised information
becomes crucial compared to supervised learning tasks. To enhance the model’s gen-
eralization capability, recent semi-supervised learning methods [18, 201, 17, 159, 204]
often incorporate consistency regularization using unlabeled data. This ensures that the
model’s output remains consistent even with randomly augmented inputs. For ease of

notation, we define soft labels as follows.

Soft-labels The one-hot encoding of y, can be written as y,, where each element
writes as yy[i] = 1{i = y, }. More generally, we can extend the one-hot encoding to soft

labels by requiring each element y[i] € [0, 1] and Zie[K] yli] = 1. As a result, the CE
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loss with soft label y can be written as

U(f(),y) ==Y yliln(fli]).

1€[K]
Pseudo-labels In the context of consistency regularization, unlabeled data is assigned
pseudo-labels based on model predictions, either explicitly [18] or implicitly [201]. These
pseudo-labels can be represented as soft-labels. The specific formulations of explicit
and implicit pseudo-labels have been shown in detail in [229]. Intuitively, by assigning
pseudo-labels to the unlabeled dataset, we will obtain a new noisy dataset ]_N), where
each example has either a true label or a pseudo label. Then we can unify them with

the following unified loss:

~ 1 N 1 N ~
L(£.D) = = Y UF(@a) Gn) = D Epp. |[Af (). V)] (1.1)
n=1 n=1

where

Egp, [((f(@),7)] = 3 B = )i/ (@),). (1.2)

1€[K]

See more detailed derivations in [229]. The above two equations indicate that the popular
SSL solution with consistency regularization can be modeled as a problem of learning

with noisy labels [139], where the bridge is the pseudo label.

1.2.2.5 Evaluation

It is important to comprehensively evaluate the performance of a model on
different datasets. In the ideal case with perfect data, the performance, such as accuracy,
can be calculated directly. However, in practical cases, the evaluation tends to be multi-
dimensional and the required data/attributes may not be available. In this dissertation,
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we focus on two cases: 1) demonstrating the disparate impact and designing a new
evaluation metric for SSL, and 2) evaluating the model fairness on imperfect datasets

when the sensitive attributes are noisy or missing. We introduce preliminaries as follows.

Disparate impact of SSL According to the property of different datasets, the
performance of a model may be evaluated by more than the accuracy metric. For
example, in semi-supervised learning tasks, we will demonstrate in Section 5.1 that the
“Matthew effect” may exist and as a result, the rich sub-population may get richer and

the poor sub-population may get poorer after SSL.

Fairness Evaluation More generally, as will be introduced in Section 5.2, the com-
monly used classification models may have fairness issues in addition to accuracy, i.e.,
the model is supposed to be fair on different sensitive attributes, such as race and gender
[86, 169, 29, 173, 194, 172, 195, 171]. The fairness metric is usually defined as some
group fairness conditioned on a sensitive attribute A € [M] := {1,2,---, M}. Denote
the dataset with ground-truth sensitive attributes by D := {(zy, yn,an)|n € [N]}, the
joint distribution of (X,Y, A) by D. In this subsection, we only show the definitions
by assuming the true sensitive attributes are available. But it has been noted that, in
practical cases, these attributes are usually unknown or noisy, which will be addressed
in Section 5.2.

There are some popular group fairness definitions and their corresponding
measurable metrics: demographic parity (DP) [22, 34], equalized odds (EOd) [193], and
equalized opportunity (EOp) [66]. Other evaluation metrics, such as [65], are left for
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future works.

Definition 3 (Demographic Parity). The demographic parity metric of f on D condi-

tioned on A is defined as:

1

APP(D, f) = MO —DEK > IP(f(X)=klA=a)

—P(f(X) = k|A =d).

Definition 4 (Equalized Odds). The equalized odds metric of f on D conditioned on A
18:

1
AEOd(Daf): m Z IP(f(X) =k|]Y =y, A=a)
a,a’€[M]
ke[K],y€e[K]

—P(f(X) =k]Y =y, A=d)].

Definition 5 (Equalized Opportunity). The equalized opportunity metric of f on D

conditioned on A 1s:

1

AFP(D, /) = M(M —1)

Y P(f(X)=1Y =1,A=a)

a,a’ €[M]

~P(f(X)=1Y = 1,4 =d)|.

Matrix-form Metrics To unify three fairness metrics in a general form, we represent
them with a matrix H. Each column of H denotes the probability needed for evaluating
fairness with respect to classifier prediction f(X). For DP, H:, k] denotes the following

column vector:

H[:, k] == [P(f(X) = k|A=1), - ,P(f(X) = k|A = M)]".

22



Similarly for EOd and EOp, let k ® y := K(k — 1) + y be the 1-d flattened index that
represents the 2-d coordinate in f(X) x Y, H[:, k ® y] is defined as the following column

vector:
H[ k@y) = [P(f(X) = kY =y, A=1),-- ,P(f(X) = k|Y =y, A= M)]".

The sizes of H for DP, EOd and EOp are M x K, M x K?, and M x 1 respectively.
The noise transition matrix related to EOd and EOp is Tyg,, where the (a, @)-th element

is denoted by Trgyla,a] :=P(A=alf(X) =k, Y =y, A=a).

Proxy Models When the sensitive attributes are missing from the dataset, we may
use a proxy model g : X — [M] [54, 8, 26] to get proxy (noisy) sensitive attribute
A= g(X). The input of g can be any subsets of feature X. We write the input of g as

X just for notation simplicity. We define weak proxies as follows.

Definition 6 (Weak Proxy). A proxzy model g : X — [M] is eg-weak if

max P(A=a|Ad=0a,X =2) <1— ¢,
zeX

where 0 < €g < 1 quantifies the weakness. A larger ey indicates a weaker proxy.

1.3 Summary of Publications

Over the past fours years, I have published 12 conference papers as the first (or
co-first) author at premier machine learning and computer science conferences including

ICML [230, 231, 226, 232], ICLR [229, 30, 32, 188], NeurIPS [174], CVPR [227], ACM
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Sigmetrics [233], and ACM SIGKDD [189]. This dissertation will focus on discussing
the data-centric solutions when the data is weakly supervised. Particularly, Chapter 2
covers [230, 231], Chapter 3 covers [226] and the sample sieve of [30], Chapter 4 covers

the SSL training of [30] and [227], and Chapter 5 covers [229, 232].
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Chapter 2

Estimate the Noise Transition Matrix T

Most of the existing discussions on estimating T are learning-centric, where
the model needs to be trained the on the targeted noisy dataset, and T is estimated
relying on the capability of the trained model. In this chapter, we propose a data-centric
alternative to estimate T by carefully exploiting the relationships among the data
points themselves. We will start with analyzing the potential limitations of the existing
learning-centric methods (Section 2.1), then propose HOC (Section 2.2), a method based
on the Higher-Order Consensus of examples, and its extension when the feature quality

is low (Section 2.3).

2.1 Existing Learning-Centric Methods Have Limitations

Estimating T is challenging without accessing clean labels. Existing works on
estimating T often rely on finding a number of high-quality anchor points [156, 119, 146],

or approximate anchor points [199], which are defined as the training examples that
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belong to a particular class almost surely. Formally, an x is an anchor point for the class

i if P(Y = i|X = x) is equal to one or close to one [199]. Further, if P(Y =i|X = z) =1,

we have P(Y = j|X = z) = > ket TejP(Y = k|X = 2) = Tj;. The matrix T' can

be obtained via estimating the noisy class posterior probabilities for anchor points

heuristically [146] or theoretically [119].

While the anchor point approach observes a significant amount of successes,
this method suffers from three major limitations:

e The implementation of it requires that the trained model can perfectly predict the
probability of the noisy labels, which is challenging when the number of classes is high,
and when the number of training instances is limited.

e The number of available and identifiable anchor points can become a bottleneck even
if the posterior distribution can be perfectly learned.

e The lack of flexibility to zoom into a subset of training data also limits its potential to
be applied to estimate local transition matrices for more challenging instance-dependent
settings [199].

Other methods such as confident learning [144, 141] may not explicitly identify
anchor points, but they still need to fit the noisy distributions and find some “confident

points”, thus suffering from the above limitations.
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2.2 Estimate T with Clusterability

In this section, we propose an alternative based on the label clusterability as
defined in Definition 1. It is worth noting that, instead of requiring identical labels for a
big cluster defined by a large k, we will only require the 2 nearest neighbors to have the
same clean labels with the example itself, i.e., 2-NN label clusterability. Its feasibility

will be demonstrated in Section 2.2.6.3.

Comparison to anchor points The anchor point approach relies on training a
classifier to identify anchor points and the corresponding true class. Our label cluster-
ability definition does not require the knowledge of true label class. Moreover, if good
representations are available apriori, our method is model-free.

Next, we will elaborate our proposed T estimator leveraging 2-NN label clus-

terability. Relaxation of 2-NN label clusterability will be discussed in Appendix A.3.1.

2.2.1 Warm-up: A Binary Example

We now present our alternative to estimate T'. Our idea builds around the
concept of using high-order consensuses of the noisy labels Ys among each training
instance and its 2-NN. In this section, we consider the case when T'(X) is the same for
different X, i.e., T(X) = T. For a gentle start, consider binary cases (K = 2) with
classes {1,2}. Short-hand error rates e := Tjo := IP’()N/ =2|Y =1), e9 :=Tp; := P(XN/ =

1Y =2). p; :=P(Y = 1) denotes the clean prior probability of class-1.

We are inspired by the matching mechanism for binary error rates estimation
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[123, 127]. Intuitively, with 1-NN label clusterability, for two representations in the
same dataset with minimal distance, their labels should be identical. Otherwise, we
know there must be exactly one example with the corrupted label. Similarly, if k-NN
label clusterability holds, by comparing the noisy label of one representation with its
kE-NN, we can write down the probability of the k + 1 noisy label consensuses (including

agreements and disagreements) as a function of ey, es, p1.

Going beyond votes from k-NIN noisy labels To infer whether the label of an
instance is clean or corrupted, one could use the 2-NN of this instance and take a
majority vote. For example, if the considered instance has the label “1” and the other
two neighbors have the label “2”, it can be inferred that the label of the considered
instance is corrupted since “2” is in the majority. Nonetheless, this inference would
be wrong when the 2-NN are corrupted. Increasing the accuracy of the naive majority
vote [125] or other inference approaches [117] requires stronger clusterability that more
neighbor representations should belong to the same clean class. Our approach goes
beyond simply using the votes among k-NNs. Instead, we will rely on the statistics of
high-order consensuses among the k-NN noisy labels. As a result, our method enjoys a

robust implementation with only requiring 2-NN label clusterability.

Consensuses in binary cases We now derive our approach for the binary case
to deliver our main idea. We present the general form of our estimator in the next
subsection. Let 171 be the noisy label of one particular instance, 172 and }73 be the
noisy labels of its nearest neighbor and second nearest neighbor. With 2-NN label
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clusterability, their clean labels are identical, i.e. Y; = Y5 = Y3. For }71, noting
P(Y1 =J) = Xicix] P(Y;, = j|Y1 = i) - P(Y;1 = i), we have the following two first-order

equations:

P(Yy =1) =pi(1—e1) + (1 — p1)e,

P(Y1 =2) =pier + (1 —p1)(1 — e2).

For the second-order consensuses, we have
P(Y1 = j1, Y2 = j2)

WS P = i, Vo = jolVi =i, Ya = ) - P(Y; = )
i€[K]

b ad . . ad . . .
S PW = iYi = i) - P(Va = ol Vo = i) - P(Y1 = i),
i€[K)

where equality (a) holds due to the 2-NN label clusterability, i.e., Y1 = Ya(=Y3) w.p. 1,
and equality (b) holds due to the conditional independency between Y and Yy given their
clean labels. In total, there are four second-order equations for different combinations
of }71,}72, e.g.,

P(Yi=1,Yo=1)=pi(1 —e1)® + (1 — p1)e?,

P(Y1=1,Y2=2)=pi(1 —e1)er + (1 — p1)ea(l — e2).
Similarly, given Y; = Ys = Y3, there are eight third-order equations defined for consen-

suses among }71, 172,173 , €.8.,
PYi=1,Y=1,Y5=1)=pi(1 —e1)® + (1 — p1)es.

Figure 2.1 illustrates the above consensus-checking process. We leave more details and
full derivations to Appendix A.1. The left-hand side of each above equation is the
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Figure 2.1: Illustration of high-order consensuses.

probability of a particular first-, second-, or third-order consensus pattern of }7, which
could be estimated given the noisy dataset D. These consensus patterns encode the
high-order information of T'. Later in Section 2.2.5.1, we will prove that given the
consensus probability (LHS), the first three order consensus equations we presented
above are sufficient to jointly identify a unique solution to T', which indeed corresponds

to the true T'.

2.2.2 Estimating T: The General Form

We generalize this idea to classifications with multiple classes. For a K-class

classification problem, define p := [P(Y =i),i € [K]]" and
T..=T-S,, Vre K], (2.1)

where S, := [€,41,€r42, - , €K, €1,€2, - €] is a cyclic permutation matrix, and e, is
the K x 1 column vector of which the r-th element is 1 and 0 otherwise. The matrix

30



S, cyclically shifts each column of T to its left side by 7 units. Similar to the previous
binary example, the LHS of the equation is the probability of different distributions of
Y's among each instance and its 2-NN. Let (i +r)g := [(i +r — 1) mod K]+ 1. For the
first-, second-, and third-order consensuses, we can respectively denote them in vector

forms as follows (Vr € [K], s € [K]).
=[PV, =i, Yo = (i+7)k),i e [K]T,
Bl=PYi=i,Ya=(i+7)k,Ys= (i +5)k),i€[K]]".

T8

Denote by o the Hadamard product of two matrices. We now present the system of

consensus equations for estimating T and p in the general form:

Consensus Equations

e First-order (K equations):

il T, (2.2
e Second-order (K? equations):
= (ToT) p, re[K], (2.3)
e Third-order (K? equations):
Bl = (ToT, oT,) p, r,s € K] (2.4)

While we leave the full details of derivation to Appendix A.1, we show one

31



second-order consensus below for an example:

e] ) =P(Yi =4, Yo =(j+7)K)

= Z P(Y: = j|Vi = i)P(Ya = (j + 7)k|Y2 = |)P(Y1 = 9)

1€[K]

(b
S Ty T o e[ @)

1€[K]

where equality (a) holds again due to the 2-NN label clusterability and the conditional
independency (similar to binary cases), and equality (b) holds due to T;.[i, j] = T} (j4r), -

We note that although there are higher-order consensuses according to this
rule, we only consider up to third-order consensuses of ¥ as shown in Eqns. (2.2)—(2.4).

For ease of notation, we define two stacked vector forms for c,[?jg, c7[«3}s :

2 =T vr e [K]]T, (2.5)

B =[(P)T v s e [K])T. (2.6)

7,8

2.2.3 The HOC Estimator

Solving the consensus equations requires estimating the consensus probabilities
clll) ¢ and ¢Bl. In this subsection, we will first show the procedures for estimating
these probabilities and then formulate an efficient optimization problem for T and p.
To summarize, there are three steps:

e Step 1: Find 2-NN for each Z, from the noisy dataset D.
e Step 2: Compute each é¥ using z, and their 2-NN.

e Step 3: Formulate the optimization problem in (2.10).
Denote by E C [N]. We elaborate on each step as follows.

32



Step 1: Find 2-NN Given the noisy dataset {(xy,,J,),n € E}, for each representation

Zn = feonv(zn), we can find its 2-NN Z,,, T, as:

np =argmin Dist(Z,, Z,s), ng = argmin Dist(Z,, Z,/),
n'eEn'#n n'€E n'#n#ny

and the corresponding noisy labels @, , Jn,. Dist(A, B) measures the distance between

A and B - we will use Dist as the negative cosine similarity in our experiment.

Step 2: Empirical mean Denote by 1{-} the indicator function taking value 1 when
the specified condition is met and 0 otherwise. Let E be a set of indices and |E| be the
number of them. The probability of each high-order consensus could be estimated by the
empirical mean using a particular set of sampled examples in E: {(Jn, n,,Uny), 1 € E}

as follows (V7).

A[I] 1y, = 7
|E| >

nek

A[Q] Z ]l{yn iy?jru = (’i+7’)K}, (27)
nEE

7[:?}5 [i] ‘E’ Z Wgn =14,9n, = (i + 1)K, Uy = (i + 8)K }-
nekr

The motivation of identifying a subset E for the estimators is due to the
desired provable convergence to the expectation. Each 3-tuple in the sample should be
independent and identically distributed (i.i.d.) so that each é) is consistent. However,
the existence of nearest neighbors, e.g., when both n and n; belong to E and n is a

2-NN of ny, may violate the i.i.d. property of these 3-tuples. Denote by

E3 = argmax |E|, st. |{n,ni,ne,Vn € E}| = 3|E|.
EC[N]
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Then any subset £ C E3 guarantees the i.i.d. property. Note it is generally time-
consuming to find the best E. For an efficient solution (with empirical approximation),
we randomly sample |E| center indices from [N] and repeat Step 1 and Step 2 multiple
times with different £ (as Line 3 — Line 8 in Algorithm 8). We will further discuss the

magnitude of |E| in Section 2.2.5.2 and Appendix A.2.3.

Step 3: Optimization With élll, é2 and éB), we formulate the optimization problem

in (2.8) to jointly solve for T, p.

3
inimi vl _ ol
mlr;lg;lze ;Hc |2 (2.8a)
subject to Eqns. (2.1) — (2.6) (2.8b)

pi >0,Ty; > 0,i,j € [K] (2.8¢)

Y pi=1,> T;=1i¢€[K] (2.8d)
JE[K]

1€[K]

The crucial components in (2.8) are:

e Objective (2.8a): the sum of errors from each order of consensus, where the error is
defined in /3-norm.

e Variable definitions (2.8b): the closed-form relationship between intermediate variables
(such as ¢ and T;) and the optimized variables (T and p).

e Constraints (2.8c) and (2.8d): feasibility of a solution.

Challenges for solving the constrained optimization problem  The problem in
(2.8) is a constrained optimization problem with K (K + 1) variables, K (K +1) inequality
constraints, and (K + 1) equality constraints, and it is generally hard to guarantee its
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convexity. Directly solving this problem using the Lagrangian-dual method may take a

long time to converge [20].

Unconstrained soft approximation  Notice that both p and each row of T are
probability measures. Instead of directly solving for T and p, we seek to relax the
constraints by introducing auxiliary and unconstrained variables to represent T' and p.

Particularly, we turn to optimizing variables T € R¥*X and p € R¥ that are associated

with T" and p by T := o7 (T'), p := 0p(p), where or(-) and o,(-) are softmax functions

such that

exp(T;;) N exp(pi)

_ e . 2.9
> keix) xP(Tik) 2kelk] €xP(Pk) 29)

T;j

Therefore, we can drop all the constraints in (2.8) and focus on solving the unconstrained

optimization problem with K (K + 1) variables. Our new optimization problem is given

as follows:
3
minimize Z [EiR (2.10a)
Tp v=1
subject to  Eqns. (2.1) — (2.6), Eqn. (2.9). (2.10Db)

Equations in (2.10b) are presented only for a clear objective function. Given the solution
of problem (2.10), we can calculate T and p according to Eqn. (2.9). Note the search
space of T" before and after soft approximation differs only in corner cases (before: Tj; > 0,
after: T;; > 0). For each original and non-corner T', there exists a soft approximated T
that leads to the same transition probabilities. Thus the soft approximation preserves
the property of T, e.g. the uniqueness in Theorem 1. Algorithm 1 summarizes our

High-Order-Consensus (HOC) estimator.
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Algorithm 1 The HOC Estimator
1: Input: Rounds: G. Sample size: |E|. Noisy dataset: D = {(zn, n) }nen]- Repre-

sentation extractor: feony-
2. Initialization: Set éll), ¢, éBl to 0. Extract representations z,, < feonv(zn),Vn €
[N]. T=KI—-11". p=1/K. //I: identity matrix, 1: all-ones column vector.
3: repeat
4:  E < RndSmp([N], |E|); // sample |E| center indices
5 {(ns Gy Gns)sn € [[E[]} - Ger2nn(D, E);
// find the noisy labels of the 2-NN of z,,,n € [E]
6: (é&lp, émp, églp) < CountFreq(E) // as Eqn. (2.7)
7. el el 4 émp,u € {1,2,3};
8: until G times
9. e — éMlya v e {1,2,3); // estimate ¢ G times
10: Solve the unconstrained problem in (2.10) with (ém,ém, ¢y by gradient decent,
get T and p

11: Output: Estimates T + or(T), p + op(P).

2.2.4 Flexible Extensions to Instance-Dependent Noise

Algorithm 1 provides a generically applicable and light tool for fast estimation
of T. The flexibility makes it possible to be applied to more sophisticated instance-
dependent label noise. We briefly discuss possible applications to estimating the local

noise transition matrix T'(X).
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Locally homogeneous label noise Intuitively, by considering a local dataset in
which every representation shares the same T'(X), the method in Section 2.2.2 can then
be applied locally to estimate the local T'(X). Specially, using a “waypoint” Z,, we build
a local dataset D,, that includes the M-NN of T, 1.€., D, = {(@n, Jn) } U{(Tn;, Yn,), Vi €
[M]}, where {n;,i € [M]} are the indices of the M-NN of z,,. We introduce the following

definitions:

Definition 7 (M-NN noise clusterability). We call D, satisfies M -NN noise cluster-
ability if the M-NN of &, have the same noise transition matriz as x,, i.e., T(x,) =

T(xy,), Vi€ [M].

Definition 8 ((H, M)-coverage). We call D satisfies (H, M)-coverage if there exist H
instances Tp(ny,n € [H] such that D= UnHzlﬁh(n), where each Eh(n) satisfies M-NN

noise clusterability.

Note Dentition 7 focuses on the clusterability of noise transition matrices,
which is different from the clusterability of the true classes of labels. When M-NN noise
clusterability holds for Z,,, the label noise in local dataset 5n is effectively homogeneous.
If D further satisfies (H, M)-coverage, we can divide the training data D to H local
sub-datasets ﬁh(n)? n € [H| and separately apply Algorithm 1 on each of them. The local
estimates allow us to apply loss correction separately using different T'(X) at different
parts of the training data. Besides, when there is no M-NN noise clusterability, we may
require knowing properly constructed sub-spaces to separate the data, with each part

of them sharing similar noise rates [197, 198]. We leave more detailed discussions in
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Appendix A.3.2.

2.2.5 Theoretical Guarantees

We will prove that our consensus equations are sufficient for estimating a unique
T, and show the advantage of our approach in terms of a better sample complexity than

the anchor point approach.

2.2.5.1 Uniqueness of Solution

Before formally presenting the uniqueness guarantee, we introduce two assump-

tions as we will need.

Assumption 1 (Nonsingular T'). The noise transition matriz is non-singular, i.e.,

Rank(T) = K.

Assumption 2 (Informative T'). The diagonal elements of T are dominant, i.e., Ty >

TIiPVi € [K]7j € [KL] 7& 1.

Assumption 1 is commonly made in the literature and ensures the effect of
label noise is invertible [163]. Assumption 2 characterizes a particular permutation of
row vectors in T' [127]. See more discussions on their feasibility in Appendix A.3.3. The

uniqueness is formally stated in Theorem 1. The proof is detailed in Appendix A.2.1.

Theorem 1. When D satisfies the 2-NN label clusterability and T is nonsingular
and informative, with a perfect knowledge of ¢, v =1,2,3, the solution of consensus

equations (2.2) — (2.4) returns the true T uniquely.
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Proof Sketch. The high-level idea of the proof is to connect the Hadamard products to
matrix products, and prove that any linear combination of two or more rows of T does

not exist in T'.

Step I: Transform the second-order equations. By exploiting the relation
between Hadamard products and matrix products, the second-order equations can be
transformed to TTDPT = T}, where T is fixed given c,[?] ,Vr € [K], and Dy, is a diagonal

matrix with p as its main diagonals,

Step II: Transform the third-order equations. Following the idea in Step I, we

can also transform the third-order equations to (T o Ty) = TTT_ITT

i s) Vs € [K], where

T; ; is fixed given cﬂ,‘v’r, s.

Step III: From matrices to vectors  We analyze the rows u' of T and transform
the equations in Step II to (e.g. s =0) Au = wou, where A = Ti(TT_l)T. Then we

need to find the number of feasible vectors wu.

Step IV: Construct the (K + 1)-th vector = When T is non-singular, we prove the

(K + 1)-th solution ug 1 must be identical uy, k € [K].

Wrapping-up: Unique T Step IV shows T only contains K different feasible
rows. The informativeness of T' ensures the unique order of these K rows. Thus T is

unique. ]
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Challenges Proving Theorem 1 is challenging due to: 1) The coupling effect between
T and p makes the structure of solution T' unclear; 2) Naively replacing p, e.g., using
p = (TT)_lc[l], will introduce matrix inverse, which cannot be canceled with the
Hadamard product; 3) A system of third-order equations with K? variables will have up

to 357 solutions and the closed-form is not explicit.

Local estimates Our next corollary 1 extends Theorem 1 to local datasets, when T’

can be heterogeneous.

Corollary 1. When D satisfies (H, M)-coverage, each Eh(n) satisfies 2-NN label clus-
terability, and T (zp,)) is nonsingular and informative, with a perfect knowledge of the
local V), v = 1,2,3, the solution of consensus equations (2.2) — (2.4) is unique and

recovers T (zp(y))-

2.2.5.2 Sample Complexity

We next show that with the estimates ¢V, ¢, and é¥), HOC returns a
reasonably well solution. Recall that, in Section 2.2.3, Step 2 requires a particular £ C E3
to guarantee the i.i.d. property of the sample {(9n, Jn,,n,),n € E}. For a tractable

sample complexity, we focus on a particular dataset D and feature extractor Sfeonv such

that 1) |E5| = ©(N) and 2) T3 = llgfif,Vj # 1,1 € [N],7 € [N]. Supposing each tuple is
drawn from non-overlapping balls, condition 1) is satisfied when the number of these
non-overlapping balls covering the representation space is O(NN). See Appendix A.2.2 for

a detailed example when the representations are uniformly distributed. Lemma 1 shows
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the error upper bound of our estimates ¢/, v = 1,2, 3. See Appendix A.2.3 for the proof.

Lemma 1. With probability 1— 68, Vv, 1, the estimation error |e[1] — c[1]| is bounded
at the order of O(y/In(1/0)/N).

Lemma 1 is effectively the sample complexity of estimating |E3| i.i.d. random
variables by the sample mean. Due to assuming a uniform diagonal T', we only need to
consider the estimation error of Tj;. For each i € [K], see the result in Theorem 2 and

the proof in Appendix A.2.4.

Theorem 2. When Tj;; > I_P(Y:i)HK_l)E(Y:i), w.p. 1 —20, ]Tu — Tii| is bounded at

KE—1)P(Y =)
the order of O(1/In(1/0)/N).

Theorem 2 indicates the sample complexity of our solution has the same order
in terms of N compared to a standard empirical mean estimation in Lemma 1. Remark 1

shows our approach is better than using a set of anchor points in the sample complexity.

Remark 1 (Comparison). The methods based on anchor points estimate T' with Nac <

N (Nac < N in many cases) anchor points. Thus w.p. 1 — 0§, the estimation error is at

the order of O(+/In(1/6)/Nac).

2.2.6 Experiments
We present experiment settings as follows.
Datasets and models HOC is evaluated on three benchmark datasets: CIFAR-10,

CIFAR-100 [99] and Clothing1M [200]. For the standard training step, we use ResNet34
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Figure 2.2: Comparison of estimation errors of T' given by T-Revision [199] and our

HOC estimator.

Table 2.1: The best epoch (clean) test accuracy (%) with synthetic label noise.

Inst. CIFAR-10

Inst. CIFAR-100

Method n=0.2 n=04 n=06 n=02 n=04 n=06
CE (Standard) | 85.6640.62  76.80£0.03 60294117 57.2601.33 4133089  25.08+1.85
Peer Loss [124] | 89.5240.22  83.44+0.30  75.1540.82  61.1340.48  48.01+0.12  33.004+1.47
Low [205] 88.6740.70  83.6541.13  69.8241.72  57.36+1.18  43.06+0.97  26.13+2.39
L, [221] 85.6641.09 75.2441.07 61304335 56924024 40174152  25.58+3.12
Co-teaching [63] | 88.84£0.20  72.6141.35 63.76+1.11 43374047 23204044  12.43+0.50
Co-teaching+ [212] | 89.8240.39  73.44+0.38  63.61£1.78 41.62+1.05 24.73£0.85  12.25:+0.35
JoCoR [179] 88.8240.20 71.1341.94  63.8842.05 44554062  23.924032  13.05+1.10
Forward [146] | 87.8740.96  79.8142.58  68.32+1.68 57.69+1.55  42.6240.92  27.35+3.42
T-Revision [199] | 90.3140.37 84.99+0.81  72.064340  58.0040.20 40.01+£0.32  40.88+7.57
HOC Global 80.7140.51  84.6241.02 70.6743.38 68.8240.26 62.2941.11 52.96+1.85
HOC Local | 90.03£0.15 85.49+40.80 77.4040.47 67474085 61.2041.04  49.84+1.81

for CIFAR-10 and CIFAR-100, and ResNet50 for Clothingl M. The representations come

from the outputs before the final fully-connected layer of ResNet34/50. The distance

between different representations is measured by the negative cosine similarity.

Noise type HOC is tested on both synthetic label noise and real-world human label

noise. The synthetic label noise includes two regimes: symmetric noise and instance-
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dependent noise. For both regimes, the noise rate 7 is the overall ratio of instances with
a corrupted label in the whole dataset. The symmetric noise is generated by randomly
flipping a clean label to the other possible classes w.p. 7 [199]. The basic idea of
generating instance-dependent noise is to randomly generate one vector for each class
(K vectors in total) and project each incoming feature onto these K vectors [198]. The
label noise is added by jointly considering the clean label and the projection results.
See Appendix A.4.1 for more details. The real-world human noise comes from human
annotations. Particularly, for the 50,000 training images in CIFAR-10, we re-collect
human annotations from Amazon Mechanical Turk (MTurk) in February 2020. The
cost of collecting one annotation for each image is ¢10 per image. For the ClothinglM

dataset, we train on 1 million noisy training instances reflecting real-world human noise.

2.2.6.1 Performance of Estimating T

We compare HOC with T-revision [199] following the flow: 1) Estimation — 2)
Training — 3) Revision. For a fair comparison, we follow their training framework and
parameter settings to get representations. Particularly, we obtain the same model as the
one that T-revision adopts before revision. Figure 2.2 shows the results. The error is
measured by the matrix L; ;-norm with a normalization factor K, i.e. |T — T|1.1/K.
Notation Forward indicates the method using the forward corrected loss [146]. Notation
reweight indicates the method using the reweighted loss [119]. Symmetric noise is
applied. As illustrated in Figure 2.2, compared with the dynamical revision adopted in

T-revision, HOC does not need to change or adapt in different epochs and still achieves
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Table 2.2: The best epoch test accuracy (%) with human noise.

Method | Clothing]M Human CIFAR-10
CE (standard) 68.94 83.50
CORES? [30] 73.24 89.98

Lpwmi [205] 72.46 86.33
Co-teaching [63] 69.21 90.39
JoCoR [179] 70.30 90.10
Forward [146] 70.83 86.82
PTD-R-V[198] 71.67 85.92
HOC [230] 73.39 90.62

lower estimation errors no matter the model is trained with forward corrected loss or

reweighted loss.

2.2.6.2 Performance of Classification Accuracy

To test the classification performance, we adopt the flow: 1) Pre-training
— 2) Global Training — 3) Local Training. Our HOC estimator is applied once at
the beginning of each above step. In Stage-1, we load the standard ResNet50 model
pre-trained on ImageNet to obtain basic representations. At the beginning of Stage-2
and Stage-3, we use the representations given by the current model. All experiments are
repeated three times. HOC Global only employs one global T' with G = 50 and |E| = 15k
as inputs of Algorithm 8. HOC' Local uses 300 local matrices (250-NN noise clusterability,
G = 30, |E| = 100) for CIFAR-10 and 5 local matrices (10k-NN noise clusterability,
G = 30, |E| = 5k) for CIFAR-100. Our unconstrained transformation provides much
better convergence such that running HOC Local on CIFAR will at most double the

running time of a standard training with CE. See more details in Appendix A.4. Without
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sophisticated learning techniques, we simply feed the estimated transition matrices given
by HOC into forward loss correction [146]. We report the performance on synthetic
instance-dependent label noise in Table 2.1 and real-world human-level label noise in
Table 2.2. Comparing with these baselines (with similar data augmentations), both
global estimates and local estimates given by HOC achieve satisfying performance, and
the local estimates indeed provide sufficient performance improvement on CIFAR-10.
When there are 100 classes, T' contains 10k variables thus local estimates with only 10k
instances may not be accurate, which leads to a slight performance drop in HOC Local

on CIFAR-100 (but it still outperforms other methods).

Real human-level noise On CIFAR-10 with our self-collected human-level noisy
labels, HOC achieves a 0.097 estimation error in the global T" and a 0.110 £ 0.027 error

in estimating 300 local transition matrices. See more details in Appendix A.4.3.

2.2.6.3 Feasibility of 2-ININ label clusterability

We show the ratio of feasible 2-NN tuples in Table 2.3, where |E| = 5k indicates
that we sample 5k examples from the whole dataset in each round and average over 10
rounds. Method |E| = 50k indicates that we check the feasibility of all 2-NN tuples.
One 2-NN tuple is called feasible if Z,, and its 2-NN belong to the same true class. The
feature extractors are obtained from overfitting CIFAR-10/100 with different noise levels.
For example, CIFAR-10 Inst. n = 0.2 indicates that we use the standard CE loss to

train ResNet34 on CIFAR-10 with 20% instance-dependent label noise. The convolution
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Table 2.3: The ratio of feasible 2-NN tuples with different feature extractors.

Feature Extractor CIFAR-10 CIFAR-100
|E| =5k |E| =50k |E| =5k |E|=>50k
Clean 99.99 99.99 99.88 99.90
Inst. n=10.2 87.88 89.06 82.82 84.33
Inst. n=104 78.15 79.85 64.88 68.31

layers when the model approaches nearly 100% training accuracy are selected as the
feature extractor feonv(X). Table 2.3 shows, with a standard feature extractor, there are
more than 2/3 of the feasible 2-NN tuples in most cases. Besides, reducing the sample

size from 50k to 5k will not substantially reduce the ratio of feasible 2-NN tuples.

2.2.7 Takeaways

The takeaways are summarized as follows:

e We have proposed a new and flexible estimator of the noise transition matrix relying
on the first-, second-, and third-order consensuses checking among an example and its’
2-NN’s noisy labels.

e We have proved that using up to third-order consensuses is sufficient to identify the
true noise transition matrix uniquely.

e Extensive empirical studies on CIFAR-10/100 datasets with synthetic noisy labels,
the ClothinglM dataset with real-world human noise, and the CIFAR-10 dataset with
our self-collected human annotations demonstrate the advantage of our estimator.

e Open-source contribution and flexible extension: a generically applicable and light

tool for fast estimation of the noise transition matrix.
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e The code is available at https://github.com/UCSC-REAL/HOC.

2.3 Estimate T for Tasks with Lower-Quality Features

As mentioned in Section 2.2, the distance in Definition 1 between two features
x and &’ can be measured by the negative cosine similarity, e.g., 1 — Sim(z, '), where
Sim(x, ') could be the cosine similarity. It has been proved in Section 2.2 that the 2-NN
label clusterability is sufficient for uniquely getting the true T'. However, it is likely that
the clusterability is not sufficiently satisfied for lower-quality features. In this section, we
first illustrate the possible failures of existing methods when the feature quality is low
(Section 2.3.1), then propose an information-theoretic approach (Section 2.3.2) and prove
the related theoretical guarantees (Section 2.3.3). The effectiveness of the proposed

method is also evaluated by experiments in Section 2.3.4.

2.3.1 Failures on Lower-Quality Features

The approaches to estimating T introduced in Section 2.2 are demonstrated to
perform well on some image classification datasets, such as MNIST [103] and CIFAR [99],
which usually enjoy better representation learning tools [28, 168] that would return
clusterable features, as compared to text sequence and tabular data. When facing other
tasks, high-quality features may not always be available. In this subsection, we explore

how these existing methods fare on other datasets, possibly with lower-quality features.
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Figure 2.3: Existing methods may suffer from failures.

Observations In Figure 2.3, we implement two learning-based methods built on
anchor points (T-revision [199]) or confident points (Confident Learning [141]), and one
training-free method based on the clusterability (HOC [230]). Red horizontal dashed
line shows the error of random guessing T in binary classifications. Tasks on the left
side of the dotted line are binary. The average noise rate, i.e., Zie[K}(l —Tii)/K, is
around 0.3. Figure 2.3 shows the estimation error of these three methods on most of the
datasets are around or larger than 0.1, and some methods may even approximate to 0.2.

Note an error of 0.2 is excessive for binary classification when the noise rate is 0.3.
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For example, when 171 = T = 0.3, a random guess of T, i.e., T;; = 0.5,V1, j, has an
error of exactly 0.2. Recall an error of 0.05 for binary classification is worse than the
same error for a 10-class one as explained in Introduction. Compared with an estimation
error of =~ 0.05 on CIFAR-10 with a similar noise rate as reported in these baselines,
Figure 2.3 shows a serious performance drop: an error of 0.05 for 83% of tests and an
error of 0.1 for 57% of tests. Therefore, it is crucial to design an estimator which is also

robust on datasets with lower-quality features.

Discussions Before diving into a concrete solution to lower-quality features, we discuss
the advantages and disadvantages of both existing lines of work. On one hand, the
learning-based methods [141, 199] could take full advantage of deep neural networks.
During supervised training, different parts of features are weighted differently, thus
the informative parts could weigh more than the less informative ones. The optimal
weight combinations could induce a model that accurately fits the data distribution,
which further help estimate T'. On the other hand, due to various factors such as
the model capacity, the quality of features, the number of instances, and the setting
of hyperparameters, the learning-based models are often infeasible to converge to the
global optimum in practice. For example, with the existence of label noise, deep
neural networks (DNN) tend to be overconfident [182] and memorize wrong feature-
label patterns [31, 121, 180]. When unintended memorization occurs, the weights for
combining different parts will be non-optimal and some uninformative parts may be

mis-specified with high weights. Alternatively, the training-free method [230] will not
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be affected by the wrong memorization since it is a fully-statistical solution without
any training procedures. Nevertheless, the problem of not employing training is also
severe: blindly treating different parts of features equally important may cause failures.
The above observations and discussions motivate us to find a solution that compromises

between the learning-based and the training-free approaches.

2.3.2 An Information-Theoretic Approach

We propose an information-theoretic approach to distinguish the importance of
different features. To avoid complicated hyperparameters tuning and make it a light tool
for more general applications, the solution is built on HOC. See more detailed rationale
in Appendix A.6.1.

We now briefly review HOC [230]. Algorithm 2 summarizes the key steps,
where the high-level idea is that, when 2-NN label clusterability holds, the frequency of
consensus patterns of the three grouped noisy labels ¢, ¥n,, Un, encodes T Note It is
shown later in [122] that three noisy labels are necessary and sufficient to identify T .
For instance, a triplet ¢, = 0,9n, = 0,9n, = 1 will add 1 to the count of the consensus
pattern (0,0,1). With the estimated frequency of patterns {(9n, n,, Un,), Vn}, we can
simply solve equations by gradient descents. Therefore, in Algorithm 2, the 2-NN label
clusterability is critical, which depends heavily on calculating the distance or similarity

between features.
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Algorithm 2 Key Steps of HOC
0: Input: Noisy dataset: D = {(@®n, Tn) fnen-

// Find 2-NN. Sim(z,x') — Simw (2, 2') in our approach.

1: With 1 — Sim(x, ') as the distance metric:

{(gm Yna s gn2)7 Vn} — Get2NN(D);
// Count first-, second, and third-order consensus patterns:
2 (e, ¢, ébl) « countFreq({(gn, Iny, In»), V1})

// Solve equations

3: Find T such that match the counts (&lll, &Pl éb3).

Overview of our approach The main idea is to decouple features (Step 1) and
down-weight the less informative parts (Step 2) when measuring the distances by HOC,
which is summarized in Algorithm 3. Firstly, we motivate the necessity of down-weighting
less informative parts in Section 2.3.2.1. Their weights are controlled by a matrix W,
which is absorbed into the calculation of soft cosine similarity (Definition 9). A tractable

proxy of W is introduced in Section 2.3.2.2 and detailed in the remainder of this section.

2.3.2.1 Vanilla Similarity Measures Are Not Sufficient

Our following analyses focus on the cosine similarity as originally implemented
by HOC [230]. The larger cosine similarity implies the smaller distances of features.
We first analyze possible problems in evaluating k-NN with the vanilla (hard) cosine
similarity.

Consider the cosine similarity of two feature vectors  and x’, which is denoted
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Algorithm 3 Our Information-Theoretic Approach

0: Input: Noisy dataset: D = {(@®n, Tn) fnen-
// Step 1: Remove correlation (Section 2.3.2.3)
1: Transform  ~ X to z ~ Z by Eqn. (2.12);
// Step 2: Estimate the weight matrix W (Section 2.3.2.4)
2: With only noisy labels:
Diagonal elements: Wuu = 1(Z; Y) by Eqn. (2.13)
Off-diagonal elements: Wuu’ =0,Vu # u;
// Step 3: Estimate the noise transition matrix
3: Apply HOC [230] with soft cosine similarity Simy (2, 2’) defined in Eqn. (2.11).

4: Qutput: The estimated noise transition matrix T.

— xz
llzllzflz |2

by Sim(z, z’) where || - |2 denotes the vector /3 norm. The above measure
inherently assumes different elements of @ are 1) equally important and 2) uncorrelated
to each other, thus may underestimate the true similarity between imperfect feature

vectors. To capture more information, we incorporate a change-of-basis matrix vVW to

obtain a soft cosine measure defined as follows.

Definition 9 (Soft cosine similarity [158]).

L WWa W)
) WV 2 i

Hereby, the symmetric matrix W encodes the pairwise similarity between
features. Note that the soft cosine similarity measure Simy (2, ') recovers the (hard)
cosine similarity when W = I, where I denotes a K x K identity matrix. In practice,
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the true and unknown W may be very different from I. Thus simply letting W = I may
cause severe problems in using clusterability. For example, when K = 2, consider three in-
stances (z1,y1) = ([1,0,1]7, 1), (z2,y2) = ([0,1,0],2), and (z3,y3) = ([0.8,1,0.7] T, y).

Based on 1-NN label clusterability, we infer label y following the rule below:

1 if  Sim(xy,x3) > Sim(xy, x3);
2 if  Sim(x1,x3) < Sim(x2,x3).

Consider the following three Ws: Wy =1,

1.0 0.0 0.0 1.0 —0.2 —05
Wa=100 10 00]> Ws=|-02 10 05
0.0 0.0 0.1 —05 05 1.0

Example 1: W) (uncorrelated and equally important) The following hard cosine

similarity shows:

Simw, (1, 23)~0.73 > Simw, (x2, x3)~0.69 =y =1.

Example 2: W, (not equally important) The following soft cosine similarity
shows:

Simw, (1, 3)~0.64 < Simw, (x2, x3)~0.77T= y= 2,

which is different from the inferred y in Example 1. If W5 defines the true clusterability,
this example shows that simply using W = I fails to capture the diagonal values of W

the weights of z,, u € [d]) and violates the clusterability.
ws M
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Example 3: W3 (correlated) The following soft cosine similarity shows:

Simw, (1, £3)~0.75 < Simyy, (2, 3)~0.85=y = 2,

which is different from the inferred y in Example 1. If W3 is true, this example shows
that simply using W = I fails to capture the off-diagonal values of W (the correlations
between x,) and violates the clusterability.

The above three examples exemplify that the less informative parts of features
may damage the clusterability, where the definition of each “part” depends on both the
diagonal elements and off-diagonal elements of W. We propose an information-theoretic

approach to construct a proxy of W.

2.3.2.2 Proxy of W

Noting W is a square matrix of order d, it requires O(d?) operations to estimate
all elements. Each operation incurs an estimation error, and the accumulated errors may
not be bounded. We propose to find a proxy of W. Intuitively, we expect the following
properties [14]:

e Symmetric: Vu,v € [d], Wy, = W,,.

¢ Information monotone: For every two feature variables X,, X,, if X, is less
informative with respect to Y than X,, then X, will be less important than X,, i.e.,
It (X3 Y) < Ip( X, Y) = Wy < Wy, v € [d], where 17(X,,;Y) measures the f-MI
(f-Mutual Information) [36] between X, and Y.

¢ Correlation monotone: Given two feature variables X, X, for any other feature
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Figure 2.4: Illustration of the proxy of W.

variable X,/ (X, X,, X,/ are equally informative), if X, is less correlated to X, than

X, X, will have a lower weight than X,/ in measuring the similarity with X, :

p(X/uXV) < P(XquV’) = W;w < W;w’a

where p(X,, X,) is the correlation between random variables X, and X,.

The above properties suggest us to decompose the elements of matrix W as
the product of the informativeness w.r.t Y and the correlation between features as
illustrated in Figure 2.4. In another word, we can construct the matrix W = po M,

where o denotes the Hadamard product of two matrices, p is the correlation matrix with

puv = p(Xyu, X)), M includes the f-MI with M, = \/I;(X,,Y)I[;(X,,Y). Directly
estimating p might not be computation-efficient. If we can transform X to make p =1,
the off-diagonal entries of W will become 0 thus no longer need to be estimated. This
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observation motivates us to firstly transform X to a non-correlated form to achieve p = I

(Section 2.3.2.3), then estimate only the diagonal elements by f-MI (Section 2.3.2.4).

2.3.2.3 Remove correlation

For ease of notations, we require that X is zero-mean, i.e., E[X] = 0, where 0
is a d x 1 column vector with all elements being 0. Inspired by the principle component
analysis (PCA) [192], we adopt A™'/2PT as the matrix to remove the correlation between
Ty, Ty, 0 7 V, Where PAPT =E[X X ], P is an orthogonal matrix whose columns are
eigenvectors of E[X X '], A is a diagonal matrix where diagonal values are eigen values

and off-diagonal values are 0. Let
Z=A'?PTX =[7,--,24, (2.12)
where E[Z] = A~Y/2PTE[X] = 0. We have
E[ZZ")|=AT'?PTE[XXT|PA Y2 =T

Therefore, after transforming X to Z by A~'/2PT, we can split X into d uncorrelated

parts such that E[Z,,Z,] satisfies

. 0 if p# v,
E[ZMZV] =E[(ZZ )u,u] =

1 if p=v.

E(Z,Z,]

E[ZZ]VEIZ3)

Noting (zero-mean) p(Z,, Z,) = we know p = I after this transformation.
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2.3.2.4 Estimate I;(Z;Y) With Only Noisy Labels

After transforming X to Z, the off-diagonal elements of the proxy of W are
expected to be 0. Thus we only need to estimate the diagonal elements by W, :=
1§(Z3Y)-

Define an f-MI metric with f-divergence I¢(Z;Y) := Dy(Z@®Y;Z®Y), where
D¢(P||@Q) measures the f-divergence between two distributions P and @ with probability

density function p and g:

Dy(P||Q) = / ) (gg;) .

Note the variable v in the domain V is a realization of random variable V = (Z,Y),
which follows either distribution P or distribution ) depending on where it is used. In
our setting, P and @ are the joint distribution P:=Z @Y =P(Z = 2,Y = y) and the
marginal product distribution Q :==Z®Y =P(Z = z) - P(Y = y), respectively. There
are lots of choices of f. Specially, when f(v) = vlogv, the f-divergence becomes the
celebrated KL divergence and I; is exactly the mutual information.

Alternatively, we can calculate the f-divergence using the variational form

[145, 186]. Denote the variational difference between P and @ by

VDs(9) = Evarlg(V)] = Ev~qlf*(9(V))], Vg,

where g : V — domain(f*) is a variational function, and f* is the conjugate func-

tion of f(-). We instantiate some prominent variational-conjugate (g*, f*) pairs in
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Appendix A.5.1 (Table A.1). The f-MI is calculated by
17(Z;Y) = Dy(P||Q) = VDs(g") = sup VD(g).
g

However, the above calculation, built on the clean distributions, will be intractable when
we can only access the noisy data distribution. Let P:=Z&Y and @ = Z®Y. One

tractable approach is to calculate Dy (P||Q) following
I1(2;Y) = Dy(P||Q) = VDy(§") = sup VDy(g), (2.13)
g

where \7f)f(g) = Eﬁwﬁ[g(f/)] — Eﬁwé[f*(g(‘N/))],Vg. Generally, there will be a gap
between our calculated I;(Z; Y) and the real I #(Z;Y). We defer detailed analyses of

the gap to Section 2.3.3.

2.3.3 Theoretical Guarantees

The quality of our T estimator relies on the following steps:
(a) Noise-resistant estimates of f-MI using noisy labels;
(b) Accurate estimates of clean f-MI;
(¢) Down-weighting less informative features with f-MI;
(d) Robust distance/similarity calculation;
(e) Satisfying clusterability (Definition 1);
(f) Accurate estimates of the noise transition matrix 7.
The most critical step in the above chain is (a)—(b), which is the key ingredient to Step
(c). This step will be the focus of the theoretical results in this section. Steps (c)—(e)
are explained in Section 2.3.2. Steps (e)—(f) is guaranteed by HOC [230].
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Based on our intuition for constructing the proxy of W that the less informative
parts should be assigned with lower weights, the order between two parts with different
informativeness is crucial. Thus in this section, we study whether the noisy f-MI
calculated using noisy labels, i.e., If(Z ;}7), preserves the order of the clean f-MI
I+(Z;Y). Note the order-preservation property distinguishes from the robustness of
f-MI between optimal classifier prediction 2*(X) and noisy label Y by [186] since 1) Z
does not have class-specific meaning; 2) Z is not optimizable and its ranking is concerned,
while h*(X) is only a special (optimal) case of Z. All proofs are deferred to Appendix D.1.

We define e-order-preserving as follows.

Definition 10 (e-Order-Preserving Under Label Noise). I;(Z; Y) is called e-order-
preserving under label noise if Vu € [d],v € [d], given |If(ZM;S~/) - If(Z,,;f/)| > €, we
have

sign[I1(Z,;Y) = I;(Z,;Y)] = sign[I1(Z,;Y) = I1(Z,;Y)).

The smaller € is, the stricter the requirement is. The following analyses focus on
the binary classification. Define e; := P(Y = 2|Y = 1), e3 := P(Y = 1]Y = 2). To show

an f-MI metric is e-order-preserving under label noise, we need to study how VD #(9%)

differs from the order of VD#(g*).

2.3.3.1 Total-Variation is 0-Order-Preserving

When f(v) = 3|v — 1|, we get the Total-Variation (TV). To analyze the order-
preserving property of TV, we first build the relationship between VD 7(g) and VD 1(9),

Vg by the following lemma:
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Lemma 2 (Linear relationship [186]).
VDrv(g) = (1 — e1 — e2)VDrv(g), Vg.

Lemma 2 shows that there is a linear relationship between \E)Tv(g) and
VDrv(g). The constant only depends on the noise rates. With this lemma, we only need
to study the difference between VDpy(g*) and VDrv(g*), which is summarized in the

following lemma;
Lemma 3. When e; +e3 < 1, VDpy(g*) = VDry(g").

Note the condition e; + e2 < 1 indicates the label noise is not too large to be
dominant [124, 139, 123]. With Lemma 2 and Lemma 3, we can conclude that TV is

0-order-preserving.

Theorem 3. When e; + ea < 1, total-variation is 0-order-preserving under class-

dependent label noise.

Theorem 3 shows the total-variation-based mutual information under class-
dependent label noise preserves the order of the original clean results.
2.3.3.2 KL Divergence is e-Order-Preserving

Unfortunately, Lemma 2 and Lemma 3 do not hold for KL divergence. Recall
the f-MI is exactly the standard mutual information when KL divergence is adopted.

Denote by H(-) the entropy. We can start from the definition of mutual information
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I(Z,Y)=H(Z)+ H(Y) - H(Z,Y) and decouple the effect of noisy labels as:

IZ,Y)=(1—e —e)-[I(Z,Y)— H(Y)| + H(Y)

+/ABias(5z,61,€2) dz,

where 3, is a function of z, and Agias(5z, €1, €2) is the bias caused by label noise specified
in Eqn. (A.10). We then find the lower and upper bounds for Apgjs(Bz,€1,e2) and

summarize the result as follows:

Theorem 4. Assume e; = dea, 6 € [0,1] and e; + e2 < 1. KL divergence (mutual

information) is e-order-preserving under class-dependent label noise, where
e=-ep[0logd — (1+9)log(l+9)]+ H(er),
and H(e1) :== —eploge; — (1 —e1)log(l —eq).
For the symmetric label noise, we have:

Corollary 2. When e; = ea < 0.5, KL divergence (mutual information) is [H(e1) —

2e1 log 2]-order-preserving under class-dependent label noise.
We evaluate the bound in the following remark.

Remark 2. The value of € is illustrated in Figure 2.5, where color indicates the value
of €. The median (50%) and the 90-th percentile of € are shown in the title of each plot.

logy () is applied for calculating mutual information. The left figure shows the worst-case

P(Y=1|Z=2)

Bv=aiz=9 € [5,5]. This

bound in Theorem /4, and the right figure shows the case when
is a more practical case for lower-quality features since a single feature variable cannot
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Worst-case bound: 50%: 0.38, 90%: 0.66 Practical bound: 50%: 0.14, 90%: 0.34

Lo 1.0
0 0.8
0 0.6
0.4 0.4
0.5 0.2
07 0> 03 04 05 %0 07 02> 03 0gq O3

€1 €1

0.9

0.0

Figure 2.5: Tllustration of the worst-case bound and a more practical bound for € with
different e, d :=eg/ey.

infer the clean label with high confidence. Noting the logy-based mutual information is
within range [0, 1] and € < 0.34 happens in 90% of the cases, it is reasonable to believe

the mutual information has a good e-order-preserving ability.

2.3.4 Evaluations

We evaluate our approaches on datasets with possibly lower-quality features in
this section. The evaluation metric is the average total variation between the true T

and the estimated T' [217] as in Section 1.2.2.1.

Baselines We mainly compare our methods with three baselines: T-revision (T-REV)

[199], Confident Learning (CL) [141], and the clusterability-based approach [230] (HOC).
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Our approach To evaluate each component of our approach, we test four variants:
OURs-X-KL, Ours-X-TV, OUrs-A-KL, and OURsS-A-TV. Prefix OURs-X indicates
that we directly use the original input features and substitute the soft cosine similarity for
the original hard one employed by HOC. This setting checks the performance of ignoring
correlations among different feature variables. Prefix OURS-A indicates that we firstly
transform X to A as Section 2.3.2.2 then apply soft cosine similarity. Suffixes -KL and
-TV denote using the f-mutual information when f(v) = vlog(v) and f(v) = v — 1],
respectively. The matrix W for soft cosine similarity is: W, = ¢(L5(X,, 17)), W =
0,Vv # p, where ¢(x) is an order-preserving activation function. In our evaluations,
we set ¢(z) = [z]} for tabular benchmarks and ¢(z) = [log(z)]} for natural language

benchmarks, where [z]} represents normalizing z to range (0, 1].

Datasets and models We examine our approaches on two different application
domains other than images: the tabular benchmarks including 7 tabular datasets from
the UCI machine learning repository [44] and 4 natural language benchmarks including
AG’s news [218], DBpedia [7], Yelp-5 [211], and Jigsaw [90]. We use the raw features
for tabular benchmarks. Following the same preprocessing procedure as [173], we use a
pre-trained BERT model [40] to extract 768-dimensional embedding vectors for natural

language benchmarks.

Noise type We synthesize the noisy data distribution by injecting class-dependent noise.
Particularly, on tabular benchmarks, we test both the symmetric and the asymmetric

label noise in Table 2.4. On natural language benchmarks, we randomly generate the
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diagonal-dominant label noise following the Dirichlet distribution. Particularly, suppose
the average noise rate is e. For each row of T', We randomly sample a diagonal element
following T;; = e + Unif(—0.05,0.05) and set the off-diagonal elements following Dir(1),
where Unif(a, b) denotes the uniform distribution bounded by (a,b), Dir(1) denotes the

Dirichlet distribution with parameter 1 :=[1,---,1] (K — 1 values).

2.3.4.1 Evaluation on Tabular Benchmarks

Table 2.4 shows the performance comparisons on tabular datasets. The pa-
rameters (d, [Ny, -+, Nk]) indicates that the feature dimension is d, and the number of
clean instances in class-k is Ni. The noise rates are: Low: e; = 0.2,e5 = 0.1. MEDIUM:
e1 = 0.4,e0 = 0.2. HIGH: e; = 0.4,e2 = 0.4. Top-2 of each row are bold. By counting
the number of bold results, we know all four variants of our proposed method perform
better than the three baselines statistically. Additionally, based on the counting results,
Ours-X wins in 16 settings while OURS-A wins in 20 settings, indicating decoupling
different parts by eigen decomposition is not statistically significantly useful. This may
be due to the property of tabular data: the original correlation in X may not be strong

and the decoupling operations will involve extra errors and make the results even worse.

2.3.4.2 Evaluation on Natural Language Benchmarks

We also evaluate our methods on more sophisticated text classification tasks
and show the results in Table 2.5. The parameters (d, [N1,--- , Ng|) indicates that the

feature dimension is d, and the number of clean instances in class-k is Ni. Notation [30K
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Table 2.4: The estimation error (x100) on tabular benchmarks.

Tabular Datasets Method

(d, [N1, Na]) Noise Rate | T-Rev.  CL  HOC Ours-X-KL Owrs-X-TV  Ours-A-KL  Ours-A-TV
Low 9.25 8.00 9.82 8.09 8.70 8.88 9.18
Heart Medium 11.94 1148 7.85 9.55 1.48 3.98 5.51
(23, [138, 165]) High 6.74 6.54 4.71 9.78 14.91 1.33 4.21
Low 30.89 30.53 14.96 10.74 11.84 10.57 9.26
Banana Medium 20.77 20.81 8.97 4.90 3.98 6.41 6.97
(2, [2924, 2376]) High 6.71 7.58 4.78 12.11 8.89 9.78 11.26
Low 21.40 20.62 11.24 10.83 9.96 11.05 11.60
Titanic Medium 10.83 10.31 9.97 9.82 9.65 9.61 9.75
(3, [1490, T11]) High 6.93 6.75  1.94 1.97 1.97 1.89 1.92
Low 10.63 9.32 7.32 2.29 1.87 3.00 3.65
Splice Medium 10.35 9.84 5.38 2.21 3.90 1.26 2.15
(240, [1648, 1527]) High 7.86 774 17.43 4.26 2.94 4.41 5.81
Low 1.79 1.63  2.12 2.34 2.80 0.54 0.65
Twonorm Medium 1.86 142 1.38 1.42 1.30 2.14 1.73
(20, [3697, 3703]) High 1.67 1.22 5.18 5.88 3.47 1.46 2.12
Low 10.59 10.89 7.93 6.68 6.78 5.67 5.79
Waveform Medium 8.45 7.82 3.51 2.50 3.09 2.34 2.72
(21, [3353, 1647]) High 5.04 4.76  3.84 2.72 1.71 2.29 5.42
Low 19.28 18.43 15.24 14.60 14.84 15.63 14.71
Flare-solar Medium 16.57 16.38 4.58 4.39 5.05 4.64 4.82
(31, [477, 589)) High 8.35 8.25 4.71 4.47 4.74 3.87 3.30

Table 2.5: The estimation error (x100) on natural language benchmarks.

TEXT DATASETS METHOD

(d,[Ny,---,Ngk]) Noise RaTe | T-REv. CL.  HOC Ours-X-KL OuUrs-X-TV Ours-A-KL Ours-A-TV
Low 10.38 11.41 13.32 12.65 12.75 8.36 8.35
AG’s NEws (BERT) MEDIUM 10.71  10.63 10.62 10.13 10.45 6.44 6.52
(768, [30Kx x 4]) HicH 13.97 13.82 6.80 6.83 6.69 4.54 4.19
Low 6.80 5.31  T7.57 6.76 6.94 2.52 2.52
DBrEDIA (BERT) MEDIUM 14.91 14.40 6.30 5.66 5.78 2.33 2.28
(768, [40K x 14]) HicH 24.23  23.28 6.00 5.18 5.22 2.42 2.43
Low 38.49 38.75 40.87 40.71 40.58 37.37 37.19
YELP-5 (BERT) MEDIUM 35.46  36.05 33.63 34.23 33.88 31.79 31.94
(768, [130K x 5]) Hicu 21.20 20.88 19.09 18.56 20.13 18.11 18.06
Low 20.92  20.17 14.25 14.07 14.24 9.76 9.97
Jigsaw (BERT) MEDIUM 17.10 16.44 11.28 11.80 12.23 7.45 7.66
(768, [144,277, 15,294]) Hicn 7.19 6.81 4.84 4.85 3.43 0.78 1.02

x 4] shows N3 = Ny = N3 = Ny =30k. We use a heuristic method to set the average
noise rate e. The aim is to make the ratio between diagonal elements and off-diagonal

elements of T consistent. The average noise rate follows e = 1/(1 +r/v/ K — 1), where
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Low, MEDIUM and HIGH indicate r = 8, r = 4, and r = 1.5, respectively. According
to this rule, the low, medium, and high noise rates for binary, 5-class, and 10-class
classifications are (0.11,0.2,0.4), (0.2,0.33,0.57), and (0.27,0.43,0.67), respectively,
which align with the general cognition of the community [30]. The top-2 of each row are
bold. Comparing Table 2.5 with Table 2.4, we find the direct reweighting by f-mutual
information (OURS-X) performs similarly to the hard cosine similarity adopted by
HOC, while the information-theoretic reweighting after projecting X to its eigen space
(Ours-A) performs consistently better than other methods. Intuitively, the correlations
of BERT embeddings are stronger than those of tabular data. Thus we observe a clear
performance improvement by removing correlations. Besides, it is interesting to see the
estimation error may decrease for higher noise rate setting.We conjecture the reasons
may comprise: 1) The original dataset may be noisy, e.g., the original Yelp dataset
contains lots of noisy reviews [129]. Consider a binary classification with inherent 20%
noise. Then adding 10% (low) noise will make the average noise rate to 0.26, where the
gap between the real noise rate and the hypothesized noise rate is 0.26 — 0.1 = 0.16.
Similarly, the gap of adding 40% (high) noise is 0.44 — 0.4 = 0.04. Therefore, even
though T is accurately estimated, the absolute error under our current metric will be
higher for the HiGH-noise case. 2) As analyzed in Section 2.3.1, the error of random
guess for low-noise (10%) and high-noise (40%) settings are 0.4 and 0.1, respectively,
indicating a small error may cause more severe problems in higher-noise settings. We

leave more detailed discussions to Appendix A.6.2.
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Table 2.6: The last/best epoch clean test accuracies (%) when training with high-level
noise defined in Table 2.5

AG’S NEWS DBPEDIA

METHOD
LAast BEST LAST BEST

HOC [230] | 82.17 83.08 91.06 91.06
Ours-A-TV | 85.01 85.17 97.71 97.77

Downstream learning error [126] showed the additional learning risk is positively
related to estimation error. To further consolidate the estimation error reduction of
our method, we feed the estimated T' into forward loss correction [146] and check the
clean test accuracy. Table 2.6 shows our approach significantly improves both the best
and last epoch test accuracy by simply changing the T in loss correction from HOC

estimates to ours.

2.3.5 Takeaways

We summarize the takeaways of this section as follows.

e This work has studied the problem of estimating noise transition matrix on application
domains apart from images. We have proposed an information-theoretic approach
to down-weight the less informative parts of features with only noisy labels for tasks
with lower-quality features.

e Based on the f-mutual information, we propose a novel reweighting mechanism to
first decouple features by projecting to its eigenspace and then down-weight the

less-informative parts with only access to noisy labels. The mechanism intuitively
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disentangles features but it does not require training and can be applied efficiently.

e We prove that calculating the total-variation-based mutual information with noisy
labels preserves the same order as using clean labels (Theorem 3), and the traditional
mutual information preserves the order when the absolute gap between two noisy
measurements is larger than a guaranteed threshold (Theorem 4).

e We empirically demonstrate that our approach helps return a more accurate estimate
of the transition matrix and reduce the classification errors of downstream learning
tasks on datasets with lower-quality or more sophisticated features, including UCI
datasets with tabular data and text classification benchmarks.

e Code is available at github.com/UCSC-REAL/BeyondImages.
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Chapter 3

Label Error Detection

Label noise in real-world datasets encodes wrong correlation patterns and
impairs the generalization of deep neural networks (DNNs). It is critical to find efficient
ways to detect corrupted patterns and remove/correct them. Figure 3.1 shows two
popular label detection pipelines, where the inputs are features and the corresponding
noisy labels, and the outputs are a set of corrupted labels. The branch indicates
the learning-centric solutions [82, 63, 212, 143, 209, 179, 219, 30|, which select corrupted
examples relying on the model’s predicted probability of each class. The branch
shows a data-centric solution [226], where the core idea is designing some score functions
based on neighborhood information. In this chapter, we introduce two label error
detection methods, a dynamic sample sieve that filters out the corrupted examples
during training (Section 3.1), and a training-free plug-and-play label error detector

(Section 3.2).
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Figure 3.1: Label error detection pipelines: Learning-centric vs. data-centric.

3.1 CORES?: COnfidence REgularized Sample Sieve

The biggest challenge of designing a learning-centric method to detect label
errors is the “chicken-egg” problem. That is, if the model for detection is trained on
the noisy dataset, it would be likely to overfit and memorize both the examples with
clean labels and corrupted labels, then we cannot tell the difference between the clean
and corrupted ones according to the model outputs. Therefore, it is critical to avoid
overfitting to corrupted labels [184], especially when the noise depends on both true
labels Y and features X. Unfortunately, this often tends to be the case where human
annotations are prone to different levels of errors for tasks with varying difficulty levels.
Another challenge is about setting a “threshold” between clean ones and corrupted ones,
which may not be a fixed value due to different levels of errors.

Aiming at the above two challenges, we design a sample sieve to provide a
high-quality splitting of clean and corrupted examples with theoretical guarantees. The

overfitting to corrupted labels is restricted by a regularization term, which helps improve
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the confidence of the learned classifier and is proven to help safely sieve out corrupted
examples. The thresholds for the splitting be clean and corrupted examples are also set
dynamically according to the model states. In the remainder of this section, we will first
show the intuition (Section 3.1.1) and actual design of the sample sieve (Section 3.1.2),
then demonstrate the effectiveness with both theoretical guarantees (Section 3.1.3) and

numerical experiments (Section 3.1.4).

3.1.1 Confidence Regularization

In this section, we present a new confidence regularizer (CR). Our design of
the CR is mainly motivated by a recently proposed robust loss function called peer loss

[124]. For each example (zp, ), peer loss has the following form:

gPL(f(In)v gn) = E(f(xn)7 gn) - g(f(xnl)’ gn2)7

where (zp,,7n,) and (Tn,,Un,) are two randomly sampled and paired peer examples
(with replacement) for n. Let X,,, and 17”2 be the corresponding random variables. Note
an,f/m are two independent and uniform random variables being each z,,/,n’ € [N]
and §,/,n’ € [N] with probability 3 respectively: P(X,, = 2 |D) = P(Yy, = yw|D) =

%,‘v’n' € [N]. Let Df/lﬁ be the distribution of 17”2 given dataset D. Peer loss then has
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the following equivalent form in expectation:

% Z B, 0y DL @n)s ) —E(f (Xny ), Yo )]

ne[N]

:% > [é(f(:cn)ﬁﬂn)— > P(Xn, = xnl|ﬁ)EDM[e(f(xn,),?)]
n€[N] n'€[N]

- > (7). ) ~ By 107 ). V]|

This result characterizes a new loss denoted by fca:

Cea(f(@n), gn) = L(f(zn), Un) — EDf,lﬁ [C(f(xn),Y)]. (3.1)

Though not studied rigorously by [124], we show, under some conditions, {ca defined in

Eqn. (3.1) encourages confident predictions. from f by analyzing the gradients:

Theorem 5. For {ca(-), solutions satisfying fz,[i] > 0,Vi € [K] are not locally optimal

at (Tn, Jn)-

See Appendix B.1.2 for the proof. Particularly, in binary cases, we have con-
straint f(xy,)[0]+ f(zn)[1] = 1. Following Theorem 5, we know minimizing ca (f(xr), Un)
w.r.t f under this constraint leads to either f(x,)[0] — 1 or f(x,)[l] — 1, indicating
confident predictions. Therefore, the addition of term —Ep?lﬁ [0(f(2,),Y)] helps improve
the confidence of the learned classifier. Inspired by the above observation, we define the

following confidence regularizer:

Confidence Regularizer: (cr(f(zy)) = =08 -Ep. _[0(f(xn),Y)],

v|D
where 3 is positive and £(-) refers to the CE loss. The prior probability P(Y|D) is
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counted directly from the noisy dataset. In the remaining of this paper, £(-) indicates

the CE loss by default.

Why are confident predictions important? Intuitively, when model fits to the
label noise, its predictions often become less confident, since the noise usually corrupts
the signal encoded in the clean data. From this perspective, encouraging confident
predictions plays against fitting to label noise. Compared to instance-independent noise,
the difficulties in estimating the instance-dependent noise rates largely prevent us from
applying existing techniques. In addition, as shown by [133], the 0-1 loss function is
more robust to instance-based noise but hard to optimize with. To a certain degree,
pushing confident predictions results in a differentiable loss function that approximates
the 0-1 loss, and therefore restores the robustness property. Besides, as observed by
[24] and [234], gradients from similar examples would reinforce each other. When the
overall label information is dominantly informative that Tj;(X) > T;;(X), DNNs will
receive more correct information statistically. Encouraging confident predictions would
discourage the memorization of the noisy examples (makes it hard for noisy labels to
reduce the confidence of predictions), and therefore further facilitate DNNs to learn the

(clean) dominant information.

3.1.2 Confidence Regularized Sample Sieve

Intuitively, label noise misleads the training thus sieving corrupted examples

out of datasets is beneficial. Furthermore, label noise introduces high variance during
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training even with the existence of /cr. Therefore, rather than accomplishing training
solely with ¢cr, we will first leverage its regularization power to design an efficient sample
sieve. Similar to a general sieving process in physical words that compares the size of
particles with the aperture of a sieve, we evaluate the “size” (quality, or a regularized
loss) of examples and compare them with some to-be-specified thresholds, therefore the
name sample sieve. In our formulation, the regularized loss ¢(f(xy,), Un) + ler(f(zn)) is
employed to evaluate examples and «, is used to specify thresholds. Specifically, we aim
to solve the sample sieve problem in (3.2), where the crucial components are:

e v, € {0, 1} indicates whether example n is clean (v, = 1) or not (v, = 0);

e «;,, (mimicking the aperture of a sieve) controls which example should be sieved out;
e fis a copy of f and does not contribute to the back-propagation. F is the search

space of f.

Dynamic sample sieve The problem in (3.2) is a combinatorial optimization that is
hard to solve directly. A standard solution to (3.2) is to apply alternate search iteratively
as follows:

e Starting at ¢ = 1, o =1,vne [N].

e Confidence-regularized model update (at iteration-t):

f(t) =arg min Z Uﬁlt_l) [E(f(xn)a gn) + ECR(f(xn))} ) (3'3)
FEF  nev)

e Sample sieve (at iteration-t):



Confidence Regularized Sample Sieve

min Z Un [€(f(2n), Un) + Lor(f(zn)) — o]

fer,
ve{0,1}V nE[N]

st. Ler(f(zn)) = =B -Ep. L(f(zn),Y), (32)

Y|D

o= 3 UF(en),9) + Lon(Flan).

FE[K]

(X0, Yo # Yo)

Sample
W Sieve-0

a1,0 a2,0 3,0

(x375}3 # y3)
ap.1 a1 0«'2’1 )
iy —~ —~— %- Sample
I Sieve-1

a3 |

(x1,51 =y1) (x2,32 = »2)

Figure 3.2: Dynamic sample sieves.
where a,; = + > gelK] (FD(20),9) + Ler(fD(x,)), f and v® refer to the specific
classifier and weight at iteration-t. Note the values of £or (f® () and lcr(f O (zn))
are the same. We keep both terms to be consistent with the objective in Eq. (3.2).
In DNNs, we usually update model f with one or several epochs of data instead of
completely solving (3.3).
Figure 3.2 illustrates the dynamic sample sieve, where green circles are clean

examples, red hexagons are corrupted examples, the size of each example corresponds
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to the regularized loss, and the aperture of a sieve is determined by «, ;. In each
iteration-t, sample sieve-t “blocks” some corrupted examples by comparing a regularized
example loss with a closed-form threshold o, ¢, which can be immediately obtained given
current model f®) and example (z,, J,) (no extra estimation needed). In contrast, most
sample selection works [63, 212, 179] focus on controlling the number of the selected
examples using an intuitive function where the overall noise rate may be required, or
directly selecting examples by an empirically set threshold [221]. Intuitively, the specially
designed thresholds a, ; for each example should be more accurate than a single threshold
for the whole dataset. Besides, the goal of existing works is often to select clean examples
while our sample sieve focuses on removing the corrupted ones. On a high level, we
follow a different philosophy from these sample selection works. We coin our solution as

COnfidence REgularized Sample Sieve (CORES?).

More visualizations of the sample sieve In addition to Figure 3.2, we visualize
the superiority of our sample sieve with numerical results as Figure 3.3. The figure
includes two noise settings: symmetric noise (symm.) and 40% instance-based noise
(inst.). The loss is given by £(f® (z,,), 7n) + Lor(fP (2n)) — any as (3.4). The CE Sieve
represents the dynamic sample sieve with standard cross-entropy loss (without CR). The
sieved dataset is in the form of two clusters of examples. Particularly, from Figure 3.3(b)
and Figure 3.3(f), we observe that CE suffers from providing a good division of clean
and corrupted examples due to overfitting in the final stage of training. On the other

hand, with £cgr, there are two distinct clusters and can be separated by the threshold
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Figure 3.3: Loss distributions of training on CIFAR-10 with a noise rate of 40%.

0 as shown in Figure 3.3(d) and Figure 3.3(h). Comparing Figure 3.3(a)-3.3(d) with
Figure 3.3(e)-3.3(h), we find the effect of instance-dependent noise on training is indeed
different from the symmetric one, where the instance-dependent noise is more likely to

cause overfitting.

3.1.3 Theoretical Guarantees of CORES?

In this section, we theoretically show the advantages of CORES?. The analyses
focus on showing CORES? guarantees a quality division, i.e. v, = 1(y, = ¥n), Vn,
with a properly set 5. To show the effectiveness of this solution, we call a model
prediction on x,, is better than random guess if fy, [yn] > 1/K, and call it confident if

fan [yl € {0,1},Vy € [K], where y, is the clean label and y is an arbitrary label. The

quality of sieving out corrupted examples is guaranteed in Theorem 6.

Theorem 6. The sample sieve defined in (3.4) ensures that clean examples (Zpn, Yn = Yn)
will not be identified as being corrupted if the model f*)’s prediction on x,, is better than

random guess.
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Theorem 6 informs us that our sample sieve can progressively and safely
filter out corrupted examples, and therefore improves division quality, when the model
prediction on each x, is better than a random guess. The full proof is left to Appendix
B.1.3. In the next section, we provide evidence that our trained model is guaranteed to

achieve this requirement with sufficient examples.

3.1.3.1 Decoupling the Confidence Regularized Loss

The discussion of performance guarantees of the sample sieve focuses on a general
instance-based noise transition matrix 7'(X ), which can induce any specific noise regime
such as symmetric noise and asymmetric noise [96, 108]. Note that feature-independency
was one critical assumption in state-of-the-art theoretically guaranteed noise-resistant
literature [139, 124, 205] while we do not require. Let Tj; := Epjy—;[T;;(X)], Vi, j € [K].
Theorem 7 explicitly shows the contributions of clean examples, corrupted examples,

and £cr during training. See Appendix B.1.1 for the proof.

Theorem 7. (Main Theorem: Decoupling the Expected Regularized CE Loss) In expec-

tation, the loss with fcr can be decoupled as three separate additive terms:

Term-1 Term-2

A

Es {f(f(X)y) +Lop(f(X))| =T - Ep[l(£(X),Y)]+A - Ep, [((£(X),Y)]

+ Y > P(Y = )Epy—i[(Uy(X) = BPY = j))E(f(X), )],

Jje[K]i€[K]

/

Term-3

where I = minje[K] Tjj7 A = Zje[K] A]P(Y = j), Aj = jyj — I, Uz(X) =
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Tij(X),Vi # j,Uj(X) = Tj;(X) — Ty, and

Bos (7). 1)) =18 > 0) 3 B ey iu(r(x), ).
jelK]

Equation (3.5) provides generic machinery for anatomizing noisy datasets,
where we show the effects of instance-based label noise on the /cr regularized loss can
be decoupled into three additive terms: Term-1 reflects the expectation of CE on clean
distribution D, Term-2 shifts the clean distribution by changing the prior probability of
Y, and Term-3 characterizes how the corrupted examples (represented by U;;(X)) might
mislead /mis-weight the loss, as well as the regularization ability of {cr (represented by
ﬁI[D()7 = 7)). In addition to the design of sample sieve, this additive decoupling structure
also provides a novel and promising perspective for understanding and controlling the

effects of generic instance-dependent label noise.

3.1.3.2 (Guarantees of the Sample Sieve

By decoupling the effects of instance-dependent noise into separate additive
terms as shown in Theorem 7, we can further study under what conditions, minimizing
the confidence regularized CE loss on the (instance-dependent) noisy distribution will be
equivalent to minimizing the true loss incurred on the clean distribution, which is exactly
encoded by Term-1. In other words, we would like to understand when Term-2 and
Term-3 in (3.5) can be controlled not to disrupt the minimization of Term-1. Our next

main result establishes this guarantee but will first need the following two assumptions.

Assumption 3. (Y* =Y ) Clean labels are Bayes optimal (Y™ := arg max;c g P(Y =
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i1X)).

Assumption 4. (Informative datasets) The noise rate is bounded as Ty (X) — Tij(X) >

0,Vi € [K],j € [K],j #i,X ~ Dx.

Feasibility of assumptions 1) Note for many popular image datasets, e.g. CIFAR, the
label of each feature is well-defined and the corresponding distribution is well-separated
by human annotation. In this case, each feature X only belongs to one particular class
Y. Thus Assumption 3 is generally held in classification problems [119]. Technically,
this assumption could be relaxed. We use this assumption for clean presentations. 2)
Assumption 4 shows the requirement of noise rates, i.e., for any feature X, a sufficient
number of clean examples are necessary for dominant clean information. For example,
we require T3;(X) — T;;(X) > 0 to ensure examples from class i are informative [123].
Before formally presenting the noise-resistant property of training with {cr, we
discuss intuitions here. Our cR regularizes the CE loss to generate/incentivize confident
prediction, and thus is able to approximate the 0-1 loss to obtain its robustness property.
More explicitly, from (3.5), {cr affects Term-3 with a scale parameter 3. Recall that
Ui;(X) = T;;(X),Vi # j, which is exactly the noise transition matrix. Although we
have no information about this transition matrix, the confusion brought by U;;(X) can
be canceled or reversed by a sufficiently large 8 such that U;(X) — ﬁp(? =j) <0.
Intuitively, with an appropriate 3, all the effects of U;;(X),i # j can be reversed, and
we will get a negative loss punishing the classifier for predicting class-j when the clean

label is i. Formally, Theorem 8 shows the noise-resistant property of training with ey
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and is proved in Appendix B.1.4.

Theorem 8. (Robustness of the Confidence Regularized CE Loss) With Assumption 3

and 4, when

(X
max Uii()gﬁg min

AS , 3.6
ij€[K],.X~Dx P(Y = j) P(Y=i)>P(Y=3),X~Dx P(Y (3.6)

i)~ P(Y = j)

T3 (X) — Ti;(X)

minimizing Ex[0(f(X), Y) + Lor(f(X))] is equivalent to minimizing Ep[0(f(X),Y)].

Theorem 8 shows a sufficient condition of 8 for our confidence regularized CE
loss to be robust to instance-dependent label noise. The bound on LHS ensures the
confusion from label noise could be canceled or reversed by the 8 weighted confidence
regularizer, and the RHS bound guarantees the model with the minimized regularized
loss predicts the most frequent label in each feature w.p. 1.

Theorem 8 also provides guidelines for tuning 8. Although we have no knowledge
about Tj;(X), we can roughly estimate the range of possible 3. One possibly good
setting of § is linearly increasing with the number of classes, e.g. § = 2 for 10 classes
and 8 = 20 for 100 classes.

With infinite model capacity, minimizing Ep[¢(f(X),Y)] returns the Bayes
optimal classifier (since CE is a calibrated loss) which predicts on each x, better
than random guess. Therefore, with a sufficient number of examples, minimizing
Ex[(f(X), Y) + Ler(f(X))] will also return a model that predicts better than random
guess, then satisfying the condition required in Theorem 6 to guarantee the quality of

sieved examples. Further, since the Bayes optimal classifier always predicts clean labels

confidently when Assumption 3 holds, Theorem 8 also guarantees confident predictions.
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With such predictions, the sample sieve in (3.4) will achieve 100% precision on both

clean and corrupted examples. This guaranteed division is summarized in Corollary 3:

Corollary 3. When conditions in Theorem 8 hold, with infinite model capacity and
sufficiently many exzamples, CORES? achieves v, = 1(y, = 9n),¥n € [N], i.e., all the

sieved clean examples are effectively clean.

3.1.4 Experiments

Now we present experimental evidence of how CORES? works. Throughout the
experiments, the logarithmic function in ¢cg is adapted to In(f[y] +10~8) for numerical

stability.

Datasets CORES? is evaluated on three benchmark datasets: CIFAR-10, CIFAR-100
[99] and Clothing1M [200]. Following the convention from [205], we use ResNet34 for

CIFAR-10 and CIFAR-100 and ResNet50 for Clothing1M.

Noise type We experiment with three types of label noise: symmetric, asymmetric
and instance-dependent label noise. Symmetric noise is generated by randomly flipping
a true label to the other possible labels w.p. ¢ [96], where ¢ is called the noise rate.
Asymmetric noise is generated by flipping the true label to the next class (i.e., label
i —i+1, mod K) w.p. €. Instance-dependent label noise is a more challenging setting
and we generate instance-dependent label noise following the method from [198] (See
Appendix A.4.1 for details). In expectation, the noise rate ¢ for all noise regimes is the

overall ratio of corrupted examples in the whole dataset.
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Figure 3.4: F-score comparisons on CIFAR10 under symmetric (Symm.) and instance-
based (Inst.) label noise.

3.1.4.1 Quality of our sample sieve

Figure 3.4 shows the F-scores of sieved clean examples with training epochs
on the symmetric and the instance-based label noise. F-score quantifies the quality of
the sample sieve by the harmonic mean of precision (ratio of actual cleans examples in

sieved clean ones) and recall (ratio of sieved cleans examples in actual clean ones), i.e.,

F 2-Pre-Re
-score (= ———
Pre + Re ’
where
Pre := ZnG[N] Lon =1,5n = ?]n)’ and Re:= ZnE[N] Lo =1,y = gn).

ZnE[N] L(vn =1) ZnE[N] L(yn = n)
We compare CORES? with Co-teaching and Co-teaching+. Note the F-scores of CORES?
and Co-teaching are consistently high on the symmetric noise, while CORES? achieves

higher performance on the challenging instance-based label noise, especially with the

60% noise rate where the other two methods have low F-scores.
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Table 3.1: Comparison of test accuracies on clean datasets under instance-based label
noise.

Inst. CIFAR10 Inst. CIFAR100
=02 =04 =06 =02 =04 £=0.6
Cross Entropy 87.16 75.16 44.64 58.72 41.14 25.29
Forward T' [146] 88.08 82.67 41.57 58.95 41.68 22.83

Method

Lpwmi [205] 88.80 82.70 70.54 58.66 41.77 28.00
L, [221] 86.45 69.02 32.94 58.18 40.32 23.13
SCE [177] 89.11 72.04 44.83 59.87 41.76 23.41

Co-teaching [63] 88.66 69.50 34.61 43.03 23.13 7.07
Co-teaching+ [212] | 89.04 69.15 33.33 41.84 24.40 8.74

JoCoR [179] 88.71 68.97 30.27 44.28 22.77 7.54
Peer Loss [124] 89.33 81.09 73.73 59.92 45.76 33.61
CORES? [30] 89.50 82.84 79.66 61.25 47.81 37.85

3.1.4.2 Training with sample sieve

In this section, we compare CORES? with several state-of-the-art methods
on CIFAR-10 and CIFAR-100 under instance-based, symmetric and asymmetric label
noise settings, which is shown on Table 3.1. For a fair comparison, all the methods use
ResNet-34 as the backbone. By comparing the performance of CE on the symmetric
and the instance-based label noise, we note the instance-based label noise is a more
challenging setting. Even though some methods (e.g., Lpmi) behaves well on symmetric
and asymmetric label noise, they may reach low test accuracies on the instance-based
label noise, especially when the noise rate is high or the dataset is more complex.

Table 3.1 shows that CORES? consistently works well on the instance-based label noise.

3.1.5 Takeaways

We summarize the takeaway messages from this subsection as follows.

e We have proposed CORES?, a sample sieve that is guaranteed to be robust to general
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instance-dependent label noise and sieve out corrupted examples, but without using
explicit knowledge of the noise rates of labels.

e We have provided a theoretically sound sample sieve that simply compares the exam-
ple’s regularized loss with a closed-form threshold explicitly determined by predictions
from the above trained model using our confidence regularized loss, without any extra
estimates.

e By decoupling the regularized loss into separate additive terms, we have also provided
a novel and promising mechanism for understanding and controlling the effects of
general instance-dependent label noise.

e CORES? achieves competitive performance on multiple datasets, including CIFAR-10,
CIFAR-100, and Clothingl M, under different label noise settings.

e Code is available at https://github.com/UCSC-REAL/cores.

3.2 SimiFeat: Label Error Detection Using Similar Features

Including CORES?, the learning-centric label error detectors are based on
the idea that trains DNNs with noisy supervisions and then makes decisions based on
the output [141] or gradients [149] of the last logit layer of the trained model. The
high-level intuition of these methods is the memorization effects [62], i.e., instances with
label errors, a.k.a., corrupted instances, tend to be harder to be learned by DNNs than
clean instances [196, 118, 11]. By setting appropriate hyperparameters to utilize the

memorization effect, corrupted instances could be identified.
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Limitations of the learning-centric methods The above methods suffer from
two magor limitations: 1) the customized training processes are task-specific and may
require fine-tuning hyperparameters for different datasets/noise; 2) as long as the model
is trained with noisy supervisions, the memorization of corrupted instances exists.
The model will “subjectively” and wrongly treat the memorized/overfitted corrupted
instances as clean. For example, some low-frequency/rare clean instances may be
harder to memorize than high-frequency/common corrupted instances. Memorizing
these corrupted instances lead to unexpected and disparate impacts [121]. Existing
solutions to avoid memorizing/overfitting are to employ some regularizers [30] or use
early-stopping [12, 110]. However, their performance depends on hyperparameter settings.
One promising way to avoid memorizing/overfitting is to drop the dependency on the
noisy supervision, which motivates us to design a training-free method to find label
errors. Intuitively, we can carefully use the information from nearby features to infer
whether one instance is corrupted or not, as illustrated in Figure 3.1.

In the remainder of this section, different from current methods that train cus-
tomized models on noisy datasets, we propose a training-free and data-centric solution to
efficiently detect corrupted labels, which provides a new and complementary perspective
to the traditional learning-centric solution. We demonstrate the effectiveness of this
simple idea and open the possibility for follow-up works, and show the corresponding
evidence and insights. Specifically, we have:

e Efficient algorithms (Section 3.2.1): Based on the neighborhood information, we

propose two methods: a voting-based local detection method that only requires
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checking the noisy label consensuses of nearby features, and a ranking-based global
detection method that scores each instance by its likelihood of being clean and filters
out a guaranteed percentage of instances with low scores as corrupted ones.
Theoretical analyses: We theoretically analyze how the quality of features (but
possibly imperfect in practice) affects local voting and provide guidelines for tuning
neighborhood size. We also prove the worst-case error bound for the ranking-based
method.

Numerical findings: Our numerical experiments show three important messages: in
corrupted label detection, i) training with noisy supervisions may not be necessary;
ii) feature extraction layers tend to be more useful than the logit layers; iii) features

extracted from other tasks or domains are helpful.

3.2.1 Corrupted Label Detection Using Similar Features

Different from most methods that detect corrupted instances based on the logit

layer or model predictions [141, 30, 149, 10], we focus on a more data-centric solution

that operates on features. Particularly we are interested in the possibility of detecting

corrupted labels in a training-free way. In this section, we will first introduce intuitions,

and then provide two efficient algorithms to detect corrupted labels with similar features.

3.2.1.1 Intuitions

The learning-centric detection methods often detect corrupted instances by

comparing model predictions with noisy labels [30, 141] as illustrated in Figure 3.1.
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Figure 3.5: Detect corrupted labels with similar features.

However, for the data-centric method, the feature x,, cannot be directly compared with
the noisy label g, since z,, is not directly categorical without a model, i.e., the connection
between a single x,, and ¥, is weak. Thus our first step should be establishing auxiliary
categorical information using only features.
Figure 3.5 illustrates the high-level intuition, i.e., checking label consensuses of
nearby features. In this figure, indicates the instance with noisy label 1,
stands for the instance with noisy label 2, and represents
a k-NN example. With (k,0) label clusterability as in Definition 2, we know the true
labels of x,, and its k-NN z,,,,- - - , x, should be the same. If we further assume the label
noise is group-dependent [170], i.e., each x,, and its k-NN can be viewed as a local group
and share the same noise transition matrix [122]: P(Y = §u|X = 2, Y = yp) = P(Y =
Un|X = xp,Y = yp), V2, € {Tpn,, -+ ,Tp, }, Wwe can first treat their noisy labels as k + 1
independent observations of IP’(? = gn|X = xn,Y = yn), then estimate the probability

by counting the (weighted) frequency of each class in the k-NN label estimator, and get

k-NN labels 4,. We use the bold y to indicate a vector, which can be seen as either
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a one-hot encoding of a hard label or a soft label [229]. The i-th element y,,[i] can be
interpreted as the estimated probability of predicting class-i.

Note the k-NN technique has been implemented by [10] as a filter to remove
corrupted instances. However, this approach focuses on calculating distances on the
logit layer, which inevitably requires a task-specific training process and may suffer from
the limitations mentioned at the beginning of Section 3.2. Besides, using appropriate
features may be better than model logits/predictions when the dataset is noisy. See

discussions below.

Features could be better than model predictions During supervised training,
memorizing noisy labels makes the model generalizes poorly [62], while using only
features may effectively avoid this issue [106]. For those pre-extracted features, e.g.,
tabular data in UCI datasets [44], the input features are already comparable and
directly applying data-centric methods on these features avoids memorizing noisy labels.
For more challenging tasks such as image or text classifications, we can also borrow
some pre-trained models to pre-process the raw feature to improve the clusterability of
features, such as BERT [40] for language tasks, CLIP [151] for vision-language tasks,
or some feature extractors from unsupervised learning [80] and self-supervised learning

[79, 114, 68, 28, 31], which are not affected by noisy labels.
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3.2.1.2 Voting-Based Local Detection

Inspired by the idea implemented in model decisions, i.e., selecting the most
likely class as the true class, we can simply “predict” the index that corresponds to
the largest element in g, with random tie-breaking, i.e., y’°*® = arg max;c (k] Ynli]. To
further detect whether ¢, is corrupted or not, we only need to check vy, := 1(y’°*® # gp,).
Recall v, = 1 indicates a corrupted label. This voting method relies only on the local
information within each k-NN label g,, which may not be robust with low-quality
features. Intuitively, when the gap between the true class probability and the wrong class
probability is small, the majority vote will be likely to make mistakes due to sampling
errors in ¥,. Thus only using local information within each g, may not be sufficient. It

is important to leverage more information such as some global statistics, which will be

discussed later.

3.2.1.3 Ranking-Based Global Detection

The score function can be designed to detect corrupted instances [141, 30,
149, 10], hard-to-learn instances [115], out-of-distribution instances [182], and suspicious
instances that may cause model unfairness [173]. However, it is not clear how to do so
without training a task-specific model. From a global perspective, if the likelihood for
each instance being clean could be evaluated by some scoring functions, we can sort the
scores in an increasing order and filter out the low-score instances as corrupted ones.
Based on this intuition, there are two critical components: the scoring function and the

threshold to differentiate the low-score part (corrupted) and the high-score part (clean).
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Scoring function A good scoring function should be able to give clean instances

higher scores than corrupted instances. We adopt cosine similarity defined as:

T

o Un€;

S = Tonllle;l
core(Yn, J) lgnll2lle;ll2’

where e; is the one-hot encoding of label j. To evaluate whether the soft label ¥,, informs
us of a clean instance or not, we compare Score(y,, §,) with other instances that have
the same noisy label. This scoring function captures more information than the majority

votes, which is summarized as follows.

Property 1 (Relative score). Within the same instance, the score of the majority
class is higher than the others, i.e., Vj # y*°*¢ j € [K|,Vn € [N] : Score(y,, y2°t¢) >

n n

Score(Yn, 7).

Property 2 (Absolute score). Score(yn,j) is jointly determined by both yy[j] and

Unli'], V5 # 5.

The first property guarantees that the corrupted labels would have lower scores
than clean labels for the same instance when the vote is correct. However, although solely
relying on Property 1 may work well in the voting-based method which makes decisions
individually for each instance, it is not sufficient to be trustworthy in the ranking-based
global detection. Empirically we observe that if we choose a score function that Property
3.2 does not hold, e.g., treating k-NN soft labels as model predictions and check the
cross-entropy loss, it does not always return satisfying results in our experiments. The

main reason is that, across different instances, the non-majority classes of some instances
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may have higher absolute scores than the majority classes of the other instances, which is
especially true for general instance-dependent label noise with heterogeneous noise rates

[30]. Property 2 helps make it less likely to happen. Consider an example as follows.

Example Suppose §,, = ¥n, = [0.6,0.4,0.0] ", 9., = [0.34,0.33,0.33] ", yn, = Yn, =
Yns = 1, Un; = Unz = 1, Yn, = 2. We can use the majority vote to get perfect detection in
this case, i.e., y;o*® = ;9% = ;% = 1 = y,,, since the first class of each instance has
the largest value. However, if we directly use a single value in soft label y,, to score them,
e.g., Score! (Yn, 1) = Unlj], we will have Gy, [Jn,] = 0.6 > Un, [Un,] = 0.4 > Gy [Gns] = 0.34,
where the ranking is n3 < no < ni. Ideally, we know instance ns is corrupted and the
true ranking should be ng < n3 < ny or no < n; < n3. To mitigate this problem, we
choose cosine similarity as our scoring function. The three instances could be scored as

0.83,0.55,0.59, corresponding to an ideal ranking ns < ns < ni. We formally introduce

the detailed ranking approach as follows.

Ranking Suppose we have a group of instances with the same noisy class j, i.e.
{(2n, Un) tnen;, where Nj := {n|g, = j} are the set of indices that correspond to noisy
class j. Let N; be the number of indices in N (counted from noisy labels). Intuitively,
we can first sort all instances in A in an increasing order by argsort and obtain the

original indices for the sorted scores as:

T = argsort{Score(Yn, j) lnen;,
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where the low-score head is supposed to consist of corrupted instances [141]. Then we

can simply select the first ]\~fj instances with low scores as corrupted instances:
v = 1(Loc(n,T) < Nj),

where Loc(n,Z) returns the index of n in Z. Instead of manually tuning Nj [63], we

discuss how to determine it algorithmically.

Threshold The number of corrupted instances in N is P(Y # j\f/ =j)- N; when N;
is sufficiently large. Therefore if all the corrupted instances have lower scores than any
clean instance, we can set Nj =P(Y #j|Y =j)- Nj to obtain the ideal division. Note
Nj; can be obtained by directly counting the number of instances with noisy label j. To

calculate the probability
P(Y #j[Y =j) =1 -PY = j|Y =),

we borrow the results from the HOC estimator [230, 231], where the noise transition
probability P(Y = j|Y = j) and the marginal distribution of clean label P(Y = 5) can be

estimated with only features and the corresponding noisy labels. Then we can calculate

our needed probability by Bayes’ rule

P(Y = j[Y =j) =PB(Y =j|Y =j) - P(Y = j)/P(Y =),
where IP)(Y/ = j) can be estimated by counting the frequency of noisy label j in D.
Technically other methods exist in the literature to estimate P(Y'|Y) [119, 146, 141, 111].
But they often require training a model to fit the data distribution, which conflict with

our goal of a training-free solution; instead, HOC fits us perfectly.
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Algorithm 4 Detection with Similar Features (The SimiFeat Detector)

1: Input: Number of epochs: M. k-NN parameter: k. Noisy dataset: D= {(@n, Tn) bnen-

Feature extractor: g(-). Method: Vote or Rank. Epoch counters m = 0.

2: repeat

3: ), + RandPreProcess(zy,), Vn; # Initialize & Standard data augmentations
4: Xy  g(z]),Vn; # For tasks with rarely clusterable features, extract features with g(-)
5 U ¢ kNNLabel({Zy }nein), k) # Get soft labels.

6: if Vote then

7: Ypote «— arg max;¢ g Jnlils # Apply local majority vote
8: vp < L(yr°* # g,),Vn € [N]; # Corrupted if majority votes disagree with noisy labels
9: else

10: P(Y),IF’(?|Y) < HOC({(%n, Un) }ne[n]); # Estimate clean priors P(Y') and noise transitions

P(Y|Y) by HOC

11: P(Y|Y)=PY|Y)-P(Y)/P(Y); # Estimate thresholds by Bayes’ rule
12: for j in [K] do

13: /\f] ={nlgn =7} # Detect corrupted labels in each set N
14: T < argsort{Score(¥n,j) fnen;; # T records the raw index of each sorted value
15: vy, < 1(Loc(n,Z) < [(1 —P(Y = 1Y =3j))- N;]); # Low-score instances are corrupted
16: end for

17:  end if

18: Vi = {vn}ne[N]§ # Record detection results in the m-th epoch

19: until M times
20: V =Vote(Vp,, Vm € [M]); # Do majority vote based on results from M epochs

21: Output: [N]\ V.
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3.2.1.4 Algorithm: SimiFeat

Algorithm 4 summarizes our solution. The main computation complexity is
pro-processing features with extractor g(-), which is less than the cost of evaluating
the model compared with the training-based methods. Thus SimiFeat can filter out
corrupted instances efficiently. In Algorithm 4, we run either voting-based local detection
as Lines 7, 8, or ranking-based global detection as Lines 14, 15. The detection is run
multiple times with random standard data augmentations to reduce the variance of
estimation. The majority of results from different epochs is adopted as the final detection

output as Line 20, i.e., flag as corrupted if v, = 1 in more than half of the epochs.

3.2.2 How Does Feature Quality Affect Our Solution?

In this section, we will first show how the quality of features affects the selection
of the hyperparameter k, then analyze the error upper bound for the ranking-based
method. Note the voting-based method achieves an Fij-score of 1 when (k,0)-NN label

clusterability, k¥ — +o0, holds.

3.2.2.1 How Does Feature Quality Affect the Choice of k7

Recall k is used as illustrated in Figure 3.5. On one hand, the k-NN label
estimator will be more accurate if there is stronger clusterability that more neighbor
features belong to the same true class [125, 230], which helps improve the performance
of later algorithms. On the other hand, with good but imperfect features, stronger

clusterability with a larger k is less likely to satisfy, thus the violation probability dy
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increases with k for a given extractor g(-). We take the voting-based method as an example
and analyze this tradeoff. For a clean presentation, we focus on a binary classification
with instance-dependent label noise where P(Y = 1) = p, P(Y = 2|X,Y = 1) = e1(X),
IP’(? = 1|X,Y = 2) = ea(X). Suppose the instance-dependent noise rate is upper-
bounded by e, i.e., e1(X) < e,e2(X) < e. With d; as in Definition 2, we calculate the

lower bound of the probability that the vote is correct in Proposition 1.

Proposition 1. The lower bound for the probability of getting true detection with

majority vote 1S
P(Vote is correct|k) > (1 — &) - 1_e(k + 1 — KK + 1),

where k' = [(k+1)/2] — 1, L1_e(k+ 1 — K,k + 1) is the regularized incomplete beta

function defined as I —o(k+1—K k' +1)=(k+1— k’)(klj,l) e =k (1 — ) dt.

Proposition 1 shows the tradeoff between a reliable k-NN label and an accurate
vote. When £ is increasing, Term-1 (1 — d;) (quality of features) decreases but Term-2
Ii_e,(k+ 1=K, K +1) (result of pure majority vote) increases. With Proposition 1, we

are ready to answer the question: when do we need more labels? See Remark 3.

Remark 3. Consider the lower bounds with ki and ko (k1 < ko). Supposing the first
lower bound is lower than the second lower bound, based on Proposition 1, we roughly

study the trend with an increasing k by comparing two bounds and get

L0k _ Die(ka 1=k ks 1)
1= 0k, De(h1+1— ki K} +1)

96



1.0

0.8 —— R18-Img
R34-Img
©
S —— R34-C10-SSL
5 —— R34-C100-SSL
= 0.4 1 .
S —— ViT-B/32-CLIP

R34-C10-Clean
R34-C100-Clean

;

Figure 3.6: The trends of d; and probability lower bounds on CIFAR-10

For example, when ki = 5, ko = 20, e = 0.4, we can calculate the incomplete beta

function and 11:;250 < 1.52. Supposing 65 = 0.2, we have dog < 0.47. This indicates

increasing k from 5 to 20 would not improve the lower bound with features satisfying
do9 > 0.47. This observation helps us set k with practical and imperfect features. We set

k =10 wn all of our experiments.

Remark 3 indicates that: with practical (imperfect) features, a small k
may achieve the best (highest) probability lower bound. To further consolidate
this claim, we numerically calculate d, with different quality of features on CIFAR-10
[99] and the corresponding probability lower bound in Figure 3.6. The raw features
are extracted with different g(-). The outputs of the last convolution layer are adopted.
Notations R18/34/50 indicate ResNet18/34/50. Notation Img stands for the extractor
that is pre-trained on ImageNet [38]. Notations C10/100-Clean are the extractors pre-
trained on clean CIFAR-10/100. Notations C10/100-SSL are extractors pre-trained on
CIFAR-10/100 without labels by SimCLR [28]. Notation ViT-B/32-CLIP indicates that
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CLIP model, pre-trained vision transformer [151]. We find most of the probability lower
bounds first increase then decrease except for the “perfect” feature which is extracted
by the extractor trained using ground-truth labels. Note this feature extractor has
memorized all clean instances so that §; — 0 since k& < 5000 (the number of instances

in the same label class).

3.2.2.2 How Does Feature Quality Affect F;-Score?

We next prove the probability bound for the performance of the ranking-
based method. Consider a K-class classification problem with informative instance-
dependent label noise [30]. Denote random variable S by the score of each instance
being clean. A higher score S indicates the instance is more likely to be clean. Denote
the score of a true/false instance by S:ij;e := Score(yn,j) when g, = y, = j and
Srf;‘}l;e := Score(Y,/,j) when g,y = j,ys # j. Both are scalars. Then for instances in
N, we have two set of random variables Si™"¢ := {S[%°|n € Nj, g, = yn = j} and
Sg-alse = {Sff}{?e\n’ €N, U = J,yn # j}. Recall Nj := {nl|g, = j} are the set of indices
that correspond to noisy class j. Intuitively, the score Sfi;‘e should be greater than Sfﬁlse.

Suppose their means, which depend on noise rates, are bounded, i.e.,

E[S;;lr’jue] > M;rue’ ]E[Siﬁlje] < 'ugalse

for all feasible n,n’. Assume there exists a feasible v such that both S}rue and ij-alse
follow sub-Gaussian distributions with variance proxy %—5 [21, 233] such that:

ut2

_wi? _wt?
P(M;.rue _ szlt;’le > t) < e az ,P(Sﬁ?{?e _ N§alse > t) <e Az,
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and the probability density satisfies P(Si1¢ = pfre) = P(Shalse — yfalse) — 1 /A where
1/A is the “height” of both distributions, v is the decay rate of tails. Let N~ (N]+) be
the number of indices in S§alse (S;me). Theorem 9 summarizes the performance bound of

the ranking-based method. See Appendix for the proof.

Theorem 9. With probability at least p, when the threshold for the ranking-based method
15 set to
(1-P(Y =j|Y =) N;

as Line 15, the Fy-score of detecting corrupted instances in Nj by ranking is at least

e _ true__ f.alseiA
1-¢ maX(JJVV, ’N+)+a, where p = f{ Hi f(&)dt, f(t) is the probability density

function of the difference of two independent beta-distributed random variables B1 — B,

where 31 ~ Beta(N~,1), 82 ~ Beta(a + 1, N*T — a).

Theorem 1 shows the detection performance depends on:
e the concentration of Sfj:}?e and Sff}lj.e: variance proxy %—j;
e the distance between )" and Sfﬁ{?ez p5e — ugfﬂse.

Intuitively, with proper scoring function and high-quality features, we have

small variance proxy (small A and large v) and Fj-score approximates to 1.

3.2.3 Empirical Results

We present experimental evidence in this section. The performance is measured
by the Fi-score of the detected corrupted labels as defined in Section 1.2.2.2. Note there

is no training procedure in our method. The only hyperparameters in our methods are
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the number of epochs M and the k-NN parameter k. Intuitively, a larger M returns a
collective result from more times of detection, which should be more accurate. But a
larger M takes more time. We set M = 21 (an odd number for better tie-breaking) for
an efficient solution. The hyperparameter k£ cannot be set too large as demonstrated in
Figure 3.6. From Figure 3, we notice that the lower bound (RHS figure) is relatively
high when k& = 10 for all settings. Therefore, in CIFAR [99] experiments, rather than
fine-tune M and k for different settings, we fix M = 21 and k = 10. We also test on

Clothing1M [200]. Detailed experiment settings on ClothinglM are in Appendix B.3.

Synthetic label noise We experiment with three popular synthetic label noise models:
the symmetric label noise, the asymmetric label noise, and the instance-dependent label
noise. Denote the ratio of instances with corrupted labels in the whole dataset by 7. Both
the symmetric and the asymmetric noise models follow the class-dependent assumption
[119], i.e., the label noise only depends only on the clean class: P(Y|X,Y) = P(Y|Y).
Specially, the symmetric noise is generated by uniform flipping, i.e., randomly flipping a
true label to the other possible classes w.p. 1 [30]. The asymmetric noise is generated by
pair-wise flipping, i.e., randomly flipping true label i to the next class (¢ mod K) + 1.
Denote by d the dimension of features. The instance-dependent label noise is synthesized
by randomly generating a d x K projection matrix w; for each class ¢ and project each
incoming feature with true class y,, onto each column of w,, [198]. Instance n is more
likely to be flipped to class j if the projection value of x, on the j-th column of wy,

is high. See Appendix B in [198] and Appendix D.1 in [230] for more details. We use
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symmetric noise with n = 0.6 (Symm. 0.6), asymmetric noise with n = 0.3 (Asym. 0.3),

and instance-dependent noise with n = 0.4 (Inst. 0.4) in experiments.

Real-world label noise The real-world label noise comes from human annotations
or weakly labeled web data. We use the 50,000 noisy training labels (n =~ 0.16) for
CIFAR-10 collected by [230], and 50,000 noisy training labels (n ~ 0.40) for CIFAR-100
collected by [188]. Both sets of noisy labels are crowd-sourced from Amazon Mechanical
Turk. For ClothinglM [200], we could not calculate the Fj-scores due to the lack of
ground-truth labels. We firstly perform noise detection on 1 million noisy training

instances then train only with the selected clean data to check the effectiveness.

3.2.3.1 Fitting Noisy Distributions May Not Be Necessary

Our first experiment aims to show that fitting the noisy data distribution may
not be necessary in detecting corrupted labels. To this end, we compare our methods, i.e.,
voting-based local detection (SimiFeat-V) and ranking-based global detection (SimiFeat-
R), with three learning-centric noise detection works: CORES [30], confident learning
(CL) [141], TracIn [149], and deep k-NN [10]. We use ResNet34 [69] as the backbone

network in this experiment.

Baseline settings All these three baselines require training a model with the noisy
supervision. Specifically, CORES [30] trains ResNet34 on the noisy dataset and uses
its proposed sample sieve to filter out the corrupted instances. We adopt its default

setting during training and calculate the Fj-score of the sieved out corrupted instances.
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Confident learning (CL) [141] detects corrupted labels by firstly estimating probabilistic
thresholds to characterize label noise, ranking instances based on model predictions,
then filtering out corrupted instances based on ranking and thresholds. We adopt its
default hyper-parameter setting to train ResNet34. TracIn [149] detects corrupted labels
by evaluating the self-influence of each instance, where the corrupted instances tend
to have a high influence score. The influence scores are calculated based on gradients
of the last layer of ResNet34 at epoch 40, 50, 60, 100, where the model is trained with
a batch size of 128. The initial learning rate is 0.1 and decays to 0.01 at epoch 50.
Note Tracln only provides ranking for instances. To exactly detect corrupted instances,
thresholds are required. For a fair comparison, we refer to the thresholds learned by
confident learning [141]. Thus the corrupted instances selected by Tracln are based
on the ranking from its self-influence and thresholds from CL. To highlight that our
solutions work well without any supervision, our feature extractor g(-) comes from the
ResNet34 pre-trained by SimCLR [28] where contrastive learning is applied and no
supervision is required. Extractor g(-) is obtained with only in-distribution features, e.g.,
for experiments with CIFAR-10, g(-) is pre-trained with features only from CIFAR-10.
The detailed implementation for deep k-NN filter [10] is not public. Noting their k-NN
approach is employed on the logit layer, we reproduce their work by firstly training the
model on the noisy data then substituting the model logits for g(-) in SimiFeat-V. The

best epoch result for deep k-NN is reported.
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Table 3.2: Comparisons of Fij-scores (%).

METHOD CIFARI10 CIFAR100
Human  Symm. 0.6 Asym. 0.8 Inst. 0.4 Human Symm. 0.6 Asym. 0.8 Inst. 0.4
CORES 65.00 92.94 7.68 87.43 3.52 92.34 0.02 9.67
CL 55.85 80.59 76.45 62.89 64.58 78.98 52.96 50.08
TrACIN 55.02 76.94 73.47 58.85 61.75 76.74 48.42 49.89
DEEP k-NN | 56.21 82.35 75.24 63.08 57.40 70.69 56.75 63.85
SIMIFEAT-V | 82.30 93.21 82.52 81.09 73.19 84.48 65.42 74.26
SIMIFEAT-R | 83.28 95.56 83.58 82.26 74.67 88.68 62.89 73.53

Performance Table 3.2 compares the results obtained with or without supervision.
Methods CORES, CL, and Tracln are trained with noisy supervision. Methods SimiFeat-
V and SimiFeat-R get g(-) without any supervision. The top-2 are bold. We can see
both the voting-based and the ranking-based methods achieve overall higher Fj-scores
compared with the other three results that require learning with noisy supervision.
Moreover, in detecting the real-world human-level noisy labels, our solution outperforms
baselines around 20% on CIFAR-10 and 10% on CIFAR-100, which indicates the training-
free solution is more robust to complicated noise patterns. One might also note that
CORES achieves exceptionally low Fj-scores on CIFAR-10/100 with asymmetric noise
and CIFAR-100 with human noise. This observation also informs us that customized

training processes might not be universally applicable.

3.2.3.2 Features May Be Better Than Model Predictions

Our next experiment aims to compare the performance of the data-centric
method with the learning-centric method when the same feature extractor is adopted.
Thus in this experiment, all methods adopt the same fixed feature extractor (ViT-B/32
pre-trained by CLIP [151]). Our proposed data-centric method directly operates on
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Table 3.3: Comparisons of Fij-scores (%).

METHOD CIFARI10 CIFAR100
Human  Symm. 0.6 Asym. 0.3 Inst. 0.4 Human Symm. 0.6 Asym. 0.8 Inst. 0.4
CE SIEVE 67.21 94.56 5.24 8.41 16.24 88.55 2.6 1.63
CORES 83.18 96.94 12.05 88.89 38.52 92.33 7.02 85.52
CL 69.76 95.03 77.14 62.91 67.64 85.67 62.58 61.53
TrACIN 81.85 95.96 80.75 64.97 79.32 91.03 63.12 64.31
DEEP k-NN | 82.98 87.47 76.96 77.42 72.33 82.95 64.96 74.25
SIMIFEAT-V | 87.43 96.44 88.97 87.11 76.26 86.88 73.50 80.03
SIMIFEAT-R | 87.45 96.74 89.04 91.14 79.21 90.54 68.14 77.37

the extracted features, while the learning-centric method further trains a linear layer
with noisy supervisions based on the extracted features. In addition to the baselines
compared in Section 3.2.3.1, we also compare to CE Sieve [30] which follows the same
sieving process as CORES but uses CE loss without regularizer. Other settings are the
same as those in Section 3.2.3.1.

Table 3.3 summarizes the results of this experiment. Methods CORES, CL,
and TracIn use logit layers, while SimiFeat-V /R use only representations. All methods
use the same fixed extractor from CLIP. The Top-2 are bold. By counting the
frequency of reaching top-2 Fi-scores, we find SimiFeat-R wins 1st place, SimiFeat-V and
CORES are tied for 2nd place. However, similar to Table 3.3, we find the training process
of CORES to be unstable. For instance, it almost fails for CIFAR-100 with asymmetric
noise. Besides, comparing deep k-NN with SimiFeat-V, we find using the model logits
given by an additional linear layer fine-tuned with noisy supervisions cannot always help
improve the performance of detecting corrupted labels. It is therefore reasonable to
believe both methods that directly deal with the extracted features achieve an overall

higher Fj-score than other learning-centric methods.
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Table 3.4: Comparisons of Fj-scores (%) using g(-) with different o (%). Model names
are the same as Figure 3.6.

PRE-TRAINED MODEL CIFARI0 CIFAR100
1—6, Human Inst. 0.4 1—06; Human Inst. 0./

R18-IMG 35.73  75.40 80.22 11.30 74.91 71.99
R34-IMG 48.13  79.52 82.43 16.17 76.88 74.00
R50-ImG 45.77  78.40 82.06 15.81 76.55 73.51
VIT-B/32-CLIP 64.12 87.45 91.14 19.94 79.21 77.37
R34-C10-SSL 69.31 83.28 85.26 2.59 68.03 65.94
R34-C10-CLEAN 99.41 98.39 98.59 0.22 60.90 60.73
R34-C100-SSL 18.59  59.96 74.99 22.46  74.67 73.53
R34-C100-CLEAN 18.58 60.17 76.41 89.07 92.87 95.29

3.2.3.3 The Effect of the Quality of Features

Previous experiments demonstrate our methods overall outperform baselines
with high-quality features. It is interesting to see how lower-quality features perform.
We summarize results of SimiFeat-R in Table 3.4. There are several interesting findings:
1) The ImageNet pre-trained models perform well, indicating the traditional supervised
training on out-of-distribution data helps obtained high-quality features; 2) For CIFAR-
100, extractor g(-) obtained with only features from CIFAR-10 (R34-C10-SSL) performs
better than the extractor with clean CIFAR-10 (R34-C10-Clean), indicating that con-
trastive pre-training has better generalization ability to out-of-distribution data than
supervised learning; 3) The Fj-scores achieved by g¢(-) trained with the corresponding
clean dataset are close to 1, indicating our solution can give perfect detection with ideal

features.
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Table 3.5: Experiments on Clothing1M.

DATA SELECTION \ # TRAINING BEST EpPOCH LasT 10 LaAsT
NONE 1M (100%) 70.32 69.44 £ 0.13 69.53
R50-ImG 770K (77.0%) 72.37 71.95 £ 0.08 71.89
VIT-B/32-CLIP 700K (70.0%) 72.54 72.23 £ 0.17 72.11
R50-IMmG WARMUP-1 | 767K (76.7%) 73.64 73.28 + 0.18 73.41

3.2.3.4 More Experiments on Real-World Large-Scale Datasets

Besides, we test the performance of training only with the clean instances
selected by our approach in Table 3.5. There are different data selection methods:
e None: Standard training with 1M noisy data.
e R50-Img (or ViT-B/32-CLIP, R50-Img Warmup-1): Apply our method with ResNet50
pre-trained on ImageNet (or ViT-B/32 pre-trained by CLIP, R50-Img with 1-epoch

warmup).

The clean test accuracy on the best epoch, the last 10 epochs, and the last epoch are
listed. Top-1 is bold. Standard training with Cross-Entropy loss is adopted. The
only difference between the first row and other rows of Table 3.5 is that some training
instances are filtered out by our approach. Table 3.5 shows simply filtering out corrupted
instances based on our approach distinctively outperforms the baseline. We also observe
that slightly tuning g(-) in the fine-grained ClothinglM dataset would be helpful. Note
the best-epoch test accuracy we can achieve is 73.64%, which outperforms many baselines
such as HOC 73.39% [230], GCE+SimCLR 73.35% [56], CORES 73.24% [30], GCE

69.75% [221]. See more detailed settings and discussions in Appendix B.3.
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Chapter 4

Learning After Label Error Detection

This chapter discusses some possibilities of robust learning algorithms when
the label error in the original dataset has been detected. The simplest way is to train a
model on a cleaned dataset by directly removing all the detected corrupted examples, as
shown in Table 3.1 of Section 3.1.4.2 and Table 4.3 of Section 3.2.3.4. One limitation
of this approach is the waste of information in the mislabeled features. In this chapter,
we will introduce two advanced methods that are designed to better use the features
of mislabeled examples. Specifically, in Section 4.1, we adopt semi-supervised learning
to treat the detected corrupted examples as unlabeled samples, and in Section 4.2, we
design a robust loss function that uses the second-order information derived from the

label error detection results.
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Figure 4.1: Implement semi-supervised learning with CORES?.
4.1 A Semi-Supervised Learning Approach

This section shows how a semi-supervised learning (SSL) approach is combined
with CORES? to further improve the mode training. The clean examples are used for
normal training and the corrupted ones are used as unlabeled data for SSL.

The training framework is shown in Figure 4.1, where L(t) includes the indices
of sieved clean examples and H (t) contains the indices of sieved corrupted examples.
Let 7 be the last iteration of CORES2. We have L(7) := {n|n € [N],w(f) = 1} and
H(t) := {n|n € [N],vg) = 0}. Then ZNDL(T) = {(n,Yn) : n € L(7)} is sieved as
clean examples and and EH(T) := {(zn,yn) : n € H(7)} is filtered out as corrupted

ones. Examples (x,,7,) € EL(T) lead the training direction using the CE loss as
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ZnGL(T) (f(zn),Un). Noting the labels in 5H(7) are supposed to be corrupted and can
distract the training, we simply drop them. On the other hand, the feature information
of these examples encodes useful information that we can further leverage to improve
the generalization ability of models. There are different ways to use this unsupervised
information, in this section, we chose to minimize the KL-divergence between predictions
on the original feature and the augmented feature to make predictions consistent. This
is a common option as chosen by [109], [201], and [223]. The consistency loss function
in epoch-t is 3, ¢y Oxr(f(zn), fO(2n4)), where f) is a copy of the DNN at the
beginning of epoch-t but without gradients. Summing the classification and consistency

loss yields the total loss. We call this semi-supervised learning version CORES?*.

Experiments When performing CORES?*, we used the sieved result at epoch-40. It is
worth noting that at that time, the sample sieve may not reach the highest test accuracy.
However, the division property brought by the confidence regularizer works well at that
time. We use the default setting from UDA [201] to apply efficient data augmentation.
Table 4.1 shows the comparison of test accuracies under synthetic instance-dependent
label noise (Inst. CIFAR10, Inst. CIFAR100) and real-world human annotations from
CIFAR-N [188]. The results show that applying SSL after label error detection can

significantly improve performance.
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Table 4.1: Comparison of test accuracies under instance-dependent label noise.

Inst. CIFARI0 Inst. CIFAR100
£=02 e=04 =06|c=02 £=04 =06
CORES? | 89.50 82.84 79.66 | 6125 47.81  37.85
CORES?* | 95.42 88.45 85.53 | 72.91 70.66 63.08

Method

CIFAR10-N
Aggregate Random 1 Random 2 Random 3 Worst

CORES? | 91.23+0.11  89.66+0.32  89.91+0.45  89.79+0.50  83.60+0.53
CORES?* | 95.2540.09 94.45+0.14 94.8840.31 94.74+0.03 91.66+0.09

Method

4.2 A Second-Order Approach

This section studies the insufficiency of the first-order approach, such as peer
loss [124, 30] and explores the possibility of designing robust loss functions with higher-
order information [227]. The discussion in this section focuses on the connection between
the Bayes optimal label Y* and the label Y with instance-dependent noise (IDN) defined

as follows.

Bayes optimal distribution D* Denote by Y* the Bayes optimal label given feature
X, that is: Y*|X := argmaxy, P(Y|X),(X,Y) ~ D. The distribution of (X,Y™) is
denoted by D*. Note the Bayes optimal distribution D* is different from the clean
distribution D when P(Y'|X) ¢ {0,1}. Due to the fact that the information encoded
between features and labels is corrupted by label noise, and both clean labels and Bayes
optimal labels are unobservable, inferring the Bayes optimal distribution D* from the
noisy dataset D is a non-trivial task. Notably there exist two approaches [30] that

provide guarantees on constructing the Bayes optimal dataset. We would like to remind
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the readers that the noisy label g, clean label y,, and Bayes optimal label y} for the
same feature x,, may disagree with each other.

Most of our developed approaches will focus on dealing with the Bayes optimal
distribution D*. By referring to D*, as we shall see later, we are allowed to estimate the

second-order statistics defined w.r.t. Y*.

Noise transition matrix 7(X) Traditionally, the noise transition matrix is defined
based on the relationship between clean distributions and noisy distributions [30, 124,
146, 198]. In recent literature [33], the Bayes optimal label (a.k.a. distilled label in
[33]) also plays a significant role. In the classification tasks where the performance is
measured by the clean test accuracy, predicting the Bayes optimal label achieves the
best performance. This fact motivates us to define a new noise transition matrix based

on the Bayes optimal label as follows:
Tij(X) =B(Y = j|Y" =i, X),

where T; j(X) denotes the (i, j)-th element of the matrix 7'(X). Its expectation is defined

as T := E[T'(X)], with the (i, j)-th element being T; ; := E[T; ;(X)].

4.2.1 Insufficiency of First-Order Statistics

Peer loss [124] and its inspired confidence regularizer [30] are two recently
introduced robust losses that operate without the knowledge of noise transition matrices,
which presents them as preferred solutions for more complex noise settings. In this
section, we will first review the usages of first-order statistics in peer loss and the
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confidence regularizer (Section 4.2.1.1), and then analyze the insufficiency of using only
the first-order statistics when handling the challenging IDN (Section 4.2.1.2). Besides,
we will anatomize the down-weighting effect of IDN and provide intuitions for how to
make IDN easier to handle (Section 4.2.1.3).

We formalize our arguments using peer loss, primarily due to 1) its clean
analytical form, and 2) that our later proposed solution will be built on peer loss too.
Despite the focus on peer loss, we believe these observations are generally true when
other existing training approaches meet IDN.

For ease of presentation, the following analyses focus on binary cases (with
classes {—1,41}). Note the class —1 should be mapped to class 0. For a clear comparison
with previous works, we follow the notation in [124] and use class {—1,+41} to represent
classes {0,1} when K = 2. The error rates in Y are then denoted as e; (X) := P(Y =
—1|Y* = +1,X), e_(X) :==P(Y = +1]Y* = —1, X). Most of the discussions generalize

to the multi-class setting.

4.2.1.1 Using First-Order Statistics in Peer Loss

It has been proposed and proved in peer loss [124] and CORES? [30] that the
learning could be robust to label noise by considering some first-order statistics related
to the model predictions. For each example (z,,7,), peer loss [124] has the following

form:

gPL(f(xn)v gn) = E(f($n)7 gn) - f(f(l'Tu)v gnz)»
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where (2, Un,) and (Zp,, Un,) are two randomly sampled peer samples for n. The first-

order statistics related to model predictions characterized by the peer term ¢(f(xn,), Un,)

are further extended to a confidence regularizer in CORES? [30]:

Coonms (£ (2n). Gn) = ((f (20). Gn) — BEDy, [((f (2n), V)]

where 3 is a hyperparameter controlling the ability of regularizer, and Dy p is the
marginal distribution of ¥ given dataset D. Although it has been shown in [30] that
learning with an appropriate 8 would be robust to instance-dependent label noise
theoretically, in real experiments, converging to the guaranteed optimum by solving a

highly non-convex problem is difficult.

4.2.1.2 Peer Loss with IDN

Now we analyze the possible performance degradation of using the binary peer

loss function proposed in [124] to handle IDN. Denote by
Froer = arg min s Loy (£(X), V)|

the optimal classifier learned by minimizing 0-1 peer loss, where 1py, represents /pr, with
0-1 loss (could also be generalized for {-grpg2 With 0-1 loss). Let p* := P(Y* = +1).

With a bounded variance in the error rates, supposing
Eles (X) — Eles (X)]| < ex, Ele—(X) —Ele_(X)]| < e_,

the worst-case performance bound for using pure peer loss is provided in Theorem 10
and proved in Appendix C.2.1.
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Theorem 10 (Performance of peer loss). With the peer loss function proposed in [124],
we have

E[(F, (X)) < 2 HE) Lo g5,

peer T 1l—er—e_

Theorem 10 shows the ratio of wrong predictions given by f;eer includes two

2(eq+e_)

components. The former term
l—ei—e_

is directly caused by IDN, indicating the error
is increasing when the instance-dependent noise rates have larger mean (larger e, + e_)
and larger variation (larger ey + e_). The latter term 2|p* — 0.5| shows possible errors
induced by an unbalanced D*. Theorem 10 generalizes peer loss where e, = e_ =0, i.e.,

the error rates are homogeneous across data instances, and there is no need to consider

any second-order statistics that involve the distribution of noise rates.

4.2.1.3 Down-weighting Effect of IDN

We further discuss motivations and intuitions by studying how IDN affects
the training differently from the class-dependent one. Intuitively, a high noise rate
reduces the informativeness of a particular example (z,y), therefore “down-weighting”
its contribution to training. We now analytically show this under peer loss.

As a building block, the invariant property (in terms of the clean distribution
D) originally discovered by peer loss on class-dependent label noise is first adapted for
the Bayes optimal distribution D*. Define e_ := P(Y = +1|Y* = —1) and ey := P(Y =

—1|Y* = +1). Focusing on a particular class-dependent 5, we provide Lemma 4 and its

proof in Appendix C.1.1.
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Lemma 4 (Invariant property of peer loss [124]). Peer loss is invariant to class-dependent
label noise:

Es[lpr(f(X),Y)] = (1 - ey — e )Ep-[LpL(f(X), V7). (4.1)

Then we discuss the effect of IDN. Without loss of generality, consider a case

where noisy examples are drawn from two noisy distributions Dy and 511, and the noise
(Y =

—1]Y* = +1). Assume a particular setting of IDN that the noise is class-dependent

rate of YSH is higher than 151, ie. epmt+e_m>ep1+e_j, where ey 1) = PﬁI "
(but not instance-dependent) only within each distribution, and different between two
distributions, i.e. part-dependent [198]. Let D and Dj; be the Bayes optimal distribution
related to Dy and Dy. For simplicity, we write P((X,Y*) ~ Df‘(H)|(X, Y*) ~ D*) as
P(Djyp)- Then P(Df) = P(Dy) and P(Dj;) = P(D). Note P(Dr)ey  + P(Di)esn = ey

and ]P’(Zsl)e_J + P(ﬁn)e_,u = e_. Then we have the following equality:
Es[lpL(f(X), V)]
=P(D1)(1 — €41 — e—1)Ep: [IpL(f(X),Y*)] + P(Dur)(1 — e 11 — e— 1) Ep;, [LpL(f(X),Y™)]

—(1—eq1—c 1) (P(DDED; [Len (F(X), Y] + %Pwﬁﬂ%ﬁ [Les(£(X), Y*>}>,

where

l—ernm—e_q
+7 9 <1

1-— €41 — €1
indicates down-weighting examples drawn from ZSH (compared to the class-dependent

label noise).

What can we learn from this observation? First, we show that peer loss is already
down-weighting the importance of the more noisy examples. However, simply dropping
examples with potentially high-level noise might lead the classifier to learn a biased
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distribution. Moreover, subjectively confusing examples are more prone to be mislabeled
and critical for accurate predictions [175], thus need to be carefully addressed. Our
second observation is that if we find a way to compensate for the “imbalances” caused
by the down-weighting effects shown above, the challenging instance-dependent label
noise could be transformed into a class-dependent one, which existing techniques can
then handle. More specifically, the above result shows the down-weighting effect is
characterized by T'(X), implying only using the first-order statistics of model predictions
without considering the distributions of the noise transition matrix 7'(X) is insufficient
to capture the complexity of the learning task. However, accurately estimating 7'(X) is
prohibitive since the number of parameters to be estimated is almost at the order of
O(NK?) —recall N is the number of training examples and K is the number of classes.
Even though we can roughly estimate 7'(X), applying element-wise correction relying
on the estimated T'(X) may accumulate errors. Therefore, to achieve the transformation
from the instance-dependent to the easier class-dependent, we need to resort to other

statistical properties of T'(X).

4.2.2 Covariance-Assisted Learning (CAL)

From the analyses in Section 4.2.1.3, we know the instance-dependent label noise
will “automatically” assign different weights to examples with different noise rates, thus
cause imbalances. When the optimal solution does not change under such down-weighting
effects, the first-order statistics based on peer loss [30, 124] work well. However, for a

more robust and general solution, using additional information to “balance” the effective
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weights of different examples is necessary. Although the Bayes optimal distribution is
not accessible in real experiments, we first assume its existence for theoretical analyses
in the ideal case, then we will discuss the gap to this optimal solution when we can only

use a proxy D that can be constructed efficiently.

4.2.2.1 Extracting Covariance from IDN

Again consider an instance-dependent noisy distribution D with binary classes

where Y € {—1,+1}. Define the following two random variables to facilitate analyses:
Z1(X) = 1= e4(X) — e_(X), Zo(X) = e4(X) — e (X).

Recall e4 := Ele4(X)] and e_ := E[e_(X)]. Let Covp(A, B) := E[(A—E[A])(B—E[B])]
be the covariance between random variables A and B w.r.t. the distribution D. The
exact effects of IDN on peer loss functions are revealed in Theorem 11 and proved in

Appendix C.2.2.

Theorem 11 (Decoupling binary IDN). In binary classifications, the expected peer loss

with IDN writes as:

E5[Lpr(f(X),Y)] = (1—es — e )Ep:[Lpr(f(X),Y")]
+ Covp+(Z1(X), L(f(X),Y™))

+ Covp+(Zo(X), L(f(X), —1)). (4.2)

Theorem 11 effectively divides the instance-dependent label noise into two parts.

As shown in Eq. (4.2), the first line is the same as Eq. (4.1) in Lemma 4, indicating

117



the average effect of instance-dependent label noise can be treated as a class-dependent
one with parameters e, e_. The additional two covariance terms in the second and the
third lines of Eq. (4.2) characterize the additional contribution of examples due to their
differences in the label noise rates. The covariance terms will become larger for a setting
with more diverse noise rates, capturing a more heterogeneous and uncertain learning
environment. Interested readers are also referred to the high-level intuitions for using
covariance terms at the end of Section 4.2.1.3.

We now briefly discuss one extension of Theorem 11 to a K-class classification
task. Following the assumption adopted in [124], we consider a particular setting of
IDN whose the expected transition matrix satisfies T; ; = T}, ;, Vi # j # k. Denote by
ej = T;,;,Vi # j. Corollary 4 decouples the effects of IDN in multi-class cases and is

proved in Appendix C.3.1.

Corollary 4 (Decoupling multi-class IDN). In multi-class classifications, when the
expected transition matriz satisfies e; = T; j = Ty, ;, Vi # j # k, the expected peer loss
with IDN writes as:
Egllpu(f(X), V)] = (1= > e)Ep-[p(f(X),Y")]
1€[K]

=+ Z EDY* [COUD*‘Y* (TY*,j(X)ag(f(X)vj)ﬂ ’
JjelK]

where Dy~ is the marginal distribution of Y* and D*|Y™ is the conditional distribution

of D* given Y*.
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4.2.2.2 Using Second-Order Statistics

Inspired by Theorem 11, if D* is available, we can subtract two covariance

terms and make peer loss invariant to IDN. Specifically, define
féaL = arg;ninEﬁ[llpL(f(X% Y)] = Cov(Zi(X), 1(f(X),Y™))
— Cov(Zo(X), 1(f(X),—1)).
We have the following optimality guarantee and its proof is deferred to Appendix C.2.3.
Theorem 12. f§,; € argmin, Ep-[1(f(X),Y™)].

For a K-class classification problem, a general loss function for our Covariance-

Assisted Learning (CAL) approach is given by

Lear(f(zn), Gn) = lpL(f(2n), Tn)
(4.3)
— Z Epy. [Covpsy (Ty+;(X), 0(f(X),5))] -
Je[K]

Eq. (4.3) shows the Bayes optimal distribution D* is critical in implementing the proposed
covariance terms. However, D* cannot be obtained trivially, and only imperfect proxy
constructions of the dataset (denoted by b) could be expected. Detailed constructions

of D are deferred to Section 4.2.2.3.

Advantages of using covariance terms There are several advantages of using
the proposed covariance terms. Unlike directly correcting labels according to D*, the
proposed covariance term can be viewed as a “soft” correction that maintains the
information encoded in both original noisy labels and the estimated Bayes optimal labels.
Keeping both pieces of information is beneficial as suggested in [64]. Moreover, compared
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to the direct loss correction approaches [146, 198, 199], we keep the original learning
objective and apply “correction” using an additional term. Our method is more robust
in practice compared to these direct end-to-end loss correction approaches due to two
reasons: 1) The covariance term summarizes the impact of the complex noise using an
average term, indicating that our approach is less sensitive to the estimation precision of
an individual example; 2) As will be shown in Section 4.2.3, the proposed method is
tolerant with accessing an imperfect D*.

Estimating the covariance terms relies on samples drawn from distribution
D*. Thus, we need to construct a dataset 15, which is similar or unbiased w.r.t. D*.
We will first show the algorithm for constructing D, then provide details for DNN

implementations.

4.2.2.3 Constructing D

To achieve unbiased estimates of the variance terms, the high-level intuition
for constructing D is determining whether the label of each example in D is Bayes
optimal or not by comparing the likelihood, confidence, or loss of classifying the (noisy)
label to some thresholds. There are several methods for constructing D: distillation
[33], searching to exploit [209], and sample sieve [30]. If the model does not overfit the
label noise and learns the noisy distribution, both methods in [33] and [209] work well.
However, for the challenging instance-dependent label noise, overfitting occurs easily
thus techniques to avoid overfitting are necessary. In this paper, we primarily adapt the

sample sieve proposed in [30], which uses a confidence regularizer to avoid overfitting,
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Algorithm 5 Constructing D
1: Input: Noisy dataset D. Thresholds Liin < Lyax. Number of epochs T D=D.

Train the sample sieve in [30] for T" epochs and get the model f
2: for n € [N] do
3:  Calculate oy, 1 following [30]

4: if KCORESQ (f(xn), gn) — Qp,T < Lmin then

5: Yn = Yn

6: else if looppe2 (f(Tn),Un) — @ > Limax then

7: Jn = arg maxyc (g fz, [yl

8  else

9: Un = —1 (drop example n)
10: end if

11: end for

12: Output:D := {(2n,9n) : n € [N], G # —1}

to construct D. Specifically, as shown in [30], in each epoch ¢, the regularized loss for
each example is adjusted by the parameter o, ¢, which can be calculated based on model
predictions in linear time. In the ideal cases assumed in [30], any example with a positive
adjusted loss is corrupted (with a wrong label).

We summarized the corresponding procedures in Algorithm 5, where the critical
thresholds for comparing losses are denoted by Lyin and Lyax. At Line 5, if the loss

adjusted by oy, is small enough (smaller than the threshold Lyi,), we assume g, is

the Bayes optimal label. Accordingly, at Line 7, if the adjusted loss is too large
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(larger than the threshold Ly,.x), we treat g, as a corrupted one and assume the class

with maximum predicted probability to be Bayes optimal one. For the examples with
moderate adjusted loss, we drop it as indicated in Line 9. In ideal cases with infinite
model capacity and sufficiently many examples (as assumed in [30]), we can set thresholds
Lmin = Lmax = 0 to guarantee separation of clean and corrupted examples, thus D will
be an unbiased proxy to D*. In the ideal case as assumed in Corollary 1 of [30], we have
D = D*. However, in real experiments, when both the model capacity and the number
of examples are limited, we may need to tune L, and L. to obtain a high-quality
construction of D. In this paper, we set Lyin = Liax to ensure \]_5| = |D*| and reduce
the effort to tuning both thresholds simultaneously.

Note that using D to estimate the covariance terms could be made theoreti-
cally more rigorous by applying appropriate re-weighting techniques [33, 47, 76]. See
Appendix C.4.1 for more discussions and corresponding guarantees. We omit the details

here due to the space limit. Nonetheless, our approach is tolerant of an imperfect 15,

which will be shown theoretically in Section 4.2.3.

4.2.2.4 Implementations

For implementations with deep neural network solutions, we need to estimate
the transition matrix 7'(X) relying on D and estimate the covariance terms along with

stochastic gradient descent (SGD) updates.
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Covariance Estimation in SGD As required in (4.3), with a particular D, each
computation for T” (zn,) requires only one time check of the associated noisy label as

follows:

T j(n) = U{gn =4, G = j}- (4.4)
When D is unbiased w.r.t. D*, the estimation in (4.4) is also unbiased because

A~

Ep xy—ilTig(X)) = Epx y[1H{Y =i,V = j|X}]

=P(Y =j|X,Y =i) =P(Y = j|X,Y* =4).

Noting Covp(A, B) := E[(A — E[A])(B — E[B])] = E[(A — E[A]) - B], the covariance can
be estimated empirically as
5 3 Wy = (st — T - W)
n€[N]i,j€[K]

For each batch of data, the above estimation has O(NN) complexities in computation and
space. To reduce both complexities, with the cost of the estimation quality, we use |Ep|
examples to estimate the covariance in each batch, where Ej is the set of sample indices
of batch-b. Per sample wise, Eq. (4.3) can be transformed to

CoaL(f(zn), n) = LpL(f(@n), Un)

= > Yyp =} |(Tijlan) — Tig) - €(f (2n), 5) | -
i,j€lK]
With the above implementation, the estimation is done locally for each point in O(1)

complexity.
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4.2.3 CAL with Imperfect Covariance Estimates

As mentioned earlier, D* cannot be perfectly obtained in practice. Thus,
there is a performance gap between the ideal case (with perfect knowledge of D*) and
the actually achieved one. We now analyze the effect of imperfect covariance terms

(Theorem 13).

Denote the imperfect covariance estimates by 157, where 7 € [0,1] is the
expected ratio (a.k.a. probability) of correct examples in D7: 7 = E[1{(X,Y) €
D7|(X,Y*) € D*}] =P((X,Y) ~ D7|(X,Y*) ~ D*). With D", the minimizer of the 0-1
CAL loss is given by:

féAL-TZarg;nin Eg | Lpr(f(X),Y)]=Covp, (Z:(X), 1(f(X),Y))

— Covp, (Z2(X), 1(f(X),—1))|.

Theorem 13 reports the error bound produced by fé AL.r- See Appendix C.2.4 for the

proof.

Theorem 13 (Imperfect Covariance). With D7, when p* = 0.5, we have

41 —7)(eq +€-)
l—ey—e.

E[L(fEar-(X),Y")] <

Theorem 13 shows the quality of D™ controls the scale of the worst-case error
upper-bound. Compared with Theorem 10 where no covariance term is used, we know
the covariance terms will always be helpful when 7 € [0.5,1]. That is, the training with
the assistance of covariance terms will achieve better (worst-case) accuracy on the Bayes
optimal distribution when the construction D7 is better than a dataset that includes

each instance in D* randomly with 50% chance.
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4.2.4 Experiments

We now present our experiment setups and results.

4.2.4.1 General Experiment Settings

Datasets and models The advantage of introducing our second-order approach is
evaluated on three benchmark datasets: CIFAR10, CIFAR100 [99] and Clothing1M [200].
Following the convention from [30, 205], we use ResNet34 for CIFAR10 and CIFAR100
and ResNet50 for Clothingl M. Noting the expected peer term ED‘?‘E[K(f(a:n), V)] (ak.a.
confidence regularizer (CR) as implemented in [30]) is more stable and converges faster
than the one with peer samples, we train with {~qrpg2. It also enables a fair ablation
study since D is constructed relying on [30]. For numerical stability, we use a cut-off
version of the cross-entropy loss £(f(z),y) = — In(f.[y] +¢). Specifically, we use ¢ = 1078
for the traditional cross-entropy term, use € = 10™° for the CR term, and the covariance

term. All the experiments use a momentum of 0.9. The weight decay is set as 0.0005 for

CIFAR experiments and 0.001 for Clothing1M.

Noise type For CIFAR datasets, the instance-dependent label noise is generated
following the method from [30, 198]. The basic idea is randomly generating one vector
for each class (K vectors in total) and projecting each incoming feature onto these K
vectors. The label noise is added by jointly considering the clean label and the projection
results. See Appendix A.4.1 for details. In expectation, the noise rate 7 is the overall

ratio of examples with a wrong label in the entire dataset. For the ClothinglM dataset,
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we train on 1 million noisy training examples that encode the real-world human noise.

4.2.4.2 Baselines

We compare our method with several related works, where the cross-entropy
loss is tested as a common baseline. Additionally, the generalized cross-entropy [221] is
compared as a generalization of mean absolute error and cross-entropy designed for label
noise. Popular loss correction based methods [146, 198, 199], sample selection based
methods [30, 63, 179, 212], and noise-robust loss functions [124, 205] are also chosen for
comparisons. All the compared methods adopt similar data augmentations, including
standard random crop, random flip, and normalization. The semi-supervised learning-
based methods with extra feature extraction and data augmentations are not included.
All the CIFAR experiments are repeated 5 times with independently synthesized IDN.
The highest accuracies on the clean test dataset are averaged over 5 trials to show the

best generalization ability of each method.

4.2.4.3 Performance Comparisons: CIFAR

In experiments on CIFAR datasets, we use a batch size of 128, an initial learning

rate of 0.1, and reduce it by a factor of 10 at epoch 60.

Construct D To construct D, we update the DNN for 65 epochs by minimizing
lcorps? (without dynamic sample sieve) and apply Algorithm 5 with Lyin = Liax = —8.
Note that, theoretically, we have Ly = Liax = 0 if both the CE term and the CR term
use a log loss without cut-off (¢ = 0). The current setting works well (not the best) for
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Table 4.2: Comparison of test accuracies (%) using different methods.

Inst. CIFAR10 Inst. CIFAR100

n=0.2 n=04 n=0.6 n=0.2 n=04 n=10.6
CE (Standard) 85.45+0.57 76.23+1.54  59.754+1.30 57.79+1.25  41.15+0.83 25.68+1.55
Forward T' [146] 87.22+1.60 79.374+2.72 66.56+4.90 58.19+1.37  42.80+1.01 27.91+3.35
Lpwmi [205] 88.57+0.60 82.82+1.49 69.944+1.31 57.90+1.21 42.70+0.92 26.96+2.08
L, [221] 85.81+0.83 74.66+1.12 60.76+3.08 57.03+0.27  39.81+£1.18 24.87+2.46
Co-teaching [63] 88.87+0.24 73.00+1.24 62.51+1.98  43.30+0.39 23.214+0.57 12.58+0.51
Co-teaching+ [212] | 89.80+0.28 73.784+1.39 59.22+6.34  41.71£0.78 24.4540.71 12.58+0.51
JoCoR [179] 88.78+0.15 71.64+3.09 63.46+1.58  43.66+1.32 23.9540.44 13.16+£0.91
Reweight-R [199] 90.04+0.46 84.11+£2.47  72.1842.47  58.00+0.36  43.8348.42 36.07+9.73
Peer Loss [124] 89.124+0.76 83.261+0.42 74.53+1.22 61.164+0.64  47.23+1.23  31.71+£2.06
CORES? [30] 91.14+0.46 83.67+1.29 77.68+2.24 66.47+0.45 58.99+1.49  38.55+3.25
CAL 92.01+0.75 84.96+1.25 79.82+2.56 69.11+0.46 63.17+1.40 43.58+3.30

Method

CIFAR experiments empirically. For a numerically stable solution, we use the square root
of the noise prior for the CR term in loopps? as =8 ¢k Mﬁ(ﬂxn), i).
Zj:l VP(Y=j|D)

The hyperparameter 3 is set to 2 for CIFAR10 and 10 for CIFAR100.

Train with CAL With an estimate of D*, we re-train the model 100 epochs. The hyper-
parameter (3 is set to 1 for CIFAR10 and 10 for CIFAR100. Note the hyperparameters

(Lmin, Lmax, B) can be better set if a clean validation set is available.

Performance Table 4.2 compares the means and standard deviations of test accuracies
on the clean test dataset when the model is trained with synthesized instance-dependent
label noise in different levels. All the compared methods use ResNet34 as the backbone.
On CIFARI10, with a low-level label noise (7 = 0.2), all the compared methods perform
well and achieve higher average test accuracies than the standard CE loss. When the
overall noise rates increase to high, most of the methods suffer from severe performance
degradation while CAL still achieves the best performance. There are similar observations

on CIFAR100. By comparing CAL with CORES?, we conclude that the adopted second-
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Table 4.3: The best epoch (clean) test accuracies on Clothing1M.

Method ‘ Accuracy
CE (standard) 68.94
Forward T [146] 70.83
Co-teaching [63] 69.21

JoCoR [179) 70.30
Lpmi [205] 72.46
PTD-R-V[198] 71.67
CORES? [30] 73.24
CAL 74.17

order statistics do work well and bring non-trivial performance improvement. Besides,
on the CIFAR100 dataset with n = 0.4 and 0.6, we observe Reweight-R [199] has a
large standard deviation and a relatively high mean, indicating it may perform as well
as or even better than CAL in some trials. It also shows the potential of using a
revised transition matrix 7' [199] in severe and challenging instance-dependent label

noise settings.

4.2.4.4 Performance Comparisons: Clothingl M

For ClothinglM, we first train the model following the settings in [30] and con-
struct D with the best model. Noting the overall accuracy of noisy labels in Clothing1M
is about 61.54% [200], we set an appropriate Lyin = Lmax such that 61.54% of training
examples satisfying {corpg2 — @nt < Lmin. With f), we sample a class-balanced dataset
by randomly choosing 18,976 noisy examples for each class and continue training the
model with 3 = 1 and an initial learning rate of 10~ for 120 epochs. Other parameters
are set following [30]. See Appendix C.4.3 for more detailed experimental settings.
Table 4.3 shows CAL performs well in the real-world human noise.
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Table 4.4: Analysis of each component of CAL on CIFARI10.
row # Cov. Peer Epoch ‘ n=02 n=04 n=0.6

1 X X Best 90.47 82.56 64.65
2 4 X Best 92.10 78.49 73.55
3 X v Best 91.85 84.41 78.74
4 X v Fixed@65 | 90.73 82.76 77.70
5) 4 v Best 92.69 85.95 81.54

4.2.4.5 Ablation Study

Table 4.4 shows either the covariance term or the peer term can work well
individually and significantly improve the performance when they work jointly. The
result of a particular trial is presented. Cowv. indicates using with the covariance term.
Peer indicates using the CR term [30] (a.k.a. expected peer term [124]). Comparing the
first row with the second row, we find the second-order statistics can work well (except
for n = 0.4) even without the peer (CR) term. In row 4, we show the performance at
epoch 65 since the second-order statistics are estimated relying on the model prediction
at this epoch. By comparing row 4 with row 5, we know the second-order statistics
indeed lead to non-trivial improvement in performance. Even though the covariance term
individually can only achieve an accuracy of 78.49 when n = 0.4, it can still contribute
more than 1% of the performance improvement (from 84.41% to 85.55%) when it is

implemented with the peer term. This observation shows the robustness of CAL.

4.2.5 Takeawaws

We summarize the takeaways as follows.
o We have proposed a second-order approach to transforming the challenging instance-
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dependent label noise into a class-dependent one such that existing methods targeting
the class-dependent label noise could be implemented.

e We show how the second-order statistics can be estimated efficiently using existing
sample selection techniques. For a more realistic case where the covariance terms
cannot be perfectly estimated, we prove the worst-case performance guarantee of our
solution.

¢ In addition to the theoretical guarantees, the performance of the proposed second-
order approach is tested on the CIFAR10 and CIFAR100 datasets with synthetic
instance-dependent label noise and the Clothingl M dataset with real-world human
label noise.

e Code is available at https://github.com/UCSC-REAL/CAL.
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Chapter 5

Beyond Accuracy: Fairness Issues

We will discuss the fairness issues caused by imperfect data in this chapter,
including the disparate impact of semi-supervised learning (SSL) when a huge amount
of data does not have labels (Section 5.1) and the fairness evaluation when the sensitive

attributes are missing (Section 5.2).

5.1 Disparate Impact of SSL

This section aims to reveal the disparate impact of semi-supervised learning by
answering the following question: Are different sub-populations treated similarly during
SSL? We will start with a motivating example which is experimented with one of the
best SSL algorithms, then prove why the disparate impact exists in SSL. To measure the
disparate impact of SSL, we further propose a new metric called “Benefit Ratio (BR)”,

the effectiveness of which is guaranteed by our proven generalization bounds.
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5.1.1 Motivating Examples

Figure 5.1 shows the change of test accuracy for each class during SSL. Each
class denotes one sub-population and representative sub-populations are highlighted. In
this experiment, MixMatch [18] is applied on CIFAR-10 with (a) 250 clean labels in the
balanced case (25 labeled instances per class) and (b) 185 clean labels in the unbalanced
case (25 labeled instances in each of the first 5 classes, 12 labeled instances in each of
the remaining classes). Other instances are used as unlabeled data. Figure 5.1 delivers
two important messages: in SSL, even with some state-of-the-art algorithms: 1) the
observation “rich getting richer” is common, and 2) the observation “poor getting poorer”
possibly happens. Specifically, the “rich” sub-population, such as automobile that has a
high baseline accuracy at the beginning of SSL, tends to consistently benefit from SSL.
But the “poor” sub-population, such as dog that has a low baseline accuracy, will remain
a low-level performance as Figure 5.1(a) or even get worse performance as Figure 5.1(b).
This example shows the disparate impact of accuracies for different sub-populations are
common in SSL. In special cases such as Figure 5.1(b), we observe the Matthew effect:
the rich get richer and the poor get poorer.

We now go one step further to intuitively understand why we may observe the
Matthew effect. With the pseudo-labels defined in Section 1.2.2.4, we know that the
sub-population that is already “rich” (high-accuracy) in supervised learning with the
labeled dataset Dy will possess higher-quality pseudo-labels for SSL, thereby further

enhancing the performance. On the other hand, the sub-population with poorer baseline
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(a) MixMatch Balanced, labeled size 25x10 (b) MixMatch Unbalanced, labeled size 25x5+12x
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Figure 5.1: Disparate impacts in the model accuracy of SSL.

accuracy (also from supervised learning with Dy) will have lower-quality pseudo-labels,
which can only provide limited regularization for unsupervised features. In cases where
regularization is applied in the wrong direction, unsupervised features, along with their
augmented copies, may converge on an incorrect label class, resulting in a decline in
performance. Consequently, as the baseline accuracy deteriorates, an increasing number
of unsupervised features will be inaccurately regularized, leading to divergent impacts

on model accuracies, as illustrated in Figure 5.1.

5.1.2 Theoretical Analyses

We now theoretically prove the above intuition. The following analyses are
conducted for an arbitrary sub-population, thus we did not explicitly distinguish sub-

populations in notation. We consider minimizing 0-1 loss 1(f(X),Y") with infinite search
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space. Recall Dy, denotes the labeled dataset and Dy denotes the unlabeled one.

5.1.2.1 Learning with Clean Data

Denote the expected error rate of classifier f on distribution D by Rp(f) :=
Ep[1(f(X),Y)]. Let fp denote the classifier trained by minimizing 0-1 loss with clean
dataset D, ie., fp, = arg min Rp, (f), where Rp, (f) = %ZnE[NL]]l(f(xn),yn).
Denote by Y*|X := arg max;c (5 P(Y|X) the Bayes optimal label on clean distribution

D. Theorem 14 shows the generalization bound in the clean case.

Theorem 14 (Supervised learning error). With probability at least 1 — §, the generaliza-

tion error of supervised learning on Dy, is upper-bounded by

2log(4/9)

Rp(fp,) < N,

+P(Y* £Y).

5.1.2.2 Learning with Semi-supervised Data

The derivation of generalization bounds for learning with semi-supervised
data relies on the pseudo-labels defined in Section 1.2.2.4, i.e., transforming the semi-
supervised dataset Dy U Dy into the dataset D based on the model learned from the

previous epoch.

Two-iteration scenario To establish a clean and structured performance bound for
learning with semi-supervised data, we consider a specific two-iteration scenario. In this
scenario, the model is initially trained to convergence using the small labeled dataset

Dy, resulting in the model fD .- Subsequently, the model is trained on the pseudo-noisy
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dataset D labeled by fDL. It is worth noting that this two-iteration scenario represents
a worst-case situation for a semi-supervised learning algorithm, as iteratively assigning
pseudo-labels typically enhances performance, as suggested by many SSL algorithms
[18, 201].

Independence of samples in D The number of independent instances,
denoted as N’, falls within the range of [Ny, N|. Intuitively, if appropriate noise injection
or data augmentation techniques [201, 138] are applied to z, such that ] can be
considered independent of z,, then the number of independent samples in D can be
improved to N. For the purpose of our analysis, we assume the ideal case where all N
instances are independently and identically distributed (i.i.d.).

By minimizing the unified loss defined in Eq. (1.1), we can get classifier

fﬁ = arg;nin Rx(f),

where

R =+ 3 | 3 9l 1.

ne[N] \i€[K]

The expected error given classifier f is denoted by

where the probability density function of distribution D can be defined as

]P(X’Y/)Nﬁ(X = Tn, Y = Z) = ]P(X,Y)ND(X = Q?n) . ’gn[l]
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Decomposition With the given definitions, we can decompose the generalization error

(on the clean distribution) of classifier ff) as follows:

Rp(fz) = (Rp(f5) — R5(fp)) + R5(f5).
——

Term-1 Term-2

where Term-1 transforms the evaluation of f 5 from the clean distribution D to the
pseudo-noisy distribution D. Term-2 can be compared with the generalization error in
Theorem 14, but the model is trained and evaluated on the noisy distribution D. Both

terms are analyzed as follows.

Upper and Lower Bounds for Term-1 Let

n(X) = 5 3 BV = ilX) ~ By =il X)]
1€[K]

e(X) :=P(Y # Y|X) be the feature-dependent error rate, ﬁf(X) =P(f(X)=Y|X)
be the accuracy of prediction f(X) on noisy dataset D. Denote their expectations (over
X) by

7:=Ex[n(X)], e:=Ex[e(X)], A;=Ex[A;(X)].

To highlight that i and € depends on the noisy dataset D labeled by fD .» we denote

them as 7(fp, ) and &(fp,). Then we have:

Lemma 5 (Bounds for Term-1).

A~ ~

(21%5 — De(fp,) < Ro(fp) — Rp(f5) < 0(fp,).

Note the upper bound builds on 7( fp, ) while the lower bound relates to &(fp, ).
To compare two bounds and show the tightness, we consider the case where Y|X is
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confident, i.e., each feature X belongs to one particular true class Y with probability 1,
which is generally held in classification problems [119]. Lemma 6 shows n(X) = e(X) in

this particular case.

Lemma 6 (n vs. e). For any feature X, if Y| X is confident, n(X) is the error rate of the

model prediction on X, i.e., Ji € [K] :P(Y =i|X) =1 = n(X) =P(Y # Y|X) = e(X).

Upper bound for Term-2 Denote by Y*| X := arg maX;e ] P(Y = i|X) the Bayes

optimal label on noisy distribution D. Following the proof for Theorem 14, we have:

Lemma 7 (Bound for Term-2). W. p. at least 1 — ¢,

R(fp) < 2B g 7,

Wrap-up Lemma 5 shows Term-1 is in the range of [(211]% — 1Dé(fp, ), 1(fp,)]-
Lemma 6 informs us 7(fp,) = &(fp,) in classification problems where Y|X,VX are
confident. With a well-trained model fﬁ that learns the noisy distribution 5, we have
A/fﬁ = 1—e¢and ¢ — 0y, thus Term-1 is in the range of [(1 — 2€)7i(fp,),7(fp, )],
indicating our bounds for Term-1 are tight. Besides, noting Lemma 7 is derived following
the same techniques as Theorem 14, we know both bounds have similar tightness.
Therefore, by adding upper bounds for Term-1 and Term-2, we can upper bound the

error of semi-supervised learning in Theorem 15, which has similar tightness to that in

Theorem 14.

Theorem 15 (Semi-supervised learning error [229]). Suppose the model trained with only
Dy, has generalization error ﬁ/(fDL). With probability at least 1 — &, the generalization
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error of semi-supervised learning on datasets Dy U Dy is upper-bounded by

Ro(foopp) < ilfp)  + P #EY) o+ QIOgNW
—— N ,

Disparity due to baseline  Sharpness of pseudo labels Data dependency

where 7j(fp, ) :== 7 (fp,) - Nu/N is the expected label error in the pseudo noisy dataset

D.

Takeaways Theorem 15 provides an explanation for the generation of disparate impacts

in SSL. We can break down the factors contributing to this phenomenon as follows:

e Supervised error 77 ( f p,,): This is the primary source of disparity. Sub-populations
that exhibit good generalization before SSL tend to have lower SSL error rates. In
other words, the already well-performing groups benefit more from SSL, reinforcing

existing disparities (the "rich get richer” effect).

e Sharpness of noisy labels IP)(}; # EN/*) This factor plays a minor role in generating
disparity and depends on the method used to process pseudo-labels. If the pseudo-

labels are sharpened, this term becomes negligible.

e Sample complexity \/W : Disparity is influenced by the number of
instances N and their independence. It is important to note that our analysis
assumes ideal data augmentations to obtain N in this term. Instances with poor
data augmentations, which are much less than the total N, could potentially

become a significant source of disparity if the augmentations are inadequate.
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5.1.3 Benefit Ratio: An Evaluation Metric

To quantify the disparate impacts of SSL as illustrated in Figure 5.1, we propose

a new metric called benefit ratio.

Benefit Ratio The benefit ratio BR(P) captures the normalized accuracy improvement

of sub-population P after SSL. It depends on three classifiers:

° fD ., which represents the baseline supervised learning using a small labeled dataset

Dy;

° fD, which represents the ideal supervised learning if the entire dataset D has

ground-truth labels;

° f D, UDy » Which represents SSL using both the labeled dataset Dy, and the unlabeled

dataset Dy.

The test/validation accuracies of these classifiers are denoted as apaseline(P), @ideal(P),
and asemi(P), respectively. As a measure for evaluating SSL algorithms after the fact,

the benefit ratio BR(P) is defined as:

BR(’P) — Osemi (P) - abaseline(P) .

5.1
aideaI(P) - abaseline(P) ( )

Let P° := {P1,P2,---} be the set of all the concerned sub-populations. We formally

define the Equalized Benefit Ratio as follows.

Definition 11 (Equalized Benefit Ratio). An algorithm achieves Equalized Benefit Ratio
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(EBR) if all the concerned sub-populations have the same benefit ratio:
BR(P) = BR(P'),VP, P’ € P°.

Intuitively, a larger benefit ratio indicates a greater benefit from SSL. We define
BR(P) = 1 when SSL performs as well as the corresponding fully-supervised learning. A
negative benefit ratio indicates that SSL adversely affects the disadvantaged population,
where asemi(P) < apaseline(P), meaning that the already poor performance worsens, as
illustrated in Figure 5.1(b) for the dog sub-population.

These findings have the potential to offer valuable guidance and insights for the
development of fair SSL algorithms using standard datasets with complete ground-truth
labels. Investigating whether a fair SSL algorithm designed for one dataset remains fair
when applied to another dataset would be an interesting avenue for future research. In
real-world scenarios where full supervision is unavailable, we can leverage additional
knowledge to estimate the highest achievable accuracy for each sub-population and use

it as a proxy for the ideal accuracy aigeal(P).-

Theoretical Explanation We define a proxy of the benefit ratio as

I§I\?(73 . Sup (RD(JEDLAuDU\P)) — sup (R?(fDLIP))
sup(Rp(fpip)) — sup (Rp(fp,p))

)

where sup(-) denotes the upper bound derived in Theorem 14 and Theorem 15, P is
a sub-population, and D|P denotes the set of i.i.d. instances in D that affect model
generalization on P. By assuming that both distributions have the same sharpness, i.e.,
P(Y #Y*) =P(Y # Y*), we have:
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Corollary 5. The benefit ratio proxy for P is

SBID) 1 (fp,p)
BR(P) =1 A(Np,Np,)’

where

A(Np, Np,) = \/ 21016534/ o _ \/ 210%5 o

Np and Np, are the effective numbers of instances in D|P and Dp|P.

Corollary 5 demonstrates that the benefit ratio is negatively correlated with the
error rate of baseline models and positively correlated with the number of i.7.d. instances
after SSL. Please note that Np and Np, may exceed the sizes of the corresponding
sub-populations if P shares information with another sub-population P’ during training.
For instance, improved classification of P’ can aid in classifying P. Furthermore, the
corollary suggests that SSL may have a detrimental impact on sub-population P if
WM > 1. In other words, the benefits gained from obtaining more effective i.4.d.

instances are outweighed by the negative consequences of incorrect pseudo-labels. This

negative effect implies a scenario where “the poor get poorer”.

5.1.4 Experiments

We test MixMatch [18] and UDA [201] on CIFAR-10 and CIFAR-100 datasets
[99]. See more experiments in [229]. We adopt the coarse labels (20 classes) in CIFAR-
100 for training and test the performance for each fine label (100 classes). Thus our
training on CIFAR-100 is a 20-class classification task and each coarse class contains 5

sub-populations.

141



MixMatch, labeled size 25x10 UDA, labeled size 25x10 MixMatch, labeled size 50x10 UDA, labeled size 50x10

1.2 12 12
. .
o 1.0 ® o 1.0 o g o 1.0 . ° o
= ° =4 o ] = ° =1
] //' © ° N © ©
<038 3 <038 <038 o =
F= ° ° b= L= rd ° =
2 2 2 2
g 0.6 g 0.6 g 0.6 b
o o . o o
0.4 0.41 o 0.4 0.4
.
0.2 0.2 0.2
30 40 50 60 70 80 30 35 40 45 50 55 60 30 40 50 60 70 80 40 50 60 70 80
Accuracy with 250 clean labels Accuracy with 250 clean labels Accuracy with 500 clean labels Accuracy with 500 clean labels

Figure 5.2: Benefit ratios (y-axis) versus baseline accuracies before SSL (z-axis) on
CIFAR-10

Figure 5.3: Benefit ratios across explicit sub-populations.

The experiments aim to show that, even though the size of each sub-population
is equal, disparate impacts exist in the model accuracy of different sub-populations, i.e.,
1) explicit sub-populations such as classification labels in Figure 5.3, and 2) implicit
sub-populations such as fine-categories under coarse classification labels in Figure 5.1.5.
All the experiments in this subsection adopt both a balanced labeled dataset and a

balanced unlabeled dataset.

Disparate impact across explicit sub-populations In this part, we demonstrate
the disparate impact on model accuracy across different classification labels in CIFAR-10
datasets. Figure 5.2 illustrates this by plotting dots representing the results for each
label class, along with a line representing the best linear fit of the dots. The y-axis
represents the benefit ratios, while the x-axis shows the baseline accuracies before SSL.
The results are presented for different sizes of labeled data, ranging from 25 to 50 per
class on CIFAR-10. Figure 5.2 utilizes two SSL methods, namely MixMatch and UDA,

specifically for CIFAR-10. Our statistical analysis reveals that class labels with higher
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baseline accuracies tend to exhibit higher benefit ratios on CIFAR-10. This implies
that the more “privileged” classes benefit to a greater extent from the application of
SSL methods compared to the “less privileged” ones. Additionally, we observe that
certain models with low baseline accuracy (located on the left side of the x-axis) exhibit

relatively low benefit ratios close to zero when SSL is applied.

Disparate impact across implicit sub-populations We demonstrate the disparate
impacts on model accuracy across different sub-populations on CIFAR-100 (fine labels).
Figure 5.1.5 shows the benefit ratios of fine-labels (y-axis) versus baseline accuracies
before SSL (z-axis) on CIFAR-100. Experiments are run 5 times for stability. Mean
(dashed line) and standard deviation (shaded area) are plotted in the figure, where
points in the shaded area indicate the converged local optima with a non-negligible
probability. In Figure 5.1.5, we can statistically observe the disparate impact across
different sub-populations on both datasets for three baseline SSLL methods. We again
observe very similar disparate improvements as presented in Figure 5.2 - for some classes
in CIFAR-100, this ratio can even go negative. See [229] for more experiments related
to the disparate impact on the demographic groups, e.g., race, and gender, which raise

fairness concerns in real-world applications.

5.1.5 Takeaways

We summarize the takeaways as follows.

e We have theoretically and empirically shown that the disparate impact (the “rich”
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Figure 5.4: Benefit ratios across implicit sub-populations.

sub-populations get richer and the “poor” ones get poorer) exists universally for a
broad family of SSL algorithms.

e We have also proposed and studied a new metric benefit ratio to facilitate the evaluation
of SSL.

e Code is available at github.com/UCSC-REAL/Disparate-SSL.

5.2 Estimate Fairness with Missing Sensitive Attributes

Evaluating fairness can be challenging in practice because the sensitive attributes
of data are often inaccessible due to privacy constraints. The go-to approach that the
industry frequently adopts is using off-the-shelf proxy models to predict the missing
sensitive attributes, e.g., Meta [2] and Twitter [15]. Despite its popularity, there are
three important questions unanswered:

e Is directly using proxies efficacious in measuring fairness?
o If not, is it possible to accurately evaluate fairness using proxies only?

e Given the ethical controversy over inferring user private information, is it possible to
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only use weak (i.e., inaccurate) proxies in order to protect privacy?

In this section, we first experimentally and theoretically show that directly using proxy
models can give a false sense of (un)fairness (Section 5.2.1). Additionally, we develop an
algorithm that is able to measure fairness (provably) accurately with only three properly
identified proxies (Section 5.2.2). All our theoretical discussions in the main paper are
specific to DP defined in Definition 3 but we include the complete derivations for EOd

and EOp in Appendix.

5.2.1 Proxy Results Can be Misleading

This section provides an analysis of how much the measured fairness, if using

proxies naively, can deviate from reality.

Using Proxy Models Directly. Consider a scenario with C' proxy models denoted by
theset G := {g1,- -+ ,gc}. The noisy sensitive attributes are denoted as A= g.(X),Vce
[C] and the corresponding target dataset with A is D := {(2p,yn, (@l,--- ,aS))|n € [N]},
drawn from a distribution D. Similarly, by replacing A with Ain H , we can compute
H , which is the matrix-form noisy fairness metric estimated by the proxy model g (or G
if multiple proxy models are used). Define the directly measured fairness metric of f on

D as follows.

Definition 12 (Proxy Disparity - DP).

1

A%, )= STk

" |Hla,k - H[d K.

a,a’ €[M]
ke[K]
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Figure 5.5: Fairness disparities of models on COMPAS [6].

A “seem-to-be-fair” model can be not fair Figure 5.5 shows the estimated fairness
vs. true fairness on COMPAS [6] dataset with race as the sensitive attribute. True
(or Prozy) stands for the disparities using ground-truth sensitive attribute values (or
proxy model’s predictions). Forest (or Tree) indicates the random forest (or decisions
tree) models. We use proxy models to predict race from the last name. There are two
observations: 1) Models considered as fair according to proxies are actually unfair. The
Prozy fairness disparities (0.02) can be much smaller than the True fairness disparities
(> 0.10), giving a false sense of fairness. 2) Fairness misperception can mislead the model
selection. The proxy disparities mistakenly indicate random forest models have smaller

disparities (DP and EOd) than decision tree models, but in fact it is the opposite.
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Estimation Error Analysis We study the error of proxy disparity and give practical
guidelines implied by analysis. Intuitively, the estimation error of proxy disparity depends
on the error of the proxy model g. Recall p, p, T' and T}, are clean prior, noisy prior,
global transition matrix, and local transition matrix. Denote by Az and A, the square
diagonal matrices constructed from p and p. We formally prove the upper bound of
estimation error for the directly measured metrics in Theorem 16 (See Appendix D.3.1

for the proof).

Theorem 16 (Error Upper Bound of Proxy Disparities). Denote the estimation error

of the proxy disparity by
Err™ .= |APP(D, f) — APP(D, f).
Its upper bound is:

L2 . _ _ _
Er < Kkzm(hk |AG(T T — DA |+ [ ApTiA," 1]l ).
€

cond. indep. violation error of g

where hy, := 3 > Hla,k], 6y := max |H[a, k] — hg|.
a€[M] a€[M]

It shows the error of proxy disparity depends on:

e hy: The average confidence of f(X) on class k over all sensitive groups. For example,
if f is a crime prediction model and A is race, a biased f [6] may predict that
the crime (k = 1) rate for different races are 0.1, 0.2 and 0.6 respectively, then
hy = % = 0.3, and it is an approximation (unweighted by sample size) of the

average crime rate over the entire population. The term depends on D and f only

(i.e., the true fairness disparity), and independent of any estimation algorithm.
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e J0;: The maximum disparity between confidence of f(X) on class k and average
confidence hy, across all sensitive groups. Using the same example, §; = max(|0.1 —
0.3],]0.2 — 0.3],]0.6 — 0.3]) = 0.3. It is an approximation of the underlying fairness
disparity, and larger d indicates f is more biased on D. The term is also dependent
on D and f (i.e., the true fairness disparity), and independent of any estimation
algorithm.

o Conditional Independence Violation: The term is dependent on the proxy model g’s
prediction A in terms of the transition matrix (T and T}) and noisy prior probability
(p). The term goes to 0 when T = T}, which implies A and f(X) are independent
conditioned on A. This is the common assumption made in the prior work [8, 148, 49].
And this term measures how much the conditional independence assumption is violated.

e FError of g: The term depends on the proxy model g. It goes to 0 when T}, = I which
implies the error rates of ¢g’s prediction is 0, i.e., g is perfectly accurate. It measures

the impact of ¢g’s error on the fairness estimation error.

Case Study. To help better understand the upper bound, we consider a simplified
case when both f and A are binary. We further assume the conditional independence
condition to remove the third term listed above in Theorem 16. See Appendix D.2.2 for
the formal definition of conditional independence. Please note that we only assume it
for the purpose of demonstrating a less complicated theoretical result, we do not need

this assumption in our proposed algorithm later. Corollary 6 summarizes the result.

Corollary 6. For a binary classifier f and a binary sensitive attribute A € {1,2}, when
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(A L f(X)|A) holds, Theorem 16 is simplified to
Err™ < § (}P’(A —1A=2)+P(A=2A= )) ,
where 6 = |[P(f(X)=1A=1)-P(f(X) =14 =2)|.

Corollary 6 shows the estimation error of proxy disparity is proportional to
the true underlying disparity between sensitive groups (i.e., §) and the proxy model’s
error rates. In other words, the uncalibrated metrics can be highly inaccurate when f is

highly biased or g has poor performance. This leads to the following suggestions:

Guidelines for Practitioners. We should only trust the estimated fairness from
proxy models when (1) the proxy model g has good performance and (2) the true
disparity is small (i.e., the target model f is not highly biased). In practice, without
true sensitive attributes, we can roughly infer the true disparity based on the problem
domain and known history. For example, racial disparity in hiring is known to exist for
a long time. We only need to know if the disparity is extremely large or not.

In practice, both conditions required to trust the proxy results are frequently
violated. When we want to measure f’s fairness, often we already have some fairness
concerns and therefore the underlying fairness disparity is unlikely to be negligible.
And the proxy model g is usually inaccurate due to privacy concerns (discussed in
Section 5.2.2.2) and distribution shift. This motivates us to develop an approach for

more accurate estimates.
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Figure 5.6: Overview of our algorithm that estimates fairness using only weak proxy
models.

5.2.2 Weak Proxies Suffice

In this section, we show that by properly using a set of proxy models, we are
able to guarantee an unbiased estimate of the true fairness measures. The proposed
calibration algorithm is illustrated in Figure 5.6, where we first directly estimate the
noisy fairness matrix with proxy models (blue arrows), and then calibrate the estimated

fairness matrix ( ).

5.2.2.1 Proposed Algorithm

With a given proxy model g that labels sensitive attributes, we can anatomize
the relationship between the true disparity and the proxy disparity. The following
theorem targets DP and see Appendix D.3.2 for results with respect to EOd and EOp

and their proofs.

Theorem 17. [Closed-form Relationship (DP)] The closed-form relationship between
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the true fairness vector H|[:, k] and the noisy fairness vector H[:, k| is the following:

H[: k] = (T Ap) 'AsH[: k), VEk € [K].

Insights. Theorem 17 reveals that the proxy disparity and the corresponding true
disparity are related in terms of three key statistics: noisy prior p, clean prior p, and
local transition matrix T}. Ideally, if we have the ground-truth values of them, we can
calibrate the noisy fairness vectors to their corresponding ground-truth vectors (and
therefore obtaining the perfectly accurate fairness metrics) usingTheorem 17. Hence, the
most important step is to estimate T}, p, and p without knowing the ground-truth values
of A. Once we have those estimated key statistics, we can easily plug them into the

above equation as the calibration step. Figure 5.6 shows the overview of our algorithm.

Algorithm: Fairness calibration. We summarize the method in Algorithm 6. In

Line 4, we use the sample mean in the uncalibrated form to estimate H as

N
~ 1 R ~
Hla, k] =+ D> U(f(n = Klan = @)
n=1
and p as pla] = P(A = a) ~ £+ 3N 1(a, = a),Va € [M]. In Line 5, we plug in an
existing transition matrix and prior probability estimator to estimate T} and p with
only mild adaption that will be introduced shortly. Note that although we choose a
specific estimator, our algorithm is a flexible framework that is compatible with any

StatEstimator proposed in the noisy label literature [123, 230, 231].

Details: Estimating Key Statistics. The algorithm requires us to estimate T}
and p based on the predicted A by proxy models. In the literature of noisy learning,
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Algorithm 6 Fairness calibration algorithm (DP)

1: Input: A set of proxy models G = {g1,---,gc}. Target dataset D°. Target model
f. Transition matrix and prior probability estimator StatEstimator.
# Predict sensitive attributes using all g € G

2: a% < ge(zn), Ve € [C],n € [N]

# Build the dataset with noisy sensitive attributes

3 D {(@nyyns (@, 1)) € [N}
# Estimate fairness matrix and prior with sample mean
4 H,p+ DirectEst(D, f)
# Estimate key statistics: p and T},
5: {fl, e ,fK},ﬁ — StatEstimator(ﬁ, )
# Calibrate each fairness vector with Theorem 17
6: Vk € [K]: H[:, k] < (T,] Ap) " AsH[:, k]
# Calculate the final fairness metric

7. A(D, f) + m Y aa'e [Hla, k] — Hla', K]|.
ke[K]

8: Output: The calibrated fairness metric A(D, f)

there exists several feasible algorithms [119, 156, 146, 141, 230]. We choose HOC [230]
because it has stronger theoretical guarantee and lower sample complexity than most
existing estimators. Intuitively, if given three proxy models, the joint distributions of

their predictions would encode T}, and p, i.e.,

P(Ay, A, As) = Func({Ti }reix], P)-
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Algorithm 7 StatEstimator: HOCFair (DP)
1: Input: Noisy dataset D. Target model f.

# Get the number of noisy attributes (i.e., # proxy models)
2. C «+ #Attribute(D)
# Get 2-Nearest-Neighbors of x,, and save their attributes as x,,’s attribute
3: if C' < 3 then
1 {(@n, yn, @k, ,a3°))|n € [N]}Get2NN(D)
5. D {(2ns Y, (- @) € [N}
6: end if
# Randomly sample 3 noisy attributes for each instance

7. {(ak,a2,a3)|n € [N]} + Sample(D)

n? n’ n

# Get estimates p ~ p

~

8: (T,p) + HOC({(al,a2,a’)|n € [N]})

n»w'ny) 'n

# Get estimates Ty ~ fk

9: (T}, —) « HOC({(ak,a2,a)|n € [N], f(zn) = k}), Vk € [K]

n»'n) Tn

# Return the estimated statistics

10: Output: {CZA},--- ,TK}713

For example, with the chain rule and independence among proxy predictions conditioned

on A, we have:

P(A; = a1, Ay = g, Az = a|f(X) = k)

= Z P(A = a|f(X) = k) - Tila, a1] - Ti|a, a2] - Ti|a, as].
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HOC counts the frequency of different (ﬁl, Ay, gg) patterns to obtain LHS and solve

equations to get T’s in the RHS.

Algorithm: HOCFair. More specifically, Algorithm 7 shows how we adapt HOC
as StatEstimator (in Algorithm 6, Line 5), namely HOCFair. The original HOC uses
one proxy model and simulates the other two based on clusterability condition [230],
which assumes z,, and its 2-nearest-neighbors share the same true sensitive attribute,
and therefore their noisy attributes can be used to simulate the output of proxy models.
If this condition does not hold [231], we can directly use more proxy models. With a
sufficient number of noisy attributes, we can randomly select a subset of them for every
sample as Line 7, and then approximate T} with fk in Line 9. In our experiments, we
test both using one proxy model and multiple proxy models. See more details of our

implementations in Appendix D.4 and HOC in Chapter 2.

5.2.2.2 Requirements of Proxy Models

To use our algorithm, there are two practical questions for practitioners: 1)
what properties proxy models should satisfy and 2) how many proxy models are needed.
The first question is answered by two requirements made in the estimation algorithm

HOC:

Requirement 1 (Informativeness of Proxies). The noisy attributes given by each
proxy model g are informative, i.e., Vk € [M], 1) Ty is non-singular and 2) either

Tila,a] > P(A =alf(X) = k) or Tila,a] > Tyla,d'],Vd' # a.
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Requirement 1 is the prerequisite of getting a feasible and unique estimate of
T}, [230], where the non-singular requirement ensures the matrix inverse in Theorem 17
exists and the constraints on Tj[a,a] describes the worst tolerable performance of g.
When M = 2, the constraints can be simplified as Ty[1,2] + Tx[2,1] < 1 [123, 124], i.e.,
g’s predictions are better than random guess in binary classification. If this requirement
is violated, there might exist more than one feasible estimate of T}, making the problem
insoluble.

The above requirement is weak. The proxies are merely required to positively
correlate with the true sensitive attributes. We discuss the privacy implication of using

weak proxies shortly after.

Requirement 2 (Independence between Proxies). The noisy attributes predicted by
proxzy models g1(X),- -, go(X) are independent and identically distributed (i.i.d.) given

A.

Requirement 2 ensures the additional two proxy models provide more informa-
tion than using only one classifier. If it is violated, we would still get an estimate but
may be inaccurate. Note this requirement is different from the conditional independence
often assumed in the fairness literature [8, 148, 49|, which is g(X) L f(X)|A rather
than ours ¢ (X) L g2(X) L g3(X)|A.

The second question (how many proxy models are needed) has been answered

by Theorem 5 in [122], which we summarize in the following.

Lemma 8. If satisfying Requirements 1-2, three proxy models are both sufficient and
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necessary to identify Ty,.

How to Protect Privacy with Weak Proxies. Intuitively, weak proxies can protect
privacy better than strong proxies since the predictions are noisier, i.e., less informative.
We connect weak proxy’s privacy-preserveness to differential privacy [53]. Assume
misclassification probability on A is bounded across all samples, i.e., Va € [M],d’ €
[M],a # a':

maxP(A=alA=a,X =2) <1— ¢,
reX

minP(A=a|lA=d, X =x) > .
rzeX

According to the definition of label differential privacy [53], we show that the privacy
of the sensitive attribute A, which is the “label” of proxy models, satisfies ln(?)—DP.
See Appendix D.3.6 for the proof.

In practice, if the above assumption does not hold naturally by proxies, we
can add noise to impose it. When practitioners think proxies are too strong, they can
add additional noise to reduce informativeness, further protecting privacy. When we

intentionally make the proxies weaker by flipping predicted sensitive attributes with

probability 0.4, it corresponds to 0.41-DP (ey = €; = 0.4) protection.

5.2.2.3 Theoretical Guarantee

We theoretically analyze estimation errors on our calibrated metrics. Denote
by KDP(IS, f) the calibrated DP disparity evaluated on our calibrated fairness matrix

f{\. We have:
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Theorem 18 (Error Upper Bound of Calibrated Metrics). Denote the estimation error

of the calibrated fairness metrics by Er® := |3DP(25, f) — APP(D, f)|. Then:
2 _ ol
Errcal < ? Z HAp1H1 HAPH[:v k“|oo‘€(Tk>p)7
ke[K]

where &(Ty,p) = HA;lAp - I|]1||kak,_1H1 + |1 I — kak_lﬂl is the error induced by

calibration. With a perfect estimator Ty = T}, and py = pi, Vk € (K], we have Er® = 0.

Theorem 18 shows the upper bound of estimation error mainly depends on the

estimates fk and p, i.e., the following two terms in 5(fk,ﬁ):
1A Ap = TIL|ITVT; Hy and (|1 =TT .

When the estimates are perfect, i.e., Tk = T}, and p = p, then both terms go to 0 because
AjglAp =TI and ka,; 1'— I. Together with Lemma 8, we can show the optimality of

our algorithm as follows.

Theorem 19. When Requirements 1-2 hold for three prozy models, the calibrated fairness
metrics given by Algorithm 6 with key statistics estimated by Algorithm 7 achieve zero

error, 1i.e.,

|APP(D, f) — APP(D, f)| = 0.

Besides, we compare the error upper bound of our method with the exact error

(not its upper bond) in the case of Corollary 6, and summarize the result in Corollary 7.

Corollary 7. For a binary classifier f and a binary sensitive attribute A € {1,2}, when

(A L f(X)|A) and p = [0.5,0.5]", the proposed calibration method is guaranteed to be
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more accurate than the uncalibrated measurement, i.e., , Err® < Er’®”, if

el + ez

max ——— e,
Ke{l1,2} 1 4+ %

e(Ty, p) < 7 := Vk € {1,2}.

Corollary 7 shows when the error 5(1A“k, p) that is induced by inaccurate T and
P is below the threshold v, our method is guaranteed to lead to a smaller estimation
error compared to the uncalibrated measurement under the considered setting. The
threshold implies that, adopting our method rather than the uncalibrated measurement
can be greatly beneficial when e; and ey are high (i.e., g is inaccurate) or when the

normalized (true) fairness disparity HAHD?% is high (i.e., f is highly biased).

5.2.2.4 Guidelines for Practitioners

We provide a set of guidelines implied by our theoretical results.

When to Use Our Algorithm. Corollary 7 shows that our algorithm is preferred
over directly using proxies when 1) the proxy model g is weak or 2) the true disparity is

large.

How to Best Use Our Algorithm. Section 5.2.2.2 implies a set of principles for

selecting proxy models:

i) [Requirement 1] Even if proxy models are weak, as long as they are informative, e.g.,
in binary case the performance is better than random guess, then it is enough for
estimations.

ii) [Requirement 2] We should try to make sure the predictions of proxy models are i.i.d.,
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which is more important than using more proxy models. One way of doing it is to

choose proxy models trained on different data sources.

iii) [Lemma 8] At least three proxy models are prefered.

5.2.3 Takeaways

We summarize the takeaways as follows.

e We have offered a viable solution, i.e., by using only weak proxies, we can protect data
privacy while still being able to measure fairness.

e To this end, we have designed an algorithm that, though only based on weak proxies,
can still provably achieve accurate fairness estimations. We show our algorithm can
effectively measure the bias and provide a set of guidelines for practitioners on how to
use proxies properly.

e Code is available at https://github.com/UCSC-REAL/fair-eval.
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Chapter 6

Conclusions

In this dissertation, we have addressed the challenges of data quality in machine
learning and proposed practical and provable solutions for handling weakly supervised
data. The research explores the realm of data-centric Al and introduces a pipeline
consisting of three crucial procedures to tackle data issues in weakly supervised learning.
The first procedure focuses on data diagnosis, where noise rates are learned when true
labels are missing. The second procedure involves data curation, which identifies and
fixes corrupted labels. Finally, the pipeline incorporates robust learning algorithms that
leverage the curated data for improved model performance.

Furthermore, this dissertation emphasizes the importance of evaluating model
performance beyond accuracy when dealing with imperfect data. By considering multi-
dimensional evaluation metrics, researchers and practitioners can better understand a
model’s capabilities and limitations in real-world scenarios.

Importantly, all the works presented in this dissertation have been open-sourced,
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fostering collaboration and enabling the wider research community to benefit from the
proposed solutions. Furthermore, the data diagnosis and curation pipeline discussed
in this research are readily accessible at the GitHub repository https://github.com/
Docta-ai/docta.

By addressing the challenges of weakly supervised learning and providing
practical tools and methodologies, this dissertation contributes to the advancement of
data-centric Al and reinforces the notion that high-quality labeled data is the key to
training robust machine learning models. With the proposed pipeline and evaluation
framework, researchers and practitioners can enhance the performance and reliability
of Al systems, even in the presence of noisy or unlabeled data, ultimately paving the
way for more effective and trustworthy applications of artificial intelligence in various

domalins.
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Appendix A

More Details for Charter 2

Appendix A provides more theoretical details and experiment settings related

to HOC (Section 2.2) and its extension (Section 2.3), which is organized as follows.

e Section A.1 presents the detailed examples and derivations of consensus equations.

e Section A.2 includes proofs and other details about our theoretical results. Partic-

ularly,

Section A.2.1 proves the uniqueness of T'.

Section A.2.2 justifies the feasibility of assumption |E5| = ©(N)
— Section A.2.3 shows the proof for Lemma 1

— Section A.2.4 shows the proof for Theorem 2.

e Section A.3 presents more discussions, e.g., the soft 2-NN label clusterability, more
details on local T'(X), and the feasibility of our Assumption 1 & 2 to guarantee
the uniqueness of T'.
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Section A.4 shows more experimental settings and results related to HOC.

Section A.5.1 numerates some popular f-divergence functions and the corresponding

optimal variational-conjugate pair (g*, f*).

Section A.5 shows the theoretical parts of HOC extension, where

— Section A.5.2 shows the order-preserving property of using total variation.

— Section A.5.3 shows the order-preserving property of using KL divergence.

Section A.6 shows the more discussions for HOC extension, where

— Section A.6.1 explains why we build our method on HOC.

— Section A.6.2 discuss an interesting observation shown in Table 2.5 that

high-noise settings may have lower errors.

A.1 Derivation of Consensus Equations

For the first-order consensuses, we have

P(Yi=j1) = Y P(Yi=jlYi=i)P(Y; =1).
1€[K]
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For the second-order consensuses, we have
P(Y; = j1,Ys = ja)

=Y PV =41, Y2 = jolV1 =4,V = )P(V; = Ya = i)
i€[K]

WS P = i, Vo = oYy =i, Yo = ) - P(Y; =)
i€[K]

b > . . V. ; ; )
DN BT = qilYi =) - P(Ya = jolYa = i) - B(Y: =),
i€[K]

where equality (a) holds due to the 2-NN label clusterability, i.e., Y1 = Ya(= Y3) w.p.

1, and equality (b) holds due to the conditional independency between }71 and 172 given

their clean labels.
For the third-order consensuses, we have
P(Y; = j1,Ya = jo, Y3 = j3)

=Y Py =41,V = jo, Vs = ja|V1 = i,Yp = i, Y3 = i)P(Y; = Yy = Y3 = i)

3 PV = 1[Yi = )P(Ya = jofYa = DB(Ys = js| Vs = D)P(Y = ).
1€[K]

where equality (a) holds due to the 3-NN label clusterability, i.e., Y1 = Y2 = Y3 w.p. 1,
and equality (b) holds due to the conditional independency between 171, Ys and 173 given

their clean labels.

With the above analyses, there are 2 first-order equations,
P(Yy =1) =pi(l —e1) + (1 — p1)e,

P(Yi = 2) = p1e1 + (1 —pl)(l — 62).
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There are 4 second-order equations for different combinations of }71, }72, e.g.,

P(Y) =1,Ya=1)=pi(1 —e1)® + (1 — p1)e3,
P(Y1 =1,Y2 =2) = pi(1 —er)er + (1 — pr)ea(l — e2),
P(Y1 =2,Yy = 1) = pi(1 —er)er + (1 — pr)ea(l — e2),
P(Yi =1, =1) = pief + (1 —p1)(1 — e2).

There are 8 third-order equations for different combinations of 171, }72, 173, e.g.,
P(Y1=1,Y,=1,Y3=1) =pi(1—e1)* + (1 — p1)es,
P(Y1=1,Y,=1,Y3 =2) = pi(1 —e1)%e1 + (1 — p1)e3(1 — e2),

P(Y1 =1,Y2=2,Y3=1) =pi1(1 —e1)?e1 + (1 — p1)e3(1 — ea),

P(Y1 =1,Y2 =2,Y3 =2) = pi(1 —e1)e] + (1 — p1)ea(1 — e2)?,
]P’(f/l = 2,172 = 1,}73 =1)=pi(1— el) e1 + (1 —pl)eg(l —e3),
P(Y; =2V, =1,Y3 =2) = pi(1 —er)ef + (1 — pr)ea(l — e2)?,
P(Y1 =2,Y,=2Ys =1) =pi(1 —e1)ef + (1 —p)ea(l — e2)?,
P(Y: =2,Ys =2,Y3=2) = pred + (1 —p1)(1 — e2)°.

For a general K-class classification problem, we show one first-order consensus

below:

o] e~ B(Fi = )

= > P(Yi=j|vi = i)P(Y1 =)
1€[K]

= Z T;j 'pz:ejTTTp-
1€[K]
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The second-order consensus follows the example below:

ea‘TCrQ} =P(Y1 =4, Ya=(j+7)K)

(@ Z P(Yy = j|Y1 = )P(Ya = (j + r)g|Yo = i)P(Y1 = i)
i€[K]

(b)
= T Tiar pi =€ (ToT.) p,
1€[K]

where equality (a) holds again due to the 2-NN label clusterability the conditional

independency (similar to binary cases), and equality (b) holds due to T;[i, j] = T} (j4r), -

We also show one third-order consensus below:

B =PYi=jYa=(j+7)K,Ys=(j +5)K)

= P(Y1 = j|Y1 = i)P(Ya = (j +7)k|Yo = D)P(Ys = (j + 5)k|Vs = ))P(Yy = i)
(®)

Tij-Ting  TiGrox 0 = €] (To T 0 Ty) T p,

where equality (a) holds again due to the 3-NN label clusterability the conditional
independency (similar to binary cases), and equality (b) holds due to T:.[i, j] = T} (j4r)
Tsli, 51 = T ()

A.2 Theoretical Guarantees for HOC

A.2.1 Uniqueness of T'

We need to prove the following equations have a unique solution when T is

non-singular and informative.
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Consensus Equations
e First-order (K equations):
M =TTp,
e Second-order (K? equations):
el :=(ToT)'p, € [K],
e Third-order (K3 equations):

C3l =(ToT,oTs) p, rse[K]

Ty

Firstly, we need the following Lemma for the Hadamard product of matrices:

Lemma 9. [73] For column vectors x and y, and corresponding diagonal matrices Dy

and Dy with these vectors as their main diagonals, the following identity holds:
2" (Ao By = tr (D;;AD,,BT) ,
where x* denotes the conjugate transpose of x.

The following proof focuses on the second and third-order consensuses. It is
worth noting that, although the first-order consensus is not necessary for the derivation of

the unique solution, it still helps improve the stability of solving for T' and p numerically.

Step I: Transform the second-order equations. Denoted by T,. = T'S,., where
S, permutes particular columns of T'. Let e; be the column vector with only the i-th
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element being 1 and 0 otherwise. With Lemma 9, the second-order consensus can be

transformed as
ejc =e/ (ToT.)'p=tr (DeiTTDpTST>
Then the (4, (i + 7)k )-th element of matrix T'T D, T is
(T DT i, (i + 1)) = ] e,
With a fixed eiTc[TQ],Vi, r € [K], denote by
T'D,T =T, (A1)

where Ti[i, (i +7)k] = e;-rc?]. Note T3 is fixed given P vr e [K].

Step II: Transform the third-order equations. Following the idea in Step I, we
can also transform the third-order equations. First, notice that

T .[3]
€; cr,s

— e/ [(ToTy)oT, ] "p=tr <Dei (T o TS)TD,,TST) .
Then the (i, (i 4+ )k )-th element of matrix (T o Ty) " D,T is

(T oT,)"DyT)[i, (i +7)K] = e L.
With a fixed eiTcEi];,W, r € [K], denote by
(ToT,) DT =T, =T Dp(ToT,) =T, (A.2)

3

where T: s[4, (i + 7)K] = e;rcL L.

s

According to Eqn. (A.1), we have
T'Dp(ToT,) =T D,TT (T oT,) =TT (ToT,) =T,
Thus
(T o Ty) =TT 'Ty, Vs € [K]. (A.3)
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Step III: From matrices to vectors With Step I and Step II, we could transform
the equations formulated by the second and the third-order consensuses to a particular
system of multivariate quadratic equations of T" in Eqn. (A.3). Generally, these equations
could have up to 2K * solutions introduced by different combinations of each element in
T. To prove the uniqueness of T, we need to exploit the structure of the equations in
(A.3).

For a clear representation of the structure of equations and solutions, we first

consider one subset of the equations in (A.3). Specifically, let s = 0 we have
(ToT) =TT 'T. (A.4)

Then we need to study the number of feasible T' satisfying Eqn. (A.4). Denote by

A=T; (TTfl)T. Then each row of T, denoted by u ', is a solution to the equation
Au=Dyu (aka Au=uou). (A.5)

Till now, in Step III, we split the matrix T to several vectors u, and transform our
target from finding a matrix solution T" for (A.3) to a set of vector solutions w for (A.5).

Assume there are M feasible u vectors. We collect all the possible w and define
U :=[uy,ug, - ,upl,u; # wy,Vi,i' € [M]. If M = K, we know there exists at most
K! different T' (considering all the possible permutations of w) that Eqn. (A.4) holds.
Further, by considering an informative T' as Assumption 1, we can identify a particular
permutation. Therefore, if M = K and T is informative, we know there exists and only

exists one unique T that Eqn. (A.4) holds.
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Step IV: Constructing the M-th vector Supposing M > K, we have
AU - A[ula U2, - , UK, U’M] - [Du1u17 Du2u2= o ,DuK’U;K, e DquuM]-

With a non-singular T' (Assumption 1), without loss of generality, we will assume the first
K columns are full-rank. Then w); must be a linear combination of the first K columns,
ie., uy = Zie[K] Aiw; = UNg, where Ag = [A\, A2, -+ , Ak, 0,--+,0]. According to the

equation Au = Dyu = u o u, we have
Auyy = Dy, upy = Dy, U,

and

i€[M] i€[M]

Thus

(UoU)Ag = Dur,UXo = (UXg) o (UA).

Note that, the matrix U can be written as U = [Ug,Uy—k], and the vector Ag can
be written as Ag = [AT,0,---,0]", where X := [A1,--- ,Ag]". Then the above equation

can be transformed as follows:
(Ug o Ug)X =upsoupy, and U = uyy.
Similarly, Vs € [K], we have
(Ug o (SsUk))A = ups o (Ssupy), and U = uyy,
where Ssuys denotes a row circular shift such that (Ssups)[i] = up[i + s]. Note S; = S .
Applying Lemma 9, we have
tr(De,Ux DAUR S, ) = t1(De, Ux DAUSs) = (uns o (Ssun))]d]
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Then the (i, (i + s) )-th element of matrix Ux DA\U is
(Ux DAUR )i, (i + 8)x] = (war o (Ssunr))li] = wali] - war[(i + 5)k]-

Then we have

UgD\U}- = Q, and Q = upuj,.

When T is non-singular, we know U is invertible (full-rank), then
Dy = (U up)(Ugtun) "

Thus Rank(Dy) = 1. Recalling 17X = 1, the vector A could only be one-hot vectors, i.e.

e;, Vi € [K]. This proves uy; must be the same as one of u;,i € [K].

Wrapping-up: Unique T' From Step III, we know that, if M = K, we have a unique
T under the assumption that T is informative and non-singular. Step IV proves the
M-th (M > K) vector u must be identical to one of u;, i € [K], indicating we only have
M = K non-repetitive u vectors. Therefore, our consensus equations are sufficient for
guaranteeing a unique T'. Besides, note there is no approximation applied during the
whole proof. Thus with a perfect knowledge of ¢!, v = 1,2, 3, the unique T satisfying

the consensus equations is indeed the true noise transition matrix.

A.2.2 Feasibility of Assumption |Ej| = O(N)

We discuss the feasibility of our assumption on the number of 3-tuples. Accord-
ing to the definition of E3, we know there are no more than |E3| < [ N/3] feasible 3-tuples.
Strictly deriving the lower bound for |E§| is challenging due to the unknown distributions
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of representations. To roughly estimate the order of |E}| (i.e., the maximum number of
non-overlapping 3-tuples), we consider a special scenario where those high-dimensional
representations could be mapped to a 2-D square of width \/N7/3, each grid of width 1
has exactly 3 mapped representations, and one mapped representation is at the center of
each grid (also the center of each circle). Consider a particular construction of feasible
3-tuples as illustrated in Figure A.1. We require that, for each grid, the 2-NN fall in the
corresponding circle. Otherwise, they may become the 2-NN of representations in other
nearby girds. Assume the 2-NN are independently and uniformly distributed in the unit
square, thus the probability of both 2-NN falling in the circle is (7/4)2. Noting there are
N/3 grids in the big square illustrated in Figure A.1, the expected number of feasible
3-tuples in this case is Z—; - N = ©(N). Although this example only considers a special

case, it demonstrates the order of |E3| could be ©(N) with appropriate representations.

\/N/3

—

MO

Figure A.1: Illustration of a special case.

A.2.3 Proof for Lemma 1

Then we present the proof for Lemma 1.
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Proof. Recall in Eqn. (2.7), each high-order consensus pattern could be estimated by
the sample mean of |E%| independent and identically distributed random variables, thus

according to Hoeffding’s inequality [70], w.p. 1 — 4, we have

which is at the order of O(y/In(1/6)/N). O

A.2.4 Proof for Theorem 2

Consider a particular uniform off-diagonal matrix 7", where the off-diagonal

1-T;;

7w+ Recall the clean prior probability for the i-th class is p;. To

elements are T;; =
find the upper bound for the sample complexity, we can only consider a subset of our
consensus equations. Specifically, we consider the equations related to the i-th element
of Eqn. (2.2) and Eqn. (2.3) when r = 0. Then a solution to our consensus equations

will need to satisfy at least the following two equations:

o 1=Ty
piTii + (1 — p;) ==, (A.6)

piTa + (1 —pi) = (o, (A7)

where p; and T;; denote the estimated clean prior probability and noisy transition
matrix, ¢; and ¢ denote the corresponding estimates of first- and second-order statistics.

Lemma 1 shows, with probability 1 — 4:

) In(1/4)
‘Ci — Ci‘ < O < N ) .
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Multiplying both sides of Eqn. (A.6) by T;; and adding Eqn. (A.7), we have
K(K - DpiT2+ (1 —p)(1—Ty) = (K — )& Ty + (K — 1)%¢.

Note the above equality also holds for the true values p;, Tj;, ¢1, co. Taking the difference

we have

~ A~

(Ty — Ty) (K(K — D)pi(Tys + Tig) — (1 — pi) — (K — 1))
=(K = 1)*(é2 — c2) + (K = 1)(&1 — e1) Ty — K(K = )T3(i — pi) — (T = 1)(Ds — pi)-

Taking the absolute value for both sides yields

A

|Tii — Tii| - | K (K — 1)ps(Tii + Ty) — (1 — ps) — (K — 1)eq |
<(K —1)%[é — o] + (K — 1)|é1 — c1] + (K (K — 1) + 1)|p; — pi]

From Eqn. (A.6), we have

K-1é&-1/K 1
K T,-1/K K

P =

Thus

-1 |61 — Cl|
K min(Ty, Ty) — 1/K

|Di — pil <

)

indicating |p; — p;| is at the order of |¢; — ¢;1|. Note that

K(K = 1)pi(Tii + Tii) — (1 —pi) — (K = 1)er = K(K = 1)piTi; — (1 — pi) — (K — L)es.

When K(K — 1)p;T;i — (1 —p;) — (K — 1)e; > 0, we have

(K = 12]e2 = col + (K = Dfer — ea| + (K (K — 1) + DI —Jozal

K(K — 1)pz‘Tii — (1 —pi) — (K — 1)61

Ty — Ty <

Then by union bound we know, w.p. 1 — 24, the estimation error ]Tu — Ty is at the

same order as |¢; — ¢, i.e. O 1n(]1\7/5)).
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A.3 More Discussions for HOC

A.3.1 Soft 2-NN Label Clusterability

The soft 2-NN label clusterability means one’s 2-NN may have a certain (but
small) probability of belonging to different clean classes. Statistically, if we use a new
matrix T to characterize the probability of getting a different nearest neighbor, i.e.
ﬂsjpft = P(Yy = j|Y1 = 1) = P(Y3 = j|Y1 = i), the second-order consensuses become
e = (T o (T*"T)) Tp and the third-order consensuses become cﬂ = (T o (T*"T;}) o
(T**"Ty)) "p. Specifically, if T5*™ = e,Vi # j and TP = 1 — (K — 1)e,0 < e < 1/K,
where e captures the small perturbation of the 2-NN assumption, our solution will likely
output a transition matrix that affects the label noise between the effects of T T and
T. The above observation informs us that our estimation will be away from the true
T by at most a factor e. When e = 0, we recover the original 2-NN label clusterability

condition.

A.3.2 Local T(X)

Sparse regularizer Compared with estimating one global T' using the whole dataset
of size IV, each local estimation will have access to only M instances, where M < N.
Thus the feasibility of returning an accurate T'(z,,) requires more consideration. In some
particular cases, e.g., HOC Local in Table 4.2, when p is sparse due to the local datasets,
we usually add a regularizer to ensure a sparse p, such as ZiE[K] In(¢; + ¢€),e — 04,

where ¢; is the i-th element of p. Note the standard sparse regularizer, i.e. ¢;-norm ||p||1,
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could not be applied here since ||p||; = 1. Therefore, with a regularizer that shrinks
the search space and fewer variables, we could get an accurate estimate of 7'(X) with a

small M.

Other extensions Even with M-NN noise clusterability, estimating T'(X) for the
whole dataset requires executing Algorithm 3 a numerous number of times (~ N/M). If
equipped with prior knowledge that the label noise can be divided into several groups
and T' = T'(X) within each group [198, 170], we only need to estimate T' for each group
by treating instances in each group as a local dataset and directly apply Algorithm 3. As
a preliminary work on estimating T relying on clusterability, the focus of this paper is to
provide a generic method for estimating T' given a dataset. Designing efficient algorithms
to split the original dataset into a tractable number of local datasets is interesting for

future investigation.

A.3.3 Feasibility of Assumption 1 and Assumption 1

1. Denote the confusion matrix by CIh], where each element is Cj;[h] := P(Y =
i,h(X) =7) and h(X) = j represents the event that the classifier predicts j given
feature X. Then the noisy confusion matrix could be written as C[h] := T'T C[h].
If T is non-singular (a.k.a. invertible), statistically, we can always find the inverse
matrix T~! such that the clean confusion matrix could be recovered as C[h] =
(T1)TC[h]. Otherwise, we may think the label noise is too “much” such that

the clean confusion matrix is not recoverable by T'. Then learning T' may not be
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meaningful anymore. Therefore, Assumption 1 is effectively ensuring the necessity

of estimating T'.

2. We require Tj; > T;; in Assumption 1 to ensure instances from observed class ¢
(observed from noisy labels) are informative [123]. Intuitively, this assumption
characterizes a particular permutation of row vectors in T'. Otherwise, there may

exist K possible solutions by considering all the permutations of K rows [127].

A.4 More Detailed Experiment Settings for HOC

A.4.1 Generating the Instance-Dependent Label Noise

In this section, we introduce how to generate instance-based label noise, which
is illustrated in Algorithm 8. Note this algorithm follows the state-of-the-art method
[198, 227]. Define the noise rate (the global flipping rate) as 1. To calculate the
probability of x, mapping to each class under certain noise conditions, we set sample
instance flip rates g, and sample parameters W. The size of W is S x K, where S
denotes the length of each feature.

First, we sample instance flip rates ¢, from a truncated normal distribution
N(n,0.12,[0,1]) in Line 2. The average flipping rate (a.k.a. average noise rate) is 7. ¢,
avoids all the instances having the same flip rate. Then, in Line 3, we sample parameters
W from the standard normal distribution for generating the instance-dependent label
noise. Fach column of W acts as a projection vector. After acquiring ¢, and W, we can

calculate the probability of getting a wrong label for each instance(zy,, y,) in Lines 4 — 6.
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Note that in Line 5, we set p,,, = —oo, which ensures that x,, will not be mapped to its
own true label. In addition, Line 7 ensures the sum of all the entries of p is 1. Suppose
there are two features: x; and x; where x; = ;. Then the possibility p of these two
features, calculated by x - W, from the Algorithm 8, would be exactly the same. Thus
the label noise is strongly instance-dependent.

Note Algorithm 8 cannot ensure T;;(X) > T;;(X) when n > 0.5. To generate
an informative dataset, we set 0.9 - Tj;(X) as the upper bound of Tj;(X) and distribute

the remaining probability to other classes.

A.4.2 Basic Hyper-Parameters

To testify the classification performance, we adopt the flow: 1) Pre-training
— 2) Global Training — 3) Local Training. Our HOC estimator is applied once at the
beginning of each above step. Each training stage re-trains the model. In Stage-1, we load
the standard ResNet50 model pre-trained on ImageNet to obtain basic representations.
At the beginning of Stage-2 and Stage-3, we use the representations given by the current
model. All experiments are repeated three times. HOC Global only employs one global
T with G = 50 and |E| = 15k as inputs of Algorithm 8. HOC Local uses 300 local
matrices (250-NN noise clusterability, | Dy,,)| = 250, G = 30, |E| = 100) for CIFAR-10
and 5 local matrices (10k-NN noise clusterability, |Dy,| = 10k, G = 30, |E| = 5k)
for CIFAR-100. Note the local matrices may not cover the whole dataset. For those

uncovered instances, we simply apply T'.
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Algorithm 8 Instance-Dependent Label Noise Generation

Input:
1: Clean examples (xn,yn)ivzl; Noise rate: n; Size of feature: 1 x S; Number of
classes: K.

Iteration:

2:  Sample instance flip rates ¢, from the truncated normal distribution
N(n,0.1%,[0,1]);
3: Sample W € R®*K from the standard normal distribution N(0,12);

forn=1to N do

4: p=x, - W // Generate instance dependent flip rates. The size of p is 1 x K.
D: Dy, = —OQ // Only consider entries that are different from the true label
6: p = qp - SoftMax(p) // Let gn be the probability of getting a wrong label
7 Py, = 1—gq, // Keep clean w.p. 1 — g
8: Randomly choose a label from the label space as noisy label ¢, according to
p;
end for
Output:

9: Noisy examples (z;, gjn)gzl.

Other hyperparameters:
e Batch size: 128 (CIFAR), 32 (Clothing1 M)
e Learning rate:
e CIFAR-10: Pre-training: 0.1 for 20 epochs — 0.01 for 20 epochs. Global Training;:
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0.1 for 20 epochs — 0.01 for 20 epochs. Local Training: 0.1 for 60 epochs — 0.01

for 60 epochs — 0.001 for 60 epochs.

e CIFAR-100: Pre-training: 0.1 for 30 epochs — 0.01 for 30 epochs. Global
Training: 0.1 for 30 epochs — 0.01 for 30 epochs. Local Training: 0.1 for 30

epochs — 0.01 for 30 epochs — 0.001 for 30 epochs.

e Clothing1M: 0.01 for 25 epochs — 0.001 for 25 epochs — 0.0001 for 15 epochs

— 0.00001 for 15 epochs (Pre-training, Global training, and local training)

e Momentum: 0.9
e Weight decay: 0.0005 (CIFAR) and 0.001 (Clothing1M)
e Optimizer: SGD (Model training) and Adam with initial a learning rate of 0.1 (solving

for T)

For each epoch in ClothinglM, we sample 1000 mini-batches from the training
data while ensuring the (noisy) labels are balanced. The global T is obtained by an
average of T from 5 random epochs. We only use T'(X) = T in local training. Estimating
local transition matrices using HOC on Clothing1M is feasible, e.g., assuming M-NN
noise clusterability, but it may be time-consuming to tune M. Noting our current
performance is already satisfying, and the focus of this paper is on the ability to estimate
T, we leave the combination of T'(X) with loss correction or other advanced techniques

for future works.
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Figure A.2: Illustration of the global and local estimation errors.

A.4.3 Global and Local Estimation Errors on CIFAR-10 with Human

Noise

Algorithm 9 details the generation of local datasets. Notice the fact that the
i-th row of T'(zy,) could be any feasible values when p; = 0, so as the estimates T|0ca|. In
such a case, we need to refer to T' to complete the information. Particularly, we calculate

the weighted average value with the corresponding T as

Tlocal[i] = (1 - C "’ﬁz) Alocal[i] + (< - ﬁz)T[l]’

where T|0ca|[i] and T[z] denote the i-th row of estimates Tjocal and T', p; denotes the
estimated clean prior probability of class-i given the local dataset. We use { = 1 for
local estimates of CIFAR-10, and ¢ = 0.5 for local estimates of CIFAR-100.

Figure A.2 illustrates the variation of local estimation errors on CIFAR-10 with
human noise using HOC. From the figure, we know the global estimation error is 0.0970,

and the mean and standard deviation of local estimation errors are 0.1103 and 0.0278.
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Algorithm 9 Local Datasets Generation
Input:

1: Maximal rounds: G. Local dataset size: L. Noisy dataset: D = {(%n, Un) }nen)- Noisy
dataset size: |D].
Iteration:
2: Initialize the | D|-dimensional index list: S =1
for k=1to G’ do
if (size(S[S > 0]) > 0) then
3: IdXselected = random. choice(S[S > 0]) // Choose a local center index randomly from
the unselected index of D.
else
4: IdXselected = random.randint(0,|D|) // If the selected index has covered D, we choose

local center randomly.

end if
5: Idxjocal = SelectbyDist(IdXselected; L) // Select the index of L features closest to
TdXseected-
6: SIdxecal] = —1 // Mark the state of the selected index in S to avoid duplicate selection.
7 Bk = ﬁ[Idecad // Build a local dataset by selecting (x;,7:), 1 € IdXiocal-
end for
Output:

8: Local Datasets Dy, = {(2n, 7n)} U{(Zn, G0 )s -+ (Tnpys Gras )} 1 k € [L),0 € [M].
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A.5 Theoretical Guarantees for HOC-extension

A.5.1 Common f-Divergence Functions

Following [145, 186], we show some common f-divergence functions in Table A.1.

Table A.1: List of popular f-divergences.

Name Generator f(v) Opt. variational func. g* domj+ Opt. conjugate func. f*(u)
1 1 11
Total Variation §|1J -1 3 sign (% - 1> u € [—5, 5] u
KL vlogw 1+ log plv) R et1
q(v)
Jenson-Shannon ~ —(1 +v)log 1% +vlogv log 2p(v) u < log 2 —log (2 —e")
p(v) +4(v)
Squared Hellinger (/v — 1)2 1- a(v) u<1 “
p(v) l—u
. 1.
Pearson X2 (1—wv)? 2 <1M - 1) R —u? +u
q(v) 4
. (1—v)? (v) 2
Neyman X2 — 1-—- ﬁ) u<1 2—-2y1—-u
p(v
Reverse KL —logw b R_ —1 —log (—u)
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A.5.2 Total-Variation
A.5.2.1 Proof for Lemma 3

Proof. Consider TV, we have:

VD¢(9") =Ev~rlg* (V)] = Evaglf*(g"(V))]

Ao ()] s (2 )

/122 Z=2Y =4i)—P(Z=2)PY =1i)]

i€{1,2}

\)

=5 [P(Z ==Y =1)~P(Z = 2)B(Y = 1]
sign [IP’(Z — 2V =1) = P(Z = 2)P(Y = 1)]
3 [B(Z ==Y =2) ~P(Z = 2)B(Y =2

+%mzzzyzm—MZ=dMY=W
Jje{1,2}

—MZ:@M?:QY:ﬁMY:ﬁﬂda
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Note (assume class-dependent label noise)

sign [ 3 (]P(ff —1Z=2Y =)P(Z=2Y =5) —P(Z = 2)P(Y = 1Y = ))P(Y = j))
je(r.2)

=sign[(l1—e1)P(Z=2Y =1)+eP(Z=2Y =2)—(1—c1)P(Z =2)P(Y =1) — eaP(Z = 2)P(Y = 2)]
=sign[(1—e1)(P(Z=2Y =1)—P(Z=2)PY =1))+ex(P(Z =2Y =2) - P(Z = 2)P(Y = 2))]

=sign

(1—e)(B(Z=2Y =1)—P(Z = 2)P(Y = 1))

tea(P(Z=2)—P(Z=2Y =1)—P(Z=2)(1 - P(Y = 1))

=sign(l —e1 —e2) -sign(P(Z =2,Y =1) —P(Z = 2)P(Y =1)).

Thus
VD (3")

:% / P(Z=2Y=1)—P(Z=2)PY =1)]-sign(l —e1 —ez) -sign(P(Z =2,Y =1) —P(Z =2)P(Y =1))
+P(Z=2Y =2)—P(Z =2)P(Y =2)] -sign(l —e1 —e2) -sign(P(Z = 2,Y =2) —P(Z = 2)P(Y =2)) d=.

When sign(1 — ey —e3) =1, i.e. €1 + e3 < 1, we have

VD (9")

:;/2 [P(Z = 2,Y =i) —P(Z = 2)P(Y =i)]

1€{1,2}

A.5.2.2 Proof for Theorem 3

Proof. Recall that, to show an f-mutual information metric is e-order-preserving under
label noise, we need to study how \7l3f(§*) differs from the order of VD¢(g*).

221



For total variation, with Lemma 2 and Lemma 3, we know
\//TjTV(g*) = (1 — €1 — eg)VDTv(f]*) = (1 — €1 — eg)VDTv(g*).

Therefore, when e; +es < 1, VDTV( *) always preserves the order of VD7v(g*), indicating
the total-variation-based mutual information is 0-order-preserving under class-dependent

label noise. O

A.5.3 KL Divergence

The definition of MI is

I(Z)Y)
. P(Z = 2,Y = 7)
= P(Z=2Y =3j)lo _ dz
je%:z}/ ( s (P(Z = z)P(Y =J)>
= > [Rz =¥ =i (2= =)
je{1,2}

—/]P’(Z 2)logP(Z =2)dz— Y  P(Y =j)logP(Y = j)dz,

Jje{1,2}

Term-3: —H(Y)
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where

~H(ZY)= ) /IP(Z =2,Y = j)logP(Z = 2,Y = j)dz
je{1,2y7”

We first decouple term-1. Note

/]P’(Z =2,Y =1)logP(Z =2,Y =1)dz

:/ [IP’(}N/:HZ:Z,Y:1)]P’(Z:z,Y:1)+]P’(1~/:1|Z:z,Y:2)]P’(Z:z,Y:2)}

z

log {]P’(?:1|Z:z,Y:1)IP’(Z:Z,Y:1)+IP’(}~’:1|Z:z,Y:2)]P’(Z:z,Y:2)} dz

:/[(1 —e)P(Z=2Y =1)4+eP(Z=2Y =2)]

z

dog[(1—e)P(Z =2Y =1)+eP(Z =2Y =2)]dz

:/ [(1—e1—e)P(Z=2Y =1)+ exP(Z = 2)]

z

logl(l—e1 —e)P(Z =2Y =1)+ eP(Z = 2)]dz

:/ [(1—e1—e)P(Z=2Y =1)+eP(Z =2)]logP(Z =2, Y =1)

z

+[(1—e1—e)P(Z=2Y =1)+eP(Z = 2)]
) +

log {(1 —e1—e)P(Z=2Y =

esP(Z = z)]
P(Z=2Y =1)

:/ [(1—e1 —e)P(Z=2Y =1)+eP(Z =2)]logP(Z =2, Y =1)

z

_ _ _ P(Z=2Y =2)
+[(1—e1 —e)P(Z=2Y =1)4 eP(Z = 2)]log [1 e1 + egm dz.

Let a =P(Z =2,Y =1)/P(Z = 2,Y = 2) € [0,+00) (note « is actually a
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function of (Z,Y)). Then
/IP’(Z =2Y =1)logP(Z = 2,Y =1)dz
:/(1 —e1—e)P(Z=2Y =1)logP(Z=2Y =1) dz
+ /QQP(Z =z)[loga+1logP(Z = z,Y = 2)]
z

€2

+[(1—e1 —e)aP(Z =2,Y =2) + eaP(Z = 2)] log (1 —e + —) dz
a

and

/P(Z =2,Y =2)logP(Z = 2,Y = 2)dz

z
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Thus
S [ P(Z=2Y =j)logP(Z =2Y = j)dz
je{1,2} 77

=(1—e1 —e2) Z P(Z=2Y =i)logP(Z =2,Y =1i) dz
ie{1,2} V%

+ / eoP(Z =z)loga + (e1 + e2)P(Z = 2)logP(Z = 2, Y = 2)
z
€2
+(1—e1 —e)P(Z =2Y =2) [alog (1 —e1+ E) + log(l — ez + e1q)
+P(Z=2) [el log(1l — eg + e1a) + ez log (1 —e; + %2)] dz

=(1—e1—e) Y /P(Z:z,Y:i)logIP’(Z:z,Y:i) dz
ie{1,2} %

+ / eaP(Z = z)loga — (e1 + e2)P(Z = z)log(a+ 1) + (e1 + e2)P(Z = z) log P(Z = 2)

(1 — €1 —62)

e
) P(Z = z2) {alog (1—61 + 52) —l—log(l—eg—!—ela)]

+P(Z=2) [61 log(1 — ea 4+ e1a0) + eg log (1 —e1 + %2)} dz

=(1—e; —eg) Z /IP’(Z =2z2Y =0)logP(Z=2Y =i)dz (Term 1.1)
ic{1,2} "%

+ /(61 +e)P(Z =2)10gP(Z = 2) + P(Z = 2)Agias(v, €1, €2) dz, (Term 1.2)
where in Term 1.2:

Agias(a, €1, €2) =ealoga — (e + e2) log(a + 1)

(1 — e —62)

_ &2 _ A8
Y {alog (1 e1 + a)—i—log(l es + era) (A.8)

e
+ [el log(1l — es 4+ e1a) + ez log (1 —e1 + f)] .
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In Term 1.1, recalling a =P(Z = 2,Y = 1)/P(Z = 2,Y = 2), we have

(I-—er—e) > [P(Z=2Y=i)logP(Z=2Y =i)dz

ie{1,2} "%
PZ=2), PZ=z) PZ=2a, PZ=:za«a
=(1—¢e — 1 1
( “l 62>/z a+1 o8 a+1 + a+1 8 a+1 dz
P(Z ==z) P(Z = z) 1
=(1—e; — —logP(Z = 1
(1=er=e) [ =107 = 2) 4 — o —
P(Z = z)a B P(Z = z)a o'
+a7+110gIP’(Z—z)+ P loga+1dz
=1—e — eg)/]P’(Z =2)1ogP(Z = z) dz
+(1-e —e)/IP’(Z—z) © log—— + ! lo ! dz
tme) e =TT ®art Tarl Bar1]

Denote the effective part of MI by

o 1 o n 1 ) 1
(0] O
at1 Batrl Taxrl Bari

Ami(a e1,e2) = (1 — €1 — e3) [ ] . (A9)

We have

—H(ZY)= Y [P(Z=2Y =j)logP(Z=2Y =j)dz
jef1,23 7%

:/P(Z:z)logIP’(Z:z) dz+/zP(Z:Z)

z

Ami(a, er, e2)

+ Agias(a, e1,€2) | dz,

and

1(2,7) = /p(z — ) [Awi(as 1, €2) + Agia(as 1, €2)] dz + H(V).
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Define Agjasmi(a, e1,€2) = Ami(e, e1, e2) + Apias(@, €1, e2). Then

Agias,mi(@, €1, €2)

=Ami(e, e1, e2) + Agias(a, €1, €2)

o 1 o + 1
o
a—+1 ga—i—l a+1

=(1—e1 — es) { log

(1—61—62)
a+1

o J +esloga — (e1 + e3) log(a + 1)

[a log (1 —e + Q) +log(l —ey + ela)}
o

+ [el log(1l — es 4 e1a) + ez log (1 —e1 + %)]

e
log o + log +

a—+1 a—+1

=(1—e1—e2) {

[(1—e1 —e2)a
a+1

I I
:|-|-€2 oga+ (e + e2) oga+1

e 1—e—e
+ e log(lel+a2)+{(12)

) +el} log(l —es + e10)
[(1—e1 —e2)a
ar1  Te|lesatios T

+

[(1—e1 —e2)a
a+1

gl L
a+l a+1

1
a+1
_ all —er) + e N (a+1)_(a(1_€1)+62):|10 1
a+1 a+1 a+1

(1 —e1 —62)

te a+1

i e
log (1 —e; + 52) + [ + 61:| log(1 — ez + e1a)

(V)
L

[(1—e; —ex)a+ea(a+1)]log(a(l —er)+ea)

[(1—e; —es)+er(a+1)]log(l—ex+eja)

+

] [a(1 —e1)+ ex]log (a(l —e1) + e2)

1
a+1
:a(1—61)+62 al(l—ep)+ey N {1_ a(1_61)+€2:| log {1_ al(l—er)+ey

+

[(a+1) = (a(l —e1) +e)]log((a + 1) = (a(l — e1) + €2))

a—+1 © a—+1 a—+1 a—+1

Note

a(l —e) + ez

=(l—e —eg) —— .
a+1 ( €1 62)a +€2

Let 8 = a/(1+ «) € [0,1). Note § is a function of z. We drop notation z for ease of
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notation. Then
Asiasm(B.e1,¢2) = (1 - e1 — e2)B + e2) log (1 — e1 — €2)3 + €2)
T ((1—er —e2)B + ea)]log [1 — (1 — €1 — e2)B + e)].
The bias caused by label noise is
Aias(B, €1, ¢2) =Aeias (B €1, €2) — Ani(B, €1, e2)
= ((1—e1— e2)B + e) log (1 — e1 — e2)B + ¢2) )
+[1—((1—e;—ez)f+e2)]log[l — ((1 —e1—e2)B+ e2)]
—(1—e1—e9)[Blog B+ (1 — B) log(1 — B)].

To get argmaxgey 1), we check the first derivative:

aABias(ﬁa €1, 62)

(1—e1—ex)B+e B
a8 —log

1—(1—61—62)5—62 1—5

= (1 —e1 —62) log

Let 0Agias(f8,e1,€2)8 = 0, we have

* €2
el + ez

By checking 02 Agias(8, €1, 2)/08%, we can find that Ap;as(3, e1,e2) is increasing when
B €10, 5*], and decreasing when 8 € [5*,1]. Thus 5* = €2/(ei+e2) is the global maximum

and the upper bound for Agias(8, €1, e2) is
Apgias(B, e1,e2) < erloge; + exlogea — (e1 + e2) log(e + e2).
Assume (3 € [, ] in practice. The lower bound for Agias(3, €1, e2) is
Agias(B, €1, €2) > min(Agias(3, €1, €2), Agias(3, €1, €2)).
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A looser bound that holds for all the possible g € [0, 1) is:
Apgias(B, e1,e2) > min(ej loge; + (1 —e1) log(1 — e1),ealoges + (1 — e2) log(1 — e2)).
Note (when e; = e = 0)
1(Z,Y) = /IP(Z = 2) [Aw(a,0,0)] dz+ H(Y),

and AM|(6,81,62) = (1 — €1 — QQ)AM|(O[7O,O).

Hence (note 3 is actually a function of Z),
1(Z,Y) :/ZIP’(Z = 2) [Ami(a, e1, e2) + Apias(a, €1, €2)] dz + H(Y)
:/ZIP’(Z =2)[(1 —e1 — e2)Ami(8,0,0) + Agias(B, €1, €2)] dz + H(Y)
—(1— 1 — e) /ZIF’(Z — 2)Awi(8,0,0) dz + /ZABias(ﬂ, e1,e2) dz + H(Y)
(1= e —e2)I(Z,Y) + /ZABiaS(B, o1 e0) dz — (1— ey — ex) H(Y) + H(Y)
=(1—e1 —e)I(Z,Y) + Cler,e2,Y,Y) + Agler, e2),
where

C(ey, eg,Y,?) =min(e; loge; + (1 —e1)log(l —e1),e2loges + (1 — e2)log(1 — e3))

—(1—e1 — e)H(Y) + H(Y)

is a constant for given Y and Y.

The other part is in the range Az(eq,e2) € [0, Gapy(e,e2)], and

Gapy(e1,e2) =e1loge; + ealoges — (e1 + e2) log(er + e2)

— min(ej loge; + (1 —eg)log(1l —e1),e2loges + (1 — ez) log(1 — e3)).
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Note Az(e1,e2) may be different for 7, and Z,, u # v.

Therefore, when
15(Z;Y) = I;(Z,;Y)| > Gapz(en, e2),
we have
sign |11(Z,;Y) = 11(Z,;Y)| =sign [[1(Z,;Y) — I[1(Z,;Y)],Vu € [dv € [d].

Now we take a further look at the gap Gapy(e1,e2). Assume e; > es = eg = dey,

where ¢ € [0,1]. Then H(e;) < H(ez), and

Gap(e1,e2) =e1loge; + ealoges — (e1 + e2)log(er + e2) — min(H (e1), H(ez))

=egloges — (e1 + e2) log(er + e2) — (1 —e1) log(1l — e1)

e 1-—
2 + e1 log a
e1 + es e1 + €2

=es log —log(1 —e1)

o 1-
=dej log —— +e; log a__
el

110 g0 lstt—en)

1 (1—61)
Arey Tale—

+ log

=e; |dlog —log(1 —e1)

J
140
=ep [0logd — (1 +0)log(l+9)] — (1 —e1)log(l —e1) —egloge;

=e1 [dlogd — (1+ ) log(1+ )] + H(ey)

Note: We can also roughly estimate dlogd — (1 4 d) log(1 + &) by the best quadratic

fit (rooted mean squared error ~ 0.02) and get

5logd — (14 6)log(1 4 6) ~ 0.91245% — 2.145 — 0.1202.
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A.6 More Discussions for HOC-extension

A.6.1 Rationale for building on HOC

The rationale for building our analyses on HOC is described as follows. Our
major concern is that the learning-based approaches usually require more effort in tuning
their hyperparameters. The effect of reweighing feature variables will be entangled
with the training procedure, making things more complicated. On the other hand, the
training-free approach seems to be more lightweight to employ the reweighing treatment.

In particular, HOC consistently achieves lower estimation error, as shown in Figure 2.3.

A.6.2 More Experiments

High-noise settings may have lower errors Table 2.5 shows the estimation error
may decrease for higher noise rate settings. This observations mainly due to two
reasons:

e Reason-1: The original dataset may be noisy. Notably, the original Yelp dataset
contains lots of noisy reviews [129]. Now we analyze the issues caused by an originally
noise dataset with a toy example.

Example: Consider a binary classification with inherent 20% noise. Define two noise
settings: 1) Low noise: Add 10% symmetric label noise (e; = e; = 0.1). 2) High
noise: Add 40% symmetric label noise (e; = e = 0.4). For the low noise setting, the

real average noise rate is:

€low, real = 0.1 X 0.8 + 0.2 x 0.9 = 0.26.
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For the high noise setting, the real average noise rate is:

€high, real = 0.4x0.8+0.2x0.6=0.44.

Note ejow, synthetic = 0.1 and epigh, synthetic = 0.4. Thus the gap between the real noise

rate and the synthetic noise rate is

€low, real —€low, synthetic — 0.26—-0.1 = 0167 €high, real —€high, synthetic = 0.44-0.4 = 0.04.

Therefore, with inherent label noise exists, the perfectly estimated T" will have an
error of 0.16 for the low-noise setting and an error of 0.04 for the high-noise setting,
which accounts for our current observation.

Reason-2: The tolerance of noise rates for different settings are different. Consider
a binary classification with symmetric label noise, i.e., e; = eo = e. Let the random
guess be e; = eg = 0.5. Define the estimation error caused by the random guess as the
tolerance. Thus the tolerances when e = 0.1 and e = 0.4 are 0.4 and 0.1, respectively.

From this aspect, an error of 0.1 will not destroy the low-noise case since

|é1,low - e1,10W| =01= é1,10W =0.2.

But an error of 0.1 may destroy the high-noise case since

|é1,high — 61,high| = 0.1 = €1 high = 0.3 or 0.5.

Therefore, although the error of high-noise settings seems low, it may cause severe

problems.
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Table A.2: The calibrated estimation error (x100) on Yelp-5.

TEXT DATASETS METHOD
(d,[N1,-+-,Ng]) NoISE RATE | Ours-A-KL.  Ours-A-TV

Low 3.56 4.01
YELP-5 (BERT) MEDIUM 3.46 2.59
(768, [130K x 5]) Hicu 8.99 8.56

A preliminary test on calibrating inherent errors We do the following experiment
to help explain Reason-1 by calibrating the inherent label noise in Yelp-5. Note the label
noise accumulation follows:

:Treal = TorgTsynthetic )

where Tiyninetic = T'. If we know T, we can calibrate Tyypihetic and evaluate the error
by Error(Teo, T, TorgT). Unfortunately, we cannot find the ground truth T, for Yelp-5.
For a preliminary test, we estimate T,s by applying OURS-A-KL on the original Yelp
dataset. We show the calibrated error in Table A.2, where we can find the high-noise
settings are indeed more challenging (higher error) compared with the low-noise setting.
The average noise rate follows e = 1/(1+r/v/K —1). Particularly, we have: Low:

r = 8. MEDIUM: r = 4. HicH: r = 1.5.
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Appendix B

More Details for Charter 3

Appendix B provides more theoretical details and experiment settings related

to CORES? (Section 3.1) and SimiFeat (Section 3.2), which is organized as follows.
e Section B.1 shows the proof for theorems in CORES?2.
e Section B.2 shows the proof for theorems in SimiFeat.

e Section B.3 shows more experiment settings in SimiFeat.

B.1 CORES?: Proof for Theorems

In this section, we firstly present the proof for Theorem 7 (our main theorem)
in Section B.1.1, which provides a generic machinery for anatomizing noisy datasets.
Then we will respectively prove Theorem 5 in Section B.1.2, Theorem 6 in Section B.1.3,

and Theorem 8 in Section B.1.4 according to the order they appear.
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B.1.1 Proof for Theorem 7

Proof. The expected form of traditional CE loss on noisy distribution D can be written

as

je(K] Z€[K]

Z 3 B(Y = i) TyEpy - 0(f(X), )]

K]i€[K]

+ 30 3T P(Y = i)Covppy—i(Th;(X), €(f(X), 5)).

JEK] i€[K]
The first term could be transformed as:

ST 3T P(Y = ) TyEppy—ill(f(X), )]

JE[K]i€[K]
= Z TNP = ] ED|Y—] Z TzJP =1 ED\Y z[g(f(X)vj)]
J€ElK] i€[K],i#j

=TEpl(f(X),Y)] + AEp, [((f(X),Y)]
+ > Y TP = O)Epy—ill(f(X), 5)),
JE[K]i€[K] i#]
where
T:= min Tjj, A= Z AjP(Y:j)v Aj = Tjj -1,
JE[K]

and
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=TEp[0(f(X),Y)] + AEp, [(( + Y0 Y TP = i)Eppy—[l(f(X),5)],
JelK]ie[K],i#]
=+ Z Z COVD\Y ,L(TU(X),f(f(X),]))
JE[K]i€[K]
=TEpll(f(X),Y)] + AEp, [¢( + Y D TP = )Eppy—ill(f(X), )],
JEIK]i€[K],i#]
+ D P = )Bpy (T (X) = Ty) (LS (X), 5) — Eppy—il6(f(X), )))]
JE[K]i€[K],i#]
+ Z = J)Eppy=;[(T);(X) = Tj5) (€(f(X), J) — Eppy=; [€(f(X), 5)])]
JE[K]

=TEp[l(f(X),Y)] + AEp, [((f(X),Y)]

+> ) Py=

JE[K]i€[K],i#]
“Epy=i[(Ti;(X) — Tij ) (€(f(X), J) — Epjy=i[l(f(X),5)]) + Ti;£(f(X), 5)]

+ Y P(Y = PEppy[(Tj;(X) = Tj;) (L(f(X), 5) = Eppy = [€(f(X), )]
JE[K]

=TEp[((f(X),Y)] + AEp, [((f(X),Y)]

+ YN B = )Epy il T (XU F(X), )]

JEIK]i€[K] i

+ 37 P(Y = By o [(T55(X) — Ty)L(f(X), 5)]
JE[K]

—TEp[0(f(X),Y)] + AEp, [£( + ) Z Y = i)Epjy i [Ui (X)U(f(X), )],

JE[K]i€[K

where

Uij(X) = Tyj(X), Vi # 4, Ujj(X) =Tj;(X) = Tj;.
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The expected form of £or on noisy distribution D can be written as
Ep [lor(f(2:))] = ~BEg [Epy , [0 (2:), V)]
= —5/ E’D~ 5 (f(xi)v?)]}

-8 Z Y = j)Epy [0(f(x:),4)]

JE[K]

== > > BY = i)Epy—i[BP(Y = )e(f (i), 5))-

jelK]ig[K]

Thus the expected form of the new regularized loss is

Eg [((/(X), V) + lon(f(2:)] = TED[(f(X), )] + A, [((/(X), V)
(B.1)
+ D0 D BY = D)Epy[(Uy(X) — BR(Y = j))0(f(X), 5))-

JjelK]ig[K]

B.1.2 Proof for Theorem 5

Proof. Let £(-) be the CE loss. Note this proof does not rely on whether the data
distribution is clean or not. We use D to denote any data distribution and D to denote
the corresponding dataset. This notation applies only to this proof. For any data

distribution D, we have
Ep [e(f<X),Y) - EDY‘D[E(f(xn),Y)]]

—Ep [((f(X),Y)] - Epy [Epy [£(/(X),Y)]

- /D dz Y P(z,y)In f.[y] +/ dz > P(a)P(y)In faly]

Dx

ye[K] yE[K]
. / dz Yy In fuy] [Pz, y) — P(x)P(y)).
Dx y€E[K]

The dynamical analyses are based on the following three assumptions:
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A1l. The model capacity is infinite (i.e., it can realize arbitrary variation).
A2. The model is updated using the gradient descent algorithm (i.e. updates follow
the direction of decreasing Ep [((f(X),Y)] — Ep, [Ep, [¢(f(X),Y)]]).

A3. The derivative of network function 22 8(5};_1”) is smooth (i.e. the network function

has no singular point), where w;’s are model parameters.

Denote the variations of f,[y] during one gradient descent update by A,(x).

From Lemma 10, it can be explicitly written as

Ay(@) = fult] -7 /D i S [P y) - NS Gilwy)Gilay), (B2)

y'e[K] i€[K]

where 7 is the learning rate,

Gl(x7y) = agy Z fz 8gy )7

ow;
y'€[K]

and g,(x) is the network output before the softmax activation. i.e.

B exp(gy(ﬂf))
fzlyl = Zy’E[K] exp(gy'(x)).

With Ay (z), the variation of the regularized loss is

AED[E(f(X),Y)+€CR]:/D dz P(z z{:A W (B.3)
X clK

If the training reaches a steady state (a.k.a. local optimum), we have
AEp [ﬁ(f(X), Y) + KCR] =0.

To check the property of this variation, consider the following example. For a particular

T, define

Plylzo) — Py)

Fi= 3 v ™

y€E[K]



Split the labels y into the following two sets (without loss of generality, we ignore the

P(y|zg) —P(y) = 0 cases):

Vaoi— = {y : P(ylzo) — P(y) < 0}

and

Yo+ = {y : P(ylzo) — P(y) > 0}.
By assigning Ay (zg) = ay < 0,Yy € Vy.— and Ay(zg) = by > 0,Yy € Vyy:4, one finds
F(z0) > 0 since fg,[y] > 0. Note we have an extra constraint » 5, Ay(zo) = 0 to ensure
>_ye(k] Jaolyl = 1 after update. It is easy to check our assigned a, and by could maintain
this constraint by introducing a weight N, to scale bg/ as follows.

D ay+ Ny Y b, =0, by = Nopbl,.
yeY— yeV+

Let Bc(zg) be a e-neighbourhood of xy. Since f,[y] is continuous, we can
set Ay(z) = 2(1 + cos M)Ay(mo)ﬁx € B(zp) and 0 otherwise. The coefficient
2(1 + cos M) is added so that the continuity of f;[y] preserves. This choice will
lead to AEp [¢(f(X),Y) + lcr] < 0. Therefore, for any foa(f(zn),yn) with solution
fa,[i]] > 0,Vi € [K], we can always find a decreasing direction, indicating the solution is
not (steady) locally optimal. Note D can be any distribution in this proof. Thus the

result holds for the noisy distribution D. O

Lemma 10.

Ay(z) = faly] -77/ ' Y [P(ay) =P )P(Y)] D Giz,y)Gila, ).

Dx  yelk] ie[K]
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Proof. We need to take into account the actual form of activation function, i.e., the
softmax function, as well as the SGD algorithm to demonstrate the correctness of this

lemma. The variation Ay,(x¢) is caused by the change in network parameters {w;}, i.e.,

O fz
Ayo (o) = ) fafo]éwi, (B.4)
i€[K] ¢

where dw; are determined by the SGD algorithm

naED [L(f(X),Y) + {cr]

owi == ow;
_ P(z,y) — P(x)P(y) 0fx[y]
- I faly] dw;

z,Y

Plugging back to (B.4) yields

_ P(a,y) = P@)P(y) §~ Ofuolyo] 9f2ly]
Banle) = "i faly gq dwi w;

z,Y

To proceed, we need to expand %ﬂ. Taking into account the activation function, one

has

B exp(gy())
fzlyl = Zy’G[K] exp(gy'(l’)),

where g, (x) refers to the network output before passed to the activation function. Recall

that, by our assumption, derivatives of éfu;iw) are not singular. Now we have
afx[y] :ae_gy(ﬂc) 1 — +€7gy(x)7 < 1 _ (I)>
8wi 8wi Zy’e[K] e Iy 8wi Zy’E[K] e Iy
_ —e 9@ 9g, () n e~ 9u(2) Z — gy ()

—g,/ (T . 2 .
ZQIE[K] € gy( ) awz <Zy”€[K] e—gy//(x)> v €[K] awz

8 8
:fz[y] gy "’ Z fx %ywl
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For simplicity, we can rewrite the above result as

O fa[y]
8wi

= fw[y]Gl(xv y):

where

0 0
Gz(xay) = gy Zf:c !gyw

is a smooth function.
Combining all the above gives Ay, (o) as follows.

By (20) = foplon) -1 Y. [Plavy) - D SCACNBEAEN

x?y

B.1.3 Proof for Theorem 6

Proof. Let y, be the true label corresponding to feature z,,. For a clean sample, we
have ¢, = y,. Consider an arbitrary DNN model f. With the CE loss, we have
U(f(xn),yn) = —In(fa,[yn]). According to Equation (3.4) in the paper, the necessary

and sufficient condition of v, > 0 is

C(f(@n), Gn) + Ler(f(2n)) < an < —In(fe,[ya]) < —% > W(fe,[4])

@—ln(fxn[yn})<—ﬁ > In(fanly]).

YE[K],y#yn

By Jensen’s inequality we have

—In <W) =—1In (Zye[l(l}gﬁi%i fen [M) < _Kl_ 1 Z n(fo. []).

YE[K],y#yn
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Therefore, when (sufficient condition)

1 — fu,[yn]

(o)) <~ () o g >

we have v, > 0. Inequality fy, [yn] > % indicates the model prediction is better than

random guess.

B.1.4 Proof for Theorem 8

Before proving Theorem 8, we need to show the effect of adding Term-2 to Term-
1in (3.5). Let ex < 0.5 be the measure of separation among classes w.r.t feature X in
distribution D, i.e., P(Y = Y*|X) = 1—€x, (X,Y) ~ D, where Y* := arg max;c 5] P(Y =
i| X)) is the Bayes optimal label. Let D" be the shifted distribution by adding Term-2 to
Term-1 and Y” be the shifted label. Then P(X|Y) = P(X|Y"),V(X,Y) ~ D, (X,Y’) ~ D’
but P(Y’) may be different from P(Y'). Lemma 11 shows the invariant property of this

label shift.

Lemma 11. Label shift does not change the Bayes optimal label of feature X when
€x < My, je[K] Tty )"

Proof. Consider the shifted distribution D’. Let

TEp[((f(X),Y)] + AEp, [((f(X),Y)] = CEp [¢((f(X),Y)],

where

Ep[0(f(X),Y)]:= > P(Y' = j)Epyy—i[L(f(X), 5)],
JE[K]
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and

where C':= 3 ) T55;P(Y = j) is a constant for normalization. For each possible Y = 1,
we have P(Y =i|X) € [0,ex] U{l —ex},ex < 0.5. Thus

P(Y = i|X)P(X)
P(Y =i

exP(X)
P(Y =14)

(X)( — ex)

]U{PP(Y:z’) )

P(X|Y =) =

~—

Compare D’ and D, we know there is a label shift [3, 160], where P(X|Y = i) = P(X|Y' =
i) but P(Y) and P(Y') may be different. To ensure the label shift does not change the

Bayes optimal label, we need

! !
Y* = argmaxP(Y’ = i|X) = arg max PX|Y' =i)P(Y' =)
ic[K] i€[K] P(X)

One sufficient condition is

exP(Y' =1i)  (1-ex)P(Y' =7) . Tj;
< = < e—
P(Y =) P(Y =) X Vig'lelﬁﬂ Ty + Tj;

O]

With Lemma 11, Assumption 3, and Assumption 4, we present the proof for

Theorem 8 as follows.

Proof. 1t is easy to check ex = 0,VX ~ Dx when Assumption 3 holds. Thus adding
Term-2 to Term-1 in (3.5) does not change the Bayes optimal label. With Assumption
3, the Bayes optimal classifier on the clean distribution should satisfy f*(X)[Y] =

LY(X,Y) ~D. On one hand, when 8 > max; jex], x~Dy Uij(X)/]P’(SN/ = j), we have

Bij(X) := Ui (X) — BP(Y = j) <0,Vi,j € [K], X ~ Dx.
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In this case, minimizing the regularization term results in confident predictions. On
the other hand, to make it unbiased to clean results, 8 could not be arbitrarily large.
We need to find the upper bound on § such that f* also minimizes the loss defined in
the latter regularization term. Assume there is no loss on confident true predictions
and there is one miss-prediction on example (x,, ¥, = j1), i.e., the prediction changes
from the Bayes optimal prediction f;, [ji] =1 to fz,[j2] = 1,72 # j1. Compared to the
optimal one, the first two terms in the right side of (3.5) is increased by T}, j, £y, where
£y > 0 is the regret of one confident wrong prediction. Accordingly, the last term in the

right side of (3.5) is increased by (8, ;,(X) — B, 4. (X))lo. It is supposed that

Tjy .o + (Bjr gy () — By ja (Tn))lo > 0, V51, j2 € [K],

which is equivalent to

BEREY =51) =P = 32)) < Tj ji (2n) = Tji g (2n), Vi1, j2 € [K].

Thus

6 < min Egvjl (X) - Tj1Lj2 (X) '
T P(Y=j1)>P(Y=j2), X~Dx P(Y = j1) — P(Y = j2)

By mathematical inductions, it can be generalized to the case with multiple miss-

predictions in the CE term. O
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B.2 SimiFeat: Theoretical Analyses

B.2.1 Proof for Proposition 1

Now we derive a lower bound for the probability of getting true detection with

majority vote:

[(k+1)/2]-1 <

k+1
P(Vote is correct|k) >(1 — ) - [p Z + >el(1 - e)k+1—l

l

0
[(k+1)/2]—-1

+(1-p) (k 7 1>el(1 — e)kﬂl]

=(1—6) - [p L o(k+1—-K K +1)
+(1-=p) Lie(k+1—FK K+ 1)}

where I1_.(k+1— K,k + 1) is the regularized incomplete beta function defined as

E4+1\ [t o )
Il_e(k:+1—k:’,k:’+1):(k:+1—l<:’)< ; )/ =K (1 — ¥ dt,
0

and k' = [(k+1)/2] — 1.

B.2.2 Proof for Theorem 9

Proof. Now we derive the worst-case error bound. We first repeat the notations defined
in Section 3.2.2.2 as follows.
Denote random variable S by the score of each instance being clean. A higher

score S indicates the instance is more likely to be clean. Denote the score of a true/false
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instance by

Sﬁf?e := Score(Yn, j) | (Jn = yn = j),

Stabse .= Score(G, 5) | (Gnr = Jsywr # 3.

Both are scalars. Then for instances in Nj, we have two set of random variables
SUe 1= (S € Ny, G = yn = 5} and 82 = (S| € N} G = joyw # j}-
Recall Nj := {n|y, = j} are the set of indices that correspond to noisy class j. Intuitively,
the score Sff";e should be greater than Sff}{;e. Suppose their means, which depend on

noise rates, are bounded, i.e.,
true true false false
E[Sn,j ] = Ky E[Sn’,j ] < My

for all feasible n,n/. Assume there exists a feasible v such that both S}rue and S;alse

follow sub-Gaussian distributions with variance proxy %—j [21, 233] such that:

'Ut2

2 vt
P(p — Si° > 1) < e” a7 P(SE — puf™ > 1) < e a7,

and the probability density satisfies IE”(S;-‘“‘e = u;rue) = P(Sj-alse = ugalse) =1/A, where
1/A is the “height” of both distributions, v is the decay rate of tails. Let N~ (N;“) be
the number of indices in Sl (Strue).

For ease of notations, we omit the subscript j in this proof since the detection
is performed on each j individually.

Let Sfalse (§t€) he an arbitrary random variable in Sf!s¢ (S'¢). Denote the

order statistics of random variables in set Sfls¢ by S(fﬁse, e S{?\I,Sf), where S(ﬁlﬂ)Se is the
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smallest order statistic and S(f:‘,l\l,sf) is the largest order statistic. The following lemma

motivates the performance of the rank-based method.

Lemma 12. The Fy-score of detecting corrupted labels in Nj by the rank-based method
will be no less than 1 — a/N~ when the true probability P(Y = j|Y = j) is known and

false true
Siv-) < S(aty:
Lemma 12 connects the upper bound for the number of wrongly detected
corrupted instances with order statistics. There are two cases that can cause detection

errors:

Case-1:

0 < pfre—gtre « A and 0 < Gfalse ,ufalse < A : at most « errors when S{?\lfsf) < Sf;‘fl).
and Case-2:

pirue — gtrue > A op gfalse _false > A - at most max(N_, N.) errors

We analyze each case as follows.

Case-1: When Case-1 holds, we have
P(pt™ — S = 2) < 1/A,z € [0, A]

and

]P)(Sfalse . 'utrue — ﬂ?) < 1/A, x e [07 A]

The above two inequalities show that the left tail of S*™® and the right tail of Sfalse
can be upper bounded by uniform distributions. Denote the corresponding uniform
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distribution by U ~ Unif(u'™ — A, utr®) and Uflse ~ Unif(pfalse, yfalse 1 A).
With true P(Y = j|Y = j), the detection errors only exist in the cases when
the left tail of S™ and the right tail of S™!5¢ are overlapped. When the tails are upper

bounded by uniform distributions, we have

P(S(NS) < Siacny) = PURNS) < URY)

—P ([Ufalse o Mfalse] - + qualse < [Utrue o (Iutrue _ A)] (@t1) + (Mtrue _ A))

P <[Ufalse _ Mfalse]

Note

true true true false
ey (U™ — (p —A)](a+1)<,u, —p —A).

Ufalse o false:| ~ Beta N_, 1 )
[ e ey

and

U7 = (7 = A)] )~ Betala+ 1N — o)

where Beta denotes the Beta distribution. Both variables are independent. Thus the
PDF of the difference is

f(p) =
B(NT — a,1)pN+—“(1 —p)* TP, N~ + Nt 1 - N";a+2;1—p,1—p?)/A, 0<p<1
BN~ =, NT —a)(—p)NT—a@ 4 N +NT—a—lp(N+ _ o, —a, N~ + NT;N~ + Nt —a;1—p2,14p)/A, —1<p<0
B(N~ +a, Nt —a)/A, p=0,

where A= B(N~,1)B(a+1,N* —a), B(a,b) = [, t*"1(1 — t)>~'dt

I(c)

( ! a—1 c—a—1 —b —b
F(a,bl,bg;c;x,y)—r(a)r(c_@/o 111 — e L (1 — )b (1 — yt)~ d.

Therefore, we have

true__,, false _A

prue—p,
P(STe, < St ) > /_ 1 F(p)dp.
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Case-2 The other part, we have no more than e~? - max(N~, NT) corrupted instances

that may have higher scores than one clean instance.

true __

false __
Wrap-up From the above analyses, we know, w.p. at least [* 1 " A f(p)dp,

there are at most e~ max(N~, NT) + « errors in detection corrupted instances. Note

Precision = Recall if we detect with the best threshold N;P(Y = §|Y = j). Therefore,

“Ymax(N " ,Nt)+a

the corresponding Fj-score would be at least 1 — ¢ e

B.3 SimiFeat: Experiment Settings on ClothinglM

We first perform noise detection on 1 million noisy training instances then
train only with the selected clean data to check the effectiveness. Particularly, in each
epoch of the noisy detection, we use a batch size of 32 and sample 1,000 mini-batches
from 1M training instances while ensuring the (noisy) labels are balanced. We repeat
noisy detection for 600 epochs to ensure full coverage of 1 million training instances.

Parameter £ is set to 10.

Feature Extractor: We tested three different feature extractors in Table 4.3: R50-Img,
ViT-B/32-CLIP, and R50-Img Warmup-1. The former two feature extractors are the
same as the ones used in Table 3.4. Particularly, R50-Img means the feature extractor is
the standard ResNet50 encoder (removing the last linear layer) pre-trained on ImageNet

[38]. ViT-B/32-CLIP indicates the feature extractor is a vision transformer pre-trained
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by CLIP [151]. Noting that ClothinglM is a fine-grained dataset. To get better domain-
specific fine-grained visual features, we slightly train the ResNet50 pre-trained with
ImageNet for one epoch, i.e., 1,000 mini-batches (batch size 32) randomly sampled from
1M training instances while ensuring the (noisy) labels are balanced. The learning rate

is 0.002.

Training with the selected clean instances: Given the selected clean instances from
our approach, we directly apply the Cross-Entropy loss to train a ResNet50 initialized by
standard ImageNet pre-trained parameters. We did not apply any sophisticated training
techniques, e.g., mixup [215], dual networks [108, 63], loss-correction [119, 139, 146],
and robust loss functions [124, 30, 227, 186]. We train the model for 80 epochs with a
batch size of 32. We sample 1,000 mini-batches per epoch randomly selected from 1M
training instances. Note Table 4.3 does not apply balanced sampling. Only the pure
cross-entropy loss is applied. We also test the performance with balanced training, i.e.,
in each epoch, ensure the noisy labels from each class are balanced. Our approach can
be consistently benefited by balanced training, and achieves an accuracy of 73.97 in the
best epoch, outperforming many baselines such as HOC 73.39% [230], GCE+SimCLR
73.35% [56], CORES 73.24% [30], GCE 69.75% [221]. We believe the performance could

be further improved by using some sophisticated training techniques mentioned above.
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Table B.1: Experiments on ClothinglM [200] with or without balanced sampling.

DATA SELECTION # TRAINING SAMPLES BEgsT EpocH LAsST 10 EPocHs LasT EPOCH
NONE (STANDARD BASELINE) (UNBALANCED) 1M (100%) 70.32 69.44 £+ 0.13 69.53
NONE (STANDARD BASELINE)  (BALANCED) 1M (100%) 72.20 71.40 £ 0.31 71.22
R50-IMG (UNBALANCED) 770K (77.0%) 72.37 71.95 + 0.08 71.89
R50-IMG  (BALANCED) 770K (77.0%) 72.42 72.06 + 0.16 72.24
VIT-B/32-CLIP (UNBALANCED) 700K (70.0%) 72.54 72.23 £ 0.17 72.11
VIT-B/32-CLIP  (BALANCED) 700K (70.0%) 72.99 72.76 + 0.15 72.91
R50-IMG WARMUP-1 (UNBALANCED) 767K (76.7%) 73.64 73.28 £ 0.18 73.41
R50-IMG WARMUP-1 ~ (BALANCED) 767K (76.7%) 73.97 73.37 £ 0.03 73.35
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Appendix C

More Details for Charter 4

Appendix C provides more theoretical details and experiment settings related
to CAL (Section 4.2), where Sections C.1-Section C.3 show the detailed theoretical

proofs and Section C.4 present more discussions.

C.1 Proof for Lemmas

C.1.1 Proof for Lemma 4

Proof. We try to build the connection between noisy distribution D and the underlying

Bayes optimal distribution D* by the noise rates e; and e_. The primary difference
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from the proof of Lemma 2 in [124] is the usage of D*. Note:

“Epe | Y POV = jIX,YOUS(X), )
Lje{-1,+1}

“Ep- | S0 B(Y = jIY)ef(X),))
Lie{-1,+1}

= Y P =i)Epy-m[P(Y = +1]Y* = i)l(f(X),+1)
ie{-1,+1}

+P(Y = —1|Y* = i)l(f(X),-1)]
=P(Y" = +1)Ep+ |y« 41[(1 — e )0(f(X), +1) + e £(f(X), —1)]

+B(Y* = ~DEpeyec (1 - e JU(f(X), ~1) + e—£(f(X), +1)]

Similarly, following the proof of Lemma 2 in [124], we can prove this lemma. O

C.1.2 Proof for Lemma 13

Peer Loss on the Bayes Optimal Distribution Recall our goal is to learn a classifier
f from the noisy distribution D which also minimizes the loss on the corresponding
Bayes optimal distribution D*, i.e. E[1(f(X),Y™)],(X,Y*) ~ D*. Before considering
the case with label noise, we need to prove peer loss functions induce the Bayes optimal

classifier when minimizing the 0-1 loss on D* as in Lemma 13.

Lemma 13. Given the Bayes optimal distribution D*, the optimal peer classifier defined

below:

f;eer = arg;nin Ep- []lPL(f<X)7 Y*)]
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also minimizes Ep«[1(f(X),Y™)].

See the proof below. It has been shown in [124] that Lemma 13 holds for the
clean distribution D when the clean dataset is class-balanced, i.e. P(Y = —1) =P(Y =
+1) = 0.5. For the Bayes optimal distribution D*, as shown in Lemma 13, there is no

requirement for the prior p* := P(Y* = +1).
Proof. Recall Y* is the Bayes optimal label defined as
Y*X = arg)r/nax P(Y|X),(X,Y)~D.
We need to prove that the “optimal peer classifier” defined below:
foeer = arg){ﬂiﬂ Ep-[LpL(f(X),Y™)]

is the same as the Bayes optimal classifier f*. To see this, suppose the claim is wrong.

Denote by (notations e, and e_ are defined only for this proof):

€+ = P(f;eer(X) = _1|f*(X) = +1)7 €— = P(f;eer(X) = +1|f*(X) = _1)
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and denote by p* := P(f*(X) = +1). Then

Ep- [LpL(Feer(X), V)]
= P(fpeee(X) £ ) = 5" Pfpeee(X) # +1) = (1= 5) - P fpeee (X) # —1)
= e+ (=) e = 0" Pfeer(X) £ +1) = (1= ") - P(feer(X) # —1)
=p" e +(1-p") e
=" (P(feer(X) # +1UF*(X) # +DP(F(X) # +1)
 P(fpeer(X) # +1Uf7(X) £ 1P (X) # 1))
— (1= (P(fpeee(X) # =1UF(X) # +DP(*(X) £ +1)
 P(feer(X) # —11f*(X) # ~1P(F*(X) £ -1))
=p er +(1—p') e
—p" P(F(X) £+ (1= ) —pT P (X) £ —1) s
— (L= p) P X) £ =1 (1= e4) = (1= p") B (X) £ +1) - e
= 0= p" P(F(X) £ 4+1) = (1= p") - P(A(X) £ 1)
97 (e + P(F(X) # +1)ee = P(F(X) # —1ey)
(1= p*) (e + PF(X) # ey = B(F(X) # +1)e-)
> 0= B(f(X) £ +1) = (1= p") - P(/A(X) £ —1)

= Ep- [Lpy(f"(X),Y™)]

contradicting the optimality of fZ ... Thus our claim is proved.

peer*
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C.2 Proof for Theorems

C.2.1 Proof for Theorem 10

Proof. The covariance Cov(-,-) in this proof is taken over the Bayes optimal distribution

D*. The following proof is built on the result of Theorem 11, i.e. Eq. (4.2). First note

Cov(Zy(X), 1(f1(X),Y*) — 1(fo(X),Y™))
=E[(Z1(X) = E[Z1(X)]) - (L(f1(X),Y™) = L(f2(X), Y™))]
< E[|(Z1(X) — E[Z1(X)]]]

< Eley (X) = Ele4 (X)) + Ele—(X) = Ele—(X)]]
Similarly, one can show that

Cov(Z2(X), 1(f1(X), =1) = 1(f2(X), =1))

< Ele (X) — Eles (X)]| + Ele_(X) — Ele_(X)]|
Now with bounded variance in the error rates, suppose:

Eley (X) — Ele (X)) < e, Ele—(X) — Efe-(X)]| < e
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Note
f;eer ::arg;ninEﬁ |:]1PL(f(X)7Y/):|

(I—es —e)Ep-[Ipr(f(X),Y™) 4+ Cov(Z1(X), L(f(X),Y™))

=argmin
f

+ Cov(Z2(X), 1(f(X), _1))]

=argmin |(1 —e; —e_)

!
(Ep- [L(f(X),Y") —p* - Ep-[1(f(X), +1)] = (1 = p") - Ep-[L(f(X), =1)])

+ Cov(Z1(X), 1(f(X),Y™)) 4 Cov(Z2(X), 1(f(X), =1)) |

Then

Cov(Z1(X), 1( X),Y™*)) 4+ Cov(Z2(X), 1(

l—e; —e_

;)Jkeer( ;eer(X>7 _1))

Ep [L(feer(20), Y] +

“Ep+ [1(feer(X),Y")] = 05 Ex[L(feer(X),+1)] = 0.5 - Ex [1(feee (X), ~1)] + 0.5

L Gz (X), L(fpeer(X), Y)) + Cov(Za(X), 1(feer(X), —1))
l—e; —e_

<Epr | L(Feer(X), Y]

7p* ! ]EX[]]'(f;eer(X)7+1)] - (1 7p*) ! EX[]l(f;eer(X)7 71)} + |p* - O5| +0.5

N Cov(Z1(X), L(fyeer(X), Y)) + Cov(Z(X), 1(feer(X), —1))
l—e; —e_

<Ep- [1(f*(X), Y")] = p" - Ex[1(f*(X), +1)] = (1 = p*) - Ex [1(f*(X), =D)] + [p* — 0.5] + 0.5

L Cov(Z1(X), 1(f*(X), ¥)) + Cov(Z2(X), 1(/*(X), =1))
1-— €y —€_

L Cov(Z1(X), 1(J*(X), Y™)) + Cov(Z(X), L(f*(X), ~1))

<Ep- [1(f*(X),Y") r——

+2|p* —0.5].
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Thus

Epe [1(fpeer(X),Y") = 1(/7(X), 1)
< COV(Zl(X)7 ]l(f*(X)7 Y*) - ﬂ(f;eer(X)v Y*)>

l—ey—e_

COV<Z2(X)7 ]1<f*1()f);+_1_)e_]l(f;eer(X)v _1)) + 2|p* o 0‘5|
cBles () = Bier GO Bl 0 ~Ble- OO 5
SM +2[p* — 0.5].

1-— €4 — €

Noting 1(f*(X),Y™) = 0, we finish the proof.

C.2.2 Proof for Theorem 11

Proof. The covariance Cov(-,-) in this proof is taken over the Bayes optimal distribution
D*. Recall
er (X)) =P(Y = -1]Y* = +1,X),e_(X) :=P(Y = +1]Y* = -1, X)
and
er = Exler (X)), e :=Ex[e (X)]
We first have the following equality:
E5[Lpr(f(X),Y)] = Ep:[(1 — e+ (X) — e—(X))L(f(X),Y™))] (Term-A)

+ Ex[er (X)U(f(X), =1) + e (X)L(f(X), +1)]  (Term-B)
—(I—er —e-) Ep[L(f(X),Y}))] (Term-C)
—Exleq - 1(f(X),=1) + e - L(f(X), +1)] (Term-D)
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Term-B can be transformed to:

Ex[ex(X) - 1(f(X), =1) + e (X) - L(f(X), +1)
— Exles (X) - 1((X), ~1) + e-(X) - (1 - 1(f(X), ~1))]

= Ex[(e+(X) —e—(X)) - 1(f(X), =1) + e (X)].

Similarly, Term-D turns to

Exfer - 1(f(X), 1) + e - L(f(X), +1)] = (e —e-) - Ex[1(f(X), —1)] + e

Define two random variables

Z1(X) = 1= ex(X) — e_(X), Za(X) = ex(X) — e (X).

Then Term-A becomes

Ep-[(1 = e4(X) — e (X))L(f(X),Y7))]
= E[Z1(X)] - Ep-[1(f(X), Y™))] + Cov(Z1(X), 1(f(X),Y™))

=1 —ey—e ) - Ep:[1(f(X),Y7))] + Cov(Z1(X), 1(f(X),Y™))

Similarly, Term-B can be further transformed to

Ex[(e4(X) — e (X)) - 1(f(X), =1) + e (X)]
= E[Zy(X)Ex [1(f(X), =1)] + Cov(Za(X), 1(f(X), —1)) + e~

= (64 — e )Ex[1(f(X), =1)] + Cov(Z2(X), L(f(X), =1)) + e~
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Combining the above results, we have

Es[lpL(f(X),Y)] = (1 — ey —e_) - Ep-[1(f(X),Y™))]

+ (e — e )EX[L(F(X), —1)] + e

O
C.2.3 Proof for Theorem 12
Proof. From Theorem 11, we know
Eg(Ler(f(X),Y)] = Cov(Z1(X), 1(f(X),Y")) = Cov(Za(X), L(f(X), ~1))
=(1—e_ —e4) Ep[Lpr(f(X),Y7)].
With Lemma 13, we can finish the proof. O

C.2.4 Proof for Theorem 13
Proof. Recall 7 € [0,1] is the expected ratio (a.k.a. probability) of correct examples in
D7 ie. 7 =E[A{(X,Y) e D7|(X,Y*) € D*}] = P((X,Y) ~ D7|(X,Y*) ~ D*). With
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D7, the classifier learned by minimizing the 0-1 CAL loss is
fearr = arg min E| LpL(£(X), Y)]
— Covp, (Z1(X), 1(f(X),Y)) = Covp, (Za(X), 1(f(X), -1)) |-
Note
Covyp, (Z1(X), L(f(X),Y))
=Ep. [(Z1(X) = Ep. [Z1(X)]) (1(f(X),Y) = Ep, [1(f(X),V)])]
=Ep. [(21(X) = Ep. [Z1(X)]) 1(f(X),Y)]
—P((X,Y) € D*|(X,Y) € D")Ep. [(Z1(X) — Ep, [Z1(X)]) L(f(X),Y)|(X,Y) € D*]
+P((X,Y) ¢ D'I(X,Y) € DT)Ep, [(Z1(X) = Ep. [Z2(X)]) L(f(X), Y)I(X,Y) ¢ D*].
Similarly,

Covp- (Zl (X)7 ]l(f(X), Y))
=P((X,Y) € D"|(X,Y) € D")Ep- [(Z(X) — Ep-[Z: (X)) 1(f(X), V)|(X,Y) € D]

+P((X,Y) ¢ D7|(X,Y) € D*)Ep- [(Zl(X) — Ep-[Z1(X)]) L(f(X), Y)|(X,Y) ¢ ﬁf] :
When D*, D™ and D have the same feature set, we have
P((X,Y) e D*|(X,Y) e D") =P((X,Y) €e D"|(X,Y) e D*) =T,
P(X,Y) ¢ D*|(X,Y) e D7) =P((X,Y) ¢ D7|(X,Y) e D*)=1—1.
Therefore,
Covy, (Z1(X), 1(f(X),Y)) = Covp=(Z1(X), L(f(X),Y)) < 2(1 — 7)(e4 +€-).

The rest of the proof can be accomplished by following the proof of Theorem 10. O
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C.3 Proof for Corollaries

C.3.1 Proof for Corollary 4

Proof.

Eplte(F(X). 7)) = Eple((X), )] ~Ep, [Eogle(F(X). T)]]. ()
The first term in (C.1) is

E5l0(f(X),Y)]

=Ep- {Z P(?leyY*)E(f(X)ﬁj)}

JEK]

= > D P =)Epeyei[Ti (X)US(X), 5)]
]

JEIK]i€[K

=2 D> B =4) [TyEpsjy-=ill(£(X), 1)] + Covpr |y« =[Ti; (X), £(f(X), 5)]]

JE[K]i€[K]
=> [P(Y* =7) (1 - > Tji) Ep«jy«—j L(F(X), D+ D PY* =i)TiEpsy=—; [f(f(X),j)]}
JEIK] i#£5,1€[K] i€[K] i)
+ > > P(Y* =i)Covpe |y« [Tij(X), £(f(X), )]
JE[K]i€[K]
=> [P(Y* =17) (1 - > ei) Epsjys—j L(F(X), D]+ D P =i)e;Epsjy«_y [é(f(X)vj)}}
JEIK] i#5,1€[K] i€[K],i#]

+ D> > P =i)Covpsye—; [T3(X), £(f(X), )]

JE[K]ie[K]

= (1 -3 > Ep+ [((f(X),Y ")+ > > PY* =i)ejEpsjysr; L(f(X),5)]

i€[K] jE[K]ie[K]
+ > > P =0)Covpsjy«—; [Ti;(X), £(f(X), 5)]
JE[K]i€[K]

The rest of the proofs can be done following standard multi-class peer loss derivations

[124].
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C.4 More Discussions

C.4.1 Setting Thresholds L,;, and L.y

In a high level, there are two strategies for setting Ly and Lyax: 1) Lpin <

Lpax and 2) Lin = Liax-

Strategy-1: Lpin < Lmax: This strategy may provide a higher ratio of true Bayes
optimal labels among feasible examples in D since some ambiguous examples are dropped.
However, dropping examples changes the distribution of X (as well as the distribution
of the unobservable Y*), a.k.a. covariate shift [76, 33]. Importance re-weighting with
weight (X)) is necessary for correcting the covariate shift, i.e. the weight of each feasible
example (z,4) € D should be changed from 1 to v(z). Let Dy and Dy be the marginal
distributions of D and D on X. With a particular kernel ®(X), the optimization problem
is:

min  [|Epy [2(X)] — Ep, [v(X)(X)]]
7(X) (C.2)

s.t. 7(X) >0 and Ep [y(X)]=1.

The optimal solution is supposed to be v*(X) = ifjx g; Note the selection of kernel
Dx

®(-) is non-trivial, especially for complicated features [47] in DNN solutions. Using this
strategy, with appropriate Ly, and L.« such that all the examples in D are Bayes
optimal, the covariance could be guaranteed to be optimal when each example in D is

re-weighted by 7*(X).
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Strategy-2: Lpin = Limax: Compared with Strategy-1, we effectively lose one degree
of freedom for getting a better D. However, this is not entirely harmful since D and
D* have the same feature set, indicating estimating (X ) is no longer necessary and

7(X) =1 is an optimal solution for (C.2) with this strategy.

Strategy selection When we can get a high-quality D by fine-tuning Ly and Lyax
or D is already provided from other sources, we may solve the optimization problem in
(C.2) to find the optimal weight v(X). However, considering the fact that estimating
~v(X) introduces extra computation and potentially extra errors, we focus on Strategy-2
in this paper. Using Strategy-2 also reduces the effort on tuning hyperparameters.
Besides, the proposed CAL loss is tolerant of an imperfect D (shown theoretically in

Section 4.2.3).

C.4.2 Generation of Instance-Dependent Label Noise

The generation process follows Section A.4.1.

C.4.3 More Implementation Details on Clothingl M

Construct D We first train the network for 120 epochs on 1 million noisy training
images using the method in [30]. The batch-size is set to 32. The initial learning rate
is set as 0.01 and reduced by a factor of 10 at 30, 60, 90 epochs. We sample 1000
mini-batches from the training data for each epoch while ensuring the (noisy) labels are

balanced. Mixup [215] is adopted for data augmentations. Hyperparameter (3 is set to 0
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at first 80 epochs, and linearly increased to 0.4 for next 20 epochs and kept as 0.4 for

the rest of the epochs. We construct D with the best model.

Train with CAL We change the loss to the CAL loss after getting D and continue
training the model (without mixup) with an initial learning rate of 10~° for 120 epochs
(reduced by a factor of 10 at 30, 60, 90 epochs). We also tested re-train the model with
D and get an accuracy of 73.56. A randomly-collected balanced dataset with 18,976
noisy examples in each class is employed in training with CAL. Examples that are not

in this balanced dataset are removed from D for ease of implementation.
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Appendix D

More Details for Charter 5

Appendix D provides more theoretical details related to the disparate impact
of SSL and estimating fairness with missing sensitive attributes, which is organized as

follows.

Disparate Impact in SSL The Appendix is organized as follows.

e Section D.1 presents the detailed derivations for generalization bounds.

Section D.1.1 proves the upper bound for Term-1.

Section D.1.2 proves the lower bound for Term-1.

Section D.1.2 proves the upper bound for Term-2 (also for Theorem 14).

Section D.1.4 proves Lemma 6.

— Section D.1.5 proves Corollary 5.
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Estimate Fairness with Missing Sensitive Attributes The Appendix is organized

as follows.

e Section D.2 presents a summary of notations, more fairness definitions, and a clear
statement of the assumption that is common in the literature. Note our algorithm
does not rely on this assumption.

e Section D.3 presents the full version of our theorems (for DP, EOd, EOp), corollaries,
and the corresponding proofs.

e Section D.4 shows how HOC works and analyzes why other learning-centric methods

in the noisy label literature may not work in our setting.
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D.1 Theoretical Results

D.1.1 Term-1 Upper Bound

= [ (PU) #¥1%) = BO(X) £ ¥1X)) POX) X

= [ (Br00) = 7120 = PCY) = Y120) BCY) dX

P(f(X) =Y|X) - P(f(X) = YX)‘

+ [P(F(X) # VIX) = P(F(X) £ V1Y) )P(X) X

where in equality (a), given model f and feature X, we can treat ?f(X ) as a Bernoulli
random variable such that

P(Y1(X) = +) = P(f(X) = Y|X) and P(Y;(X)=—) =P(f(X) # Y|X).
Then according to the definition of total variation of two distributions, i.e.,

1 dP dQ
(P)Q) = [ 15~ i,
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we can summarize the integrand as the total variation between }7f (X) and Yy(X).
Inequality (b) holds due to the data processing inequality since the prob-

abilities [P(Y = f(X)),P(Y # f(X))] are generated by [P(Y = i),Vi € [K]], and the

probabilities [P(Y = f(X)),P(Y # f(X))] are generated by [P(Y =1),Vi € [K]].

n(X) is the accuracy of labels on feature X (in the cases specified in Lemma 6).

D.1.2 Term-1 Lower Bound

Let e(X) := P(Y # Y|X) be the feature-dependent error rate, Zf(X) =
P(f(X) = Y|X) be the accuracy of prediction f(X) on noisy dataset D. Note e(X)

is independent of gf(X). Denote their expectations (over X) by e := Ex[e(X)],
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Af = Ex[A;(X)]. We have:

= [ (PU) £ Y1) = B((3) £ T1)) B(X)

= [ (Pr00) = 7120 = PO = Y120) BCX)
X

- /X (P(f(X) — VI/(X) = ¥, X) ~ P(f(X) = Y|{(X) = fam) B(f(X) = Y| X)B(X)

w.p. 1 P(Y=Y|X)

-/ (P(f(X) —VIF(X) £ 7, X) —P(f(X) = YI(X) £ fcm) P(f(X) # VIX)B(X)
w.p. 0
= [ (1= B =y 1)) BUCY) = T1X) BCY)
X N———

denoted by e(X) denoted by Ay (X)

+ /X (0-P((X) = YIF(X) £V, X)) P(F(X) # V| X)P(X)
= [ oA 0P
X

- /X (P(F(X) = YIF(X) # 7.V =V, X)P(Y = VIf(X) £ ¥, X)) B(/(X) # V| X)P(X)

- /X (P(f(X) =Y[f(X)£Y,Y Y, X)P(Y £ Y|f(X) # ch)) P(f(X) # Y|X)P(X)

<1

> /X e(X)Ap(X)P(X)

= [ (0P = F15(X) £ 7.3)) BUX) £ FIX)PY)

-/ (1 R £ TVIH(X) £V, X) ) P(f(X) # VIX)B(X)

=P(Y#Y|X) due to independency

= [ ORI - [ B ATIX) BUX) £ TIX) PX)
X X

denoted by e(X) denoted by 1 — gf (X)

:/X e(X)(24(X) — 1)P(X)

=245 — 1)e.
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D.1.3 Term-2 Upper Bound

We adopt the same technique to prove Theorem 14 and Lemma 7. The proof
follows [124]. We prove Theorem 14 as follows.

Denote the expected error rate of classifier f on distribution D by

Let fD denote the classifier trained by minimizing 0-1 loss with clean dataset D, i.e.,
fp = arg;nin Rp(f),

where

The Bayes optimal classifier is denoted by

fp = arg}{nin Rp(f).
The expected error given by f7 is written as
R" = Rp(fp).
Denote by Y*|X := arg max;c [z P(Y[X) the Bayes optimal label on clean distribution
D. With probability at least 1 — §, we have:
Rp(fp) — Ro(fp)
=Rp(fp) — Rp(fp) + <RD(fD) - RD(fD)) + <RD(fl*7) - RD(ffB))

(a) A A R R
<0+ [Rp(fp) — Rp(fp)| + |Rp(fp) — Rp(fp)l

(i) 210g(4/(5),
- N
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where inequality (a) holds since 1) Rp(fp) achieves the minimum empirical risk according
to its definition, thus Rp(fp) — Rp(f5) < 0; 2) each of the following two terms will
be no greater than the corresponding gap |Rp(f) — Rp(f)|. Specifically, inequality (b)
holds due to Hoeffding’s inequality, i.e., given any classifier fD, and f7,, with probability

at least 1 — 0/2, we have the following bounds independently:

log(4/9)

Ro (o) — Rofo)l < \/ "5l 1Rn(75) — Ro(fp)] < 1/ L.

2N

By the union bound, we have inequality (b) with probability at least 1 — 4.
Noting Rp(f5) = P(Y # Y™), we can prove Theorem 14. But substituting D

for D, we can also prove Lemma 7.

D.1.4 Proof for Lemma 6

Proof. Note

PY#AYX)=1-PY =Y[X)=1- > PY =i[X)P(Y =i|X).
1€[K]

and

53 B = ilX) — B(Y = X)].

1€[K]

Assume P(Y = i/|X) = 1. We have P(Y #Y|X) =1 —P(Y =|X) and

1 S
n(X) =5 [1- PY =i|X)+ Y PY =iX)|=1-PY =i|X).
€K i#
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D.1.5 Proof for Corollary 5

R +HEEL L PY £ Y7) - R (Y £ YY)
(P) = 2log(4/5)  [2log(4]3)
Np Np,

A(va NPL) —-n
A(va N'PL)

D.2 More Definitions and Assumptions

D.2.1 Summary of Notations

Table D.1: Summary of key notations

Notation ‘ Explanation
G:={q, - .9c} C' proxy models for generating noisy sensitive attributes
X,Y, A, and A= 9(X) Random variables of feature, label, ground-truth sensitive attribute, and noisy sensitive attributes
Ty Yny On, The n-th feature, label, and ground-truth sensitive attribute in a dataset
N,K,M The number of instances, label classes, categories of sensitive attributes
[N]:={1,--- ,N} A set counting from 1 to N
X, f: X = [K] Space of X, target model

D° := {(xn, yn)|n € [N]}
D = {(n, yn, an)ln € [N]}

Target dataset
D° with ground-truth sensitive attributes

D = {(2n, Y, (@b, -+ ,a$))|n € [N]} D° with noisy sensitive attributes
(X,Y,A) ~D,(X,Y,A) ~D Distribution of D and D
u € {DP,EOd, EOp} A unified notation of fairness definitions, e.g., EOd, EOp, EOd
AY(D, f), 5“(5, f)s ﬁ“(ﬁ, f) True, (direct) noisy, and calibrated group fairness metrics on data distributions
AY(D, f), A“(f}f} 3“(5, ) True, (direct) noisy, and calibrated group fairness metrics on datasets
H,Hla), H[:, k], H|[a, k] Fairness matrix, its a-th row, k-th column, (a,k)-th element
H Noisy fairness matrix with respect to A
T, Tla,a] :=P(A = a|A = a) Global noise transition matrix
T, Tk[a,a]~ :=P(A=alA=a, f(X)=Fk) | Local noise transition matrix
pi=PA=1),-- ,P(A=M)]T Clean prior probability
p= []P’(A =1), ]P’(g =M)]" Clean prior probability

D.2.2 Common Conditional Independence Assumption in the Litera-

ture

We present below a common conditional independence assumption in the

literature [8, 148, 49]. Note our algorithm successfully drops this assumption.
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Assumption 5 (Conditional Independence). A and f(X) are conditionally independent

given A (andY for EOd, EOp):

DP: P(A = a|f(X) =k, A=a)=P(A=dlA=a),Va,a € [M],k € [K].

(i.e.A L f(X)|A).

EOd / EOp: P(A=a|f(X)=Fk,Y =y, A=a)

=P(A=aly =y, A=a),Va,a € [M],k,y € [K].(i.e.A L f(X)|Y,A).

D.3 Proofs

D.3.1 Full Version of Theorem 16 and Its Proof

Denote by T, the attribute noise transition matrix with respect to label y,

whose (a, @)-th element is Ty[a, a] := P(A = a|A = a,Y = y). Note it is different from Tj,.

Denote by Tje, the attribute noise transition matrix when f(X) =k and Y =y, where

the (a,a)-th element is Tygyla,a] == P(A = a|f(X) = k,Y = y,A = a). Denote by

py=[PA=1Y =y),--- ,P(A=K|Y =y)]" and p, := [P(A =1|Y =y),--- ,P(A =

K|Y =1%)]" the clean prior probabilities and noisy prior probability, respectively.
Theorem 3.2 (Error Upper Bound of Noisy Metrics) Denote by Err?" :=

|A%(D, f)— A¥(D, f)| the estimation error of the directly measured noisy fairness metrics.

Its upper bound is:

e DP:

raw 2 n — _ _
Erp < S| AT T = DAG 1 +6k [ ApTiAS = I

ke[K] G g
cond. indep. violation error of g
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where hy, == +; > Hla, k], &) == max |Ha, k] — hy.
a€[M

aE[M}
e EOd:
ErrEdq
2 -1 —1 —1
S ﬁ hk@y HApy( Tk®y )Aﬁy Hl +6k®y ”Apng@yAﬁy B IHI
ke[K]yelK e
€lK]yelK] cond. indep. violation error of g

where hpgy == 17 Y. Hla,k® Y], Spey = IIelaX |Hla,k @ y] — hrgyl.
a€[M]

e EOp: We obtain the result for EOp by simply letting £k =1 and y =1, i.e.,

EmES, <2 D | Fwsy 185, (T, ' Thay — DA [ +0key 1A, TheyAy! — I
k=1,y=1

cond. indep. violation error of g

where higy = 1 Y. Hla,k ®y], Skey = max |[H[a,k ® y] — hygy|.
a€[M] a€[M]

Proof. The following proof builds on the relationship derived in the proof for Theorem 17.
We encourage readers to check Appendix D.3.2 before the following proof.

Recall Ty[a,d'] := P(A = d|A=a,Y =y). Note
Ap 1 =T/ A, 1 (T,) 'Ap,1=Ap, 1.

Denote by

H[:, k® y] = Ek@yl + Vigy,

where hyey = 37 2 ,epn P(F(X) = k[A = a,Y = y). We have

Ap, H[: k@ y] = hipoyAp, 1+ Ap Viey = hiay(T,) ) Ap, 1+ Ap, vigy.
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We further have
ﬁ[: k® vy
= (MG Ty Ap, — 1) H k@ y) + HI k@ y]
:Bk@)yA;)lel;r@y(TyT)_lAﬁyl + A;)lekT®yAPyvk®y — higyl — Vrgy + H[;, k@ y]
ey g (Tiy(T)) 7 = I) Ap, 1+ (AGITL Ap, — T) vk + Hs ko y).
Noting |A| — |B| < |A+ B| < |A| + |B|, we have | |A+ B| — |B| | < |A|.
Therefore,
Trrr. T .
| |(ea—ea)THE k@ )| |(ea — ea) THI K@y |
7 — — T
<hiy | (e — ea) TAGH (T, Ty = 1) T Ap, 1| (Term 1)

+ ‘(ea —ex) ' (A;:T,%yApy - I) vk®y’ . (Term 2)

Term-1 and Term-2 can be upper bounded as follows.

Term 1: With the Holder’s inequality, we have
7 - - T
. ‘(ea —ea) A} (T Ty — 1) Af,y1‘

- _ _ T
iy llea = eal || A7) (T, Ty — 1) " Ap, 1

‘ oo

- _ _ T
<2h1y Aﬁyl (T 'They — I) Ap,1

‘ o0

T _ _ T
2y || Ap, (T, ' Thay —I) A,

o

227lk®y Ap, (Ty_lTk®y a I) A;’ylul
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Term 2: Denote by 0rgy := mﬁ\};} |H[a, k @ y] — hggy|, which is the largest absolute
ac

offset from its mean. With the Hoélder’s inequality, we have

‘(ea —ew)’ (AEJTkT@yApy - I) ”kz@y‘
SHB@ — 65/”1 H (A;;Tl;l(rgyApy - I) ’Uk@yHOO
e
<Dre HA?ITJ Ap, — IH
— Yy Py Qy* Py 0

~20kay || Ap, Tray Ayl 1|

Wrap-up:

| |(ea—ea)THE: k@ )| — |(ea — ea) THI k@] |

_ 1 _1 -1
<oy | Ap, (T, Tray — 1) AZL|| + 20ey | Ap, Trsy Ay — I -

Denote by ﬁzg; = |ﬁ[d,k‘®y] - ﬁ[d’,k‘@y” the noisy disparity and Azg; =

|H[a, k ®y] — H[a@', k ® y]| the clean disparity between attributes a@ and @’ in the case
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when f(X)=Fk and Y = y. We have

AEOd (57 f) - AEOd (Da f)’

1 ~a,a’ a,a’
S]\4(‘]\4_1)](2~~ Z ’Ak®y_Ak®y
a,a'€[M] k,y€[K]

2
<=
MM -1)K?

> (e[ As, (0 Tioy — 1) A5+ by |4, Tics)! 1] )
a,a'€[M],k,ye[K]

2 7 -1 -1 —1
== 2 (Pwe||Ap, (T Thoy = 1) AG!|| + dhey | Ap, Troy A5 — 1) ).
kyelK]
The results for DP can be obtained by dropping the dependence on Y = y, and
the results for EOp can be obtained by letting £ =1 and y = 1. O

D.3.2 Full Version of Theorem 17 and Its Proof

Recall p, p, T and T}, are clean prior, noisy prior, global transition matrix, and
local transition matrix defined in Sec. 1.2.1. Denote by A and A, the square diagonal
matrices constructed from p and p.

Theorem 4.1 (Closed-form relationship (DP,EOd,EOp)). The relationship
between the true fairness vector h* and the corresponding noisy fairness vector h% writes
as

h* = (T"" Apu) ' Asuh®, Vu € {DP,EOd, EOp},

where Apw and Ape denote the square diagonal matrix constructed from p* and p“, u

unifies different fairness metrics. Particularly,
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o DP (Vk € [K]): pPP := [P(A=1),--- ,P(A= M), P := [P(A=1),--- ,P(A =
M)|T. TPP .= Ty, where the (a,a)-th element of T}, is Ty[a,d] := P(A = a|f(X) =
k,A=a).

BOP = H[: k) = [P(f(X) = HA = 1), ,P(F(X) = K| A = M)] T

hPP := H[:, k) = [P(f(X) = k|A=1),-- ,P(f(X) = k|A = M)]".

e EOd and EOp (Vk,y € [K],u € {EOd,EOp}): Vk,y € [K]: k®@y = K(k—1)+ vy,

pti=p, = [F(A= 1Y =y}, (A = M|Y = ¢)]7, p* := p, := [B(A = 1]Y =

y),--,P(A = MY = y)]T. T" := Tyg,, where the (a,d)-th element of The, is

Tysyla,d) == B(A = al f(X) = k,Y = y, A = a).

h':=H[ k@y] = [P(f(X) = kY =y, A=1),--- ,P(f(X) = k]Y =y, A= M)]"
h':=H[k®yl:=[P(f(X)=k]Y =y, A=1),--- P(f(X)=k]Y =y, A= M)].

Proof. We first prove the theorem for DP, then for EOd and EOp.

Proof for DP. 1In DP, each element of hPP satisfies:

P(A = a
Y PA=Glf(X) =k, A=a)-P(A=a) P(f(X) = k|A = a)
P(A = a)
Recall T}, is the attribute noise transition matrix when f(X) = k, where

the (a,a)-th element is Ty[a,a] := P(A = a|f(X) = k, A = a). Recall p := [P(A =

1), ,P(A=M)]T and p:= [P(A=1),--- ,P(A = M)]T the clean prior probabilities
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and noisy prior probability, respectively. The above equation can be re-written as a

matrix form as

H[:. k] = A;'T} ApH[: K],

which is equivalent to

H[:., k] = (T} )Ap) " ApHI: k).

Proof for EOd, EOp. In EOd or EOp, each element of h* satisfies:

P((X) = KIY =y, A= )
BY(X) = kY =y A=)
P(Y =y,A=a)
> acp PUA(X) =k,Y = y, A=a,A=a)
PY =y, A=a)
e PA=lf(X) = kY =y, A= a)P(Y =y, A= a)P(f(X) =k[Y =y, A=)

Denote by Tjg, the attribute noise transition matrix when f(X) = k and
Y =y, where the (a,a)-th element is Tjg,a,a] := PA=a|f(X)=kY =y, A=a).
Denote by p, :== [P(A = 1Y =), -- ,P(A = K|Y = )]" and p, := [P(A = 1]Y =
Y)y« ,IP)(A = K|Y = 3)]" the clean prior probabilities and noisy prior probability,

respectively. The above equation can be re-written as a matrix form as

H[: K] = Ay Tl Ap, HI: K],

which is equivalent to
H[:, k] = (T}, Ap,) " Ap, H:, k.

280



Wrap-up. We can conclude the proof by unifying the above two results with w. O

D.3.3 Proof for Corollary 6
Proof. When the conditional independence (Assumption 5)
PA=d|A=aY =y)=PA=d[A=a, f(X)=kY =y),Vd,a € [M]
holds, we have T, = T}, and Term-1 in Theorem 16 can be dropped. For Term-2, to
get a tight bound in this specific case, we apply the Holder’s inequality by using [
norm on ez — ey, i.e.,
‘(6& — Eal)T (A;;TI;—X)yAPy — I) ’Uk®y‘
<llea ~ eallo | (A5 Ty Ap, — T) vhasy
= (A5 T, — T) i

<K - iy HA;;TJ@yApy I

=K - Oy || Ap, TrayAp) — 1

8

Therefore,
|AE0UD, f) — AR (D, 1)

1 .
S? Z 5k®y HApka@@yAﬁyl - IH

kyelK] e
K 3 (5k®yHApyTA_ IH
kye[K]
Hoo’
kyelK
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where T,[a,a) = P(A = a|lA =a,Y =vy).

Special binary case in DP In addition to the conditional independence, when the

sensitive attribute is binary and the label class is binary, considering DP, we have

APP(D, f) — APP(D, f)‘ <25, |T—1|

where T, [a,a] = P(A = a|A = a). Let T,[1,2] = e1,T,[2,1] = e2, we know

. 1—62 €1
T .=
€9 1—61

and
APP(D, f) = APP(D, f)| < 26 - (e1 + ea).
Note the equality in above inequality always holds. To prove it, firstly we note

P(f(X) = k|4 = a)

> aepn PUF(X) = k,A=i,A=a)

P(A = a)
 Yaep P(A=alf(X) =k, A=a) -P(A=a) P(f(X) =k[A=a)
P(A = a)
Yacp P(A=a[A=a) -P(A=a) P(f(X) =klA=a)
P(A = a)

i.e., H[:,k] = TTH[:, k]. Denote by H[:,1] = [h, h']T. We have (@ # @)
’(e@ ) TH| = h— 11— e1 — ea),
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and

‘(ea —ey)THI, 1]) —|h— .

Therefore, letting a = 1,a = 2, we have

A°°(D, f) - APP(D, )|

:% S ‘ )(el —eg)Tﬁ[:,k]‘ = ‘(el —ez)TH[rJf]‘ ’
ke(12)

| e ]|

=|h — /|- |e1 + ea]

=0 - (e1 + e2),

where 0 = |P(f(X) =1|A=1) — P(f(X) = 1|A = 2)|. Therefore, the equality holds.

O]

D.3.4 Proof for Theorem 18

Theorem 4.5 (Error upper bound of calibrated metrics). Denote the error
of the calibrated fairness metrics by Erréa := |3“(5, f) — A%(D, f)|. It can be upper
bounded as:

e DP:
et < = 3 A, I ApHE Kl =(Th. 5),
ke[K]
where (T}, p) = HA;lAp — IH1||kak_1H1 + I — kak_lHl is the error induced by

calibration.
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e EOd:

2 =~
Err(l:fa(l)d K2 HA ‘APyH k® y] H (Tk®yapy)7

kelK ME[ ]

where &(Tygy, Py) = HApTylApy — I1[|They k®y||1 + || I — Tk®y ke !|l1 is the error

induced by calibration.

e EOp:
Ergd, <2 > HA H |Ap, H[: k @ yl|| . &(They, By),
k= 17y_
where &(Tygy, Py) = HA;ylApy — I1[|They k®y||1 + [T — Tiey k®y”1 is the error

induced by calibration.

Proof. We prove with EOd.

Consider the case when f(X) =k and Y = y. For ease of notations, we use
T to denote the estimated local transition matrix (should be T\k@)y). Denote the noisy
(clean) fairness vectors with respect to f(X) =k and Y =y by h (h). The error can be

decomposed by
‘ (o —ea) (AZNTT) A5 B) | — [(ea — €a)T (ALHTL,) " Ap,R))| '

= |(ea —ea)T (A7) — A1) 85, R)

Term-1

’(ea —e)T (A;yl (fT)*lAﬁy’ﬁ) ‘ - ‘(ea —e)T (A;;(T,jéby)*lAﬁyﬁ) ‘ ‘ .

+

Term-2

Now we upper bound them respectively.
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Term-1:

(e~ ) (A5~ AT A )]

(@ 1 ae .
D (g — ea)T ((Aﬁyl — A (T, T Ap, H[: k ® y])‘

- (ea B ea/)T ((A;’;Apy o I)A;.UIT(STAPyH[:v k ® y])‘
<2 A5ty - 0| [ AG 1Tl [[Ap, HE @yl

o5 IAn kol (A5 An, - D] ITs1,).
where equality (a) holds due to
A, H: k@ y) = T Ap H: k ©y)
and equality (b) holds because we denote the error matrix by T, i.e.,

T =Ty T, < Ts = Tig, T

Term-2: Before preceeding, we introduce the Woodbury matrix identity:
(A+Uucv)l=a'1-AucCct+valu)ytval

Let A .= T,;—X)y, cC=1,V:=1U:= TT - T,g(—gy. By Woodbury matrix identity, we

have

~

(T
=(Tygy + (T — Tpl,)) "

~ ~ -1
=(Tigy) " — (Tiey) H(TT = Ty,) (I + (Tig,) (T - TJ@)) (Thizy) "
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Term-2 can be upper bounded as:

o —ea) (Mgt (@) Ap k)| = |(ea —eu) T (A;;(T,jm)*l/\ﬁyﬁ))‘

(a)

(ea —eu) T (A5 (Mg F = (Mpy) @ —Tp,) (1+(Tle,) '@ T —T0,)) " (T, ') Ap, h
Y Yy

~|(ea =€) (Apy (Tilay) " Ap, B)]

<

(ea = ea) T (A (o)) AT i) (14 (le,) @7 = 1,) T (45, T Ap, B )|

(]
<llea —e i

—1mp T \=1,pT T T \—14T T =1 7 -1 T
Ay (Tilgy) T (T = Tlg,) (T4 (T, ) (@ = Tly,)) ™ (Tilg,) ™" Ap, b

—1 T \—1,4T T T \—1,4T T -1, T .1 .
S2||ApyHooH(Tk®y) (T _Tk®y)(1+(Tk®y) (T _Tk®y)) (Trgy) Dpyh

oo

=2 ||A;;Hoo H (I + (Tl;r®y)71(f-r - Tk—'r®y) - I) (I + (’I";r®y)71(’f-r - Tl;r®y))71 (le®y)71A15y;"

oo

“efagl [ (s o) AT = ml ) ) g,

5, P

_ -1 ~—1\T T -1
_2||ApyHooH(I—Tk®yT ) (Tley) 'Ap,

o
(c) 1 T -1 h
gz”ApyHOO 11— Tslly H(T;@y) Af’yh’Hm

(d) -1 .
22 [z 17~ Tl [ an, e 0]

where the key steps are:
e (a): Woodbury identity.
e (b): Holder’s inequality.

e (c): T = Tngk@y and triangle inequality

e (d):

H[: k@ y) = Ay g, Ap, H: k@ y]

&(Tyg,) " Ap, Hl k@ y] = Ap, H[: k2 y).
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Wrap-up Combining the upper bounds of Term-1 and Term-2, we have (recovering

full notations)
‘ (ea = ea)T (AZHET) Ap,R)| — [(ea — ea) T (ALN(TL,) " Ap,h) | ‘

<2||A;)

Nap Bk 2y, (A7 A, - D|_ITsl, + 12 - Tl
=2||az)] Nan B k@l (47045 — D [Tee T, | + 7 - T Ti )

o~ o~

Denote by Azg; = |Hla,k ®y| — H[d', k ® y]| the calibrated disparity and
AZ’;; = |H[a,k ® y| — H[@', k ® y]| the clean disparity between attributes @ and @’ in

the case when f(X) =k and Y = y. We have

‘KEOd(ﬁ’ f) - AEOd(D’f)‘

1 N a,a’
SM(M—I)K2~~ Z ‘Ak®y_Ak®y
a,a’ €[M),k,ye[K]

2 _
<= > 2|an|lAn HE k),

kye[K]

—1 F—1 -1
(4720 - D] B |, + 1 - BT, )

The above inequality can be generalized to DP by dropping dependency on y

and to EOp by requiring k=1 and y = 1.
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D.3.5 Proof for Corollary 7

Proof. Consider DP. Denote by H[:,k = 1] = [h,h]". We know § = |h — I'|/2 =

APP(D, f)

A;lHOO =1/p and
|ApH:, k]|, = max(ph, (1 —p)h').

Recall

e(Th, p) == | A, Ap — I TR T o + 1T =TT

By requiring the error upper bound in Theorem 18 less than the exact error in Corollary 6,

we have (when k = 1)

AL AR H: K e(Th, p) < 6+ (e1 + e2)

~ d-(e1 +e2)
Se(Ty,p) <
ToP) = e A K
se(Ty,p) < 0-(e1+es)

max(h, (1 —p)h'/p)

If p = 1/2, noting max(h, ') = (Jh + h'| + |h — h'|)/2, we further have (when k = 1)

(T p) < |h — h’] (e1+e) erter  erfe
P pEa hth/

To make the above equality holds for all k € {1,2}, we have

(Tk7p> < Iél{al 2}4 61”1—’{_[6]3/]” )
L+ 5o (. 1)

vk € {1,2}.
D.3.6 Differential Privacy Guarantee

We explain how we calculate the differential privacy guarantee.
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Suppose P(A =a|lA =a,X)<1—¢ and P(A=a|A =d,X) > €,VX,a €

[M],a" € [M],a # a’. Then following the result of [53], we have

P(RandResponse(a) = a) < P(A = a4 = a, X) o Iax P(A=alA=a,X) < 1—ep
P(RandResponse(a’) =d) ~ P(A=alA=a/,X) ~ min P(A=alA=a,X) @
=e".

1—e€g
€1

1—¢g
€1

Then we know ¢ = In( ). In practice, if proxies are too strong, i.e., In( ) is too
large, we can add additional noise to reduce their informativeness and therefore better
protect privacy. For example, when we add 40% of random noise, the the corresponding
privacy guarantee is at least 0.41-DP. To get this value, noting the proxy model’s accuracy
of individual feature is not clear, we consider a native worst case that the model has

an accuracy of 1 on some feature. Then by adding 40% of the random noise (random

response), we have

—-04
0.4

e=1In

<0.41,

corresponding to at least 0.41-DP.

D.4 More Discussions on Transition Matrix Estimators

In this section, we extend HOCFair to a general form which can be used for
EOd and EOp. For readers who are interested in details about HOC, we have provided
more details in Chapter 2. We also encourage the readers to read the original papers
[230, 231].

Consider a general fairness metric depending on both f(X) and Y. According
to the full Version of Theorem 17 in Appendix D.3.2, we need to estimate Tyg, and p,,
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Vk € [K],y € [K]. We summarize the general form of HOCFair in Algorithm 10. In this
general case, our Global method in experiments adopt T, ~ T and Dy = Py, Vy € [K].
For example, considering EOp with binary attributes and binary label classes, we will
estimate 4 noise transition matrices and 2 clean prior probabilities for Local, and 1 noise

transition and 2 clean prior probabilities for Global.
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Algorithm 10 StatEstimator: HOCFair (General)

1: Input: Noisy dataset D. Target model f.
# Get the number of noisy attributes (i.e., # proxy models)
2: C < #Attribute(D)
# Get 2-Nearest-Neighbors of x,, and save their attributes as x,,’s attribute
3: if C < 3 then
4 Ay, (@b, ,@°))|n € [N]}+Get2NN(D)
5 D {(@n,yn, @y, ,@0))n € [N}
6: end if
# Randomly sample 3 noisy attributes for each instance

7. {(ak,a2,a3)|n € [N]} + Sample(D)

n»-'ny'n

# Get estimates Ty ~ T and PP

s: (T,p) + HOC({(al,a2,a3)|n € [N]})
# Get estimates Thgy ~ Thay, and p, = P,
9: for y € [K] do
10: (Thay, Py) + HOC({(ak,a2,a3)n € [N, f(zn) = k,Y =y}), Vk € [K]

11: end for

# Return the estimated statistics

12: Output: T, {Tiy | k € [K],y € [K]},{p, | y € [K]}
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