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‘”Following a partially ccnserved axial-vector current (PCAC)’
i"hypothesis, we assume that any matrix elements of divergence of the
'axial-vector current (8 a ) satisfy unsubtracted dispersion relations
(UDR). «We shall show.thatva combined use of UDR with PCAC, due to»
'Nambu,l'leads tc a very small wave-function renormalitation ccnstant;-:
- of the pion field (Z5 << 1), where an additionel condition for fCAC”
. is necessary to‘dbtain the case Z5 = C. The pclology version of 'PCAC
due to Gell-Mann and'otherse‘ does.not generally lead” to such a B
Iconclusion, although both ver51ons give the same Goldberger-Treiman
(G-T) relation,h (One can'seea however;-that in the one-channel
approximeticn or-in the unitary symmetric.limit both versions are -
equivalent ) A model of PCAC (B a .? const ﬁ ) pr0posed by Gell—Mann
and Levyj contradicts UDR. But their mocel can always be modified 50
- as to be equivalent to the polology or Nembu's versionrof‘PCAC. We |
treat weak interactions in lewest crder and neglect ali electromagnetic
corrections. We do not assume time-reversal inveriance in weak‘

f-interacticns.
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‘Let us define F, the invariant amplitudé for the m-p
decay, by .

*

e M oy - Fradfr, @

- where 2, denotes the axial-vector current, g 1s the four-momentum
- of the pion, and u .is the pion rest mass. The off-shell amplitude

’F(é = qe) is assumed to satisfy UDR,

F(S) = -]; ds' A—!E—?——M . i . (2)
. 7 s'='8 b .
, 2 ,
Ou
The absorptive part 6f-‘F(s) is given by
embe F(s) = xD (07 lsm) (anlda o) sa-a) s ()
e : “n 14 AN VA V! A\, - . : ‘
where ‘Jﬂ is the source of the pion field, and n denotes all the
variables other than s }'_By.sumﬁing up over spins and separating out
. , ‘ : i \ | ;
. kinematical factors, Eq. (3) can be written as
i niiinke : o :
. s . .
s Abs F(s) = n}n:lgm(s) pm(s) fm(s)
= ngl(s)o(s) £(s) - . (W)

!
4
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in the sense of matrix notation; Here the two invariant amplitudes;'

g(s) and f(s), represent virtual dissociation of the pionvinto

S
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. intermediate states and their annihilation into a lepton pair,
 respectively; p(s) i5akinematical factor..
The amplitudes, G(s) and: f(s), are assumed to satisfy

-the following dispersion relations, respectively:

| ' 2 ¢ ," ! | ' 1 - . |
g(s) = g+ F Jf‘ as' Tﬁ(f )g(s ?g(sA)v_’). \ )
. . 9}&2 (s -l )(s -s) .
R 2 o | e o
Coee) = A me ek e TlelED, ()
. ‘ L -8 . 9!-1-2 o .

)

.‘.- . ) l : . ] . ' ) @.

where T(s) is the scattering amplitude in the pseudoscalar sector, -
and f(s) has been written in the unsubtracted form in accordance

with the ' PCAC hypothesis. The solutions of Egs. (5) and (6) are

' given by
‘:h y ‘ -1 ' . . | . o ‘
! g(s) = D7 (s) glo), (7)
o _ 2 . ‘
£(s) = e(s).- 5 Fels), '- - (8)
; IR Al o : :
where

e(s) = D'l(s)-[f(o).-'F g(o>]
- o) -Fel), (9)

c(s) = DM(s) £(o) ‘ @)
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Here D(s),‘normalizedhﬁbfneat's = 0, is the denominator function
of T(s) 1in the. N/D method, but it has no poles and its'detérminaht
has no zeros. The second term in (8) is a special solution of

Eq. (6), while e(s) 1is a solution of the homogeneous equation of
"Eq. (6), normelized at s = O.

If the pole term in (8) dominates for small s, we get the ‘
"~ G-T relation f(o) = F g(o) .

-~

This is the polology version> of
+ 'PCAC. The G-T relation follows also from Nambu's versio 1

n~of PCAC
defined by
A i
. . a-
- a(s) = Fe(s),: (11)
' which becomes rigérous at the high-energy limitf{ lim"e(S) = O].
. : : ; o S0 '
More precisely, Eq. (11) means
IF g(s)] > le(s)| for ail s . (12)
Ir G(s) = F g(s) for all s, we have
. I. u2 . .
£(s) = -—5 Fgls) , (13)
. - s-u S
a result known to Gell-Mann and LeVy,sl who conjectured the relation
da. = PErg , (1k)
TROH 7’ c o , '

from which Eq. (13) immeédiately follows.
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But Eq. (13) contradicts Eq. (2), because, after - inserting Eq. (13)
‘into Eq. (2) and puttlng g ug:, what we get is F=0. So,
we must abandon this case. Equation (14) should be modified as

R | o L
de, = “~Fﬁr+33 | (15)

' from which the pblology;or.Nambu's'version,bf‘ PCAC .always follows -

'?undep'an appropriate condition for R:.. Both .versions of PCAC give

the same G-T relation, but they are generally not equivalent to
o - 1

7 o o .

Now we show, using Egs. (2).and (12), that Z5 must be

much smaller then one. For this purpose we recall the formuleae

(s-?) o(s) = T [Golg Js,m) [* 8%(a;- @)
- g e, a8
_z{czﬂlc[mG@), . - (17)

where o(s) 'is the Lehmann weight function for the pion propagator.

A similar function 7(5) will be introduced by

e S o
(s-4®) 7(e) = efe)pls)ots) . (8)



.
Then Abs F(s) can be written in terms of these functions,

o : ' 2
s Abs F(s) = n(s-i2) [7(‘s)-- Fo(s) -

2 | R B
RO N CORNNS

S-H

Substituting Eq. (19) into Eq.(2) and putting s = W ve have8’9v

. In Eqs.‘(2) and (20) the convergence.éondition 1s necessary :

2

o(s)] .t

) -"Fc(sl‘)]/[ Jés

.

lim  so(s) [7(5)/b<s>_-,F] - 0. (21)
s»® o .
Thereféf; we must éénsider‘two éaées:.: ;
Case A:  lim sd(sj‘ = 0.
- s-00 :
fhis means- 23 1s fini%e. ‘Let us rewrite-(iz)jin terms 
.of c(s)_ and 7y(s): - ' _; o - | o
22, '. | |
(s-n") lr(s)-Fo(s)| = lg*‘(s)p(s) e(s)]
s L e, <s)| ley(8)] o () << I7] }‘ g, (5)1% o (s)
. m
. 52 - . , 7
= (s=u7) [Pl o(s) . | (22)



= Then we have the following inequality:

of PCAC. 1In order to get the case Z

-7-

S

| e "‘.2 \
N 7| 'svfds SRy (s) -Fc(s)]/ [l +fds,‘—ls— o.(s)j

\
‘This means that Z5

| R - 2! i . o) L
- , r T o

<< JF].j”ds Ssu a(s) / |1 f;[ids %; c(s)],. - (23)

. . . v A 1 »i

“whilch reduces to ' -
N - R ;

1<1+{ads —S— o(s) <<;l-ds o(s). : (2k)

! : ‘ o : e

must be much smaller than one, but does not

vanish.:y

Case B: lim so(s) % 0.
s5—m .

- Thils means Z, vanishes. TFrom the éonvergence condition -

3

(22) we must have & relation

R CLC R @)

S->Q0

which can be regarded as an additionél cbndition for Nembu's version

5 = 0, this.additional condition

1s necessary; Tt is.WOrthWhile;to'note ﬁhat in the one-channel

'apprOXimaﬁion EQ.(QS) reduces to F = £(0)/g(0). This means

e(s) = 0, and contradicts Eq.(2). This difficulty has already.

=



-8-

 been pointed out by;many authors,lo and it hag_beenAshown réCenﬁly
; by ida8 that this difficulty is due tq.the inadeqpape one-éhannel
approximation.‘ ) | .

. Ir f£(s) vdoés not vanish at high-energy;limiﬁ, f(s)
,mﬁst'satisfy'the,once subtracted dispersion relation_instéad of
. Eq. (6);_ But even»in this case we have the same solution as'(8),A
'éndvcdﬁclusions obtained above never change,'aé long as we adopt

UDR for ‘the -y decay amplitude.

I would like to ex?ress my sincere thanks to Dr. X.‘Fujii,-

-.Dr. M. Ida, and Dr. W. Rarita for useful dlsciissions. fhanks@are-
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