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Abstrac t 

Systematicity, the ability to represent and process stnicturally 
related  objects ,  i s  a  significan t  an d pervasiv e propert y o f  cogni -
tiv e behaviour ,  an d clearl y eviden t  i n language .  I n th e cas e o f 
Connectionis t  model s tha t  lea m from  examples ,  systematicit y 
i s  generalizatio n ove r  example s sharin g a  conmio n structure . 
Althoug h Connectionis t  model s (e.g. ,  th e recurren t  networ k an d 
it s variants )  hav e demonstrate d generalizatio n ove r  structure d 
domains ,  ther e ha s no t  bee n a  clea r  demonstratio n o f  stron g sys -
tematicit y (i.e. ,  generalizatio n acros s syntacti c position) .  Th e 
tenso r  ha s bee n propose d a s a  wa y o f  representin g structure d 
objects ,  however ,  ther e ha s no t  bee n a n effectiv e learnin g mech -
anis m (i n th e strongl y systemati c sense )  t o explai n ho w thes e 
representations  ma y b e acquired .  I  addres s thi s issu e throug h 
an analysi s o f  tenso r  learnin g dynamics .  Thes e idea s ar e the n 
implemente d a s th e tensor-recurren t  networ k whic h i s show n 
t o exhibi t  stron g systematicit y o n a  simpl e languag e task .  Fi -
nally ,  i t  i s  suggeste d tha t  th e propertie s o f  th e tensor-recurren t 
networ k tha t  giv e ris e t o stron g systematicit y ar e analogou s t o 
th e concept s o f  variable s an d type s i n th e Classica l  paradigm . 

Introduction 

Systematicit y i s th e abilit y  t o represen t  an d proces s struc -
turall y relate d object s suc h a s sentence s i n th e languag e do -
mai n (Fbdo r  &  Pylyshyn ,  1988) .  I n th e cas e o f  Connectionis t 
model s tha t  lea m fro m examples ,  systematicit y  i s gen^aliza -
tio n ove r  object s sharin g a  c o m m o n structure .  Th e edacit y 
t o generaliz e ove r  structurall y relate d object s i s clearl y evi -
dent  i n languag e wher e suc h a  vas t  numbe r  o f  sentence s ar e 
understoo d fro m relativel y fe w examples . 

The Classica l  explanatio n fo r  systematicit y i s tha t  cogni -
tio n i s a  proces s o f  constructin g an d manipulatin g symbo l 
structures .  Thus ,  th e abilit y  t o proces s a  particula r  symbo l 
structur e extend s automaticall y t o al l  sentence s conformin g 
t o tha t  structure . 

Connectionism ,  b y contrast ,  attempt s t o explai n cognitiv e 
behaviou r  a s a n emergen t  propert y o f  numeri c (non-symbolic ) 
processes .  I t  ha s bee n th e preoccupatio n o f  Connectionist s 
wit h tryin g t o find  th e 'right '  numeri c processe s tha t  ha s lea d 
t o th e stron g criticis m o f  Connectionis m a s a  vali d framewor k 
fo r  cognitiv e theorie s (Fodo r  &  Pylyshyn ,  1988) .  Essentially , 
th e Classica l  argumen t  i s that ,  withou t  symbo l  structure s an d 
structur e sensitiv e processe s on e canno t  demonstrat e system -
aticit y an d therefore ,  on e canno t  provid e a n adequat e accoun t 
of  cognitiv e behaviour .  Se e Fodo r  an d Pylyshy n (1988 )  an d 
Fodor  an d McLaughli n (1990 )  fo r  th e detail s o f  thi s argument . 

Despit e thi s pessimisti c conclusion ,  Connectionist s hav e 
provide d model s tha t  generaliz e ove r  structure d domains . 

For  example ,  Elman' s (1990 )  simpl e recurren t  networ k an d 
Pollack' s (1990 )  recursiv e auto-associativ e m e m o r y correctl y 
proces s sentence s no t  presen t  i n th e trainin g set .  T h e questio n 
is ,  doe s thi s degre e o f  generalizatio n constitut e systematicity ? 

Hadle y (1994 )  conclude s A^o .  Hi s conclusio n wa s base d o n 
a close r  examinatio n o f  si x models ,  whic h included :  McClel -
lan d an d K a w a m o t o (1986) ,  Chalmer s (1990) ,  E lma n (1990) , 
Pollac k (1990) .  Smolensk y (1990) ,  an d St .  Joh n an d McClel -
lan d (1990) .  Al l  si x model s faile d t o provid e clea r  demon -
stration s o f  wha t  Hadle y terms ,  stron g systematicit y (gener -
alizatio n acros s syntacti c position)' ,  fo r  tw o reasons .  Either , 
th e trainin g set s i n al l  probabilit y  containe d word s i n al l  po -
sitions ;  or ,  representation s o f  word s wer e suc h tha t  th e mode l 
presuppose s knowledg e o f  syntacti c categories ,  whic h beg s 
th e questio n o f  wher e di d thi s knowledg e c o m e fro m i n th e 
first  place .  Se e (Hadley ,  1994 )  fo r  mor e detaile d arguments . 
Thi s secon d poin t  ca n als o b e m a d e wit h regar d t o th e wor k 
of  Niklasso n (1993) . 

Althoug h i n eac h case ,  wit h th e exceptio n o f  Niklasson , 
th e modeler s wer e no t  attemptin g t o demonstrat e stron g sys -
tematicity ,  th e resul t  suggest s a  c o m m o n limitatio n o f  thes e 
models .  Subsequent ,  analysi s o f  th e informatio n require d t o 
correctl y positio n hyperplane s i n first-order  feedforwar d an d 
recurren t  networks ^  showe d tha t  suc h network s wer e unlikel y 
t o demonstrat e stron g systematicit y w h e n give n n o a  prior i 
assumption s abou t  wor d leve l  similarit y (Phillips ,  1994) .  I n 
bot h cases ,  ther e i s a n independenc e betwee n th e weight s 
tha t  m ^  componen t  object s occurrin g i n on e positio n an d th e 
weight s tha t  m a p th e sam e object s occurrin g i n othe r  posi -
tions .  Consequently ,  t o lea m th e m o p i n g th e network s must , 
i n general ,  se e componen t  object s i n al l  positions .  Thi s resul t 
als o eqjplie s t o th e abov e models ,  excep t  th e tensor ,  an d th e 
model s o f  Brouss e an d Smolensk y (1989 )  an d Phillip s an d 
Wile s (1993) . 

Give n th e lac k o f  stron g systematicit y wit h curren t  networ k 
models ,  i t  i s  therefor e importan t  t o investigat e alternativ e net -
wor k architecture s wit h a  goa l  o f  exhibitin g stron g systematic -
ity .  I n thi s paper ,  th e tensor-recurren t  networ k i s presente d 
wit h th e motivatio n o f  addressin g th e issu e o f  stron g sys -
tematicity .  Th e tensor-recurren t  networ k i s teste d fo r  stron g 
systematicit y o n a  simpl e languag e task .  T h e propertie s o f 
th e networ k tha t  allo w stron g systenaaticit y ar e discussed ,  an d 
finally,  som e concludin g remark s ar e m a d e regardin g th e re -
lationshi p o f  th e networ k t o th e Classica l  paradigm . 

'  Fo r  example ,  correc t  processin g o f  th e sentenc e Mar y love s Joh n 
havin g onl y eve r  see n Joh n i n th e agen t  position . 

^Network s withou t  multiplicativ e weigh t  terms . 
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T h e tensor-recurren t  n e t w o r k 

Th e simples t  tas k wher e i t  i s  possibl e t o demonstrat e gener -
alizatio n acros s positio n require s a  networ k t o recove r  upo n 
reques t  th e first  o r  secon d argumen t  o f  a  binar y relatio n (or -
dere d pair) .  Mathematically ,  performin g thi s tas k correctl y 
means implementin g a  functio n (/ )  define d as : 

/(Qi.(x.,x,) ) 

fiQ2,{Xi,Xj)) 
Xi , 

wher e Q \  an d Q 2 ar e questio n vector s requestin g th e firs t  an d 
secon d argument s respectively ;  an d X i  an d X j  ar e element s 
of  a  se t  o f  atomi c object s (i.e. ,  n o interna l  structur e no r  a 
prior i  similarity )  tha t  togethe r  for m a n ordere d pair .  I f  ther e 
ar e N  atomi c object s the n ther e ar e // ^  distinc t  ordere d pairs , 
and therefor e th e domai n o f  /  i s  a  se t  o f  2N' ^  objects .  A 
networ k i s sai d t o exhibi t  stron g systematicit y i f  i t  ca n lear n 
t o represen t  th e functio n withou t  havin g see n ever y objec t  i n 
bot h positions .  Subsequen t  analysi s o f  networ k propertie s fo r 
demonstratin g stron g systematicit y wil l  refe r  t o thi s function , 
however ,  th e analysi s i s easil y extende d t o relation s (tuples ) 
of  highe r  order . 

Smolensk y (1990 )  showe d h o w a  tenso r  ca n b e use d t o rep -
resen t  structure d object s b y th e su m o f  th e oute r  product s o f 
vecto r  pairs ,  th e fixst  o f  whic h represent s a  componen t  ob -
ject ,  an d th e secon d o f  whic h represent s th e rol e (o r  relation -
ship )  o f  tha t  componen t  t o th e structure d object .  Furthermore , 
provide d th e choic e o f  rol e vector s i s orthogonal ,  eac h com -
ponen t  m a y b e extracte d fro m th e tenso r  representatio n b y 
performin g th e irme r  produc t  o f  th e correspondin g rol e vecto r 
wit h th e tenso r  vector .  However ,  Smolensky' s (1987 )  recir -
culatio n algorith m fo r  determinin g th e role s i s essentiall y  a 
three-laye r  feedforwar d networ k simila r  t o th e network s o f 
Brouss e an d Smolensk y (1989 )  an d Phillip s an d Wile s (1993 ) 
whic h Phillip s (1994 )  showe d wa s unlikel y t o exhibi t  stron g 
systematicity . 

I f  on e assume s th e tenso r  a s par t  o f  th e network' s architec -
tur e the n ther e ar e thre e learnin g issue s tha t  mus t  b e addressed . 
The y are ,  a n accoun t  o f  h o w componen t  representations ,  rol e 
representation s an d acces s representation s (i.e. ,  th e vector s 
tha t  whe n applie d t o th e tenso r  b y a n inne r  produc t  retur n 
th e desire d componen t  representation )  ar e acquire d throug h 
learning .  I n eac h case ,  thes e thre e issue s ar e addresse d i n 
th e tensor-recurren t  networ k b y th e principl e o f  erro r  back-
propagatio n (Rumelhart ,  Hinton ,  &  Williams ,  1986) .  Tha t  is , 
by backpropagatin g a n erro r  signa l  whic h i s a  functio n o f  th e 
diff^enc e betwee n th e desire d outpu t  an d th e actua l  output . 
Th e nove l  featur e o f  thi s networ k i s tha t  b y backpropagatin g 
th e erro r  signa l  throug h th e tenso r  unit s component ,  rol e an d 
acces s vecto r  representation s ar e learn t  i n respons e t o th e de -
mands o f  th e ta^ .  Th e explanatio n fo r  th e motivatio n fo r  thi s 
networ k tha t  follow s refer s t o th e graphica l  descriptio n o f  th e 
networ k whic h i s give n i n Figur e 1 . 

Component representations 

The tenso r  schem e assume s som e representatio n o f  compo -
nent s whic h ar e boun d (b y a n oute r  product )  t o a  representa -

tio n o f  thei r  associate d roles .  Th e oute r  produc t  o f  vector s V 

and W i s define d as :  Ti j  =  Vi.Wj ,  wher e Ti j  i s  th e tth-ro w 

jth-colum n elemen t  o f  th e resultin g rank- 2 tenso r  f \  an d V i 

and W j  ar e th e it h an d jt h element s o f  vector s V  an d l̂ . 
respectively .  B y applyin g th e inne r  produc t  o f  th e rol e vecto r 
and th e tenso r  representation ,  th e origina l  componen t  repre -

sentatio n ca n b e extracted .  Th e inne r  produc t  o f  tenso r  f 

wit h vecto r  W i s define d as :  K  =  J^ f  Ti j  . W j ,  wher e K  i s 

th e it h elemen t  o f  th e resultin g vecto r  V ;  Ti j  i s  th e tth-ro w 

jlh-colum n elemen t  o f  tenso r  T ;  an d W j  ar e th e jt h elemen t 

of  th e //-dimensiona l  vecto r  W . 
A tenso r  representatio n schem e assume s tha t  th e inpu t  an d 

outpu t  modalitie s (i.e. ,  objec t  representations )  ar e th e same . 
However ,  th e inpu t  representatio n o f  a n object ,  fo r  exampl e 
John ,  coul d b e a  strin g o f  letters ,  wherea s th e outpu t  repre -
sentatio n coul d b e a  sequenc e o f  phonemes . 

Thi s issu e i s addresse d i n th e tensor-recurren t  networ k b y 
requirin g th e networ k t o auto-associate ^  th e input .  Auto -
associatio n i s achieve d b y mappin g th e inpu t  t o a  se t  o l  hidde n 
units ;  performin g th e oute r  produc t  o f  th e resultin g vecto r 
wit h th e generate d rol e vector ;  addin g th e resul t  t o th e curren t 
representatio n hel d i n th e tenso r  units ;  performin g th e inne r 
produc t  o f  th e resultin g tenso r  representatio n wit h th e sam e 
rol e vector ;  an d finally,  nu4)pin g th e resul t  represente d a t  th e 
inne r  produc t  unit s t o th e outpu t  units .  I n th e cas e wher e th e 
rol e vector s ar e mutuall y orthogona l  an d o f  lengt h 1 ,  the n b y 
th e tw o mathematica l  laws :  { v ® w ) Q w =  v,i i  \\w\ \  =  1 , 

and { v ®  w )  Q  z  =  6,i i  w  L  z ,  th e vecto r  representatio n a t 
th e hidde n unit s wil l  b e th e sam e a s th e vecto r  representatio n 
at  th e inne r  produc t  units .  Consequently ,  th e networ k wil l 
act  lik e a  three-laye r  feedforwar d network ,  whic h will ,  i n 
principle ,  allo w an y mappin g fro m inpu t  t o outpu t  (i.e. .  b e 
modalit y independent )  whe n erro r  i s backpropagate d from 
th e outpu t  unit s throug h th e tenso r  unit s t o th e inpu t  units .  I t 
i s  therefor e possibl e t o addres s situation s wher e th e inpu t  an d 
outpu t  representation s o f  a n objec t  ar e different ,  whic h i s th e 
cas e whe n subject s ar e aske d t o provid e verba l  description s 
of  scenes ,  fo r  example . 

Role representations 

The us e o f  a  tenso r  als o assume s th e existenc e o f  rol e vector s 
whic h mus t  b e mad e orthogona l  fo r  th e component s t o b e 
subsequentl y extracte d withou t  interference .  Rathe r  tha n rel y 
on externa l  agent s (whic h ultimatel y mus t  b e explained )  eac h 
rol e vecto r  i n thi s networ k i s generate d b y a n inpu t  vecto r  (vi a 
some transformations )  an d th e previou s stat e vecto r  (whic h i s 
currentl y hel d i n th e contex t  units)* .  Suppos e th e networ k ha s 
alread y bee n give n th e first  componen t  x\ ,  an d i s currentl y 
require d t o auto-associat e th e secon d componen t  x i  (i.e. ,  x i 
i s  th e curren t  target) .  Then ,  th e erro r  a t  th e outpu t  lay w is : 

E = \\x2-9{{f{£l)®Rl-\-fix2)®R2)eR2)\\ 

E =  \\x2-g{af{x,)^f{x2))\ l 

where / is the function from input to hidden units; g is the 
functio n fro m inne r  produc t  t o outpu t  units ;  x \  an d £ 2 ar e th e 
input/outpu t  representation s o f  th e first  an d secon d compo -

nent  objects ,  respectively ;  ̂ 1 an d R 2 ar e th e respectiv e rol e 

^  I n th e sens e tha t  i t  i s  associatin g th e sam e object ,  bu t  wit h 
potentiall y differen t  inpu t  an d ou^u t  representations . 

Êssentially ,  thi s par t  o f  th e networ k i s th e sam e a s Elman' s 
(1990 )  simpl e recurren t  network . 
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vectors ;  and ,  a  i s jus t  th e do t  produc t  o f  R i  an d R2 ,  respec -
tively .  Thus ,  erro r  E  goe s t o zer o ( E -* •  0 )  whe n a  - •  0 , 
That  is ,  whe n th e tw o rol e vector s ar e orthogonal ,  assumin g 
gifih) )  =  X 2 (i.e. ,  th e networ k ha s learn t  t o auto-associat e 
th e X 2 component) . 

Access representations 

GivMi  tha t  th e tenso r  hold s a  representatio n o f  a  structure d 
objec t  ther e remain s th e issu e o f  extractin g componen t  repre -
sentations ,  lypically ,  th e acces s vecto r  i s provide d b y som e 
externa l  agen t  a s th e rol e vecto r  t o whic h th e desire d compo -
nent  wa s associated .  However ,  i f  th e rol e vector s ar e generate d 
internally ,  the n ther e i s n o reaso n t o expec t  th e acces s vector s 
(supplie d a s input )  wil l  b e th e same .  Here ,  th e informatio n 
requestin g on e o f  th e component s presente d a t  th e questio n 
unit s i s m ^ p e d t o th e cu e units .  Th e inne r  produc t  o f  vector s 
at  th e cu e an d tenso r  unit s result s  i n a  vecto r  a t  th e inne r  prod -
uct  unit s whic h i s the n m ^ p e d t o th e outpu t  units .  Again , 
usin g th e principl e o f  erro r  backpropagation ,  th e appropriat e 
acces s vector s (a t  th e cu e units )  ar e learn t  b y backpropagatin g 
th e erro r  a t  th e outpu t  laye r  throug h th e tenso r  unit s t o th e 
questio n layer .  Suppos e th e tenso r  currentl y hold s a  represen -
tatio n o f  th e order& d pai r  (xi ,  12 )  an d a  reques t  i s mad e fo r 
th e first  component .  Then ,  th e erro r  a t  th e outpu t  layC T is : 

E = ||fl-<?((/(fl)®^l-h/(x2)®^2)0Ql)|| 

E =  \ \ x i - 9 i a f i x i )  +  Pfix2))\\ , 

where Qi is the question vector at the cue units; and, a and 

0 ar e th e do t  product s o f  Q i  wit h R i  an d R2 ,  respectively . 
Erro r  E  goe s t o zer o ( E —>•  0 )  whe n a  - •  1 ,  an d 0 — ^ 0 (i.e. , 
when th e questio n vecto r  i s coUinea r  wit h th e first  rol e vector , 
assumin g (/(/(fi) )  =  x u 

Evaluating the network 

The analysi s i n th e previou s sectio n assume d variou s learnin g 
principle s (e.g. ,  auto-associatio n o f  input s an d orthogonaliza -
tio n o f  rol e vectors) .  I n thi s section ,  thes e principle s ar e teste d 
on a  simpl e languag e task . 

l^sk 

I n thi s task ,  simpl e sentence s confor m t o th e structur e agent -
action-patient .  Eac h componen t  i s presente d t o th e networ k 
one pe r  tim e ste p afte r  whic h th e networ k i s give n on e o f  thre e 
possibl e questions :  W h o performe d th e action? ;  Whatwasth e 
action? ;  an d Wha t  wa s affecte d b y th e actio n ? ,  fro m whic h th e 
networ k shoul d respon d wit h th e agent ,  action ,  an d patient , 
respectively .  Fo r  example ,  th e inpu t  Joh n love s Mary .  W h o i s 
loved ? woul d b e a  sequenc e o f  fou r  vector s representin g John , 
loves ,  Mary ,  W h o i s loved ? (respectively) ,  an d presente d i n 
tha t  orde r  t o th e network .  A t  th e fourt h tim e ste p th e correc t 
respons e i s a  vecto r  representin g Mar y a t  th e outpu t  layer . 

The actio n an d patien t  component s ar e draw n fro m th e se t 
{Bill ,  John ,  Karen ,  M a r k ,  Vivian} ,  an d th e actio n componen t 
i s  draw n fro m th e se t  {calls ,  chases ,  loves} .  Al l  component s 
ar e encode d locall y (i.e. ,  b y orthogona l  vector s wher e on e 
uni t  ha s a  valu e o f  1  an d th e res t  0 ) .  T h e networ k i s sai d t o 
hav e demonstrate d stron g systematicit y i f  havin g onl y seen , 
fo r  example ,  M a r y i n th e agen t  positio n i n th e trainin g se t 
generaliz e t o case s wher e M a r y i s i n th e patien t  positio n i n 
th e tes t  set . 
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Figur e 1 :  T h e tensor-recurren t  networ k architecture .  Dotte d 
arrow s indicat e completel y connecte d modifiabl e weights .  I n 
thi s case ,  th e destinatio n unit s hav e tan h a s thei r  activatio n 
function .  Soli d arrow s indicat e fixed  connection s o f  weigh t 
I .  I n thi s case ,  th e activatio n functio n o f  th e destinatio n unit s 
i s th e identit y function .  T h e connectivit y o f  th e fixed,  weigh t 
1 connection s i s suc h a s t o implemen t  th e operato r  a s s h o w n 
(i.e. ,  inne r  product ,  oute r  product ,  an d copy) .  Parenthesize d 
value s indicat e n u m b e r  o f  unit s use d i n simulations . 

M e t h o d 

Each trial, starting firom a randomly initialized set of 
weights ,  consiste d o f  trainin g o n 2 0 randoml y generatin g sen -
tence/questio n sequences ,  an d testin g o n a  separat e se t  o f  1(X ) 
randoml y generate d sequences .  Importantly ,  sinc e general -
izatio n acros s positio n i s bein g tested ,  th e trainin g an d testin g 
distribution s ar e no t  th e sam e (i.e. ,  som e noun s shoul d no t 
appea r  i n bot h position s i n th e trainin g set ,  bu t  shoul d appea r 
i n th e tes t  set) .  Eac h wor d o r  questio n wa s presente d on e pe r 
tim e ste p wit h th e networ k activation s bein g rese t  t o zer o a t 
th e beginnin g o f  eac h sentence .  Th e networ k wa s traine d us -
in g th e standar d backpropagatio n algorith m (Rumelhar t  e t  al. , 
1986 )  usin g th e su m o f  square s erro r  functio n wit h a  learnin g 
rat e o f  0.1 ,  unti l  th e activatio n o f  ever y outpu t  unit s wa s withi n 
0. 4 o f  th e targe t  outpu t  fo r  al l  pattern s i n al l  sequences .  T w o 
criteri a wer e use d o n th e tes t  sequences .  A  correc t  respons e 
t o th e questio n vecto r  wa s considere d whe n 1 )  th e maximall y 
activate d outpu t  uni t  corresponde d t o th e uni t  wit h targe t  1 
(maximu m criterion) ;  an d 2 )  al l  outpu t  unit s wer e withi n 0. 5 
of  thei r  targe t  activations .  Th e amoun t  o f  overla p betwee n 
th e agen t  an d patien t  position s wa s varie d fro m 0  (n o nou n 
appeare d i n bot h positions )  t o 5  (ever y nou n appeare d i n bot h 
positions) .  O n eac h tria l  th e numbe r  o f  correc t  response s t o 
th e questio n i n th e tes t  se t  wa s recorded .  (NB .  Durin g th e 
tes t  phas e performanc e o n th e auto-associatio n o f  inpu t  wa s 
not  considered .  It s purpos e wa s t o encourag e th e formatio n 
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Figur e 2 :  Percentag e correc t  wit h varyin g degree s o f  overla p 
eac h average d ove r  5  trials . 

of  interna l  representation s durin g training ,  a s discusse d i n th e 
previou s section. ) 

Results 

Th e percentag e o f  correc t  response s t o th e questio n vecto r  o n 
th e tes t  se t  average d ove r  5  trial s i s give n i n Figur e 2 ,  wher e 
th e botto m dotte d lin e indicate s chanc e leve l  response .  Th e 
g n ^ h show s result s onl y fo r  noun-positio n combination s tha t 
di d no t  occu r  i n th e trainin g set .  Fo r  example ,  w h e n n o nou n 
appeare d i n bot h agen t  an d patien t  position s i n th e trainin g 
set ,  th e networ k achieve d 9 2 % accurac y ( m a x i m u m criterion ) 
an d 8 3 % (0. 5 criterion )  o n th e tes t  set .  W h e n thre e o r  mor e o f 
th e possibl e five  noun s appea r  i n bot h position s i n th e trainin g 
set ,  th e networ k wa s 1 0 0 % accurat e o n th e tes t  set . 

Discussion 

Th e poin t  o f  th e simulatio n wa s t o demonstrat e a  networ k 
tha t  coul d exhibi t  stron g systematicit y (i.e. ,  generalizatio n 
acros s position) .  T h e simulatio n result s showe d tha t  i t  wa s 
not  necessar y fo r  th e networ k t o hav e see n ever y nou n i n bot h 
position s i n th e trainin g se t  (i.e. ,  th e tensor-recurren t  networ k 
i s strongl y systemati c wit h respec t  t o thi s  task) . 

Stron g systematicit y wa s a  consequenc e o f  separatin g th e 
responsibilit y  fo r  representin g componen t  an d positio n infor -
mation .  Partly ,  thi s separatio n wa s du e t o th e architectur e 
whereb y componen t  informatio n wa s represente d (indepen -
den t  o f  it s  position )  a t  th e hidde n unit s an d positio n infor -
matio n wa s represente d (independen t  o f  it s  componen t  value ) 
at  th e rol e units .  T h e component-independenc e o f  positio n 
informatio n wa s encourage d b y th e bottlenec k unit s whic h 
attenuat e th e affec t  o f  th e curren t  inpu t  o n th e state . 

However ,  th e separatio n o f  componen t  an d positio n infor -
matio n wa s als o a  resul t  o f  th e network' s learnin g dynamics . 
Crucia l  fo r  correc t  extractio n o f  component s i s th e orthogonal -
izatio n o f  th e rol e vectors .  Tabl e 1  show s h o w wit h learnin g 
th e rol e vector s becom e progressivel y mor e orthogonal .  (Th e 
measur e bein g on e minu s th e do t  produc t  s o tha t  zer o implie s 
collinea r  an d on e implie s orthogona l  fo r  non-zer o vectors. ) 

Eve n afte r  100 0 epoch s o f  trainin g th e actio n an d patien t  rol e 
vector s wer e collinear .  However ,  the y wer e sufficientl y close ^ 
t o Orthogona l  b y epoc h 4900 .  Thi s tabl e show s tha t  befor e 
trainin g th e networ k wa s no t  systematic .  Th e coUinearit y 
of  th e agen t  an d patien t  rol e vectors ,  fo r  example ,  mean s 
tha t  th e networ k coul d no t  extrac t  th e associate d ver b with -
out  extractin g th e nou n i n th e patien t  position .  Therefore , 
th e stron g systematicit y exhibite d b y th e networ k wa s als o a 
consequenc e o f  training . 

Th e performanc e o f  th e networ k o n trainin g set s wher e 
les s tha n thre e object s appeare d i n bot h position s wa s wel l 
abov e chanc e level ,  bu t  i t  wa s no t  perfect .  Th e likel y caus e o f 
thes e error s wa s tha t  th e generate d rol e vector s wer e sensitiv e 
t o th e inpu t  value ,  a s wel l  a s th e position .  Fo r  example ,  i f 
th e rol e vecto r  resultin g from  Joh n i n th e first  positio n wa s 
significantl y differen t  fro m th e rol e vecto r  resultin g fro m Mar y 
i n th e first  position ,  the n cortec t  extractio n woul d requir e tw o 
differen t  first  positio n cu e vectors .  Bu t  i t  i s  no t  possibl e fo r  th e 
networ k t o generat e tw o differen t  vector s fo r  th e first  positio n 
cu e fro m th e sam e inpu t  question . 

Th e lac k o f  perfec t  generalizatio n raise s th e questio n o f  jus t 
what  degre e o f  generalizatio n acros s positio n i s desirable .  Fo r 
example ,  h o w m u c h overl y shoul d ther e b e i n th e trainin g 
set  befor e on e ca n expec t  generalizatio n acros s position ,  an d 
what  leve l  o f  generalizatio n shoul d w e the n expect ? I n th e 
cas e o f  th e tensor-recurren t  network ,  a  hig h degre e o f  gener -
alizatio n occurte d whe n ther e wa s n o overla p betwee n agen t 
an d patien t  positions .  Th e networ k als o generalize d t o noun s 
tha t  appeare d i n th e ver b position ,  whic h suggest s tha t  th e 
networ k wa s to o systematic . 

Thes e questions ,  whic h fal l  int o th e domai n o f  natura l  lan -
guag e acquisition ,  ar e no t  addresse d b y Hadley' s stron g sys -
tematicit y definition .  Th e importanc e o f  Hadley' s wor k ha s 
bee n t o identif y an d specif y a  qualitativ e degre e o f  generaliza -
tio n tha t  i s  eviden t  i n people ,  bu t  no t  i n previou s Connectionis t 
models ,  an d thereb y suggestin g tha t  ther e i s som e c o m m o n 
propert y lackin g i n thes e models . 

Phillip s (1994 )  argue d tha t  thes e model s lacke d a  depen -
denc y betwee n th e weight s tha t  implemen t  th e mappin g o f 
object s i n thei r  variou s positions .  Thi s dependenc y propert y 
was implemente d i n th e tensor-recurren t  networ k b y usin g 
th e sam e se t  o f  weight s tha t  m a p betwee n object s an d in -
terna l  representation s i n al l  positions ,  an d b y presentin g th e 
componen t  object s temporally .  Presentin g al l  component s 
spatially ,  suc h a s i n th e feedforwar d network s o f  Brouss e an d 
Smolensk y (1989 )  an d Phillip s an d Wile s (1993) ,  require s a 
differen t  se t  o f  unit s an d weights .  Th e independenc y betwee n 
thes e weight s mean s th e networ k mus t  se e al l  object s i n al l 
positions . 

Concluding remarks 

Th e propertie s sufficien t  t o demonstrat e stron g systematicit y 
wit h respec t  t o thi s sentence-questio n tas k were :  1 )  multi -
pl e copie s o f  interna l  representatio n subspace s provide d b y 
th e tenso r  s o tha t  learnin g t o represen t  a  componen t  i n on e 
subspac e automaticall y transfer s t o al l  othe r  subspaces ,  sinc e 

'it is not necessary that the role vectors be perfectly orthogonal 
sinc e th e non-linea r  activatio n functio n a t  th e ou^u t  laye r  mask s ou t 
residua l  vectors .  Similarly ,  th e acces s vector s a t  th e cu e unit s wer e 
not  th e sam e a s th e rol e vectors . 
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thes e subspace s ar e th e domai n an d co-domain s o f  function s 
realize d b y th e sam e se t  o f  weights ;  an d 2 )  th e facility ,  pro -
vide d b y th e inne r  produc t  operator ,  t o selec t  a  subspac e in -
dependen t  o f  th e representatio n i t  currentl y contains .  I n th e 
Classica l  paradigm ,  th e secon d propert y i s analogou s t o a 
variabl e wher e vector s i n th e tensor-recurren t  network' s rol e 
spac e ar e lik e variabl e identifiers ,  an d th e first  propert y i s 
analogou s t o a  typ e (i.e. ,  th e se t  o f  allowabl e instances) . 

Traditionally ,  variabl e identifier s hav e bee n discret e object s 
servin g onl y t o distinguis h on e variabl e fro m another .  Dis -
cret e object s are ,  i n general ,  no t  leamabl e b y a  hill-climbin g 
strateg y whic h require s a  continuousl y differentiabl e surface . 
What  i s interestin g abou t  th e tensor-recurren t  networ k solu -
tio n i s tha t  b y definin g variabl e identifier s (rol e vectors )  ove r 
a continuou s spac e th e identifier s wer e leamabl e b y a  hill -
climbin g stateg y whic h i s characteristi c o f  th e Connectionis t 
approac h t o th e acquisitio n o f  behaviour .  I t  suggest s ho w 
symboli c structure s ma y arise ,  i n par t  (a s th e inne r  an d oute r 
produc t  operator s wer e built-in) ,  ou t  o f  structur e insensitiv e 
processe s suc h a s gradient-descent .  However ,  th e tas k use d 
her e wa s ver y simple .  Th e exten t  t o whic h thi s i s possibl e 
wil l  depen d o n exhibitin g propertie s lik e stron g systematicit y 
i n mor e comple x domains . 

Table 1: Orthogonality between agent, action and patient role 
vector s measure d a s on e minu s th e do t  product . 

Updat e 
0 

100 0 
400 0 

agt-ac t 
0.3 2 
0.8 9 
0.7 0 

agt-pa t 
0.2 2 
0.9 6 
0.5 9 

act-pa t 
0.0 2 
0.0 0 
0.7 1 

aver . 
0.1 9 
0.6 1 
0.6 7 
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