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Abstract: We construct infraparticle scattering states for Compton scattering in the
standard model of non-relativistic QED. In our construction, an infrared cutoff initially
introduced to regularize the model is removed completely. We rigorously establish the
properties of infraparticle scattering theory predicted in the classic work of Bloch and
Nordsieck from the 1930’s, Faddeev and Kulish, and others. Our results represent a basic
step towards solving the infrared problem in (non-relativistic) QED.

I. Introduction

The construction of scattering states in Quantum Electrodynamics (QED) is an old open
problem. The main difficulties in solving this problem are linked to the infamous infra-
red catastrophe in QED: It became clear very early in the development of QED that,
at the level of perturbation theory (e.g., for Compton scattering), the transition ampli-
tudes between formal scattering states with charges and a finite number of photons are
ill-defined, because, typically, Feynman amplitudes containing vertex or electron self-
energy corrections exhibit logarithmic infrared divergences; [14,22].

A pragmatic approach proposed by Jauch and Rohrlich, [21,27], and by Yennie,
Frautschi, and Suura, [31], is to circumvent this difficulty by considering inclusive cross
sections: One sums over all possible final states that include photons whose total energy
lies below an arbitrary threshold energy € > 0. Then the infrared divergences due to
soft virtual photons are formally canceled by those corresponding to the emission of soft
photons of total energy below €, order by order in perturbation theory in powers of the
finestructure constant «. A drawback of this approach becomes apparent when one tries
to formulate a scattering theory that is e-independent: Because the transition probability
P€ for an inclusive process is estimated to be O(e?""-%), the threshold energy € cannot
be allowed to approach zero, unless “Bremsstrahlungs” processes (emission of photons)
are properly incorporated in the calculation.
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An alternative approach to solving the infrared problem is to go beyond inclusive
cross sections and to define a-dependent scattering states containing an infinite number
of photons (so-called soft-photon clouds), which are expected to yield finite transition
amplitudes, order by order in perturbation theory. The works of Chung [12], Kibble
[23], and Faddeev and Kulish [13], between 1965 and 1970, represent promising, albeit
incomplete progress in this direction. Their approaches are guided by an ansarz identi-
fied in the analysis of certain solvable models introduced in early work by Bloch and
Nordsieck, [2], and extended by Pauli and Fierz, [14], in the late 1930’s. In a seminal
paper [2] by Bloch and Nordsieck, it was shown (under certain approximations that
render their model solvable) that, in the presence of asymptotic charged particles, the
scattering representations of the asymptotic photon field are a coherent non-Fock rep-
resentation, and that formal scattering states with a finite number of soft photons do
not belong to the physical Hilbert space of a system of asymptotically freely moving
electrons interacting with the quantized radiation field. These authors also showed that
the coherent states describing the soft-photon cloud are parameterized by the asymptotic
velocities of the electrons.

The perturbative recipes for the construction of scattering states did not remove some
of the major conceptual problems. New puzzles appeared, some of which are related to
the problem that Lorentz boosts cannot be unitarily implemented on charged scattering
states; see [19]. This host of problems was addressed in a fundamental analysis of the
structural properties of QED, and of the infrared problem in the framework of general
quantum field theory; see [30]. Subsequent developments in axiomatic quantum field
theory have led to results that are of great importance for the topics treated in the present
paper:

i) Absence of dressed one-electron states with a sharp mass; see [4,28].
ii) Corrections to the asymptotic dynamics, as compared to the one in a theory with a
positive mass gap; see [3].
iii) Superselection rules pertaining to the space-like asymptotics of the quantized elec-
tromagnetic field, and connections to Gauss’ law; see [4].

In the early 1970’s, significant advances on the infrared problem were made for
Nelson’s model, which describes non-relativistic matter linearly coupled to a scalar field
of massless bosons. In [15,16], the disappearance of a sharp mass shell for the charged
particles was established for Nelson’s model, in the limit where an infrared cut-off is
removed. (An infrared cutoff is introduced, initially, with the purpose to eliminate the
interactions between charged particles and soft boson modes). Techniques developed
in [15,16] have become standard tools in more recent work on non-relativistic QED,
and attempts made in [15,16] have stimulated a deeper understanding of the asymp-
totic dynamics of charged particles and photons. The analysis of spectral and dynamical
aspects of non-relativistic QED and of Nelson’s model constitutes an active branch of
contemporary mathematical physics. In questions relating to the infrared problem, math-
ematical control of the removal of the infrared cutoff is a critical issue still unsolved in
many situations.

The construction of an infraparticle scattering theory for Nelson’s model, after
removal of the infrared cutoff, has recently been achieved in [26] by introducing a suit-
able scattering scheme. This analysis involves spectral results substantially improving
those in [16]. It is based on a new multiscale technique developed in [25].

While the interaction in Nelson’s model is linear in the creation- and annihilation
operators of the boson field, it is non-linear and of vector type in non-relativistic QED.
For this reason, the methods developed in [25,26] do not directly apply to the latter.
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The main goal of the present work is to construct an infraparticle scattering theory for
non-relativistic QED inspired by the methods of [25,26]. In a companion paper, [11],
we derive those spectral properties of QED that are crucial for our analysis of scattering
theory and determine the mass shell structure in the infrared limit. We will follow ideas
developed in [25]. Bogoliubov transformations, proven in [10] to characterize the soft
photon clouds in non-relativistic QED, represent an important element in our construc-
tion. The proof in [10] uses the uniform bounds on the renormalized electron mass
previously established in [9].

We present a detailed definition of the model of non-relativistic QED in Sect. II.
Aspects of infraparticle scattering theory, developed in this paper, are described in
Sect. I1I.

To understand why free radiation parametrized by the asymptotic velocities of the
charged particles must be expected to be present in all the scattering states, we recall a
useful point of view based on classical electrodynamics that was brought to our attention
by Morchio and Strocchi.

We consider a single, classical charged point-particle, e.g., an electron, moving along
a world line (¢, Z(¢)) in Minkowski space, with 7(0) = 0. We suppose that, for t < 0, it
moves at a constant velocity v;,, and, for ¢ > ¢ > 0, at a constant velocity Uyy; # Uin,
[Vour|» |Vin| < ¢, where c is the speed of light that we set equal to 1. Thus,

Z(t) =V -t, fort <0, (L.1)
and
Z(t) = Ty + Vpur - t, fort >rt, 1.2)

for some Z.

For times ¢ € [0, 7], the particle performs an accelerated motion. We propose to
analyze the behavior of the electromagnetic field in the vicinity of the particle and the
properties of the free electromagnetic radiation at very early times (f — —o00,“in”) and
very late times (+ — +00, “out”). For this purpose, we must solve Maxwell’s equations
for the electromagnetic field tensor, F*V(z, ), given the 4-current density correspond-
ing to the trajectory of the particle; (back reaction of the electromagnetic field on the
motion of the charged particle is neglected):

8MF’“’(t, 37) = J'(t, gj) (L.3)
with
I, 7)) = —q (89®F - 2(1), (1) 8D (G — 7)), (L4)

where, in the units used in our paper, g = 227)3a!/? (« is the ﬁnestructure constant).
We solve Eq. (1.3) with prescribed spatial asymptotics (]3| — 00): Let F p ](t ) be

a solution of (I.3) that, to leading order in || ~! (|| — o0), approaches the Liénard-
Wiechert field tensor for a point-particle with charge —g and a constant velocity vy, .
at all times.

Let us denote the Liénard-Wiechert field tensor of a point-particle with charge —g
moving along a trajectory (¢, Z(t)) in Minkowski space with 7(0) = 5: and 2(t) = v,
for all t, by F~ q(t ). Apparently, we are looking for solutions, F 5 ](t, ), of (1.3)
with the property that, for all times ¢,

7,

L = FL ] = o), (15)

.LULW
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as |y| — oo, for any Z. This class of solutions of (I.3) is denoted by €7, ,, . It is impor-
tant to observe that, by causality, the class %UL w 18 non-empty, for any vr.w., with
[vr.w.| < 1(= ¢). This can be seen by choosing Cauchy data for the solution of (I.3)
satisfying (I.5) at some time ¢y, e.g., fp = 0.

Let us now consider a specific solution, F ](t 1)), of Eq. (1.3) in the class G -
We are interested in the behavior of this solutlon at very early times (r < 0). We expect
that, for |y — Z(¢)| = o(|¢|),

Fy a6 9) = Fg'o (1,3) (L6)

[Vr.w.

(here the symbol ~ means up to a solution of the homogeneous Maxwell equation
decaying at least like 2) However, for |y — Z(t)| — oo,

Foy y 6 > Fg (1), (17)

[Vr.w.]

as quantified in (1.5).
We note that, by (I.1), F (t 1) solves Eq. (1.3), for times ¢ < 0. Thus,

Oh (.5) = Fg) (@.9) = F% (t.g)  1<0 (1.8)

solves the homogenous Maxwell equation, i.e., Eq. (I.3) with JV = 0. For t > t, we
expect that, for | — Z(¢)| = o(¢t),

N () = SN (%) (19)

[vp.w. ut

(here the symbol ~ means up to a solution of the homogeneous Maxwell equation
decaying at least like 2) But, for | — Z(t)| — oo,

Foy y 6 > Fg (1), (1.10)

[Vr.w.]

as quantified in (I.5). We note that, by (I.2), Eﬁ”aom (¢, ) solves Eq. (I.3), for times ¢ > 7.
Thus,

Gt (t.9) = Fl5 (.9 = Fi'5 (t,9)  t1>1 (L11)

[Vr.w.

solves the homogenous Maxwell equat10n
Next, we recall that ¢ (t 1), with as = in/out, can be derived from an electro-
magnetic vector potential, AL, by

Pus (1.4) = 3" Ay (1. 9) — 3" Al (1, 9). (1.12)

We can impose the Coulomb gauge condition on Al: Al = (0, Xas (t,4)), with V.
Ags(t,y) = 0. Tt turns out (and this can be derived from formulae one finds, e.g., in
[20]), that, to leading order in |g| ™" (|g}| — 00), Ags (2, ) is given by

- - d3k Ugs - £ - ik-gilk
Aus(t,y) == ? Z/ [ - 8E,Ae_lk.y+l|k|t rec
\/II 12 =50y )
v € kijilk
Lw. &7, 5, ok GHIklE } . (L13)

Lty [ £ {
ZA: Jikr LRz =spw. - b
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where k is the unit vector in the direction of k, and E,; o E,; _ are transverse polarization
. ~ = _ _ . =% . - _
vectors with & - &y = 0, =+, —, and 812’)\ Ei = Sy
The free field

M, ) = Phu (1, 7) — dL7 (1, 1) (1.14)

is the radiation emitted by the particle due to its accelerated motion, as t — oo. It is
well known that Egs. (I.6)-( I.13) can be made precise within classical electrodynamics
under some standard assumptions on the Cauchy data for the solutions in addition to the
condition in Eq. (I.5). We will see that analogous statements also hold in our model of
quantum electrodynamics with non-relativistic matter.

In this paper, we treat the quantum theory of a system consisting of a nonrelativ-
istic charged particle only interacting with the quantized e.m. field. The motion of the
quantum particle depends on the back-reaction of the field, and the asymptotic in- and
out-velocities of this particle are not attained at finite times. However, the infrared fea-
tures of the asymptotic radiation in the classical model, described above for a given
current, are reproduced in this interacting quantum model.

In fact, the set of classes 63 . w.» associated with different currents but at fixed VLW,
corresponds to one of the superselection sectors of the quantized theory; see e.g. [3].
In particular, the Fock representation, which is the usual (but not the only possible)
choice for the representation of the algebra of photon creation- and annihilation oper-
ators, corresponds to vy w. = 0. This implies that, in the Fock representation of the
interpolating photon creation- and annihilation operators, an infrared-singular asymp-
totic electromagnetic-field configuration must be present for all values of the asymptotic
velocity of the electron different from zero. In particular, after replacing the classical
velocities with the spectral values of the quantum operators v, /in» the background field
with 97 w. = 0 (given by (I.13)) corresponds to the background radiation described by
the coherent non-Fock representations of the algebra of asymptotic photon creation- and
annihilation operators labeled by U, Jins see also Sect. IILS.

I1. Definition of the Model

The Hilbert space of pure state vectors of the system consisting of one non-relativistic
electron interacting with the quantized electromagnetic field is given by

H = Ha @ F, (L.1)

where H,; = L%(R?) is the Hilbert space for a single electron; (for expository con-
venience, we neglect the spin of the electron). The Fock space used to describe the
states of the transverse modes of the quantized electromagnetic field (the photons) in
the Coulomb gauge is given by

o
F=F", rFO=cq, (I1.2)
N=0

where €2 is the vacuum vector (the state of the electromagnetic field without any excited
modes), and

N
FN = Sy ®b, N >1, (I1.3)
j=1
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where the Hilbert space §j of a single photon is
h = L>(R> x Z»). (1.4)

Here, R3 is momentum space, and Z; accounts for the two independent transverse
polarizations (or helicities) of a photon. In (II.3), Sy denotes the orthogonal projection

onto the subspace of ®j-v:1 h of totally symmetric N-photon wave functions, to account

for the fact that photons satisfy Bose-Einstein statistics. Thus, ™) is the subspace of
F of state vectors for configurations of exactly N photons. In this paper, we use units
such that Planck’s constant A, the speed of light ¢, and the mass of the electron are equal
to unity. The dynamics of the system is generated by the Hamiltonian

N N 2
(—iV;c + a‘/ZA(Sc))
H = 5 + H. (IL5)

The multiplication operator 7 € R? corresponds to the position of the electron. The
electron momentum operator is given by p = —i %;, a =1/137 is the finestructure con-
stant (which, in this paper, is treated as a small parameter), A(f) denotes the (ultraviolet
regularized) vector potential of the transverse modes of the quantized electromagnetic
field at the point Z (the electron position) in the Coulomb gauge,

Vi A@@) = 0. (IL6)

H/ is the Hamiltonian of the quantized, free electromagnetic field, given by
HI = Z/d3k |1€|a;’iA ag; . 11.7)
A==

where ag . and ag , are the usual photon creation- and annihilation operators, which
satisfy the canonical commutation relations

lag . @, 1 = 8 8k =K, (IL8)
laf . @, ,1=0, (IL9)

with a* = a or a*. The vacuum vector 2 obeys the condition

ag, 2 =0, (IL.10)

forallk e R¥and A € Zy = {+, —}.
The quantized electromagnetic vector potential is given by

. 2 T T
A = Z/@ £ {g,—ake Figr + sgke'kya;’k} , (IL11)
A

where §,; ., E]; , are photon polarization vectors, i.e., two unit vectors in R3 ® C satis-
fying =

gik.g%’u = S é.gm =0, (IL.12)
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for A, u = =. The equation k- 5,;’ ,, = 0 expresses the Coulomb gauge condition.
Moreover, B, is a ball of radius A centered at the origin in momentum space; A rep-
resents an ultraviolet cutoff that will be kept fixed throughout our analysis. The vector
potential defined in (IL.11) is thus regularized in the ultraviolet.

Throughout this paper, it will be assumed that A ~ 1 (the rest energy of an elec-
tron), and that « is sufficiently small. Under these assumptions, the Hamitonian H is
selfadjoint on D(Hp), the domain of definition of the operator

—.%7. 2 .
Hy = % + H . (IL13)

The perturbation H — Hy is small in the sense of Kato.
The operator measuring the total momentum of a state of the system consisting of
the electron and the electromagnetic field is given by

P = p+P/, (11.14)
where p = —i%i is the momentum operator for the electron, and
Pl=" / Ik kaf, ag, (IL15)
A=+

is the momentum operator for the radiation field.

The operators H and P are essentially selfadjoint on the domain D(Hp), and since
the dynamics is invariant under translations, they commute: [H, f’] = 0. The Hilbert
space H can be decomposed on the joint spectrum, R, of the component-operators of
P. Their spectral measure is absolutely continuous with respect to Lebesgue measure,

D
H :=/ Hpd>P, (IL.16)

where each fiber space H 3 is a copy of Fock space F.

Remark. Throughout this paper, the symbol P stands for both a variable in R? and a
vector operator in H, depending on the context. Similarly, a double meaning is also
associated with functions of the total momentum operator. (E.g.: In Eq. (IlL.1) E % is an

operator on the Hilbert space H, while in Eq. (III.3) it is a function of P e R? J)

To each fiber space ‘H p there corresponds an isomorphism
Iy : Hp — F, (I.17)

where F? is the Fock space corresponding to the annihilation- and creation operators

ik-Z —ikZ %

. N o ) * . o
bk))\, b/;)\, where bk,A is given by e ag 5 and b;’k by e aE’A, with vacuum Q¢ =

I3 (¢!, where Z is the electron position. To define /3 more precisely, we consider an
(improper) vector I/f( f. By € ‘H 5 with a definite total momentum, which describes an
electron and n photons. Its wave function, in the variables (Z; 121, el 12,1; Aoy An),
is given by

L A CTIPRERRERrS K, ), (IL18)
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where f is totally symmetric in its # arguments. The isomorphism / p acts by way of

I3 (ei(ﬁ_lzl_"'_];”)'%f(n)(/a, Mg : ]_én’ ) (I1.19)
1 3 3. o) (F g 7 % *
2\/7 Z /dklu-d kp [ (kg As e ’k”’)\")bla,kl...bzn,anf-
T ALy
(11.20)

The Hamiltonian A maps each fiber space H 3 into itself, i.e., it can be written as

®
3
H =/ Hpd’P, (I1.21)
where

Hp : Hp — Hp. (I1.22)

Written in terms of the operators b,—{* 2 b* , and of the variable f’, the fiber Hamiltonian

ko
Hp has the form

N N o\ 2
(P _ B! +a1/2A)

Hp = 5 + HT, (11.23)
where
- -
pPl=>" / Ikkby | by, (11.24)
A
H =" /cl3k|1?|b;cijA by ;. (11.25)
A
and
- d3k - .
A= Z/B = o5 ) (I1.26)
VAL
Let

_ .
S:={PeR®: P < §}. (11.27)

In order to give precise meaning to the constructions used in this work, we restrict the
total momentum P to the set S, and we introduce an infrared cut-off at an energy o > 0
in the vector potential. The removal of the infrared cutoff in the construction of scattering
states is the main problem solved in this paper. The restriction of P to S guarantees that
the propagation speed of a dressed electron is strictly smaller than the speed of light.
However, our results can be extended to a region S (inside the unit ball) of radius larger
than %
We start by studying a regularized fiber Hamiltonian given by

(P51 +a1/zga)2

¢ ._ f
HY = 5 + H (IL.28)
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acting on the fiber space H 3, for Pe S, where

. 4’k - -
iy / = o a5 (1129)
A Ba\Bo |k| ’ '

and where B, is a ball of radius o.

Remark. In a companion paper [11], we construct dressed one-electron states of fixed
. aj . . gj
momentum given by the ground state vectors \1/13 of the Hamiltonians Hﬁ , and we

: g7 . . . .
compare ground state vectors \If;" , \Ifﬁ", corresponding to different fiber Hamiltonians

e oo .
Hg’ , Hﬁ‘f with P # P’. We compare these ground state vectors as vectors in the Fock

space F”. In the sequel, we use the expression
Uj N crj/
% — ez (11.30)
as an abbreviation for
. o
1755 = 15 (W75 (IL31)

|| - |l stands for the Fock norm. Holder continuity properties of \I!% in o and in P are
proven in [11]. These properties play a crucial role in the present paper.

I1.1. Summary of contents. In Sect. III, time-dependent vectors y;, . () approximating
scattering states are constructed, and the main results of this paper are described, along
with an outline of infraparticle scattering theory. In Sects. IV and V, v,  (¢) is shown to
converge to a scattering state WZLZ/ """ in the Hilbert space H, as time ¢ tends to infinity.

This result is based on mathematical techniques introduced in [26]. The vector WZL:(Z/ in

represents a dressed electron with a wave function 4 on momentum space whose sup-
port is contained in the set S (see details in Sect. III.1), accompanied by a cloud of soft
photons described by a Bloch-Nordsieck operator, and with an upper cutoff x imposed
on photon frequencies. This cutoff can be chosen arbitrarily.

In Sect. VI, we construct the scattering subspaces H°“//!". Vectors in these sub-

spaces are obtained from certain subspaces, Fout/in, by applying “hard” asymptotic
. ([},L;,l /in
and AZ;”/ " oof asymptotic photon creation- and annihilation operators and asymptotic
electron observables, respectively, which commute with each other. The latter prop-
erty proves asymptotic decoupling of the electron and photon dynamics. We rigorously
establish the coherent nature and the infrared properties of the representation of A;L;f/ "
identified by Bloch and Nordsieck in their classic paper, [2].

In a companion paper [11], we establish the main spectral ingredients for the con-
struction and convergence of the vectors {\I!% }, as o tends to 0. These results are obtained
with the help of a new multiscale method introduced in [25], to which we refer the reader
for some details of the proofs.

In the Appendix, we prove some technical results used in the proofs.

photon creation operators. These spaces carry representations of the algebras A
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II1. Infraparticle Scattering States

Infraparticle scattering theory is concerned with the asymptotic dynamics in QFT
models of infraparticles and massless fields. Contrary to theories with a non-vanishing
mass gap, the picture of asymptotically freely moving particles in the Fock representa-
tion is not valid, due to the inseparability of the dynamics of charged massive particles
and the soft modes of the massless asymptotic fields.

Our starting point is to study the (dressed one-particle) states of a (non-relativistic)
electron when the interactions with the soft modes of the photon field are turned off. We
then analyze their limiting behavior when this infrared cut-off is removed. This amounts
to studying vectors ¥?, o > 0, in the Hilbert space 7 that are solutions to the equation

Ho Y = ESy°, (IIL1)

where H° = f ® o d3P, and E% is a function of the vector operator 15; E;’; is
the electron energy function defined more precisely in Sect. III.1. Since in our model
non-relativistic matter is coupled to a relativistic field, the form of EZ is not fixed by
symmetry, except for rotation invariance. Furthermore, the solutions of (III.1) give rise
to vectors in the physical Hilbert space describing wave packets of dressed electrons of
the form

v h) = / h(P)wsd*P, (IlL.2)

where the support of 4 is contained in a ball centered at P = 0, chosen such that
|VE;’3| < 1, as a function of P, i.e., we must impose the condition that the maximal

group velocity of the electron which, a priori, is not bounded from above in our non-
relativistic model, is bounded by the speed of light. (For group velocities larger than the
velocity of light, the one-electron states decay by emission of Cerenkov radiation.)

The guiding principle motivating our analysis of limiting or improper one-particle
states, ¥? (h) for o — 0, is that refined control of the infrared singularities, which push
these vectors out of the space H, as o — 0, should enable one to characterize the soft
photon cloud encountered in the scattering states. The analysis of Bloch and Nordsieck,
[2], suggests that the infrared behavior of the state describing the soft photons accompa-
nying an electron should be singular (i.e., not square-integrable at the origin in photon
momentum space), and that it should be determined by the momentum of the asymp-
totic electron. In mathematical terms, this means that the asymptotic electron velocity
is expected to determine an asymptotic Weyl operator (creating a cloud of asymptotic
photons), which when applied to a dressed one-electron state °=C(h) yields a well
defined vector in the Hilbert space . This vector is expected to describe an asymptotic
electron with wave function / surrounded by a cloud of infinitely many asymptotic free
photons, in accordance with the observations sketched in (I1.6)—(1.13).

Our goal in this paper is to translate this physical picture into rigorous mathematics,
following suggestions made in [15] and methods developed in [9,10,25,26].

I1.1. Key spectral properties. In our construction of scattering states, we make exten-
sive use of a number of spectral properties of our model proven in [11], and summarized
in Theorem III.1 below; (they are analogous to those used in the analysis of Nelson’s
model in [26]).
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We define the energy of a dressed one-electron state of momentum P by
E"ﬁ = inf specHg, Ep = infspecHp = E%:O. (111.3)

We refer to EZ as the ground state energy of the fiber Hamiltonian Hg. We assume that
the finestructure constant « is so small that

|%Eg| < Vpaz < 1 (111.4)

forall P € S := {}3 eR3: |13| < % }, for some constant v,,,, < 1, uniformly in o.
Corresponding to VE ‘[’3, we introduce a Weyl operator

. VECS
Wo(VES) := exp a%Z d3k”—PA-(§,;’Ab%‘A—h.c.) ., (IIL5)
/BB (k|28 (k) :
where
~ - k
- . _ . __
85 (k) =1 — VES v (11L.6)

actingon ’H 3, which is unitary for o > 0. We consider the transformed fiber Hamiltonian
o ._ ~ Al oWk (T RO
K5 = Wo(VEZHZ WG (VES). (I11.7)

‘We note that conjugation by W, (%E %) acts on the creation- and annihilation operators
as a linear Bogoliubov transformation (translation)

Ioa®) = _
ﬂ"*"—()AVEg B aws)
k1385 @ ’

O 0oy L # xopoy  pF 12
WU(VEI;)I)];’)L WO_(VE};) = bE,k o
where 1, A(/?) stands for the characteristic function of the set B \B,. Our methods
rely on proving regularity properties in o and P of the ground state vector, @‘;3, and of
the ground state energy, E %, of K ;’3. These regularity properties are summarized in the
following theorem, which is the main result of the companion paper [11].

Theorem IIL1. For P € S and for o > O sufficiently small, the following statements
hold.

(F1) The energy E‘I’3 is a simple eigenvalue of the operator K% on F. Let B, :=

{1? e R3| |l€| < 0}, and let Fy denote the Fock space over L*>(R3\By) x Z»).
Likewise, we define .7-"5’ to be the Fock space over LZ(BG X Zn); hence F b —
Fo ® F§. On Fy, the operator K% has a spectral gap of size p~o or larger, sep-
arating E ;’3 [from the rest of its spectrum, for some constant p—, with) < p~ < 1.
The contour

e
Y :={ze<C||z—E§|=T} ,0>0 (I11.9)
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bounds a disc which intersects the spectrum of K ;’3 |7, in only one point, {E ;’3}.
The ground state vectors of the operators K % are given by

- 2711 f K‘7 dZQf
oL = (III.10)
||m fy mdzﬂf”}'

and converge strongly to a non-zero vector 3 € FPb, in the limit o — 0. The

rate of convergence is at least of order o %(1*‘3), forany O < § < 1. (Although it
is not relevant for the purposes of this paper, we note that the results in [17] imply

1
the uniformity in 8 of the range of values of «, where the rate estimate 02179
holds; analogous conclusions follow for the rate estimates below.)
The dependence of the ground state energies E‘}’; of the fiber Hamiltonians K %

on the infrared cutoff o is characterized by the following estimates:
o o’
|EZ —E% | < O(0), (IL.11)
and
|VES —VEY | < O(c2179), (IIL.12)

forany0 <8 < 1, witho > o’ > 0. R
The following Hélder regularity properties in P € S hold uniformly in o > 0:

109 — % sllF < CylAP|T~ (IIL13)

and

IVES —VES, 51 < CylAPIT™, (IIL14)

forany 0 < 8" < 4§ < JT, with P, P+ AP € S, where Cy and Cyr are finite
constants depending on 8' and 8", respectively.

Given a positive number vy,;,, there are numbers rqy = vyin + O(a) > 0 and
Vimaz < 1 such that, for Pe S\B,,, and for a sufficiently small,

1> Vyaz > |%Eg| > Upin > 0, (I11.15)

uniformly in o. (We also notice that the control on the second derivative of E‘;
in P uniformly in the sharp infrared cut-off o > 0 (see [17]) would allow us to
take vyin =0, ry =0, and to include electron velocities V EZ arbitrarily close
10 0, but we prefer to work with an assumption self-contained in the paper).

For P € S and for any k # 0, the following inequality holds uniformly in o, for
o small enough:

ES . > E% - Colkl, (11.16)

where Ea = 1nfspecH 7 and < Cy < 1, withCy — 3 asa — 0.



Infraparticle States in QED I 773

(F5) Let \IJ% € F denote the ground state vector of the fiber Hamiltonian Hg, so that

we
o o 0 P
 — (W, (VES) —L— ¢eC, |¢]=1. (I1.17)
A
For P S, one has that
5 15,4 (k)
lb; , —L—|lF < Ca'/? 2220 (IIL.18)
AT REE

where \I!% is the ground state of Hg and C is a positive constant; see Lemma 6.1
of [10] which can be extended to keR3 using (74).

Detailed proofs of Theorem III.1 based on results in [25,10] are given in [11].

I11.2. Definition of the approximating vector Vj, ,(t). We construct infraparticle scat-
tering states by using a time-dependent approach to scattering theory. We define a
time-dependent approximating vector v . (¢) that converges to an asymptotic vector,
as t — oo. It describes an electron with wave function 7 (whose momentum space
support is contained in S), and a cloud of asymptotic free photons with an upper photon
frequency cutoff 0 < k¥ < A. This interpretation will be justified a posteriori.

We closely follow an approach to infraparticle scattering theory developed for
Nelson’s model in [26], (see also [15]). In the context of the present paper, our task
is to give a mathematically rigorous meaning to the formal expression

O (h) = Jim_ Lm MW o 3(1), 1) e 71y (1), (IIL.19)
where
v g —ilklt _ 2% . ilklt
It 43k v(t)-{gk’kai‘ e’ g7 ag ;e }
Wi,o (V(t), 1) := exp (X%Z/ f,k i kA
AN k11— - 5()

The operator v(t) is not known a priori; but, in the limit 1 — o0, it must converge to
the asymptotic velocity operator of the electron. The latter is determined by the operator
VE p» applied to the (non-Fock) vectors W . This can be seen by first considering the
infrared regularized model, with o > 0, which has dressed one-electron states 1 (h)
in H, and by subsequently passing to the limit 0 — 0. Formally, for o — 0, the Weyl
operator

W, o (5(1), 1) e H (111.20)

is an interpolating operator used in the L.S.Z. (Lehmann-Symanzik-Zimmermann)
approach to scattering theory for the electromagnetic field, where the photon test func-
tions (in the operator Wy » (0(t), 1)) are evolved backwards in time with the free evolu-
tion, and the photon creation- and annihilation operators are evolved forward in time with
the interacting time evolution. Moreover, the photon test functions in (II1.20) coincide
with the test functions in the Weyl operator W, (% E ‘Ig) defined in (II1.5), after replacing
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the operator VE }’3 by the operator ¥ (¢). We stress that, while the Weyl operator W, (% E %)
leaves the fiber spaces H 3 invariant, the Weyl operator Wie.o (U(2), 1) is expressed in
terms of the operators {a, a*}, as it must be when describing real photons in a scattering
process, and hence does not preserve the fiber spaces.

Guided by the expected relation between v(t) and %E%, ast — oocand o — 0, two
key ideas used to make (III.19) precise are to render the infrared cut-off time-dependent,
with o; — 0,as 7 — 00, and to discretize the ball S = {P € R? | |P| < 1}, with a grid
size decreasing in time ¢. This discretization also applies to the velocity operator v(z) in
expression (I11.19).

The existence of infraparticle scattering states in H is established by proving that
the corresponding sequence of time-dependent approximating scattering states, which
depend on the cutoff o; and on the discretization, defines a strongly convergent sequence
of vectors in H. This is accomplished by appropriately tuning the convergence rates of
o; and of the discretization of S. Our sequence of approximate infraparticle scattering
states is defined as follows (for r > 1):

i) We consider a wave function # with support in a region R which is a union of

cubes contained in S\B,,; (see condition (.#3) in Theorem III.1). We introduce
a time-dependent cell partition ¥") of R. This partition is constructed as follows:
At time ¢, the linear dimension of each cell is %, where L is the diameter of R,
and n € N is such that

Qe <t < (2", (I.21)
for some € > 0 to be fixed later. Thus, the total number of cells in ¥ is N (¢) =

23" where n = [log, #€; (L« ] extracts the integer part of x). By %j(l), we denote

the jth cell of the partition ¢,
ii) For each cell, we consider a one-particle state of the Hamiltonian H,

(3 ST, 0t 13
l/fj,o, = /gmh(P)‘-IJﬁ’d P, (IIL.22)
J

where _
e h(P) € CL(S\B,,), with supph C R;
e g, := 1P, for some exponent (> 1) to be fixed later;
e in (II1.22), the ground state vector, \IJ:{, of Hg’ is defined by

ot .__ * Ot ot
9= Wi (VED) @7 (I11.23)
where CD%’ is the ground state of K ;’; (see Theorem III.1).

iii) With each cell ¢ j(t) we associate a soft-photon cloud described by the following
“LSZ (Lehmann-Symanzik-Zimmermann) Weyl operator”:

W o, (B, 1) e HTT (111.24)

where

S ooqzn ax ikl _ 2k . ilklr
A3k Vj {8k,ka]_("ke 2,028 }

1
Weo,(Vj, 1) :=exp a§Z/ = —
’ /BBy [F] k11— k- ¥))

(II1.25)
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e Here k, with 0 < k < A, is an arbitrary (but fixed) photon energy threshold or
counter threshold.
e Uj = VE (P j’.") is the c-number vector corresponding to the value of the

“velocity” VE©° (13) in the center, 13]’?, of the cell %J-(t).
iv) For each cell, we consider a time-dependent phase factor

oY T VEZD (T11.26)
with

t
Yo, Vj, VEZ 1) := —a/ VE% / 5. (k) cos(k - VE% t — |k|7) d’k d,
P LR g i P

fg\Bm
(111.27)
and
Il
Th k) =2 0 — & Yol — L — (II1.28)
' v K27 k(= k- )

Here, O’TS = 777, and the exponent 0 < 6 < 1 will be chosen later. Note that, in
(I11.26), (I11.27), VE ;’ is interpreted as an operator.
v) The approximate scattering state at time ¢ is given by the expression

N() .
j = Vo, 0j,VET 1) —iE%
Unaet) = €MD" W g, (5.0) 7O VERD T ER 0 (11.29)
j=1

where N (¢) is the number of cells in ¥©).
ive, B, . VET 1) . . .
The role played by the phase factor e " "/* " 77" is similar to that of the Coulomb
phase in Coulomb scattering. However, in the present case, the phase has a limit, as
t — 00, and is introduced to control an oscillatory term in the Cook argument which is
not absolutely convergent (see Sect. II1.3).

I11.3. Statement of the main result. The main result of this paper is Theorem I11.2, below,
from which the asymptotic picture described in Sect. III.5, below, emerges. It relies on
the assumptions summarized in the following hypothesis.

Main Assumption IIL.1. The following assumptions hold throughout this paper:

(1) The conserved momentum P takes values in S ; see (11.27).

(2) The finestructure constant o satisfies o« < o, for some small constant o, < 1
independent of the infrared cutoff.

(3) The wave function h is supported in a set R and is of class C', where R is contained
in S\B,,, as indicated in Fig. 1, and ry is introduced in (.9 3).
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Fig. 1. R can be described as a union of cubes with sides of length for some ng < co

Theorem II1.2. Given the Main Assumption 111.1, the following holds: There exist pos-
itive real numbers B > 1, 0 < 1 and € > 0 such that the limit

s — lim Ype(r) = (I11.30)
t—>+00 ’

(where Yy, (t) is defined in Eq. (I11.29) and «, see (111.25), is the threshold frequency)
exists as a vector in 'H, and ||1p}(fgl) > = f \h(P)|>d> P. Furthermore, the rate of con-

. )
vergence is at least of order t—° , for some p’ > 0.
8

We note that this result corresponds to Theorem 3.1 of [26] for Nelson’s model.

The limiting state is the desired infraparticle scattering state without infrared cut-offs.
We shall verify that {y, (¢)} is a Cauchy sequence in 'H, as t — +00; (or t — —00).

In Sect. II1.4, we outline the key mechanisms responsible for the convergence of
the approximating vectors v, . (t), as t — oo. We note that, in (II1.30), three different
convergence rates are involved:

e The rate t# related to the fast infrared cut-off oy
o the rate 7, related to the slow infrared cut-off UZS (see (II1.27));
e the rate 1~ of the grid size of the cell partition.

We anticipate that, in order to control the interaction,

e A has to be larger than 1, due to the time-energy uncertainty principle.
The exponent 6 has to be smaller than 1, in order to ensure the cancelation of some
“infrared tails” discussed in Sect. IV.

e The exponent €, which controls the rate of refinement of the cell decomposition, will
have to be chosen small enough to be able to prove certain decay estimates.
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II1.4. Strategy of convergence proof. Here we outline the key mechanisms used to prove
that the approximating vectors v, , () converge to a nonzero vector in H, as t — =£o0.
Among other things, we will prove that

. = 1
lim [[Yh,c @I = Al = (/ |h(P)*d’P)2. (IIL31)
—00
From its definition, see (II1.29), one sees that the square of the norm of the vector ¥y, , (¢)
involves a double sum over cells of the partitions 4, i.e.,

N(t)

2 'g(*ﬁE ) —E”’t !
W12 = > (7O VER D TER Y0 W i)

1,j=1
X Wiy (57, 1) 7ot @VER D ,~IEG i > (I1.32)
where the individual terms, labeled by (I, j), are inner products between vectors labeled

by cells g(’) and g(’) of 4.
A heurlstlc argument to see where (IIL.31) comes from is as follows. Assuming that

e the vectors vy . (¢) converge to an asymptotic vector of the form

Jdim im0, 1) Y () = WL ((00) w70 (),
(I11.33)

where

out/m* > % out/in}

Bk v(F00) - {Ekk i %

\/ﬁ IkI(1 —k-v(:l:oo)) ’

are the creation- and annihilation operators of the asymptotic

WO (G(00)) = exp a2y /

t/i t/i
and agu)h/zn*’ ag»;/zn
photons;

e the operators v(£00) commute with the algebra of asymptotic creation- and anni-

hilation operators {a””;/ e aZ“)f/ ""}; (this can be expected to be a consequence of

asymptotic decoupling of the photon dynamics from the dynamics of the electron);
e the restriction of the asymptotic velocity operators, v(=£00), to the improper dressed
one-electron state is given by the operator VE 3, i.e

v(:i:oo)\llﬂ = VE v (111.34)
then, the two vectors

i Vo (aj,VE“I.j,z) e—iE;sz i Vo (a,,VE;f,z) e—iE;f;z

Wieo, (3. 1) € Y and Wi, (i, 1)e v

(I11.35)

corresponding to two different cells of 4¥) (i.e., j # ) turn out to be orthogonal in the
limit + — Zo00. One can then show that the diagonal terms in the sum (II1.32) are the
only ones that survive in the limit # — oo. The fact that their sum converges to || i ||% is
comparatively easy to prove.
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A mathematically precise formulation of this mechanism is presented in Sect. IV. In
Sect. IV.1, part A., the analysis of the scalar products between the cell vectors in (II1.35)
is reduced to the study of an ODE. To prove (II.31), we invoke the following properties

of the one-particle states I/fj(f;t and wz(,'i, located in the jth and /th cell, respectively:

e Their spectral supports with respect to the momentum operator P are disjoint up to
sets of measure zero.

e They are vacua for asymptotic annihilation operators, as long as an infrared cut-off
o, for a fixed time ¢ is imposed: For Schwartz test functions ¢”, we define

ag:”/m(g) = Y_l}}i]oo eiHots Z /aE,A g)»(]-é) el'|]z|s e*iHU’S dSk, (111.36)
A

on the domain of H%.

An important step in the proof of (III.31) is to control the decay in time of the off-
diagonal terms. After completion of this step, one can choose the rate, €, by which the
diameter of the cells of the partition ¥") tends to 0 in such a way that the sum of the
off-diagonal terms vanishes, as t — 00. Precise control is achieved in Sect. IV.1, part
B., where we invoke Cook’s argument and analyze the decay in time s of

d i HO - iV, (3, VE ) —iE”
- (ezH ts W, (0. ) AL  (Vj,VEG.S) o Ep Slﬁj(fc),, ) (I11.37)
— eiHG[S[H;ft ’ WK’O} (1—51 ’ S)] ei)/(,t (5j,VE‘I73f,s) e—l‘E;"S
dVJ,(Bj’%E@,S) i bt %Eat ~E0t
o i =, — =8 t

- P etl/,(vj 5 s)e IEGs w](.’()yt’ (I11.39)
for a fixed infrared cut-off o;, and a fixed partition. As we will show, the term in (II1.38)
can be written (up to a unitary operator) as

lpj(.f},, (I11.38)

+ietHs Wie,o, (0}, 8)

1 > - 2 - o e o i Yo, (3, VEY,
a? /d3y [Ja,(s,y)-/ %5, (§) cos(q - § — IqIS)d3q} T IV ER Dyt
B\By,
(IIL.40)

plus subleading terms, where fm (s, ¥) is essentially the electron current at time s, which
is proportional to the velocity operator

i[H, 7] = P + a2 A% (D). (I1L.41)
In (II1.40), the electron current is smeared out with the vector function
Gi(s.7) = /B . 5,(@) cos(@ - § — 141s) d°q. (II1.42)
K ot

which solves the wave equation
Os5 9: (s, 9) =0, (I11.43)

i Ve, (0:,VE . .
and is then applied to the one-particle state ¢' 7 "V £ %) w](.f;t . Because of the dispersive
properties of the dynamics of the system, the resulting vector is expected to converge to

0 in norm at an integrable rate, as s — 0. An intuitive explanation proceeds as follows:
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i) A vector function g; (s, %) that solves (II1.43) propagates along the light cone, and
SUPjcR3 |g: (s, §)| decays in time like s~1, while a much faster decay is observed

when % is restricted to the interior of the light cone (i.e., ||;i|| < 1.

ii) Because of the support in P of the vector WJ({,),,, the propagation of the electron
current in (IT1.38) is limited to the interior of the light cone, up to subleading tails.

Combination of i) and ii) is expected to suffice to exhibit decay of the vector norm
of (II1.38) and to complete our argument. An important refinement of this reasoning
process, involving the term (II1.39), is, however, necessary:

A mathematically precise version of statement ii) is as follows: Let x; be a smooth,
approximate characteristic function of the support of . We will prove a propagation
estimate

‘% iV, (Bj,%EU.’,S) —iE(Zts (1)
H Xh(;)e ’ : ¢ r 1//j,oz
= . = S0t gt
— g (TEG) 1o T VER ) IR o),
1 1
< - ¢ IIn(@)l, (111.44)
STt

as s — 0o, where v > 0 is independent of €. Using result (.#3) of Theorem III.1, and
our assumption on the support of 4 formulated in point ii) of Sect. III.2, this estimate
provides sufficient control of the asymptotic dynamics of the electron.

An important modification of the argument above is necessary because of the depen-
dence of

Gi(s. ) 1= / £, cos( - — |l dq. (I11.45)
K \Poy

on ¢, which cannot be neglected even if % is in the interior of the light cone. In order to
exhibit the desired decay, it is necessary to split g; (s, %) into two pieces,

/B i,;j (§)cos(@ - § — 1gIs)d’q (I11.46)
K N
and
/ S, (@) cos(G - — 1gls) dq (111.47)
Ba§ B, ’
for s such that O'SS > oy, where O’SS =59 with0 <6 < 1. (The same procedure will

also be used in (II1.50), below.) The function (II1.46) has good decay properties inside
the light cone. Expression (II1.40), with g, (s, §) replaced by (II1.46), can be controlled
by standard dispersive estimates. The other contribution, proportional to (II1.47), is in
principle singular in the infrared region, but is canceled by (II1.39). This can be seen
by using a propagation estimate similar to (I11.44). This strategy has been designed in
[26]. However, because of the vector nature of the interaction in non-relativistic QED,
the cancelation in our proof is technically more subtle than the one in [26].

After having proven the uniform boundedness of the norms of the approximating
vectors ¥y (¢), one must prove that they define a Cauchy sequence in . To this end,
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we compare these vectors at two different times, #, > #; (for the limit t — +00), and
split their difference into

Vi (1) = Yhe () = AP (02,00, 9D — G + Ay (12 —> 11,01, 91
+ AV (11, 01y — 07, G, (111.48)
where the three terms on the r.h.s. correspond to

I) changing the partition ¢ — < in yr, (£2)

AY (12, 01, 41 — G1)

N(11)
iHt Yoy, (U], VE~ 12) —lE- r (1)
e E Wkatz(v/»Q)e i I/fj%
j=1
" Ry Yoy, @i VES2 1) —iEX%0 | (1)
t = 1j)-VE;*.n) —iEz*n | (1
tHn E EWK’Utz(Ul(j)’IZ)e o WGV ER e TPy
J=11()

1(7).01,”

(111.49)
where [(j) labels all cells of ") contained in the jth cell %.(”) of ") Moreover

i) = VE~1() and ¥; = VE{"‘ ;
J

II) subsequently changing the time, 1o — 11, for the fixed partition ¥V, and the
fixed infrared cut-off oy,:

AY(ty — 11, 00, 9)

N(t1)
i Ht Yoy, (U ,VE« 1) —1E~ o, ()
= IZWKUI (Ul’tl)e i I'0j<1r2
j=1
N(11)

i Ht Yoy, (U}, VE- \12) —lE- o, (t) .
e’ Z W, o1y (vja h)e 0 v
j=1

e (II1.50)
and, finally,

III) shifting the infrared cut-off, o7, — oy,

AY (L1, 0 — 01y, 9)

N(11)
Ht Yoy, (U, VE~ ) 1E~ 1, (t1)
" ]ZWKg,l(vj,tl)e o \Vi» w/,inl
j=1
N(t1)

lHl] z WK o (U/ tl)e”/“@ (U],VE« t|) 71E« 151 w(tl) ) (IIISl)
j=1
It is important to take these three steps in the order indicated above.
In Step I), the size of [|AY (12, 07,, 9 — G)||? in (II1.49) is controlled as
follows: The sum of off-diagonal terms yields a subleading contribution. The diagonal
terms are shown to tend to 0 by controlling the differences

Vi) — Vj-
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In Step II), Cook’s argument, combined with the cancelation of an infrared tail (as in
the mechanism described above), yields the desired decay in #;.

Step III) is more involved. But the basic idea is quite simple to grasp: It consists in
rewriting

N(t1)

. o Voo B VET2 1) —iET?4 t
ethl Z WK)(T,z(vjat])elytz(vj P l)g tEp 11//;,22 (II1.52)
j=1
as
N o Oty Yoy, (5;.VER2 1) —iER2t (1)
iHi = x g v T2y Yo, W VERT 1) —iEs"n (1
D W, @ 10) W, (VE () Woy, (VE ) 7000510 7Ry 10
j=1
(I11.53)

The term in (II1.53) corresponding to the cell %j(“) of ¢ can then be obtained by
acting with the “dressing operator”

JC7)
—iE_“t
P

MM Wea,, (B, 11) Wy, (%E;’Z Ye (I11.54)

on the “infrared-regular” vector

J:0ty

. - 0t . - ot N
el)/atz (U_j,VEﬁz,tl)q)('fl) = elVot2 (Uj»VEﬁz,tl) / o h(P)q)(;zd?’P (IIISS)
1
{41.
corresponding to the vectors CD‘173 = W, (%E‘Ig)\ll% (see (II1.23)), for all j. The advan-
tage of (II1.53) over (I11.52) is that the vector @5@1 inherits the regularity properties of
()

CI>‘;3 described in Theorem III.1. In particular, the vectors d>§.t sz converge strongly, as
o, — 0, and the vector

emid T @) (IIL.56)

1,01

depends on ¢ in a Holder continuous manner, uniformly in ov,. This last property entails
enough decay to offset various logarithmic divergences appearing in the removal of the
infrared cut-off in the dressing operator (II1.54).

Our analysis of the strong convergence of the sequence of approximating vectors
culminates in the estimate

W (2) = V)]l < O (An2)?/17) (I1L.57)

for some p > 0. By telescoping, this bound suffices to prove Theorem III.2. Indeed, to
estimate the difference between the two vectors at times #» and #1, respectively, where
tp > t; > 1, we may consider a sequence of times {tlz, ... 1]}, suchthattf <1, < ti”l,
and use Estimate (I11.57) for each difference

Vhui(t2) — Yn (], (I11.58)
Yhe () — Yne @™, 2<m <n. (I11.59)

Then, one can show that there exists a constant p’ > 0 such that the rate of convergence
of the time-dependent vector is at least of order t ~# , as stated in Theorem II1.2.
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w(out/ln)

1I1.5. A space of scattering states. We use the asymptotic states to construct a

subspace, H,?m/ "oof scattering states invariant under space-time translations, and with

a photon energy threshold «,

el = [\ /" . @) < h(P) € CYS\By,), T e R, GERY,  (1IL6D)
where
1pout/m(_’: Zi) _ e—m P —tHrwaut (IIL.61)

This space contains states describing an asymptotically freely moving electron, accom-
panied by asymptotic free photons with energy smaller than «.

Spaces of scattering states are obtained from the space 7:[,2'”/ in by adding (and
subtracting) “hard” photons, i.e.,

HO = {\/ w"“f/ " (P e CYHS\B,,). F e CRANO; «33)}, (II.62)
where

ah ‘=5 — lim ei(A[FtJ]—A[F,,t])
h,F o o

Vh,ic (1), (I11.63)

and

L . AR® ALY - -
AlF;, t] == i/(A(t,y)~ (,;t(y) — ;tt Y) 'F;(y))d3y (I11.64)

is the L.S.Z. photon field smeared out with the vector test function

F() = Z / o )32 ~/|T B, F () e Mk (IIL65)

with

1

) =281 FMk) e CRM®\(0); ©). (I11.66)
A

Ana posteriori physical interpretation of the scattering states constructed here emerges
by studying how certain algebras of asymptotic operators are represented on the spaces
of scattering states:

e The Weyl algebra, AO t/in , associated with the asymptotic electromagnetic field.

e Thealgebra A%"/™ generated by smooth functions of compact support of the asymp-
totic velocity of the electron.

These algebras will be defined in terms of the limits (II1.67) and (II1.69), below, whose
existence is established in Sect. VI.2.
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Theorem IIL3. Functions f € C{°(R?), of the variable ¢'H! %e_th, have strong lim-
its, as t — =400, as operators acting on H"!/™",

_ . iHt % —iHt out/in __  _ out/in
s t_)lgriooe Fe iyt = wf%h’ﬁ, (11L.67)

where f@E(ﬁ) = limy 0 f(%E‘IT;).
Theorem IIL.4. The LSZ Weyl operators

[ei(A[G,,t]—A[ t,t]) : GA(I_{) c L2(R3, (1+ |/}'|‘1)d3k), L=+ ] (I11.68)

have strong limits in HO*/ ™" : j.e.,

WoulinGy = s —  lim ¢ (I11.69)
t—+/—00
exists.
The limiting operators are unitary and satisfy the following properties:
)
Wout/in ((";) Wout/in (é/) _ Wout/in(é + é/) o 0(52,5?’) ’ (I11.70)
where
0(G,G) = 2iIm (Z/ & @6 ® d3k). (IL.71)
A

ii) The mappingR > s — Weu/in(s é) defines a strongly continuous one-parameter
group of unitary operators.
iii)
eiHT Wout/in(é) e—iHT — Wout/in(é_r)’ (III72)

where G_; is the freely time-evolved (vector) test function at time —t.

The two algebras, A;L;f/ in and .Azlm/ i", commute. This is the precise mathematical
expression of the asymptotic decoupling of the dynamics of photons from the one of the
electron. The proof is non-trivial, because non-Fock representations of the asymptotic
photon creation- and annihilation operators appear. (For the representation of A;L;f/ in,

which is non-Fock but locally Fock see Sect. VI.2.) We will show that
. - . 1613 e (G -
(Ilj;;z(l/zn’ Wout(G)w;l)jt’(t/tn) _ /e_%eQVEI;( )|h(P) |2 d3P, (IL73)
where

N oL 1/2
IGll, = ( / |G<k)|2d3k) , (111.74)
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and

u-gr
0i(G) = 2iRe (a% > / é%)%d%) : (IIL75)
% /B |k|2(1 —u - k)

More precisely, the representation of Aw,f/ """ on the space of scattering states can be
decomposed in a direct integral of inequivalent irreducible representations labelled by
the asymptotic velocity of the electron. For different values of the asymptotic velocity,
these representations turn out to be inequivalent. Only for a vanishing electron velocity,
the representation is Fock; for non-zero velocity, itis a coherent non-Fock representation.
The coherent photon cloud, labeled by the asymptotic velocity, is the one anticipated by
Bloch and Nordsieck in the non-relativistic approximation.

These results can be interpreted as follows: In every scattering state, an asymptot-
ically freely moving electron is observed (with an asymptotic velocity whose size is
strictly smaller than the speed of light, by construction) accompanied by a cloud of
asymptotic photons propagating along the light cone.

Remark. We point out that, in our definition of scattering states, we can directly accom-
modate an arbitrarily large number of “hard” photons without energy restriction, i.e., we
can construct the limiting vector

ACIFM] AT F O = s — dim ALF 1] ALED 11 ()
’ —+00
(I11.76)

which represents the state ¥ plus m asymptotic photons with wave functions

F m F M, respectively. Analogously, we define

- -

AMGOOY. . AMG Dy = s - t_l)iElOOA[G,(m/),t] ALY e ().
(I1L77)

This is possible because, apart from some higher order estimates to control the com-
mutator i [H, ], and the photon creation operators in (II1.76)—(II1.77) (see for example
[18]), we use the propagation estimate (I11.44), which only limits the asymptotic velocity
of the electron. This fact is very important for estimating scattering amplitudes involving
an arbitrary number of “hard” photons.

In particular, for any m, m’ € N, we can define the S-matrix element

Sa ™ (F)AG ) = (A L)L A (FO Y o

AmMGeny. L AmGDOyin, ) (IIL.78)
which corresponds to the transition amplitude between two states describing an incom-

ing electron with wave function 4", accompanied by a soft photon cloud of free photons
of energy smaller than ki plus m’ hard photons (with wave functions é(l), R é(’",)),
and an outgoing electron with wave function 2%’ and soft photon energy threshold « %!,
plus m hard photons, respectively.

The expansion of S(T”"/( {I?,'}, {é ;1) in the finestructure constant o can be carried

out, at least to leading order, along the lines of [1]. This yields a rigorous proof of the
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transition amplitudes for Compton scattering in leading order, and in the non-relativistic
approximation, that one can find in textbooks.

Moreover, as expected from classical electromagnetism, “close” to the electron a
Liénard-Wiechert electromagnetic field is observed. The precise mathematical state-
ment is

lim g, o limyos oo |d]? [< y i e / %y Fyup (0, §) 3 — & — dy e 1y >

- / Fa P 0. d) (v, w;’>|h<ﬁ>|2d3p] =0, (IL79)

where 8 is a smooth, A-dependent delta function which has the property that its Fourier
transform is supported in By, T is the electron position,

Fu = 0,A, — 0,A, (II1.80)
with
. (27'[)20[1/2
Ap0,y) i= — ———5— (II1.81)
ly — xl

Ai(0,9) = — Z/ (ek ) —"‘ya“ + &) lkya“), (I11.82)
Vi

VEj | . . s .
and F,, 7 is the electromagnetic field tensor corresponding to a Liénard-Wiechert solu-
tion for the current

Ju(z,17):=(—2(2n)3a%5(3>(g—%15};r),2(2n)3a%%E};5<3)@—%E};t)), VEz|<l;
(IT1.83)

see the discussion in Sect. I.

IV. Uniform Boundedness of the Limiting Norm

Our first aim is to prove the uniform boundedness of ||y, (t)||, as t — o00; more
precisely, that

Jim {y,e(0), Y ()] = / |h(P)[*d* P. aV.1)

The sum of the diagonal terms — with respect to the partition ¢*) introduced above — is
easily seen to yield [ |h(l3)|2d3P in the limit # — oo, as one expects. Thus, our main
task is to show that the sum of the off-diagonal terms vanishes in this limit.
In Sect. V, we prove that the norm-bounded sequence {y, . (¢)} is, in fact, Cauchy.
We recall that the definition of the vector v,  (¢) involves three different rates:

e The rate +# related to the fast infrared cut-off o;;
the rate ¢~ of the slow infrared cut-off atS (see (I11.27));

the rate ¢ of refinement of the cell partitions 4.
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IV 1. Control of the off-diagonal terms. We denote the off-diagonal term labeled by the
pair (I, j) of cell indices [ # j contributing to the 1.h.s. of (IV.1) by

Yoy (U, VE« ) —zE“’z

M (1) =

i 1. VEG 1) ~ETt G
<€)/a, ' lﬁl(;, We,o0.1,j(t)e

wl(t‘)"t >’
(IV.2)

where we use the notation

N -y ol w —ilkle 2w ilkle] 43
W11, (1) = exp(§ /B " m,j (k) - {%,A%,xe i1 k.08 }d k)’
A K ot

(IV.3)
where v; = VE% (13]’.*), 13]* being the center of the cell %j(t), and
Lo ! 5, . .
TS NS PR A, P — (IV.4)
k|Z(1 —k - vj) k|2 (1 —% - 7))

We study the limit # — +o00; the case t — —o0 is analogous.

A. Asymptotic orthogonality. In order to prove that the off-diagonal terms (IV.2) vanish
in the limit# — +o00, we separate the role played by the time variable ¢ as the parameter
determining the dynamical cell decomposition and infrared cutoffs, from its usual role
as the conjugate variable to the energy. For the latter, we introduce an auxiliary variable
s > t. Then, for fixed ¢ (such that the cell decomposition and the cutoffs are constant),
we interpret the terms (IV.2) as special values M; ; (1) = M, ll, j (t, t) of families M l“ ; (t,s)
introduced below, which depend on ¢, s, and an additional auxiliary parameter u € R.
Our strategy will be based on proving that the dispersive properties of M, 1 (t s) as a
function of s > t alone, for fixed ¢ and w, imply that M; ;(¢) has a sufﬁmently fast decay
in ¢ such that our desired result of asymptotic orthogonality follows.
More precisely, we introduce a family of operators

Wi 5 1.i(8) = exp (y, Z/ m,j(k) . {5%’Aag’ke—ilkls - E;T)Lalz‘xei\k\s} d3k)

av.s)
depending on a parameter € R, and define
v L iV, (U VEQ v) —zE s (1) " t)/a v, VE« v) —1E s (1)
WYy, s) = (7 P W (e T Pyl )
(IV.6)
for s > t(>> 1). Obviously, M;‘fl(t, 1) = M ;(1).
The phase factor yg, v i VE %’, s) is chosen as follows:
N
ygt(ﬁj, VEZ,s) = —«a / VE% / Zy; (k) cos(k - VE% t — |k|r)d3kdr
P 1 P B \B, P

av.7)
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fors—? > o, and

1
0
O'[ N N N N N N
Yo (U5, VE%’, 5) = —Ot/ VE‘TI;’ '/B 5 25, (k) cos(k - VE‘;’I — |k|T)d kd-,
1 ‘ng\ o

(IV.8)

for s7 < o;. As a function of p, the scalar product in (IV.6) satisfies the ordinary

differential equation

dM[';(t, s) _
BT —wCrjo My (. 8) +r5 (1, 9), Iv.9)
where
Cljor 2=/ I, j (k) 1*d>k, (IV.10)
e\ ot
and
._ iVo, OL,.VEZ 5) —iE%s | (1)
r”t(t,s) ._—<e t e R wl,m,
- 5 Ve, (0, VE ) —iE%
WL 1,590 i G (s) €7 OV ER e Ep Sy ) )
B iV, (01, VEY s) —iE% s
+{ o, (i e T TV TRy
i (o] a’q%E(z’,‘ —’E(yA
Wﬁa;,l,,/(s)ely’(vj P Y)e ! waj('fi't >,
with
- = . - - - ]‘(’ . 3
g, (11,j)(s) 1= Z/B o i® - E g, M3 g3 V.11)
A K\ ot

The solution of the ODE (IV.9) is given by

Clj.or

Ml’fj(t,s) =e 2

Cl‘j.nt

-~ FL ’ !
KN (s) + /O sy e T v

where the initial condition at & = 0 is given by
M (t.5) =0, (IV.13)

since the supports in P of the two vectors Wl(,t;, , xp](.f; are disjoint (up to sets of measure
0), for arbitrary ¢ and s.

Furthermore, condition (.#4) in Theorem IIL.1 implies that the vectors wl(,t;,’ ](t()r,
are vacua for the annihilation part of the asymptotic photon field' under the dynamics
generated by the Hamiltonian H°'. As a consequence, we find that

lim rk(,5) =0, (IV.14)
§—>+00

1 The existence of the asymptotic field operator for a fixed cut-off dynamics is derived as explained in part
B. of this section.
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for fixed n and ¢. To arrive at this conclusion, the following is used: The one-particle
. = oot
state, multiplied by the phase e'””" @i-VEE9 continues to be a one-particle state for the

Hamiltonian H; for large s (see (IV.8)) the phase is s-independent; the operator E (}1)’

coincides with the operator H° when applied to one-particle states of the Hamiltonian
He.
Therefore, by dominated convergence, it follows that

lim M} (t.5) =0. (IV.15)

§—>+00

Since A?l{j(t, t) = My j(t), we have

M1 ()]
=M j(t) — M}'; (1, +00)|
) ood iHOts > Vo, (U;,VEZ s) —iE%s , (1)
= 2sup(y g, Dsup (I | (e W, @ 90 OV ER Ve Ep oyl s ).
I J t
(IV.16)

To estimate the r.h.s. of (IV.16), we proceed as follows.
Since we are interested in the limit 1 — +00, and the integration domain on the r.h.s.
of (IV.16) is [¢, +00), our aim is to show that

d ( igo - ive (31, VE? s) —iE%

- (e:H stK)m @, 5)e'” (). VEF s) ~IEG Sw]('f()h) (IV.17)
is integrable in s, and that the rate at which the r.h.s. of (VI.16) converges to zero offsets
the growth of the number of cells in the partition. This allows us to conclude that

N(t)
> M) — 0 (IV.18)
Lj (#))

in the limit t — 400, and, as a corollary,
N(t)

lim > M () = /|h(15)|2d3P, (IV.19)
j

—>+00

as asserted in Theorem III.2. The convergence (IV.18) follows from the following the-
orem.

Theorem IV.1. The off-diagonal terms M, ;(t), | # j, satisfy
1 2 =3¢
M ()] < C o [In o¢[7177°, (IV.20)

for some constants C < oo andn > 0, both independent of 1, j, and € > 0. In particular,
M () — 0, ast — +oo.
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As a corollary, we find

1 1
> M) < CN2(t)—n|1n oP 7€ < ¢’ I oP €, (av2l)
1<I#j<N () ! !

since N (1) ~ 1€, (Throughout the paper, C, C’, ¢, and ¢’ denote positive constants.) We
conclude that, for € < %, (IV.18) follows.
B. Time derivative and infrared tail. We now proceed to prove Theorem IV.1. The
arguments developed here will also be relevant for the proof of the (strong) convergence
of the vectors ¥y, (¢), as t — 400, which we discuss in Sect. V.

To control (IV.16), we focus on the derivative

d R N . 5. UES _jE°
2 (A W 350 7 OVERD T g0 ) (Iv.22)
. 170, N : T VE _JE
:ielH fs[H;Tt’ WK,G,(vjas)] elVa,(UJ,VEP ,S)e lEPA '(ﬂ](-t()r[ (IV.23)
o dyo, (0, VEZ,S) . - cror o
+i e W, (7, 5) — y P77 v Wi VESS) ’Ewlp](.’},r, (IV.24)
. E :

where
A%(Z) - A% (Z)

HY :=a%ﬁ~20’(f)+tx 5

I (IV.25)

We have used that Wy o, (¥}, 5) = e SHoOW, ;. (v}, 0)e'*H0, where Hy := H — H}"
is the free Hamiltonian, to obtain the commutator in (IV.23). We rewrite the latter in the
form

(H}", Weo, (0, )] = Wieo, (U, 8) (Wee,o, (0, ) H] W0, (0, 8) — H[' ),
(IV.26)

and use that

Weoy (57, 8) A% @ Weo, (1. 5) = A% (F) + a2 / Sy, (k) cos(k - & — [k|s)d*k
BBy,
(IV.27)

(see (II1.8)), where E%j (I;) is defined in (II1.28). We can then write the term (IV.23) as

(IV.23) = ieiHUtSWK,a, (T)j, S i[H, 7] - dk iﬁj (]_é) (Iv.28)
B\ B,
« Cos(]_é ) :E _ |]-C)|S) e*iEﬁ’xel'Vat (5j>VEﬁf’S)wj(f()T’
) 2
. iHOs =Y > (k k-7 — |k|s)d®
+ie" Weo, (V),8) = / Xy, (k) cos(k -z — [kls)d k) (IV.29)
s 2 BK\BG, J

ive, (0;,VEZ s) —iE%s , (t
XeVoy(_/ P )e P w/(.it’

where we recall that i[H, Z] = p + @b A% (Z); see (IIL.41).
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From the decay estimates provided by Lemma A.2 in the Appendix one concludes
that the norm of (IV.29) is integrable in s, and that

+o0 1 3e
/ ds || (IV29) | < - |Ino 272> 1) (IVv.30)
t

for some n > 0 independent of €.
The analysis of (IV.28) is more involved. Our argument will eventually involve the
derivative of the phase factor in (IV.24). To begin with, we write (IV.28) as

(av.28) = i """ W, o (3, $)ai[H™, 7] - !
. - k00 \Uj> 5 Hot +i
X (H% +1i) A3k S5, (k) cos(k - & — [K|s) e E7 T v Wi VER )y 0
B\By, ! hor
Iv.31)

Pulling the operator (H°* + i) through to the right, the vector (IV.31) splits into the sum
of a term involving the commutator [H ", Z],

| HOtS 1 - -
. jHOt = Lot 2. 3 -
ie Wi,o, (0, ) i[H, ] Hor 11 /B,(\Bgt d’k X, (k)
X [H, cos(k - & — kls)] 77 @ VEFDTER 0 - (1v3)
and
. [HC°tg = . oy = 3 "ﬁ 7
ie Wi,o, Vj, $)ai[H', 7] - d’k Xy, (k)
B \Bo, '

: = oot _E°
< lygt(v],VEﬁ ,s)e lEPS

7o 7 0, . (1)
cos(k - 7 — [k|s)e (EZ +iyl.  (aV33)

Hor +
Note that [H°", i]ﬁ is bounded in the operator norm, uniformly in o;. To control
(IV.32) and (IV.33), we invoke a propagation estimate for the electron position operator
as follows. Due to condition (-#3) in Theorem III.1, we can introduce a C°° —function
xn (@), 7 € R3, such that

° Xh(g) = 1for vy, < |:‘j| < Vmaz- |
o xn(@) = 0for [j| < Avpinand |j| > e

It is shown in Theorem A.3 of the Appendix that, for 6 < 1 sufficiently close to 1 and s
large, the propagation estimate

T\ iye (5;.VET 5) —iET - iV, (0, VEY ,s) —iE%
i (3) € TR 0, = @B I
1 1
=< o oxE [In(o)l, (Iv.34)
t7

holds, where v > 0 is independent of €. The argument uses the Holder regularity of VE ;’3

and of <I>‘;3 listed under properties (.#2) in Theorem III.1, differentiability of h(ﬁ), and
(II1.18).
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We continue with the discussion of the expressions (IV.32) and (IV.33). We split
(IV.33) into two parts:

%E;’,s) lE s

W, (3, 9) T I 5 () € O (EZ+D) ) (IV.35)

lygt(v/ VE~ ,8) —lE v(Ea,+ )l[’(t) (IV36)

J.01’

. i ot - O'fg
+i e W, 0, (07,9) T oy (5) e

using the definitions

Jlgs(s) = ailH” ] - /B S5, (k) cos(k - & — k[s)dk if s > o
S

Heor +i
- S - L S
=ai[H, ] - d3k25.(k) -cos(k -z — |k|s) if s b < oy,
B\B / Hot +
K \Por
Iv.37)
and
oS . 1 2 7 Z oo TiNg3 e =0
Tlo; (8) :=ai[H, z] - - 3. (k) cos(k - x — |k|s)d k if 577 > oy
Hor+i Jn s\ By, /
=0 ifs? < o, (IV.38)

where we refer to af := s~ as the slow infrared cut-off. (We consider s, 1 large enough
such that k > af , 0¢.)

S
To control J |§,’; (s) in (IV.38), we define the “infrared tail”

~ > T t
Ao Wy 5:8) gy 1 d(e THs 7 (s)e T H7's) SHs |

ds ’ Ho +i ds
/ Sy, (k) cos(k - VEGs — [k|s)dk if s > o,
B S Bﬂj P

=0 ifs? < o, (IV.39)
where 7y (s) := :7:)(;,(‘%). Summarizing, we can write (IV.22) as

Iv.22) = (Iv.29)

. iHOt - iV, (U, VE~ ,8) —tE K
+1 e W, (U7.5) Tl s () €770

(EZ +D)yil) (IV.40)

R R N . 5. VEY
+i @MW, 5 (B, ) TI% (5) &7 OV ER ) ZEPA(EU’ +1i) w(’) (IV.41)
dVa,(a/HVE%[» s)
ds

. iHOt - . -
+ie'" Wi o, (V)i [H", z] -

zyg (v, VE« ,5) ﬂE K

+i e TW, 6, (0}, 5) v (IV.42)

1v43
Hor +1 ( )

VE- ,5) —lE K

x [ E 1 cosE 7 - fis e Vi
BBy, ’
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where we recall that (IV.29) satisfies (IV.30). We claim that

for some n > 0 depending on 6, but independent of €. This is obtained from

1
= 5l o213 (> 1) (IV.44)

/ [(IV.40) + (IV.41) + (IV.42)] ds
t

+00
H / [(IV.40) + (IV.41) + (IV.42)] ds (IV.45)
t
+00 R N N N
5/ ds |ai[H®, 7] / &’k Ty, (k) cos(k - T — |k|s)
¢ Ho +| B\Bo, /
% [Xh(%E;t) _ Xh(?)i| ei}’a[(ﬁj,VEﬁ”s) e*iEﬁts (E%t +1i) w/(f()ri (IV.46)
oo P z ivo, B, VEZ 5) —iE%s por | o\, (D)
+ ds J|HS(S)Xh(;)e Ple TPUES DY, (IV.47)
t s
+00 ror R s bed VEy l_)",i,s
+ / dse'f! AWK,G,(U,,Q[JE; (s)m.(f)—M} (1V.48)
; s ds
x el @ VEL D) I (g gy y )
vo dve, (05, VEZ.,$)  ap, 3, L, s
+ / ds &S Wy o, (3. 5 oW V2R e Wi 59 | gy )
; ’ ds ds

. = < -0t . _ ot
xely“'(vJ’VEﬁ ,A)e 1E133 (E%, +i) w;t()ﬁ

using the following arguments:

e The term (IV.46) can be bounded from above by [iv |1n o |2 t73¢/2 for some n>0
independent of €, due to the propagation estimate for (II[.44) and Lemma A.2, which
show that the integrand has a sufficiently strong decay in s.

e In (IV.47), the slow cut-off osS and the function Xh(%) make the norm integrable in
s with the desired rate (i.e., to get a bound as in (IV.30)), for a suitable choice of
6 < 1. In particular, we can exploit that

bl 0
sup ‘/ PhEE, ) cosk -7 — [Kls) xn (D) | < 0C5). V.50
BK\BD'S ) S

7eR3

see Lemma A.2 in the Appendix.
e In (IV.48), only terms integrable in s and decaying fast enough to satisfy the bound
(IV.30) are left after subtracting

di/\Ut(l_}js %s s)

V51
s (AALY

S
from J |Z;‘ (s). This is explained in detail in the proof of Theorem A.4 in the Appendix.
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e To bound (IV.49), we use the electron propagation estimate, combined with an inte-
gration by parts, to show that the derivative of the phase factor tends to the “infrared
tail” for large s, at an integrable rate that provides a bound as in (IV.30). We note
that due to the vector interaction in non-relativistic QED, this argument is more com-
plicated here than in the Nelson model treated in [26] where the interaction term is
scalar. Here, we have to show (see Theorem A.4) that, in the integral with respect to
s, the pointwise velocity /"' $i[Z, H%']e~'#”'$ can be replaced by the (asymptotic)
mean velocity VE %’ at asymptotic times.

Finally, to control (IV.43), we observe that the commutator introduces additional

decay in s into the integrand when 7 is restricted to the support of ;. It then follows
that the propagation estimate suffices (without infrared tail) to control the norm, by the
same arguments that were used to estimate (IV.46), (IV.47).

Combining the above arguments, the proof of Theorem IV.1 is completed.

V. Proof of Convergence of ¥, . (¢)
In this section, we prove that v, . (¢) defines a bounded Cauchy sequence in H, as

t — +o00. To this end, it is necessary to control the norm difference between vectors
Yhi(ti),i =1,2,attimes tp > ¢ > 1.

V.1. Three key steps. As anticipated in Sect. III.4, we decompose the difference of
Y« (1) and ¥y,  (£2) into three terms

Vi (1) — V() = AY(ta, 01y, G2 — G + AY(ty — 11, 01, 91
+AY (11, 01, —> 07, G, (V.1)
where we recall from (I11.49) — (IT1.51):

I) The term

Ay (02,07, G — G
iHby N - Vo, (5;.VES2 1) —iE2%1 (1)
=2 Weg, W), 1) 7 TR BT 02y

j=1
N(l]) ) (_) %Ealz ) 'Ealz ( )
2els = iVo,, Wi(j),VE5% ) —iEs*ty (&
=@M Wi, By 1) OO E R T ) (v
J=1 1)

accounts for the change of the partition 4" — @) in 4y, (1), where 1(j)

labels the sub-cells belonging to the sub-partition & ) N %j(”) of %j(”), and where
we define

I~ ) =~ o0
ugy=VE; and v =VE;
1G) i



794 T. Chen, J. Frohlich, A. Pizzo

II) the term

AY(ty — 11, 00, 9"
N(t1)

i Ht Yoy, (U ,VE« 1) ﬂE« o (1)
e E WKG,Z(U/atl)e o ‘ﬁj,%
j=1
N(n)

o, ,VE~ N — E- t
oiHD Z Wi, o (vj, ) ez}/ 1 (¥ 2) i 2 w](t:r), (V.3)
j=1

accounts for the subsequent change of the time variable, 1, — 11, for the fixed
partition ¢ 1) and the fixed infrared cut-off 01,5 and finally,
IIT) the term

AY(t1, 01 — 01y, G)
N(ty)

iH iV, (U ,VE« t) sz« t t
= ' Z Wkotl(v/atl)eyrl / : 11#;;-)”
j=1
N(ty)
o, VE- - E-
lel Z W/{ 01y (v/’ t])ely zz(vj tl) ! tlw(tl) (V4)
j=1

accounts for the change of the infrared cut-off, oy, — o,.

Our goal is to prove

| V1) = ) | = O (Ane2)?/ef). (V5)

for some p > 0. To this end, it is necessary to perform the three steps in the order dis-
played above. As a corollary of the bound (V.5), we obtain Theorem III.2 by telescoping
(see the comment after Eq. (I11.57)).

The arguments in our proof are very similar to those in [26], but a number of mod-
ifications are necessary because of the vector nature of the QED interaction. For these
modifications, we provide detailed explanations.

V.2. Refining the cell partition. In this section, we discuss step (V.2) in which the
momentum space cell partition is modified. It is possible to apply the methods developed
in [26], up to some minor modifications.

We will prove that

| AY (12, 0, 9 > 90y | < O ((1n(t2))2/rf) (V.6)

for some p > 0. The contributions from the off-diagonal terms with respect to the sub-
partition ) of ¢(1) can be estimated by the same arguments that have culminated in

the proof of Theorem IV.1. That is, we first express l”](t:,zz as

() _ n i3 % 43 (r2)
Vg, = Lmh(m\lf P = /( SRPYWRAP =yl (V)

1(j) I(J) 1)
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Then,

1, N n) 2
HAI/I( o1r @) g(tl))”
N(t)

~iEPn ) (1)
z Z < [ K,01 (vl(])s 1) — Wi \01y (U,, tZ)] P Wl(j),% >

Jo 3= ()

—lE~ t

[ e @y 12) = Waoo, @) | 55 202, ) (v8)

where we define

S . oy 5. VE > 1)
WK,UZZ (ij h) = VV/(,@2 (Ujs r)e P s V.9)
. " = Ot
e - - i (;y.VE =7 .,1)
WK’(;IZ (U[(j), b) = Wk,grz (vl(j), h)e Yo, WVI(j) P (V.10)

Following the analysis in Sect. IV.1, one finds that the sum over pairs (I'(j"), [(j)) with
either [ # " or j # j’ can be bounded by O(r, ©), provided that € < 7, as in (IV.21).
Let ( )g stand for the expectation value with respect to the vector U. Then, we are
left with the diagonal terms
N(t)
> > {[2 - Wiy Gy 12) Weaoy 2 12) = Wi, s 12 Wiy G, )]
j=11G)
(V.11)

~ o)
labeled by pairs (I(j), 1(j)), where ¥ = e BT WZ((tj; o in the case considered here.
[ty
For each term

(W y Gy, 120y B 1) ) (V.12)

we can again invoke the arguments developed for off-diagonal elements indexed by (/, j)
(where [ # j) from Sect. IV.1.
In particular, we define for s > 1,

~

14 —
My, o000, 2 $) = <
W“ (_, s) zEPv (1) (V.13)

o, V- 8) € PG o ) :

1E s, (1)
wl(l) Ut th (vjvs)

where
wk = L - _ —iyg (U/ VEd ,85) wx =
WK o1y (v],s)W,{yalz(vz(]),s) =e 2 WK oy (vj, )
. S -0
- 3. VE 2,
WL, (). s) €7 TO0VESD (v 1)
and

Wi, Wi )W, Wiy, s) = eXP(MZ/ jac) (k) - {gk waf et
A

—§£Aaz’keilgls } d3k), (V.15)

with u a real parameter.
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Proceedmg similarly as in (IV.12), the solution of the ODE analogous to (IV.9) for
M[l(/) G T1)] (tz, s) at u = 1 consists of a contribution at & = 0, which remains
J

non-zero as s — 00, and a remainder term that vanishes in the limit s — oo. In fact,

SEIPOO M[I(J) CRAUGXNN (12, )

Ciprs
— e ],l(é)”fz < ’Vatz(”] VE- 0[2

(2) lya @15 VE- ,0, (2)
I//l(]) oy 1y (VG tz 1//1(])’0[2 >, (V.16)

where
Chiton, = / 1) ) P, (V.17)
K \Por,
as in (IV.10), with 7 7 j)(l_é) defined in (IV.4). Hence, (V.11) is given by the sum of

N(t2)

+00 d A
- Z /t l(/) v, Z(]')jaj)](tz’s)ds
J=1€()
N(12) +00 d -
gpp2 /t My, By L IeC, 512 8) ds (V.18)
j=1 £())
and
N(t2)

Ci(j).j.o1
) . G0 )
>, Z<‘”l(§>,m2’ [2_2005 (AV%(”/' _”l<f>’VE132’t2))e ’ ]I/’u;),m)’
=1 ()
(V.19)

where

N N > o N > o -1 L 2.0 -1
AVU,Z (vj — VI(j)» VE};tza h) = Yo, (vl(j)a VEI;Q» Oy, 9) = Yo, (vj, VEI;Z’ Oy, 6)~
(V.20)

The arguments that have culminated in Theorem IV.1 also imply that the sum (V.18) can
be bounded by (’)(t_4€) for n > 4e. The leading contribution in (V.6) is represented
by the sum (V.19) of diagonal terms (with respect to ¢4 (2)) which can now be bounded
from above. It suffices to show that

S = _ o
sup |2 — 2cos (Ayg, @ — vl(j),VEi)z,tz))e )

1
< —lInnn (V.21)
PeS !

1

for some n’ > 0 that depends on €. To see this, we note that the lower integration bound
in the integral (V.17) contributes a factor to (V.21) proportional to In ;. In Lemma A.1,
it is proven that

- 2 -0 _1 - = .0 _1 - -
Vﬁzz(vjvaﬁtz,(Utz) 0)_yﬂtz(vl(j)’vEﬁtz,(Utz) )| < (9(|vj—v1(j)|).

(V.22)

O’[l

We can estimate the difference v; — v;(;) = VE e —VE —'2 , which also appears in

l(/)
11(j),j k), using condition (.#2) of Theorem IIL.1. ThlS yields the e-dependent negative
power of 71 in (V.21).
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V.3. Shifting the time variable for a fixed cell partition and infrared cut-off. In this
subsection, we prove that

H AW (62 — 11, 01, G H <0 ((1n(t2))2/tf) (V.23)

for some p > 0; see (V.3). This accounts for the change of the time variable, while both
the cell partition and the infrared cutoff are kept fixed. It can be controlled by a standard
Cook argument, and methods similar to those used in the discussion of (IV.22).

Fort; < s < 1, we define

S

y(,,z(f)j,VEgz,s) = —/ VEUIBI2 / E (k)cos(k VE« T — |k|r)d3kdr.
1 B S\ oty

(V.24)

Then, we estimate

LI - _
/ dsa(e'HtzSWK,a,Z(Bj,S)elVU’Z(v’ VES ) iEp Sl/f,(’i),) (V.25)
1

cell by cell. To this end, we can essentially apply the same arguments that entered the
treatment of the time derivative in (IV.22), see also the remark after Theorem A.3, by
defining an infrared tail in a similar fashion. The only modification to be added is that,
apart from two terms analogous to (IV.23), (IV.24), we now also have to consider

L > VE< - E«
i elHS(H _ HU’Z) WK,U,Z (Uj, s)el)/ritz (UJ S) i K

G 1)
v oty (V.26)
which enters from the derivative in s of the operator underlined in

lyatz(vl VE~ v) —1E~ K

iHs —iH2s iH"s =
e e e WK%(vj,s)

(1)
/e J.on” (V.27)
To control the norm of (V.26), we observe that

) A A
H—H = a?i[H,7] - Ay, — a%, (V.28)

where
43k -
Aso, : Z / L g“ ]{fkb,;’k], (V.29)
Bo, \/ k|

and we note that
[H.7] - Aco, = Ag, - [H. 7).
because of the Coulomb gauge condition. Moreover,
Wi o, @, 8)ilH. Z)We,, (U, 5) = i[H, T] +hy(T) (V.30)
with || ()] < O(1) and
[bg 5 hs(@)] = [hs(F), Asg,)] = 0.
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Furthermore, we have

. )  _
bk,kl//j‘a,z =0
fork € B%, and
1A <o, Wil s 1A <oy, - Aoy Wil | < Olon W), 1D (V31)

The estimate
1A o, - LH BV 1 < O (o0 {0 E S 1+ 1D 1]). (v32)

holds, where

3¢

IH. @y | < 0y ), (V.33)
because

IH, ]y

J0t

. t
< allt by |

for some constant ¢, and

1w = o )
Jiorn T 1 :

Consequently, we obtain that

. - 20 )
> vi,VE-“5) —iE_-“s , (t
H (H—H"'z)WK,g,Z(vj,s)eW"fz(J P Ve R WJ(;),
1

< OCo {IHE W0 1+ 1w 1)) = 0o, 73%), (V.34)

Following the procedure in Sect. I1.2.1, B., one can also check that

2 ims —inns d (e = iYor, 01, VER2 ) —iES%s | (1)
e''ve — e WK,gtz(v./,s)e o Y ER e T R ng ds
f ds »01y

IA

1 3¢
@) (t—,,|1n0,2|2t1 2 ) ., (V.35)
1

for some 1 > 0 independent of €. Similarly as in (IV.21), we choose € small enough
such that § > €.

The number of cells in the partition ) is N (¢]) ~ t13€. Therefore, summing over
all cells, we get

_3e 1 _3e
(@) (N(tl) 1’ 0,2t2) +0 (N(tl) t_”| lncrtzlztl 2 ) , (V.36)
1
as an upper bound on the norm of the term in (V.3).

The parameter 8 in the definition of o, = ¢, P can be chosen arbitrarily large,
independently of €. Hereby, we arrive at the upper bound claimed in (V.5).
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V4. Shifting the infrared cut-off. In this section, we prove that
| AV, 0 = 00, ) | = O ((n())/1f) (V37)
for some p > 0; see (V.4). The analysis of this last step is the most involved one, and

will require extensive use of our previous results.
The starting idea is to rewrite the last term in (V.4),

iHn gy - Yo, G, VER211) —iE220 (1)
D" Wi, Wy, 11) 70T TRy ) (V.38)
j=1
as
N(t1) -
S Wy (B 11) W VE) W, (VE™) iYor, 37, VEZ2 1) —iE52n ACH
e K,0, \Uj5 11 o1y P a1y B e e J:01y°
j=1
(V.39)

and to group the terms appearing in (V.39) in such a way that, cell by cell, we consider
the new dressing operator

. - _:pn
M W, W7, 1) Wy (VET) e E871, (V.40)
which acts on
() ._ Py 22 g3
de’% = [g?")h([)) CD}; d’P, (V41)
J

where CID‘I’3 =W, (%E ;’3)\11%, see (I11.23). The key advantage is that the vector o'

J:0n
inherits the Holder regularity of <I>‘1’3; see (IT1.13) in condition (.#2) of Theorem III.1.
We will refer to (V.41) as an infrared-regular vector.
Accordingly, (V.39) now reads

N(tr) . o or

i Hi - % SOy Ve, ;. VEZ2 ) —iE 2t o (1)

D" W, (B, 1) Wy, (VER2) 7 U YE 0 TE 0 @l (v42)
j=1

and we proceed as follows.
A. Shifting the IR cutoff in the infrared-regular vector. First, we substitute

iHt & = ¥ 1S Oy ivey, @ VER ) —iESn o (1)
MY Wi, W )Wy, (VEZ) 7020500 )
j=1
' N(11) - ) s Gp 5
N ethl z WK,J,2 (T}j’tl)W:[z(VEﬁrz)ezya,l (vj, 5 ,tl)e—z 5 h q>5't,]o),l’
j=1

(V.43)

where oy, is replaced by oy, in the underlined terms. We prove that the norm difference
of these two vectors is bounded by the r.h.s. of (V.37). The necessary ingredients are:
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1) Condition (.#1) in Theorem III.1.
2) The estimate

L = 0 L = 0 La=s _
|Vat2(vjsVEﬁr2’tl)_Vo,l(vj,VEﬁtl,tlﬂ < 0(0,]2 1! 9) +0(noy),

for t; > t; > 1, proven in Lemma A.1. The parameter 0 < 6 < 1 is the same as
the one in (I11.26).

3) The cell partition &) depends on #| < 1.

4) The parameter 8 can be chosen arbitrarily large, independently of €, so that the

infrared cutoff o;; =1, P can be made as small as one wishes.

First of all, it is clear that the norm difference of the two vectors in (V.43) is bounded
by the norm difference of the two underlined vectors, summed over all N(#;) cells.
Using 1) and 2), one straightforwardly derives that the norm difference between the two
underlined vectors in (V.43) is bounded from above by

las) -3
O o2 7172, (V.44)

where the last factor, tl_ 26, accounts for the volume of an individual cell in @V, by 3).

The sum over all cells in ¢V yields a bound

L1(1-8) 1-3¢

O(N(t) oy t ), (V45)

where N (1) ~ tfe, by 3). Picking g sufficiently large, by 4), we find that the norm

difference of the two vectors in (V.43) is bounded by 7, " for some n > 0. This agrees
with the bound stated in (V.37).
B. Shifting the IR cutoff in the dressing operator. Subsequently to (V.43), we substitute

(H &) = Oty iver B VER ) —iETVe o (1)
D" W, @ )Wy, (VEZ)ETon 55 0™ gl

J:01

j=1

iH Ry = 01\ ive, B VET ) —iETV o (1)
— MY Wi, @), t)Wg (VE DT 0p 0T 'Y (V.46)
j=1

where 0, — oy, in the underlined operators. A crucial point in our argument is that
when oy, (> 0y,) tends to 0, the Holder continuity of @;1 in P offsets the (logarithmic)

divergence in f, which arises from the dressing operator.
We subdivide the shift 0, — oy, in

Wi, @js W5 (VEZ) —> W, (3, 1)Wg (VES") (V.47)

into the following three intermediate steps, where the operators modified in each step
are underlined:

Step a)
Wiy B, )Wy, 0 Woy, (5 W5 (VES?)

— Wy, @) OWZ G Wy, GHWE (VET), (V.48)
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Step b)
Wiear, @ t)OW5, (5 Woy, G Wy, (VET?)
— We @ tDW5 () Wer, @) Wer (VEZ), (V.49)
Step c)

- - - = Ot
Wi (B )W (5 Wey, (5)Wr (VEZD)

— We, @) )W () We, G Wgr (VEZY). (V.50)

Analysis of Step a). In Step a), we analyze the difference between the vectors

VET 1y —iETy (s
p ol e p U (‘1)
7,01y

(V51)

i Ht - - > 2 0. iV, (Ui,
M Wiy B VWS, () W, B W2 (VET e 71

and

. . - 201 T
Ht > - - = Ot iVo, Vj,VE ' 11) —iE-"t] x(t])
MW g1, (B VWS (5))War,y B WS (VET)e7on TV ER 1015 0 gl

J,01y°
(V.52)
for each cell in ¥, Our goal is to prove that
| (V.51) — (V.52) || < const Intp P(t1, 1), (V.53)

where

P(t1, 1) := sup
EeBgll

(e—i(|k|ll—k-i) _ I)sz (,Dj)W;ktz (%E;Q))

. [ B o 2 . Ot
><ely"’Z(Uj’VEﬁz’t')eﬂEﬁltld>(~tl) H < O(tl_n Inty) (V.54)
1

J,0t

as t; — +oo, for some n > 0 independent of € and for 8 large enough.
Using the identity

Wx,o,z(ﬁj,fl)W:,z Wj) = Wi, (17j,t1)W:,1 Ch)

; 3 - g, (k) sin(k - 7 — |k|ty)
X exp(g/ A — —
2 BUI] \Balz |k|(1 —k- Uj)
L Z Bk Vi {§E’Abz)~(e_"(|k|’1_k@) —1)— h.c.}
X exp | a2 / — S )
% 7 Boy \Baoyy || lkI(1 —k-vj)

(V.55)
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the difference between (V.51) and (V.52) is given by

) R _ ; 325 (F) sink - & — |K|ry)
MW, G 0W5, @ oo [ e
Boy \Boy, [kI(1 =k - vj)

| / B U .{EE‘AbE’A(e"’”k|"‘k‘5’) —1) = he.)
X [exp | a2 Z — = =S -1
% Boy \Bay, /‘i{'| [kl(1 —k-v))

EN t) —iE 1 1 4 (11)

VE.', 5 1

P e P [
701

X Wo,, (8)) W, (VEG?) 7o O

(712

| ) ) . ;- Sa () sin(k - 7 — [klr)
+e’H"Wx,ml (vf,tl)W; (vj) | exp E/ A3k J Ch
s 1 Bm] \Bat2

2 k11— - 3))

x W,

> ; 5. 9™ !
= Oty Yoy W5 VES ) —iES g (1)
o, @ Wo (VEZ?) e ™77 0r e 707 0

P J:o1’

where 7 is the identity operator in .
The norm of the vector (V.56) equals

TR G N LR SRRy )

exp (o3 [
a b A—»
B \Bay R kI(1 =k - 5;)

. - 201 . 01
W (@ x oo oy Yo, 0, VEZ 1) —IE- 711 £ (11)
X o'tz(vj) Wgtz(vEﬁ )e o1 NI P e P q)jﬂz]

We now observe that
o forke B, ,
by 5 Wer, G Wo, (%E;’Z)
= Wo, G)W5 (VEZ) by,
+ Wo, G)War (VEZ?) fr, @), P,
where

/ &’k | f; (05, P < O(lInoy,))
By, \Bs,

uniformly in v j»and in P € S, and where j enumerates the cells.
o fork e BU,] ,

b Yo G VEG ) —iE gy
ko J.onq T

because of the infrared properties of @5.“3” .
From the Schwarz inequality, we therefore get

(V.58) = clInoy,| P(n, 1),

(V.56)

)

(V.57)

(V.58)

(V.59)
(V.60)
(V.61)

(V.62)

(V.63)

(V.64)
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for some finite constant ¢ as claimed in (V.53), where

Pt = sup | FTFD 1w, @pwy (VER)
keBU,1

. 3.V oty . 0
x e’ymz(vjy E15 stl)e*IElg th)(ll)
j~¢7t1

, (V.65)

as defined in (V.54). To estimate P(t1, t2), we regroup the terms inside the norm into

2 00 )
VE “.11) —iE “t1 «(11)
P P :
e CIDLUT1

. /;t—/;"_)' N = Op iV, (ﬁ’
(6 i(kin 2 _ 1)W0t2 (vf) W:rz (VEI;Z)E e

> Tl T ; PRYA o _igR
= Wo,, (5) Wor (VEF? ) (7 HIn =) ) 1 VER 10 BT 1)

J-o
(V.66)
+ W, (5 W2, &E;rz_];)eiya,z ;. VET> 1) e—iE;’Ztl Q%)tl VD)
— W, (5) W5, (VE) 7o VEG ) . (V.68)
We next prove that
I(V.66) [, [[(V.67) — (V.68)| < O((01)" 11 Inty) (V.69)

for some p > 0 independent of €. To this end, we use:

i) The Holder regularity of CI>‘;3 and VE ‘173 described under condition (.#2) in Theorem
III.1.

ii) The regularity of the phase function

Yo, (B, VEZ2, 11) (V.70)

with respect to P e supph C S expressed in the following estimate, which is
similar to (A.3) in Lemma A.1: For k € Bgtl and 71 large enough,

N - O N - o7 = 1_sn 1—6
Vo (B, VET, 1) = ¥, (3, VEZ* 1on) | < Ok 1177, (v

where 0 < 6(< 1) can be chosen arbitrarily close to 1.
iii) The estimate

1,4 (k)
|]_€'|3/2

Ibp, V31 = C (V.72)

from (.#5) in Theorem III.1 for PeS , which implies

1/2
2
1N || = (Z/dSk | b 5, W ||2) < Cllno |2 (V73)
A
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1/2
1/2 5o 3 -3/2 o
HNf CD}; ||—(E / B, dk”(bl’k+0(|k| /)) ‘1113 )

<C|lno|'?, (V.74)

Likewise,

which controls the expected photon number in the states {CID(;1 }. As a side remark,

we note that the true size is in fact O(1), uniformly in o, but the logarithmically
divergent bound here is sufficient for our purposes.
iv) The cell decomposition ¢V is determined by #; < f,. Moreover, since (> 1)

can be chosen arbitrarily large and independent of €, oy, = t; P can be made as
small as desired.

We first prove the bound on || (V.66)]| stated in (V.69). To this end, we use

(e_i(‘g"‘_lz'i) —I) eV (T’fﬁE;ﬂ 1) e_iE;[l Ry (V.75)
7,01 :
. - = .0t . -0t - -
— JYn (U_j’VE};l;Jl)e_lEﬁL;tl (e~ RIn—k3) _ 7y CD(/IIG), (V.76)
+e lVUtz(UI VE~ ~t1) —zEa ~t1 (D([l) (V77)
J:01
JUCNCR E 1) _,E- n a1
) <I>jml . (V.78)
The Holder regularity of CID(;—;' from 1) yields
G- %
| (V76) || < O(1y 0, ), (V.79)

where 8’ can be chosen arbitrarily small, and independently of €. The derivation of a
similar estimate is given in the proof of Theorem A.3 in the Appendix, starting from

(A.27), to which we refer for details. The Holder continuity of E Uﬁ" and %E;", again
from i), combined with ii), with 6 sufficiently close to 1, implies that, with k € Bgtl R

3e

| (V.77) — (V78) || < O(1y o,% nr), (V.80)

as desired.
To prove the bound on || (V.67) — (V.68) || asserted in (V.69), we write

* _*""tz * oo * o2 .oy _
W%(VE~ - Utz(VEf’ ) = WG;Z(VEﬁ )(W%(VEﬁ_I?, VEﬁ )y—1),
(V.81)

where

Wy (VEG s VE?) i= Wo, (VEZ) Wy (VE2 ),

0';2
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and apply the Schwarz inequality in the form
* o’ . o’y _ &
H W} (VE?.: VE?) -1 & H

1/2

d? . . N

SC(/ *Z) o oswp | VER -VEZ|INSB] (V8
By, g1 Pesupp h, keBo,

where in our case, ® = ¢’/ (ﬁj’%Egl ’tl)e_iEU’;l . ‘D.(,'t,grl . We have
IN/Z T < clnoy'? < ¢ (i)', (V.83)
as a consequence of iii). Due to 1),
sup VEY . - VET | < O(at;%_y,), (V.84)

f’esupp h, l;el’j’g,l
where §” > 0 is arbitrarily small, and independent of € (see (II1.14)). Therefore,

sup [[(V.67) = (V.68) || = O((Inzp) )"
keBg,1

for some p’ > 0 which does not depend on € (recalling that t; < ;).
We may now return to (V.53). From iv), and the fact that the number of cells is
N(t) =~ t13€, summation over all cells yields

N(t1)

D IVs1) — (V52| < O

j=1

In(r2)
1

) (V.85)

for some p > 0, provided that § is sufficiently large. This agrees with (V.37).

The sum lev:(’f) [ (V.57) || can be treated in a similar way.

Analysis of Step b). To show that the norm difference of the two vectors corresponding to
the change (V.49) in (V.46) is bounded by the r.h.s. of (V.5), we argue similarly as for Step
a), and we shall not reiterate the details. One again uses properties i) —iv) as in Step a).

Analysis of Step c). Finally, we prove that the difference of the vectors corresponding to
(V.50) satisfies

N(t)

i - O - o1 2 0 i Ve, (U 2
elHtl ZWK,O}I (Uja tl)I:Wl(rt; (UJ)W*|0~2 (VEﬁtl )—I]e”/ 1 (v
j=1

= (Tr] . (T[l
LWVE-"11) —IiE-"1
P e '"p

(1)
wjﬁt]

I t

<0 ((ln(tz))z/ tf ) (V.86)
for some p > 0, where we define

Wign (3)) == W5 (5))We,, (), (V.87)
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and likeWiSe,
1% |0-[1(CE—>[1) =W (;Eﬂtl)”g (CE—)II) (V88)
&) P : O'tz P n P : °

We separately discuss the diagonal and off-diagonal contributions to (V.86) from the
sum over cells in ¥,

o The diagonal terms in (V.86). To bound the diagonal terms in (V.86), we use that, with
v; = VE™ 5_p,

t on on

Ot = = 0 /TN =
Wiol (3 s VEZ) 1= Wigh @) W*|ol (VES") (V.89)
allows for an estimate similar to (V.82), where we now use that
N S B Y
sup [VET! — ;] < 0,77, (V.90)

ey
J

The latter follows from the Holder regularity of VE ‘}1), due to condition (-#2) in Theorem
III.1; see (II1.14). Moreover, we use (V.83) to bound the expected photon number in the
states {‘lf;tl ).

Hereby we find that the sum of diagonal terms can be bounded by

76(%*6”)

O(N (@) iy 17 tnr) 1y ) = 01 Inny) (V91)

J:01

J:0t

o The off-diagonal terms in (V.86). Next, we bound the off-diagonal terms in (V.86),
corresponding to the inner product of vectors supported on cells j # I of the partition
") Those are similar to the off-diagonal terms M 11, j (t, s) in (IV.6) that were discussed
in detail previously. Correspondingly, we can apply the methods developed in Sect. IV.1,
up to some modifications which we explain now.

Our goal is to prove the asymptotic orthogonality of the off-diagonal terms in (V.86).

We first of all prove the auxiliary result

for some p > 0, using N (t;) = O({), and ||1p<.”>1 1> = O@%).

im || s, Gt ) (5) W[l (VES e sy 1) = o, (V.92)
§—>+00 ,01
To this end, we compare
Won (VET)1 ) (P) (V.93)

)

(where 1 oy is the characteristic function of the cell 4 j(’l)) to its discretization:
j

1. We pick 7 large enough such that & ™ is a sub-partition of ¢®); in particular,

@) _ M () _N®
9 = 2om(y=19n(j)» Where M = 5. )
. - = 0 = .
2. Furthermore, deﬁnlng Um(j) = VEIB%(/-)’ where Pr:(j) is the center of the cell grflt()j)’
D O]
we have, for P € %m(j),
L € (%—5”)
limjy = VE;'| = C (;) : (V.94)

where C is uniform in #;.
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3. We define
M
ﬂ, Oy
Wol (M) .= > W* oy Gimi) 10 (P) (V.95)
m(j)=1
and rewrite the vector
Gy, (G15) () Wl (VEG e sy 1) (V.96)

in (V.92) as

> /3 o PR W@ — W]

1)

x it () - &7, b L i %/fj“j)tl (V.97)
+ Z w* |(,,2(um(,>)2/ d3k ﬁl,j(E).E;Aa,;’Ae"'k'S
m(j)=1
LiE
xe 'Fp Awggj)’gtl. (V.98)

We now observe that, at fixed t1, >, (III.18) and the bound (V.94) imply that the vector
in (V.97) converges to the zero vector as i — +00, uniformly in s. Moreover, the norm
of the vector in (V.98) tends to zero, as s — +00, at fixed 7. This proves (V.92).

The main difference between the vector corresponding to the jth cell in (V.86) and
the similar expression in (IV.22) that is differentiated in s is the term proportional to the
operator

Wlon G Wl (VES"), (V.99)

which is absent in (IV.22). To control it, we first note that the Hamiltonian

(&)
gon = / H;"d3P, (V.100)
where
N N N 2
~0; (P — PZO}] +(X1/2AU’I) f
o= 5 + Hi,, (V.101)
with
pl, = / kbt b-. dk, (V.102)
1 R\, kxR
1
and

oo 7 .3
Hig, = /11@3\3 |k|b;f’kbk’kd k, (V.103)
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satisfies
ﬁg" \11(1;" — E;’l \y;’l, (V.104)
and
[W|(,,1 (v,)W*|gt‘ (VE ’1) Ho1 =0. (V.105)

Using (V.105), the vector in (V.86) corresponding to the jth cell can be replaced by

. T70f N i ".’VEA _ ot 0,
elH IAWK,O}I (Uj’s)elyﬁtl (vj ) iH 13(w|0't1( v VE 1

)— I)wj(.ffm , fors=t,
(V.106)
where we recall that
Wion (05 VEZY) = Wigh @)W oh (VES").
Similarly to our strategy in Sect. IV.1, we control M 1], i (t, s); see (IV.16). The deriv-
on @ ; VEZ") in the jth cell vector has the
Jtz P

form

d O 5 - Vo ”-ﬁE« - E«
- (e‘H " Wiy @) € 7n OV ER D T W T @y VET) y)

— e Wi, (0. 5) ai[H, 7] / igj(/?) cos(k - 7 — |kls) d°k

71E< K zy(,tl (@, VE%

xe P Wi (5: VE ”W}’},,

4ielf™s Wi, (. 5) & / S, (k) cos(k - & — [k|s) d*k

BK\ o1
: / 25, (@) cos(q - & — |gls)d>q
B\By,

Vo, ;. VE? 5) —iE7
x /1o CrVERD B o 5 VET ) ),
1

d¥s, (@, VEﬁ ,8)
ds
Wias @3 VEZ) ¥l (V.107)

. PH IR
+ie'™ T Weg, (U, 5)
: s ot .0t
o Yo @ VEG ) —iELs
Due to the similarity of this expression with (IV.22) — (IV.29), we can essentially adopt

the analysis presented in Sect. IV.1. The only difference here is the operator H°" instead
of H°1, and the additional term involving the commutator

|:Xh (5) Wi (VES )} (V.108)
s
applied to the one-particle state

i Vo, (6-,§E?1,s) —iEMs @
etJ/tl J B e ey w](‘,:r),l' (V109)
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However, the latter tends to zero as s — +00, at a rate (9( <), for some e-independent
n > 0. This follows from the Holder regularity of VE" (condition (.#2) in Theorem
II1.1), and (II1.18). Slmllarly, we treat the commutator (V.108) with the infrared tail

(IV.39) in place of Xh( *) (and with H Hon replacing H?1). It is then straightforward to
see that we arrive at (V. 5) O

VI. Scattering Subspaces and Asymptotic Observables

This section is dedicated to the following key constructions in the scattering theory for
an infraparticle with the quantized electromagnetic field:

i) We define scattering subspaces 7°*//" which are invariant under space-time trans-

lations, built from vectors {\Ilom/ .

To this end, we first define a subspace, HD'”/ , depending on the choice of

a threshold frequency « with the following purpose: Apart from photons with
energy smaller than «, this subspace contains states describing only a freely mov-
ing (asymptotic) electron.
Adding asymptotic photons to the states in 7'0(,2“[/ """ we define spaces of scattering
states of the system, where the asymptotic electron velocity is restricted to the
region {§Ea : |ﬁ| < %}
We note that the choice of H is not unique, except for the behavior of the
dressing photon cloud in the infrared limit. It is useful because
— in the construction of the spaces of scattering states, we can separate “hard
photons” from the photon cloud present in the states in H2“"/"", which is not
completely removable — each state in the scattering spaces contains an infinite
number of asymptotic photons.

— from the physical point of view, every experimental setup is limited by a thresh-
old energy « below which photons cannot be measured.

ii) The construction of asymptotic algebras of observables, A

related to the electromagnetic field and to the electron, respectlvely.
The asymptotic algebras are

cout/in .

out/in and Aout/m,

— the Weyl algebra, Am;lt/ m, associated to the asymptotic electromagnetic field;

— the algebra A%"/"" generated by smooth functions of compact support of the

asymptotic velocity of the electron.

The two algebras .Aom/ " and .Am"/ " commute. This is the mathematical coun-

terpart of the asymptotlc decouphng between the photons and the electron. This
decoupling is, however, far from trivial: In fact, in contrast to a theory with a mass
gap or a theory where the interaction with the soft modes of the field is turned
off, the system is characterized by the emission of soft photons for arbitrarily long
times.

In this respect, the asymptotic convergence of the electron velocity is a new con-
ceptual result, obtained from the solution of the infraparticle problem in a concrete
model, here non-relativistic QED. Furthermore, the emission of soft photons for
arbitrarily long times is reflected in the representation of the asymptotic electro-
magnetic algebra, which is non-Fock but only locally Fock (see Sect. VI1.2). More
precisely, the representation can be decomposed on the spectrum of the asymptotic
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velocity of the electron; for different values of the asymptotic velocity, the repre-
sentations turn out to be inequivalent. Only for VE p = 0, the representation is
Fock, otherwise they are coherent non-Fock. The coherent photon cloud, labeled
by the asymptotic velocity, is the well known Bloch-Nordsieck cloud.

All the results and definition clearly hold for both the out and the in-states. We shall
restrict ourselves to the discussion of out-states.

VI 1. Scattering subspaces and “One-particle” subspaces with counter threshold k. In
Sect. III, we have constructed a scattering state with electron wave function %, and a
dressing cloud exhibiting the correct behavior in the limit k — 0, with maximal photon
frequency «.
To construct a space which is invariant under space-time translations, we may either
focus on the vectors
e—ia-ﬁe—iHTwoul (VII)

h,k°
or on the vectors obtained from
N(1)

. - . - & 0t . -0

I B iHt T,d (7. ive, (Vj,VES 1) —iESt

s tgrgoe E Wes, (v, e P e P
j=1

®) -
7o (t,a), (VL.2)
where

Bk Vi (& Aa;f Ae_”k'(t”)e_"k'“ —h.c.}

- 1
Woe (U, 1) :==exp | a2 Z/ z — ,
' A BK\BU; /|]_é| |k|(1_kvj)

(VL3)
and
N iz 5 _-E’it -
Vil (0.0 = [g@ e PR T R(PYY AP, (VL4)
7
Using Theorem III.2, one straightforwardly finds that
e Pt Ty (VL5)
B N(1) L -
=5 — IEIPOO e—za-Pe—zHreth Z WK,U[(I_}]" t)elyax (UijE)’3 ’t)e_lEﬁ tl//](‘f;t (VL6)
j=1
NG+ R ' B~ —
=s— lim e DT WA (@, e O VERTI0 ST I (2, ).
j=l1

(VL7)

The two limits (V1.2) and (V1.7) coincide; this follows straightforwardly from the line
of analysis presented in the previous section.

Therefore, we can define the “one-particle” space corresponding to the frequency
threshold « as

el = [\ ! @@ h(P) € CU(S\B,), T €R, G € R} (V18)

. cout/in . . . . .
By construction, H /I is invariant under space-time translations.
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General scattering states of the system can contain an arbitrarily large number of
“hard” photons, i.e., photons with an energy above a frequency threshold, say for instance
k. One can construct such states based on 7123””/ """ according to the following procedure.

We consider positive energy solutions of the form

&k B
F()) = | —————— F(k) e iIkli+iky V1.9
/@) /2<2n)3m &) (VL.9)
of the free wave equation
o o o= OPF(®@)
V5 - VyF () — a;zy =0, (VL10)

which exhibit fast decay in |y| for arbitrary fixed ¢, and where F (I;) e Cy° (R3\{0}).
We then construct vector-valued test functions

- a3k .
F,()) = —— —_FX FM(k) e tkliky VL11
1) Z/Z(ZH)3 R (VL11)
A==t
satisfying the wave equation (VI.10), with
Fk) = ZEE*AFA(IQ) e C&M®A\(0}; C3). (VL12)
"k,
We set
At 9) = e A@)e " (VL13)

here A(gj) is the expression in (II.11) with A = oco. An asymptotic vector potential is
constructed starting from LSZ (t — Z00) limits of interpolating field operators,

AlF, 1] == i/(ﬁ(z,g). aFft(y) _ ALY .ﬁ,@))d?’y, (VL14)

a ot

with Ij} asin (VI.11) for the negative-energy component, and with —Ft for the positive-
energy component. We define

out/in ,_ . _
%,ﬁ = tﬁlir/rloo I//h’F(l), (VIL.15)
where
Yy p @) = ei(A[F”’]_A[F”’])wh,K(t). (VL16)

Here, vy, (¢) approximates a vector 1//5”,: in 73(,‘;"[/ n (we temporarily drop the depen-

dence on (1, @) in our notation). The existence of the limitin (V1.15) is a straightforward
consequence of standard decay estimates for oscillating integrals under the assumption
in (VI.12), combined with the propagation estimate (I11.44).

Finally, we can define the scattering subspaces as

Hout/in . {\/ w]j”;/"” L h(P) € CL(S\B,,), Fe CE(R3N\0; C3) } (VL.17)
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VI.2. Asymptotic algebras and Bloch-Nordsieck coherent factor. We now state some
theorems concerning the construction of the asymptotic algebras. The proofs can be
easily derived using the arguments developed in Sects. IV and V; for further details we
refer to [26].

Theorem VL1. The functions f € Ci° (R3), of the variable ¢! % e A1 have strong

limits for t — oo in HO“/™" namely:

_ . iHt E —iHt out/in __  , out/in
s Hly/rlooe f(t)e v i —.whfh’ﬁ, (VL18)

where fz p(P) = limg_ f(%E%).

The proof is obtained from an adaptation of the proof of Theorem A.3 in the Appendix.
For the radiation field, we have the following result.

Theorem VL.2. The LSZ Weyl operators

ei(ﬁ[é,,z]—ﬁ[?,,z])

: GMk) e LER3, (1 + k™ Hdk), & = :I:] (VL19)

have strong limits in H"!/ " :

Woullin(Gy = 5 — Jim /(AGrn1-A1Gr11) (V1.20)
The limiting operators are unitary, and have the following properties:
i)
Wout/in (é)Wuut/in (é/) _ Wout/in(é + é/)e— p(éz’é/) i (VL21)
where
0(G,G) =2ilm (Z / @(12)6/*(1?)(1%). (VL.22)
A

ii) The mapping R 3 s — W/in(s é) defines a strongly continuous, one param-
eter group of unitary operators.
iii)

ethwout/in(é)e—iHr — Wout/in(é_r)’ (VL.23)
where é_f is a freely evolved, vector-valued test function in the time —t.

Next, we define

AZ;”/M
(VL18).
t/i
A(;I;l in
(VL.20).

as the norm closure of the (abelian) *algebra generated by the limits in

as the norm closure of the *algebra generated by the unitary operators in
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From (VI.21) and (V1.23), we conclude that Aam/ """ is the Weyl algebra associated to
a free radiation field. Moreover, from stralghtforward approximation arguments applied
to the generators, we can prove that the two algebras, Am”/ " and AOW/ " commute.

Moreover, we can next establish key properties of the representatlon 1'[ of the alge-
bras .Aw”/ """ for the concrete model at hand that confirm structural features derived in
[19] under general assumptions.

(mt/m

To study the infrared features of the representation of .A , it suffices to analyze

the expectation of the generators { VW4 (G) } of the algebra with respect to arbitrary
states of the form /%!,

(v, W (G it ) (V1.24)
N(t) . = O ot
_ ZETOO z <ely”’(v"VE z) —iE] twl(tgt, (VI.25)

j=11=1

i(A1G:,01-A1G1.01 70y (3. VEY 0~ B 1

Wi, (@1, e Wi Gy 1)e v )
In the step passing from (VI.24) to (VI.25), we use Theorem II1.2. One infers from the
arguments developed in Sect. I'V.1 that the sum of the off-diagonal terms, / # j, vanishes

in the limit. Therefore,

N(t)

ive, (Vj, VE z) lE"'z )

(VL25) = lim Z( 1@ Py
j=1

ei (A[G’ 01-AlG: ’O]) % (G)eiy"’ (aj’VE;[ 2 e_iE;t ' w](‘tz)rt >v (VI.26)

where
0:(G) := 2iRe| a2 Z / Gk(k)—cﬁk (VL.27)
K131 —ii - B)
After solving an ODE analogous to (IV.9), we find that the diagonal terms yield
- €& o0e, (G -
<w}?’u’(t’ WOL![(G)wg’uKZ ) — /E_TGEQVEﬁ( ) |/’l(P)|2 d3P, (VIZS)
where
Ci = / |G (k) |2d>k. (V1.29)

Here, we also use that 1'5./ =VE ;’*, combined with the convergence %E‘;’ ~ VE p (as
J
t —-ooand P € S).

Now, we can reproduce the following results in [19]: The representation I'T (A out/i ™

is given by a direct integral on the spectrum of the operator U,y “in i Heut/i ", defined
by

FEM =5~ T einf(f)e—fH’ (V130)

t— +/—00 t
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for any f € CS"(H@) of mutually inequivalent, irreducible representations. These
representations are coherent non-Fock for values 5,2/ # 0. The coherent factors,

labeled by 5,24/ are

=out/in = by outfin g
1 as i 1 as k2
o —»0ut/m ~ and oz —»uut/ln =~ (VL3D)
k13 (1 - 3, - k) K13 (1 — v, k)

out/in and a(mt/m*

for the annihilation and the creation part, a- 7 respectively.

out/in

The representation IT (A
equivalent to the following one

For any « > 0, and G* ¢ C8°(R3\BK ; (C3), the operator

) is locally Fock in momenturn space. This property is

A[-G¥, 1] (VI.32)

annihilates vectors of the type 1,00’” in the limit r — +o0, i.e.,

lim A[— G;‘,t]w””’ = 0. (V1.33)

t—>+00

To prove this, we first consider Theorem II1.2, then

lim A[— G’f,t]lﬁ"’” = lim A[=G¥, t1Yn.e (1) (V1.34)
—+00

—>+00
Next, we rewrite the vector

N(@)

X[—é_’;, NWne(t) = ethA[—é_f, 0] ZWK,J,(I_}j,f)eiyat(a'j’VEﬁt’t)e_iEﬁrtlﬁj(»,t(),t
=1
(VL35)
as
N()
+00 d . —_ . A J—"
Hs 7 3 - iV, Vi, VEY s) —iE)s , (1)
_/, d—s{e’ SA[—Gg,O]Z%WK,(,,(vj,s)e TR Ry ) Y ds

j:

(VL.36)

N (@) _
+ lim ™ > Wi, (57, ) A[-G¥, 017 7

§—>+00

VE- v) —1E Yw](tgf (VI 37)

j=1
The integral in (VI.36), and the limit in (VI.37) exist. To see this, it is enough to follow
the procedure in Sect. I'V.1, taking into account that the operator

- =5 1
A[-G*,0]————[H"", T VI.38
=G, 01 s 11 ) (VL38)

isbounded, uniformly in 7 and s. The limit (VI.37) vanishes at fixed t because of condition
(#4) in Theorem III.1. Therefore we finally conclude that the limit (V1.34) vanishes.

Liénard-Wiechert fields generated by the charge. Now we briefly explain how to obtain
the result stated in (II.79). The assertion is obvious for the longitudinal degrees of
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freedom; see the definition of F),, in (II1.80). For the transverse degrees of freedom,
we argue as follows. Similarly to the treatment of (VI.24), we arrive at a sum over the
diagonal terms,

; t/i i H 3 W% - o = _iH i
tluinoo<¢;,”ﬁ/’", e t/d yF;irv(O,y)(SA(y_x_d)e i th’uﬁ/zn>

N(1)
. o 3 N - - . t
= lim <wj,(,,,/d yF,iQ(o,y>aA(y—a:—d>w;i<,,>.
j=1

Then, one uses the pull-through formula as in Lemma 6.1 in [10], and Proposition
5.1 in [10] which identifies the infrared coherent factor by showing that

11 A(lz) 1 - = 1/2 21
W, b qf‘l>+az s & -VEZ| < a'?Clk|
< pr ok TP K|} Ikl —k-VEZ K+ TP

(VL.39)
for k — 0. These ingredients imply that
N()
|d?| lim 4> < Vs /d3y FlL0,5) 850 — 7 — d) w,>

t—+o00
j=1

pa 2 o\ I
5 VE? . ;
_Z/m B (v v ) (Fuv P) 0,dd3P | | < 0(dI™),
Jj=1 4
(VL40)

which vanishes in the limit |c§ | = o0, as asserted in (II1.79).

Appendix A.
In the Appendix, we present detailed proofs of auxiliary results used in Sect. III.

Lemma A.1. The following estimates hold for Pes:
(1) Forty > 11 > 1,

R - o, 1 N d (o _1 = -
Vo, (02 VE5* . (01)™7) = Yoy, (Wijy. VE 5, (0) )| = O(Uj = i)
(A1)
where Vj = %E(;i and Vy(j) = %E;’f .
g €
>ii) Forty > t; > 1,
- = O bnd 8 ol 30— -
Vo @) VEG 1) = v, 07, VE )] = O (10) 207 1] 4 11041)
(A2)
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(iii) Fors,t > land g € (G : |g| < s},

SRS SRS -f1-8") (1-0
|)/Jt(vj,VE;’,s)—ygt(vj,VE;’Jr%,sﬂSO(s s 5020y - (A3)

whenever yg, (v}, %E%’, s) is defined.

Proof. The proofs only require the definition of the phase factor, and some elementary
integral estimates, using conditions (.# 1) and (.#2) in Theorem III.1. O

Lemma A.2. For s >t > 1, the estimates

;o 2, 2 |1n o
sup sl (k) cos(k - 7 — |kls)dk | < O(—), (A.4)
JI_EERS B)(\B(r, / S
17 AR < z !
sup / 5 (k) cos(k -z — kls)d "k xn(—) | < O(=), (A.5)
zeR3 B"\BU,S / s Ky
hold, where
- Kk 1
L) =2 Gy — —) = S (A.6)
g 2.0 = A o

and where o; = P, UTS =179 with B> 1,0 <6 < 1. Moreover, x;,(§) = 0 for

ly] < %vmm and |yj| > 1“’% With 0 < Vpin < Vmaz < 1 (see (II1.15)).
Proof. To prove the estimate (A.4), we consider the variable Z first in the set
ZeR :1Z <(0=p)s, 0<p<Il}

We denote by 6; the angle between z and k. Integration with respect to |/2| yields

/ sL (k) cos(k - & — |k|s)d >k (A7)
BBy, !
_ ‘/ @ sin(kk - 7 — ks) = fin(t*ﬁi- - fﬁs)dQ]z AS)
J k-x—s
2 -
< —/ |Z5, ()1d <y, (A9)
pS

where 4 (&) := |k|? 215/_ (k).
J
For 7 in the set
(ZeR: 17> —=p)s, 0<p<l}
we integrate by parts with respect to cos 8;, and observe that the two functions

d(Zf ()

- ~
=5 (&) and (A.10)

d cos 0r
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belong to L' (52 ; d;). This yields

/ Ef;j (k) cos(k - 7 — [k|s)d*k (A.11)
B\Bo,

“ e o~ sin(|k| |Z| + |k|s) -

—/ /Eéj(k)w,;:n %d“ﬂd(ﬁ; (A.12)
sin(Ik| 2] — IKls) -

/ / 5, 0l =0 dIklde; (A.13)

Ikl |Z]

_/ d@a,.(k)) sin(k ;xj Ik|s) dj. Al

Bo\B,, dcosty k| || |k|?

The absolute values of (A.12), (A.13), and (A.14), are all bounded above by O (““ s ),

as one easily verifies. This establishes (A.4), uniformly in 7 € R3.
To prove (A.5), we consider 7 in a set of the form

(TeR :(Q=p)s>17>0=p)s, 0<p <p<1}) (A.15)

We apply integration by parts with respect to |I€ | in (A.12), (A.13), and (A.14) in the
case UZS . As an example, we get for (A.12),

Al = [ SL @ cos(k (|Z] +5))
(A12) = Zﬁj(k”@;:n md@;’ (A.16)
R cos(t™ (|12 +s))
/zaj(k)blz:,, =Syl (A.17)
S @)l SSURELH RS ) A8
+// b Bloer oy gk (AT8)

Since Z is assumed to be an element of (A.15), it follows that the bound (A.5) holds for
(A.12). In the same manner, one obtains a similar bound for (A.13) and (A.14). O

Theorem A.3. For 6 < 1 sufficiently close to 1, and s > t, the propagation estimate

i (B) 55t ) N

—Xh(%E;[) 7o VE~ ), —iEYs

(1)
W] Ot

<c

5 [ In(oy)] (A.20)
2

sV
holds, where v > 0 is independent of .

Proof. Since the detailed proof of a closely related result is given in Theorem A2 of
[26], we only sketch the argument.

Expressing x;, (which we assume to be real) in terms of its Fourier transform ¥j,,
start from the bound
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VE? _ o (B, VEY ) —iE%

1] Eagiae 3 Y G- TE 9 TE sy 0 (A21)
GV E (ET—ET s . - oo

< / P Fu@ e TR — o TR M GVERD 0 (A )

i(E7—E% )s

+l / Sam@e T

7 . = &0
z iy, (¥j.VEF .5)

— e vl (A23)

We split the integration domains of (A.22) and (A.23) into the two regions

={g : 1] > s and I_:={g:|g < s} (A.24)
In both (A.22) and (A.23), the contribution to the integral from I, is controlled by the
decay properties of X(g), and one easily derives the bound in (A.20). For the contribu-
tions to (A.22) from the integral over /_, the existence of the gradient of the energy, the
Holder property in P of the gradient, and the decay properties of x(g) are enough to
produce the bound in (A.20).

To control (A.23), we note that the two vectors

ot q,01 o —i(;-% or
ﬁfg and \11137% =e r \Il}B (A.25)
belong to the same fiber space H p_i> and that, as vectors in Fock space, @ ! 6 and \Il
coincide, i.e.,
Ip i 75 WE) = I;(¥7). (A.26)

We split and estimate (A.23)|;_, i.e., (A.23) where the integration domain is restricted
to I_, by

o; .
EZS)s i

z(E"’
(A23)] = | / Xn(@) / ne T hpe oy @ V. ”my"' d3Pd3q (A.27)

&u

z(E”J E% s
- / X1 (@) / e Pd7 g 1 O VER VB pdiq|  (A28)
i(E° . —E%)s I
5||/ ih(zj)/me B hﬁe'V“’("f’VEﬁ’s)\I/;’_éd3Pd3q (A.29)

z(E"' . —E%M)s
_/ %0 (3) /m p-g P hje tya,(v, VE. 5)\11‘7’ d3Pd3qH

+||/ Xh(CI)/U)

“ \-&‘L

‘)5 . = O ROt
T YR P Pdg (A30)

a\m

i(E” . —E%)s ive; 3),VE” _.5)
~ p_4q P ~ P-4 a; 3 3
—/7 Xn(q) /(})e s hp_ie \Dﬁigd Pdq|
iEY G —Es 170, (5. VEY . .5) W P
+”/ )(h(q)/m -¥ hs ge P-4 v d’Pdq

i(EY—E” s
_/ S(\h(c_i) /(;)e P P+% h]; lVUt(Uj VE- S)"IJU’ d3Pd3q || (A3l)
1_ r
J
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The terms (A.29), (A.30), and (A.31) can be bounded by
:
(A29) =< /1 %0 (@) [/F@ hpPIFOVE) = 15 g (VI d3P} dq,
: (A.32)
)

e i Vo, _.’* C{t’, t 3

(A.30>s/1 |Xh(Q)||:/l_(t)|A§(hﬁelV’(vj VERP ||Iﬁ;<w;_5)||§rd3P} d*q.
— ] §
(A.33)

1

(A.31)5/I 1% (@) /Oj P (YDA P | dq.
- q

s

and
(A.34)

. 3. VE° .
z}’nt(vl’vEﬁfi’S) (A.35)

where
e g

o

B

e (50 VE” e (5 VE”
Az} (h*elygt(v-/’VEP ;5)) — h};eZVJ’(U-”VEP ,8) —h
is the translate by % of the

Py

q
NP rj.’)’ *), whete Fj.l)’

s
q
K

i (1) (0,
and O3 = Ir; urT;

cell Fy).
Using (A.3), the C 1—1regulalrity of h 3, and the definition of /_, one readily shows
that the terms (A.33), (A.34) satisfy the bound (A.20), as desired.

To estimate (A.32), we use the inequality
15 (\yg’) ~ 15 g (\y;f_g) Ir (A.36)
< W5 (Wo, VERIWY ) = 154 (W(,,(%Eg_z)wg_z) Ir (A37)
+l5_5 ((W::, (VEG) = Wi (VET ;) W, (%E‘;j)wg_q) Iz, (A38)
(A.39)

where it is clear that
< 170t or __ Ot
WJ,(VEﬁ)\III3 = d>13.

Moreover, we use properties (.#2), (.#5) in Theorem III.1, where we recall that

(#2) Holder regularity in PesS uniformly in o > 0 holds in the sense of
- 1
0% — %, 5ll7 < Cy|AP|+7° (A.40)
= =l = 1 on
IVES — VES,, 5] < Cyr|AP|+™%, (A41)
forany0 < 8" <8 < L with P, P+ AP € S, and where Cy and Cg» are

and

finite constants depending on 8' and 8", respectively.

We can bound (A.37) by use of (A.40).
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In order to bound (A.38), we recall the definition of the Weyl operator

VE .
— - @bi, —he) |, (A42)

W(VE)_exp MZ/B\B %—(k)
A 8o

~iQ

1

2
VE? ,|Ri | Re + (Z/B - k|| bz, % ; ||’§t)
A A\Po; R

(A38) < c|VE;' —VEY
(A.43)

and we note that

s

from a simple application of the Schwarz inequality, where

NN
R, = / ) = o(ma?).
Ba\By, k|3

2
7 =< cllnoyl,

(A.44)

Moreover, we have
(A.45)

&’k || by , D%
; ‘/BA \Bar oo
which is derived similarly as (V.74)

From Holder continuity of VEZ in P, (A.41), we obtain a contribution to the upper

bound on (A.38) which exhibits a power law decay in s
We conclude that (A.32) is bounded by (A.20), as claimed. O

Remark. By a similar procedure, one finds that for t, > s > #q,

% Yoy, (U, VE« ,5) 71E~ s, ()
| el vl
= Ot Ve, (3. VEL? 5) —iE 2 1 |In(op,)|
—Xh(VEﬁtz)ely’z(v’ P e Sw]('fg)lz sV [3/22—- (A.46)
1
Analogous extensions hold for the estimates in the next theorem
Theorem A.4. Both
+o0 i HOt ¢ - S *% d,y\d (a"zvs)
/ M Wea, (). 5) [m;’; )3 (5) =
P s ds
. RN L/ RN
e 05, VEG )~ E] S(EU’+1)¢J(tc)rtdS (A.47)
and
+00 = (2.
/ eiHatSWK,gl(l_J'j,S){ d)/m(l)], s") lJ/a,(U; VE« v) —iE% Y(Ea,+ )w(t)
' ds
(A.48)

dyo, (B;. VE%. 5)
P t)/g (v, VEQ S‘) —zE K a, (t)
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are bounded by
1 _3e
c |In(oy) |77 7, (A.49)

. S AP (5. L Yo, (5;.VEZ ,s) .
where n > 0 is e-independent. jlgﬁ (s), Yoy (dé A ), and == st E— are defined in

(1V.38), (IV.39), and (IV.7) — (IV.8), respectively.

Proof. We recall from (IV.38) that for o3 > o,

. — cos(k - 7 — |k|s)d>k,
BUSS\BW Hor +

where O‘SS = Sig is the slow cut-off, and from (IV.39),

s> X i HCt s = —_iHOt
dys, (v, E,S) e iHs 1 d{e'™ Sxp(s)e™! S}eiH”ts .
ds Hot +i ds

. / 5, (k) cos(k - %E;fs — |kls)d>k. (A.50)
B S ot !

Os

For s such that of < oy the expressions (A.47) and (A.48) are identically zero. By

unitarity of ¢'# s and W, (1, s), we can replace the part in the integrand of (A.47)

N
proportional to 7o} (s) by

Xh(f) . d3kf:;)j (k) cos(k - %EU[{S — Ikls)

i HOt - . N
e Wi, V), $)ai[H, Z] o e
l S B(,XS\BW

iV, (07, VED s) —iE% s .
xe' Vo Wi VER$) =i N(E"ﬁfﬂ)w;f;t, (A.51)

up to a term which yields an integral bounded in norm by
1 e
5 I3, (A52)

for some 1 > 0 and independent of €.
To justify this step, we exploit the fact that the operator

. 1

i[H, T AS53
[H &) o (A.53)
is bounded. Moreover, we are applying the propagation estimate
H [/ %5, () cos(k - 7 — [Kls)d*k — %5, () cos(k - VEYs — |/¥|s)d3k]
B, s\Bo, B,s\Bo, r
i R _iE% . 1
7o W VER.s) —iE} S(E"ﬁf +1) w;zi’ <c Th g | In(oy)], (A.54)

for some v > 0, which is similar to (A.19). To obtain the upper bound, we exploit

N
the fact that due to the slow cut-off O’SS =s?%0>0,inJ |f,rf (s), the upper integra-
tion bound in the radial part of the momentum variables vanishes in the limit s — oo.
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We note that we have to assume 6 < 1 as required in (IV.37), in order to use the result
in Lemma A.2.
Next, we approximate (A.51) by

1 di L. 3
_dz(s) (@) Bk S5 By cos(k - VE% s — [k|s)
Hot+i ds JB s\By, / P

iH s = —iH%s
e We.o,(Vj, S)ax e

. - < Lef
(B BT

v (A55)

where Z(s) := e/H"5Ze~1H"s To pass from (A.51) to (A.55), we have used

dz(s) 1 B 1 dz(s) 1 d[Z(s), H] (A.56)
ds HO+i  Ho+i ds HO +i ds Hoo+i'
and we have noticed that the term containing
1 d[z(s), H™ 1
Lr(s). A7) (A.57)

Hot +i ds Hot +i
can be neglected because an integration by parts shows that the corresponding integral
. . _ 3¢ . .
is bounded in norm by ,iu |In(oy)|* ¢t 7 for some v > 0 and e-independent. This uses

5 o 5 o - 1
sup/ d*k Ty, (k) cos(k - VE%s — [k]s) §O(M) (A.58)
1368 B S\Bﬂt P §
and
.- - - 1
sup —/ d3k25/.(k)cos(k~VE‘;;’s—|k|s) < o( H@), (A.59)
PeS ds BUSS\BUt ‘

which can be derived as in Lemma A.2.
To bound the integral corresponding to (A.55), we note that up to a term whose

integral is bounded in norm by (A.49), one can replace =5 dT(Y) Xh (T(Y)) by

d iH s~ —iHs
- ( Zn(s)e ) (A.60)

where Zj(s) := Zxn (‘;ﬁ), with xj, () defined as in Sect. IV.1. This is possible because

j_s (eiH“fsih(s)e—iH”’S) (A.61)
S T T (A62)
+e i H E]mé)e*’”a"' (A.63)
+eiH"’s§ I:%Xh(é) . w] oiHs (A.64)

- 770, ,_. ] HUZ, T - T 170t
4ot [u.vx,,(f)] eI HS (A.65)
S
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dx(s)

where (A.63) corresponds to xp (B2 (S)) Moreover, we use the fact that the vec-

tor operator

xx’

i[H ”f, Z]is bounded and apply the propagation estimate (A.19) to

H”t +i
v Xh( ) and to —Vf Xh( ) with appropriate modifications (see (A.72) and recall
that VXh(VE;’) = 0 for P € supph).

‘We observe that

- - 1o 1 d(e P75z, (s)e” H"s S o
e ) A
Hor + ds B s\Bs,
? 20 > o1 o ivYe B, VED ) , (1)
-cos(k - VE s — |k|s) (B +i)e ™ 7r 7y, o (A.66)
corresponds to
o R AN CTRE ) W I
W 5 (05, 9) [% Vo Wi VER.5) vl (A.67)

This immediately implies (A.47).
To prove (A.48), we need to control the integral

s ) d(

i HOt N _jHOt o
/ e Wi, (0, 5)e 0 ot y )
¢ +1 N Baxs \Bs,

iHOs >, —lH"fS)

T (s)e

4’k Ty, (k)

170, (0, VEY .5)

7 O 0 7 0 . (1)
cos(k - VEYs — [Kls) e (EZ +i)y ") ds (A.68)

for § — +00. An integration by parts with respect to s yields

i Ot ¢ - o - -
W, 6, (05, $) o T (s) - d*k Ty, (k)
He +1 BUS\BUt

x cos(k - VE%s — [K]s) o IERS fivn G VEL ) E% + iy [} (A.69)

7,0t 1t
5 d 170, : : o
t - — ot ot
{ (elH SWK.U,(UjsS)e iH S)}ezH K :
' ds ' HOor +1

X Tp(s) - d*k Ty, (k) cos(k - %E‘gs — |k]s)
B S\Ba[

71E K zy(,[(v] VEﬂ ,5) (Ecr, +l)¢([) ds (A.70)

xe J-0t

§
_ iHos =
/Ze WK"”(UJ’S)—HW.,.,'

5 d 3, 9. (7 2 S0 (Tl Ve (T VEZ s)
NETTO TS &k D5, (k) cos(k - VE%'s — |k|s) &' Vor Vi VER-
ds BS\B / P

ot

xe ' Ep PES +iyy ) ds (A1)

Here, we notice that

-

- - €T . > . _ip.E
Fas) = an(S) = —is / V5 @)e T . (A72)
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Furthermore, the operator

—i / Vin(@e 5 diyg (A.73)
tends to
—i/%ﬁ,@e"" VEY g (A.74)
for s — oo, if it is applied to the vectors
ly(,,(v VE- s) —lE s (1)
i Py (A.75)
or
/ APk S5 (k) cos(k - VETs — |k|s)e 77 O VER 9 TTEF Sy 0 (A 76)
B S\Ba, J P J»01
or
d . - G TR _
— / kS, ) cos(k - VE% s — |K|s) Vo iV ER ) iEY Pyl
dS B S\Bat P e
(A.77)

The rate of convergence of the corresponding expression in (A.48) is bounded by (A.49).
Therefore, we can replace expressions (A.69),(A.70), and (A.71) by

W o, (B, 5)at s%E‘g (A.78)
/ Pk 53 (0) cos(® - VEs — [k|s)e o O VER 9 7EG sy, 0 |°
B S\Ba, J P J:0t |4
§ d  yo . g - o
—/ ds { — (""" Weo,(Vj,8)e ') tasVET (A.79)
P ds P
/ S5, (k) cos(k - VE%s — [K|s)d ke UV ER 9y, ()
B S\Ba; ! P o
K
—/ Wi, (05, $)a SVEY (A.80)
t
d . (T 7 & o 7 3, ive, (3;,VEY,s)
= Sy, (k) cos(k - VE%s — |k|s)d k &7 7 E 5
ds B s By, p
< e —iE%! YI/[(I) ds.

J:0t

Recalling the definition of the phase factor in (IV.7)-(IV.8), the sum of the expressions
(A.78), (A.79), and (A.80) can be written compactly as

§ - . dys (Ui, VE3,s _
/ ds &M Wy 0,5, 5) Yo, ( /ds 7> 5) JYar . VEY ) —iEY Slﬁ](t(),, (AS1)
t

after an integration by parts.
This implies the asserted bound for (A.47). O
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