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I= 0 ;r-;r Interaction 

Double-Pion Production and Pion-Pion Scattering 

Norman E. Booth and Alexander Abashian 
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March 4, 196 3 

ABSTRACT 

We present an analysis of the measurements on the reaction 

p + d ....... He 
3 + 2;r, and show that the anomalous bump in the He 

3 
spectrum 

cannot be accounted for by ;r - He
3 

final-state interactions, by Bose 

3 
statistics for the two pions, or by the deuteron and He wave functions. 

However, the anomaly can be satisfactorily explained by a strong final-

state interaction between the two pions. We determine the S-wave ;r-;r 

scattering length in the I= 0 state to be 2 'li/f-Lc. 
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Meson Production in p + d Co 11 is ions and the 
I,= 0 1T-1T Interaction 

IV. Double-Pion Production,and Pion-Pion Scattering*§ 

Norman, E. Bbothtand Alexander Abashiant 

Lawrence Radiation Laboratory 
University of California 

Berkeley,· California 

March 4, 1963 

I. INTRODUCTION 

Measurements of momentum spectra of the He 
3 

produced in high-

energy p + d collisions have been extensively discussed in the preceding three 

papers. · Preliminary results of the analysis in terms of theoretical models 

have al~o been published. l, 
2 

In this paper we give a brief review of the 

earlier analysis and present the results of some new calculations. 

II. STATISTICAL MODEL 

A f . . . . h H 3 d H 3 t t "th s a 1rst step 1n compar1ng t e e an · momen urn spec ra w1 

theory, we have considered the statistical model- -that is, we have calcu-

lated what is commonly called phase space. There are two ways to do this--

the noninvariant way as used by Fermi, 

-where the element of volume is dp, and the invariant way, 

5 
IT 
i.= 3 

where the element of volume is dp (four-vector). Here, we call particles 

. 3 
1 and 2 the incoming proton and deuteron, respectively, particle 3 the He 

3 
or H , and particles 4 and 5 the two pions. The .invariant phase space 

integrates to give 
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d2p 
p 2 (- )2 r/2 3 - _: ;' 

dp
3
dn

3 w3 

. (1) 

in the laboratory system, where w _is the total energy in the barycentric 

systems of the two pions of mass t~-· . Figure 1 shows a comparison of the 

types of phase space. ·They differ somewhat,. _but for ease of c.alculation 
- -

and for aesthetic reasons. we will consider only the invariant type. 

Figure 2 shows 011-r attempt to fit the He 
3 

spectra measured in the 
! 

.first run. The dashed curves correspond to Eq. {1) fitted to all the points; 

the solid curves fit only that part of the data outside the apparent peaks. 

TI?-e phase-space calculations can not reproduce the bumps,. but give a 

reasonable fit to the lower momentum end of each spectrum. 
. -

- In the s.econd run we measured in detail the H 3 spectrum_ i~.the 
reaction 

. 3 + 
p + d --- H + 1r +· 1r

0
• This spectrum showed no anomaly but 

agreed satisfactorily with phase space. Recalling_ the isotopic-spin relation-

ships written in paper I, we conclude that the anomaly is peculiar to an 

I= 0 state. M'oreover,. we can subtract out the 1= !contribution to the He 
3 

spectra to give the J = 0 part. 
3 

W·e have a complete H spectrum at a labora-

tory angle of 11.8 deg and a single measurement at 15.7 deg in the middle 

of the continuum. Khowing the beh~vior of the H
3 

spectrum, we can sub­

tract the I= 1 contribution from each of the, He 
3 

spectra. Figure 3 shows 

the results for 11.8 deg and '13. 5 deg. In Fig. 4 we show how the I~ 0 and 

I= 1 contributions depend upon laboratory angle. The I=: 1 contribution varies 

a~ a power of the 1r-1r_ momentum because the pions must be in odd angular-

momentum states. We have taken q to be the maximum 1r-1r momentum at 

each laboratory angle. 
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III. WIDTH OF THE .ANOMALY 

Let us beginthis section by assuming that the anomaly is ~something 

added. to the phase space, for example a particle. In our first communication 

we showed that the anomaly appeared to behave kinematically as a particle 

1 
as the incident proton energy was changed. However, the peaks obtained 

by subtracting the phase space appeared to be broader than the resolution 

functions. Our subsequent measurements and resolution calculations con-

firm this. Figure 5 shows the results of the subtractions for 11.8 deg and 

13 .. 5 deg compared with the computed resolution functions. Unfo1di~ gives 

a natural line width of 
-23 

- 25 MeV, corresponding to a lifetime of - 3X 10 sec. 

Mor-eover,· we ·notice a slight but perhaps significant shift of the peak with 

respect to the w or mass scale. The 15.7-deg data shown in Fig. 6 when 

phase space is fitted shows no particular peaking. Thus, the anomaly does 

not behave kinematically as a particle and has a lifetime of the same order 

as the interaction tim·e. We conclude that the anomaly is an enhancement 

in the two-pion production in the I= 0 state. We came to the same. conclusion 

independently in paper III. A logical explanation is that we are observing a 

strongly attractive low-energy pion-pion interaction. 
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IV. OTHER POSSIBLE EXPLANATIONS FOR THE .ANOMALY 

Before proceeding further with the analysis in terms of a pion-pion 

·· .. interaction,· we will consider some other factors which have occurred. to 

3 
us or have been. suggested by others. 

A. "IT-He 
3 

Final-State Interaction 

We have already presented some arguments 2 why the.anomaly could 

not be due to .a final-state interaction between the He 
3 

and one. of the pions~ 

For instance, as .the proton energy or angle of observation is changed, the 

anomaly does hot appear at.the same relative 7r-He
3 

energy. However, we 

·will now support these arguments with a calculation. A convenient method 

of calculation.is.the isobar model of Sternheimer and Lindenbaum. 
4 

Using 

this model we assume that the reaction proceeds via the two-step process 

3* - 3* 3 + . 
p,+·d-- He +'IT and He .-+.He +'IT . ·we assume isotropy in the produc-

tion and decay of the isobar and that in_the rest frame of the He
3 

each pion 

+ energy is weighted by the total 'IT ..:. p cross section. W'e have assumed no 

broadening of the 3-3 resonance due to internal motion ofthe He
3

. The 

maximum pion energy in. this frame is 200 MeV for the reaction 

. 3 3 
.. p + d ~.He + 27r at Tp = 743 M'eV. An integral over "IT-He energies is 

evaluated and the resultant spectrum of the He 
3 

determined. In Fig .. 7 we 

show a comparison between the isobar model and the statistical model 

plotted against the total energy in the 27r system. As can be seen, there is 

no more than a ± 10% deviation from ordinary phase space. Moreover. the 

isobar model gives a dip rather than a peak at w - 300 MeV. Ih this calcu-

lation we have assumed a sharp 3-3 resonance and that the pions are always 

involved in it. In other words, the calculation gives the maximum effect to 

be expected, and more reasonable assumptions would tend to smooth it out·. 
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B. Center-of-Mass Angular Distribution 

A tacit assumption in our statistical-model calculations is that the 

two pions are emitted isotropically in the p + d center-of~mass system. 

However, most pion-production reactions are strongly anisotropic, e. g., 

p + p - d + rr +, and Selove 
3 

has pointed out that, since a fixed laboratory 

angle corresponds to a range of angles in the c. m. system and that 90 deg 

in the c, m. system appears somewhere in the middle of a momentum 

spectrum (see Fig. 1 of I), an inhibition of 90 deg production would tend to 
. ' 

put a dip in the middle of the spectrum. That is, a depression in the center 

of the spectrum looks just like a bump at the end. We answer this as follows: 

Firstly, although the reaction p + d -He 
3 + rr 0 is peaked strongly for the 

H.e 
3 

goi:ng backwards in the c. m. system it is rather flat for the He 
3 

going 

. .3 6 forwards,. and our bump occurs at He angles of 0 to 80 deg. The depression 

of the forward peaking is due to the deuteron and He 
3 

wave functions and will 

be discussed in a later section (see also II). The same wave functions occur 

in the two -pion production, and .it would be surprising to see a strong peaking 

at the forward angles.. Secondly. we have divided the 11.8, 13. 5, and 15.7 deg 

data by the phase space and plotted the results against the angle in the c. m. 

system in Fig. 8. There appears to be little correlation between the three 

sets of data. Thus, although such an angular dependence should be considered, 

it is not in itself an explanation for the anomaly. 

C. Bose Effect for the Two Pions 

Including the concept of isotopic !>pin, the two pions in the I= 0 part of 

3 
p + d -He + 2rr are identical bosons. Accordingly, they must have a 

properly symmetrized wave function, whereas in the statistical-model 

,calculations their wave functions were taken to be independent. The effect 

of symmetrization is to make the two pions tend to come out together, which 
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is just what we see. Goldhaber et al. 
5 

have shown how to estimate this 

effecL Unfortunately their calculation introduces a parameter .R~ the 

radius. of interaction in which the wave function is to. be symmetrized. The 

result of the. calculation is that the volume element in phase space is giv:en 

by 

2 
d P· = p23 ( l -

~3 

where R is the radius of interaction in pion units. Figure 9 shows the 

quantity { }, which ·we call the Bose factor B(w)~ plotted_ vs w for various 

val:ue s of R, and Fig. 10 shows the effect the symmetrization has upon the 

phase s.pace.' For R very large or small there is n:o effect. A ·maximum 

effe·ct is observed for R ':::' 2-'fl/!J.c. On,e might expect a physically reasonable 

vahie of R 'to lie between the range of the ;r:..;r force and, the radius of the He 3• 

;Thi-s effect· cannot explain the anomaly, but we do include it later as it 

significantlY' changes the shape of the phase space and affects the magnitude 

·'of the pion.:..pioninteraction which we deduce from the data. 

" D. He~ Form Factor 

·Because only a fraction (about 10-
3

) of pion-producing p + d collisions 

result in the formation of a He 
3 

or H
3 

nucleus, we know that it is improbable 

that the three nucleons. involved stick together to form a bound state. It is 

worthwhile to look into this nuclear physics '~sticking probability'' and the · 

factors that control it, because it constitutes the main difference between 

bur experiments' and experiments on pion production in pion-nucleon and 

. nucleon-nucleon collisions.· 

'A theoretiCal framework has been found for treating this ~ituation 

and has -been shown:to work satisfactorily iri several cases. The theoretical 
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framework is,the impulse approximation, 
6 

and it has been adapted by 

Ruderman and Bludman 8 to predict angular distributions of the reaction 

p + d-+ H
3 +'IT+. Other authors have used the method to calculate both 

single and double meson production in similar cases. 9 

In Section IV of paper II we outlined how to calculate the form factor 

I f(l)l 
2

, the probability of forming a final state He 
3 

or H
3 

as a function of 

--1:::.., .the momentum transfer to the struck deuteron. To calculate the angular 

distribution of the reaction p + d .,.. He 
3 + rr 0 , one needs to know l f(l) 1

2 

and the angular distribution of the reaction p + n ~ d + 'ITo or, through 

charge independence, p + p..,.. d +'IT+. In a similar way the. momentum dis­

tribution of He 
3 

in the reaction p .+ d -+He 
3 + 2'1T is given in terms of I f(6) 1

2 

and the angular distribution of the deuteron in the reaction p + p ~ d + 2'!T. 

In fact we showed that for p + d collisions at an incident proton energy of 

750 MeV, we have 

(2) 

and 

3 -- 2 2 * (p + d -+He + 2'1T) ex:. (phase space) ~ f(L:::..) 1. (1 + cos f) ), (3) 

where. e* is the angle of the heavy particle in the c. m. 

(1 + cos
2 e*> is the angular distribution inthe reactions 

system. The factor 

p + p -+d + 'IT+ and 

p +' p .... d + 2'!T at proton energies that give the same momenta of the pions 

in the c. m: system as the corresponding p + d reactions. Figure 11 shows 

the factors multiplying the phase space in Eq. (3), for the three angles 

measured in our experiments, plotted against the laboratory momentum of 

3 
the He . Since - . 1·1:::..1 is proportional to the laboratory momentum of the 

He
3
,. the factor if(6)!

2 
decreases. monotonically with increasing He

3 

momentum. This is counteracted to some extent at the high-momentum 
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2 •l= 
end of the phase space by the factor (1 + cos 8 ) and enhanced at the low- · 

momentum end~ As can be seen from Fig. 11, the effect of these factors 

is large, but the procedure by which they are obtained is well-tested, and 

3 
they must be included in any systematic treatment of the He momentum 

spectra. 

We therefore compute a new phase space, cj>f' which is obtained by 

3 
multiplying the ·invariant phase space of Eq. (1) by the He form factor 

effects, 

[ 

. 
2 ll/2 4j.!' 

1- -2 
w 

- 2 2 * lf(~)l (l+cos e) (4}. . 

V. PION-PION.INTERACTION 

We have seen how none of the factors considered so far is able to fit 

the. ~e 3 
momentum spectra in the region ofthe anomaly. The most prom-

ising explanation is that the anomaly is due to a strong S-wave 1T-1T inter-

action that can be characterized by a scattering length and an effective 

range. 
10 

According to Watson's theory of final-state interactions, 
11 

the 

volume element in phase space for a given pion-pion energy w is enhanced 

by a factor proportional to the pion-pion scattering cross section atthe 

energy w. This is just what one would expect on the basis of 11 Golden Rule 

No. 2" --:that the transition probability is given by the product of the. squar~ 

of the matrix element and the density of final states. 
12 

Watson's theory 

predicts a particular form for the. matrix element. The validity conditions 

of Watson' s theory of final-state interactions are that the mechanism of . . . . . 

the primary reaction be a short-range interaction, that the final-state 

interaction be strong and attractive, and that we consider only low relative 

energies of the two pions. All these conditions are satisfied here. 



-9- UCRL-10410 

The usual effective range formula, 

1 1 2 
q cot 0 = -- + -2 ro q 

a sO 

where o is the iT-iT phase shift, a sO the scattering length, and r 0 the effective 

range, is not applicable here because pions become relativistic very r~pidly 

as the energy increases. We choose to use the formula 

f- 2 q2 2) 1/2 cot o = \q + fl . 

2 (5) 
iT 

which comes from the S-dominant solutions of the iT-iT equations of Chew 

' 13 
and Mandelstam. That this formula is still a very good approximation 

for solutions with a P-wave iT-iT resonance has been pointed out by Desai 
14 

. . 15 
and by Jackson and Kane. The iT-iT enhancement factor is then 

. F(q2) = (q2 + f.J.2) sin
2

2
o 

q 

where o is given by Eq. (5). Figure 12 shows some of these enhancement 

factors as computed by Desai normalized to unity at w = 350 MeV 

2 2 1/2 [w = 2(q + f.J.·) · ] . Also shown are the ratios of data to the modified phase 

space (j>f given by Eq; (4) for the 11.8 -deg and 13. 5-deg data. The two sets 

of data fit fairly closely the same curve throughout the range of w. This 

indicates that. the theory of final-state interactions provides a reasonable 

explanation for the data. 

So far we have not considered the 15~ 7 -deg data (see Fig. 6 ), and we 

ha~e not included the Bose effect. 

When aU factors are included -- the Bose effect (Section IV -C), the 

3 
. He form factor effects (Sec. IV-D), and the iT-iT enhancement factor --

we can fit all the data with the same value of the iT-iT scattering length. 
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There are some reservations, however. In our method. of analysis,. we. just 

multiply all these factors. together, assuming them to be independent. This 

could possibly be a bad assumption. In addition, we have chosen arbitrarily 

one of two types of phase-space calculation. Also we have assumed that the 

(1 + cos
2e*) angular distribution in the reaction p + p-. d+ 21T is independent 

of the relative 1T-1T energy, whereas it is exp~rimentally determined as an 

average over the possible values of the 1T-1T energy. Fortunately, our re­

sults are rather insensitive to the relative amounts of isot~opic and cos
2e* 

dependence. Finally, the Bose symmetrization introduces a second param-

eter. Since the shape of the symmetrization factor .is somewhat similar to 

that of.the 1T-1T ez:hancement factor, we can vary the Bose ra(lius and ~he 

scattering length tog~ther to achieve equally acceptable fits to the data. One 

can guess at a value for the Bose radius -- a physically reasonable range 

might be between 1/2 and 2 1i/tJ.c. In fact these limits are similar to those 

found from our data-fitting procedure . 

. VI. RESULTS 

In practic~. the phase space was multiplied by the He 
3 

form-factor 

effects, by the symmetrization factor and by. the 1T-1T enhancement factor for 

a set of values of the Bose parameter Rand the scp.ttering length asO' The 

experimental resolution was folded in on the IBM 7090 computer and the . 

result fitted to the data . .A goodness-of-fit parameter Manda normalizing 

factor were printed out. All three sets of data gave similar results; how-

ever >the 15•7 -deg data are much less sensitive to the value of the scattering 

length. Figure 13 shovy's goodness-of-fit contours summed over .. the three 

sets of data. .The M = 140 contour corresponds to what we feel is the limit 

of an acceptable fit, both from the computer fitting procedure and visual 
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comparison with the data. The lowest value of M obtainedwas M = 124. 

From Fig. 13 we can see that any value of the scatterin-g length in the. range 

1 to 3 11/flc is at<:eptable, the required value decreasing as the Bose radius. 

is ·increased up to 211/fJ.c. For values of the Bose radius greater than 

2 11/flc, the Bose factor loses its effect, and the scattering length increases 

again. In fact, for R = co we have the same situation as with R = 0. We 

·consider these larger values of R (> 2 11/flc;) to be physically unreasonable. 

Fits to the three sets of experimental data for various values of the 

parameters are shown in Fig. 14. 

Until it is possible to determine more exactly the Bose effect in an 

. independent way, either theoretically or experimentally. we find the I= 0 

1T-1T scattering length_ to be (2 ±: 1) 11/flc. 

VII. DISCUSSION 

The scattering length determined· above corresponds to an attractive 

interaction. · Watson 
11 

has shown that a repulsive interaction would have 

very little effect in an experiment. such as ours. .Apart from the consider-

ations of the preceding section, the value of the scattering length determined 

from these experiments depends upon the energy dependence of the phase 

shift assumed. We have taken the energy dependence given in Eq. (5) which 

is derived from the work of Chew and Mandelstam. However, as Hamilton 

et al. 
16 

point out, other authors have derived or used different expressions, 

and it is important in comparing experiments to know what energy dependence 

has been taken. 

Although in this analysis we have_ concentrated on the type of 1T-1T 

interaction charp.cterized by a scattering length, a resonance type of inter­

action is not ruled out. For example, we could take a form like 



-12- UGRL-10410 

2 2 
(phase space) X { 1 t c/[ (w-wR) + r I 4]} and try to fit the data .by ad-

justing the three parameters c, WR' and r. One possible solution has 

c >> 1 and wR < 2m . That is, the curves of Fig. 12 are similar· in shape 
- w f • 

to the ·high-energy tail of a Breit-Wigner formula. In any case, wR cannot 

be more than about 20 MeV above threshold. 

In the next section we compare our conclusions about the I= 0 w-w 

interaction with other experiments and theory. In general,. the comparisons 

are arranged i'n order of increasing amount of theory between experiment 

and conclusion. ,·. 

VIII. · GOMPARISON WITH OTHER EXPERIMENTS AND THEORY 

We have shown how our experiments may be analyzed in terms of a 

strong I= 0., S'-wave pion-pion attraction. This attraction may be thought of 

as a "virtual state" similar to the well-known singlet n-p, 5-wave ''virtual 

state. " Let u:s now summarize methods of observing or calculating the 

I= 0 5-wave w-w interaction.· We shall·use the scattering length as a meas" 

ure ·Of the strength of the interaction and shall compare our work with other 

results where possible. 

A• Final-State Interaction in Pion-Production Experiments 

This is the method. we have used. Other possible experiments are 

w + N ...... 2w t· N and 'Y + N -· 2w + N. Two other groups at Berkeley have 

looked at the reactions 'IT 
+ + p -+, w + w- + n and w-:- + p -- w0 + ,.o + n 

. 17 18 
over a range of energ1es. ' Both groups do not observe any marked 

effect similar to that seen in our experiments. Instead, they observe a 

peaking of the neutron-energy distributions corresponding to the maximum 

kinematically possible relative w-w energy. To our knowledge,this effect 

is so far unexplained and appears to be so strong as to ol:>literate the effects 
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of a large scattering length. On the other hand, the energy dependence of 

the pion .. production cross sections in the various final charge states can be 

explained in terms of a strongS-wave 1T-1T interaction. 
17

• 
19 

··Both modes 

(1/ 1T-n and 1T
0 '1i" 0 n) .in which. the I= 0 S-wave 'IT- 'IT state is available rise rapidly 

from threshold, whereas the 1T- 1T
0 p mode remains low. As the I= 1 P-wave 

1T-1T interaction becomes significant, the 1T -.ir 0 p channel begins to rise, and 

. the 1T +~- n mode continues to increase. The 1T
0

1T
0 n channel, without access 

to the I= 1 1T-1T state, levels off as the S-wave 1T-1T interaction falls off. 

Thus, there appears to be a paradox. Until we understandthe mech-

anism ofthese reactions, we feel that they neither support nor contradict 

our conclusions. Also, it is possible that the Bose effect might be less for 

a N1T1T final state than for a He 
3 

1T1T final state. This would make -the effect 

of the scattering length more difficult to observe in the N1T1T case. 

Th th . 0 d 0 20 0 h' h h ere are some o er experiments on p1on pro uctlon 1n w 1c t e 

data appear to support our conclusions. 

B. Final-Stateinteraction in Decay Processes 

+ + +. - f .. + The processes K :-;+_'IT + 1T + 1T and K -'IT. + 'ITo + .11' 0 have been 

studied for some time to obtain information on as 2 and a sO' the I::: 2 and 

I= 0 1T_-1T scattering lengths .. The original work of Khuri and Treiman 
21 

gave 

a 2 - a 
0 

-:::: 0. 7 11/!J;c. However,. recent work by Beg. and DeCelles shows 
s . s 

that the situation is very different if one takes.into account the effects of 

the known P-wave 1T-1T interaction. 
22 

With asO -:::: 2 11/1-Lc• they obtain 

reasonable agreement with the data on T and 'T 1 decays. 

C. Pion-Pion Scattering Using the One-Pion Exchange Model 

23 
Chew and Low have sho;wn that, in the reaction 1T + N -+ 211' + N, 

the region of low-momentum transfers to the struck nucleon is likely to be 

dominated by the pole associated with the exchange of a single pion between 
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the incoming pion. and nucleon. They give a method by which one may· 

e}{trapolate from the physical region to this pole and determine. the' pion.., 

pion scattering cross section. These experiments are difficult because that 

part of the physical rE(gion dominated by the one~pion pole may be small with 

respect to the extrapolation distance. It is also difficult to show that the 

region one has measured is in fact dominated by the pole.. However, experi-

ments of this type have been successful in verifying the existence of the 

24 
I= 1 P-wave TT-1T re.sonance. · Unfortunately there is not sufficient data at 

low re-lative ,._,. energies to .give any information on asO' 

Ceolin and Stroffolini' have assumed. that the total cross section for 

,. + p -.,. . + ,.+ + n is given l;>ythe. one-pion exchange for incident pion 

. 25 4 l energies from threshold to 317 MeV~ They take as 2 = :t:_ 0. 5 1'1rfJ.C to check 

the interference between I= 0 and I= 2 and calculate total cross sections for. . . . . . . . ' . 

values of a 0 between 1.0 and 2.8 1''1/fJ.c. This. analysis does not seeni..to be s . 

self-consistent. The data below 280 MeV require a
80 

< 1. 0, while' data at 

290 and 317 M"eY require a
80 

-::: 1. 3, and at 380 MeV a
80 

~ 2.6. 

D. Other Models of Pion Pr.oduction 

. Schnitzer has use·d a model based on static theory to extra.ct TT-1T 

scattering lengths from total cross sections and angular distributions of 

1T + N -· 21T + N. 
26 

He obtains two solutions for the scattering lengths 

(a 0; a 1 ; az·):{0.5, 0.07, 0.16) and (0.65, 0.07, -0.14). Hamilton et al. have 

pointed out shortcomings in this analysis. 
16 

In particular they feel that 

that Schnitzer' s analysis tends to underestimate a
0

. 

Anselm and Gribov have shown how the energy distribution of the 

d - - + . secon ary particles. in, for example, the reaction. 1T t p ~--1T + ,. + n near 

threshold may be used, to extract the charge-exchange cross section 

- + • 0 27 ~ 
1T + 1r' - TTu + 1T • So far this theory has had only a very preliminary test. 
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E. Theshold Anomalies 

This method is based on the observation of a cusp or rounded step in 

. 29 30 
the cross section for a reaction with three particles in the f1nal state. ' 

There must be (at least) two different reactions with three particles in the 

final state, one of the particles must be common to both reactions, and the 

phenomenon must be analyzed by keeping the total energy fixed. An ex­

ample is the case of K+ decay: an anomaly should occur in the energy spec­

trum of the ,/from K+ ._ ,/ + '!To +'!To at the threshold for K+...,. 'TT+ + 'TT+ + 1T • 

This anomaly would then give information about a ('TT + + 1T- ..:... '!To + '!To ).31 

However, these threshold effects are expected to be small and have not yet 

been observed. 

F. Pion-Nucleon Scattering 

Pion-pion interactions must certainly affect pion-nucleon scattering, 

and any complete theory must certainly include them. Recently some 

progress along these lines has been made by several theoreticians. Ishida· 

et al. 
32 

and Efremov et al. 
33 

have used dispersion relations for pion-

nucleon scattering including pion-pion effects. The I= 0 S -wave 'TT-'TT phase 

shift .enters with a large factor, while the I= 1, P-wave phase shift does not 

appear to be so important. Both sets of workers find the I= 0, S-wave 

interaction to be strongly attractive with a 
0

- l 1i/f.Lc. In recent, more . s 

complete calculations Hamilton et al. obtain 0.6 ~a sO ~ 2. 0 1i/iJ.c. 
16 

Com-

paring their results with the 'TT-'TT equations of Chew and Mandelstam, they 

c·ari limit the uncertainties in a
50 

and obtain asO = (1.3±0.4)1i/!-Lc~ 
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G. Nucleon-Nucleon Scattering 

The dispersion-relation approach may also be applied to nucleon-

nucleon scattering. Cziffra et al. incorporated the one -pion pole into an 

analysis of 300-MeV. p-p scattE:!ring. 
34 

They were able to show that the 

higher partial waves are adequately represented for the acceptable phase-

shift solutions by the single-pion-exchange pole. Wong recently extended the 

calculation to include multi-pion exchanges. 
35 

The inclusion of the p and w 

states explains a large part of the force but does not give enough medium-

range attraction. An I= 0 J = 0 TI-lT pair seems to be needed, although, at 

the moment, the width and effective energy of_ the state are not well det~:r-

mined. 

H. Solutions of the TI-'IT Equations 

Recently solutions of. the Ghew-Mandelstam equations for TI-'IT scat­

tering have been derived by several authors. 
36

-
38 

Although the situation is 

not yet clear enough to make quantitative comparison, . all calculations. con-

sistent with a P-wave 1T-'IT resonance give a fairly strong I= 0 .. S-wave TI-'IT 

attraction, in agreement with our res11lt. 

I. High-Energy Cross Sections and Regge Poles 

Chew and Frautschi
39 

have pointed out that the strong I= 0 attraction 

in the TI-'IT system should be associated with a Regge pole 
40 

commonly 

41-43 \ 
called the ABC pole, with aABG its position in the complex angular-

momentum plane. Barut has investigated the Regge trajectory of such a 

42 
"virtual state, 11 and Udgaonkar has employed the trajectory in the analysis 

of high-energy cross sections. 
41 

The currently available total cross-section 

9.ata at high energies is consistent with our assignment of a 
0 

.:::::· 2 11/f.Lc . 
. s 
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FIGURE LEGENDS 

Fig. 1. Comparison of phase-space calculations for the reaction 

p + d - He 
3 + 2TI 0 at an incident proton energy of 7 43 MeV and a He 

3 

laboratory angle of 1 L 7 de g. 

Fig. 2. The He 
3 

momentum spectra at 11.7 deg in the laboratory system 

for various proton energies, showing phase-space fits. 

Fig. 3. 
3 

I= 0 part of He spectra at 11.8 deg and 13.5 deg. · The curves 

are Eq. (1) with resolution folded in fitted to. the low momentum points. 

Fig. 4. Differential cross sections for 2TI production as a function of 

3 3 
laboratory angle of He or H The experimental points are typical 

of the rather flat region of the spectra. The solid curve is Eq. (1) 

fitted to the He
3 

data. The dashed curve is Eq. (1) multiplied bythe 

2 2 2 
factor q / (q + p. ), where q is the TI-'IT relative momentum, to 

approximate the expectation for P-wave pions. 

Fig. 5. Subtraction of phase space, fitted as in Fig. 3, from 11.8 deg and 

J 3. 5 deg data. The curves are the calculated resolution functions. 

Fig. 6 .. I= 0 part of He 
3 

spectrum at 15.7 deg. The solid curve is Eq. (1) 

with resolution folded in fitted to all.the points. 

Fig. 7. Comparison of isobar and statistical models for the energy spectrum 

of He 
3 

in p + d - He 
3 + 2TI at T = 7 43 MeV. The abscissa is the total p . 

energy in the 2TI barycentric system. 

Fig. 8. Plot of the data divided by phase space and normalized to unity at 

90 deg vs angle in the c. m. system. Only points that are unaffected by 

the resolution have been included. 2 * The curve shows (1 + 3 cos (} ) for 

comparison. 
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Fig. 9. Bose enhancement factors for various values of the radius of 

symmetrization R. 

Fig. 10. Effect of Bose enhancement factors on .phase :~space :fdr<tn:e reaction 
3 . 

p + d -+ He + 2n. 

Fig. 1 L 
- 2 2 >'r · 

Plot of the quantity I f(.6)! (1 + cos () ) at three different laboratory 

angles. The curves are normalized to unity at ()>.'< = 90 de g. 

Fig. 12. Plots of 11.8 -deg and 13. 5-deg data divided by <j>f = (phase space) 

- 2 2 * . i f(.6) I (1 + cos () ), i.e. right-hand side of Eq. (3). The solid curves 

are Desai' s n-n enhancement factors 
14 

normalized to unity at 

w = 350 MeV. 

Fig. 13. Goodness -of-fit contours summed over the three sets of data 

(105 experimental points). The region inside the M = 140 contour 

corresponds to acceptable fits. 

Fig. 14. Fits to the experimental data showing the effect of varying the 

symmetrization radius Rand the scattering length asO' All fits shown 

are more or less acceptable except the case asO = 2.0, R = 0.0. 
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