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Highlights

•

Fully coupled hydro-mechanical analysis of porous rock masses with discrete 

fractures.

•

Mechanical model for fractures considering their open, closed and sliding states.

•

Fluid flow model considering along-fracture and normal-to-fracture flow without 

introducing additional DOFs.

•

Indirect coupling with dynamic changing fracture conductivity and mechanical 

constitutive behavior.

•

Implementation in NMM with non-conforming mesh.

Abstract

In this study, a numerical manifold method (NMM) model was developed for fully 

coupled analysis of hydro-mechanical (HM) processes in porous rock masses with 

discrete fractures. Using an NMM two-cover-mesh system of mathematical and physical

covers, fractures are conveniently discretized by dividing the mathematical cover along 

fracture traces to physical cover, resulting in a discontinuous model on a non-

conforming mesh. In this model, discrete fracture deformation (e.g. open and slip) and 

fracture fluid flow within a permeable and deformable porous rock matrix are rigorously 

considered. For porous rock, direct pore-volume coupling was modeled based on an 

energy-work scheme. For mechanical analysis of fractures, a fracture constitutive model

for mechanically open states was introduced. For fluid flow in fractures, both along-
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fracture and normal-to-fracture fluid flow are modeled without introducing additional 

degrees of freedom. When the mechanical aperture of a fracture is changing, its 

hydraulic aperture and hydraulic conductivity is updated. At the same time, under the 

effect of coupled deformation and fluid flow, the contact state may dynamically change, 

and the corresponding contact constraint is updated each time step. Therefore, indirect 

coupling is realized under stringent considerations of coupled HM effects and fracture 

constitutive behavior transfer dynamically. To verify the new model, examples involving 

deformable porous media containing a single and two sets of fractures were designed, 

showing good accuracy. Last, the model was applied to analyze coupled HM behavior of

fractured porous rock domains with complex fracture networks under effects of loading 

and injection.
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1. Introduction

Coupled Hydro-mechanical (HM) processes are significant in subsurface engineering 

activities, such as oil and gas extraction, geothermal energy and nuclear waste 

disposal (Rutqvist and Stephansson, 2003). In the geological media, thin (microns to 

millimeters) fractures may ubiquitously exist and be arbitrarily oriented and complexly 

intersected. Therefore, two types of hydro-mechanical couplings prevails, i.e., direct and

indirect couplings (Rutqvist and Stephansson, 2003). Direct coupling via pore-volume 

interaction means that fluid pressure changes instantaneously induce deformation while

mechanical volume changes instantaneously induce fluid pressure changes. This pore-

volume interaction can be described by Biot's equations (Wang, 2000, Biot, 1941). 

Indirect coupling refers to indirect interaction between mechanical and hydraulic fields 

through changes in their material properties (Rutqvist and Stephansson, 

2003, Noorishad et al., 1982) and is usually represented by constitutive functions based

on laboratory data or in situ experiments (Rutqvist et al., 1998, Rutqvist et al., 

2000, Witherspoon et al., 1980). A number of numerical models have been developed 

for analyzing coupled hydro-mechanical processes in fractured rock. They can be 

categorized into continuous models such as equivalent continuum and dual-continuum 
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models, discontinuous models, and their hybrid. As the arbitrarily oriented fractures may

influence the deformation and fluid distribution in a complex way that cannot be 

simplified as a continuum, numerical modeling considering discrete fractures with full 

coupling capability is of great importance.

It is quite challenging to accurately and efficiently represent the complexly intersected 

fractures under coupled HM effects. Many finite element codes were developed for 

analyzing coupled HM behavior of fractured rock at various levels of sophistication 

(Rutqvist et al., 2001, Noorishad et al., 1992, Nguyen and Selvadurai, 1995, Bower and 

Zyvoloski, 1997, Kohl and Hopkirk, 1995), and were applied in analysis of nuclear waste

disposal and geothermal energy. However, difficulty of explicit representation of 

fractures in FEM limits their application to geological media involving complex fracture 

networks. On the other hand, discontinuous models such as UDEC (Itasca Consulting 

Group, 2011), 3DEC (Itasca Consulting Group, 2013), and Discontinuous Deformation 

Analysis (DDA) were developed (Kim et al., 1999, Jing et al., 2001), but were limited by 

the assumption that the rock matrix is impermeable. Later models with non-conforming 

mesh based on extended (Lamb et al., 2013) and enriched (Silvestre et al., 2015) FEM 

were developed, but the required additional junction functions for intersections of 

fractures limit their applicability (An et al., 2012). Due to aforementioned limitations of 

the existing models, new models that can rigorously model coupled hydro-mechanical 

processes in porous rock masses containing complex fracture networks are desired.

The numerical manifold method (NMM, (Shi, 1992, Shi, 1996)) appears to be a 

promising method for this multi- field problem requiring sufficiently good representation 

for both continuous and discontinuous media. NMM is based on the theory of 

mathematical manifolds. The numerical meshes of NMM consist of mathematical cover 

and physical cover. The mathematical cover overlay the entire material domain and the 

physical cover are divided from the mathematical covers by boundaries and 

discontinuities. Therefore, the mathematical cover determine the approximation 

precision by its mesh density and the physical cover define the integration domain. Both

continuous and discontinuous problems can be solved in a unified method. In the past 

two decades, NMM has been successfully applied to mechanics analysis of both 

continuous and discontinuous geologic media (Chen et al., 1998, Zheng and Xu, 

2014, Ning et al., 2011, He et al., 2013). Later, models for fluid flowwere developed, 

such as for analysis of free-surface flow (Wang et al., 2014, Zheng et al., 2015), flow 

in heterogeneous media (Hu et al., 2015), and in porous rock with discrete fractures (Hu

et al., 2016a, Zhang et al., 2016). For coupled HM problems, an NMM model 

for consolidation under dynamic loading (Zhang and Zhou, 2006) in porous media was 
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developed. Most recently, the authors (Hu et al., 2016b) developed a model for 

dominant fractures involving both direct and indirect HM couplings, laying the basis for 

this study.

In this study, we extend the NMM model for fluid flow in fractured media (Hu et al., 

2016a) to considering mechanical and coupled HM effects, and develop a fully coupled 

HM model for porous rock with discrete fractures. We first provide a mathematical 

statement of the problem and related governing equations in Section 2. Then we 

introduce the fundamentals of NMM, including the definitions in NMM and its non-

conforming mesh generation in Section 3. In Section 4, a fully coupled HM model for 

fractured rock is developed. This model considers fractures mechanical open, closed 

and sliding states, and fluid flow along and normal to fractures under effects of direct 

and indirect couplings. Finally in Section 5 we present several examples and 

demonstrate the new model's capability to problems involving complex discrete 

fractures.

2. Governing equations

The pore-volume coupling in porous media, i.e., the direct coupling can be described by

Biot's equations (Biot, 1941):

(1)∇·σ+f=0

(2)ɛ∇·v+α∂ɛv∂t+γM∂h∂t=0

where σ is the total stress tensor, f is the body force vector, v is the fluid velocity 

vector, α is the Biot coefficient (usually ranges between 0 and 1), εv is the volumetric 

strain of the porous media, M is Biot's modulus, and h is the fluid hydraulic head, as the 

sum of fluid pressure head p and the head associated with elevation. Eqs. (1) and (2), 

coupled through fluid pressurehead p and volumetric strain εv, represent the mechanical

equilibrium and fluid mass conservation, respectively. The total stress σ, effective 

stress σ′and pressure head p follow a modified Terzaghi's effective stress law:

(3)σ=σ′−mαγp

where m = [1, 1, 1, 0, 0, 0]T for 3D analysis and m = [1, 1, 0]T for 2D analysis.

If the porous media is linear elastic, it satisfies:

(4)ɛσ′=Eɛ

where E is the elastic constitutive tensor and ε is the strain tensor. With small-

deformation assumption, we have:

(5)ɛɛ=Au

where A is the strain-displacement matrix and u is the displacement vector. Fluid flow in

porous media satisfies Darcy`s law:
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(6)v=−Kgrad(h)

where K is the tensor of permeability coefficient.

Deformation of thin fractures is modeled using the concept of fracture 

normal stiffness (kn) and shear stiffness (ks), expressed as:

(7)(dσn′dσs′)=(kn00ks)(dvndvs)

Fluid flow in fractures also satisfies the Darcy`s flow:

(8)(vsfvnf)=−(kf00kfn)(∂hf∂s∂hf∂n)

where kf and kfn are the fracture hydraulic conductivities along and normal to the 

fracture. kf is a function of the fracture hydraulic aperture bh, expressed according 

to Rutqvist et al. (1998):

(9)kf=bh2ρg12μ

where ρ and µ are the fluid density and dynamic viscosity, g is the gravitational 

acceleration respectively. In this study, kfn is assigned the same value as the kf, which is 

adequate at least in cases when fracture permeability is much larger than the matrix 

permeability. The hydraulic aperture bh is assumed a function of mechanical 

aperture bm (Rutqvist et al., 1998):

(10)bh=bhr+fbm

where bhr is the residual hydraulic aperture denoting a fracture conductivity while it is 

mechanically closed, and f is a factor representing the deviation of flow in a natural 

rough fracture from the ideal parallel smooth fracture.

The boundary and initial conditions for coupled HM processes in the fractured porous 

media are: u=u¯ on Γu as a displacement boundary condition, σ·n=t¯ on Γt as a traction 

boundary condition, pp=p¯p on Γp as a flow Dirichlet boundary condition, v·n=q¯ on Γv as 

a flow Neumann boundary condition, and u(x,0) = u0(x), σ(x,0) = σ0(x), pp(x,0) = p0(x) in 

Ω as initial conditions of displacement, stress and fluid pressure, respectively.

3. Fundamentals of NMM

The NMM (Shi, 1992) is based on the concept of “manifold” in topology. In NMM, 

independent mathematical cover and physical cover are defined. A mathematical cover 

are a set of connected patches that cover the whole material domain (Munkres, 1991). 

Regular meshes such as finite difference grids and finite elements can be used as 

mathematical patches. The physical patches are mathematical patches divided by 

boundaries and discontinuities, determining the integration fields. The union of all the 

physical patches forms a physical cover. On each physical patch, a local function is 

assigned, for example constant, linear function or series. Specifically, if a patch function 

is constant, NMM can be simplified as FEM. The weighted average of local patch 
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functions forms the global approximation. Therefore, the NMM provides a flexible and 

general approach to include continuous and discontinuous methods in a unified form. A 

detailed comparison of NMM to FEM and DDA were made by the authors in (Hu et al., 

2016a). In this study, we use triangles to generate the mathematical cover. Herein we 

briefly introduce how mathematical and physical covers are defined in the triangular 

mesh. As shown in Fig. 1, all the triangles sharing one certain node (or ‘star’, such as 

P1, P2, and P3) form a hexagonal mathematical patch. The physical patches (P1
1 and P1

2, 

P2
1 and P2

2, and P3
1 and P3

2) are divided from the mathematical patches by boundaries 

and fractures. The overlapping areas of physical patches such as P1
1P2

1P3
1 and 

P1
2P2

2P3
2 are defined as elements. In this study, we focus on problems involving a 

network of densely intersected fractures that do not propagate. Therefore, we don't 

consider singular physical patches associated with fracture tips. Detailed work on such 

a problem for singular patches especially for problems involving fracture 

propagation can be found in (Zheng and Xu, 2014).

1. Download high-res image     (163KB)

2. Download full-size image

Fig. 1. Schematic of a fractured domain discretized in NMM.

The global approximations of displacement and pressure head on an element are the 

weighted average of patch functions:

(11)u=wuTupc

(12)p=wpTppc

where u and p are the displacement and pressure head on a certain 

element, upc and ppc are the vectors of patch functions of displacement and pressure 

head, wu and wp are the vectors of weight functions of patch functions upcand ppc on this 

element. For an individual physical patch i, we have
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(13){wui(x,y)>0,wpi(x,y)>0(x,y)∈Uiwui(x,y)=0,wpi(x,y)=0(x,y)∉Ui

where Ui is the geometric range of physical patch i.

The patch functions upc and ppc can be a series of any order:

(14)upc=fTD

(15)ppc=sTP

where D and P are the degrees of freedom (DOFs) to be solved in mechanical and fluid 

flow fields, respectively, and f and s are the coefficients of D and P. For 2D 

analysis, f and s are the subsets of vector (1, x, y, x2, y2, xy, …)T. In this study, linear 

weight functions and constant patch functions are used for both mechanical and fluid 

flow analysis.

The non-conforming mesh with independent mathematical and physical covers for a 

discrete-fractured media is generated by using an algorithm named tree cutting. The 

mechanism and implementation of tree cutting algorithm was introduced by Shi (1992) 

and the two methods to represent fractures in permeable rock masses were introduced 

by the authors (Hu et al., 2016) in detail. By tree cutting, the intersecting discrete 

fractures and boundaries divide the mathematical cover into physical cover and 

thereafter form the non-conforming mesh, as shown in Fig. 2.

1. Download high-res image     (254KB)

2. Download full-size image

Fig. 2. Generated non-conforming mesh.

4. Fully coupled HM model for porous rock masses with discrete fractures

With the tree-cutting algorithm, we are able to generate the physical cover and elements

in NMM divided by discrete fractures, boundaries and triangular mesh lines. In this 

section, we will first introduce an energy-work based scheme for direct coupling 

(Section 4.1). As fractures are represented by the surfaces of the divided physical cover,
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we extend the original NMM formulation (Shi, 1992) to consider open, closed and sliding

states of fractures (Section 4.2) and use a recently developed discontinuous model (Hu 

et al., 2016a) for fluid flow in fractures (Section 4.3). Indirect coupling associated with 

the discrete fractures is realized by changing fractures` hydraulic properties each time 

step.

4.1. Energy-work based scheme for direct coupling in porous rock

The direct coupling in terms of pore-volume effect is modeled based on an energy-work 

concept, which was previously developed and used for porous rock with dominant 

fractures (Hu et al., 2016b). For mechanical analysis developed by Shi (1992), the 

total potential energy associated with each component of dynamic/static mechanical 

processes, possibly involving discontinuous and large deformation was considered. 

Those energy terms include the energy associated with strain energy, initial stress, point

loading, surface loading, body loading and displacement boundary condition. For fluid 

flow analysis, the authors (Wang et al., 2014) developed an energy-

work seepage model to establish all the work and energy associated with fluid flow 

in porous media and a Lagrange multiplier method (LMM) for heterogeneous flow (Hu et

al., 2015). The energy associated with fluid flow in porous media include that associated

with domain flow in porous media, fluid gravity, Dirichlet, Neumman and material 

boundary conditions. Later, the authors extended the energy-work seepage model to 

conduct coupled HM analysis (Hu et al., 2016b). The mechanical and fluid flow 

fields are linked by “work” to consider the pore-volume interaction, which is consistent 

with the Biot's equations for porous media. This work representing fluid-solid 

interactions includes the work by the fluid flow on solid deformation, and the work by 

solid deformation on fluid flow in terms of solid deformation effect on fluid mass balance.

4.2. Mechanical model of discrete fractures in open, closed and sliding states

The mechanical analysis for discrete fractures is based on the contact theory developed

by Shi (1992), including contact detection, contact enforcement and open-close 

iteration. Contact detection is to detect when and where contact occurs among 

elements divided by discontinuities. In the current study, each fracture is represented by

two coincided parallel lines. Once a contact is detected, constraints are imposed on the 

elements associated with the discontinuities. There are three possible contact states, 

i.e., open, closed and sliding, as shown in Fig. 3. These three states may transfer 

dynamically under the coupled HM effects. In the original NMM, no constraints are 

applied to the discontinuities in the open state. In this study, we assume fractures with 
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touching of rough fracture surface and therefore have their own stiffness, satisfying Eq. 

(7). Table 1 lists the constraints and their enforcement related to the three contact 

states.
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Fig. 3. Three contact states: open, closed and sliding.

Table 1. Contact constraints and their enforcement in three states.

Constraints Constraints enforcement

Open Constitutive linear relationship in normal and 
tangential directions

Developed in this study

Closed Displacement continuity in both normal and 
tangential directions

Penalty method (Shi, 1992)

Slidin
g

•
Displacement continuity in the normal 
directions

•
Penalty method for normal 
direction (Shi, 1992)

•
Coulomb's law of friction in the 
tangential direction

•
Direct enforcement for friction 
(Shi, 1992)

The work associated with closed and sliding states were derived by Shi (1992). For the 

closed state, continuity of displacement in both normal and tangential directions should 

be satisfied. This continuity is realized with penalty method, assuming high-stiffness 

springs are applied on the boundaries to avoid deviation of the continuity. The spring 

forces and displacements have linear relationship:

(16)(F′nF′s)=(gn00gs)(dnds)

where Fn' and Fs' are the hypothetic spring forces in the normal and tangential 

directions, gn and gs are the spring stiffness in these two directions with a very large 

number, dn and ds are the current-step distances between the contacted lines in these 

two directions. dn and ds are expressed by the previous-step coordinates and current-
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step displacements. Therefore, the potential energy associated with the enforcement of 

continuity constraint for the closed state is:

(17)∏fc=12(gndn2+gsds2)

For sliding state, the continuity of displacement in the normal direction should be 

satisfied. In the tangential direction, the sliding surfaces satisfy Coulomb`s law of 

friction. The frictional force is:

(18)Ff=Fn′tanφsgn(ds)

Where sgn() denotes the direction of sliding. Displacements of the two sliding surfaces 

are marked as dss and dss', respectively. The corresponding potential energy associated 

with sliding state for the two surfaces are:

(19)∏fs=12gndn2+gndnsgn(ds)tanφdss∏fs′=12gndn2+gndnsgn(ds)tanφdss′

Now we derive the work for fractures in open state considering fractures stiffness in both

normal and tangential directions. Assuming the stiffness constants, according to Eq. (7),

we have:

(20)ɛɛ(dσ′ndσ′s)=(bmkn00bmks)(dɛndɛs)

where ɛɛn=(unr−unr′)/bm and ɛɛs=(usr−usr′)/bm. Then the strain energy stored in a fracture

is

(21)ɛɛ∏fo=∫Ωf(σ′ndɛn+σ′sdɛs)dΩ=12∫Γ[kn(unr−unr′)2+ks(usr−usr′)2]ds

Combining with NMM approximation in Section 3, by minimizing the total potential 

energy we can derive the equilibrium equations.

Within each time step, open-close iteration is used to ensure the accurate detection and

enforcement of the contact in the current step. Contact detection is conducted each time

step and possibly leading to transferring among these three contact states and 

associated changes of constraint enforcement. These stringent routines enables the 

current model to genuinely model discrete fractures open, slip under coupled HM 

effects.

4.3. A model for fluid flow in discrete fractures

In 2D analysis, fluid flow in the fractures occurs in two directions: along the fractures, 

and flux exchange with the surrounding rock matrix in the direction normal to the 

fractures surfaces. To simulate such behavior we use a recently developed a practical 

model (Hu et al., 2016a) for along-fracture and normal-to-fracture flow in the fracture 

network without introducing additional DOFs. Herein, we briefly introduce the basic idea 

of such a model (Hu et al., 2016a) to deal with flow in discrete fractures.

In the along-fracture direction, as shown in Fig. 4a, fluid flow is driven by hydraulic 

head difference from h1f to h2f. As the fracture is very thin, we assume hydraulic head 
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within the fracture is uniform across its thickness. The fluid flow along the very thin 

fracture is represented by flow along its two surfaces satisfying the Darcy`s law. The two

fracture surfaces belong to different elements. According to the energy-work seepage 

model that was developed in (Wang et al., 2014), the work that is associated with flow 

along a fracture is the summation of the work that is associated with flow along these 

two surfaces:

(22)Wsf=12γbh(∫Γvsf∂hr∂sds+∫Γvsf∂hr′∂sds)
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Fig. 4. An approach for along-fracture flow without introducing DOFs for fractures.

By using the local coordinate system and combining with Eq. (22), we derive the work 

for along-fracture flow.

Similarly, the fracture-matrix flux exchange or the normal-to-fracture flow is modeled by 

considering flow across these two surfaces in their normal directions, as shown in Fig. 

5. Because the fractures are thin, the hydraulic head is assumed uniform in the direction

normal to the fracture surfaces within the fractures. Therefore, a unique approach is 

provided by regarding those two surfaces as two Dirichlet boundaries, i.e., (1) one 

Dirichlet boundary with a given hydraulic head h0 = hr(x, y) for the fracture with an 

unknown hydraulic head hf(x, y) and (2) one Dirichlet boundary with a given hydraulic 

head h0 = hr'(x, y) for the fracture with an unknown hydraulic head hf(x, y). With the 
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assumption hf(x,y) = hr'(x, y) and hf(x, y)= hr(x, y), we can derive the work associated 

with fluid flow across each fracture surface. We further add them together and obtain 

the total work that is associated with normal-to-fracture flow on both surfaces of a 

fracture:

(23)Wnf=−γ(∫Γkfn[∂hr′∂n(hr′−hr)+∂hr∂n(hr−hr′)]ds
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Fig. 5. An approach for fracture-matrix flow without introducing DOFs for fractures.

As a rigorous model, fractures intersecting with Dirichlet and Neumann boundaries are 

also considered. For work associated with fractures intersecting with Dirichlet 

boundaries is:

(24)WDf=−γ∫ΓDkf{∂hr(x,y)∂nD[hr(x,y)−h0(x,y)]+∂hr′(x,y)∂nD[hr′(x,y)−h0(x,y)]}dΓ

Where nD is the normal direction of the Dirichlet boundary, ГD is the fraction of the 

Dirichlet boundary in the fractures. For fractures intersecting with Neumann boundaries,

the work is:

(25)WNf=γ(∫hrq¯xdy+∫hr′q¯xdy+∫hrq¯ydx+∫hr′q¯ydx)

where (q¯x, q¯y) are the known flux components.

4.4. A fully coupled model for fractured rock

By integrating the schemes in Sections 4.1–4.3, we are able to construct a fully coupled 

system for complexly fractured and porous rock. Fig. 6 shows the flowchart of the 

coupling routine with rigorous dynamic coupling of mechanical and fluid flow processes 

in the fracture-matrix system.
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Fig. 6. Flowchart of the fully coupled HM scheme for the fractured rock.

Note that though a fracture is mechanically closed, it may still conduct fluid through a 

residual hydraulic aperture, expressed by Eq. (10). It is necessary to consider both 

along-fracture and normal-to-fracture fluid flow for all the mechanical states, i.e., open, 

closed, and sliding. When the mechanical aperture of a fracture is changing due to 

continuous opening or the change of contact state, its hydraulic aperture and hydraulic 

conductivity is updated. On the other hand, under the effect of deformation, fluid flow 

and their coupling, the contact state may dynamically change, and the corresponding 

constitutive behavior is described differently (see 4.2). Such a complex process may 

require a lot of open-close iterations to converge at each time step and achieve the 

accurate contact state and the corresponding enforcement in the global equations. Such

a stringent scheme guarantees the accuracy of the results when considering complexly 

fractured rock and HM coupling is import. The above scheme realizes the indirect 

coupling. Thus, we are able to model coupled hydro-mechanical responses in complexly

intersecting fractures.

5. Examples and applications

The model parts for direct coupling in porous media and for fluid flow in the discrete 

fractures were verified in the previous studies (Hu et al., 2016a, Hu et al., 2016b). In this

section we show some examples for coupled HM responses in the discrete fractured 

rock involving indirect coupling. We first verify the model by modeling coupled hydro-

mechanical processes in rock with a single fracture involving one scenario with 

analytical solution. Then we simulate the case of rock with two sets of fractures with 
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different scenarios. Last we demonstrate the capability of the new model to analyze 

coupled HM behavior in a complex fracture network induced by loading and injection.

5.1. Example 1: HM coupling in porous rock with a single fracture

In this example, we model a rock mass domain with a single fracture, with three different

orientations. The geometrical and boundary conditions are as shown in Fig. 7. The 

domains are 2 × 2 m and we use same material properties for the three cases. The 

permeability contrast between porous rock and fractures is 1:100,000 initially. 

The Young's modulus for rock matrix is 40 MPa, and the Poisson's ratio is 0.3 for Cases

a and b, and 0 for Case c. The residual hydraulic aperture of the fracture is 1 mm. We 

model two scenarios.
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Fig. 7. Geometrical and boundary conditions of the simulate examples.

For Scenario 1, only fluid flow is considered. The flux q0 at the bottom is 10−5 m/s. Fig. 

8 shows results for the three cases after reaching steady state. Theoretically for Case a,

the hydraulic head distributes linearly in the vertical direction. From Fig. 8a we see that 

the simulated result matches the theoretical solution, indicating good accuracy even 

with rather coarse mesh. For cases b and c, as the fractures are much more permeable 

than the rock matrix, we see that the hydraulic head is distorted but continuous across 

the fractures (Fig 8b and c).
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Fig. 8. Hydraulic head (m) distribution with only fluid flow in Scenario 1.

For Scenario 2, the bottom face is a non-flux boundary while a 10-kPa loading is applied

on the top face. Fig. 9 shows the distribution of hydraulic head after 100 s, and Fig. 

10 shows the vertical displacement after 1200 s, when steady state has been 

reached. Fig. 9 clearly shows the strong impact on the pressure distribution from the 

fractures and their orientations. The pressure change near the bottom of the models is 

the result of direct coupling between volumetric strain and pressure change. Such 

increase in fluid pressure will eventually drain towards the upper constant pressure 

head boundary. Fig. 10shows that the vertical displacement in case c is much larger 

than those in cases a and b, because no mechanical restriction is applied on the right 

face for case c.
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Fig. 9. Hydraulic pressure (Pa) distribution of coupled HM analysis after 100 s in 
Scenario 2.
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Fig. 10. Vertical displacement (m) distribution of coupled HM analysis after 1200 s (i.e.: 
reaching steady sate) in Scenario 2.

5.2. Example 2: HM coupling in porous rock with two sets of fractures

In this example, we calculate a porous rock domain with two sets of fractures, as shown

in Fig. 11. From an initial state with zero stress and zero fluid pressure, the model is 

subjected to loading on the top surface of 4 MPa. Fluid is injected at a constant 

pressure 0.2 MPa from the end of a fracture intersecting the left boundary, and a fluid 

outlet at the right boundary-fracture intersection is maintained at 0 MPa. The properties 

of fractures and the rock matrix are listed in Table 2.
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Fig. 11. Geometrical and boundary condition of the simulate examples.

Table 2. Computation parameters of Example 2.

Material Parameter Value

Fluid Mass density, ρf 1000 kg/m3

Dynamic viscosity, µf 1 × 10−3 Ns/m2

Rock Matrix Young's modulus 4 GPa

Poisson's ratio 0.3

Permeability coefficient 1 × 10−13 m/s

Biot–Willis coefficient, α 1

Biot's modulus, M ∞
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Material Parameter Value

Mass density 2300 kg/m3

Fractures Initial mechanical aperture 0 m

Shear stiffness 1010 Pa/m

Normal stiffness 1010 Pa/m

Factor, f 1

Residual hydraulic aperture, bhr 10 µm

Friction angle 0

We first run simulations without fluid flow and mechanics coupling. In this case, both 

fluid flow and mechanical analysis are under steady state. Fig. 12shows the distribution 

of hydraulic head, horizontal and vertical displacements. As the Dirichlet boundary 

condition is only applied at the fracture ends, hydraulic head concentrates at the two 

ends (see Fig. 12a). The horizontal and vertical displacements shown in Fig. 12b and c 

are results of the applied loading on the upper boundary, indicating the discontinuous 

displacement field across the deformable fractures.
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Fig. 12. Simulated results without coupling: (a) pressure (Pa), (b) horizontal 
displacement (m) and (c) vertical displacement (m).

Then we activate the coupled hydro-mechanical analysis. Fig. 13 shows the evolution of

fluid pressure. We clearly see that the fractures, as dominant conduit, have a great 

impact on the fluid distribution over the entire field. As a result of the stress increase, 
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fluid pressure goes up under poro-elastic effects, especially in the low permeability rock 

matrix. However, this excess fluid pressure is drained into the conductive fractures 

eventually. Figs 14 and 15shows the evolution of horizontal and vertical displacements. 

The horizontal displacements in Fig. 14 are restricted by the lateral no displacement 

boundaries, but the very early transient response shows that the rock matrix can 

expand into the sub-vertical softer fractures as long as the pressure in the fractures are 

low (see in Fig. 14, 1 day, red and blue displacement contours adjacent to two 

fractures). The vertical displacements shown in Fig. 15 are dominant downwards due to 

the force applied on the top boundary and the discontinuous displacement across 

fractures are very apparent.
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Fig. 13. Simulated evolution of fluid pressure (Pa).
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Fig. 14. Simulated evolution of horizontal displacement (m).
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Fig. 15. Simulated evolution of vertical displacement (m).
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Fig. 16. Geometrical and boundary condition of the simulate examples.

5.3. Applications: coupled HM processes in porous rock involving a complex fracture 
network

In the following we present a number of simulation examples with the purpose of testing

and demonstrating the modeling of key coupled HM processes for various types of 

applications. We consider a complex fracture network involving 25 fractures of various 

orientations and lengths with multiple intersections embedded in a porous rock matrix. 

For each of the simulation examples we apply the same fracture geometry but vary the 

scale of the problem domain and fracture network. These demonstration examples are 

not intended to be completely realistic related to each application, but is intended for 

demonstration of the models capability of capturing key coupled processes in each type 

of application. The applications involve (1) mechanical compaction of a fractured rock 

mass, and (2) fluid injection from a borehole.

5.3.1. Mechanical compaction of a porous and fractured rock mass

In this application, we first analyze mechanical compaction of a 10 × 10 m rock mass 

domain. This application is designed to represent coupled HM processes that may occur
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when a shallow rock foundation is subjected to mechanical loading from a surface 

structure. The rock mass domain is subject to an instantaneous loading in the vertical 

and horizontal direction by applying tractions of 6 MPa on the left and bottom surfaces. 

Dirichlet (constant head) boundaries are assumed at the left and right faces, with 

hydraulic heads of 10 m and 0 m, respectively. The properties of fractures and the rock 

matrix are listed in Table 3.

Table 3. Computation parameters of application.

Material Parameter Value

Fluid Mass density, ρf 1000 kg/m3

Dynamic viscosity, µf 1 × 10−3 Ns/m2

Rock matrix Young's modulus 40 GPa

Poisson's ratio 0.3

Permeability coefficient 1 × 10−13 m/s

Biot–Willis coefficient, α 1

Biot's modulus, M ∞

Mass density 2300 kg/m3

Fractures Initial mechanical aperture 0 m

Shear stiffness 4 × 1010 Pa/m

Normal stiffness 4 × 1010 Pa/m

Factor, f 1

Residual hydraulic aperture, bhr 10 µm

Friction angle 0

Fig. 17 shows the evolution of fluid pressure. First, there is a poro-elastic increase of 

fluid pressure as a result of compaction when adding the 6 MPa tractions at the bottom 

and left surfaces. First the pressure instantaneously in matrix goes up approximately 

6 MPa in the rock matrix, though some variations occurs as a results of heterogeneous 

stress and strain changes in the model. Thereafter, the pressure in the matrix is 

gradually decreasing by fluid drainage into the connected fracture network and by fluid 

flowing out through the left and right boundaries that are set at constant heads. Figs 

18and 19 show the evolution of horizontal and vertical displacements. From the figures 

we can see that after 600 days the whole system almost reaches steady state while 

some significant transient effects occur in the early time. The horizontal displacements 

shown first respond to mechanical compaction that are somewhat affected by the lower 

fractures (Fig. 18a). The most substantial horizontal compaction occurs as a results of 

poro-elastic shrinkage of the rock matrix when drained during the first 100 days (Figs 
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18b and c). Similarly, the vertical displacement shows that most compaction occurs 

during the first 100 days as a results of drainage of the rock matrix. This application 

demonstrates the capability of the new model for analyzing coupled HM processes 

related to compaction and drainage in porous rock with complexly intersected fractures.
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Fig. 17. Simulated evolution of fluid pressure (Pa).
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Fig. 18. Simulated evolution of horizontal displacement (m).
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Fig. 19. Simulated evolution of vertical displacement (m).
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Fig. 20. Geometrical and boundary condition of the simulate examples.

We further apply the model to a rather soft 100 × 100 m porous domain, with the same 

geometry of distributed fractures. The domain is subjected to a 10 kPa traction on the 

top surface with a hydraulic head of 0 m. The other three boundaries are impermeable. 

And the initial hydraulic head is h = 100 m within the entire domain. The properties of 

the fractures and the rock matrix are listed in Table 4.

Table 4. Computation parameters.

Material Parameter Value

Fluid Mass density, ρf 1000 kg/m3

Dynamic viscosity, µf 1 × 10−3 Ns/m2

Rock matrix Young's modulus 4 MPa

Poisson's ratio 0

Permeability coefficient 2.5 × 10−8 m/s

Biot–Willis coefficient, α 1

Biot's modulus, M ∞

Mass density 2300 kg/m3
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Material Parameter Value

Fractures Initial mechanical aperture 0 m

Shear stiffness 1 × 106 Pa/m

Normal stiffness 1 × 106 Pa/m

Factor, f 1

Residual hydraulic aperture, bhr 10 µm

Friction angle 0

Fig. 21 shows the evolution of fluid pressure. First, there is a poro-elastic increase of 

fluid pressure as a result of compaction after adding the 10 kPa traction at the top 

surface. Thereafter, the pressure in the matrix is gradually decreasing by fluid drainage 

into the connected fracture network system and by fluid flowing out through the top 

boundary. As the initial permeability contrast between fracture and porous media is not 

very high, we don`t see very obvious fracture-dominant drainage for this problem. As 

the rock and fractures are not very stiff, we see obvious fracture opening after 600 days,

as shown in the deformed mesh in Figs 21 and 22. Figs 22 and 23 show the evolution of

horizontal and vertical displacements. From these figures we can see that after 

1000 days, the whole system almost reaches steady state. Specifically, the horizontal 

displacement contour (Fig. 22b) shows rough distribution of the opened fractures after 

1000 days. This application demonstrates an extreme case of loading and drainage of a

saturated fractured media that may lead to long-term large ground surface subsidence.

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/subsidence
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/fractured-medium
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0022
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0023
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0022
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0022
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0021
https://www.sciencedirect.com/science/article/pii/S0309170816306492?via%3Dihub#fig0021


1. Download high-res image     (1MB)

2. Download full-size image

Fig. 21. Simulated evolution of fluid pressure (Pa).
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Fig. 22. (a) Simulated evolution of horizontal displacement (m), (b) enlarged contour of 
horizontal displacement (m) for t = 1000 days.
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Fig. 23. Simulated evolution of vertical displacement (m).

5.3.2. Fluid injection from a borehole

We simulate fluid injection from a vertical borehole (diameter 0.1 m) at the center of a 

fractured model domain now scaled to size of 1 × 1 m (Fig. 24). This example represent 

near borehole coupled HM effects that takes place during injection. The initial total 

stress is assumed to be 35 MPa and 30 MPa, in the two horizontal and directions, 

respectively, whereas the initial fluid pressure is 5 MPa. All boundaries are fixed with 

fixed pressure head. The water is injected at changing pressure from the borehole, as 
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shown in Fig. 25. We calculate the domain HM response under injection. The 

parameters of fractures and the rock matrix are listed in Table 5.
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Fig. 24. Geometrical and boundary condition of the simulate examples.
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Fig. 25. Injected pressure at the wellbore.

Table 5. Computation parameters of application.

Material Parameter Value

Fluid Mass density, ρf 1000 kg/m3

Dynamic viscosity, µf 1 × 10−3 Ns/m2

Rock matrix Young's modulus 10 GPa

Poisson's ratio 0.3

Permeability coefficient 1 × 10−10 m/s

Biot–Willis coefficient, α 1

Biot's modulus, M 10 GPa

Mass density 2000 kg/m3

Fractures Initial mechanical aperture 0 m

Shear stiffness 1 × 1010 Pa/m

Normal stiffness 1 × 1010 Pa/m

Factor, f 1

Residual hydraulic aperture, bhr 10 µm

Friction angle 0

Fig. 26 shows the evolution of the injection-induced fluid pressure. At 1000 s, highest 

pressure changes occurs in the matrix adjacent to the well (Fig. 26upper right). Although

fluid pressure at this early stage also penetrates into fractures it is not enough to build 

up a substantial pressure within the fracture network. At 4000 s, the well pressure has 

been elevated by 2 MPa for 3000 s (Fig. 25) and substantial pressure increase can be 

observed in the fracture network (Fig. 26). At 4000 s some of the pressure increase with

the matrix has been released by opening of fractures and associated fluid flow to outer 

constant pressure boundaries. This behavior is repeated with each pressure step and 

finally at 9000 s, the increased pressure occupy a large part of the domain because of 

relatively high fracture apertures around the well. The fracture network responses are in 

this case complex as it involves primary opening of fractures due to pressure increase 

within the fractures, but also pore-elastic expansion of rock matrix that tends to expand 

into the softer fractures and close them. Thus, this example demonstrates the capability 

to model coupled hydro-mechanical processes including both direct coupling (such as 

poro-elastic expansion of matrix) and indirect coupling (such as permeability change in 

fractures) involving a complex fracture network with multiple intersections.
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Fig. 26. Simulated evolution of the injection-induced fluid pressure (Pa).

6. Conclusions

In this study, we developed a new numerical manifold method model for analysis of fully 

coupled hydro-mechanical processes in porous rock with discrete fractures. In this 

model the porous rock and the fractures are both deformable and fluid conductive with 
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large contrast of mechanical and hydraulic properties. On NMM two-cover-mesh 

system, global approximation for mechanical and fluid flow analysis are defined. 

Fractures are conveniently discretized by dividing the mathematical cover along fracture

traces to physical cover resulting in a discontinuous model on a non-conforming mesh.

In this model, discrete fracture deformation (e.g. open and slip) and fracture fluid flow 

within a permeable and deformable porous rock matrix are thoroughly considered. For 

direct coupling in porous rock, an energy-work based scheme was used to link 

mechanical to fluid flow analysis with “work” as a bridge. For the discrete, complexly 

intersected fractures, a discontinuous model was developed for fracture deformation 

and fluid flow. For mechanical analysis, fractures may be in open, closed or sliding 

states. We revised Shi's original scheme (Shi, 1992) by considering fracture constitutive

model for mechanically open states. For fluid flow in fractures, a previously developed 

model (Hu et al., 2016a) was used considering along-fracture and normal-to-fracture 

flow without introducing additional DOFs. When the mechanical aperture of a fracture is 

changing due to continuous opening or the change of contact states, its hydraulic 

aperture and hydraulic conductivity is updated. At the same time, under the effect of 

deformation, fluid flow and their coupling, the contact state may dynamically change, 

and the corresponding contact constraint is updated each time step. Open-close 

iterations are run each step until convergence of the correct contact state is achieved 

and the corresponding constraint is accurately enforced in the global equations. 

Therefore, indirect coupling is realized under stringent considerations of coupled HM 

effects and fracture constitutive behavior transfer dynamically.

We first verified the new model for coupled hydro-mechanical processes in rock with a 

single fracture, achieving the theoretical solution. Then we simulated several other 

scenarios of examples involving one and two sets of fractures. Last we applied the new 

model to calculate coupled HM behavior with complex fractures induced by loading and 

injection, and obtain reasonable results. This NMM model will be extended to analyzing 

large-scale hydraulic fracturing and fracture network stimulations in energy production.
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