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ABSTRACT OF THE DISSERTATION

Affine structure on the Teichmiiller spaces and period
maps for Calabi-Yau manifolds

by

Feng Guan
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2014
Professor Kefeng Liu, Chair

In this thesis, we prove that the Hodge metric completion of the Teichmiiller space of po-
larized and marked Calabi—Yau manifolds is a complex affine manifold. As applications, we
show that the extended period map from the completion space is injective into the period do-
main, that the completion space is a bounded domain of holomorphy and admits a complete

Kahler—Einstein metric.
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CHAPTER 1

Introduction

In this thesis, if a compact projective manifold M of complex dimension n > 3 has a trivial
canonical bundle and satisfies H'(M,Oy;) = 0 for 0 < ¢ < n, then we call it a Calabi-Yau
manifold. A polarized and marked Calabi—Yau manifold is a triple consisting of a Calabi—Yau
manifold M, an ample line bundle L over M, and a basis of the integral middle homology

group modulo torsion, H,(M,Z)/Tor.

We use the moduli space of equivalence classes of marked and polarized Calabi-Yau
manifolds as the Teichmiiller space for the deformation of the complex structure on the
polarized and marked Calabi—Yau manifold M, and we denote the Teichmiiller by 7. Let D
be the period domain of polarized Hodge structures of the n-th primitive cohomology of M.
The period map ® : 7 — D is given by assigning to each point in 7 the Hodge structure of

the corresponding marked and polarized Calabi-Yau manifold.

1.1 A brief review of the Torelli Problem

The Torelli problem, which has a history of more than one hundred years, asks whether
the period map is an injection. The very first idea to study the periods of abelian varieties
on Riemann surfaces goes back to Riemann. In the year 1914, Torelli asked wether two
complex curves are isomorphic if they have the same periods in his work [30]. Then In [35],
WEeil reformulated the Torelli problem as follows: Suppose for two Riemann surfaces, there
exists an isomorphism of their Jacobians which preserves the canonical polarization of the

Jacobians, is it true that the two Riemann surfaces are isomorphic. Andreotti proved Weil’s



version of the Torelli problem in [I].

Another important achievement about the Torelli problem, conjectured by Weil in [36],
was the proof of the global Torelli Theorem for K3 surfaces, essentially due to Shafarevich
and Piatetski-Shapiro in [21]. Andreotti’s proof is based on specific geometric properties
of Riemann surfaces. The approach of Shafarevich and Piatetski-Shapiro is based on the
arithmeticity of the mapping class group of a K3 surface. It implies that the special K3
surfaces, the Kummer surfaces, are everywhere dense subset in the moduli of K3 surfaces.
Shafarevich and Piatetski-Shapiro observed that the period map has degree one on the set

of Kummer surfaces, which implies the global Torelli theorem.

In this thesis, as an application of the holomorphic affine structure on the Teichmiiller
space, we give a proof of global Torelli theorem of marked and polarized Calabi-Yau man-
ifolds. In [31] Verbitsky used an approach similar to ours in his proof of the global Torelli

theorem for hyperKéahler manifolds.

The literature about the Torelli problem is enormous. Many authors made very substan-
tial contributions to the general Torelli problem. We believe that it is impossible to give a

complete list of all the achievements in this area and its applications.

1.2 Holomorphic affine structure on the Teichmiiller space

One of our essential constructions is the holomorphic affine structure on the Teichmiiller
space, which can be outlined as follows: fix a base point p € T and its Hodge structure
d(p) = {H}j’"‘k}zzo as the reference Hodge structure in D. We identify the unipotent
subgroup N, with its orbit in D and define 7 = & '(N,) € 7. We first show that
®: T — N, ND is a bounded map with respect to the Euclidean metric on N, , and that
T\T is an analytic subvariety. Then by applying Riemann extension theorem, we conclude
that ®(7) C N, N D. Using this property, we then show ® induces a global holomorphic
map 7 : T — CV, which actually gives a local coordinate map around each point in 7 by

using local Torelli theorem for Calabi-Yau manifolds. Thus 7 : 7 — C¥ induces a global



holomorphic affine structure on 7. It is not hard to see that 7 = Po® : 7 — CV is a
composition map with P : N, — CV ~ H;_l’l a natural projection map into a subspace,

where N, ~ C? with the fixed base point p € T.

Let Zf be the Hodge metric completion of the smooth moduli space Z,, and let 7:nH be
the universal cover of Z:LI with the universal covering map ﬂf : 7:nH — Zf . Lemma
shows that Zg is a connected and complete smooth complex manifold, and thus 7:nH is a
connected and simply connected complete smooth complex manifold. We also obtain the

following commutative diagram:

H

Tt tn_p

Tm L ﬂ'g D
) oH

Z,—=Z" =2 DT,

where @g is the continuous extension map of the period map &z, : Z, — D/, i is the
inclusion map, 4y, is a lifting of i o m,,, and ® is a lifting of @7 o 7. We prove that there
is a suitable choice of i, and ® such that & = ®” 0 i,,. It is not hard to see that ®* is

actually a bounded holomorphic map from 7 to Ny N D.

Proposition 1.1. For any m > 3, the complete complex manifold 7;H s a complex affine
manifold, which is bounded domain in CN. Moreover, the holomorphic map @g : 7:nH — NN
D is an injection. As a consequence, the complex manifolds 7;LH and TH are biholomorphic

to each other for any m,m’ > 3.

This proposition allows us to define the complete complex manifold 7 with respect to
the Hodge metric by 7# = T the holomorphic map ir : T — T by ir = i, and the
extended period map ®7 : T# — D by ®” = & for any m > 3. By these definitions,
Proposition [1.1] implies that T is a complex affine manifold and that ®7 : T# — N, N D

is a holomorphic injection. The main result of this thesis is the following.

Theorem 1. The complete complex affine manifold T is the completion space of T with
respect to the Hodge metric, and it is a bounded domain CN. Moreover, the extended period

map ®% . TH — N, N D is a holomorphic injection.



1.3 Applications of the holomorphic affine structure on the Te-

ichmiiller space

The first important application of [1} is the global Torelli theorem on polarized and marked
Calabi-Yau manifolds. We easily deduce that the period map ® = ®7 oiy: T — D is also
injective since it is a composition of two injective maps. This is the global Torelli theorem
for the period map from the Teichmiiller space to the period domain. In the case that the
period domain D is Hermitian symmetric and that it has the same dimension as 7, the
above theorem implies that the extended period map ®# is biholomorphic, in particular it

is surjective.

The second application is the following geometric property of the completion space of

Teichmiiller space.

Theorem 2. The completion space TH is a bounded domain of holomorphy in CV; thus

there exists a complete Kihler—Finstein metric on TH.

To prove this theorem, we construct a plurisubharmonic exhaustion function on 7 by using
Proposition , the completeness of 7, and the injectivity of ®. This shows that 7 is a
bounded domain of holomorphy in CV. The existence of the Kahler-Einstein metric follows

directly from a theorem in Mok—Yau in [15].

The third application is that the Hodge bundles over the completion space of Teichmiiller
space are trivial bundles. We prove this property by a direct construction of the global
holomorphic frames of Hodge bundles over 7H. As a corollary of the triviality of the Hodge
bundles, we prove in Theorem [15|that for any 1 < k < n there is an anti-holomorphic vector
bundle F* over T# such that H"(M,C) = F¥ @ F* is a splitting of vector bundles.



1.4 Organization of this thesis

This thesis is organized as follows.

In Chapter [2| we review the local deformation theory of polarized Calabi-Yau manifolds,
which will be needed for the construction of the global holomorphic affine structure on the

Teichmiiller space

In Chapter |3 we review the definition of the period domain of polarized Hodge struc-
tures and briefly describe the construction of the Teichmiiller space of polarized and marked
Calabi—Yau manifolds, the definition of the period map and the Hodge metrics on the moduli

space and the Teichmiiller space respectively.

In Chapter [4, we show that the image of the period map is in Ny N D and we construct

a holomorphic affine structure on the Teichmiiller space.

In Chapter , we prove that there exists a global holomorphic affine structure on ’7:nH and

that the map ® : T# — D is an injective map.

In Chapter @, we define the completion space 7 and the extended period map ®7. We
then show our main result that 7 is the Hodge metric completion space of 7 and that &

is a holomorphic injection.

As applications, we prove the global Torelli theorem for Calabi—Yau manifolds on the
Teichmiiller space and that 7# is a bounded domain of holomorphy in CV. Also we prove

that the Hodge bundles over the completed Teichmiiller space are trivial bundles.



CHAPTER 2

Local deformation theory of Calabi-Yau manifolds

In this chapter, we review the local deformation theory of polarized Calabi-Yau manifolds,
which will be needed for the construction of the global holomorphic affine structure on the
Teichmiiller space in Section[d] In Section 2.1 we briefly review the basic local deformation
theory of complex structures. In Section [2.2] we recall the local Kuranishi deformation
theory of Calabi-Yau manifolds, which depends on the Calabi-Yau metric in a substantial
way. In Section , we describe a local family of the canonical holomorphic (n,0)-forms as
a section of the Hodge bundle F™ over the local deformation space of Calabi-Yau manifolds,
from which we obtain an expansion of the family of holomorphic (n,0)-classes as given in
Theorem This simple expansion is what we need for the construction of holomorphic

affine flat structure on the Teichmiiller space.

Most of the results in this section are standard now in the literatures, and can be found
in [17], [29], and [28]. For reader’s convenience, we also briefly review some arguments. We
remark that one may use a more algebraic approach to Theorem by using the local

Torelli theorem and the Griffiths transversality.

2.1 Local deformation of complex structure

Let X be a smooth manifold of dimension dimg X = 2n and let J be an integrable complex
structure on X. We denote by M = (X, J) the corresponding complex manifold, and 0, 0

the corresponding differential operators on M.

Let p € A% (M, TOM) be a T M- valued smooth (0, 1)-form. For any point z € M,



and any local holomorphic coordinate chart (U, z,--- ,z,) around x. Let us express ¢ =
go%.dij ® a% = ©'0;, where @' = go%.dij and 0; = a%- for simplicity. Here we use the standard

convention to sum over the repeated indices. We can view ¢ as a map
o QM(M) — Q¥(M)
such that locally we have

o(dz) =¢"  for 1<i<n.
We use ¢ to describe deformation of complex structures. Let

Qi;o(x) = spanc{dz; + ¢(dz1), -+ ,dz, + ¢(dz,)}, and

Q?D’l(x) = spanc{dz, + p(dz), - ,dz, + p(dz,)},

if QL0(x) N QY% (x) = 0 for any x, then we can define a new almost complex structure J,, by
letting Q%(x) and Q%' (x) be the eigenspaces of J,(2) with respect to the eigenvalues v/—1

and —+/—1 respectively, and we call such ¢ a Beltrami differential.
It was proved in [19] that the almost complex structure .J,, is integrable if and only if

1

5w=j%ﬂ- (2.1)

If (2.1)) holds, we will call ¢ an integrable Beltrami differential and denote by M., the
corresponding complex manifold. Please see Chapter 4 in [I7] for more details about the

deformation of complex structures.

Let us recall the notation for contractions and Lie bracket of Beltrami differentials. Let
(U, 21, -+, 2z,) be the local coordinate chart defined above, and 2 = fdz; A--- A dz, be a
smooth (n,0)-form on M, and ¢ € A% (M, T"OM) be a Beltrami differential. We define

P =3 (1)t Ade A Adz A A dz,.



For Beltrami differentials ¢, ¢ € A% (M, T*°M), with ¢ = ©'0; and ¢ = *0y, recall that
the Lie bracket is defined as
o, 0] = (9" A0 + 47 A 0t) @ O,
ik
k k
where 0;pF = %dﬁl and 9;0F = %dil.
For k Beltrami differentials ¢y, - - - , ¢, € A% (M, THOM), with ¢, = ¢',0; and 1 < o < k,

we define

pLA A=Y (Z@oa) ()>®(ail/\"‘/\aik),

11 < <ip og€ESy,

where S is the symmetric group of k elements. Especially we have

Neo =kl 3 (" A AP @ (0, A A D).

11 <<t

Then we define the contraction,

(1 Ao AN o) 22 = 1a(p2a(- - - a(pr22)))

Gon)ez) ;
N SR (z - )d

I=(i1,,ik)EAg g€Sy

where A; is the index set
Ak:{(ll, ,Zk) ‘ 1§21<<zk§n}

Here for each I = (iy, - ,ix) € Ay, we let |I| =i + -+ + i and dzje = dzj, A+ Ndzj,_,
where j; < --- < j,—k and j, # ig for any o, 3. With the above notations, for any Beltrami
differentials ¢, ¢ € A% (M, T*°M) one has the following identity which was proved in [28],
[29],

(e N ) Q) = —[p, Y] 12 + pu0(2) + o0(pQ2). (2.2)

The following notation will be needed in the construction of the local canonical family of

holomorphic (n, 0)-classes.

1
¥ = Z il AF o0 (2.3)

k>0



By direct computation, we see that e?1Q = f (dz; + p(dz1)) A -+ A (dz, + ©(dz,)) is a

smooth (n,0)-form on M,.

2.2 Local deformation of Calabi-Yau manifold

For a point p € T, we denote by (M, L) the corresponding polarized and marked Calabi-
Yau manifold as the fiber over p. Yau’s solution of the Calabi conjecture implies that there
exists a unique Calabi-Yau metric h, on M,, and the imaginary part w, =Imh, € L is the
corresponding Kahler form. First by using the Calabi-Yau metric we have the following

lemma,

Lemma 2.4. Let €, be a nowhere vanishing holomorphic (n,0)-form on M, such that
v—1\" n(n— _
(T) ()" QAT =Wl (2.5)
Then the map v : A™ (M, T*°M) — A1 (M) given by (@) = paQ, is an isometry with
respect to the natural Hermitian inner product on both spaces induced by w,. Furthermore, v

preserves the Hodge decomposition.

Let us briefly recall the proof. We can pick local coordinates z,--- , 2, on M such that
Q, =dz A--- ANdzy, locally and w, = T_l g;7dzi N\ dzj, then the condition implies that
det[g;;] = 1. The lemma follows from direct computations.

Let Op,, 5MP, E*Mp, Oy, G, and Hyz, be the corresponding operators in the Hodge
theory on M,, where 5;4? is the adjoint operator of 5Mp, U, the Laplace operator, and
G, the corresponding Green operator. We let Hj, denote the harmonic projection onto

the kernel of [y;,. We also denote by HP4(M,, E) the harmonic (p, ¢)-forms with value in

a holomorphic vector bundle £ on M,,.

By using the Calabi-Yau metric we have a more precise description of the local defor-

mation of a polarized Calabi-Yau manifold. First from Hodge theory, we have the following



identification
1,04 ~ 70,1 1,0
THOT ~H (Mp,TMp).
From Kuranishi theory we have the following local convergent power series expansion of
the Beltrami differentials, which is now well-known as the Bogomolov-Tian-Todorov theorem.

Theorem 3. Let ¢, -+ ,pn € HO! <Mp,T§4’2> be a basis. Then there is a unique power

series
N
p(1) = Zﬂ‘%‘ + Z mor (2.6)
i=1 1]>2
which converges for |t| < e small. Here I = (iy,--- ,in) is a multi-index, 77 = 1" -+ 72F

and oy € A (Mp,T]b’S) Furthermore, the family of Beltrami differentials o(7) satisfy the
following conditions:
B o(7) = 3le(r), (7)),
Iy, (1) =0, (2.7)
0182, = O, ¥y,
for each |I| > 2 where oy € A" 21(M,) are smooth (n — 2,1)-forms. By shrinking ¢ we can

pick each ; appropriately such that ZII\Z2 iy converges for || < e.

Remark 2.8. The coordinate {7y,---,7n} depends on the choice of basis ¢1, -+ ,on €
HO-! <Mp,T;4’S>. But one can also determine the coordinate by fixing a basis {7y} and
{m, -+ ,nn} for H"°(M,) and H" '*(M,) respectively. In fact, Lemma implies that

there is a unique choice of ¢y, -+, o such that n, = [prun], for each 1 <k < N.

Theorem [3| was proved in [29], and in [2§] in a form without specifying the Kuranishi
gauge, the second and the third condition in . This theorem implies that the local
deformation of a Calabi-Yau manifold is unobstructed. Here we only mention two important
points of its proof. For the convergence of ZII\22 7147, noting that O, 1 = 1€, and
019, =0, we can pick 1; = I, GprasYy). It follows that

1r]lke < C(k, a)||ora Q|10 < C'(k, @) |z llk-1.0-

10



The desired convergence follows from the estimate on ;. We note that the convergence of

(2.6)) follows from standard elliptic estimate. See [29], or Chapter 4 of [I7] for details.

For the third condition in (2.7]), by using the first two conditions in (2.7)), for example

we have in the case of |I| = 2,
O, pi; = [ir ;] and 5;4?%5 = 0. (2.9)
Then by using formula and Lemma , we get that
3> 31982 = O, (0i A 0 1E0)

is Jpr, exact. It follows that EMP (pij o) = (EMpgoij)JQp is also Oy, exact. Then by the

d0-lemma we have
It (0492) = Orr, Ona, Vg
for some 1;; € A"~*1. Tt follows that
i 28 = O, ij + 5Mp04 +
for some a € A" (M) and 8 € H" ''(M,). By using the condition 53@% = 0 and
Lemma [2.4] we have
pij Yy = Om, Yij + B.
Because ;; is not uniquely determined by condition , we can choose ;; such that the
harmonic projection H(yp;;) = 0. Then by using Lemma again, we have
iy = 3Mp1/1¢j-

Thus there exists a unique ¢;; which satisfies all three conditions in (2.7). We can then
proceed by induction and the same argument as above to show that the third condition in

(2.7) holds for all |I| > 2. See [29] and [28§] for details.

Theorem [3] will be used to define the local holomorphic affine flat coordinates {71, -+ , 7}
around p, for a given orthonormal basis @1, -+, oy € H%! <Mp,T &S) Sometimes we also

denote by M, the deformation given by the Beltrami differential o(7).

11



2.3 Local canonical section of holomorphic (n,0)-classes

By using the local deformation theory, in [29] Todorov constructed a canonical local holomor-
phic section of the line bundle H™° = F™™ over the local deformation space of a Calabi-Yau
manifold at the differential form level. We first recall the construction of the holomorphic

(n,0)-forms in [29].

Let p € A% (M, TH°M) be an integrable Beltrami differential and let M, be the Calabi-
Yau manifold defined by ¢. We refer the reader to Section for the definition of the

contraction e?_(2,.

Lemma 2.10. Let €2, be a nowhere vanishing holomorphic (n,0)-form on M, and{z,--- , z,}

15 a local holomorphic coordinate system with respect to J such that
Q,=dzxy N Ndz,
locally. Then the smooth (n,0)-form
Q, = e”0,
is holomorphic with respect to the complex structure on M, if and only if O, (0282,) = 0.

Proof. The proof in [29] is by direct computations, here we give a simple proof.

Being an (n,0)-form on M,

s, €918, is holomorphic on M, if and only if d(e?.€,) = 0.

For any smooth (n,0)-form €, and Beltrami differential p € A%! (M, T*°M), we have the

following formula,

_ — 1
(e 1) = ¢ 2(0, Qp + Oag, (922) + Briyo — 5L, 2)a(e” ),

which can be verified by direct computations. In our case the Beltrami differential ¢ is

integrable, i.e. 5Mp¢ — %[gp, @] = 0 and €2, is holomorphic on M,. Therefore we have
d(e? 8Y) = €7 2(0m, (95)),
which implies that e?.(2, is holomorphic on M, if and only if Oy, (p2€2,) = 0. O

12



Now we can construct the canonical family of holomorphic (n,0)-forms on the local

deformation space of Calabi-Yau manifolds.

Proposition 2.11. We fix on M, a nowhere vanishing holomorphic (n,0)-form €, and an

orthonormal basis {¢; }1; of HY(M,, T*°M,). Let ©(7) be the family of Beltrami differentials

i=1

given by (2.7) that defines a local deformation of M, which we denote by M.. Let
Qo (7) = el Q. (2.12)

Then (1) is a well-defined nowhere vanishing holomorphic (n,0)-form on M, and depends

on 7 holomorphically.

Proof. We call such family the canonical family of holomorphic (n,0)-forms on the local
deformation space of M,. The fact that Q(7)¢ is a nowhere vanishing holomorphic (n,0)-
form on the fiber M, follows from its definition and Lemma directly. In fact we only
need to check that 0y ((7)182,) = 0. By formulae and we know that

N N
Z (pisfdy) + Z T (praf2y,) Zn ©;1€2,) + O, Z iy
i=1 =1

[7]>2 |7]>2

Because each ¢; is harmonic, by Lemma we know that ¢; 2, is also harmonic and
thus O, (pi2€,) = 0. Furthermore, since -, 714y converges when |7] is small, we see
that da,(¢(7)2€,) = 0 from formula (2.7). The holomorphic dependence of Q¢(7) on 7
follows from formula and the fact that ¢(7) depends on 7 holomorphically. O

From Theorem 3] and Proposition [2.11] we get the expansion of the deRham cohomology
classes of the canonical family of holomorphic (n, 0)-forms. This expansion will be important
in the construction of the holomorphic affine structure on the Teichmiiller space. We remark
that one may also directly deduce this expansion from the local Torelli theorem for Calabi-

Yau manifold and the Griffiths transversality.

13



Theorem 4. Let Q5(7) be a canonical family defined by (6.16]). Then we have the following

expansion for |T| < e small,

[€2,(7)] =[] + ZTi[%JQp] + A(7), (2.13)
where {[p1Q,], -+, [pnQp]} give a basis of H*1(M,) and A(T) = O(|7]?) € @;_, H""*(M,)

denotes terms of order at least 2 in T.

Proof. By Theorem |3| and Proposition [2.11| we have

Qp+ZT’ gOz_lQ + ZT ]JQ Z ]3'_' (/\ gO( )JQ )

[1]>2 k>2

N (2.14)

—QP+ZT”0,JQ + O, ZT I

|7]>2
where
1 _
a(r) =Y o (AF(r)0,) € @ A4 (M). (2.15)
E>2 E>2

By Hodge theory, we have

2 (7 ol + Z Tl ] + [H@wm, (Y m'vr)) | + [H(a(r))]

[1]>2

bl + Z Tilpi 8] + [H(a(7))] -

(2.16)

Let A(7) = [H(a(7))], then shows that A(1) € @;_, H" **(M) and A(7) = O(|7|?)

which denotes the terms of order at least 2 in 7. O

In fact we have the following expansion of the canonical family of (n,0)-classes up to

order 2 in T,

[25(7)] =[] + Z Tilpi a8 Z 77y [Hl(ps A pja80)] + =(7),

where Z(7) = O(|7]*) denotes terms of order at least 3 in 7, and =(7) € @, _, H""*F(M).
This will not be needed in this thesis.
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CHAPTER 3

Teichmiiller space and period map of polarized and

marked Calabi—Yau manifolds

In Section we recall the definition and some basic properties of the period domain. In
Section [3.2] we discuss the construction of the Teichmiilller space of Calabi—Yau manifolds
based on the works of Popp [20], Viehweg [33] and Szendréi [27] on the moduli spaces of
Calabi—Yau manifolds. In Section [3.3] we define the period map from the Teichmiiller space
to the period domain. We remark that most of the results in this section are standard and

can be found from the literature in the subjects.

3.1 Period domain of polarized Hodge structures

We first review the construction of the period domain of polarized Hodge structures. We

refer the reader to §3 in [22] for more details.

A pair (M, L) consisting of a Calabi—Yau manifold M of complex dimension n with n > 3
and an ample line bundle L over M is called a polarized Calabi-Yau manifold. By abuse
of notation, the Chern class of L will also be denoted by L and thus L € H*(M,Z). Let
{71, -+, 7} be a basis of the integral homology group modulo torsion, H, (M, Z)/Tor with
dim H,,(M,Z)/Tor = h™".

Definition 3.1. Let the pair (M, L) be a polarized Calabi—Yau manifold, we call the triple

(M, L,{v1, -+, }) a polarized and marked Calabi-Yau manifold.

For a polarized and marked Calabi—Yau manifold M with background smooth manifold
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X, we identify the basis of H, (M,Z)/Tor to a lattice A as in [27]. This gives us a canonical
identification of the middle dimensional de Rham cohomology of M to that of the background
manifold X, that is,

H™(M) = H"(X),

where the coefficient ring can be @, R or C. Since the polarization L is an integer class, it

defines a map

L: H'(X,Q) — H"™(X,Q), A LAA.

We denote by H},.(X) = ker(L) the primitive cohomology groups, where the coefficient ring
can also be Q, R or C. We let Hy»" (M) = H*"*(M)NH (M, C) and denote its dimension

by h¥"=*. We have the Hodge decomposition
H'(M,C)=H}(M) & ---@® H)"(M). (3.2)
It is easy to see that for a polarized Calabi-Yau manifold, since H?(M, Oy;) = 0, we have
HEO(M) = H™(M), HEM(M) = H™ (M),
The Poincaré bilinear form @ on H}, (X, Q) is defined by
Q(u,v) = (—1)n(n2_1)/ uAv
X

for any d-closed n-forms u,v on X. Furthermore, () is nondegenerate and can be extended

to H} (X, C) bilinearly. Moreover, it also satisfies the Hodge-Riemann relations
Q (HE (M), H' (M) =0 unless k+1=n, and (3.3)

(V=D Qv,1) > 0 for ve HEFM)\ {0}. (3.4)

Let f5=3"", """ denote f®=m, and F¥ = F*(M) = HM(M) & --- & HE"F(M),
from which we have the decreasing filtration H}.(M,C) = F° > --- D F". We know that

dime F* = f*, (3.5)

n — Ik n— kn—Fk _ k n—
H"(X,C) = Fr@Fr—F1 and HErR(M) = F* 0 FF, (3.6)
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In terms of the Hodge filtration, the Hodge-Riemann relations and ( . are

Q(FF,F"*1) =0, and (3.7)
Q(Cv,v) >0 if v#0, (3.8)
where C' is the Weil operator given by Cv = (v—l)gk_nv for v € HEMF(M). The period

domain D for polarized Hodge structures with data (3.5)) is the space of all such Hodge

filtrations

D={F"c--cF’ =H}(X,C)|(5),[3.7) and (3.8) hold} .

The compact dual D of D is

D={F"c---CcF'=H}(X,C)| (3.5) and (3.7) hold} .

The period domain D C D is an open subset. From the definition of period domain we
naturally get the Hodge bundles on D by associating to each point in D the vector spaces
{F*}7_, in the Hodge filtration of that point. Without confusion we will also denote by F*
the bundle with F* as the fiber for each 0 < k < n.

Remark 3.9. We remark the notation change for the primitive cohomology groups. As
mentioned above that for a polarized Calabi—Yau manifold,

n,0 _ n,0 n—1,1 _ n—1,1

For the reason that we mainly consider these two types of primitive cohomology group of a
Calabi—Yau manifold, by abuse of notation, we will simply use H"(M,C) and H*"~*(M) to
denote the primitive cohomology groups HJ..(M,C) and Hj"*(M) respectively. Moreover,

we will use cohomology to mean primitive cohomology in the rest of the paper.

3.2 Construction of the Teichmuller space

We first recall the concept of Kuranishi family of compact complex manifolds. We refer to
page 8-10 in [24], page 94 in [20] and page 19 in [33] for equivalent definitions and more
details.
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A family of compact complex manifolds 7 : W — B is versal at a point p € B if it

satisfies the following conditions:

1. If given a complex analytic family ¢ : ¥V — S of compact complex manifolds with a
point s € S and a biholomorphic map fy : V = t7!(s) — U = 7 (p), then there
exists a holomorphic map ¢ from a neighbourhood N' C S of the point s to 7 and
a holomorphic map f : t7*(N) — W with +7}(N) C V such that they satisfy that

g(s) = p and f|,-1(5) = fo with the following commutative diagram

L’l(/\/')f—>W
L
N B.

2. For all g satisfying the above condition, the tangent map (dg)s is uniquely determined.

If a family = : W — B is versal at every point p € B, then it is a versal family on B. If a
complex analytic family satisfies the above condition (1), then the family is called complete
at p. If a complex analytic family = : W — B of compact complex manifolds is complete
at each point of B and versal at the point p € B, then the family 7 : W — B is called
the Kuranishi family of the complex manifold V' = 7~ !(p). The base space B is called the
Kuranishi space. If the family is complete at each point in a neighbourhood of p € B and

versal at p, then the family is called a local Kuranishi family at p € B.

Let (M, L) be a polarized Calabi-Yau manifold. For any integer m > 3, we call a
basis of the quotient space (H,(M,Z)/Tor)/m(H,(M,Z)/Tor) a level m structure on the
polarized Calabi—Yau manifold. For deformation of polarized Calabi—Yau manifold with level
m structure, we reformulate Theorem 2.2 in [27] to the following theorem, in which we only
put the statements we need in this paper. One can also look at [20] and [33] for more details

about the construction of moduli spaces of Calabi—Yau manifolds.

Theorem 5. Let M be a polarized Calabi—Yau manifold with level m structure with m > 3.

Then there exists a connected quasi-projective complexr manifold Z,, with a versal family of
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Calabi—Yau manifolds,
XZm — Zm; (310)

which contains M as a fiber and is polarized by an ample line bundle Lz, on Xz .

The Teichmiiller space is the moduli space of equivalence classes of the marked and po-
larized Calabi—Yau manifolds. More precisely, a polarized and marked Calabi—Yau manifold
is a triple (M, L,v), where M is a Calabi-Yau manifold, L is a polarization on M, and -~ is
a basis of H,(M,7Z)/Tor. Two triples (M, L,~) and (M’, L', ) are equivalent if there exists

a biholomorphic map f: M — M’ with

FLU=L,

fv=m
then [M, L,v] = [M',L',v] € T. Because a basis v of H,(M,Z)/Tor naturally induces a
basis of (H,(M,7Z)/Tor) /m (H,(M,Z)/Tor), we have a natural map m,, : T — Z,. In

Theorem 2.5 and Corollary 2.8 of [2], the authors proved, that m,, : T — Z,, is a universal

covering map, and consequencely, that 7 is the universal cover space of Z,, for some m.

In fact as the same construction in Section 2 of [27], we can also define the Teichmiiller
space T to be a quotient space of the universal cover of the Hilbert scheme of Calabi-Yau
manifolds by special linear group SL(N,C). Under this construction, Teichmiiller space T
is automatically simply connected, and there is a natural covering map 7, : 7 — Z,,. Then
by the uniqueness of universal covering space, these two constructions of 7 are equivalent

to each other.

We denote by ¢ : U — T the pull-back family of the family (3.10]) via the covering 7,,.

Proposition 3.11. The Teichmiiller space T is a connected and simply connected smooth

complex manifold and the family
o:U—T, (3.12)

which contains M as a fiber, is local Kuranishi at each point of T .

19



Proof. For the first half, because Z,, is a connected and smooth complex manifold, its
universal cover 7T is thus a connected and simply connected smooth complex manifold. For
the second half, we know that the family is a versal family at each point of Z,, and
that m,, is locally biholomorphic, therefore the pull-back family via 7, is also versal at each
point of 7. Then by the definition of local Kuranishi family, we get that 4 — 7T is local

Kuranishi at each point of T. O

Remark 3.13. We remark that the family ¢ : U4 — T being local Kuranishi at each point is
essentially due to the local Torelli theorem for Calabi—Yau manifolds. In fact, the Kodaira-

Spencer map of the family U — T
) THOT = HYY (M, T'OM,),

is an isomorphism for each p € 7. Then by theorems in page 9 of [24], we conclude that
U — T is versal at each p € T. Moreover, the well-known Bogomolov-Tian-Todorov result
(28] and [29]) implies that dime(7) = N = h*~ b1, We refer the reader to Chapter 4 in [17]

for more details about deformation of complex structures and the Kodaira-Spencer map.

Note that the Teichmiiller space T does not depend on the choice of m. In fact, let m,
and msy be two different integers, and U; — T1, Us — T3 be two versal families constructed
via level my and level msy structures respectively as above, and both of which contain M as
a fiber. By using the fact that 77 and 75 are simply connected and the definition of versal
family, we have a biholomorphic map f : 71 — 7Tz, such that the versal family Uy — T; is
the pull back of the versal family Us — T3 by f. Thus these two families are biholomorphic

to each other.

There is another easier way to show that 7 does not depend on the choice of m. Let m,
and my be two different integers, and X oy Zinys X gy Zm, be two versal families with
level m, and level my structures respectively, and Uy — T, Us — T be two versal families
constructed via level m; and level msy structures respectively as above, and both of which
contain M as a fiber as above. Then 7; is the universal cover of Z,,, and 75 is the universal

cover of Z,,,. Let us consider the product of two integers m; o = m;mso, and the versal family
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szu — Zm,,- Then the moduli space Z,,, , with level m, structure is a covering space
of both Z,,, and Z,,,. Let 7 be the universal cover space of Z,, ,, and 4 — T the pull
back family from X Ziny, 85 above. Since Z,,, , is a covering space of both Z,,, and Z,,,, we
conclude that 7 is universal cover of Z,,,, and 7T is also the universal cover of Z,,,. Thus

we proved that the universal covers of Z,,, and Z,,, are the same, that is, 7 = 7T; = 7T, with

1

U the pull back versal family over 7.

In the rest of the paper, we will simply use “level m structure” to mean “level m structure

with m > 3”.

3.3 The period map and the Hodge metric on the Teichmiiller

space

For any point p € T, let M, be the fiber of family ¢ : 4 — 7T, which is a polarized
and marked Calabi-Yau manifold. Since the Teichmiiller space is simply connected and
we have fixed the basis of the middle homology group modulo torsions, we identify the
basis of H,(M,Z)/Tor to a lattice A as in [27]. This gives us a canonical identification of
the middle dimensional cohomology of M to that of the background manifold X, that is,
H™(M,C) ~ H*(X,C). Therefore, we can use this to identify H"(M,, C) for all fibers on
7. Thus we get a canonical trivial bundle H"(M,,C) x T.

The period map from 7 to D is defined by assigning to each point p € T the Hodge

structure on M, that is
®: T =D, pwd(p)={F"(M,)C - CF'(M,)}

We denote F*(M,) by F} for simplicity.

The period map has several good properties, and one may refer to Chapter 10 in [34]

for details. Among them, one of the most important is the following Griffiths transversality:

21



the period map @ is a holomorphic map and its tangent map satisfies that
. (v) € QHom (EF/FF Fi~'/FF) forany peT and veT,°T
k=1
with F"+! = 0, or equivalently, ®,(v) € @,_, Hom(FF, Fi1).

In [6], Griffiths and Schmid studied the so-called Hodge metric on the period domain D.
We denote it by h. In particular, this Hodge metric is a complete homogeneous metric. Let
us denote the period map on the moduli space by ®z_: Z,, — D/T', where I" denotes the
global monodromy group which acts properly and discontinuously on the period domain D.
By local Torelli theorem for Calabi-Yau manifolds, we know that ®z ,® are both locally
injective. Thus it follows from [6] that the pull-backs of h by ®z and ® on Z,, and T
respectively are both well-defined Kéhler metrics. By abuse of notation, we still call these

pull-back metrics the Hodge metrics.
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CHAPTER 4

Holomorphic affine structure on the Teichmiiller space

In Section [.1, we review some properties of the period domain from Lie group and Lie
algebra point of view. In Section [4.2] we fix a base point p € 7 and introduce the unipotent
space N, C D, which is biholomorphic to C?. Then we show that the image ®(7T) is bounded
in Ny N D with respect to the Euclidean metric on N;. In Section [4.3] using the property
that ®(7) C N, we define a holomorphic map 7 : 7 — C¥. Then we use local Torelli
theorem to show that 7 defines a local coordinate chart around each point in 7, and this

shows that 7 : 7 — CV defines a holomorphic affine structure on 7.

4.1 Preliminary

Let us briefly recall some properties of the period domain from Lie group and Lie algebra
point of view. All of the results in this section is well-known to the experts in the subject.
The purpose to give details is to fix notations. One may either skip this section or refer to

[6] and [22] for most of the details.

The orthogonal group of the bilinear form () in the definition of Hodge structure is a linear
algebraic group, defined over Q. Let us simply denote Hc = H"(M,C) and Hg = H"(M,R).

The group of the C-rational points is
Gc ={g € GL(Hc)| Q(gu, gv) = Q(u,v) for all u,v € Hc},
which acts on D transitively. The group of real points in G is

G = {g € GL(Hz)| Q(gu, gv) = Q(u,v) for all u,v € Hy},
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which acts transitively on D as well.

Consider the period map ® : 7 — D. Fix a point p € T with the image o := ®(p) =
{F} C--- C FJ} € D. The points p € T and o € D may be referred as the base points or
the reference points. A linear transformation g € G¢ preserves the base point if and only if

ngf = ij for each k. Thus it gives the identification
D ~G¢/B with B ={g e Gc| gF; = Fy, for any k}.
Similarly, one obtains an analogous identification
D~Gg/V =D with V=GrnNB,

where the embedding corresponds to the inclusion Ggr/V = Ggr/Gr N B C G¢/B. The Lie

algebra g of the complex Lie group G¢ can be described as
g ={X € End(He¢)| Q(Xu,v) + Q(u, Xv) =0, for all u,v € Hc}.

It is a simple complex Lie algebra, which contains go = {X € g| X Hg C Hg} as a real form,
i.e. g = go P tgo. With the inclusion Gg C G¢, go becomes Lie algebra of Gg. One observes
that the reference Hodge structure {H" *}7_; of H"(M,C) induces a Hodge structure of
weight zero on End(H™ (M, C)), namely,
g=EPe"" with gh*={X eg|XH" C HyFmrk)
keZ
Since the Lie algebra b of B consists of those X € g that preserves the reference Hodge
filtration {F} C --- C F}}, one thus has

b= EB gh k.

k>0

The Lie algebra vy of V is by = goNb = goNbNb = gy N g®°. With the above isomorphisms,

the holomorphic tangent space of D at the base point is naturally isomorphic to g /b.

Let us consider the nilpotent Lie subalgebra n, := @®;>;g~"*. Then one gets the holo-

morphic isomorphism g/b = n,. We take the unipotent group N, = exp(ny).
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As Ad(g)(g"*) is in @5, g" " for each g € B, the sub-Lie algebra b ® g="'/b C g/b
defines an Ad(B)-invariant subspace. By left translation via G, b @ g~ /b gives rise to a
Gc-invariant holomorphic subbundle of the holomorphic tangent bundle at the base point.
It will be denoted by T ;;?D, and will be referred to as the holomorphic horizontal tangent
bundle at the base point. One can check that this construction does not depend on the
choice of the base point. The horizontal tangent subbundle at the base point o, restricted
to D, determines a subbundle Tol,’}?D of the holomorphic tangent bundle T}°D of D at the
base point. The Gc¢-invariace of T;;?D implies the Gg-invariance of Ti ;?D. As another
interpretation of this holomorphic horizontal bundle at the base point, one has

T,.D~T,°Dn é Hom(F)/FFt F¥1/F. (4.1)

k=1
In [22], Schmid call a holomorphic mapping ¥ : M — D of a complex manifold M into D
horizontal if at each point of M, the induced map between the holomorphic tangent spaces
takes values in the appropriate fibre T%°D. It is easy to see that the period map ® : 7 — D
is horizontal since ®,(7,°T) C Ti}?D for any p € T. Since D is an open set in D, we have

the following relation:
T,,D=T,’D=b&g " /b—g/b=n,. (4.2)

Remark 4.3. With a fixed base point, we can identify N, with its unipotent orbit in D
by identifying an element ¢ € N, with [¢] = ¢B in D; that is, Ny = N, ( base point ) =2
N,B/B C D. In particular, when the base point o is in D, we have N, N D C D.

Let us introduce the notion of an adapted basis for the given Hodge decomposition or

the Hodge filtration. For any p € 7 and f* = dim F;“ for any 0 < k£ < n, we call a basis

£ = {50,517... JEN, ’gfk+1,... ’gfk_l’... 7§f2,... 7§f171’§f071}

of H"(M,,C) an adapted basis for the given Hodge decomposition

H"(M,,C) = H* o H) "' & - @ Hy" ' @ H)",
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if it satisfies H]’f’”_k = Spang {,ffk+1, e ,/ffk,l} with dim Hﬁ’”_k = fk — fF1 We call a

basis

CZ {CO)Cl?"' aCNa"' 7ka+17"' 7(]”’“—17"' 7Cf2a"' 7Cf1—07Cf0—1}
of H"(M,,C) an adapted basis for the given filtration
ananl g ... gFO

if it satisfies F* = Spang{o, -+ ,{m_1} with dimcF* = f*. Moreover, unless otherwise
pointed out, the matrices in this paper are m x m matrices, where m = f°. The blocks of

the m x m matrix T is set as follows: for each 0 < a, 8 < n, the (o, 8)-th block T is

Ta,ﬁ = [T;j(7_)]ffot+n+lSigffoﬁrnfl7 f*ﬁ+n+1§j§f76+n717 (44)

where Tj; is the entries of the matrix 7, and f™*! is defined to be zero. In particular,

T = [T*F] is called a block lower triangular matriz if T*? = 0 whenever a < 3.

Remark 4.5. We remark that by fixing a base point, we can identify the above quotient Lie
groups or Lie algebras with their orbits in the corresponding quotient Lie algebras or Lie
groups. For example, n, = g/b, ¢! 2 b @ g "'/b, and N, 2 N,B/B C D. We can
also identify a point ®(p) = {F; C Fy~' C --- C FJ} € D with its Hodge decomposition
D, H]f’”’k, and thus with any fixed adapted basis of the corresponding Hodge decompo-
sition for the base point, we have matrix representations of elements in the above Lie groups
and Lie algebras. For example, elements in N, can be realized as nonsingular block lower
triangular matrices with identity blocks in the diagonal; elements in B can be realized as

nonsingular block upper triangular matrices.

We shall review and collect some facts about the structure of simple Lie algebra g in
our case. Again one may refer to [0] and [22] for more details. Let 6 : g — g be the Weil

operator, which is defined by

0(X) = (—1)PX for X € g"" .
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Then @ is an involutive automorphism of g, and is defined over R. The (+1) and (—1)

eigenspaces of 6 will be denoted by ¢ and p respectively. Moreover, set

b =tNgo, Po=prNgo

The fact that # is an involutive automorphism implies

g=t®p, go=tDpo, [EECE [p,p]Cp, [Ep] Ty

Let us consider g. = €y @ v/—1pg. Then g. is a real form for g. Recall that the killing form
B(-, -) on g is defined by

B(X,Y) = Trace(ad(X)ocad(Y)) for X,Y €g.

A semisimple Lie algebra is compact if and only if the Killing form is negative definite. Thus
it is not hard to check that g. is actually a compact real form of g, while gg is a non-compact
real form. Recall that Gg C G¢ is the subgroup which correpsonds to the subalgebra gy C g.
Let us denote the connected subgroup G. C G¢ which corresponds to the subalgebra g. C g.
Let us denote the complex conjugation of g with respect to the compact real form by 7., and

the complex conjugation of g with respect to the compact real form by 7.

The intersection K = G.N GR is then a compact subgroup of Gg, whose Lie algebra is
to = grNg.. With the above notations, Schmid showed in [22] that K is a maximal compact

subgroup of G, and it meets every connected component of Gg. Moreover, V = GgNB C K.

We know that in our cases, G¢ s a connected simple Lie group, B a parabolic subgroup
in G¢ with b as its Lie algebra. The Lie algebra b has a unique maximal nilpotent ideal n_.

It is not hard to see that
geNn_=n_N7(n_)=0.

By using Bruhat’s lemma, one concludes g is spanned by the parabolic subalgebras b and

7.(b). Moreover v = b N 7.(b), b = v & n_. In particular, we also have
n, =7.(n_).
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As remarked in §1 in [6] of Griffiths and Schmid, one gets that v must have the same rank
of g as v is the intersection of the two parabolic subalgebras b and 7.(b). Moreover, gy and
v are also of equal rank, since they are real forms of g and v respectively. Therefore, we
can choose a Cartan subalgebra by of gy such that hy C vy is also a Cartan subalgebra of vy.
Since vy C €y, we also have hy C £,. A Cartan subalgebra of a real Lie algebra is a maximal
abelian subalgebra. Therefore b, is also a maximal abelian subalgebra of £y, hence b, is a

Cartan subalgebra of ;. Summarizing the above, we get

Proposition 4.6. There exists a Cartan subalgebra by of go such that by C vy C € and by

s also a Cartan subalgebra of €.

Remark 4.7. As an alternate proof of Proposition to show that €, and gy have equal
rank, one realizes that that gy in our case is one of the following real simple Lie algebras:
sp(20,R), so(p,q) with p + ¢ odd, or so(p,q) with p and g both even. One may refer to [5]

and [24] for more details.

Proposition implies that the simple Lie algebra go in our case is a simple Lie algebra
of first category as defined in §4 in [25]. In the upcoming part, we will briefly derive the
result of a simple Lie algebra of first category in Lemma 3 in [26]. One may also refer to [37]

Lemma 2.2.12 at pp. 141-142 for the same result.

Let us still use the above notations of the Lie algebras we consider. By Proposition 4, we
can take hy to be a Cartan subalgebra of g such that hy C vy C £, and by is also a Cartan
subalgebra of ;. Let us denote h to be the complexification of hy. Then b is a Cartan

subalgebra of g such that h C v C ¢

Write by = Hom(ho, R) and b = +/—1b5. Then h* can be identified with b, := /—1hg
by duality using the restriction of the Killing form B of g to b,. Let p € b ~ b, one can

define the following subspace of g
g’ = {x € g|[h, ] = p(h)x for all h € h}.
An element ¢ € b ~ b, is called a root of g with respect to b if g¥ # {0}.
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Let A C b >~ b, denote the space of nonzero h-roots. Then each root space
g¥ = {z € g|][h,z] = p(h)x for all h € h}

belongs to some ¢ € A is one-dimensional over C, generated by a root vector e, .

Since the involution ¢ is a Lie-algebra automorphism fixing ¢, we have [h,0(e,)] =
@(h)d(e,) for any h € h and ¢ € A. Thus f(e,) is also a root vector belonging to the
root ¢, so e, must be an eigenvector of . It follows that there is a decomposition of the
roots A into AU A, of compact roots and non-compact roots with root spaces Ce, C ¢ and
p respectively. The adjoint representation of h on g determins a decomposition

g=ha ) g

peA
There also exists a Weyl base {h;,1 <i <1; e, for any ¢ € A} with [ = rank(g) such that
Spang{hy,--- ,} = b, Spanc{e,} = g¥ for each ¢ € A, and

Tc(hi> = To(h,-) =—h;, forany 1l <1<,

T(e,) =m(e,) = —e_, forany ¢ € Ay; mo(e,) = —7c(e,) =e, forany pc A,
With respect to this Weyl base, we have

to=bho+ Z R(e, —e_,) + Z Rv—=1(e, +e_,);

PEA PEA

po = Z Re, +e_,)+ Z R\/—_l(ew —e_,).

PEA PEA,
Lemma 4.8. Let A be the set of h-roots as above. Then for each root ¢ € /A, there is an
integer —n < k < n such that e, € g™~ *. In particular, if e, € gb 7k, then To(e,) € g &k for

any —n < k <n.

Proof. Let ¢ be aroot, and e, be the generator of the root space g#, then e, = > ,_ e **,
where e ®* € g7%* Because h C v C g°9 the Lie bracket [e7®* h] € g=%* for each k. Then

the condition [e,, h] = ¢(h)e, implies that

n n

Z [e_k’k, h] = Z ('p(h)e_k’k for each h € .

k=—n k=—n
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By comparing the type, we get
[e ™ h] = @(h)e ™"  for each h € b.

Therefore e ®* € g¢ for each k. As {e %% }7_  forms a linear independent set, but g% is

one dimensional, thus there is only one —n < k < n with e™%* #£ 0. O

Let us now introduce a lexicographic order (cf. pp.41 in [37] or pp.416 in [25]) in the
real vector space b, as follows: we fix an ordered basis ey,---,¢ for h,. Then for any
h = Eizl Aiei € b, we call b > 0 if the first nonzero coefficient is positive, that is, if
Al == A = 0, \41 > 0 for some 1 < k < [. For any h,h € b,, we say h > ' if
h—h" >0 h<hifh—h <0and h =1 if h —h' = 0. In particular, let us identify the

dual spaces b; and b, thus A C h,. Let us choose a maximal linearly independent subset

{e1, - ,es} of Ay, then a maximal linearly independent subset {esy1,- -, €} of Ay. Then
{e1, -+ ,es, €511, - , €} forms a basis for b: since SpangA = h*. Then define the above
lexicographic order in b} ~ b, using the ordered basis {e1,--+ ,e}. In this way, we can also
define

AT ={p>0:pecA}; AF=ATNA,.

Similarly we can define A7, A7, A{, and Ay . Then one can conclude the following lemma

from Lemma 2.2.10 and Lemma 2.2.11 at pp.141 in [37],
Lemma 4.9. Using the above notation, we have
(Ae+ A NACAY (AF+AHNA=0.

If one defines

pt=> ¢°Cp,

+
PEA,

then p =p* @ p~ and [p*, p*] =0, [p*, p] C ¢, &, p¥] C p™.

Definition 4.10. Two different roots ¢, € A are said to be strongly orthogonal if and only
if £ ¢ AU{0}, which is denoted by ¢ 1L .
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For the real simple Lie algebra go = €y ® po which has a Cartan subalgebra b in €y, the
maximal abelian subspace of py can be described as in the following lemma, which is a slight
extension of a lemma of Harish-Chandra in [7]. One may refer to Lemma 3 in [26] or Lemma
2.2.12 at pp.141-142 in [37] for more details. For reader’s convenience we give the detailed

proof.

Lemma 4.11. There exists a set of strongly orthogonal noncompact positive roots A =

{9017 T 7907“} g A; such that

'
ap = ZR (ew + 67%)
i=1
15 a maximal abelian subspace in pg.

Proof. Let ¢ be the minimum in A}, and ¢, be the minimal element in {¢ € A : ¢ 1L ¢},

then we obtain inductively an maximal ordered set of roots A = {¢1, -+, .} C A;, such
that for each 1 < k <r

gok:min{gpeAgz o Lgforl<j<k-—1}
Because ¢; L ¢; for any 1 < ¢ < j < r, we have [ei%,eiw] = 0. Therefore ay =

Yo R (e% +e_ W) is an abelian subspace of pg. Also because a root can not be strongly

orthogonal to itself, the ordered set A contains distinct roots. Thus dimg ay = 7.

Now we prove that ay is a maximal abelian subspace of py. Suppose towards a contra-

diction that there was a nonzero vector X € pg as follows
X = Z Aa (ea + efa) + Z oV —1 (ea — eﬂ) ,  where \,, o € R,
aEA\A aEA\A

such that [X e, + e_%_] = 0 for each 1 <7 < r. We denote ¢, = A\, + vV —1u,. Because
X # 0, there exists ¢ € A;“ \ A with ¢, # 0. Also ¢ is not strongly orthogonal to ¢, for

some 1 <7 <r. Thus we may first define &, for each ¢ with ¢, # 0 as the following:

ky = lriliil {i : 1 is not strongly orthogonal to ¢;}.
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Then we know that 1 < ky < r for each ¥ with ¢, # 0. Then we define k to be the following,

k= min {ky}- (4.12)
PEAT\A with ¢y, #0

Here, we are taking the minimum over a finite set in the (4.12)) and 1 < k < r. Moreover,

we get the following non-empty set,
Sk:{wEA;\Ac¢#Oandkw:k}#@ (413)

Recall the notation Ng, for any 5,7 € A is defined as as follows: if 5+~ € AU {0},
Npg., is defined such that [eg, e,] = N epyq; if 54+ v ¢ AU{0} then one defines Ng., = 0.
Now let us take k as defined in (4.12)) and consider the Lie bracket

0= [X, ka + efapk]
= Z (C¢<Nw,wk eersak + Nd),*wk ewﬂpk) + Ew(N*IP,wk e—wwk + N*TP,*WC efwwk)> '
YEAT\A
As [pt, pE] = 0, we have ¥ + ¢, ¢ A and — — ¢, ¢ A for each ¢ € AJ. Hence,
Ny, =N, ., =0 for each v € A;r . Then we have the simplified expression
0=[X,e, + ewk] = Z (C¢Nwﬁ¢kewwk +E¢N7w,¢k67w+wk> . (4.14)
YEAT\A

Now let us take 1)y € Sg # (0. Then ¢y, # 0. By the definition of k, we have vy is not
strongly orthogonal to ¢; while g + ¢ ¢ A U {0}. Thus we have ¢y — ¢, € AU {0}.
Therefore o N o1 Cooon # 0. Since 0 = [X, e, te.

Yo 7# o € AF \ A such that o — 1o = 1) — @r and cyy # 0. This implies 2¢;, = 1 +1, and

consequently one of 1y and 1 is smaller then ;. Then we have the following two cases:

.. ), there must exist one element

(). if ¥y < g, then we find 1hg < ¢p with ¢y L ¢; for all 1 < i < k — 1, and this

contradicts to the definition of ¢} as the following
gpk:min{¢€A$: oLy forl<j<k-—1}
(ii). if ¥y < @, since we have ¢,y # 0, we have

— 3 S . / 3 .
ky, = glilélr{z : 1y is not strongly orthogonal to ¢;}.
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Then by the definition of k in (4.12)), we have ky, > k. Therefore we found v < ¢ such

that ) < p; forany 1 <i<k—-1< k%, and this contradicts with the definition of .

Therefore in both cases, we found contradictions. Thus we conclude that ag is a maximal

abelian subspace of pg. O

For further use, we also state a proposition about the maximal abelian subspaces of pg

according to Ch V in [§],

Proposition 4.15. Let aj, be an arbitrary maximal abelian subspaces of py, then there exists
an element k € K such that k - ag = aj. Moreover, we have
po = |J Ad(k) - a,
keK

where Ad denotes the adjoint action of K on ay.

4.2 Boundedness of the period map

Now let us fix the base point p € 7 with ®(p) € D. Then according to the above remark,
N, can be viewed as a subset in D by identifying it with its orbit in D with base point
®(p). Let us also fix an adapted basis (7o, ,7m_1) for the Hodge decomposition of the
base point ®(p) € D. Then we can identify elements in N, with nonsingular block lower

triangular matrices whose diagonal blocks are all identity submatrix. We define
T - q)—l (N+)

At the base point ®(p) = 0 € N; N D, the tangent space TN, = THD ~n, ~ N, then
the Hodge metric on T1°D induces an Euclidean metric on N,. In the proof of the following
lemma, we require all the root vectors to be unit vectors with respect to this Euclidean

metric.

Because the period map is a horizontal map, and the geometry of horizontal slices of

the period domain D is similar to Hermitian symmetric space as discussed in detail in [6],
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the proof the following theorem is basically an analogue of the proof of the Harish-Chandra

embedding theorem for Hermitian symmetric spaces, see for example [14].

Theorem 6. The restriction of the period map ® : T — N, is bounded in N, with respect

to the Euclidean metric on N, .

Proof. We need to show that there exists 0 < C' < oo such that for any ¢ € T, dp(®(p), ®(q)) <
C, where dg is the Euclidean distance on N,.

For any ¢ € T, there exists a vector Xt € g~'! C n, and a real number T, such that
B(t) = exp(tX™) defines a geodesic 8 : [0,Ty] — Ny C G¢ from (0) = I to 5(Tp) with
m(B(Ty)) = ®(q), where m : N, — N.B/B C D is the projection map with the fixed
base point ®(p) = o € D. In this proof, we will not distinguish N, C G¢ from its orbit
N,B/B C D with fixed base point ®(p) = o.

Consider X~ = 79(XT) € gh7!, then X = Xt + X~ € (g7 @ gb1) Ngo. For any
q € T, there exists T} such that v = exp(tX) : [0,T}] — Gg defines a geodesic from v(0) = I
to v(T1) € Gg such that ma(v(17)) = ®(q) € D, where mo : Gg — Ggr/V =~ D denotes the

projection map with the fixed base point ®(p) = o.

Let A = {¢1, -+, -} © A be a set of strongly orthogonal roots given in Proposition
4.15| We denote x,, = e,, +e_,, and y,, = v/—1(e,, —e_,.) for any p; € A. Then

ap =Rz, & -ORay, , and a. =Ry, & - ORy, ,

are maximal abelian spaces in py and v/—1pg respectively.

Since X € g4 @ gb~! C py, by Proposition there exists k € K such that X €
Ad(k) - ap. As the adjoint action of K on pg is unitary action and we are considering the
length in this proof, we may simply assume that X € ay up to a unitary transformation.

With this assumption, there exists A; € R for 1 < ¢ < r such that

X = Alxm +)\2x¢2 4+ AT

Pr
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Since ag is commutative, we have
exp(tX) = H exp(thiz,, ).
i=1
Now for each p; € A, we have Spanc{e, ,e_, ,h, } = sl(C) with

1 0 0 1 00
h%_r—> , € > , €_, > ;

0 -1 0 0 10

and Spang{z, ,y, ,V—1h, } = sl(R) with

i 0 0 1 0 i
V—=1h, — N s Y,
0 —i 10 —i 0
Since A = {¢1,-++ , ¢} is a set of strongly orthogonal roots, we have that

QC(A) = Spanc{ewewi,hw}:ﬂ = (EIQ(C))Ta
and  gr(A) = Spang{z, ,y . ,V—1h, }i_; = (sh(R))".

In fact, we know that for any o, € A with ¢ # 1, [e,, eiw] = 0 since ¢ is strongly orthogo-
nal to ¢; [h,, h,| = 0, since b is abelian; [h_, e, | = \/—_1[[%, e_,]s ey, = \/—_1[e_¢, le,, e ]l =
0.

Then we denote G¢(A) = exp(ge(A)) ~ (SLe(C))" and Gr(A) = exp(gr(A)) = (SLa(R))",
which are subgroups of G¢ and Gy respectively. With the fixed reference point o = ®(p),
we denote D(A) = Gr(A)(0) and S(A) = G¢(A)(o) to be the corresponding orbits of these

two subgroups, respectively. Then we have the following isomorphisms,

D(A) = Gr(A) - B/B = Gr(A)/Gr(A) NV, (4.16)

S(A) N (N.B/B) = (Ge(A) N N,) - B/B ~ (Ge(A) N NL) /(Ge(A) NNy N B).  (4.17)

With the above notations, we will show that (i). D(A) € S(A)N(N,B/B) C D; (ii). D(A)
is bounded inside S(A) N (N+B/B).

Notice that since X € g~ '@gh~!. By Proposition , we know that for each pair of roots
cglttore, €cghtande , € g Cny.

{ew,ewl_}, either e, € g Cn,ande_

P1 i
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For notation simplicity, for each pair of root vectors {e, e } we may assume the one in
g~ "' C ny tobe e, and denote the one in gh~' by e__ . In this way, one can check that
{¢1, -+ , .} may not be a set in A;“, but it is a set of strongly orthogonal roots in A,.

Therefore, we have the following description of the above groups,

D

r(A) = exp(gr(A)) = exp(Spang{z, ,y, ,V—1h, .-z, ,y_, ,V—1h,})
)NV =exp(gr(A) Nog) = exp(SpanR{\/—_lhm, . \/—_1hw})

A) NNy =exp(ge(A) Nny) = exp(SpanC{em, PIREER e, });
)

Ge(A) N B = exp(ge(A) Nb) = exp(Spang(h, e, -+, h, e }).

)

r(A

(
(
Gel
(

Thus by the isomorphisms in (4.16|) and (4.17), we have

A) = [ [ exp(Spang{z, .y, ., V—1h, })/ exp(Spang{v/—1h,,},
=1

S(A) N (N.B/B) ~ [ [ exp(Spanc{e,, }).

i=1
Let us denote Ge(pi) = exp(Spanc{e, e, h,}) = SLy(C), S(pi) = Ge(pi)(o), and

Gr(p;) = exp(SpanR{xw,y%, \/—lhw}) ~ SLs(R), D(¢i) = Gr(p;)(0). On one hand, each
point in S(¢;) N (N+B/B) can be represented by

10
exp(ze,, ) = for some z € C.

z 1

Thus S(p;) N (NyB/B) ~ C. One the other hand, denote z = a + bi for some a,b € R, then

cosh |z| sinh |z|

2
||

exp(az, +by, )= o
I ms1nh]z| cosh |z|

1 0 cosh |z| 0 1 5 tanh|z|

7 tanh |z] 1 0 (cosh |z[)~? 0 1

= exp [(i tanh |z|)e%} exp [(—log cosh |z[)h, | exp {(i tanh ]z|)e%_] :

|| 2|
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So elements in D(y;) can be represented by exp[(z/|z|)(tanh |z])e, ], i.e. the lower triangular

matrix

1 0
Ztanh|z| 1

||
in which 7 tanh |z| is a point in the unit disc © of the complex plane. Therefore the D(y;)
is a unit disc ® in the complex plane S(p;) N (N4 B/B). Therefore

D(A)~D" and S(A)NN, ~C'.

So we have obtained both (i) and (ii). As a consequence, we get that for any ¢ € T,
®(q) € D(A). This implies

dp(®(p), ®(q)) < Vr

where dp is the Eulidean distance on S(A) N (N,.B/B).

To complete the proof, we only need to show that S(A) N (N, B/B) is totally geodesic in
N, B/B. In fact, the tangent space of N, at the base point is n, and the tangent space of

S(A)N N, B/B at the base point is Spanc{e ,e,,}. Since Spanc{e, ,e. ,---,e, }

6 e
©°17 Te2)

is a sub-Lie algebra of n,, the corresponding orbit S(A) N NyB/B is totally geodesic in

N,B/B. Here the basis {e e, } is an orthonormal basis with respect to the

<P1’6<P2’ )

pull-back Euclidean metric. O

Although not needed in the proof of the above theorem, we can also show that the above
inclusion of D(g;) in D is totally geodesic in D with respect to the Hodge metric. In fact,

the tangent space of D(y;) at the base point is Spang{z, ,y, } which satisfies

[, [, v, 1] =4y,

[y%" [y%' ’ I‘/’i]] - 4‘7:90- '

(3

So the tangent space of D(y;) forms a Lie triple system, and consequently D(y;) gives a

totally geodesic in D. The fact that the exponential map of a Lie triple system gives a
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totally geodesic in D is from (cf. [8] Ch 4 §7), and we note that this result still holds true
for locally homogeneous spaces instead of only for symmetric spaces. And the pull-back of
the Hodge metric on D(y;) is G(ip;) invariant metric, therefore must be the Poincare metric

on the unit disc. In fact, more generally, we have

Lemma 4.18. If G isa subgroup of G, then the orbit D= CNJ(O) 15 totally geodesic in D,

and the induced metric on D is G invariant.

Proof. Firstly, D ~ G/(GNV) is a quotient space. The induced metric of the Hodge metric
from D is Gg-invariant, and therefore G-invariant. Now let = : 0,1] — D be any geodesic,
then there is a local one parameter subgroup S : [0,1] — G such that, y(t) = S(t) - (0). On
the other hand, because Gisa subgroup of Gg, we have that S(t) is also a one parameter
subgroup of Gg, therefore the curve v(t) = S(t) - v(0) also gives a geodesic in D. Since

geodesics on D are also geodesics on D, we have proved D is totally geodesic in D. O]

In order to prove Corollary |4.22| we first show that 7\7 is an analytic subvariety of T
with codimg(7\7) > 1.

Lemma 4.19. Let p € T be the base point with ®(p) = {F} C F' C--- CF)}. Letqe T
be any point with ®(q) = {F} C F'~' C .- C FY}, then ®(q) € Ny if and only if F} is

isomorphic to F;f forall0 < k <n.

Proof. For any q € T, we choose an arbitrary adapted basis {(o, "+ ,(n_1} for the given
Hodge filtration {F}* C Fj=" C --- C F}. Recall that {7, - ,7m-1} is the adapted basis
for the Hodge filtration {F' C F~' C .- C F)} for the base point p. Let [A"/(q)]o<ij<n be
the transition matrix between the basis {ng, - -+ ,nm—1} and {(o, -+ , {1} for the same vec-
tor space H"(M, C), where A% (q) are the corresponding blocks. Recall that elements in N,
and B have matrix representations with the fixed adapted basis at the base point: elements
in NV, can be realized as nonsingular block lower triangular matrices with identity blocks in
the diagonal; elements in B can be realized as nonsingular block upper triangular matrices.

Therefore ®(q) € N, = N.B/B C D if and only if its matrix representation [A"(¢)]o<i j<n
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can be decomposed as L(q) - U(q), where L(q) is a nonsingular block lower triangular ma-
trix with identities in the diagonal blocks, and U(q) is a nonsingular block upper triangular
matrix. By basic linear algebra, we know that [A%7(q)] has such decomposition if and only
if det[A™ (q)]o<ij<x # 0 for any 0 < k < n. In particular, we know that [A(q)"/]o<; j<k is the
transition map between the bases of F¥ and F}. Therefore, det([A(q)"]o<;j<r) # 0 if and

only if F j is isomorphic to sz. O]

Lemma 4.20. The subset T is an open dense submanifold in T, and T\T is an analytic
subvariety of T with codime(T\T) > 1.

Proof. From Lemma one can see that D \ N, C D is defined as a analytic subvariety

by equations
det[A™ (q)]o<ij<x = 0 for each 0 < k < n.

Therefore N, is dense in D, and that D\ N, is an analytic subvariety, which is close in D
and codime(D\N,) > 1. We consider the period map ® : 7 — D as a holomorphic map
to D, then 7\ 7 = ® (D \ N,) is the pre-image of the holomorphic map ®. So 7 \ T
is also an analytic subvariety and a close set in 7. Because T is smooth and connected, if
dim(7 \ 7) = dim 7, then 7\ 7 =7 and 7 = ). But this contradicts to the fact that the
reference point p € 7. So we have dim(7 \ T) < dim 7, and consequently codime(7\7T) >
1. [

Remark 4.21. We can also prove this lemma in a more direct manner. Let p € T be the
base point. For any ¢ € T, let us still use [A(q)*]o<;i j<n as the transition matrix between
the adapted bases {1y, - ,9m-1} and {(o, - ,({n_1} to the Hodge filtration at p and ¢
respectively. In particular, we know that [A(q)"’]o<; j<k 18 the transition map between the
bases of F¥ and F}. Therefore, det([A(q)"/]o<ij<k) # 0 if and only if FF is isomorphic to

F[f;. We recall the inclusion

DCDCFCGr(f"H"(X,C)) x - x Gr(f',H"(X,C))
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where 7 = {F" C--- C F' C H*(X,C) | dim¢c F* = f*} and Gr(f*, H"(X,C) is the com-
plex vector subspaces of dimension f* of H"(X,C). For each 1 < k < n the points
in Gr ( fE HY(X, (C)) whose corresponding vector spaces are not isomorphic to the refer-
ence vector space F¥ form a divisor Y, C Gr (f*, H"(X,C)). Now we consider the divisor
Y CIIp_, Gr (f*, H*(X,C)) given by

y=>" (H Gr (f,H"(X,C)) x i x [[Gr (F, H"(X, (C))) :

k=1 \j<k >k

Then Y N D is also a divisor in D. Since by Lemma [4.19, we know that ®(¢) € Ny if and
only if FF is isomorphic to F¥ for all 0 < k < n, so we have 7\ 7 = ®~'(Y N D). Finally,
by local Torelli theorem for Calabi—Yau manifolds, we know that ® : 7 — D is a local
embedding. Therefore, the complex codimension of (7°\ 7) in 7 is at least the complex

codimension of the divisor Y N D in D.

Corollary 4.22. The image of ® : T — D lies in Ny N D and is bounded with respect to

the Fuclidean metric on N.

Proof. According to Lemma T\T is an analytic subvariety of 7 and the complex
codimension of 7'\7' is at least one; by Theorem@, the holomorphic map ® : 7 — N, N D
is bounded in N, with respect to the Euclidean metric. Thus by the Riemann extension
theorem, there exists a holomorphic map ®' : 7 — N, N D such that ®'|_ = ®|_. Since
as holomorphic maps, ® and ® agree on the open subset 7, they must be the same on the
entire 7. Therefore, the image of ® is in N, N D, and the image is bounded with respect to

the Euclidean metric on N,. As a consequence, we also get 7 =T = &~1(N,). O

4.3 Holomorphic affine structure on the Teichmiiller space

We first review the definition of complex affine manifolds. One may refer to page 215 of [1§]

for more details.

Definition 4.23. Let M be a complex manifold of complex dimension n. If there is a

coordinate cover {(U;, ¢;); 1 € I} of M such that @i = ¢; o 90,;1 is a holomorphic affine

40



transformation on C™ whenever U; N Uy is not empty, then {(U;, ¢;);i € I} is called a

complex affine coordinate cover on M and it defines a holomorphic affine structure on M.

Let us still fix an adapted basis (19, - ,7m—1) for the Hodge decomposition of the base
point ®(p) € D. Recall that we can identify elements in N, with nonsingular block lower
triangular matrices whose diagonal blocks are all identity submatrix, and element in B with
nonsingular block upper triangular matrices. Therefore Ny N B = Id. By Corollary [£.22]
we know that 7 = & !(N,). Thus we get that each ®(¢q) can be uniquely determined by
a matrix, which we will still denote by ®(q) = [®4;(q)]o<ij<m—1 of the form of nonsingular
block lower triangular matrices whose diagonal blocks are all identity submatrix. Thus we

can define a holomorphic map

T T — CV = Hg’l’l, q — (1,0)-block of the matrix ®(q) € N,

that is  7(q) = (11(q), 72(q), - , 78 (q)) = (P10(q), P20 (q), -+ , Pno(q))

Remark 4.24. 1f we define the following projection map with respect to the base point and

the its pre-fixed adapted basis to the Hodge decomposition,

P:NyND— Hy W' 2CV, Fe (g, qn) P = Fom + -+ + Fyonw,  (4.25)
where F(10 is the (1,0)-block of the unipotent matrix F, according to our convention in
(4.4), then 1 = Po®: T — CV.

Proposition 4.26. The holomorphic map 7 = (11, ,7n) : T — CN defines a coordinate
chart around each point q € T .

Proof. Recall that we have the generator {1y} € H°(M,, Q4 ), the generators {n,,--- ,nn} C
HY(M,, Q" "1(M,)), and the generators {nny1, -, Mm_1} € Br>a H*(M,, Q" F(M,).

On one hand, the 0-th column of the matrix ®(q) € N, for each ¢ € T gives us the

following data:

Q: T —=F" Qq) =0, 0m-1)(Poo(q), Pro(q), -, Prno(q), -+ )

=10 + 11 () + T2(@)m2 + - TN ()N + 90(q) € FY 2 HY (M, Q™ (M,)),
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where go(q) € ®k>2 (M, Q@ F(M,)).
The 1-st to N-th columns of ®(q) € N, give us the following data:
01(q) =m +a1(q), -+ , On(q) =nn +gn(q) € F)7,

where g1.(q) € @y, H*(M,, 2" (M,)), such that {Q(q),61(q),--- ,0n(q)} forms a basis for
Fp=t for each g € T

On the other hand, by local Torelli theorem, we know that for any holomorphic coordinate

{o1,--+ ,on} around ¢, {Q(q), agcff), e aQ(q -2} forms a basis of £~ L
As both {Q(q),01(q),--- ,0n(q)} and {Q(q), 801), e q U} are bases for Fp=t, there

exists {Xj, -+, Xy} such that X = val alka for each 1 < k& < N such that

O = Xi(2q)) + Me2(q) for 1<k <N. (4.27)

Note that we haveXy(2(q)) = Xi(m1(¢))m + -+ + Xi(7a(q))nn + Xi(g0(q)) and 6, =
. + gr(q), where X;.(g0(q)), gr(q) € ®rs2H (M, Q" *(M,)). By comparing the types of

classes in (4.27)), we get

A =0, and Xi(Qq)) =0k(q) =nx + gr(q) foreach 1 <k < N. (4.28)

Since {61(q),- - ,0n(q)} are linearly independent set for F"~'(M,), we know that { Xy, , Xn}
are also linearly independent in 7,/ °(T). Therefore {Xy,--- , Xy} forms a basis for T,°(T).
Without loss of generality, we may assume X = % for each 1 < k < N. Thus by (4.28)),

we have
o0
() =0k =ne+gr(q) forany 1<Fk<N.
aO'k
Since we also have
9Q(q 3}
5 9) _ 9. o+ 7@ + 7a(g)2 + - T (@) + 90(a))
O (o

we get [ag%,(‘.’)] o Iy. This shows that 7, : T,°(T) = Ty (C") is an isomorphism for

7 A1,y <
cach g€ T, as {3, ,60 59—} is a basis for T,"°(T). O
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Thus the holomorphic map 7: 7 — C¥ defines local coordinate map around each point
q € T. In particular, the map 7 itself gives a global holomorphic coordinate for 7. Thus the

transition maps are all identity maps. Therefore,

Theorem 7. The global holomorphic coordinate map T : T — CV defines a holomorphic

affine structure on T .

Remark 4.29. This affine structure on 7 depends on the choice of the base point p. Affine
structures on 7 defined in this ways by fixing different base point may not be compatible

with each other.
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CHAPTER 5

Hodge metric completion of the Teichmiiller space and

global Torelli theorem

In Section given m > 3, we introduce the Hodge metric completion 7;H of the Teichmiiller
space with level m structure, which is the universal cover of Zf , where Zg is the completion
space of the smooth moduli space Z,, with respect to the Hodge metric. We denote the lifting
maps i, : 7 — T7, o7 TH — D and Ty, := i,m(T). We prove that & is a bounded
holomorphic map from 77 to N. N D. In Section , we first define the map 77 from 79
to CV and its restriction 7,, on the submanifold 7,,. We then show that 7,, is also a local
embedding and conclude that 7, defined a global holomorphic affine structure on 7,,. Then

the affineness of 7, shows that the extension map 7 is also defines a holomorphic affine

structure on 7. In Section we prove that 7/ is an injection by using the Hodge metric
completeness and the global holomorphic affine structure on 7:nH . As a corollary, we show

that the holomorphic map ®* is an injection.

5.1 Definitions and basic properties

Recall in Section 3.2 Z,, is the smooth moduli space of polarized Calabi—Yau manifolds
with level m structure, which is introduced in [27]. The Teichmiiller space 7T is the universal

cover of Z,,.

By the work of Viehweg in [33], we know that Z,, is quasi-projective and consequently
we can find a smooth projective compactification Z, such that Z,, is open in Z_ and the

complement Z_\ Z,, is a divisor of normal crossing. Therefore, Z,, is dense and open in Z,,
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with the complex codimension of the complement Z, \Z,, at least one. Moreover as Z, is

a compact space, it is a complete space.

Recall at the end of Section (3.3, we pointed out that there is an induced Hodge metric
on Z,,. Let us now take Zf to be the completion of Z,, with respect to the Hodge metric.
Then Z is the smallest complete space with respect to the Hodge metric that contains Z,,.
Although the compact space Z, may not be unique, the Hodge metric completion space Zf
is unique up to isometry. In particular, Zf C Z_ and thus the complex codimension of the

complement Zf \Z,, is at least one. Moreover, we can prove the following lemma.

Lemma 5.1. The Hodge metric completion Zf is a dense and open smooth submanifold in

Z. and the complex codimenison of ZH\Z, is at least one.

Proof. We will give two different proofs. The first one is more conceptual which uses ex-
tension of the period map, while the second one is more elementary which only uses basic

definition of metric completion.

Since Z_ is a smooth manifold and Z,, is dense in Z,_, we only need to show that zH
is open in Z_ .

For the first proof, we can use a compactification D /T of D/T" and a continuous extension

of the period map ¢z, — D/I" to
$; : Z, — DJL.

Then since D/I" is complete with respect to the Hodge metric, the Hodge metric completion
space ZT = 62”(D /T). Notice that D/T is open and dense in the compacification in D /T,
ZM is therefore an open subset of Z, .

To define the compactification space D_/F, there are different approaches from literature.
One natural compactification is given by Kao-Usuai following [23] as given in [32] and dis-
cussed in |4, Page 2], where one attaches to D a set B(I') of equivalence classes of limiting
mixed Hodge structures, then define D/T = (DU B(I'))/I" and extend the period map ®z,

continuously to ®z . An alternative and more recent method is to use the reduced limit
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period mapping as defined in [4, Page 29, 30] to enlarge the period domain D. Different
approaches can give us different compactification spaces D/T". Both compactifications are

applicable to our above proof of the openness of Z = E;i(D /T).

For the second proof, we will directly show the open smoothness of Z”. Since Z \Z, is
a normal crossing divisor in Z, , any point ¢ € Z, \ Z,, has a neighborhood U, C Z, such
that U, N Z,, is biholomorphic to (A*)* x AN=F. Given a fixed reference point p € Z,,, and
any point p’ € U, N Z,,, there is a piecewise smooth curve 7, : [0,1] = Z,, connecting p
and p’, since Z,, is a path connected manifold. There is also a piecewise smooth curve v, , in
U,N Z,, connecting p’ and q. Therefore, there is a piecewise smooth curve v, , : [0,1] = Z,,

connecting p and g with ~,,((0,1)) C Z,,. Thus for any point ¢ € Z,, we can define the

m?

Hodge distance between ¢ and p by

dH<p7 q) = lIlf LH(/YP,Q)7

Yp.a
where Ly (7,,4) denotes the length of the curve v, , with respect to the Hodge metric on Z,,,
and the infimum is taken over all piecewise smooth curves v,, : [0,1] — Z, connecting p

and ¢ with 7,,((0,1)) C Z,..

Then Z is the set of all the points ¢ in Z_ with dg(p,q) < oo, and the complement
set Z, \Z" contains all the points ¢ in Z,, with dy(p,q) = co. Now let {g;};2, C Z, \Z7
be a convergent sequence and assume that the limit of this sequence is ¢,,. Then the Hodge
distance between the reference point p and the limiting point g, is clearly d(p, ) = o0
as well, since d(p, qy) = oo for all k. Thus ¢o € Z,\Z7. Therefore, the set of the points
of Hodge infinite distance form p is a close set in Z_. We conclude that Zg is an open

submanifold of Z . ]

Remark 5.2. We recall some basic properties about metric completion space we are using in
this paper. We know that the metric completion space of a connected space is still connected.

Therefore, Z is connected.

Suppose (X, d) is a metric space with the metric d. Then the metric completion space of

(X, d) is unique in the following sense: if X; and X, are complete metric spaces that both
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contain X as a dense set, then there exists an isometry f : X; — X, such that f|x is the
identity map on X. Moreover, as mentioned above that the metric completion space X of
X is the smallest complete metric space containing X in the sense that any other complete

space that contains X as a subspace must also contains X as a subspace.

Moreover, suppose X is the metric completion space of the metric space (X, d). If there
is a continuous map f : X — Y which is a local isometry with Y a complete space, then

there exists a continuous extension f: X — Y such that f|x = f.

In the rest of the paper, unless otherwise pointed out, when we mention a complete space,

the completeness is always with respect to the Hodge metric.

Let T be the universal cover of Z with the universal covering map 7/ : TH — Z!T.
Thus 7;17 is a connected and simply connected complete smooth complex manifold with
respect to the Hodge metric. We will call 7;H the Hodge metric completion space with
level m structure of T. Since ZX is the Hodge metric completion of Z,,, there exists the
continuous extension map @gm : ZH — D/T'. Moreover, recall that the Teichmiiller space
T is the universal cover of the moduli space Z,, with the universal covering denoted by

Tm + T — Z,,. Thus we have the following commutative diagram

TmoTH_ ™ D (5.3)

where 7 is the inclusion map, ¢, is a lifting map of i o m,,,, mp is the covering map and (IDZ is
a lifting map of @fm o In particular, ® is a continuous map from 7 to D. We notice
that the lifting maps 7., and @f are not unique, but there exists a suitable choice of i,, and
" such that & = &7 0i,,. We will fix the choice of i,, and @/} such that & = &7 04, in the
rest of the paper. Let us denote 7y, := 4, (7) and the restriction map ®,, = ®”|7. . Then

we also have & = &, 0 7,,.

Proposition 5.4. The image Ty, equals to the preimage (7)1 (Z,,).
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Proof. Because of the commutativity of diagram (5.3, we have that 7% (,,,(T)) = i(m,,,(T)) =
Z,,. Therefore, Ty, = i, (T) C (77)71(Z,,). For the other direction, we need to show that
for any point ¢ € (#)71(Z,,) C T, then ¢ € i), (T) = Trn.

Let p = n(q) € i(Z,), Let z; € =,,'(i"'(p)) € T be an arbitrary point, then
T (im(@1)) = i(mm(21)) = p and in(21) € (7)) 7H(p) € T 1.

As T™ is a connected smooth complex manifold, 7 is path connected. Therefore, for
im(21),q € TH, there exists a curve v : [0,1] — T with v(0) = i,,,(x1) and v(1) = ¢. Then
the composition 7 oy gives a loop on Z# with 7 0 v(0) = 7' 0 4(1) = p. One can show

that here is a loop T' on Z,, with T'(0) = T'(1) = i~!(p) such that
[iol] = [71’5 on] € 7'('1(25),

where 7 (Z7) denotes the fundamental group of Z”. Because T is universal cover of Z,,,
there is a unique lifting map I : [0,1] — 7 with I'(0) = #; and 7, o = I'. Again since
7 o4, =1iom,, we have

m

ﬂfoimof:iomnof:ioF: 0,1] = Z,,.

Therefore [7 o4y, o [ =[iol] € m(Z,), and the two curves i, o I' and 4 have the same
starting points imof(O) = 7(0) = 4,y(x1). Then the homotopy lifting property of the covering
map 77 implies that i,, o I'(1) = v(1) = q. Therefore, q € i, (T), as needed. O

Since Z,, is an open submanifold of Zf and Wg is a holomorphic covering map, the
preimage 7,, = (77)7'(Z,,) is a connected open submanifold of 7. Furthermore, because
the complex codimension of ZX\ Z,, is as least one in Zf , the complex codimension of

TH\T,, is also as least one in T

First, it is not hard to see that the restriction map ®,, is holomorphic. Indeed, we know
that i,, : T — 7T, is the lifting of i o 7, and ﬂf |7, ¢ Tm — Zm is a holomorphic covering
map, thus i,, is also holomorphic. Since & = &,, o i,, with both ®, ¢,, holomorphic and i,,
locally invertible, we can conclude that ®,, : 7,, — D is a holomorphic map. Moreover, we

have @,,,(T) = @i (T)) = ©(T) as ® = i,, 0 P,,,. In particular, as @ : T — N, N D is
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bounded, we get that ®,, : T — N, N D is also bounded in N, with the Euclidean metric.

Thus CDZ is also bounded. Therefore applying Riemann extension theorem, we get

Proposition 5.5. The map (Pg 15 a bounded holomorphic map from 7:nH to NyND.

Proof. According to the above discussion, we know that the complement 7;H \ 7 is the pre-
image of Z1\ Z,, of the covering map 7. So T”\T,, is a analytic subvariety of 7",
with complex codimension at least one and ®,, : 7,, — Ny N D is a bounded holomorphic
map. Therefore, simply applying the Riemman extension theorem to the holomorphic map
®,, : T, — Ny N D, we conclude that there exists a holomorphic map @/, : T — N, N D
such that @/ |7, = ®,,. We know that both ¥ and @/ are continuous maps defined on
TH that agree on the dense subset 7y,. Therefore, they must agree on the whole 7, that

is, @7 = @/ on T™. Therefore, @ : T — N, N D is a bounded holomorphic map. O

5.2 Holomorphic affine structure on the Hodge metric completion

space

In this section, we still fix the base point ®(p) € D with p € T and an adapted basis
(Mo, -+ ,Mm—1) for the Hodge decomposition of ®(p). We defined the global coordinate map

7: T — CV, which is a holomorphic affine local embedding. Let us now define
T = Po®,, : Tm — CV,

where P : N, N D — C¥ is the projection map defined in (4.25). Then as ® = ®,, 0 i,,, we

get T=Po®=Po®d,, 00, =T in.

In the following lemma, we will crucially use the fact that the holomorphic map 7: 7 —

CY¥ is a local embedding.

Lemma 5.6. The holomorphic map 7, : T — C¥ is a local embedding. In particular,

T @ T — CN defines a global holomorphic affine structure on Ty,.
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Proof. Since iom, = n' oi,, with i : Z,, — Z the natural inclusion map and ,,, 7'/ both
universal covering maps, i,, is a lifting of the inclusion map. Thus %,, is locally biholomorphic.
On the other hand, we showed that 7 is a local embedding. We may choose an open cover
{Uq}aen of Ty, such that for each U, C T, iy, is biholomorphic on U, and thus the inverse
(i) 7" is also an embedding on U,. Obviously we may also assume that 7 is an embedding
on (i) *(U,). In particular, the relation 7 = 7,, o 4,, implies that 7,,|y, = 7 0 (i,,) !y, is
also an embedding on U,. In this way, we showed 7,, is a local embedding on 7,,. Therefore,
since dimg T, = N, T @ T — C defines a local coordinate map around each point in
T In particular, the map 7, itself gives a global holomorphic coordinate for 7,,. Thus the
transition maps are all identity maps. Therefore, 7,, : 7T,, — C* defines a global holomorphic

affine structure on 7,,. O

Let us define 7/ := Po ® . TH — CN where P: N, N D — C" is still the projection

map defined in (4.25). Then we easily see that 7|7 = 7,,. We also have the following,

Lemma 5.7. The holomorphic map 7'5 : 7:nH — CN ~ Hg—Ll 15 a local embedding.

Proof. The proof uses mainly the affineness of 7, : 7, — CV = H}~"'. By Proposition
, we know that 7, is dense and open in 7:nH . Thus for any point g € 7:nH , there exists
{ar}72y € T such that limg_,o g = ¢. Because 77(q) € H}~ !, we can take a neighborhood
W C Hg_l’l of 7 (q) with W C 7#(TH).
Consider the projection map P : Ny — CV with P(F) = F39 the (1,0) block of the
matrix F'; and the decomposition of the holomorphic tangent bundle
TN, — @ Hom(F*/Fr+1 pl/plety,
0<i<k<n
In particular, the subtangent bundle Hom(F", F"~1/F™) over N, is isomorphic to the pull-
back bundle P*(T*°C¥) of the holomorphic tangent bundle of C through the projection
P. On the other hand, the holomorphic tangent bundle of 7, is also isomorphic to the
holomorphic bundle Hom(F", F"~!/F"), where F™ and F"~! are pull-back bundles on 7,

via @, from N, N D. Since the holomorphic map 7,, = P o ®,, is a composition of P and
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®,,, the pull-back bundle of T*°W through T, is also isomorphic to the tangent bundle of
Tin-

Now with the fixed adapted basis {7y, - - - ,nn }, one has a standard coordinate (z1, -+ , zy)
on CN =~ H;*Ll such that each point in CV = H;“M is of the form zym; + - - - + zynn. Let

us choose one special trivialization of
THOW = Hom(F}', F:fl/F;‘) x W

by the standard global holomorphic frame (Ay,---,Ax) = (0/0z1, -+ ,0/dzx) on THOW.
Under this trivialization, we can identify T, with Hom(F)', F;)~'/F") for any o € W.
Then (Ay,--- , Ay) are parallel sections with respect to the trivial affine connection on 70TV .
Let U, C (77)~1(W) be a neighborhood of ¢ and let U = U;N7,,. Then the pull back sections
(T (A, -+, An) = Uy = THOU, are tangent vectors of Uy, we denote them by (uf, -+, u)

for convenience.

According to the proof of Lemma [5.6, we know that the restriction map 7, is a local
embedding. Therefore the tangent map (7,,)« : qu,’OU — T is an isomorphism, for any
¢ € U and o = 7,,(¢'). Moreover, since 7, is a holomorphic affine map, the holomorphic
sections (py, -+, puy) = (uff, -+, pukd)|, form a holomorphic parallel frame for T°U. Under
the parallel frames (g, -, un) and (Aq, -+, Ay), there exists a nonsingular matrix function

A(q') = (aij(¢"))1<i<n.1<j<n, such that the tangent map (7,,,) is given by
(T ) (g1, -+ i) (@) = (Aa(0), -+, Ax(0))Alq'),  with ¢" € U and 0 = 1in(q) € D.

Moreover, since (Ay, -+, Ayx) and (i, -+, pux) are parallel frames for T'°W and THOU
respectively and 7, is a holomorphic affine map, the matrix A(¢’) = A is actually a

constant nonsingular matrix for all ¢ € U. In particular, for each ¢, € U, we have

((Tim)sft1s -+ 5 (To)wpin ) (qr) = (A1(ok), -+, An(ox))A, where o, = 7,,,(qx). Because the tan-

gent map (77), : THU, — T*°W is a continuous map, we have that

(r)+(pa'(0), -+ (@) = Him (7o) (pia (i) -+ v (i) = Jim (Mg (og), -+, A (ox)) A

= (A1(0),--- ,An(0))A, where o = T(q) and 0= 7"(q).
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As (A(9),- -+ ,An (D)) forms a basis for To'W = Hom(F)', F)~'/F}) and A is nonsingular,
we can conclude that (7), is an isomorphism from T, ql’OUq to Tal’OW. This shows that

T TH - CN =~ H;“l’l is a local embedding. O

m

Theorem 8. The holomorphic map " : TH — CV defines a global holomorphic affine

structure on 7:”H )

Proof. Since 7'5 : 7:nH — C¥ is a local embedding and dim 7:”H = N, thus the same argu-
ments as the proof of Lemma can be applied to conclude 7'5 defines a global holomorphic

affine structure on 7;H ) O

It is important to note that the flat connections which correspond to the global holo-
morphic affine structures on 7, on 7, or on 7;H are in general not compatible to the corre-

sponding Hodge metrics on them.

5.3 Injectivity of the period map on the Hodge metric completion

space
Theorem 9. For any m > 3, the holomorphic map Tf : Tf — CN is an injection.

To prove this theorem, we will first prove the following elementary lemma, where we mainly
use the completeness with the Hodge metric, the holomorphic affine structure on ’TH , the
affineness of Tf , and the properties of Hodge metric. We remark that as 7;H is a complex

affine manifold, we have the notion of straight lines in it with respect to the affine structure.

Lemma 5.8. For any two points in 7:nH, there is a straight line in 7:nH connecting them.

Proof. Let p be an arbitrary point in ’7:nH ,and let S C 7;H be the collection of points that

can be connected to p by straight lines in ’7:”H . We need to show that S = 7;H .

We first show that S is a closed set. Let {¢;}3°; C S be a Cauchy sequence with respect

to the Hodge metric. Then for each ¢ we have the straight line /; connecting p and ¢; such
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that [;(0) = p, L;(T;) = ¢; for some T; > 0 and v; := %li(O) a unit vector with respect to the
Euclidean metric on ny. We can view these straight lines I; : [0,7;] — T as the solutions
of the affine geodesic equations I/ (t) = 0 with initial conditions v; := 21;(0) and [;(0) = p in
particular T; = dg(p, ¢;) is the Euclidean distance between p and ¢;. It is well-known that

solutions of these geodesic equations analytically depend on their initial data.

Proposition showed that @f : 7:nH — N,. N D is a bounded map, which implies
that the image of @5 is bounded with respect to the Euclidean metric on N,. Because
a linear projection will map a bounded set to a bounded set, we have that the image of
7'5 =Po @Z is also bounded in CV with respect to the Euclidean metric on CV. Passing to
a subsequence, we may therefore assume that {7;} and {v;} converge, with lim; .., T; = T
and lim; ,,, v; = vy, respectively. Let [ (t) be the local solution of the affine geodesic
equation with initial conditions 21s(0) = v and ls(0) = p. We claim that the solution

l(t) exists for t € [0,T]. Consider the set
Eo :={a: l(t) exists for te€0,a)}.

If E, is unbounded above, then the claim clearly holds. Otherwise, we let ao = sup Fu,
and our goal is to show a., > T,,. Suppose towards a contradiction that a., < T,,. We then
define the sequence {ax}32; so that ay /Ty = aoo/Too. We have ap < Ty and limy_so0 a = doo-
Using the continuous dependence of solutions of the geodesic equation on initial data, we
conclude that the sequence {li(ax)}32, is a Cauchy sequence. As 7;H is a complete space,
the sequence {lx(ax)}32, converges to some ¢’ € T, Let us define I (as) := ¢'. Then the
solution I (t) exists for ¢ € [0,as]. On the other hand, as T is a smooth manifold, we
have that ¢’ is an inner point of 7:nH . Thus the affine geodesic equation has a local solution
at ¢ which extends the geodesic l.,. That is, there exists € > 0 such that the solution [ (%)
exists for ¢ € [0, as + €). This contradicts the fact that a., is an upper bound of E,,. We

have therefore proven that [ () exists for ¢t € [0, T,].

Using the continuous dependence of solutions of the affine geodesic equations on the
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initial data again, we get

loo(Too) = lim 1(Ty) = ,}1_{{)10 Gk = Qoo-

k—oo
This means the limit point ¢, € S, and hence S is a closed set.

Let us now show that S is an open set. Let ¢ € S. Then there exists a straight line [
connecting p and q. For each point z € [ there exists an open neighborhood U, C 7:nH with
diameter 2r,. The collection of {U,}.e; forms an open cover of [. But [ is a compact set,
so there is a finite subcover {U,,}X, of I. Then the straight line [ is covered by a cylinder
C, in TH of radius r = min{r,, : 1 <i < K}. As C, is a convex set, each point in C, can
be connected to p by a straight line. Therefore we have found an open neighborhood C,. of

q € S such that C, C S, which implies that S is an open set.

As S is a non-empty, open and closed subset in the connected space 7:nH , we conclude

that S =T, as we desired. O

Proof of Theorem[9. Let p,q € 7;H be two different points. Then Lemma implies that
there is a straight line [ C 7 connecting p and ¢. Since 777 : TH — CV is affine, the
restriction 77|, is a linear map. Suppose towards a contradiction that 77 (p) = 77 (¢) € CV.
Then the restriction of 7'5 to the straight line [ is a constant map as Tf |; is linear. By Lemma
5.7, we know that 77 : TH — CV is locally injective. Therefore, we may take U, to be a
neighborhood of p in 7 such that 777 : U, — C" is injective. However, the intersection
of U, and [ contains infinitely many points, but the restriction of 7/ to U, N1 is a constant

map. This contradicts the fact that when we restrict Tf to U, N1, Tf is an injective map.

Thus 77 (p) # 7H(q) if p#£ q € T, O

Since 77 = Po®" where P a the projection map and 7,1/ is injective and ® a bounded

map, we get
Corollary 5.9. The completion space 7:”H is a bounded domain in CV.

Corollary 5.10. The holomorphic map CI)Z : 7:nH — Ny N D 1is also an injection.
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CHAPTER 6

Main result and applications

6.1 Completion space of the Teichmiiller space

In this section, we define the completion space T# by T# = TH and the extended period
map ¢ by &7 = & for any m > 3 after proving that 7 doesn’t depend on the choice
of the level m. Therefore TH is a complex affine manifold and that ® is a holomorphic
injection.

For any two integers m, m’ > 3, let Z,, and Z,,, be the smooth quasi-projective manifolds
as in Theorem |5(and let Zf and Z, be their completions with respect to the Hodge metric.
Let 7" and T, be the universal cover spaces of Z and Z/I, respectively, then we have the

following proposition.

Proposition 6.1. The complete complex manifolds T,7 and T2 are biholomorphic to each

other.

Proof. By defintion, T, = i3 (T), Towr = i (T) and @y, = 7|7 @, = 1| . Because
M and @I, are embeddings, 7,,, = ®(7y,) and T, = ®(7T;,). Since the composition maps
®" 04, = and P, 0i,y = O, we get ©H(i,,(T)) = ®(T) = ®/L (i, (T)). Since ¢ and
T are both independent of the choice of the level structures, so is the image ®(7). Then
Tm = ©(T) = T, biholomorphically, and they don’t depend on the choice of level structures.
Moreover, Proposition implies that 7,7 and T2 are Hodge metric completion spaces of
T, and 7T, respectively. Thus the uniqueness of the metric completion spaces implies that

T2 is biholomorphic to T%. O
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Proposition shows that 7:nH is independent of the choice of the level m structure, and

it allows us to give the following definitions.

Definition 6.2. We define the complete complex manifold TH = 7:nH, the holomorphic map
iT: T — TH byir =i, and the extended period map ®7 : TH — D by &1 = CDZ for any

m > 3. In particular, with these new notations, we have the commutative diagram

6.2 Main result and the global Torelli theorem

In this section, we prove the main result Theorem [10] which asserts that 7% is the completion
space of 7 with respect to the Hodge metric and it is a bounded domain of holomorphy in
CN. As a direct corollary, we get the global Torelli theorem of the period map from the

Teichmiiller space to the period domain.

Theorem 10. The complex manifold T is a complez affine manifold which can be embedded
into CN and it is the completion space of T with respect to the Hodge metric. Moreover, the

extended period map ®7 : TH — N, N D is a holomorphic injection.

Proof. By the definition of 7" and Theorem |8} it is easy to see that 7;H is a complex affine
manifold, which can be embedded into CV. It is also not hard to see that the injectivity
of ®# follows directly from Corollary by the definition of ®#. Now we only need to
show that 7! is the Hodge metric completion space of 7, which follows from the following

lemma. O

Lemma 6.3. The map it : T — T is an embedding.

Proof. On one hand, define 7Ty to be Ty = 7, for any m > 3, as 7,, doesn’t depend on the
choice of level m structure according to the proof of Proposition . Since To = (7)1 Z,,),
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7l Ty — Z,, is a covering map. Thus the fundamental group of 7Ty is a subgroup of the
fundamental group of Z,,, that is, m1(7y) C m1(Z,,), for any m > 3. Moreover, the universal
property of the universal covering map w,, : T — Z,, with m,, = wf |75 © @7 implies that

iT: T — 7o is also a covering map.

On the other hand, let {m;}?°, be a sequence of positive integers such that my < my4

and my|my41 for each k& > 1. Then there is a natural covering map from Z,,  to Z,,

k+1

for each k. In fact, because each point in Z,, . is a polarized Calabi—Yau manifold with

k+1
a basis v,, ~ for the space (H,(M,Z)/Tor)/mys1(H,(M,Z)/Tor) and my|myi1, then the
basis 7, induces a basis for the space (H, (M, Z)/Tor)/my(H,(M,Z)/Tor). Therefore we

get a well-defined map Z,,, ., — Z,,, by assigning to a polarized Calabi-Yau manifold with

k+1
the basis v,,,,, the same polarized Calabi-Yau manifold with the basis (Y, ., (mod my)) €
(H,(M,7Z)/Tor)/my(H,(M,Z)/Tor). Moreover, using the versal properties of both the fam-

ilies X, - Z

—_— mps, and X, — Z,,, we can conclude that the map Z,,

o1 Zpm, 18

locally biholomorphic. Therefore, Z,

e — Zm,, 18 actually a covering map. Thus the fun-

damental group m (Z

mysr) 18 @ subgroup of m(Z,,,) for each k. Hence, the inverse system

of fundamental groups
7Tl<Zm1)<_7T1(Zm2)<— ...... <_71-1<ka)<_...

has an inverse limit, which is the fundamental group of 7. Because m1(7y) C m1(Z2,,,) for
any k, we have the inclusion 7 (7g) € 7 (7). But m1(7) is a trivial group since 7 is simply
connected, thus m(7p) is also a trivial group. Therefore the covering map i7 : T — 7o is a

one-to-one covering. This shows that i7: T — T is an embedding. O]

Remark 6.4. There is another approach to Lemma [6.3, which is a proof by contradiction.
Suppose towards a contradiction that there were two points p # ¢ € T such that iy (p) =
ir(q) € TH.

On one hand, since each point in 7 represents a polarized and marked Calabi—Yau
manifold, p and ¢ are actually triples (M, L,,,) and (M,, L,,~,) respectively, where 7,
and v, are two bases of H,(M,Z)/Tor. On the one hand, each point in Z,, represents
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a triple (M, L,~,,) with ~,, a basis of (H,(M,Z)/Tor)/m(H,(M,Z)Tor) for any m > 3.

H

m

By the assumption that i7(p) = i7(¢) and the relation that i o m,, = 7" o iy, we have

iomy(p) =iomy,(q) € Z, for any m > 3. In particular, for any m > 3, the image of
(M,, Ly, ) and (M, Ly, 7,) under m,, are the same in Z,,. This implies that there exists a
biholomorphic map fp : M, — M, such that f (L,) = L, and f; (7,) = 7, - A, where A is

an integer matrix satisfying
A= (A;)=1d (modm) for any m > 3. (6.5)

Let |A;;| be the absolute value of the ij-th entry of the matrix (A;;). Since (6.5) holds for

any m > 3, we can choose an integer mg greater than any |A;;| such that
A= (A4;)=1d (mod myp).

Since each A;; < my and A = (A;;) =Id (mod my), we have A = Id. Therefore, we found
a biholomorphic map f,, : M, — M, such that f; (Ly) = L, and f (7,) = 7. This implies
that the two triples (M, L,,v,) and (M,, L,,,) are equivalent to each other. Therefore, p

and ¢ in 7 are actually the same point. This contradicts to our assumption that p # q.

Since ® = ® o4 with both ® and i7 embeddings, we get the global Torelli theorem

for the period map from the Teichmiiller space to the period domain as follows.

Corollary 6.6 (Global Torelli theorem). The period map ® : T — D is injective.

6.3 Completion space of the Teichmiiller space is a domain of

holomorphy

In this section, as another important consequence of the main Theorem [10] we prove the

following property of 7.

Theorem 11. The completion space T is a bounded domain of holomorphy in CV; thus

there exists a complete Kihler—Finstein metric on TH.

o8



We recall that a C? function p : Q — R on a domain 2 C C" is plurisubharmornic if and
only if its Levi form is positive definite at each point in 2. Given a domain 2 C C", a function
f: Q — Ris called an ezhaustion function if for any ¢ € R, the set {z € Q| f(2) < ¢} is
relatively compact in €2. The following well-known theorem provides a definition for domains

of holomorphy. For example, one may refer to [9] for details.

Proposition 6.7. An open set Q@ € C" is a domain of holomorphy if and only if there
exists a continuous plurisubharmonic function f: €2 — R such that f is also an exhaustion

function.

The following theorem in Section 3.1 of [6] gives us the basic ingredients to construct a

plurisubharmoic exhaustion function on 7.

Proposition 6.8. On every manifold D, which is dual to a Kahler C-space, there exists an
exhaustion function f: D — R, whose Levi form, restricted to T,}’O(D), 1S positive definite

at every point of D.

We remark that in this proposition, in order to show f is an exhaustion function on D,

Griffiths and Schmid showed that the set f~!(—o0, ¢] is compact in D for any ¢ € R.

Lemma 6.9. The extended period map ®7 : TH — D still satisfies the Griffiths transver-

sality.

Proof. Let us consider the tangent bundles T%°7T# and TH°D as two differential manifolds,
and the tangent map (®), : THOTH — T1OD as a continuous map. We only need to show

that the image of (®1), is contained in the horizontal tangent bundle 7;°D.

The horizontal subbundle T,"D is a close set in T'°D, so the preimage of T)°D under
(@), is a close set in TYOTH. On the other hand, because the period map ® satisfies the
Griffiths transversality, the image of ®, is in the horizontal subbundle Té “D. This means
that the preimage of T, D under (&), contains both T%°7 and the closure of T*°7, which
is 7197 H This finishes the proof. O
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Proof of Theorem[11. By Theorem , we can see that 79 is a bounded domain in C¥.
Therefore, once we show 7% is domain of holomorphy, the existence of Kihler-Einstein

metric on it follows directly from the well-known theorem by Mok—Yau in [15].

In order to show that 7* is a domain of holomorphy in C¥, it is enough to construct a

plurisubharmonic exhaustion function on 7.

Let f be the exhaustion function on D constructed in Proposition [6.8 whose Levi form,
when restricted to the horizontal tangent bundle Ti D of D, is positive definite at each point
of D. We claim that the composition function f o ® is the demanded plurisubharmonic

exhaustion function on 7.

By the Griffiths transversality of ®, the composition function f o ®7 : TH — R is
a plurisubharmonic function on 7#. Thus it suffices to show that the function f o ®%
is an exhaustion function on 7%, which is enough to show that for any constant ¢ € R,
(fo®H) " (—o0,c] = ()~ (f~1(—00, ]) is a compact set in TH. Indeed, it has already been
shown in [6] that the set f~'(—o0, | is a compact set in D. Now for any sequence {py}72, C
(f o @)1 (—o00, ], we have {®(py)}72, C f'(—o00,c]. Since f~'(—o0,] is compact in
D, the sequence {®(p;)}32, has a convergent subsequence. We denote this convergent
subsequence by {® (py, )}, C {®(py)}32, with k, < k,11, and denote limy_,., @7 (p;,) =

0sc € D. On the other hand, since the map ® is injective and the Hodge metric on

TH is induced from the Hodge metric on D, the extended period map ® is actually a

[e.e]

o0, is also a Cauchy sequence

global isometry onto its image. Therefore the sequence {py,,
that converges to (®)~!(0s) with respect to the Hodge metric in (f o &)~ (—o0,c] C
TH. In this way, we have proved that any sequence in (f o ®)~!(—o0, ¢| has a convergent

subsequence. Therefore (f o ®)~!(—o0, ¢| is compact in T, as was needed to show. O

This section contains several applications of the results reviewed in the previous sections.
In Section we prove a general result for the extended period map to be a bi-holomorphic
map from 7, the Hodge metric completion of the Teichmiiller space 7 of polarized and

marked Calabi—Yau and Calabi—Yau type manifolds to the corresponding period domain;
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and apply this result to the cases of K3 surfaces and cubic fourfolds. We hope to find
more interesting examples in our subsequent work. In Section we construct explicit
holomorphic sections of the Hodge bundles on 7%, which trivialize those Hodge bundles.
In particular, for Calabi-Yau manifolds, a global holomorphic section of holomorphic (n, 0)-
classes on T is constructed, which coincides with explicit local Taylor expansion in the affine
coordinates at any base point p in 7. Finally in Section we prove a global splitting
property for the Hodge bundles, as well as a theorem proves that a compact polarized and
marked Calabi-Yau manifold with complex structure J can not be deformation equivalent

to a polarized and marked Calabi—Yau manifolds with conjugate complex structure —J.

6.4 Surjectivity of the period map on the Teichmiiller space

In this section we use our results on the Hodge completion space T to give a simple proof
of the surjectivity of the period maps of K3 surfaces and cubic fourfolds. First we have
the following general result for polarized and marked Calabi-Yau manifolds and Calabi-Yau

type manifolds,

Theorem 12. [fdim 7% = dim D, then the extended period map ® : TH — D is surjective.

Proof. Since dim 7" = dim D, the property that ®¥ : T# — D is an local isomorphism
shows that the image of 7 under the extended period map ®¥ is open in D. On the other
hand, the completeness of T with respect to Hodge metric implies that the image of T

under ® is close in D. As T is not empty and that D is connected, we can conclude that

QH(TH) = D. O

It is well known that for K3 surfaces, which are two dimensional Calabi—Yau manifolds,
we have dim 7% = dim7 = dim D = 19; for cubic fourfolds, they are Calabi-Yau type
manifolds. One knows that both K3 and cubic fourfolds have smooth Teichmiiller spaces,
and dim7# = dim7 = dim D = 20. Thus applying the above theorem, we can easily

conclude that
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Corollary 6.10. Let T be the Hodge metric completion space of the Teichmiiller space
for polarized and marked K3 surfaces or cubic fourfolds. Then the extended period map

OH . TH — D is surjective.

In fact, among all the Calabi—Yau or Calabi—Yau type projective hypersurfaces, K3 sur-
faces and cubic fourfolds are the only two satisfying the condition that the dimensions of the
Teichmiiller space and the period domain are the same. It would be interesting to find such
examples for complete intersections in weighted projective spaces and compact homogeneous
manifolds.

Remark 6.11. Let T be the Teichmuiller space of polarized and marked hyperkéahler manifolds,
HgT(M ,C) the degree 2 primitive cohomology group, and D the period domain of weight
two Hodge structures on H2 (M,C). Then our method can be applied without change to
prove that the period map from 7 to D is also injective. Furthermore, let 7 be the Hodge
completion of T with respect to the Hodge metric induced from the homogeneous metric on
D, then the extended period map from 7 to D is also surjective. This follows from the
same argument of above theorem. See [31] and [10] for different injectivity and surjectivity

results for hyperkédhler manifolds.

6.5 Global holomorphic sections of the Hodge bundles

In this section we prove the existence and study the property of global holomorphic sections
of the Hodge bundles {F¥}7_, over Hodge completion space T of Teichmiilcer space of
polarized and marked Calabi—Yau and Calabi—Yau type manifolds. The main ingredient of

proofs in this section is Theorem

Recall that we have fixed a base point p € T and an adapted basis {ng, -+ , 9m_1} for the
Hodge decomposition of the base point ®(p) € D. With the fixed base point in D, we can
identify N, with its unipotent orbit in D by identifying an element ¢ € N, with [¢] = ¢B in

D.

On one hand, as we have fixed an adapted basis {7, - -+ , 91} for the Hodge decomposi-
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tion of the base point. Then elements in Gi¢ can be identified with a subset of the nonsingular
block matrices. In particular, the set N, with its unipotent orbit in D, then elements in
elements in N, can be realized as nonsingular block lower triangular matrices whose diagonal
blocks are all identity submatrix. Namely, for any element {F*}7_, € N, C D, there exists a
unique nonsingular block lower triangular matrices A(o) € G¢ such that (ng, -+, 7m—1)A(0)
is an adapted basis for the Hodge filtration {F*} € N, that represents this element in N, .
Similarly, any elements in B can be realized as nonsingular block upper triangular matrices
in G¢. Moreover, as D = G¢ /B, we have that for any U € G, which is a nonsingular block
upper triangular matrix, (1, - ,7m—1)A(0)U is also an adapted basis for the Hodge filtra-
tion {F*(0)}7_,. Conversely, if (o, - ,C(n-1) is an adapted basis for the Hodge filtration
{Fk}n_,, then there exists a unique U € G¢ such that (Co, -+, Gno1) = (70, , Mm—1)A(0)U.

For any q € T, let us denote the Hodge filtration at ¢ € T by {F(f}z:o, and we have that
{F, qk}Z:o € Ny N D by Theorem . Thus there exists a unique nonsingular block lower
triangular matrices A(q) such that (1, --- ,7m-1)A(g) is an adapted basis for the Hodge
filtration {F}}1_.

On the other hand, for any adapted basis {(y(q), - ,({m-1(q)} for the Hodge filtration

{Fr}i_, at g, we know that there exists an m x m transition matrix A(q) such that

(C(q)s -+ Cm-1(q)) = (Mo, -+ s Mm—1) A(g).

Moreover, we set the blocks of A(g) as in and denote the (i, 7)-th block of A(q) by
A (q).

According to the above discussion, as both (1o, -« , mm_1)A(g) and (1o, , m—1)A(q)
are adapted bases for the Hodge filtration for {F;“}ZZO, there exists a U € G¢ which is a

block nonsingular upper triangular matrix such that

(105 s Nm—1) AU = (0, *++ s Mm—1) A(q)-

Therefore, we conclude that

AQ)U = Alg). (6.12)
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where g(q) is a nonsingular block lower triangular matrix in G¢ with all the diagonal blocks
equal to identity submatrix, while U is a block upper triangular matrix in G¢. However,
according to basic linear algebra, we know that a nonsingular matrix A(q) € G¢ have the
decomposition of the type in (6.12)) if and only if the principal submatrices [A™ (q)]o<i j<n—k

are nonsingular for all 0 < k£ < n.

To conclude, by Theorem {4.22| we have that ®(q) € Ny for any ¢ € T. Therefore, for
any adapted basis (¢o(q), - ,Gn-1(q)), there exists a nonsingular block matrix A(q) € G¢
with det[A“ (q)]o<ij<n—k # 0 for any 0 < k < n such that

(Co(q)s -+ Cm-1(q)) = (Mo, -+ s Mm—1) A(g).

Let {F}}}_, be the reference Hodge filtration at the base point p € 7. For any point

q € TH with the corresponding Hodge filtrations {F q’“}Z:O, we define the following maps
k. ok k
Pq S forany 0<k<n
to be the projection map with respect to the Hodge decomposition at the reference point p.

Lemma 6.13. For any point ¢ € TH and 0 < k < n, the map Pf : F(f — Flf s an

1somorphism. Furthermore, Pf depends on q holomorphically.

Proof. We have already fixed {no, -+ ,nm_1} as an adapted basis for the Hodge decompo-
sition of the Hodge structure at the base point p. Thus it is also the adapted basis for the
Hodge filtration {F]f}zzo at the base point. For any point ¢ € T, let {(op,- -+ ,(n_1} be an
adapted basis for the Hodge filtration {F}}1_, at . Let [A"/(q)]o<ij<n € Gc be the transi-
tion matrix between the basis {no, -+ ,Mm—_1} and {Co, -+, (n_1} for the same vector space

H"(M,C). Then we have showed that [A"7(q)]o<i j<n_k is nonsingular for all 0 < k < n.

On the other hand, the submatrix [A™(q)]o<j<n—& is the transition matrix between the

bases of F) and F) for any 0 < k < n, that is

(Co(@), -+, Cprr(@)) = (10s -+ s -1 [A (Q)]o<jcn—r forany 0 <k <mn,
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where (Co(q), -+, Cpro1(q)) and (1o, - - -, 7m—1) are the bases for F¥ and F) respectively. Thus
the matrix of qu with respect to {no, - ,npr_1} and {Co, -+, (pr_q} is the first (n —k+1) x
(n—k+1) principal submatrix [A" (q)]o<i j<n—k Of [A™(q)]o<ij<n. Now since [A™(q)]o<i j<n—r
for any 0 < k < n is nonsingular, we conclude that the map Plf is an isomorphism for any

0<k<n.
From our construction, it is clear that the projection P;“ depends on ¢ holomorphically.

]

Now we are ready to construct the global holomorphic sections of Hodge bundles over
TH. For any 0 < k < n, we know that {ng,n, - ,Mge_1} is an adapted basis of the Hodge

decomposition of ij for any 0 < k < n. Then we define the sections

si: T = F* g (P '(m) € Fy forany 0<i< f*—1. (6.14)

Lemma [6.13] implies that {(Pf)_l(ni)}{:kal form a basis of F} for any ¢ € T". In fact, we

have proved the following theorem for polarized and marked Calabi—Yau and Calabi-Yau

type manifolds.

Theorem 13. For all 0 < k < n, the Hodge bundles F* over TH are trivial bundles, and

the trivialization can be obtained by {s;}o<i<sx—1 which is defined in (6.14]).

Remark 6.15. In particular, the section sq : TH — F™ is a global nowhere zero section of

the Hodge bundle F™ for Calabi—Yau manifolds.

By using the local deformation theory for Calabi—Yau manifolds in [29], Todorov con-
structed a canonical local holomorphic section of the line bundle F™ over the local deforma-
tion space of a Calabi-Yau manifold. In fact, let €2, be a holomorphic (n,0)-form on the cen-
tral fiber M, of the family. Then there exists a coordinate chart {U,, (11, -- -, 7n)} around the
base point p and a basis {1, -, px} of harmonic Beltrami differentials H' (M, T*°M,),

such that

Q1) = e 0, (6.16)

p
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is a family of holomorphic (n,0)-forms over U,. We can assume this local coordinate chart
is the same as the affine coordinates at p we constructed, which can be achieved simply
by taking p as the base point in our construction in §2 of the affine structure on 7. The
Kuranishi family of Beltrami differentials ¢(7) satisfyies the integrability equation which is

solvable for Calabi—Yau manifolds by the Tian-Todorov lemma,

and the Taylor expansion ¢(1) = .8 @7 + O(|7]?) converges for || small by classical

Kodaira-Spencer theory. We have

Lemma 6.17. Let Q5(7) be a canonical family defined by (6.16). Then we have the following

section of F™ over u,,

N
[Q5(T)] =[] + > mlpis®y)] + A(7), (6.18)

i=1
where {[p; 2Q,) 1Y, give a basis of H* 1 (M,,), and A(1) = O(|7|?) @H" RR(M) denotes

terms of order at least 2 in T.

Proof. Details of the proof of this lemma can be found in [2, Page 12-14], or [12] Proposition

5.1]. In fact one can directly check the following formula
e, (d(e? 0,)) = 09, + O(p(T) Q). (6.19)

The construction of the Kuranishi family ¢(7) implies that d(p(7)12,) = 0, and the fact
that €, is holomorphic on M, implies 92, = 0 . So the right hand side of formula (6.19) is

equal to 0. Then by replacing the de Rham differential operator d on the left hand side by
dr + 0, on fiber M., we get (0, + 0,)(e?”.Q,) = 0. Note that e#(7) _Q, is a (n,0) form on
M., and 8, (e Q) = 0, we get

ET(e‘p(T)JQp) =0.

Therefore e#(7) ,Q),, is a holomorphic (n, 0)- form on the Calabi-Yau manifold M,. The Taylor

expansion ([6.18)) follows from the corresponding Taylor expansion of ¢(7). O
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Using the same notation as in Lemma [6.17], we are ready to prove the following theorem

for Calabi—Yau manifolds,

Theorem 14. Choose [S),] = 1o, then the section sy of F™ is a global holomorphic extension

of the local section [Q5(7)].

Proof. Because both sy and [Q2(7)] are holomorphic sections of F", we only need to show

that so|y, = [€2(7)]. In fact, from the expansion formula (6.18]), we have that for any ¢ € U,

FHE(()]) = [2] =m0

Therefore, [Q5(7(q))] = (P;") "' (1m0) = s0(q) for any point ¢ € U, O

As an example, if we consider the Teichmiiller space of polarized and marked hyperkahler
manifolds and the weight two variation of Hodge structure of hyperkabler manifolds, then
the Taylor series is a finite degree polynomial and converges globally on 7. More
precisely we have the following
Example 6.20. Let T# be the Hodge completion of Teichmiiller space of a polarized and
marked hyprkahler manifold, and (7y,---,7x) be global affine coordinates with respect to

the reference point p and an orthonormal basis {7, - ,nx} of H]};l(Mp), then

[QZ<7—)] = [Qp] + Z Tifl; + (% Z Ti2> [ﬁpL

is a global holomorphic section of F2 over TH. In fact, in this case, T is bi-holomorphic
to D given by the period map as discussed in Section 4.1, and the affine structure on 7
is induced from the affine structure on D by the Harish-Chandra embedding of D into the
complex Euclidean space. The global affine coordinates on 7% is induced by the Harish-

Chandra embedding.

6.6 A global splitting property of the Hogde bundles

In section , we proved that the Hodge bundles { F¥}7_ over the Hodge metric completion

space of the Teichmiiller space of polarized and marked Calabi—Yau and Calabi-Yau type
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manifolds are trivial bundles by directly constructing global trivializations. In particular,

because the Hodge bundle F° is a trivial bundle over 7, we have a trivialization
FO=TH x H"(M,C).
Then for any sub-bundle V' C F°, the fiber V, at a point ¢ € T will be considered as a

subspace of H"(M,C), which does not depend on the point ¢ € TH.

In this section, we directly construct global defined anti-holomorphic vector bundles F*

over T such that for any point ¢ € T, the vector space H"(M, C) splits as
H"(M,C)=FFf® fq’“ for any ¢ € T,

where p is the base point in 7. Then as an application of our method, in Theorem E we
also prove that any two fibers of the versal family &/ — 7T can not be conjugate manifolds of

each other.

The construction of vector bundles F* is again based on Lemma in fact, we have

the following equivalent lemma,

Lemma 6.21. For any q € T and 1 < k < n, we have that H*(M,C) = sz @ Fpoktl,

Proof. Firstly, the decomposition H"(M,C) = Flf G}W follows from the definition of the
Hodge structure for any 0 < k£ < n. Secondly Lemma implies that Pq”*k+1 : FI?*’“H —
F7=*1is an isomorphism for any ¢ € 7" and any 0 < k < n. Therefore F)} HW = {0}
as the projection from F} to F)**! is a zero map.
On the other hand, dim F¥ + dimw = dim F} + dimW = dim H"(M, C), so
we have that
H"(M,C) = F¥ & Fp-k+1.

]

Because the reference point p is an arbitrary prefixed point on 7, and the Hodge filtration
at each point does not depend on the choice of the reference point, Lemma [6.21] actually

implies,
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Corollary 6.22. For any different points q and ¢’ onT, and 1 < k < n, we have H"(M,C) =
k n—k+1
Fyo Fpirh

Let us write FF = F n—k+l for each 0 < k < n. Then we have proved the following result,

Theorem 15. The vector bundles {ﬁk}zzo are globally defined anti-holomorphic vector bun-
dles over TH such that

H"(M,C) = F]f @ﬁf for any q € TH.

Now we let M be a complex manifold with background differential manifold X and
complex structure J : TrX — TrX, then the complex conjugate manifold M is a complex
manifold with the same background differential manifold X and with conjugate complex
structure —J. In fact, M and its complex conjugate manifold M satisfy the relation T"OM =
TO'M and T%'M = T"OM.

Problems regarding deformation inequvalent complex conjugated complex structures have
been studied, for example one may find interesting results in [11]. We will apply our results
to study such problem for polarized and marked Calabi—Yau manifolds. In fact, another
interesting application of Corollary is that a polarized and marked Calabi—Yau manifold
M can not be connected to its complex conjugate manifold M by deformation of complex
structure . For any point ¢ in 7, let M, denote the fiber of the versal family &/ — 7T at point

g. Then we have the following theorem,

Theorem 16. If g # ' are two different points on T, then My # M,.

Proof. We prove this theorem by contradiction. Suppose M, = Mq, and let €2 be an holo-
morphic (n, 0) form on M,, then § is a holomorphic (n,0) form on M, = M,. Therefore the

fibers of Hodge bundles on the two points satisty Fj' = F_q’",” C F_ql/, and
H"(M,C) # FI' & FJ,.

But this contradicts to Corollary , so My # M, as desired. ]
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