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ABSTRACT OF THE DISSERTATION
Essays on Pure and Applied Game Theory
by

Jen-Wen Chang
Doctor of Philosophy in Economics
University of California, Los Angeles, 2016

Professor Ichiro Obara, Chair

In my dissertation, I provide two models of joint contribution games that are relevant to the

phenomenon of crowdfunding. I also provide a characterization of Bayes Nash equilibrium.

In the first chapter I build a model of crowdfunding. An entrepreneur finances her project
with common value via crowdfunding. She chooses a funding mechanism (fixed or flexible),
a price, and a funding goal. Under fixed funding money is refunded if the goal is not met;
under flexible funding the entrepreneur keeps the money. Backers observe signals about the
value and decide whether to contribute or postpone purchase to the retail stage. The optimal
crowdfunding campaign is characterized. When the entrepreneur has commitment power,
fixed funding generates more revenue than flexible funding. When the entrepreneur has no

commitment power, fixed funding serves as a commitment device to eliminate moral hazard

In the second chapter I consider a dynamic contribution game under two regimes. The
first regime is that all but the last rounds are cheap talk, the other is that in all rounds
contribution is sunk. With binary contribution levels and a continuum of types we show
that one of the monotone equilibria in the first regime implements the ex-post efficient
and ex-post individually rational allocation when the cheap talk period is long enough. In
contrast, when commitment is required, no equilibria achieves the same allocation. However,
with a continuum of contribution levels, all equilibria of the contribution game with cheap
talk will be the same as a one-shot game with no cheap talk, due to severe free riding. In

this case, dynamic contribution with commitment provides credibility and can significantly

i



improve efficiency.

In the third chapter, coauthored with Ichiro Obara, we prove the following character-
ization regarding types and Bayes equilibrium actions they play across games: Given any
two types in any two countable type spaces, if for all finite games, the two types have the
same pure Bayes Nash equilibrium action, then there exists a bijective belief morphism be-
tween them. As an application, our result implies that the universal space for Bayes Nash

equilibrium that retains non-redundancy does not exist.

1l



The dissertation of Jen-Wen Chang is approved.
Sushil Bikhchandani
Marek G. Pycia
Moritz Meyer-ter-Vehn

Ichiro Obara, Committee Chair

University of California, Los Angeles

2016

v



TABLE OF CONTENTS

1 The Economics of Crowdfunding . . . . . . ... ... ... .......... 1
1.1 Imntroduction . . . . . . . . . 1
1.2 The Model . . . . . . . . 6

1.2.1 Payoffs and Equilibria in a Fixed Funding Campaign . . . .. .. .. 9
1.2.2  Payoffs and Equilibria in a Flexible Funding Campaign . . . . . . . . 10
1.3 Equilibrium Characterization . . . . . . . .. ... ... ... .. ...... 10
1.3.1 Fixed Funding . . . . . . . . ... 11
1.3.2  Flexible Funding . . . . . .. .. .. ... . 15
1.4 Revenue Ranking . . . . . . . . ... 16
1.5 Characterization of Optimal Fixed Campaign . . . ... .. ... ... ... 22
1.6 Moral Hazard . . . . . . . .. . 27
1.7 Discussion . . . . . ... e e 37
1.7.1  Why Does the Crowd Matter? . . . . . . . ... ... ... ...... 37
1.7.2  Equity Crowdfunding . . . . . . . .. ... ... 40
1.7.3  When Will Flexible Funding Be Preferable? . . . . . ... ... ... 40
1.8 Conclusion . . . . . . . . . 42

2 Should the Talk be Cheap in Contribution Games? . . . . . ... ... .. 44
2.1 Introduction . . . . . . .. 44
2.2 The Environment . . . . . . .. .. 47
2.3 The Binary Action Model . . . . . . ... ... ... L 47

2.3.1 Ex-post Efficient and Individually Rational Allocation . . . .. . .. 47
2.3.2  The Dynamic Contribution Game . . . . . . .. ... ... ... ... 50



2.3.3 Two Period Contribution Game With Commitment . . . . . . . . .. 51

2.3.4 Two Period Contribution with Cheap Talk . . . . . . ... ... ... 56
2.3.5 Multiple Period Cheap Talk . . . . . ... ... ... ... ...... 63

2.4 The Continuum Choice Model . . . . . . . . ... ... .. ... 65
24.1 The Environment . . . . . . .. .. Lo o 66
2.4.2  Contribution Game With Cheap Talk . . . . . . ... ... ... ... 66
2.4.3 Contribution Game With Commitment . . . . . . . .. .. ... ... 68

2.5 Conclusion . . . . . ... 71
3 Belief-Preserving Morphism and Bayes Nash Equilibrium . . . .. .. .. 72
3.1 Introduction . . . . . . . .. 72
3.2 Example . . . . .. e 73
3.2.1 Equilibrium Analysis . . . . . . . ... 75

3.3 The Model . . . . . . . . 78

3.4 Characterization of Bayes Nash Equilibrium In Terms of Type Space Structure 79

3.4.1 Example Revisited . . . . ... ... . oo 92

3.5 Universal Type Space for Bayes Nash Equilibrium . . . . .. ... ... ... 93
3.6 Conclusion . . . . . . . . L 95
References . . . . . . . . . 96

vi



1.1

1.2

1.3

1.4

2.1

2.2

3.1

3.2

3.3

LisT OoF FIGURES

Example of crowdfunding campaign . . . . . .. ... 3
Timeline of our crowdfunding campaign model . . . . . . . .. ... ... .. 8
Switch to fixed funding . . . . . .. ..o 21
And increase the price . . . . . . ... 21
Cheap Talk . . . . . . . . . 69
No Cheap Talk . . . . . . . . . 70
Type Spaces . . . . . . . . 74
G oo e 75
Go o e e 77

vil



3.1

Summary of example

LisT oF TABLES

viil



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, and co-author of the third chapter of
this dissertation, Ichiro Obara, for guiding me through my Ph.D. study over a course of six-
years in UCLA. He is able to offer deep insights to an extremely wide range of economic theory
topics. More importantly, his dedication and efforts in guiding students is unmatched. His
dedication to teaching, including spending tremendous time organizing the course material,

has become a role model for my future academic career.

My committee members, Sushil Bikhchandani and Moritz Meyer-ter-Vehn also helped
me tremendously. In particular, Professor Bikhchandani gave me a modelling suggestion
that directly led to my job market paper. I also need to thank Simon Board, who supported
my research, encouraged me, and offered valuable suggestions about how to write the paper.
Other faculty members in the UCLA theory group, including Marek Pycia and Jernej Copic,
also gave me a lot of help in terms of my research and job searching. I need to thank all the
people for spending time giving me mock interviews and giving me advice. Without you I

would not be able to get my current job.

I am very lucky to be able to make some lifetime friends during my study in UCLA. Your
encouragement and support helped me overcome the many difficulties and ups and downs

over these years.

I need to give special thank my friend and apartment mate, Hai Ly Tran, for bringing
joy to my last two years of Ph.D. study. You have opened up my world and the many good

qualities of you, like dedication to goal and kindheartedness, has impressed me tremendously.

Finally, I need to thank my family for their unconditional support to me, for raising me
and providing me all the resources that are needed to complete my education. Thank you

for your love.

1X



ViTA

2008 B.S. (Mathematics) and B.A. (Economics), National Taiwan University.

2012 M.A. (Economics), UCLA, Los Angeles, California.



CHAPTER 1

The Economics of Crowdfunding

1.1 Introduction

Crowdfunding has become a popular means for small entrepreneurs to finance their projects,
typically through online platforms, where the entrepreneur asks a large number of internet
users to back up her project with money. Despite being a relatively new global phenomenon,
it has been growing exponentially. Its global market size, which tops over 30 billion dollars
in 2015, has surpassed the market size for angel funds and is expected to surpass that of
venture capital in 2016. Moreover, the U.S. government has been deregulating their equity
crowdfunding market, allowing non-accredited investors to join the game. It is thus of great
interest and importance to understand how and why crowdfunding works and to provide a

rationale for deregulation.

This paper proposes a common value model of crowdfunding that explains the success
of crowdfunding despite the lack of regulation and potential moral hazard problems. We
consider an entrepreneur who would like to crowdfund her project with a fixed cost from
a continuum of backers. The project has a common value unknown to the entrepreneur
but the backers are partially informed. We characterize optimal crowdfunding campaign
when the entrepreneur has or has no commitment power, and we show that moral hazard
is eliminated in the optimal campaign in the latter case. In short, the model portraits
crowdfunding as a tool for the entrepreneur to learn the market value of her idea, and third
party crowdfunding platforms provide a commitment device so that the entrepreneur can
condition the funding of her project on the event that the value is high enough. We show

that it is of the entrepreneur’s interest to use such commitment device to its full extent.



In a crowdfunding campaign, the entrepreneur posts the description of her project to
a third party funding platform, chooses a funding mechanism, sets a funding goal, sets a
price each backer pays, and sets the reward each backer gets.! The reward is typically a
unit of the good her project is aimed to produce, or it can be a share of the company as
well. Our model admits both interpretations. There are two choices of funding mechanism,
fixed or flexible. Under fixed funding, the money is refunded if the goal of the campaign is
not met, while under flexible funding there is no refund, whatsoever. The dominant reward-
based crowdfunding platform Kickstarter only allows fixed funding, while the campaigns from
its biggest competitor, Indiegogo, are predominantly flexible funding. The backers receive
conditional i.i.d. signals about the value of the project and decide whether to contribute
or postpone their purchase to the retail stage, where the value is revealed and the retail
price equals the value if the project is ever completed.”? In our baseline model we assume
the entrepreneur has commitment power, so the project is built if and only if the campaign
outcome exceeds the funding goal. In an extension to consider moral hazard, we make
the decision to build endogenous on the outcome of the campaign. Figure 1.1 provides an

example of a crowdfunding campaign.**

Our first result (Theorem 1.1) shows that fixed funding generates more profit than flexible
funding under the assumption that the entrepreneur has commitment power. At first, this
may seem obvious: people are more willing to pay more if they are refunded when the
project does not go ahead. But this logic is incorrect: Under private values, the two funding
methods has been shown to raise identical revenue under the optimal price (| ]). For
example, suppose a project has 50% chance of being funded. Then backers are indifferent

between paying $50 under fixed funding and $25 under flexible funding, and the expected

!The entrepreneur usually offers different reward levels for different prices, for example to get an album
one needs to pay $20, to get an autographed album with poster one needs to pay $50. However, more often
than not, the most popular option is the lowest price that can get the backers a unit of the good. We simplify
this aspect so we do not consider price discrimination. For a treatment, see | ]

2The assumption that retail price equals to the common value is not necessary for our main results; it
merely simplifies exposition.

3The entrepreneur in this Indiegogo project wants to raise $50,000 to develop a temperature preserving
mug. Each backer needs to contribute at least $109 in order to receive a mug after it is produced. The
entrepreneur adopts flexible funding, so the entrepreneur will receive all the funds even if the campaign fails
to reach its funding goal.

4Link: https://www.indiegogo.com/projects/ember-temperature-adjustable-mug/
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https://www.indiegogo.com/projects/ember-temperature-adjustable-mug/

Ember - Temperature Adjustable Mug

© Westlake Village, California, United States G Technology

$43,052 uso

86% of $50.000 flexible goal

284 backers
30 days left .
2 50.000. flexible

CONTRIBUTE NOW

'i Share on Facebook

Finally, a better way to enjoy your coffee! el

$109 use + Shipping

Ember Technologies
(] EARLY BIRD (1 mug)

EARLY BIRD SALE! Limited to only

Technology the first 500

Westlake Village, California
United States

Future Retail Price - $149
& Team Members urf ail Price - $

Contact = See More Details
250 out of 500 claimed

Estimated delivery: April 2016
Story Updates 0 Comments 6 Backers 285  Gallery 26 Ships Worldwide

Figure 1.1: Example of crowdfunding campaign

revenue to the entrepreneur is the same in either case. When backers have common value
but heterogeneous beliefs about the value— which is appropriate when quality is unknown®
— the equivalence breaks down and fixed funding becomes preferable to the entrepreneur.
Intuitively, suppose the marginal buyer thinks the project will be funded with probability
50% so is indifferent between paying $50 under fixed funding and $25 under flexible funding.
A high signal backer thinks that the project will be funded with more than 50% probability, so
he has higher expected payment under fixed funding than flexible funding. This logic is akin
to the linkage principle in [NMW&2]: under fixed funding, expected payments are positively
correlated with values, squeezing information rents.® This result is also consistent with the
within comparison of projects in the online platform Indiegogo by [C'.514] and the across
comparisons of Indiegogo versus Kickstarter, which are two of the top three crowdfunding

sites by traffic.”

5The market value of the mug may depend on the price of the complements, say tea and coffee, or the
existence of competing substitutes, like a much cheaper temperature preserving mug. In this sense the crowd
can be more informed than the entrepreneur. Traditionally the entrepreneur will run surveys to focus groups
to extract this information.

T am grateful to Simon Board who suggests this interpretation.

"Lau, Jonathan. 2013. “Dollar for dollar raised, Kickstarter dominates Indiegogo SIX times over”. , Au-
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Our second result (Theorem 1.2) characterizes optimal campaigns and shows that crowd-
funding complements traditional financing methods, such as borrowing. We show that even
if the entrepreneur can borrow freely from an outside source (rich relatives, competitive cap-
ital market), she will still use crowdfunding and the funding goal will be the difference of
the project cost and her outside source of funding. The reason is that crowdfunding is still
costly because the backers need to be given information rents in a posted price mechanism,
so the entrepreneur will not ask for more than needed if she has other free sources of money.
However, crowdfunding helps her to learn the market value and to condition the building

decision on the true value, so it is still beneficial to use crowdfunding.

We then turn to the setting in which the entrepreneur has no commitment power to
build the project at the crowdfunding stage. After the crowdfunding campaign ends, the en-
trepreneur learns the value of her project, she then chooses to run away with the crowdfunded
money or to invest the fixed cost and complete the project.® Our third result (Theorem 1.3)
shows that even if the entrepreneur can not commit to build the project, under optimal
pricing there will still be no moral hazard. The logic is the same as our first result. Once
the entrepreneur collects funding, because our assumptions on signal structure imply that
funding is increasing in the underlying value, she is able to deduce the value before investing
the money into the project. She then checks whether her retail stage profit is larger than the
fixed cost of the project. If not, then she will run away with the money from crowdfunding.
The entrepreneur faces a similar situation as in fixed versus flexible funding: she can commit,
via third party crowdfunding platforms, to get funded at a higher value. This makes the
marginal backer more than happy, so she can charge a higher price while keeping the same
marginal backer. This adjustment again extracts more surplus from the high signal backers.

Our result is consistent with | |’s empirical observation that the default rate can be

gust 28. http://medium.com/p/2a48bc6ffd57. Wang, Dan. 2015. “The Ultimate Guide to Crowdfunding”.
September 30. https://www.shopify.com/guides/crowdfunding/crowdfunding-infographic.

81t is difficult to monitor the entrepreneur’s effort and there is no auditing requirement for reward-based
crowdfunding, so in theory the entrepreneur can default by claiming that she has tried her best but the
project still doesn’t work out and get away with money without being punished or forced to refund. Another
type of default is that she uses the money to set up a new company and to complete the project but she
refuses to deliver the good to her backers. This type of default has not been observed in the real world yet
for various reasons (possible legal consequences), and is not considered in our model.


http://medium.com/p/2a48bc6ffd57
https://www.shopify.com/guides/crowdfunding/crowdfunding-infographic

below 4%.

In the discussion section we compare reward crowdfunding to funding by a single investor,
and show that crowdfunding can increase social welfare. We also show that the crowd funds
a larger set of projects (when it is efficient to build the project) than a single investor can.
We also briefly mention how our model can be used to study equity-based crowdfunding.

Finally, we propose a situation where flexible funding is preferable.
Related Literature

Crowdfunding can be considered as a model in which a monopolist makes production
decisions together with the financing of it through advance-purchase contracts. The case of
private value models are studied in | | and more recently by | | and | |, where
crowdfunding is casted as an optimal mechanism design problem. | | also takes moral
hazard into account. The major distinction of this paper to those papers is that we study a
common value model in which the backers are uncertain about the value of the project by
the time they make their contributions. We show that fixed funding generates more expected

profit then flexible funding, using a different logic than the above-mentioned models.

[ | studies a monopolist screening consumers with private but noisy values using
pre-order discounts so that agents with high signals purchase in advance and agents with
lower signals postpone the purchase until the value realizes in the retail stage. In his model
the project is already completed so there is no production decision to be made and the
entrepreneur has commitment power as well. In our model, as in a typical crowdfunding
situation, the production decision depends on the funding outcome, and the entrepreneur

may have no commitment power at all.

The idea of fixed funding, where money is refunded if the total amount fails to reach a
threshold, is simply the provision point mechanism. This has been used to study private
provision of public goods (] | and | ]). The latter showed that under a complete
information, finite agent model the provision point mechanism fully implements the core
of the economy. We show in our incomplete information, common value model that this

mechanism can implement the efficient allocation. However, it may not be profit-maximizing,



so the entrepreneur will not necessarily do so.

This paper also relates to models of information aggregation and allocation of an exclud-
able good with common value, such as common value auction models (| | and [ 1)-
In particular, we demonstrate a kind of linkage principle in the crowdfunding environment.
However, in their papers information aggregation and allocative efficiency have a potential
conflict ([ ]), but in our model information aggregation is automatically granted, and

the distortion of efficiency comes from the entrepreneur’s self interest.

For an overview of crowdfunding platforms and related economic problems; see | ].
[ | is the first theoretical paper to study when crowdfunding is preferred to borrowing,
where they assume the backers derive altruistic utilities from the act of contribution. | ]

considers endogenous information acquisition of backers in crowdfunding.

The chapter is organized as follows: In Section 1.2 we develop the crowdfunding model.
Section 3 characterizes the equilibrium. Section 1.4 gives revenue ranking between fixed
and flexible funding. Section 1.5 characterizes optimal fixed funding campaigns. Section 1.6
extends the model to include moral hazard.Section 1.7 discusses some related issues. Section

1.8 concludes. Longer proofs can be found in the appendix.

1.2 The Model

In this section we give the outline of our model.

Players An entrepreneur (she) tries to fund a project through a crowdfunding campaign.
A continuum of potential backers (he) decide whether to contribute to a project in return

for a unit of the good.

Project A project has a fixed cost k, which is privately known to the entrepreneur, and
it generates common value v to the backers. v is unknown to both sides of the market with
common prior f(-) on [0, 1]. Backers privately receive i.i.d. signals, s, about v according to

the conditional density g(s|v) with cdf G(s|v).

The following assumptions are made throughout the paper.



A1 {g(s|v)} satisfies strict monotone likelihood ratio property.

A2 g(s|v) is continuous on [0, 1] x [0, 1] and g(s|v) > 0 for all s € [0,1],v € [0,1], f(v) >0
for all v € [0, 1].

Efficiency Benchmark Since we assume the backers eventually buy the product, only
the building decision affects efficiency. The first best is to build the project whenever v > k,

where the social welfare is

[ - nsem

Crowdfunding Campaign A crowdfunding campaign is a tuple (F, T, p), where
F e {Fix, Flex}

denotes the funding mechanism, 7" is the commitment to build the project if and only if the
seller gathers at least 1" dollars, and p is the pledge price each buyer has to pay if he is to

contribute.

Under fixed funding, the entrepreneur gets money if and only if she raises at least T
dollars. Under flexible funding, the entrepreneur always gets the total amount the backers
contributed, even if she raises less than 7. In both mechanisms, the entrepreneur commits

to implement the project if and only if at least T" dollars are collected.”

The entrepreneur chooses (7', p) from the set
Co={(T\p):k—a<T<p<1},

where a € [0,k] is the funding that the entrepreneur could obtain from other sources, or
simply her asset. When a = k, it means the entrepreneur can fund her project without
crowdfunding. A natural constraint is a = 0, which means that the entrepreneur’s only

source of funding is crowdfunding. '’

Actions

9Here we assume default is impossible. See Section 6 for the case where default is an option.
10 Although crowdfunding platforms do not usually set a lower bound on the funding goal, they often
suggest the entrepreneurs to raise at least what is actually needed, i.e., choose from Cj.
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The entrepreneur chooses a crowdfunding campaign (F,T,p) where (T,p) € C,. After
observing (F, T, p) and signal s, the backers jointly choose whether to contribute p dollars or
wait to purchase at the retail stage. An action profile for backers is a measurable function
o :[0,1] — [0, 1], where o(s) denotes the probability to contribute for a backer with signal
11

s.”~ We assume that the value of the project is realized at the retail stage and the retail

price equals to the value.'?

Money collected or Entrepreneur builds the
Entrepreneur sets (FT,p) refunded project iff at least T is raised.
» Time
Backers observe signal s Backers decide whether v realizes at
to contribute p retail stage.

Figure 1.2: Timeline of our crowdfunding campaign model

Given a price p and an action profile ,o, the money that will be contributed at each state

v 1s then
1
X3(0) = [ po(s)glslo)ds.
0

For each state, the retail stage revenue the entrepreneur gets (if the project is built) is
1
X7(0) = [ o= o(s)glslods
0

The project is funded at state v if XJ(v) > T.

U The actual crowdfunding mechanisms are mostly dynamic, where the backers can observe the current
total contribution. Theoretically, backers can strategically postpone their contribution until they are sure the
project is funded. However, empirical contribution dynamics are usually U-shaped with respect to time, thus
only a subset of backers will strategically postpone. Their behavior, however, is not relevant to determine
whether a project is funded and is thus not captured by our model.

12This assumption is not needed for our results but it simplifies exposition.



1.2.1 Payoffs and Equilibria in a Fixed Funding Campaign
Backers’ Payoff Given (Fiz,T,p) and an action profile o, let
B ={v: X{(v) >T}

be the states such that the project is funded under action profile o.

Under fixed funding, the utility of a backer to contribute with action profile o is

UrE(si0) = [ (0= p)Sels)de

where
vls) — 9(5|U)f(v) 13
=T i f o

is the backer’s posterior about the project value if he observes signal s.

Equilibrium An action profile , o, is a Bayes Nash equilibrium under (Fiz, T, p) if for

all s € [0,1],

UMe(s;0) >0=0(s) =1

UF*(s;0) < 0= 0(s) =0

For any campaign, zero contribution is always an equilibrium. That is, o(s) = 0 for all
s. However, we are interested in equilibria under which the project is fundd with positive
probability. An equilibrium is funded if [, f(v)dv > 0, ie. it is funded with positive
probability.

Entrepreneur’s Profit The entrepreneur’s profit under (Fiz, T, p) and action profile o

is the sum of crowdfunded money, retail stage revenue minus the project cost

(T pio) = [ (X (0) + X7(0) = B)f(0)do

13Note that this differs from [ | in that the backers do not condition their posteriors on the event that
they are pivotal. This is because, even in a finite agent model, the backers’ utility of contributing or waiting
differs whenever the project is funded (fixed funding). On the other hand, in a voting model an action leads
to a difference in utility only when the voter is pivotal.



1.2.2 Payoffs and Equilibria in a Flexible Funding Campaign

Backers’ Payoff Under flexible funding, the utility of a backer is
Ut (sio) = [ uBtels)do .

Equilibrium An action profile, o, is a Bayes Nash equilibrium under (Flez, T, p) if for
all s € [0,1],

Uler(s;0) > 0= o(s) = 1

Urler(s;0) < 0= o(s) =0

An equilibrium is called funded if [ po f(v)dv > 0.
Entrepreneur’s Profit The entrepreneur’s profit under (Flex, T, p) and action profile
o is

o

I (T, p; o) =/

L@ [ (6% X)) S

Remark 1. Because of the common value, full surplus is extracted by a direct incentive
compatible mechanism as in | |: simply ask each backer to announce s, and the good
is produced and allocated with a price v whenever the aggregate distribution s is g(s|v) for
some v > k. We focus on indirect mechanisms that resemble the ones in reality. However,

we still show in Theorem 2 that fixed funding can approximately extract full surplus when

the entrepreneur has sufficient outside sources of funding.

1.3 Equilibrium Characterization

In this section we characterize the funded equilibrium under fixed and flexible funding for a
given funding threshold 7" and pledge price p. Before that, we present an auxiliary lemma

that will be used throughout this chapter.

Let {g(z|y)} be probability densities satisfying strict monotone likelihood ratio prop-
erty. For a measurable set A C R, let G(Aly) = fo La(x)g(x|y)dx denote the conditional

10



probability of event A under density g(x|y). Let

9(z|y)/G(Aly) z€ A
0 x# A

ga(zly) =

be the conditional density conditioning on A, and denote the conditional distribution by

Ga(zly).

Lemma A 1. Let A C [0,1] be measurable and that G(Aly), G(A|y’) > 0. For y < ¢’ and

a strictly increasing function h(+),
[ @atels < [ hagaaly)d.
A A

Proof. MLRP implies for ¥ > y, ga(z|y’)/ga(z|y) is increasing w.r.t. € A and since
ga(zly), ga(z|y’) are probability densities, there exists some x* € A such that for all 0 <

r1 < " < X9,
ga(z1ly") ga(z2ly')
9A($1|?J) 9A(952|y)

with strict inequality when z; < 2* < x5. For x > z*, we then have

<1<

)

1 — Galz|y) = / ga(sly)ds < / gA(s|y)ggi((i’|Z/)) ds = / ga(s|y)ds =1 — Ga(zly').

For x < 2* we have
Gateo) = [ aatolds > [ a0 as = [* gu(slyts = Gately)
0 0 ga(sly) 0
Hence, G a(x|y) satisfies FOSD, which implies that the expected value of an increasing func-
tion under G4(x|y’) dominates that under G4(z|y). Since Ga(x|y) # Ga(z|y') for y # v/
the inequality is strict. O]

1.3.1 Fixed Funding

Our first observation is that the funded equilibria in fixed funding are characterized by
cutoffs. Recall that contributing to a crowdfunding project is always risky because the
backers can end up getting something with value less than what they paid for. However,

because the signal structure satisfies MLRP and that the payment is made only when the
11



project is funded, the backers’ conditional expected payoff as a function of signal is single
crossing. That is, the higher the signal, the more optimistic the backer is about v — p
being positive conditional on the project getting funded. Consequently, funded equilibrium
is characterized by a cutoff s*, and a project is funded if the value is above a cutoff v*.

Formally, we have the following lemma.

Lemma 1.1. Consider a fixed funding campaign with (7, p) € C,. Suppose o is a funded

equilibrium, then o is characterized by a cutoff s* € [0,1) such that

Under such an equilibrium there is a threshold v* < 1 such that the project will be funded

if and only if v > v*.

Proof. Let o be any action profile with ch, f(w)dv > 0. Then there exists s < 1 such that
U(s) > 0. Since {g(s|v)} satisfies strict MLRP, the set of posteriors {/(v|s)} also satisfies
strict MLRP. Therefore, by Lemma A.1, if for some s* < 1,

050 = [ (0=l =215 [ - pihdo=o

o

then U(s;o) > 0 when s > s* and U(s;0) < 0 when s < s*. Hence o is characterized by

cutoff s* < 1.
Accordingly,
Xg (v) = p(1 = G(s™|v)),
which is increasing in v by MLRP, so B is of the form [v*, 1] for some v*. O

We are now ready to show existence and uniqueness of funded equilibrium
Proposition 1.1. Given (Fiz,T,p) with (T,p) € C, and a < k. Suppose
T<p<l1 (1.1)

then an unique funded equilibrium exists. Conversely, if a funded equilibrium exists then

T<p<l
12



Proof. By Lemma 1.1 we only need to focus on cutoff strategies.

Let o, be the cutoff strategy with cutoff s. For each s € [0, 1], let
v/ (s) = min{v : p(1 — G(sv)) > T}

be the minimum value v above which the project is funded, given that backers use o,. Note

that since p > T', v/(-) is continuous. Also, v/(-) is increasing.

Define @ : [0,1] — [0, 1] as
1
®(s) = min {3' : / (v—p)Bv|s)dv > O} :
vl (s)
Note that whenever v/(s) < 1, by Lemma A.1 the conditional expected utility fvlf(s) (v —
p)B(v|s')dv is strictly single-crossing in s’. This implies that funded equilibria is completed
characterized by the fixed points s* < 1 of ®.!*

Claim 1 ®(-) is continuous. ®(s) = 0 when v/(s) = 1.

Given any s € [0, 1]. Suppose v(s) < 1. Suppose ®(s) € (0,1). Then for all € > 0,

/f( )(v —p)B(|P(s) + €)dv >0

and

/f( )(v —p)B(v|®(s) —€)dv < 0,

Then by the continuity of v/(-) and the integral with respect to the lower limit of integration,

there exists a neighborhood of s, Bs(s) such that when s’ € B;(s),
(s') € Bs(P(s)).

The case ®(s) € {0, 1} is treated similarly.

Suppose v/ (s) = 1. Then by definition of ®(-), ®(s) = 1. If there exists € > 0 such that
v/(s—€) =1, then ®(s') =1 forall s/ > s—e. Ifv/(s—¢€) <1 forall e>0,since p<1and
v/(+) is continuous, choose ¢ such that for all s > s — 4, v(s’) > p. Then ®(s') = 1 for all

s>s—4§.

14There may be multiple unfunded equilibria, which are not captured by ®.
15Tt is essential that p < 1. If p > 1, ®(-) will be discontinuous: the backers will not contribute whenever
vf(s) < 1 (®(s) = 1), and will contribute (®(s) = 0, by definition of ®) whenever vf(s) = 1.

13



Claim 2 &(-) is decreasing.

Let s1 < so. When ®(s1) = 1 then trivially ®(sy) < ®(s1). When ®(s1) € (0, 1), then by

definition of ® we have

| w-pplee)d =0

v (s1)

and that v/(s;) < 1. This also implies v/ (s;) < p (else ®(s1) = 0 because the backer is never

going to lose.).

Hence

/ (v~ P)B|B(s1)))dv > 0.

f(,32)
So by definition ®(s2) < ®(sq).

If ®(s1) = 0 then, since v/ (sy) > v/(s1), ff )B(v|0) > 0. So ®(s2) =0 as well.

Claim 3 ®(s) = 0 when s is sufficiently high. Since 7" > k — a > 0, whenever s is
sufficiently high v(s) = 1.

By Claim 1,2,3, ®(-) has a fixed point s* € [0,1). The funded equilibrium is given by

o4, and the project is funded when v € B® = [v/(s*), 1]. O

Note that if p = T 4 € where € is small, nearly everyone must contribute to fund the
project with positive probability. Hence if a funded equilibrium does exist (which it does by
Prop. 1.1), s* will be very small. However, the existence of funded equilibrium at 7' = p is

not guaranteed.

Note also that under fixed funding, equilibrium existence is independent of the prior f(v)
or the signal structure {g(s|v)}. Precisely, as long as there is positive probability that the
value of the project is larger than p, the project can be funded with positive probability.
This is because the backers can adopt a higher cutoff s to ensure the project is funded only
when v is high enough, and the refund policy offered by fixed funding will in tern incentivize

them to contribute.

14



1.3.2 Flexible Funding

For flexible funding we restrict to the class of equilibria in cutoff strategies. For any cutoff
strategy o, UF'°®(s; ) is single-crossing because of MLRP.'® Therefore, best response to any
cutoff strategies o is also characterized by a cutoff s* € [0, 1) such that the backers contribute
when s > s* and postpone purchase whenever s < s*. However, existence of equilibrium is

subject to a more restrictive condition than fixed funding.

Proposition 1.2. Given (Flex,T,p) with (T,p) € C,. A funded equilibrium in cutoff

strategies exists if and only if
T < maxp(l — G(s(v)[v)),
where

s(v) = min {s ; /l 33()s)di — p > 0}

v

is the backers’ cutoff if they expect the project to be funded when value is above v.

Proof. Assumptions on {g(s|v)} implies s(-) is continuous when p < 1. Moreover, when
v =1, s(v) = 0 by definition, so p(1 — G(s(1)|1)) = 0. Since T" < max, p(1 — G(s(v)|v)), by

continuity of p(1 — G(s(v)|v)) with respect to v there exists v* < 1 such that
T =p(1 = G(s(v")[v7)).

Then by construction o) is a funded equilibrium. Conversely, for any funded equilibrium

with cutoff s* and v*, it must be that
T =p(1 = G(s(v")|v"))
and that s(v*) = s* < 1, which also implies p < 1. ]

The condition of Proposition 1.2 implies that there exists v such that the expectation

is correct and backers are responding optimally to the expectation. The solutions to the

6For an arbitrary o, single-crossing could fail: the other backers can coordinate to contribute only when
s is low. Then a backer who contributes when observing a high signal will end up paying p while getting
nothing in return because the project fails to be funded.

15



equation
T =p(1=G(s(v)[v))
will then be equilibrium cutoffs.

A direct implication of Proposition 1.1 and 1.2 is that for any given (7, p) the existence

of funded equilibrium under flexible funding implies existence under fixed funding.

Corollary 1. Compared to the funded equilibrium under (Flez,T,p), the funded equi-
librium under (Fiz,T,p) achieves a higher probability of getting funded, attracts a larger

number of contributors, and gets a higher amount of funds in each state than flexible funding.

Proof. Suppose funded equilibrium oy exists for (Flex, T, p). Then a funded eqilibrium oy
also exists for (Fiz,T,p). If s =0 then oy = o, so the funded equilibrium is identical for

the two mechanisms. Otherwise,

1
/ vB(v|s*)dv —p =0
implies

/ (v —p)B(v]s*)dv >0

*

This implies 5" < s so the project is funded when v belongs to a strictly larger subset of [0, 1]

and by more backers, under fixed funding. O

This is because given the same (7, p), backers contribute more aggressively under fixed

funding.

This comparison, however, ignores the fact that in fixed funding the entrepreneur needs
to fully refund the backers if the project fails to be funded. What we will show next is
that entrepreneurs who use fixed funding can earn more profit in expectation even with such

trade-off.

1.4 Revenue Ranking

The goal of this section is to show that fixed funding generates higher profit than flexible

funding. Our result is robust to variations in profit functions (see Remark 4.1).
16



Given (Fiz,T,p), by Lemma 1.1, the profit under the unique funded equilibrium is

1

e (T, p) = / (p(1 — G(s*|v)) — k) + G(s*|v)vdF (v). (1.2)
for some equilibrium cutoff (v*,s*). Given (Flex,T,p), by Lemma 3.2, the profit under a
funded equilibrium, o, is

1 1
n7'(T, p;o) = /0 (P(1 = G(s%|v)) = k)dF(v) + / (P(1 = G(s%|v)) = k) + G(s"[v)vdF(v) (1.3)

*

for some equilibrium cutoff (v*, s*). Note that the equilibrium cutoff v* and s* under fixed

funding or flexible funding with the same (7', p) need not be the same.

When the entrepreneur switches from flexible funding to fixed funding, she attracts buyers
that would otherwise purchase at the retail stage to contribute at the crowdfunding stage
instead. Thus her retail stage revenue decreases. Moreover, she needs to refund the money
to the backers if the project is not funded. Therefore, it is not readily obvious that fixed

funding has a higher expected profit.

Before stating the main result, we need the following lemmas. First, we will express the
profits (1.2) and (1.3) as the difference between social surplus and consumer surplus. For
each (F,T,p) and each corresponding equilibrium cutoff (v*, s*), the social surplus is given
by

SSF = /1((1 — G(s*|v))v+ G(s*|v)v — k)dF(v)

*

The (ex-ante) consumer surplus under fixed funding and flexible are

estaw) = [ ([ ([ 0-nseiaan) seinas)
Cs (T pio) = | 1 ( / j ( / B0l —p> g<s|v>ds)

Lemma A 2. For any funded equilibrium, o, under (F, T, p),

(T, p; o) = SSF (T, p) — CST' (T, p; ) (1.5)

Proof. We give a proof of (1.4), the computation leading to (1.5) is along the same line.

Let o be a funded equilibrium under (Fiz, T, p).
17



Note that
SSFE _11F=(T, p; o)
= /vj(l — G(s™))vf(v)dv — /Olp(l — G(s"v)) f(v)dv (1.6)
The consumer surplus can be written as

cste= [ ([( [ @- sl ststoas) s (1.7

It then suffices to show that (1.6) and (1.7) are equal. To this end, recall the definition of

3, we have
(L (] oo
[ L i @t s
//fovg I@}f:)dv </019(S|v)f(v)dv) divds
/ / Gg(s[o) f (0)dids
:/y f(@)(1 = G(s"[0))do
This completes the proof. )

We show that the entrepreneur can decrease consumer surplus while keeping the marginal

buyer indifferent by switching to fixed funding.

Lemma A 3. Suppose a project can be funded by (Flex,T,p) with equilibrium cutoff
(s*,v*). Suppose v* > 0. Then there exists (7", p") with 7" > T, p’ > p such that the project
can be funded by (Fiz,T’,p’) with the same equilibrium cutoff (s*,v*). Suppose instead
v* = 0, then for any € > 0 there exists (7”,p) with 7" > T,p’ > p such that the project is
funded by (Fiz, T',p') with cutoff (s*,€).

Proof. Let (v*,s*) be the equilibrium cutoff under (Flez, T, p).

18



For each p > p, define the function s : [p, 1] — [0, 1] as

stp) = min {s: [ (w=ppelsyiv= o},

*

which is the signal making a buyer indifferent between contributing or wait when they expect

the project is built if v > v*. Note that s(-) is continuous and increasing.

Suppose first that v* > 0. This will imply s* > 0.!” Therefore,

/vl(v —p)B(v|s")dv > /1 vB(v]s*)dv —p = 0.

*

Thus s(p) < s*. On the other hand, lim, ,; s(p) = 1, hence the intermediate value theorem
guarantees the existence of p' € (p*, 1) with s(p’) = s*. Now define 7" = p'(1 — G(s*|v*)),
which ensures the expectation is correct, that is, when the cutoff on signal is s* and price
is p/, the project is funded if and only if v > v*. Then, (s*,v*) is the equilibrium cutoff for

fixed funding given (7”,p’). Finally note that since p’ > p,
T > p(1 — G(s*|v)) =T.
So (T",p') € C,.
Suppose v* = 0. Pick an € € (0, k), let p(e) be such that
1
[ =5l =0

It is straightforward to see that p(e) > p. Define T'(¢) = p(€)(1 — G(s*|€)). Then the equilib-
rium cutoff under (Fiz, T(€),p(¢€)) is by construction (s*,¢). Again note that (T'(e), p(e)) €
Cl. O

Our main result in this section shows that there is a profitable adjustment after switching

from flexible funding to fixed funding.

Theorem 1.1. For any a € [0, k] and for any funded equilibrium, o, under (Flez,T,p),
where (T, p) € C,, there exists (T",p') € C, such that

HFim<T/,p/) > HFlex(T’p; O').

17If s* = 0 then everyone contributes, implying v* = 0.
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Proof. Let (s*,v*) be the cutoff of a funded equilibrium o for (Flez, T, p). By Lemma A2,
it suffices to show that SST& (T’ p') = SSF*(T p; o) and CSF*(T",p') < CSF*(T, p; o).

Suppose v* > 0. By Lemma A3 there exists (177,p") € C, that supports the same cutoffs

as a funded equilibrium in fixed funding.

First observe that since the cutoffs are the same, the social surplus remain the same.

Second,

SFZ:E( ) CsFlea:(T p;o )

/ / ( / <|S>d®)g<slv>dsf(v>dv

Since by construction UF®(s*) = U (s*), and B(7|s) satisfies MLRP,
1
—/ p'B(0]s)dv < 0
as s > s*. So CST=(T" p') < CSFe*(T p; o).
Suppose v* = 0. Consider an € such that
1 1
/ (v—"F)f(v)dv > / (v—"F)f(v)dv.
€ 0

Let (T",p') = (T(e),p(€)) be given by Lemma A.3. Then by construction SS¥=(T" p/) >
SSFex (T p;o) and by the same argument as above CSF®(T" p') < CSF* (T, p; 7). O

The intuition is as follows. Suppose under campaign (Flex, T, p) the marginal backer, s*,
thinks the project is funded with probability 0.5, and a backer with higher signal s > s* thinks
the project will be funded with probability 0.75. Their expected utilities for contributing
are, respectively,

Ut'er(s*) = 0.5E[value|s*, funded] — p = 0

Utler(s) = 0.75E[value|s, funded] — p > 0

Suppose the entrepreneur now switches to fixed funding but doubles the price p to 2p, and
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U UFIX(T'p)

UFZEX (T, p)

Figure 1.3: Switch to fixed funding

U UFl,\‘(T'p)

UFZEX (T, p)
UFZX(T,VP,)

Figure 1.4: And increase the price

adjusts the corresponding T properly so that v* stays unchanged.'® We then have

Ut (s*) = 0.5E[value|s*, fanded] — 0.5E[2p|s*, funded] = 0

UF™(s) = 0.75E[value|s, funded] — 0.75E[2p|s, funded] < U (s)

This adjustment makes the marginal backer as happy as before. Moreover, it extracts more
surplus from high signal backers; hence it leads to a higher profit. Figure 1.3, 1.4 summarizes

the argument graphically.

To further explain, backers with different signals have different preference intensities
between fixed funding and flexible funding. A backer with a high signal thinks the project
is very likely to be successful, so he doesn’t prefer fixed funding that much. On the other
hand, a backer with a lower signal worries about funding failures more and thus prefers

fixed funding. Hence, if we simultaneously switch from flexible funding to fixed funding and

18Technically, the entrepreneur sets T' = 2p(1 — G(s*|v*)) = 2T.
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increase the price, the high signal backers will suffer more than backers with lower signal. A
carefully tailored adjustment then allows us to keep the same cutoff v* as before switching
while extracting more surplus from high signal backers. This leads to higher profit. The
underlying logic is akin to the the linkage principle. Under fixed funding, each backer’s
expected payment is

P(v > v*|s)p

which positively correlates with the underlying value because the signal structure satisfies
MLRP, and is also increasing in the backer’s "type” s. So a higher type has a higher expected

payment, raising expected revenue.

Note also that the adjustment we use keeps the retail stage profits the same across the

two mechanisms, so the increase in expected profit comes entirely from crowdfunding.!”

Remark 4.1 [Robustness to Variations of Profit Function] Our method of proof is not
based on the comparison of profits under optimal pricing. Instead, it is based on a feasibility
argument. For fixed funding the entrepreneur can achieve the same allocation (decision to
build v* and who contributes s*) with less consumer surplus and a higher funding goal.

Hence the revenue ranking is robust to many possible modifications of the profit function.?’

1.5 Characterization of Optimal Fixed Campaign

Having shown that fixed funding generates more expected profit, we now characterize optimal

pricing. The entrepreneur’s problem is given by

max I17%(T, p),
o, (7. p)

where the profit for any choice of (T',p) € C, :={(T,p) : k —a < T < p < 1} is defined to
be the one given by the unique funded equilibrium when there exists one, and zero when it

does not exist.

19The result is thus independent of the choice of retail price, as long as the retail price is non-decreasing
in v and that it is higher than p with positive probability. The result is also independent of the existence of
a retail market.

29Gee the discussion after Theorem 2 for examples of the modifications.
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Theorem 1.2.

(a) Optimal Campaign
For every 0 < a < k, the entrepreneur’s problem has a solution. Moreover, at the

optimum, T'=k—a <p<1.

(b) Approximate Full Surplus Extraction
For a = k, there exists a sequence of {(T,,,p,)} C Cj such that funded equilibrium

exists for each n and that

1
lim T1F% (T, p,) = / v — kf(v)do. (1.8)
n—oo k

Moreover, lim, o, T, = 0, lim, ,(s%,v%) = (0,k), where s* v* are corresponding

equilibrium cutoffs.

Proof. Let v*(T,p),s*(T,p) denote the cutoff of the funded equilibrium under (7', p) € C,

whenever the equilibrium exists. We establish the result for a € [0, k) by three claims.
Claim 1 Suppose (T, p) € C, maximizes [17® then v*(T, p) > k.
Suppose v*(T,p) < k. The entrepreneur can pick some p’ > p such that v*(7,p’) €
(v*(T,p), k) and that s*(T,p") > s*(T,p). Such p’ exists because v*(T,p) is continuous on
p € (T,1), by the construction of this fixed point in Proposition 3.1. Also, whenever the

equilibrium v* becomes higher due to price increase, corresponding s* must rise (Otherwise

v* will be lower due to increased price and increased number of contributors).

This process raises social surplus and decreases consumer surplus. To see this, let U’(s) =

Sy = P)B(|s)dv and U(s) = [ (v = p)B(v]s)dv. Let

>0 (T, p
hv) = p (T,p")
v, v(T,p) <v <o (T,p).

We thus have U'(s*(T,p')) — U(s*(T,p')) < 0.2! Moreover, for all s > s*(T,p’), because

21The first term is zero, the second term is the expected utility for contribution evaluated at a signal
higher than the equilibrium cutoff s*(T, p).
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h(-) is increasing and f(-|s) satisfies MLRP,
1 1
U(s) = U = [ (=)o [ (o= paGlse
v (Top') v*(T.p)

. / o 0 = P)B0I) <0

Finally note that consumer surplus is

s = [ / L Vs )
st = [ /( (slo)ds f(v)do

Hence CS(T,p) — CS(T,p') > 0.
This shows Claim 1.
Claim 2 Suppose (T,p) € C, maximizes [1¥® then T = k — a.
If s* =0 then v* = 0 and (7, p) is not optimal by Claim 1. So assume s* > 0.

Suppose T' > k — a. Choose T" = k —a =< T. For each p € [p, 1), define

s(p) = mins : p(1 — G(s|o"(T,p))) = T'}.

Then s(-) is continuous and s(p) > s* because T" < T" and s* > 0. Since 7" > 0, s(-) < 1.

Define the continuous function J : [p, 1) — [0, 1] as

Since s(p) > s* and s* is an equilibrium cutoff, J(p) > 0. Since s(1) < 1, J(1) < 0. Hence

intermediate value theorem implies the existence of some p’ € (p, 1) such that J(p') = 0.

By construction, funded equilibrium under (77,p') exists, with cutoff (v*,s(p’)), and
s(p') > s*(T,p) because p’ > p and T" < T. This implies that the social surplus under
(T",p') is the same as that under (7', p) while the consumer surplus decreases due to a higher

price. Hence T' > k — a is non-optimal.

Claim 3 For T' = k — a, there exists € such that if 7' < p < T + ¢, then (k — a, p) is not

optimal.
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To see this, we show the following:

lim sup v* (T, p) < T.

p—T

Suppose there exists a sequence {p,} with p, > T and lim, ,p, = T such that
lim, 0o v*(T,pn) > T. Then there exists some N such that p, < v*(T,p,) for n > N.
By Proposition 3.1, v*(T, p,) < 1. Hence for n > N,

1
/ (v —pn)B(v|s)dv >0
v*(T,pn)
for all s, which implies v*(T, p,) > 0 is not an equilibrium cutoff (since everyone would like

to contribute), a contradiction.

Suppose instead lim,, o, v*(T,p,) =T < 1, dominated convergence implies

1 1
lim (v — p)B(0]5* (T, pa))dv = / (v~ T)B(v[0)dv > 0
n—00 o*(T,pn) o*

where the last inequality follows from the assumptions on g(s|v). This again implies existence

of some n such that

1

[ w-pastelso =0
’U*(T,pn)

for all s, so the cutoff v* can not be positive, a contradiction.

By the three claims,

max I17*(T,p) = max I1"%(k —aq,
(T,p)eCq ( p) pElk—a+te,1] ( p )

Since I1¥%® as a function of p is continuous over [k — a + €, 1], maximum exists.
This finishes the proof when a € [0, k).

Now we show how to approximately extract full surplus when the entrepreneur has asset

k to fund the project.

Let {s,} be a sequence converging to 1. Define p,, to be such that

/k (v~ p)B(v]sa)dv = 0,

so {pn} is a bounded sequence. Define T, = p,(1 — G(s,|k)).
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By construction funded equilibrium under (7,,, p,) exists, with cutoffs (v*,s*) = (k, s,)

for each n. Moreover, seller’s profit is

/k (Pn(1 = G(sn|v)) + G(sp|v)v — k) f(v)dv.

Since s, — 1 and {p,} is bounded, the profit converges to the maximal social surplus. [

When a < k, the entrepreneur chooses 1" = k — a. This is because asking money from
the crowd incurs information rents, so the entrepreneur will never ask for more than what is
needed. When a = k, (b) says that the entrepreneur will use all of her asset and minimize
the amount of money raised from crowdfunding to zero. However, the entrepreneur will still
use crowdfunding to gauge the market value of her idea. Full surplus extraction when the
entrepreneur has sufficient assets is a feature of the continuum agent model, where even
a small number of agents can provide accurate information. It is not uncommon for the
entrepreneur to first prove that his product is profitable by selling to a smaller audience
and then acquire the larger portion of funding needed for the project by venture capital.
A famous example is Oculus, which is a virtual reality headgear, that raised 2.5 million
through nearly 10,000 backers on Kickstarter and was acquired by Facebook subsequently
for 2 billion.

Moreover, under some regularity conditions, it can be shown that in optimum, v* >
k. That is, the entrepreneur gets less funding relative to the efficiency benchmark, which
requires v* = k. To see this, suppose under some crowdfunding campaign (Fiz, T, p), v* = k.
Then raising p by a little has no first order effect on social surplus since v* = k£ maximizes
social surplus, while it has a negative first order effect on consumer surplus because every

backer that contributes suffer from an increase in price.

There are several ways to prevent full surplus extraction in the model when a = k. For
one thing, we can make it costly to use the outside asset a, by imposing a high interest rate.
For another, the number of backers may have an advertisement effect and thus the number

of retail consumers is increasing in the number of backers. Formally,

1

7% (T, p) = / (p(1 — G(s"|0)) + H(1 - G(s"[v))v — k) f(v)dv

v*
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where H (-) is an increasing function that represents the measure of buyers at the retail stage.

One can also assume that the backers have a positive rate of not going to the retail
stage if they choose not to contribute in the crowdfunding stage. Their attention can shift
elsewhere, as there may be substitutes for the product. For the entrepreneur, these customers

are forever lost if they are not attracted to contribute in the first place.

1.6 Moral Hazard

In previous sections we assumed that the entrepreneur has commitment power, so moral
hazard problem is assumed away. This is equivalent to imposing a large enough penalty on

default.

Empirically, | | shows that in the 381 projects they analyze, which consists of the
Design and Technology category in Kickstarter, only 14 projects failed to deliver, and 3 of
them even offered refunds. The other 11 can be considered frauds,?” and account for 3.6%
of all projects in the sample. In spite of the lack of legal consequences of defaulting, the
default rate is surprising low compared to what many people would initially expect. We
will see in this section that the entrepreneurs can use third party crowdfunding platforms as

commitment devices to avoid moral hazard, and it is of their interest to do so.

We take the moral hazard problem into account by (1). making the entrepreneur’s
decision of whether to invest the funds raised for the project endogenous and (2). explicitly
assuming that there is no penalty to default. Crowdfunding, in general, is conducted on
third-party funding platforms, so the only commitment the entrepreneur can make is the
collection of money when total funding reaches a certain threshold. Under this setting,
a fixed funding campaign is a pair (7,p) where 7' > 0 means the commitment to collect
money only if the total contribution exceeds T'. ”Flexible Funding” is then equivalent to
setting 7" = 0. The campaign (7, p) is thus silent on when the project will be built, which

is determined by a sequential rationality constraint and a feasibility constraint formulated

22The entrepreneurs took money away but stopped reporting any progress of their projects. In the end
nothing is delivered.
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below.

In this section, we assume that the entrepreneur has no other assets so she needs to
fund at least k to kickstart the project, and that this is common knowledge.”® We will
focus on equilibrium in cutoff strategies. The entrepreneur learns the market value of its
project, v, perfectly after the crowdfunding stage ends whenever the backers use a cutoff in
(0,1). because MLRP implies XJ(v) = p(1 — G(s|v)) is increasing in v. The entrepreneur
then faces a choice of running away with the money or investing k£ to build the project
and getting revenue from selling at the retail stage. In particular, the entrepreneur has an

incentive to build at state v if and only if the retail stage revenue is larger than the cost:
X7 (v) > k. (RB)

Under a cutoff strategy o, X7 (v) = G(s|v)v, which may be decreasing in v when v is large
because G(s|v) is decreasing in v The reason is that the higher the value, the more people
would choose to contribute via crowdfunding so the less buyers there would be at retail. To
prevent this distortion to the entrepreneur’s incentive (which may lead to non-existence of
funded equilibria), we assume that there is a measure u of buyers showing up only at the
retail stage®* so

X7 (v) = G(s|v)v + pv.

Moreover, since there is no penalty to default, setting 7" < k and running the risk of
default because of infeasibility becomes an option for the entrepreneur. It is feasible for the

entrepreneur to build the project at state v if
XJ(w) >k (FB)
We add two additional assumptions.

A3 There is a measure pu of buyers at the retail stage such that

pw>k & G(s|v)v+ pv is increasing in v for all s.

23Making the information of k private to the entrepreneur will introduce a signalling game, which is of
interest to study as well, but is tangent to the intuition we want to illustrate in this section.
24The addition of such u does not change the results in previous sections.
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A4
1
/ vB(v]0)dv < k
0

A3 says that when the state is high enough, the entrepreneur always has incentive to
build the project because the sales at the retail stage can cover the cost. In addition, the
retail stage profit of the entrepreneur is increasing in v for all s. This guarantees that the
entrepreneur’s incentive to build is increasing in the value of her project.?” A4 is a technical

assumption that precludes equilibrium in which everyone contributes regardless of the signal.

Denote ITM#(T,p) to be the profit under the funded equilibrium given (7', p) if such
equilibrium exists. In Proposition 6.1 we show that funded equilibrium is unique when it

exists. The entrepreneur’s problem is then

IMHE (T p).
nax (T,p)

where C' = {(T,p): 0 <T <p<1}.

Our main result is a characterization of optimal campaign.

Theorem 1.3. The entrepreneur’s problem has a solution. Moreover, at the optimum,

k=T < p < 1, and the probability of default is zero.

The intuition behind the result is as follows. Default is like an unfunded project with
flexible funding, both involving the entrepreneur taking money away while doing nothing.
This possibility of default is taken into account when backers make contribution decisions.
Thus a similar logic to Theorem 1 could apply. In particular, the entrepreneur can commit
to fund her project, thus taking money away, only when the value is high enough, by setting
a campaign (7T, p) so that the project can be funded only when the value is high. This
ensures that the entrepreneur has the incentive to build the project whenever the project is
funded (Assumption A3). The entrepreneur can then charge a higher price while retaining

the marginal backer.

25Without this assumption of retail stage buyers, imagine a situation where value is high and thus backers
mostly receive high signal and choose to contribute. After receiving the funding the entrepreneur knows that
the size of the retail market is small because most people have already paid at the crowdfunding stage, so
the entrepreneur has incentive to abandon the project. This in turn makes high signal backers less likely to
contribute.
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To formally analyze the case with moral hazard, we proceed as follows. Fix (T, p) and a

cutoff action profile o with cutoff s. Define
F(s) = {v: p(1 - G(slv)) = T}

to be the set of states such that the project is funded. Since o is a cutoff strategy, F(s) is
of the form [v/(s),1], where v/(s) = min{v : p(1 — G(s|v)) > T'}. Define

RB?(s) = {v: vG(s|v) + uv — k > 0},

to be the set of states where the seller has incentive to carry out the project. Assumption

A3 guarantees that RB? is of the form [v™(s), 1]. Define

FB7(s) = {v: p(1 — G(slv)) > k}

to be the set of states where it is feasible to build the project, which is of the form [v/®,1].%

The set of states the entrepreneur will default under o is then
(v, max{v™, v/*}].

which is when the value is high enough so that the project is funded but the value is not high
enough so that either there is not enough funding or that the value is too low to incentivize
the entrepreneur to actually invest it.

The backers’ expected utility to contribute, conditional on receiving signal s, under some
(T, p) and a strategy o with cutoff ¢, is

1
U(s;o) = / vﬂ(v|s)dv—/ pB(v|s)dv.
max{vf (s') v (s"),0/b(s")} vf (s")

Using Lemma A.1, we see that the best response to a cutoff strategy is again a cutoff strategy.

Entrepreneur’s profit under an action profile o with cutoff s* > 0 is

1
VA (T, pr o) = / p(1 - G(s7[v)) f(v)dv + / (G(s[0) + p)v — k) f(v)dv.

e max{ur?(s*),00(s*) 07 (s7)}

26 A project can be feasible but not funded, or funded but not feasible, at state v.
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That is, the entrepreneur gets the crowdfunded money, p(1 — G(s*|v)), whenever the project
is funded, but gets the retail profit (G(s*|v) + u)v — k only when it is positive and when the

crowdfunded money is enough to fund the project.

We consider funded equilibrium in cutoff strategies with a positive cutoff, so that en-
trepreneur can learn the state by observing the outcome of the campaign. We call it funded

equilibrium with learning.

Proposition 1.3. Given (7,p) such that k£ < T < p < 1, there exists a unique funded

equilibrium with learning.

Proof. Given £ < T < p < 1. Since T' > k, whenever the project is funded it will be

feasible. That is, v*/ < v/,

Suppose backers use strategy o with cutoff s € (0,1). For each state v, the entrepreneur’s

gain from building the project is
m(v,s) = (G(s|v) + p)v —k
The entrepreneur builds the project if and only if m(v,s) > 0. Let

U{Tm)(s) =v/(s) = min{v : p(1 — G(s|v)) > T}

vg’%p)(s) = v"™(s) = min{v : m(v, s) > 0}

where v/ (s) is the lowest state above which the project is funded, and by Assumption A3
v™(s) is the lowest state above which the entrepreneur has an incentive to build the project.

Let X
os.) = [ oBl)do~ [ plels)d

max{v"t(s),vf (s)} vf(s)

which is the conditional expected utility to contribution for a backer with signal s’ if other

backers use the strategy o with cutoff s'.

For each s € (0,1), define ® : (0,1) — [0, 1]
B(s) = inf {5’ 6(s,5') > 0},
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which is continuous on (0, 1) because g(s|v), m(s,v), and thus v/(s),v" (s), are continuous.?”

Since m(v, s) = (G(s|v) + u)v — k is increasing in s, v*"(s) is decreasing on (0, 1) Since v""(s)
is decreasing and v/(s) is increasing in s, ¢(s,s’) > 0 implies ¢(s + As, s’) > 0 for any
As > 0. Moreover, if v/(s) < 1, then ¢(s, s’) is strictly single crossing in s’. These imply
that ® is decreasing and the unique funded equilibrium with learning is characterized by the

fixed point s* < 1 of ®.
Claim 1 There exists 0 < s* < 1 such that ®(s*) = 0.

Since p > T, for each v > p there exists s such that p(1 — G(s|v)) = T. On the other
hand, for each v > k/u, m(v,s) > 0 for all s. Pick v* > max{p, k/u}, let s* be such that
p(1 — G(s*|v*)) = T. Then m(v*,s*) > 0 so v™(s*) < v/(s*) = v*. For any s € [0, 1], the

interim expected utility to contribute when other backers use cutoff s* is then

os".5) = [ (v =p)B(els)v >0,

Hence ®(s*) = 0.

Claim 2 limg o ®(s) > 0.

s* = inf {s : [; vB(v|s)dv —p > 0} :

m

Let

which is positive by Assumption A4 and that p > k. Then, for each 0 < € < s*, there exists

~ such that
1

/ vB(v|s* —€)dv —p <0
L

m

for x < 7. Note that v"(s) is continuous on (0, 1) with

k
. b _n
}Gg%v (S)_/,L

Note also that since p > T, v/(s) = 0 when s is small enough.

Choose 7' such that when s < «/,

k
" (s) > o v and v/ (s) =0,

2"The argument repeats that of Claim 1, Proposition 3.1.
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then for all s < +/,

1
(s, s —¢€) = /1 vB(v|s* —€)dv — / pB(v]s* —e)dv < 0,

rb(s) vl (s)

hence ®(s) > s* —¢e > 0.
Claim 1 and 2 shows that ®(s) has a fixed point in (0,1).

[]

The strategy to prove Theorem 1.3 now becomes clear, and it is similar to the revenue
ranking result for fixed funding versus flexible funding. Suppose the equilibrium cutoffs
under some (T, p) are such that v/ < max{v/®,v™}. That is, there exists some states such
that the seller will default. Then the entrepreneur should commit to take money only at a
higher state v/ + € > v/ by raising T to T". This allows the entrepreneur to raise p to some
p’ while keeping the marginal backer s* the same, which makes max{v/® v"} the same as
before adjustment. This adjustment extracts more consumer surplus from buyers with high
signal s, thus reducing consumer surplus. Social surplus is determined by when the project
is build, hence it remains the same if € is small such that v/ + ¢ < max{v/®,v™}. So the

entrepreneur obtains a higher payoff under (77, p'). Formally,

Proof of Theorem 3. We establish Theorem 3 by two claims.

Claim 1: Given (T, p) € C and a funded equilibrium o with cutoff s*. If
v’ (%) < max{v™(s*),v"%(s*)}
then there exists (77, p') with £ <T" < p < 1 such that
(T, p) < TIMA(T', ).
Let v°(s*) = max{v"(s*),v/*(s*)}. Similar to Section 5,

(T, p) = / (1+ p)o — kf (v)do

vf (s*)
1 1 1 1

[ ([ wsea= [ pstlaan ) selodssoa
0 Js* vb(s*) vf (s*)
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Denote it as II(T,p) = SS — CS.

For each 0 < € < v* — v/ and each p < p < p"(1), define H : [p,p"(1)] = R as

HEo = [ sisa— [ el

(.5 (") vl te
Since (s*,v/(s*),v%(s*)) is an equilibrium cutoff, H(p;€) > 0. When p — 1, H(p) < 0. H is
also decreasing in p. Hence there exists a unique p(¢) such that H(p(e);€) = 0.
Let
T(e) = ple)(1 = G(s"v' (s") + ).

Now choose any € > 0 such that
v (s%) + e <P

Then by construction, under the campaign (T'(¢),p(e)), o with cutoff s* is still a funded

equilibrium. Under such funded equilibrium, the project is funded at U{T(e) )y = vl (s*) +e.

p(e

Moreover, the project is feasible to build at v{ﬁ(e) o(e) < v7%(s*) because the same number of
backers are contributing at a higher price, but the project is rational (for the entrepreneur) to

build at vz"%(e) ) = v™(s*), because v"™ is determined only by s*. Therefore, social surplus

p(e
under (7T'(¢), p(e€)) is the same as that under (7', p).

Again we break the profit into social surplus minus consumer surplus, T (T'(¢), p(e)) =

SS(€) —CS(e). We now show that ITM# (T'(¢),p(e)) > II(T, p) by showing that CS(e) < CS.

Secondly, since under (T'(e),p(e)) the marginal backer is still the same but all backers

now face with a higher price p(e) > p,

cs=[ (] :(s*) (alsyin — [ :(S*)pws)dﬁ) o(slo)dsf(v)do
-] :@ (alspin — [ :(e) PO3E1 ) ool )
©

=CS(e

This implies

M (T (€), p(e)) > TIMH(T, p).
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Claim 2: argmaxc [IMH (T p) exists, where in optimum k = T7* < p*. Note that
whenever T' < k, in any funded equilibrium there is a positive probability to default. Hence
by Claim 1 we can restrict the set of optimizers to {k < T < p < 1}. The proof steps are

similar to that of Theorem 1.2.

O

An implication of Theorem 1.3 is that the entrepreneur earns less profit, and her project
is less likely to be completed, when the moral hazard problem is present. This is not sur-
prising, because if the backers take into account the possibility of default, they will be more
conservative in making contributions, resulting in less overall profit. To make a comparison,
note that we can add measure p of buyers into the model without moral hazard, without
affecting all the results in the previous sections. Let II¥**(T, p) denote the profit when there
is no moral hazard, and ITM# (T, p) be the profit when there is moral hazard as defined in

this section.

Corollary 2.

e 1. The presence of moral hazard decreases profit. Formally,

max mMA (T, p) < max (T, p) (1.9)
0

e 2. When there is moral hazard, under optimal campaign, the project is less likely to be

completed than when there is no moral hazard. It is strictly less likely to be completed

if and only if (1.9) is strict.*

Proof. By Theorem 1.3, if (T*,p*) € arg maxc ITM# (T, p), then
HMH<T*,p*) — HFi‘T(T*,p*) < r%ax HFz'gc(T7 p>.
k

Let (T*,p*) be the optimal fixed funding without moral hazard with funded equilibrium

cutoff v*, s*. Let (T**,p**) be the optimal fixed funding with moral hazard with funded

28The observation and part of the argument is due to Ichiro Obara.
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equilibrium cutoff v**, s**. We would like to show v* < v** and that it is strict when (1.9) is

strict.

Suppose to the contrary that v** < v*. Then this implies s** < s*. To see this, note that
if s** > s*, it must be p** > p* (since v** < v* and v** is such that p**(1-G(s**|v**)) = T* =
T* = k. ). In the problem without moral hazard, the entrepreneur can then increase the

*kok

price p* to some p*™** > p** such that the corresponding equilibrium cutoff is v*** = v* and

kokk

s*** > ¢*. But this means the same social welfare but smaller consumer surplus, contradicting

that (T, p*) is optimal.

Hence if v** < v* then s** < s*. By Theorem 1.3,

This implies that
vV'G(s* ) + ot > k.

Hence ITMH(T* p*) = ¥ (T p*) > TIMH(T** p**), a contradiction. We have thus shown
that v* < v**.

*

Now suppose (1.9) is strict. Suppose to the contrary that v** = v*.

Suppose that v*G(s*|v*)+pv* > k. Then (1.9) must not be strict because the equilibrium
cutoff v*, s* can be supported by the campaign (7™, p*) either with or without moral hazard.
But this means that the maximum profit under moral hazard is the same as that without
moral hazard, contradicting that (1.9) is strict.

k%

Suppose that v*G(s*|v*) + pv* < k. Then v* = v** implies s** > s*. This implies
p*™* > p*. But this means that with moral hazard the entrepreneur is able to maintain
the same social surplus while lowering consumer surplus relative to the case without moral

hazard, contradicting (1.9).

When maxc [TM# = maxg, I1F%*, then both scenarios have the same equilibrium. O

Without clear legal consequences of default, commitment power is mostly granted by ex-
isting reputation. For example, the entrepreneur may already have a past record in business

and is well-known. Corollary 2 then says that an entrepreneur has less existing reputation
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will be more unlikely to fund her project and also enjoys less expected profit than one with

an established reputation.

1.7 Discussion

1.7.1 Why Does the Crowd Matter?

To illustrate the role of the crowd, we compare the feasibility and profitability of funding a

project through a single investor with the same signal structure.

Funding by an Investor An entrepreneur with zero asset chooses to sell a share a €

0, 1] of future monopoly profit v to a potential investor in order to fund the project.?

Since there is only one investor, if the investor chooses not to contribute, the project will

not be built. The entrepreneur asks for a price p > k.

The investor chooses to invest whenever

U@)zlfmﬁwme—pza

Lemma 1.2. If the entrepreneur chooses to fund the project through selling to an investor
with share a, at price p, then in optimum p = k and a necessary and sufficient condition

such that the project can be funded with positive probability for some (a, p) is

/lvﬂ(v|1)dv >k (1.10)

Proof. Suppose the entrepreneur chooses to sell a share a at a price p and that (a,p)

maximizes profit. An investor with signal s has payoff given by

U) = [ av =il

which is increasing in s. The invest will buy whenever s > s* = min{s : U(s) > dp}. Since

29 Another interpretation is to assume that a project generates utility v to a single large partially informed
investor, whose expected payoff is E[v — p|s]. For example, Google Ventures investing in start-ups for the
development of a technology that may benefit Google in the future falls in this category. This amounts to
restricting a = 1.
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the project is funded with positive probability, s* < 1 Then the entrepreneur’s profit is
1
p.0) = [ (= k) + (1= o) (1= G(s" o) f(e)d
0

Since s* < 1, p = fol avf(v|s*)dv.*’ Substitute into IT*(p,a) and differentiate with respect

to a to obtain

a_ /O (1 - G o)) f(0)du + /O 1 ( /0 1 w(vrs*)dv) (1= G(s"|0)) f(v)dv
- /0 1 /5*1 ( /0 1U5(v\s>dv> g(slv)dsf(v)dv
. / / ( / (05" )dv) g(slv)dsf(v)dv

Hence, being optimal, (a,p) must be that
1
:/ avB(v|s*)dv = k. (1.11)
0

If there exists (a, p) such that the project can be funded with positive probability, then
s* < 1 and thus (1.10) follows from (1.11). If (1.10) holds, then there exists s* < 1 and (a, p)
such that (11) holds. O

We show that some projects can be funded with positive probability by the crowd but
not by an investor, but all projects that can be funded by an investor can be funded by the

crowd.

Let

ks = sup{k : The project can be funded by an investor.}

ki = sup{k : The project can be funded by fixed funding with 7" > k}

30If s* > 0 then this holds by the definition of s*, if s* = 0 and this does not hold then the seller should
increase p to increase profit.
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For each a € [0, 1], let s*(a) = min{s : fol av — kB(v|s)dv > 0} be the cutoff signal for

the investor if he can receive a shares of the profit. Let

SSF (k) = max /1 v—Fkf(v)dv

(T,p)eCo J y* (T.p)

be the social welfare benchmark under fixed funding and a single investor respectively,.

We have the following theorem regarding the strength of crowdfunding versus a single

large buyer.

Proposition 1.4.
kfia: 2 ks-
The inequality is strict whenever 5(:|1) does not put probability one on {v = 1}. For each
ke (0,1),
SSF (k) > SS (k).

Proof. Proposition 1.1 says kj;;, = 1.
By Lemma 1.2,
1
ks = / vB(v|1)dv < kg =1
0
where the inequality is strict when G(:|1) # d;.

To see that SST(k) > SS1(k), note that by Claim 3 of Theorem 1.2, there exists an

k < p < 1such that v*(k,p) = k, which achieves the social welfare under full information. [

Hence, when the fixed cost is high, crowdfunding is the only way to fund a project, since it
aggregates more information and thus enables a more efficient allocation. Moreover, through
information aggregation, fixed funding can implement the socially efficient benchmark, while

an investor sometimes invest in bad states or fails to invest in good states.
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1.7.2 Equity Crowdfunding

Although our model focuses on reward-based crowdfunding, in which the backers derive
utility directly from a unit of the product, the entrepreneur can potentially use other means
to fund the project as well. For example, the entrepreneur can sell a portion of future
profit to the crowd, such as in equity crowdfunding. We show how to incorporate equity

crowdfunding into our framework.

Definition 1.1. An equity crowdfunding campaign is a tuple (7', p, a) where T is the thresh-

old, p is the price per share, and a is the portion of future profit on sale.

Given an equity funding plan, an action profile, o, with cutoff s*, the expected utility to

contribute is

The entrepreneur’s profit is

(T, p,a) = / (1= G("|) + (1= @) + aGsfo)Jv — k) f (o).

Note that the analysis in previous sections still go through. The scalar a does not affect any

of our arguments before.

Suppose that there is a measure p of retail stage consumers and that & > 1. Then there
will be no funded equilibrium in reward based funding, while in equity funding the backers
will be able to enjoy the profit brought by the measure p of retail consumers. Therefore the
project may still be funded by equity funding as the entrepreneur can charge a per capita
price higher than £ > 1. Hence equity funding potentially enables more projects to be funded
than reward-based crowdfunding because it can front-load the project’s total value to the

backers, alleviating problems of insufficient market reach.

1.7.3 When Will Flexible Funding Be Preferable?

One may wonder, why is flexible funding still adopted from time to time on some online

platforms?
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We first note that empirical findings in | | suggest that fixed funding has a higher
rate of success and raises more money for projects about consumer products. The production
function in these projects are often of the threshold type, and the entrepreneur knows that

the cost is a constant k independent of v.%!

In other types of projects, the cost may be a function of v as well. For example, consider
an NPO running a campaign to contain an epidemic outbreak in a developing country, where

the number of infections is uncertain and will be realized at a future date.

Formally, assume k(v) = cv for v € [0, 1]. This means that at each state v, the number
of infections is v and the total cost to contain it is cv. Also assume f(v) = 1 and g(s|v) =
2vs +2(1 —v)(1 —s) for all s,v € [0,1]. This implies 5(v|s) = g(s|v). The NPO’s problem

is to maximize social surplus using crowdfunding

subject to an ex-post budget balance constraint
XJ(v) > cv

on the states where the project is funded.

Backers derive utility from helping out, with utility v — p on the states where money is
taken. That is, the bigger the problem a backer helps to alleviate, the higher his utility.
Hence, a backer with a high signal assumes the problem is more serious and is thus more

likely to contribute.

Consider the campaign (7', p) = (0,1/2). Then when p = 1/2, fol (v—p)f(v)dv = 0. Since
B(v|1/2) = f(v), the indifferent backer is s* = 1/2. And the money raised in each state will

be
Xg(v):p<1—G(%|v>) :Z+é.

] examines data from Indiegogo and finds that entrepreneurs with different types of project or
risk preference will self-select to adopt different funding mechanisms. An entrepreneur with scalable projects
or with risk averse preferences are more likely to adopt flexible funding than fixed funding. While we
assume the entrepreneur is risk-neutral throughout the paper, we do note that by choosing fixed funding the
entrepreneur will get zero with positive probability, and it is possible to construct a risk preference under
which an entrepreneur prefers flexible funding even she has a non-scalable project.
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Therefore, whenever ¢ < 3/8 the flexible campaign (T, p) = (0, 1/2) maximizes social surplus

with ex-post budget balance.

While we do not formally treat general production functions, we stress that it is hardly
optimal to take money away while doing nothing. In any such occasion the entrepreneur can
make the adjustment we proposed in Theorem 1 and receive more fund. Thus, a good flexible
funding campaign often comes with a promise to build. Projects that can benefit from such
a promise are those that are socially efficient to build at any states, which are more likely to

involve charity projects than the development of consumption goods or investment plans.

1.8 Conclusion

This paper models crowdfunding as an entrepreneur posting a price to partially informed
backers. The incentive for the backers to contribute to the campaign is driven by the expec-
tation of paying a lower price than the retail price, when the quality of the good turns out
to be good. Fixed funding reinforces this incentive by refunding the money when the quality
of the good is bad, and thus it is able to achieve a higher probability of getting funded and
also raises a higher amount of funds. In terms of moral hazard, there can be several reasons
to explain an empirically low default rate. Instead of a reputational argument, we show how
the entrepreneur could use third party online platforms as a commitment device to eliminate

the possibility of defaults.

Our model thus explains the success of crowdfunding and in particular the popularity of
fixed funding, both when the entrepreneur can commit or can not commit to developing her
project. In spite of the lack of regulation, to a certain degree crowdfunding is not subject
to serious moral hazard problems. Measures to deregulate the equity crowdfunding market,

such as the JOBS act, thus seems to be a right step.

There are several interesting directions one can further investigate. For instance, one can
extend the model to general production functions where the entrepreneur may need to choose
an investment policy. Another direction is to consider the dynamics of crowdfunding and

study how information is aggregated and how the current backers learn through observing

42



previous backers, which relates to a vast learning/herding literature pioneered by [ ].
It is also of interest to more extensively study equity funding and see how it compares to

methods such as going through an [PO.*

320n a practical level, crowdfunding is more accessible to IPO to small businesses. Another difference is the
determination of prices. Crowdfunding is through posted price, but the commonly employed book-building
method endogenously determines a market clearing price. IPO also has principal-agent problems.
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CHAPTER 2

Should the Talk be Cheap in Contribution Games?

2.1 Introduction

In static contribution games with incomplete information, free riding and mis-coordination
due to incomplete information often causes inefficiency. A potential solution is to allow cheap
talk before contribution, that the agents are allowed to freely communicate whether they like
to contribute, without cost and commitment. Intuitively, these cheap talks can be used to
coordinate contributors with high private values, so the project will be built when it is worth
it. However, it is subject to credibility problems. People may be just bragging about their
willingness to contribute to induce others to contribute more. Another solution is making the
contribution game sequential, allowing agents to take turns to contribute, with commitment.
Under such setting the signals becomes much more credible and may potentially incentive
people with lower valuation to contribute. It is thus not immediately clear whether a period
or multiple periods of cheap talk will be more socially efficient compared to multiple periods

of committed contribution.

In this paper we identify a factor that determines which setting admits a more efficient
equilibrium: the number of levels of contribution the agents can choose. We consider pro-
duction functions that satisfy increasing differences and that agents are only able to free
ride others’ efforts if they contribute(such as joining a membership). We focus on monotone
equilibria, in which the contribution decision is weakly increasing in history(last period con-
tributions) and type. This is a natural solution concept given the property of the production

function.

With binary contribution choices, one of the monotone equilibria of the contribution game
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with cheap talk implements the ex-post efficient and ex-post individually rational allocation
when the period is long enough. On the other hand no equilibrium of the contribution game

with commitment can implement the same allocation.

However, with a continuum of contribution choices, free riding will be so severe that
cheap talk does not convey any information in equilibrium. So the game with cheap talk has
the same equilibrium as the BNE in an one-shot game. On the other hand, we construct
a PBE in a dynamic contribution game with commitment that significantly increases social
welfare. Hence, costless signalling and costly signalling are both useful, depending on the
underlying environment. Our paper thus provides insight in designing indirect mechanisms
in relevant environments, in which whether signalling is costly depends on the designer’s
choice. One example is crowdfunding, in which people contribute to a project over time.
The popular online platform Kickstarter allows the contributors to withdraw the money
anytime before a funding campaign is closed, essentially making it cheap talk, while another

platform Indiegogo has a more strict policy of refund in most of its campaigns.

The contribution dynamics identified in our paper is also interesting in its own right.
In a contribution game with commitment, high types contribute first and low types wait to
the next round until they observe the high types’ contribution. In contrast, in a game with
cheap talk, the dynamics resembles that of an open ascending bid auction. Every agents
with type above a certain threshold signals that they will contribute. Upon observing the
number of such claims, some begin to drop out. In subsequent rounds more agents drop out,
until a subset of agents such that each one of them is willing to contribute as long as others
in the subset contribute, is reached. In this fashion, even with only a binary message space,
if the length of cheap talk stages is long enough the efficient allocation(with a continuum of

private types) will still be reached.

Our paper seems to be in contrast with the results obtained in cost sharing games, such
as in Agastya et al.| |, where they showed cheap talk improves efficiency in a game
with a continuum of actions. However, in their paper with a cost sharing game, the two
players coordinates to share costs at a pre-determined level that, once the project is decided

to be built, is independent of the reports. Hence, it is essentially binary: either no one
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contributes or everyone contributes a pre-specified quantity. With our production function,
a player always benefits from the other player’s additional contribution. Free riding thus

makes cheap talk non-credible.

Related Literature Cheap talk has been shown in Crawford and Sobel| |, among
others, to improve efficiency in incomplete information games where agents interests are
aligned. Palfrey and Rothensal| | compare a game with cheap talk versus a one shot
game. Agastya, et al.| | show that, in cost sharing games, adding a stage of cheap
talk before the actual contribution improves efficiency. Using a similar production function,

Palfrey et al.| | demonstrate efficiency gains of cheap talk in experiments.

Making the contribution little my little with commitment also seems to alleviate incom-
plete information problems. In his seminal book, Schelling| | suggests dividing contri-
bution sequentially to overcome the credibility issue. Duffy et al.| ] show using exper-
iments that making the contribution game dynamic did increase contributions relative to its
static counterpart. However, making the contribution sunk may hinder efficiency because it

can make agents too conservative, as shown in the model by Admati and Perry]| ].

Following these papers, Barberi| | simultaneously looks at dynamic contribution and
cheap talk. He shows that in addition to a cheap talk stage, adding an early contribution
stage prior to the cheap talk stage increases the credibility of the cheap talk, thus further

improves efficiency.

Built on these set of papers, we compare the efficiency of equilibria in games with cheap
talk and games with commitment, and make clear the underlying economic forces that makes

cheap talk or commitment better than one another.

The rest of the paper is organized as follows. In Section 2 we set up the underlying
environment. In Section 3, we look at binary contribution levels. We first characterize the
incentive compatible and efficient allocation as a benchmark, and then characterize equilibria
in dynamic models with cheap talk and with commitment, and show that cheap talk has an
edge over dynamic games with commitment. In Section 4 we turn to a model where the level

of contribution is a continuum, and show that the result reverses. Section 5 concludes.
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2.2 The Environment

N agents, i € {1,..., N}, contribute jointly to a project. The action set for each agent is a

subset M C Rt with 0 € M. The utility of an agent is given by
U(mi, m_;, 91) == g(mla m_;, 0@) — my,

where 0; € © = [0, 1] is private value and m_; = >, ,m; and g : M x M x ©. Assume
also that ¢;(0,m_;,0;) = 0 for all m_;,0; and i. That is, this is a joint contribution to an

excludable good!

Agents’ values are distributed i.i.d with common prior F' with full support on ©. The

central assumption for our production function is

Assumption 1. g(-) is increasing in all variables and satisfies strict increasing differences

in (m;,m_;) and (m;, 6;).

To make the problem interesting, assume

Assumption 2. ¢(1,0,1) > 1 and g(1,N —1,0) —1 < 0.

This assumption amounts to the the inclusion of two extreme preferences: people that

want to contribute anyways and people that will never contribute no matter what.

2.3 The Binary Action Model

In this section we assume M = {0,1}. We will first see what the ex-post efficient allocation
is, and then consider two regimes of dynamic contribution games , one with cheap talk and

one without, to see whether the equilibrium allocation coincide with the efficient one.

2.3.1 Ex-post Efficient and Individually Rational Allocation

As a benchmark, we characterize the F-almost unique ex-post efficient and individually

rational allocation to our environment and compare the outcomes of the models we are

!Co-authoring a paper, membership, etc. are examples of excludable good.
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interested in against this benchmark.

An allocation is a function

m: 0N — {0,1}7.

An allocation is dominant strategy incentive compatible(dsIC) if u;(m(0), 0;) > u;(m(6},0_;),6;)
for all 0;,0.,0_; and all i. An allocation is ex-post dominated if there exists some other al-
location m’ such that u;(m/(0),0;) > u;(m(0),6;) for all i and all § and that the inequality
holds strictly for some i and 6. m is ex-post efficient if it is not ex-post dominated. m is
individually rational(IR) if u;(m(0),60;) > 0 for all ¢ and 6. Intuitively, ex-post efficiency
and individual rationality require us to find, for each profile 6, the maximal subset of agents
such that if they contribute they can all get non-negative utility. We now show formally this

intuition is true. For each n =0, ..., N — 1, define é(n) such that

g<1>n>9(n)) —-1=0,

which exists by A2. For each type profile 0 = (04, ...,0x), let k(n)(0) = |{i|g(1,n,0;)—1 > 0}|
for each n. So k(n)(@) is the size of the set of agents who are willing to contribute as long as
there are at least n other people who contribute. Let K(0) = max,{k(n)(8)|k(n)(8) > n}.

Define an allocation m : ©N — {0,1}" as

1 if6; > 0(K(h
) (K (6))
0 otherwise

Proposition 2.1. m is IR, dsIC, and ex-post efficient. Let m’ be another IR and ex-post

efficient allocation, then {6 : m’(0) # m(#)} is an F-measure zero set.

Proof. Individual rationality of m follows from the definition. Suppose m’ ex-post domi-
nates m. In particular, in state 6 there exists i such that w;(m/(0),0;) > w;(m(0),6;). We
separate two cases: K (0) = 0 and K(0) > 0. In the former case, m*(0) = (0, ...,0), so ev-
eryone gets zero utility under m. Hence m/(0) = 1. It implies there exists some j such that
uj(m’(0),0;) < 0, otherwise K () # 0. But this again contradicts that m’ ex-post dominates
m. In the latter case, suppose first 6; < (K (0)). Then w;(m/(0),6;) > 0 = u;(m(6),6;).

Then there must exists some j such that u;(m’(6),6;) < 0, otherwise m’ contradicts the
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definition of K (f). Suppose instead that 6; > (K (6)), then it must be that the number of
contributors under m/(6) is more than m(#). By the definition of K () this again implies
the existence of some agent j with u;(m’(6),6;) < 0. Either way contradicts the assumption

that m’ ex-post dominates m.

For the almost uniqueness assertion, since F' is assumed to be continuous, it sufficies to
show that for all type profile 8§ = (64, ...,0x) with 6; # é(n) for all i,n, the efficient and
individually rational allocation is unique.” To this end, let m(f) # m’() be two ex-post
efficient and IR allocations. Let S = {i : m;(0) = 1}, 5" = {i : m(6) = 1}. Let m(0) be
defined as m(f) = 1 iff i € SUS". We claim that m ex-post dominates m,m’ and is IR.
Since |S U S’| > max{|S],|5’|}, IR of m(0), m'(#) implies

u;(m(0),0;) > max{u;(m(0),6;),u;(m'(6),0;)} >0

for all 4. Since S # S’, without loss of generality assume m;(f) = 1 for some i. We claim
either 7 strictly prefers m(f) to m(6) or there exists some j that strictly prefers m(f) to
m’(#). This contradicts that both m(6#), m'(6) are ex-post efficient. Suppose i is indifferent
between 6 and m(#). Then |S U S| = |S|, which implies S' € S. If S # ¢, since S # S’
there exists j # ¢ with m/(6;) = 1. But then |S'| < |S], so u;(m(0),6;) > u;(m/(0),6;).
If S" = ¢, then the ex-post efficiency of m’ implies u;(m(0),0;) = u;(m’(9),6;) = 0, which
implies 6; = 6(|S| — 1), violating that 6, # 6(n) for all i, n.

For ex-post IC, suppose type 6; reports ¢;. Suppose first that m;(60;,0_;) = 1. Then either
m(0;,0_;) = m(0;,6_;) or m(0;,6_;) = 0. In the former case the utlity for 6; is unchanged, in
the latter it changes from weakly positive to zero(u;(m(6),6;) = 0 when 6; = 6(n) for some
appropriate n). Suppose instead that m;(6;,0_;) = 0. Then either m(6;,0_;) = m(6.,6_;) or
m(0;,0_;) = 1. In the former the utility again remains unchanged. In the latter, by definition
of m every j with ; > 6. will also contribute. But this means u;(m(6;,0_;),6;) < 0, otherwise

we will have m;(0;,0_;) = 1 in the first place. O

Remark 2. The multiplicity of ex-post efficient and IR allocation comes from the existence

of the cutoff types é(n), that is, the types that are indifferent between contribution or not

2Here we abuse the word allocation slightly to mean an element in {0, 1}"V instead of a function.

49



given for a given number of other contributers. Excluding such cases the ex-post efficient

and IR allocation will be unique.

Remark 3. A mechanism designer may have other goals than obtaining efficiency. For
example, maximizing E[) . m;(#)] subject to IC and IR constraints. Proposition 2.1 already
maximizes the total contribution subject to ex-post IR. However, it is still possible to relax

ex-post IR to interim IR and obtain a higher expected total contribution.

2.3.2 The Dynamic Contribution Game

In what follows we construct indirect mechanisms where the message space is the contribution
levels instead of types, and find conditions where an indirect mechanism implements the

efficient allocation.

The mechanism we consider is a game in which agents make contribution decisions over

T periods. There is no time discount.

In each period, each agent takes an action a} € AL C {0,1}. The available actions may

depend on history.

A history in the beginning of date ¢t 4+ 1 for player ¢ for games in which individual con-
tribution is unobservable is h' = (h, hL;) = ({af}i_y, D2, a5 }iz;), while in the observable
setting it is h' = {a$, ..., a% }i_,. It turns out that in 7' = 2 both assumptions are the same.
However, if T' > 2 then unobservability creates complications in that a deviation may not be

common knowledge among players. Hence, in this paper the result for 7" > 2 periods model

will be derived under the assumption that each player’s action is perfectly observable.

Let H! denotes the set of date ¢ histories, with H® = {1}. A strategy for player i,

s; = {m!}, is a sequence of functions {m!}Z_, with m!:© x H*=' — {0,1}.

For a given pure strategy profile ({m!}Z )Y, let m(T) € {0,1}" be the induced terminal

node. Then the utility is given by
ui(m(T),0;) = g(mi(T), m—i(T), 0;) — mi(T).

The contribution game has commitment if for each ¢ and each i, Al = {1} for player i
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whenever a; = 1 for some s < t. That is, whenever agent ¢ chooses to contribute, he becomes

inactive and must choose m! = 1 in the end.
The contribution game has cheap talk if AL = {0,1} for all history.

Thus, a game with no cheap talk is a T-period contribution game where one decides the
period one puts in the effort/money. A game with cheap talk comes with 7" — 1 periods of
cheap talk and 1 last period of real contribution.

Call a strategy {m}(#), m!(6, h'~1)} history-monotone if mt(6, Al 1, K151 > mb(9, b=t W'
when A5 > W'Y Call a strategy {m!(#), mi(6, h*~1)} monotone if for every t, mi(0, ht) is

nondecreasing in each and every of the arguments 6, hl, h' ..

) 77

2.3.3 Two Period Contribution Game With Commitment

In this section we characterize the class of monotone symmetric perfect Bayesian equilib-
ria(PBE) of the contribution game with commitment when 7" = 2. We will show that all

PBEs that are history-monotone are also monotone.

Given a strategy profile, fix an agent. Let a(n;) be the probability(belief of that agent)
that there are ny contributors out of N — 1 agents in the first period, f(k,nq,0) be the
probability that there are k other contributors in the second period out of N —1 —n; agents
conditional on that there are n; other contributors in the first period and the agent itself
did not contribute in the first period. Similarly, 5(k,ny, 1) is the conditional belief on the

number of second period other contributors if the agent contributes in the first period.

For two discrete probability density f(t), g(t), we say f(t) first order stochastically domi-
nates g(t)(henthforth FOSD) if 3" f(t) > >°° g(t) for all ¢. We say f(t) strictly FOSD g(t)
if the inequality holds strict for some ¢. A standard result regarding FOSD that will be used
later is that for any non-decreasing function wu(t), if f strictly FOSD g then Eu] > E,[u].

Lemma 2.1. Assume A1,A2. Given any symmetric PBE that is history-monotone
e 1.5(k,ny,1) FOSD B(k,n4,0) for all n;.

e 2.3(k, N —2,1) strictly FOSD p(k, N —2,0).
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Proof. We need to show that for ¢ =0,1,.... N —ny — 1,

N—n1—1 N—n1—1
Z ﬁ(kanbl) Z Z ﬁ(k,nl,()).
k=q k=q

Fix any PBE and any n;. Let S = m*(1) , T = {6 : my(0,0,n,) = 1}. Let p = P(T|S°).
Then

MhnMMZ(N_;_m)ﬁﬂ—pwl”lh
Let T" = {0 : my(6,0,ny + 1) = 1} p' = P(77|S¢). Then

N—-1-
B(k,ny, 1) = < . n1>p'k(1 _p)N-lemek

Since the strategies are monotone in h_;, T C T", which implies p’ > p, establishing item 1.

Let ny = N — 2. Then in equilibrium the sets T', T" are given by

T := {9 ; Z (i)pk(l —p)N T Mg(IL,N —2+k,0) — 1> 0}
T :={0:9(1, N -1,0)—1> 0}

Since Al and continuity of g w.r.t. € implies p = P(T|S¢) < 1 in equilibrium?, I := T'\T
will be an interval with positive length. Suppose P(77|S¢) = P(T|S¢), then P(I]|S¢) = 0,
so types in [ all contribute in the first period. Consider the type inf I, that is, the type
such that g(1, N — 1,inf I) = 1. Since p < 1, he strictly prefers to contribute in the second
period than contribute in the first period. By continuity of expected utility with respect to
6 some types in I also strictly prefers to delay contribution, contradicting that the proposed

strategy profile is a PBE. Hence P(77]5¢) > P(T'|S¢), establishing item 2. O

In the next Lemma we show that all history-monotone PBEs are monotone(i.e. in all
arguments). This follows from increasing differences and the fact that early contribution

induces late contributions (Lemma 2.1).

Lemma 2.2. Assume A1,A2. For any symmetric PBE that is monotone in history, m;(#)

is monotone in 0, my(6, -, n1) is monotone in 6 given n;.

3There is some 0* > 0 s.t. g(1,N —1,0) —1 < 0 for all # € [0,0*]. In equilibrium these types will not
contribute in the first or second period no matter what.
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Proof. First we show that m; is monotone in . The expected payoffs for type 6 to contribute

in the first period and delay contribution are

N=1 N-1-
EU,(0) = Z B(k,n1,1)g(1,ny + k,0) — 1
n1=0 k=0
N=1 N—1—-nq
EU40) = Z a(ng) max {0, Z B(k,n1,0)g(1,n1 + k,0) — 1}
n1=0 k=0

Suppose my(0) > my(0’), then being an equilibrium implies

EU,(8) > EU,(9) (2.1)

EUL0) > EUL(0) (2.2)

Adding (2.1),(2.2) and rearrange to obtain

N=1 N—-1-n;
Z a(”l)ﬁ(k7n171)[g(17nl+k70)_g<17n1+k79/)]
n1=0 k=0
N—-1 N—1—-nq
Z a(nl) max {07 Z /B(kanho)g(l?nl + k79) - 1} (23)
n1=0 k=0
N—-1-ny
— maX{O, Z ﬁ(l{:,nl,O)g(l,nl—i-k,G’)—1})
k=0

Suppose 6 < ¢’. Then increasing difference of g implies g(1,n1 + k,0) — g(1,n1 + k,¢') is
decreasing in k. Applying Lemma 1 to the LHS of (2.3) yields

N—1N-1-m,
Z Z B(k,n1,0)[g(1,n + k,0) — g(1,n1 + k,0")]
n1=0
> Z a(ng) max{ ﬁ(k;,nl,O)g(l,nl +k,0) — 1} (2.4)
n1=0
N—1—-nq
—max{(), Z B(k,n1,0)g(1,n1 + k, 9)—1})
k=0

Now observe that for every 0 < ny < N — 1, each term in the LHS of (2.4) must be less
than or equal to the corresponding terms in the RHS. This contradicts (2.4). Hence 6 > 6'.

This shows that m; is monotone in 6.
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Given ma(0,-,n1) > ma(0',-,n1). Then my(0') = m(0',-,n1) = 0. If my(6) > 0 then by
monotonicity, 8 > ¢'. If m;(0) = 0, both type 6,6 postpone the contribution decision to
second period. mgo(6, -, n1) > ma(0',-,ny) then implies

N—n1—1
ﬁ(kanlao)(g(]wk +7’Ll,9) - g(]-ak +n179,)) > 0.

k=0

Since ¢ is monotone in 6, this implies § > 0’. Hence my(#, -, ny) is monotone in 6.

]

It follows from Lemma 2.2 that in any history-monotone PBE the high types contribute
first, and the middle types decides whether to contribute based on the number of first period
contributors. This pattern of contribution is the same as the one found in Gradstein| ],
however, in his paper agents contribute first in order to enjoy it first(like early members to

some club), while in our model early contributors simply want to induce follow-ups.

To show equilibrium exists it thus suffices to show the existence of the cutoff types.
That is, the type 8! which is indifferent between contributing in the first period and delay,
and the type 6%(n;) which is indifferent between contributing and not contributing if there

are n; contributers in the first period. The assumption of monotonicity in hl,

; requires

6?(n) < 62(m) whenever n > m.

Theorem 2.1. Assume A1,A2. Symmetric monotone PBEs of the contribution game with

N-1

commitment exist and are characterized by cutoffs {6, {6*(n1)}, Zo}:

1 if 6> 6!

0 else

_— 1 if hil =1lorf> 92(h£i)
mgr(07 hz ) h—z) =
0 else

Proof. We will use a fixed point argument to show existence of cutoff points. Define

S ={(s",s2,...,s% ) €0, 1" 2> 2> .. > )
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Observe that S is a compact and convex set. Define a correspondence (T,7?) : S — S as
follows: T7? (s) is defined to be the solution to the following equation:

N—-n1—1 N —n—1
Z ( k:l )P(@ > 52 10 <)Y PO <8210 < sV (g + k,s) — 1 =0,
k=0

(2.5)
It is well defined since (2.5) is continuous and increasing in s, and by A1 when (2.5) evaluated
at @ = 0 it is negative, when evaluated at § = 1 it is positive. Furthermore, since (2.5) is
continuous in all variables, T? is upper-hemicontinuous. To verify that 77 satisfies T2(s) >

T2 (5) whenever n < m, let § = T/(s) be the solution to (2.5) with n; = n. Then since

— (N—-m-—1 .
Z < " )P(@ > 210 < sHEP(O < 2|0 < sHN TR g(1L,m + k, T (s)) — 1
k=0

— —n—1

1
N ‘
> ( L )P(e > 5210 < sN)PP(0 < s210 < sHN T Rg(1L,n 4+ k, Ti(s)) — 1

Hence T (s) > T¢ (s) whenever m > n.

Finally, define T'(s) for s € S to be the solution to

=1 N—-1-n, N—-1 N—1-n1
Z Z a(n1)B(k,n1, )g(1,ny +k,0) — > a(nl)max{o, > Blk,n1,0)g(1, k +n1,0) — 1} =1,
n1=0 n1=0 k=0

(2.6)

where a(ni) = (Y 1)(1 — F(s!)m F(s")¥=1=™ and B(k,n,j) is given by lemma 1, with

ni

p = PO > s2 4]0 < s'). Since s € S, B(k, N —2,1) FOSDs(but not necessarily strict
FOSD) B(k, N — 2,0).

By Al and Lemma 1, (2.6) when evaluated at # = 0 is negative, when evaluated at § = 1

is positive. Furthermore, the derivative of (6) with respect to 6 is

N—1 N—-1—-n; N-1 N—1-nq

Z Z (ko 1 >89(1,n819+k,9)_ Y atm) Y ﬂ(k’nl70)ag(1,n81€+k,9)20

ni >K(0) k=0

where K (6) is the smallest integer n; such that S0 "™ B(k,ny,0)g(1, k +ny,0) — 1 > 0.

Hence the solution to (2.6) exists and is an interval. Accordingly, (T1,7?%) : S — S is a
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upper-hemicontinuous convex-valued correspondence on the compact and convex set S. The
Kakutani fixed point theorem implies 7" has a fixed point. By Lemma 2, the fixed points of

T are exactly the set of monotone symmetric PBEs. O

Remark 4. Note that if e € T'(e) then T'(e) must be a singleton, because for any monotone
PBE, by Lemma 1 S(k, N — 2, 1) strictly FOSDs §(k, N — 2,0), which implies the derivative

of (2.6) w.r.t. 6 is strictly positive, so the solution to (2.6) is unique.

Corollary 3. In any monotone PBE, §*(N — 1) < 6, §*(0) > 6.

Proof. The first claim is implied by Lemma 1. For the second, note that if 62(0) < 6%,
then for every n, 8(k,n,1) strictly FOSD S(k,n,0)(Theorem 1 shows 6%(n) < 6*(m) for
n < m. Hence when (2.6) is evaluated at §' the value will be positive instead of zero, a

contradiction. O

2.3.4 Two Period Contribution with Cheap Talk

In this section we characterize the set of monotone PBEs of the contribution game with
cheap talk. Again let o(n;) be the probability such that the number of other contributers in
the first period is n; and let 3(k;0,n'), B(k; 1,n') be the conditional probabilities of second

period contributions on the number of first period contributors.

The key lemma here we want to show, for the class of monotone PBEs is still that
B(k;1,n') strictly FOSDs B(k;0,n'), which is the main driving force of early contribution:
that it induces middle types to contribute later. Intuitively, we may argue as follows: since
6 < 6} will never contribute, observing a contribution in period 1 means 6; > 6}, hence i
is more likely to contribute in the second period. So the incentive to contribute becomes
strictly higher if the observed first period contribution is higher. However, since period 1
contribution is simply a cheap talk, it can also be that the agents use 1 to signal low type and
0 high type. To focus on equilibria which are more informative(if there is one), in addition
to assume monotonicity of m?(6,-,n) on n, we also need to assume m!(6) is monotonically

increasing on 6. In particular, we assume there exists §' € (0,1) such that m'(f) = 0 for
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6 < 6' and m'(6) = 1 for § > #'. So we are again characterizing the set of monotone
equilibria, except that monotonicity is not implied by weaker conditions as in the no cheap

talk case.

Lemma 2.3. Assume A1,A2. In the game with cheap talk, in any monotone PBE, 3(k;1,n')
FOSDs B(k;0,n'). sFOSD holds for n' =1,.... N — 2.

Remark 5. The proof strategy is as follows: First we show if an agent contributes in the
first period, then the posterior probability that he is going to contribute in the second period
is higher than that if he does not contribute in the first period. Then we show that given
any first period action of an agent, he is more likely to contribute in the second period if he
sees more contributors in the first period. Finally we show that by contributing in the first

period, one induces the other agents to contribute in the second period.

Proof. Fix a PBE {m]}(0),m?(0,hi,h',)}. Let 6! be such that {6 : m'(§) = 1} = [0*,1].
Monotonicity of m? with respect to 6 implies {0 : m?(0,1,n) = 1} and {6 : m*(0,0,n) = 1}
are two connected intervals with right endpoint 1. Denote them by [a(n), 1] and [b(n), 1]
respectively, where a(n) < b(n).(What the marginal type a,b do are not essential, they
could as well be half open intervals.) Let p(1,n) = P(m?(6,1,n) = 1|m'(8) = 1), p(0,n) =
P(m?(0,0,n) = 1lm*(0) = 0).

We then show that first period contribution indicates a higher chance to contribution in

the second period:
Claim 1 p(1,n) > p(0,n)
By the definition of conditional probability, this writes as

1 — max{a(n), 0} - 6' — min{b(n),6'}

T g o : (2.7)

which is verified by observing that when a(n) > 6' the right hand side is zero, and when

a(n) < 0! the left hand side is one, and by assumption A1, a(n) # 1 and b(n) # 0 for all n.

Claim 2 a(n+1) < a(n), b(n + 1) < b(n).
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To see this, fix a type 6. Consider his continuation payoff for contributing in ¢ = 2 under

history h! = (0,n + 1) and under h' = (0, n) respectively:

Elu(l,m? 0)|h' = (0,n+1)] = E[g(1, X; + Y7,0)] — 1, (2.8)

Elu(1,m? 0)|h't = (0,n)] = E[g(1, X5 + Y3,0)] — 1, (2.9)

where X; ~ Bin(n+1,p(1,n)), Y1 ~ Bin(N—2—n,p(0,n+1)), and Xy ~ Bin(n, p(1,n—1)),
Yy ~ Bin(N —n — 1,p(0,n)). It then follows from Claim 1 that X; + Y strictly FOSDs
X5 + Yy, Since {0 : m*(0,0,n + 1) = 1} = [b(n + 1),1] is the set of § on which (2.8) is
positive, and {#, m?(0,-,n) = 1} = [b(n), 1] is the set of § on which (2.9) is positive, one part

of claim is established. The same argument applies to the other part.

A direct implication by the expression in (2.7) is that
p(1,n) > p(1,n —1) and p(0,n + 1) > p(0,n). (2.10)

Now observe that §(k,n, 1) is the probability of X; +Y; = k, where X; ~ Bin(n,p(1,n)),
Y) ~ Bin(N —n — 1,p(0,n + 1)), and B(k|h' = (0,n)) is the probability of X, + Y5 = k,
where X, ~ Bin(n,p(1,n — 1)), Yo ~ Bin(N —n — 1,p(0,n)). Hence (2.10) shows FOSD
for all n. To show sFOSD for n = 1,...N — 2, it sufficies to show that either one of the
inequalities in (11) holds strictly. To this end, note that if a(n) > @', then by Claim 2 we
have p(1,n) > p(1,n — 1). If a(n) < #', then by Claim 1, 1 = p(1,n) > p(0,n). This will

imply b(n) > 0, and Claim 2 will thus imply p(0,n + 1) > p(0,n).

The argument does not apply to the case n = N — 1 as Y7, Y5 will be zero.

Lemma 2.4. Assume A1,A2. Given a profile of symmetric monotone equilibrium. Suppose
B(k,1, N — 1)sFOSDspg(k,0, N — 1)

then a type 6 who contribute with positive probability on the equilibrium path contribute

in the first period. Suppose sFOSD fails for n; = N — 1, then any type above é(N - 2)

contribute in the first period. In this case, a(N —1) = (N —1),a(N —2) = ' < (N — 2).
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Proof. Suppose sFOSD holds for all n,. For any type 6, the expected payoffs for contributing
in the first period(£U;) and delay contribution(EU,) are

EU,(0) = z_: a(ng) max {0, z_: Bk, 1,n1)g(1,k,0) — 1}

1=0 k=0
N-1 N-1
EU(0) = ) a(n;) max {0, B(k,0,n1)g(1, k,0) — 1}
n1=0 k=0
That type € contribute with positive probability implies there exists some n; such that
N-1
B(k,ny,1)g(1,k,0) — 1> 0.

k=0

Since sFOSD holds for ny, EU,(0) > EUy(0) and EU;(6) > 0. Hence it is optimal for the

type 60 to contribute in the first period.

Suppose sFOSD fails for n;y = N — 1. The expression in (2.7) then implies p(1, N — 1) =
p(1, N —2) = 1, which implies a(N — 1) < a(N —2) < ' If a(N — 2) < 6!, then
any type 6 € (a(N — 2),60") will be better off contributing in period 1 since sFOSD holds
for N —2 and Y, 8(k,1,N — 2)g(1,k,0) — 1 > 0. Hence we must have a(N — 2) = 6.
Furthermore, p(1, N — 1) = 1 implies a(N — 1) = (N — 1) < 6'. Since p(1, N —2) = 1 and
p(0,N —1) = P(O(N —1) < 0|0 < 0') > 0, in a history h = (1, N — 2) there will be at least
N —2 final contributors, and N —1 with a positive probability, hence a(N —2) < §(N—2). [

The converse of Lemma 2.4 does not hold: It is not necessarily true that in any monotone
PBE where sFOSD hold for all n, all agents who contribute in the first period will contribute
with positive probability. Lemma 2.3 and 2.4 imply the monotone PBEs of the cheap talk

game fall into three categories
ea l=q(N—-1)<alN-2)<..<a(0)
eb 0 <a(N—-1)<a(N-2)<..<a(0)

ec a(N—1)<a(N—-2)=0"<..<a(0)

4Because contribution is cheap talk, low type agents contributing in period 1 can be supported as an
equilibrium even though their utility is zero with probability one.
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Category a,b are cases where strict FOSD holds for all n. In category a, ' = a(N — 1)
implies p(N — 1,1) = 1, which implies all § > QN(N — 1) will contribute in the second period,
so O = 9~(N —1). In category b, some players who contribute in the first period will never
contribute in the second period. In category c, all types a(N — 1) < a(N —2) are indifferent
between contributing in the first period or not, because they will contribute in the second

period only if n! = N — 1, and sFOSD does not hold in this case.

In order to characterize the monotone PBE of the cheap talk game, by lemma 2.3 and
2.4 what is left is to show existence the PBE that belongs to the above three categories.
Similar to the game with commitment, it suffices to show the existence of cutoff types who
are indifferent between contribution or not in period 1 and the types 6%(n;) who contributes
in period 1 and is indifferent between keeping the contribution or withdrawing it in period

2.

Theorem 2.2. Assume A1,A2. The set of monotone symmetric PBEs of the contribution

NLY.

game with cheap talk is non-empty and is characterized by cutoffs (6%, {a(ny), b(n;)

i, 1 if g > 6!
my(0) =
0 else
mg(eu hz‘1> hl—z) = or hll = O, 67; > b(hlﬂ)

0 else

For each category (a),(b),(c) mentioned above, there exist cutoffs that satisfy that category,

Proof. e (Category a,b) The first period cutoff is 0. We only need to show the existence
of cutoff types a(ny) € (6',1) for ny = 0,..., N — 1. Given that there are n; other

contributers in the first period, #%(n;) solves

() () () koo e

k=0

When (11) is evaluated at § = 1 we get g(1,0,1) — 1 > 0, when evaluated at 6 = 6!

we get g(1,n1,0") —1 < 0 for ny < N — 1 by the definition of #*. Hence there exists
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at least one solution to (2.11) in the interval [#',1). In particular, when n; = N — 1,

a solution a(N — 1) € [0, 1) exists.

To constitute a monotone equilibrium, we need {6#%(n;)} to be decreasing in n;. For
any ny > 0, let a(ny) be a solution to (2.11). Then (2.11) evaluated at a(n;) when

ny; — 1 is in place of n; is negative.

() (R (o) 1

k=0

Hence a solution a(n; —1) € (a(n1), 1) exists to the above equation. Finally, §(N —1) is
a solution to (2.11) when n; = N —1 and ' = #(N —1). This deals with the strategies

on the equilibrium path. The cutoffs {b(n;)}’s are found in a similar manner.

To check incentives to stay on the equilibrium path, note that since 8! < é(N —1), type
0; < 0! agents have no incentive to deviate since they will not contribute anyways. For
type 6 > 6!, they have no incentive to deviate at period 1 either since sFOSD holds
and they can always switch to m; = 0 in the second period. In the second period, the
way we select {a(n)} already guarantees that the second period action is optimal.

(Category ¢) By Lemma 2.4, in this case a(N — 1) = §(N — 1) < a(N —2) = 6! <
(N —2). Hence a solution to (11) in (6, 1) when n; = N —2 exists. The arguments for
finding other cutoffs are the same as before. As for the incentives whether to deviate,
type 8 < A(N — 1) surely won’t. Types 6 € (a(N — 1),6") will not either. This is
because they will contribute in period 2 only if n; = N — 1, and since p(1, N —2) = 1,
whether this agent contribute will not affect the final decision of the N — 1 first period

contributors. The second period actions are optimal by the definition of a(n;)’s.

O

Example 1. Consider N = 2. The cutoff given by {6',6%(1),6%(0)} = {A(1),0(1),6(0)}

determines an equilibrium of the game with cheap talk that is ex-post efficient and ex-post

individually rational. This amounts to that, in the first period, every agent who is willing

to contribute as along as the other contributes say Yes. In the second period, both agents
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contribute if both says Yes, and one withdraws if one is the only one saying so and his type

is unwilling to contribute along.

The cutoff ' of the game with commitment is determined by
(1-F(6°(1)))g(1, 1,0)+F(6%(1))g(1,0,6)—1 = (1-F(0)) max{0, g(L, 1,0)—1}+F(#) max{0, g(1,0,6) -1}

The equation when evaluated at § < 6%(1) is negative, when evaluated at 6 > 62(0) is

positive, hence 6 € (8%(1),6%(0)). Moreover, the derivative with respect to 6 is

9g9(1,1,0)) 9g(1,0,0) dg9(1,1,0)

(I=F (1) 75 50 50

+F(67(1)) +/(0)(9(1,1,0)-1)—(1-F(6)) >0,

hence the solution is unique. The equilibrium outcomes is neither ex-post efficient nor ex-
post individually rational. For example, if both 6; € (6%(1),6') then no one will contribute
in the end, and if ; < 6%(1) while 6, € (6',6%(0)) then in the end only agent 2 contributes

but he will get negative utility.

The game with cheap talk can approximately achieve efficiency when the number of

agents goes to infinity more easily than the game with commitment.

Theorem 2.3. If limy o, NF(A(N — 1)) = 0, then the equilibrium with 6?(N — 1) =

O(N — 1)(type a) is asymptotically ex-post efficient, in the sense that

lim P({6 : m(0) is efficient at 6}) =1

N—oo

Proof. Note that for any such equilibrium, m(#) is efficient whenever 6; > (N — 1) for
all 7. The probability that there exists at least one agent with 6; < é(N — 1) is given by
1 — (1 —F(A(N — 1))V, which is approximately NF(§(N — 1))° and converges to zero as
N — oo. [

Such condition does not guarantee efficiency for games with commitment by Corollary 3.

Our result differs from Gradstein’s| | in that in our mode, players’ incentives to
contribute are purely driven by the ability to induce follow-ups rather than to enjoy the
product earlier. Also, in our model the inefficiency could come from both kinds of mis-

coordination: either too few people contribute or too many people contribute.

°This follows from lim,_,log(1 — x)/x = 1 and F(6(N — 1)) converges to 0.
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2.3.5 Multiple Period Cheap Talk

Instead of completely characterizing the equilibrium outcomes like we did to T" = 2 models,
we show that the PBEs of the game with commitment are inefficient and construct an efficient

equilibrium for the game with cheap talk.

The equilibrium we construct for the cheap talk game implements the efficient allocation
in Proposition 2.1. We simply make everyone who can possibly contribute for some realiza-
tion of §(in the ex-post sense) signal a' = 1. And then we gradually let agents drop out,

until a maximal set of agents who are willing to contribute remains.

Theorem 2.4. Assume A1,A2. Assume individual players’ contributions are observable.

1 For any T', all PBEs outcome of the game with commitment are not ex-post efficient.

2 For T' > N, there exists a monotone PBE of the game with cheap talk whose outcome

is ex-post efficient.

Proof. Let 0 = {m!} be an equilibrium strategy profile of the game with commitment.
Consider a profile # € OV such that 6; € (A(N — 1),6(N — 2)) for all 5. Then ex-post
efficiency requires under o everyone in this interval contributes. However, let ¢ be the
earliest contributor on the equilibrium path of o. Say m!(6;,h'"') = 1. In this period,
his continuation expected payoff is positive only if he believes in the future everyone is going
to contribute with probability one. But this is impossible since by definition the history
hi=! is that no one ever contributes before, and the posterior probability that there are some
agents whose type is below é(N — 1) given this history is thus still positive. Hence player i’s

action at t given by o is not sequentially rational, contradicting that ¢ is an equilibrium.

Now we proceed to prove the claim about game with cheap talk. A history up to date ¢
is ht = (ht, ..., hY), where h! = (a},...,at). h is called consistent if a’ > a! whenever t > t.
Hence, the beliefs in any consistent history is the same as that on the equilibrium path, and
the beliefs in any inconsistent history can be defined in an arbitrary way. We are going to

construct a strategy and a belief such that the strategy is to contribute and refund in the

most conservative way, while the belief is such that any deviator is assumed to be the low
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types who will never contribute in the end. To define it formally, fix a history A’ and a player

1, let

— t
ng = E (lj.

j#i,h% 18 consistent
The dependence of n; on ¢ will be omitted in the following to keep notations cleaner, since
we are describing a symmetric strategy profile. Note that n, is decreasing in t. The strategy

for player i(and hence all other players) is defined as

1 if0>0(N—1)

0 else

mt(Q’ ht_l) _ 1 if 6 Z 9(7175,1)
0 else
for each t = 2, ..., T, where n;_; is the number of other agents who has not deviated from

the induced path before and who contributes in period t — 1.

The posterior probability density for 6; held by player ¢ at each history A’ is defined, on

the regions where the density is non-negative, as

% if az-_l = 1, hf is consistent
0, : . .
p(0;|h") = F(é(nk_l)fflf—’)(é(nk_g))) if a? =1, a?“ = 0 for some k <t — 2, h; is consistent
% if 1! is inconsistent.

Now we verify that the strategy belief pair {m?, p(-|h')} defined above forms a monotone
PBE in the game where T" > N whose equilibrium outcome equals the allocation defined in

Section 2.

First note that, on the equilibrium path, if n, = n;y; for some ¢ then the equality will
continue to hold until ¢ = T". Since n, is monotonely decreasing and 7" > N, the equilibrium
outcome is indeed m(#) except for profiles with some agent whose type equal the cutoff types

Second, we check there is no incentive to deviate for any given history. Suppose A’ is

a history where player ¢ hasn’t deviated before. There are two kinds of deviations, one is
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to deviate in a way that the player himself’s history is consistent. This kind of deviation
is not profitable because m(6) is dominant strategy incentive compatible. Another kind of
deviation is to deviate in a way such that h! is inconsistent-jumping from 0 to 1 at some
period. In player ¢’s belief, for players who haven’t deviated yet, this drives down their
contribution since they now treat ¢ the same as the lowest type. For players who have
deviated, player ¢ already believes them be the lowest type. Hence overall the continuation
expected payoff also decreases. Suppose h! is a history where player 7 has deviated before.
Suppose hf is consistent. Then player i has either delayed refund or refunded earlier than
the prescribed strategy. In the first case since n; is not larger than his cutoff number, he
should follow the prescribed strategy and quite in the next period. In the second case, the
remaining players already believed that he will not contribute, he should again follow the
prescribed strategy. Suppose h! is inconsistent, then again his future actions will not affect
others’ actions, and he should again follow the prescribed strategy, that is, to contribute

whenever 6; > 0(n,) as if there are n, players who’s going to contribute. O

Remark 6. To show the PBE just constructed is sequential, consider the sequence of com-

pletely mixed strategies indexed by € > 0:

1 with prob1—¢, 6> é(nt_l)
m'(0,h"") = ¢ 1 with prob €2, 9~(N -1 <0< é(nt_l)
1 with prob e, 0 < é(N —1)

2.4 The Continuum Choice Model

In binary models, cheap talk is useful as it avoids mis-coordination and the free riding

problem is assumed away, because when one contributes 0 one gets nothing.

With multiple contribution levels, free riding problem kicks in and this turns out to

undermine the usefulness of cheap talk entirely.

Intuitively, if the strict FOSD lemma holds, agents have an incentive to induce others
to contribute more by making a high contribution in the first period, and switching back

to a lower level m! while free riding others’ high contributions. This argument is vividly
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illustrated in a two period binary type model.

2.4.1 The Environment

We illustrate the phenomena within a simplified setting. 2 agents contribute jointly to a
project over 2 periods. Contribution decision is continuous for each agent: m; € M = [0, ]

for some m < oco. The utility function and production function are the same as before.

The set of uncertainty is 0; € {0,060y} for i = 1,2 with prior f(6;) = p. Since there are

two types, we modify A2 to

Assumption 3. For each 6 € {0y,0.} and each m_; > 0, there exists m; > 0 such that
g(mi,m_;,0) —m; >0

In addition, we also assume strict concavity of g with respect to m;:

Assumption 4. g(m;, m_;,0) is strictly concave in m; for all m_; > 0 and all 6.

2.4.2 Contribution Game With Cheap Talk

We now show that free riding completely eliminates the advantage of cheap talk. Consider
a two stage model with cheap talk in which A; = [0,m]°. Tt is equivalent to adopt a binary

message space, since there are only two types.

Lemma 2.5. Assume A1,A3,A4. Tn any symmetric PBE where m?(h;, h_;,05) > m2(h;, h_;,0r)
for all history h on the equilibrium path, then for all 4, the posterior p;(6;|m;) must be the

same as the prior.

Proof. Suppose to the contrary that there exists such a symmetric PBE in which m; (H) #
m;(L). Suppose player i is of type L and m}(6;) < m}(fg). Then conditional on m; =

)

mj(0r) player j in the beginning of the second period believes player i is of low type with

6Tt is completely fine to use a binary set for cheap talk since there are only two types. The currently
presentation is more consistent with the comparison to games with commitment.
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probability one. Then in equilibrium m?(mi, 6;) satisfies

m;(m; (0r),0;) € argmax g(my, mg(m;(0;),01),0;) — m;.

Let m;(H) = m3(m;(01),0n), mj(L) = m3(m;(fr),0.). Then player i’s expected utility

given by the proposed equilibrium is

pmax(g(m;, m;(H),0.) —m;) + (1 — p) max(g(m;, m;(L),01) —m;). (2.12)

mi m;

Consider a deviation of type 6, player i to m}(6g). Then j’s belief in the beginning of

period 2 will be that player 7 is of high type with probability one. Thus m?(m;,6;) satisfies
m3(m;(0g),0;) € arg max g(m;, m?(m;(0;),0u),0;) —m;.

Let m;(H) = m3(m;(0n),0u), m3(L) = m3(mi(0n),0r). Since by assumption second
period action is monotone in type, m?(mj, 0g) > m?(m;, 61). Since player i are now expected
to take a higher action after his deviation to m;(H), it follows from Al, A3 and A4 that
m;(H) >m;(H) and m;(L)" > m;(L).

But then player ¢’s expected payoff in the beginning of period 1 is

pmax(g;(m;,m;(H)',0r) —m;) + (1 — p) max(g;(m;, m;(L),0L) — m;), (2.13)

By A3, (2.13) is larger than (2.12).

This shows that the low type deviating to m}(H) is profitable, contradicting that the

proposed strategy profile is an equilibrium. O

The intuition behind this lemma is that the player always have incentive to pretend to

be the high type, so that he can free ride other player’s increased effort even if he is of low
type.

Theorem 2.5. Suppose A1,A3 A4. Then all symmetric PBEs of the cheap talk game have

the same equilibrium allocation as some BNE of the static contribution game.

Proof. By Lemma 2.5 every PBE {m!, m?} in which the on path period 2 contribution
is different is optimal when the belief is the prior, hence (mi(m',0g), mZ(m',0L))icq1,2)

constitutes a BNE.
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Suppose there exists a PBE such that both types contribute the same amount m in period
2 on the equilibrium path. If m € (0,7), then since g satisfies strict increasing difference in
(my, 0), together with A4 it implies m can not be a best response to 0r, 0y simultaneously,

a contradiction. Hence it is only possible that m € {0,m}. But then
g(m,m,0) —m > g(m’,m,0) —m/

for all m’ € [0,m], implying that (mg,mr) = (m,m) for i = 1,2 also constitutes a BNE for

the static game. O

2.4.3 Contribution Game With Commitment

Previous section shows that cheap talk does not convey any information when the action
set is a continuum. On the other hand, if signalling is costly, high type can then credibly
signal that he is high type by commit to contribute, and this induces low type to contribute
in corresponding periods. We now give such an example in which efficiency improves over
the equilibrium in the cheap talk game, which is the BNE in the one shot game without

communication.
Take M = [0,9], © = {0.5,8} and g(my,ma,0) = Om{>m3>. Probability of low type is
p = 0.5. One can verify that the setting satisfies Theorem 2.5.

The BNEs of the static game includes (my, mg) = (0,0), and another equilibrium with

positive contribution:

plr  1—p ?
me= (15 + o)

1— )0\
my = (g(&LQH)1/2_|_ %)

Figure 1 gives the non-zero PBE allocation and its social welfare of the game with cheap
talk , which is simply that of the static game by Theorem 2.5. The ex-ante social surplus is
roughly

SW = 1/4(—25/64 + 425/64 4+ 425/64 + 350/4) ~ 25

In what follows we construct a PBE in the contribution game without cheap talk that
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QL 9H HL eH

0r | (5/8)%(5/8)% | (5/8)%(5/2)? O, | —25/64 | 425/64
O | (5/2)2,(5/8)* | (5/2)% (5/2)? Oy | 425/64 350/4
BNE Social Welfare

Figure 2.1: Cheap Talk

ex-ante dominates the BNE of the one-shot game. Before we start, note that since the action
set is a continuum, unlike the binary case where the agent becomes inactive once he decides
to contribute, an agent may split his contribution over two periods. To have a parallel
comparison to Section 2.3.2 we assume once a player chooses to contribute m; > 0 in the
first period he becomes inactive. We can allow players to splic contributions over multiple

periods and obtain a similar construction, with the sacrifice of becoming more notationally

involved.

Consider the following strategy profile.

% 1 0
m2(0r, m;,mt;) = 4
0 m; >0
m; (0r) =9
0 ifm{ >0orm', =0

szwH? m}7 ml—z> = 02
max{9, Zm_;} else

The belief is given by the the posterior p such that

That is, whenever a player does not commit to contribute 9 initially, he is believed to be the
low type. The belief does not matter since a player who already contributes is inactive by

the assumption of the model.

This is a profile in which the high type commits to contribute in advance. Low type

follows to contribute whenever he observes a commitment to contribute.
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To check it is PBE, first note that the low type’s equilibrium payoff is

3 9 9

If the low type deviates to m; > 0, he gets

1/2
U(mg: 0) = 0.5(0.5m,”? x %) +0.5(0.5 x m}ﬂ X 3) —my

Solving FOC, we see the optimal deviation is m} = (2/5)? which yields a payoff of

Hence low type will not deviate in the first stage. The second stage actions are already best

responses for the given history so he will not deviate either.

Secondly, note that the high type’s equilibrium payoff is
1
U(@H):O.5><8><3><Z+O.5><8><3><3—9:30

If he deviates to m;, he gets

1/2

U(mi; ) = 0.5(8 x m*/? x m ) +0.5(8 x mY? x 3) —m = 12m!/?,

hence choosing m = 9 is best response.

The allocation on the equilibrium path and social welfare is then The ex-ante social

QL QH 6)L QH
0r. 0,0 9/16,9 0r, 0 18
Oy |9,16/9 9,9 O | 18 | 126
BNE Social Welfare

Figure 2.2: No Cheap Talk

surplus is roughly

SW =1/4(0 4 18 + 18 + 126) = 40.5

There is a significant increase in social welfare if the signalling is costly.
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2.5 Conclusion

This paper shows that for production functions with increasing differences, when contribution
choices are binary it may be more efficient to have multiple stages of cheap talk rather than
commited contribution. However, if contribution choices are not binary, incentives to free
ride can become so severe that equilibria in games with cheap talk do not convey information.

In this situation, multiple rounds of committed contribution helps to improve efficiency.

A large amount of dynamic contribution games we encounter in daily life are in the form
of crowdfunding projects, and many of which allow people to withdraw or change contribu-
tion levels over time. On a normative side, allowing contributors to withdraw is argued as
necessary for consumer protection, but our paper identifies situations that, in a social welfare
perspective, such regulation may not be optimal. However, different projects have different
production functions and different value structure(private, common, interdependent), it is
of interest to further explore the differences of the two regimes and its welfare implications

in those environments.

71



CHAPTER 3

Belief-Preserving Morphism and Bayes Nash

Equilibrium

3.1 Introduction

Ever since Harsanyi’s type space model become the foundation of incomplete information
games, it has been asked what kind of type space is rich enough to capture certain solution
concepts. For correlated rationalizable actions, it has been shown in Dekel,Fudenberg, and
Morris| , |(DFM 2006,2007) that two types have the same #-hierarchy if and
only if they have the same interim correlated rationalizable actions across all games, so the
Mertens-Zamir universal type space is the universal space for correlated rationalizability. For
independent rationalizable actions, it has been shown in Ely and Peski| |(EP2006) that
two types have the same A-hierarchy if and only if they have the same interim independent
rationalizable actions across all games, so the universal space over conditional beliefs is the
universal space for independent rationalizability, which is larger than the space of infinite

hierarchy of beliefs.

Our paper provides a characterization to the above type of questions when the solution
concept is Bayes Nash equilibrium. Sadzik]| | provided such a characterization for Polish
type spaces, which states that two types have the same BNE across all games if and only
if they have the same X-hierarchies. Our characterization, for countable type spaces, is in

terms of a well-known concept: a type t; in some type space T has the same equilibrium

IThis chapter is co-authored with Ichiro Obara.
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actions as some other type t. in some other type space 7" across all games if and only
if T and T" are identical. More precisely, there exists an injective belief preserving map
from some subset of T' containing ¢;, to 7" that maps ¢; to t;. This condition has a direct
game theoretical appeal: same BNE behavior for any two types from different type spaces
is guaranteed if and only the type spaces containing the two types are identical, not just
that they have the same 6 hierarchy or A-hierarchy. So for Bayes Nash equilibrium, the
interpretation is that all the information carried by a type in a type space is indispensable,
in the sense that once the type space is mapped into a smaller one there will exists a game

such that the equilibrium prediction is different.

We provide a direct proof using scoring rules and relatively elementary mathematical
tools. It is a full characterization, which includes the case 1.the set of BNE actions of one
type is contained in that of another(which is covered in Sadzik’s paper), and the case 2.when
the two types have exactly the same set of BNE actions across all games. Finally, we apply
our characterization to show the non existence of universal type spaces for BNE, we then
weaken the conditions for universality and construct a universal space for BNE under these

weaker requirements(compared to parallel requirements for rationalizability).

Related Literature Type space characterization of other solution concepts than BNE is
treated in DFM(2006,2007)] , |, EP2006] ]. A characterization for BNE is
in Sadzik| |. Bergemann and Morris| | uses scoring rule to demonstrate a similar
result to ours for correlated BNE. What they achieved is a ranking of finite information
structures, according to when the set of correlated BNE of one information structure is
contained in that of another, for all finite games. This constitutes one direction of our
Theorem 3.1. Our result holds for countable spaces and provides a more complete ordering:

when two type spaces have the same BNE across all finite games, they are identical.

3.2 Example

In this section we represent type spaces graphically in terms of Aumann style information

structures, and illustrate the implications of these ”different” type spaces to solution con-
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cepts of interest. In sum, we construct four type spaces, in which types have the same
f-hierarchy, and types from three out of the four spaces have the same A-hierarchy, which is
the hierarchies on conditional beliefs(conditioning on knowing the opponent’s type) about ©.
These type spaces are shown to be ”different” in the sense that for any two type spaces there
always exists some game such that the BNE on the two type spaces are different. However,
it is also shown that the set of BNE actions of one of the type space is a superset of another
type space for all games. The structural dissimilarity or similarity that makes the examples

so is a consequence of Theorem 1.

Consider players 1 and 2. Fix the set of payoff uncertainty to be © = {—1, 1} throughout.

Player 1’s partitions are drawn using solid lines and Player 2’s are drawn with dashed lines.

0={-1,1}
Player 1 —
Player 2 ------

T1

Figure 3.1: Type Spaces

Each of the information partition, when equipped with uniform prior, represents a type

space. Each cell is a type. For example, T" is the following type space:
1 1
Ti={ti} hi(t) (1, 1-) = halts) (=1, 1) = o,
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and T2 is the following type space:

T = {1

1 42

177

hi(tb(l» tl—z) = hi(tz'l)<_1> tQ—z)

hi(t?>(17t2—z’) = hi(t?)(_Ltl—i) =

N =N =

T',T? are simply the example discussed in the literature, while 73, T* are extensions.

All types in the four type spaces have the same 6-hierarchy: all types believe that prob-

ability that # = 1 is 0.5, believe that the opponent believe the probability that 8 = 1 is

0.5, and so forth. Furthermore, the types in 7?2 through T induces the same A-hierarchy

as defined in Ely and Peski(2006). However, all of the type spaces differ in the sense that

no two of them have the same Nash equilibrium prediction across all games. Consider the

following two player game of incomplete information, denoted by G.

ai

C1

(05} b2 Co
1,1 ~10,—10 | —10,0
~10,-10 1,1 ~10,0
0,10 0, —10 0,0
6=1

3.2.1 Equilibrium Analysis

e The game (Gy,T")

a1

C1

Figure 3.2: G,

a9 b2 (&)
~10,-10 1,1 ~10,0
1,1 ~10,—10 | —10,0
0,-10 0,10 0,0
6=—1

The only Nash equilibrium strategy profile is (c1, ¢3).

To see this, note that when player 2 chooses ay with probability ¢, the maximum

expected utility over ¢ for player 1 to choose a; or by is less than zero. So (cy,cs) is

the only mutual best response.

e The game (G4,T?)
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While the 6-hierarchy implied by T2 over © is the same as that of T, the set of Bayes

Nash equilibria actions now includes a;, b; in addition to ¢;.

To see this, consider the strategy that ¢ plays a;, t7 plays b; , and that ¢ plays as,
t2 plays by. The expected utility for ¢ to play a; is given by 0.5(1) + 0.5(1) = 1 > 0.
This is because ¢} believes with probability 1/2 that § = 1 and player 2 is type t3(thus
is going to play ay), with probability 1/2 that # = —1 and player 2 is type t3(thus
is going to play by). Similarly the expected utility for ¢ to play b, is 1. Hence the

strategy defines a mutual best response for each type.

The game (G, T?)

While a;, b; remain independently rationalizable as in (G, T?), the only Nash equilib-

rium strategy profile is (cq, ¢2).

To see this, suppose there exists a Nash equilibrium in which ¢} plays a; with positive
probability. Then the expected utility a; yields must be higher than that of ¢;, which
is zero. Let t} play ay with probability ¢, and 3 play b, with probability ¢». For a;

to be a best response for ¢ requires
0.5(qr = 10(1 = q1)) + 0.5(¢> — 10(1 = g2)) = 0,

which implies ¢ + g2 > 20/11, hence ¢; > 0 and ¢y > 0.

Let t1 plays a; with probability p;, t2 plays by with probability po, 3 plays b; with
probability p;. Reason as above, for as to be a best response for ¢}, we need p; + py >

20/11. For by to be a best response for t3, we need p; + ps > 20/11.

However, this implies that ¢ will strictly prefer to play ¢y, since with 1/2 probability
he will get at least —90/11 if he plays either as or by. This contradicts g; > 0. This

will result to that only (c1, ¢2) is played in equilibrium.

The game (G, T?)

The set of Bayes Nash equilibria actions now again includes a;, b; in addition to ¢;. To

see this, simply replicate what each players do in 7 in their opposing partitions.
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The argument used for (Gy,T*) applies to arbitrary games. That is, across games, T
possesses all the equilibrium actions that 7?2 possesses. Does this mean that 7% and 7% are
identical in the sense that they yield the same prediction in Nash equilibrium across different

games? The answer is negative. Consider the game G5 in Figure 3.3.

as by Co dsy €2
a | —10,—10 1,1 ~10,—10 | —=10,—10 | —10,0
by | —10,—10 | —10,—10 | 1,1 | —10,—10 | —10,0
¢, | 10,10 | —10,—10 | —10,—10 | 1.1 ~10,0
dy 1,1 ~10,-10 | —=10,—10 | —=10,—10 | —10,0
e1 0,—10 0,—10 0,—10 0,—10 0,0
=1
ay by Co ds €2
aq 1,1 -10,—-10 | —10,—10 | —10,-10 —10,0
by | —10,—10 1,1 —-10,—-10 | —10,—-10 —10,0
¢ | —10,—10 | =10, —10 1,1 ~10,—10 | —10,0
dy | =10,—10 | =10,—10 | =10, 10 1,1 ~10,0
€1 0,—10 0,—10 0,—10 0,—10 0,0
6= -1

e The game (G2, T})

Figure 3.3: Go

Every can be supported as Nash equilibrium.

To see this, note that the strategy that player 2 plays by, ¢z, da, ay for types t3,t3,t3, t2

respectively and player 1 plays ay, by, c1, d; for types t1, 2 13,1} is a NE in T

e The game (Go,T3)

The only Nash equilibrium action of Gy in T? is (eq, ea).
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G1 G2
Type Space R$ BNES RY BNES

Tt c c - -
T2 ab,c abc abecde e
T3 a,b,c c - -
T4 a,b,c abc abecde abcde

Table 3.1: Summary of example

To see this, suppose that type ¢t} plays a; with probability p; > 0. Suppose t} plays by
with probability ¢; and #3 plays ay with probability ¢go. That a; is a best response for
t1 implies q; + g2 > 20/11, so g1, 2 > 0. Suppose t? plays b; with probability p, and
a; with probability ps. For by, as to be best responses for t,13 respectively, we need
p1+p2 > 20/11 and p; +p3 > 20/11, which leads to po+ps > 1, an impossibility. Hence
there exists no Bayes Nash equilibrium in which ¢} plays a; with positive probability.

Other cases are argued symmetrically.

The above discussions are summarized in Table 3.1. The notation R$ denotes the set of
rationalizable actions in a given type space in the game G, BNES similarly defined. The

player index to the actions are omitted for notational simplicity.

3.3 The Model

A type space over a finite set © is a tuple (71,75, hy, he) where each T; is measurable, h;
a Borel measurable function from 7; to A(© x T_;), where A(A) denotes the set of Borel
measures on the set A. A type space is Polish if 7" is also a Polish space. We often simply

denote by T the type space and leave the associating h;’s implicit.
Given a type space T, say S; C T;, i = 1,2, is a belief closed subspace of T; if for all 7, S;

is Borel measurable and s; € S;,

hl(Sl)(@ X S—z) =1.
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Given two type spaces T, T" and a measurable map ¢ = (¢1,¢2) : Th X To = T] x Ts. ¢

is belief-preserving from T to 7" if
ni(¢(t:)) = ha(t;) o ¢~ (3.1)

on all Borel sets A € A(© x T",), for i € {1,2}, where ¢; = (ide, ¢;) : © x T; — © x TV.
Let t; € T}, denote by T the smallest belief closed subspace of T' that contains ;.

A game form is a tuple G = (Ay, Ay, ui(ay, as, 0), us(ay, as,0)) with u; : A1 x Ay x© — R.
G is called finite if each A; is finite.

A tuple (G,T) is called a game with incomplete information. A pure strategy is a
measurable function s; : T; — A;. Given T' € T(0), a pure strategy profile (sq, s9) is a Nash

equilibrium if for all ¢, all ¢;, all a; € A;,
/U,Z(Sl(tz), S_i(t_i), Q)dh(tl) Z /ui(ai, S_i(ti), Q)dh(tl)
Let

BNES(t;) = {a; € A; : there exists a pure NE {s;(t;)} with a; = s;(t;)}

3.4 Characterization of Bayes Nash Equilibrium In Terms of Type

Space Structure

In this section we prove the characterization result for Bayes Nash Equilibrium.?

First we summarize some of the useful properties of type spaces that follow from the

definition.

Lemma 3.1. Given two type spaces T,T". Suppose that ¢ : T"— T" is a bimeasurable and
injective belief preserving map, and that ¢;(¢;) = t; for some i,t;,t;. Then ¢(T') is a belief

closed subspace of T" that contains #;, and ¢! is a belief-preserving map from ¢(7') to T.

2If we include mixed strategies in the definition of BNE$(t), our results hold with the additional as-
sumption that in each type space (T, h), h is injective. See Remark 1.
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Proof. First we show that {¢(T)} constitutes a belief closed subspace of 7" containing ¢/.
For player j € {1,2}, Let t; € ¢;(T}). Let t; € T; be such that ¢;(t;) = t;. Since ¢ is

bimeasurable, ¢_;(7_;) is Borel measurable. Then

R (E5)(0 x ¢_i(T-;)) = hj(¢;(t;))(O x ¢_i(T_;))
= hi(t;)(© x ¢_;(0_;(T-;))
> hy(t;)(© xT_;) =1
The second equality follows from that ¢ is belief preserving. Hence ¢, (T;’) is belief-closed.
Also note that t, € ¢;(T;).

To show ¢! constitutes a belief preserving map from ¢(T) to T, note that for all t €
o(T;) with ¢ (1)) = t;,
Hi(t5) © &5 = W((t;)) © &
= hy(t;) 065" 0 g,
= hy(t;) = hy(¢;'(£))),

<

where the second equality follows by ¢ is belief preserving, and the third follows by injectivity
of ¢, which implies that ggj_l o éj = 1id. O] [

We summarize our first main result in the following theorem.

Theorem 3.1. Given two countable type spaces T,T". Let t € Tt C T, t' € T"" C T, where

T* is the smallest belief closed subspace of T' containing ¢ and similar for 7. Then
BNES(t) = BNESG(t') ¥ finite G
if and only if

there exists a bijective belief-preserving map ¢ : T" — T" with ot) =t

We break down the proof into several statements, from Lemma 3.2 to Lemma 3.4. The
if part of Theorem 3.1 is given in Lemma 3.2, which is proved via a standard and straight-

forward argument and is stronger than what Theorem 3.1 states.
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Lemma 3.2 (Sufficiency). Given two type spaces T,T" and t; € T;,t; € T!. Suppose that

there exists a belief preserving map ¢ from 7" to 7" with ¢(¢;) = t}, then

BNES,(t)) ¢ BNES(t;). (3.2)
for all G. Furthermore, suppose ¢ is bimeasurable and injective, then

BNEg(t;) = BNEG(t;) (3.3)
for all game G.

Proof. The implication (3.2) is Friedenberg and Meier| ]’s Proposition 4.1.°

To show (3.3), observe that
BNES(t;)) C BNEZ(t;) C BNEg 1 (t;)

where the first inclusion follows from (3.2), the second from applying (3.2) to ¢(T") and T,
since by injectivity of ¢ Lemma 1 implies ¢~ is a belief preserving map from ¢(7) to T with
ot = t;. O

Intuitively, if there exists a belief preserving map ¢ from type space T to T”, then a type
t € T can mimic the equilibrium behavior of type in 7" by ”pretending” that their types
are ¢(t) € T'. Tt might be that the space T is richer than T", in the sense that for some
games types in T captures more equilibrium actions than types in 77, just like ISy and 1.5,

in the example shows, but the existence of belief preserving morphism means types in 1" can

always discard some information to make itself look like 7".

The universal type space over O, U, has the property that for every ©-based type space
T, there exists a belief preserving mapping from 7" to U. According to Theorem 3.1, types in
T can capture the equilibrium actions played by their corresponding types in U, but types
in 7" may have more equilibrium action for some game . The usage of universal type space
as the type space for incomplete information game to predict the equilibrium action of some

type from some type space therefore implies possibly strictly less predictions.

3The central question investigated in Friedenberg and Meier| ] is the characterization of the condi-
tions under which (3.3) will hold. (3.3) also follows from Lemma 1 and their Corollary 6.1.
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Lemma 3.3 (Necessity,Part 1). Suppose T,7" € T(©) are countable. Let ¢; € T; and

t. € T!. Suppose
BNES(t)) ¢ BNES(t) (3.4)

for all finite game form G, then there exists a belief preserving map ¢ : T% — T’ with
oi(t;) = ..
Proof. Without loss of generality, assume T = T".
First we define a sequence of collections of finite subsets of ©, T}, j = i, —i as follows.
e For each n = 1,2,3,..., define f;k(n) C T}, k=1,.,n, j = i,—i that satisfy the
following properties.
- T/ (n) = {t;}.

— For any k= 1,....,n, (1) hj(t}) <fif> > =L for every t; € ﬁ/k(n) and (2) for any
t, € fif, there exists t; € ﬁ'k(n) such that Rj(t]) () > 0.

— For any k = 2,...,n, (1) h_,(t",) (T\z’k> > =1 for every t_; € T (n) and (2)
for any ¢, € T there exists ¢’ , € 7" (n) such that h’_,(t",) (}) > 0.

Lk Ak . .
— T;%(n) C Ty (n + 1) for any n > k for any j =i, —i and k.
e O(n) c O(n+1) for any n > 1 and U, O(n) = O.

Intuitively {f;k(n), k=1,...n,7 =1, —i} is a finite approximation of the set of types

that are relevant to type t,’s 2n — 1th order beliefs. We note that, if ¢; is in fl/k(n) and

hi(t;)(t;) > £, then ¢, must be in fif(n) (a similar condition holds for player —i). Let

T\J’(n) =Ur_, f;k(n) for j =i, —i, which is still a finite set.
For each n, define a function ¢™ on 7" as follows.
o o (t}) =t for t; € Ti(n), j = i, —i.
o o (t) = e, for any t; € Tj’/fj’(n), J=1,—i.
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Similarly define a function v” on © as follows.
e 7" (0) =0 for § @)(n)
e 7" (#) = e for any 6 € ©/0(n).

For each n, let T} (n) '(n)U{e;} for j =i, —iand ©(n) := O(n)u{e}. For each t. e j\}’

=T
j
let ﬁ?(t;) = W (t))o (v, 0")) ! which is type t’s belief on finite set (O(n) x T” ;(n)), which

is generated from (h;-, A", Jﬁj).
Now consider the following finite game G(n,¢) for each n and € > 0.

e Actions: Aj(n,e) = T)(n)xBj(n,e) for j =i, —i, where Bj(n,e) € A (0(n) x T” ;(n))
is a large finite set of beliefs such that (1) it includes ﬁ? () for every t € 'ZA’J’(n) and
(2) it is an € net of A (6(n) x 1" ;(n)) for some ¢ > 0. Thus player j announces his
type (or e;) and his belief on ©(n) xT” ;(n). Player j's pure strategy is ¢; : T — A;(n)

for j =i, —i.
e Payoffs:

— If player j announces t € fj’(n), but did not announce ﬁ’; (t;), then his payoff is

—0OQ.

— If player j either announces t;» € ’_ZA} and /f;;l (t;) or e; and any p; € Bj(n,e),
then player j’s payoff is computed according to a strictly proper scoring rule
v (ps, (0,1;)), where p; € A (O(n) x T’ ;(n)) is the belief announced by j and

0 is a realized state and t”_; is a type announced by player —j A

Note also that without loss, we assume the expected utility Ey[v;(p;, (0,1 ;))],
where h is the probability with respect to which the expected value is computed,
is constructed to be continuous in (b, p;). This can be achieved by the quadratic

scoring rule following Definition 1.

4Note that a type t~; with belief E”(t;) for some ¢t} (# tN;) € 'i‘;(n) is indifferent between (t;,ﬁ"(t;)) and

(ej,ﬁ" (t7)). So we can extract correct types in some equilibrium even if they share the same belief.

83



The argument will proceed by showing the following : For each n,e > 0,

Claim 1 There exists a pure strategy BNE s’ in the incomplete information game (G(n,€),T")
in which s’(t}) = (t},ﬁ"(t;)) whenever ¢ € fj(n), and s(t}) = (ej, p;) for some p; € B(n,¢)
it £/ ¢ Tj(n).

Proof: Consider any player j and any type t’. Suppose the other —j adopts the above
given strategy that ”truthfully” reports their types. Suppose t} € ﬁ’(n) Then the equilib-
rium belief t; has on the distribution of strategies played by his opponent and the realization

of 0 then satisfies
! (4 n n \—1 ~ ’
Ri(#) o (v 0) = hy(t) (3.5)

Since v; is a strictly proper scoring rule, reporting (t;,ﬁj (t;)) is the (unique)best response
of ¢;. Suppose t; € TJ’\T\]’ (n). His equilibrium belief is again given by (7). Then his best

response is (e;, p;) where

p; € arg max Eyfv;(p, (6,1 ))].
PEB(n,e)

Claim 2 There exists a pure strategy BNE ¢(n,€) of the incomplete information game
(G(n,€), T) such that ¢;(n, €)(t;) = (t}, A"(})).
Proof: This follows from Claim 1 and the assumption that BNES,(t)) C BNE$(t;) for

any finite game G.

Claim 3 Let ¢'(n,e) : T — T’(n) be the first component of ¢(n,e). For any ¥ — 0,
{¢'(n,€*)} has a point-wise convergent subsequence, with limit denoted by ¢'*(n). Further-

more, for every t; € T; such that ¢'*(n)(t;) € Ty(n),

1

R (n)(t5)) = hy(t;) o (v, 67 (n)) .

Proof: Since 7"(n) is finite and T is countable, a diagonal argument shows the ex-
istence of point-wise convergent subsequence. Without loss of generality let ¢'*(n) =

limg o0 @' (n, €F).
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Let § > 0 be given and that ¢1*(n)(t-) =1, € T;(n). Since T7(n) is finite, there exists K,
such that for all k > K, ¢'(n,e*)(t;) = ". By the construction of payoffs and that ¢(n, )
is best response ¢(n, €*)(t;) = (t}, h"(t )) for all k& > K.

Suppose there exists a subsequence € such that

d(hn(t)), h(t;) o (7", 6" (n, &) 71) > 6,

where d(-,-) is an appropriate metric on the space of probability measures over some count-
able set. Since €*m — 0 and B(n, ") is an ¢*m-net, for each m there exists p™ € B(n, e*)

such that
lim d(p™, h(t;) o (7",¢1(n, ekm))_l):O.

m—sc0
Let v*(m) be the expected utility of ¢; when he reports (e;, p™), let v(m) be the expected
utility of ¢; when he reports (t;,fl”(t;)) Since the expected utility Fy[v;(p;, (0,t;))] is
continuous in (b,p;), and v; is a strictly proper scoring rule, there exists ' > 0 and some
M > 0 such that for all m > M, v*(m) — ¢ > v(m). This contradicts that the equilibrium
action is ¢(n, €¥)(t;) = (t;,ﬁ"(t;)) for all k& > K;. Hence there exists K > K; such that

whenever k > K,
d(hm (), h(t;) o (7", ¢ (n, ) ™) < 6.

Since ¢ is arbitrary,
—1

W (t;) = h(t;) o (v", 0" ()
Claim 4 There exists a convergent subsequence of {¢*'(n)} with limit ¢*! : T — T"%.

Proof: Take any t¢; € T?i Then there exists n’ and a sequence t;, %, &3, . .. ,t}" such
that h;(t;)(t%;) > 0,h_;(t%,)(t3) > O,...,h,j(tﬁj’l)(t?) > 0. Let n > 0 be the smallest
probability along this sequence. Pick N such that % < n. For every n > N, we have

n * * -1 * 1

R (62 () (1)) = halts) ((62) 7 (6(E) ) 2halt)(E2) > -

By construction of T'(n), AT (t))(t";) > ~ implies ¢, € T"}(n) for n > N. Hence ¢*L(n)(2,)

must be included in fill(N ) for any » > N. Similarly, by induction, we can show that

¢ (n)(t3) € T/*(N),..., and @5 (n)(t;) € fj’k(n) for some k for every n > N. Since i’(N)
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is a finite set, there exists a convergent subsequence of ¢3'(n)(t;) that converges to some
point in T}’(N ). This implies that, since T% is countable, the standard diagonal argument

guarantees a convergent subsequence of ¢*!(n) with some well-defined limit ¢*! : T% — T"%.

Claim 5 ¢*! : T — T"% is a belief-preserving morphism between (T, k) and (T"%, 1) that

maps ¢; to t;. That is, for all ¢; € T,
. sl —1
R (05 (1)) = hy(ty) o (id, 7). (3.6)

Proof: By Claim 4, with out of loss, let ¢*! = lim,,_, ¢*'(n). Let ¢; € T}'. By construc-
tion of ©(n) and 4™, lim,,_, ¥ = id, where id : © — O is the identity mapping. Hence

lim d(hy(t;) o (v, ¢*L(n)) % hy(t))(id, ¢*;) ) = 0°

n—oo

Fix any t; € T;. By the proof of Claim 4, there exists N such for all n > N, ¢*(n)(t;) €
T]{ (n), so that the condition in Claim 3 is satisfied. By Claim 3, it then suffices to show that

lim d(R (7' (n)(t)), W67 (1)) = 0. (3.7)

n—o0

By definition of ﬁ;‘, forn > N,

(@3 (n)(15)) = B (65 (n)(t5)) 0 (v, 0™)) !

Since 7" tends to id and 0", tends to id™ : T' — T’ by construction of 7"(n), (9) thus holds.

Since t; is arbitrary, (8) is proved, as well this lemma. O

The idea is to construct a game using strict scoring rules(defined in the Appendix) as the
utility. The scoring rule asks each player to report a type in 77 and a belief over A(© x T",).
When this game is played with respect to the type space 1" truthful reporting is a Bayes
Nash equilibrium. By assumption there exists an equilibrium of the same game played with
respect to the type space T' such that ¢ also reports truthfully. A contagious argument shows
that the reason why ¢ reports truthfully is that he thinks correctly that the —i types within

his belief’s support will also report truthfully, and so on. Truncating the strategy we get a

5The metric d is on the space A(© x (T U {e})).
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map from 7" to T”. We show that this map is the desired belief-preserving map. The general
proof of Theorem 2 is built on this idea and an approximation argument because we only

use finite games.

Note that the existence of belief preserving map from T to T is not guaranteed. For
example 7' may be a union of two belief closed spaces T% U T?, with t; € T!, and T?
totally different from 7”(so no belief preserving maps from T2 to T” exists). Since the notion
BN ES(t;) is local, what this T looks like does not affect equilibrium actions of types outside

it.
Remark 7. The restriction to pure strategies is essential. Consider the following example:

Define two type spaces (T, h'), (S, h®) where

T, = {t%vt%}vTZ = {té}v h’t(t;)@}) = 1/3

51 = {S%)S%}v Sy = {35}7 hs(sé)(si) = 1/2'

First observe that there does not exist a belief preserving morphism ¢ : S — T such
that ¢(s3) = ¢3. Consider any game G with action sets A;, Ay and any Nash equilbrium
((f1, f2),g) with respect to the type space T, where fi, fo € A(A;) are strategies used by
t1,t2 respectively, and g € A(Ay) is the strategy used by t1.(f1, f2, g can be either pure or

mixed.) Consider the following strategy profile used by (s}, s?) and s}

((;fl + %f%f?)ag)

Since type t? and ¢{ has the same preference on A; given a fixed g, 2/3f1 + 1/3f, is still a

best response to g. On the other hand, the distribution of actions type s faces is

12 1 1 1 2
§<§f1 + §f2) + §f2 = §f1 + §f27

which is the same as the distribution of actions faced by 3 in type space T. Hence g is a best
response for s} when type s) uses the possibly mized strategy 2/3f; + 1/3fo. This shows

that BNEG(t)) ¢ BNES (s}) if we allow a strategy profile to contain mixed strategies in
the definition of BN ES(t).
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What’s so special about the above simple counter example is that the type mapping
hy : Ty — A(© x Ty) is not injective. Assuming the type mappings of S, T are injective,
then Theorem 2 again holds when the definition of BNE$ accommodates mixed strategy
profiles. This assumption guarantees that when the utility function is a strictly proper
scoring rule, since the maximizer is unique, a type ¢ will not be indifferent to some t| # t,
since h'(t]) # h'(t,) hence we can guarantee the equilibrium strategy with s;(¢;) = (¢}, hi(t}))
is pure, so that s : T'— T" will be a BPM.

Our next step is to show that the converse of Lemma 2 holds: for countable space, there
exists an injective belief preserving map between the two types, which means that the type

spaces surrounding the two types looks exactly the same.

Lemma 3.4 (Necessity Part 2). Suppose T is countable and BN ES(t;) = BNES,(t.) for
every finite game G, then there exists a bijective belief-preserving morphism between T

'
and T"%.

Proof. By Lemma 3, there exists belief preserving morphism ¢ : T% — T’ and ¢ : T"% — T.

We will show that ¢ is bijective. Lemma 1 together with onto-ness implies 7" = ¢(T%).

The proof is broken down to two steps.

Step 1 For each j € {i,—i} and k > 1, ¢ is one-to-one on T} and ¢(T}) = T}".

We will use induction to show that this holds. First consider k = 1. When j =4, T} = {t;}

is a singleton so it’s trivial. For j = —i, suppose not. Say

3t', € T', such that ¢~ () = {t*,, .., t",} C T ,,n > 2. (3.8)

Since ¢ is belief preserving, this implies
R () (EL) = ha(t) ({tL,, - t2}) > mgx{hi(tz‘)(tlii)} (3.9)

The inequality is strict because n > 2,t*, € T, and elements in the support of a discrete

measure has positive probability.
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Claim 1. There does not exist a composition map of arbitrary length v = o¢o... o9 such
that y(t1,) € {t',, ..., t",}.
Proof When v = 1, having ¢ (t},) = t*, for some k would imply, since 1 is belief-

preserving, that
hi(t)(v(8L5)) = Ri(t]) o w7 (2,) = hi(t)(2L,), (3.10)
contradicting (11). Suppose v = v o ¢ o 9)(t*,) = t*, for some k = 1, ...,n, then
hi(t)(t2,) 2 Bit) (@ 09 (EL)) = hi(ti) 0 67 P 0 W (EL)) = hi(t) (L (D)) = hi(t)(E27),
(3.11)
again contradicting (11), where we alternatingly use the fact that ¢, are belief preserving
maps. This argument can be seen to apply to « of arbitrary length, proving Claim 1.
According to Claim 1, ¢(#*;) = t"' € T, and t"}' # t*, for k = 1,...,n. Moreover,
(10) implies ¢(t" ) = #2, # t*,. Claim 1 implies (£2,) = t"1> # t*, for k = 1,..,n + 1.5

Continue this process, we obtain an infinite sequence of distinct elements {t*,} C T,

m
-1

Moreover, for each t™ with m > n, by construction there exists m — n ’s such that

th. =1 ogo..op(t,). Thus the same argument of (3) leads to

h(t) (7)) 2 hi(t)(EL,) > max{hi(t:) (")}
But then h;(t;)(TY) > hi(t;)({t*,}22,) = oo, a contradiction. Hence ¢ is injective when
restricted to T7,.

This shows that ¢ : 7", — T"% is one-to-one. To show onto, pick any t_; € T"%. Belief-
preserving implies
hi(ti) (671 (t2)) = hi(t)(t=i) > 0,
So ¢ H(t_y)NTY, # ¢.
To prove the general case, first the type mapping h; : T; — A(© x T_;) is generalized

and then an inductive argument can be applied. For k even, define

RE T — A(TF2(0 x Ty x © x T,)™)

ﬁn+2 — tn+1
—1i

6Claim is true from both side of the type spaces T,T’. When "7, use Claim 1 when v = ¢ to

get a contradiction, when tyj'fz =tk. k=1,...,n, use the claim wiht 7 = 1) 0 ¢ 0 ¢ to get a contradiction.
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as follows:
W) (01,8, oy Oros t177) = Bs(t) (01, ) X h_i(t2,) (02, 82) X ... x by (£2) (04, £17%)

For k odd, define h¥ : T, — A(© x T_; x T¥*-D2(0 x T; x © x T_;)™) similarly. Also,
for k even, define ¢ = (¢—s,d:)*", for k odd define o = (¢, (b, &_;)k71/2). The above
definitions also apply to the space T} and 1. Observe that the support of h¥(¢;) is a subset
of @ x T, x ... x O x Tik/2+1 for k even and T, x ... x © X Tgfl)ﬂ for k odd.

mn

Assume as the inductive hypothesis that ¢ is bijective when restricted to T}, T%,, ..., T™

We aim to show ¢ is bijective when restricted to 7"t
The first task is to show that for these generalized type mappings, the belief preserving

property holds. Then an argument similar to proving injectivity on 7", can be applied.

Claim 2. h2"(t)) = h2"(t;) o (¢*")~1. h2(t;) = h2"(t)) o (7)1,

Proof: Take any (81,25:1-1, ....,t:in,é’gn,ﬂnﬂ) € supp h?"(t}). By inductive hypothesis,
let tg‘? = (b‘l(t}k,j € {i,—i},k = 2,...,n be the unique element in Tf such that gzﬁ(tg‘?) = thk.

Then

W2 (S(0) Ot 0 )
R G()) 1,31 W) 0 1) e B () 020 )
=ha(ti)(01,81) X hoi(tL,) (02,67 (0, 1) X hy(t;) (an, £)

=h27(t;) o () (01, oo, 00, ).

The first and third equality is definition, the second one follows from ¢ is belief preserving.

A symmetric argument shows this applies to 7" as well. This proves Claim 2.

With a slight abuse of notation, let h?"(t;) denote the marginal measure on 7;"t*. Note
that supp h2"(t;) = T"". Suppose ¢ is not one-to-one when restricted to 7;**'. Then there

exists ; € T;"*! such that ¢~1(#;) = {t},...,t*}. Now the same argument in the first section

"Let f: X — Y be a function, then f*: X* — Y* is defined to be (21, ...,xx) — (f(1), ..., f(xx)), where
(71, .., xp) € TF_ | X = XF.
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of the proof applies and will produce a contradiction. Onto-ness is also proved in the same

way.®

Step 2 ¢ : U, TF — U, T is one-to-one and onto.
Ontoness follows from Step 1.

Suppose ¢ is not injective on T%. Say there exists some #; € T"% and m # n such
that gzﬁ_l(fil) {tm t7}, where t" € T/ " € TP and t" # t*. Since ¢(TF) = T/* for
k = m,n, we have t; € T"™ N T™. Hence h'2m D)) > 0, h/2(n Y(#) (&) > 0. Note
that t7* ¢ T and t ¢ T otherwise we will immediately reach a contradiction that ¢ is

one-to-one when restricted to 7" and T™. Hence A2V (;)(t7) = 0 and b2V (¢,)(t™) = 0.
Suppose ¥(t;) = 7, then

0= 2D () = WP ) (Em) = ROV > o,

which is a contradiction. Similarly, if ¥(#;) = ¢* there will also be a contradiction. Hence

there exists t¥ ¢ {t, ¢} such that o(f;) = ™. Since ¥(T/™) = T/ and ¢(T/") = TP,

th e TN T, Continue this process and argue as before, we obtain an infinite sequence of
distinct elements {t*} ¢ T N T
Now h?(m_l)(ti)(tfl) = h?(m_l)(t’») o~ I(th) > hf(m_l)(t’)( t) > 0, and the same argu-

ment shows that h?(m_l)(ti)(tkl) > h/2(m Y (t)(f) > 0. But then h’ m_l)(ti)(ﬂm) = 00, a

2

contradiction.

Since T% = U, T* and T"% = U, T"*, this concludes the proof. O

If we assume T is finite, the lemma follows from a straightforward argument:

By Theorem 2, there exists belief preserving maps ¢ : 7% — T" and ¢ : T"% — T. First
we claim that ¢(T%) = T"%.

By Lemma 1, ¢(T%) is belief closed, hence, being the smallest belief closed space, T"% C

$(T"). For the other side of inclusion, pick ¢ € ¢7*. To show 7 is in 7", we need to exhibit

a sequence of types " € T' such that t' = ¢/, " = #', t*,t**! belongs to different players,

8We can as well start induction on T, and postpone the argument to the general case, but presenting
the main idea earlier improves clarity.
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and that h(t%)(© x {#**1}) > 0, since this is how we construct the smallest belief closed set
containing ¢;.
Let ¢(t) = t' where t € T%. Then there exists a sequence of types t" € T% with the

properties described above. Define #* = ¢(t*). Since ¢ is belief-preserving, the sequence

{o(t")} satisfies the required property, hence ¢ € 7"
The same argument applies to ¥, hence (T") = T%.

Since both ¢ and 1 are surjective, T* and 7" has the same cardinality. Theorem 3 now
follows from the fact that surjective functions between finite sets with the same cardinality

must be injective. O]

Lemma 4 says that two types have the same Nash equilibria actions across all games if
and only if smallest type spaces containing them are isomorphic, which means the informa-
tion contained in the implicit representation h; : T; — A(© x T_;) can not be collapsed, say
into @-hierarchies(for correlated rationalizability) or A-hierarchies(for independent rational-

izability). In a sense, there is no redundant types with respect to Nash equilibrium.

3.4.1 Example Revisited

The reason that for any game G, if p; € A; is played in some BNE in the type space T? then
the same strategy is also played in 7% by some BNE, follows from Theorem 1. The type
1 sl s2 s¥}, where

1991 121791

space for T* is given by S; = {s

hi(si)(1,8%;) = hi(s}) (=1, sL,) =
ha(si )(L,8%;) = ha(si ) (1, s%;) =

hi(s7)(L,s5;) = hi(s7) (=1, 82;) =

hi(s7)(L,8Y5) = ha(s ) (—1,8%;) =

NN =N~ =

The map such that ¢;(s}) = ¢;(st') = t} and ¢;(s?) = ¢3(s?) = t? can be shown to be a
belief-preserving map from 7% to T?. However, it is not injective. And indeed we find the

game (G5 such that a € BNE?}(SZ') but a ¢ BNE:%(ti) for all s; € S; and t; € T;.
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Let Q? = {q},¢?, ¢3} be the type space T%, with the h, defined in the obvious way as we
did for 72 and T*. By Theorem 2 we shall also observe that there exists no belief-preserving
map from 7?2 to T2 or from T2 to T?. The non-existence can be proved directly: Suppose a
belief-preserving map ¢ from 72 to T? exists. Since T° is already the smallest belief closed
subspace containing any of its types, by the first part of Lemma 1 ¢ must be onto, which is
impossible since they are both finite and 7% is strictly bigger. On the other hand, suppose
a belief-preserving map ¢ from T to T? exists, the same reason concludes ¢ is onto. Hence

we can without loss assume ¢, ' (1) = ¢i. Belief-preservation implies

R(a)(0, a3) = ha(t1)(0, 1)
where t; = ¢1(q1). Observe that for all ¢; € T}, there exists 6 such that the RHS is 1/2.
However, there exists ¢; € )1 such that the LHS is zero for all 6. This is a contradiction.

Lastly, note that the type mappings in all the type spaces considered in Figure 1 is
injective, hence Theorem 1 continues to hold even if mixed strategies are allowed(See Remark
1). Indeed, in the analysis in Section 2, we considered all Nash equilibrium actions, pure or

mixed.

3.5 Universal Type Space for Bayes Nash Equilibrium

A universal space U for a solution concept S with respect to a class of type spaces T satisfies

the following properties:

(). UeT

(2). For all T € T, there exists a belief preserving map p : 7' — U such that p(¢) and ¢t has

the same S-strategy across all games.

(3). For uw,u’ € U, if u # u then there exists a game such that w,u’ have different S-

strategies.

For example, if S is correlated interim rationalizability(DFM2007), then the universal

space U with respect to the class of measurable type space is a space of hierarchy of beliefs
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on . It satisfies (1), by construction. It satisfies (2), by mapping each type to its induced
belief hierarchy. It satisfies (3), by results in DFM(2006). When S is independent interim
rationalizability| ], a similar space U can be constructed. However, when S is Bayes

Nash equilibria, so far no such space is constructed yet.

However, when S = BNFE, there is a trade-off between (2) and (3). In particular, if 7
is large enough, then even a relaxed version of (3) will fail. Specifically, when 7T contains
all countable type spaces, then every countable space must be injectively embedded into U.
(3) will then lose its bite because for each type t in any countable type space T, there will
be infinitely many v € U that has the same BNE as ¢. This is because we can take unions
of disjoint copies of identical type spaces and maps it injectively into U. This observation is
proved with an application of Theorem 1 and is documented below, where proof is relegated

to the appendix.

Proposition 3.1. Let 7 be the class of all countable type spaces. Suppose there exists a
type space U that satisfies (2) for BNE with respect to 7, then every countable type space

can be injectively embedded into U.

Proof. Let (T,h) be an arbitrary countable type space. Define a countable type space
(T", 1) such that T} = T;U{t;}, and define h} : T! — A(© x T",) such that hl(t;) = h;(t;) for
all t; € T;, and that hi(t;)(© xt_;) > 0 forall t_; € T_;. By (2), there exists p : 7" — U that
preserves BNE. Let p(t;) = u,. Note that p(T") is a type space, moreover, since 1" is the
smallest belief-closed space containing t;, p(T") C U will also be the smallest belief closed
space containing u;. By Theorem 1, p is injective. Restricting p to 7', we obtain an injective

belief-preserving map from 7" to U. n

This proposition shows that there will always be an infinite number of types in a ”uni-
versal type space” having the same set of BNE actions across all games. For example, we
can take the union of arbitrarily many disjoint copies of 75 and map it to the universal space

injectively.
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3.6 Conclusion

In this paper, we show that Bayes Nash equilibrium actions are determined by the type
space structure in its entirety. This is in contrast to rationalizability where one can collapse
the information carried by a type to a hierarchy of beliefs. Thus, the goal to find the most

parsimonious universal space for Nash equilibrium is not attainable.

One future direction of research is to explicitly characterize the trade-offs of non-redundancy
and the number of type spaces with respect to which a space is universal. For example, if

we restrict to only a subclass of countable type spaces, non-redundancy may be salvaged.

95



[Amal2]

[AMSO07]

[APY1]

[Bar12]

[BHWOS]

[BLSY]

[BLS13]

[BM15]
[BOP15]

[CLS14]

[CMSS]

[Cor96]

[CS82]

[DFMO6]

[DFMO7]

REFERENCES

Martin Meier Amanda Friedenberg. “The Context of the Game.” Working paper,
2012.

Murali Agastya, Flavio Menezes, and Kunal Sengupta. “Cheap talk, efficiency
and egalitarian cost sharing in joint projects.” Games and Economic Behauvior,
60(1):1 — 19, 2007.

Anat R. Admati and Motty Perry. “Joint Projects without Commitment.” The
Review of Economic Studies, 58(2):pp. 259-276, 1991.

Stefano Barbieri. “Communication and Early Contributions.” Journal of Public
Economic Theory, 14(3):391-421, 06 2012.

Sushil Bikhchandani, David Hirshleifer, and Ivo Welch. “Learning from the Be-
havior of Others: Conformity, Fads, and Informational Cascades.” Journal of
Economic Perspectives, 12(3):151-170, Summer 1998.

Mark Bagnoli and Barton L. Lipman. “Provision of Public Goods: Fully Im-
plementing the Core through Private Contributions.” The Review of Economic
Studies, 56(4):583-601, 1989.

Paul Belleflamme, Thomas Lambert, and Armin Schwienbacher. “Crowdfunding:
Tapping the right crowd.” Journal of Business Venturing, 2013.

Dirk Bergemann and Stephen Morris. Theoritical Economics, 2015.

Paul Belleflamme, Nessrine Omrani, and Martin Peitz. “The Economics of Crowd-
funding Platforms.” Unpublished, March 2015.

Douglas J. Cumming, Gaél Leboeuf, and Armin Schwienbacher. “Crowdfunding
Models: Keep-it-All vs. All-or-Nothing.” Unpublished, 2014.

Jacques Crémer and Richard P. McLean. “Full Extraction of the Surplus in
Bayesian and Dominant Strategy Auctions.” Econometrica, 56(6):pp. 1247-1257,
1988.

Francesca Cornelli. “Optimal Selling Procedures with Fixed Costs.” Journal of
Economic Theory, 71(1):1 — 30, 1996.
Vincent P. Crawford and Joel Sobel. “Strategic Information Transmission.”

Econometrica, 50(6):pp. 1431-1451, 1982.

Eddie Dekel, Drew Fudenberg, and Stephen Morris. “Topologies on types.” The-
oretical Economics, 1(3):275-309, 2006.

Eddie Dekel, Drew Fudenberg, and Stephen Morris. “Interim correlated rational-
izability.” Theoretical Economics, 2(1):15-40, March 2007.

96



[DOVO07] John Duffy, Jack Ochs, and Lise Vesterlund. “Giving little by little: Dynamic

[EH15]

[EPO6]

[FP97]

[Gra92]

[GSS0]

[HS14]

[Mol14]

IMW82]

[NPR11]

[PR8S]

[PRO1]

[PRR15]

[PS00]

voluntary contribution games.” Journal of Public Economics, 91(9):1708-1730,
September 2007.

Matthew Ellman and Sjaak Hurkens. “Optimal Crowdfunding Design.” Unpub-
lished, October 2015.

Jeffrey C. Ely and Marcin Peski. “Hierarchies of belief and interim rationalizabil-
ity.” Theoretical Economics, 1(1):19-65, 2006.

Timothy Feddersen and Wolfgang Pesendorfer. “Voting Behavior and Information
Aggregation in Elections With Private Information.” FEconometrica, 65(5):pp.
1029-1058, 1997.

Mark Gradstein. “Time Dynamics and Incomplete Information in the Private
Provision of Public Goods.” Journal of Political Economy, 100(3):581-97, June
1992.

Sanford J Grossman and Joseph E Stiglitz. “On the Impossibility of Information-
ally Efficient Markets.” American Economic Review, 70(3):393-408, June 1980.

Hendrik Hakenes and Friederike Schlegel. “Exploiting the Financial Wisdom of the
Crowd — Crowdfunding as a Tool to Aggregate Vague Information.” Unpublished,
August 2014.

Ethan Mollick. “The dynamics of crowdfunding: An exploratory study.” Journal
of Business Venturing, 29(1):1 — 16, 2014.

Paul R. Milgrom and Robert J. Weber. “A Theory of Auctions and Competitive
Bidding.” FEconometrica, 50(5):pp. 1089-1122, 1982.

Volker Nocke, Martin Peitz, and Frank Rosar. “Advance-purchase discounts as
a price discrimination device.” Journal of Economic Theory, 146(1):141 — 162,
2011.

Thomas R. Palfrey and Howard Rosenthal. “Private incentives in social dilemmas:
The effects of incomplete information and altruism.” Journal of Public Economics,
35(3):309 — 332, 1988.

Thomas R Palfrey and Howard Rosenthal. “Testing for effects of cheap talk in
a public goods game with private information.” Games and Economic Behavior,
3(2):183 — 220, 1991.

Thomas Palfrey, Howard Rosenthal, and Nilanjan Roy. “How Cheap Talk En-
hances Efficiency in Public Good Games.” Social Science Working Paper, 2015.

Wolfgang Pesendorfer and Jeroen M. Swinkels. “Efficiency and Information Ag-
gregation in Auctions.” American Economic Review, 90(3):499-525, 2000.

97



[Sad11]

[Sch60]

[Str15]

Tomasz Sadzik. “Beliefs Revealed in Bayesian-Nash Equilibrium.” Working pa-
per, 2011.

Thomas Schelling. “The Strategy of Conflict.” Harvard University Press, Oxford,
1960.

Roland Strausz. “A Theory of Crowdfunding - a mechanism design approach with
demand uncertainty and moral hazard.” Unpublished, July 2015.

98



	1 The Economics of Crowdfunding
	1.1 Introduction
	1.2 The Model
	1.2.1 Payoffs and Equilibria in a Fixed Funding Campaign
	1.2.2 Payoffs and Equilibria in a Flexible Funding Campaign

	1.3 Equilibrium Characterization
	1.3.1 Fixed Funding
	1.3.2 Flexible Funding

	1.4 Revenue Ranking
	1.5 Characterization of Optimal Fixed Campaign
	1.6 Moral Hazard
	1.7 Discussion
	1.7.1 Why Does the Crowd Matter?
	1.7.2 Equity Crowdfunding
	1.7.3 When Will Flexible Funding Be Preferable?

	1.8 Conclusion

	2 Should the Talk be Cheap in Contribution Games?
	2.1 Introduction
	2.2 The Environment
	2.3 The Binary Action Model
	2.3.1 Ex-post Efficient and Individually Rational Allocation
	2.3.2 The Dynamic Contribution Game
	2.3.3 Two Period Contribution Game With Commitment
	2.3.4 Two Period Contribution with Cheap Talk
	2.3.5 Multiple Period Cheap Talk

	2.4 The Continuum Choice Model
	2.4.1 The Environment
	2.4.2 Contribution Game With Cheap Talk
	2.4.3 Contribution Game With Commitment

	2.5 Conclusion

	3 Belief-Preserving Morphism and Bayes Nash Equilibrium
	3.1 Introduction
	3.2 Example
	3.2.1 Equilibrium Analysis

	3.3 The Model
	3.4 Characterization of Bayes Nash Equilibrium In Terms of Type Space Structure
	3.4.1 Example Revisited

	3.5 Universal Type Space for Bayes Nash Equilibrium
	3.6 Conclusion

	References



