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ABSTRACT OF THE DISSERTATION
Aggregation Equation with Degenerate Diffusion
by

Yao Yao
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012

Professor Inwon C. Kim, Chair

Recently, there has been a growing interest in the use of nonlocal partial differential equation
(PDE) to model biological and physical phenomena. In this dissertation, we study the
behavior of solutions to several nonlocal PDEs, which have both an aggregation term and a

degenerate diffusion term.

Chapter 1 and Chapter 2 of this dissertation are devoted to the study of the Patlak-Keller-
Segel (PKS) equation and its variations. The PKS equation is a degenerate diffusion equation
with a nonlocal aggregation term, which models the collective motion of cells attracted by
a self-emitted chemical substance. While the global well-posedness and finite-time blow-up

criteria are well known, the asymptotic behaviors of solutions are not completely clear.

In Chapter 1, we investigate qualitative and asymptotic behavior of solutions for the PKS
equation when the solution exists globally in time. The challenge in the analysis consists of
the nonlocal aggregation term as well as the degeneracy of the diffusion term which generates
compactly supported solutions. Using maximum-principle type arguments as well as energy
argument, we prove the finite propagation property of general solutions, and several results

regarding asymptotic behaviors of solutions.

In Chapter 2, we consider the PKS equation with general power-law interaction ker-
nel, and focus on the cases where the solution blows up in finite time. We study radially
symmetric finite time blow-up dynamics from both the numerical and asymptotic aspect,
and show that the solution exhibits three kinds of blow-up behavior: self-similar with no
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mass concentrated at the core, imploding shock solution and near-self-similar blow-up with
a fixed amount of mass concentrated at the core. Computation are performed for a variety of

parameters using an arbitrary Lagrangian Eulerian method with adaptive mesh refinement.

Chapter 3 discusses the study on an aggregation-diffusion equation with smooth inter-
action kernel in the periodic domain. This equation represents the generalization to m > 1
of the McKean—Vlasov equation where here the “diffusive” portion of the dynamics are gov-
erned by Porous medium self-interactions. We focus primarily on m € (1, 2] with particular
emphasis on m = 2. In general, we establish regularity properties and, for small interaction,
exponential decay to the uniform stationary solution. For m = 2, we obtain essentially sharp
results on the rate of decay for the entire regime up to the (sharp) transitional value of the

interaction parameter.

This dissertation has been resulted in the publications [CKY, KY, Y, YB].
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CHAPTER 1

Asymptotic Behavior for Patlak-Keller-Segel Equation

with Degenerate Diffusion

1.1 Introduction

In this chapter we study solutions of a nonlocal aggregation equation with degenerate diffu-
sion, given by

pr=0p" + V- (pV(p*V)) in R x [0, 00), (1.1.1)

with initial data py € L'(R%; (1 + |2|*)dz) N L=(RY). Here m > 1, d > 3 and * denotes the
convolution operator. In the absence of the aggregation term (when V' = 0), our equation

becomes the well-known Porous medium equation (PME):
pr —A(p™) = 0. (1.1.2)
Note that, formally, the mass of solutions is preserved over time:

/ p(+,0)dx = / p(-, t)dx for all t > 0.
Rd Rd

Nonlocal aggregation phenomena have been studied in various biological applications such
as population dynamics [BCM, BCM, GM, TBL| and Patlak-Keller-Segel (PKS) models of
chemotaxis [KS2, LL, P, FLP]. In the context of biological aggregation, p represents the
population density which is locally dispersed by the diffusion term, while V' is the interaction
kernel that models the long-range attraction. Recently, there has been a growing interest
in models with degenerate diffusion to include anti-overcrowding effects (see for example
[TBL, BCM]). Mathematically, the equation models competition between diffusion and

nonlocal aggregation.



Throughout this chapter, we will focus on the following two types of potentials:

(A) (PKS-model) V(z) is a Newtonian potential:

Cq

1
where ¢; := —————— with oy: the surface area of the sphere S*! in R%.
(d — 2)0’d
(B) (regularized Newtonian potential)
V(z) = (N *h)(z), (1.1.4)

where * denotes convolution and h(z) is a radial function in L*(R? : (1 + |z|?)dx) N L>®°(RY)

which is continuous and radially decreasing.

Note that (A)-(B) cover all attractive potentials V' whose Laplacian is nonnegative and
radially decreasing. These restrictions on AV turn out to be necessary for obtaining the
preservation of radial monotonicity (see Proposition 1.4.3) as well as the mass comparison

principle in Section 1.5.

The global wellposedness and finite time blow-up results for (1.1.1) has been well studied
(see [B, H] for review articles), however the asymptotic and qualitative behaviors of solutions
are not completely known. Below we briefly summarize the global existence/finite time blow-

up criteria for (1.1.1).

When V is the regularized Newtonian potential (B), we have an a priori L*™ bound of
A(p* V) via the inequality [|A(p* V)||rome) < [|pllzi@e)|AV || zooma). This suggests that
[p(+,t)|| oo (re) can at most grow exponentially in time, hence we should expect the weak
solution to exist globally in time. A rigorous proof of the global existence can be found in
[BRBJ. Moreover, for any mass size A, the existence of a stationary solution with mass A is
proven in [L] and [B2], however it is unknown whether the stationary solution with mass A

is unique.

When V' = N, the existence/blow-up criteria is more delicate due to the singularity of

N at the origin. To study the well-posedness of (1.1.1), the following free energy functional
2



(1.1.5) plays an important role, where the first term is usually referred to as the entropy and
the latter term is referred to as the interaction energy. When m > 1, the free energy is given
by
1
Flo)= | \——7p" +5pp*N)|dz, (1.1.5)
R

m—1
while for m = 1 the first term in the integrand is replaced by plogp. The free energy of
a weak solution to (1.1.1) is non-increasing in time; indeed, it is shown that (1.1.1) is the
gradient flow for F with respect to the 2-Wasserstein metric (see for example [AGS] and

[CMV]).

To link the entropy term and the interaction term together, the key observation in [BCL2]
is the sharp Hardy-Littlewood-Sobolev inequality, which bounds the interaction energy by

the L™e-norm of p:

/de(p*/\/)daf

where C* is a constant only depending on the dimension d, and m. := 2 — 2/d. Therefore

* 2/d Me
< Ol g N (1.1.6)

one should expect the solution exhibits different behavior for m > m, and 1 < m < m,.
This is indeed the case, and the global existence and finite time blow-up results for different

m are summarized below.

Supercritical regime: For 1 < m < 2 —2/d, the problem is supercritical: the diffusion is
dominant at low concentrations and the aggregation is dominant at high concentration. As a
result supercritical and critical problems with singular kernels may exhibit finite time blow-
up phenomena [DP, HV, S1, BICM]. On the other hand solutions globally exist with small
mass and relatively regular initial data, and here the diffusion dominates at large length
scale (see [C] and [S2]). Indeed using the entropy dissipation method similar to [CIMTU], it
2-m)d/2_

is shown that the solutions with small L! and L(

Barenblatt profile [LS1, LS2, B1].

norms converge to the self-similar

Subcritical regime: On the other hand, in the subcritical regime (m > 2 — 2/d), the
diffusion is dominant at high concentration. For this reason the weak solution exists globally

in time regardless of its mass size [S1, BCL2, BRBJ. Since aggregation dominates in low
3



concentration, one can show that there are compactly supported stationary solutions for any
mass size (see Proposition 1.2.1)). When V = N, for any given mass size, uniqueness of
radial stationary solution is proved in [LY] for the PKS model. However it was unknown

whether this stationary solution is an attractor.

Critical regime: When m = m,, the right hand side of the inequality (1.1.6) becomes
CH| pHi/féRd) |01l (gya» which is a multiple of the entropy, where the multiplication constant
depends on m, d and the mass of p. This suggests that the behavior of the solution depends
on its mass. Making use of the inequality (1.1.6), it is proved in [BCL2] (and generalized by

[BRB] for more general kernels) that there exists a critical mass M, only depending on d,

which sharply divides the possibility of finite time blow up and global existence.
o C'ritical mass:

When the mass is equal to the critical mass M., it is proved in [BCL2] that weak solutions
with bounded initial data exist globally in time. Moreover, they show the global minimizers
of the free energy functional F have zero free energy, and are given by the one-parameter
family

1 x

nr(z) = @m(ﬁ) (1.1.7)

subject to translations. Here 7, is the unique radial classical solution to
m
71&7;”—1 +m = 01in B(0,1), with 7, =0 on 9B(0, 1). (1.1.8)
m —_—
It was unknown that whether this family of stationary solutions attract some solutions.

o Subcritical mass:

When 0 < M < M., the weak solution exists globally in time, as long as its initial
L™-norm is finite [BCL2, BRB]. Moreover it has been proved in [BCL2] that there exists
a dissipating self-similar solution, with the same scaling as the porous medium equation.
However it was unknown whether this self-similar solution would attract all solutions in the

intermediate asymptotics.

o Supercritical mass: For every M > M., it is proved in [BCL2| that there exist some

initial data of mass M such that the L™-norm of the corresponding solution blows up in
4



finite time. Their proof is based on the Virial identity, which only applies to the initial data
whose free energy is negative. Recently, using mass comparison techniques, it is proved in
[BK] that all radial solution with mass M > M, must blow up in finite time, regardless of

its initial free energy.

Although the well-posedness and blow-up criteria of (1.1.1) are well-known, a lot of
questions concerning the qualitative behavior of solutions remain to be answered, such as
finite speed of propagation and asymptotic behavior of solutions. Here the difficulty lies in
the lack of sufficient control on pointwise behavior of solution as well as the presence of the

free boundary, which calls for new methods.

In this chapter we investigate qualitative and asymptotic behavior of solutions for (1.1.1)
when the solution exists globally in time; for the cases that leads to a finite time blow-up,
the asymptotic behavior for radial solutions will be studied in Chapter 2. The main tools in
our analysis in this chapter are various types of comparison principles, together with energy
argument. While maximum-principle type arguments are natural to parabolic PDEs, the
classical maximum principle does not hold with (1.1.1) due to the nonlocal aggregation term,
and therefore the standard comparison principle and the corresponding viscosity solutions
theory do not apply. Instead we establish order-preserving properties of several associated
quantities: the radial monotonicity (Section 1.4), the mass concentration (Section 1.5), and
the rearranged mass concentration for non-radial solutions (Section 1.6)). Most results in
this chapter come from a joint work with Inwon Kim [KY], while Section 1.7.4-Section 1.7.6

are taken from [Y]. Our main results are summarized below.

1.1.1 Summary of results

Let us begin with stating properties of radial stationary solutions of (1.1.1):

Theorem 1.1.1 (Properties of radial stationary solutions). Let V' be given by (A) or (B)

and let m > 2 — 2. Let ps be a non-negative radial stationary solution of (1.1.1) with

[ pa(x)de = A>0. Then



(a) pa is radially decreasing, compactly supported and smooth in its support (Proposi-

tion 1.2.1);

(b) pa is uniquely determined for any given A (Theorem 1.2.2 and Theorem 1.2.4).

When V is given by (A), the uniqueness of radial stationary solution comes from the
well-known results of Lieb and Yau [LY]. Their proof is based on the fact that the mass
function satisfies an ODE with uniqueness properties; this property fails when V' is given
by (B). Instead, we look at the dynamic equation (1.1.1), and prove uniqueness out of
asymptotic convergence towards a stationary solution. A more direct proof of uniqueness
and the uniqueness of general (possibly non-radial) stationary solutions are interesting open
questions. We also mention a recent preprint [BDF], which studies another type of diffusion-
aggregation equation: here authors use eigenvalue methods to prove the uniqueness of one-

dimensional stationary solutions.

Next we show several results concerning the qualitative behavior of solutions, which will

be used in the rest of the chapter:

Theorem 1.1.2 (Qualitative properties of solutions). Let V' be given by (A) or (B), and
assume m > 1. Let p(x,t) be a weak solution to (1.1.1), which is uniformly bounded in

R? x [0,T). Then the following holds:

(a) For any § > 0, p is uniformly continuous in R? x [6,T); (Theorem 1.3.1)

(b) [Finite propagation property] {p > 0} expands over time period T with mazimal rate of
Ct=Y% (Theorem 1.3.1);

(¢) If p(-,0) is radial and radially decreasing, then so is p(-,t) for anyt € [0,T) (Theorem
1.4.2).

Both properties (b) (the finite propagation property of the general solutions) and (c)
(the preservation of radial monotonicity) are new, to the best of the authors’ knowledge, for

any type of diffusion-aggregation equation. For the first-order aggregation equation ((1.1.1)



without the diffusion term), property (c) has been recently shown in [BGL] for the same

class of potentials, via the method of characteristics.

We now turn to the discussion of asymptotic behavior of solutions.

Theorem 1.1.3 (Asymptotic behavior: subcritical regime). Let V' be given by (A)
or (B), m > 2 — 2 and let p(x,t) be the solution to (1.1.1) with initial data
po(x) € LY(RY (1 + |z|?)dz) N L= (R?) which has mass A > 0. Then

(a) If po is radially symmetric and compactly supported, then the support of p, {p(-,t) > 0}
stays inside of a large ball {|x| < R} for all t > 0, where R depends on m,d,V and
the initial data py (Corollary 1.7.1);

(b) Let pa be a radial stationary solution with mass A. Then If py is radially symmetric
and compactly supported, then p converges to pa exponentially fast in p-Wasserstein
distance for all p > 1 (Corollary 1.7.4), and ||p(-,t) — pallpemsy — 0 as t — oo
(Corollary 1.7.5).

(c) For every 0 <t < 1 we have
(s t)|| Lo (may < c(m,d, A, V)t

where o == m. Note that ¢ does not depend on ||p(+,0)||so. (Proposition 1.7.7).

The proof of above theorem is based on the mass comparison, i.e. maximum-principle
type arguments on the mass concentration of solutions (see Proposition 5.3). The mass
comparison property have been previously observed for PKS models ([BKLN]; also see a
recent preprint of [CLW]). However the property has not been fully taken advantage of,

perhaps because of the success of entropy method for the Keller-Segel model.

Our method also provides interesting results for asymptotic behavior of radial and non-
radial solutions in the supercritical regime, when the solution starts from sufficiently less
concentrated initial data in comparison to a re-scaled stationary profile. (For the definition
of “less concentrated than”, see Definition 1.5.2) We point out that in our result the mass

7



does not need to be small as required in previous literature (e.g. see [B1]), and provides an
explicit description of solutions which are “sufficiently scattered” so that it does not blow

up in finite time.

Theorem 1.1.4 (Asymptotic behavior: supercritical regime). Let V(x) be given by (A) or
(B), and suppose 1 <m < 2— %. Assume pg is radially symmetric, compactly supported and
has mass A. Then there exists a sufficiently small constant § > 0 depending on d, m, A and

V', such that if
po(N) < 0%1a(6N),

where “<7” is defined in Definition 1.5.2 and () is given in (1.7.22), then the weak solu-
tion p with initial data py exists globally and converges to the Barenblatt profile in rescaled

variables algebraically fast(Corollary 1.7.11).

When V' is the Newtonian potential, in the critical regime, by constructing explicit bar-
riers in the mass comparison sense and using energy method, we obtain the following results

for radial solutions of (1.1.1) with critical mass M.,:

Theorem 1.1.5. (Asymptotic behavior: critical regime with critical mass) Suppose V. =N
andm =2—2/d. Let p(x,t) be the weak solution to (1.1.1) with initial data poy, where py has
critical mass M.. Assume that py is continuous, radially symmetric, compactly supported,
and satisfies Vpo € L*(RY). Then p(-,t) — pgr, in L®(R?) ast — oo for some Ry > 0,

where pr, s a stationary solution defined in (1.1.7). (Theorem 1.7.14)

For radial solutions with subcritical mass, mass comparison again gives convergence to-
wards the dissipating self-similar solution. For general (possibly non-radial) initial data, we
use a maximum-principle type method to prove that when the mass is sufficiently small,
every compactly supported stationary solution must be radially symmetric. This leads to

the following asymptotic convergence result:

Theorem 1.1.6. (Asymptotic behavior: critical regime with subcritical mass) Suppose
V=N and m =2 —2/d. Let p(x,t) be the weak solution to (1.1.1) with mass A < M,,

where the initial data py is continuous and compactly supported. Then we have
8



(a) If p(-,0) is radially symmetric, then as t — oo, p(-,t) converges to the dissipating
self-similar solution Uy as defined in (1.7.41), where the Wasserstein distance between

p(+,t) and Uy decays algebraically fast as t — oo. (Corollary 1.7.19)
(b) For general (non-radial) solutions, if the mass A < M./2 is sufficiently small, then
tlim llp(-,t) —Uall, =0 for all 1 < p < 0.

(Corollary 1.7.24)

1.2 Properties of the radially symmetric stationary solutions

In this section we consider non-negative radially symmetric stationary solutions of (1.1.1) in

the subcritical regime (i.e. m > 2 — 2/d). Here the Euler-Lagrange equation is given by

%pm_lﬂLp*V:C in {p> 0}, (1.2.1)

where the constant C' may be different in different positive components of p. When V is
given by (A) or (B), for any mass A > 0, the existence of a stationary solution p with mass
A is proven in [B2], which is an application of [L]. We include the proof in Proposition 1.2.1

for the sake of completeness.

To investigate the qualitative property of the radial stationary solution, it is helpful to

introduce the following mass function:

M(r) = /B(O )p(x)dx.

Since both p and V' are radially symmetric, we may slightly abuse the notation and write
p*V as a function of r. When V = N, due to the divergence theorem and radial symmetry

of p and V', we readily obtain

M(r)
O'd”r’d_l ’

%(p*V)(r) = (1.2.2)

where o, is the surface area of the sphere S¥1 in R?. Similarly, when V is given by (B), for

all radially symmetric function p, we have that p x V' is radially symmetric, and
M(r)

— 1.2.3
=t (123)

L pvir) =
9



where M (r) := fB(O P ¥ AVdz. Note that in both cases, we have 0,(p* V) > 0.

Proposition 1.2.1. Let V given by (A) or (B) and suppose m > 2 — 2. Then there exists a
radially symmetric, nonnegative solution p € L*(R?) of (1.2.1). Moreover, (a) p is smooth

in its positive set; (b) p is radially decreasing; and (c) p is compactly supported.

Proof. 1. Existence of the stationary solution p follows from [L]: the proof is given in Section

A.1.1 of the appendix.

2. To show (a) for V' = N, note that the right hand side of (1.2.2) is continuous since

M
f(r) = (;n_)l is continuous for all r > 0, and f(r) — 0 as r — 0. By (1.2.2), px V is
oqr
differentiable in the positive set of p, which implies that p™~! (hence p) is also differentiable
M
in the positive set of p. Therefore d(_rl) is now twice differentiable, hence we can repeat
r

this argument and conclude. When V is given by (B), we can apply the same argument on

(1.2.3) and conclude.

3. By differentiating (1.2.1) we have

0
Y m—=1 :
5l = 0r(p* V) in {p > 0}. (1.2.4)

Due to (1.2.2)-(1.2.3) the right hand side of (1.2.4) is negative, and thus we conclude (b).
4. Tt remains to check (c). Note that (b) yields that p has simply connected support.
Hence (1.2.1) yields
pr) = (C = p* V()7
When V' = N the proof is similar to that of Theorem 5 in [LY]: since p * V vanishes at

infinity, we have

o %ds - —% - /;O = p(s)sds, (1.2.5)

where ¢4 is the volume of a ball with radius 1 in R?. Note that

pxV(r)=—

T

1
pxV(r)<0 and —pxV(r)~—= asr — oo. (1.2.6)
r

If C' =0, (1.2.6) implies that



2

where the exponent is greater than —d when m > 2 — 5, which contradicts the finite mass

property of p. Therefore C' must be negative and thus p(r) needs to touch zero for some r.

When V = N'xh, we have pxV = (pxN)xh. Since h € L*(R?) and is radially decreasing,
1
using (1.2.5) we have p* V(x) ~ 22 as |r| — oo as well, hence (c) follows from the same

argument as above. O

Next we state the uniqueness of the radial stationary solution when V = N.

Theorem 1.2.2 ([LY]). Let V. = N, and suppose m > 2 — %. Then for all choices of
mass A > 0, the radial stationary solution for (1.1.1) with mass A is unique. Moreover, the

stationary solution is the global minimizer for the free energy functional (1.1.5).

This theorem follows from a minor modification from the proof of Theorem 5 in [LY],
which proves uniqueness of the stationary solution of a slightly different problem. Their
proof consists of two steps: for a given mass, they first show the global minimizer of (1.1.5)
is unique, and secondly they prove every radial stationary solution is a global minimizer for

So1me Imass.

We slightly digress here and state the following corollary, which is an immediate conse-

quence of Theorem 1.2.2 and the homogeneity of N, hence the proof will be omitted.

Corollary 1.2.3. Let V and m be as in Theorem 1.2.2, and let py; be the radial solution of
(1.2.1) with mass M. Then

m—2 2
pr(z) = apr(a™ "2 x) with a == M dm=2+2/d)) (1.2.7)

In particular if A < B then max pp > maxpa and the following dichotomy of behavior is

observed: (see Figure 1.1)

(a) When m > 2, {pa >0} C {pp > 0}.

(b) When 2 —2 <m <2, {pp >0} C {pa > 0}.

Coming back to the uniqueness of stationary solution, we point out that when V' is given

by (B), the uniqueness proof in [LY] cannot be generalized, and here the difficulty lies in
11



A AL

2—7<m<2

Figure 1.1: Stationary solutions with different mass for different m, where [ padz < [ ppdz.

the second step: In the case where V' = N, for any radial stationary solution p, its mass

function M(r) := [ _ p(x)dz solves a second order ODE

|z|<r

( m (M’(r))m_1>/: M(r)

m — 1 oyrd-t ogré—1’

M/
where M (0) = 0 is prescribed. It follows that M (r) is unique for a given p(0) = llII(l) gr)l,
r—0 ggqr
which implies that p can be uniquely determined by p(0). This property then allows both
the radial stationary solutions and the global minimizers to be parametrized by their values

at the center of mass (see Lemma 12, [LY]).

However, when V' is given by (B), M (r) solves a nonlocal ODE, where different stationary
solutions may have the same center density. Thus the above argument in [LY] cannot be
applied to prove the second step, necessitating an alternative approach. Instead of dealing
with the stationary equation (1.2.1) directly, we will consider the dynamic equation (1.1.1)
and prove the uniqueness of the radial stationary solution by their asymptotic convergence.

Indeed the following theorem is one of the main results in this chapter.

Theorem 1.2.4. [Corollary 1.7.6] Let V' be given by (B), and suppose m > 2 — %. Then for

any A > 0, the radial stationary solution of (1.1.1) with mass A is unique.

1.3 Regularity of solutions and finite speed of propagation

In this section, several regularity properties will be derived for general weak solutions of
(1.1.1), including the finite propagation property. We point out that the results in this

section hold for general (non-radial) solutions.
12



Theorem 1.3.1. Suppose m > 1. Let V be given by (A) or (B), and let p be a weak solution
of (1.1) with its initial data py bounded with compact support. Further suppose p is uniformly
bounded in R? x [0,T]. Then

(a) For any § > 0, p is uniformly continuous in R? x (8, T].
(b) [Finite propagation property] Suppose {x : p(-,t) > 0} C Br(0). Then
{z:p(-,t+h) >0} C Brrop(0) for0 <h <1,
where the constant C' > 0 depends on m, d, py and ||[AV||;.

Proof. 1. Let us consider the case V' = N. This is the most singular case and parallel (and

easier) arguments hold for V' given by (B). Let
Co = sup{p(x,t) : (z,t) € R" x [0,T]}.
Observe that by treating the convolution term ® := V x p as a priori given, p solves
pr=A(p")+ V- (pVO). (1.3.1)
Also, for all t € [0,7"), ® satisfies

VO|(,1) < Cy / YNy + 1o £)]1 sup [VA ()] < Cu, (13.2)

ly|<1 ly|>1

where C; depends on Cy, the L' and sup-norm of p, and the dimension d. Also
|ADP|(-, 1) < ||pllre < Cy forallt €0,T). (1.3.3)

The bounds (1.3.2)-(1.3.3) and Theorem 6.1 of [D] yields the uniform continuity of p in
R? x [6,T).

2. Next we prove (b). First of all let us point out that the standard comparison principle
holds between weak sub- and supersolutions of (1.3.1). For the case of time-independent
potential ®(x,t) = ®(x), Proposition 3.4 of [BH] asserts that the comparison principle be-
tween weak sub- and supersolution of (1.3.1) holds if the potential function ® is independent

of the time variable and |V®|,|A®| < C. The proof in [BH] is based on an approximation
13



of the original problem (1.3.1) by a sequence of regularized problems which satisfy the com-
parison principle (see sections 4, 7, 8 of [BH]). This argument straightforwardly extends to
our (time-dependent potential) case, and one can verify that comparison principle between

weak sub- and supersolution of (1.3.1) holds.

We will now construct a supersolution of (1.3.1) to compare with p over a small time
period to prove the finite propagation property. First observe that the pressure function

defined by u := -2 ™! formally satisfies the PDE

m—1
uy = (m — DuAu + |[Vul? + Vu - VO + (m — 1)uV . (1.3.4)

Based on this observation, we will first construct a supersolution of (1.3.4), and use the
pressure-density transformation to construct the corresponding supersolution of (1.3.1). Let
us define

. : —ct _
Ulx,t):=A |m_y}2£_0te (ly| + wt — B)4,

where w = (1 + (m — 1)(d — 1)) A, and the constants B and C' will be chosen later.

Let ¥ := {|z| < 2B} x [0,w 'B]. Due to Proposition 2.13 in [KL], U is a viscosity
(or weak) supersolution of (1.3.4) if C' is chosen to be larger than max(Cy, C}) given in

(1.3.2)-(1.3.3). In other words, U satisfies
U, > (m—1)UAU 4+ |VUP +C|VU|+CU in{U >0}NX,
and the outward normal velocity V,, of the set {U > 0} at (z,t) € 9{U > 0} satisfies
Voi=w+C>A+C>|VU|+C.
Hence f := ("=10)Y(m=Y satisfies
. m . (O
pe = A(p™) + CIVpl+ ——p
m —1

in the domain ¥, in the viscosity sense (see [KL] for the definition of viscosity solutions of

(1.3.1)).

Moreover, observe that p™~! ~ U is Lipschitz continuous in space, and continuous in

space and time. Using this regularity of p as well as the above estimates on the derivatives
14



of @, it follows that p is a weak supersolution of (1.1.1) in X, if we choose C' greater than
(m — 1)C;. More precisely the following is true: for all times 0 < ¢t < w™!B and for any
smooth, nonnegative function

P(x,t) : R™ x (0,00) — R with {¢(-,t) > 0} C {|]z| < 2B} for 0 <t < w !B, we have
/ﬁ(~,t)w(~,t)dcs > /ﬁ(~,0)w(~,0)dx+//(ﬁ%¢ i — PV - V) dadt.

Now suppose {p(-,t9) > 0} C Br(0) for some ¢y, € [0,7]. Let us compare p with p in
Y= {|z| < 2B} x [to, to + h], with B = R + h*/? and A = 2C,h~"/2.

Since {p(-,t9) > 0} C Bg(0) and p < Cy, we have p < p at t = 5. Therefore comparison

principle asserts that p < p at t =ty + h. In particular

{p('vto + h) > 0} - {ﬁ(vto + h’) > O} = BR+Mh1/2(0)7
where M = h'/2 + hw and w = (1 + (m — 1)(d — 1)) A. This proves (b). O

Remark 1.3.2. Due to [BRBJ, when m > 2 — 2, there exists a global weak solution p of
(1.1) with initial data py. Moreover, p is uniformly bounded in R% x (0, c0) due to Theorem

10 in [BRBJ, so in that case we may let 1" = oo.

We finish this section with an approximation lemma which links case (A) and (B). Let

he = e_dh(z)

€

with h being the standard mollifier in R? with unit mass, and let p¢ be the corresponding
solution of (1.1.1) with V' = N % h¢ and with initial data py. Then Lemma 8 in [BRB] yields
that {p°}c~o are uniformly bounded for t € [0, 7] for some 7. This bound as well as Theorem
6.1 of [D] yields that the family of solutions {p°} are equi-continuous in space and time. This

immediately yields the following result:

Proposition 1.3.3. Let py be as given in Theorem 1.3.1. Let V. = N * h¢ and let p°¢ be the
corresponding weak solution of (1.1.1) with initial data py. Let p be the unique solution to
(1.1.1) with V =N and initial data py, and assume p exists for t € [0,T), where T > 0 may

be infinite. Then the solutions p¢ locally uniformly converge to p in R? x [0,T).
15



1.4 Monotonicity-preserving property for radial solutions

In this section, we show that when V is given by (A) or (B), solutions with radially de-
creasing initial data remains radially decreasing for all future times. (Here we say a function
u : R? — R is radially decreasing if u(x) is radially symmetric and is a decreasing function
of |z|.) The main step in the proof is the maximum-principle type argument applied to the

double-variable function

U(z,y;t) := p(x,t) = p(y, t) in {[z] = |y[} x [0, 00)

to ensure that ¥ cannot achieve a positive maximum at a positive time.

We begin with an observation on the convolution term; the proof is in Section A.1.2 of

the appendix.

Lemma 1.4.1. Let V(x) be given by (B). Let u(x) be a bounded non-negative radially sym-
metric function in R® with compact support. Further suppose u(x) is not radially decreasing,
i.e. there exists a; = («,0,...,0) and by = (5,0, ...,0) with o, 3 > 0 such that
u(by) —u(ay) = sup u(b) —u(a) > 0. (1.4.1)
|al <[0]

Then we have
(ux AV)(b1) = (ux AV)(a1) < [|AV| pi(gay(u(br) — u(ar)).

Theorem 1.4.2. Let V(x) be given by (A) or (B). Suppose that the initial data

p(x,0) € LYRE (1 + |2]?)dz) N L>®°(R?) is radially decreasing. We assume a weak solution
p exists for t € [0,T), where T may be infinite. Then p(x,t) is radially decreasing for all
tel[0,T).

Proof. 1. Without loss of generality we assume that V' is given by (B), and p(z, 0) is positive
and smooth. Then a classical solution p(-,t) exists for all ¢ > 0, and we want to show p(-,?)
is radially decreasing for all ¢ > 0. When V = N, we can use mollified Newtonian kernel
to approximate A; and for general radially decreasing initial data, we can use positive and

smooth functions to approximate p(z,0). Then the result follows via Proposition 1.3.3.
16



2. Radial symmetry of p for all ¢ > 0 directly follows from the uniqueness of weak

solution. To prove that p is radially decreasing for all time, let us define

w(t) := sup p(b,t) — p(a,t).

la|<|b|
Note that p(x,0) being radially decreasing is equivalent with w(0) = 0. We will use a
maximum-principle type argument to show that w(t) = 0 for all ¢ > 0, which proves the
theorem. We point out that w(t) is continuous in ¢, and uniformly bounded for ¢ € [0, o),

since p is uniformly bounded and uniformly continuous in R¢ x [0, 00).

Suppose w # 0 in R? x [0,00). Then for any A > 0 the function w(t)e=*" has a positive
maximum at ¢ = t; for some t; > 0. We will show that this cannot happen when we choose

A > 2|pll < [ AV -

At t = t;, due to our assumption on w(t), there exists a; = («a,0,...,0) and

by = (5,0, ...,0) such that o < 8 and

p(b1,t1) — play, t1) = w(ty) > 0. (See Figure 1.2) (1.4.2)

,0(7“, tl)

Figure 1.2: Graph of p at time ¢,

Moreover by definition p(by,t) — p(aq,t) < w(t), and thus

d

- ((p(br,1) = plar, ))e™™) =0 at t =t

which means

pe(br,tr) = peas, t1) = Ap(br, t1) — plar, t1)). (1.4.3)
Further observe that p(-,¢;) has a local minimum (in space only) at a; and a local maximum
at by. This yields

vp(alatl) =0 and vp(blatl) - 07
17



as well as

Apm(al,tl) Z 0 and Apm(bl,tl) S 0.
To get a contradiction, recall that p is a classical solution of (1.1.1), which yields

pebr,ty) = pelas, t) = Ap™(br,t1) + V- (pV(px V) (b1, 11)

—Ap™(ar, 1) = V- (pV(p*V))(ar, t1)

IN

p(br, t1)(px AV) (b1, t1) — plar, t1)(p * AV)(ay, 1)

= (b1, 11)[(p+ AV) (b1, t1) = (p* AV)(as, t1)] (1.4.4)

+(p(br, tr) — plar, t1))(p x AV)(as, t).
In order to bound the first term in (1.4.4), we apply Lemma 1.4.1,which gives
(px AV)(b1,t1) — (p* AV)(a1, t1) < AV prray(p(br, 1) — plas, t1)), (1.4.5)
and for the second term we use
(px AV)(ar, 1) < HpHLOO(Rd)HAVHLl(Rd)- (1.4.6)

Due to the estimates (1.4.5)-(1.4.6), (1.4.4) yields that

pe(by,t1) — pe(ar, t1) < 2|pll pooay [|AV || ey (p(b1, t1) — plas, tr)),

which contradicts (1.4.3) since we chose A to be strictly greater than 2||p||p<||AV||z:. O

The following proposition states that in the previous theorem, the condition that AV is

radially decreasing is indeed necessary.

Proposition 1.4.3. Let V(x) be radially symmetric, AV > 0, with AV continuous, but
not radially decreasing. Then there exists a radially decreasing initial data py such that the
solution p(x,t) of (1.1) starting with initial data py does not preserve the radial monotonicity

over time.

18



Proof. Since AV is not radially decreasing, we can find z1, 75 € R%, such that 0 < |z,] < ||,
and AV (zy) < AV (xq).
For a small € > 0, let py(x) be given as below:
r
€

1
Po(T) = €XB0zat1) * O(T) + €_d¢( ),

where yg is the characteristic function of £ and ¢ is a radially symmetric mollifier with
unit mass and supported in B(0,79), where o < min{1l,|z;|/2}. Note that in a small
space-time neighborhood of z; and xs, p solves a uniformly parabolic equation, and thus is

smooth.

Since Ap™(z;,0) = Vp(z;,0) = 0 for i = 1,2, we have
pe(i,0) = po(xi)(po x AV)(zi), i=1,2.
Since po(z1) = po(x2), to show pi(z1,0) < pi(x2,0), it suffices to prove
(po *x AV)(z1) < (po * AV')(x2). (1.4.7)

Note that po* AV locally uniformly converges to AV (z) as € — 0. Since AV (x1) < AV (xq),
if we let € be sufficiently small, we would have (1.4.7). In particular p(z1,t) < p(xo,t) for

small ¢ > 0, which means p(z,t) stops being radially monotone as soon as ¢t > 0. U

1.5 Mass Comparison for radial solutions

In this section our goal is to prove that mass comparison property holds for radial solutions of
(1.1.1), which is a order preserving property for the mass concentration, and will be defined
momentarily. Indeed we will prove this property for (1.5.1), which is slightly more general
than (1.1.1) since it could have an extra drift term. This extra term will be useful later in
Section 1.7.6 since performing continuous rescaling for (1.1.1) usually introduces an extra

drift term.

Let us consider the following PDE

pr=A0p" +V - (pV(p*xV + D)), (1.5.1)
19



Throughout this section we assume m > 1, V is given by (A) or (B), and ® € C?(R?) is

radially symmetric.

For a radially symmetric function p(z,t), we define its mass function M (r,t; p) by

M(r,t; p) = /B(O )p(x,t)dt, (1.5.2)

and we may write it as M(r,t) if the dependence on the function p is clear. The following

lemma describes the PDE formally satisfied by the mass function.

Lemma 1.5.1 (Evolution of Mass Function). Let p(z,t) be a non-negative smooth radially

symmetric solution to (1.5.1). Let M(r,t) = M(r,t; p) be as defined in (1.5.2). Then M(r,t)

satisfies -
8M d—1 aTM m M
— = 0, oM —+—+ 0,MO, 9, 1.5.3
o 74" (adrd—l) + o1 + ( )
where
M(r,t; p) == / p*x AVdx (1.5.4)
B(0,r)

if Vis given by (B). When V.= N, M(r,t;p) is set to coincide with M.

Proof. Due to divergence theorem and radial symmetry of p, direct computation yields

M
aﬁ—t =or 0,p™ 4+ p(0.(px V) + 0,®)]. (1.5.5)

Note that radial symmetry of p also gives

oM

O'd”r’d_1 ’

p(r) =

from which we obtain the first term of (1.5.3).

(1.5.6)

It remains to write d,(p * V) in terms of M. When V is given by (A), ie. V = N,

divergence theorem yields

/ (Ap* N)dx M(r.)
o B(O,T’) _ T7
O (pxN) = pap = (1.5.7)
When V' is given by (B), we can similarly obtain
/ (ux AV)dx K(rt
O, (ux V) = 2200 _ MY (1.5.8)

ogrd—1 ogrd—1’
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where M (r, t;u) is as defined in (1.5.4). Plug (1.5.6), (1.5.7) and (1.5.8) into equation (1.5.5),
and then we can obtain (1.5.3). O

Definition 1.5.2. Let p; and ps be two non-negative radially symmetric functions in L*(RY).
We say py is less concentrated than po, or p; < pa, if

/ p1(x)dx < / p2(x)dz  for all r > 0.
B(0,r)

B(0,r)

Definition 1.5.3. Let pi(x,t) be a non-negative, radially symmetric function in
LY(RY) N L>®(RY), which is C* in its positive set. We say p; is a supersolution of (1.5.1)
in the mass comparison sense if M;(r,t) := M(r,t;p1) is a supersolution of (1.5.3), i.e.

My (r,t) and M (r,t) := M(r,t; p,) satisfy

oM O, My \m M
_1 > Udrd_lar( 1 ) -+ &Mlﬁdl_l + 87«M187«(I), (159)
d

ot — ogrd-1

in the positive set of p;.

Similarly we can define a subsolution of (1.5.1) in the mass comparison sense.

Proposition 1.5.4 (mass comparison). Suppose m > 1, V is given by (A) or (B), and
d € C*(RY) is radially symmetric. Let pi(xz,t) be a supersolution and ps(x,t) be a subso-
lution of (1.5.1) in the mass comparison sense for t € [0,T]. Further assume that both p;
are bounded, and p;’s preserve their mass over time, i.e., [ pi(-,t)dz and [ pa(-,t)dx stay
constant for all 0 < t < T. Then their mass functions are ordered for all times: i.e., if

p1(x,0) = pa(x,0), then we have py(x,t) = po(x,t) for all t € [0,T].

Proof. Let M;(r,t) be the mass function for p;, where ¢ = 1,2.  We claim that
My (r,t) > My(r,t) for all > 0 and ¢ € [0, T, which proves the proposition.

For the boundary conditions of M;, note that
M,(0,t) = M5(0,t) =0 forallt € [0,7],

r—00

lim (M (r,t) — Ma(r,t)) = /]Rd (p1(x,0) — pa(x,0))dz >0 for all ¢ € [0, 7.
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As for initial data, we have M (r,0) > My(r,0) for all » > 0.

For given A > 0, we define
w(r,t) := (Mg(r, t) — M(r, t))e_)‘t,

where A is a large constant to be determined later. Suppose the claim is false, then w attains
a positive maximum at some point (7, ¢;) in the domain (0, 00) x (0, T']. Moreover, since the
mass of both p; and py are preserved over time and thus are ordered, we know that (rq,t)

must lie inside the positive set for both p; and py, where M;’s are C’i:tl )

Since w attains a maximum at (71, ¢;), the following inequalities hold at (7, ;):

wy >0 = 8(My — My) > A My — M) (1.5.10)
w, =0 = 0,M; =0,My >0 (1511)
Wy <O = 8y My > 0, M, (1.5.12)

Now we will analyze the terms on the right hand side of (1.5.9) one by one. For the first
term, (1.5.11) and (1.5.12) imply that

)"~ o

arM2

adrd—l

aer

adrd—l

o, ( )" <0 at (r,t). (1.5.13)

If V is given by the Newtonian potential, we have

My — M
ar]\/flM = ,01(7’1,151)(M2 - Ml) < Pmax(Mz - Ml), (1-5-14)

ogrd-1

where ppay = max{ sup pi, sup pe} is finite by assumption on p; and ps.
RX[0,T] R2%[0,T]

Alternatively, if V' is given by (B), we claim the following inequality holds:

M, — Ml)(rlatl)
adrd_l

&»Ml( < Pmax || AV 1 (ray (M2 — My)(r1, ). (1.5.15)

To prove the claim, note that Mg — Ml can be rewritten as

M (ri,ty) = Mi(r,th) = / ((p2 = p1) * AV) XB(.rydz
Rd

= / (p2 — pl) (XB(OJH) *x AV)d,ﬁU (1516)
R4
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Note that AV > 0 is radially decreasing due to assumption (B), thus xp(,,) * AV is non-
negative, radially decreasing and has maximum less than or equal to [|AV||z:. Therefore we
can use a sum of bump functions to approximate x p(o,) * AV, where the sum of the heights

is less than ||AV||p:. Hence

MQ(’T’l,tl) - Ml(rlatl) S ||AV||L1(Rd) sup (M2 - Ml)(l’,tl) = ||AV||L1(Rd)(M2 - Ml)(’l"l,tl),

zeR4

which proves the claim (1.5.15). Finally, for the last term in (1.5.9), equation (1.5.11)

immediately yields that
Oy My 0P — 0,My 0P =0 at (r1,11). (1.5.17)

Now we subtract (1.5.9) with the corresponding equation for the subsolution. Due to the
inequalities (1.5.13), (1.5.15) and (1.5.17), we obtain the following inequality when V" is given
by (B):

O (Ma — My) < proax|[ AV |1 (Mo — M),

where ||[AV||; is replaced by 1 when V is Newtonian.

Hence if we choose A > ppax||AV]|1 in the beginning of the proof, the inequality above
will contradict (1.5.10). O

Next we prove a simple corollary of Proposition 1.5.4, which we will use later in proving
the asymptotic behavior of radial solutions in the subcritical regime. In the absence of the

extra drift term, observe that (1.1.1) can be written as a transport equation

where the velocity field U is defined by

T, t;p) = —%V(pm_l) —V(pxV). (1.5.18)

Then the mass function for a radial solution of (1.1.1) satisfies

%M(r, t) = —p(r, t)/

0B(0,r)

(- ) ds. (1.5.19)

The above observation along with Proposition 1.5.4 immediately yields the following corol-

lary:
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Corollary 1.5.5. Suppose m > 1. Let V' be given by (A) or (B). Let py(x) be a continuous
radially symmetric function, which is differentiable in its positive set. We assume that the

velocity field of po is pointing inside everywhere, i.e., for ¥ as defined in (1.5.18),

(z: po) - ( - ‘%) >0 in{po > 0}. (1.5.20)

Let p be the weak solution of (1.1.1) with initial data py < p(-,0). Then py < p(-,t) for all
t>0.

Proof. Let us define
p1(z,t) := po(x) for (z,t) € R? x [0, 00).
Then (1.5.19) and (1.5.20) yield that p; is a subsolution of (1.5.3). Therefore, Proposi-

tion 1.5.4 applies to p and p; and so we are done. O

1.6 A comparison principle for general solutions

In Section 1.5, we showed that the mass comparison holds between radial solutions of (1.1.1).
Although mass comparison does not hold directly for non-radial solutions, in this subsection
we will use symmetrization techniques to show that it is possible to control the LP-norms of

non-radial solutions in terms of the LP-norms of radial ones.

Let us recall that, for any nonnegative measurable function f that vanishes at infinity,

the symmetric decreasing rearrangement f* is given by

f*(l’) = /(;OO X{f>t}* ({L’)dt, (1.6.1)

where Q* denotes the symmetric rearrangement of a measurable set  of finite volume in R

In this subsection we consider general (non-radial) solutions of (1.1.1). Our goal is to

prove the following result:

Theorem 1.6.1. Suppose m > 1. Let V be given by (A) or (B), and let p be the weak
solution to (1.1.1) with initial data p(z,0) = po(x). Let p be the weak solution to (1.1.1) with
initial data p(x,0) = pi(x). Assume p exists for t € [0,T), where T may be infinite. Then

p*(-,t) < p(-,t) for allt € [0,T).
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As an application of Theorem 1.6.1, we will show that solutions of (1.1.1) with initial

data in L' immediately regularize in L> (see Proposition 1.7.7.)

The proof of Theorem 1.6.1, which we divide into several subsections follows that of the
corresponding theorem for solutions of (1.1.2) (see Chapter 10 of [V]). The theorem in [V]
is proved by taking the semi-group approach and applying the Crandall-Liggett Theorem.
The challenge lies in the fact that our operator in (1.1.1) is not a contraction, in either L!
or L. For this reason the proof requires an additional approximation of our equation with

one with fixed drift: see (1.6.5).

1.6.1 Implicit time discretization for PME with a drift

Consider the following equation
pr=A0p" +V - (pVD), (1.6.2)

where ® is a function given a priori such that ®(z,t) € C(R?x [0, 00)), and ®(-,t) € C?*(R?)
for all t.

Following the proof in the case of (1.1.2) in [V], we approximate (1.6.2) via an implicit
discrete-time scheme. For a small constant h > 0, U; is recursively defined as the solution of

the following equation:

Ui — Ui
h

where Uy = p(+,0), ®; = ®(-,ih). Now define

— AU +V - (U;V®;), i=12,... (1.6.3)

pn(,t) :=U;(-) for (i—1)h <t <ih, i=1,2,... (1.6.4)

The following result states that our approximation scheme is valid: the proof is in Section

A.1.3 of the appendix.

Proposition 1.6.2. Let py € L'(R% (1 + |z|?)dz) N L>®(R?), and let py be defined by

(1.6.4). Then there exists a function p € L>=([0,00); L'(R%)) such that
sup ||p(>t) - ph('>t)||L1(Rd) — 0
0<t<T
for any T > 0. Moreover, p coincides with the unique weak solution for (1.6.2).
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1.6.2 Rearrangement comparison

For a given function p(z) : R — R, let us define p* as given in (1.6.1).

Consider the following equation, where f(x,t) € C([0,00); L*(R?)) is a given function:
pr=Ap" + V- (pV(f=*V)). (1.6.5)

Theorem 1.6.3. Supposem > 1. LetV be given by (A) or (B), and let p be the weak solution
to (1.6.5) with initial data p(x,0) = po(x). Let p be the weak solution to the symmetrized

problem

pr=Dp" + V- (pV(f* = V), (1.6.6)

with initial data p(x,0) = pj(z). Then p is radially decreasing, and
p (-, t) < p(-,t) for all t > 0.

Due to Proposition 1.6.2, to prove Theorem 1.6.3 it suffices to show the following Propo-

sition; see Section A.1.4 in the appendix for the proof.

Proposition 1.6.4. Suppose V' is given by (B) and m > 1. Let u € D (the domain D is
defined in (A.1.7)) be the weak solution of

—hAu™ — hV - (uV(f *V)) +u =g, (1.6.7)

where f,g € LY(R?) are nonnegative. Also, let w € D be the solution to the symmetrized
problem, i.e. u solves (1.6.7) with f, g replaced by f and g respectively, where f and g are
radially decreasing, have the same mass as f and g respectively, and satisfy f* < f and

g*<g. Then u* < u.

Proof of Theorem 1.6.3:

The radial monotonicity of p can be shown via a similar argument as in Theorem 1.4.2:

in fact the argument is easier here since f* % AV is a radially decreasing function.

Next we prove p* < pfor allt > 0. Let U; be the discrete solution for the original problem,

and let V; be the discrete solution for the symmetrized problem. Due to Proposition 1.6.2 it
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suffices to prove that U < V; for all i € N. Here U; solves

Ui - Ui—l

where Uy = u(-,0), f; = f(+,ih), and V; solves

Vi—Via

= AV V- (VV(f V), (1.6.9)

where Vo = u*(-,0). Since Uj < V, by applying Proposition 1.6.4 inductively we can

conclude. Lastly when V' = A/, we can use a mollified Newtonian kernel to approximate N,

and the result follows via Proposition 1.3.3. O
Now we are ready to prove our main result:

Proof for Theorem 1.6.1: Let us first prove the theorem when V' is given by (B),
where we have global existence of solutions. Let py(-,t) := p*(-,t) for all £ > 0, where p(x,t)
is the weak solution of (1.1.1) with initial data p(x,0) = po(x). For ¢ > 1, we let p; be the

weak solution to the following equation:
(pi)e = A(p))" + V- (pi - V(pim1 % V), (1.6.10)
with initial data p;(z,0) = p*(x,0). Observe that p;(-,t) is radially decreasing for all

1€ Nt t>0.

By Theorem 1.6.3, we have p; < p;41 for all 7 € N. Hence we have
p*(,t) = pl(-,t) < pg(',t) < pg(',t) < ..., forallt. (1611)

Due to Theorem 1.3.1, {p;} is locally uniformly continuous in space and time. Hence by the
Arzela-Ascoli Theorem any subsequence of {p;} locally uniformly converges to a function p
along a subsequence. On the other hand p is the unique weak solution for (1.1.1) with initial
data p(z,0) = pj(z). This means that the whole sequence {p;} locally uniformly converges

to p. Now we can conclude due to (1.6.11).

When V = N, we can use a mollified Newtonian kernel to approximate A/, and the result

follows via Proposition 1.3.3. O

27



Corollary 1.6.5. Suppose m > 1. Let V be given by (A) or (B), and let p be the weak
solution of (1.1.1) with initial data po(x). Let p be the solution to the symmetrized problem,
i.e. p is the weak solution to (1.1.1) with initial data p§(x). Assume p exists fort € [0,T),

where T may be infinite. Then for any p € (1, 00| we have

oGy Olle@ay < [lpC, D)l r@ay, for allt € [0,T).

1.7 Asymptotic behavior for solutions existing global-in-time

In this section, we investigate the asymptotic behaviors for solutions which exist globally
in time. These results are applications of the mass comparison in Section 1.5 and the
comparison principles for general solutions in Section 1.6. Most of our results in this section

are concerned with radial solutions, except Section 1.7.2 and Section 1.7.6.

1.7.1 Subcritical regime: exponential convergence towards stationary solution

for radial solutions

In the subcritical regime (m > 2—2/d), the weak solution is known to exist globally in time,
however the asymptotic behavior of the solutions are unknown. When V is given by (A)
or (B), our goal is to use the mass comparison property established in Section 1.5 to prove
the asymptotic convergence of radial solutions towards the stationary solution. First let us
prove a confinement result, which is an application of Corollary 1.5.5. It says that when the
initial data is radially symmetric and compactly supported, the support of the solution will

stay in some fixed large ball for all times.

Proposition 1.7.1 (Compact radial solutions stay compact). Let V' be given by (A) or (B),
and let m > 2 — %. Let p solve (1.1.1) with a continuous, radially symmetric and compactly
supported initial data p(x,0). Then there exists R > 0 depending on m,d, ||AV ||y and p(-,0),
such that

{p(-,t) > 0} C {|z| < R} for allt > 0.

Proof. 1. We will first assume that p(0,0) > 0. Let A := [, p(x,0)dz, and let pa(x)

R
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be a radial stationary solution with mass A. For any continuous radial initial data with

p(0,0) > 0, we can choose a > 0 sufficiently small, such that

pr(z,t) == a%palaz) < p(x,0).

Our aim is to show that the velocity field of p;(x,t) is pointing towards the inside all the
time, i.e.,
- 0 .4 0
t; t; =—p" — V) >0. 1.7.1
v(r,t; pr) = 0(r, 6 1) - R (r) + 5 (p1x V) = (1.7.1)
Let us assume that V' is given by (B); the argument for V' given by (A) is parallel and

easier. Recall that the stationary solution pa(z,t) satisfies the following equation in its

positive set:

m_0pi~'  M(rpa)

= 0. 1.7.2
m—1 Or ogrd-1 ( )
Therefore it follows that
m 0 _ (m=Dd+1_ ™M 0/)2“ . (m—1)d+1 M(W; pA)
m—10r" (r)=a m—1 Or (ar) = —a oq(ar)d=1"

Secondly observe that M(r,t; p;) satisfies
Wirtp) = [ [ atpatanaviy - oydyds
B(0,r) J R4

= [ [ s sV - o)y
B(0,ar) JRd

> / pa* AVdzr (since a AV (a"'z) = AV when 0 < a < 1)
B(0,ar)

= M(W; pA)-

(Note that when V' is given by (A), direct computation yields M(r,t; p1) = M(ar; pa).)

Due to (1.2.3) and the above inequalities, it follows that

o 0
v(r,t;p) = EPT 1(7’)4'5(,01*‘/)
0 M(r; p1)
> o m 1 ) .
2 oA (r) + 70[17@—1 (1.7.3)
> (1 — qlm=2+2/d))d-1 (6”"7 pa) (1.7.4)

aa(ar)®L
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Since m > 2 — 2/d, the above inequality yields that the inward velocity field v(r, p;) > 0
when a < 1. Therefore Corollary 1.5.5 implies that p(-,t) > p; for all ¢ > 0. Since p and p;

have the same mass A, it follows that
{p(-,t) > 0} C {ps(:,t) > 0} for all t > 0,

and we can conclude.

2. The assumption p(0,0) > 0 can indeed be removed, since p(0,t) would still become
positive in finite time even if p(0,0) = 0. This is because, for the porous medium equation
(1.1.2), it is a well-known fact that the solution will have a positive center density after
finite time: this can be verified, for example, by maximum-principle type arguments using

translations of Barenblatt solutions [V].

Note that a radial solution of (1.1.2) is a subsolution for (1.1.1) in the mass comparison
sense. Hence one can compare p with a solution ¢ of (1.1.2) with initial data py and apply
Proposition 1.5.4 to conclude that ¢ < p. Now our assertion follows due to the continuity

of ¢ and p at the origin. O

Theorem 1.7.2 (Exponential convergence of radial solutions with the Newtonian potential).
Let m > 2 —2 and let V be given by (A) or (B). For given py > 0: a continuous, radially
symmetric function with compact support, let p(x,t) be the solution to (1.1.1) with initial
data py. Next let pa(z) be a radial stationary solution with mass A = [ po(x)dz. Then
M(r,t) := M(r,t; p) satisfies

|M(r,t) = M(r; pa)| < Cre™™,
where C depends on py, A, m,d,V , and the rate A only depends on A,m,d,V .

Proof. 1. We will only prove the case when V satisfies (B); the case for (A) can be proven
with a parallel (and easier) argument. Note that we may assume py(0) > 0 since otherwise

p(0,t) will become positive in finite time as explained in step 3 of the proof of Corollary 1.7.1.

2. Let pa be a stationary solution with the same mass as pg, given as in the proof of

Corollary 1.7.1. Since pg is compactly supported, continuous and with po(0) > 0, we can
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find a sufficiently small constant a > 0 such that
d —d -1
a’palaz) < py and a “pa(a” x) > po.

3. With the above choice of a, we next construct a self-similar subsolution ¢(x, t) of (1.5.3)
with initial data ¢(z,0) = a%pa(ax) such that My(-,t) := M(-,t;¢) converges exponentially
to M(;pa) as t — oo.

Here is the strategy of construction of ¢(x,t). Due to (1.7.4), for all 0 < a < 1, the

inward velocity field v(r) := v(r; a%pa(az)) given by (1.7.1) satisfies

o(r) > (1— qdm=2+2/d) adTM(C””;PA) > 0.
oq(ar)?

dM (ar; pa)
Observe that oalar) T equals the average of ps * AV in the ball {|z| < ar}. By Proposi-
oaqar

tion 1.2.1, pa (hence p4 * AV) is radially decreasing, and thus we have

M(W; PA)
d

Cl < < C2 in {pA > 0}, (175)

oq(ar)
where C, Cy only depend on A, d, m,V. This gives a lower bound for the inward velocity
field v

v(r) > Crat(1 — adm=242/d)y, (1.7.6)

We will use the above estimate to construct a subsolution ¢(r,t) of (1.5.3). Let us define
o(r,t) = kU t) pa(kt)r), (1.7.7)
where the scaling factor k(t) solves the following ODE with initial data k(0) = a:
K'(t) = Cu(k(t) ™ (L — (k(2)) 1 =2+2/D), (1.7.8)

Since m > 2—2/d, k'(t) > 0 when 0 < k < 1, and since k = 1 is the only non-zero stationary

point for the ODE (1.7.8), for 0 < k(0) < 1 we have lim;_,, k() = 1. Since
Cik(1 — kHm=242/Dy — _Chd(m — 2+ 2/d)(1 — k) + o(1 — k),

it follows that
O S 1 o k(t) < e—Cld(m—2+2/d)t
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which implies

0 < M(r;pa) — My(r, t) < e~ Crdm=242/d)t. (1.7.10)

Next we claim that ¢ is a subsolution of (1.5.3), i.e.,

oM, g1 0 (,OMy 1 oM, 1 ~ .
< il S ) .
ot — aar or <( or adrd—l) ) + ( or Udrd—l)M¢ n {6 >0} (1.7.11)

To prove the claim, first note that by definition of ¢(r,t) we have My(r,t) = M(k(t)r;pa).
Hence, due to (1.7.8) and definition of ¢, the left hand side of (1.7.11) can be written as

Pty = 0, (k(H)r: ) K
= oarlpa(k(t)r) kK (1) (1.7.12)
= ogrdp(r,t)Cik4(1 — EAm=2+2/d)), (1.7.13)

On the other hand, we can proceed in the same way as (1.7.6), replacing a by k, to obtain

m 8 m—1 Md’
m—1 8r¢ + ogri-1

> Clkd(l . k’d(m_2+2/d))’l".
Therefore

RHS of (1.7.11) = Udrd_lggbm + oM,
T

— O_d,rd—l(b(L g(bm—l + Md’

m—10r ogrd—1
> O'd’f’d(bclkd(l . kd(m—2+2/d))7

)

thus M, indeed satisfies (1.7.11), and the claim is proved.
4. Similarly one can construct a supersolution of (1.5.3). Let us define
H(rt) = KA(E) pa(k(0)7).
where k(t) solves the following ODE with initial data k(0) = :
K (1) = Cokdt1(1 — fdm=2+2/D)),

where Cy is defined in (1.7.5). Arguing parallel to those in as in step 3 yields that 7 is a
supersolution of (1.5.3) and

0 < M,(r,t) — M(r; pa) < e”@Am=202/DE - for all ¢ > 0. (1.7.14)
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5. Lastly we compare ¢, n with the weak solution p of (1.1.1). Since

#(-,0) < p(-,0) < n(-,0) (see Figure 1.3),

Figure 1.3: Initial data for ¢, p and n

Proposition 1.5.4 yields that
My(-,t) < M(-,t) < M,(-,1). (1.7.15)
By (1.7.10) and (1.7.14), we obtain
|M(r,t) — M(r; pa)| < e”Crdm=242/dt g5 1 > ),

O

Using the explicit subsolution and supersolution constructed in the proof of Theorem
1.7.2, we get exponential convergence of p/A towards ps/A in the p-Wasserstein metric,
which is defined below. Note that the Wasserstein metric is natural for this problem, since
as pointed out in [AGS] and [CMV], the equation (1.1.1) is a gradient flow of the energy

(1.1.5) with respect to the 2-Wasserstein metric.

Definition 1.7.3. Let 1 and po be two (Borel) probability measure on R with finite p-th

moment. Then the p-Wasserstein distance between 1 and o is defined as

1
Wy, pio) = ( inf {/ Ix—ylpﬂ(dfcdy)})p7
TEP(p1,p2) Rd xRd
where Py, po) is the set of all probability measures on R? x RY with first marginal p, and

second marginal fio.
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Corollary 1.7.4. Let p,pa, A,C1, X be as given in Theorem 1.7.2. Then for all p > 1, we

have

(U505 < o

Proof. Before proving the corollary, we state some properties for Wasserstein distance, which
can be found in [Vi]. For two probability densities fy, f; on R% the p-Wasserstein distance

between them coincides with the solution of Monge’s optimal mass transportation problem.

Namely,

Wy(f1, fo) = (T#]%ifl » fo(z)|z — T(a:)|”d:)s) ;, (1.7.16)

where 7T is a map from R? to R?, and T#f, = f, stands for “the map T transports f; onto
7, in the sense that for all bounded continuous function h on R,

/Rd h@)filw)de = / AT (@) folw)de.

Rd

Let ¢ be the subsolution constructed in the proof of Theorem 1.7.2, where we proved the
radius of supp ¢ converges to the radius of supp p4 exponentially in time. Note that ¢(-,t)
is a rescaling of py4, hence the convergence of support implies that there is a map Tj(-, 1)
transporting ¢(-,t) onto pa with sup,c,.n=0 |2 — Ty(z)| decaying exponentially in time.

Once we find such T}, we can use (1.7.16) to show that W,(¢(-,t), pa) decays exponentially.

Without loss of generality, we assume the mass A = 1 for the rest of the proof to avoid

dividing p and p4 by A every time. The transport map 7} can be explicitly constructed as

Ty, t) = %Mgl(Mw;pA),t).

Recall that ¢ is a rescaling of pa, defined as ¢(z,t) = (k(t))?pa(k(t)z), where k(t) < 1
for all ¢, and k(t) converges exponentially to 1. In this case the T}, defined above can be

greatly simplified as T (z,t) = x/k(t). That gives us the following upper bound bound for
WP(¢('7 t)? PA):

Walgl 1), pa) < (/R pale = %V’d“"); <R(1- ﬁ),
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where R is the radius of support of p4. Due to the estimate of k(¢) in (1.7.9), we obtain the

exponential decay
Wy(d(:, 1), pa) < Cre™.

We can apply the same argument to the supersolution 7(-,¢) as well.

To show that W,(p(-,t), pa) decays with the same rate, it is natural to consider the
following map T'(+, ) which transports p4 onto p(-,t):

T(a,t) = M (M (|al; pa).1).
Then we have |T'(z,t) —z| = |[M~*(M(r; pa),t) —r|, where r = |x|. Due to (1.7.15), we have
My > M = M
which gives
T (x, 1) — o < max{|Ty(x,t) — x|, [T,(, 1) — [},

Hence we conclude that

Wp(p('vt)v pA) < Wp((b('vt)v pA) + Wp(n('v t)va) < Cle_M'

O

In fact one can also obtain the uniform convergence of p(-,t) to p4 in sup-norm, however
the convergence rate would depend on the modulus of continuity of p. Theorem 1.7.2 and
the uniform continuity of p and p4, as well as the fact that p is compactly supported, yield

the following:

Corollary 1.7.5. Let p,pa, C1 and X\ be as given in Theorem 1.7.2. Then we have
I (2, 1) = pa(@)| Lo @e) = 0.

Note that uniqueness of p4 is not required in the proof of Theorem 1.7.2. Indeed, unique-
ness of p4 follows from the asymptotic convergence of p: if there are two radial stationary
solutions p! and p% with the same mass, Corollary 1.7.5 implies p(-,t) — p% in L> norm for
1 = 1,2 when p is given as in Theorem 1.7.2. This immediately establishes the uniqueness

of the radial stationary solution.
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Corollary 1.7.6. Let V be given by (A) or (B), and let m > 2 —2. Then for all A > 0, the

radial stationary solution pa for (1.1.1) with [ pa(x)dz = A is unique.

1.7.2 Subcritical regime: instant regularization in L*° for general solutions

We present the following regularization result as a corollary of the mass comparison result
(Theorem 1.5.4) and the rearrangement comparison for general solutions (Theorem 1.6.1).
It says that for initial data py € L'(R%; (1 + |2]*)dz) N L°(R?), no matter how large the L

norm of pg is, ||p(+, )|/ Will always be bounded by ¢~* for some short time.

Proposition 1.7.7. Let V be given by (A) or (B), and let m > 2 —2/d. Let p(x,t) be the
weak solution for (1.1.1), with initial data py € L*(R%; (1+|z|?)dz) N L>®°(RY). Let us denote

A= |lpollx and o := W‘ll)”. Then there exists ¢ = c(m,d, A, V) and ty = (2¢)"/* > 0 such

that we have p(-,t) € L= (R?) with
[p( )] Lo (ray < c(m,d, A, V)t~ for all 0 < t < t,.

Proof. By Corollary 1.6.5, it suffices to prove the inequality when pq is radially symmet-
ric. Also, in this proof we denote c¢(m,d, A, V) to be all constants which only depend on

m,d, A, V.

Let p4 be the radial stationary solution of (1.1.1) with mass A. Note that p4 is radially
decreasing, and thus p4(0) > 0. Since ug is a radial function in L, we can scale p4 to make

it more concentrated than wg, i.e. we choose 0 < a < 1 to be sufficiently small such that
ug < a 4pa(a).
As in the proof of Theorem 1.7.2, let us define
n(r,t) = k(1) pa(k(t)r),
where k(t) solves the following ODE with initial data k(0) = a™":
K (t) = c(m,d, A, V)kHH(1 — pdm=2+2/d)y
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Here ¢(m,d, A, V') corresponds to Cy in the proof for Theorem 1.7.2. It was shown in the
proof that
p(-,t) <n(-,t) forallt >0,

which in particular yields that
1n(, )l oo @ay = [[o(, )] oomay  for all £ > 0.

Observe that, by definition,
h(t) = [In( )l Lo @ay = k() pa(0) = c(m, d, A, V)K*(t).
Therefore to prove our proposition it is enough to show

h(t) < f(t) :==c(m,d, A, V)t~ for all h(0) > 0 and t € [0, o],

where t; is chosen such that f(t) > 2. Note that h(t) solves

W) = c(m,d, A V)KE
= c(m,d, A, V)h*(1 — pm=22/4).

In particular when h(t) > 2, h satisfies the following inequality
R (t) < —clm,d, A, V)hm+2/4,

Since f(t) solves the above ODE with equality, we obtain h(t) < f(t) for 0 <t < ty. Now

we are done. O

1.7.3 Supercritical regime: algebraic convergence towards Barenblatt profile

for radial solutions

In this subsection, we consider the asymptotic behavior of radial solutions in the supercritical
regime, i.e. for 1 <m < 2 — %. In this case the diffusion overrides the aggregation and thus
the solution is expected to behave similar to that of Porous Medium Equation (PME) in the
long run. In fact recently it was shown in [B1] (and also in [S1]), by making use of entropy

37



method as well as functional inequalities, that the solution of (1.1) with a general class of

2—m)d/2

V and with small mass and small L( norm converges to the self-similar Barenblatt

solution U(z,t) with algebraic rate,

Ulz,t) = t=9(C — %Wt—w)z{l, (1.7.17)

where C'is some constant such that || U(-,0)||; = [|p(-,0)||.

Here we will give a complementary result to [B1] and [S1] in the case of radial solutions,
by using mass comparison (Proposition 1.5.4). We point out that in our result the mass
does not need to be small, and we provide an explicit description of solutions which are
“sufficiently scattered” so that they do not blow up in finite time. Of course the method
presented in [B1] is much more delicate and yields optimal convergence results for general

solutions with small mass in the supercritical regime.

Let p be the weak solution to (1.1.1). Following [V], we re-scale p as follows:

p\T) = (t+1)%(x,t+1); A=zt+1)7" 1=mh(t+1), (1.7.18)
where
- B=ad
CTdm-n+2 7Y
Then p(A,0) = p(x,0), and (A, 7) is a weak solution of
A2 .
pr =A™ + gV - (MV%) + eI L (uV (px (N x h(\, 7)), (1.7.19)
where
h(\,T) = ePTAV(N"T). (1.7.20)

(When V = N one should replace the last term by =7V . (uV (1 * N).)

In the absense of the last term, equation (1.7.19) is a Fokker-Plank equation
m A
which is known to converge to the stationary solution p4 exponentially, where 4 has the
mass A := ||u(-,0)||; and satisfies

A 2
71;121_1 = (C — ﬂ%ﬁ for some C' > 0. (1.7.22)
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In Therorem 1.7.10, we will prove for m < 2 — 2/d, if the initial data is sufficiently
less concentrated than g4, then pu(-, 7) also converges to the same limit p4 exponentially as
7 — 00. We begin by defining the following mass functions:

M*(r,7) := M(r,7; 1) and M(r,7; f) == / f*h(-,7)d\,
B(0,r)

where M is as given in (1.5.2), h is as given in (1.7.20), and f is an arbitrary function. Note

that for V = A/, h(-,7) is the delta function for all 7, hence M = M.

Then M* satisfies the following PDE in the positive set of u:

M(r, 73 1)

ogrd—1

oM* 1 m 0, 0M* 1

or ogrd=1Ilm—10r" Or oyrd!

MHF = ggri=( ) Br et (1.7.23)

We first check that the mass comparison holds for re-scaled equations:

Proposition 1.7.8. Let V(z) be given by (A) or (B), and let m < 2 — 2. Assume pu,(\, 7)
is a subsolution and ps (N, 7) is a supersolution of (1.7.23). Further assume that [ py (-, 7)dA

and [ pa(-, T)dX stay constant for all t > 0. Then the mass is ordered for all times, i.e.,

if (A, 0) < ua(A,0), then we have py (A, 7) < po(A, 7) for all T > 0.

Proof. Let p;(x,t) be the corresponding re-scaled versions of p;. Then p; and ps are respec-
tively a subsolution and a supersolution of (1.5.3). The proof then follows from Proposi-

tion 1.5.4 and from the fact that
M (r, 7 p5) = €T M(reb e py).
U

Next we state a technical lemma which is used later in the proof of the convergence

theorem. The proof is in Section A.1.5 of the appendix.

Lemma 1.7.9. Let k(t) solve the ODE

E(t) = Crk(1 — k%) 4 Cokte=Pt (1.7.24)
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where C1, Cy, o, B are positive constants. Then there exists a constant 6 > 0 such that if

0 < k(0) <4, then k(t) — 1 exponentially ast — oc.

Now we are ready to prove the main theorem. We will first prove it for radially decreasing

solutions.

Theorem 1.7.10. Let V(z) be given by (A) or (B), let 1 < m < 2 — 2 and let iy be as
given in (1.7.22). Suppose jo(A) is radially decreasing, compactly supported and has mass
A. Then there exists a constant 6 > 0 depending on d,m, pg and V', such that if

po(A) = 0%pa(8N),

then the weak solution p(X\,7) of (1.7.19) with initial data po exists for all 7 > 0. Fur-
thermore, M (r,; u) defined in (1.5.2) converges to M (r,T; jua) exponentially ast — oo and

uniformly in r.

Proof. The proof of theorem is analogous to that of Theorem 1.7.2: we will construct a
self-similar subsolution ¢(\, 7) and supersolution n(A, 7) to (1.7.19), both of which converge

to pa exponentially.

Observe that (1.7.19) can be written as a transport equation
pe + V- (pv) =0,
where the velocity field v is given by
T:= ——V(" ) 4+ A+ eV (1 (N % h(y, 7))

Hence the inward velocity field v(r, 7; p) := —0 - ray for the rescaled PDE (1.7.19) is

m 0

e M1, T
or,ms ) = = ) o g ) Mr,7in)

ogri-1

We first construct a subsolution ¢(\, 7) with the scaling factor k(7) to be determined later:
PN, 7)==k (T)pa(k(T)N).
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Since p4 satisfies (1.7.22), the inward velocity field of ¢ is then given by
(1—a>rw‘

v(r,m9) = (1= k" V*2)3r 4 e i
oqre—

Note that the last term of w(r,7;¢) is always non-negative, and thus
v(r,7;0) > (1 — k4m=D+2)3r That motivates us to choose k(7) to be the solution
of the following equation

K(1) = Bh(1 — Km0, (1.7.25)

with initial data £(0) sufficiently small such that ¢(-,0) < g4 and ¢(-,0) < p(+,0). One can
proceed as in the proof of Theorem 1.7.2 to verify ¢ is indeed a subsolution. Moreover, it
can be easily checked that k(7) — 1 exponentially as 7 — oo, hence M (r,T; ¢) converges to

M (r; pa) exponentially as 7 — oo and uniformly in 7.

Next we turn to the construction of a supersolution of the form

n(A,T) == kd(T),uA(k:(T))\).

Here the main difficulty comes from the aggregation term, which might cause finite time
blow-up of the solution. To find an upper bound of the inward velocity field, we first need

to control M(r, 7, k%u(kN)):
MR on) = [ Blall) e AV () )i
B(0,r)
< AVl [ Ky
B(0,r)

— Jav], / (VAN < Ckr) o,
B(0,kr)

where the first inequality is due to Riesz’s rearrangement inequality and the fact that 4 is

radially decreasing, and C'is some constant that does not depend on k, 7, 7.

The above inequality gives the following upper bound for the inward velocity field of 7:
v(r,mim) < (1 — k4m=D+2) 5 4 Opdet=7y
Therefore if we let k(t) solve the following ODE

k‘,(T) _ /6/{:(1 _ kd(m—l)—i—Z) + C]{;d"‘le(l_o‘)'r’ (1.7.26)
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and choose the initial data k(0) such that u(-,0) < n(-,0) = k(0)ua(k(0)X), then 1 would
be a supersolution to (1.7.19).

Let us choose k(0) = §, where § is given in the assumption of this theorem. Due to
Lemma 1.7.9, k(7) — 1 exponentially as 7 — oo when § is sufficiently small, hence it follows
that M(r,7;n) converges to M (r; u4) exponentially.

Since the supersolution 7 exists globally, we claim that the weak solution p exists globally

as well. Suppose not: then due to Theorem 4 of [BRBJ, 1 has a maximal time interval of

existence 1™, and lim, 7« ||pu(-, 7)||oc = 00. On the other hand, Proposition 1.7.8 yields that

(-, ) <n(-,7) for all 7 < T™. (1.7.27)
Note that Proposition 1.4.2 implies that p is radially decreasing for all 7 < T™, which gives
(s ) oo < [IM(+; 7)||0o for all 7 < T, (1.7.28)

The above inequality implies that lim, »p- [[1(-, 7)||oc = 00, which contradicts the fact that

In(+,7)||so is uniformly bounded for all 7.

Once we have the global existence of i, Proposition 1.7.8 yields that
o, 7) < (-, 7) < n(-,7) for all 7 > 0.
Since both ¢ and n converge exponentially towards p4 as 7 — 0o, we can conclude. O
Making use of the rearrangement comparison introduced in Section 1.6, we obtain the

following generalization of Theorem 1.7.10, where the first part applies to nonradial solutions,

and the second part applies to radial solutions which do not need to be radially decreasing.

Corollary 1.7.11. Let V(x) be given by (A) or (B), and 1 < m < 2—2. For a nonnegative
function po in L'(RY), define A := [ uo(N)dX, and let jua(N) be as given in (1.7.22). Then
the following holds:

(a) there exists a small constant § > 0 depending on d,m, o and V', such that if
po(N) = 0%ua(0N),

then the weak solution (X, 7) of (1.7.19) with initial data ug exists for all T > 0.
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(b) Let g is as given in (a) and also is radially symmetric and compactly supported, then
M(r,7;p) defined in (1.5.2) converges to M(r,T;ua) exponentially as 7 — oo and

uniformly in r.

Proof. Let (A, 7) be the weak solution to (1.7.19) with initial data pg(A). Then ff(-,0)
meets the assumptions for Theorem 1.7.10, which implies the global existence of ji. Due to
Corollary 1.6.5, ||p(+, 7)|lee < ||f2(+, 7)||oo for all 7 during the existence of p; hence the uniform
boundedness of [ yields that u cannot blow up and thus must exist globally in time. This

proves (a).

Now suppose i is radially symmetric and compactly supported, and i satisfies the
assumption in (a) such that the corresponding solution p exists globally in time. In this case

we can construct subsolution and supersolution as in the proof for Theorem 1.7.10 to prove

(b). 0

If we rescale back to the original space and time variables, Corollary 1.7.11(b) immedi-

ately yields the algebraic convergence of mass function for the solution to (1.1.1).

Corollary 1.7.12. Let V. m, p and pg be as given in Corollary 1.7.11, and let p be given by
(1.7.18). Let U(z,t) be the self-similar Barenblatt solution as given in (1.7.17). Then p is a
weak solution to (1.1.1), and p vanishes to zero ast — oo with algebraic decay. In particular

if po is radially symmetric then

(a) |M(r,t) — M(r,t;U)| < Ct™, for all v > 0, for some C,~ depending on py,m,d and
V.

(b) for all p > 1 we have

where C,~ depend on p(x,0),m,d and V.

Proof. From the proof of Theorem 1.7.10, we have Wp(@, B4) < e777 for some 7y depending

on p(x,0), m, d and V, and the proof is analogous with the proof of Corollary 1.7.4. Now
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we scale back, and the above inequality becomes

W (LT 2y <y

1.7.4 Ciritical regime with critical mass: convergence towards stationary solu-

tion for radial solutions

In this subsection, we consider the equation (1.1.1) with V = A and m = m, := 2—2/d, and
prove that every radial solution with critical mass M. and continuous, compactly supported

initial data will be eventually attracted to some stationary solution within the family (1.1.7).

If the initial data is bounded above and has the critical mass M., then it is proved in
[BCL2] that the weak solution to (1.1.1) exists globally in time. In the next lemma we
prove the solution indeed has a global (in time) L*> bound. In addition, if the initial data
is radially symmetric and compactly supported, then the support of the solution would stay

uniformly bounded in time.

Lemma 1.7.13. Suppose V.= N,d > 3 and m = 2 — 2/d. Consider the problem (1.1.1)
with initial data py € LY (R%; (1+ |z[*)dx) N L>®(R?), where py is continuous and has critical
mass M.. Then the L> norm of the weak solution p(x,t) is globally bounded, i.e. there exists

K >0 depending on || po|| oo (ray and d, such that ||p(-,t)||peoway < K1 for all t > 0.

If po is radially symmetric and compactly supported in addition to the assumptions above,
then there ezists some Ry > 0, such that {p(-,t) > 0} C B(0, Ry) for all t > 0, where Ry

depend on d and py.

Proof. In order to bound the L norm of p(-,t), we first consider equation (1.1.1) with
symmtetrized initial data, which is described below. Let p(-,t) be the solution to (1.1.1)
with initial data pf, where pg(-) is the radial decreasing rearrangement of py, as defined in

(1.6.1).

Since p has a radially symmetric initial data and has mass M., due to [BCL2], we readily

obtain that p exists globally in time, and p is radially symmetric for all ¢ > 0. We first prove
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that there is a global L*> bound for p.

Since ||p(+,0)]|cc = ||po]|loc < 00, We can choose R; > 0 depending on ||pg/s, Where Ry
is sufficiently small such that pj < ng,, where ng, is as defined in (1.1.7). Then the mass

comparison result in Proposition 1.5.4 yields that
p(-,t) < ng, for all t > 0. (1.7.29)
Now we go back to the original solution p, and compare p with p. Theorem 1.6.3 yields that
p*(-,t) < p(-,t) for all £ > 0.
Combining the above two inequalities together, we readily obtain that
p (-, t) < g, forall t >0,

which implies that p*(0,t) < ng,(0) for ¢ > 0. Note that p*(-,¢) is radially decreasing for all
t > 0 by definition, and ng, is radially decreasing due to [BCL2]. Hence the above inequality
implies that

oG t)lloe = 112", ) lloo < lInmalloo = By “m(0) for t >0, (1.7.30)

thus p has a global L> bound Ry %7;(0), where 7, is as defined in (1.1.7).

Next we hope to show that if py is radially symmetric and compactly supported in
addition to the conditions above, the support of p(-,¢) will stay in some compact set for all
time. We first prove it for the case where pg(0) > 0. Due to the continuity of py, we have pg
is uniformly positive in a neighborhood of 0. This enables us to choose Ry > 0 sufficiently
large such that pg > ng,, where ng, is as defined in (1.1.7). Proposition 1.5.4 again gives us

p(+,t) = ng, for all t > 0, which implies that

supp p(+,t) C supp ng, = B(0, Ry) for all ¢ > 0.

If po(0) = 0, we claim that after some finite time t1, p(0,¢;) becomes positive, and p(-, ;)
has a compact support, where t; depends on d and py. Then we can take ¢; as the starting
time and argue as in the case py(0) > 0. The proof of the claim is the same as in step 2 in

the proof of Proposition 1.7.1 and will thus be omitted. O
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Next we prove that under the conditions in Lemma 1.7.13, every radial solution converges
to some stationary solution in the family (1.1.7) as ¢ — oco. To do this we investigate the
free energy functional (1.1.5), and make use of the following result proved in [BCL2| and
[BRBJ: Let u be a weak solution to (1.1.1), then it satisfies the following energy dissipation
inequality for almost every t during its existence:

t m 2
Fp(t)) +/0 /de —— V" £ VN x| dadt < F(po). (1.7.31)
Theorem 1.7.14. Suppose V=N ,d >3 and m =2 —2/d. Let p(x,t) be the weak solution
to (1.1.1) with critical mass M, and nonnegative initial data py, where py is continuous,
radially symmetric and compactly supported, and satisfies Vi € L*>(R%). Then there exists
Ry > 0 depending on py and d, such that p(-,t) — ng, in L°(RY) as t — oo, where ng, is
as defined in (1.1.7).

Proof. Due to Lemma 1.7.13, we obtain the existence of a weak solution globally in time,
which has a global L* bound. In addition, by treating pxN as an a priori potential in (1.1.1)
and applying the continuity result in [D], we obtain that p(z,t) is uniformly continuous in

space and time in [7,00) for all 7 > 0.

Our preliminary goal is to find a time sequence {t, } which increases to infinity, such that
p(t,) uniformly converges to some stationary solution as n — oo. Note that F(p(-,t)) is
non-increasing for almost every ¢ due to (1.7.31), and is bounded below as t — oo. This

enables us to find a time sequence {t¢,} which increases to infinity, such that

2

lim [ p(t,) #Vp(tn)m_l + VN * p(ty)| do = 0. (1.7.32)

n—o0 Jpd

We will slightly abuse the notation and denote p(t,) by p,. Note that {p,} is uniformly
bounded and equicontinuous, hence Arzela-Ascoli theorem enables us to find a subsequence
of {p,}, such that

Pn — Pso uniformly in n, (1.7.33)

where p. is some radially symmetric and continuous function. Moreover, Lemma 1.7.13

implies that the support of {p,} all stays in some fixed compact set, hence we have p
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is compactly supported as well, and it has mass M.. We will prove that p,, is indeed a

stationary solution later.

We next claim that {Vp™} are uniformly bounded in L?(R?). To prove the claim, note
that

2

m
/ Vot + pa VN # p,|*da < ||Pn“oo/ pu | ==V + VN % p,| du,
Rd Rd m—1

where the right hand side is uniformly bounded for all n. In addition, since {p,} are uni-
formly bounded and are all supported in some B(0, R), we know [, pn| VN * p,|*dz is also
uniformly bounded for all n. Therefore triangle inequality yields the uniform boundedness
of [pa |V [?dx, which proves the claim.

The uniform boundedness of {Vp™} in L*(RY) implies that {Vp™} is in L?(R?) as well.
Moreover, we can find a subsequence of {p,} (which we again denote by {p,} for the sim-

plicity of notation), such that

Vo™ — Vp™ as n — oo weakly in L'(R} : R%). (1.7.34)

Using (1.7.32) and the two convergence properties (1.7.33) and (1.7.34), we can proceed in
the same way as Lemma 10 in [CJMTU] and prove that p. satisfies

2
/ Poo %VUZ@‘I + VN % poo| dx =0, (1.7.35)
Rd -

which implies that p., is a radial stationary solution to (1.1.1), hence is indeed in the family

(1.1.7).

Next we will prove that p(-,t) — ps uniformly in L>°(R?) as t — co. In order to prove
this, we make use of the monotonicity of the second moment of p(+,¢) in time. By combining

the following Virial identity
d 2
— |z|“p(z, t)de = 2(d — 2)F|[p(t)] for all ¢ (1.7.36)
dt Rd

with the fact that the minimizer of F has free energy 0, it is shown in [BCL2] that

Mylp(-,t)] = / |z|?p(x,t)dt is non-decrasing in . (1.7.37)
Rd
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This implies that any subsequence of p(-, t) can converge to only one limit: if not, then we can
find some another sequence {t/ } increasing to infinity, such that p(t/)) converges to another
stationary solution p/_ uniformly as n — oo, where p._ is also in the family (1.1.7). Since p(t/,)
are uniformly bounded and uniformly compactly supported, we have Ms[p(t))] — Mz[p..].
On the other hand for the time sequence {t,} we have Ms[p(t,,)] — Ma[pso], hence (1.7.37)
implies that p,, and p, must have the same second moment. Since both p,, and pl_ are
within the family (1.1.7), they can have the same second moment only if they are the same

stationary solution. O

Remark 1.7.15. Since the proof is done by extracting a subsequence of time, we are unable
to obtain the rate of the convergence. We also point out that the above proof is for radial
solution only; for general initial data the difficulty lies in the fact that we are unable to

bound the solution in some compact set uniform in time.

1.7.5 Critical regime with subcritical mass: convergence towards self-similar

solution for radial solutions

In this subsection, we assume V = N and m = 2 — 2/d. We prove that every radial solution
with subcritical mass and compactly supported initial data would converge to some self-
similar solution which is dissipating with the same scaling as the solution of the porous

medium equation.

Let p be the weak solution to (1.1.1), with mass A € (0, M.). Following [V] and [BCL2],
let 1 be as defined in (1.7.18), which is a a continuous rescaling of p according to the scaling
for the porous medium equation. Then p(A,0) = p(x,0), and p(A, 7) solves the following
rescaled equation in the weak sense:

A 2
=A™+ V- (MV%) + V- (uV(xN)). (1.7.38)

It is pointed out in Theorem 5.2 of [BCL2] that the free energy associated to the rescaled
problem (1.7.19) is

m

G(u(-,1)) = /Rd (mum + %u(/\f*,u) + |>\2‘;’u) d, (1.7.39)
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and for any mass A € (0, M,), there is a unique minimizer p4 of G in Z4 subject to transla-
tion, where Z4 := {h € L*(RY)NL™(RY) : ||hl|; = M and [p, |z|*h(z)dz < co}. In addition,
114 is continuous, radially decreasing and has a compact support, and 4 satisfies

m 0 r M(r;
um—1+_+ ( MA)

- = 1.7.4
m—10r 4 d ogrid-1 0 (1.7.40)

in its positive set, where the mass function M is as defined in (1.5.2).

Since pu4 is a stationary solution of (1.7.19), if we go back to the original scaling, 4 gives
a self-similar solution of (1.1.1):

T

Ua(z,t) = (t + 1)_1MA(m)7

(1.7.41)

It is then asked in [BCL2| and [B2] that whether this self-similar solution attracts all global

solutions.

We will first prove that all radial solutions to the rescaled equation (1.7.19) converge
to wa. The following lemma construct a family of explicit solutions to (1.7.19), which all

converge to 4 exponentially fast as 7 — oo.

Lemma 1.7.16 (A family of explicit solutions). Suppose V =N ,d > 3 andm = 2—-2/d.
For 0 < A < M., we denote by pua the stationary solution of (1.7.19). Let i be defined as

a(A, T) = Rd(T)'uA(R(T))’ (1.7.42)
where R(T) solves the ODE .
) =G — R (1.7.43)
R(0) = R,

where Ry > 0 is a constant. Then for any Ry > 0, i(\, 7) is a weak solution to (1.7.19).

Proof. Since [1 is a self-similar function, it can be easily verified that i solves the following

transport equation ‘
R(7)
R(7)

On the other hand, note that (1.7.19) can also be written as a transport equation

pr =V - (,ul_)'),
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where
m A MM, p) A
P g 7v m—1 - %_'
e R e PN CA I DY
Therefore, to prove that i solves (1.7.19), it suffices to verify that

Rr)  m 0 v M(r,T; i)

— = — g o 2 for 0<r < . 1.7.44
R(T)T oo +d+ pagpr or 0 <r < R(1) (1.7.44)
T T

Since i is a rescaling of fu4,

_ 1 ﬁ m—1 r _ 1 ﬁ m—1 r
ho= R(m—1)d+1 <8TMA ) (R(T)) - Ri-1 <8TMA ) (R(T))’

where in the last inequality we used the fact that m is the critical power, i.e. m =2 —2/d.

For T in (1.7.44), the definition of fi gives

1 Mg pa)

T, = for 0 < r < R(7).
S
Now recall that p, satisfies (1.7.40) in its positive set, which implies
1 m 0 r r M(gika)\ 1 1
RHS of (1.7.44) = — T —(1-
of (LT4) = e (m—l@r’uA ") T arm ey ) T T mw)
1 1
e ]_ —
il
~_R()
-~ R(r)”

where the last equality comes from the definition of R in (1.7.43). This verifies that (1.7.44)

is indeed true, which completes the proof. O

Next we use the family of explicit solution constructed above as barriers, and perform

mass comparison between the real solution and the barriers.

Proposition 1.7.17. Suppose V.= N,d > 3 and m = 2 —2/d. Let u(\,7) be a radially
symmetric weak solution to (1.7.19) with mass 0 < A < M., where the initial data u(-,0) is
nonnegative, continuous and compactly supported. Then as T — oo, the mass function of u

converges to the mass function of a4 exponentially, i.e.
sup [M(r, 73 ) — M(r, 75 pa)| < Ce™,

where pi4 is as defined in (1.7.40), and C depends on d, A and pu(-,0).
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Proof. Without loss of generality we assume that p(0,0) > 0. (When £(0,0) = 0, from the
same discussion in 1.7.13, u(0, 7) will become positive after some finite time.) Then we can

find Ry, sufficiently small and Ry, sufficiently large, such that

1 1
< (-0
Rd MA(R()Q) lu( ) Rd /“’LA(RO:L)

where in the first inequality we used that 1(0,0) > 0, and in the second inequality we used
l12(+5 0)floo < 0.

Let pi(A\,7) and ps(\,7) be defined as in (1.7.42), with R(0) equal to Rg; and Roe
respectively. Then Lemma 1.7.16 says that both uy and uy are solutions to (1.7.19). Note
that (1.7.19) is a special case of (1.5.1), hence the mass comparison result in Proposition

1.5.4 holds here as well, which gives
po(+,7) < p(-,7) < pp(-,7) for all 7 > 0,
or in other words,

M- Tip0) < M(-y15p0) < M-, 75 p1) for all 7 > 0.

It remains to show that
sup | M (r, 7 ;) — M(r;pa)| < Ce™ ™ fori=1,2.

Recall that both p;’s are scalings of 14 with scaling coefficient R;(7), hence

r

| M (r, 73 pi) — M(r; pa)| = \M(%;m)

— M (r; pa)l- (1.7.45)

Since 14 is bounded and compactly supported, it suffices to show that R;(7) — 1 exponen-
tially as r — oo. Recall that R; = (Rd — 1)R; with initial data Ry; for i = 1,2, a simple
calculation reveals that |R;(7) — 1| < Ci;e™7, where C; depends on Ry;. This implies that the

right hand side of (1.7.45) decays like e~7, which completes the proof. O

Making use of the explicit barriers p; and ps constructed in the proof of Proposition
1.7.17, we get exponential convergence of 11/ A towards the 114/A in the p-Wasserstein metric
as defined in Definition 1.7.3. The proof is parallel to the proof of Corollary 1.7.4 and will

be omitted here.
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Corollary 1.7.18. Let V. =N,d > 3, and m = 2 — 2. Let p(\,7) and pia be as given in

Proposition 1.7.17. Then for all p > 1, we have

where C' depends on d and pu(-,0).

Rescaling back to the original space and time variables, we have

plz,t) = t—il—lﬂ <(t+xl>l/d,ln(t+1)) :

Thus Corollary 1.7.4 immediately yields the algebraic convergence towards the dissipating

self-similar solution (1.7.41):

Corollary 1.7.19. Let p(x,t) be a radial solution to (1.1.1) with mass 0 < A < M., where
the initial data p(-,0) € Lt (RY; (1+|z]*)dz)NL>®(RY) is continuous and compactly supported.
Let Uy be the dissipating self-similar solution with mass A defined in (1.7.41). Then p/A

converges to Ua /A in Wasserstein distance algebraically fast as t — oo. More precisely,

p(,t) Ua —(d—1)/d
)<
,—) < Ct

Wi

Y

where C' depends on d, A and p(-,0).

1.7.6 Critical regime with subcritical mass: convergence towards self-similar

solution for non-radial solutions with small mass

In this subsection, we consider the rescaled equation (1.7.19) with general (possibly non-
radial) initial data. The key result here is that when the mass A < M, is sufficiently small,
the radially symmetric stationary solution p4 as defined in (1.7.40) is the unique compactly
supported stationary solution (in rescaled variables). Then a similar argument as in Theorem
1.7.14 shows that every solution to (1.7.19) with small mass and compactly supported initial
data converges to 4. After scaling back to the original variables, we immediately obtain

the convergence towards the self-similar solution if the mass is small.

We first prove a L*>-regularization result, saying that if the initial mass is small, then

the L norm of solution to (1.7.19) will become small after unit time, regardless of the L>
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norm of the initial data. We point out that a similar L*°-regularization result is proved in

[SS2] for the 2D case with linear diffusion, using a De Giorgi type method.

Lemma 1.7.20. Suppose V=N ,d >3 and m =2 —2/d. Let u(\, 1) be a weak solution to
(1.7.19) with mass 0 < A < M,/2, where the initial data po € L1 (R% (1+ |z|*)dz) N L>®(RY)

15 continuous. Then we have
i6(-, ) |Joo < Ka := CAY for all T > 1, (1.7.46)
where C' is some constant depending only on d.
Proof. Similar argument as the proof of Lemma 1.7.13 yields that
w (-, 7) < (e, 1) for all 7 > 0, (1.7.47)

where fi(-, 7) is the solution to (1.7.19) with initial data pg. Since pg is radially symmetric
and bounded above, we can find Ry sufficiently small, such that uf < #u a(g;), where fi4
0

is as defined in (1.7.40). It then follows from Proposition 1.5.4 and Lemma 1.7.16 that

ﬂ@Ty<RéWMARGQﬁHauTZO, (1.7.48)

where R(7) satisfies the ODE (1.7.43) with initial data R(0) = R,. Combining (1.7.47) and
(1.7.48), we obtain that

1
WMo = () | < o for all 7 >0,
I Plloo = 1" oo < g llealloe for all 7

In order to bound the right hand side of the above inequality, we first find an upper bound
for 1/R(7)%. Tt can be readily verified that R(7) = min{lTﬁll 5} is a subsolution to (1.7.43)
> R(r) > > L for all 7 > 1, thus

for any Ry > 0, which implies that R(7) < 2¢ for all

T)
T > 1.

Next we will estimate ||pa|lo. Note that 4 is radially decreasing for any 0 < A < M.,
moreover |[fialloc = 14(0) is increasing with respect to A. Therefore we readily obtain a

rough bound ||p14]|cc < C4 for all 0 < A < M, /2, where Cy = jip, /2(0) only depends on d.

23



Note that this rough bound of || 4|« gives us an upper bound for the velocity field given
by the interaction term, namely

M(r; pa) < Chir
ogrdt T d

O (pa * N) = (1.7.49)

To refine the bound for ||/, We compare 4 with fi4, where fi4 is the radial stationary
solution to the following equation

(1+Cy[AP

o= A"V - (V).

(1.7.50)

Making use of (1.7.49), mass comparison yields that 4 < 14, which implies p4(0) < f14(0).
On the other hand note that (1.7.50) is a Fokker-Planck equation, whose stationary solution

is given by

Y

(14 Cy)(m —1), .\ V/om=1)
2dm A )

where C'4 > 0 is the unique constant such that ||fi4]l; = A. A simple algebraic manipulation

= (Ca - )

shows that fis(0) < CA*? where C' > 0 depends only on d, therefore we can conclude. [

The next lemma shows that if the mass is small, any solution with compactly supported

initial data will eventually be confined in some small disk.

Lemma 1.7.21. Suppose V.= N,d > 3 and m = 2 —2/d. Then for any Ry > 0, there
exists some sufficiently small Ay > 0, such that all weak solutions to (1.7.19) with continuous

and compactly supported initial data and mass 0 < A < Ay will be eventually confined in

B(0, Ry).

Proof. Let p(\, 7) be a weak solution to (1.7.19) with continuous and compactly supported
initial data and mass 0 < A < Ag, where Aj is a small constant depending on Ry and d to

be determined later.

In the proof of this lemma we take 7 = 1 to be the starting time, in order to take
advantage of the estimate (1.7.46). Our goal is to show that if the support of (-, 1) is
contained in some disk B(0, R) where R > Ry — K4 and K4 is as defined in (1.7.46), then

there exists some time 7" > 1 to be determined later, such that

supp u(-,7) C B(0, R+ Ky) for all 7 € [1,T], (1.7.51)
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moreover at time 7" the support can be fit into some disk smaller than B(0, R), namely
supp p(-,7) C B(0, R — K4/2). (1.7.52)

By taking T as the starting time and repeating this procedure, we know that eventually the

support will be confined in B(0, Ry).

In order to deal with non-radial solution, we shall construct barriers in the density sense
instead of in mass sense. Although comparison principle in density sense does not directly
hold for (1.7.19) due to the nonlocal term, if we treat V (A, 7) := u* N as a fixed a priori
potential, then (1.7.19) becomes

AP

pr =A™ +V - (MV(ﬂ + V()\,T))) , (1.7.53)

which is a porous medium equation with a drift, and the weak solutions to it enjoy the
comparison principle due to [BH]. It follows from (1.7.46) that the following estimates of V'
holds:

AV(\,7) <supp < K, for A\ € R 7> 1,
AT

and
1

og| AT

Note that in both estimates above, the right hand side will go to zero as A — 0. We also

3 2
IVV(A, 7)| < sup(pu * ) < C(d)Ad~@ for N € RY, 7> 1.
HA

point out that if R > A%_d%, then VV will be dominated by V% around r = R.

Next we will construct some explicit supersolution f to (1.7.53). More precisely, we hope
to find a continuous radially decreasing function fi defined in {r > R— K4} x [1,T] for some

T, such that f satisfies the following inequality

d—1_ [ 3_2
fr > Oppfi™ + (0 + T)(%) + K4+ |0.f|C(d)Ad~ @ forallr > R— Ka, 7€ [1,T],
(1.7.54)
while fi also satisfies the initial condition
fa(r,0) > Ky forall R— Ky <r <R, (1.7.55)
and the boundary condition
f(r,7) > Ka atr =R — K, forall 7 € [1,T]. (1.7.56)
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The inequalities (1.7.54)—(1.7.57) guarantees that i is a supersolution to (1.7.53). If A is
small enough such that R > C A& for some large constant C' depending on d, one can

check that
1/m
+

A, 1) = [2KA —7(r—(R— KA))}
satisfies the inequalities (1.7.54)—(1.7.56) for 1 < 7 < 4, hence comparison principle yields
that o < fin {r > R — K4} for all 7 € [1,4].

The reason we choose ji as above is that its support will shrink after some time: note

that its support stays in B(0, R + K,) for 7 € [1,4], and most importantly, at 7 = 4, the

support of fi can be fit into a disk smaller than B(0, R), namely
supp fi(-,4) C B(0, R — K4/2). (1.7.57)

Since comparison property gives that supp pu(-,7) C supp ji(-, 7) for all 7 € [1, 4], we imme-
diately obtain (1.7.51) and (1.7.52), which complete the proof. O

Making use of the above two lemmas, in the next theorem we show that when the mass

is sufficiently small, there cannot be any non-radial stationary stationary solutions.

Theorem 1.7.22. Suppose V.=N,d >3 and m =2 —2/d. Then when 0 < A < M./2 is

sufficiently small, the compactly supported stationary solution to (1.7.19) is unique.

Proof. Due to Corollary 1.7.4, we know that for any 0 < A < M., there does not exist any
compactly supported radial stationary solution other than u4. Hence it suffices to prove
that when A is sufficiently small, every compactly supported stationary solution is radially

symmetric.

Suppose v4(\) is a compactly supported stationary solution to (1.7.19), which is not

radially symmetric. Since v4 is stationary, it satisfies
1 AP N L
VT gk N+ o= C'in {vg > 0}, (1.7.58)

m—1
where different positive components of v, may have different C’s. Heuristically, the idea is
to argue that the term v4 * A/ must be more “roundish” than %V{T_l if v4 is non-radial,
thus get a contradiction.
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We point out that (1.7.58) implies that v, is continuous in R? and smooth inside its
positive set. This enables us to find two points a,b € R? in the same connected component
of {va > 0}, satistying |a| = |b| and

va(a) —va(b) = sup (va(x) —va(y)) > 0. (1.7.59)
|z|=lyl

We claim that when A is sufficiently small, the following inequality holds

m
m— 1

‘V{’Zf_l(a) — Vf_l(b)} > |(va* N)(a) — (va x N) (D), (1.7.60)

then (1.7.60) would contradict (1.7.58).

We start with the left hand side of (1.7.60): Lemma 1.7.20 implies that both v4(a) and

v4(b) are much smaller than 1 when A is small. Since 0 < m — 1 < 1, it follows that

m

——— Vi (a) = w3 O)] > [vala) = va(d)].

if A is sufficiently small. In order to prove (1.7.60), it suffices to show that
|(va*x N)(a) — (vax N)(b)| < |vala) — va(d)]. (1.7.61)

We introduce a linear transformation 7" : R? — R? which is a rotation that maps a to b.

Then radial symmetry of N yields that (v4 * N')(b) = (vaoT) * N)(a).

In addition, T" being a rotation implies that |T'(z)| = |z| for any x = R, hence from the

way we choose a and b, we have |va(T(z)) — va(z)| < va(a) — va(b) for any x € RY. Thus

(4 x A)@) = (rax MO = [(va £ N)(@) = (w10 T) < N (a)
< [ lvalo) = AT )| a = )iy

< (vala) — va(d)) / N (y)ldy,

B(0,R)
where B(0, R) is the smallest disk that contains the support of v4. Now we make use of
Lemma 1.7.21, which shows that we can fit the support of v4 into an arbitrarily small disk by
letting A be sufficiently small. Therefore we can choose R such that [ B(0.R) IN(y)|dy < 1/2,
then let A be sufficiently small such that supp v4 C B(0, R). This gives us (1.7.61), which

leads to a contradiction and hence completes the proof. O
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Remark 1.7.23. For general 0 < A < M,, we are unable to prove the uniqueness of the
compactly supported stationary solution. The difficulty lies in the fact that for larger mass
we are only able to show the support lies in a disk with radius O(1). Hence instead of
(1.7.61), we can only obtain |(va * N)(a) — (va * N)(b)| < C|va(a) — va(b)|, where C might

be a large constant, which stops us from getting a contradiction.

Once we obtain the uniqueness of compactly supported stationary solution for small mass,
the following corollary shows that all solution with compactly supported initial data must

converge to this unique stationary solution as 7 — oo.

Corollary 1.7.24. Suppose V.=N,d >3 and m =2 —2/d. Let u(\,7) be a weak solution
to (1.7.19) with mass 0 < A < M./2 being sufficiently small, where the initial data pu(-,0) is

nonnegative, continuous and compactly supported. Then as T — 0o, we have

(5 7) = pa()lloe =0, (1.7.62)

where py is as defined in (1.7.40).

Proof. The proof is similar as the proof of Theorem 1.7.14, and actually it is simpler here
since there is a unique stationary solution, instead of a family of stationary solution in the

case of Theorem 1.7.14.

When the initial data p(-,0) is bounded and compactly supported, Lemma 1.7.20 and
Lemma 1.7.21 shows that (-, 7) would be uniformly bounded and stay in some fixed compact
set for all 7 > 1. In addition, the continuity result in [D] indicates that pu(\, 7) is uniformly

continuous in space and time in R? x [1, c0).

As a result, for any time sequence 7, that increases to infinity, using the same argument
as in the proof of Theorem 1.7.14, we can extract a subsequence 7, such that pu(-,7,,)
uniformly converges to some continuous function g, where p, is a compactly supported
stationary solution. Theorem 1.7.22 ensures that p., must coincide with ps when A is

sufficiently small, yielding that p(-,7) indeed converges to p4 uniformly as 7 — oo. O

Remark 1.7.25. Since p(+,0) is confined in some compact set for all time, (1.7.62) implies

that ||p(-,7) — pa(-)|l, — 0 as 7 — oo for all p > 1. Now if we scale back to the original
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variables, it immediately follows that ||p(-, ) —=Ua(-)||, — 0 as t — oo for all p > 1, where U,
is the dissipating self-similar solution as defined in (1.7.41). However the rate of convergence

here is unknown, since the proof is done by extracting a subsequence of time.
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CHAPTER 2

Blow-up Dynamics for Patlak-Keller-Segel Equation

with Degenerate Diffusion

2.1 Introduction

2.1.1 Background

In this chapter, which is a joint work with Andrea Bertozzi [YB], we continue studying
the aggregation-diffusion equation as in Chapter 1, however from a different perspective.
Note that in Chapter 1, we discussed the qualitative behavior and asymptotic behavior of
solutions to (1.1.1) when the solutions exist globally in time. In this chapter we focus on
the finite-time blow-up case, and our goal is to numerically and asymptotically study the
blow-up dynamics of (2.1.1) when the solution blows up in finite time. Moreover, in this
chapter we consider more general kernels with power-law form, other than the Newtonian
potential; and our spatial domain is bounded instead of the whole R?. The equation we

consider in this chapter is
u=Au™ =V - (uV(K xu)) in[0,T) xQ, (2.1.1)

with Neumann boundary condition, where m > 1, Q = B(0, R) C R?, and K is a radially

symmetric potential with power-law form, i.e.

1

e

K(x)

where K is either equal to or less singular than the Newtonian kernel at the origin, i.e.

v <d-—2.
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As we have summarized in Chapter 1, the solution of (2.1.1) exhibits different behavior for
different powers of m [DP, HV, S1, BICM]: the problem is supercritical for 1 < m < 2—2/d,
where the solution may exhibit finite time blow-up phenomena; while for m > 2 — 2/d the

problem is subcritical and the solution is globally bounded for all time. Recently the notion

1
of criticality is generalized to general power-law kernels K = W in [BRB|. For d > 3
x
d d
and v < d — 2, they prove that the critical power m is given by % When m > %
d
the solution stays uniformly bounded for all time, while when m < aty there may be a

d

finite-time blow-up. Moreover, at the critical power, they prove that there exists a critical

mass M. which sharply divides the possibility of finite time blow up and global existence.

In this chapter we only discuss the case d > 3, and the reason to omit dimension d = 2
is as follows. When d = 2, if K is equal to the Newtonian potential % In |z|, the critical
exponent is given by m = 1, and (2.1.1) becomes the original Patlak-Keller-Segel equation,
which has been well studied both asymptotically and numerically [BCKSV, HV, CS, L]; if
K is less singular than the Newtonian potential, then for any m > 1, the problem is in the

subcritical regime, where all solutions have a global L* bound and do not blow-up.

Once the existence/blow-up results are proven for (2.1.1), it is natural and interesting
to examine the asymptotic behavior of the blow-up profile. Existing results only cover the
following two special cases: one is the case without the diffusion term, and the other case
is where K is the Newtonian potential. We review these cases in detail in the following
discussion. The main goal of this chapter is to study the behavior of the blow-up solution

for general power-law kernel and power-law degenerate diffusion.

In the absence of the diffusion term Au™, (2.1.1) becomes the aggregation equation, which
arises in biological swarming models and aggregation in material science. It is rigorously
proved in [BCL1]| that the local vs. global well-posedness is distinguished by an Osgood
condition on the kernel K. In particular, when the kernel K is given by |z|?, the solution
has a finite time blow-up for 0 < v < 2, and has an infinite time blow-up for v > 2. For
this power-law kernel, some asymptotic results for radial blow-up solutions are obtained in

[HB1, HB2]: when v < 2, they show the radial solution blows up in finite time and exhibits
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a second type self-similarity, while for v > 2 the aggregation happens in infinite time and
exhibits a concentration of mass along a collapsing d-ring. We point out a difference of
the self-similar blow-up between (2.1.1) and the aggregation equation: although (2.1.1) and
the aggregation equation both exhibit self-similar blow-up behavior, the self-similarity for
aggregation equation is of second type, while the self-similarity for (2.1.1) is indeed of first
type. This is because in (2.1.1) the three terms u;, Au™ and V - (uV (K * u)) should be
of the same order, which gives one more equation than the aggregation equation and thus

uniquely fixed the scaling.

With the presence of a linear diffusion term Awu, when K is the Newtonian potential, the
problem is supercritical when d > 2, and critical when d = 2. For 2 < d < 10, the asymptotic
blow-up behaviors are carefully studied in [BCKSV]. They showed that there are two stable
blow-up modality, one is self-similar and the other one is non-self-similar and Burger-like.
When d = 2 the blow-up behavior is more subtle. For critical mass M = M,, it is shown
in [KS] that the L* norm of solution grows to infinity as ¢ — oo, where tpax ~ e2V2 For
supercritical mass M > M., according to asymptotic expansions computed in [CS, L] (and
[HV] for a similar model), as t — 7', the solution is “near-self-similar” and blows up in the

form

ulr, 1) ~ R R() + L riy (7). (2.1.2)

where R(t) ~ (T —t)~"2g(T —t), where g(T — t) is some logarithmic correction term; and

f(|x]) is some locally integrable function in R? which has a singularity at the origin.

When the equation (2.1.1) has a nonlinear diffusion term Au™ and Newtonian potential
K, the problem is critical when m = 2 — 2/d, where d > 3. For solutions with supercritical
mass M > M., some results regarding the asymptotic behavior of blow-up solution are
obtained in [BL]: they prove that there exists a self-similar blow-up solution when the mass
ranges in some bounded interval (M., Ms] for some threshold Ms;, however the stability of
those self-similar blow-up solutions remains unclear. When the mass is above Ms, they prove

that there is no exact self-similar blow-up solution, and the blow-up scaling is still open.

In this chapter we use refined numerics compared with asymptotic analysis to understand
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blowup behavior in a radially symmetric setting. Thus for completeness we review related
numerical results, many of which do not discuss the blow up problem. There are a number of
approaches to solving (2.1.1) for the special case m = 1 and K being a Newtonian potential.
These methods include the finite-element or discontinuous Galerkin methods presented in
[E, EI, EK, F2, M, Sa, SS], the moving mesh method described in [BCR], a mass-transport
steepest descent scheme in [BCC], a stochastic particle approximation method in [HS], and a
composite particle-grid numerical method in [F]. However, among those approaches, few of
them compute the blow-up profile: since (2.1.1) can blow-up in finite time in a diminishing
length scale, it is a challenging numerical problem to capture the solution behavior precisely.
There are two papers [BCKSV] and [BCR] directly addressing the blow-up profile, and both
of their numerical methods rely on K being Newtonian: [BCKSV] directly solves for the
mass function M (r,¢) := [ u(r)r*'dr, which satisfies a local PDE when K is Newtonian;
[BCR] deals with the parabolic-parabolic Keller-Segel problem, where the drift potential can
be directly solved from a parabolic PDE. Their methods no longer work when K is a general

power-law kernel ||~ and some efficient way to compute the convolution K x u is needed.

2.1.2 Summary of results

As we mention above, there are few results addressing the dynamic behavior of the blow-
up solutions to (2.1.1), and that motivates our study. Sections 2-4 investigate the possible
asymptotic behavior of blow-up solutions to (2.1.1), and formally show that there are three
different ways of blow-up. These asymptotic results are accompanied by numerical simula-
tions, and in Section 5 we outline our numerical method, which is an arbitrary Lagrangian

Eulerian method with adaptive mesh refinement. Our results are summarized below.

Asymptotics for blow-up solutions with supercritical power m (i.e.

1§m<dfT'y)

For supercritical m, we show that there are two kinds of possible blow-up behaviors. One

of them is self-similar, where the scaling of the blow-up is

u(z,t) ~ (T — t)Pw( ast — T, (2.1.3)

T
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where the power «, 5 > 0 are computed in Section 2.2 (see (2.2.2)). We point out that as ¢
approaches the blow-up time 7', the mass of the peak area goes to zero, indicating that no

mass is concentrating at the origin.

Another possible blow-up behavior is an imploding smoothed out shock wave which
collapses into a Dirac mass at the origin at the blow-up time. More specifically, u
forms a delta concentration on an imploding spherical surface, thus the mass function
M(r,t) == [;u(y,t)y*'dy is forming an imploding shock. In Section 2.3 we show that

the scaling associated to this kind of blow-up is

u(r,t) ~ Q) ¢ (T;(i]:)(t)) (2.1.4)

where th_)n% Q(t) = oo, th_r)r% R(t) =0, and 0(t) < R(t) as t — T'. We compute the scaling for
Q(t), R(t) and (t) in Section 2.3.1 (see (2.3.6) and (2.3.9)), and derive the equation satisfied
by ¢ in Section 2.3.3. We point out that while the same blow-up behavior is discovered in
[BCKSV] for m = 1 and Newtonian K, this is the first work to find out the blow-up profile
. Note that in this case a finite amount of mass is driven to the origin at the blow-up time,

indicating that this type of blow-up is intrinsically different from the self-similar blow-up.

Another difference between the two type of blow-up is as follows. Aslongas1 <m < #
is in the supercritical regime, the self-similar blow-up can happen for any m, d, v with a suit-
able initial data. However the non-self-similar blow-up requires an extra condition: in Section
2.3.2, we formally derive that the non-self-similar blow-up can only happen when the extra
condition v > d — 3 is satisfied, in addition to m being supercritical. Numerical evidence
suggests that this extra condition is indeed required. Note that when both conditions are
satisfied, the blow-up behavior depends on the initial data: the solutions with radially de-
creasing initial data may tend to blow-up self-similarly, while solutions with ring-shaped
initial data may tend to blow-up like a Burger shock.

. . . o). . d
Asymptotics for blow-up solutions with critical power m (i.e. m = %)

When m is critical, numerical evidence suggests that u is self-similar in the peak re-
gion. However the maximum density here does not grow like (7' — )" as in (2.1.3), and is

(T —t)"Pg(T —t) instead, where g(T — t) is some logarithm correction. We assume that as
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t — T, u is of the form

1

u(r,t) = R

ﬂ(%) + Lisray f(1), (2.1.5)

where R(t) < (T'—t)* ast — T, here a is as in (2.2.2). We then obtain some preliminary
results, indicating that @ is the stationary solution to (2.1.1) with mass M,.. This implies
that the mass in the peak area converges to M, as t — T, which is verified by numerical
simulations. It is an interesting open problem to find the exact scaling for R(¢). We point out

that this type of near-self-similar blow-up behavior is not new, and it is previously observed

in the semilinear heat equation [GK] and Patlak-Keller-Segel problem in 2D [HV, CS, L.
Numerical method

In order to numerically compute the blow-up profile of (2.1.1), we use an arbitrary
Lagrangian Eulerian method with adaptive mesh refinement. The main idea is to split
equation (2.1.1) into two steps, one contains the aggregation part and the other contains
the diffusion part. For the aggregation part, we adopt the method described in [HB1] and
let the mesh move with the particles. The Lagrangian method is important for advection
to avoid numerical diffusion [HB1]. Then we perform an adaptive mesh refinement and use
an implicit finite volume scheme to solve the degenerate diffusion equation on a fixed mesh,
due to its stability and easiness to implement. The advantage of our method is that we can
compute the solution until the time is very close to the blow-up time, where the maximum

0% and the characteristic spatial scale of the solution is 10727,

density can be as large as 1
while maintaining sufficient resolution to capture the detailed asymptotics of the blow-up

profile.

2.2 Self-similar blow-up for supercritical power m

In this section we focus on the self-similar blow-up that happens for supercritical m, i.e.
m > dTT'Y. Figure 2.1 gives a typical example of a self-similar blow-up, where no mass is
concentrating at the origin as the time approaches the blow-up time. We determine the
scaling for the blow-up, and formally derive the equation satisfied by the blow-up profile.
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Figure 2.1: Time evolution of a self-similar blow-up solution with radially symmetric initial

data, with Newtonian potential, d = 3 and m = 1.2 (supercritical). Figure (a) shows a

log-log plot of the solution, which blows up at the origin at a finite-time 7. Figure (b) shows

the mass function M (r,t) at different time, suggesting that no mass is concentrating at the

origin as t — T'. Here M(r,t) denotes the mass inside the ball B(0,r) at time ¢. Figure (c)

shows the rescaled solution, (here the scaling is determined in (2.2.2)), which converges to

some blow-up profile. Figure (d) shows the evolution of (7" —t)u(0,t) as a function of T'—t,

which suggests that u(0,t) ~ (T —t)"tast —T.
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2.2.1 Computing the exponents

We assume that as ¢t — 7', u blows up at the origin self-similarly with the following form

u(z,t) ~ (T — 1) Pw( ~)ast—T. (2.2.1)

x
-1
In this subsection, our goal is to compute the exponents o and (.

We first compute the order for the two term u; and Au™ ast — T
U ~ (T - t)_(ﬁﬂ)a

Au™ ~ (T — t)~20=0m,

For the term V - (uV(u * K)), we begin with estimating the order for u * K:

(s K) (1) = /Rd(T—t)‘ﬁw((Tgwa)u_lyhdy
= — t)Ptad w(z ! z e zziy
= T-07 /R O —a—pep® = o)
= (T e ) (T = )7,

which implies that
V- (uV(ux K)) ~ (T — t)"20720+ad=a,

Since we are looking for a self-similar blow-up profile, we want u;, Au" and V- (uV (uxK))

to have the same order, which gives the following equations
—(B+1)=—-2a—0m=—2a—20+ ad — ya.

Since there are two equations and two unknowns, we can explicitly solve for «, # in terms of

v, m and d:
2—m

(m —1)(d —7) = 2(m —2)’

_ d—~
O = = )(d =) —2(m —2)

o (2.2.2)

If the solution blows up, then o and [ are both positive, which implies that the blow-up
can only happen when m < 2. Also note that the mass in the ball B(0, (T — t)*) is of the

order (T'— t)=P+9 which cannot go to infinity as t — T since we start with a finite mass.
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This gives a necessary condition for the solution to blow-up, which is —3 + da > 0, or in
other words,
d—+~y

m< (2.2.3)

Note that d%“* is exactly the critical exponent for (2.1.1) given by [BRB].

2.2.2 Self-similar blow-up profile

Assuming (2.2.1), we want to find the equation w satisfies. Plug w into (2.1.1), and let
y=x(T —t)~“, we have that ast — T,

u =~ (T —t)""pw(y) + ay - Vw(y)],
Aum =~ (T —t)22=FmAw(y), (2.2.4)
V-(uV(u*ﬁ)) ~ (T—t)‘%“?ﬁ*ad‘wv-(wV(w*ﬁ))(y).

Therefore formally speaking, w should satisfies the following equation:

Bw + ay - Vi = Aw™ — V- (wV (w * ——)). (2.2.5)

[
Figure 2.2 shows the blow-up profile and scaling for different powers m, and Figure 2.3
illustrates that the blow-up profile indeed satisfies (2.2.5) for both Newtonian and non-
Newtonian kernel K. It would be interesting to study the full behavior of (2.2.5), although

it is outside the scope of our study. The case for m = 1 and Newtonian potential V is

covered in [BCKSV].

2.2.3 Limit function outside the blow-up region

From the numerical simulation in Figure 2.1(a), we can see that for every r > 0, u(r,t)

converges to some limit ¢ (r) as t — T. Now we will formally compute the outer solution
W(r).

Since 1 (r) is stationary as t — T', we have that 1 satisfies the following equation, where
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Figure 2.2: Behavior of solutions with different power m, with Newtonian potential in d = 3.

(a) Blow-up profile for different m. (b) log-log plot of the height «(0,¢) and the width L(t)

for different m, where L(t) is defined as the radius at half the height of u(0,t). The slopes

of the lines are in good agreement with the theoretically predicted values of —0.5, —0.45,

—0.4, —0.35 and —1/3.
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Figure 2.3: Verification of (2.2.5) for the blow-up profile. The solid line is the plot of the
left hand side of (2.2.5), and the stars represent the right hand side of (2.2.5). (a) Here
the parameters are m = 1.2, d = 3 and 7 = 1 (Newtonian). (b) Here the parameters are

m = 1.1, d = 3 and v = 0.5, where the kernel is less singular than the Newtonian kernel.

we slightly abuse the notation and write 1 as a radially symmetric function on R%:

ﬁ) = 0. (2.2.6)

VT

Since 1 (r) appears to be a straight line on the log-log graph in Figure 2.1(a), we assume
it takes the form v (r) ~ r=% where a > 0. Plug it into (2.2.6) and solve for a, we obtain
a = 22 which implies the tail should satisfy

2—m

2.3 Non-self-similar blow-up for supercritical power m

When the initial data is not radially decreasing, it is possible for the solution to blow-up in
finite time in a non-self-similar way. More precisely, the solution consists of an imploding
smoothed out shock wave in the mass variable, which collapses into a delta function at the

origin in finite time. Figure 2.4 gives an typical example of a non-self-similar blow-up.
70



20

10

u(r,t)

---T-t=2e-4
‘‘‘‘‘ T-t=6e-8
—T-t=2e-11

---T-t=_8e-15|

—T-t=3e-18

10"

200

---T-t=2e-4
---T-t=6e-8
—T-t=2e-11
1501 - - T-t = 8e-15
—T-t=3e-18
£ 100f i ‘ ‘
50/ : ]
o 't L :
10° 10 1072 10°

Figure 2.4: Time evolution of a non-self-similar blow-up solution with radially symmetric

initial data, with Newtonian potential, d = 3 and m = 1.2(supercritical). Figure (a) shows

a log-log plot of the solution, which blows up at the origin at a finite-time 7. Figure (b)

shows the mass function M (r,t) at different time, indicating that there is a fixed amount of

mass concentrating at the origin as ¢ — 7. Here M(r,t) denotes the mass inside the ball

B(0,r) at time t.
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We assume u(r, t) have the following blow-up profile

u(r,t) ~ Q(t) ¢ <T;(7f)(t)) : (2.3.1)

where }in%Q(t) = 00, tlin%R(t) = 0, and 6(t) < R(t) ast — T. Figure 2.5 shows the

re-centered and rescaled solution indeed converge to some function .

---T-t=2e-4

‘‘‘‘‘ T-t=6e-8
0.8t ---T-t=2e-11}|
—T-t=8e-15
0.6
£
2
S 04
0.2r
O =~ -
-3 -2 3

1 (r—rmgx)lé(t) !

Figure 2.5: Simulation of a non-self-similar blow-up with radially symmetric initial data
in three dimensions, with Newtonian potential and m = 1.2. The figure shows the re-
centered and rescaled solution indeed converge to some function ¢. The x-axis represents
(r — rmaz)/0(t), and the y-axis is the normalized density. Here §(f) is computed according

to (2.3.6).

2.3.1 Scaling for non-self-similar blow-up

We first figure out the relation between @),0 and R. Since we only consider a radially

symmetric solution, (2.1.1) can be written as

— 1 1
up = O%u™ + O™ — O Op(—= *u) —u(A—— *xu). (2.3.2)
S~~~ I |x|'y |x|'y
o S > - —
T2 15 Ty

Note that in the neighborhood of the peak, we have 19,u™ ~ Q™ /(R§) and 92u™ ~ Q™ /82,
which gives T, < T7, due to our assumption that §(t) < R(t) as t goes to the blow-up time

T. Thus T; becomes asymptotically irrelevant and can be ignored. We will require T}, T3,
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T, to be of the same size in the neighborhood of the peak. For T, the previous discussion
gives

Ty~ 2 (2.3.3)

We next estimate the order of T;. When v < d — 2, (i.e. the kernel is less singular than the

Newtonian kernel), a direct computation gives

1 1

A— = 2 —d)——
PE (v + )le”’“’
hence to obtain the order of T}, it suffices to look at (W xu)(z) when |z| —R(t) = O(4(1)).
For C large, we have
! L Qu 5= 2.3.4
(W*U)(@N B(OC&)WQ y~Q : (2.3.4)

hence when |z| — R(t) = O(4(t)), the computation above implies

1 o
Ty~u (W xu) ~ QT2 (2.3.5)

Note that (2.3.5) holds for Newtonian kernel as well, since when v = d — 2, A|z|™” becomes
a multiple of the delta function.

Finally, due to divergence theorem, we can evaluate the order of T3 as follows

1 1
T5 ~ Q y / A— s udzx.
0 R By TP

Note that the integrand quickly vanishes to 0 as |z| — R > §. And when |z| — R = O(6), the

computation for T} yields that Alz|~7 *u ~ §9~277u, hence / Alz|™ xudx ~ 6727 M,
B(0,]z[)

where M is the mass of u around the peak. Recall that we assume that M is of order unity,

which implies

T3 ~ QRl—déd—?)—'y.

Since we assume 17, T3, T, are of the same order, we finally obtain that Q(¢), R(t) and d(t)
should satisfy the following relation

d—y+m—2

R(t) ~ Q(t) 0D, 6(t) ~ Q1) (2:3.6)

3
N
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Now we compute the order of Q(¢) in terms of T'— ¢, where T is the blow-up time. From

the previous computation, when |z| — R = O(J),

2(m—2)
RHS of (2.2) ~ Q™ & | (2.3.7)
and the order of the left hand side is
) — . _ddy—md
LHS of (2.2) ~ Q@ + Q%(TTIE)@)) ~ QQd=(d=1) (2.3.8)

Combining (2.3.7) and (2.3.8), we obtain

. d+y—md 2(m—2)
QQUE-NET) ~ Q" d—

Y

which implies
N (d—y)(d—1)
Q(t) ~ (T —t) (d=7)(md=—m—d+2)—(d=2)(m-2) (2.3.9)

In the special case of the Newtonian potential, d — v = 2, and Q(¢) simplifies to
2(d—1)
Q(t) ~ (T"—t)” md | which is in agreement with the result in [BCKSV] for the special

case m = 1, and our work generalize their result to general m,d amd ~.

Figure 2.6(a) shows that when the solution blows up self-similarly, the maximum density
Q(t) indeed has the same scaling as (2.3.9). However, Figure 2.6(b) suggests that there is a
difference between the Newtonian kernel and kernels less singular than Newtonian: for the
Newtonian kernel (i.e. v = d — 2), numerical simulation suggests that Q(t)(T" — t)@=1/md

converges to a constant as t goes to the blow-up time 7', while for less singular kernel (i.e.

v < d—2) we have Q(t)(T —t)~? goes to 0 slowly as t — 7', where p is the power in (2.3.9).

2.3.2 Requirements for the parameters

In this subsection, we derive some requirements for the parameters d,m and + in or-
der for the non-self-similar blow-up to happen. Recall that in (2.3.1), we assumed that
Q — 0,0 <KX R—0ast—T. Hered < R — 0ast — T implies that the following

conditions on m,d and v are required

m< 37

y and y<d—2+m. (2.3.10)
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Figure 2.6: (a) Log-log plot of the maximum density Q(t) versus (7' — t), where T is the
blow-up time. The slopes of the lines are in good agreement with the theoretically predicted
values in (2.3.9). (b) Plot of Q(¢)(T — t)~? versus (T' — t), where p is the exponent as given
in (2.3.9).

Note that the first requirement coincides with the criteria for supercritical m, hence is au-
tomatically satisfied in the supercritical regime. We point out that the second requirement
can indeed be removed since we assume K is no more singular than the Newtonian potential
at the origin, i.e. v < d — 2. Once the above conditions are met, () — co as t — T will be

automatically satisfied since m > 1.

Next we argue that an extra requirement is needed besides (2.3.10). Recall that in
equation (2.3.4), we assumed that for |z| = R+ O(6), (Jo|~0*? % u)(x) is approximately
equal to [ B(0.Co) ly|~O+2u(x — y)dy when C is of order unity and sufficiently large, which is
comparable to - 0+2Qs%. This requires that the tail of the kernel K be small such that the
contribution from the term fRd\B(O,Cé) ly|~O0*+2u(z — y)dy can be negligible, which implies
that

502 Qpd > R-OFIQRTS,

which simplifies to the following extra requirement

v >d—3. (2.3.11)
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Figure 2.7: Behavior of solutions with d = 5,7 = 1 and m = 1.1, where the condition
(2.3.10) is satisfied but (2.3.11) is not. Even with a very singular ring-shaped initial data,
it does not blow-up as an imploding shock. Figure (a) shows a log-log plot of the solution,
which blows up at the origin at a finite-time 7" in a self-similar way with the scaling as in
section 2. Figure (b) shows the rescaled solution, which eventually converges to some radially

decreasing blow-up profile.

Figure 2.7 provides numerical evidence that this extra requirement (2.3.11) is indeed
valid. When all the conditions in (2.3.10) are met but not (2.3.11), even we start with a
very singular ring-shaped initial data, the solution still behaves according to the scale for
self-similar solution in Section 2, and eventually converges to a self-similar profile that is

radially decreasing.

When both conditions (2.3.10) and (2.3.11) are met, the solution may blow-up in either
a self-similar way or non-self-similar way, depending on its initial data. The examples shown
in Figure 2.1 and 2.4 indeed have the same m,d and 7, and the only difference is that we
start with a radially decreasing initial data in Figure 2.1 and a ring-shaped initial data in
Figure 2.4. In Figure 2.8, we carefully choose the initial data that is close to the separatrix
between the self-similar one and non-self-similar one. The blow-up turns out to be self-

similar with the scaling as in Section 2, where the blow-up profile is not radially decreasing.
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We point out that this blow-up profile is unstable, and eventually the solution will be either
attracted to a radially decreasing blow-up profile, or an imploding shock wave. This result
is in agreement with [BCKSV] where m = 1 and K is Newtonian, where they conjectured
that this separatrix has connection with the unstable blow-up modality that has exactly one

linearly unstable mode.
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Figure 2.8: Blow-up profile in d = 3, v = 1 and m = 1.2 (supercritical), with the initial
condition chosen to be very close to the separatrix between the self-similar blow-up and
non-self-similar blow-up. This blow-up profile is unstable and will be eventually attracted
to either the non-self-similar blow-up or the self-similar blow-up with a radially decreasing

profile. Figure (a) shows a log-log plot of the solution, and Figure (b) is the rescaled solution.

2.3.3 Similarity profile for Newtonian kernel

When K is the Newtonian potential, when the solution blows up non-self-similarly according
to (2.3.1), numerical evidence in Figure 2.5 suggests that the rescaled and re-centered solution
converges to some blow-up profile . In this subsection, our goal is to find the equation that
o satisfies. We point out that this result is new even for Newtonian kernel: although the
scaling of @), R and § has been studied in [BCKSV] for m = 1 and the Newtonian potential

K, this is the first work to investigate the blow-up profile ¢ and find the equation it satisfies.

7



Let e; be the unit vector (1,0,...,0), and we investigate the behavior of solution to

(2.1.1) near the point ((R(t) + yd(t))es,t), which corresponds to ¢(y). As t — T', we have

2+md—2d

w((R+yd)er, t) ~ QQ™ 21 (y), (2.3.12)
and
(R + yd)en, 1) ~ L (o) (2.3.13)

The estimation of the last term V - (uV(u x K)) is as follows. Note that when K is the
Newtonian potential \w\%’ AK is (2 — d)wg_16(x) in the distribution sense, where §(x) is

the delta function and wy_ is the surface area of the sphere S~ ! in R?. Hence

9 . / Au * ﬁdm
v (R 5.1 — B(0,R+y9) 2
or (¥ ) (B vo D) 0B(0, R + o)
2 — udx
2-a [ d
o B(0,R+y0)
- Rd-1
y
~ (2—d)wg_1 p(z)dz,
d Qo d

where in the last line we used the fact that u(r,t) is very small when |[r — R| > ¢§. and as a

result,

V- (uV(ux K))((R+ yd)er, t) = (2 — d)wa1(Q%¢ (y) /_: p(2)dz + Q%9 (y)).  (2.3.14)
Combining (2.3.12), (2.3.13) and (2.3.14) together, we obtain that ¢ satisfies the following
equation
300 = ) - 2= e () [ e+ ) (2:3.15)

Figure 2.9 provides numerical evidence that the rescaled and re-centered blow-up profile

indeed satisfies (2.3.15).

2.4 Near-self-similar blow-up for critical power m

When m = dTT'Y, it is proved in [BRB] that there exists a critical mass M, depending on ~

and d, such that the solution to (2.1.1) exists globally in time for M < M., while for any
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Figure 2.9: Verification of Eq.(2.3.15) for the blow-up profile of a non-self-similar blow-up,
where m = 1.2, d = 3 and v = 1. The solid line is the left hand side of Eq.(2.3.15), and the
stars represent the right hand side of Eq.(2.3.15).

M > M, there exists a solution with mass M that blows up in finite time. In addition, for
Newtonian potential, by using a comparison principle on the mass concentration, it is proved
in [BK] that every radial solution with mass M > M, must blow up in finite time. We point

out that their method can be generalized to the general power-law kernel K = |z|~7 as well.

In this section we let m = d%“* be the critical power, and we study the blow-up behavior
for solution with supercritical mass M > M,.. Let u be the weak solution to (2.1.1) with
supercritical mass, which blows up at some finite time 7'. Figure 2.10 is a typical result of
the simulation. While Figure 2.10(c) suggests that the blow-up is self-similar in its peak
region, it is no longer of the form (2.2.1): suppose that u blows up with the form (2.2.1)
as t — T, then the same argument as in Section 2 would imply that the o and 3 given in
(2.2.2) are the only possible exponents, and hence (T — t)%u(0,t) should converge to some
finite number w(0) as t — 7. However, numerical simulation of (7" — ¢)%u(0,¢) in Figure
2.10(d) suggests that this is not true, since (T — t)?u(0, ) is slowly increasing to infinity as

t — T, instead of converging to a constant.

Because of the self-similarity of u in the peak region, we assume that as t — T, u is of
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the form

1 r
) = ——t(——) + 1, , 92.4.1
) = () + o 1) (2.4.)
where R(t) < (T'—t)* ast — T, here a = (m—l)(d2—:/7)n—2(m—2) is as in (2.2.2).

It remains to determine R(t), w and f(r). If T is the blow-up time, we first introduce

the following similarity variables
y=x(T—t) % 7=—In(T — 1),

and U(y,7) := (T — t)%u(x,t), where o, 3 are given by (2.2.2). Then a quick computation
reveals that U(y, 7) satisfies the following equation
1
U.-=AU" -V - (UV(U % W)) —aVU -y — pU. (2.4.2)
y
Since we assume that R(t) < (T —t)* as t — T, we would expect that there is an inner
layer of size €() in (2.4.2), where €(7) — 0 as 7 — 00, however ¢(7) should be bigger than
any decaying power-law function as 7 — oco. Moreover, we expect that U is self-similar in
this inner-layer and contains a fixed amount of mass in the inner-layer. Hence we introduce

another scaling
and

Then U(€, 7) satisfies

U, = e m=D=2(AU™ -V - (UV(U T )) +(aVU -+ pU) +ée (VU - +dU). (2.4.3)
After performing this rescaling, we expect U to converge to some stationary blow-up profile
U(€), hence we assume that U, — 0ast— oo. As 7 goes to infinity, note that the terms
on the right hand side of (2.4.3) are not of the same order, due to the assumption that €(7)
slowly decays to 0 as 7 — oo. Recall that we only consider the case m > 1, which implies
that e “m=D=2 > ¢e=1 > 1. Hence U satisfies the equation

AT™ -V - (OV/(T * ﬁ)) 0. (2.4.4)
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Figure 2.10: Time evolution of a near-self-similar blow-up solution with radially symmetric
initial data, with Newtonian potential, d = 3 and m = 4/3 (critical). Figure (a) shows a
log-log plot of the solution, which blows up at the origin at a finite-time 7. Figure (b) shows
the mass function M (r,t) at different time, indicating that there is a fixed amount of mass
contained in the peak area as t — T. Here M(r,t) denotes the mass inside the ball B(0,r)
at time t. Figure (c) is a rescaling of the peak area, which indicates that the peak area is
self-similar and it converges to some profile. Figure (d) shows the evolution of (7" — ¢)u(0,t)
as a function of T' — ¢, which suggests that u(0,t) ~ (T — )" ' f(T —t) as t — T, where f is

some logarithmic correction term.
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For Newtonian potential, it is proved in [BCL2] that the only radially symmetric solution
to (2.4.4) has mass M,, where M. is the critical mass. That suggests that U is the unique
stationary solution for (2.1.1) with critical mass M,.. Hence ast — T, the peak should contain
exactly the critical mass M., which fits our observation in Figure 2.10 (b). Moreover, Figure

2.11 suggests that the rescaled blow-up profile indeed coincides with the stationary solution.

It is an interesting question to solve for the logarithmic corrector €(7); this has been done
for m = 1 and the Newtonian kernel K in [HV, L, CS], however it is an open problem for

general m and K.

1
1 ‘ ‘ ‘
* stationary solution for critical mass
— blow-up profile for supercritical mass
0.8f
0.6f
3
£
=}
E
0.4f
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Figure 2.11: Comparison between the rescaled blow-up profile and the stationary solution
with critical mass. The solid line is the rescaled blow-up profile of a a near-self-similar
blow-up solution with radially symmetric initial data, with Newtonian potential, d = 3 and

m = 4/3 (critical). The star symbol is the (rescaled) stationary solution with critical mass

M..

2.5 Numerical method

The numerical method we use is a combination of a Lagrangian method and an Eulerian
method. The main idea is to split the equation (2.1.1) into two steps, one with the ag-

gregation part only and the next with the diffusion part only, and we run those two steps
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alternatively. More precisely, in every time step [t,t + dt], we first use the method of char-

acteristic to solve the aggregation equation
v =—-V-(vV(K *v)) forteltt+ dt], (2.5.1)

where the time step is chosen to be small enough such that the characteristics do not intersect.
After reconstructing the density from the particle locations and performing an adaptive mesh
refinement, we then use an implicit finite-difference scheme to solve the following diffusion

equation for another time step,
wy = Aw™  for t € [t, t + dt], (2.5.2)

where the initial data of w is taken from the result of the aggregation step, namely
w(x,t) = v(zr,t + dt). Then we set v(z,t + dt) = w(x,t + dt) and start the next time

step.

2.5.1 Advection Step

For the advection step, due to the underlying transport structure of (2.5.1), it can be solved
by method of characteristics. To do this we follow the method in [HB1], which we present

here for the sake of completeness.

Assume the radial domain is partitioned into the intervals 0 =rg <7 < ... <ry = R,
where the mass of w is m; in the ring B(0,7,41)\B(0,r;) for i = 0,...,N — 1. We then
approximate u by a system of N delta rings located at radius rg, . . ., rny with mass mq, ..., my
respectively. Note that (2.5.1) is a transport equation, where the outward velocity field at
radius r is given by

0
v(r) = _E(U x K).

Hence the ith ring is moving inwards with velocity
d N
i) = ; mjv,, (1), (2.5.3)

where v, (r;) is the outward velocity at r; caused by a delta ring with unit mass located at
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radius ;. vg(r) is given by the following integral

T Rcosf —r
vr(r) = — | K'(VR?+71r2—2rRcosf Rsin 0)42wy_1df/(wgR!
(7) /0 ( )\/R2+7‘2—27"Rcosﬁ( ) 4-108/ (wa )
we—1 [T RcosO —r . nd—2
- — 0)*=de
7 Wy /0 R(R? 4+ r%2 — 2rRcos 0)/2+1 (sin ) ’
Due to the homogeneity of the kernel K, we can define p = M, then v(r) becomes
max{r, R}
A R-3-1(p), ifr < R
Wq
vR(r) =
—ywd_lr_%_lﬁ(p), if r > R,
Wq

where the two auxiliary functions I;(p), I2(p) are defined by

" cost —p o de2
[ pum—
1(0) /0 (14 p?> —2pcosh) (sin 6)""d9,

i pcost —1 N2
[ pum—
2(p) /0 (p2+1—2pcosh) (sin 6)""d9,

and we only need to perform numerical integration for I;(p) and I(p) once, for 0 < p < 1,

which reduce the complexity to O(N?) to evaluate the right hand side of (2.5.3). Once we
have the velocity of each delta ring in (2.5.3), we use the classical forth order Runge-Kutta

method to evaluate the position at the next time step.

2.5.2 Regridding and interpolation
2.5.2.1 Reconstruct density from particle locations

After the aggregation step, we have new locations of the d—rings. Assume the i-th d—ring
is now located at radius r;. We can reconstruct the density u from the particle location as

following. We denote by @; the the average density in the ring [r;, 7;41], then @; is given by

[B0ri11)\B(O,77)

£ where m; is the mass of the i-th d-ring.

2.5.2.2 Adaptive mesh refinement

Since we are interested in the blow-up profile, we perform an adaptive mesh refinement that

efficiently captures the scaling of the blow-up without losing resolution.
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Figure 2.12 shows that for both self-similar blow-up and non-self-similar blow-up, the
density changes slowly outside of the singularity area, due to the fact that the blow-up is
localized. Thus we dedicate a fixed portion of the grid to the singularity area and a fixed

portion outside of that area.

100 ‘ : 100y; . i
---T-t=3e-3 i Vo so-T-t=2e-4
‘‘‘‘‘ T-t=1e-7 ! P = T-t=6e-8
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Figure 2.12: Behavior of solutions away from the blow-up point, where d = 3,7 = 1 and
m = 1.2. Figure (a) shows the tail of solution in the case of self-similar blow-up, and Figure

(b) is for non-self-similar blow-up.

More precisely, we first find the peak location 7,4, then we locate the peak area [rq, 7]
to be the part where u(r) > u(rme.)/1000. This interval would contain the singularity
area in the case for the self-similar blow-up, but to make it also work for the non-self-
similar blow-up, we enlarge the interval to [rp, rg], where r;, = max{0, rmae — 2("mez — 1)}
TR = Tmaz + 2(I2 = Tmaz))-

We start with an initial grid of N = N points, in the example here Ny = 500. After
locating the interval [rp,rg| using the method above, we partition [ry,rg] into N/2 equal-
length grids, and partition the remaining set [0, a]\[rL,rg] into another N/2 equal-length
grids. Note that the length of [r,rg] will go to zero as the time approaches the blow-up
time, so the grid size inside the interval [rp,rg] will be much smaller than outside, which
might introduce some numerical error. To ensure that the size of two neighboring grids are

comparable, we refine the grid using the strategy similar to [B]: when the size of an outer
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grid is two times more than the size of its neighboring inner grid, we divide the k& inner-most
outer grids in half. We perform this procedure iteratively until all neighboring intervals have
ratio between 1/2 and 2. We point out that the grid size depends logarithmly on ppe.: In
the computation we choose k = 8, and the size of the grid grows from 500 to around 900 as

the maximum density reaches 10%°.

2.5.2.3 Interpolation

Regridding is followed by interpolation. Given the old cell average u;, we will interpolate
u(r) for 0 < r < a, then we could use u(r) to compute the cell average u; on the new grid.

One way to perform the interpolation is to simply let u(%)

= u; and apply a cubic
spline interpolation. However, this interpolation does not preserve the mass, nor does it
preserve positivity. On the other hand, the simplest mass and positivity preserving inter-
polation is to make u(r) a piecewise function with value @; in the i-th ring. However this
method is only first-order accurate, and we hope to find some more accurate interpolation

method that is volume-preserving. More precisely, given the old cell average u;, our goal is

to find u(r), such that

minimize / |Vu|*dx (2.5.4)
B(0,r)
subject to u(r)>0for0<r<a

and / w(x)dr = ;| B(rig)\B(r;)]
B(riy1)\B(r:)

We realize that this kind of interpolation is a 1D and simpler version of the pycnophylactic

interpolation performed in [T], which we will briefly describe here.

To find the solution to the minimization problem (2.5.4), we use a finite volume scheme
to solve the heat equation u; = Awu on the refined mesh, where the initial data are taken to
be the piecewise constant function with value @; on each old grid. After each time step, we
adjust u such that both the positivity and the volume-preserving restrictions are met. More
precisely, we add a different constant to the value in each old cell, to ensure the density is

non-negative and the mass in every old cell remain unchanged. Then we repeat the above
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steps again until the u(r) does not change.

2.5.3 Degenerate diffusion step

To solve the porous medium equation (2.5.2) on a fixed grid, we apply a fully implicit finite-
volume scheme, and use Newton’s method for solving the nonlinear equation. While these are
standard procedures for dealing with degenerate diffusion equation (see [KA] for example),

we briefly sketch the details here for the sake of completeness.

Assume the radial domain is partitioned into the intervals 0 =rqg <7 < ... <ry = R.
We denote by U;(t) the average of u(x,t) in the ring B(0,r;41)\B(0,7;) at time ¢, and denote
by U(t) the vector (Up(t),---,Un_1(t)). Our goal is to find U(t + At), such that it solves

the following nonlinear equation

Ut +At)—U(t)

A — A[U™(t + At)], (2.5.5)

here A is a finite-volume discretization of the Laplace operator in radial coordinates, and

the m-th power in U™ is understood in a component-wise sense.

We first explicitly write down the linear operator A. For any radially symmetric function
v(z), note that the radial derivative at r; can be approximated by

Vi—Via

for1<i<N -1,
(7”2‘+1 - 7”2‘—1)/ -

Opu(r;) =~

where V; is the average of v(z) in the ring B(0,7;,41)\B(0,7;). For the radial derivative at

the boundaries, we have 0,v(zg) = 0,v(xy) = 0. Note that divergence theorem gives

/ Avdx = 0,v(riy1)|0B(0,ri1)| — Orv(r;)|0B(0, ;)|
B(O,Ti+1)\B(0,7‘i)

Hence

( Vi1 — U4 Fa-1_ Vi — Vj—1 Fa-1
(7”2‘+2 - Ti)/Q i (7”2‘+1 - 7"2‘—1)/2 ' .
(AV); = G =10/ for 1 <i <N -2,

and for the two boundaries we have

(AV) = M’

rire
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Next we use Newton’s method to solve for U(t + At), where the iteration is performed

as follows. For the initial step, we take U© as U (). Assuming U® is known, by linearizing

U™ (t + At) around U® | we obtain
O™ (t+ At) = m(U)™ T (¢ 4 At) — (m — 1)(T®)™,

hence U*+1) is given by

g = (1 mAtA(U'(k))m‘l)_l (F(6) — (m - DAIATO)). (@256)

We point out that it only takes O(N) steps to invert the N x N matrix 1 —mAtA(U®)m=1,
due to its tridiagonal nature. Making use of (2.5.6), we solve for U+ iteratively for
k=0,1,..., until some U**+D approximately solves (2.5.5) with error below some predeter-
mined threshold. Then we stop the iteration and simply let U (t+ At) = U+ Typically
the iteration would stop in less than 10 iterations, since the Newton’s method has quadratic

convergence.

2.5.4 Adaptive time step

Finally, when the computation in one time step is finished, we update At to control the
growth rate of the maximum density. In the computation we would multiply At by 1.1 if
the maximum density increases less than 0.02% in one time step, and divide At by 1.1 if the
maximum density increases more than 0.1%. We point out that this simple criteria is indeed
sufficient for our problem, due to the self-similarity of solutions in the peak area. Figure

2.13 shows an example of a log-log plot of the time step versus the maximum density.

2.6 Conclusions and remarks

We have studied the blowup behavior of radial solutions to the aggregation-diffusion equation

up = Au™ — V- (uVK * u) in dimension d > 3 for the kernel K(z) = |z|™7, where K is
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Figure 2.13: Log-log plot of the time step versus the maximum density, where d = 3,7 =1
and m = 4/3. In the asymptotic regime, the best fit has slopes of value —1.003, which is in

good agreement with the theoretically predicted value —1.

either equal to or less singular than the Newtonian kernel, i.e. v < d — 2. Note that the
dimension d = 2 is omitted in this chapter, since when d = 2 and K satisfies the above
condition, (2.1.1) is either the well-studied Patlak-Keller-Segel model, or in the subcritical

regime where solutions do not blow-up. For d > 3, formal asymptotic results and numerical

observations both show that for supercritical m (i.e. 1 < m < ‘”T”’), the solution may
blow-up either self-similarly or like a Burger shock; while for critical m (i.e. m = HT”) and

supercritical mass, the solution exhibits a near-self-similar blow-up behavior.

A number of problems regarding the blow-up behavior of solutions remain unsolved.
First, for supercritical m, numerical observation suggests that when m,d and ~ are fixed,
there is a stable self-similar blow-up profile, and at least one unstable self-similar blow-up
profile (see Figure 2.8). It would be interesting to know whether there exists a stable blow-up
profile that attracts all self-similar blow-up solutions. For the case m = 1 with Newtonian
potential, the stability of blow-up profile is studied in [BCKSV]. They proved that there
exist a countable family of self-similar blow-up modalities { H,,} for n = 0,1, 2, ..., where H,
gives a stable blow-up profile, and all the other H,, are unstable. However their eigenvalue
method does not directly generalize to our equation, due to the nonlinear diffusion term.
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For critical m with supercritical mass, numerical observation suggests that the solution
may blow-up in a near-self-similar way, however the exact scaling for the blow-up remains
open. Although the scaling is derived for m = 1,d = 2 and Newtonian potential K in
[HV, L, CS], their arguments does not generalize to (2.1.1) for m > 1. Here the difficulty
lies in the nonlinear diffusion term, and also in the fact that unlike the m = 1 case, the

stationary solution with m > 1 has a compact support.

The numerical method is an arbitrary Lagrangian Eulerian method with adaptive mesh
refinement. The advantage of our method is that we can compute to very high spatial reso-
lution. Using around 1000 spatial points, we can compute the solution until the maximum
density reaches 10%0 and the characteristic spatial scale of the solution reaches 10727, We
point out that our method preserves the L' norm of the solution, which is an important

property especially for critical m, since the behavior of the solution depends on its mass.

Finally we note that it would be interesting to try to apply the numerical method to other
problems that also have a non-local term with power-law interaction. Although the local
well-posedness result in [BRB] is only established for kernels K that are less singular than (or
equal to) the Newtonian kernel, preliminary numerical results suggests that our algorithm
also works when K is more singular than Newtonian kernel. Thus we might be able to apply
our numerical method to the fractional porous medium equation introduced in [CV], which

is an aggregation equation with a repulsive kernel K = —|z|™7, where 2 — d < v < d.

90



CHAPTER 3

An Aggregation Equation with Diffusion in the

Periodic Domain

3.1 Introduction

In this chapter we study weak solutions of the following equation in the periodic domain:

pr = A(p™) + L™V - (pV(V % p))  in T x [0, 00), (3.1.1)

where x stands for convolution, and the space domain is the d-dimension torus with scale L,

L Lnd
defined as T¢ := [ —} with periodic boundary condition. We assume that V' smooth

272
and integrable (for precise conditions, see (V1)-(V2) in Section 3.3), and that  is a positive
constant. The primary focus of this work concerns the cases m € (1, 2] — especially m = 2.
In addition, we remark that a goal of interest (not always achieved) is to acquire results

uniform in L for L > 1.

This chapter is a joint work with Lincoln Chayes and Inwon Kim [CKY]. Before stating
the results we obtained, we first briefly mention the similarity and differences between (3.1.1)
and the equations (1.1.1) and (2.1.1) studied in Chapter 1 and 2. It is evident that all of
these three equations are of aggregation-diffusion type, and indeed they all share the same
degenerate diffusion term Ap™ with m > 1. Their differences lies in the kernel and spatial
domain: instead of a singular interaction kernel in Chapter 1 and 2, we focus on smooth
interaction kernels V' in this chapter, and therefore one should expect all solutions to exist
globally in time, which is indeed true and proved in [BS]. Although finite time blow-up is
never an issue for (3.1.1), many questions remain to be answered regarding the qualitative

and asymptotic behavior of its solutions. Given the global existence of solutions, it is natural
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to ask whether there is some regularity result that holds uniform in time, which motivates
our study in Section 3.2. Moreover, due to the periodic nature of this problem, one can
easily see that any constant solution is a stationary solution. This fact leads to the following
questions: (a) Are the constant solutions the only stationary solutions? (b) If so, will all
the solutions converge to some constant solution? If so, at what rate? We will try to answer
these questions in Section 3.4 and Section 3.5. Below we summarize the known results on

(3.1.1) and discuss the results we obtained.

Firstly let us point out that formally (and in actuality) the mass of the solution to (3.1.1)
is preserved over time. Without loss of generality, we can thus assume [ p(z,0)dz = 1

throughout this chapter, and results for other normalizations can be obtained by scaling.

When V satisfies V(z) = V(—z), (3.1.1) is a gradient flow of the following energy with

respect to the Wasserstein metric:

1 1
Folp) == /T — (" = p)+ §9Ld(2 )p(V * p)de. (3.1.2)

am—1

L
Note that as m — 1, the first term in the integrand of Fy converges to plog p which we refer
to as the m = 1 case. Using above energy structure, the existence and uniqueness properties

of (3.1.1), in some appropriate Sobolev space, has been obtained in [BS] (also see [S1] and
[BRB] for relevant results).

Compared to the well-posedness theory based on energy methods, few results has been
known for pointwise behaviors of solutions, due to the lack of regularity estimates: the
difficulty for regularity analysis lie mainly in the fact that the solutions are not necessarily
positive (i.e., strictly positive) due to the degenerate diffusion. This is what we address in
the first part of this chapter. In addition, in the non-compact setting, the plausible limiting
solutions tend to be trivial; here, since mass is conserved, even in the “worst” of cases, there
is always the uniform stationary state. Most of the rest of this work is concerned with the

approach to the asymptotic state.

e Reqularity properties Due to the degenerate diffusion, one cannot expect smooth solu-
tions of (3.1.1): even for (PME), Holder regularity is optimal, as verified by the self-similar

(Barenblatt) solutions (see [V]). On the other hand, the solution of (PME) is indeed Hélder
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continuous (again, see [V]), which motivates the question of Holder regularity of the solution

of our problem (3.1.1).

Note that, if we choose V' as a mollifier approximating the Dirac delta function, formally

the nonlocal term approximates

V- [LYDVV % p] = LYV - [pVp] = OLA™D A(p?).

Therefore it is plausible that, at least when p is bounded from above, diffusion dominates
when m < 2 and the aggregation dominates when m > 2. Indeed we will show that, when
m < 2, the effect of the aggregation term is weak enough that it is possible to locally
approximate solutions of (3.1.1) with those of (PME). As a result, Holder regularity of
solutions of (3.1.1) for m < 2 follows. Let us mention that the Holder regularity result
obtained here is, to the best of the authors’ knowledge, one of the first such result addressing
Holder regularity of solutions for degenerate parabolic equation with (either local or nonlocal)
drift. Note that the classical result of DiBenedetto [D2] does not apply to our equation, since
the assumptions which are crucial for [D2] fail here. As for m > 2, we show that solutions
are continuous “uniformly in time”, based on the result of Dibenedetto ([D]). For all m > 1,
we also show that the L norm of solution is uniformly bounded from above depending on

the L' and L> norm of the initial data (see Theorem 3.2.1) which is of independent interest.

o Asymptotic behavior Our next result, partly an application of the first result, is on the
asymptotic behavior of solutions of (3.1.1) in the periodic domain T¢. We work in a periodic
domain because, primarily, we are interested in finite volume problems and T¢ provides the
most convenient boundary conditions. Even though asymptotic behavior for m < 2 has
been studied before in various references (e.g., [S1], and [HV] for a more singular interaction
kernel) this is one of the first such result for these type of domains to the best of the authors’
knowledge. One difficulty specific to the periodic setting is that the radial symmetry is
not preserved over time, and thus exact (non-constant) solutions — always useful in these
contexts — are not readily available. We also point out that in the case m > 2, there exist
solutions which assumes zero value, possibly with compact support. Asymptotic behavior of

such solutions are, in general, an interesting and difficult question, even for radial solutions
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in R? (see [KY]).

Intuitively, one expects that when the diffusion term is “dominant” in (3.1.1), the solu-
tions would converge to the constant solution as time goes to infinity. We show that this is
indeed the case when 1 < m < 2 and @ is sufficiently small. However, with most interactions
(specifically, V' being not of positive type) there is a linear instability that sets in at some
0* = 6*(m) < oo which is determined by the minimal coefficient in the Fourier series of V/
(see Section 4). Tt is not hard to show that for all m, when 6 > 0 the functional in (3.1.2)
has non—constant minimizers (and the constant solution is not a minimizer — in fact, not
even a local minimizer). However as has been shown explicitly for m = 1 under reasonable
conditions — pertinently d > 2 — this “transition” occurs at some 6, < 6* [CP]. Presumably,
this argument holds in great generality. It is therefore somewhat surprising that for m = 2

the transition occurs exactly at 6 = 6.

More precisely, for m = 2, we show that for § < 6% (the subcritical case), the constant
solution is the only minimizer and is stable. Indeed we can actually show that for all
bounded initial data p(z,0), the dynamical solution p(-,t) will converge to the constant
solution py exponentially fast in L?-norm. See Section 4 for detailed discussion on critical
and supercritical case. When 1 < m < 2, the energy is no longer in the form of an L*-
norm, and our Fourier-transform based approach does not generate a transitional value for
0. However, when 6 is sufficiently small, similar approach used by one of the authors in
[CP] yields that the constant solution is the global minimizer. Moreover, we show when
0 is sufficiently small, the solution uniformly and exponentially converges to the constant

solution.

3.2 Holder continuity of the solution of PME with a drift

In this section, we study the regularity of the porous medium equation with a drift, where

the drift potential may depend on time:
pr=A(p")+ V- (pVP) in Q, (3.2.1)
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with Neumann boundary condition on 0€2. Here we may assume () is a bounded open set
in R?, where d > 1, but all the results in this section certainly hold for periodic domain
T¢ as well. We assume 1 < m < 2, the initial data p(z,0) € L>*(Q) N L*(Q), the potential
P(x,t) € C(Q x RT), and that ®(-,¢) € C*(Q) for all ¢t > 0.

Before even stating the main result, we will first prove that p € L*(Q2 x RT). When
® does not depend on ¢, Bertch and Hilhorst in [BH| proved a uniform L* bound of p
by comparing p with an explicit supersolution which does not depend on t. When & is a
function of both z and ¢, using arguments similar to those in [KL], we aquire an L*> bound

for p which doesn’t depend on t:

Theorem 3.2.1. Suppose m > 1. Let p be the unique weak solution of (3.2.1) with Neumann
boundary condition, with initial data p(x,0) € L>®(Q)NLY(Q). We assume that the potential
O (z,t) satisfies P(x,t) € C(Q x RT), and ®(-,t) € C*(Q) for all t with uniformly bounded
norm. Then there exists M > 0, such that ||p(-,t)||L) < M for all t, where M depends

on |[p(x, 0)|[ =@, llo(x; 0)l[L1@); SuDefo,o0) [P ) o2, and m.

Proof. We begin with implementing the following scaling: Let

1

p(x,t) =a *1p(:)5,at),

where 0 < a < 1. Let us choose a sufficiently small such that

m—1 Co

1 1
)" ()" T 1 (3.2.2)
[p(z,0) | oo (o) [p(z,0)[| 21 (e 1P|z }

a < min {(
where ¢g is a sufficiently small constant — certainly less than 1 — depending only on m and d
and whose precise value will be determined later. By choosing a in this way, we have both
15(2,0)||L1) < co < 1 and ||p(x,0)| e <1 and, moreover, that p is a viscosity solution

to the following PDE:
pr= AP+ V- (VD) (3.2.3)

where @ := a®. From the definition of a we know || (-, )2y < 1 for all t.

Our preliminary goal is to show [|p(x, 1)||L=() < 1; then we can take p(x,1) as the new

initial data and iterate the argument to get a uniform bound for all time.
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We will introduce another variable v, which is bigger than p and is of order unity in

2 x [0,1]. Let v be the viscosity solution to the following equation
vy =V - (mu™ 'V + 0V ), (3.2.4)

with initial data v(z,0) = p(x,0) 4+ 2e*. Since v solves the same equation as p with bigger
initial data, we can apply the comparison principle for the porous medium equation with
drift, which was established in Theorem 2.21 of [KL]. This comparison principle immediately

implies v(x,t) > p(x,t) for all (z,1), hence it suffices to show [[v(-,1)]| () < 1.

One can check easily that o(z,t) := [[|Jo(-, 0)|| peo(q)]e™" — where K := sup ||<i>(-,t)||02(9)
te[0,00)

— is a classical supersolution to (3.2.4) and hence also a viscosity supersolution. Noting that

the initial data of v satisfies, for all x, %e‘l <wo(x,0) <1+ %e‘l, the comparison principle

gives the following upper bound for v:

1 _
o B)llz@) < vl Olle@le™ < (1+5e™)e.

Similarly we can find a classical subsolution which gives the lower bound

- 1
[0 D lloee) 2 [0 0)lele™" > 5ee™.

Combining the two inequalities above, we have

1 1
v(z,t) € [56_2,6 + 5] for all z € Q,t € [0, 1].
We would like to refine the estimate above and get a better estimate at ¢ = 1. By treating
the diffusion coefficients mv™ ! in (3.2.4) as an a priori function, — which we denote by b(z, t)

— then we may say that v solves a linear equation of divergence form, where the diffusion

coefficient is of (the order of) size unity:
vy =V - (b(z,t)Vv + VD), (3.2.5)

where b(z,t) == mv™ ! (z,t) € [m(3e72)™,m(e+ 1) for all z € Q, t € [0, 1].

In particular, since (3.2.5) is linear, we can decompose v as v; + v, such that v
solves (3.2.5) with initial data vi(x,0) = p(x,0), and vy solves (3.2.5) with initial data

vo(,0) = 3. We claim that v;(z, 1) and vy(x, 1) are both bounded by £, for all 2 € (.
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For vy, first note that due to the divergence form of (3.2.5), the L! norm of v, is conserved,
i.e. |lvi(-;1)||1) = co- Since b is bounded above and below away from zero, then by [LSU]
(see Theorem 10.1, pp. 204), vy(+, 1) is Holder continuous, where the Holder exponent and
coefficient do not depend on ¢y, as long as ¢y < 1. So if we choose ¢q to be sufficiently small,

we have vy (z,1) < § for all z € Q.

For vy, we can directly evaluate the necessary L°*° bounds:

3 1
sup vy (x, 1) < elA®ll= sup vy(z,0) < e 56_1 =3

(where again, on the basis of continuity, we may now talk about the supremum).
Combining the two estimates together, we have sup,v(z,1) < 1, which implies

sup, p(z,1) < 1 from our discussion above. Also, for 0 < ¢ < 1 we have

p(x,t) < w(x,t) < e+ 1/2. Then by treating p(x,1) as initial data and iterating the same

argument, we get sup, p(x,t) < e+ 1/2 for all ¢, i.e.,

1
pla,t) < (e + i)a‘ﬁ for all 2 € Q,t > 0.

Now plugging in the definition of a in the above and the bound becomes

1p(z,0)[| 1@
Co

1 L .
p(a1) < (e + 5) max { (@, 0)]| (0, L @)y} in % [0,00).

O

Remark 3.2.2. In the statement of Theorem 3.2.1, we assumed that € is a bounded open
set, with Neumann boundary conditions. The same proof also applies to Dirichlet boundary
condition. Indeed, the L* bound we obtained is independent with the size of €2, and the
same proof works as well when 2 = RY. However, ostensibly, the L* norm of p should be
of the order L= and, even if true in the initial data, we cannot establish that this order is

preserved at later times.

Since p(z,t) is uniformly bounded for all (z,t), DiBenedetto has shown in [D] that p(-,?)

is continuous uniformly in ¢:
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Theorem 3.2.3 ([D]). For any m > 1, let p be the weak solution to (3.2.1) with initial data
p(z,0) € L®(Q)NLY(QY). Let the potential ®(x,t) satisfy ®(z,t) € C(AxXR), &(-,t) € C*(NQ)
for all t, moreover sup, || (-, t)||c2) < 00. Then for all T > 0, p(x,t) is uniformly contin-

uous in ) X [1,00), and the continuity is uniform in x and t.

Now we want to show when 1 < m < 2, for all 7 > 0, p(x,t) is uniformly Holder
continuous in space and time in Q x [7,00). Our main theorem of this section is stated as

following;:

Theorem 3.2.4. Let 1 < m < 2. Let p be a viscosity solution of (3.2.1), with initial data

p(x,0). We make the following assumptions on p(-,0) and ®:
1 [p(+,0)]|oe < My and [, p(z,0)dx < M.
2. ®(x,t) € C(AXR), and [ (-, 1) c2) < My for some My > 0 for all t > 0.

Then for any 0 < T < 00, u is Hélder continuous in Q X [1,00), where the Hélder exponent

and coefficient depends on T, m,d, My and M.

Proof. To prove the Holder continuity of p, our goal is to show that for any
(2o, t0) € 2 X [1,00),
OSCB(z0,a2) x [to,to+at] P < Ca” (3.2.6)

2—m

2c

,\/T} (where ¢ is

for some C,~ > 0 not depending on a, for a satisfying 0 < a < min{

a constant to be determined soon).

Bearing in mind that we want to zoom in on the profile and look at the oscillation in a
small neighborhood, it makes sense to start with a parabolic scaling with scaling factor a.
Let

plx,t) = plax,a’t + (t, — a?))), (3.2.7)

and our goal (3.2.6) would transform into

OSCp(20 g)x[1,14a2]P < Ca’. (3.2.8)
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Here j(z,t) is defined in the domain Q x [0,00), where Q := {z € R? : az € Q}. and, it is
noted, the early portion of the time domain had been omitted. We readily see that p is the

viscosity solution to

pr=A0p"+ V- (pVP) in Qx[0,00). (3.2.9)

Here, the initial data reads p(z,0) = p(ax,ty — a?), which has an a priori L™
bound depending on m,d, My, My due to Theorem 3.2.1. Moreover, in the above
d(x,t) = ®(ax,at + (ty — a?))) and hence |V®| is bounded by aM,. We wish to com-

pare p with w, where w is the viscosity solution to the porous medium equation
wy = Aw™ in Q x [0, 00), (3.2.10)

with initial data w(-,0) = p(-,0). Since (3.2.9) and (3.2.10) only differ by the term V- (pV®),
we would expect

1p—w| < Ca’in Qx[1,2], (3.2.11)
for some C' > 0,0 < # < 1 depending on m, d, My, Ms.

The main part of this proof will be devoted to proving (3.2.11) is indeed true.
Without loss of generality, we can assume that p(z,t) is a classical solution. First,
if the initial data p(z,0) is uniformly positive, then p(z,t) will be a classical solution
for all time. This is because p will stay positive for any time period [0,7] (since

inf p(x,t) > exp(—t sup} AP ) irelg,b“(x,O)), which implies that (3.2.9) is uniformly

QX[O,T] telo, T
parabolic for t € [0,7] and hence the weak solution p is classical.

For general initial data p(x,0), we can use approximation as follows. Let p, and w, solve
(3.2.9) and (3.2.11) respectively with initial data p(x,0) + 27"; n sufficiently large. As dis-
cussed above, p, would be a sequence of classical solutions. If we can obtain |, —w,| < Cd”
for all n, (where C, 5 doesn’t depend on n), then (3.2.11) would hold for g and w as well,
since as n — 0o, comparison principle yields p,(z,t) \, p and w,(z,t) \, w uniformly in
z,t.

Note that one cannot directly compare p with w, due to the fact that the term V- (5V®)

contains Vp - V& and hence does not have any a priori bound. In order to bound this term,
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it will help to change from the density variable p to the pressure variable u. Let

m
~ ~m—1
U=—">p"",
m—1

then (3.2.9) becomes

@y = (m — 1)aAd + |Va|* + Vi - VO + (m — 1)aAd, (3.2.12)

which will enable us to use |Vi|? plus a constant to control the term Vi - V®: Recall that

|V®| < aMy, which gives us the following bound
= 1
Vi - VO| < aMs|Val < al|Val* + 1(Mg)ﬂ.

Also, due to the fact that (m — 1)a(z,t) < Cy in Q x [0,2], (where Oy, which depends on
m,d, My and My, is related to the L* bounds on p) we obtain

|(m - 1)@A(i)‘ S CL201M2 S aC1M2.

Putting the above two bounds together, and by choosing ¢ such that ¢ > Cy My+ (M, /2)?,

u will satisfy the following inequality
iy > (m — 1)aAG + (1 — ca)| V> = ca for all z € Q,t € [0,2]. (3.2.13)

Note that we assumed a < (2—m)/(2¢) in the beginning of the proof, we have ca < (2—m)/2.

In order to make (3.2.13) look similar to the porous medium equation in the pressure

form, we apply the rescaling u; = (1 — ca)t. Then wu; satisfies

(ur)e > (m™ — DugAuy + |V |* — ca(l — ca) for all z € Q,t € [0,2], (3.2.14)
where
_._m—1 o _
m = + 1. (hence ca < (2 —m)/2 implies that 1 <m~™ < 2) (3.2.15)

Now (3.2.14) has the same form as the porous medium equation in the pressure form, minus

an extra constant term ca(l — ca). To take advantage of the existence and regularity results
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for equations with divergence form, we change the pressure variable back to the density
variable (however here the power is m™ instead of m), i.e., we define p; such that

m

(1—ca)i=u = p— 1p71’f_1, (3.2.16)
or in other words,
M Nm™ q_¢q l+ca \m- ~1—ca
=(— =(—m— : 3.2.17
P (m—) B (1+ca/m) p ( )

Due to the positivity of 4, we know p; is positive as well. Hence when we plug (3.2.16) into

3.2.14), after canceling a positive power of p; on both sides, we obtain
p
(p1)e > AP —ca(l —ca)p™™  in Qx[0,2], (3.2.18)

Note that the term ca(l — ca)p?™™ has an a priori upper bound: since 2 —m~ > 0 and
p1 is given by (3.2.17), we have c¢(1 — ca)pi™™ < M, for some constant M depending on
m, d, Ml, MQ.

Let us denote by p~ the weak solution of
(07 )e= A" |p7|™ 1) = Ma, (3.2.19)

with initial data the same as p;(z,0), which is

p(2,0) = (%)miﬁ(:c, 0)L-ee (3.2.20)

Since 2 is a bounded domain, we have Ma € LP(Q) for all p > 1, and the existence of

weak solution of (3.2.19) is guaranteed by Theorem 5.7 in [V]. That theorem also gives us

a comparison result that, a.e., p; > p~.

Moreover, note that the “a.e.” above can in fact be removed, since both p and p~ are
continuous in ) x [0,2]: the continuity of p is given by Theorem 3.2.3, and the continuity of

p~ is given by Theorem 11.2 of [DGV]. Therefore we have the following comparison between

p~ and p:
— MNm™ _¢q . ¢
p~ < (F) p in Q x [0, 2] (3.2.21)
Since m/m~ = 1+ O(a), and j is bounded in Q x [0,2], (3.2.21) implies that

p— p~ > —Cha, where C depend on m,d, My, Ms.
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Analogous to the definition to p~, we define p™ to be the weak solution of

() = A((p")™) + Ma, (3.2.22)
with initial data
+ m \ym+ 1+ca
where
+ m—1 +
= + 1. (hence 1 <m™ < 2) (3.2.24)
14 ca

Then analogous argument would lead to p — p* < Cja. Summarizing, we have obtained
p-—Cla<p<pt+Cia inQe0,2, (3.2.25)

where (' depends on m, d, My, M.

To prove (3.2.11), it suffices to show |p= — w| < O(a”) for some 3 > 0, which is proved

in the following lemma.

Lemma 3.2.5. Let 1 < m < 2. Let w be the viscosity solution of the porous medium equation
wy = Aw™ in Q x [0, 00) (3.2.26)

where the initial data w(x,0) satisfies w(z,0) = p(x,0).
Let p= and p* be the weak solutions to (3.2.19) and (3.2.22) respectively, where
0 <a < (2—m)/(2c) is a small constant, and the initial data is given by (3.2.20) and
(3.2.23). Then
I —w| < Cd® inQx[1,2), (3.2.27)

where C' and (3 depends on d, m, My, Ms.

The proof of Lemma 3.2.5 is the content of the appendix in Section A.2. Putting Lemma
3.2.5 and (3.2.25) together, we obtain (3.2.11), and we will use this to (immediately) prove
(3.2.8).

Since w solves the porous medium equation, Theorem 7.17 in [V] gives us the Hélder
continuity of w:

OSCB(x,a)x[1,14+a2] W < Ca“, for all x € Q, (3.2.28)
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where C' and « depends on ||w(-,0)||~ (and hence depends on m, d, M, My).

By putting (3.2.28) and (3.2.11) together, we obtain
0SCB(.a)x[L14a2p < Ca”, for all x € Q, (3.2.29)

where C' depends on m, d, My, My, and v = min{«, 3} (hence also depends on m, d, My, Ms).
Hence (3.2.8) is proved. O

Remark 3.2.6. For m > 2, Holder continuity of the solution to (3.2.1) is still open. Indeed,
concerning the present approach — which closely parallels that of [KL], [K] — when m > 2
we have that m~™ =1+ (m —1)/(1 — ca) > 2. Hence the “inhomogeneous” term in (3.2.18),
which is proportional to p®~™ ), would actually be divergent in places where p — 0. This

indicates that another approach will be required.

3.3 Application to aggregation equation with degenerate diffusion

In the following two sections, we study (3.1.1) in the domain T¢, the d-dimension torus of
scale L. Here 6 is a non-negative constant, and, of course, * denotes convolution in T¢. We

make the following assumptions on V' (z):
(V1) V(z) = V(—2z) for all z € TY.

(V2) V(x) € C*(T%), with |V (@)|¢2(rey = C for some constant C' < co.

Moreover, we have in mind V : R? — R compactly supported with the diameter of the
support smaller than L. In particular we do not envision “wrapping” effects and de |V |dz
L

may be regarded as independent of L.

Our goal in this section is to show the Hélder continuity of the weak solution to (3.1.1)
for 1 < m < 2, and uniform continuity of the weak solution when m = 2. First, we state

the definition of weak solution to (3.1.1) and a existence theorem from [BS].
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Definition 3.3.1 (Weak Solution). Letm > 1, and let us assume that p(x,0) is non-negative,
with p(x,0) € L>®(T¢) and consider a potential V that satisfies the assumptions (V1) and
(V2). A function p: T4 x[0,T] — [0,00) is a weak solution to (3.1.1) if p € L>(T% x [0, T)),
p™ € L20,T, HY(T])) (ie., lpCot)|lmrg € LP(0,T)) and p, € L*(0, T, H-(T})) and for
all test function ¢ € H*(T), for almost all t € [0,T],

<pt), >+ [ V(p™(t) - Vo + 0L p(t)(VV * p(t)) - Voda = 0. (3.3.1)

T
In [BS], existence and uniqueness of weak solution are proved:

Theorem 3.3.2 (Bertozzi-Slepcev). Let m > 1 and consider V' that satisfies the assumptions
(V1) and (V2). Let p(z,0) be a nonnegative function in L°°(T%). Then the problem (3.1.1)
has a unique weak solution on T4 x [0, T] for all T > 0, and furthermore p € C(0,T, LP(T4))

for all p € [1,00).

By treating §LY?~™) pxV as an a priori potential, we can apply our results in Section 2,
and obtain L* bound of p which does not depend on 7', together with uniform continuity

of p, and Holder continuity of p for 1 <m < 2.

Theorem 3.3.3. Let m > 1 and consider V' that satisfies the assumptions (V1) and (V2).
Let p(xz,t) be the unique weak solution to (3.1.1) given by Theorem 3.3.2, with nonnegative
initial data p(z,0) € C(T4), which satisfies deL p(z,0)dz = 1. Then ||p(z, )| Loo (14 x[0,00)) 1

bounded, where the bound only depend on sup, p(z,0), 0, |V||c2 and L.

Proof. To begin with, note that Theorem 3.3.2 guarantees the existence and uniqueness of
the weak solution to (3.1.1), which we denote by by p. Now we treat ® := L™ p %V as

an a priori potential, and we obtain the following estimate of ® assumption (V2):
H(I)('at)||c2(1r%) < HLd(z_m)H/J('at)”Ll(Ti)HVHc%ng)
< gL Ve e

= 9L*™(C  forallt > 0.
We denote by p; the unique weak solution to the equation

(p1)e=Ap]" + V- (01 V) (3.3.2)
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with initial data p;(-,0) = p(+,0), where the existence and uniqueness is proved in [BH].
Theorem 3.2.1 implies sup, ||p1(-, )] is bounded uniformly in ¢. Moreover, note that p also
satisfies the weak equation for (3.3.2), hence p must coincide with p;, which yields a uniform

bound of p which doesn’t depend on time. O

Applying Theorem 3.2.3 to (3.3.2), we have the continuity of p uniformly in ¢ for m > 1

— in particular (in light of Theorem 3.3.5 below) for the case m = 2.

Theorem 3.3.4. Let m > 1 and consider V' that satisfies the assumptions (V1) and (V2).
Let p(xz,t) be the unique weak solution to (3.1.1) given by Theorem 3.3.2, with nonnegative
initial data p(-,0) satisfying ||p(-,0)||pee(re) < o0, and ||p(+,0)||prray = 1. Then for any

7> 0, p is continuous in T¢ x [1,00), where the continuity is uniform in both x and t.
Proof. Follows immediately from the above reasoning, Theorem 3.3.3 and Theorem 3.2.3 [

Applying Theorem 3.2.4 to (3.3.2), with ® = LY~ pxV we have the Holder continuity

of pfor1 <m < 2.

Theorem 3.3.5. Let 1 < m < 2 and consider V' that satisfies the assumptions (V1)
and (V2). Let p(x,t) be the unique weak solution to (3.1.1) given by Theorem 3.3.2, with
nonnegative initial data p(x,0) satisfying [|p(-,0)|| oe(ra) < 00, and ||p(+, 0)|[L1(xay = 1. Then
for any 7 > 0, u is Holder continuous in TS x (7,00), where the Hélder exponent and

coefficient depend on 7, m,d,0, L and C and the L* norm of the initial condition.

Proof. Follows immediately from the preceding reasoning, Theorem 3.3.3 and Theorem 3.2.4.

O

3.4 The case m = 2: analysis via normal modes

In this section, we will use Fourier Transform to study the PDE in (3.1.1), and this

method works best when m = 2. We continue to assume, without loss of generality that
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lo(z, 0)|[L1(ra) = 1, however from the perspective of functional analysis, the homogeneity of

the special case m = 2 makes even this stipulation redundant.

The dynamics in (3.1.1) is governed by gradient flow for the “free energy” functional

Folp) = /T

For the analysis of the functional Fy, since we are assuming p(x,0) integrates to 1, we shall

1
P>+ S00(p * V)da. (3.4.1)

d
L

denote by & the class of probability densities on T¢ which also belong to L?(T%), i.e.
P = {f € L'(TH N AT : | fllpey) = 1) (342)

Special to the case m = 2 is that the functional Fy(-) can be expressed in a simpler form if
we express p in terms of its Fourier modes. We write
o) = [ plaje e
T

d
L

where k is of the form k = 27 with 77 € Z¢. With these conventions we have

L
1 ~ ik-x
plx) = 73 D plk)e
2
and, in terms of these variables, (3.4.1) becomes

Folp) = 73 S R)P(L+ 20V (). (3.43)

On the basis of (3.4.3), a salient value of § emerges: We denote this value by 6%, which
is defined via
1 ~ ~
-1 ._ .
[0F] 7 5 Iilgg({\V(k)L V(k) < 0}. (3.4.4)
Formally ¢ may be designated as +oo in case V(k) > 0 for all k # 0 — ie if V is

(essentially) of positive type. For the purposes of the present discussion, we shall assume

otherwise. Different values of # separate our problem into 3 cases:

1. (subcritical) When 6 < 6%, we have 1 + %HV(k) > 0 for all k£ € Z% then under the
restriction p(0) = 1, it is manifest that global minimizer for Fy(p) in & is the constant

solution

po(x) = % /T ol 0)dr = % (3.4.5)

L
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2. (critical) When 6 = 6, we have still have 1 + %9‘7(]{3) > 0 for all k € Z however now
there is a set K* (containing at least two elements) defined by the condition that for
keK: 1+ %Qﬁf/(k‘) = 0. In this case the global minimizers for Fy(p) in & take the

form

p(z) = po + Z cpet e, (3.4.6)
keKt

where c_; = ¢ and, of course, subject to the restriction that the resultant quantity is

non-negative.

3. (supercritical) When 6 > 0%, we have 1 + %GV(k) < 0 for some k € Z*. In this case
the constant solution pg is not even a local minimizer of Fy in &, let alone global

minimizer.

Remark 3.4.1. The above — which is manifest for m = 2 — is in sharp contrast to the cases
m # 2. In particular, for general m there is an analogous quantity #* given by

) = —maxd V() V(8) < 0}

where items (1) — (3) are suggested. However, the following was shown for m = 1 and,
presumably holds for all m # 2: While for § < #*, the constant solution has “some stability”
(c.f. [CP] Theorem 2.11 for the case m = 1) there is a 6, < * where global considerations
come into play. In particular, at 6 = 6, there is a non—uniform minimizer for Fy,(-) which
is degenerate with the uniform solution. Moreover, for 6 > 6, (which implies, in particular,

at 6 = 6%) the uniform solution is no longer a minimizer.

3.4.1 The subcritical case, when m=2

In the subcritical case, the constant solution py is the only global minimizer of Fy in &Z. Our
goal in this section is to show for every non-negative initial data p(z,0) € L*°(T¢) which
integrates to 1, the weak solution p(x,t) converges to py exponentially in L*(T%) as t — oo,
where py is as given in (3.4.5).

By formally taking the time derivative of the free energy functional, a simple calculation
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indicates that e.g., at least for classical solutions to (3.1.1), the free energy is always non—
increasing:

d m 1 2
— = — ——— " L s V)| 4.
2 Folo) /T%p\wm_lp " px V)| 'de (3.4.7)

In [BS], it is proved that (3.4.7) is indeed true in the integral sense:

Lemma 3.4.2 (Bertozzi-Slepcev). Consider V that satisfies the assumptions (V1) and
(V2). Let p(x,t) be a weak solution of (3.1.1) in T4 x [0, T]. Then for almost all T € [0,T],

Folp(-,0)) = Folp(-, 7)) = / / pIV(— g™ 6L px V) Pdadt (34.8)
0 JT¢ -

Remark 3.4.3. Theorem 3.3.4 implies that p(-,t) is a continuous function of ¢, hence
Fo(p(-,t)) is continuous in ¢ as well. Therefore (3.4.8) indeed holds for all 7 € [0,7] and,

moreover, (3.4.7) may be regarded as a differential inequality.

In the following lemma, we show when 6 < 6, the free energy will decay to the free

energy of the global minimizer as t — oo.

Lemma 3.4.4. Suppose m = 2 and consider V that satisfies the assumptions (V1) and
(V2). Further suppose that 0 < 6%, where 0° is as given in (3.4.4) — including 0* = oo if V
is of positive type. Let p(z,t) be the weak solution to (3.1.1) on [0, 00) x T4, with non-negative
initial data p(z,0) € L>®°(T%) which integrates to 1. Then Fy(p) — Fo(po) as t — oo, where

po is the uniform solution (as given in (3.4.5)).

Proof. By Lemma 3.4.2, we know Fy(p(t)) is a continuous and decreasing function of t,
whose limit is bounded below by Fy(po), since pg is the global minimizer of Fy in & when

0 < 6*. Hence we can send 7 to infinity in (3.4.8), which gives
/ / pIV(2p +0p x V)|’ dzdt < co. (3.4.9)
0 T¢

where lim,, .., t, = oo, such

Then there exists an increasing sequence of time (t,)%;,

that
lim [ p(x,t,)|V(2p(z,t,) + 0p(x,t,) * V) |[Pdz = 0. (3.4.10)

n—00 [opd
L
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To avoid clutter, in what follows, we shall abbreviate p(-, ¢,,) by p,. Recall that Theorem 3.2.1
gives us a uniform bound of || p,, || Lo (ra). In addition, by [D], (p,) is uniformly equicontinuous,
hence Arzela-Ascoli Theorem enables us to find a subsequence of p,, (which we again denote

by p, for notational simplicity), and a continuous function p.., such that

Tim {|pn = poo| poe(rg) = 0, (3.4.11)

We next claim that ||Vp§/ il r2(rd) is bounded uniformly in n. To prove the claim, we first

note that

/ \3vp3/2 PN (Bp, + V)| da = / |2V + V(Op, V) [da — 0. (3.4.12)
T¢ T¢

To obtain the uniform L? bound for fo’/ 2, due to the triangle inequality, it suffices to prove
a uniform L? bound for pn Y (0p, * V), which is true since p,, is uniformly bounded in n and

[V]l¢2(ra)y < oo due to (V2), hence the claim is proved.

As a consequence of the claim, we obtain weak convergence of fo/ *in L2 (along another
subsequence) And, it is clear, the limit is just Vp‘zéz due to the uniform convergence of the

pn). (Moreover, this places V3 € L2(T¢ : RY)). Thus:
L
Vpi/? = VpP* as n — oo weakly in L*(T¢ : RY). (3.4.13)

Let

B, 3Vp3/2 P2V (0p, % V).

Then (3.4.11) and (3.4.13) and an additional uniform convergence argument identifying the

weak limit of pi/ 2V(«9pn V), implies that B,, weakly converges to By, in L?, where

Ba = SV + P2V (0 # V).

On the other hand, recall that (3.4.12) gives us that B,, — 0 strongly in L?, thus we have
B, is indeed 0 i.e.,

/ E VP2 + pl2V (pee ¥ V)| da = / Poo|2V s + V(0poo # V)|Pdz = 0. (3.4.14)
T¢ T¢
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In particular, then, V(po, + %Gpoo « V) is zero a.e. on the support of ps,. Now p., certainly
admits a weak derivative which, clearly, is non—zero only on the support of p,,. Thus, from
the preceding, we can write
, Voo - V(poo + %ono x V)dx = 0. (3.4.15)

TL

Now, we wish to express the above as a Fourier sum which requires some additional

justification. To this end we claim that p., is Lipschitz continuous — i.e., in W1°(T¢) —

which places both entities in L?(T$) and vindicates the use of explicit formulas.

— 10V (V * ps) valid on the support of p shows that in the various

The equation Vo, = —3

components where p,, is positive, it is at least C?. Indeed, in general, Hypothesis (V2)
immediately implies ||poo () * Vlcaay < [|poollrt |V [|c2(re) so whenever poo satisfies this
(m = 2 version of the Kirkwood—Monroe) equation, we have Lipschitz continuity with uni-
form constant. We shall denote this constant by k. Now suppose that z,y € T¢ have p.(z)
and po.(y) positive. Let us assume, ostensibly, that = and y belong to different components.
On the (shortest) line joining = and y, let z, denote the first point, starting from x that is

encountered on the boundary of the component of x and similarly for z,. Then

|Poo () = Poo(Y)] = |Poo(®) = poo(22) + poo(2y) — Poo(y)]
< poo(T) = poo(z2)| + ‘poo(zz) — Poo(y)]

< kllr = 2| + ly — 2] < Kl —yl; (3.4.16)

the first inequality due to poo(2:) = poo(2y) = 0 and the last inequality because all four points
lie in order on the same line. A similar argument can be used if, e.g., p () is positive and
Poo(Y) is zero.

All of this establishes enough regularity to unabashedly express (3.4.15) in Fourier modes:

O_Z@; foo(B)2(1 + HV(k)) (3.4.17)

By the defining property of #* we have 1 + %QV(k) > 0 for all £ # 0, thus (3.4.17) implies

Poo(k) =0 for all k # 0, i.e. ps = po.
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Now, we may use the monotonicity in time of Fy(p(t)) and we finally have

lim Fy(p(t)) = lim Fy(pn) = Fo(poc) = Folpo)

t—o00 n— o0

which is the stated claim. O

By combining the above result with the uniform continuity in time, we can show the

solution will become uniformly positive after a sufficiently large time.
Corollary 3.4.5. Under the assumption of Lemma 3.4.4, we have
i [[p(-,8) = pol[ g (rg) = 0,

hence there exists T' > 0 depending on 8, ||Vl c2(ray and p(-,0), such that p(z,t) > po/2 for

allz € T4t > T.

Proof. We prove the statement in the display. Supposing that this is not the case. Then

there is a sequence of times, (7,,) and points (y,) — y, € T¢ — and a § > 0 such that

|p(Yns Tn) — po| > 0.

Now, going to a further subsequence, we have y, — ¥ (With 3o € T by compactness).
But, along yet a further subsequence, not relabeled, we have, according to the arguments of

Lemma 3.4.4 that p(-,7,) is converging uniformly and the limit must be py. Thus

T pn(Yns ) = 10 [0n(Yn Ta) = pr(Yoos Tu)] + 1 pr (Yoo, ) = po
in contradiction with the preceding display. O

Theorem 3.4.6. Suppose m = 2 and 0 < 0°, where 0% is as given in (3.4.4). Consider V
that satisfies the assumptions (V1) and (V2). Let p(x,t) be the weak solution to (3.1.1)
on [0,00) x T¢, with non-negative initial data p(x,0) € L>®(T%) which integrates to 1.
Then Fo(p(t)) decays exponentially to Fy(po), where the rate depend on p(x,0). Moreover,
(-, t) = pollL2(ray — O exponentially, i.e.

0 < Folp(t)) = Folpo) < Crexp(=251),
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and
/

PoC
1(t) = pollL2(rey < Caexp(— 72 t),

where ¢ and Cy and Cy depend on 0, V and p(-,0).

Proof. By Lemma 3.4.5, there exist some 7" > 0 depending on 0,V and p(-,0), such that
p(x,t) > po/2 for all x € T4, ¢t > T. Then for all t, > t; > T, (3.4.8) becomes

Folp(-,t1)) — Folp(-, t2)) > / /T BV (2p + 0p + V) |2dadt
_ zm{lw]'Ejm\m 2(1 4 evuofﬁ

pma/21'§:| 2(1 4 HV%»d

v

k0

= ol / (Folp(, 1)) — Folpo))dt, (3.4.18)

t1
where ¢ = 2miny |k*[(1 + %9‘7(]{3)), which is positive when 6 < 0%
In the spirit of Remark 3.4.3 we may regard the above as a differential inequality for

g(t) == Fo(p(-,t)) — Fo(po); the inequality reads

d

g
> t
dt > poc’g(t).

This immediately integrates to yield g(t) < g(T)exp{—poc/(t —=T)} for t > T'. Le.,
Fp(-,1)) = Fpo) < Ce7 e,

Since Fp(p(+,t)) — Fo(po) is comparable to ||p(t) — pollzz, we have ||p(t) — pollrz — 0 expo-

nentially with the same rate. O

Remark 3.4.7. It is remarked that, via comparison to linearized theory, the above is
essentially optimal. (The results differ by a factor of two which comes from the definition
of T'=: Ty5. Using Te = sup{t > 0 [ |[p(:, ) = po||pe(ra) > €po}, the long time asymptotic
rates are actually in complete agreement.) Moreover, while for L of order unity, the result
stands: ¢ — with or without an additional factor of two — might well be optimized at a wave

number of order unity. However, as L. — oo, it is clear that

rlg;glkl (1+ V(k‘)) (F)* (1 +5V(0).

112



So, in particular, for large L the rate scales as L~(*?) — a result which may be an artifact

of our normalization.

3.4.2 Some remarks on the supercritical case, when m = 2

When 0 > 6%, we have 1 + %HV(I{:O) < 0 for some ko = %’rﬁo, where 7y € Z%. In other words,
at least one of the coefficients of the free energy (3.4.3) is negative. In the next proposition

we show that in this case the constant solution py is not linearly stable.

Proposition 3.4.8. Suppose m = 2 and 6 < 0%, where 0* is as given in (3.4.4). Consider
an interaction V that satisfies the assumptions (V1) and (V2). Then the constant solution

po s not a local minimizer of the free energy (3.4.3) in &.

Proof. We choose kq = %ﬁo such that 1 + %GV(/’{:O) < 0, where 7y € Z¢. We add a small

pertubation en to the constant solution pg, where

o cos(27m0 . z)
n:i= — )
Then
1 .
Folpo + en) = Folpo) + LI (1 + 50V (ko).
which is strictly less than Fy(pg) by the defining property of k. O

Remark 3.4.9. In fact, using the same perturbation term in the proof, we would know

that when 6 > 0, any strictly positive function is not a local minimizer of the free energy

(3.4.3).

In the supercritical case, while (3.4.3) immediately implies that pg is not a local minimizer
of Fy in &, it gives us little information about what is the global minimizer. The difficulty
comes from the restriction p(z) > 0 for all x, which evidently plays an important role in
the supercritical case, since any minimizer should touch zero somewhere due to Remark
3.4.9. After Fourier transform, the non-negativity of p actually gives us infinite numbers of

restrictions, which causes the difficulty.
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3.5 Exponential decay for 1 < m < 2 and weak interaction

In this section, we continue our study of (3.1.1) with m € (1,2) and here we will assume that
0 is “small”. Unfortunately,  will not be uniformly small in volume. In particular, we shall
require #L4?>~™) to be a small number of order unity and, under these conditions we shall
acquire all the results of the previous section. We claim that without additional (physics
based) assumptions — in particular H-stability of the interaction — the above condition is
essentially optimal. Specifically, our cornerstone result of a unique stationary state does
not hold for non-H-stable interactions when L2~ is a sufficiently large number of order
unity. However, from an aesthetic perspective, this uniqueness result is the sole instance
where §L%?~™) must be considered small. In the aftermath of Proposition 3.5.1 and its

corollary, we will only require 6 itself to be a small quantity.

We start with a priliminary result (which is, actually, just a quantitative version of the

argument used in Lemma 3.4.4 in the vicinity of (3.4.16)).

Proposition 3.5.1. Consider an interaction V that satisfies the assumptions (V1) and
(V2). Let
Ep :— HLd@_m)

be a sufficiently small number of order unity. Let p denote any solution to the Kirkwood—

Monroe equations which here read, whenever p > 0,

m—1

Vot = —¢ p*xVV

and let
R = ||P||Lo<>(1rf£)-

Then if €y is a small number of order unity then R is also a small number of order unity (if
L is large). In particular,

R < kg max{[eo) T, L9}

with k4 a constant of order unity.
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Proof. From the mean—field equations,

m — 1 m— 1

[Vp" T <

o / V(e — lo)dy < "=V lerzo = maco.
T¢

m

Let zyp mark the spot where p achieves R. Then, for all z,
pm_l(l’> > Rm_l — Hléo‘l’ — Io‘.

Thus, if r is the length scale of the region about xy where p™ ! exceeds, a.e., %Rm_l we have

m—1

r2>
2/4,150

provided the right hand side does not exceed L. Otherwise, obviously, » = L. Since p
integrates to unity we have, assuming r < L,

Rd(m—l)—i—l 11
1= dr > kot R > ky— = ——
/ﬂ* P = el = (2/4,150)d K

d
L
(with ko a geometric constant of order unity) and otherwise we acquire the mundane bound.

After a small step, the stated bound is obtained with an appropriate definition of k4. O

With the above in hand, we can establish that py is the unique stationary solution. We

start with

Corollary 3.5.2. Under the conditions stated in Proposition 3.5.1, if ¢ is sufficiently small

— but of order unity independent of L — the unique solution to the mean—field equations is

P = pPo-

Proof. From the mean—field equation, we may write

m—1
m

0= / Vp-V(p™ !+ pxV)dz.
T

d
L
By recapitulating the Lipchitz continuity that was featured in the vicinity of (3.4.16) we
have full justification to manipulate classically under the integral. Letting R., denote the
upper bound on the L*™ norm of p that was featured in Proposition 3.5.1. Then, pointwise

a.e. on the support of p,

vptvpm—lz -
p



since, we remind the reader, 2 —m > 0. In other words,

1
0> / \Vp|2+%Vp~V(p*V)da:.

2—m
TdL R€0
We can again go to Fourier modes and the above reads

. 1 €0~
0> > kp(k) e —V (k)
k0 €

For ¢, sufficiently small (but of order unity independent of L) the coefficient of |p(k)|? is

positive for all terms so the later must vanish identically. The desired result is proved. O

Based on the fact that pg is the unique stationary solution, in the next lemma we prove

that p(-,t) will converge to py uniformly, (but not with a quantitative estimate on the rate.)

Lemma 3.5.3. Suppose the conclusions in Corollary 3.5.2 are satisfied. Let p(x,t) be the
weak solution to (3.1.1) on [0,00) x T¢, with non-negative initial data p(x,0) € L>(T%)

which integrates to 1. Then sup, |p(-,t) — po| — 0 as t — oo.

Proof. This is more or less identical to the proof of Corollary 3.4.5 based on Lemma 3.4.4 so
we shall be succinct. Assuming the result false, we could find a sequence of times ¢, — oo
and points z,, — 7 € T? such that p(-,t,) converges uniformly and yet |p(x,, 7,,) — po| > 9.
So, denoting by peo(+) the uniform limit, we would have |p(Zoo) — po| > 0.

Hence, since p., is continuous, it is definitively not equal to pg. However, any subsequen-

tial limit must satisfy the mean—field equation and by Corollary 3.5.2 this is uniquely py in

contradiction with the preceding. This completes the proof. O

In the next lemma, we show that once p and py becomes comparable, Fy(p) — Fy(po) also
becomes comparable with LYZ=™)||p — py| 2(r¢)- Indeed, as alluded to earlier, this will be

proved under the weaker assumption that # — not #L4™=2) — is small. We start with:

Lemma 3.5.4. Suppose that 6 > 0 is sufficiently small (but of order unity independent of
L). Let p be such that ||p — pollra < 1po. Then we have

QL™ |p — pol[aing) < Folp) = Folpo) < BLlp = poll7 s (35.1)

for some o, 3 > 0 of order unity.
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Proof. First, by any number of methods we have
/ p(@)p(y)V (@ — y)dedy > —Kvllp — poll72(ra ;
Td xT4

e.g., we may take, using the Fourier decomposition, Ky = [#¥]~!. Similarly for a correspond-

ing upper bound with a positive constant. Let us turn to the entropic-like terms.

Writing p = po(1+n), our assumption implies that || < 5. From this it is easy to verify

that, pointwise,

m(m—1) 2
(I4+n)" > 1+mn+¥( )2 =1+ mn + an®,

2 3
and for the other direction we have
m(m — 1
(1+n)™<1+mn+ %(3)2‘%2 =1+ mn+ b’

Thence p™ — pg* = pg[(1 +n)™ — 1] = p'[(1 + )™ — 1 —mn +mn| > pg*lmn + an?]. So

/ (" = pp')dr > aPBnHWHiz(T%) = aL*m Ip — POHiz(T%)v
T

d
L
/’]I‘

Combining this with the bounds on the energy term, the stated claim has been established.

and similarly we have

(p™ = P}z < BLU™ | p — pol[Fapa .

d
L
U

Finally, in the next theorem, we prove that the free energy decays exponentially to its

minimum value.

Theorem 3.5.5. Suppose the conclusions acquired in Corollary 3.5.2 are satisfied and sup-
pose that 0 is a sufficiently small number which is of the order of unity. Let p(x,t) be the
weak solution to (1.1.1) on [0,00) x T¢, with non-negative initial data p(x,0) € L>(T%)
which integrates to 1. Then Fo(p(t)) decays exponentially to Fo(po). More precisely,

mflclt

Fo(,t)) = Flpo) < Cre (3.5.2)

for various constants ¢ and Cy. Similarly for the L*-norm of (p — po) with a different

prefactor.
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Proof. According to Lemma 3.5.3, there exist some 7' > 0 depending on 6, L,V and p(-,0),
such that |p(z,t) — po| < po for all z € T}, ¢ > T. Then for all ¢, > t; > T, we manipulate
the integrand on the right hand side of (3.4.8) — the lower bound on Fy(p(-,t1)) — Fa(p(-, t2)):

/Td p|VL1pm_1 + L= p % V | dx >
L

m —

1 mo m
L

1 - —m
o R i G P
T4

>
= Ja

L

m— 3 —m
[gpg 3|Vl — 5;)0(92L2d<2 IV (p * V)|2} dx (3.5.3)
where the value of ¢ — which is always of order unity — depends on whether 2m — 3 is positive
or not. Note that all terms are proportional to pg™ ® = pg~! L42=m),

Going to Fourier modes, the final (spatial) integral in the above string becomes
m-17d2-m) L 20 A1\ |2 3 217 2
oy LA SR () Py — 1V ()P
k

where, for sufficiently small 6, we may assert that the summand is positive.

We thus have

Folp(-,t1)) — Folp(-,t2)) >

to
e / / L™ (5 — po)dadt > e / Folp(-11)) — Falpo)ldt
t1 T%

t1

(3.5.4)
where in the above, 3 is the constant from Lemma 3.5.4 which has been conveniently absorbed
into the definition of ¢:

3 ..
P 1120 O p2 2
¢ = min[k*(g — 50|V (K)[")]

and in the final step we have used Lemma 3.5.4.

Note that (3.5.4) has the same form as (3.4.18) therefore we can again treat it as a

differential inequality as in the proof of Theorem 3.4.6. We obtain that

m—1 s

F(p(-,t)) = Flpo) < Cre~r0 <L,
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A further application of Lemma 3.5.4 implies a similar result for the L?*-norm of (p — pg)

and the proof is finished. O

Remark 3.5.6. Here as in the case m = 2, when L is large, ¢ o< L=2 and we have the
large L scaling of the rate proportional to L~(3+4m=1) in agreement with a perturbative
analysis. However in this case, our arguments do not provide agreement with the constant of
proportionality. We also note that by Theorem 3.2.4 we have that p(-,¢) is uniformly Holder
continuous in space and time for all £ > T', where the Holder coefficient and exponent depends
on @, L and V. Thus we can bound, the L>®-norm of p — py by some power of its L?-norm.
Hence the exponential convergence of ||p — pol|2(r4) implies the exponential convergence of
o = poll oo (rg). However a bound along these lines is “even more” non-optimal since the

two norms should, presumably, differ by a factor of L.
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APPENDIX A

Additional Computations

A.1 Additional computations for Chapter 1

A.1.1 Proof of existence for p as given in Proposition 1.2.1

Here we will show the existence of a global minimizer for the free energy functional given
in (3.1.2). First note that the kernels V' given in (A) and (B) belong to Md;i?, where MP

denotes the weak LP space.

Our proof is based on a theorem of Lions in [L:

Theorem A.1.1 ([L]). Suppose f € MP(R?), f > 0 and consider the problem

: . 1
]’\_ulenfg{/ﬂgdm—lu dx—§/Rdu(u*f)dx},

where

p+1

Ky = {u e LYRY N LYRY), u> 0 ae., / udz = A} with g = £~

Rd
Then there ezists a minimizer of problem (Iy) if and only if the following holds:

Iy <I,+ I o, Ya e (0,)N). (A.1.1)

Proposition A.1.2 ([L]). Suppose there exists some a € (0,d) such that f(tz) > t=*f(z)
forallt > 1. Then (A.1.1) holds if and only if

I, <0, forall X > 0. (A.1.2)

For the rest of this subsection, we will verify that Proposition A.1.2 applies to our kernels.
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Proposition A.1.3. Let f =V given by either (1.1.3) or (1.1.4). Then f(tx) > t~“f(x)
witht>1 and oo = d — 2.

Proof. When V is given by (A) the proof is straightforward, so suppose V' is given by (B).

Then f = —N x h. Since h can be approximated by a sum of indicator functions, it suffices
to prove the proposition for f = —N % xp(,), where x is the indicator function. In this case
we have
e |z ||

re— —|x for |z] <r

2(d — 2 2d -
flz) =4 2(d=2) (A.1.3)

d| .| —d+2 f >

e 2)r || or x| >,

which finishes the proof. O

Proposition A.1.4. Let f be as in Lemma A.1.3. Suppose m > 2 — % and let us define

_ AXB(O,R)
Cde

where cq is the volume of the unit ball in RY and R is a constant to be chosen later. If R is

sufficiently large, we have

Bu) ::/R ! umd:c—%/Rdu(u*f)dm<0,

am—1

and thus Iy < E(u) < 0.

Proof. First note that we have

1 1 A m
/ udr = / ( XB(O’R)) dz ~ \"R~4m=1),
gam — 1 gam— 1\ ¢RI

On the other hand, | BO.R /2 —V)dz ~ R? if R is sufficiently large: this implies

S ul V))dz 2 N>R™*2. Since m > 2 — 2 we have

Blu) = /R ml_ S /Rdu(u* (=V))dz < 0.
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A.1.2 Proof of Lemma 1.4.1

Observe that AV is nonnegative and radially decreasing, and thus it can be approximated
in L'(R%) N L*(R?) by the sum of bump functions of the form cxp(,), where ¢ > 0. By
linearity of convolution, it suffices to prove that for each bump function xpg( ), where r is

any positive real number, we have

(u* xBm) (1) = (w* xon) (@) < X 1 (ub) —ular)). (A.1.4)

Observe that

(u* XB(0,r))(b1) — (w* XBom)(a1) = /B(b )u(:c)d:c—/B( )u(:c)d:c (A.1.5)

= /Q u(z)dr — /Q u(zx)dx. (A.1.6)
Here Q4 := B(ay,r)\B(by,r) and Qp := B(by,r)\B(ay,7) (see Figure A.1).

[

T

o/ 1]

Figure A.1: The domains 24 and 2z

Note that 24 and Qg are symmetric about the hyperplane H = {x : x; = #} For any

x € Qq, use f(x) to denote the reflection point of = with respect to H. Then we have

| w@as = [ u@ae= [ (@) - upn

Since |z| < |f(x)| for x € Q4, we can use the assumption (1.4.1) to obtain
| sy —uteis < [ u(b) = u(a)ds < B0 @) ~ u(a))

which completes the proof.
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A.1.3 Proof of Proposition 1.6.2

The proof of Proposition 1.6.2 is an application of the Crandall-Liggett Theorem ([CL], also

see Theorem 10.16 in [V]). Let us consider the following domain:

D= {pe L'(RY: p" € WL RY, A" € L'(RY), [Vp"| € MYGD®RYL (A7)

loc

Here the Marcinkiewicz space MP(R?),1 < p < oo, is defined as the set of f € L} (RY)

such that
p=1
[ rwias < cix|v
K
for all subsets K of finite measure. The minimal C' in the above inequality gives a norm in
this space, i.e.

p—1
f |l aro(ray = sup {meas(K)_ P / |fldx : K € RY meas(K) > O}.
K

A parallel argument as in Theorem 2.1 of [BBC] yields the existence of solutions for the

discretized equation.

Lemma A.1.5 (Existence). Let d > 3 and let py € L*(R?),® € C*(RY). Then there exists

a unique weak solution p € D of the following equation:

P _hpo = Ap" + V- (pVO). (A.1.8)

The proof of the next lemma is parallel to that of Prop 3.5 in [V] for (1.1.2).

Lemma A.1.6 (L' contraction). Let ® € C?(R?), py; € L*(R?) and let py,ps € D be the

weak solutions to the degenerate elliptic equation

pi ;pm = A(p)™ + V- (pVP), i=1,2. (A.1.9)

Then py and py satisfy

o1 = pollLira) < [lpo1 — pozll 11 (ra)- (A.1.10)

Proof of Proposition 1.6.2
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Proof. Let D be defined above, and define the nonlinear operator A : D — L'(R?) by
A(p) = =Ap™ = V(pV o),

Then Lemma A.1.5 and Lemma A.1.6 yield that for any h > 0, there is a unique solution p

in D solving
hA(p) +p=f.
Moreover the map f ~ p is a contraction in L'(R?). Now arguing as in [V], the Crandall-

Liggett Theorem yields the conclusion. O

A.1.4 Proof of Proposition 1.6.4

The proof of Proposition 1.6.4 is parallel to that of Theorem 11.7 in [V] for (1.1.2). First we

state a lemma which deals with the extra convolution term.

Lemma A.1.7. Let V be given by (B). Let f € L'(R?) and ¢ € Wy ™(R%) be non-negative

functions. Then for any non-negative number a,b, we have

/ V(f*(=V)) Vo < / (f* % AV)(max{¢*, b} — a), (A.1.11)
{a<p<b}

{¢*>a}
where the equality is achieved if f, ¢ are both radially decreasing.

Proof. Let us define  : R? — R by
4

b if () > b,

n(x) =19 ¢(x) —a ifa < ¢(x) <b,

0 if ¢(z) < a.

\

Then 7(z) € W™ (R%), V¢ = Vi in {a < ¢(z) < b}, and Vi = 0 in R\ {a < ¢(x) < b}.

Therefore
LHS of (A.1.11) = V(f*(=V))-Vn
Rd
< “x AV)n* = *x AV x{¢*, b} — a),
< [Lreavi= [ (e avymaste b o

where the inequality comes from Riesz’s rearrangement inequality. Note that we obtain an

equality if f = f* and n = n*. Hence the lemma is proved. O
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The following lemma corresponds to Theorem 17.5 in [V].

Lemma A.1.8. Let V be given by (B). Let f, f and g be non-negative radially decreasing
functions in L*(RY), where f < f. Let h > 0, and let vi,v, € D be two non-negative radial

decreasing functions. Assume vy and vy satisfies

—hA(v))™ = hV - (nV(f*xV)) + v, < g, (A.1.12)

—hA(ve)™ = hV - (uV(f % V) + vy = g. (A.1.13)

Then we have vy < vy.

Proof. Let u; := v* and define u := uy — ug, v := vy — v, A(r) := fB(O " v(x)dz. Our goal

is to show A(r) < 0 for all r > 0.

Subtracting (A.1.12) from (A.1.13), and integrating the quantity in B(0,r) yields that

/B(o,r) —hAudx — h<v1(7”) /B(o,r) fxAVdr — vg(r)/ f* Ade) + A(r) <0, (A.1.14)

B(0,r)
which can be written as

—hear® W (r) — ho(r) /

B(0,r)

f*Ade—hvg(r)/ (f=F)*AVdz+ A(r) <0. (A.1.15)

B(0,r)
(Here u'(r) exists due to the fact that v; € D for i = 1,2, which implies that Au is in L'.)
Since we assume f < f, it follows that fB(O r)((f — f)* AV)dz < 0 for all » > 0. Therefore
—hegr™ (r) — hv(r)/ f*AV + A(r) <0 forallr>0. (A.1.16)
B(0,r)
Note that since w; and wv; both vanish at infinity, from (A.1.16) it follows that
lim, o A(r) < 0. Hence if A(r) is positive somewhere, it achieves its positive maximum

at some point 79 > 0. At r = ¢ we have v(rg) = A'(ro) = 0, and (A.1.16) becomes

which means uy — w4 is strictly increasing at ro: hence v, — v; will also be strictly positive in
(ro, 7o+ €) for some small €, which implies A(ro+¢€) > A(r). This contradicts our assumption

that A(r) achieves its maximum at ro. Therefore A(r) < 0 for all 7, which means vy < vy. O
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Proof of Proposition 1.6.4: The proof is parallel to that of Theorem 11.7 as in [V].

For any test function ¢ € W, ™°(R%), we have

h Rqum-ng—l—h/RduV(f*V)-V¢+/Rdu¢:/Rdg¢, (A.1.17)

where ¢ € Wy *°(RY) is any test function. Now let us take ¢(z) := (u™(x) —t), where t > 0,

and differentiate the equation with respect to t. Then we have:

d d m
hG [ vep-nG [ e vty [ u= [y
dt Jpumsg dt Jeymsyp m+1 {um >t} {um >t}
N - ~ 7 N ~ - N e’ | S ——
I I I3 Iy
(A.1.18)

Following the proof of Theorem 17.7 in [V], one can check that

I < / RA((u*)™) (with equality if u = u"),
{(u*)m>t}

Ig = / u*
{(u* )m >t}

I, < sup /9*2/ g
Q/={um>t}] S {(w)m>t}

It remains to examine [,. Using Lemma A.1.7, it follows that

1 m

I, = hlim- —— V(f*(=V))-V(u™H
? =0 € Jricum<tie) m+1 ( ( )) ( )
1 m 1 1
< hliminf—/ ———(f* « AV)(max{u™, (t + &)1 Tm} — t'tm
o U AV s (1 —

= htm / F AV
{wr)m>t)

Plugging in the four inequalities into (A.1.18), the following inequality holds for all ¢ > 0:

—/ hA((u*)m)—ht%/ f**Av+/ " g/ ¢ (A119)
{(u*)m™>t} {(u*)m™>t} {(u*)m™>t} {(u*)m>t}

Since t > 0 is arbitrary, the above inequality implies
—hA((u*)™) = AV - (W'V(f**V))+u" < g". (A.1.20)

On the other hand, by assumption, u solves

—hA@™) = hV - (aV(f*V))+u=g, (A.1.21)

where f > f* and g = ¢*. Note that v € D implies u* € D. So we can apply Lemma A.1.8

and get u* < . O
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A.1.5 Proof of Lemma 1.7.9

Proof. When 0 < k < 1, the right hand side of (1.7.24) is bounded above by (C} + Cs)k.
Hence if the initial data satisfies 0 < k(0) < 1, the inequality k() < k(0)e(@1+C2)! will

hold until k£ reaches 1. In other words, k(t) is guaranteed to be smaller than 1 until time

__Ink(0)
Ci1+C2”

tl =
Now if we choose k(0) to be sufficiently small such that 0 < £(0) < d, where

C1+Co

§ = (aCyCyl2—4"2) 5

then ¢; would be sufficiently large such that

Oyt e < Clo‘.
- 2

We claim g(t) := 1 + e7%) is a supersolution of (1.7.24) for ¢t > t;, where
¢ := min{f, 3Cia}. It is obvious that g(t) > 1 > k(t;), so it suffices to show

g (t) > Crg(1 — g*) + Cog™e Pt for t > t,. (A.1.22)

By definition of g, we have

RHS of (A.1.22) < —Chae 1) 4 020 e=Fle=Ali=t) (A.1.23)
1

< —SCrae ) (A.1.24)

< —ee 7)) = LHS of (A.1.22). (A.1.25)

Therefore k(t) <1+ e~<t—4) for all t > t,.

To obtain the corresponding lower bound for k(t), note that the last term of (1.7.24)
is non-negative. Therefore if g solves ¢'(t) = Cig(1 — ¢g*) and ¢(0) = £k(0), then
lg(t) — 1| < e~“1et. Comparison between these two ODEs yields k(t) > g(t) for all ¢ > 0,
which implies k() > 1 — Ce=“1?". Now we can conclude that there exists C' depending on
C4,Cy, a, 5 and k(0) such that

|k(t) — 1] < Ce ™.
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A.2 Additional Computations for Chapter 4

Proof of Lemma 3.2.5. We will do the comparison between p~ and w first; the comparison

between p* and w can be done in the same way.

First note that w also satisfies (3.2.9) with ® = 0, therefore the inequality (3.2.25) also

hold for w, namely

w—p > —Ca, (A.2.1)
where C depends on m, d, My, Ms.

We define f := w — p~, and our goal is to obtain an upper bound for f. More precisely,
we want to show there exists some constant C' and § depending on m, d, M, Ms, such that

flx,t) < Ca’ in Q x[1,2].

Our strategy is as following. First, we claim that

g(T) = sup/ f(z,T)dx < Cya for all T € [0, 2], (A.2.2)
B(y1)

yeQ 9]

where Cy depends on m,d, My, My. We will prove this claim momentarily. Once we have
the claim, we know the space integral of f(x,t) in any unit ball is of order a, for 0 < ¢ < 2.
To get f(x,t) < O(a®) for t € [1,2], it suffices to show f is Holder continuous in space with

exponent and constant that are uniform in time for all ¢ € [1, 2], which is indeed true, since

Theorem 11.2 of [DGV] guarantees this uniform Hélder continuity of p~ and w for ¢ € [1, 2].

Now it suffices to prove our claim. It is proved by writing both equations in weak form,
choosing an appropriate test function and applying the Gronwall inequality. By writing both

(3.2.19) and (3.2.26) in weak form and subtracting the two equations, we arrive at

J

| s@ )o@ = [ f0p@ans [ ) [ =717 ) Aple) + Mag(o) dadt,

~~

I3

(A.2.3)
where ¢ € C’S"(Q) is a test function chosen as follows. For a fixed T' > 0, there exists z € €,

such that the maximum of [ pwna (@ T)dx is achieved at z. We then define

pl(a) = px h*(z),
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where 1 is a standard mollifier supported in B(0, 110) and

;

1—|z—2z/2 for|z—2<1

Wi (z) =9 (Jz — 2| —2)2/2 forl<|z—z <2 (A.2.4)

0 for |x — 2| > 2

\

For such ¢, we have 0 < ¢ < 1, inside the ball B(z,1) and [; pdx < |B(z,3)| < 6%

To estimate I;, note that ¢(x) > 1/3 in B(z,1), and f(z,T) 4+ Cia > 0 in €, which

implies
I = (f(:c T) + Cya)p(x)dr — / Crap(x
1
> —/ f(z,T) +C’1a)da:—601a
3 B(z,1)N
Z g— — 6dC'1a

3

For I, since f(x,0) = (%)™ p(z,0)'~“ — p(z,0), we would obtain f(z,0) < Csa, where
Cy depends on m, ||p(+,0)||« and ¢, (hence depends on m,d, My, My), which yields

I, < Cga/ o(x)dz < 6°Cha.
Q

Now we start to estimate I3. Due to the definition of m~ in (3.2.15), we have
m~ —m < 2(m — 1)ca. Also, we can derive some a priori bound of p~(z,t) and w(x,t) for

t € [1,2], which depend on m,d, My, Ms. Then we have
w™ — p~|p7 ™ TH < Cslw — p| + Cha in Q x [0,2],

where Cj5, Cy depends on m,d, My, M,. Together with the fact that |Ap| is bounded, in
particular by d, in B(z,3) and vanishes outside of B(z,3), we obtain the following bound
for I5:

I; < /(C’g|f\ + Cya)|Ap| + Mapdz
Q
< dog/ | f(z,t)|dx + 6%(dCy + M)a
B(z,3)NQ2

Cd
= dC3Z/ |f (2, t)|dz + 6%(dCy + M)a, (A.2.5)
i=1 Y Bzt )N
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where in the last inequality we denote by ¢4 the number such that B(0,3) can be covered by
cq numbers of balls of radius 1, centered at x4, ... x., respectively. Note that ¢, is a constant

only depending on d.

Finally, we wish to control fB(sz Dné | fldz. Note that f > —Cha implies |f| < f+2C1a,

which yields

/ Fla,0)ldz < / fd + 292C1a
B(z+xz;,1)NQ B(z+1;,1)NQ

< g(t) + 2 Ca
Plugging it into (A.2.5), we obtain
I3 < dCscqg(t) + (dCscg2* Oy + 6%dCy + 67 M)a
By putting estimates of Iy, I5, I3 together, we have
T
g(T) < C5/ g(t)dt + CGCL for T € [0, 2]
0

where C5,Cg only depend on m,d, My, M. And for initial data, we have
g(0) < |B(0,1)|sup, f(x,0) < 2¢Cha. By Gronwall inequality, we have g(T) < Cya for
all T € [0, 2], where Cy only depends on m, d, My, Ms, hence our claim (A.2.2) is proved. [
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