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I. INTRODUCTION 

Low lying energy levels of positive an~ negative parity in deformed 

even-even nucle.i have been explained with· some success by the work of 

1 2 . . 3 4 
Davydov ' and Davidson ' respectively, and co-authors. Reduced transition 

probability ratios predioted by the adiabatic or pure rotationalmodelsl,3 

are in reasonable agreement with experiment at least for transitions within 

and between what are usually called the ground state and "-y-vibrational" 

bands for the positive parity systems and their analogues in the negative 

parity systems (although in the asymmetric rptator models used here, .both of 

these bands merge into a common rotational level sequence). Discrepancies 

between theory and experiment are usually accounted for by the perturbation 

mixing of the various bands both for energy differences and for ratios of 

reduced transition probabilities. However, recent' experimental investigations 

of the high spin levels of deformed even-even nuclei indicate that such a 

·perturbation approach will not account for the observed level structure5 and 

that it is necessary to take the beta (or deformation) vibrations into account 

more exactly as is done in Refs~ 2 and 4. Other observations of level struc­

ture and gamma ray branching ratios both in the rare earth deformed region6 

an~ in the actinide deformed region7 suggest that the influence of the beta 

band mixing is an order of magnitude greater than that of the gamma band 

mixing.. In particular in Sm152 the experimental branching ratio from the 

beta band to the ground state, B(E2:212-72ll)/B(E2.:2l2-7011)8 is greater by· 

a factor of two than predicted by the simple collective model. 6 This in 

itself would suggest that a perturbation approach to handling these vibrations 

is probably not adequate. Since the effects of -y-band admixtures are much 

smaller, at ·least in the ground state band,; perturbation methods will be more 

nearly adequate to describe any deviations from theory for them. It is the plirpose 
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I 
of this paper_ to examine the affects on gamma ·ray bt.anching ratios of the beta-.. 

vibr~tio~s iri deformed evert-even 'nuclei ·by a more exact method than pertU.rba~' . ~' 

tion theory. We 'd.eai here principally· With_E2 transition-s both within the• · 

positive parityartd the negative parity-bands; however) the 'analysis is suf­

ficiently general that the numerical caiculations reported can·be easiiy 

extended toother electric transitions. 

In Sec. Il we outline the vibrational treatment of the problem and 

describe the resulting state functions both as a review and to fix the rtota- · 

tion, while in Sec. III we examine the reduced tr:ansitions probabilities 

and appropriate electric quadrupole operators for both pari ties. 
. . . 
Section · 

··,·· 
IV is a comparison of theory ·and experiment . 

. II.. THE VIBRATION PROBLEM 

·~- ·. -

We begin by expandin-g the nuclear. surface in the laboratory coordinate 

system 
r·· 

R(8)¢) 
. * . . . 

(lL) = Ro [1' + 2:: a~-. Y~-. (e)¢ ) J 
lJ. lJ. lJ. 

A being 2 for + and.3 for states. Applying small oscillation theory 7f 7f 

to such a surface yields a Hamiltonian of the form9 

(~) 

We now transform to the body-fixed reference system where the. surface (lL) is 

given by 

.. 
I 

·. :I 

II 

.· 

·.· ... 
. ·- 11 

•• 

., 
j 
I 
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(lB.) 

and the expansion coefficients are related by 

.· '\;~· · = ·~ D~: (ei )a"· v 

the n"- (e.) beingcomponentsof the (21+1)-dimensional 
~ l • . 

representation of the 

'10 
rotation group and are functions of the Euler angles e .. 

.• l 
It' is helpful if 

the body expansion coefficient a/1.~ are parametrized as
4 

(3) 

the .~f. being the :A.th order.deformation parameter and the asymmetry parameters, 

~ ... , can be subjected to the further requirement 
/\.~ . 

(4) 

For the quadrupole and octupole cases the ~~ have the familiar form9,3 

~20 cos 'Y/ .J2 ~2±2 == sin ?1, "- == 2 

~30 cos T]) J2 ~3±2 == sin T],, "- 3 

the others in each case being·zero. (For :A.== 2 this is a consequence of the 

degrees of freedom available while for :A. == 3 it is a sufficient condition to 
' ' ' 4 

diagonalize the inertial tensor. While this latter reduction of the degrees 

of freedom may appear arbitrary it is supported by a recent calculation of · 

I 
\I 
·I 

I 
jl 

I 
I 
I 
1: 

i 
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· Solloviev et .aL l;L which :shows that the states associated with the /1. = 3, 
. . . . . . 

. f.! = ± 3 degrees of freedom in deformed ·nuclei. are .almost pure .two· ·quasi~ 

:partic;Le states and. thus not to be assoCiated with· a collective model.:/ . 
,· ... . . :' ;: . ~ ' . 

The Hamil,tonian (.2.) so transfbrmed consists, as is .. well lillo~, .:,of 
.... 

three terms: one representing rigidl. rotations, one vihrat1ons and'the third 

.a rotatiori-vib·~~tion cross term. For the cases /1. = 2,3 the .latter term . 

vani::;hes identically. In keeping\;with the desi.re to t'reat the deformation 

vibrations exactly leaving the effects of a~ymmetry vibrations to be treated . 

as a perturbat.ion the· (3/1. are taken 'to be variables while the crA.~ -remain .as · 

fixed fitting :parameters .. Thus the generalized curvilinear co~rdinate space 

with respect to· which the. system is quani tzed contains the four variables· 

gi; t'x· The transformed Hamiltonian is
4 

·. 2 
. fi 

H = -·-
2B/I. 

where the :potential term of the Hamiltonian (2): ·has been generalized tc) 

permit osciliations about a non-s:pherica,l deformation specif;i..ed. by (3/l.o' l 'i.s'' . · . 

. !'·"- ·2 r;;x 
·the angular momentum operator in the body and ~=; 4BA.(3f-., (} k are the ·principal · 

moment.s ·of inertia whose form is knoWn:. 9' 3 

The SchrBdinger equation separates into a rotational p~t 

. 2 
I 

[~ L: ~ 
2 . Cf"' k . 

'k 

where the rotational 'eigenvalues have been given in tabular fbrm.for various 

values of the spin as a function of· -y 
. 4 

function of . 71 for the · octupole case. 

12 
for 'the quadrupole case . and as a 

': .\/ 
~· i 

l 

,; 

' 
i' 
fl 
i, 
I' 
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The vibrational Schr8dinger equation is 

(5) 

. By expanding the second and third terms of' (5Y about the new equilibrium · 

position 13/1. ·(IN); keeping only the harmonic term for the new potential 

and defining a new inclepende:pt.variable y by 

and dependent variable 

y == z 
l 

D ( J2 y) by 
v 

then (5) can be placed in the form 

13/1.-13/1. (IN) 
13/1. (IN) .· 

. 2 
d y 

+ ( 2v + l - y
2 ) D ( J2 y) == 0 

v 

which is just Weber 1 s ~quation. 13 Here v is a real} but not necessarily 

integral) quantum number determined by the boundary_ condition 

and z
1 

is a known function of 
4 v. 
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III. REDUCED E2 TRANSITION 'PROBAEILITIES 

14 For the reduced transition probability we use 

is the or~er transition from the state 

.UCRL~llbOO 

:·· 

. . . 

INn· to the state 

ItNtnt d QLab an · 
£~-t. 

is the appropriate'transition operator' asseen in the space-' 

fixed or' laboratory coordinate system. . The state vectors ·USe.d are products · 

or' the .rotation and vibration functions. discussed above.· The laboratory 

transition operator is related· to the body-fixed operator by. 

. \. 

The 'electric quadtupo~e operator in the body~fixed coordinate system 

is 

. ( 7) 

where pe is·the static charge density and the integration is over the nuclear 

volume, or .. pe = 3Ze/47TR 3, and i~tegrating from zero to the nuclear surface 
0 . 

in r and using (lB) Eq. (7) becomes 

(8) 

where the C(I1r2I:~1~-t2~) coefficients are Clebsc~-Gordan Coefficients.
10 

For the positive parity case (8) becomes 

·· .. · . 

•, 

• 
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~~) 
;zeR

0 [ 47T] 2 ::: 

47T 5 

while for the negative parity case 

2 ·1§3 ZeR0 
- --.L.a 5 . 7T • IJ. I 31J. 1 
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a2~· 
IJ.· 

(9a) 

. (9b). 

The a\.1-1. are taken as real and .w:i'itten in the form (3). Substi tutil?-g· the 

quadrupole operator (9a) or (9b) into equat.ion (6) 

B(E2~INn-)I 1 N 1 n 1 ) = 2I~l 2. !>-:(I 1 N'M 1 !D
2 

g 
MM 1 _,V I-LV v 

X I<~ :N' I f(f\) I¢~~) 12 

B (E2: IN-) I' N' ) S - .a VV r 

2 
( crAp ) INM) I 

. (10) 

Here B (E2: IN-) I' N') is the adiabatic or pure rotational reduced transition 
a 

probability and S 1 is the vibration contribution. The functi:ons g ( cr,~) and 
vv . . . . v ·~ 

f( ~\) are those functions of the asymmetry and deformation parameters re-

spectively which result from expressing the quadrupole operator in terms of 

the collective parameters: in particular f(f32 ) = f3 and f(f3
3

) = [3~ =:s 2 
. 

The rotational contribution is well knoWn as a sum over Clebsch­

Gordan coefficients in each case,
1

; 3 and has been machine calculated for 
. . 

numerous ·sets (IN;I'N') as a function of the appropriate asymnietry parameters. 

The vibrational contribution .can be written in the form 

. l/2 s vv' N N fD v v 1
·: 0 v 
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N is a normalization constant and can be written in terms of these same 

parameters and a normalization integral I 
v 

as 

~ · being the stiffness parameter of the nucleus, being (apart from a factor 

.f2) the ratio of the deformation of a pure vibrator to that of a rotor-

vibrator and Z is the positive real root of 

l(A. +y) 
2 EIN 2 b, 

and ~ = ~ (IN) the new equilibrium deformation. By defining the ratio 
v v . 

R = Z 1 Z/Z Z 1 we can re>rrite the vibrational contribution as 
z l l 

with 
I 

VV I 

In actual practice we calculate only the ratios of the reduced matrix 

elements so thst we need evaluate or~ly 

S. I 
vv 

s-: vv 

2 
I If I I 

v vv 
"I:" I2· ' v . ,· u 

vv 

Since the Weber functions are in general not available in tabular form these 

integrals have been calculated numerically by computer; · · 
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IV. DISCUSSION 

1n Figs. l, 2, 3 and 4 are displayed the ratio of complete reduced 

matrix elements for E2 transitions both within a vibrational ban·d (Lill = O) 

and between two adjacent bands (Lill = l) both for positive. a?d negative parity 

states. They are plotted as a function of ~ and ~. for transitions be-

tween positive parity states and as a function of 11 and ~ for transitions 

between negative parity states. For ~ zero the curves represent the ratios 

f 
. "d 'l. . 1,3 or a n .. gJ.. nuc eus. Figure l is the ratio of the reduced matrix elementq 

BCE2:22l~ Oll)/B(E2:22l~ 211) from the "g~mna" to the ground state band. 

It is a strong function of ~ but shows only a slight ~ dependence. It 

is plotted only to 
0· 

~. = 5. since the 221 energy becomes infinite as ~ 

vanishes. Figure 2 is the transition ratio B(E2~212~0ll)/B(E2~212~ 411). 

from the beta-vibrational band to the ground state band. This ratio shows 

only a slight 'Y ·dependence but a strong ~. dependence. This is a general 

feature of transition ratios between the bata and ground bands. 

Figures 3 and·4 are similar ratios of E2 transitions between negative 

parity bands. Figure 3 is.the ratio B(E2:321~3ll)/B(E2:32l~lll) from the 

negative parity analog of th~ !!gamma'!..:.band (sometimes called the "g"-b~nd) to 

tl::eground state negative parity band. This ratio is a· strong function of the· 

octupole asymmetry par?IDet.er TJ but shows only a slight ~ dependence. 
' 

The opposite situation is shown in Fig. 4 \-rhich gives the interband transi-

tion ratio B(E2~312--ill)/B(E2~312~ 112), that is for transitions from the 

zeta-vibrational band (the octupole analogue of the beta-vibrational band). 

to the ground state negative parity band. A strong ~· and a slight 11 

dependence is evident. 

Figure 5 represents the ratio of Coulomb excitation from the ground 

state to the first 2+ states in the beta and ground state bands, that is 
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the ratio B(E2:011~ 212)/B(E2:011~2ll). As with other interband transitions 

the ~ dependence is much more marked that is the ~ dependence. This 

figure also shows several recently measured Coulomb excitation ratios and 

20 
quoted errors · for nuclei near the lower edge of the rare earth deformed 

region.; The values of ~ have been as.signed in each case from the ratio 

of the energy of the beta band.to the energy ofthe first excited state 

(i.e. from E(Ol2)/E(211)). 

. 6 15' 16 17 20 In table I we have compared this theory with exper~ment ' ' ' ' 

and the adiabatic ratios for several E2 transitions in both positive and 

negative parity bands in ~82 
and Th

228 
and interband transitions in Sm152. · 

~82 . . 
In W there ar:e two high lying 2+ slates below the first 3+. state either 

of which could be identified with the second'2+ state of the ground state-

vibrational band. Choosing,the lower 2+ <;tate as the (212) level and the 

upper as the (221) state, which satisfies the model criterion 

E(21) ~ E(2~) > E(31) · 
- .'.J 

(11) 

yields a better fit to the level energies than.the opposite choice; however, 

the fit to the E2 brancb,ing ratios, especially the ratios B(E2.:22l~ 2ll)/B(E2:22l~ 411) 

and B(E2:212~2ll)/B(E2:212~ 411), are very poor. Thus we have chosen the 

lower 2+ state as the (221) state, which violates (11), and the other as the 

(212) state and obtained only a slightly poorer.fit to the level energies while 

bringing the branching ratio predictions into line with the experimental data. 

The level designated here as the (221) level has been interpreted as a l-leve1,
18 

however, this assignment does not fit into the negative parity, collective 

. 3 
model systematics. Also Harmatz et a1. 15 have made the assignment as we 

have and for similar reasons. 

L 
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In os
186

, it has been noted, 19 one can fit the level energies at 

. 0 
gamma of about 16.5 but the fit to the E2 branching ratios i_s quite :poor. 

On the other hand, one .can obtain reasonable branching ratio values including 

the vibrational effects with _'Y 
0 0 .. 

between 10 apd 13 . but then the fit to the 

energy levels is very poor. Unfortunately f.L has been obtained only from 

the ground and gamma band energies which is the :poorest method of determining 

this :parameter. It is more uniquely fit from a knowledge of the (012) or (212) 

levels which are not identified experimentally. Until this is done it is 

o:rily possible to state that for this end of the rar:e ·earth deformed region the 

:m:o.del. is . not .consistent.:. with experiment. · However, for the other end. of 

this same- region it is as is se€=n from the comparison between theory and 

experiment for Sm152 in Table I, and the Coulomb excitation data20 shown in 

Fig. 5. It is clear then _that an adequat_e test of these collective models~ 

must include the vi.brational contributions both to the energy level systematics 

and the electromagnetic .. transition :probabilities. 
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APPENDIX 

Here we outline the numerical methods used to evaluate the·integrals · 

involving the vleber Is functions; The first integr'al considered is the nor- '· . 

malization integral 

I v •. 

22 
The second integral on 'the 'right is available in closed form, . however'· the 

first must be don~ numerically:"' "'the trapezoidal method is sufficient here. 

The overlap integral 

. ' 

is written as 

·I 
:VV I 

vtv: 
.. 2. ·-· 

== 2 . 7f 

0 

f.· exp 
: -z. . ... l 

where 

. xv(x). =· r(-v/2trc~-v/2) 

·The integral (Al) may be written as 

2 ·r. e-x 
. -Z .. 1 

·, .· 

.,, 

. '• . . . . . '.· 

2 · ., · · M 
Zi] )(x + z1) · .. 

·. (Al) 

' ... 

,00 .I . 
k==O 

g(x) dx.== I 

-· -~ ,' 

•'i,_;. 
.~~ 
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with 

g(x) 

This integral is. then evaluated by the Gauss-Hermite method of quadratures 

as 

·N 
I = L: H. g(A.) 

j=:). ,_J J 

where the weights ·H. and.the points A. are available.in tabular form for 
J J 

various values of N. 23 · 

The series form (A2) converges very slowly for ·large x.;. therefore· 

. 13 for x ~ 4.5 the asymptotic expresslon 

X (X) xv [l. · v(v-l) 
v . ~ o...ITr - 2 

X. 

+ (v~l)(v-2)(v-3) 

2x 
+ ... ] 

has been used. • For x ~ -· 4. 5 it has been found that v · is integral so 

that the functions X. are) apart from a numerical factor) just the· Hemite 
v 

polynomials so that the series (A?-) terminates. 
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152 + . ·3o 
= 6.39? . Sm 7f .. 'Y =' 11.. J IJ. J J 

011~ 212. 
0 .··023:. ± 0. 006 20. 

011~ 211 . . 

.. 
212~-411 

6.7 ± 1.8 6 
212~ 211. 

212~ 011 0.048 ±·.0.015 6 
212~ 411 

221~ 011 o.44 ± 0.0'2 21 
221~ 211 

182 + 0 0.28a. · H J 7f J -y=l0.93.J 1-L' = 

221~ 01l :69' 15 
221~ 211 . ; 70 16 

221~ 211 1. /b·: 15 221~ 411 

. '212~ 011 
·57 15· 

212~ 211 
. . . :·~i. 

212~ 211 ···-! 
'i~ :$33. 

212~ 411 

421~ 2i1 .2 15 421-7 411 
·I 

-~ '! . ·.' ... 
421-7 411 

1. /b 15 ·. 421:-7 611 

621~ 411 
. 17 15 .. 

621~ 611 

. if-82) - 0 
1'.0 7f rr = 83.5 J 1-L = J 

41·1~ 211 .. 883 15 
411-7 )11 -556 16 

421~ 211 l. 15 
421~ 311 1.28 16 

Table I 

·. B (E2). 
a 

. !I . 

1.0 

.1.81 

0.502. 

. 522 

.708 

:547. 

5.21 

.. 068. 

·.631 

6.86 .. 
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0 0 OH ';',, o
0 
..... :: ,:.:~. 0

0 ·~. '' o0' 

'· 
\. . ,; . 

~:·:.: : ,:~(E2) 
- . •, . '• . ' 

. .·.* 

-, I~ 

. ·- ';', 

. •, .·. · .. 

. 0.036 . . t 

. 4.22 ·. ·. 

.•'. '·' .. 
o.o88. 

. ·.· .. 0 .. 453 .. 

-507 

··-... .. 
·.·.6oo 

· .. 

. ! .... : 

. :· ;.150 

', .· :: 

.066 •· 

r 
·· .. .. 

L. 

· ( c'Ontinued.) 
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Exp. 

Transitions B(E2) Ref. 

228 + . 0 
Th , TI )-~ = 9.1, ~ = 0.30 

221~ 411 
221~ 211 

221~ 211 
221~ 011 

421~ 611 
421~ 411 

421~ 411 
421~ 211 

311~ 411 
311~ 211 

.09 ± .02 17 

2.32 ± .28~ 17 

::: . 25 17 

6.25 ±.o.8 17 

. 66';;!: .08 17 

228 - 0 ' 
Th , TI ) ~ = 12.3 J ~ = 0.258 

211~ 311 
211~ 111 

321~ 111 
321~ 311 

411-7 511 
411-7 311 

<.3 17 

17 

0.75 ± .02 17 

-17-

Table I continued. 

B::(E2) 
-a 

.073 

1. 72-

4.66 

.6oo 

.212 

·502 

·371 

UCRL-11600 

Thy. 

'B(E2) 

.. 080 

1.81 

5.12 

.215 

.495' 

·379 

aExperimen:ta1 error are not given for the_trans:i.tion ratios of v?-82 . 

bUnobserved. 
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TABLE CAPriON 

Table I. c.omparison between .experiment and theory 'for E2. branching ratios . 

of positive. and negative parity bands of vr82 
and Th2~S and forpositive 

·parity bands of Sm1~2 . The first colwnn gives the initial and final states 

for the transitions where I.N.n. - ·I_N_nf) . . ~ ~ ~ . rr 
' ' . 

I is the spin of 13-·levelJ N the 

ordinal of .the level a~d n the ordinal of the vibration band.· The second 

Sml?2J·.· ... -~82 ·and third colUJl!!ls giv~ experimental values:and references for. w 

and .Th 228 J · th~ fourth col~ the adiabatic ~atio whD.e ·the~ fifth. colwnn gives 

the ratio:including the vibrational contr:ibution. 

J. . ··:_.· .. 
";'. 

~ ' . :, . ~. . 

·-. ·. ., ' 

"• ... 

' . . ' . . 

'· 

(. {' ' < : .~ ..... 
. • . . . ·~-· 

. '• . _-.,:· 

.... 

.· 
. ~· . ~ 

· .. 

. ·.: ~ .. 

I· 
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:Fig. 1. 

Fig. 2. 
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FIGURE CAPTIONS 

+ Ratio of reduced E2 transition probabilities for.the two TI 

transition 221 to 011 and 221 to 211 plotted against the asymmetry . 

parameter ~ for various values of ~· 

+ 
Ratio of reduced E2 transition probabilities for the two TI inter-

band transitfons 212 to 011 and 212 to 411 plotted against the 

asymmetry.parameter ~ for various values of ~· 

Fig. 3. Ratio of reduced E2 transition probabilities for the two TI- transi-

tions 321 to 311 and 321 to 111 plotted against the asymmetry 

parameter 11 for various values of ~· 

Fig. 4. Ratio of reduced E2 transition probabilities .for the interband 

transition 312 to lll and 312 to 112 p1otted against the stiffness 

parameter ~ for different values of.11• 

Fig. 5. Ratio of Coul\)mb excitation transition probabilities for the excita.:.. 

tion of t~e lowest 2+ states in the ground and beta vibrational 

bands from the O+ ground state plotted as a function of ~ for 

different values of· ~· The experimental values and errors for 

Ndl50) sm152) Gd154 and Gd156 are from ref. 20. The value of ~ 

has been assigned from the energy ratio E(Ol2)/E(2ll). 
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This report was prepared a~ an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any. information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission'' includes any employee or contra~tor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment o~ contract 
with the Commission, or his employment with such contractor. 
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