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‘perturbation approach will not account for the observed level structure
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I. INTRODUCTION
Low iying energy levels of ?ositivé and negative parity in'deformed

even-even nuclei have been explained with some success by the work. of

’DavydOVl’2 and D_avi'dsonmlL respectively, and co-authors. Reduced transition -

probability ratios predicted by the adiabatic or pure rotatic.v'nr;:ml'modelsl"5 ‘

are in reasonable agreement with experimenf‘at least for transitions within

‘and between what are usually called the ground state and "V;vibrational"
v bands for the positive pariﬁy sjstems_and their ahalogués in the negative

parity systems (although in the asymmetric rotator models used here, both of

these bands merge into a common rotational level sequence). Discrepancies

’ bétween-theory and experiment are usuélly accounted for by the perturbation

mixingiof the varioué bands both for energy differences and foi ratios of v
reduced fransition prqbabiiities. However, recent’exéerimental‘investigationé
of the high sfiﬁ_levels of defofmed even-even nuclei indicate that such a

% ana
that it is necessary to take the beta (or.deforﬁation) vibrations into account

more exactly as is done in Refs. 2 and k. Other observations of level struc-

‘ture and gamma ray bfanching ratios both in the rare earth deformed region

and in the. actinide deforhed region7 suggest that the influence:of.thé beta
band mixing_is an order of magnitude greater than fhat of the gémma band
mixing. In partiéular in Sm152 the experimental branching ratio'f¥om the
beta band to the'gréﬁnd state, B(E2:212—>211)/B(E2}212—>011)8 is greater by -
a Tactor of two than predicted by fhe simple colléctive médel.6 This in
1tself wéuld sugéest that a pérturbation approaéh to handling these vibrations

is probably not adequate. Since the effects of y-band admixtures are much

‘smaller, at least in the‘ground state band, perturbation.methods will be more

nearlyAadequaté to describe any deviations from theory for them. It is the purpose
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of thls paper to examlne the affects on’ gamma ray branchlng ratlos of the beta-

v1bratlons 1n deformed even-even nucle1 by a more exact method than perturba—;/'lfywi'

tion theory We deal here pr1nc1pally w1th E2 tran81tlons both w1th1n the

_ posmtlve parlty and the negatlve parlty bands, however, the analy51s is suf-'~')

ficiently generaI thet the*numerlcal calculatlons reported Can'be ea51lyh
.'extehded to~other.electriC'treneitions} E | |
In_Seo}_Ii‘we_outlihe‘the.ribrational treatment of the problemhand_h
describe,the'reSulting stetenfunctions both as;alreVieW'anditolfir'theihoté;l_
tion, while invSec III we examine the reduced tran51t10hs.probabllltles Tn'

and approprlate electrlc quadrupole Operators for both parltles Sectlon j"

IV is & comparlson of theory and experlment

'II. THE VIBRATION PROELEM

We begin by expanding the nuclear surface in thée laboratory coordinate -

system

(9 </>) = 1 + za m(é;m] - | (IL) :

hu

vk heinglz for W+: and. 3 -for 7~ states. Applying small oscillation:theory '
- S E : S T

to such a surface yields a Haﬂiltonianhof'theIform_

(2)

f 3¢ E}QXul :

-3 H
A

. We now transform to the body-fixed reference system where the surface (1L) is

given by

s s e
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| R(?‘}¢') = RylL +Zay ¥, (07,4)] - 1- -.'1 oam

and the expansion coefficients are related by .

o \F
' an _‘5 Duv (ei)ak”v'

the Dﬁv(ei) being components of the (QI+1)-dimensiohal‘representation of the
rotation grouplo and are functions of the Euler angles Gi; It is helpful if
the body'eXpansion coefficient a

 2T€ parametr}zed‘as

S T B

- (3)

the.BX being the ANER order deformation parameter and the'asymmetfy parameters,

GKM’ can be subjected to the further requiremen£
2 .
2 a = 1. L
| 2 o, (1)
For the quadrupole and octupole cases the GKH have the familiar form9’3..
Opy = ©OS yg“JE‘ceig =siny, A =2
050 = COS M, V2 Tgi4p = sinn, A=3

the others. in each case being zero. (For A = 2 this is a consequence of the
degrees of freedom available while for A = 3 1t is a sufficient condition to
diagonalize the inertial tensor.LL While this latter reduction of the degrees

of freedom may appear arbitrary it is supported by a recent4Calculation of -




e SO TR

_a_rofation—vibration cross term. For the cases \ =2 B'the.latfer'term'-*

~ where the potential term of the Hamiltonian (2):‘has been generalized to' .

" values of the spin as a function of -y for the quadrupole case and as a

e UCRL-11600 -

Soloviev e'{; At which shows,that‘ the states associated vith the N =3,

. pv 5 degrees of freedom 1n deformed nucle1 are.almost pure two qua51- .

partlcle states and thus not to be assoc1ated w1th a collectlve model

9 . . . R

The Hamlltonlan (2) $0 transformed con31sts, as is well known,,of L ;@

4

three terms:: one representlng rlgld.rotatlons, one v1brations and'the.tnrrd {Jif{

vanishes identicallyv In keeplng\w1th the desire to treat the deformatlon
v1bratlons exactly ]eaV1ng the effects of asymmetry v1brat10ns to be treated

as‘a perturbation the'BK are taken' to be varlables'while the_chﬁ remain.as .

7'1 fiXed‘fitfing‘parameters Thus the generallzed curvilinear coordlnate space

:w1th respect to whlch the system is quanltzed contalns the four varlables

Qi; BX’ The transformed Hamlltonlan is

- % 19 5 5 1 2N, L 2
H= = {_ ) - = Z I /G } + = C (B—B )
-y Biaa Panl TR ke T2 0 )

permit oscillations about a non—spherical deformafion epecified.by BKO,>£'fe“'“

: X N - I
‘the angular momentum operator in the body and Jk LB Bx é? are,the'prin01pal'_'

moments of 1nert1a whose form is known 953
Tne-Schrodinger:equation separates into a rotational part
712‘ . ' o o ;v' "-:;1. = .
ery) Pqy (63) =0 ’ |

ks - . v .
2 k (}k o ' ‘. . o o

where the rotational'elgenvalues have been given in tabular form for various

. function of -1 for the octupole case.

,

Sy
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The vibrational Schrddinger equation is

2 2 oL I

K1) % 1 o AN i
[- (B <) + = s e T 5.C. (B =B )71 @ (B.)
QB B}F 56 A 65)\ i B2 IN 2 N N >\.O n“ N o
DR VRN : , 3 . :
N o
EINn n (Bh) f(i)

. By expanding the sécond and third terms of (5)‘about‘the new'equilibrium .
position BX‘(IN); keeping only the harmonic term for the new potential

and defining a new independent.variable ‘y by

L, B (Iv)
M1 B, (1N

and dependent.variablev D, ( Ja\y) by

D, (\/EY);-BB/Q , (Bx)

then (5) can be placed in the form

2 ' -
de(@y)» 5 ‘
. +(2v+2-y7)D (N2y) =
. V .
dy 4
which is just Weber's equation.15 Here v is a real, but not necessarily

integral; quantum number determined by the boundary‘conditipn
I N o
@n (B}\‘ = O) ?é'”m b

and Zl is a'known function_of. V.
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o . "III. REDUCED E2 TRANSITION PROBABILITIES = ="

LN

. For the reduced transition probability we use;

5, (o THR1) = gy (G l(T W mﬁblmnm\ e

where BZ is the . zth order transitidhafrom the'state INn to the state o

+I'N'n' and Qi:b is the approprlate trans1t10n operator as seen in the space-7_

\

fixedxer'laboratory coordinate system.-,The statelvectorSAuSed are products~'-
.eflthe.rotation ahd vibration functions~diScussed'above The laboratory
tranS1tlon operator is related to the body flxed operator by

Lab od Fe )

A _ ) .uv

The electric quadruﬁole operator in the bodyffixed_eoordinate-system
is

1/2
RS

6,¢) py (xr) ar .. (7
where 'pe'AiS'the static charge density and the integfation is oVef the nuclear
volume,vor.,pe = BZe/l#nRo3 , and ihtegrating from zero to the nuclear sqrface

in r and using (1B) Eq. (7) becomes -

U 3ZeRS 4
= 0 EE {a, B o, T2, a a
QQu L 5 W o 2A VRPN %.u'ju ‘

X C(2xx:u,u‘;u,u') C(2M\:000)) . ' _v_' - (8)

' : ' N ' . 10
where the C(IlI2I:ulu2g) coefficients are Clebsch-Gordan Coefficients.

. For the positive'parity case (8) becomes
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2 1L - . T o
2) _ EZGRO _LEIE .. o . (98.)

while for the negative parity éase

~

) o o) . - ; »
A(3) 1370 ' - ' '
= e I e—— . 2 . LI 1 . o )
%y 5 - w_g'aEu'- A G335 m - ut).(9p)
- The &, = are taken as real and.written in the form (3). Substituting the

quadrupole operator (9a) or (9b) into equation (6)

IRN\RAY A ‘e Ny 2
z{lz(x N'M'|D By (‘c?\p.)vlvl\m)]_

B(E2:INn— I'N'n') I z

2;+l
Cx IET 217012 " (0)

v

il

B (E2: IN»I'N') S8 ,
8 . vV

Here.Ba (EQ: IN;fl‘N') isvthe adiabatic or pure.rotgtional'reduéed transitibn
probability apdbsvv, is thevvipration cqptribuﬁiqn. The functions gv(oxp) and
f(BX) are those functions of the asymmetry énd.déformation parameteré_re-
spectively.which'resuit from'expfessing the quadrupoie bperator in terms. of
the cpllective parameteré; in particular f(62> ¥:B and f(ﬁ3) = 6§ =Q§2v.
. The rotational contribution is well known as aﬂsum‘oveerIebsch—
Gordan éoefficieﬁﬁs'in each éase,l’5 and has beén machine calculateabfor

numerous sets (IN,I'N') as a function of the appropriate asymmetry parametersp

The vibrational contribution .can be written in the form

N

“l/e g M 1 . -
Syt = NN, LD, Jé[—é;:sx-zln B. D, (xfet-é;, 570 88
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where ‘ ' - "

&
>
I

o

3

o
>

o
\-N .
3

N - is a normalization constant and can be written in terms of these same

parameters and a normalization integral I, as
2 .
N = Z,/uBy 2 1

i being the stiffness parameter of the nucleus, being (apart from a féctor
Jé) the ratio ofAthe deformation of a pure vibrator to that of‘a rotor-

vibrator and Z 1is the positive real root of

and B = BV(IN) the new equilibrium deformation. By defining the ratio

R, = ZiZ/ZlZ‘ we can rewrite the vibrational contribution as

Z.7.] '
M 12

171 7\ 2M+2
B o= <ZETT§TCTO(ZI> (Hﬁo) Lo
with : o L |
1,0 = [ oW2ly-2)) ¥ o, Watry - 21)) &y

In actual ﬁractiée we calculate only the ratios_ofvthe reducedvmatrix

elements so that we need evaluate only

s, . ozrzt 1,10, -

Vv :(l ) A A V)
Iy AL

va" : Zl Zl Iv' Ig@ﬂ"

Since the Weber functions are in general not available in tabular form these

integrals have been ¢alculated numerically by computer: -
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o - IV. DISCUSSION

.in Figs, 1, 2, 3 and 4 are displayed the ratio of comp;eté reduéea
. matrix elements for E2 transitions both within_a,vibréﬁional.b;nd.(An =0)
and between two adjacent bands (An = 1) both for pbsitive-éﬁ@ ﬁegative parity
states. They are plotted as a functiéﬁ}of‘y and. p? for £?ahsitions bé;
tween positive parity staﬁes"éﬁd as é function of 'n and uA‘fof trgnsitions
betﬁeen negati&e parity states. For g zero the curves.rgpreséﬁt the ratios
for a figid nu;:lelis.lf5 :Figuré 1 is’the.ratio'of the reduced matrix elements
B(E2:221—9Oll)/B(E2:221;>21l) from the “gamma " to the;grouﬁd‘gﬁéte bahd.“
It is‘aistrong function of = -y but shows only. a slight Q depeﬁdence{ “It
1s plotted only fo Vo= 5?' since the 221 energy'beéomes infiﬁiﬁe‘aé  7 g
vanishes. Figure 2 is thé transition ratio B(E2:212;;Oll)/B(EQ:QlQ;ahll)»
;from.thé.ﬁetagvibratibhal band to‘thgtground stéte baﬁd.'.Thisvratio:shéwsf
'dnly a slight FVI'aependence but a strongv u_vdependence. Tﬁis ié a geﬁefal'
feature of traﬁsition ratios between the bafa and groﬁnd bénds. |

.Figures 3 and b are similar ratios of E2vtransitioné bétwéen'negative

parity bands. Figure 3 is.the ratio B(E2:321- 311)/B(E2:321-111) from the

* negative parity analog of the “gamma™-band (sometimes called the "g"-band) to

the ground statelnegatiéé parity‘band. 'This;ratio is a;strong fgnctionvofithe‘
octupéle asymmetry paf§metér n but shows only a slight W dépendénéé. 5
The opposite situation is shown in Fig. 4 which gives the interbéhd ffansi-"
tion ratio B(E2:312-111)/B(E2:312- 112), that ié for,traﬁsitions.from the
zeta-vibrational band (the octupole analpgue of the beté-vibrational band)
to the ground state negative parify band. A strong w and a sligh£ n
‘deéendence is evident. | | |

Figure 5 fepresehts'the ratio of Coulomb excitation from'the-ground

state to the first 2+ states in the beta and ground state bands, that is
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the'ra%io B(EQ:Oll—a212)/B(E2:011r9211). As with other interband'transitions.
the p dependence is much moro marked that is the Y deﬁendeooe; This.
figﬁre also shows several recently measured Coulomb excitationoratios and
quoted errors20 for nuclei near the lower edge of‘the'rareAearth deformed
region; The values of u HaVe been aSsigned in each case from the ratio ‘ v
of the energy of the béta band to the energy of'ohe_first excited state"
(i.e. from E(Ole)/E(zll)) o ;' ) | .
In table I we have compared this theory with exper1ment6’l5;l6’l7’20
and the aalabatlcvratlos for several E2 trans1t1onsv1n both po51t1ve and
negaﬁive parity baﬁds.in Wl82 and Th228 and interbaﬁd traﬁsitiOns in Sml52.'
In W;Be.theré‘are'two high lying 2+ slates:bélow the first 3+ state either
of which could be identifiéd,with’the second'2+ state of the ground ofaté-.
- vibrational band. 'Choosingrthe lowerVEr state és the (é125 level and tﬁe

upper aslthe.(22l) state, which satisfies the model criterion
E(e1) + E(22) > E(Blb‘ S (11)

.yieids a bétter fit to the level energies thén thelopposite‘choice; however,

the fit to the E2 branchlng ratlos, espec1ally the ratios B(E2 221r92ll)/B(E2 221-;&11)
and B(E2 212-» 211)/B(E2:212- 411), are very poor. Thus we have chosen the

lower 2+ state as the (221) state, which violates (ll), and the other as the E
(212) state and obtained only a slightly poorer. fit to the 1evel energles whlle
brlnglng the branchlng ratio predlctlons intc line with the experlmental data.

The level des1gnated here as the (221) level has been’ 1nterpreted as a l-level, 18
“however, this a551gnment does not fit into the negative parlty, collective

15

model systematios.3 Also Harmatz et al. have made the assignment as we .

have and for similar reasons.
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In 05186; itvnas been noted,19 one can fit the 1evel energies'at |
gamma of about 16.5° but the fit to the E2 branehing ratios is quite poor.
On the other hand, one .can obtain reasonable.branehing ratio values including 
the vibrational effects with <y between 10° and 13° but then the it to the
energy ievele is very poor. Unfortunately ! .haé‘been obteined only from
the ground and'gemma bend energies which.is the poorest method of-determining
this pérameter.' It is more unlquely fit from a knowledge of the (012) or (21“)
levels which are not identified experlmentally Until thlShls done it is |
only possible to’state thgt for this end of the rare-eartn.deformed region the
model . is' not consistent .’ witn experiment.‘ However, forltheiother end of
‘this same-region it is as is seen from the compérisOn betWeen theory and
~ experiment for Sm152 in Teble,l; andbthe Coulomb excitation-aateeo shown in |
Fig. 5. It is clear.thenAthat an adeqnate test of theéelcolleetire modelss
'must include the v1bratlonal contributions both to the energy level systematics

.and the electromacnetlc tran81t10n probabllltles.
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APPENDIX
Here we outline the numerical methods‘used to_evaluéte_fhé ihtegrai$:
involving the Weber's functions: The first integral éthidered_is the nor- - -
malization'integral‘
= [0 Wey)ay =0 [0+ 10 WNay) ay .

0

| Theaéecona intégral‘oh the right is available in closed form,gavhoweverL the
first must be done numerically??thé trapezoidal method is sufficient here.
_'Thé overlap integrél
. : . . = B \[é‘ —Z . - - N . s V'."‘.
o R m fon S, Sy 4y L

3

P

" is written as

X XV“(X) Xv' (RZ[X+Zl] _ Zi).dx'. j“ o ; i.-ii%iiﬁ(Ai)

s

S R I N D €0 s ) 1) WP A SR
X (%) = 72T T(E72) k;o ' ‘( k.'v-/ : X "’"_.",',‘,;'(_AE)

- The integral (Al) may be written as
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with o . |
' 1,2 2 M
= = (x°- - +
g(x) = exp 5 (x7-[Ry (x#2, )-2/17) (x+Z, )
. (R.[x47.71-2)) .
X Xv(x) X, v(-vRZ[X Zl], zl),‘
This integral is.then evaluated by the Gauss-Hermite method of guadratures

as

where the weights -Hj and’the poihts Aj are available in tabular form for

23

various values of N.

The series form (A2) converges very slowly for large x, therefore

for x % h 5 the asymptotlc expression >

-x_2. ex

( ) ~ = [1 _' v(v-1) + (v~l)(v~i)<v—5)_ +bf"]i

'has been used. ' For x § - M 5 it has been found that v -is integral so
that ‘the functlons XV are, apart from a numerlcal factor, Just the Hemlte

polynomials soO fhat the series (A2) termlnates.

~
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Exp.

. Transitions B(E2)"

_ Sml 52

2”12—-9;41_1' -
. 2le—- 211

. 212011
2125 51

221— 011

© 221211

~ 0.023: %
6.7
0.048

0. kb

+ 23

s

Ref

0.006 20-

1.8 6

0.015 6

0.02 21

‘ | - ‘.BaF(EQ)"_'
, My =030, k= 0396

011-212
0115 21T -

1.0

- .1.81
0.386 "

0.502

" Thy.

sy

e

e

o

182

. + - =
Wwoo, m, v.=10.93%, w=0.28%"

2215 011

221- 211.

221211

2215 BIT

Cp10011 L
212> 211 - . . °

212211 .
5125 BT

. 421 211
ey

§o1—s 11
Ry Syl

621— 411

621 611

LAT0

69

| 1. /b'i‘

1. /i;'

17

15
- 16

15

15

15

15

5.

522 -

‘1152

. 708

'..158"' L
5.21 ;;

.068 -

RO
. J i:équF;?ﬁ 

- S
150 '- .

L i;.'98‘ RN

066

' »wl82, ﬂ—;'n== 83.50, i % 1.0

412 211
115371

421211
31> 311

883
.5;_6_

1.

1.28

15
16 -

15
.16

631

686

563

S 611

. -(C'on"ci_nued)
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Tablé I continued.
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228

Exp.

Ref.

" .0
Th™", T ;.Y = 9.17, i =0.30

221 411 .
221- 211

221- 211
2215011

ho1- 611 <
ISl =
hols b1l -
CLeiserr

%11 411
511> 211

2.

.09

32

.25
23

.66

+ -

*

H+

.02

28"

a7

17

17

- 17

,17

3,062)

1.72.

L, 66

. 600

075

~ Thy.

N

B ;o8o_ '
1.81
$165
5 12‘

22 -
Th 8: ™,

211~ 311
211- 111

321— 111
"321- 311

k115 511

115311 0.

[

I+

C

ol

.02

.258

17

17

17

.212
502

371

215
495

-379

aExperimental'error'are‘not given for the transition fatios of WlB?.

bUnobserved.
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TABLE CAPTION - .

Table I. Comparison between experiment and theory for E2 biénching ratios . -

. . : : : . . - po8 S
© of positive.and_negative parity bands of w;82 and Th 8 and for positive

152

parity bands of Sm

for thg t?ansitiops where IiNinilf Ifonf, I.1s the spin oflg,lgvel,'N'the  '

“ordinal of the level and n the ordinal df‘the vibration bandL: The seéond_'

152 182

‘;and third-columns give experimental values . and references for Sm

. and %20, the fourth colum the adiabatic ratio while the fifth column gives

. the ratioincluding the vibrational contribution. -

£
v
]
.
v, h
v
.

‘The first column gives the initial gnﬂ final states



Fig.

Fig.

Fig.

Fig.

Fig.

19~ . UCRL-11600

FIGURE CAPTIONS
Ratio of reduced E2 transition probabilities'for-the two o
transition 221 to 011l and 221 to 211 plotted-against the asymmetryA

parameter .y for various values of u.

.. Ratio of reduced E2 transition probabilities for the two 7 inter<-

band transitions 212 to Oll and 212 to 411 plotted against the

asymmetry. parameter -y for various values of u.

Ratio éf»reduced E2 transition probabilities for the two T transi- .-

“tions_BEl to 311 and 321 to lll'plotted against the asymmetry

parameter 1 for various values of u.
Ratio of reduced E2 transition probabilities,fbr the interband
transition %12 to 11l and 512 to 112 pl@tted-against the stiffness

parameter p for different values of 7.

. Ratio of Coulpmb'excitation transition probabilities for the éxcita- .

-

tion of the lowest 2+ states in the ground and beta vibrational
bands from the Ot ground state plotted as a function of u for

different values of <. The experimentalvvalues and errors for

150 152 154 156

a7, sm’, Gd7 and GA™’° are from ref. 20. The value of g

“has been assigned from the energy ratio E(OlE)/E(?ll).
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty:-or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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