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P L A N E TA R Y  S C I E N C E

Titan’s spin state as a constraint on tidal dissipation
Brynna G. Downey1,2* and Francis Nimmo2

Tidal dissipation in satellites affects their orbital and rotational evolution and their ability to maintain subsurface 
oceans. However, a satellite’s dissipation rate, parameterized by k2/Q, is hard to measure and is only known for 
the Moon and Io. Here, we use Titan’s measured departure from its expected rotation state to infer k2/Q and its 
boundary layer dissipation parameter K/Cs. Over the likely range of ocean and ice shell thicknesses, we infer a 
K/Cs of 6.3 × 10−14 s−1 to 2.4 × 10−10 s−1, a k2/Q of 0.058 to 0.12, and a minimum dissipation factor Q ≈ 5. Titan’s 
dissipation parameters are one to two orders of magnitude larger than the Moon’s and suggest an interior with a 
low effective viscosity. Titan’s dissipation rate implies that its eccentricity and inclination are damping rapidly, 
consistent with an excitation within the last ~350 Myr. The forthcoming Dragonfly lander could measure Titan’s 
tidal response, and JUICE could use our approach to determine Ganymede’s k2/Q.

INTRODUCTION
Satellites experience tides raised by their planets, and the rate at 
which tidal energy is dissipated inside the satellite depends on the 
factor k2/Q (1, 2). The Love number k2 describes how deformable the 
body is to tides, and the quality factor Q is related to the lag in the 
body’s tidal response to the primary’s gravitational force (a smaller Q 
means a greater lag, which means more dissipation) (3). Tidal dissi-
pation in the satellite controls how rapidly its orbit shrinks, circular-
izes, and becomes planar (1). Measurements of k2 and k2/Q also help 
with inferences about the satellite’s interior structure, such as whether 
it contains a subsurface ocean (4, 5). However, despite its importance 
in understanding a satellite’s orbital evolution and interior, k2/Q is 
hard to measure.

The Moon and Io are the only two satellites with a measured 
k2/Q. For the Moon, k2/Q has been determined using a combination 
of laser ranging and spacecraft tracking (6) and for Io, k2/Q comes 
from astrometry (7) and spacecraft tracking (5). The Cassini space-
craft performed over 100 flybys of Titan, collecting data on Titan’s 
gravitational field and rotational state (8, 9). Notably, Cassini radio 
science measured k2 = 0.62 for Titan, making it only the second 
satellite after the Moon whose tidal response has been measured 
(4, 10). However, existing studies either derived bounds on k2/Q that 
were consistent with zero (10, 11) or did not solve for it (12). We use 
existing measurements of Titan’s rotation state to infer the value of 
k2/Q, concluding that Titan experiences a high rate of tidal dissipa-
tion at the present day.

Our approach uses the measured angular offset in Titan’s spin 
axis to quantify energy dissipation. The equilibrium spin axis orien-
tation of a satellite is called a Cassini state after G.D. Cassini docu-
mented characteristics of the spin state of the Moon (13). In a 
Cassini state, the spin axis and orbit normal both precess about the 
normal to the Laplace plane (defined as the average orbital plane) at 
the same rate and with the same or opposite phase (13, 14). The ge-
ometry of this configuration is such that during the precession cycle, 
all three vectors lie in the same plane, which we refer to as the Cas-
sini plane. In the presence of dissipative torques, Cassini states are 
the expected termini of spin evolution (15–19).

Although dissipation brings the system toward equilibrium, it 
also causes the end spin state to be offset from the Cassini plane, 
meaning that the planar configuration is never quite reached (20, 21). 
The magnitude of a body’s Cassini plane offset is connected to the 
total amount of dissipation in the interior, including tidal dissipa-
tion. The only bodies in the solar system that are confirmed to be in 
a Cassini state are the Moon (20–22), Titan (8, 23), and Mercury 
(24, 25), and all three have nonzero Cassini plane offsets. Fits to the 
lunar laser ranging (LLR) data are able to distinguish between two 
distinct sources of dissipation in the Moon: tides and differential 
rotation between the solid mantle and fluid core (18). In the Supple-
mentary Materials, we show that while Titan is expected to experience 
differential rotation between the solid ice shell and ocean, in most 
combinations of ice shell and ocean thickness, tides are likely the 
dominant source of dissipation today.

The rest of this manuscript is organized as follows: We first 
present an analytical expression for the Cassini plane offset as a 
function of tidal and fluid- solid boundary dissipation. We corrobo-
rate our expression with observations of the Moon’s Cassini plane 
offset. We next apply the theory to determine Titan’s k2/Q, which, to 
our knowledge, has not been done before and discuss the implica-
tions for its tidal- orbital history. We end with implications for other 
satellites in our solar system, including Io and Ganymede.

RESULTS
Equilibrium Cassini plane offset with tidal and boundary 
layer dissipation
In equilibrium, the spin axis of a synchronous satellite is configured so 
as to balance the torques acting on its outer solid layer, which is the 
mantle for the Moon and the ice shell for Titan. We consider three 
torques on a general outer solid layer: the gravitational torque exerted 
by the planet on the satellite’s permanent triaxial figure, the torque on 
its tidal bulge, and the torque resulting from differential rotation at the 
fluid- solid boundary. This boundary is the core- mantle boundary 
(CMB) for the Moon and the ocean- ice shell boundary for Titan. 
Tidal dissipation depends on the factor k2/Q, where the tidal Love 
number k2 measures the magnitude of the body’s tidal response and 
1/Q is related to its phase lag relative to the imposed potential. Dissi-
pation at the fluid- solid boundary depends on the factor K/Cs, where 
K is the viscous dissipation parameter and Cs is the general polar 
moment of inertia of the outer solid layer. The viscous dissipation 
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parameter K is defined and calculated in the Supplementary Materials. 
For the Moon, Cs is the moment of inertia of the mantle Cm, and for 
Titan, Cs is the moment of inertia of the ice shell Csh.

In the reference frame of a uniformly precessing orbit, the spin axis 
unit vector is s =

(
sx , sy , sz

)
= (sinθcosϕ, sinθsinϕ, cosθ). The obliq-

uity θ is the angle between the spin axis and orbit normal n, and ϕ is 
the azimuth in the orbit plane measured from the positive x axis (see 
Fig. 1). In this geometry, the Cassini plane formed by the orbit normal 
n and the Laplace plane normal k is the xz plane. The orbital inclina-
tion i is the angle between n and k.

Without dissipation, s precesses about k with the same or opposite 
phase as n, so it lies in the Cassini plane. With dissipation, s is out 
of phase in the precession cycle compared to n but has the same fre-
quency, so it maintains a small yet constant offset from the Cassini 
plane. The spin axis s is separated from the Cassini plane by a distance 
sy, an angle γ, which is the Cassini plane offset, and an azimuth shift 
of Δϕ (Fig. 1). The relations are that sy = sin θ sin ϕ, |sy| = |sin γ|, and 
to determine whether γ is a positive phase lag or a negative phase 
lead, sin γ = sin θ sin Δϕ (see the Supplementary Materials).

We derive the magnitude of the equilibrium Cassini plane offset 
γ (see Materials and Methods) as a function of the tidal dissipation 
factor k2/Q and the boundary layer dissipation factor K/Cs assuming 
synchronous rotation and only a single forcing frequency (that of 
the orbit precession)

where Mp is the mass of the planet and R, M, c, n, a, i, and Ω̇ are the 
satellite’s radius, mass, normalized polar moment of inertia for the 
whole body (C = cMR2), orbital mean motion, semimajor axis, incli-
nation between the orbit and Laplace plane, and retrograde preces-
sion frequency of the orbit about the Laplace plane, respectively. The 
angle between the outer solid and fluid spin axes is Δε, which factors 
in viscous and pressure coupling at the fluid- solid boundary (see the 
Supplementary Materials). Our Eq. 1 can be related to the expres-
sion for the Cassini plane offset in (26) (see Materials and Methods).

In the absence of dissipation (i.e., k2/Q = K/Cs = 0), γ = 0, so s lies 
in the Cassini plane. With dissipation, γ is nonzero, so s lies off the 
Cassini plane. Equation 1 is the key expression for this paper, because 
it relates the observable quantity γ to dissipation factors that are 
otherwise hard to measure.

Verifying our approach with the moon
LLR data have detected a Cassini plane offset of γ = −7.5 × 10−5° for 
the Moon (18, 20, 22). In addition to tidal heating, the Moon experi-
ences friction at the CMB because the spin axis of the fluid core is 
expected to align with the ecliptic normal rather than with the man-
tle spin axis (20, 27).

The lunar Cassini plane offset can be connected to both tides and 
differential rotation via Eq. 1. Because there are two potential sources 
of dissipation, Fig. 2 shows the set of nonunique solutions of k2/Q 
and K/Cm that produce the same offset. There are two end- member 
scenarios: one in which tides account for the full offset, where 
k2/Q = 1.2 × 10−3, and one in which friction at the CMB does, where 
K/Cm = 4.1 × 10−13 s−1.

Fits to the LLR data are able to discern between dissipation due 
to tides and differential rotation because they damp the free libra-
tion modes and the orbital elements differently (18). From LLR data 

analyses, k2/Q = (6.4 ± 1.5) × 10−4 and K/Cm = (1.63 ± 0.39) × 
10−13 s−1 (6), so about half of the lunar Cassini plane offset can be 
attributed to solid- body tides and half to differential rotation at the 
CMB. Our solution curve in Fig. 2 matches very well with the LLR 
parameters.

We follow the methodology in (18) and independently find that 
K/Cm = 2.1 × 10−13 s−1 (see the Supplementary Materials). Factoring 
in viscous and pressure coupling, we corroborate that the angle of 
separation between the core and mantle spin axes is Δε = 1.63° 
(28, 29) instead of Δε = 1.543° as assumed by LLR analyses (see the 
Supplementary Materials). For K/Cm = 2.1 × 10−13 s−1 and Δε = 1.63°, 

|sinγ| =
[
3
k2
Q

n

c

Mp

M

(
R

a

)3(
1−

1

2
cosθ

)
sinθ+

K

Cs

sinΔϵ

]
sinθ

||Ω̇sini||
(1)

Fig. 1. Cassini plane offset geometry for Cassini state 1. (A) Skewed perspective 
of the cassini plane (B) side- on view of the cassini plane. the cassini plane is the xz 
plane formed by the orbit normal n and the laplace plane normal k. everything in 
gray lies in the cassini plane. With dissipation, the y component of the spin axis sy, 
the azimuth relative to the cassini plane Δϕ, and the cassini plane offset γ are non-
zero. the relations are |sy| = |sin θ sin Δϕ| = |sin γ|.

Fig. 2. Titan’s dissipation parameters are orders of magnitude larger than the 
Moon’s. the curves are the theoretical dissipation parameters that produce the cassini 
plane offsets of the Moon (yellow) and titan (green/blue), using eq. 1. tidal dissipation is 
parameterized by k2/Q and friction at the solid- fluid boundary by K/Cs. For the Moon, we 
present the parameters and their error bars fit to the llR data (6) (cross) along with our 
calculated values (yellow square) (see the Supplementary Materials). titan’s green curve 
is for an ocean thickness h = 400 km, and the blue for h = 10 km. titan’s filled dots are for 
an ice shell thickness d = 200 km, and empty dots for d = 25 km. the four dots mark our 
lower and upper bounds for d and h, and they produce a range of K/Cs of 6.3 × 10−14 s−1 
to 2.4 × 10−10 s−1. the k2/Q for each point is that needed to produce the remainder of the 
cassini plane offset not produced by a particular K/Cs. the range of k2/Q is 0.058 to 0.12.
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the remainder of γ yields k2/Q = 5.4 × 10−4, so our solution is within 
error of the LLR solution. Having thus validated our approach, we 
now apply our methodology to Titan.

Application to Titan
Analyses of Cassini radar images found Titan’s spin state, consisting of 
θ = 0.323° and γ = 0.091° (8) and more recently θ = 0.31° (30). Factoring 
in uncertainties in the International Astronomical Union (IAU) orbit 
determination, (23) obtained θ = 0.32 ± 0.02° and γ = 0.12 ± 0.02°, 
which we will use here [see discussion in (31)]. Titan’s ocean spin axis 
will not be aligned perfectly with that of the ice shell, so we consider both 
tides and differential rotation at the ocean- ice shell boundary to explain 
Titan’s Cassini plane offset.

For Titan, we provide a range of likely K/Csh and their correspond-
ing k2/Q because the end- member differential rotation scenarios 
depend on the unknown angular separation between the ocean and 
ice shell spin axes Δε. The value for Δε depends in turn on the degree 
of pressure coupling which is affected by the unknown ice shell 
and ocean thicknesses, d and h (see the Supplementary Materials). 
For d = 25 to 200 km and h = 10 to 400 km, we calculate the ranges 
Δε = 1.6 × 10−4 to 0.065° and K/Csh = 6.3 × 10−14 to 2.4 × 10−10 s−1. 
The complementary range for k2/Q is 0.058 to 0.12. Figure 2 shows 
how the lower and upper bounds of d and h relate to the bounds 
on K/Csh and k2/Q. In general, a smaller h means smaller Δε, which 
produces smaller K/Csh (compare the green and blue dots). A smaller 
d means a smaller Csh and greater turbulent dissipation in the 
boundary layer, so larger K (compare the filled and empty dots). 
Details on the methodology for calculating K/Csh and Δε are in the 
Supplementary Materials.

Titan’s tidal end- member is k2/Q = 0.12 ± 0.027. The smallest value 
k2/Q = 0.058 is for h = 400 km and d = 25 km, and a thicker ice shell 
or a thinner ocean raises k2/Q closer toward the tidal end- member 
scenario (Fig. 2). We did not explore smaller d because the calculations 
produced K/Csh values larger than the theoretical end- members and so 
did not represent a self- consistent combination of parameters. The 
uncertainty on the end- member k2/Q comes from the uncertainty in 
the obliquity and Cassini plane offset (23) and the normalized polar 
moment of inertia (see the Supplementary Materials).

Our results are consistent with some interior models and with the 
upper bounds from gravity data. Adding dissipation to their tidal 
analysis, (10) found that Titan’s time- variable gravity coefficients are 
compatible with k2/Q < 0.2 (including zero) and k2 = 0.62. Interior 
models for Titan with low viscosities can also produce k2/Q < 0.1 
and k2 = 1.0 (4).

A caveat is that we neglect the second instance of differential rota-
tion, that between the ocean and the solid interior below it. We neglect 
atmospheric effects on the ice shell (32). We neglect tidal dissipa-
tion in the subsurface ocean (33–37) because this represents work 
done by the tidal potential (35). If there is a net torque that the solid 
core, atmosphere, or ocean flow exerts on the ice shell on the other 
hand, then this would contribute to the Cassini plane offset. In any 
event, the large k2/Q values that we have derived here indicate a large 
source of dissipation located somewhere within Titan.

Dynamical implications for Titan
Our inferred range of k2/Q of 0.058 to 0.12 would produce substantial 
tidal heating in Titan. The standard rates of solid- body tidal heating in 
a synchronous satellite for small eccentricity e and obliquity θ are Ėe 
and Ėθ, respectively (2, 38)

Energy dissipation from differential rotation at the fluid- solid 
boundary is less important, but we include it for completeness (18)

Figure 3A shows the heating from solid- body eccentricity and 
obliquity tides as a function of k2/Q. For comparison, the heating from 
ocean obliquity tides is 1.4 × 10−6 Wm−2 using the scaling laws in (36) 
and a bottom drag coefficient cD = 2.4 × 10−6 from the Reynolds 
number scaling law in (39). The present- day radiogenic heat esti-
mate for Titan is 3 × 10−3 W m−2 (40, 41).

The points on Fig. 3A are the same four cases shown in Fig. 2 
to capture the lower and upper bounds on ice shell thickness d and 
ocean thickness h. The tidal end- member k2/Q of 0.12 would produce 

{Ėe, Ėθ} =
3

2

k2

Q

n5R5

G
{7e2, sin2θ} (2)

Ėf = K ∣Δω∣2 (3)

BA

Fig. 3. Titan’s strong solid- body tidal heating suggests a recent source of its eccentricity and inclination. (A) titan’s heating as a function of k2/Q for solid- body ec-
centricity tides (solid), solid- body obliquity tides (dashed), ocean obliquity tides [dash- dot (36)], and radiogenic heating [dotted, (40, 41)]. the black crosses mark the 
values for the tidal end- member k2/Q = 0.012. the four colored dots are the same cases as in Fig. 2 and represent the minimum and maximum d and h that we consider. the 
range of k2/Q that these edge cases suggest is 0.058 to 0.12 (green shaded region) with a heat flux range of 20 to 42 mW m−2. the dots along the solid- body obliquity tide 
line also include boundary layer friction, which is a negligible 103 to 6 × 107 W. (B) how titan’s eccentricity and inclination damping timescales depend on k2/Q. the dashed 
line is the inclination damping timescale from solid- body obliquity tides alone, but the dots also include boundary layer friction. For the maximum k2/Q = 0.12, the damp-
ing timescales are τe ~ 30 Myr and τi ~ 170 Myr, and for a minimum k2/Q = 0.058, τe ~ 65 Myr and τi ~ 350 Myr. All of these timescales, in particular the eccentricity damp-
ing timescale, are much shorter than the age of the solar system.
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a surface heat flux of 42 mW m−2, primarily due to solid- body eccen-
tricity tides, which is an order of magnitude higher than the present- day 
radiogenic heating. The lower bound on k2/Q of 0.058 would produce a 
surface heat flux of 20 mW m−2.

Energy dissipation in Titan causes its semimajor axis to shrink at 
a rate (42)

where Ėtot is the total energy dissipation which includes solid- body 
eccentricity and obliquity tides (Eq. 2) and turbulent friction at the 
ocean- ice shell boundary (Eq. 3).

The inferred k2/Q range would contribute a semimajor axis 
shrinking rate of −3 to −6 cm/year (Eq. 4). From astrometry, Titan’s 
observed semimajor axis expansion rate is +11 cm/year (11), although 
this is fit dependent (12). Titan’s fast semimajor axis expansion rate 
is driven by tidal dissipation in Saturn, and assuming no tidal dissi-
pation in Titan, Saturn’s Q ~ 100 at Titan’s orbital frequency (11). If 
the Q of Titan is as low as we suspect, then to produce the same 
semimajor axis change of +11 cm/year, the Q of Saturn at Titan’s 
orbital frequency is even lower than ~100.

A natural question is whether Titan’s orbital elements could sur-
vive damping due to tidal heating over the lifetime of the solar sys-
tem (33, 34, 43–45). The rate of eccentricity and inclination decay 
due to energy extracted from the orbit, e.g., satellite eccentricity and 
obliquity tides, is (42)

Using Eqs. 5 and 6, we calculate an order of magnitude damping 
timescale for the eccentricity τe = e/de/dt and inclination τi = tan i/di/dt. 
For k2/Q = 0.12, τe ~ 30 Myr and τi ~ 170 Myr. For k2/Q = 0.058, τe ~ 65 Myr 
and τi ~ 350 Myr. Turbulent friction at the fluid- solid boundary 
lowers the inclination and shrinks the semimajor axis but is an order of 
magnitude less effective at doing so than tides (18). Because the differen-
tial rotation in this case is rooted in misaligned spin axes for the ice shell 
and ocean, which does not depend on eccentricity, the turbulent dissipa-
tion does not change the eccentricity. Figure 3B shows the eccentricity 
and inclination damping timescales as a function of k2/Q. The solid- 
body k2/Q would have to be ≤0.001 (Q ≥ 600) for the eccentricity damp-
ing timescale to be the age of the solar system and ≤ 0.006 (Q ≥ 100) 
for the inclination damping timescale to be the age of the solar 
system. The tidal damping timescales of Titan’s orbital elements are 
much shorter than the age of the solar system, suggesting a recent 
excitation (see Discussion).

Interior implications for Titan
If Titan’s ice shell is conductive, our maximum inferred surface heat 
flux of 42 mW m−2 (about 3.5 TW) suggests a relatively low equilib-
rium ice shell thickness, d ≈ 20 km if heating occurs below the ice 
shell, or somewhat thicker if the heating is in the ice shell (46). Such 
a thickness is lower than the 55 to 80 km inferred from a detection 
of a Schumann- like resonance in Titan’s atmosphere (47) and the 
~100 km from topography analyses (46). For a convecting ice shell, 

a heat flux of 42 mWm−2 is at the high end of existing model esti-
mates (41, 48) but would permit a thicker ice shell.

Our minimum inferred tidal heat flux of 20 mW m−2 (about 2 TW) 
yields an equilibrium ice shell thickness of d ≈ 100 km if tidal and 
radiogenic heating occurs below the shell. However, this heat flux 
was derived assuming that d = 25 km (Fig. 3A); the internal contra-
diction suggests that the higher k2/Q and heat flux values discussed 
above are more likely.

There are no constraints that our findings can place on the values of 
h and the flattening of the ocean- ice shell boundary. What we can say 
is that both h and the ocean flattening affect the alignment of the ocean 
and ice shell spin axes. For increased flattening or a smaller h, the ocean 
and ice shell spin axes will be more aligned (see the Supplementary 
Materials), which will decrease K, and imply a larger k2/Q and surface 
heat flux.

Titan’s degree- 2 potential Love number from Cassini data is 
k2 = 0.616 ± 0.067 (4, 10), so taking an upper bound within error of 
k2/Q < 0.147, the tidal quality factor, Q, has a lower bound of Q ≥ 3.7. 
Another analysis of Cassini radiometric tracking data found k2 in 
the range 0.3 to 0.4 (49), implying a lower bound on Q of 2.0 to 2.7.

We can ask what solid- body viscosity would be required to yield 
the inferred lag in Titan’s tidal response k2/Q. Using the expression 
in (4), k2/Q = 0.12 would require an effective viscosity of the whole 
body of 3 × 1013 Pa s, which is on the lower end of the range of esti-
mates for high- pressure ice, 1012 to 1023 Pa s (50). In a simple Titan 
model, in which we reduce the viscosities of the solid core and high- 
pressure ice layers of (51) to an ice- like value of 1015 Pa s, we obtain 
a Q of 10. Neither of these calculations is meant to be a realistic 
model but simply to emphasize that our understanding of Titan’s 
internal structure is not currently good enough to be able to rule out 
a Q of 5 on theoretical grounds.

Titan’s low Q value is lower than previous assumptions but com-
parable to the Q of some other solar system bodies at their respec-
tive tidal frequencies. From astrometric observations of the change 
in semimajor axis and eccentricity (7) paired with spacecraft track-
ing during Galileo and Juno flybys, Io’s k2/Q = 0.0109 ± 0.0054, 
in which case Q = 11.4 ± 3.6 (5). The Earth’s Q is ~13 (1, 52), 
mostly due to dissipation in the shallow surface ocean. Primar-
ily solid- body Q’s are larger: that for Mars is ~90 (53) and for the 
Moon which has k2/Q = 6.4 × 10−4 and k2 = 0.024, Q = 38 at monthly 
periods (6).

Application to Io, Europa, Ganymede, and Callisto
Io’s Cassini plane offset has never been observed, but heat flow mea-
surements, astrometry, and spacecraft tracking indicate that it has a 
solid- body k2/Q of 0.0109 (5, 7). Doing the reverse analysis as for the 
Moon and Titan, we predict the Cassini plane offset to be at least 
1.5 × 10−5° (Table 1).

The upcoming Europa Clipper mission aims to determine Europa’s 
rotation state, including its obliquity and librations. As yet, the precision 
with which the spin state will be determined from imaging and a rota-
tional ephemeris is unavailable. To get a 0.004 accuracy in the moment 
of inertia, (54) state a desire to have 0.05 arcmin (8.3 × 10−4°) accuracy 
in the obliquity. If this accuracy were to apply to the Cassini plane offset 
as well, a k2/Q > 0.02 would be detectable.

Ganymede’s spin state has been observed (55), but its obliquity 
has not been determined nor are there any direct measurements of 
its k2/Q. The upcoming ESA JUICE mission will have the capability 
to measure the orientation of Ganymede’s spin axis (56) and thus 

da

dt
= −

2a2

GMpM
Ėtot (4)

de

dt
= −

a

GMpM

1 − e2

e
Ėe (5)

di

dt
= −

a

GMpM

1

tani
Ėθ (6)
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derive k2/Q independent of time- variable gravity measurements. 
The obliquity is projected to have an uncertainty of 1 μrad or 5.7 × 
10−5° (56), which if applicable to the whole spin axis, means a signa-
ture of k2/Q > 1.6 × 10−3 should be detectable in the Cassini plane 
offset. The tidal heat flux for k2/Q = 1.6 × 10−3 would be a negligible 
~0.1 mW m−2.

JUICE is also expected to retrieve the spin state of Callisto from 
21 flybys, although with an accuracy of only 5.5 mrad for the obliq-
uity (57). Callisto’s obliquity, let alone Cassini plane offset, will not 
be well constrained since the predicted obliquity from Eq. 9 is 0.13°, 
while the accuracy is 0.32°. The obliquity may be larger than expected 
either due to a subsurface ocean or due to resonant perturbations as 
may be the case for Titan (23).

Table 1 contains the observed spin angles for the Moon and Titan, 
their end- member k2/Q and K/C, and the predicted spin angles for 
Io, Europa, and Ganymede from either measured or detectable 
k2/Q. We assume that, like Titan, Europa’s and Ganymede’s ice shells 
will be aligned with the spin axes of their subsurface oceans, so we 
only predict the tidal endmembers. For Io, we neglect the effect of a 
possible magma ocean on the spin state of the crust. Table 2 contains 
the physical and dynamical parameters used to calculate the spin 
angles in Table 1.

DISCUSSION
We have argued that a sufficiently precise measurement of a satellite’s 
offset from a Cassini state can be used to infer the rate of tidal dissi-
pation from Eq. 1. Any torque that produces energy dissipation 
would contribute to the Cassini plane offset, but here we only con-
sider the tidal torque and differential rotation torque at a fluid- solid 

boundary. Other works incorporate more sources, for example, (26) 
also explores viscoelastic deformation of the possible lunar solid 
inner core and (29) explores dissipation at the lunar inner core 
boundary. Other complicating factors at Titan that we have neglected 
are atmospheric torques (58, 59), a pressure torque from the ocean 
acting on the ice shell, and the gravitational effect of the solid interior 
on the ice shell (23, 31, 59).

We have also neglected any net torque from ocean tides. If tidal 
dissipation in Titan’s subsurface ocean does exert a net torque on the 
ice shell, then it could account for some of the Cassini plane offset. For 
example, if Titan’s ocean happens to be resonantly stratified, up to 
about 1 TW of the maximum total tidal dissipation of ~3.5 TW could 
be due to ocean eccentricity tidal dissipation (37). Only ~108 W could 
be from equilibrium ocean obliquity tides. Given the number of poten-
tial sources of deformation and torques, further analysis to disentangle 
their effects on the Cassini plane offset would be desirable.

A limitation of our rotational model is that we can only explain 
Titan’s Cassini plane offset and not its obliquity. Titan’s obliquity from 
Cassini radar images (0.32°) is ~3× larger than expected (0.10°) from 
the Cassini state relation (Eqs. 9 and 15). Put another way, the spin 
axis precesses about the Laplace plane normal at about half the rate 
it should [687 years (12) given that it is in a Cassini state versus 
346 years calculated from its obliquity and gravity measurements]. It 
was suggested by (60) that Titan’s larger obliquity is from the ice shell 
being mechanically decoupled from the interior by a subsurface 
ocean. In the same vein, a proposed mechanism is that the presence 
of an ocean introduces free modes in the system that resonantly am-
plify Titan’s obliquity (23, 31). The models in (23, 31) can explain 
Titan’s obliquity but not its Cassini plane offset. In contrast, we attempt 
to explain Titan’s Cassini plane offset, while taking the obliquity as a 

Table 1. Spin angles and endmember dissipative parameters for several satellites. All values that have been measured directly are denoted with an asterisk 
(*), and the rest are predicted. the cross (+) indicates the minimum value that could be detected by spacecraft missions.

θ (°) Δϕ (°) γ (°) k2/Q end- member K/C (s−1) end- member

 Moon  6.67* −6.5 × 10−4* −7.5 × 10−5*  0.0012  4.0 × 10−13 

 titan  0.32* 22* 0.12*  0.12  4.7 × 10–10–1.9 × 10−7 

 io  0.0022 0.38 1.5 × 10−5  0.0109*  - 

 europa  0.054 0.86 8.1 × 10−4+  0.02  - 

 Ganymede  0.035 0.096 5.8 × 10−5+  0.0016  - 

Table 2. Physical and orbital parameters for satellites studied here. Unless specified otherwise, values are from JPl SSD Database. the Moon’s J2 and C22 are 
from GRAil (71); the Moon’s c is from GRAil and llR (22); titan’s J2, C22, and c are from cassini (10); io’s J2, C22, and c are from Galileo (72); and Ganymede’s J2, C22, 
and c are from Galileo and Juno (73). the nodal precessions for io and Ganymede are from (74).

Mp (kg) M (kg) R (km) a (km) e i (°) 2π/�̇� (year) J2 C22 c

 Moon  5.97 × 1024  7.3 × 1022  1738.0  0.38 × 106  0.055  5.16  18.6  203.3 × 10−6  22.4 × 10−6  0.393

 titan  5.68 × 1026  13.5 × 1022  2575.5  1.22 × 106  0.029  0.28  687.4  33.1 × 10−6  10.4 × 10−6  0.341

 io  1.90 × 1027  8.9 × 1022  1821.5  0.42 × 106  0.005  0.04  7.4  1845.9 × 10−6  553.7 × 10−6  0.377

 Ganymede  1.90 × 1027  14.8 × 1022  2631.2  1.07 × 106  0.001  0.21  136.1  133.0 × 10−6  39.6 × 10−6  0.316
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given. If we had assumed a lower value for Titan’s obliquity, either its 
rigid- body value or that expected for the solid core (see the Supple-
mentary Materials), we would have derived a higher k2/Q (see Eq. 1). 
Further work should simultaneously solve for both the obliquity and 
the Cassini plane offset.

With k2/Q < 0.12, Titan has a minimum eccentricity and inclina-
tion damping timescale of 30 and 170 Myr, which is consistent with 
a recent excitation of Titan’s present- day orbital elements. Titan’s 
present- day eccentricity of e = 0.029 is hard to explain if it is a relic 
of a larger primordial value that has damped due to tidal heating 
over the lifetime of the solar system (33, 34, 43–45). Several mecha-
nisms to increase Titan’s eccentricity have been suggested including 
its formation from several giant impacts (61), accretion of the mid- 
sized Saturnian satellites in the last 100 Myr (62), a near- resonance 
between Jupiter and Saturn (63), and recent close encounters with a 
lost satellite or with collisional debris (62, 64–66).

A future orbiter to Titan should be able to measure k2/Q directly 
from time- variable gravity (67). Combining this measurement with 
ours would then allow a direct determination of the magnitude of 
differential rotation or atmospheric torques (Fig. 2) and place con-
straints on Titan’s ocean characteristics. More immediately, the 
upcoming Dragonfly mission to Titan will be able to detect the tidal 
deformation of the crust via surface measurements (68). The time 
lag between when the tidal deformation occurs and when Saturn is 
directly overhead is related to Q. For a minimum Q of 5 and an orbital 
period of 15.9 days, the tidal time lag will be Δt = 1/nQ ≈ 43,700 s 
or about 12 hours. Such a lag should be detectable, providing a future 
test for the k2/Q derived here.

MATERIALS AND METHODS
In this work, we relate dissipative torques in a body to the magni-
tude of the Cassini plane offset following the approaches of (19) 
and (18). Many other authors have investigated Cassini state dyna-
mics, and a noncomprehensive list of useful references includes 
(14, 15, 17, 26, 31).

Spin dynamics without dissipation
A satellite’s spin axis precesses about its orbit normal because of 
torques that the planet exerts on its permanent triaxial figure. At the 
same time, the satellite’s orbit plane precesses due to torques from 
the planet’s oblateness, the Sun, and other perturbing bodies such as 
neighboring satellites. The satellite’s average orbit plane, the Laplace 
plane, lies between the primary’s equator and orbit planes. Assuming 
uniform precession at one frequency, the orbit normal precesses 
about the Laplace plane normal at a rate (13, 69)

where n is the orbit normal, k is the normal to the Laplace plane, and 
Ω̇ is the precession of the longitude of the ascending node of the 
orbit plane on the Laplace plane.

In the reference frame of the precessing orbit with n along the z 
axis, the orbit- averaged rate of change of the spin axis of a triaxial 
solid body in a circular orbit is (13, 69)

where s is the spin axis unit vector, J2 and C22 are the degree- 2 gravity 
coefficients, c is the normalized polar moment of inertia of the whole 
body, n is the orbital mean motion, and ω is the spin angular velocity.

We define n = (0, 0, 1), s=
(
sx , sy , sz

)
=(sinθcosϕ, sinθsinϕ, cosθ), 

and k = (sini, 0, cosi). The obliquity θ is the angle between the spin 
axis and orbit normal, ϕ is the longitude of the ascending node of 
the equator plane on the orbit plane as measured from the positive 
y axis, and i is the inclination of the orbit to the Laplace plane (see 
Fig. 1). Because the orbit precesses about the Laplace plane, the spin 
axis’s net motion is also to precess about the Laplace plane. It is con-
venient to set up the spin geometry in this way because nonzero 
values of ϕ are diagnostic of dissipation in the satellite, whereas θ is 
usually weakly affected and so cannot be used alone to quantify the 
total amount of dissipation.

The system occupies what is known as a Cassini state (13) when 
the spin axis and orbit normal have the same period of precession 
about the Laplace plane normal, which can only happen for specific 
values of the obliquity. In the absence of tidal dissipation, the Cassini 
state obliquity satisfies the following relation, which results from the 
steady- state solution to the y component of Eq. 8 (14, 69)

Similarly, a requirement for dsx/dt = dsz/dt = 0 is that sy = 0, 
which means that ϕ = 0 or π and all motion is constrained to the xz 
plane. A common convention has θ > 0 along the positive x axis and 
θ < 0 along the negative x axis, which we seek to avoid in favor of 
having θ always be positive. Since θ is always positive, the top signs 
in Eq. 9 are for Cassini state 1, and the bottom signs are for Cassini 
state 2 (see the Supplementary Materials for more information on 
when a body is in Cassini state 1 versus 2).

There are several caveats with our simple treatment of the spin 
equations of motion of the outer solid layer of a body. We do not 
include terms for the pressure coupling between the ocean and ice 
shell or the gravitational force of the interior of the body on the outer 
solid layer. These are only included when determining the angular 
separation between the fluid and outer solid spin axes (Supple-
mentary Materials). These effects act to align the obliquities of the 
ice shell, ocean, and solid interior. Neglecting pressure and gravita-
tional coupling for Titan’s ice shell is justified if its layers are aligned 
and Titan acts like a rigid body. As we show in the Supplementary 
Materials, Titan’s ocean spin axis is <0.065° away from the spin axis 
of the ice shell. We do not know, however, the orientation of Titan’s 
solid interior and whether it is aligned with the rest of the body. Since 
the solid interior certainly has a larger polar moment of inertia than 
the ice shell, to have the same Cassini state precession, it needs a 
smaller obliquity (ignoring resonant amplification). Titan’s ice shell 
may be approximately aligned with the ocean but probably not with 
the solid interior. Either way, Titan’s obliquity is not that of a rigid 
body (23, 69). In the end, this work does not try to explain Titan’s 
obliquity, only the Cassini plane offset, so dissipation is the most 
important effect to constrain.

Spin dynamics with tidal dissipation
Tidal torques drive the satellite to an equilibrium end point, which is 
usually a Cassini state and a spin angular velocity commensurate with 
the orbital mean motion. Past works have developed various ways to 
include tidal torques on the spin axis evolution (15–17, 19, 26, 70). 
The tidal torque averaged over one orbit period is (15, 17, 19)

dn

dt
= Ω̇(n×k) (7)

ds

dt rot
=

3

2

n2

cω

[(
J2+C22

)
(s ⋅n)+C22

]
(s×n) + Ω̇(s×k) (8)

3

2

n2

cω

[(
J2+C22

)
cosθ+C22

]
sinθ = ∓ Ω̇sin(i±θ) (9)
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Where C = cMR2 is the satellite’s polar moment of inertia and 
T is a parameter defined as (17, 19)

where M and R are the satellite’s mass and radius, and k2/Q is the tidal 
dissipation parameter. From here on out, we deal only with synchro-
nous satellites (i.e., ω = n), which allows us to approximate the time 
lag between when the planet is overhead and when the satellite’s 
tidal bulge responds as Δt = 1/nQ.

It is convenient to define a unit vector e that lies in the equator 
plane, perpendicular to both s and the line of nodes, and pointing 
toward n such that n = cosθs + sinθe, and e = (n−cosθs)∕sinθ. The 
tidal torque has two components, one along s that drives the spin 
rate to synchronous and one along e that changes the obliquity. 
Taking the spin rate as a constant (i.e., dω/dt = 0), the tidal torque 
changes the spin angular momentum by changing only the spin axis 
unit vector along e

From Eq. 12, tidal dissipation drives the spin axis toward the orbit 
normal, which would ultimately result in zero obliquity. With pre-
cessional torques (Eq. 8), the equilibrium Cassini state obliquity is 
nonzero. All sources of dissipation drive the spin axis to an equilib-
rium state. The above analysis has focused on solid- body tides, and 
a treatment of torques at the fluid- solid boundary is included in the 
Supplementary Materials.

Equilibrium spin state with tidal and fluid- solid 
boundary dissipation
The complete equations of motion for the outer solid spin axis includ-
ing torques on the permanent figure (ds/dtrot), torques from tides on 
the whole body (ds/dttid), and torques from differential rotation at the 
fluid- solid boundary (ds/dtf) are

Solving for the steady- state spin axis from ds
dt
= 0, yields

Dissipation at the fluid- solid boundary is quantified by the factor 
K/Cs and the angular separation between the fluid and outer solid spin 
axes is Δε (see the Supplementary Materials). Torques on the satellite’s 
permanent figure dictate the magnitude of sx compared to sz, reinforc-
ing the idea that the obliquity is a forced value so that the precessional 
periods match. Dissipation is the only mechanism contributing to sy 
and driving the spin axis off the Cassini plane. Without dissipation, 

ϕ = 0 or π, so the equation for sx simplifies to Eq. 9. Equation 1 for the 
Cassini plane offset comes from |sin γ| = |sy| in Eq. 14.

We also derive the Cassini state relation (a non- linear relation-
ship between the obliquity and known parameters) and one for the 
spin axis azimuth

We use Eq. 15 when calculating Io’s, Europa’s, and Ganymede’s 
obliquities in Table 1. Equation 16 is not used in the main text, but 
we need it to compare our results to that in (26). This is done by tak-
ing the limit that the spin axis is close to the Cassini plane such that 
Δϕ is small, so we can use tan ϕ ≈ sin ϕ and |sin γ| = |sin θ sin ϕ| 
and turn Eq. 16 into

Equation 17 is almost identical to equation 63 in (26), differing only 
by the denominator and by the fact that they only include pressure cou-
pling and not viscous coupling when evaluating Δε. Equation 17 can 
only be used for the Moon and not Titan, however, because it assumes 
that Δϕ is small (Δϕ = −6.5 × 10−4° for the Moon), whereas for Titan 
Δϕ = 22° (Table 1). Another reason why we avoid Eq. 17 for Titan is 
because there is a mismatch between the (J2 + 2C22)/c derived from 
Titan’s gravity measurements (~1.6 × 10−4) and that derived from its 
obliquity (~7.9 × 10−5), so we use Eq. 1 over Eq. 17 when solving for 
γ and take θ as given rather than solving for it.

Supplementary Materials
This PDF file includes:
Supplementary text
Fig. S1
table S1
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