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ABSTRACT OF THE DISSERTATION

Optimal Bipartite Network Clustering
by

Zhixin Zhou
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2018
Professor Arash Ali Amini, Chair

We consider the problem of bipartite community detection in networks, or more generally
the network biclustering problem. We present a fast two-stage procedure based on spectral
initialization followed by the application of a pseudo-likelihood classifier twice. Under mild
regularity conditions, we establish the weak consistency of the procedure (i.e., the conver-
gence of the misclassification rate to zero) under a general bipartite stochastic block model.
We show that the procedure is optimal in the sense that it achieves the optimal convergence
rate that is achievable by a biclustering oracle, adaptively over the whole class, up to con-
stants. The optimal rate we obtain sharpens some of the existing results and generalizes
others to a wide regime of average degree growth. As a special case, we recover the known
exact recovery threshold in the logn regime of sparsity. To obtain the general consistency
result, as part of the provable version of the algorithm, we introduce a block partitioning
scheme that is also computationally attractive, allowing for distributed implementation of
the algorithm without sacrificing optimality. The provable version of the algorithm is derived
from a general blueprint for pseudo-likelihood biclustering algorithms that employ simple EM

type updates. We show the effectiveness of this general class by numerical simulations.
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CHAPTER 1

Introduction

Network analysis has become an active area of research over the past few years, with ap-
plications and contributions from many disciplines including statistics, computer science,
physics, biology and social sciences. A fundamental problem in network analysis is de-
tecting and identifying communities, also known as clusters, to help better understand the
underlying structure of the network. The problem has seen rapid advances in recent years
with numerous breakthroughs in modeling, theoretical understanding, and practical applica-
tions [FH16]. In particular, there has been much excitement and progress in understanding
and analyzing the stochastic block model (SBM) and its variants. We refer to [Abb17] for
a recent survey of the field. Much of this effort, especially on the theoretical side has been
focused on the univariate (or symmetric) case, while the bipartite counterpart, despite nu-
merous practical applications, has received comparatively less attention. Of course, there has
been lots of activity in terms of modeling and algorithm development for bipartite clustering
both in the context of networks [ZRMZ07; LCJ14; WFL14; Roh15; RAL17] as well as other
domains, such as topic modeling and text mining [Dhi01; Dhi03], as well as in biological ap-
plications [CC00; MTSCO10]. But much of this work either lacks theoretical investigations

or has not considered the issue of statistical optimality.

In this paper, we provide a unified treatment of the community detection, or clustering, in
the bipartite setting with a focus on deriving fundamental theoretical limits of the problem.
The main goal is to propose computationally feasible algorithms for bipartite network clus-
tering that exhibit provable statistical optimality. We will focus on the bipartite version of
the SBM which is a natural model for bipartite networks with clusters. SBM is a stochastic
network model where the probability of edge formation depends on the latent (unobserved)
community assignment of the nodes, often referred to as node labels. The goal of the com-

munity detection problem is to recover these labels given an instance of the network. This is



a non-trivial task since, for example, maximum likelihood estimation involves a search over

exponentially many labels.

Community detection in bipartite SBM is closely related to the biclustering problem,
for which many algorithms have been developed over the years [Har72; CCO00; TSS02;
GLMZ16]. On the other hand, in recent years, many algorithms have been proposed for clus-
tering in univariate SBMs, including global approaches such as spectral clustering [RCY11;
Krz+13; LR13; Fis+13; Vul4; Masl4; YP14; BLM15; GLM17; PZ17] and convex relax-
ations via semidefinite programs (SDPs) [AL14; HWX16a; Banlb; GV16; MS16; RTJM16;
ABKK17; PW17], as well as local methods such as belief propagation [DKMZ11], Bayesian
MCMC [NS01] and variational Bayes [CDP12; BCCZ13], greedy profile likelihood [BC09;
ZLZ+12] and pseudo-likelihood [ACBL+13] maximization, among others. A limitation of
spectral clustering approaches is that they are often not optimal on their own, and the SDPs
have the drawback of not being able to fit the full generality of SBMs. Various algorithms
can further improve the clustering accuracy, and adapt to the generality of SBM. Profile
likelihood maximization was proposed and analyzed in [BC09], but the underlying optimiza-
tion problem is computationally infeasible and the approach only applicable to networks of
limited size. Pseudo-likelihood ideas were used in [ACBL+13] to derive EM type updates to
maximize a surrogate to the likelihood of the SBM based on a block compression which is

computed using initial labels obtained by spectral clustering.

The pseudo-likelihood approach belongs to the general class of algorithms based on “Good
Initialization followed by Fast Local Updates” (GI-FLU) which has been a staple of recent
developments in devising optimal clustering algorithms, as was pointed out by [GMZZ17].
The GI-FLU strategies often use a spectral initialization and due to their often cheap local
updates are scalable to very large networks. In cases where they are accompanied by op-
timality guarantees they seem to occupy the ideal sweet spot in the computational versus
statistical trade-off. We build on these ideas and especially the approach in [ACBL+13] to
extend the algorithms to the bipartite settings. Moreover, we provide modifications to the
general blueprint suggested by [ACBL+13]—in addition to the natural modification required
for the bipartite setup—which allows us to demonstrate optimality of the procedure under

the full generality of the bipartite SBM.

In the univariate setting, there has been interesting recent advancements in understanding
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optimal recovery in what we refer to as the semi-sparse regime, where the (expected) average
network degree d,, is allowed to grow to infinity but rather slowly, as the number of nodes
n increases to infinity. In a series of papers [MNS15; ABH16; HWX16a; HWX16b] the
thresholds for optimal exact recovery, also known as strong consistency, were established in
the context of simple planted partition models, and SDPs where shown to achieve the optimal
threshold. In [AS15], the problem of strong consistency was considered for a general SBM and
the optimal threshold for strong consistency was established. In subsequent work [ZZ+16;
GMZZ17; GMZZ16], the results were extended to include weak consistency, i.e., requiring
the fraction of misclassified nodes to go to zero, rather than drop to exactly zero (as in
strong consistency), and rates of optimal convergence where established (with some slack
in the exponent). To achieve the more relaxed consistency results, [GMZZ17] limited the

model to what we refer to as strongly assortative SBM (see [AL18] for a definition).

Our work from a theoretical perspective is mostly inspired by the insightful work of [AS15;
GMZZ17]. We extend these ideas by presenting results that are sharper and more general
that what has been obtained so far. In short, we only assume that the clusters are distin-
guishable (in the sense of Chernoff divergence) and the network is not very dense. Relative
to [GMZZ17], our results are shaper, removing the o(1) term in the exponents of the rates,
and hold for the full generality of the SBM (i.e., no assortativity assumption needed). Com-
pared to [AS15], our work greatly relaxes the assumptions on degree growth. It is well-known
that for strong consistency one needs at least d,, = Q(logn), i.e., average degree should
grow at least logarithmically, and this is the regime considered in [AS15]. In our work, d,,
could grow to infinity arbitrarily slowly or at the other extreme as fast as d,, = O(y/n).
Thus, our results establish optimal rates of weak consistency below the sequare-root regime
day = O(y/n) and above the sparse regime d,, = O(1), and in particular, between the logn
and O(1) regimes, where weak consistency is possible but not the strong consistency. In
addition, in contrast to [AS15] (and some results in [GMZZ17]), we allow all the param-
eters of the model, including the number of communities, the spread of mean parameters
(w) and the community balance parameter (3) to grow subject to two compact conditions
(namely (A3) and (A4)); these conditions encapsulate in a simple way how much cumula-
tive growth these auxiliary parameters can exhibit relative to the information growth of the

model (I = I, A1) for the optimal rate to still be achieved by the algorithm we present.

min
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We make more detailed comparisons with the work of [AS15; GMZZ17] in Chapter 3.

Contributions. Establishing these results require a fair amount of technical and algorith-
mic novelty over the previous work. Here, we highlight some of these features and point out

to the relevant parts of the paper for details:

1. We introduce an efficient block (or graph) partitioning scheme for the provable version
of the algorithm, Algorithm 3, which for example replaces the edge splitting idea of [AS15]
(cf. Chapter 3.1 and Remark 10 for the shortcomings of edge splitting in our setting). The
block partitioning is mainly introduced to generate enough independence for the technical
arguments to go through. However, the idea turns out to be computationally appealing
as well. The computational bottleneck of GI-FLU approaches discussed earlier is often
the spectral initialization. The subsequent (often likelihood based) local updates are usually
quite fast, O(n), computations. Our block partitioning scheme allows one to break the costly
initial step into the application of spectral methods—as well as likelihood ratio classifiers—
on smaller subblocks, without losing optimality. If done in parallel, spectral clustering on
subblocks will be in fact computationally cheaper than performing a spectral decomposition
of the entire matrix. Although, from a theoretical perspective breaking into ) = 4 blocks is
enough (in the bipartite settings), our results allow for the number of blocks @ to even grow
slowly to infinity. Thus, the provable version of our algorithm has computational appeal,
esp. in distributed settings and for very large networks where it is prohibitive to perform
eigendecomposition of the entire adjacency matrix. The algorithm is naturally parallelizable
since it proceeds in stages and in each stage the operations on the underlying subblocks can

be performed in parallel; see Chapter 6 for details.

2. Our algorithms being an extension of [ACBL+-13], are modifications of a natural EM
algorithm on mixtures of Poisson vectors, hence very familiar from a statistical perspec-
tive. In other words, they are not tailor-made to the community detection problem and are
derived from fairly general well-known principals. Although other (optimal) algorithms in
the literature are more or less preforming similar operations, the link to EM algorithms and
mixture modeling is quite clear in our work. We provide in Chapter 4.2 the general blueprint
of the algorithms based on the pseudo-likelihood idea and block compression (Algorithm 1).

We then show how a provable version can be constructed by combining with the block par-

4



titioning ideas in Chapter 6. It is worth noting that although we can provide no guarantees
for the general algorithms of Chapter 4.2, empirically they perform very well, as illustrated

in Chapter 9.

3. In order to get the sharper rate, analyzing a single step of an EM type algorithm is
not enough, and thus we analyze the second step as well. We will show that the first step
gets us from a good (but crude) initial rate v, to the fast rate ~ exp(—I1/Q) which is in
the vicinity of the optimal rate, and then repeating the iteration once more, with the more
accurate labels obtained in the first step—hence more accurate parameter estimates—gets

us to the optimal rate ~ exp(—1).

4. Among the technical contributions, are a uniform consistency result (Lemma 5) for
the likelihood ratio classifier (LRC) over a subset of the parameters close to the truth, sharp
approximations for the Poisson-binomial distributions (Chapter 10.4), and extension (and
elucidation) of a novel technique of [AS15] in deriving error exponents to general exponential
families (cf. Chapter 10.3). The uniform consistency result for LRCs lets us tolerate some
degree of dependence among the statistics from iteration to iteration, allowing the subblock
partioning idea to go through. That is, we can run LRCs on the same blocks used in

estimating their parameters; see Sections 6 and 7.1 for details.

5. The bipartite clustering setup (as opposed to the symmetric case) allows us to intro-
duce an oracle version of the problem which helps in understanding the nature of the optimal
rates observed in community detection and their relation to classical hypothesis testing and
mixuture modeling. That is, we try to answer the curious question of why or how the
Chernoff exponent of a (simple binary) hypothesis testing problem seems to control the mis-
classification rate in community detection and network clustering. The oracle also provides
a lower bound on the performance of any algorithm. See Chapter 3 and Proposition 1 for

details.

The rest of the paper is organized as follows. We introduce the model and the biclustering
oracle in Chapter 2, and then present our main results in Chapter 3. The general algorithms
based on the pseduo-likelihood idea and spectral clustering are presented in Chapter 4 and
Chapter 5. A provable version will be proposed in Chapter 6. The proofs of the consis-

tency results will appear in Sections 7 and 8. In Chapter 9, we demonstrate the numerical



performance of the methods.



CHAPTER 2

Network biclustering

We start by introducing the network biclustering problem based a stochastic block modeling,
and set up some notation that will be used throughout the paper. We then discuss how a
biclustering oracle with side information can optimally recover the labels. These ideas will

be the basis of the algorithms discussed in this paper.

2.1 Bipartite block model

We will be working with a bipartite network which can be represented by a biadjacency
matrix A € {0,1}"*™ where for simplicity we assume that the nodes on the two sides are
indexed by the sets [n] and [m]. We assume that there are K and L communities for the
two sides respectively, and the membership of the nodes to these communities are given by
two vectors y = (y;) € [K]" and z = (z;) € [L]™. Thus, y; = k if node ¢ on side 1 belongs
to community k € [K]. We call y; and z; the labels of nodes ¢ and j respectively. We often
treat these labels as binary vectors as well, using the identification [K] ~ {0,1}¥ via the

one-hot encoding, that isy; =k <= yx =1, yiwr =0, k' # k.

Given the labels y and z, and a connectivity matrix P € [0, 1]¥** (also known as the edge
probability matrix), the general bipartite stochastic block model (biSBM) assumes that: A;;

are Bernoulli variables, independent over (i, ) € [n] x [m] with mean parameters,

We denote this model compactly as A ~ SBM(y, z, P). It is helpful to consider the Poisson
version of the model as well which is denoted as A ~ pSBM(y, z, P). This is the same model
as the Bernoulli SBM, with the exception that each entry A;; is drawn (independently) from

a Poisson variate with mean given in (2.1). These two models behave very closely when the
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entries of P are small enough. Throughout, we treat y, z and P as unknown deterministic
parameters. The goal of network biclustering is to recover these three sets of parameters

given an instance of A.

In fact, as we will see, the parameters P themselves are not that important. What
matters is the set of (Poisson) mean parameters which are derived from P and the sizes of
the communities. In order to define these parameters, let n(z) = (ny(z2),...,nr(z)) € NE,
be the number of nodes in each of the communities of side 2. That is, n,(z) = Zj\il {z; =
(} = Z]M:1 zje. A similar notation, namely n(y) € N denotes the community sizes of side

2. The row mean parameters are defined as
A = () = (Preme(2)) = Pdiag(n(2)) € R¥*E 2:2)

where diag(v) for a vector v = (vy) is a diagonal matrix with diagonal entries v;. The column

mean parameters can be defined in a similar fashion, namely,

I7 = (ni(y)Pe) = diag(n(y)) P € RE*L. (23)

REL*E and this convention allows us to

Note the transpose in the above definition, i.e., I' €
define information measures based on rows of matrices A and I in a similar fashion, as will

be discussed in Chapter 3.

2.2 Biclustering oracle with side information

The key idea behind the algorithms discussed in this paper, as well as our consistency
arguments is the following simple observation: Assume that we have prior knowledge of P
and the column labels z, but not the row labels y. For each row, we can sum the columns of
A according to their column memberships, i.e., we can perform the (ideal) block compression

i = >_; Aijzje. The vector bf, = (bjy, ..., bj;) contains the same information for recovering
the community of 7, as the original matrix A—i.e., it is a sufficient statistic. Assume that

we are under the pSBM model. Then, b}, has the distribution of a vector of independent



Poisson variables. More precisely,

L
b, ~ Q= [ [ Poi(Mee), i, wi =k, (2.4)

=1
where Ay, are the row mean parameters defined in (2.2). Note that the distributions Qy, k =
1,..., K are known under our simplifying assumptions. The problem of determining the row
labels thus reduces to deciding from which of these K known distributions it comes from.
Whether node i belongs to a particular community k£ can be decided optimally by performing

a likelihood ratio (LR) test of Qi against each of Q,, r # k.

The above LR test is the heart of the algorithms discussed in Sections 4 and 6. The
difficulty of the biclustering problem (relative to a simple mixture modeling) is that in
practice, we do not know in advance either y or A—hence neither the exact test statistics
(b%,) nor the distributions {Qy} are known. We thus proceed by a natural iterative procedure:
Based on the initial estimates of y and z, we obtain estimates of (b},) and {Qy}, perform the
approximate LR test to obtain better estimates of z, and then repeat the procedure over the
columns to obtain better estimates of y. These new label estimates lead to better estimates

of (bf,) and {Q4}, and we can repeat the process.

We refer to the algorithm that has access to the true column labels z and parameters
A, and performs the optimal LR tests, as the oracle classifier. Note that the performance
of this oracle gives a lower bound on the performance of any biclustering algorithm in our
model. The performance of the oracle in turn is controlled by the error exponent of the
simple hypothesis testing problems Qy versus Q,,r # k, as detailed in Proposition 1. This
line of reasoning reveals the origin of the information quantities I, and If°—defined in (3.1)
and (3.2)—that control the optimal rate of the biclustering problem. Note that the bipartite
setup has the advantage of disentangling the row and column labels, so that a non-trivial
oracle exists. It does not make much sense to assume known column labels in the unipartite
SBM, since by symmetry we then know the row labels as well, hence nothing left to estimate.
On the other hand, due to the close relation between the bipartite and unipartite problems,
the above argument also sheds light on why the error exponent of a hypothesis test is the

key factor controlling optimal misclassification rates of community detection in unipartite

SBM.



2.3 Notation on misclassification rates

Let II,, the set of permutations on [n]. The (average) misclassification rate between two sets

of (column) labels § and y is given by

n

Mis(Fy) = min = 3" 1{o(@) # ). (2.5)

Letting o* be a minimizer in (2.5), the misclassification rate over cluster k is

NS 1 D) F ki =k

Misy (7, y) := () lyzzk o (@) # i} = (?/?)l:;w Y |, (2.6)
using the cardinality notation to be discussed shortly. Note that (2.6) is not symmetric in
its arguments. We will also use the notation ¢*(y — y) to denote an optimal permutation
n (2.5). When Mis(y, y) is sufficiently small, this optimal permutation will be unique. It is
also useful to define the direct misclassification rate between y and y, denoted as dMis(y, y),
which is obtained by setting the permutation in (2.5) to the identity. With o* = o*(y — y),
we have Mis(y, y) = dMis(c*(¥),y). We note that

Mis(y, y) Zﬂ'k ) Misg(y,y) < max Mis (Y, v), (2.7)
keK

as well as maxye e Mis, (7, y) < Mis(7, y)/ ming 7 (y). We can similarly define the misclas-
sification rate of an estimate Z relative to z. Our goal is to derive efficient algorithms to
obtain § and Z that have minimal misclassification rates asymptotically (as the number of

nodes grow).

Other notation. We write w.h.p. as an abbreviation for “with high probability”, meaning
that the event holds with probability 1—o(1). To avoid ambiguity, we assume all parameters,
including m, are functions of n. For example, f(n) = o(g(n)) denotes lim,,_,, f(n)/g(n) =

We write Zg = Z/QZ to denote a cyclic group of order (). Our convention regarding
solutions of optimization problems, whenever more than one exist is to choose one uniformly
at random. We use the shorthand notation |i : y; = k| := |{i : y; = k}| for cardinality of sets,

where i € [n] is implicit, assuming the y is a vector of length n. For example, if g,y € [K]",

10



we have the identity |i : Ui # vil = > pcg i 0 vi =k, Ui # k[. It is worth nothing that we
use community and cluster interchangeably in this paper, although some authors prefer to
use community for the assorative clusters, and use “cluster” to refer to any general group of

nodes. We will not follow this convention and no assortativity will be implicitly assumed.
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CHAPTER 3

Main results

Let us start with some assumptions on the mean parameters. Recall the row and column
mean parameter matrices A and I' defined in (2.2) and (2.3). Let Apin and ||A]|x be the
minimum and maximum value of the entries of A, respectively, and similarly for I'.  We

assume

[Allso o, [Tl
< Al
Amin v 1—‘min = ( )

for some w > 0. That is, w measures the deviation of the entries of the mean matrices from

uniform. We assume that the sizes of the clusters are bounded as

1
— <m(y) < % and — < my(z) <

3 L (A2)

—_
™

for all k € [K] and ¢ € [L]. The following key quantity controls the misclassification rate:

L
L = Tie(A) i= sup Y (1= 8)Ake + A — A "Ml (3.1)

se(01) =
for k,r € [K]. We can think of I(A) := (I1»(A)) € RE*¥ as an operator acting on pairs of
rows of a matrix A € Rf *L say A and .., producing a K x K pairwise information matrix.
We often refer to the function of s being maximized in (3.1) as s +— I, with some abuse of
notation assuming k and r are fixed, and we note that this function is strictly concave over

R whenever A\, # A, and we have Iy = I, = 0.

Recalling the product Poisson distributions {Qy}, (3.1) is the Chernoff exponent in testing
the two hypothesis Q; and Q, [Che52]. The difference with the classical setting, in which
the Chernoff exponent appears, is that we work in the regime where we are effectively testing

based on a sample of size of 1 and instead of the sample size, we let I, — oo. We define

12



the column information matrix similarly
K

I5 = I (T) = SFP) > (1= 8)Ta + sTok — T T, (3.2)
s€(0,1 =1

for all £,¢" € [L]. Another set of key quantities in our analysis are:

= -1 = = . .
Ekr Ierel[aL)}( ()w V )\k) , €k :él[m] €rr, and e krg[ln] €k (3 3)

The relation with hypothesis testing is formalized in the following proposition:

Proposition 1. Consider the likelihood ratio (LR) testing of the null hypothesis Qy against
Q., based on a sample of size 1. Let A = [Aps; M) € RiXK. Assume that as Ay — 00, (a)

liminfeg, > 0, and (b) w = O(1). Then, there ezist constants C' and C" such that

S CeXp (_Ikr - %log Amin)a
P(Type I error) + P(Type II error) (3.4)

> exp (—Ikr — %(log Apin + C’)).

See Corollary 10 and Appendix Chapter A.6 for the proof. Any hypothesis testing pro-
cedure can be turned into a classifier, and a bound on the error of the hypothesis test (for
a sample of size 1) translates into a bound on the misclassification rate for the associated
clagsifier. This might not be immediately obvious, and we provide a formal statement in
Lemma 6. Proposition 1 thus provides a precise bound on the misclassification rate of the

LR classifier for deciding between Qj and Q,..

The significance of the Chernoff exponent of the hypothesis test in controlling the rates
is thus natural, given the full information about the {Qx} and the test statistics. What
is somewhat surprising is that almost the same bound holds when no such information is
available a priori. Our main result below is a formalization of this claim. In our assumptions,
we include a parameter () € N that controls the number of subblocks when partitioning, the

details of which are discussed in Chapter 6. Under the following two assumptions:

(Q%log Q)F*w’ K L(K v L) log(K V L)(||Alle V [Tl|oc)* = O(n A'm), and (A3)
(Qlog Q)*F°w*(K Vv L)*(aV a™ ) (IAllss V T lloc) = o (Zmin A Ii33)* ). (A4)

13



where « := m/n, there is an algorithm that achieves almost the same rate as the oracle:

Theorem 1 (Main result). Consider a bipartite SBM (Chapter 2.1) satisfying (A1)—(A4).
Then, as I NI — 00 and A — 00, the row labels § output by Algorithm 3 in Chapter 6

min

satisfies for some ¢ = o(1),

Misk (7, y) = O(wz <1 + i) exp (—[kr — <% — C) log Amin>) (3.5)

rk Ekr
for every k € K], with high probability. Similar bounds holds for z w.r.t. z.

One can replace the big O with the small o in (3.5) to obtain an equivalent result (due
to the presence of ( = o(1)). Let us discuss the assumptions of Theorem 1. The only real
assumptions are (A3) and (A4). The other two, namely (A1) and (A2) can be more or less
thought of as definitions of w and /5. For example, (A2) only imposes the mild constraint
that no cluster is empty. Similarly (A1) imposes the mild assumption that no entry of A or
' is zero. The main constraints on w and /8 are encoded in (A3) and (A4) in tandem with

other parameters of the model.

Remark 1. In the first reading, one can take 5,w,Q = O(1), n < m and ||A]|c0 < [|T']|co- In
this setting, (A3) is a very mild sparsity condition, implying that the degrees should not grow
faster than y/n. (A4) guarantees that the information quantities grow fast enough so that
the clusters are distinguishable. We only need (A4) for Algorithm 3 which uses a spectral
initialization. In Chapter 6.2.1, we present Theorem 7, for the likelihood-based portion of
the algorithm, assuming that a good initialization is provided. Theorem 7 only requires a

weakened version, (A4’), of assumption (A4).

Depending on the behavior of eg,, the rate obtained in Theorem 1 can exhibit different

regimes which are summarized in Corollary 1 below. Consider the additional assumption:

max w(l + i) =0(1). (A5)

k,re K] Ekr

Corollary 1. Under the same assumptions as Theorem 1, w.h.p., for all k € [K],

Misy, (37, y) = O(Zexp(—lkr)) (3.6)

r#£k
14



If in addition we assume (A5), then for some ¢ = o(1), w.h.p., for all k € [K],

Misy, (;/g\, y) = O(Zexp (—Im — (% — () log Amin>>. (3.7)

rk
Remark 2. Consider the oracle version of the biclustering problem where the connectivity
matrix P and the true column labels z are given. Then, the optimal row clustering reduces
to the likelihood ratio tests in Proposition 1. That is, given the row sums within blocks
as sufficient statistics, we compare the likelihoods at two different mean parameters. By

Proposition 1, the optimal misclassification rate for the oracle problem is

E[Misk (@\, y)] = O(Zexp (—]kr — %log Amin>>, (3.8)
rtk

where the sum over r is due to the need to compare against all other clusters. The gap
between 1/2 and 1/2 — ( is not avoidable when stating high probability results, due to the
Markov inequality; see Lemma 6 for the details. This error rate coincides with (3.7), which
merely loses a constant due to the unknown mean parameters and column labels. The rate is

sharp up to a factor of exp(—3(L—1)log Apin) according to the lower bound in Proposition 1.

In order to understand the rates in Corollary 1 better, let us consider some examples

which also clarify our results relative to the previous literature.
Example 1. Consider a simple planted partition model where
a b

n=m, K:L, Pkk:_; Pkg:—,Vk#é.
n n

Then, A\ € [3%, %] and Ay € [BLK, %] when k # (. Applying (3.1) with s = 1/2,

Ly > %;(\/)\_ké— V)2 > Mﬁ;ﬂ.

Assume that (A3) and (A4) hold, that is (using ||A||e < Ba/K)

Bl (Klog K)a®> = O(nAm) and [w?K?'a = o((\/_ — \/5)4).
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and further assume that Bw?K? = o(a A b). Then w.h.p., we have

Misk (7, y) = o(exp (_(\/_B;K\/—W)> (3.9)

For the details of (3.9), see Chapter 8.4. In particular, if

lim inf M > 1

3.10
nsoo  [Klogn T 7 (3.10)

we have Misy, (/y\, y) = o(1/n) w.h.p., that is, we have the exact recovery of the labels by
Algorithm 3. (Whenever misclassification rate drops below 1/n, it should be exactly zero.)
Note that this result holds without any assumption of assortativity, i.e., it holds whether

a>borb>a.

Example 2. Suppose that P := ﬁ(log n)/n where P is a symmetric constant matrix, n = m,

K =1L, and y = 2. Then K,w and ¢y, are constants. Then,
= ng logn, where ng = ﬁkﬂrk(y), and I, = I logn

where I, is defined based on ng and XM as in (3.1). Assuming in addition that 7(y) is
constant, both A, and Iy, are constants. In this regime, our key assumptions (A3) and (A4)

are satisfied. By Corollary 1, w.h.p., we have

Misy, (7, y) = O(exp (— H;lg I log n)) = o(n* mi“r#fkr). (3.11)

As a consequence if miny., I, > 1, then Mis; (g//\, y) = o(1/n) w.h.p., that is we have exact

recovery by Algorithm 3.

3.1 Comparison with existing results

Let us now compare with [GMZZ17] and [AS15] whose results are closest to our work. Both
papers consider the symmetric (unipartite) SBM, but the results can be argued to hold in
the bipartite setting as well. The setup of Example 1 is more or less what is considered

in [GMZZ17]. They have shown that there is an algorithm with misclassification error
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bounded by

exp (- i

We have sharpened this rate to (3.9) under assumption (A3) (i.e., assuming the average
degree grows slower than O(y/n)). Bound (3.12) implies that when
(va—vb)?

liminf ——— >1
voo BK logn ’

one has exact recovery. Our bound on the other hand, imposes the relaxed condition (3.10).

We note that the results in [GMZZ17] are derived for a more general class of (assortative)
models than that of Example 1, namely, the class with connectivity matrix satisfying Py, >
a/n and Py < b/n for k # £. The rate obtained in [GMZZ17] uniformly over this class is
dominated by that of the hardest within this class which is the model of Example 1. For
other members of this class, neither their rate (3.12) or the one we gave in (3.9) is optimal.
The optimal rate in those cases is given by the general form of Theorem 1 and is controlled
by the general form of I, in (3.1). In other words, Algorithm 3 that we present is rate
adaptive over the class considered in [GMZZ17], achieving the optimal rate simultaneously

for each member of the class.

A key in our approach is to apply the likelihood-type algorithm twice, in contrast to the
single application in [GMZZ17]. After the second stage we obtain much better estimates of
the labels and parameters relative to the initial values, allowing us to establish the sharper
forms of the bounds. Another key is the result in Lemma 5(b) which provides a better
error rate than the classical Chernoff bound, using a very innovative technique introduced
in [AS15]. Moreover, we keep track of the balance parameter § in (A2) throughout, allowing
it to go to infinity slowly. Last but not least, assortativity is a key assumption in [GMZZ17],
while our result does not rely on it. Besides consistency, our provable algorithm is more
computationally efficient in a practical sense. To obtain initial labels, we will apply spectral
clustering on very few subgraphs (8 to be exact). However, the provable version of the
algorithm in [GMZZ17] applies spectral clustering for each single node on the rest of the
graph excluding that node. If the cost of running the spectral clustering on a network of n

nodes is Cy,, then our approach costs ~ 8C,,/s while that of [GMZZ17] costs roughly nC,,_;.
17



Our algorithm thus has a significant advantage in computational complexity when n — oc.
To be fair, the algorithm introduced in [GMZZ17] was for the symmetric SBM, which has
the extra complication of dependency in A due to symmetry. Our comparison here is mostly
with Corollary 3.1 in [GMZZ17]. In addition, [GMZZ17] have a result (their Theorem 5) for
when w grows arbitrarily fast which is not covered by our result. See the discussion below

for comments on the symmetric case and dependence on w.

The problem of exact recovery for a general SBM has been considered in [AS15], again
for the case of a symmetric SBM, though the results are applicable to the bipartite setting
(with y = 2) as well. The model and scaling considered in [AS15] is the same as that
of Example 2, and they show that exact recovery of all labels is possible if (and only if)
Minyg sy I,» > 1 which is the same result we obtain in Example 2 for Algorithm 3. Thus,
our result contains that of [AS15] as a special case, namely in the log n-degree regime with
other parameters (such as K and the normalized connectivity matrix) kept constant. The
results and algorithms of [AS15] do not apply to the general model in our paper; consider

the following two points:

1. Only the regime P ~ logn/n, i.e., the degree grows as fast as logn, is investigated

in [AS15], while we allow the degree to grow in the range from “arbitrarily slowly” up to “as

fast as O(y/n)”.

2. One needs independent versions of the adjacency matrix in different stages of the
algorithm. To achieve this goal, edge splitting was introduced in [AS15]. The idea is that one
can regard the two (or more) graphs obtained from edge splitting to be nearly independent.
To be specific, let P; be the joint probability measure corresponding to a pair of graphs G,
and G generated independently with connectivity matrices ¢P and (1 — ¢)P. Let Py be
the joint probability measure on GG; and G, obtained by edge splitting from a single SBM
with connectivity matrix P, assigning every edge independently to either G, or Gy with
probabilities ¢ and 1 — ¢. Then, P; and P, have the same marginal distributions. Having a
vanishing total variation between P; and Py is necessary for further analysis which, as was

pointed out by [AS15, pp. 46-47], is equivalent to showing that under Py, G; and G5 do no
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share any edge, with high probability. Letting ﬁmin = mingy f’kg,

(1 — q)qP2;,(logn)? ) n?

P, (G and Gy do not share edges) < <1 — 5
n

which is strictly bounded away from 1 unless (1 — ¢)¢P2,. (logn)? = o(1), that is, the con-
nectivity matrix of either Gy or G5 should vanish faster than 1/n. Our consistency result
will not hold in this regime. Thus, edge splitting cannot be used to derive the results in
this paper, and we introduce the block partitioning idea to supply us with the independent

copies necessary for analysis. Another technical issue about edge splitting is discussed in

Remark 10.

3.2 Discussion

Our results do not directly apply to the symmetric case, due to the dependence between the
upper and lower triangular parts of the adjacency matrix A. However, a more sophisticated
two-stage block partitioning scheme can be used to derive similar bounds under mild extra
assumptions. One starts with an asymmetric partition into blocks of sizes {gn, (1 — ¢)n} x
{qn, (1 — ¢)n}, for ¢ = 1/Q — 0 very slowly. In the first stage, one applies a similar
procedure as described in Algorithm 3 on the upper triangular portion of the large subblock
(1—g)nx (1—q)n, followed by the application of the LR classifier on the fat block gnx (1—¢)n
to obtain very accurate row labels of the small block gn x gn.. One then repeats the process
using the “leave-one-out” of [GMZZ17], but applied to small blocks gn x gn rather than

individual nodes. We leave the details for a future work.

It was also shown by [GMZZ17, Theorem 5] that their equivalent of condition (A1)
can be removed by modifying the algorithm. In their setting, without assuming a < b, a
misclassification rate of exp(—(1—¢)I) is achievable, where ¢ € (0,1) is a variable in the new
version of their algorithm. If those arguments can be extended to the general block model,
it will be possible to relax the requirements on w in (A3) and (A4). When K,L = O(1),
one can completely remove sparsity condition (A3) using a much sharper Poisson-binomial
approximation than what we have used in this paper. Finally, we suspect that our result

could be generalized beyond SBMs to biclustering arrays where the row and column sums
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over clusters follow Poissonian central limit theorems. We will explore these ideas in the

future.
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CHAPTER 4

Pseudo-likelihood approach

In this section, after introducing the local and global mean parameters which will be used

throughout the paper, we present our general pseudo-likelihood approach to biclustering.

4.1 Local and global mean parameters

Let us define the following operator that takes an adjacency matrix A and row and column

labels ¢ and Z, and outputs the corresponding (unbiased) estimate of its mean parameters:

1 ii&jl{@i:k,%zz}, ke [K], (€ [L). (4.1)

LG D = T p

Note that Z(A, 7, 2) is a K x L matrix with nonnegative entries. In general, we let

A = (S‘kf) = g(Avga 2)7 (42)

for any row and column labels i and Z. Here A is the estimate of the true row mean matrix.
Its expectation is E[A] = A(7, 2) due to the linearity of .Z. We call A(g, 2), the (global) row
mean parameters associated with labels g and Z. (We do not explicitly show the dependence

of A on the labels, in contrast to the mean parameters.) We have the following key identity
A, 2) lg=y, =2 = A (4.4)

where A is the true (global) row mean parameter matrix defined in (2.2). In words, (4.4)
states that the global row mean parameters associated with the true labels y and z, are the

true such parameters. We will also use parameters such as A(y, Z) which are obtained based
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on the true row labels y and generic column labels Z.

We also need local versions of all these definitions which are obtained based on subma-
trices of A. More precisely, let A9 be a submatrix of A4, and let y@) and 2@ be the
corresponding subvectors of z and y (i.e., corresponding to the same row and column in-
dex sets used to extract the submatrix). Here ¢, ¢’ range over [Q] = {1,...,Q} creating a

partition of A into Q? subblocks. We call
AT, 2) = (G, 2) = Z(EAT), 00, 0, (4.5)

the local row mean parameters associated with submatrix A9 and sublabels y(¢) and 2(@.
The corresponding estimates are defined similarly (by replacing E[A?-9] with A@9). We
will mostly work with submatrices obtained from a partition A9 ¢ ¢ € [Q] of A into

(nearly) equal-sized blocks—the details of which are described in Chapter 6. In such cases,

N B ,
ACD (G 2) ~ aA(y, Z), Vq,q€lQ]

assuming the each subblock in the partition has nearly similar cluster proportions: n(z(®) ~
n(z). This is the case, for example, for a random partition as we show in Chapter 7.2. Of
special interest is when we replace both y and Z with true labels y and z. In such cases,

A9 does not depend on ¢'. More precisely, we have for any ¢ € Q],
/\]E:%/7q)(y7 2) = Pune(2'), V¢ €1Q], (4.6)

where ny(z(?) is the number of labels in class ¢ in 29, consistent with our notation for
the full label vectors. We often write A@ = ()\,(;?) as a shorthand for A9 (y, z) which is
justified by the above discussion. These will be called the true local row mean parameters

(associated with column ¢ subblock in the partition).

4.2 General pseudo-likelihood algorithm

Let us now describe our main algorithm based on the pseudo-likelihood (PL) idea, which is a

generalization of the approach in [ACBL+13] to the bipartite setup. The pseudo-likelihood
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Algorithm 1 Pseudo-likelihood biclustering, meta algorithm

1: Initialize row and column labels y and Z.
2: while y and z have not converged do

3: b+ B(A; 2)
4: while A and 7 not converged (optional) do
5: A« L(b; )
6: Option 1: 7 < 1, or option 2: 7 < m(7)
7. j+ F(b, A7)
8: (Optional) Convert g to hard labels.
9: end while
10: Repeat lines 3—7 with appropriate modifications to update Z and columns parameters

(by changing A to AT and swapping Z and ¢.)
11: (Optional) Convert ¢ and Z to hard labels if they are not.
12: end while

algorithm (PLA) is effectively an EM algorithm applied to the approximate mixture of
Poissons obtained from the block compression of the adjacency matrix A. It relies on some
initial estimates of the row and column labels to perform the first block compressions (for
both rows and columns). The initialization is often done by spectral clustering and will be
discussed in Chapter 5 once we introduce the provable version of the algorithm. Subsequent

block compressions are performed based on the label updates at previous steps of PLA.

Let us assume that we have obtained labels ¢ and Z as estimates of the true labels y and z.
We focus on the steps of PLA for recovering the row labels. Let us define an operator B(A; 2)

that takes approximate columns labels and produces the corresponding column compression

of A:
BAZ) = b(3) = (b)) € 20, bu(5) =S A5 =0 (47)
j=1
The distribution of b;(Z) is determined by the row class of 7. It is not hard to see that
E[bie(2)] = Mee(y, 2) = Moy, 2) 5=z, Hf ys =k, (4.8)

where Ay (y, Z) are the (global) row mean parameters defined in (4.3).

Now consider an operator L£(b; ) that given the column compression b and the initial
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estimate of the row labels ¢, produces estimates of the (row) mean parameters \g(y, 2):
I, ; 1 < _
L(b;g) == A= [\ € R, Ay = (D) Zbiél{yi = k}. (4.9)
R o

Note that if § = y, we have E[S\ke] = Mee(y, 2). The definition of the estimates in (4.9) are

consistent with those of (4.2) due to the following identity:
L(B(A;2);:9) = Z(A, 4, 2)

which holds for any row labels y and column labels Z. Let us write

n

7(3) = (@), m@) = S i =k} (4.10)

=1

for the estimate of (row) class priors based on . We note that the operation B and £
remain valid even if § and Z are soft labels with a minor modification. By a soft row label
%, € [0,1]* we mean a probability vector on [L]: Zj; > 0 and Y&, Z;s = 1, which denotes
a soft assignment to each row cluster. To extend (4.7) to soft row labels, it is enough to

replace 1{z; = ¢} with z;,. Extending (4.9) to soft column labels g is done similarly.

Now, given any block compression b = (by) and any estimate A of the (row) mean
parameters and any estimate 7@ € [0,1]% of the (row) class prior, consider the operator

that outputs the (row) class posterior assuming that the rows of b; approximately follow

S 7k [T, Poi(Ake):

7 L1y (bie, Ae)

F(b, A7) = (7) € [0, 1] 7y = - -
Sy T Ty o (bie, Awe)

(4.11)

where p(z,\) = exp(xlog A — \) is the Poisson likelihood (up to constants). In practice,
we only use 7() or a flat prior 1 as the estimated prior 7 in this step; similarly, we only
use a block compression which is based on estimates of row labels, i.e., b;y = b;s(2) for some
Z € [n]*. Note that F outputs soft-labels which can be considered our new estimates of .

We can convert (7;;) to hard labels if needed.

Algorithm 1 summarizes the general blueprint of PL A, which proceeds by iterating the
three operators (4.7), (4.9) and (4.11). Optional conversion from soft to hard labels is
24



Algorithm 2 Simplified pseudo-likelihood clustering

Input: Initial column labels Z, and A that estimates A.
Output: Estimate of row labels 7.

b B(A;2)

y < F(b,A 1)

Convert i to hard labels, by computing MAP estimates.

performed by MAP assignment per row. With option 2 in step 6, the inner loop on lines
4-9 is the EM algorithm for a mixture of Poisson vectors. We can also remove the inner
loop and perform iterations 5-8 only once. In total, Algorithm 1 has (at least) 6 possible
versions, depending on whether we include each of the steps 8 or 11 (for the soft to hard
label conversion) and whether to implement the inner loop till convergence or only for one
step. We provide empirical results for two of these versions in Chapter 9. In practice, we
recommend to keep soft labels throughout, and only run the inner loop for a few iterations

(maybe even one if the computational cost is of significance).

Remark 3 (PL naming). We have borrowed the name pseudo-likelihood (PL) from [ACBL+-13]
based on which the algorithms in this paper are derived. In [ACBL+13], the setup is that of
the symmetric SBM, and in order to treat the full likelihood as the product of independent
(over nodes i = 1,...,n) of the mixture of Poisson vectors, one has to ignore the dependence
among the upper and lower triangular parts of the adjacency matrix, making the PL naming
more inline with the traditional use of the term. In our bipartite setup, there is no such
dependence to ignore, but we have kept the name PL for consistency with [ACBL+13] and
ease of use. We interpret the “pseudo” nature of the likelihood as the approximation used
in the block compression stage (with imperfect labels) and in replacing Poisson-binomial

distribution with the Poisson.

4.3 Likelihood ratio classifier

A basic simplified building block of the PLA is given in Algorithm 2. This operation—
which will play a key role in the development of the provable version of the algorithm in

Chapter 6—can be equivalently described as a likelihood ratio classifier (LRC). Let us write
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the joint Poisson likelihood (up to a constant) as:

L L
O(x,\) = Hap(xg, o) = Hexp(xg logAr — \), x€RY NeRL, (4.12)
=1 =1

and the corresponding likelihood ratio as:

L

D(x, A A
Uz A | N) =log (z, /) :Zxﬂog—f%—)\;—)\g, zeR", AN eRE. (4.13)
B(w,x) 2"y,

Recalling the column compression (4.7), the likelihood ratio classifier, based on initial row

labels Z and an estimate A of the row mean parameter matrix, is

[LR(A, A, 2)); € argmax log ®(b;,(3), \n), i€ [n]. (4.14)

r€ K]

which gives us a refined estimate of the row labels (i.e., y). It is not hard to see that the

output of Algorithm 2 is § = LR(A4, A, 2)].
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CHAPTER 5

Spectral clustering

5.1 Notation

In this chapter, it will be convenient to consider another set of notations.

Orthogonal matrices. We write S" for the set of symmetric n x n matrices, and Q"**
for the set of n X k matrices with orthonormal columns. The condition k£ < n is implicit in
defining @"**. The case Q™" is the set of orthogonal matrices, though with some abuse of
terminology we also refer to matrices in O™** as orthogonal even if k¥ < n. Thus, Z € Q™**
iff ZTZ = I,. We also note that Z € Q™% and U € O¥** implies ZU € Q™*. The

following holds:

Uz||2 = ||z]ls, Vz € R U € QFr>F, (5.1)
for any ky > k. On the other hand,

||UTx||2 < |lz|l2, Vz € RF U € QM >k, (5.2)

where equality holds for all z € R* | iff k; = k. To see this latter inequality, let ui, ..., u; €
R¥ be the columns of U, constituting an orthonormal sequence which can be completed

to an orthonormal basis by adding say ups1,...,us. Then, |[UTz|3 = S5 (u;, z)? <

j=1
k
Dot (uy, ) = ||z,

Memebership matrices and misclassification. We let H"** denote the set of hard
cluster labels: {0, 1}-valued n x k matrices where each row has exactly a single 1. A matrix

Z € H™** is also called a membership matrix, where row i is interpreted as the membership
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of node i to one of k clusters (or communities). Here we implicitly assume that we have a
network on nodes in [n] = {1,...,n}, and there is a latent partition of [n] into k clusters.
In this sense, Z;; = 1 iff node 7 belongs to cluster k. Given, two membership matrices
Z,7" € H™* we can consider the average misclassification rate between them, which we
denote as Mis(Z, Z'): Letting 2T and (2/)T denote the ith row of Z and Z’ respectively, we

have

S 1 —
Mis(Z, Z') := min — 1{z 2 5.3
(2:2) = mip S £ Q3 5:3)
where the minimum is taken over k x k permutations matrices Q). We also let Mis,(Z, Z’) be
the misclassification rate between the two, over the rth cluster of Z, that is, Mis,(Z, Z’) =

n% D i s Hzi # Q72 where n, = 377 1{z; = r} is the size of the rth cluster of Z, and
Q* is the optimal permutation in (5.3). Note that in contrast to Mis, Mis, is not symmetric
in its two arguments. We also write Mis,, := max, Mis,. These definitions can be extended

to misclassification rates between k-means matrices introduced in Section 5.3.4.

5.2 Stochastic Block Model

Stochastic Block Model (SBM) with bi-adjacency matrix A € {0,1}™*". We assume
throughout that ny > ny, without loss of generality. We have membership matrices Z, €
H" <k for each of the two sides r = 1, 2, where k, < n, denotes the number communities on

side r. Each element of A is an independent draw from a Bernoulli variable, and

v

A/ MN1MN2

P:=E[A]=7,BZ], B= (5.4)

where B € [0, 1]***2 is the connectivity— or the edge probability—matrix, and ¥ is its

rescaled version. We also use the notation

A~ Ber(P) <= A;; ~ Ber(FP;;), independent across (i,7) € [n1] X [na]. (5.5)

Classical SBM which we refer to as symmetric SBM in this paper corresponds to the following

modifications:
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(a) A is assumed to be symmetric: Only the upper diagonal elements are drawn inde-
pendently and the bottom half is filled symmetrically. For simplicity, we allow for
self-loops, i.e. draw the diagonal elements from the same model. This will have negli-

gible effect in the arguments.
(b) Ny =mng =N, k’lzk’gzkﬁ, 21:ZQZZ.

(c) B is assumed symmetric.

We note that (5.4) still holds over all the elements. Directed SBM is also a special case,
where (b) is assumed but not (a) or (c¢). That is, A is not assumed to be symmetric and all

the entries are independently drawn, while B may or may not be symmetric.

We refer to P as the mean matriz and note that it is of rank at most k := min{ky, k2 }.
Often k < ny,ng, that is P is a low-rank matrix which is the key in why spectral clustering
works well for SBMs. Let us write P in a form which is more suitable for understanding its
spectral properties. We let N, = diag(n,1,...,n,) for r = 1,2 where n,; is the size of the
jth cluster of Z,; that is, N, is a diagonal matrix whose diagonal elements are the sizes of
the clusters on side r. We note that ZTTZT = N,. (To see this, let zz; be the ith row of Z,
and note that Z'Z, = 31" | z,2%. Since z,; € H* each z,,z]; is a diagonal matrix with a

single 1 on the diagonal at the position determined by the cluster assignment of node ¢ on

side r.)

Letting Z, = Z, N, 1/ 2, we observe that Z, is an orthogonal matrix ZTT Z, = Iy, . In other

words, Z, € Q™% and we can write
P=2,BZr, for B:=N*BN,* = N,"*UN,"?,
where we have further normalized N, to get the cluster proportions:

N, := N, /n, = diag(my1, ..., Tk, ), Trj = Mg /0. (5.6)

For sparse graphs, we expect N, and ¥ to remain stable as n, — 0o, hence B remains stable;
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see Remark 4 below. Let B have the following reduced SVD:
B=U,sV} (5.7)

where Uy, € OF** 'V, € OF2>k and X = diag(oy, . . ., 0%), and we recall that k = min{ky, ko }.

It then follows that the mean matrix P has the following reduced SVD
P = (2Uy) 2 (Z:Vy)" (5.8)

where Z,U,, € Q">** and Z,V,, € O"**. When dealing with the symmetric SBM, we will
drop the subscript r from all the relevant quantities; for example, we write N = N; = N,

Z = Zl = ZQ, T; = T = Ty, and so on.

Remark 4 (Scaling and sparsity). Let us comment on the normalization in (5.4). As can be
seen from the above discussion leading to (5.7) and (5.8), this normalization is natural for
studying spectral clustering. In the symmetric case, where n; = ny = n, the normalization
reduces to B = ¥ /n, which is often assumed when studying sparse SBMs by requiring that
either || V||, is O(1) or grows slowly with n. To see why this implies a sparse network, note

that the expected average degree of the symmetric SBM (under this scaling) is

k
1 1 o
—1"P1=-1"NBN1=1"NUN1 = iV =1 dyy
n n ”21777@ j
using 177 = 17N. (Here and elsewhere, 1 is the vector of all ones of an appropriate

dimension; we write 1, if we want to emphasize the dimension n.) Thus, the growth of
the average expected degree, d,y, is the same as ¥, and as long as W is O(1) or grows very
slowly with n, the network is sparse. Alternatively, we can view the expected density of the
network (the expected number of edges divided by the total number of possible edges) as a
measure of sparsity. For the symmetric case, the expected density is (%1TP1) / (’;) ~ oy /10
and is O(n™') if d,y = O(1). Similar observations hold in the general bipartite case if we let

n = y/ning, the geometric mean of the dimensions. The expected density of the bipartite
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network under the scaling of (5.4) is

1P 1 Loy oo oy
— = S 1"NiBN;1 = —=1"NyUN,1 = =, (n = /niny)
n n n

n

where d,, := 1TN;UN,1 = Z” m1m2;W;; can be thought of as the analog of the expected
average degree in the bipartite case. As long as || V||, grows slowly relative to n = \/nins,

the bipartite network is sparse.

5.3 Analysis steps

Throughout, we focus on recovering the row clusters. Everything that we discuss goes
through, with obvious modifications, for recovering the column clusters. Recalling the de-
composition (5.8), the idea of spectral clustering in the context of SBMs is that Z,U,, has
enough information for recovering the clusters and it can be obtained by computing a reduced
SVD of P. In particular, applying a k-means type clustering on the rows of ZlU¢ should
recover the cluster labels. On the other hand, the actual random adjacency matrix, A, is
concentrated around the mean matrix P, after proper regularization if need be. We denote
this potentially reqularized version as A,.. Then, by the spectral perturbation theory, if we
compute a reduced SVD of A,. = 21225 where Z. €Ok r=1,2and 3 is diagonal, we
can conclude that 21 concentrates around Z;U,. Hence, applying a stable (i.e., continuous)

k-means type algorithm on 21 should be able to recover the labels with a small error.

5.3.1 Analysis sketch

Let us sketch the argument above in more details. A typical approach in proving consistency

of spectral clustering consists of the following steps:

1. We replace A with a properly regularized version A,.. We provide the details for
one such regularization in Theorem 3 (Section 5.3.3). However, the only property we

require of the regularized version is that it concentrates, with high probability, around
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the mean of A, at the following rate (assuming ny > ny):
|Ae —EA| < Cva, where a> /—2|¥. (5.9)
ny

Here and throughout || - || is the {5 — {5 operator norm and ||¥| . = max;; ¥;;.

. We pass from A, and P = E[4] to their (symmetrically) dilated versions Al and PT.
The symmetric dilation operator will be given in (5.12) (Section 5.3.2) and allows us
to use spectral perturbation bounds for symmetric matrices. A typical final result of

this step is a bound of the form:

for some Q € OF**. We recall that ||-||r is the Frobenius norm. Here, oy, is the smallest
nonzero singular value of B as given in (5.7). The form of (5.10) will be different if
instead of 21 one considers other objects as the end result of this step; see Section 5.4
(e.g., (5.31)) for instances of such variations. The appearance of @ is inevitable and is a
consequence of the necessity of properly aligning the bases of spectral subspaces, before
they can be compared in Frobenius norm (cf. Lemma 2). Nevertheless, the growing
stack of orthogonal matrices on the RHS of Z; has little effect on the performance of

row-wise k-means, as we discuss shortly.

. The final step is to analyze the effect of applying a k-means algorithm to 21. Here,
we introduce the concept of a k-means matriz, one whose rows take at most k distinct
values. (See Section 5.3.4 for details). A k-means algorithm % takes a matrix X €
R4 and outputs a k-means matrix # (X) € R™?. Our focus will be on k-means
algorithms with the following property: If X* € R"*? is a k-means matrix, then for

some constant ¢ > 0,

~

X — X*2 <& — Mis(H#(X),X*) < ce?/(nd?). (5.11)

Here, Mis is the average misclassification rate between two k-means matrices. As will
become more clear in Section 5.3.4, k-means matrices encode both the cluster label

information and cluster center information, and these two pieces can be recovered from
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them in a lossless fashion. Thus, it makes sense to talk about misclassification rate
between k-means matrices, by interpreting it as a statement about their underlying
label information. 6% = 6%(X*) in (5.11) is the minimum center separation of X* (cf.

Definition 2). In Section 5.3.4, we will discuss k-means algorithms that satisfy (5.11).

Applying (5.11) with X = Z;, X* = Z,UyQ and € = C3ka/o?, and combin-
ing with (5.10) leads to a misclassification rate for the spectral clustering algorithm

(cf. Theorem 2).

The preceding three steps of the analysis follow the three steps of a general spectral
clustering algorithm, which we refer to as reqularization, spectral truncation and kmeans

steps, respectively. Recalling the definition of cluster proportions, let us assume for some

Br =1,

2 Br
max —— < 0 p—q9 Al
() ts Ty 7t T Ky (A1)

The LHS is the maximum harmonic mean of pairs of distinct cluster proportions. For
balanced clusters, we have 7., = 1/k, for all ¢ € [k,| and we can take 8, = 1. In general,
B, measures the deviation of the clusters (on side r) from balancedness. The following is a

prototypical consistency theorem for a spectral clustering algorithm:

Theorem 2 (Prototype SC consistency). Consider a spectral algorithm with a kmeans
step satisfying (5.11), and the “usual” spectral truncation step, applied to a reqularized
bi-adjacency matriz A, satisfying concentration bound (5.9). Let %’(21) be the resulting
estimate for membership matriz Z,, and assume ky = k =: min{ky, kyo}. Then, under the

SBM model of Section 5.2 and assuming (A1), w.h.p.,

~ —

Mis(# (Z1), Z1) < B

—
| 2
~—

Here, and in the sequel, “with high probability”, abbreviated w.h.p., means with prob-
ability at least 1 — n= for some universal constant ¢; > 0. The notation f < g means

f < ¢o g where ¢5 > 0 is a universal constant. In addition, f < g means f < g and g < f.

Proof. The only remaining calculation is that of the minimum center separation of X* =
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7,0 € Rm*k where Z; € Q™% and O := UypQ € QF1xk We have

0* = 0%(410) = 8*(Z0) = min [|ny, e — P |f = min (! + )

where e; € R¥! is the sth standard basis vector. The second equality uses invariance of §2 to
right-multiplication by a square orthogonal matrix. This is a consequence of ||u’ O—vT O, =
|u — v||z for u,v € R* and O € OF** when k; = k; see (5.1). The third equality is from
the definition Z; = Z1N1_1/2. Using (A1),

—1)—1 < 51

(%)~ < max (m + 7)< ey

We obtain, with e = C3ka/o?,

Mis 7N\ 7 e 5N\ 5 g? k a
Mls(%<Zl)’ZI) = MIS<%<ZI)7210> S n162 5 Bl ]{;10-_]%’
which gives the result under the assumption k; = k. u

For (5.11) to hold for a kmeans algorithm, one usually requires some additional con-
straints on £?/(nd?), ensuring for example that this quantity is small. We will restate
Theorem 2 with such conditions explicitly once we consider the details of some k-means
algorithms. For now Theorem 2 should be thought of as a general blueprint, with specific

variations obtained in Section 5.4 for various spectral clustering algorithms.

Remark 5. To see that Theorem 2 is a consistency result, consider the typical case where
B =< 1, and o4 = a, so that Mis(.#(Z,), Z,) = O(a™'). Then, as long as a — oo, i.e.,
average degree of the network grows with n, assuming n; =< ny < n (for some n), we have
Mis(# (Z,), Z1) = o(1), i.c., the average misclassification rate vanishes with high probability.

More specific examples are given in Section 5.4.

Remark 6. Condition (A1) is more relaxed that what is commonly assumed in the literature
(though the proof is the same). Stating the condition as a harmonic mean allows one to have
similar results as the balanced case when one cluster is large, while others remain more or

less balanced. For example, let m,q; = 1 — ¢ for some constant ¢ € (0, 1), say ¢ = 0.4, and let
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7 = ¢/ (k. — 1) for t # 1. Then, we have for s # ¢

2 2
< Qmin{ﬂ-rtawrs} = k. f 1

4
P = S
Tt + s k’"

assuming k, > 2. Hence (A1) holds with 5, = 4. Note that as k, is increased, all but one

cluster get smaller.

In this rest of this section, we will fill in the details of the above three-step plan, starting

with Step 2.

5.3.2 Dilation and SV truncation

Let us define the symmetric dilation operator : R™*"2 — Sm1+n2 Ly

; 0 P
P = o) (5.12)

This operator will be very useful in translating the results between the symmetric and non-

symmetric cases. Let us collect some of its properties:

Lemma 1. Let P € R™*™ have a reduced SVD given by P = USVT where ¥ = diag(o, .. ., oy)

15 a k X k nonnegative diagonal matrixz . Then,

(a) PT has a reduced EVD given by

Pl =W >0 wr, W= R € Qmtn2)x2k,
0 -% V2 \v v
(b) P+ PT is a linear operator; it preserves the operator norm: ||PT|| = ||P]|.

(¢) IPTr = V2| Plr

(d) The gap between k top (signed) eigenvalues of PT and the rest of its spectrum is 20y.

Proof. Part (a) can be verified directly (e.g. WTW = Iy follows from UTU = VIV = I})
and part (d) follows by noting that o; > 0 for all j. Part (b) and (c) also follow directly

from part (a), using unitary-invariance of the two norms. 0
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In addition, let us define a singular value (SV) truncation operator .7, : R"*"2 — R™*"2

that takes a matrix A with SVD A =" oyu;v] to the matrix
k
A®) = T(A) = Zaiuifu?. (5.13)
i=1

In other words, 7 keeps the largest k singular values (and the corresponding singular vec-
tors) and zeros out the rest. Recall that we order singular values in nonincreasing fashion
o1 > 09 > -+ . We also refer to (5.13) as the k-truncated SVD of A. Using the dilation and

the Davis-Kahan (DK) theorem for symmetric matrices, we have:

Lemma 2. Let A,(];) = 2122;"1 be the k-truncated SVD of A,. and assume that the concen-
tration bound (5.9) holds. Let Z,Uy be given by the reduced SVD of P in (5.8). Then, the
deviation bound (5.10) holds for some k X k orthogonal matriz Q, and Cy = 2C.

Proof. Let W and W be the W of Lemma 1(a) for Pt and Af

re)

respectively. Let us also
write W, and /Wl for the (n; + ny) x k matrices obtained by taking the submatrices of W
and W on columns 1,..., k. We have

1 Zl Uy — 1

— 1=

1 — = _ )
V2 \ Z,v, 2

Ny N

Note that W, Wl € Qmtn2)xk et Iy, be the (orthogonal) projection operator, projecting

onto Im(W7), i.e., the column span of Wi, and similarly for g . We have

2
T, — oy, || < 2—||AIe — P (Symmetric DK and Lemma 1(d))
Ok
1
= —||(4e — P)1| (Linearity of dilation)
OK
1
= _”Are - P” (Lemma ].(b))
OK

The next step is to translate the operator norm bound on spectral projections into a Frobe-

nius bound. The key here is the bound on the rank of spectral deviations which leads to a
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Vk scaling as opposed to v/n1 + na, when translating from operator norm to Frobenius:

Qgg?xk H/Wl —WiQllr < [T, — My, ||r (By Lemma 28 in Appendix A.9)
< V2k ([T, =My, || (rank(llg, — Iy, ) < 2k)
V2k
< — A — P
Ok

Since 2||W\1 —WiQ|% = ||21 — Z1U,Q|% + ||22 — Z3VyQ||%, we obtain the desired result

after combining with (5.9). O

Remark 7 (Symmetric case). When P is symmetric one can still use the dilation operator.
In this case, since P itself is symmetric, it has an eigenvalue decomposition (EVD), say
P = UAUT, where A = diag(\;,..., ;) is the diagonal matrix of the eigenvalues of P.
Since these eigenvalues could be negative, there is a slight modification needed to go from
the EVD to the SVD of P. Let s; be the sign of \; and set S = diag(s;,i =1,...,k). Then,
it is not hard to see that with V' = US and ¥ = AS = diag(|\;|,i = 1,...,k), we obtain
the SVD P = UXV7'. In other words, all the discussion in this section, and in particular
Lemma 2 hold with V' = US and o; = |\;|. The special case of Lemmas 1 and 2 for the
symmetric case appears in [LR15]. These observations combined with the fact that the
concentration inequality discussed in Section 5.3.3 holds in the symmetric case leads to the
following conclusion: All the results discussed in this paper apply to the symmetric SBM,
for the version of the adjacency-based spectral clustering that sorts the eigenvalues based
on their absolute values. This is the most common version of spectral algorithms in use.
On the other hand, one gets a different behavior for the algorithm that considers the top
k (signed) eigenvalues. It is also worth noting that we have borrowed the term “symmetric
dilation” from [Trol5] where these ideas have been successfully used in translating matrix

concentration inequalities to the symmetric case.

5.3.3 Concentration

Next we provide the details of Step 1, namely, the concentration of the regularized adjacency
matrix. We will use the non-symmetric version of [LLV17, Theorem 1]. We have the following

slight generalization to the rectangular case:
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Theorem 3. Assume ny < ny and let A € {0,1}"*™ have independent Bernoulli entries
with mean E[A;;] = p;j. Take d > max;; nopi;. Let A, be obtained from A by an arbitrary
reduction of entries, but so that the row sums of A are bounded by 2d. Then, with probability

at least 1 —n=°,

|A,. — EA|| < eVd. (5.14)

The regularization described in Theorem 3 could be achieved, for example, by setting the

entries in any row of A for which the row sum is > 2d to zero. More generally, let
ng
Ty:= {z > Ay > zd} = i+ | Aully > 2d}
j=1

where A;, € R™ is the ¢th row of A. Choose v; € R}?,7 € 7 to be any collection of vectors
such that ||v;]|; < 2d for all i € Z. Then, letting (Aye)i = Aix for all i ¢ Ty and (Are)is = v;

for ¢ € 7 satisfies the regularization described in Theorem 3.

Theorem 3 follows directly from [LLV17, Theorem 1], by noting that we can pad A with
rows of zero to get a square my X ny matrix to which the result of [LLV17] is applicable.
Recalling the scaling of the connectivity matrix in (5.4), and applying Theorem 3 with
d=a> +\/na/n |9 = na2||P||e, we obtain the desired concentration bound (5.9) for the

regularization described in Theorem 3.

Remark 8. Results of the form described in (3) hold for A itself without any regularization
if one further assumes that d 2 logns; see for example [TM10; LR15; CX16] or [BVH+16]
for the more general result with d = max; ) ;Pij- The general regularization for the ad-
jacency matrix is to either remove the high degree nodes as in [CRV15] or reduce their
effect as in [LLV17] and Theorem 3 above. The regularization for the normalized Laplacian
is somewhat different since there the low degree nodes are problematic. The general ap-
proach is to either inflate all the edges by a small amount before forming the Laplacian as
is done in [ACBL+13] and analyzed in [LLV17] (see also [JY13]), or to directly inflate just
the degrees as in [CCT12]. Since similar concentration bounds hold, at least for the former
approach based on the work of [LLV17], much of the results of this paper also apply to the

Laplacian based spectral clustering. The details have been omitted for brevity.
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5.3.4 k-means step

Let us now give the details of the third and final step of the analysis. We introduce some

notations and concepts that help in the discussion of k-means (type) algorithms.

k-means matrices. Recall that H"™* denotes the set of hard (cluster) labels: {0, 1}-valued
n x k matrices where each row has exactly a single 1. Take Z € H"**. A related notion is that
of a cluster matrix Y = ZZT € {0,1}" where each entry denotes whether the corresponding
pair are in the same cluster. Relative to Z, Y loses the information about the ordering of
the cluster labels. We define the class of k-means matrices as follows:

MF = {X € R™: X has at most k distinct rows} (5.15)
’ 5.15

={ZR: Z c H™* . R e R*},

The rows of R, which we denote as !, play the role of cluster centers. Let us also denote the
rows of X as z!. The second equality in (5.15) is due to the following correspondence: Any
matrix X € M}, uniquely identifies a cluster matrix Y € {0,1}"*" via, Y;; = 1 iff z; = x;.
This in turn “uniquely” identifies a label matrix Z up to k! permutation of the labels. From
Z, we “uniquely” recover R, with the convention of setting rows of R for which there is no

label equal to zero. (This could happen if X has fewer than & distinct rows.)

With these conventions, there is a one-to-one correspondence between X € Mf;,d and
(Z, R) € H™k xRk up to label permutations. That is, (Z, R) and (ZQ, QR) are considered
equivalent for any permutation matrix ). The correspondence allows us to talk about
a (relative) misclassification rate between two k-means matrices: If X, Xy € Mfud with

membership matrices Z;, Z, € H™** respectively, we set

M_iS(Xl,X2> = M_iS(Zl,ZQ>. (516)

k-means as projection. Now consider a general X e R™?, The classical k-means prob-
lem can be thought of as projecting X onto MZ, 4> in the sense of finding a nearest member of
I\\/JI’f“ . to X in Frobenius norm. Let us write dp(-, -) for the distance induced by the Frobenius

norm, i.e., dp(X,X) = ||X — X||p. The k-means problem is that of solving the following
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optimization:

dp(X,ME )):= min dp(X,X). (5.17)
’ XeM; ,
The arguments to follow go through for any distance on matrices that has a 5 decomposition

over the rows:

n

dp(X, X)* =) d(d;, ), (5.18)

i=1
where 7 and 27 are the rows of X and X respectively, and d(z;, x;) is some distance over
vectors in R%. For the case of the Frobenius norm: d(;, z;) = |4 —x;]|2, the usual £, distance.
This is the primary case we are interested in, though the result should be understood for the
general case of (5.18). Since solving the k-means problem (5.17) is NP-hard, one can look

for approximate solutions:

Definition 1. A k-approximate k-means solution for X is a matrix X € th 4 that achieves

k times the optimal distance:

dp(X,X) < kdp(X,ME ). (5.19)

We write P, : R™% +— M , for the (set-valued) function that maps matrices X to k-

approximate solutions X.

An equivalent restatement of (5.19) is

dp(X,X) < rkdp(X,X), VX €M}, (5.20)

Note that P,(X) = {X € ME X satisfies (5.20)}.

Our goal is to show that whenever X is close to some X* € Mf;, 4» then any k-approximate
k-means solution based on it, namely X e PH(X' ) will be close to X* as well. This is done

in two steps:

1. If the distance dp(X, X) between two k-means matrices X, X € M ; is small, then

their relative misclassification rate Mis(X, X) is so.
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2. If a general matrix X € R is close to a k-means matrix X € thd, then so is its

k-approximate k-means projection. More specifically,
dr(X,X) < (1+K)dr(X,X), VX € P.(X). (5.21)

This immediately follows from the triangle inequality dp(X, X) < dp(X, X)+dp(X, X)
and (5.20). We will write (5.21) compactly as

dp(Pu(X), X) < (14 k) dp(X, X) (5.22)

interpreting dp(P.(X), X) as MaXgcp, (%) dp(X, X).

Combining the two steps (taking X = X*), we will have the result.

Let us now give the details of the first step above. For this result, we need the key
notion of center separation. k-means matrices have more information that just a membership
assignment. They also contain an encoding of the relative positions of the clusters, and hence
the minimal pairwise distance between them, which is key in establishing a misclassification

rate.
Definition 2 (Center separation). For any X € Mfl 4> let us denote its centers, i.e. distinct

rows, as {¢,(X),r € [k]}, and let

0r(X) = min d(q,(X), ¢(X)),  0A(X) = mino, (X). (5.23)

In addition, let n,.(X) be the number of nodes in cluster r according to X, and n,(X) =

min, n,.(X), the minimum cluster size.

If X has m < k, the convention would be to let ¢x(X) =0 for k =m+1,... k. We
usually do not work with these degenerate cases. Implicit in the above definition is an

enumeration of the clusters of X. We note that definition of §, = 6,(X) in (5.23) implies

d(qe(X), ¢, (X)) > max{dp, 0, }, ¥V(r,0): r#L. (5.24)

We recall that Mis,(X;X) is the misclassification rate over the rth cluster of X (Sec-
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tion 5.1).

Proposition 2. Let X,)Af € Mﬁ,d be two k-means matrices, and write n, = n.(X), ny =

na(X) and 6, = 6,(X). Assume that dp(X,X) < e and

(a) X has exactly k nonempty clusters, and
(b) c72e2/(62n,) < 1 forr € [k], and constants ¢, > 0 such that ¢, +c, < 1, r # (.

Then, X has exactly k clusters and

C—2 2

. > e
Mis, (X; X) < E Vr e [k]. (5.25)

r

In particular, under the conditions of Proposition 2 with ¢, = 1/2, we have

4¢? 4¢?

min, 7,02 = np62’

4¢?

Miso (X, X) < o7

Mis(X, X) <

where the second one follows from the identity Mis(X, X) = S (n,/n) Mis, (X, X). The
proof follows the argument in [LR15, Lemma 5.3] which is further attributed to [Jinl5].

Combining Proposition 2 with (5.21), we obtain the following corollary:

Corollary 2. Let X* € M ; be a k-means matriz, and write n, = n.(X*), nx = n\(X*)

and 6, = 6,(X*). Assume that X € R"™ is such that dp(X*, X) < & and

(a) X* has exactly k nonempty clusters, and

(b) ¢, (1+k)?*?/(62n,) < 1 forr € [k], and constants ¢, > 0 such that ¢, +c, < 1, r # L.
Then, any X € Pu(X) has exactly k clusters and

2 (1 + k)22

Mis, (X*; P (X)) < ,
i (X5 Pa(X) < =

vr € [K]. (5.26)

As before, Mis,(X*, P.(X)) should be interpreted as MaX gep () Mis, (X*, X), that is,

the result hold for any k-approximate kmeans solution for X. In particular, under the
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conditions of Corollary 2 with ¢, = 1/2, we have

4(1 4+ k)2 e 4 (1+ k)22

. * > < )
Miseo (X*, P (X)) < er R PR (5.27)
- R 4(1 2.2
Mis(X*, P, (X)) < (+—f)5 (5.28)
noz

Proof of Corollary 2. Using (5.21), we have dp(X*, X) < (1 + k)e for any X € P.(X). We
now apply Proposition 2 to X* and X , both k-means matrices, with (1 + x)e in place of
E. [

Proof of Proposition 2. Let C,. denote the rth cluster of X, having center ¢, = ¢,(X). We

have |C,| = n,. Let 27 and Z7 be the ith row of X and X, respectively, and let
T, ={ieC : dz;q)<cd}={i€lC: dz;,x;) < ¢}

using x; = ¢ for all ¢ € C, which holds by definition. Let S, = C, \ T,.. Then,

15,0282 < Y d(Fi2.)’ < ¥ = 5, e (5.29)
rirYr — 1y Ve = ’Cr’ ~ n,@? . .

i€ Sy

where we have used assumption (b). It follows that S, is a proper subset of C,., that is, T} is

nonempty for all r € [k].

Next, we argue that if two elements belong to different T,.,r € [k], they have different
labels according to X. That is, i € T,., j € T, for r # ¢ implies z; # ;. Assume otherwise,

that is, ; = x;. Then, by triangle inequality and ¢, + ¢, < 1,
d(q}m qg) S d(Qka iz) + d(q& 5]) < Crér + CECSZ S max{ér; 5E}

contradicting (5.24). This shows that X has at least k labels, since all T} are nonempty;,

hence exactly k labels, since X € I\\/Jlfj 4 by assumption.

Finally, we argue that if two elements belong to the same 7)., they have the same label
according to X. This immediately follows from the previous step since otherwise there will
be at least k + 1 labels. Thus, we have shown that, for all r € [k], the labels in each T, are

in the same cluster according to both X and X , that is, they are correctly classified. The
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Algorithm 3 SC-1

1: Apply degree-reduction regularization of Theorem 3 to A to obtain A.
2: Obtain the k-truncated SVD of A, as A = ZlfJZQT See (5.13).

3: Obtain a x-approximate kmeans solution for input 21, that is, PK(El).

misclassification rate over cluster C, is then < |S,|/|C,| which establishes the result in view

of (5.29). 0

5.4 Consistency results

We now state our various consistency results. We start with a refinement of Theorem 2 for

the specific algorithm SC-1 given in Algorithm 3.

Theorem 4. Consider the spectral algorithm SC-1 given in Algorithm 3. Assume ky = k =:
min{ky, ko }, and for a sufficiently small C > 0,

kao,? <C(1+k)2
Then, under the SBM model of Section 5.2, w.h.p.,
Mis(Po(Z)), Z) < (1+ 5)251<U%>.
where By is given in (Al) and a is defined in (5.9).

Proof. Going through the three-step plan of analysis in Section 5.3, we observe that (5.9)
holds for A, by Theorem 3, and (5.10) holds by Lemma 2. We only need to verify conditions
of Corollary 2, so that k-approximate kmeans operator P, satisfies bound (5.11) of the
kmeans step. As in the proof of Theorem 2, X* = Z,0 € R"** where Z; € O™** and
O :=UyQ € O"**, Clearly, X* has exactly k distinct rows (recalling k = k;). Furthermore,

using the calculation in the proof of Theorem 2,

N1

ny 07 = nyy mi;g(nﬂl +nyl) = min(14+ —) > 1.

st sF£t Nig
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Algorithm 4 SC-RR

1: Apply degree-reduction regularization of Theorem 3 to A to obtain A.
2: Obtain the best rank k& approximation of A,., that is, AW — Ti(Are). See (5.13).

3: Output € PH(A%)), i.e., a k-approximate kmeans solution for input AW,

Recalling that e = Cika/o?, as long as
41+ k)?e* =4C5(1 + k)’ kajop < 1 < ny, 5}

condition (b) of Corollary 2 holds and P, satisfies (5.11) with ¢ = 4(1 + k)? as in (5.27).

The rest of the proof follows as in Theorem 2. n

One can take x to be a fixed small constant say 1.5, since there are k-approximate kmeans
algorithms for any x > 1. In that case, (1 + x)? can be absorbed into other constants, and

the bound in Theorem 4 is qualitatively similar to Theorem 2.

Reduced-rank SC. We now consider a variant of SC suggested in [YP14; GLMZ16],
where one uses the entire rank k approximation of A.., and not just the singular vector
matrix 21, as the input to the k-means step. The approach, which we call reduced-rank SC,
or SC-RR, is detailed in Algorithm 4. Recall the SV truncation operator .7, given in (5.13).
It is well-known that .7, maps every matrix to its best rank-k approximation in Frobenius

norm, i.e.,
Fi(Are) = min {||[R — Ay : rank(R) < k}
with the approximation error satisfying
| Fk(Are) = Arell = np1(Are)- (5.30)

SC-RR uses this best rank-k approximation as a denoised version of A,. and runs a k-
means algorithm on its rows. To analyze SC-RR, we need to replace bound (5.10) in Step 2
with an appropriate modification. The following lemma replaces Lemma 2 and provides the

necessary bound in this case.
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Lemma 3. Let AS»]Z) = Ti(Aye) be the k-truncated SVD of A,. and assume that the concen-
tration bound (5.9) holds. Then,

|A®) — P||p < CV8ka. (5.31)
Proof. Throughout the proof, let || - || = || - || be the operator norm. Recall that P = EA is

the mean matrix itself, and let A, := A,. — P. By Weyl’s theorem on the perturbation of
singular values, |0;(Awe) — 0:(P)] < ||Are]| for all i. Since op41(P) = 0 (see (5.8)), we have

0k+1(Are) S ||Are||a hence

AR — Pl < |JA®) — A|| + || Al (triangle inequality)
= Ok-‘rl(Are) + ||Are|| (by (530))
< 2| Arel] (Weyl’s theorem).

Thus, in terms of the operator norm, we lose at most a constant in going from A, to AW,
However, we gain a lot in Frobenious norm deviation. Since A,. is full-rank in general,
the best bound on A,. based on its operator norm is [|A.llr < /7n [|[Are]| Where n, =
min{ny, ny}. On the other hand, since AW _ P s of rank < 2k, we get

1A% = Pllr < V2K[IAR) = P|| < 2V2K| Ase].

Combining with (5.9), that is, ||A.|| < Cy/a, we have the result. O

Comparing with (5.10), we observe that (5.31) provides an improvement by removing
the dependence on the singular value gap o;. However, we note that in terms of the relative
error, i.e., HAQZ) —P||r/||P||F this may or may not be an improvement. There are cases where
|P||p =~ Vkoy, in which case the relative error predicted by (5.31) is O(y/a/oy), similar to

the relative error based on (5.10); see Example 3 below.

Following through the three-step analysis of Section 5.3.1, with (5.10) replaced with (5.31),
we obtain a qualitatively different bound on the misclassification error of Algorithm 4. The
key is that center separation of P treated as a k-means matrix is different from that of

Z,UyQ. Note that P is indeed a valid k-means matrix according to Definition (5.15); in
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fact, P € MM Similarly, PT € M2 Let us define

ni,n2’ nz,ni’

ko
U7, = mi Uy — Uy 32
1A (;{)1:1?# a Toe(Wsr 1) (5.32)
~ ]€2
ot = ( I{)l.in# [Flt ZW%(‘I’se — Wy)?|. (5.33)
s0): s —1

Theorem 5. Consider the spectral algorithm SC-RR given in Algorithm J. Assume that

for a sufficiently small C; > 0,
ka U2 < Ci(1+ k)72 (5.34)

Then, under the SBM model of Section 5.2, w.h.p.,

Mis(P.(A®), P) < ¢t (1+Ii)2< ha )

where a is defined in (5.9).

Proof. We only need to calculate §(P) = J,(P) the minimum center separation of P viewed

as an element of M Recall that

P=2BZl = 2N, P(N}PUN}ZE = n 2 200N} P 2T

Let e, be the sth standard basis vector of R*'. Unique rows of P are ¢! := nl_l/QeZ(\I/N;/Q)ZQT
for s € [k1]. We have

s = all3 =y 1 22520 (e = o)l
_ k2
=07 [Ny 20T (e — e)|I3 = ny! Zﬁze(q’sf — Uy)?.
=1
It follows that 02(P) = miny, [lgs — ¢l]3 = ny'¥},. We apply Corollary 2, with X* = P
and X = A,(fé), taking e = 8C?ka according to Lemma 3. Condition (b) of the corollary
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holds if
ko
32C*(1 + k)’ka = 4(1 + K)*e* < ny, 62(P) = 7y mi;gt Z?TQ@(\I/Sg — Uyy)?
s s —

for all t € [k1], which is satisfied under assumption (5.34). Corollary 2, and specifically (5.27)

gives the desired bound on misclassification rate < 4(1 + x)?e%/(n.16%(P)). O

As is clear from the proof, one can take C; = 1/(32C?) where C is the constant in

concentration bound (5.9). Condition (5.34) can be replaced with the stronger assumption
ka (ma 05 )7 < Ci(1+ k)7 (5.35)

where 7y, 1= miny ¢ ,) Ty, since 2 A leA\IJ% A

Although the bounds of Theorems 4 and 5 are different, surprisingly, in the case of the

planted partition model, they give the same result as the next example shows.

Example 3 (Planted partition model, symmetric case). Let us consider the simplest sym-
metric SBM, the symmetric balanced planted partition (SBPP) model, and consider the
consequences of Theorems 4 and 5 in this case. Recall that in the symmetric case we drop
index r from k., n,, n,;, Ny, By, ¥, and so on. SBPP is characterized by the following

assumptions:

1
U =bE,+ (a—b)I, a>b, m=mn;/n= o vy € [k].

Here, Ej;, € R*** is the all ones matrix and balanced refers to all the communities being of
equal size, leading to cluster proportions m; = 1/k. In particular, 5 = 1, as defined in (A1).
We have B = NY/2UNY2 = U /k, recalling N = diag(r;). Hence, the smallest singular value

of B is o, = (a — b)/k. Theorem 4 gives the following result:

Corollary 3. Under the SBPP model, as long as k*a/(a — b)? is sufficiently small, SC-1

has average misclassification error of O(k®a/(a — b)?) with high probability.

Now consider SC-RR. Using definitions (5.32), we have kU2 = U2 = 2(a — b)?/k. Then,

Theorem 5 gives the exact same result for SC-RR:
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Figure 5.1: An example of the performance boost of SC-RR (or SC-RRE) relative to SC-1. The
data is generated from the bipartite version of Example 4 with ny = 2n; = 1000, k1 = ko = 4,
e = Ny /ky for all £ € [k,], r = 1,2, and ¥ = 20F4 + diag(16, 16, 16, 2) similar to (5.36). The key is
the significant difference in the two smallest diagonal elements of W. The plot shows the normalized
mutual information (a measure of cluster quality) between the output of the two spectral clustering
algorithms and the true clusters, as b varies. Only row clusters are considered. The plot shows
a significant improvement for SC-RR(E) relative to SC-1 over a range of b. As b increases, the
relative difference between W33 and W44 reduces and the model approaches that of Example 3,
leading to similar performances for both algorithms as expected. It is interesting to note that the
monotone nature of the performance of SC-RR(E) as a function of b and the non-monotone nature
of that of SC-1 is reflected in the upper bounds (5.37) and (5.38).

Corollary 4. Corollary one holds with SC-1 replaced with SC-RR.

Results of Corollary 3 and 4 are consistency results as long as k%a/(a — b)* = o(1). A
typical example is when & = O(1), a = agfn, b = by fn, ag < 1 and by < 1 for some f, — oo

as n — co. Then, SC-1 and SC-RR are both consistent at a rate O(f,1). O

Let us now give an example where SC-1 and SC-RR behave differently.

Example 4. Consider the symmetric balanced SBM, with
. ..
U = bE, + diag(ay, . .., o), Wj:nj/n:E, vy € [k]. (5.36)

As in Example 3, we have dropped the index r determining the side of network in the

bipartite case. Let us assume that a; > ag > -+ > a5 > 0. We have

k@i =0l =k rggl (Wyp — Wy)? = k™ + af).
¢
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Thus, Theorem 5 gives the following: With p defined as follows:

p =k (5.37)

ap_y +ai’
as long as kp is sufficiently small, SC-RR has average misclassification error O(p) with high
probability.

To determine the performance of SC-1, we need to estimate oy, the smallest singular
value of B = NY2WUNY2 = W/k. Since ¥ is obtained by a rank-one perturbation of a
diagonal matrix, it is well-known that when {«a;} are distinct, the eigenvalues of ¥ are
obtained by solving S>> 1/(a; — A) = —1/b; the case where some of the {4} are repeated
can be reasoned by the taking the limit of the general case. By plotting A — Zle 1/(cy—A)
and looking at the intersection with A — —1/b, one can see that the smallest eigenvalue of
U, equivalently its smallest singular value, is in [oy, ag_1], and can be made arbitrarily close
to ag by letting b — 0. Letting ay + e(a;b) denote this smallest singular value, we have

0 <éeg(a;b) - 0asb—0.

It follows that o = 0% (B) = k' (ay + ex(a;b)). Theorem 4 gives the following: With p
defined as

]{}2 O[l—f—b

(g + er(a;0))?’ (5.38)

pi=

as long as kp is sufficiently small, SC-1 has average misclassification error O(p) with high
probability.

Comparing (5.38) with (5.37), the ratio of the two bounds is (a2_,+a2)/(ax+er(a;b))? —
1+ (a—1/c)? as b — 0. This ratio could be arbitrarily large depending on the relative sizes of
ar and ag_1. Thus, when the bounds give an accurate estimate of the misclassification rates
of SC-1 and SC-RR, we observe that SC-RR has a clear advantage. This is empirically
verified in Figure 5.1, for moderately dense cases. (In the very sparse case, the difference is
not very much empirically.) In general, we expect SC-RR to perform better when there is

a large gap between o, and o4_1, the two smallest nonzero singular values of B.
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Algorithm 5 SC-RRE

1: Apply degree-reduction regularization of Theorem 3 to A to obtain A.
9. Obtain A% = Z,2Z7 the k-truncated SVD of A,.

3: Output & (2153) where £ is an isometry-invariant x-approximate kmeans algorithm.

Efficient reduced-rank SC. The SC-RR algorithm discussed above has the disadvantage
of running a k-means algorithm on vectors in R" (the rows of AQZ), or in the ideal case the
rows of P). We now introduce a variant of this algorithm that has the same performance
as SC-RR in terms of misclassification rate, while computationally is as efficient as SC-1.
This approach which we call efficient reduced-rank spectral clustering, SC-RRE;, is detailed
in Algorithm 5. The efficiency comes from running the k-means step on vectors in R*¥ which

is usually a much smaller space than R™ (k < n in applications).

For the k-means step in SC-RRE, we need a k-means (type) algorithm % that only uses
the pairwise distances between the data points. We call such k-means algorithms isometry-

muoariant:

Definition 3. A k-means (type) algorithm ¢ is isometry-invariant if for any two matrices

20 Wy =

X g Ry = 1,2, with the same pairwise distances among points—i.e., d(z; ", J

d(z?, xgz)) for all distinct 7, € [n], where (2")7 is the ith row of X —one has

K3 K3

Mis( 2 (X)), o7 (X®)) = 0.

Although the rows of # (X™) and .# (X ?) lie in spaces of possibly different dimensions,
it still makes sense to talk about their relative misclassification rate, since this quantity
only depends on the membership information of the k-means matrices and not their center
information. We have implicitly assumed that d(-,-) defines a family of distances over all
Euclidean spaces R%,d = 1,2,.... This is obviously true for the common choice d(x,y) =
|z — yllo. If algorithm % is randomized, we assume that the same source of randomness

is used (e.g., the same random initialization) when applying to either of the two cases X

and X @,

The following result guarantees that SC-RRE behaves the same as SC-RR when one

uses an isometry-invariant approximate k-means algorithm in the final step.
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Theorem 6. Consider the spectral algorithm SC-RRE given in Algorithm 5. Assume that
for a sufficiently small C; > 0, (5.34) holds. Then, under the SBM model of Section 5.2,

w.h.p.,

SR (Zi8). P) < O (14 1) ().

Proof. Recall that AW — /Z\lXAZZ\QT is the k-truncated SVD of A,.. Let X = Z,3 and
X® = A% and let ()7 and (2*)7 be their ith rows, respectively. Then,

|2y — 2| = | Za(al” — )]l = |2V — 2P la, Vi # 5,

using Z, € Q"% and (5.1). Isometry-invariance of ¢ implies Mis(.# (Z;3), H(ADY)) = 0.
Since Mis is a pseudo-metric on k-means matrices, using the triangle inequality, we get

Mis (#(Z,%), P) < Mis (¢ (Z,%), # (AP)) + Mis (2 (AP), P)

re

= Mis (o (AW), P).

re

(In fact, using the triangle inequality in the other direction, we conclude that the two sides

are equal.) The result now follows from Theorem 5. ]

5.4.1 Results in terms of mean parameters

One useful aspect of SC-RR/(E) is that one can state its corresponding consistency result in
terms of the mean parameters of the block model. Such results are useful when comparing
to the optimal rates achievable in recovering the clusters. The row mean parameters of the
SBM in Section 5.2 are defined as Ay := By noy for (s,£) € [k1] X [k2] which we collect in a

matrix A = (Ay) € R¥>**2. To get an intuition for A note that
E[AZ,] = PZs = ZiBN, = Z1A.

Each row of AZ; is obtained by summing the corresponding row of A over each of the
column clusters to get a ko vector. In other words, the rows of AZ, are the sufficient

statistics for estimating the row clusters, had we known the true column clusters. Note that
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E[(AZs)i] = 2L A, where the notation (-);, denotes the ith row of a matrix. In other words,
we have E[(AZs):x] = As if node i belongs to row cluster s. Let us define the minimum

separation among these row mean parameters:
A2 :=min || A, — A’ (5.39)
t#s

We have the following corollary of Theorem 5 which is proved in Appendix A.8.

Corollary 5. Assume that 7, := min, 7,y > (B,k.)"" forr =1,2, and let k = min{ky, ko }
and a = ny/ny. Consider the spectral algorithm SC-RR given in Algorithm j. Assume that
for a sufficiently small Cy > 0,

Al _
Blﬁzkklkzoz”A! <Ci(1+k)72 (5.40)

A

Then, under the SBM model of Section 5.2, w.h.p.,

[[A oo
AZ

Mis(P(AY), P) < O (14 5)* Bk ka

We note that the exact same result as Corollary 5 holds for SC-RRE assuming the

k-means step uses an isometry invariant algorithm as discussed in Section 5.4.
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CHAPTER 6

Provable version

When analyzing Algorithm 2, we need the initial labels to be independent of the adjacency
matrix. Hence, we cannot apply the initialization method (e.g., the spectral clustering) and
the likelihood ratio classifier (Algorithm 2) on the same adjacency matrix A, iteratively. In
this section, we introduce an algorithm, namely Algorithm 3, that partitions A into subblocks
and operates iteratively on collections of these blocks to maintain the desired independence.

For this version of the pseudo-likelihood algorithm, our main result, Theorem 1, holds.

Let us assume that n and m are divisible by 2¢) = 8. This assumption is not necessary

but helps simplify the notations. Let us write
y =1owSC(A), Zz = colSC(A)

to denote labels obtained by applying the spectral clustering, respectively, on rows and
columns of the adjacency matrix A, the details of which are discussed in Chapter 5 below.
We have colSC(A) = rowSC(AT). We also recall the LR classifier defined in (4.14). For
matrices (or vectors) A and B, we use [A; B] to denote column concatenation and [A B] to

denote row concatenation.

The general idea behind the partitioning scheme used in Algorithm 3, which is done by
sequential sampling without replacement, is to ensure that in each step where the LR classifier
is applied, the initial labels used are independent of the subblock of the adjacency matrix
under consideration. We do not require, however, that the initial labels be independent of
the estimates of the mean parameters A, since—as will be seen in Chapter 7.1—we have
uniform consistency of the LR classifier over all A close to the truth. For example, in step 7,
that is, in the assignment @ « LR(A@e+2) AW@+2) 5(4+2)) the claim is that 2@t2—at that

stage in the algorithm—is independent of A%+ but not necessarily of A+2 . This will
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Algorithm 3 Provable version

1: Randomly partition the rows into 2 groups of equal size (n/2), so that
A= [Atop ; Abottom]

2: Randomly partition the rows and columns of Ay, into 4 groups of equal size, so that we

have 16 sub-adjacency matrix with dimension (n/8) x (m/4), i.e

ALD - A12) 0 A13) 4014
AL A22) A23) 424
ABLD  AB2) AB3)  4B4)
AAD  A@42) A(43) 4(44)

Abottom =

In each of the following steps, perform the stated operation for every ¢ € Zy:

3: Obtain initial row labels: [797; §@] « rowSC ([Al-19); A@d]) | vg.
4: Obtain initial column labels: (2@ 2(@+D] «+— colSC([AD) A(q’q“)]), vq.

5: Get consistent (global) labels: y < MATCH(y,7') and Z «+ MATCH(Z, 2').

6: Update (local) row mean parameters: A2 2 (A1) o) z@+2)) g,

7: Update row labels: 7@  LR(A@at2) Alat2) za+2)) vy

8: Similarly update column labels Z as in steps 6 and 7.

9: Update (local) row mean parameters: A43) 2 (A@at3) o) za+3)) g,

10: Obtain (global) row mean parameters: A > A@

11: Utop < LR(Atop, A, 2).
12: Swap Agop and Apottom, then repeat steps 2-9 to obtain Ynottom-
13: Y < [Ytop 5 Ubottom]-

14: Apply step 1 to 10 on AT to obtain Z.

become clear in the following discussion where we keep track of the dependence of various
estimates through the algorithm. Note that in the description of Algorithm 3, we are using
the computer coding convention for in-place assignments, e.g., z2¢ gets updated in place and

refers to different objects at different points in the algorithm.

Figure 6.1 illustrates the partitions used in steps 2-9 of the algorithm. The collection of
the submatrices in the partition is given a name in each case. For example, G$*! consists of
the four submatrices in Figure 6.1(a). Note that {G$°', Gy, G5} form a complete partition of

the matrix into disjoint blocks. Also, G and G%°" involve the same elements of the matrix,
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Az Au Az Au A A Ay A A A
Azt |Ax Azg An A Axn A Ax Az Az Ax
Asr Az |Asz A Az Asz Ass Az Az Asz Az
Agx Az | Ay A Ass Ay Agz Asg An Ap e

(a) GS°' (Step 3) (b) G (Step 4)  (c) G (Steps 6, 7) (d) G (Step 9)

Figure 6.1: The four stages of partitioning in Algorithm 3. In each case, the collection of submatrices
in the partition is given a name which is used in the text. We have used the shorthand A,, = Alad)
for simplicity. Block used in obtaining initial labels (a-b), in obtaining the first local parameter
estimates (c), and in the first application of LR classifier (d).

i.e. they cover the same portion of A. Thus, {G}°Y, G2, G5} is also a complete cover of A

with disjoint blocks. Let us write G for the common portion of A covered by GS°' and GV,

Steps 3 and 4 operate on blocks in G$°! and G%°" respectively, producing initial row and
column labels. For example, in step 3, we apply row SC on each submatrix specified in
Figure 6.1(a) and obtain the label vectors (from the leftmost submatrix to the rightmost

one):
Y5 g0, g 7@, 5@ g, 5o s g, (6.1)

As a result of these steps, we obtain two sets of row labels § = (79 : ¢ € Z,) and
7 = (79 : q € Zy), and similarly for the columns labels. Neither of § or ¢ is necessarily a
consistent set of labels for the whole matrix, since the cluster labels for individual pieces y(@
and '@ need not match (e.g., cluster 1 in one piece could be labeled cluster 2 in another
piece.). However, if the subblock labels (6.1) are sufficiently close to the truth, we can use the
overlap among them to find a global set of labels that are consistent with each block of ¢ and
¢'. This is what the MATCH operator in step 5 does, as will be detailed in Chapter 6.1. The
resulting updated global row and column labels only depend on G portion of A. Steps 6-13
go through the following phases:

First local parameter estimates (step 6): Having obtained good initial (global) row
and column labels, in Step 6, we obtain estimates of the local mean parameters A+ for
the submatrices in Gy as in Figure 6.1(c). Note for example, that Al+2) computed in
this step depends on blocks A@4t2) and on Gy through 2(4t? . Collectively, the estimates
{]\(q+2) : q € Zy4} in Step 6 depend on G; U Gy portion of A.
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First LR classifier (steps 7-8): Using the estimates of the (local) row mean param-
cters, in Step 7, we apply the LR classifier, §@ < LR(A@e+2) A@+2) 2(@+2)) to cach of the
submatrices in Gy (in Figure 6.1(c)). Here, A@+? depends on the same block A2 on
which we apply LR classifier, but the dependence is not problematic due the uniform consis-
tency of LR classifier in parameters (Lemma 5). However, we note that 7(a+2) is a function
of G blocks of A, hence independent of A@9+2) which is key in our arguments. We will
similarly apply the LR classifier on the columns of G5, and obtain (9. By the end of step 8,
the updated labels § and Z will depend on blocks in GG; U Ga; these labels will be much more
accurate (Mis ~ exp(—1/@Q)) than the initial labels obtained by spectral clustering.

Second parameter estimates (steps 9-10): Using the more accurate labels of step 8,
we obtain the local mean parameters A3 in step 9 for the submatrices in Gj (Fig-
ure 6.1(d)). This step is similar to step 6, but due to the much more accurate labels,
the parameter estimates are much more accurate as well. Since the global mean parameter
is the sum of local mean parameters, i.e. A = qu[Q] AD | we use A = Zq A@ to estimate
A in step 10. It is worth recalling that the true local mean parameters, do not depend on

the block row index; see (4.6).

Second LR classifier (step 11): Using the more accurate estimates of (global) row
mean parameters A from step 10 and the more accurate labels Z in step 8, in step 11
we apply the LR classifier ¥, LR(Atop,A, Z) on Aiop. We note that Ay, in this step
is independent of Z (as well as A) This second LRC application is what brings us from
very accurate labels (Mis &~ exp(—1/@Q)) to almost optimal (Mis = exp(—1)), as argued in
Chapter 8.

Bottom half (steps 12—13): The same process is repeated in step 12, after swapping
the top and bottom halves of A, to get the bottom portion of the row labels. No matching is
required in step 13 when concatenating the top and bottom pieces to form a global set of row

labels . This is because the LR classifiers produce the same cluster labels; see Chapter 8.

6.1 Matching step

Let us describe the details of the matching step in Algorithm 3. Although, the idea is

intuitively clear, formally describing the procedure is fairly technical. In order to understand
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)7(2)

Figure 6.2: Pictorial depiction of the matching step. (a) Two-block and subblock optimal permuta-
tions to the truth. When 412 ~ y(12), we have o1 = o4 = 012 and similarly 723 ~ 23 implies
09 = 04 = 09,3. (b) Commutative diagram depicting how the missing permutation o ' o o can be
obtained by matching observed labels 7/(2) and §(?). See Chapter 6.1 for details.

the idea, consider the two-block labels §(@~19) := [gle=V . 7@] for ¢ = 2,3, that is,

(1)

gh =g g, gt = [ g,

We will detail how these two sets of labels can be fused together to generate a set of consistent
labels for the three-block true label vector y*3) := [y(1);y2):43)]. The two (overlapping)

two-blocks of the true label vector are also denoted as

y =Wy, @ = [y®; @)

More generally, we let y@= 59 = [3(@=1) . 4(9] similar to the notation for estimated blocks.

Recall our notation o*(- — ) for (an) optimal permutation between two sets of labels

(cf. Chapter 5.1). Let us define
Ogotqi=0" (g(q—l,q) N y(tz—l,q))7 0y = U*(g(q) N y(Q))’ 0; = 0*@'(!}) N y(Q))‘ (6.2)
Thus, for example we have

7(1:2)

oo =0 (" = y?), oy =0"G? = y?), of =" (G® - y¥),

and so on, as depicted in Figure 6.2(a). In other words, each of these permutations is the
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optimal permutation from the corresponding block of the underlying estimated label to that
of the truth. Let us write (1% ~ y(1? to mean that the two sets of labels are sufficiently

close (to be made precise later).

The first claim is that §? ~ y(1? implies that the underlying subblocks have the same
optimal permutation to the truth as the original two-block label, i.e.,

~(172)

7 (1,2)

~o — ,_
=y = 01 =09 =012

(2:3) oy /(2:3)

and similarly y = 09 = 04 = 033. The second claim is that each subblock
has “almost” the same misclassification error as the bigger two-block. To see this, recall the
direct misclassification rate introduced in Chapter 5.1, i.e., misclassification rate without

applying any permutation (or equivalently with the identity permutation). We have
dMis (09,35, y*?) = Mis (5@, y*9) <e. (6.3)

where the inequality is by assumption (¢ being the rate achieved by the spectral clustering

algorithm). A similar expression holds with (2, 3) replaced with (1,2). Now (6.3) implies
dMis (a2(§®), y®@) = dMis (09,3(5®),y?) < 2e = ¢’ (6.4)

where the equality uses 0y = 033. To see the inequality, let ng 3, no and ng be the lengths of

y(273)7 y(z) and /y(3) Then,

n . -
dMis (o23(5%), y*) = n—2 dMis (a23(5%), y?) + n_ dMis (o23(5'®), y®)
2,3 23

and the result follows since we have ny = ng = ng3/2 by construction. Note that dMis has the
property of being easily distributed over subblocks as opposed to Mis. Similarly to (6.4), we
obtain dMis (o4(§®), y®) < &’ considering the second component of §*? and y*%. Apply-
/

ing the same argument to indices (1,2), we conclude similarly that dMis (01 (gj(l))a y(l)) <e
and dMis (o (5'?),y?) < ¢
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Now consider the following three block vector undergoing transformation

a1(gM) oy oo (gV) a3 oo () a3 ooy (gh)
09 (g(2)> — 0'2_1 0 09 (9(2)) i} g(2) i> g(Z)
a5(5¥) a3 0 oy (5?) g% g

The leftmost vector has dMis of at most ¢ relative to 32?) by the previous arguments,
and since Mis < dMis, we have the same bound on Mis rate for the leftmost vector. The
first transformation keeps the same Mis rate since we are applying a single permutation o *
to all elements. The second transformation is in fact an equality, using o} = oy established
earlier. The third transformation/equality follows similarly by o1 = o}. Thus, if we can

1

recover o, - o g, from data, we can construct a consistent three-block label having Mis < ¢’.

The third and final claim is that this is possible, and in fact we have

oy ooy =o'y — §@) (6.5)
that is, o, ' oo, can be obtained (assuming ¢’ is sufficiently small) by optimally matching 7/
to §?, both of which we observe in practice. See the commutative diagram in Figure 6.2(b).
In order to make the above argument precise, we need to justify the first and third claims. We
will discuss the details in Chapter 7.4. The above matching process can be repeated over all
the two-blocks §9~19 to get a consistent set of global labels whose overall misclassification

rate is no more than twice that of the original two-blocks (cf. & versus €).

6.2 Results for Algorithm 3

6.2.1 General initialization

Before studying the spectral initialization, let us give a general bound on the misclassification
rate of Algorithm 3, assuming sufficiently good quality initial labels. In particular, assume

that the initial labels obtained in steps 3 and 4 of the algorithm are 7;-good in the sense
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of (B3), with ~; satisfying

< |: ]. ( Imin A ]rcnolln >:| /\1 (6 6)
= 1384620 \SL| A 16K]|T]| 4 '

Any other initialization algorithm besides spectral clustering can be used, as long as the

above guarantee on its output holds. We also need the following weaker version of (A4):

L AT qa
min 2 Limin f 0, A4
QlogQ(KvL)] ) or some @ = (A4)

B[l V IITllse) = o |

Theorem 7. Assume that the model parameters satisfy I, A 1 — 00, Apm — 00,

(A3) and (A4), and the initial labels satisfy (6.6). Then, for some ¢ = o(1), y output by
Algorithm 3 satisfies

Misy (7, y) = 0w > (1+ i) exp (— Iy — <% ~ () log Auin) ) (6.7)

€
vtk kr

for every k € K] with probability 1 — o(1).

We refer to Chapter 3 for the definition of the parameters involved in the rate given

in (6.7).
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CHAPTER 7
Preliminary analysis

We start by analyzing the properties of the operators introduced in Sections 4.1 and 4.2, for
some fixed (deterministic) initial labels § and Z. We assume that these labels satisfy:

0

Mis(7,y) < 5K

Mis(z, z) < (B3)

0
BL
We call such labels v-good. Throughout, A will be used to denote a generic deterministic
approximation of the true row mean parameter A. The relative {, ball of radius ¢ centered

at A, that is,
Br6) = {A  [|A = Alloo < 8]IAllc}, (7.1)

will play a key role in our arguments. For sufficiently small § and true A, %,(9) will be the

set of d-good row mean parameters.

7.1 Fixed label analysis

We first present the analysis assuming that all the operations are performed on the entire
adjacency matrix A. In Chapter 7.2, these results are extended to be applicable to subblocks
of A. Recall the definitions of the mean parameters an their estimates from Chapter 2.1. In
particular, we recall that A\.(y, Z) is the mean of b, (Z) for any node ¢ with y; = k. These
mean parameters form the kth row of A(y, Z). Our first main lemma illustrate that whenever
the initial labels Z and g are y-good, then the parameters A(y, 2) as well as the corresponding

estimates A defined in (4.2) are close to the truth,A.

Lemma 4 (Parameter consistency). Let C, = C., 5 = 32v/(1 — ), assume that 6C w < 1,

and let he(r) := £7log (1 + %7). Then under assumptions (A1), (A2) and (B3), we have
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(a) [[A(y; 2) = Moo < Gyl[Aloes 1A(Y, 2)lloo < 2([Alcc-

(0) A7, 2) = Ay 2)lloo < 2V[A ]l 1A(F, 2) oo < 4f[A]]oo-
(¢) |A = A5, 2)]leo < 47||Alloo with probability at least 1 — 2p, where

nAmin hl (T)

p1 = Pl(T; n, Amin,ﬁ) = KLexp <— ABK

), Vr > 0, (7.2)

and A is as defined in (4.2). In particular, all the estimates A(y, 2), A(§,Z) and A are within

relative U, distance of at most 4(C, + 1) from A.

The lemma is proved in Chapter 10.1. Note that the lemma implies that Ae # A(4(C, +
7)) with the stated probability.

Our second key lemma shows that the LR classifiers in (4.14) are uniformly dominated,
over A € Z,(9), by a single (perturbed) classifier. To state this result, recall the block
compression b(2) := B(A; Z) given in (4.7), and define the following:

I -
. - ANe o~ -
Yitr (i, ) 1= W (bias A | Aw) = D biglog = + g — A, (7.3)
=1 Ak
Zin(bie, A) = 1{Vir (A) > 0, for some r # k}. (7.4)
_ 1 _
S b, A) = Zl bl*,A , 7.5

where U is the Poisson log-likelihood ratio defined in (4.13). Thus, Y, is the (pseudo)
log-likelihood ratio, for k,r € [K|, measuring the relative likelihood of row ¢ having label k.
We note that Yi,(A) < 0,Vr # k implies 7; := (LR(A, A, 2)); = k. Thus, Si(bs, A) is the

misclassification rate for the LR classifier over the kth row-class, i.e., Mis, (7, y). Let

Jir = L[ Moo/ Ik (7.6)
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and recalling definitions of ., w and § from Chapter 3, set

= 1 (8:A) = 8wOLI|All e = 8w8Ji Iy (7.7)
Nkr = nkr(d;waﬁama‘/\)
— 21w A + A 1o 1 +1)] - st
= L0whAlee m S, — 2ot en)o 5 108 Hmin-

We have the following key lemma:

Lemma 5 (Uniformity of LRC in mean parameters). Fiz any row label Z and let b = b(Z)
be the corresponding column compression. Let N = A(y,Z) be the row mean parameter
associated with b. Assume (A1), (A2), and N' € PB\(0) with 3wd < 1. Then, for all
k,re K], k#r, and all i : y; = k, we have the following bounds:

(a) With n' defined as in (7.7),
P(3A € Br(5), Yier (b, A) > 0) < exp(—I +177). (7.9)
(b) If in addition ey, — 2wd > 0, then with ny, defined as in (7.8),

P(3A € Br(5), Yirr (b, A) > 0) < exp (— Ly + 11 ). (7.10)

The proof of Lemma 5(b) appears in Chapter 10.5, and that of part (a) in Appendix A.5.

Remark 9 (Typical setting). In the error exponent in Lemma 5(b), i.e. —Ij,. + M., the
first three terms in (7.8) are positive and constitute the undesirable part of the bound. Our
goal is to keep these terms dominated at the final stage of the algorithm, i.e., make them
o(log Awin ), by making d sufficiently small. For now, let us introduce a simple typical setting
to give some idea of the order of 7. In the first reading, one can consider the case where
By,w = OQ), Iy, < I — oo for all k,r and some I, and assume that L||A||../I = O(1)
and (A5) holds. In this setting, Ji, = O(1) and we have n, = C(0 +m 1) — log Apin
for some constant C'. Keeping these typical orders in mind will be helpful in understanding

the statements of the subsequent results.

It is also worth noting that we always have J, > 1

5- which follows from the general
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bound i, < 2L||A||. Another important quantity is C, in Lemma 4, which in the typical

setting behaves as Cy < v when v — 0.

Combining Lemma 5 with the Markov inequality, we can get uniform control on the

misclassification rate of the LR classifier in its parameter argument (i.e., A):

Lemma 6. Fiz k € [K] and 2 € [L]™. Let A € RE*L be any random matriz and set

J(2) == LR(A, A, 2). Assume that (7.9) holds. Then, for any u € R, we have
Misk (/y\(g>7 ?J) S Z €xp (_Ik'r + 77, + u)7

with probability at least 1 — e~ — P(A ¢ Bx(5)). The result is also true if we replace n' by
N when (7.10) holds.

Remark 10. Edge splitting (ES) was proposed in [AS15] to generate nearly independent
copies from a single network. One might ask whether combining the edge splitting idea with
Lemma 6 is enough to give us a result similar to Theorem 1. In ES, edges are randomly
assigned to two graphs GG and G5, with probabilities ¢ and 1—¢g. The new graphs G; and G5
will follow a SBM with a reduced connectivity matrix (by a factor of ¢ and 1—gq respectively).
Hence, the corresponding parameters A and I are reduced by the same factor; for example I
will be scaled to ¢I for G;. Let us consider the typical setting where 3, K, L, w, g, = O(1)
and Iy, =< I for all k, r and some [; assume the connectivity matrix is symmetric, i.e., A =T
and I = I°°. Let Z and 7 be the labels obtained by performing biclustering on G;. Lemma 6
in the best case scenario, with the most favorable version of n,—i.e., ignoring the first three

positive terms in (7.8)—gives a misclassification rate
. . 1
max{Mis (y, y), Mis (z, z)} < g = Z exp (—q[kr ~3 log(qAmin) + v)
r#k

for some v — oo, w.h.p.. In the second stage, given the labels Z and ¢, we obtain an estimate
of the (row) mean parameters based on Go, using the natural estimator Ay =2 (Ga,7, 2).
We then obtain the second stage labels y(2) := LR(Ga, A, 2). Let Ay = (1 — ¢)A be the row

mean parameter of Go. By Lemma 4, A, € P, (0) w.h.p for some § > ~,. By Lemma 6,
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and the perturbation of information (Lemma 10) we have

~ 1
Mis (9(2),y) <73 —Zexp( (1—gq [kr—b—C(l—q)(SHAHOO—§logAmin—|—u>
r#k

for some u — oo w.h.p.. To obtain result (3.7) in Corollary 1, we at least hope to have
@lier + C(1 = q)12l|Allsc = o(log Amin).

So we need ¢l = o(log Apin) and (1 — ¢)y2||Allee = 0(log Apmin). Assume that we have
¢l = o(log Apin). Then,

1 ~1/2-0
1= > exp (—alky — 5 1og(aAmin) +v) = O™/ /a).
r#£k
However, this is not sufficient to show (1 — ¢)72||Alle = 0(log Apin). Therefore, applying

edge splitting and Lemma 6 does not lead to the main result of this paper.

7.2 Analysis on subblocks

We now extend the analysis of Chapter 7.1 to be applicable to the subblocks obtained
by random partitioning. Some care needs to be taken since the true (row and column)
mean parameters of the subblocks are changed by partitioning, due to the change in the
distributions of the labels within each subblock among the K x L classes. The deviations of
the subblock class proportions from the global version will be controlled by a slack parameter
¢ which will be set at the final stage of the proof (see Chapter 8.1.2). Throughout this section,
assumptions (A1) and (A2) will be implicit in all the stated lemmas. We will also state the
result for a general 2Q) x @) partitioning scheme, although ) = 4 is enough for the analysis

of Algorithm 3.

Recall that the class priors my(z) for the full labels are defined in (4.10). We will use the

same notation for sublabels 2@, that is, m,(2(?)) is the proportion of labels in z(@ that lie in
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class ¢. Note that we have

(2) — ne(z) (@) — ne(2(@) once mo(2(D) _ ng(2(9)
=" ) T e, ) QUG

since 2@ has length m/Q. We similarly we have m,(y@) = n(y9)/(n/(2Q)). We will work

under the assumption that the partitioning scheme satisfies:

max|m(y®) —m() <€ and  max|m(:) —m() <& (Bda)
. 1 1

When these conditions hold, we call the scheme a good partition. We note that these condi-

tions combined with (A2) give,

(MZ(Q)) (7.12)

me(2)

and similarly for y(@. It follows that both z(? and 3@ satisfy (A1) with 3 replaced with 23.

Each count ny(y(?) follows a hypergeometric distribution with parameters (n, nx(y), n/(2Q)),
that is, the number of nodes labeled k, in a sample of size n/(2Q), from a population of size
n, with a total of ng(y) nodes labeled k. The concentration of the hypergoemtric distribution

gives the following:

Lemma 7. (B4a) holds for random partitioning, with probability at least 1 — po, where
p2 = 2Q(K + L) exp (— min(n,m)&*/Q). (7.13)

The proof of this lemma and others in this section appear in Appendix A.1.

Lemma 8. Under (B4a) and (B4b), the true local mean parameters A@ = (/\,(:é)) satisfy:

A 1A
g - 5‘ <@y <55 ekt (7.14)
In particular, Amln > 2Q Amin, [AD]s < %HAHOO and N9 € By ,0(ELB) for all q € Q).

Our main lemma for the subblocks establishes the consistency of the local mean parameter
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estimates A9 for a good partitioning scheme. This lemma is an extension of Lemma 4.

We recall the operator . from (4.1):

Lemma 9 (Local parameter consistency). Let C, = 8%*y/(1—7) and h(7) := 27log (1 + %7)
as in Lemma J and assume that 72 C,w < 1. Fiz the underlying partition and fix q,q" € [Q)],
and labels Z and y. Let

Alda) — g(A(q’,q%g(q’)’ g(q))_

Assume that the partition satisfies (B4a) and (B4b), and the pairs (39, 2@) and (79, y@)

satisfy the misclassification rate in (B3). Then,

IAD — AW < (24C, +67) |A/Qlow,  and

IAWD — A/Qllo < (24C, + 67+ ELB) |[A/Q

with probability at least 1 — 2p3, where

A min b1 (T) )

D3 = p3(7—; n, K7 Amina Q) =KL exp <_ 32Q2/6K

(7.15)

We also have

(a) [ATD(y,2) = AVl < 4C,[IAD]|cc.
() IACD(g, 2) = A (y, 2)[l oo < 29[[AD]|oc.
(¢) ||AWD) — AT D (2|0 < 4AT||AD|| o, with probability at least 1 — 2ps.

Remark 11. Similar results to those obtained above hold for the column parameters. Recall
that the dual to the row mean parameters A are the column mean parameters I'. The result
of Lemma 8 can be translated to the column version by making the following substitutions
A—=>T @ — 2Q and L + K. For Lemma 9, in addition we need to make n — 4m.
(The reason for this is that in (A.1), in the proof, we need to replace n/2Q with m/Q, and
Amin/2Q with Ty, /(4Q), and the combination of the aforementioned substitutions achieves
this. We also note for future reference that the corresponding w inflation by a factor of 3

remains true for column parameters.) After these substitutions, we obtain the same constant
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in (7.15), that is, ps has to be replaced with

pg = p3(7-; 4m7 L7 Fminu QQ) = p3(7—; m, L7 Fmin7 Q) (716>

7.3 Perturbation of information

Recall the definition of Chernoff information from (3.1), and let us write Iy, = Ix.(A) to
explicitly show its dependence on the mean parameter matrix A. The following lemma,

proved in Appendix A.1, bounds the perturbations of Ix,.(A) in A:

Lemma 10. Under (A1), for any A € Br(5), we have |Ij(A) — Iy (A)]| < 2wIL||A| oo

7.4 Analysis of the matching step

In this section, we fill in the details of the argument sketched in Chapter 6.1. Specifically,
we need to give sufficient conditions so that the first and the third claims of Chapter 6.1
hold. We will use the following two lemmas. Recall the notation ¢*(y — y) introduced in

Chapter 5.1 to denote the optimal permutation from the set of labels y to another set y.

Lemma 11. Let §,y € [K]|", and assume that dMis(g,y) < 3 ming 7, (y). Then,
(a) o*(g — y) = id, the identity permutation, and this optimal permutation is unique, and

(b) me(9) > 5mi(y) for all k.

Note that Lemma 11 implies that if dMis(c(5),y) < 3 ming 7 (y) for some permutation

o, then o*(§ — y) = 0.

Lemma 12. Consider three sets of labels y, 3,y € [K]", and assume that

. . 1 . N
mase{ Mis(§, ), Mis(7/, ) } <  min (7).

Let o =0"(§ —>y) and o' = 0*(§ — y). Then, 0~ o0’ = o*(§ — 7).

The first claim follows from Lemma 11, under the further assumption:

Mis(gj(q_l"”, y(q—l,q)) <

320K q € Q. (7.17)
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Using the permutation notations (6.2) of Chapter 6.1, we have:

Corollary 6. Under assumptions (A2), (B4a), (B4b) and (7.17), 04-14 = 041 for all
g € [Q].

The third and final claim of Chapter 6.1 follows from Lemmas 11 and 12, by applying
them to the subblock labels y®, @, 7).

Corollary 7. Under assumptions (A2), (B4a), (B4b) and (7.17), o, ool = o*(§'? — §9)
for all q € Q).

The proofs of the results of this section are deferred to Appendix A.1.
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CHAPTER 8

Analysis of Algorithm 3

8.1 Proof of Theorem 7

We start with the high-level analysis of Algorithm 3 in Chapter 8.1.1. This analysis is
parametrized by many parameters such as £ , 7, 7%, 7, etc. This allows us to give the
high-level idea of the mechanics of the proof without making the arguments obscured by

the expressions ultimately chosen for these parameters. In Chapter 8.1.2, we make specific

choices about these parameters and finish the proof of Theorem 7.

8.1.1 Parametrized analysis of Algorithm 3

We now have all the pieces for analyzing Algorithm 3. Let gseps and Zgeps be the labels
from step 5 of of Algorithm 3. As before, in all the lemmas stated, (A1) and (A2) will be
implicitly assumed. Consider the following event:

2, = {gj(q) and 7

step b step 5

satisfy (B3) with parameter v, for all ¢ € [Q]}

We implicitly assume that clusters in Zgeps and gsieps are relabeled according to optimal
permutation relative to the truth. In other words, Zgeps and yseps in the above event are
not the raw output of the algorithm, but the relabeled versions (which we do not have access
to in practice, but are well-defined and can be used in the proof.) When ~ is sufficiently

small, this implies that community k in Zgep 5 is the same as community & in 2, for all k£ € [Q)].

Let IT be the random partition used in Algorithm 3, and let *J3 be the event that IT satisfies
condition (B4a). By Lemma 7, we have P(3) > 1 — py where py is given in (7.13). For the
most part, we will work on events of the form 2, N"J3. Let us also establish some terminology.

By the probability “on an event 8”7, we mean the probability under the restricted measure
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Py := P(- N*P). For example, if ® = {property X holds}, we will say that “property X
fails” on P with probability at most ¢ if P(D° N P) < ¢. In this case, if P holds with
high probability, say > 1 — po, and ¢ is small, then ® holds with high probability as well:
P(D)>1—q—p

Let A = L(A=20) ga=2) 3@ ¢ ¢ 7/QZ, be the first local parameter estimates

step6 T

obtained in step 6 of Algorithm 3 (it is easier to work with the shifted index), and let

8 = 24C,, + 61 + ELS. (8.1)

A better name for §;, and 7, would be §°¥, and similarly 77°% contrasting with §¢° and 7¢!

defined later in (8.4). However, for simplicity, we drop the “row” qualifier here. Recall that
¢ is a parameter controlling the tail probability related to the random partition, while 7 will
be controlling the tail probability ps(7;) related to the local parameter estimates in Lemma 9.

These parameters will be optimized at the end of the argument (see Chapter 8.1.2).
Lemma 13 (First local parameters). Assume (B4b) and 72C,,w < 1, and let §; be as
defined in (8.1). Then, on event 2L, NP,

[\(q)

step 6

c %A@((Sl), Vq € ZQ,

fails with probability at most 2Q) ps, where p3 = p3(11) as given in (7.15).

Proof. Conditioning on blocks G (cf. Chapter 6) of the (bottom) adjacency matrix Apottom—
denoted as A'“Y) —the distribution of blocks Ala=29) g € Z used in defining A(Q)pﬁ is not

bottom ste

changed. Under this conditioning, both initial labels ¥step 5 and Zseps are deterministic, hence

the results of Chapter 7.2 apply. We will apply Lemma 9 to A

step6- L€t us verify the condi-

tions of the lemma. On A,,, for all ¢ € [Q)], the sublabel pairs (25(38)105, 2(@) and (g§§§p5, y(@)
satisfy (B3). On B, condition (B4a) holds for the random partition and (B4b) holds by
assumption. Recall that the random partition is independent of all else, hence conditioning

on it does not change the distribution of blocks A=29 ¢ € Zg either. We may then apply

Lemma 9 to conclude that for every ¢ € Z¢, conditioned on the partition IT and A the

bottom?
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event {A ¢ Brw(01)} NA,, NP holds with probability < 2ps. Let us write

step 6

D ={AY ;€ Brw(d), Vg € Zg}

step

which is the desired event in this lemma. Using the union bound, and removing the condi-

tioning, we have P(D°N A, NP) < 2Qps, unconditionally. The proof is complete. O

Next we consider the first LR classifier application. Let ysep7 be the row label estimates
in step 7. That is, we have

g( = LR (A q— 2,q)’ A(Q) 5(‘1) y)

step 7 step 67 “stepb

for which we have the following bound on misclassification rate:

Lemma 14 (First LR classifier). Under the assumptions of Lemma 13, further assume that

wdy < 1. Let n**?” = 2/(01; A/Q) where 1/ (+) is defined in (7.8). Then, on event A, NP,

Misy, (ygtep Y Zexp ( n*r 7 4 u) =", Vq € Zg, (8.2)
r#k

=

fails with probability at most Q(e™" + 2Q) p3) where ps = p3(71) as given in (7.15).

Proof. Fix q € Z¢g and consider 7972, As in the proof Lemma 13, we condition on blocks in

GG so that 5t can be assumed deterministic. We will apply Lemma 5(a) to the subblock

stepo
Ala=29) " Ag discussed earlier, the corresponding w is inflated to 3w, hence we need 3(3w)d; <
1 which we have assumed. We also note that A@=29(y, ) and A play the role of A(y, 2)
and A in Lemma 5(b), and we have the needed condition A=29(y ) € %, (6) from
Lemma 9. Let b(q 29 be the row block compression of A@=29 based on 2% .. Then,

step b

Lemma 5(a) gives

P<{3/~\ € Brw (01), Vi (B39, A) > 0} N2, NP ‘ AGD ] ) < exp (—19 + @)
(8.3)

for all rows 4 (in row block ¢ — 2) with y; = k. Here Afgm is the minimum element of A@,
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and

Ik:'r

19 = I, (A®) &~ 2 LIA/Ql

v

n@ = n/(0; AD) < (146,) 7/ (015 A/Q)

where 7/(0;; A9) = 8wd; L||A@]|,, as defined in (7.8). The first inequality uses Lemma 10
and the second is obtained using the definition of 7/(-) combined with AW € By o(0;)
(Lemma 8) which implies ||[A@],, < (14 8)||A/Q|l«. By taking expectation in (8.3), the

same bound holds unconditionally.

By Lemma 13, on event 2(,, NP, we have Aéggw ¢ PBrw(61) with probability at most

2@ p3. Then, applying Lemma 6, we conclude that

Mis, (@ﬁf;f?, yi?) < Z exp (—]]g{) + 17D+ u)
r#k

fails on 2, NP with probability < e ™ 4 2@ ps, for each ¢ € [Q]. Note that

I, )
19 40 < —5+(1+51+9‘1)n(515 A/Q).

Since 9wd; < 1 implies d; < 97! (recall w > 1), we have 1 + d; + 97! < 2. Combining with

the previous bound and applying the union bound over ¢ gives the result. O

Note that we have called the rate in (8.2) v5°™ for the (column) misclassification rate based
on the row information. This rate is faster than initial rate 7;. Repeating the procedure
in steps 6 and 7 for the column labels—as prescribed in step 8 in Algorithm 3—we obtain

col

a similar rate for the misclassification rate of 27 . relative to z(? which we call 752, In

step 8

deriving 75°!, we have to make the substitutions in Remark 11, and particular, A — T

where I is the column mean parameters defined in Chapter 2.1. (A minor exception is when
counting the number of blocks which will still be @ rather than 2Q).) Recall the definition

of the column information matrix (I5°') from (3.2). Letting

50 =24 C, + 677 + EK B, (8.4)
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we obtain the following counterpart of Lemma 14:

Corollary 8 (First LR classifier, column version). Under the assumptions of Lemma 15,
further assume that 9wé < 1. Let n®'? % .= 2/ (54 T/(2Q)) where 1/ (+) is defined in (7.8).
Then, on event 2, NP,

col

I
Misy (248, 5 2@) < > exp (—;—Q +opters uwl) =75l Vg € Zg, (8.5)
r#l

¢ col

fails with probability at most Q(e™* s 2Q py), where ply = pi(T£*) as given in (7.16).

Let 7501 '= MaXje[K] 75217 Yo" 1= maXye(r) Vpy and

v = max{BK™, BLy5"}. (8.6)
By (2.7), we have that (8.2) and (8.5) imply

Mis (Z0  20) < ppev < 2 (8.7)

: ~ co V2
Mis (ys(ggpﬁ y(Q)) <7 '< Y7 step 8" - ~ pL

< 3K

Thus, if we consider the following event:

B, = {ggm and 39 satisfy (B3) with parameter ~, for all ¢ € [Q]},

step 8

after Step 8, we can work on B,, N ‘B which holds with high probability: Combining
Lemma 14 and Corollary 8, by union bound, P(B5, N2, NP) < Q(2e™ + 2Q(ps + p})),

hence
P(B., NF) > B(%,, N2, NP)
- P(lel N ‘B) o P(%% N2A, N ‘B) (8.8)
> 1-P(A5) = P(P°) — Q(2e™ + Q(ps + pj)).
Let [\éi’gpg = ZL(AlT39) gla=3) 29 ¢ ¢ Zq, be the second local parameter estimates

obtained in step 9 of Algorithm 3. Let

62 = 24072 + 67’2. (89)
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Lemma 15 (Second local parameters). Assume (B4b) and 72C,,w < 1, and let 5, be as

defined in (8.9). Then, on event B., NP,

A(q)

step

9 € Brw(02), Vq&Zq

=

fails with probability at most 2Q) ps, where p3 is given in (7.15).

Proof. Conditioning on blocks Gy U Gy (cf. Chapter 6) of the adjacency matrix A, the

distribution of blocks A@~39) used in defining [\gfgpg is not changed. Under this conditioning,

both initial labels ysep7 and Zseps are deterministic, hence the results of Chapter 7.2 apply.

On %B.,, for all ¢ € Zg, the sublabel pairs (32 . 2@) and (59 . y@) satisfy (B3). The

step 8 tep 79

rest of the proof follows that of Lemma 13. O

The key is that dy is much smaller than 61, due to v2 < 71 (typically), i.e., the second

(9)

stepo D€ the estimate of

parameter estimates are much more accurate. Let Astepl() = Z q[\
the global mean parameters obtained in step 10 of Algorithm 3. According to Lemma 15,

on ‘B, NG,
1AL o — A/Qlloe < 8l|A/Qle, Ya  hence,  [[Agiepio — Allos < 2]l Al (8.10)

fails with probability < 2@ p3, where we have used triangle inequality. That is, on B,, N*B,
we have Astep 10 € B (d2) with high probability.

Remark 12. Note that we could have used Qf\éfgpg (for any q € Zg) as our estimate Astep 105
leading to the same bound as in (8.10). The results would be the same, though in practice,
we expect the version given in the Algorithm 3 to perform better. We also note that on 5.,
the sublabels (2532198, q € Zg) automatically define a consistent global label vector Zgteps,

and similarly for row labels ¥step7-

Lemma 16 (Second LR classifier). Under the assumptions of Lemma 15, further assume
that 8y defined in (8.9) satisfies 3wdy < 1 and 6C.,w < 1. Let i ' =, (23 w, B,m, A).
Then, on event B., NP,

Misk (Z/y\topa ytop) S ZeXp <_Ikr + n;‘tkepll + U> =:"7s, (811)
r#k
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fails with probability at most e 4+ 2Q) ps where p3 = p3(12) as given in (7.15). The same
result holds for nii® " = 1/ (5y; A).

Proof. As in the proof Lemma 15, we condition on blocks in G U G so that Zgeps can
be assumed deterministic. We will apply Lemma 5(b) to Agp. Let Top C [n] denote
the row indices of Aiqp. Since all the columns are present in Ao, we can directly apply
Lemma 5(b) (in contrast to the argument in Lemma 14), that is, the relevant row mean
parameters are A(y,Z) and A—the same as those for the whole matrix A. The needed
condition A(y,2) € %x(0,) is supplied by Lemma 4. Let bj*"'" = by, (Zgeps) be the block

compression in step 11 of the algorithm. Then, Lemma 5(b) gives (after conditioning on

A(G1UG2)

botton . and then removing the conditioning as in (8.3))

P({ﬂ]\ € Bu(51), Yirr (B0 A) > o} N %W) < exp (—Ikr + n,iif‘p”). (8.12)

for any ¢ € Top with y; = k. By (8.10), on 8.,,NP3, we have Astepm ¢ B () with probability
at most 2(Q) p3. Then, applying Lemma 6, we conclude (8.11) as desired. The last statement

of the theorem follows if we apply Lemma 5(a) in place of Lemma 5(b) throughout. O

The same exact bound holds for Ypettom in step 12, with the same probability. Hence,
by union bound, the same bound on misclassification rate holds for the final row labels 7 in
step 13, with probability inflated by a factor of 2; that is, Mis, (¥, y) < 73 fails on B, N ‘B,
with probability at most 2(e™" + 2Q) ps).

To summarize, under the conditions of the lemmas, we have

P(Misg(y,y) > 73) < P({ Mis(3,y) > 13} N B, NP) +P((B,, NP)°)
< 2(e™ +2Qps(m2)) +P((B,, NP)°)

< 2(e™ + 2Qps(m)) + P(AS,) + BOE) + Q(2e + Qlpa(m) + py(i*))
(8.13)

where 73 is the rate given in (8.11) and the second inequality uses (8.8).
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8.1.2 Choosing the parameters

It remains to choose the parameters, 71, 7, £, etc. to simultaneously achieve the desired

rate for y3 and ensure that the probability in (8.13) is o(1).

Proof of Theorem 7. First row LR classifier. Let us write 7{°% = 7, for clarity. Under
our assumptions, we will have 7o < v < 1/2 so that C,, < 23%y; for i = 1,2, recalling the
definition of C', = f*y/(1 — 7). In Lemma 14, we defined (recall (8.1))

7T = SSWLIA/Qlleo < (3845791 + 487 + 8BLE) WL[A/Qlle.  (8.14)

By (6.6), 3843 11wL | A/Qllso < Inin/(8Q). Take

row -[min 5 -[min A ]g)lln u ]min (8 15)
T = oo = Ye) :
! 384w L||A ||’ 6458w(K V L)2(||Alloo V IT]|00)’ 8Q "’

where wu is the parameter in (8.2). Then from (8.14) we have

step 7 Imin ]min Irnin 3Irnin Irnin

_ nstep? vy <

TSR0 T3 TsQ T sQ =2Q

Hence Lemma 14 implies that on event 3,

. ~ row I T [min Imin
Misy, (yége)p% y(Q)) < o= Zexp (—6 + 20 ) < Kexp (— 20 ), VgeZg (8.16)
r#k

fails with probability at most Q(e™ + 2Q p3(7{°")). By (A4"), Qlog @ = 0(Iyin), hence
Qe = o(1). By (A3).

nAmin hl (T{OW) >
32026K
nl?

256(3842)Q2Bml1§L2w3HAH00> =o(l)

Q2p3(rfow) = Q?K Lexp (—
(8.17)

< Q*KLexp (—

where we have used the definition (7.15) of p3, hi(7) > 72/8 for 7 < 1 and ||A||ee/Amin < w.
Moreover, (A4") implies (Iyin AISS)/(KV L) — 0o, hence eventually (Luin AISL)/(KVL) > 1

min min
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which gives

P(3) = pa(§) = 2Q(K + L) exp (—(n Am)§*/Q)

< 2Q(K + L) exp (— nAm

QAR DA )~V

where the last implication follows from (A3).

First column LR classifier. We can apply a similar argument to Zs.eps. Let

[col Icol

col __ min col min

T TeswK| Tl ¢ 16Q°

with € defined as in (8.15). By (6.6), and a similar argument, we obtain 7% 4y <
I /(4Q). By Corollary 8, on event B,

col col

CO ]COI min min

fails with probability at most Q(e " + 2Qp}), where Q%ply = Q?p4(7¢°") = o(1) by (A3)

and Qe = o(1) by (A4'), similar to how we argued for the row labels.

Second row LR classifier. Recalling v from (8.6) and combining with (8.16) and (8.19),

Lo Il B(K VL)’
2 min 2 min
Y2 < max <6K exp <— 2Q ) /BL exp ( 4@ )) O(m) (820)
for any b > 0, as Iyin A IS — co. By Lemma 16 and (7.8),
,r]IS;repll = Nker (527 w, 67 m, A)
5BL2| A2 1 1
= 210, WL Ao + 27 =2 log (11 1)) = 5 log Auwin
s WL|| Al + - +log (11w 2wt en)d + 5 108
= T1 + T2 + T3 + T4, (821)
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where we have called the four summands above T}, ..., T, in the order they appear. We have

b0y = 24C., + 672 < 488%v, + 672 by (8.9) and the assumption v, < % Then,

For any b > 0, by (8.20)

Bw(K V L)3HA|!oo>. (8.22)

Ty, = 0(52wL||A||oo72> = 0( [(Lnin A 190)/ Q)P

Recall that we have Sw(K V L)||Allco = o([(Lnin AI5L)/Q]) for some a > 0 by (A4'). Taking

b = 3a in (8.22), we obtain T1; = o(1). Letting 7 = (wL||Alj)™!, we have Tj, = O(1),
hence, T; = O(1). Recalling the probability bound in Lemma 16, we have by (A3)

nAmin h1(72) )

@ps(2) = QK Lexp (— 32020K

, (8.23)

_256Q25KL2W3||A||00) =o(l)

< QKLexp<

where we have used hy(7) > 72/8 for 7 < 1 and ||A|lco/Amin < w. Using (A3) again,
Ty = 5BL%||Al5 /m = O(1).

Now let us consider the third piece T3 in (8.21). Recall that Ji, = L||Allc/Ikr- By
Lemma 23 in Chapter 10.3.2, g, > 2(;7,;1 /\1). In bounding 77, we have shown dow L|| Al =
O(1), hence 2wdy, = O((L||A|l)™"). Since Iy, — oo and Jy. > 1/2 (see Remark 9),
(LIA||ls) ™t = o(Jl;l A 2). Therefore, 2wdy = o(eg: A 1). As a result, 2w(1 + &4, )02 = o(ex;),

hence

e = 11w<1 + = )52> - O(w (1 + i)) (8.24)

Err — 2w(1 + gy Ekr

Finally, we let v = \/log Apin. Since Ay, — 00, e7¥ = o(1). Applying Lemma 16, combined
with 77 + T, = O(1), and (8.24), then for { = 1/v/1og Apin = 0(1),

Misy, (@\top, ytop) = O(wz (1 + i) exp <—Ikr — %bg Apin + +/10g Amin)>

7k Ekr
= O(wz (1 + i) exp (—[kr — <% - C) lOgAmin>)
rk T
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fails w.p. < 2(e™ +2Q ps(72)) +P(P°) + Q2™ + Q(ps(ri™™) + pi(75™))) = o(1). When
we swap Agop and Apoptom and repeat the algorithm, the same misclassification rate holds.

The proof of Theorem 7 is complete. O

8.2 Proof of Theorem 1

We proceed by stating a few lemmas. The proofs are deferred to Appendix A.2.
Lemma 17. ZKG[L]<>\M —Aie)? > 2Minlir. As a consequence, N2 > 2Amin I min-
Combining Lemma 17 with Corollary 5, and noting that ||All./A%2 < w/(2@nm) as a

consequence of the lemma, we obtain the following guarantee for spectral clustering in terms

of the information matrix (Ij,):

Corollary 9. Consider the spectral algorithm —given in Algorithm 5, assume that for a

sufficiently small Cy > 0,

BwKL(K A L)«

<Ci(1+k)2 (8.25)

Then the algorithm outputs estimated row labels i satisfying w.h.p.

(1+ K)2wBL(K A L)a‘

Mis(i. 1) <
is(g,y) < TN

We next modify Corollary 9 to be applicable on subblocks:

Lemma 18 (Spectral clustering on subblocks). Suppose (A3) holds, and we assume for a

sufficiently small Cy > 0,

6QB**KL(K A L)

I min

<Ci(1+k)2 (8.26)

Using Algorithm 5 in Step 3 of Algorithm 3, w.h.p., the misclassification rate of §'? satisfies

1 202BL(K AN L
Mis(gj(Q),y(q)) < 3Q( + £)"WSL(K N L)

< o Vq € [Q].

A similar result holds for misclassification rate of the spectral clustering for column labels,
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with appropriate modifications.

Proof of Theorem 1. Assumption (A4) implies (8.26), eventually as I,,;, — oo. Letting vj°%
and 7¢°' be bounds on the misclassification rates of the spectral clustering algorithms in

steps 3 and 4, we can take, by Lemma 18 (and its column counterpart), w.h.p.

L(IKNL K(K A L)a™t
QWﬁ ( & )a>7 7;01:O<Qw5 (]col/\ )a >

min

=0

[min

That is, by the end of step 4, w.h.p., Mis(§?, y(@) < 41" and Mis(Z(@, 2(9) < 45! for all
q € [Q]. Since the matching step increases the misclassification rate by at most a factor of
2, the same bounds hold for the overall initial labels at step 6. Taking v, = 7% V 45!, we

observe that in order to satisfy condition (6.6) of Theorem 7, it is enough to have

QuwB(K V L)*(aVa™) ( U T I8, )
=0
]min/\jﬁfiln /BQWLHAHOO KHFHOO

which holds if we require the stronger condition

QuB(KV L2 aVal) 0( 1 Tonin A IS )
Tin A TS, A\ (K V L)([[Alleo VT l)

But this latter condition is satisfied by assumption (A4). Thus, the assumptions of Theorem 7

hold with high probability, and so is its result. The proof is complete. O

8.3 Proof of Corollary 1

Proof of Corollary 1. From the proof of Theorem 1, we have that

Misy, (g/j, y) = O(Zw(l + i) exp <—Ikr — élog Apin + U>> (8.27)

e
£k kr

fails with probability at most 2e=" + o(1). First, we show that

1y, -
Yy = w(l + _>A V2 o(1), uniformly in 7. (8.28)
Ekr

min
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By Lemma 23 in Chapter 10.3.2, gx, > 2(J,;1 A 1). Hence,

| W

1
1+— < 1+4-= (Jkr\/l) (']kr\/1)§3<]kr
Ekr

using 2J,. > 1 (see Remark 9). Thus, to show (8.28), it is enough to show wJi./v/Amin =
o(1). Using w™||A|lee < Amin, we have

1/2 1/2
g2 I LA LA

min min — —
kr y

=o(1)

]min

where the last equality is by w?L?||Al|ec = o(I2;,) which is implied by (A4). Thus, we

min

have (8.28), i.e., x := max, x, = o(1), as desired. Now, let 2v = —logy. It follows that
e”’ = /X = o(1), and we have

MlSk y, < Zexp Ik,n—l—v)) :O(ﬂZexp (—Ikr ) —O(Zexp Ikr )

r#k r#k r#k

completing the proof. O

8.4 Proof of Example 1

Proof of Example 1. Without loss of generality assume a > b so that e, = a/b — 1. Also,
Amin > b/(BK). By (8.27), which holds in the general case, we have that

Misy, (@\, y) = O(Zw(%) exp (—]kr — —log (BZ}() + v))

r#£k

— O(\/BMK?’/%‘I/Q exp ( _ (\/_6_# + U))

fails with probability at most 2¢™ + o(1). Assumption Sw?K? = o(b) implies

X = V/BwK? 7% = o(1).

Letting 2v = — log x, the rest of the proof follows similar to that of Corollary 1. m
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CHAPTER 9

Simulations

We provide some simulation results to corroborate the theory. We generate from the SBM

model of Chapter 2.1 with the following connectivity matrix

(1 234 5 6

] 23456 1
p—clostml p o p (9.1)

Vmn 34561 2

4561 2 3]

Note that B does not have any clear assorative or dissortative structure. We let n = Kny and
m = Lng, and we vary ng. All clusters (both row and column) will have the same number
of nodes ny. By changing «, we can study different regimes of sparsity. In particular, when
a € (0,1), we are in the regime where weak recovery is possible but not exact (or strong)
recovery. We consider both the misclassification rate, and the normalized mutual information
(NMI) as measures of performance. NMI is a measure of accuracy which is between 0 and
1 (=perfect match). The NMI is quite sensitive to mismatch and tends to reveal discrepancies
between methods more clearly. Figure 9.1(a) shows the overall NMI versus ng. Figure 9.1(b)

illustrates the corresponding log. misclassification rates.

We have considered four algorithms: (1) Spectral: the spectral clustering of Algorithm 5.
(2) Soft: Algorithm 1 with flat prior, no inner loop and no conversion to hard labels.
(3) Hard: Algorithm 1 with flat prior, no inner loop and conversion to hard labels after each
label computation. (4) Oracle: The oracle classifier discussed in Chapter 2.2 and Remark 2:
Assuming the knowledge of z and A, we obtain y by the likelihood ratio classifier, and

similarly obtain z, assuming the knowledge of y and T'.

Figure 9.1 shows the results for a = .75 (regime where no exact recovery is possible)

and C' = 1. Both the soft and hard versions of Algorithm 1 are initialized with the spectral
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C=1.00,a=0.75, 3=1.00, K=4, L=6

0.8r

07fF

0.6 [

05t ======:Spectral
......... Oracle

NMI (Overall)

Hard
Soft

log miss. (overall)

0.4

03r

______
——
-
-
-

# of nodes per cluster # of nodes per cluster
(a) (b)

Figure 9.1: Plots of (a) the (overall) NMI and (b) the corresponding log. misclassification rate, for
the SBM model with connectivity matrix (9.1). The four algorithms considered are the Spectral
clustering of Algorithm 5, Soft and Hard versions of Algorithm 1 and the Oracle algorithm of
Chapter 2.2.

clustering and both significantly improve over it. The soft version of Algorithm 1 also
outperforms the hard version as one would expect: soft labels carry more information between
iterations. It is also interesting to note that the slope for the log. misclassification rate of
Algorithm 1 approaches that of the oracle (esp. clear for the soft version in Figure 9.1(b))
as predicted by the theory. Simulation results for various other settings can be found in

Appendix B, showing qualitatively similar behavior.
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CHAPTER 10

Proofs of the main lemmas

In this section, we give the proof of the three main lemmas of Chapter 7.1. We we first give
the proofs of Lemma 4 and 6 in Chapter 10.1 and 10.2. The proof of Lemma 5(b) is more
technical and occupies the remainder of this section, including auxiliary results on the error

exponents and Poisson-binomial approximations, in Sections 10.3 and 10.4.

Throughout, we will use the following concentration inequality [GN15, p. 118]:

Proposition 3 (Prokhorov). Let S =) . X, for independent centered variables {X;}, each

bounded by ¢ < oo in absolute value a.s. and let v > > . EX?, then

2
P(S > vt) < exp[—vhe(t)], >0, whereh(t):= ;tlog (1+ Ect) (10.1)
c

Same bound holds for P(S < —ut).

Note that h.(t) < t* as t — 0 and h.(t) < tlogt as t — oo.

10.1 Proof of Lemma 4

Let us define the confusion matrix as R(Z, z) € [0, 1]X*L with entries

|j:2j:kazj:‘€|

. 1~
Ri(2,2) = - Z {2, =k, z; =1} =
j=1

— (10.2)

We can similarly define Ry(z, 2). It is easy verify that R(Z, z) = R(z, 2)”. By definition (4.3)
of the (global) row mean parameters,
m L
Mo (Y, %) =D Pul{zj =, = '} = mPu,Rup(2, 2). (10.3)

j=1 ¢=1
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To see (10.3), note that since we are using true labels y in the first argument of Mgy (y, 2),
the averaging m > H{yi = k}(---) over i, in the definition, is vacuous. That is, for any
i with y; = k, we have Ao (y, 2) = >, E[A;;]1{z; = {'}. We then further break this sum
according to column labels z; = £ to get (10.3).

Recall that n(z) is the vector of sizes of clusters in z and 7(z) = n(z)/m is the corre-

sponding proportions. To simplify, let
N(z) :=diag(n(z)), II(z):= diag(n(z)).
We have mI;, = N(2)II(z)~! where Iy is the L x L identity matrix, hence
M P Rop (2, 2) = P N(2) T1(2) ' Ruvr(2, 2) = M (9, 2) T1(2) ' Rowr (2, 2)
using (2.2). Let use define
U(z, %) :==1(2)"'R(z, ?).

Since 7(z) contains the row sums of R,y (z, 2), U(z, Z) is the row-normalized confusion matrix,

i.e. U= (Ry¢/Rk+). We have

)‘kf’(yu 2) = /\k*<y,2) U*Z’<Z72>7 (104)

and its matrix version A(y, 2) = A(y, 2) U(z, 2). We can similarly define U(7,y) = I1(g) " R(7, y).

Recalling definition (4.3), and some algebra gives

- 1 & ) ~
Ao (Y, 2) = —= Z Z Meer (Y, )Wy = k, g =K'}
e (9) = S
1 ~ . ~
= > MW= k=K,

where to get the first equality one further breaks the sums over >, 1{y; = k} and use the

expression for A\ip(y, Z) in the comments after (10.3). Using the definition of the confusion
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matrix in (10.2), adapted to row labels, and the definition of U, we have

. 1 . N N N
Mo (9, 2) = mRk,*@, Y) Mo (y, 2) = U (5, y) Mo (1, 2), (10.5)

or compactly A(g, 2) = U(g,y)A(y, 2). We also define a column-normalized confusion matrix,

V(z,2) == R(z,2)[1(2) "

Lemma 19. (A2) and (B3) imply

mAx (1= U9, 9)] < 7, (B3.1)
max [1—Uw(z2)] < v, and (B3.2)
max [1 = Vi(z,2)] < 7. (B3.3)

Proof. Without loss of generality, assume that the optimal permutation matching ¢ to y is
identity, and similarly for Z to z. By definition, 1 — Uk (9, y) is the misclassification rate

withing the kth community of 7, hence

B i 5 = k| /n i:gi=k, yi £k /n+i:gi=y =kl/n

Recall that we can write (see Chapter 5.1)
s 1, . 1 . 1 o
Mis(g,y) = ~li: i # uil = EZM:yz’:ka yi # k| = EZIZZ%#%, yi =kl (10.6)
k k

Then, (B3) and the second equality in (10.6) implies |i : §; = k,y; # k|/n < ~v/(BK),
while the third equality in (10.6) gives |i : §; = y; = k|/n > m(y) — v/(BK). Letting
f(x) = x/(x +1),

i 9 =k, yz’?“ﬂ/”) v/(BK) . S
li:gi=yi=kl/n /= v/(BK)+m(y) —v/(BK) m(y)BK —

1 —Up(9,y) = f<

where the first inequality is by monotonicity of f, and the last by (A2). This proves (B3.1).

Similarly, 1 — Upg(z, 2) is the misclassification rate within the ¢th community of z, i.e.,
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Misy(Z, z), hence

~ j 2z =102 #L|/m ~y
1-U = = <
w(2,%) me(2) me(2)BL — i

proving (B3.2). The same bound holds for 1 — Uy(Z, z) by an argument similar to that used

for Uk (9, y). To prove (B3.3), we observe

U(Z,2) =T1(2) 'R(Z, 2) = II(2) ' R(2, 2)T = [R(z, )I1(2) 1" = V(z, 2)T

hence 1—Vy(z, 2) = 1-Uw(z, z) < . All statements are true for any k € [K] and ¢ € [L]. O

10.1.1 Proof of Lemma 4(a)

For the lower bound, by (10.4) and (B3.2),

v

Mot (U, 2) = Mee (Y, 2) U (2, 2) 2> Mo (y, 2) Ui (2, 2)

(1 - V)Akﬁ’(yvz) Z Akf’(yvz) - C’Y”AHOO

v

where the last inequality is by v < C, and Age (v, 2) < ||Allo. For the upper bound, we write

Mo (Y 2)User (2, 2) = Mo (9, 2) U (2,2) + > ey, 2)Usr (2, 2).
Al
The first term obviously satisfies A (v, 2) Upw (2, 2) < Ak (y, 2), hence
Mo (Y 2) = Aver(y,2) < ey, 2)Ue (2, 2). (10.7)

(A0

By (B3.3), for every ¢’ € [L],

iz =% =) = Te(Vee(22) 2 (1-7)me(3). (10.8)

1
’/Tg/(Z) Z E

By (A2), for every ¢ and ¢, we have 7y (2) < 5%m,(2), hence

3 2
Ue (2, 2) = %RM(Z»Z) = ?Tf))vw(za z) < 1/8_ >
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Combining with (10.7)

5 . By
E A Vier <
1_’)/&%/ k@(yVZ) 174 (sz> -1 —

M (Y5 2) = e (y,2) < Ak (45 2) oo (10.9)

where the last inequality is by (B3.3) and that V' is column normalized. This proves the
upper bound, and completes the proof of [|A(y,2) — Al < C,||A|lw. Since we assume
C, <1, it follows that ||[A(y, 2)||ec < 2[|A]e-

10.1.2 Proof of Lemma 4(b)

Recalling (10.5), we have

e (9, 2) = U@, y) M (Y5 2) = U (9, y) M (9, 2) + ZUk’k(gay))‘kﬁ’(ya z).
Y

By (B3.1), the first term is bounded as
(1 =)Aoy, 2) < Ui (0,9) Mo (y,2) < Ape(y, 2)

and the second term as
0 S Z Uk/k(ga y))\ké’(ya ’2) S "YH)\*E'(ZL E)HOO

kK

recalling that U is row normalized hence ), 2o Up =1 = Upiy <, by (B3.1). Combining

the two bounds, we have

)\k’é’ (ga 2) - /\k"ﬁ’(ya 2) € [_7)‘/€’€’<y7 Z)a 0} + [07 ,}/H)‘*f/ (y7 2)”00}

S X (4 D)oo [ = 7,7]

showing that [IA7, %) — Ay, 2)llse < 1AW, 2)llec. Combining with A, o < 2l
from part (a) of the lemma, we have the first assertion of part (b). The second assertion
follows from v < 1/2 and part (a) by triangle inequality. (Note that assumption 6C,w < 1

in fact implies v < 1/6 since f,w > 1 and v < C,,.)
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10.1.3 Proof of Lemma 4(c)

Recalling definitions of Ape and Age(7, Z) from (4.2) and (4.3), we have

nk(g) [5%2 )\ké y? Z Z 1{yz =k Z] - ﬁ}

=1 j=1

which is of the form S = Zij X;; with independent centered terms X;; = A;; — E[A;;] with
| Xi| < 1and 35 EXZ = 37 var(A;;) < > EAj; = ni(§) (9, 2). Note that the sums
in these expressions run over {(i,7) : ¥; = k, Z; = {}. Applying the two-sided version of

Proposition 3, with v = ng () A (7, 2), t = 7 and ¢ = 1, we have

Pkt = M@ 2)| > Aue(§.2) 7) = P (@) | Akt = M@ 2)| > 4 (5) M (3, 2) 7)
< 2exp ( =1k (§) Mt (7, 2) P (7) )

Applying union bound over (k,¢) € [K] x [L], and using part (b) of this lemma, we have
IA = A, 2)||lso < 7A@, 2)|loo < 47||Al|se with probability at least

1= 2K L( = minng(5) min Aue(§, 2) b (7) ).

We have ng(g) > nmi(y)(1 — ) > n(BK)™1/2 using (B3.1), (A2) and v < 1/2; see (10.8).
Similarly, since ||A(7, Z2) — Alloo < 3C,||Alloo, we have

Hklién)\k’é(?ja 2) > Amin - 3O’y|lAHoo Z Amin(l _3070‘-)) 2 Amin/2~

10.2 Proof of Lemma 6

Let b = bix(Z). Recall (7.3), (7.4) and (7.5), and let

~

Sp = Sy (b, A), Zig = Zix(biw, A, Yipy = Zip(bin, A).

91



For any event A and random variable X, let us write E[X; . A] := E[X14]. Consider the
following event: A := {A € %,(8)}. Pick some i € [N] with y; = k. Then,

E[Sk; A] = E[Zi; A] = P(|J {Tr 2 0} n14)

r#k
r#k
< P(3A € Bi(0), Vi (bin(2),A) > 0)
r#k
<> exp (<L + 1) = p
r#k

where the last inequality follows from Lemma 5 with 7, defined there. Using Markov

inequality

P(S, > tpr) < P({Sk > tps} NA) + P(A°)
E[Sk; A]

<
Dk

1
+MA3§;+MA%
for any ¢ > 0. The version of Markov inequality used follows from (pointwise) inequality:

Lix>upla < (X14)/u. Taking ¢ = e* complete the proof.

10.3 Error exponents

We start by obtaining a bound on the error exponent (i.e., the negative logarithm of the
probability of error) for binary hypothesis testing in an exponential family. This result is
a generalization of the result that appears in [AS15], and is proved by the same technique.
The result (and the technique inspired by [AS15]) is interesting since it provides a bound
different than the classical Chernoff bound on the error exponent [Che52]; see also [Ver86]
and [CT06, Theorem 11.9.1]. This leads for example to a sharper control for the case of
Poisson hypothesis testing. We start with the result for a general exponential family and

then in Chapter 10.3.2 specialize to the case of interest in this paper, the Poisson family.
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10.3.1 General exponential family

Let 7(t; ) denote the density of a 1-dimensional standard exponential family w.r.t. to some

measure v on R:

m(t;7) = h(t) exp (vt — A(7)). (10.10)

We consider distributions on R” that are products of these distributions, having density:
L
plx;0) = [[w(2,00), == (x) €R", 6=(0,)€cR" (10.11)
=1
with respect to u = v®L (L-fold product measure whose coordinate measures are all v/).
Proposition 4. Let p,.(z) := p(z;0,), r = 0,1 be two exponential family densities on R
(relative to u = v®%) as defined in (10.10) and (10.11). Assume that v is either the Lebesque

measure on R or the counting measure on Z, and that 0y # 0,. For s € (0,1), let
Oy = (1 — 8)905 + sby, and Iy = [(1 — S)A((gog) + SA(QM)] — A(ng), (10.12)
as well as I, = 25:1 I, T :={l: 00 # 010} and

% v is Lebesque,
Cla) = /e‘altdy(t) = (10.13)

v 18 counting.

Consider testing py against p; using the likelihood ratio test based on a single observation. Let
pr be the probability of error under p, for r = 0,1. Then, the sum of the error probabilities

1s bounded as

P.o+ P,y < inf inf |e %
’ ’ LeT s€(0,1)

W(-;ng)\IOOC'(min(s,l — )| — 9@)]. (10.14)

Remark 13. The proof goes through for any translation invariant measure v (e.g., a Haar

measure) with an appropriate constant C'(«). It also goes through if we replace ¢ in (10.10)

with a general sufficient statistic ¢(¢), as long as (1) ¢ is surjective from the support of the

exponential family to R and (2) C(a) = [ e *¢®ldy(t) < oo for all @ > 0 and (3) ¢ has a
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measurable inverse.

Remark 14. Let s* be the maximizer of s — I;. Then, noting that a — C(«) is decreasing,

Proposition 4 implies

P.o+ P.; <exp <—]S* +log||7(+;0s0)] 00 + log C(a*)), where, (10.15)
o = min(s*,1 — s*) max |6y — 614|. (10.16)
Le[L]

The bound is an improvement over the Chernoff bound if log ||7( - ; fs¢)||o is negative and
log C'(a*) is controlled. This is the case for the Poisson distribution as we show in the sequel.

10.3.2 Poisson case

The Poisson case corresponds to (10.10) with v = log A, h(t) = (1/t!)1{t > 0}, v = the count-

ing measure and A(log ) = \. Letting 05 = log As for all s € [0, 1], we have from (10.12)
)\sé = )\(1);5 )\igy ISE = [(1 - 8))\06 + $>\1£] - )\38'
We also note that |0pp — 01¢| = |log(Xoe/A1¢)|. Let us define

L
s* =argmax Iy, and, ["= max I, where I, = leg
s€(0,1) s€(0,1) =1

We will assume
oo/ e € [1/w,w], Yl € [L], for some w > 1. (10.17)

The following lemma shows that s* stays away from the boundary:

Lemma 20. Assuming (10.17), we have s* € [%, 1— i]

Proof of this lemma and subsequent results appear in Chapter A.4. From (10.16), we

have o = min(s*, 1 — s*) maxy | log(Aos/A1¢)| in the Poisson case. Defining

Aot ., A 1
— e (A) == (— v —> _1, — —log(1 10.18
€01 g01(A) ?é%;}]{ SR Qo1 2w og(1l+en) ( )
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we note that o = min(s*,1 — s*)log(1 + £¢1), hence Lemma 20 implies a* > g, that
is, C'(a*) < C(ap1) in (10.15), where C(-) has the form given in (10.13) for the counting

measure, i.e.,

1 —aot 2 (@) /4
Can) = e < = ( )w

i — (10.19)
where the last inequality is by the following lemma:

Lemma 21. Inequality (a) in (10.19) holds.

Next we bound the maximum of the density:

Lemma 22 ([HLC60]). Let w(t;logA) = e “(A'/t))1{t > 0} be the desnity of the Poisson
famaly. Then, for all X > 0,

1 1
In(-slog Ml < (14 157) o

In particular ||7(-;log \)||oe < exp (—3logA) for A > 0.056.

Combining Lemmas 20, 21 and 22, we have the following corollary which gives the fol-

lowing overall bound on the error exponent:

Corollary 10. Consider testing two Poisson vector models with mean vectors given by the
rows of A = [Aox; M) € ]RiXL, satisfying (10.17). Let Ay = mingg Ap. Then, the sum of

the error probabilities for the likelihood ratio test is bounded as

1 1
Poo+ Py < w(— n 3) exp (—1* — 5 log Amin). (10.20)
€01

We also have the following general lower bound on gy; in terms of the information I*:

Lemma 23. Let A = [\, ; \i.] € R2E. There exists £ € [L] such that

Aol 1 81
log 2% | > 1o <1+—),
| "l T2 U T A

which implies £9; > min (ﬁ, 2).

95



Although the bound in Lemma 23 holds without any further assumption, it is not always
tight. The difference in our two sets of results, namely (3.6) and (3.7) is due to using the

sharper bound (10.20) versus replacing £¢; with its universal lower bound.

Lemma 24 (Perturbation of €¢;). Suppose A" € Ba(9), and let ey = €o1(N') and g =
g01(A) as in (10.18), and assume (10.17). Then ef; > €01 — 2w (1 + £¢1)0.

10.4 Approximation results for Lemma 5(b)

Let us collect some approximation lemmas that will be used in the proof of Lemma 5(b).
The proofs can be found in Appendix A.4. We write pmf for the probability mass functions.
We recall that a Poisson-binomial variable with parameter (pi,...,p,) is one that can be
written as » ., X; where X; ~ Ber(p;), independent over ¢ = 1,...,n. We write pmf for

the probability mass function.

Lemma 25 (Poisson-binomial approximation). Let ¢(x; A) be the pmf of a Poisson variable

with mean X\, and let p(x,p) be the pmf of a Poisson-binomial variable with parameters

p=(p1,-..,pn) where Z?Ilpj = \. Let p* := maxjcp, p;. Then,

V:E € Z+.

This result immediately extends to the comparison between vector versions of the two

distributions:

Corollary 11 (Poisson-binomial approximation). Let pl¥) = (pgé),...,pgﬁ)) € [0,1]™ be a
vector of probabilities for each ¢ € [L] and let \*) =31 Y e R,. Let

i

Oz, (pV, ... pH)) == H G(ve;p"),  for eachx = (x1,...,71) € 7% (10.21)
=1

L
be the pmf of a vector Poisson-binomial variable, and ®(x, AD, ..., AD)) = T[1_, p(ze AO)
be the corresponding vector Poisson pmf. Then, we have

(I)(J,’?(p(l),,p(['))) * L

Bz, AD, . D)) =P ("> ow). veezt

1

= L
=
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where p* = max{p\” : i € [ny), ¢ € [L]}.

Lemma 26 (Poisson likelihood approximation). Suppose max(|A1 — Al,[Az — A|) < p < 3A,

then for any x € Z., we have

P(z; A1)

(x5 A2) = exp (3’% * 2p>.

Lemma 27 (Degree Truncation). Let biy = > e bie = D251, Ay be the degree of (row)

node ©. Then,
P(bis > 5L|[A ) < exp(—3L|[A]l).

Proof of Lemma 27. Let row node ¢ belong to row cluster k, and let b, = Zée[L] bie
Z;n:l A;; be its degree, with expectation A,y := Zeem Are- By definition, we have A\, <

L||A||co. We would like to find an upper bound on the probability
P(bir > 5L|A]l ) S P(biy — My > 4L||Al|s)
We let v = Ay, vt = 4L||Al|, so t > 4. By Proposition 3, we have

P(biy — Ay > ALJAfl2) < exp [—zvt log (1+ %)] < exp <—%vt> < exp(—3L|[All).

10.5 Proof of Lemma 5(b)

Fix i € [n] such that y; = k, and Z € [K]" and let b;. = b;.(2). Throughout, let A’ = (\,) :=
A(y, 2) which belongs to %, (6) by assumption. Denoting the kth row of A" as X, ., we have
E[bi,] = M. For 7 # k € [K], i such that y; = k and A € 2B (6),

L L

i Ao -
Yikr (bis, A) = Z bi¢ log oty At — A < Z [bzz log
=1 Akt =1 P

+ )\kg >\M + Qp] =Y
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where p := J||A||« is the radius of %, (). Hence,

P(3A € B, Yie(A) > 0) < P(Y* >0) = P(by, € F),

where we have defined (recalling the definition of ¥ from (4.13)):

F o= {x €ZE: W(wi a4 | M —p) > —2Lp}.
Degree truncation. Let by = ), bie = 372, Aij be the degree of (row) node i, and
L
E= {x €zt Yz < 5L|]AHOO}. (10.22)

(=1

Using Lemma 27, we have P(b;. ¢ E) < exp(—3L||A||), which is faster than the rate we
want to establish. Hence, for the rest of the proof it is enough to work on {b;, € E}. We

have the following two approximations on this event:

Poisson-binomial approximation. Recall that P is the connectivity matrix and we have,

1Pl < M _ BLIALL.

“mingni(z) T 0m

(10.23)

where the first inequality follows from definition of A in (2.2), and the second from assump-
tion (A2). We note that by = bi(2) = D71, Ayj1{Z = (} as defined in (4.7), follows a
Poisson-binomial distribution. In order the describe the parameters of this distribution, let

us introduce the following notation
laby(Z) := (z; : j € [m] such that Z; = ¢},

that is, the vector of true labels associated with nodes in the £th cluster of Z. Then, Py jab,(z) =
(P, j € [m] sit. Z; = £) € R™() is the probability vector associated with the Poisson-

binomial distribution of b;,. Also, let
lab(fz”) = (labl(é), e ,labL(é)), and Pk,lab(é) = (Pk,labl(,%)a Ce 7Pk,1abL(2)>~
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Then, we can say that b, = b;.(2) is a product Poisson-binomial distribution with parameter
Py an(z)- In particular, b;, has pmf 5(3:, Py 1anz)) as defined in (10.21). We also note that
Ebix(2)] = Aex(y, 2) =t Ay, It follows from Corollary 11, noting that || Py 1abz)|lec < ||Pllso
combined with (10.23),

®(2; Prjab(z) - 56L%|A||%

) < (ol 3o) <0 (PEE) v

Poisson likelihood approximation. Recall that p = 0||A||. Since by assumption,

wd < 3, we have p < % < 2Anin. Recall that by assumption A’ = (X)) € %a(d). By
Lemma 26,
O (x5 N,) 3px, 15p
N T o (4 5) < oxp (2004 2 1))
(I)(LU, )\k* — P) - H eXP( )\kf i p) =P p+ Amin H H

Le[L]

< exp (17wLp> =:(y, Vrek.

With some abuse of notation, we treat ® and ® are measures as well, thus, for example,

®(E) =, cp ®(z). Then, we have

Pb. € ENF) = ®(ENF;P.) < GO(ENF;N,) < GGO(ENF; A —p). (10.24)

Thus, it is enough to bound ®(F’; Ag. — p) which gives a further upper bound. This quantity
is closely related to testing Poisson vector distributions with mean Az, —p and A, — p against
each other. Let us write po(z) := ®(z; A — p) and pi(z) := ®(x; A\ + p) and note that
U( 5 M+ p | A — p) = log(p1/po). We have

> (@ hee —p) = > polx) 1{ log 2142 > —2Lp}

zeF

L L
ASY/d r€Zy



Let us define

L
Lo | M) =) [shoe + (1= s)Aie] = XAy ", Ao\ € R (10.26)

(=1

I|A||oo+p < WAmmJF Amln
m1 -pP 3Am1n

We can now apply Corollary 10. Since < 2w, we need to substitute w

in Corollary 10 by 2w. It follows that

> min (pi(2), po(x)) < (sexp (—IS(AT* +p | Ak —p) — %IOg(Amin - p))

L
wEZJr

1 2
< (3exp ( s( Ak | M) + 20w Lp — Q(log Apin + log 3))

<8 \[ G eXp L, Over | M) + 2wLp — —logAmm) (10.27)

where (3 = w/(ep — 2w (1 + £4,)d) +w from Lemma 24, and the second line follows from the

following elementary inequality:

(a_p)l—s<b+p)s l s<bs+bl_€) < a1_8b3~|—pw

assuming a/b < w. Note that Ix, = supye(g 1) Ls(Arx | Ari). Putting the pieces (10.24), (10.25)

and (10.27) together (and taking supremum over s) we have
3 2Lp+2wL 1
]P(bz* e BN F) < 8 §C2C3 e pexp <_Ikr — 5 10g Amin)-
We note that

log(C1Gy €2M720) < 1TwLp + +4wLlp < 2lwLp+

568L%||A|?
SIZALL, g,
m

SBL2|AIS
m

It follows that

1
P(bi, € ENF) < C3Caexp (—Ikr —5log Amin>.
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Finally we have

P(bi, € F) <P(biyx € ENF) +P(b; € E°)

3 1
< 8\/;C3C4 exp (i = 5 108 Awin ) + exp (=3LI|A )

1
< 113, exp (—Ikr 3 log Amin>7

assuming that I, and A, are sufficiently large. Noting that by the definition of 7, in the

statement of the theorem, 1y, = log(2{3(4), the proof is complete.

101



APPENDIX A

Remaining proofs

A.1 Proofs of Sections 7.2, 7.3 and 7.4

Proof of Lemma 7. We have ng(y?) ~ Hypergeometric(n/4, n(y),n). For any fixed k €
[K] and ¢ € [Q], the concentration of hypergeometric distribution [Chv79] gives |m(y@)) —
mr(y)| < € with probability at least 1 — 2exp(—né&?/Q). The same probability bound holds
for |me(29) — 74(2)| < &, for any fixed £ € [L] and ¢ € [Q]. Taking the union bound over

k,l,q,q gives the desired result. O

Proof of Lemma 8. Recall the definition of the true local mean parameters in (4.6), and the

corresponding global parameters in Chapter 4.1. We have

)\1(;2) - % = Py (ne(z(q)> - Wé;)>

no(2) 7700(2@ (24D
= PMQZ( ( :;i(z)) 1) =% ;(K(Z)) -1)

- Q
Since |m(2(?) — my(2)| < € and m(z) > 1/(BL) by assumptions (B4a) and (A2), the first

inequality in (7.14) follows, from which we have the second inequality by (B4a). O

Proof of Lemma 9. From Lemma 8, we have [|[A@ —A/Q||o < (ELB)||A/Q||s0 and ||A@ |5 <
3)|A/Q||s- Note that A is the true (local) mean parameter matrix associated with subblock
A9 and this subblock has n/(2Q) rows. We will apply Lemma 4 to the submatrix A%
and sublabels 2(¢) and y@. In order to do so, we have to verify conditions (A1), (A2))
and (B3) for the subblock. (Condition (B3) is satisfied by assumption.) By Lemma 8, we

have

AN _ ol Al
<3 < 3w.
Afl(i)n Amin
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By (7.12), the condition (AQ) holds with /3 replaced with 25. We also need to replace Apin

in Lemma 8 with A9 > A /(2Q), and C,, with 4C, (more precisely, we are replacing C, 3

min =

with C, 25). Thus, assuming 6(4C,)(3w) < 1, we obtain

PIACD — A9 < 4(4C, + DAV ) > 1 =201 (7 55, AQLQ 28) (A1)

where pi(-) is as in (7.2). Since [|[AD || < 2[|A/Ql, 4(4C, + 7)[|AW] < (24C, +

67)||A/Q||s. Thus, on the event in (A.1), we have by triangle inequality

AT — A/Qll < 44C, + AT + (ELB)IA/C
< [1a¢, + 73 + 18] 14/Ql

which is the desired result. O

Proof of Lemma 10. For the proof, it is enough to consider A = [Ag; A;] € RZ*%, where
Ao, A1 € RE are the two rows of A. Similarly, let A = [A; \i] € R¥>% € %, (0). Let us define

Mh

LMo [ M) =) [(1T=8)Xoe+sAie] — Ay *ALs oo A € RE (A.2)

(=1

and Qy = maX{’)\()g - 5\0g|, |)\1[ - :\1g|}. We have

Mh

11,0 | M) = Lo | A) e [0 = A A

/=1

Consider the function f(a,b) = a'~*b* for a,b > 0. Assuming max{a/b,b/a} < w, we have
V7@l < (1= 5)(b/a)" + s(a/b) = < (1 - s)" + s <

using w > 1. It follows that |a'~%b* — u'~*v®| < wmax{|a — ul,|b — v|} for a,b,u,v > 0.
Thus, |I,(Ao | A1) — IL(Xo | 5\1)‘ < (T+w)d 04 < 2wLS||A||o since max,ap < 0||Al|c by

assumption. Taking the supremum over s gives part (a). O

Proof of Lemma 11. Assume dMis(g,y) < o and let ny = |i : y; = k| and N = |0 1 y;

103



k, i = k'|. Then,

It follows that ), 2k N < eny, for every k. We also obtain Ny < eny for all £ and £
such that k # k. Since ) ,, Ny = ng, we have Ny > (1 — ¢)ny. Thus, as long as € < 1/2,
we have Ny > Ny for all k and &’ such that k # k’. That is, the diagonal of the confusion
matrix is bigger than every element in the corresponding row. Now take o # id. Then, there

exists k such that k' := o~ (k) # k.
Noeo=licyi=k, o) =kl = li: yi=Fk, g =k|= Nuw < Ng.
Then we have

ndMis(o(§),y) = Y _(m — Ng) > > (n — Nii) = ndMis(3, ).

showing that id is the unique optimal permutation and proving part (a). For part (b), we

note that [{i:9; =k} > Ny > (1 — e)ng > (1/2)ns, whenever € < 1/2. O

Proof of Lemma 12. Assume that Mis(g,y) < a and Mis(7',y) < a where a < 1 miny, m, (7).
By definition of the optimal permutation, dMis(c(7),y) < o and dMis(o’(7'), y) < a. Since

dMis is a metric (being the sum of discrete metrics over the coordinates), we have
: —1 AN : 1~ ~ 1 : ~
dMis(o" 0 0'(y), ) = dMis(o' ('), 0(y)) < 2o < 5 minm(y)

where the first inequality is by the triangle inequality for dMis and the second by assumption.

Applying Lemma 11 gives the desired result. O

Proof of Corollary 6. Take ¢ = 2 for simplicity. Assume that (7.17) holds with constant 8

in place of 32, which is all we need for this lemma. We have

(n/2) dMiS(O’lg(g(l))7 y(l)) <n dMiS(O'12<g(l’2))7 y(172))
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by the definition of the dMis. It then follows that

1
dMis(ona(§), ') < 2557 < G minm(s™)

—_

where the second inequality holds by the counterpart of (7.12) for row labels. Applying

Lemma (11) we conclude that oy = o* () — yM)) =: 0y . O

Proof Corollary 7. Take ¢ = 2 for simplicity. Let ¢ = 1/(326K). By assumption, we have
Mis(g1?, y(12)) < ¢ and Mis(§>?,y3)) < e. By Corollary 6, o1 = 05 and o235 = 5.
Then, the argument leading to (6.4) implies Mis(§®, y®) < 2¢ and Mis(7'®,y?) < 2¢. By

assumption,

Mis(7®, y?) < 2¢ =

where the second inequality holds by the counterpart of (7.12) for row labels, and the third in-
equality follows from the second inequality and Lemma 11(b). It thus follows from Lemma 12

that o, ' o o, = o*(¢'® — 7)) which is the desired result. O

A.2 Proofs of Chapter 8.1.1

Proof of Lemma 17. Let us define I := I, and
L
= (1= ) Ake + 8Ae — A * A
=1

in this proof. For s € [0, 1], s — I, is a concave function and Iy = I; = 0. We have defined

I:= I+ = supyepp ) Is- Suppose s* 2 =, since 0(1 2i> + 2‘9; = % and Qi* > %, by concavity,

1 1 1 I
Ly > (1——)1 Sy N
1/2 = 957 )0 T ogts 23 2

Similarly, suppose s* < %, I )5 > I/2 still holds, from which it follows that

D v =20’ = Y (Ve = VM) (VA + VM) > (1/2)(AAmin) = 2Asin .

Le[L) Le(L)
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Taking the minimum over k£ and r completes the proof. O

Proof of Lemma 18. Recall our choice of & in (8.15)—which will also be assumed in this
proof—giving P(P) = o(1) as shown (8.18). By Lemma 8, we have AW € B, ,o(¢LB) for
all ¢ € [@], which combined with Lemma 10 (applied with § = £L3) gives

2(LALIMNQl 2
(K R(IA v ITT) = @

T (A®) = 1ir (A Q)] < 20(ELB)LIA/Qll < 72

using (8.15). Thus

o) 2 Ln(A/Q) = 5 = 5

as Iy — 00. We are now ready to apply Corollary 9 to the Algorithm 5 operating on
subblocks in G$°!. It remains to verify that assumption (8.26) translates to condition (8.25)
for the subblocks. Indeed, we have to replace Iy, with I, (A@), w with 3w (by Lemma 8),
B with 23 (by (7.12)), and « with :’;‘7/; = ¢ since the subblocks in G{* are of size 2 x 2.

Therefore, by assumption (8.26),

(28 (Bw)K LK A L) (0/2) _ 6QBw*KL(K A L)

< -2 :
2[m1n(A(q)) = Imin =~ Cl(l + /i) , (A 3)

verifying condition (8.25) on the subblocks. Applying Corollary 9, we have the misclassifi-

cation rate of §(9 satisfies

) (g (1+k)*(Bw)(2B)L(K A L)(a/2)
MIS(y( )’y( )) S 2Cfl(Imm/QCu))

which is the desired result. O

A.3 Proofs of Chapter 10.3.1

Proof of Proposition 4. Step 1: Interpolation. Assume without loss of generality that
0o1 # 011 and fix some s € (0,1). It is enough to establish the bound for ¢ = 1 and this

particular s. Let P, := P,y + FP.; the be sum of the error probabilities under the two
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hypothesis. Then,

Pey = /Pol{po < pi}du+ /Pll{pl < po}du (A.4)
:/min(po,pl)du:/ 575 pi min(l%, 1°" V) dp. (A.5)

where | = po/p; is the likelihood ratio. Let p.y := m(-;0,¢) so that p,.(z) = [[, pre(ze).

Similarly, let

Py P

1—s

Por Pi
Ps 1= T— and  pgy - M (A.6)
fpo pid

f poz °piedv

It is easy to see that ps(z) = H5:1p34($g) and each pg, is a probability density (w.r.t. v).

One can also verify that

/poz pidy = e~ Is", and  pg = 7(-;04),

hence ps = p(-;0s) using definition (10.11). That is, ps defined in (A.6) belongs to the
same exponential family, with parameter 6, interpolating 6, and #;. We also note that

poy S pie = e Ty, hence py~* pj = e Tsp,. Substituting into (A.4), we obtain
P, =el / ps min(l*, 1°"Hdp. (A7)

Step 2: Reduction to the single component case (L = 1). Using p,(t) = 7(t; 0,),

we have p,¢(t)/pre(t') = exp(f,¢(t — t')), hence

poe(t) pre(t’)
Poe(t’

= exp [(904 - 91@)(t - t/)}

~—
)
[y
~
—~
~+
~—

Using p,(z) = [, pre(x¢), the likelihood ratio can be written as

I(a) = io(x) =[] ie(we), where lo(x)) = ZEZE; — exp [(Bor — 610)a — A(Bor) + A(610)].

[y

—
8

~—

(A.8)
As long as 6yy # 614, Iy is well defined on R and maps onto R**. For any (xo,..

. ,Q?L), let
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xf = zi(x9,...,z1) be the solution of the following equation:

L

L) [[le(ze) =1

(=2

which always exists in R (and not necessarily on the support of the exponential family).

Then, we have, setting 0 = 0y; — 611,

l(x) _ 11(951) _ Pm(%)?n(ﬂ)

h@) ~ poa) pate) o (G =)o =] = expld(mn —))

It follows that
min(l(m)s, l(l’)s_l) S e—min(s,l—s)|§(x1—xf)| _ e—a|m1_w’f

where we have defined o := |§|min(s,1 — s). Recall that p,(z) = [[r_, pse(2¢) which we
write compactly as p, = [[o_, per- Let us write u = p' x p® as the product of underlying

coordinate measures. By Fubini theorem, we first integrate over the first coordinate in (A.7):

L
elP,, = /Hpsg[/psl min(ls,ls_l)d,ul}d,uZL (A.9)
=2

Let J = J(za,...,xr) denote the inner integral in (A.9) (in brackets). We have the bound

J < /Psl(xl)e_am_ﬁ'dﬂl(ﬁl) < ||Psl||oo/e_am_ﬁ'dul(xl)-

Note that x7 is the only place where dependence on (s, ..., z1) appears in the bound. Since
u! is either the Lebesgue or the counting measure, and both these measures are translation in-
variant, the bound is in fact independent of 7. That is, we have J(za,...,2z1) < C(@)||psilloo

for all (za,...,2r). It follows that the same bound holds for P, ; by (A.9), that is,

L
P, < C(&)HpslHoo/(Hpse)du&L () palle
(=2

since HZL:2 pe is a probability density w.r.t p*L. Since the choice of the coordinate ¢ = 1

and s was arbitrary, the proof is complete.
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A.4 Proofs of Chapter 10.3.2

Proof of Lemma 20. Let f(s) = Y20 (s — 1)Ae — sAe 4+ AL7A%,, then f(s) is a concave
function of s on Ry. Since f(0) = f(1) =0, s* € (0,1). First, we show the statement is true

when L = 1. In this case, s* satisfies

* * Afr
)\kzl — )\7»1 + )\ifs )‘75"1 log < 1) =0 (AlO)
Akt

Let x = iki Now (A.10) is equivalent to

1—z+2% logz = 0.

Hence
5 () = log((z —1)/logz)
log
We extend the domain of s*(z) to 1 by defining s*(1) = 1, then s*(z) is an continuous

increasing function on (0,00). Since iﬁ € [1/w,w], we have s* € [s*(1/w), s*(w)] C (0,1).
One can observe that s*(z) =1 — s*(1/z), we have s* € [s*(1/w),1 — s*(1/w)]. One can also

observe that s*(x) > § for x € [0,1], so s* € [%, 1— %]

Now suppose L > 1, let s; be the optimizer of fi(s) = (s — 1) e — A0 + )\}Js)\ﬁg, we

still have s* € [5=,1 — 5=]. The optimizer s* of f(s) = SO1 L fols) satisfies s* € [, 1 — o]

1
2w’

because f,(s) is concave for every ¢ € [L]. O

Proof of Lemma 21. We first note the following Laurent series:

1 1 r+1 r2-1
—_ = — — O(a? —0
1—(1+a2)" e T TR (2%), ase

from which we get the inequality

1 < r1 1+t

1—(1+2)" ~ =z 2

forxz >0, r < 1.
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Let € = g¢g; and o = 1. Applying this inequality with » = 1/(2w) and = = ¢, and recalling

o = 5-1log(1 +¢€), we have

2 2 2
Cla) < = — 2™ 4 (14 20).
@) S e T T gy owes — 27 T

Using 1 < w completes the proof. O

Proof of Lemma 22. We have

t )\t 6>\

A
eMmw(-;log Al = sup — < su = ,
(- sog A tezlir ! tellg_ V2rA(t/e)t  V2mA

where the first inequality is by Stirling’s approximation and the last equality is by plugging

in the maximizer t = \. O

Proof of Lemma 23. There exists ¢ € L such that

I
(1= 8")Ake + 8" Mg = Mg A7 > %

Without loss of generality, we assume Agy < A.p. Let s* be the optimizer of I,.. Dividing

Ak1 both side, we have

1—s5"+5*

>\r€_<)\rf>s Z Ikr 2 Ikr
Akt Akt LAe — LA oo

Let us definef(x) :== 1 — s* + s*z — 2* , then for z > 1,

fl@) < 5(1=5)s" (@ —1)" < S(@—1)°

l\DI»—t

Ljer : : 81k, . 81,
Thus f(x) > m implies v > 4 /1 + LHAkH or equivalently, logz > 1 5 log (1 + L”A’“” ) (]

Proof of Lemma 2. Without loss of generality, we assume Ag; /A1 = 1 + £¢1. Letting p =
0| A||co, we have ||A" — Al|o < p by definition. Let f(z) = (Ao1 — x)/(A11 + ). Then f(z) is
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convex on (0, 00) with derivative f'(x) = —(Xo1 + A11)/(A11 + )2, hence

Qo5 MUZP )5 £(0) 4 o (0)

Ay Autp
:&_ Aot + A1 1ty — o1 + A1
A1 My P o AT &
Combined with
Ol|A| oo A A

L = M S wd and M =2 + €01 § 2(1 + 601) (All)

A1 A1 A1
we have Ay /A, > 1+ eq — 2w(1 + €01)6 which gives the desired result. O

Proof of Lemma 25. Let X; ~ Poi(p;) independent over j = 1,...,n, so that Z?:l X; ~
Poi()\). Fix ¢ € Z and let S(z) = {S C [n] : |[S]| = z}. For any subset S of [n] and vectors
a,B € RY, let ¥(a, B,5) = H]ES a; ngsﬁj- We have

SR
2P %= X e 01}, ¥ € o)
= 2. [HP ~)JIPG=0)] = 3 wle ™). (), ).

SeS) jes j¢S Ses(x)

On the other hand @(x;p) = > g c g V((0)), (1 = pj), S). Thus,

P(z; ) Yses@ Y((p), (1=p;),9) < max ¥((p;), (1= p;),5)
o(; ) Dsesw (e i), (e7),8) T ses@ Q/’(pae Pi), (e7"5), )

= g V(@ (=) )

using (> a;)/(> ;i) < max(a;/b;) which holds assuming the sums have equal number of

terms, all of which positive. Using (1 — z)e® < 1, It follows that

< max ¢((e), (1), 9) = max | [e” <e™.

o(x;\) ~ ses(x) SeS(x) s
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Proof of Lemma 26. We have

o = (e < G2y o= (1o 32 ) o <ow (32,4 20).

Since A — p > %)\ by assumption, the result follows. n

Proof of Lemma 27. Let row node i belong to row cluster k, and let b, = Zee[m by =

>ty Aij be its degree, with expectation Ay := 2 _te(r) e By definition, we have Apy <

L||A||oo- We would like to find an upper bound on the probability
We let v = Ay, vt = 4L||Al|, so t > 4. By Proposition 3, we have

P(bis — My > 4LJAllx) < exp [—%vt log (1+ %)] < exp (-%m) < exp(—3L|Afl).

A.5 Proof of Lemma 5(a)

Proof of Lemma 5(a). Fix Z and let by, = b;x(2). For r # k € [K]| and i such that y; = k,
and A € %, (6),

L L
i (bis A) = [bl 1 X } < [bz 1 Mt — A +2p] = V*
Yik ; ¢ og " Ly ke — ; ¢ og /\ke + ke — Arg +2p

where p := 0||A|« is the radius of %, (8). Hence P(3A € By, Y, > 0) < P(Y* > 0). By
Markov inequality, we have P(Y* > 0) < E[e*¥ '] for any s > 0. To simplify the notation, let
us write v, = slog[(Are+p)/(Are—p)] and wy = s(Age—Ae+2p), so that sY* = Zle bip Ve+wy.

By independence, we have

L L L
lOgE[esy*] — logE[Hebie vz+wei| — ZlogE[ebmvﬁwe] _ Zlog [eWEeb“W]_
=1 =1 =1
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Since the mgf of a Poisson-binomial variable is bounded above by that of a Poisson variable

with the same mean,

L
log Be™r <> wy + 9 (v, Ae(y, 2))

(=1

where 1(t, 1) = p(ef—1) is the log-mgf of a Poi(u) random variable. Recalling the assumption
A(y, 2) € Ba, we have

ZW + ¢ (v, Ae(y, 2)) = Z [/\kf(y’ Z) ()w - p>s — Ake(Y, 2) + 5(Ake — Ao + QP)]-

N —
=1 =1 k=P

Since A(y, 2) € Br(9), Me(y,2) < Ape + 0||Al|oc = Ak + p- Since Age — p = A — 0| Al| 0 >

Al 1 _ 2
Aot — 1322 2 Akt — 3Amin = 5 Akes

\ ()\rg—i—p)S_)\ <Are—p§—;§+(1+§—;§>p>s
k¢ — N\kY

Akt — p Akt — p
S s—1 1 + At
e | (22 () (B
Akt Akt Akt — p
)\rg $ 3
<A\ ( ) 2g.9
< Ake Ner + 55 ewp
< Ake(m)s +3wp
Akt

Moreover, Ay + p = Ao + 0| Ao = Are + WO Amin < Ao + %Amin < %)\M. Thus, we have

Ar ° =P WA
p(Aﬁp) Sp(S’ e) < 2wp.
ke — P 5 Akt

Taking infimum over s > 0, by Lemma 20, the maximizer s* of I, is always bounded between

0 and 1, hence we have

P(3A € B, Vi (bin, A) > 0) < P(Y: > 0)

< exp (= Lk + 8Lwi||A]|o) = exp (—(1 — ') Lir).
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A.6 Proofs of Chapter 3

Proof of Proposition 1. The upper bound has been provided by Corollary 10. Here we will
show the lower bound, using the notation established in the proof of Proposition 4 and
Chapter 10.3.2. We rename A, and )., and work with Ao, and \;, instead, and we assume

throughout that, \gg, A\;p > 1 for all £ € [L]. We recall from (A.7) that

Py = / min(po, p1)dp = e~ / ps min(l*, 1°~)dp, (A.12)
where p; is defined in (A.6) and [ in (A.8). Since p is the counting measure, we have

P.., > max min(po(), p1(x)) = max e L*p,(x) min(l*(x),*" (). (A.13)

L L
QL’GZ7L QUEZ7L

Finding the maximizer x over Z, gives the lower bound. First, let us extend the Poisson

density as @(t; \) = Ae™*/D(t + 1) to any t € Ry, so that [ is well-defined on R, given by

A
[(x) :exp(Zaﬁlog—oZ —Aog—l—)\w), T E Ri.

Le[L] )\M
Recall that Ay = Ay, *Afp, As = (M) and I = 3, [(1—8) Aor+5A1e— Agf] (cf. Chapter 10.3.2).
We note that

dly Ao\
.= Z —Xoe + Aie + Agelog ()\_> = log(I(As))

C€[L] L

The function s — [ is concave, smooth, nonconstant (by assumption) and we have Iy = I; =

=0,

0. Hence, the unique maximizer s* of s — I belongs to (0,1) and satisfies dI;/ds

that is, log(l(As+)) = 0, or equivalently po(As<)/p1(As+) = I(As+) = 1. By the definition of py,

we have

e_IS*ps* (Agr) = pé_s()‘S* )pi()‘S*) = pD()‘S*) = p1(As).
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We recall that p, is the product of Poisson densities with parameters ;. By a version of

the Stirling’s inequality for the Gamma functions [Jam15]:
D(z+ 1) = 2T(z) < (2m)Y 2251272l /022) yy >

hence I'(z 4+ 1) < Cy2™/2¢7 for all x > 1, where Cy = (27)'/2¢'/'2. Then,

A=A
)\ € ) Z Co_l)\_l/Q,

PN N) = O+ D)

from which it follows that

e (Ae) = [ 65 As0) > O TT A™

el Le(L]

Thus, e’IS*C’O_L I, )\;1/2 is a lower bound on P, ; whenever Ay € Zi. In general, A\« does

not have integer coordinates. Instead, pick any x € ZfL satisfying ||z — A=

too < 1.

Since t — ¢(t; A) is a quasi-concave function (i.e., upper-level sets are convex), we have
o(t; A) > min{¢(a; \), d(b; \) } for every ¢ € [a, b, hence, for every ¢t € [a—1,a+ 1], we obtain
using I'(z + 1) = aT'(x),

o(t;\) > e min{Aal Al } = FGAXZ) min{a A },

I'(a) T(a+2) (a+1 XNa+1
that is,
o(t; \) C(a A
> - — t —1 1].
¢(a;A)_mln{A’a+1}’ €la—1,a+1]

Since |z — Ageg| < 1,

Ast Ao
Aoe ’ Agrg + 1

por(s) = porlAsee) min { b2 20) poelAs)

where we have used, for any s € [0, 1],

i 2} (o G ) > )
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and Agg/(Agep + 1) > 1/2 since Agp > 1. Similarly pis(xp) > p1e(Ase)/(2w). Hence,

(o). (o)) 2 PO < ORI 5 L TT A

Le[L]

where we have used min{py(x), p1(z)} = e Lp,(z) min{l(z)*,1(x)* 1} and I(\s-) = 1. Thus,

L
Py z exp (=1 — Llog(2Cow) — 5 log |A]1 )

L
> exp <—[s* — Llog(Qng?’/Q) — log Amm>

using the assumption ||Alloc < wApin. The proof is complete. O

A.7 Alternative algorithm for the k-means step

In this appendix, we present a simple general algorithm that can be used in the k-means
step, replacing the k-approximate k-means solver used throughout the text. The algorithm
is based on the ideas in [Gao2015a] and [yun2014community]|, and the version that we
present here acheives the misclassification bound £2/(nd?) needed in Step 3 of the analysis
(Section 5.3.1) without necessarily optimizing the k-means objective function. We present
the results using the terminology of the k-means matrices (with rows in R?) introduced in
Section 5.3.4, although the algorithm and the resulting bound work for data points in any

metric space.

Let X € I\\/JIf%d be a k-means matrix and let us denote its centers, i.e. distinct rows, as
{¢.(X),r € [k]}. As in Definition 2, we write §,(X) and n,(X) for the rth cluster center
separation and size, respectively, and d,(X) = min, 6,(X) and n, = min, n,.(X). Assume
that we have an estimate X € R™¢ of X, and let us write d(i, ) := d(&s,%;), i,j € [n] for

the pairwise distances between the rows of X.

Algorithm 4 which is a variant of the one presented in [Gao2015a], takes these pairwise
distances and outputs cluster estimates 51, e ,CAk C [n], after k recursive passes through the
data. A somewhat more sophisticated version of this algorithm appears in [yun2014community|,
where one also repeats the process for ¢ = 1,...,logn and radii R; = ¢R; in an outer loop,

producing clusters a@, r € [k]; one then picks, among these log n possible clusterings, the one

116



Algorithm 4 k-means replacement

Require: Pairwise distance d(, j), i,j € [n] and radius p.
1: S« [n]
2: forr=1,...,k do
3 For every i € S, let By(i;p) :={j € S: d(i,j) < p}.
4: Pick ig € S that maximizes i — | By(i; p)|.
5. Let C, = Bqylio; p).
6: S+ S\C.
7: end for R
Ensure: Return clusters C, : 1,...,k and output remaining S as unlabeled.

that minimizes the k-means objective. The variant in [yun2014community| also leaves no
unlabeled nodes by assigning the unlabeled to the cluster whose estimated center is closest.
In the rest of this section, we will focus on the simple version presented in Algorithm 4 as
this is enough to establish our desired bound. The following theorem provides the necessary

guarantee:

Theorem 8. Consider the cluster model above and let n, = n.(X), nn = n(X) and o, =
On(X). Assume that we have approzimate data &1, ..., &, such that Y, d(z;, &;)* < e?. In

addition, assume that for some v € (0,1) and > 1:

(1) n. < PBnp for allr € [k]  (Clusters are B-balanced.),

2e < (5/\
NoT 3

(11i) £+ <1 — where § :=~/(1 — 7). (Gamma small enough relative to [3.)

(ii) (€2 small enough compared to npd2.),
Let M, (p) be the (average) misclassification rate of Algorithm J with input radius p. Then,

882 2e (5/\
M,(p) < —, V — = .
(0) < np? pe [,/’ynA 3 )

Applying the algorithm with p > «ad, for a < 1/3 we obtain the misclassication bound
Ca €2/ (nd%) where ¢, = 8/a?. Thus, Algorithm 4 with a proper choice of the radius p satisfies
the desired bound (5.11) of the k-means step.

Proof of Theorem 8. The proof follows the argument in [Gao2015a]. As in the proof of

Proposition 2, let C, denote the rth cluster of X, having center ¢. = ¢.(X). We have
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|C;| = n,. Let x; and Z; be the ith row of X and X, respectively, and let
Tr = {Z € CT . d(i’,,qr) < p/2} = {Z € Cr : d(i’l,l’l) < p/2}

using z; = ¢, for all i € C, which holds by definition. {7} are disjoint and clearly T, C C,.
Let T := |4, T, a disjoint union, and 7° = [n] \ T. We have

T)p% /4 < > d(d,x)’ <& = [T < 422/p”, (A.14)

ieTe
As a consequence of assumption (i) and our choice of p, we have 4¢?/(nxp?) < 7, hence

4e?

nap

T =G~ G\ T 2 16l =17 > na(1= =) > na(1—7) (A.15)

for all r € [k]. On the other hand, |T¢| < yn,. In particular, combining the two estimates
T¢| <¢|T,|, Vre k] (A.16)

where £ = /(1 — ). These size estimates will be used frequently in the course of the proof.

Recall that d(i, j) := d(&;,2;), i,j € [n], the collection of pairwise distances between the
data points 21, ..., Z,. Thus, with some abuse of notation, (¢, j) — d(i, j) defines a pseudo-
metric on [n| (and a proper metric if {Z;} are distinct). For any two subsets A, B C [n]| we

write d(A, B) = inf{d(i,j) : i € A, j € B}. For any i € [n], let d(i, A) = d({i}, A).

We say that node ig is near T if d(ig,T) < p, i.e., ig belongs to the p-enlargement of T.
Similarly, we say that ig is near T, if d(ip,T,) < p and far from T, otherwise. Note that ig
can be near at most one of T,.,r € [k]. This is since d(7,Ty) > 6, — p for r # ¢, and we are

assuming d, > 3p. In fact, ig is near T iff iy is near exactly one of T,.,r € [k].

To understand Algorithm 4, let us assume that we are at some iteration of the algorithm
and we are picking the center iy and the corresponding cluster C = {j: d(j,i0) < p}. One

of the following happens:

(a) We pick the new center iy € T, for some r, in which case C will include the entire 1.,

none of Ty, ¢ # r, and perhaps some of T°. That is, Co T, and Cn T, =0 for £ #r.
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(b) We pick ig near T, for some r. In this case, |C| > |T,|, otherwise any member of T,
would have created a bigger cluster by part (a) above. Now, C cannot contain any
of Ty, ¢ # r, because iy is far from those if it is near T,.. Hence, C C T, UTe. Since
IT°| < €|T,| by (A.16), and |C] > |T,|, we have |CNT,| > (1 — &)|T,|. That is, C

contains a large fraction of 7.

If either of the two cases above happen, we say that T, is depleted, otherwise it is intact. If
T, is depleted, it will not be revisited in future iterations, as long as other intact T, ¢ # r
exist. To see this, first note that [T, NCY| < £|T}| < An,, using assumption (i). Taking ig on
or near T, in a future iteration will give us a cluster of size at most (6 4 vy)n, < (1 —y)nn

(by assumption (iii)) which is less that |T,| for an intact cluster.

To simplify notation, if either of (a) and (b) happen, i.e., we pick cluster center iy near
T, for some r, we name the corresponding cluster (?r This is to avoid carrying around a
permutation of cluster labels different than the original one, and is valid since each T, is
visited at most once by the above argument. (In fact, each is visited exactly once, as we

argue below.) That last possibility is

(¢) We pick ig far from any T, that is d(ig, ") > p. This gives CcC T°¢, hence ]CA] <|T¢ <
yna < (1 —7)nn < |Ty] for any intact T;. Thus as along as there are intact 7y, this

case does not happen.

The above argument gives the following picture of the evolution of the algorithm: At each
step t = 1,...,k, we pick 7o near T, for some previously unvisited r, making it depleted,
creating estimated cluster é\r and proceeding to the next iteration. After the k-th iteration

all Ty, ¢ € [k] will be depleted. We have |C,| > |T,|, and C, C T, N T° for all r € [k].

By construction {C;} are disjoint. Let C := LﬂEG[k]é\f’ and note that |C| > |T)| hence
|é\c| < |T*¢|. Since C,NT, =0 for ¢ # r, we have T, C ﬂeﬂ@c, hence T, ﬂCAf c C°. All
the misclassified or unclassified nodes produced by the algorithm are contained in [ J,.(7; N
(/,’\7?)] U T* which itself is contained in C¢ U T*. Hence, the misclassification rate is bounded

above by

1, ~ 1 2 8e?
Lot < 2@+ e < 2 < &
n n n np
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where we have used (A.14). The proof is complete. O

Remark 15. The last part of the argument can be made more transparent as follows: Each
@ consists of two disjoint part, @ NT, and @ NTc. We have |é’; N7 > |T, \CAT| (equivalent
to |C;| > |T;). Then,

SILAG] < Y16 AT = €N T < |7
k T
and total misclassifications are bound by >, |71} \ (3| + (7.

A.8 Proofs of Chapter 5.4.1

Proof of Corollary 5. We have

ko ko
[Asi = Aull* = Z n3¢(Bse — Bu)? Z n1n2 Wy — Ty)* = ; Toe(Vse — Vue)?
where we have used a := ny/n;. Recall from (5.39) that A2 := mingz ||[Ase — Awel|

follows that a~'||A]|Z, < W} ,, using mp, < 1. We also have @%A > m U7, > maa AT

Recalling the definition of a from (5.9), and using ¥y, = (y/n1n2/n2r)Ase, we have

n nn
wmu_wnvlﬂwuz—WMRS@@mm

Hence, kaWy % <k Boks || Alloo('A2) ™ = Bokkaa|| Al AR? which is the desired bound. We

also note that
ka\lﬁ AS kaﬂl_/l\ 1, /\ < (Bik1) ka\lﬁi

which combined with the previous bound shows that the required condition (5.40) in the

statement is enough to satisfy (5.34). O
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A.9 Auxiliary lemmas

Lemma 28. Let Z,Y € O™F and let I1; = ZZT and Iy = YYT be the corresponding

projection operators. We have

min |2 -YQ|r < [z —Iy|r.
Qe@kxk

Proof. We first note that ||IIz||% = tr(I1%) = tr(Ilz) = k (since projections are idempotent),
and [|[Z]|2 = tr(Z7Z) = tr(Ilz) = k. Let ZTY = UXVT be the SVD of ZTY where
U,V € 0** and ¥ = diag(oy,...,04) = 0. Then, using the change of variable O = VIQU.,

1
—min||Z —=YQl% = k — maxtr(Z1Y
S min |17 =Y Qi =k — maxtr(Z7Y Q)

=k— max tr(X0)=Fk—[|X|,
O € Qkxk

where || ]|, = ), 0; is the nuclear norm of . To see the last equality, we note that since O is
orthogonal, we have |O;;| < 1 for all 7, hence maxo tr(30) < maxy; |0,<1 2_; 0iO0i = Y, 0i
by the duality of ¢; and /., norms and o; > 0. The equality is achieved by O = I;. On the
other hand

1
Sz =Ty [ = k — ey ) = k = [ 27V [ = k = |27

Since ||X|| = ||ZTY || = | Z]|||]Y]| < 1, we have o; < 1 for all i. Tt follows that ||X||% < ||Z]].

completing the proof. O
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APPENDIX B

Extra Simulation Results

Here we present extra simulation results under the setup of Chapter 9. The following figure

shows the overall NMI and log. error rate for different values of C' and a:

07 T

06F

051 %
i g
6 e
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= = === Spectral 4-
s/ Oracle i
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03[
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02r

e
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0.1 ket . . . . . . . .
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# of nodes per cluster # of nodes per cluster

Figure B.1: Plots with different parameters.

The next figure illustrates the results for unbalanced cluster sizes. To be specific,

(1,4,6,9)
20

(1,3,4,6,7,9)

and m(z) = 30 ,

m(y) =

which implies § > 3 according to (A2):
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We also consider the setting where the number of the clusters of one side is significantly

NMI (Overall)
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Figure B.2: Plots with unbalanced cluster sizes.

greater that of the other. We let K =4, L =12 and

(1 2 3 4 5 6

4 5 6 7 8 9
B =

7 8 9 10 11 12

10 11 12 1 2 3

The simulation results are as follows:
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Figure B.3: Plots with different number of communities.
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