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ABSTRACT OF THE DISSERTATION

Theory of Relaxor Ferroelectrics

by

Gian Giacomo Guzman Verri

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2012
Professor Chandra M. Varma, Chairperson

Relaxor ferroelectric crystals are characterized by a broad region of critical
fluctuations of polarization: the observed dielectric constants and elastic diffuse scatter-
ing extend over a wide region of temperatures and have unusual line shapes. Despite more
than 50 years since the synthesis of the first relaxors, a satisfactory theory of relaxor ferro-
electricity that accounts for this broad region of fluctuations remains elusive, partly because
of the various energy scales: the deviation from Curie-Weiss law, the onset of the elastic dif-
fuse scattering and the maximum in the dielectric susceptibility. We present a theory of the
fluctuations of relaxors with a model of polarizable unit cells with dipolar forces, local an-
harmonic forces, and local random fields. The usual Lorentz field approximation to the local
dipolar field fails to account for the critical fluctuations of polarization at any temperature
since it violates the fluctuation-dissipation theorem of statistical mechanics. Thus, thermo-
dynamic functions and temperature dependencies of the phonon frequencies are computed
self-consistently using the Onsager field, which is the simplest necessary correction to the
Lorentz field that guarantees the fluctuation-dissipation theorem. Compositional disorder

is treated by a self-consistent method that relates the local polarization to the local ran-
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dom fields and to the susceptibility averaged over compositional disorder. Local anharmonic
forces are treated within a quasi-harmonic approximation. We find that (i) arbitrarily small
compositional disorder together with dipolar forces extend the region of critical fluctuations
down to absolute zero temperature; (ii) the correlation functions of polarization are highly
anisotropic and slowly varying with a power law component. We compare our results to

the observed elastic diffuse scattering and dynamic dielectric constant.
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Chapter 1

Introduction

Relaxor ferroelectrics are interesting because they exhibit new physics. Typical
relaxors show a broad region of fluctuations with several temperature scales and unusual
line shapes, as illustrated in Fig. 1.1. For high temperatures, the behavior of the relaxors is
similar to that of conventional ferroelectrics, i.e., their dielectric constants follow the Curie-
Weiss law with large Curie-Weiss constants. As temperature decreases, the behavior of the
relaxors differs from that of conventional ferroelectrics: their dielectric constants deviate
from the Curie-Weiss law and reach a broad maximum at a temperature Ti,,x without any
signature of a global broken symmetry. At low temperatures, no phase changes are observed
unless large electric fields are applied. [1] The broadening of the dielectric response in the
relaxors is known as diffuse phase transition and the temperature at which relaxors deviate

from Curie-Weiss behavior is known as the Burns temperature Tg.
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Figure 1.1: Schematic of the inverse dielectric constant e of a typical relaxor ferroelectric in
the absence of large static electric fields. Inset: schematic of the dielectric constant of the
relaxors around the ferroelectric transition in the presence of large static electric fields.

Relaxors are technologically important materials. They are widely used in capac-
itors since their dielectric constants are large (10% — 10%) over a broad temperature range
of operation (few hundred Kelvin degrees). [2] Solid solutions of relaxors with conventional
ferroelectrics, e.g., PbMny 3Nby/303-PbTiO3, or PbZn; ;3Nb,/303-PbTiO3, exhibit large
piezo-electric coefficients (2500 pC/N), which makes them a material of choice in the indus-
try of electromechanical transducers. [3]

Compositional disorder is strong in the relaxors and it is essential for their unusual
behavior. Typical relaxors belong to the complex perovskite family with chemical formula
ABOj3 where the B-site is disordered. For example, consider the prototypical relaxor fer-
roelectric lead magnesium niobate, PbMgj 3Nby /303 (PMN). In PMN, Mg*2, Nb*™ are
randomly distributed on the B-site in a 1:2 ratio to preserve charge neutrality. The differ-
ence in the ionic radii and electronic valencies of Mg*? and Nb** are sources of random fields

and random bonds. In the absence of compositional disorder, no diffuse phase transition is



observed and relaxors behave like conventional ferroelectrics. [4]

Despite the first relaxors were synthesized more than 50 years ago [5, 6], under-
standing of their broad region of fluctuations together with its several special tempera-
tures has proved difficult. A major challenge has been the characterization of the relaxor
state and the identification of its transition temperature to any of the special tempera-
tures (T, Tow, Tmax, and T'.). [7] For instance, a model by Westphal et al. [8] associated
the relaxor state to that of a random field state and the transition temperature was assigned
to the ferroelectric transition temperature 7. under the presence of large static fields. An-
other model by Pirc and Blinc associated the relaxor state to that of a random-field-random-
bond state but did not assign the transition point to any special temperature. [9, 10]

Only recently neutron scattering experiments have identified the onset tempera-
ture of critical fluctuations in the relaxors. [11, 12] Neutron scattering experiments observe
the onset of elastic diffuse scattering at a temperature close to Teoyw. The temperature
dependence and wave-vector distribution of these fluctuations differ from those of conven-
tional ferroelectrics and are suggestive of a transition to a random field state similar to that
observed in magnets with quenched random fields. [13, 14, 15, 16]

The purpose of this work is to present a theory for relaxor ferroelectric crystals that
accounts for the broad region of fluctuations. We consider a model of polarizable unit cells
with local anharmonic forces, dipolar forces, and quenched random fields. Thermodynamic
functions and the temperature dependence of the phonon frequencies are computed within
the Onsager field approximation to the local dipolar field. The choice of the Onsager field
over the Lorentz (mean) field is essential: it guarantees the fluctuation-dissipation theorem

at all temperatures. Compositional disorder is treated by a self-consistent method that



relates the local polarization to the local quenched random fields and to the susceptibility
averaged over disorder. To handle the local anharmonic forces, we adhere to a quasi-
harmonic approximation: we linearize the equations of motion to reduce the problem to that
of a harmonic oscillator with a renormalized phonon frequency. The phonon frequencies are
then determined self-consistently.

The organization of this work is the following: in Chapter 1 we review basic
definitions and concepts in ferroelectricity and compare conventional ferroelectrics to relaxor
ferroelectrics. In Chapter 2 we review the standard model of conventional ferroelectrics We
describe the Lorentz and Onsager field approximations in the context of this model. We
study the thermodynamics of this model and describe the onset of the ferroelectric transition
in terms of lattice dynamics. In Chapter 3 we present our model for relaxor ferroelectricity
together with our results, discussion and comparison to experiments. In Chapter 4 we
summarize our work, present the main conclusions, and discuss some of the assumptions in

our model.

1.1 Ferroelectricity

Ferroelectricity is the appearance of a spontaneous reversible polarization. [17] The
appearance of a spontaneous reversible polarization is manifested by well defined hysteresis
loops and polar domain structures below a critical point. Fig. 1.2 shows an schematic view
of a hysteresis loop for a typical ferroelectric where P is the polarization and E is the
macroscopic field. At the origin of the PE diagram, Fig. 1.2, there are equal number of
domain walls pointing up and down so the net polarization is zero. By applying a small

positive field F, the polarization grows linearly with FE: the field is not large enough to



switch the polarization of any domain. By increasing the strength of the field, some of
domains switch over in the direction of the applied field increasing the polarization (AB).
Upon further increasing F, the polarization saturates: all domains are aligned with the field.
By decreasing the field strength, P does not follow the previous path (OABC). Instead, the
polarization decreases by following the CBD path and there is a remnant polarization at
E = 0: some of the polar domains remain with a polarization aligned in the direction of the
field. Extrapolation of the linear path BC to the vertical axis (dashed line BE) gives the
spontaneous polarization P; The polarization of the crystal is set back to zero by applying
a field in the opposite direction (DF path). The coercive field is the field required to set
the polarization back to zero. By increasing the field strength in the opposite direction, the
polarization of the domains aligns with the field. The loop is completed by reversing the

field (GHC). Typical values of the spontaneous polarization are given in Table 1.1.

Figure 1.2: Hysteresis loop of ferroelectrics. Figure taken from Ref. [17].

Conventional ferroelectric crystals are broadly classified in two groups depending



Table 1.1: Spontaneous polarization P,, Curie-Weiss constant C'cy, and critical tempera-
ture T, for various ferroelectrics. Data taken from Ref. [17]

Name Formula Py [107C/em?] Ceow [K] T. [K]
Potassium di-hydrogen

phosphate KHyPO4 (KDP) 4.75 (96 K) 3.3 x 103 123
Sodium potassium tartrate

tetrahydrate (Rochelle Salt) NaKC4H;,064H20 0.25 (278 K) 2.2 x 103 297
Lead titanate PbTiO3 (PTO) > 50 (296 K) 5.0 x 10° 763
Barium titanate BaTiO3 (BTO) 26 (296 K) 1.5 x 10° 393

on the values of their Curie-Weiss constant, Ccoy (see Table 1.1). The first group shows
Curie-Weiss constants of the order of 10° K and includes hydrogen-bonded crystals such as
KH3PO4 (KDP) and Rochelle salt together with related compounds. This group is called
order-disorder ferroelectrics. This order of magnitude of C'oyy is expected from models with
permanent dipoles that have two equilibrium positions corresponding to opposite orienta-
tions or from an ion moving in a double-well local potential (see Figure 1.3). The dielectric
constant from systems with permanent dipoles or ions in a double-well potential is given as

follows, [17]

C 4
€= EV;C, Cow = #Tc, (order-disorder ferroelectrics) (1.1)

where T is the critical temperature. The factor of 47/3 comes from the expression of the
Lorentz local field E + (47/3) P where E is the macroscopic field and P is the polarization.
Typical critical temperatures for order-disorder ferroelectrics are of the order of 100 K (see
Table 1.1), thus, Cow = 3T, ~ 103 K.

The second group shows Curie-Weiss constants of the order of 10° K (see Table 1.1).
and includes the perovskite oxides BTO and PTO. This group is called displacive ferro-
electrics. This order of magnitude of Coyw is expected from models with induced dipoles,
i.e., models with oscillating ions with instantaneous electric moment z*u, where w is the dis-

placement coordinate from the equilibrium lattice point and z* is the effective charge. For



local potentials with a quadratic term and quartic anharmonicity, (x/2)u? + (v/4)u?, (see

Fig. 1.3 (b)) the dielectric constant is given as follows, [17]

—, (displacive ferroelectrics) (1.2)

where n is the number of dipoles per unit volume and kp is the Boltzmann constant.
According to this equation, Coyy is large if v is small. For displacive ferroelectrics, the
anharmonic coefficient -y is of the order of the coefficients of volumetric thermal expansion of
ferroelectrics (~ 1075 K). [18, 19] This explains the large Curie-Weiss constant of displacive
ferroelectrics.

The order-disorder and displacive classification presented above represents limit-
ing behavior. Experience shows that the local potentials in conventional ferroelectrics are
neither double-deep wells (see Fig. 1.3 (a)) nor slightly anharmonic (see Fig. 1.3 (b)) but
somewhere in-between. [20] The values of the Curie-Weiss constants manifest whether a
ferroelectric is closer to the order-disorder or the displacive-type.

In the present work we make the assumption that relaxors are of the displacive
type: the observed Curie-Weiss constants are large, e.g., 1.25 x 105K for PMN [21]. Ad-
ditional evidence is provided by neutron diffraction experiments, which are discussed in

Sec. 1.2.
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Figure 1.3: Schematic of the local potential function V' plotted against the displacement
coordinate u of the ion for an order-disorder (a) and a displacive (b) ferroelectric. The
harmonic potential is shown for comparison (red, dashed line).

The current understanding of the onset of the ferroelectric transition in conven-
tional ferroelectrics is from the works of Anderson [18] and Cochran [22, 23, 23]. Anderson
and Cochran proposed that the of the onset of the ferroelectric transition is due to lattice
instabilities. Crystal lattices are unstable against small deformations if one or more nor-
mal phonon mode frequencies are imaginary. [24]. Anderson and Cochran showed that in
ionic systems such as conventional ferroelectrics there are two contributions to the harmonic
phonon frequencies which are opposite in sign tend to cancel each other, i.e, tend to soften
the mode. The positive contribution is from local forces: short-range repulsions between
ions; and the negative contribution is from dipole forces: the displacements of the ions in
the unit cell together with their charges generate induced dipoles which interact via dipole
forces. For temperatures well above the critical point, the phonon mode is stabilized by local
anharmonic forces. In addition, the crystal lattice has no permanent dipole moment since it
has an inversion point. As the temperature approaches the critical point, the phonon mode
becomes unstable inversion symmetry is lost. The new lattice structure has no inversion
point and allows for a net polarization in the unit cell.

The soft mode concept explains the divergence of the dielectric constant in ferro-



electrics. The dielectric constant and the optic mode frequencies in ionic systems are related

by the Lyddane-Sachs-Teller (LST) relation,

=_LO, (1.3)

Here, €(0) is the static (w = 0) dielectric constant in the long-wavelength limit (g=0);
€0(00) is the dielectric constant at optical frequencies (~ w = 00) in the long-wavelength
limit; and Qgro and Q7o are the transverse and longitudinal optical mode frequencies.
Eq. (1.3), shows that g — oo as Q¢ — 0. In Chapter 2, the onset of the ferroelectric

transition and its relation to the soft modes is discussed in more detail.

1.2 Unit cell of Relaxor Ferroelectrics with perovskite Struc-

ture

In this section, we describe the unit cell of a typical relaxor ferroelectric: PMN.
The unit cell of PMN is well described by the cubic perovskite structure with chemical
formula ABOs. The A-site is at (0,0,0), the B-site at (0.5,0.5,0.5) and the oxygen at
(0.5,0.5,0) and symmetry related positions (see Fig. 1.4). [7, 25] The B-site is disordered
since it is randomly occupied by Mg*? or Nb*® in a 1 : 2 ratio, respectively. The lattice

constant a is of about 4.0 A.
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Figure 1.4: PMN unit cell

The precise location of the Pb*™ ions is temperature dependent. Fig. 1.5 shows
the probability density function (PDF) of the of the Pb** ions determined from neutron
diffraction experiments. For temperatures above the Burns temperature Tp ~ 620 K, the
PDF is a single peaked Gaussian, i.e, the Pb™* ions are close to the A site of the perovskite
unit cell. Upon cooling below Tz, the PDF shows a double peak centered at about 0.3 A. at
293K, i.e, the Pb** ions are uniformly distributed over a spherical layer of radius of about
0.3 A. The fits to the neutron diffraction data do not improve if a displacement of Mg*?
or Nb*5 from the B-site is assumed. This suggests that the displacements of Mg®? and
Nb*® are significantly smaller than those of Pb™. [7]. Similar results were obtained for the

relaxor PbMg; ;5Tay/303. [26]
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Figure 1.5: Probability density function of the Pb** ions in PMN. Rpy, is the displace-
ment from the (0,0,0) position. Reprinted with permission from S.B. Vakhrushev and
N.M. Okuneva, AIP Conference Proceedings 626, 117 (2002). [27] Copyright (2002) by the
American Institute of Physics.

In the non-polar phase, the unit cell of displacive ferroelectrics such as PTO and

BTO is well described by a perovskite cubic structure as that of Fig. 1.4 except the B-site
is not disordered.
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1.3 Review of Experimental Work: Comparison between Con-

ventional and Relaxor Ferroelectrics

The purpose of this section is four-fold: (i) to contrast the physical properties of
conventional and relaxor ferroelectrics; (ii) to provide evidence that compositional disorder
in the relaxors extends the critical region of fluctuations down to low temperatures; (iii)
to show that relaxor ferroelectrics exhibit several special temperatures; (iv) to introduce
the concept of polar nanoregions. We focus our attention on measurements that probe the
fluctuations of polarization throughout the diffuse phase transition of the relaxors: dielectric

constant, diffuse scattering, and soft transverse optic phonon modes.

1.3.1 Dielectric Constant

Phase transitions are identified by divergences in the response functions xo(w).
The temperature dependence of the response functions around the critical point T, provides
information about the behavior of the fluctuations of the system in the critical region.
Here, we contrast the dielectric constant, ep(w) = 1 4 4mxo(w) of conventional displacive
ferroelectrics to that of the relaxors

We first consider the dielectric constant of conventional ferroelectrics. Fig. 1.6 (a)
shows the dielectric constant €y of a typical ferroelectric, PTO. For temperatures close to
T. ~ TT0K, ¢y follows the Curie-Weiss law (see black, solid line) with a large Curie-Weiss
constant (Cow =~ 5.0x 10° K) and a Curie-Weiss constant Toy ~ 715 K. PTO is paraelectric
well above 770 K, with a cubic lattice structure. For temperatures well below and close to
the critical point 770 K, ¢ follows the Curie-Weiss law (not shown in figure) with a slightly

different Curie-Weiss constant and critical point 7,7 ~ 770K. PTO is ferroelectric well
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below T.F ~ 715K with a tetragonal lattice structure. For temperatures slightly above and
below 770K, ¢ is large and sharp. The width of the sharp peak is of a few tenths of Kelvin
degrees. The phase transition is of first order, although rather weak since the region of
coexistence between the paraelectric and ferroelectric phases is of a few tenths of Kelvin
degrees. The dielectric constant of PTO and most conventional ferroelectrics varies little

with frequency below the optical range (~ 10'2 Hz). [4, 28]
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Figure 1.6: Dielectric constants for PTO (a) and PMN (b). Data taken from Refs. [29, 30].
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In conventional ferroelectrics, the divergence of the dielectric constant occurs be-
cause of a lattice instability: the transverse optic mode Q1o softens and the non-polar
cubic lattice is unstable below T.. The phase change is accompanied by the formation of
macroscopic polar domains, as described in Sec. (1.1). The divergence of the response func-
tions Yo indicates a change in the behavior of the correlation functions. For systems with
isotropic short-ranged forces such as magnets, it is well known the correlation functions
change from exponential to power-law behavior at T,.. [31] For systems with anisotropic
long-ranged forces, the correlation functions change from a power-law to a distinct power-
law behavior (see Sec. 2.4.2).

We now consider the dielectric constant of the relaxors. The behavior of the
dielectric response in the relaxors differs depending on whether large static fields are applied:
in the absence of large static fields there is no ferroelectric transition at any temperature;
in the presence of large fields (> 1.7kV /cm for PMN), there is a first order ferroelectric
transition. We first describe the dielectric constant without large static fields.

Fig. 1.6 (b) shows the dielectric constant € of a typical relaxor ferroelectric, PMN,
in the absence of large static fields (> 1.7kV/cm) . For temperatures above the Burns
temperature Tp ~ 620 K, € follows the Curie-Weiss law (see, black, solid line), with a large
Curie-Weiss constant (Cow ~ 1.5 x 10° K) and a Curie-Weiss temperature of T, ~ 410 K.
For T' < Tp, the € deviates from the Curie-Weiss law behavior and grows as temperature
decreases. € reaches a maximum €,y at a temperature Ty, and then decreases upon further
cooling. Tinax =~ 240K in the mHz range and Tiax =~ 380K in the GHz range (not shown
in figure). [7, 32] The peak in € is very broad in temperature compared to that of PTO: it

extends over a few hundred Kelvin degrees. ¢ is strongly dependent on the frequency of the
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applied field: €y, decreases and shifts towards higher temperatures as frequency increases.
The lattice structure remains cubic at all temperatures with no long-range ferroelectric
order.

The behavior of the relaxor dielectric constant is fairly well described by a Debye

formula with a broad distribution of relaxation times, [32]

60(0) — 60(00) ‘

1.4
1+ wwr (1.4)

€o(w) = eo(00) +

Here, €(0) is the static (w = 0) dielectric constant in the long-wavelength limit; €p(c0)
is the dielectric constant at optical frequencies in the long-wavelength limit; and 7 is the
relaxation time.

The distribution of relaxation times is approximately described by the Vogel-

Fulcher law,

oo, T < Tf.

Here, wy is a characteristic hopping frequency, E, is the activation energy; and T is a freez-
ing temperature. For PMN, 19 = (27wy) ™! ~ 107 's, Ty ~ 225K, and E,/kp ~ 750 K. [33].
A distribution of relaxation times of the Arrhenius form (77 = 0 in Eq. (1.5)) gives un-
physical large hopping frequencies and activation energies. [7] The long relaxation times
implied by (1.5) indicates that the thermally activated reorientations of dipoles responsible
for polarization slow down with decreasing temperature and freeze at T' = T. [34]

Similar temperature dependencies and relaxation times with Vogel-Fulcher distri-
butions have been observed in spin glasses, i.e., magnetic systems with random exchange in-
teractions that result in long-time spin correlations rather than long-spatial correlations. [35]

This lead to the proposal that the observed deviations from the Curie-Weiss law in ep(w)
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are due to the formation of polar nanoregions (PNRs): domains of strong correlations of the
size of a few nanometers. [21] It is believed that for temperatures well above the Burns tem-
perature Tz, there are no PNRs and relaxors are similar to conventional ferroelectrics, i.e.,
follow the Curie-Weiss law with large Curie-Weiss constants (~ 10° K) and a Curie-Weiss
temperature Tow . At about T PNRs nucleate with a random distribution of polarizations
such the overall polarization of the crystal is zero and no long-range ferroelectric order
is established. For temperatures below Ts but above Ty, the PNRs are dynamic and
weakly interacting. For temperatures below Ty, their dynamics slow down and become
strongly interacting. Upon passing through the temperature Ti,.x, the dielectric constant
peaks but the PNRs do not form macroscopic polar domains and there is no ferroelectric
phase transition, instead the PNRs form a glassy phase. [7]

Despite the behavior of the dielectric constant supports the picture described
above, there are important objections. First, the description is only qualitative and it
is incomplete, e.g., nothing is said about the mechanism by which PNRs form. Second, and
most importantly, the observed fluctuations by neutron scattering strongly suggest a tran-
sition to a random-field state and not to a glassy state (see Sec. 1.3.2). A random-field state
does not exclude PNRs: systems with isotropic short-range forces with quenched random
fields lower their free energy with respect to the ordered state by breaking up into domain
structures with short range correlations.

We now describe the dielectric constant of the relaxors in the presence of large
static fields. A ferroelectric phase transition occurs at a temperature Ty, if a large static
field is applied (> 1.7 kV/cm for PMN). [1] Fig. 1.7 shows the dielectric constant of PMN

along the [001],[011],[111] directions at 1.0kHz. The measurements were done in zero

16



field heating after cooling in field of about 10kV/cm. The peak around 270K (< 0°C) is
typical of the relaxors: it is broad in temperature and it shifts towards higher temperatures
as the frequency the probing field increases (not shown in figure). [36] A narrow peak
is observed around Ty, ~ 200K (~ 73°C). Ty, is independent of the frequency of the
probing field (not shown in figure). [36] The narrow peak corresponds to a ferroelectric phase
transition, although very different from that of conventional ferroelectrics. Fig. 1.8, shows
the temperature dependence of the polarization in PMN. [37] Below 210 K, the polarization
slightly decreases with increasing temperature and then drops abruptly close to 210K, as
expected from a phase transition. However, a finite polarization persists for temperatures
above Ty with well defined hysteresis loops (see Fig. 1.9) The lattice structure is most likely
rhombohedral in the ferroelectric phase: for fields applied along the [111], [110], [100]
directions, the polarization is largest along the [111] direction and the values of those along

[110], [100] are close to its projection. (see Fig. 1.8). [1, 7, 37]
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Figure 1.7: Dielectric constant of PMN along the [001], [011], [111] directions Measurements
were done in a zero field heating after a cooling with the indicated fields. The peak around
270K (< 0°C) is typical of the relaxors. The narrow peak at about T, ~ 200K (~ 73°C)
indicates a ferroelectric phase transition. Reprinted with permission from G. Schmidt, H.
Arndt, J. Voncieminski, T. Petzsche, H. Voigt, and N.N. Krainik, Krist. Tech. 15, 1415
(1980). [1] Copyright (1980) by John Wiley and Sons.
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Figure 1.8: Temperature dependence of the polarization in PMN along different directions.
Measurements were done in zero field heating after a 10kV/cm cooling. Note a finite
polarization persists above the temperature T, ~ 200 K where the dielectric constant peaks.
Reprinted with permission from X. Zhao, W. Qu, X. Tan, A. A. Bokov, and Z.G. Ye, Phys.
Rev. B 75, 104106 (2007). . [37] Copyright (2007) by the American Physical Society.
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Figure 1.9: Hysteresis loops in PMN below the ferroelectric transition temperature. Well
defined hysteresis loops are present below the transition temperature 7', ~ 200K (~ 73°C)
where the dielectric constant peaks. Reprinted with permission from G. Schmidt, H. Arndt,
J. Voncieminski, T. Petzsche, H. Voigt, and N.N. Krainik, Krist. Tech. 15, 1415 (1980). [1]
Copyright (1980) by John Wiley and Sons.

Summarizing, the fluctuations of polarization in the relaxors are broad in temper-
ature and exhibit several special temperatures, as manifested by the dielectric response: the
Burns temperature T, at which the relaxor dielectric constant deviates from the Curie-
Weiss law; the temperature Tiay, at which the dielectric constant peaks; and TYy., the
temperature at which a first-order ferroelectric transition occurs for large enough electric
fields. It is the purpose of the present work to provide a model that describes the tempera-
ture and frequency dependencies of the dielectric constant in the relaxors. We will compute

the correlation functions of polarization and discuss their relation to the PNRs (see Chap. 3)

1.3.2 Phonon Dynamics and Soft Modes

The paraelectric-to-ferroelectric transition in conventional ferroelectrics is the re-

sult of a lattice structural change. According to Landau’s theory of phase transitions,
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symmetries must break spontaneously for a phase change to occur. The lattice structure of
typical ferroelectrics is centrosymmetric (has an inversion point), above the critical point
T. (see Fig. 1.14 (a)). Therefore, no permanent dipole moment is allowed in the unit cell.
For a permanent dipole to occur, a structural phase change to a non-centrosymmetric lattice
must occur (see Fig. 1.14 (b)). Lattice instabilities occur when at least one phonon mode
is unstable, i.e., its frequency becomes imaginary. [24]. These vibrational modes are called
soft modes and correspond to zone-center transverse optic modes in ferroelectrics. Lattice
anharmonicities stabilize these soft modes at temperatures above T.

For temperatures above the Burns temperature 15, relaxor ferroelectrics behave
as conventional displacive ferroelectrics in the non-polar phase: they (i) are well described
by a perovskite lattice with cubic unit cell (see Sec. 1.2); and (ii) the dielectric suscepti-
bility follows the Curie-Weiss law with large Curie-Weiss constants (see Sec. 1.3.1). These
suggests that the behavior of the relaxors above and below the Burns temperature could be
understood in terms of lattice dynamics and soft modes in the presence of strong composi-
tional disorder. In this section, we contrast the lattice dynamics of conventional displacive
ferroelectrics to that of the relaxors.

We focus our attention in results obtained from neutron scattering experiments: (i)
constant @ scans and (ii) constant energy scans. Constant @ scans are performed by holding
the momentum transfer Q = k; — ky fixed while varying the energy transfer AE = F; — E;.
Here, Ej;, k; are the energy and wavevector of the incident neutron and E;, ky are the
energy and wavevector of the scattered neutron. Constant energy scans are performed by
holding AF fixed while varying the momentum transfer Q. From the conservation laws of of

momentum (wavevector) and energy, it follows that k;—ky = Q = 7+q and E; — E; = (g,
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where 7 is a reciprocal lattice vector; g is a wavevector within the Brillouin zone; and 4 is
the frequency of the phonon at q. In the experiments described below, @ and q are measured
in reciprocal lattice units (rlu), where 1rlu = 27 /a where a is the lattice constant.

We first consider PTO, a typical ferroelectric. Figure 1.10 shows the dispersion
curves for the phonons observed by neutron scattering along the [001] direction at T =
510°C (783 K). [38] The dip in the transverse acoustic mode at about 0.1rlu is due to its
interaction with the transverse optic mode. The soft optic mode was observed at the zone-
center of the Brillouin zone (g = 0) with increasing energy with increasing q. For PTO, the
soft mode is well defined (undamped) away from its critical point, T, = 440°C (766 K) (see
Fig. 1.11)). Close to T¢, the soft optic mode broadens and it is difficult to directly measure
its frequency at ¢ = 0 since it must be distinguished from acoustic phonons and Bragg
reflections. An extrapolation method is used to find the soft optic mode frequency €2 at
g = 0. The phonon dispersion ()4 is approximated in the vicinity of g = 0 by the relation,
(hQ2q)? = (h)? + aq|?, where « is a temperature independent constant. The temperature
dependence of the energy hf)q is determined by constant energy scanning in the vicinity of
the zone center (0.2rlu < g < 0.8rlu). The results are shown in Figure 1.12. The vertical
lines indicate the result of this extrapolation. For temperatures above T, Q% decreases

linearly with temperature, [38]
h*Q3 = Ap(T —T.), Ay =0.13 (£0.03)meV?/° C, T.=440° C. (1.6)

This is precisely the temperature dependence predicted by the theory of W. Cochran for

the frequency of the transverse optic mode. [22, 23].
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Figure 1.10: Three lowest phonon branches in PTO at 7" = 510°C (783 K). Here, |q| =
(27/a)C, where a = 3.97 A is the lattice constant in the non-polar phase. Reprinted figure
with permission from G. Shirane, J. D. Axe, J. Harada, and J. P. Remeika, Phys. Rev. B
2, 155 (1970). [38] Copyright (2008) by the American Physical Society.
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Figure 1.11: Constant-Q scans for PTO measured at Q = (2,2,0.2) and Q = (3,3,0) at
T =775°C (1048 K). G. Shirane, J. D. Axe, J. Harada, and J. P. Remeika, Phys. Rev. B
2, 155 (1970). [38] Copyright (2008) by the American Physical Society.
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Figure 1.12: The frequency squared of the zone-center transverse optic mode for PTO.

Filled and empty circles are obtained by the extrapolation method (see text) and by direct
measurements, respectively. Data taken from Ref. [38].

The displacements of the ions associated with the soft transverse optic modes are
determined from neutron scattering. [39] A symmetry analysis of the PTO unit cell at the
zone center (@ = 0) shows that the frequency of the mode is 3-fold degenerate: the Slater
mode, the Last mode, and the Axe mode (see Fig. 1.13). In the Slater mode, the oxygen
and the Ti ion vibrate in opposition while the Pb ions remain stationary. The Last mode
corresponds to opposing motions of the TiOg octahedron and the Pb ions. In both modes,
the three oxygen atoms in the unit cell move as a rigid unit. In the Axe mode, the Pb
and Ti ions are at rest while the oxygen octahedron bends. The actual displacements of
the ions in the unit cell are a linear combination of Slater, Last and Axe modes. The
relative intensities of these vibrational modes are determined by measuring the intensity of
the inelastic scattering for a one phonon process. For the perovskite ferroelectric PTO, the
two dominant modes are the Slater and Last modes and the resulting displacements are

shown in Fig. 1.14 (b). [40]
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Figure 1.13: Zone-center transverse optic modes in PTO: (a) Slater, (b) Last, and (c)
Axe modes. Grey, blue, and red spheres are the Pb**, Tit? and O~2 ions, respec-
tively. Reprinted with permission from J. Hlinka, J. Petzelt, S. Kamba, D. Noujni, and
T. Ostapchuk, Phase Transitions 79, 41 (2006). [41] Copyright (2006) by Taylor & Francis.
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Figure 1.14: Cubic (a) and tetragonal (b) unit cells of PTO. The cubic unit cell is cen-
trosymmetric, thus, no permanent dipole moment is allowed. Below T, the tetragonal unit
cell is non-centrosymmetric and a permanent dipole moment is allowed. a = 3.97 A is the
lattice constant in the non-polar phase. Data taken from Ref. [38]

We now discuss the lattice dynamics in the relaxors. As opposed to conventional
ferroelectrics, the transverse optic modes that soften have not been fully identified in the

relaxors. For temperatures well above the Burns temperature T, a soft mode has been
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identified and behaves similarly to that of conventional ferroelectrics. For temperatures
below Tp and above the temperature T, in which a ferroelectric transition is induced by
large fields (see Sec. 1.3.1), the experimental identification of the soft mode has been difficult
because (i) the optic mode becomes strongly overdamped and (ii) it exhibits the waterfall
effect: a nearly vertical drop of the transverse optic branch into the acoustic branch observed
in the vicinity of some Bragg peaks. The wavevector for which this drop is observed is called
the waterfall wavevector |qy /.

Consider the typical relaxor PMN. Figure (1.15) shows the transverse optic and
transverse acoustic modes for PMN close to the (200) Bragg peak at T' = 1100 K, well above
Tp ~ 620K and T, ~ 210K. [42] The modes are underdamped (see Fig. 1.15 (a)-(b)) and
exhibit conventional phonon dispersions along the [20¢] direction, i.e., the acoustic and optic
frequencies are, respectively, proportional to |g| and |g|? in the long-wavelength limit and
increase with increasing wavevector |g| (see inset in Fig. 1.15).

Figure 1.16 shows the transverse optic and transverse acoustic modes close to the
(200) Bragg peak at (1. <)T = 550K (< T). The transverse optic mode is strongly
damped at Q = (2,0,0.08) (see Fig. 1.16 (a)). The transverse acoustic mode is not observed
since its energy is < 3meV. At Q = (2,0,0.16) the transverse optic and transverse acoustic
modes are undamped (see Fig. 1.16 (b)). The solid lines in the inset of Fig. 1.16 (a)
show the dispersion relations of the transverse acoustic and transverse optic phonons at
550K along the [20]|q|] direction determined from constant-Q scattering. The transverse
acoustic dispersion follows conventional behavior for all |g|. The transverse optic dispersion
follows conventional behavior for |g| > |guf| ~ 0.12rlu, For ¢ < |gu¢|, the transverse

optic frequencies cannot be determined from constant-@) scans since the mode is damped.
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Constant-energy scans are then performed and the positions of the maxima are plotted on
a dispersion curve. It is found that the wavevector positions of the maxima are independent
of the energy over a considerable range in the energy. This is shown by the dashed line in
the inset of Fig. 1.16 (a) in which the optic dispersion exhibits an almost vertical drop at
q = |quy|, i-e., the waterfall effect. For temperatures below about T, ~ 210K no waterfall
effect is observed and the transverse optic mode is undamped. [43]

It was initially proposed the waterfall effect was the result of the interaction be-
tween transverse optic modes and PNRs (short range polar correlations of nanoscale size,
see Sec. 1.3.1). [42] In addition to the waterfall effect, it was observed that for T, < T < Tg
the frequency of the transverse acoustic mode for |g| ~ |g,¢| has a stronger temperature
dependence than that for |g| < |g,¢|. [42] This observation lead to the simple picture in
which phonon modes with wavelengths comparable to the size of the PNRs are damped
by the PNRs themselves, while those with longer wavelengths are not affected. This ex-
planation was later challenged by (i) the experimental observation of the waterfall effect
in solid solutions of PMN with 60%PTO (PMN-60%PT) where there is no evidence of
PNRs [44]; and (ii) a similar effect is observed already in conventional ferroelectrics such
as BTO. [45] An alternative explanation for the waterfall effect has been provided by a
model of coupled transverse acoustic and transverse optic phonons without invoking the
concept of PNRs. [45, 46] The model was applied to PZN-8%PT with good qualitative and
quantitative agreement. [45, 46] It is also important to restate here the point of Cowley
et al. [7] and Gehring et al. [44]: there is no justification for plotting the maxima of the
intensity from constant energy scans as points on a dispersion curve, as done in Fig. 1.16),

since the mode is overdamped in the first place.
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Figure 1.15: Constant-Q scans for PMN at (a) Q@ = (2,0,0.08) and (b) Q@ = (2,0,0.16)
at T' = 1100K. The inset shows the dispersion relation of the transverse acoustic and
transverse optic phonons at the same temperature. Reprinted with permission from P. M.
Gehring, S. Wakimoto, Z.-G. Ye, and G. Shirane, Phys. Rev. Lett. 87, 277601 (2001). [42]
Copyright (2001) by the American Physical Society.
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Figure 1.16: Constant-@Q scans for PMN at (a) Q = (2,0,0.08) and (b) Q = (2,0,0.16) at
T = 550 K. The inset shows the dispersion relation of the transverse acoustic and transverse
optic phonons at the same temperature. Solid lines are obtained from constant-Q scans and
dashed lines from constant energy scans. Reprinted with permission from P. M. Gehring, S.
Wakimoto, Z.-G. Ye, and G. Shirane, Phys. Rev. Lett. 87, 277601 (2001). [42] Copyright
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Figure 1.17 shows the temperature dependence of the frequency of the zone center
transverse optic mode €2 for the relaxor ferroelectric PMN. The empty circles correspond
to direct measurements of €y at g = 0 in the vicinity of the (200) Bragg reflection. [47] The

filled circles correspond to measurements of €}y at ¢ = 0 obtained by a similar extrapolation
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method used for PTO (see above) in the vicinity of the (220) Bragg reflection. [43] For
T >Tp ~ 620K , Qq is well defined and it decreases linearly. For 400K < T < Tp ~ 620K,
Q% decreases linearly with temperature and reaches a minimum at a finite frequency at about
400K. For 210K < T < 400K, Q3 increases linearly with a greater slope that of 7' > 400 K.
For T' < 210K, Q% is well defined (underdamped) and increases linearly with temperature
with similar slope to that of 210 K < T < 400 K. We point out that the minimum of € at
about 400 is close to the Curie-Weiss temperature determined from the observed dielectric
constant (see Sec. 1.3.1). This temperature dependence of the soft mode in PMN provides

evidence there is no structural lattice change in the absence of strong electric fields.
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Figure 1.17: The frequency squared of the zone center transverse optic mode for PMN
measured at (200) (empty circles) and (220) (filled circles). For 220 — 620K the mode is
strongly overdamped. The error bars are roughly of the size of the data points. Data taken
from Refs. [43, 47].

1.3.3 Diffuse Scattering

Neutron scattering experiments provide a direct measure of the wave-vector dis-
tribution of the static fluctuations of polarization close to the critical point. The elastic

cross-section is proportional to the static structure factor, i.e., the Fourier transform of the
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static correlation functions of polarization. A typical cross section has two components: (i)
a sharp and (ii) a broad peak in wave-vector space q. Both peaks are centered at ¢ = 0. The
sharp peak is resolution limited and it corresponds to the Bragg reflection. The broad peak
is referred as diffuse scattering and it gives the wave-vector distribution of the correlation
function. Here, we contrast the diffuse scattering of conventional ferroelectrics to that of
the relaxors.

We first describe the diffuse scattering in conventional ferroelectrics. We consider
a typical ferroelectric, BTO. BTO has a paraelectric-to-ferroelectric transition at about
T. ~ 320 K. Figure 1.18 shows the elastic structure factor of BTO close to the (010) Bragg
peak and close to T,. For temperatures well above 393 K, only the sharp Bragg peak (green,
dashed line) is observed. For temperatures slightly above 393K there is diffuse scatter-
ing (red, solid line) with a small intensity around the Bragg reflection. As T'— 393 K, the
intensity grows and becomes very narrow. For temperatures below 393 K, the intensity of
the diffuse scattering decreases. The line shape of the diffuse scattering is well described by
a Lorentzian. [48] Figure 1.19 shows the temperature dependence of the diffuse scattering
close to g = 0. For T' — T, the diffuse scattering increases as (T — T,)~! (see solid line in
Fig. 1.19).

In systems with isotropic short range forces, e.g., ferromagnets, the elastic mag-
netic diffuse scattering has similar behavior to that of conventional ferroelectrics: the in-
tensity increases as the temperature approaches from above and below the critical point T¢;
and the line shape is that of a Lorentzian. It is well known that for isotropic short range
forces, diffuse scattering with Lorentzian line shapes, gives correlation functions that decay

exponentially with a correlation length that increases in vicinity of the critical point and
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diverges at T.. It is not-so-well known, however, that for anisotropic long-ranged dipolar
forces, diffuse scattering with Lorentzian line shapes, gives correlation functions that decay
as power-laws. [49] We will discuss this point in more detail in Chapter 2.

We now describe the static diffuse scattering in relaxor ferroelectrics. We consider a
typical relaxor ferroelectric, PMN. In the absence of large static fields, PMN does not have a
ferroelectric transition (see Secs. 1.3.2 and 1.3.1). Figure 1.18 shows the elastic the structure
factor of a typical relaxor, PMN close to the (110) Bragg peak. For temperatures well above
450K, only the sharp Bragg peak (green, dashed line) is observed. For temperatures of
about 450 K there is diffuse scattering (blue dots) with a small intensity around the Bragg
reflection. As temperature decreases to 300 K the intensity grows and the width becomes
narrower. Upon further cooling below 300 K, the intensity keeps growing and the width
keeps narrowing down to 150 K. Both intensity and width vary little below 150 K. The line
shape of the diffuse scattering is not described by that of a simple Lorentzian. [11, 12]
Figure 1.20 shows the temperature dependence of the diffuse scattering close to g = 0.
For temperatures above below the Burns temperature T ~ 620K to about 400K, the
intensity is very small. For temperatures below 400 K, the intensity increases rapidly and
then saturates at about 200 K. Similar behavior has been observed in the complex relaxor
(1 — 2)PbZn; 3Nby 303-2PbTiO3. [50]

Non-Lorentzian line shapes in the elastic diffuse scattering are highly suggestive
of random-field transitions. Theoretical and experimental studies in magnetic systems with
quenched random fields show the static fluctuations have the shape of a Lorentzian squared
in the long-wavelength limit (¢ — 0). [13, 14, 15, 16, 51, 52] In this work we will show

the observed fluctuations in the relaxors (see Figs. 1.18 and 1.20) are indeed the onset of a
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random-field transition.
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(110), (100) Bragg peaks. Intensity data from Hiraka et al. has been rescaled by an overall
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1.4 Review of Previous Theoretical Work in the Relaxors

In this section we review previous theoretical work done in the relaxors. We focus
our attention in the so-called Spherical Random-Bond-Random-Field (SRBRF) model put
forward by Pirc and Blinc. [9, 10]

The SRBRF model is a semimicroscopic description of the relaxors such as PMN:
it consists of reorientable and interacting PNRs embedded in a random array of pinned
domains. Pirc and Blinc considered PMN to be a structurally inhomogeneous material
consisting of (i) chemically disordered regions rich of Nb ions and (ii) chemically ordered
regions poor of Nb. [9, 54, 55| They assumed that PNRs are formed when two or more Nb
ions in a chemically disordered region respond along with their surroundings as a single
reorientable unit. The chemically ordered regions are static and are sources of random
fields. The PNRs are subjected to these random local fields.

Consider n; Nb-type unit cells in a PNR ¢, with ¢ = 1, .., N where N is the number
of PNRs. The dipole moment of the PNR is M; = , m;(l), where m;(l) is the dipole
moment of a unit cell [ in the PNR 7. Assuming all dipole moments within a PNR are
identical, m; = m;(l), then M; = n;m;. By introducing the dimensionless pseudospin
S; = (3/[m?]av)1/2 M, /n;, where [m?]a, = (1/N)Y.,m2, it is found that S, satisfies the

constrain,

> IS =3N. (1.7)

7

Since the number of possible orientations of S; is high, it is assumed that its

components fluctuate continuously,
*OO<Siu<OOa (M:xayaz)a (18)

however, they must satisfy the constrain (1.7).
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The Hamiltonian of a system of interacting PNRs is given as follows,

H=-) J;Si-S;—> h;i-S;. (1.9)
ij i

Here, J;; is a random bond (interaction) between PNRs i, j; and h; is a local random field
on the PNR 4. The bonds J;; are infinitely ranged independent random variables with
a Gaussian probability distribution of mean Jy/N and variance J?/N. The fields h; are
assumed to be independent random variables with a Gaussian probability distribution of
zero mean and of variance A 0;;0,,, (4,7 =1,...,N), (u,v = z,y, 2). Some of the quantities
calculated by Pirc and Blinc are the polarization P, = (1/N)>", <(Sm>th>c; the Edward-
Anderson order parameter, ¢, = (1/N)>_, <<S¢u>fh>c; and the linear susceptibility x1(w),
where w is the frequency of an external electric field. (...),, and (...),. are thermal and
configurational average, respectively.

The phase diagram predicted by the SRBRF model is shown in the inset of
Fig. 1.21. Here, an infinitesimal external field E¢®* in the (1,1,1) direction is applied
so P=P, =P, =P, and ¢ = ¢, = ¢y = ¢.. In the absence of random fields (A = 0) and
for Jg > J, the model predicts a paraelectric to ferroelectric transition at a finite temper-
ature with a non-zero order parameter (P # 0). For A = 0 and Jy < J, the system goes
through a sharp transition to a spherical glass phase with no long-range order (P = 0). The
Edwards-Anderson order parameter g decreases linearly with increasing temperature and
vanishes at 7' = J. For T' > J, g remains zero. In the presence of random fields (A > 0),
there is long range ferroelectric order for Jy > VJI2+A. For A > 0 and Jo < \/m,
long-range ferroelectric order is suppressed at all temperatures and there is no sharp tran-

sition to a spherical glass state: ¢ is small well above T' = J and increases as temperature

decreases (see Fig. 1.21). When compared to experiments, the SRBRF model describes
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well the observed Edwards-Anderson order parameter with physically reasonable fitting

parameters (see Fig. 1.22).
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Figure 1.21: Temperature dependence of the Edwards-Anderson order parameter for the
SRBRF model. Here Jy = 0 and for (top-to-bottom) A/J? = 1.0,0.5,0.1,0.01,0.0. The
inset shows the phase diagram of the SRBRF model without random fields (dashed line,
A = 0) and with random fields (solid line, A/J? = 0.1). There is no sharp transition to
the spherical glass phase (SG) in the presence of random fields. Reprinted with permission
from R. Pirc and R. Blinc, Phys. Rev. B 60, 13470 (1999). [9] Copyright (1999) by the
American Physical Society.
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Figure 1.22: Temperature dependence of the Edwards-Anderson order parameter ¢ for
several relaxors. Solid line corresponds to the ¢ from the SRBRF model and the circles,
triangles, and squares to that of NMR experiments. For PMN and PST, Jy = 0. For
PSN, Jo(1) and J(1) are the pressure dependent mean and variance of the random bonds,
respectively. The units of pressure are unspecified. Reprinted with permission from R. Blinc
and R. Pirc and V. Bobnar and A. Gregovi¢, AIP Conference Proceedings: Fundamentals
of Physics of Ferroelectrics 582, 97 (2001). [56] Copyright (2001) by the American Institute
of Physics.

The real and imaginary parts of the linear susceptibility x1(w) = x1'(w) +ix1/(w)

are shown Fig. 1.23. Here, it is assumed the relaxation time 7 is given by the Vogel-Fulcher
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law,

1 Eq
%exp [—m} s TZTf

= (1.10)
o0, T< Tf.

S =

Here, 79 is a characteristic relaxation time, E, is the activation energy; and T is a freezing
temperature. There is no a priori relation between the freezing temperature Ty and the
parameters of the SRBRF model. In the absence of compositional disorder, x1’(w = 0)
diverges at T, = Jp (not shown in figure). In the presence of random bonds and random
fields, the calculated y;’(w) has a broad peak and a maximum that shifts towards higher
temperatures with increasing frequencies. Large values of xi'(w) are found if the mean
Jo of the random bonds is slightly smaller than their variance J. For T" < Ty, x1(w) is
strictly zero. The Burns temperature Tz and its dependence on the model parameters is

not discussed in the SRBRF papers. [9, 10] No fits to experiments are provided.
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Figure 1.23: Temperature dependence of the real (x}(w)) and imaginary (x(w)) parts of the
liner susceptibility calculated from the SRBRF model. Here, Jo = 0.9J,A/J? = 0.001,Tf =
J, and E, = 5.5J The response is strictly zero for ' < Ty = J. Reprinted with permission
from R. Pirc, R. Blinc, and V. Bobnar, Phys. Rev. B 63, 054203 (2001). [10] Copyright
(2001) by the American Physical Society.

The purpose of this work is to to provide a theory for the static and dynamic
critical fluctuations of polarization of the relaxors together with their several special energy
scales (Ts, Tow, Tmax) in the absence of large static electric fields. The SRBRF model is
not suitable for this purpose. First, the SRFRB model assumes the interactions are in-
finitely ranged. In the absence of compositional disorder, an infinitely ranged model is in

qualitative and somewhat quantitative agreement with the behavior of conventional ferro-
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electrics: there is a paraelectric-to-ferroelectric phase transition at a finite temperature and
the critical exponents are of the mean field type. However, an infinite ranged model fails
to predict the large-values of the Curie-Weiss constant and the LST relation (1.3) typical
of ionic systems. [57] To obtain qualitative and quantitative agreement with the behavior
of conventional ferroelectrics, dipolar and local anharmonic forces must be considered si-
multaneously. [18, 22, 23]. Second, it is difficult to assign the temperature for the onset of
the diffuse phase transition to any of the various energy scales observed in the relaxors. [7]
For weak disorder in the random fields, the Edwards-Anderson order parameter g of the
SRBRF model increases from zero at temperatures of about the square root of the variance
of the random bonds J (~ 265K for PMN, see Figs. 1.21 and 1.22 ). This is below the
temperature for which the intensity of the static diffuse scattering is observed to increase
from zero (~ 400 K for PMN, see Fig. 1.20 and Fig. 8 in Ref. [44]). Third, the SRBRF model
predicts a large susceptibility provided the mean value of the random bonds is close and
slightly less than their variance (Jy < J). When contrasted to experiments, this condition
is not satisfied (see Fig. 1.22).

In this thesis, we will present a model for the relaxors which consists polarizable
unit cells with local anharmonic forces, dipolar forces and random fields. We will show that
these components are essential to calculate the observed static and dynamic fluctuations.

The points raised above will be addressed in Chapter 3.
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Chapter 2

Theory of Conventional

Ferroelectrics

In this chapter, we present the theory of conventional ferroelectrics, i.e., a dis-
placive ferroelectric without compositional disorder. There are two approaches to describe
a ferroelectric transition in displacive ferroelectrics: (i) the phenomenological theory of
Devonshire [58, 59, 60] and (ii) the lattice dynamical theory based on the ideas of P.W.
Anderson [18] and W. Cochran [22, 23]. The basic idea of (i) is to expand the free energy
in terms of the polarization and the coefficients of the expansion are arbitrary functions
of temperature determined from experiments. This phenomenological approach is useful
to compare with experimental data but no temperature dependencies are predicted and no
mechanism of the ferroelectric transition if provided. On the other hand, (ii) starts from
general lattice models and assumes at least one phonon mode is unstable. The modes are
stabilized by anharmonic effects. The advantage of this approach is that temperature de-

pendencies are predicted for thermodynamic quantities and the onset of the ferroelectric
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transition is described in terms of lattice instabilities. Here, we adopt the dynamical lattice
approach since it provides a useful framework to investigate the critical fluctuations in the
relaxors discussed in Chapter (1).

We first introduce a model Hamiltonian in terms of polarizable unit cells with
local and dipolar forces. Second, we discuss the Lorentz and Onsager field approxima-
tions to handle dipolar forces and derive an effective Hamiltonians within the Lorentz and
Onsager approximations. Third, we study the thermodynamics of the model within these

approximations and discuss the onset of the paraelectric-to-ferroelectric phase transition.

2.1 Model Hamiltonian

We consider a simplified model of an uniaxial ferroelectric without compositional
disorder in which the displacements of the ions in the unit cell ¢ are described by a local
displacement field u; along the polar axis (here, arbitrarily chosen to be the z-axis). wu;
is a linear combination of the displacements of the individual ions taking part in the soft
transverse optic mode, the condensation of which leads to the distorted structure. [61, 62, 63]

We consider the following model Hamiltonian,

112 1
H = Z [2]\} + V(uz)] — 5 Zvijuiuj — ZEiea:tui' (2.1)
K2 ]

i
Here, z* is an effective charge defined such that z*u; is the dipole moment of the unit cell
at site R;. II; = M1, is the conjugate momentum of the displacement u;; M is an effective
mass; and Efa’t is an external applied field.

V' (u;) is an anharmonic potential,

Vw) = Bu2 4 Ly (2.2)



where k,  are positive constants.

v;; is the dipole interaction,

(zi—2)*

1

[R;—R;[° |R;—R;3’ v J
vij/z*2 = ! ! (2.3)

05 Rl = R]7

where a is the lattice constant.
The Fourier transform of the dipole interaction,
Vg = Z vijeiq'(Ri*Rﬂ') (2.4)
i’j

is non-analytic for g — 0, i.e., its value depends on the direction in which g approaches

zero. For cubic lattices and g — 0, vq has the form, [64, 65]

. v 47 q>
lim —L = — (1 —-3-"2 ) —nlgal* +3 a)? 2.5
tig 22, =38 (1235 ) el + 3000 25
where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient

that depends on the structure of the lattice (n ~ 0.084 for FCC lattices).

We will use the notation,

vy = 4?”nz*Q, q L z (transverse)
vo = (2.6)
v(l)l = —%’Tnz*Q, q || Z (longitudinal).

The model parameters that specify V(u;) and v;; are adjustable and will be fitted to ex-
periments.

Several simplifications are made in writing the Hamiltonian (2.1): we ignore (i) the
full cubic symmetry typical of perovskite ferroelectrics; (ii) coupling to strain; (iii) short-
range interactions between unit cells. By ignoring the cubic symmetry of conventional
perovskite ferroelectrics, the phonon dispersion relations differ since the the dynamical ma-

trix are necessarily different and may lead to different temperature dependencies of the
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soft modes. By ignoring strain we miss the first-order phase transition observed in most
perovskite ferroelectrics. Numerical analysis shows that only second-order phase transitions
arise from the Hamiltonian (2.1). [66] This, however, is not severe since the first-order tran-
sitions in conventional ferroelectrics tend to be rather weak. (see, for example, the cubic-to-
tetragonal phase transition in PTO in Fig. 1.6 (a) ). Inclusion of strain is also important to
obtain the right sequence of structural phase transitions, e.g., the cubic-to-tetragonal phase
transition in PTO or the cubic-to-tetragonal-to-orthorhombic-to-rhombohedral phase tran-
sitions in BTO. [63, 67, 68, 69, 70, 71] Finally, the short-range interactions arise from
differences of the short-range repulsion and electronic hybridization between adjacent local
modes and isolated local modes. [67] Nearest-neighbor short-range forces change the tran-
sition temperature and sometimes the ground state structure. Short-range forces beyond
nearest-neighbor do not have a significant effect on the critical temperature and do not
change the ground state. [67]

Despite the simplifications mentioned above, the importance of the Hamiltonian (2.1)
is that it generates the most fundamental properties that characterize conventional ferro-
electrics: (i) a spontaneous polarization at a finite temperature that results from a structural
phase transition; (ii) a susceptibility that diverges with a phonon frequency that softens as
it approaches the critical point; and (iii) a large Curie-Weiss constant.

It is impossible, however, to study the thermodynamics of the Hamiltonian (2.1)
exactly. The difficulties arise because of (i) the anisotropic long ranged dipolar forces and
(ii) the local anharmonic forces. Usually, the Lorentz field approximation is used to handle
(i). Here, we will use instead the Onsager field approximation since it incorporates the

fluctuations of polarization, which are important for the relaxors (see Sec. 1.3). The details
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of the the Lorentz and Onsager approximations are given in the next section.

To handle the local anharmonic forces, we use a quasi-harmonic approximation.
The basic idea is to assume that the local potential V' (u;) of Eq. (2.2) is slightly anharmonic
so the equations of motion can be linearized. This reduces the problem to that of a harmonic
oscillator with a renormalized phonon frequency which is determined self-consistently. The
quasi-harmonic assumption is justified by the large Curie-Weiss constant observed in per-
ovskite ferroelectrics (see, for instance, Fig. 1.6 (a) ). The details of the quasi-harmonic

approximation are presented in Sec. 2.4.

2.2 Lorentz and Onsager Field Approximation

One of the major difficulties of studying the thermodynamics of the Hamilto-
nian (2.1) is the presence of long-ranged anisotropic dipolar forces. The Lorentz and On-
sager field approximations provide a method to handle them. The crucial difference between
these approaches is that the Onsager method incorporates the fluctuations of polarization
and the Lorentz method does not (the Lorentz method is a mean field approximation). For
conventional ferroelectrics, most of the thermodynamic properties, e.g., critical exponents,
are of the mean field type. Therefore, the Lorentz field provides a good description of them
and the Onsager field is almost always ignored. [49, 72, 73] This, however, is not the case
of the relaxors. As discussed in Sec. 1.3, compositional disorder in the relaxors extends
the region of critical fluctuations over a broad range of temperatures, which, together with
the dipolar forces, become significant down to zero temperature. [74] It is then essential
that any theory of relaxor ferroelectrics accounts for the fluctuations of polarization at all

temperatures. The Lorentz field approximation violates the fluctuation dissipation theo-
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rem of statistical mechanics [75, 76|, consequently, it fails to account for such fluctuations.
On the other hand, the Onsager approximation is the simplest necessary correction to the
Lorentz field which accounts for the fluctuations and guarantees the fluctuation dissipation
theorem. [75, 76]

In this section, we present the Onsager field approximation in the context of our
model Hamiltonian 2.1. It is necessary, however, to discuss the Lorentz field approximation
first.

Consider the equation of motion of the Hamiltonian (2.1),

M . = — = — E»Oca 27
i dul duz + ¢ ( )
where E! ! is the local field,
Bt = "wijuy + Ef™ (2.8)
J

The physical meaning of (2.7) is clear: the dynamics of the dipole at site i is determined
by the local forces —dV/du;; and the local field E°ca!.
In the Lorentz approximation, Ef"c“l of Eq. (2.8) is approximated by the Lorentz

field in which the instantaneous displacement w; is replaced by its thermal average (u;),;.

Elgocal ~ EiLorentz — Zvij <uj>th + Efzt. (29)

J

L.e., the Lorentz field is a mean field approximation for which the fluctuations of polarization
are ignored. We will see that by ignoring the fluctuations in systems of permanent dipoles,
we overestimate the local field. This is the crucial point of Onsager. [74]

In systems of permanent dipoles (V (u;) of (2.7) is an infinite double-well potential),

the Lorentz field approximation gives a paraelectric-to-ferroelectric phase transition at a

48



finite temperature and the dielectric constant is that of Clausius-Mossotti (see Appendix C),

6—1_41 np?
e+2 3 3kgT

(2.10)

where n is the number of dipoles per unit volume and p is the magnitude of the permanent
dipole moment. In the vicinity of the paraelectric-to-ferroelectric transition, ¢ — oo and
the transition temperature is given by 4%% — 1. Eq. (2.10) agrees with experience for
systems with a small concentration of dipoles. [74]

For systems with a large concentration of dipoles, e.g. polar liquids, the Lorentz
approximation fails: it does not describe the absence of long-range order at any finite
temperature. E.g., the Lorentz approximation predicts a paraelectric-to-ferroelectric phase
transition for water at about 100° C. This is known as the polar catastrophe. Onsager
showed that this failure occurs because the Lorentz field ignores the fluctuations of po-
larization. [74] In the Omnsager field approximation, the fluctuations of polarization are
incorporated and there is no polar catastrophe.

We now describe the Onsager approximation. First we enclose the dipole at site
i in a cavity. The volume of the cavity is such that encloses only the dipole in question.
Second, we write the local field Eg"c“l, as the sum of the reaction field EJ eaction - and the
cavity field E; avity

Elgocal ~ EiOnsager — E{eaction + Eiccwity_ (2.11)
The reaction field EJ eaction ig the response from the medium outside the cavity as wu;
fluctuates. Onsager showed that E7¢t " ig always parallel to the instantaneous orientation
of the dipole u;,
Ereaction — Ny, (2.12)
where ) is a temperature dependent parameter.
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The cavity field E; WY s the field inside the cavity when the dipole u; is absent.
E; “iY is then independent of the instantaneous orientation of u;. The main point of On-
sager is that the cavity field is the only field that contributes to the polarization in systems
with permanent dipoles. The reaction field £} eaction qneg not contribute to the polarization

Ereaction
i

since it has no torque: is always parallel to the instantaneous orientation of wu,;.

An expression for E; Wity is given below.

Unlike the cavity field, the Lorentz field is not independent of the orientation of w;:
EiL"’"e”tZ has a component along (u;),,, which in turn, is proportional to the thermal average
of the reaction field, <E§" ea"’tion> .- This is precisely the reason the Lorentz approximation
fails to describe the absence of long-range order at any finite temperature in systems with
permanent dipoles: EZL‘”"e"tZ overestimates the local field by an amount given by the average
reaction field, (EJeectn) . [75, 76]

An expression for the cavity field is obtained by subtracting off the thermal average

of the reaction field (E7eection) .,y from the Lorentz field, [75, 76]

cavity __ prLorentz reaction
Ei - Ei - <Ez >

" (2.13)

where EForentz and Ereaction are given in Egs. (2.9) and (2.12).
Substitution of (2.12) and (2.13) into (2.11) gives the local field E! in the

Onsager approximation,

local ., Onsager _ t-Lorentz reaction reaction
E ~ E; = [ — (Ej Yo, T Ei : (2.14)

According to this relation, the thermal average of the Onsager field is the Lorentz field,

<Ei0nsage7">th _ EiLorentz_ [757 76]
When the Onsager field, Eq. (2.14), is applied to systems with permanent dipoles,

there is no paraelectric-to-ferroelectric phase transition at any finite temperature and the
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dielectric constant is that of Onsager (see Appendix C),

€ Anp?
2+ 1 kgT’

e—1

(2.15)

Simple inspection of (2.15) shows that € — oo for 7" — 0.

For conventional ferroelectrics in which most of the polarization is due to displace-
ments of the ions with respect to their equilibrium points, the Onsager field approximation
is almost always ignored. The thermodynamic properties are well described by the Lorentz
field and most critical exponents are of the mean field type. [72] This is because the Lorentz
field EiLorentZ does not overestimate the local field Ef»"cal in conventional ferroelectrics: the

Ereaction
i

reaction field is always parallel to the instantaneous displacement wu;, therefore,

Ereaction contributes to the polarization.
The Lorentz approximation, however, violates the fluctuation-dissipation theorem
of statistical mechanics. This is not very severe in conventional ferroelectrics where the
region of critical fluctuations is narrow in temperature (a few tenths of Kelvin degrees, see
Fig. 1.6 (a)). It is severe in the relaxors, however, where the region of critical fluctuations
is very broad (several hundreds of Kelvin degrees, see Fig. 1.6 (b)).

We now write the exact Hamiltonian (2.1) in the Onsager approximation. Substi-

tution of Egs. (2.11) and (2.12) into (2.7) gives the equation of motion,

d*u; ~dV(us)

M _ EOnsager
dtQ dui + v
V) o1
i

where Eicavity is given in Eq. (2.13). Direct integration of (2.16) gives the the Hamiltonian

in the Onsager field approximation,

H=Y H7"™9" =% (H? - Ef“““yui) : (2.17)
i



where,

I1? A
.0 — 1 ) — — 2
H; 5 + V(i) 5 Ui (2.18)

and E{*™ is the cavity field given in Eq. (2.13).

The Hamiltonian in the Onsager approximation, Eq. (2.17), is the sum of single cell
Hamiltonians H"**" in which a dipole experiences a a local potential V (u;) — (A/2)u2 and
a cavity field ES”™. HY of Eq. (2.18) is a non-interacting Hamiltonian whereas E“*",
is the effective dipolar interaction.

The Hamiltonian (2.17) has several advantages: (i) it has reduced the many-body
problem (2.1) to a single-body problem; and (ii) it incorporates fluctuations of polarization
through the parameter A, which are essential for the relaxors. Eq. (2.17) is the starting

point of our calculations.

2.3 Model for Ferroelectrics without Random Fields in the

Lorentz Approximation
The single-cell Hamiltonian in the Lorentz approximation is as follows (see Sec. 2.2),
HLorentz _ HO o ELorentzu, (2 19)
1 - 7 [ 7 .

where HY is the non-interacting Hamiltonian,

o I
H; = 2]\’4 + V(u) (2.20)
and EiLm'e”tz is the Lorentz field,
EForem® =3 v (), + B (2.21)

J
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Here, u; is the displacement along the z-axis of the unit cell at site R;; and (u;),, its thermal
average. II; = M4, is the conjugate momentum of the displacement associated with the
the displacement w;; M is an effective mass; and ES** is an external applied field.

V(u;) is an anharmonic potential,
Vi) = Su2 + Ly (2.22)

where k, 7 are positive constants.

v;; is the dipole interaction,

(zi—2)* 1 A ,
»  |Pmemr T meRE BAR
’Uij/z = (2.23)
0, R; = R;,
where z* is the effective charge of the unit cell; a is the lattice constant.
The Fourier transform of the dipole interaction,
Vg = Z vijeiq'(RFRj) (2.24)

i,
is non-analytic for ¢ — 0, i.e., its value depends on the direction in which g approaches

zero. For cubic lattices and g — 0, vq has the form, [64, 65]

v 47 2
e <1 - 3IZZI2> —nlgal® + 3n(g-a)* (2.25)

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (7 ~ 0.084 for FCC lattices).

We will use the notation,

vy = %’rnz*z, q L Z (transverse)
vo = (2.26)
v(|]| = —%”nz*Q, q || Z (longitudinal)
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Our goal is to derive self-consistent equations for the phonon frequencies. These,
in turn, will determine the susceptibility and the fluctuations of polarization. To do so, we

use linear response theory,
<ui>th _ ¢<W)Ei[/orentz

= ¢(w) | > vij (ug)y, + ESH(t) (2.27)

J

Here, ¢(w) is the susceptibility of the non-interacting problem HZQ, i.e, a dipole in a local
potential V' (u;).

By Fourier transforming (2.27), we obtain the susceptibility of the interacting

problem,
Ugqg 1
Xalw)= 24— L (2.28)
1 Eq  ¢(w)~! —uq
We now determine the polarizability of the non-interacting problem.
Equation of motion of a dipole in a local potential V' (u;).
dV (u;
Mii; = _dV(w) + EFH(t) — Ty (2.29)
dui

= —ku; + Mg — yud + EFH () — T, (2.30)

Here, Ef*H(t) = E&*e™! is an infinitesimal external field. We have added a retarded force
which gives rise to damping. The damping constant is I'.

We now linearize the equation (2.29). We consider fluctuations around the expec-
tation value of u;,

i = )y, + i (2.31)

Here, (.. .)?h is the static thermal average with E¢** = (. n; are the fluctuations around

<Ui>?h with zero average, <77i>?h =0.
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Substitution of Eq. (2.31) into (2.29) gives,
Mij; = =k <<ui>?h + m)
\0 3 N0 2 A0 2 3
= (i), +3(ui)g, mi + 3 i)y, 17 + 13
+ EFH(t) — Ty (2.32)

We now assume quasi-harmonic approximation in the absence of the external ap-

plied field, i.e, (ii;)p, = 0, (w;)5, = 0 for EE =0

2 0
R () + 3 ()] wi)fy =0 (2.33)
We used (n;),, = 0 to derive the above result. We now subtract the above equation
from (2.32),
. 2 0 )
Mij; = —kn; —~ [3<ui>gh mi + 3 (us)y, ["73 - <77i2>th] T 77?] — I (2.34)

By approximating the fluctuations 171.2 by their static thermal averages, i.e., 773 ~

<77i2 >Sh, we obtain the equation of motion,

Mij; = —MQ*n; + EE(t) — Ty (2.35)
where ' is the frequency of the non-interacting problem,

MQ? =k + 3y ((77@-2>Sh + (ui>gh2> (2.36)

Eq. (2.35) is the equation of motion of a damped harmonic oscillator with frequency € in
a external field E¢*!(t) and damping constant I'.
We now determine the fluctuations of the non-interacting system, <n3 >Sh. We fix

the fluctuations <77i2>?h to those of a undamped quantum harmonic oscillator with frequency

Q/

( i2>?h - <U3>Sh - <ui>?h2 = SMY coth ( 5 ) : (2.37)



We are now ready to determine the susceptibility of the non-interacting system,

¢(w). ¢(w) is easily obtained from (2.35),

(2.38)

where ' is given in Eq. (2.36).
We have now determined the susceptibility of the non-interacting problem, ¢(w).

Substitution of (2.38) into (2.28) gives the susceptibility of the interacting problem,

(@) 1 (2:39)
w) = .
Xq MQ’Q—MwQ—Fin—vq
We recast the susceptibility (2.39) as follows,
(w) = 1 (2.40)
X = 02 = Mw? + T ‘
where € is the phonon frequency of the interacting problem,
2 1)2 1
MQ2 =M <QO) + (UD - vq) (2.41)

and Q(J)- is the ¢ = 0 component of the phonon frequency in the direction perpendicular to

the polar axis (g L 2),
2

Equations (2.33) (2.36), (2.37), (2.41), and (2.42) form a closed system of equations
that determine the temperature dependence of (ui)?h, ', <172>Sh ,Qq, QOL. Here, we will
refer to these equations as Lorentz equations.

Our presentation of the model Hamiltonian for ferroelectrics in the Lorentz ap-
proximation concludes here. In the next section we discuss the onset of the paraelectric-to-

ferroelectrics phase transition of conventional ferroelectrics in this approximation.
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Paraelectric Phase and the Onset of the Paraelectric-to-Ferroelectric Transition

in the Lorentz Approximation

We now discuss the paraelectric phase and the onset of the paraelectric-to-ferroelectric
phase transition. Our discussion is done in the classical limit, 2~ — 0. This is justified since
transverse optic frequency that drives the ferroelectric transition in conventional ferro-
electrics softens at temperatures well above (~ 102 K) the temperatures where the zero-point
fluctuations become important (~ 0K).

In the paraelectric phase, (u),, = 0, and in the classical limit we can eliminate
Y from the Lorentz equations, Egs. (2.33) (2.36), (2.37), (2.41), and (2.42). The resulting

system of equations is given as follows,

2
MQ2 =M (Qoi) + (uoi - uq) : (2.43a)
2
M (Qé‘) =K+ 3y <77i2>?h — v&, (2.43b)
L L (2.43c)
<l>th M(Q(J]‘)2+Ud_
where,
1 2
N q 2 2
lim =5 = 47T‘q‘72 +nlgal” — 3n(gza)”. (2.44)

Here, n is the number of dipoles per unit volume; a is the lattice constant; z* is the effective
charge of the unit cell; and 7 is a dimensionless coefficient that depends on the lattice
structure ( 7 ~ 0.084 for FCC lattice ).

Egs. (2.43a)-(2.43c) are the Lorentz field equations for a ferroelectric without com-
positional disorder in the classical limit. Eqgs. (2.43b)-(2.43c) determine the temperature
dependence of g = 0 component of the soft mode frequency Qé. Eq. (2.43a) determines the

temperature dependence of the g # 0 component of the soft mode frequency, (.

o7



We now consider the static susceptibility. The g component of the static suscep-

tibility is given by Eq. (2.75),
2
Xt;l = MQZ =M (Qol) + (vé‘ - ’Uq> , (2.45)
Xq 1s non-analytic, i.e., its value depends on the direction in which g approaches zero,

M (94)°, qlz
Xqmo = (2.46)
M (Qé)2 +4mnz*? q| 2

This non-analicity is due to the dipole forces.

The susceptibility diverges in direction perpendicular to the polar axis provided
there is a soft mode, i.e, Qé‘ — 0 for T" — T, where T, is a critical temperature. We will
derive an expression for 7T, below.

We now show that dipole forces produce a soft mode. The phonon frequency Q(J)-
is given by Eqs. (2.43b)-(2.43c). Dipole forces produce a lattice instability if the following

condition is satisfied,
2
‘M<Qﬂ —h+ 3y () —ub =0, T=T. (2.47)

For T' < T, the lattice becomes unstable against the phonon mode, i.e, (93)2 < 0, and a
structural phase transition must occur. For T" > T,, the fluctuations <n2>gh increase and
stabilize the mode, i.e, (QOL)Q > 0.

The limit of stability of the paraelectric phase is the critical temperature T.. By

setting Q5 = 0 and T' = T, in Eqs. (2.43b)-(2.43c), we find an expression for T,

1 _
@n:%mﬁxﬁ. (2.48)

There is a finite critical temperature provided the ¢ = 0 component of the dipole force

is greater than the stiffness of the lattice, i.e., there is a paraelectric-to-ferroelectric phase
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transition provided

vy — k> 0. (2.49)

From Egs. (2.43b), (2.43c), and (2.48) we obtain the temperature dependence of QF for

Tz T,

~

2 k
M <Qé> - ;’Lﬂ «(T—T,), (T2T.). (2.50)

Eq. (2.50) is known as Cochran’s law. [22, 23]
The temperature dependence of the susceptibility in the Lorentz approximation is

simply given by the inverse phonon frequency, Eq. (2.45). For T' — T, we obtain the result,

n 1 _21)3-—/{ 1

— — T>T.). 2.51
W e e T TR (251)

where X(J)- is the ¢ = 0 component of the susceptibility in the direction perpendicular to
the polar axis (see Eq. (2.45)). From (2.51) we identify the Curie-Weiss constant Cow =
(2vy — &)/ (3vkp). For displacive ferroelectrics, the anharmonic coefficient is of the order of
the coefficients of volumetric thermal expansion of ferroelectrics (~ 107° K). [18, 19] This
explains the large Curie-Weiss constant of displacive ferroelectrics.

Let us now consider the susceptibility at large temperatures (T' > T.). For T > T,

Eqgs. (2.43b), and (2.43c) give the following the temperature behavior for Qf,

M (QOL>2 = \/3vkpT, (T>T)). (2.52)

For large temperatures, there is no distinction between the longitudinal and transverse
components of the susceptibility (see Eq. 2.46)). Substitution of Eq. (2.52) into (2.46)
gives,

1
XNt =——0), (T>T.). (2.53)

VvV S’YkBT’
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The results (2.53) and (2.52) must be taken with caution: for large temperatures (7' >
T.), the anharmonic effects may be more important and invalidate the quasi-harmonic
approximation used here.

We conclude our discussion of the paraelectric and onset of the ferroelectric tran-
sition in the Lorentz approximation here. In the next section we present a model for

conventional ferroelectrics within the Onsager approximation.

2.4 Model for Ferroelectrics without Random Fields in the

Onsager Approximation
The single-cell Hamiltonian in the Onsager approximation is as follows (see Sec. 2.2),
HiOnsager _ Hl() . Eicafuityui (254)

where Hlo is the non-interacting Hamiltonian,

I1? A
HY = 34 V() = Su? (2.55)
and E; awity g Onsager’s cavity field,
B = i (ug)yy, — Ay, + B (2.56)

J
Here, u; is the displacement along the z-axis of the unit cell at site R;; and (u;),, its thermal
average. II; = M4, is the conjugate momentum of the displacement associated with the
the displacement u;; M is an effective mass; and Ef*" is an external applied field.

V' (u;) is an anharmonic potential,

Viw) = cu? + Ly (2.57)



where k,  are positive constants.

v;; is the dipole interaction,

(zi—2;)* 1 . .
SRR, T R-R R; # R,

Uij/Z*Q == (258)
0, R, = R,
where z* is the effective charge of the unit cell; a is the lattice constant.
The Fourier transform of the dipole interaction,
Vg = Z Uijeiq-(Ri—Rj) (2.59)
12
is non-analytic for ¢ — 0, i.e., its value depends on the direction in which q approaches

zero. For cubic lattices and g — 0, vq has the form, [64, 65]

(% A q2
lim =5 |1 =37 ) —nleal ? 2.60
qli%nz*Q 3 ( 3|q|2) nlgal” + 3n(q.a) ( )

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (n ~ 0.084 for FCC lattices).

We will use the notation,

vy = %’rnz”, q L Z (transverse)
vy = (2.61)
v(|)| = —%’rnz*z, q || 2 (longitudinal)

Our goal is to derive self-consistent equations for the phonon frequencies. These,
in turn, will determine the susceptibility and the fluctuations of polarization. To do so, we

use linear response theory,

(1), = Hle0) B

= ¢(w) | D vij (ws)y, + EF(E) = Aui)y, (2.62)

J
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Here, ¢(w) is the susceptibility of the non-interacting problem HY, i.e, a dipole in a local
potential V (u;) — Au?/2.
By Fourier transforming (2.62), we obtain the susceptibility of the interacting

problem,

Xq(w) = Z{’] = @ _1(% Y (2.63)

We now determine the polarizability of the non-interacting problem.

Equation of motion of a dipole in a local potential V (u;) — Au? /2.

Mu; = —dVd(W) + u; + EEH(t) — Ty (2.64)
Uj

= —ru; + M — yup + Au; + EEPL(t) — T (2.65)

Here, E£%(t) = Ef*'e™! is an infinitesimal external field. We have added a retarded force
which gives rise to damping. The damping constant is I'.
We now linearize the equation (2.64). We consider fluctuations around the expec-

tation value of w;,

u; = <ui>?h + i (2.66)

Here, (...)), is the static thermal average with E¢** = 0. 7; are the fluctuations around
(u)9, with zero average, (n;)%, = 0.

Substitution of Eq. (2.66) into (2.64) gives,

Mij; = — (k=) ((Ui)?h + 77¢>
3 2 )
- <<Ui>?h + 3<Ui>?h ni+3 (Ui>?h n;+ 77?)

+ EFL(t) — Ty (2.67)

We now assume quasi-harmonic approximation in the absence of the external ap-
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plied field, i.e, (ii;)%, = 0, (i;)9), = 0 for E&*t =0

2 0
() = X) + iy, + 37 (12)p, ] (i) = 0 (2.68)
We used (1;),, = 0 to derive the above result. We now subtract the above equation
from (2.67),
. 2 0 .
Mijy = = (5 = \) s =7 [3(us)y mi + 3wy [0 = (), +0f] —Tine - (2.69)

By approximating the fluctuations n? by their static thermal averages, i.e., n? ~

<772-2 >Sh, we obtain the equation of motion,
Mij; = —MQn; + ESH(t) — T (2.70)
where ' is the frequency of the non-interacting problem,
MO =k — A+ 3y ((n2)° 02 2.71
= k= A3y ((0), + ()i (2.71)

Eq. (2.70) is the equation of motion of a damped harmonic oscillator with frequency €' in
a external field E¢*!(t) and damping constant I'.
We now determine the fluctuations of the non-interacting system, <7h'2>?h‘ We fix

the fluctuations <77i2>?h to those of a undamped quantum harmonic oscillator with frequency

Q/

(08 e, = Ui Dy, = (widin” = 37y coth < 5 ) (2.72)
We are now ready to determine the susceptibility of the non-interacting system,
¢(w). ¢(w) is easily obtained from (2.70),

1

Pw) = MQ? — w2 + 4wl

(2.73)

where ' is given in Eq. (2.71).
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We have now determined the susceptibility of the non-interacting problem, ¢(w).

Substitution of (2.73) into (2.63) gives the susceptibility of the interacting problem,

Xal) = 3107 e 4—1 il — (vg — \) (2.74)
We recast the susceptibility (2.74) as follows,
1
Xalw) = MQZ — Ma? + iwl (2.75)
where (24 is the phonon frequency of the interacting problem,
MO2 =M (Qé)Z + (vg — va) (2.76)

and Q(J)- is the ¢ = 0 component of the phonon frequency in the direction perpendicular to

the polar axis (q L 2),
2
M (Q&) = MQ"? - (vé - A) : (2.77)

To close the system of equations we must determine the parameter A\. We obtain

A by enforcing the fluctuation dissipation theorem, [75, 76]

<u?>?h - <ui>?h2 = ]ifzq: % /O; dw coth (ﬁ;m> Im [xq(w)] (2.78)

where Im [x4(w)] is the imaginary part of the susceptibility (2.75). The summation over g
extends over the first Brillouin zone.
We compute the integral (2.78) in the limit of zero damping. For zero damping,

Im [xq(w)] becomes the sum of two Dirac delta functions peaked at w = £,

lim T [xg(w)] = wb

11 mX w = 11m

r'—0 q I'—0 pf2 [Qg _ w2]2 + (wF)Z
T )+ L w ) (2.79)
ToM |w W T T 0T '
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Substitution of (2.79) into (2.78) gives,

1 h hQ
(), — (W), = N Zq: 2N, coth (/3 5 q) : (2.80)

where the summation over q extends over the first Brillouin zone.

Equations (2.68) (2.71), (2.72), (2.75), (2.76), (2.77), (2.80) form a closed system

0

o Ao g, Q.

of equations that determine the temperature dependence of <ui>?h, , <172>
Here, we will refer to these equations as Onsager equations.

By setting A = 0 into Eqgs (2.68) (2.71), (2.72), (2.77), we recover the results in
the Lorentz field approximation. We run into a contradiction, however, if we set A = 0 in
the Onsager equations. This is the point of Brout and Thomas: the fluctuation dissipation
theorem of statistical mechanics is not satisfied within the Lorentz field approximation. [75,
76]

Our presentation of the model Hamiltonian for ferroelectrics in the Onsager ap-

proximation concludes here. In the next section we discuss the onset of the paraelectric-to-

ferroelectrics phase transition of conventional ferroelectrics.

Paraelectric Phase and the Onset of the Paraelectric-to-Ferroelectric Transition

in the Onsager Approximation

We now discuss the paraelectric phase and the onset of the paraelectric-to-ferroelectric
phase transition. Our discussion is done in the classical limit, ~ — 0. This is justified since
transverse optic frequency that drives the ferroelectric transition in conventional ferro-
electrics softens at temperatures well above (~ 102 K) the temperatures where the zero-point
fluctuations become important (~ 0K).

In the paraelectric phase, (u),, = 0, and in the classical limit we can eliminate
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Y and A from the Onsager equations, Eqs.(2.71), (2.72), (2.75), (2.76), (2.77), (2.80). The

resulting system of equations is given as follows,

2
MQZ =M <Q&) + (vOL - vq) (2.81a)
2
M (Qé) =K+ 3y <ni2>?h — vé‘ (2.81Db)
21\ 0 1 kT
)=~ D 5 (2.81¢)
NS M (95)" + (vg — vg)
where,
1 2
L 4q; 2 2
él_r% . 47T|q|2 + nl|gal® — 3n(g.a)”. (2.82)

Here, n is the number of dipoles per unit volume; a is the lattice constant; z* is the effective
charge of the unit cell; and 7 is a dimensionless coefficient that depends on the lattice
structure ( n ~ 0.084 for FCC lattice ).

Egs. (2.81a)-(2.81c) are the Onsager field equations for a ferroelectric without
compositional disorder in the classical limit. Eqgs. (2.81b)-(2.81c) determine the temperature
dependence of ¢ = 0 component of the soft mode frequency Q&. Eq. (2.81a) determines the
temperature dependence of the g # 0 component of the soft mode frequency, Q4.

We now consider the static susceptibility. The g component of the static suscep-

tibility is given by Eq. (2.75),
2
Xg = M2 =M (Qoi) + (UOL . vq) , (2.83)
Xq is non-analytic, i.e., its value depends on the direction in which g approaches zero,

M (94 qlz
Xk = (2.84)
M (Q&)2 +4mnz*?, q| 2

This non-analicity is due to the dipole forces.
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The susceptibility diverges in direction perpendicular to the polar axis provided
there is a soft mode, i.e, Qé — 0 for T — T, where T, is some critical temperature. We
will derive an expression for T, below.

We now show that dipole forces produce a soft mode. The phonon frequency QOL
is given by Eqgs. (2.81b)-(2.81c). Dipole forces produce a lattice instability if the following

condition is satisfied,
2
<M<mﬂ —h+ 3y () —ut =0, T=T. (2.85)

For T' < T, the lattice becomes unstable against the phonon mode, i.e, (Qé-)2 < 0, and a
structural phase transition must occur. For T > T, the fluctuations <172>?h increase and
stabilize the mode, i.e, (QOL)Q > 0.

The limit of stability of the paraelectric phase is the critical temperature T,.. By

setting Qf = 0 and 7 = T in Eqgs. (2.81b)-(2.81c), we find an expression for T,

-1

1

vy — K 1 1

kpT. = -2 X |—=Y» —— | , (Onsager). (2.86)
’ 3y [N zq: (vo _Uq)]

Since the term in the square brackets is positive-definite, there is a finite critical temperature

provided the ¢ = 0 component of the dipole force is greater than the stiffness of the lattice,

i.e., there is a paraelectric-to-ferroelectric phase transition provided

vy — k> 0. (2.87)

We contrast the result (2.86) with that of the Lorentz field,

L _
kT, = U037 -~ vy (Lorentz) (2.88)

The term in the square brackets of Eq. (2.86) is less than 1, therefore, T, in the Onsager

approximation is less than that of Lorentz. This is expected since fluctuations are ignored in
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the Lorentz approximation. A plot of the critical temperature in the Lorentz and Onsager
approximations is shown in Fig. 2.1.
We now derive the temperature dependence of Qé for T 2 T.. First, we rewrite

Egs. (2.81b) and (2.81c) as follows,
2
M (Qé) = 3vkp {TF[QOL] - TCF[O]} (2.89)

where,

1 1
SIS D vyre. S

For Qf — 0 (see Appendix A),

(2.90)

M (95)°

F[QOL]ZF[O]{1— B0 In (2BQ)?

M (05)°

} : (2.91)

where B? = nn(z*a)? = (3na?/(47))vg, C? = 47n(z*)? = 3vy. Q is an upper cut-off
wavevector, and F[0] = (1/N)>_, (v — vq)fl ~ (37)/(4QBC). Here, we take the cut-off
wavevector ) to be an edge of the FCC Brillouin zone, i.e., Q = 27/a. a,n, z*,n are defined
right below Eq. (2.82).

Substitution of (2.91) into (2.89) gives,

2 3yF[0]T. | (2BQ)?
M(Qi> 1 1 — 3VFO|(T-T,), T>T. 2.92
The solution to this equation is of the form,
2 t T-T,
M (QL> L ¢ <1, , 2.
o) n(1/7) T < 1, (Onsager) (2.93)

to order In[In(1/t)] /In(1/t).
We contrast the result (2.93) with that of the Lorentz field,

2 T —T,
M (QOL) xt, t= 7 c <1, (Lorentz). (2.94)
C
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Figure 2.1: Critical temperatures in the Lorentz and Onsager approximations.

We see that the soft mode in the Lorentz field approximation gives Cochran’s law, i.e,
M (Q(J)-)2 o t for t — 0. [22, 23] A plot of the temperature dependence of M (Q(J)-)Q in the
Lorentz and Onsager approximations is shown in Fig. 2.2.

Logarithmic corrections such as that of Eq. (2.93) are typical of uniaxial dipolar
systems. This is confirmed by renormalization group methods and diagrammatic techniques
for uniaxial ferroelectrics which give a logarithmic correction such as that of Eq. (2.93) but
with a different power, M (Qé)Q o< t/(log(1/t))'/3. [77, 78] These logarithmic corrections to
the Lorentz result (2.94), are difficult to observe and have not been found in conventional
ferroelectrics (the transition is of first order [79]). They have been observed, however, in
dipolar magnets. [80]

The temperature dependence of the susceptibility in the Onsager model is simply
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Figure 2.2: Temperature dependence of the transverse optic frequency in the Lorentz and
Onsager approximations. Here, t9" = (T — T97%)/T9" and t* = (T — TF)/TF where
TCO "s and TF are the critical temperatures in the Onsager and Lorentz approximations (see
Eqgs. (2.86) and (2.88).

given by the inverse phonon frequency, Eq. (2.83). For T' — T, we obtain the result,

1 1 T-T,

1 c

— x t= 1 2.
X M (QF)®  t/In(1/t)’ . < (2.95)

where X(J)- is the ¢ = 0 component of the susceptibility in the direction perpendicular to
the polar axis (see Eq. (2.83)). From (2.95) we determine Curie-Weiss constant Ceyy to
be determined by the anharmonic coefficient, Cow o< 1/~ (T, o< 1/, see Eq. (2.86)). This
is typical of displacive ferroelectrics and it is the same result obtained from the Lorentz
approximation.

Let us now consider the susceptibility at large temperatures (T' > T.). For T > T,

Egs. (2.81b), and (2.81c) give the following the temperature behavior for Qg ,

M@ﬁfzd%@ﬂ(T>ﬂ) (2.96)

For large temperatures, there is no distinction between the longitudinal and transverse

components of the susceptibility (see Eq. (2.84)). Substitution of Eq. (2.96) into (2.83)
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gives,

l L 1
~ = T>T1T,). 2.97

The results (2.96) and (2.97) are identical to those in the Lorentz approximation (see
Egs. (2.52) and (2.53)). This is expected since fluctuations are important only close
to the critical point.

The results (2.97) and (2.96) must be taken with caution: for large tempera-
tures (T > T.), the anharmonic effects may be more important and invalidate the quasi-
harmonic approximation used here.

We conclude our discussion of the paraelectric and onset of the ferroelectric tran-
sition in the Onsager approximation here. In the next section we calculate the structure

factor for conventional ferroelectrics.

2.4.1 Structure Factor without Random Fields

The dynamical structure factor Sq(w) for T' > Tt is as follows, [81]

Sq(w) = hcoth (ﬁZw) Im [xq(w)] (2.98)

The static structure factor Sy is given as follows,

1 [ h BhO)
=— d = th g 2.99
%= o /_oo w8(W) = 337q, < < 2 ) (2:99)
In the classical limit (h — 0),
kT kT
Sq= b = - (2.100)
M(Qq) M (QOL) + (voL — vq)
where,
1 2
.Uy —Yq 4q; 2 2
= - . 2.101
lim = 47T|q|2 +nlqal” - 3n(qza) (2.101)
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Here, n is the number of dipoles per unit volume; a is the lattice constant; z* is the effective
charge of the unit cell. Sq is non-analytic since vq is non-analytic.

The component of Sq perpendicular to the polar axis (g L 2) has the shape of a
Lorentzian in the long-wavelength limit,

Sk = kT (2.102)

q 2 vd
M (97)" + 275 [(g00)? + (g40)?]

Sé is observed in neutron scattering experiments of conventional ferroelectrics such as

BaTiOs. [48]

2.4.2 Correlation Functions of Polarization in Real Space without Ran-

dom Fields

In this section, we compute the correlation functions of polarization in real space.
We do the calculation in the classical limit, 7 — 0 and in the paraelectric phase (1" > T).
The static correlation functions of polarization are obtained from the structure

factor Sg of Eq. (2.100). In the paraelectric phase (T > T,),

1 _ig-R.
(uiug)y, = NZe S
q

1 — _ioR,, kpT
LN iRy (2.103)
N; ()" + (v~ va)

where where (X(J)‘)_l =M (Q&)2 and

. v 4 q2
éﬁ% nz3‘2 =3 <1 — 3|qu> —nlgal* + 3n(g.a)? (2.104)

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (n ~ 0.084 for FCC lattices).
Close to the critical point (T' 2 T¢.), the correlation functions of polarization for

the uniaxial dipolar system are anisotropic and decay as power laws for large distances,
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(see Appendix B)

(wiug)y, = (2.105)

where ()’(é)_l = (47/3) (Xé-)_l /vg — 0 is a dimensionless susceptibility; and vy is the

volume of the Brillouin zone of the FCC or BCC lattice. This is in sharp contrast with
short-range forces where the correlation functions are isotropic and decay exponentially,
(SiSj),, ~ (1/|Ryj])exp [—| Rij] /€], where & o x'/2 is the correlation length.

At the critical point (T' = T,.) the correlation functions for the uniaxial dipolar

system decay as power laws for large distances,

4 kgT " 2 1
3 vy vpzna® |R|;;’

(uiuj>th = |R‘Z] — 00, R ” Z. (2.106)

We now discuss the near-neighbor correlations. The results presented here are
meant to give a qualitative description of the behavior of the correlations since our calcu-
lation uses vq in the long-wavelength limit (see Eq. (2.104)). wvq differs from (3.16) as g
approached the edge of the Brillouin zone. The results are shown in Fig. 2.3. For short
distances, the longitudinal component (R;; || 2) is positive (see Fig. 2.3 (a)) whereas the
transverse component (R;; L 2) is negative (see Fig. 2.3 (b)). The longitudinal component
is significantly greater than the transverse component, particularly close to T.. Thus, even
though the transverse correlations prefer antiferroelectric order, the system orders ferroelec-
trically since the (ferroelectric) longitudinal correlations are stronger than the transverse

component.
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Figure 2.3: Near-neighbor correlation functions of polarization for a ferroelectric without
disorder in the paraelectric phase. The longitudinal component, R;; || 2, (a) is positive
and the transverse, R;; L 2z, (b) is negative. The longitudinal component is significantly
greater than the transverse component. Here, circles, squares, and rhombohedrons are for

T/T. =10.0,5.0, 1.1, respectively. The lattice is FCC.
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Chapter 3

Theory of Relaxor Ferroelectrics

In this chapter, we present our model for relaxor ferroelectrics. First, we introduce
a model Hamiltonian in terms of polarizable unit cells with local forces, dipolar forces and
compositional disorder. Second, we derive an effective Hamiltonian within the Onsager
approximation. Third, we study the thermodynamics of the model within the Onsager
approximation and discuss the onset of the diffuse phase transition. A comparison to

experiments is provided.

3.1 Model Hamiltonian

We consider a simplified model of an uniaxial ferroelectric with compositional
disorder in which the displacements of the ions in the unit cell ¢ are described by a local
displacement field u; along the polar axis (here, arbitrarily chosen to be the z-axis). w;
is a linear combination of the displacements of the individual ions taking part in the soft
transverse optic mode, the condensation of which leads to the distorted structure in the

absence of disorder. [61, 62, 63] The cell at site ¢ experiences a local random field h; with
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probability P(hi, ..., hn). The local random field arise from strong compositional disorder.
For instance, the random distribution over the B-site, different ionic radii and different
valencies of Mg*t2, Nb™® in PMN, generate strong local random fields.

We consider the following model Hamiltonian,

2
H = EZ: [QHZ\} + V(ul):| - ;;Uij’u@'uj' — ZEieztui — ZZ: h;u;. (3,1)

i
Here, u; is the displacement associated with the transverse optic mode such that z*u; is
the dipole moment of the unit cell at site R; and z* is the effective charge of the unit
cell. TI; = M4, is the conjugate momentum of the displacement associated with the the
dipole u;; M is an effective mass; and Ef”ct is an external applied field. The h;’s are local
random electric fields with a probability distribution P(hq, ..., hy). We assume the h;’s are

independent random variables with zero mean and variance A?,

(m%:/ﬁmnmemmmywm@:o,gmmcz/ﬁmumemumhmhmzdv%

(3.2)
where 6;; is the Kronecker delta.
V' (u;) is an anharmonic potential,
K
V(w) = Fu? + Jul, (3.3)
where k, y are positive constants.
v;; is the dipole interaction,
)2
. |3ERr - memp RiAR
0, RZ = R]a

where a is the lattice constant.
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The Fourier transform of the dipole interaction,

vg =Y vyeid (Bi-R)) (3.5)
,J

is non-analytic for ¢ — 0, i.e., its value depends on the direction in which g approaches

zero. For cubic lattices and g — 0, vq has the form, [64, 65]

. v 4 q>
tiy 1, =57 (138 ) < nlaal + 30(0.0° (3.

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (n ~ 0.084 for FCC lattices).

We will use the notation,

vy = 4%nz’&, q L Z (transverse)
Vo = (37)
v(|)| = —%’rnz*{ q || 2 (longitudinal)

Disorder in the relaxors is quenched, therefore, the average over compositional

disorder must be performed after the thermal averages. Here, we will use the notation,

(...)), = /dh1...thP(hl,...,hN)(...) (3.8)

to denote average over compositional disorder.

Several simplifications are made in writing the Hamiltonian (3.1): we ignore (i) the
full cubic symmetry typical of perovskite relaxor ferroelectrics (ii) coupling of the transverse
optic mode to the transverse acoustic mode (see Ref. [11, 12].); (iii) coupling to strain;
(iv) short-range interactions between unit cells; and (v) disorder in the dipolar bonds v;;.
For conventional ferroelectrics, it is well known what (i)-(iv) do to the minimal model of
ferroelectricity (see Sec. 2.1). For relaxor ferroelectrics, it is not clear at the current state

of research: there is no satisfactory theoretical description of the relaxors (see Sec. 1.4).
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Inclusion of (i)-(iv) in our model, Eq. (3.1), is beyond the scope of the present work, which
is to study the effect of quenched random fields in the minimal model for conventional
ferroelectrics. Disorder in the dipolar bonds v;; is expected due to compositional disorder
in B-site of the relaxor unit cell. Here, we assume its effect is secondary in describing the
broad region of fluctuations, as suggested by the line shape of the elastic diffuse scattering
measured with neutrons (see Sec. 1.3.3). In the conclusions we discuss some of the possible
consequences of incorporating (i)-(v) in the model Hamiltonian (3.1).

Despite the simplifications mentioned above, we show that the Hamiltonian (3.1)
gives a fairly good description of the diffuse phase transition observed the relaxors.

The Hamiltonian (2.1) presents several difficulties: (i) long ranged anisotropic
dipolar forces; (ii) compositional disorder; and (iii) anharmonic local forces.

To handle the dipolar forces, we adhere to the Onsager field approximation de-
scribed in Sec. 2.2. This approximation is essential to describe the fluctuations of polariza-
tion in the relaxors. As discussed in Secs. 1.3 and 2.2, compositional disorder in the relaxors
extends the region of critical fluctuations over a broad range of temperatures, which, to-
gether with the dipolar forces, become significant down to zero temperature. [74] It is then
essential that any theory of relaxor ferroelectrics accounts for the fluctuations of polarization
at all temperatures. The Lorentz field approximation violates the fluctuation dissipation
theorem of statistical mechanics and, consequently, fails to account for such fluctuations.
On the other hand, the Onsager approximation is the simplest necessary correction to the
Lorentz field which accounts for the fluctuations and guarantees the fluctuation dissipation
theorem. [75, 76]

To handle compositional disorder, we use a self-consistent approach used to study
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two and three dimensional magnets with quenched random fields. [52]. The basic idea is
to relate the local polarization to the random fields and to the susceptibility averaged over
compositional disorder. [52] This self-consistent method gives a lower critical dimension of
three for the random field Ising model, although there is no consensus on the lower critical
dimension d; of the random field Ising model: the Imry and Ma criterion based on domain-
wall arguments favor d; = 2 [82], whereas e-expansion and supersymmetry arguments favor
d; = 3 [51, 83, 84, 85]. More complex arguments favor d; = 2. [86] We point out, however,
that these results do not apply to the model considered here nor to the relaxors in general.
This is because (i) relaxors are not uniaxial systems but have cubic symmetry and (ii) the
dominant forces are not isotropic and short-ranged but anisotropic and long-ranged. The
great advantage of the self-consistent approach is its simplicity and that it gives a fairly
reasonable agreement with the observed critical fluctuations (Lorentzian plus Lorentzian
squared) in systems with isotropic short-range forces and compositional disorder. [13, 14,
15, 16, 52].

To handle the local anharmonic forces, we use the quasi-harmonic approximation,
similar to that of conventional displacive ferroelectrics (see Sec. 2.1). The basic idea is to
assume that the local potential V'(u;) of Eq. (3.3) is slightly anharmonic so the equations
of motion can be linearized after configurational average has been taken. This reduces the
problem to that of a harmonic oscillator with a renormalized phonon frequency which is
determined self-consistently. We justify the use of a quasi-harmonic assumption in the relax-
ors since (i) the observed Curie-Weiss constant is very large (see, for instance, Fig. 1.6 (b))
and (ii) the observed shape of the probability density of the displacements of the ions

is a Gaussian centered at the equilibrium lattice point for temperatures above the Burns
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temperature (see Sec. 1.2). [26, 27] The details of the quasi-harmonic approximation are

presented in Sec. 3.2.

3.2 Model for Relaxor Ferroelectrics in the Onsager Approx-
imation

We now study the thermodynamics of the model Hamiltonian (3.1) in the Onsager
field approximation.

We first write the exact Hamiltonian (3.1) in the Onsager approximation. The
derivation of the effective Hamiltonian in the Onsager approximation is almost identical to
that of conventional ferroelectrics (see Sec. 2.2), except that one incorporates the random
field h;.

The Hamiltonian (3.1) in the Onsager approximation is a sum of single cell Hamil-

. O
tonians H; """

H = ZHiOHSager = Z (HZO — hzuz — E;:avityui) . (39)
%

i

HZO is the non-interacting part of the Hamiltonian,

12 A
HY = & D) — =u? 1

where wu; is the displacement along the z-axis of the unit cell at site R;; and (u;),, its
thermal average. II; = Mu; is the conjugate momentum of the displacement associated

with the the displacement wu;; M is an effective mass. V' (u;) is an anharmonic potential,
K
Vi) = u? + Ly (3.11)

where k, 7 are positive constants.
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h; of Eq. (3.9) is a local random electric field with zero mean and variance A2,
(hi). =0, (hihj), = A%6;. (3.12)

Here, 9;; is the Kronecker delta.

cavity
Ei

in Eq. (3.9) is Onsager’s cavity field,
cavlty va "LL] <u1>th + Eeazt (313)

v;; is the dipole interaction,

(Zifzv)z 1
%2 SR—E P ~ R-mp BT R
val# = (3.14)
0, R, = R;,

where z* is the effective charge of the unit cell; a is the lattice constant.

The Fourier transform of the dipole interaction,

vg = vyl (B R) (3.15)

is non-analytic for g — 0, i.e., its value depends on the direction in which g approaches

zero. For cubic lattices and g — 0, vq has the form, [64, 65]

. Vg 47 2 B ) )
éli% ’I’LZ*2 3 ( | |2> ?ﬂqa’ +377(QZG) (3.16)

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (7 ~ 0.084 for FCC lattices).

We will use the notation,

vy = %’Tnz*z, q L Z (transverse)
vy = (3.17)
vg = —%nz*? g | % (longitudinal)
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The Hamiltonian in the Onsager approximation, Eq. (3.9), is the sum of single cell

. o
Hamiltonians H,” "**9¢"

p in which a dipole experiences a a local potential V (u;) — (\/2)u?; a

random field h;; and a cavity field E*"".

The Hamiltonian (3.9) has several advantages: (i) it has reduced the many-body
problem (3.1) to a single-body problem; and (ii) it incorporates fluctuations of polariza-
tion through the parameter A, which are essential for the relaxors (see Secs. 1.3 and 2.2).
Eq. (3.9) is the starting point of our calculations.

Our goal is to derive self-consistent equations for the phonon frequencies. These,
in turn, will determine the susceptibility and the fluctuations of polarization. To do so, we

use linear response theory,

(Ui)yy, = O, (w) ELMY

= dns (W) | D vij (wg)yy, + EE() = A (uidy, (3.18)
J

Here, ¢y, (w) is the susceptibility of the non-interacting problem with a random field, HZQ —
We first take configurational average and assume decoupling effects of the random

fields h; on ¢y, (w) and (u;),, -

() in)e = (D (@) [ D vig (i), + BEH() = A ((uid ), (3.19)
J

By Fourier transforming,

U, 1
w :J: .
X T o+ (=) 520

We now determine the polarizability of the non-interacting problem with a random

field. The equation of motion of a dipole in a local potential V (u;) — Au?/2 and in a local
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random field h; is as follows,

dV (u;
Mi; = —ﬂ + Au; + h; + Efxt(t) — T,
dui
= — ki + Mg — yud + Mg + hi + BEH () — T, (3.21)

Here, E¢%(t) = Ef*'e™! is an infinitesimal external field. We have added a retarded force
which gives rise to damping. The damping constant is I.
We now linearize the equation (3.21). We consider fluctuations o; around the

expectation value of u;,
w; = <(ui>?h>c + o (3.22)
Here, << . .)?h>c denotes thermal and compositional average with E¢*!(t) = 0. o; are the
fluctuations around <<u,;>?h>c with zero average in the absence of the external field, i.e.,
<<0’Z‘>?h>c = 0 for Ef**(t) = 0. Substitution of (3.22) into (3.21) gives,
Méi == (5= N (({w)fy) +0)
= (Qtute) "+ 3(twaty) "ot 3 {tulh) oF + o?)
+ hi + B (t) —To;. (3.23)
We now assume quasi-harmonic approximation in the absence of the external applied field,
ie, ((6i)p). = 0, ((Gi)yy), = 0 for EE™* =0
=2+t "+ 3 (2 | (1) =0 (320
Here, << : '>?h>c denotes thermal and compositional average with E¢*!(t) = 0. Here, we

used <(0i>?h>c =0.

We now subtract the above equation from (3.23),
2
M&Z‘ = — (I-i — )\) g;—7 [3<(uz>?h> o; + 3 <<Ul>gh> |:012 — <<Uz2>?h> ] + U§:| +hi+Eiext(t>—Fdi
(3.25)
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By approximating the fluctuations aiz to their static average, 01-2 o~ <<ai2>0 >
C

in (3.25), we obtain the equation of motion,
Mé; = —MQ?0; + hy + ES™(t) — T'o; (3.26)

where,
MQ? =k —\+3y <<<0i2>$h>c+ <<ui)?h>62> (3.27)

Eq. (3.26) is the equation of motion of a damped harmonic oscillator with frequency €' in
a external field E¢7!(t).

We now determine the fluctuations <<Ui2>gh>c of the non-interacting system in
random field.

First, we determine the fluctuations of the non-interacting system from those of
an undamped quantum harmonic oscillator with frequency €’ in a random field h;. For a

fixed realization of disorder, the fluctuations are independent of the field h;,

0 2 h BRY
<uz2>th - <Uz>gh YTl coth ( 2 ) (3.28)
Therefore, upon taking configurational average,
2,0 02 h ,BHQ,
(i), = (), = sygepeomn (%57 (329)

2
We leave <<ul)?h > unspecified for now. The fluctuations <<Ui>?h> of the non-interacting
C

C

problem are given as follows,

(o), = (25 ~ ()

_ 2]\;9/ coth <57i29’> + () - <<ui>?h>j (3.30)
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We are now ready to determine the susceptibility (¢p,(w)), of the non-interacting

system in a random field. (¢, (w)),. is easily obtained from (3.26),

1
OMQY? — W2 4wl

(0n; (W) (3.31)

where ' is given in Eq. (3.27).
We have now determined the susceptibility (¢, (w)), of the non-interacting prob-

lem in a random field.

Xal) = 3107 e +1 Wl — (vg — A) (3:32)
We recast the susceptibility (3.32) as follows,
1
Xalw) = MQZ — Ma? + iwl (3.33)
where we identify €4 as the phonon frequency of the interacting problem,
MQZ =M (Qoi)z + (voi - v,,) (3.34)

and Q(J)- is the g = 0 component of the phonon frequency in the direction perpendicular to

the polar axis (g L 2),
M (95)2 = MQ? - (z;& - /\) . (3.35)

We now determine the parameter \. We obtain A by enforcing the fluctuation

dissipation theorem, [75, 76|

< :
(20 ~(wol”) =+ ) o [ aweon () iyl 30)

where Im [xq4(w)] is the imaginary part of the susceptibility (3.33). The summation over g

extends over the first Brillouin zone.
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We compute the integral (3.36) in the limit of zero damping. For zero damping,

Im [x4(w)] becomes the sum of two Dirac delta functions peaked at w = £,

lim T [xg ()] = I L
Fliﬁ) quw _F%MQ [Q?]—w2]2+<wr>2
T |1 1

Substitution of (3.37) into (3.36) gives,

2\ 0 > - < 0 2> _ i h ﬁth
<<“ Dun () N zq: 2N, coth 5 |- (3.38)
where the summation over g extends over the first Brillouin zone.

To close the system of equations the polarization (ui>?h must itself be related to

the random fields through the susceptibility (3.33). For a fixed realization of disorder, [52]

(ihg, = > (Xis)e hjs (3.39)

J

where (xij), is the susceptibility averaged over compositional disorder with Fourier trans-
form xq = >_;; (Xij). e’ fii where 4 is given by (3.33).
Since (h;j), = 0 and (h;ih;), = A?5;; by definition (see Eq. (3.12)), the order

parameter vanishes and only quadratic terms in A differ from zero,

() =0, () =53, (3.40)

where x4 is given by (3.33).

We use (3.27), (3.29), (3.30), (3.35), (3.38), (3.40) to eliminate A\ and . The
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resulting system of equations is the following,

MO2 =M (QOL)Q + (Ué‘ - vq) , (3.41a)

M (93)2 = K+ 3y <<a§>fh>c — o, (3.41b)

(D), = ((dyn). (3.41c)

(), ~(087) = ¥ Sy o (75). @)
1 A?

<<ui>gh2>c =N - (]\479121)2. (3.41e)

Equations (3.41a)-(3.41e) are the Onsager field equations of our model. Equations (3.41b)-
(3.41e) determine the temperature dependence of the g =0 component of the phonon
frequency QOL. The temperature dependence of the g # 0 component is determined by
Eq. (3.41a). We recover the results for the uniaxial ferroelectric without compositional
disorder in the paraelectric phase by setting A = 0.

Our presentation of our model for the relaxors concludes here. In the next section

we present and discuss the results obtained from our model.

3.2.1 Soft Mode

Here, we present the results for the calculated soft mode frequency from our model
for the relaxors.

The results for the g = 0 component of the phonon frequency, Q&, are shown
in Fig. 3.1 (a). For no disorder (A = 0, gray dashed line), Q&Q ~ T2 for high tem-
peratures (7' > T¢, not show in figure) and vanishes as ¢/In(1/t), t = (T — T.)/T. for
T — T,. For finite disorder (A > 0, blue,red and orange lines), Qé-2 ~ T2 for high
temperatures (T' > T, not shown in figure). As temperature decreases, 93-2 decreases

approximately with linear dependence, remains finite at 7., and it is fairly constant as it
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approaches T = 0. At T = 0, Qé is finite for arbitrary small disorder A, as shown in
Fig. 3.1 (b) (the integral in (3.41e) diverges logarithmically for Qf — 0, see Appendix A).
Since Q&Q is positive at all temperatures, there is no lattice instability, the lattice remains

cubic down to 1" = 0, and there is no long-range ferroelectric order at any temperature.

0.4 b
1o 1o -2 ( )
= s < 10
(\l\ N\
i io 1074
Q 02 a
~—~ ~— _6
= 01 = 10
0.0 . » . . ) 10_87 . | | | .
00 05 10 15 20 25 30 0.0 0.2 0.4 0.6 0.8 10
2
T/Te (A/vg)

Figure 3.1: Temperature dependence of the phonon frequencies. (a) Blue, red, and
orange lines are the phonon frequencies for a ferroelectric with compositional disor-
der (A2 /’UOLQ = 0.25,0.50,1.0) Gray dashed line is the phonon frequency without com-
positional disorder (A = 0). (b) Log-linear plot of Qg against disorder. For arbitrary
small compositional disorder the phonon frequencies remain finite down to T' = 0 K. Here,
(vg — k) /vy = 0.40, ya®/vg = 0.10, and h/(Muvga*)'/? = 1.0.

We contrast our results to those of the random field Ising model in 3 dimensions,
i.e., isotropic short-range forces with random fields. The theoretical studies that favor the
lower critical dimension d; = 3, predict a finite correlation length at 7" = 0 for arbitrary
small disorder A, thus, long-range order is absent. [51, 52, 83, 84, 85]. The theoretical
studies that favor the lower critical dimension d; = 2, predict a divergent correlation length
at a finite temperature, therefore, there is long-range order. [82, 86].

We conclude our discussion of the phonon frequencies for an uniaxial ferroelectric

with random fields here. In the next section, we present the calculation of the structure

factor and compare it to that measured by neutron scattering experiments.
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3.2.2 Structure Factor with Random Fields

In this section, we compute the dynamic and static structure factors.

The dynamical structure factor Sq(w) is as follows, [81]
Sq(w) = ST w) + (2m)5(w) SE. (3.42)

where Sf]”d (w) is the inelastic component of the structure factor,

Sfl”el (w) = hcoth (B;M> Im [xq(w)] (3.43)

and SZZ is the elastic component of the structure factor,

S = FT [<<ui>t2h>(j o A MQ2 =M (93)2 + (v — vg) (3.44)

2 b
M a3)
where FT stands for Fourier transform. The phonon frequencies Q& are obtained from the
Onsager equations (3.41).

The static structure factor Sq is obtained by integrating over the frequencies,

1 [ h 8RO A2
Sq = / dw Sq(w) = coth ( q> + 5 (3.45)
o | o 2M Qg 2 (M2)

Since vg is non-analytic for ¢ — 0, the value of Sq depends on the direction in which g
approaches zero. For systems without disorder, the observed static structure factor cor-
responds to its transverse component, i.e, g perpendicular to the polar axis 2. For the
relaxors, we will show that this is the component that is being observed.

The transverse component of Sq (g L 2) is as follows,

h BhQy A?
i q
= ———coth .46
Sq IAL co ( 5 ) + (M(qu)2)2 (3.46)
where,
M(Qé‘)2 = qjérng MQ% = M(Q7)? + 1 v [(gz0)® + (gya)?] (3.47)



Fig. 3.2 shows the temperature dependence of the g = 0 transverse component of
the structure factor Si- of Eq. (3.46). For no compositional disorder (A = 0), Sy is small
for large temperatures (17" > T.); it increases very rapidly for 7' — T¢; and it diverges at
T.. For finite compositional disorder (A > 0), Sg- is small for large temperatures (T > T,.);

it increases at about 7"~ T,; and it saturates at low temperatures (7' < T¢).

120+ — A?/(vga)?=00
— A?%/(vga)?=05
~g 80 — A?/(vga)?=10
~~ 2 4 2
. — A°/(vga)“=15
USD 0

40* — A?/(vga)?=20
I 0

T/Te

Figure 3.2: Temperature dependence of g = 0 transverse component of the elastic structure
factor. Here, (v — k) /vy = 0.40, va?/vg = 0.10, and hi/(Muvga*)'/? = 1.0.

Fig. 3.3 shows the wave-vector dependence of the transverse component of the
structure factor Sj along the (g, 0,0) direction of the FCC Brillouin zone. For no composi-
tional disorder (A = 0, Fig. 3.3 (a)), S7 is a Lorentzian of width M (Q&)Q (see Eq. (2.102)).
For T > T,, SF has finite width (M (93)2 > 0) and is maximum at (0,0,0). For T — T,
the width of Sj decreases (M (Qéf — 0), and is zero at T, (M (QOL)Q = 0). For finite
compositional disorder (A?/(vg-a)® = 0.5, Fig. 3.3 (b)), Sy is given by Eq. (3.46). For
T > T,, Sy has finite width (M (QOL)2 > 0) and is maximum at (0,0,0). For T' — T, the
width of S(JI- decreases and remains finite at 7' = T,.. For T' < T, the width of Sql decreases

and remains finite at T = 0 (M (Qé‘)2 > 0 at T = 0). Similar temperature dependence
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1

is obtained for increasing disorder (A?/(vga)? = 1.0, Fig. 3.3 (c)) except that the overall

Sé decreases. SqL has the same behavior along the (0, ¢,,0) direction of the FCC Brillouin

zone.
104
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H——— T/Te=2.0
10? ," “\ A?
PRI 2= .0
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2n/a 2n/a
Figure 3.3: Log-linear plot of the structure factor in the transverse direction (¢ L 2).

Here, (vg — #)/vg = 0.40, va?/vg = 0.10, and i/(Mwvga*)'/? = 1.0.

3.2.3 Correlation Functions of Polarization in Real Space with Random

Fields

In this section we compute the correlation functions of polarization in real space.

The static correlation functions of polarization are obtained from the structure

factor Sg of Eq. (3.45),

(b, =

s,

q

1 — h BRQ A2
— —iq-R; th q 348
NZe ' QMQqCO < 2 >+(MQ2)2 (3.48)
q q
where
MO =M (9F) + (v§ = vq). (3.49)
and
. v 4 q2
1 9 - " (1-322 ) — 21 3n(q. 3.50
lim — 5 =3 ( |q|2> nlgal” + 3n(ga) (3.50)
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where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (7 ~ 0.084 for FCC lattices).

We first consider the correlation functions of polarization at large distances (| R;;| >
a). For low temperatures (7' — 0) and arbitrarily small but finite disorder (0 < A /vy < 1),
the phonon frequencies are small but finite, M (Q&)Q / 'Ud‘ < 1 down to T" = 0. Therefore,
the correlation functions are dominated by the second term in the square brackets of (3.48),

A2

) 5, 1T —0, (0 < A/(vga) < 1),
[0) ™" + (v = vg)]

((uig)y,), = % g et
(3.51)

where (X(J)-)fl =M (Qol)Q is ¢ = 0 component of the susceptibility in the transverse direc-
tion (g L 2) For large distances, Eq. (3.51) gives correlation functions that are anisotropic

and that decay as power laws,

2 2 3 (y4)3 s . .
< > (4) (ﬁ)z Z)}2an (|>1<§|§_ , |R;;j| = oo, R;; || 2 (longitudinal),
(wivg)y,), = ’ ’
2 2 3/2 (y4)3/2 A
) S T R 1Rul oo Ry L3 (ansvers)

(3.52)
where ()Zé)_l = (47/3) (Xé)_l /v — 0 is a dimensionless susceptibility; and vpz is the
volume of the Brillouin zone of the FCC or BCC lattice.

We contrast the result (3.52) with the correlations of (i) uniaxial ferroelectric
without random fields; and (ii) short-range forces with random fields, i.e., random field Ising
model in three dimensions. For an uniaxial ferroelectric without random fields and above
T. (see Eq. (2.105)), the correlation functions exhibit the same anisotropy, power law decay,

and longitudinal to transverse ratio of X(J)-g/ ? as those of Eq. (3.48). The longitudinal to

transverse ratio of XOL?’/ ? indicates the correlations are mostly concentrated along the polar

axis. For short-range forces with random fields, the correlations are isotropic and decay
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exponentially, <<Sisj>th>c ~ A?exp[—|Ry;| /€] where & ~ exp [1/A?] is the correlation
length at 7' = 0. [13, 51]

We now discuss the near-neighbor correlations with compositional disorder. The
results presented here are meant to give a qualitative qualitative description of the behavior
of the correlations since our calculation uses vq in the long-wavelength limit (see Eq. (3.50)).
vq differs from (3.50) as g approached the edge of the Brillouin zone. The results are shown
in Fig. 3.4. We first describe the correlations without compositional disorder (A = 0) and
in the longitudinal direction (R;; || 2).

For high temperatures (T > T.), the longitudinal correlations are positive and
strong in the first few near-neighbors and become weak for larger distances (see Fig. 3.4 (a)).
Close to the critical point (T' 2 T¢), the correlations are strong in the first few neighbors
and become weak but slowly decaying (oc 773, see Eq. (2.105)) for larger distances. (see
Fig. 3.4 (b)). The correlations in the transverse direction (R;; L 2) are negative and
follow similar behavior than those along the longitudinal direction, except that they are
significantly weaker (see Figs. 3.4 (d)-(e)). We now describe the correlations with composi-
tional disorder (A > 0) and in the longitudinal direction. For high temperatures (7" > T,),
the longitudinal correlations do not vary significantly from those without compositional
disorder (see Fig. 3.4 (a)). Close to the critical point (T' 2 T.), the longitudinal corre-
lations are slightly stronger than those without compositional disorder for the first few
nearest-neighbors (see Fig. 3.4 (b)). Beyond the first few nearest-neighbors, the longitudi-
nal correlations become weaker than those without compositional disorder (see Fig. 3.4 (b)).
As temperature decreases below T, the longitudinal correlations with compositional dis-

order grow in the immediate vicinity of the unit cell and become weak beyond a few unit
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cells. (see Fig. 3.4 (c)). We recall that for arbitrarily small but finite compositional disorder

3

)

and low temperatures (T ~ 0K), the correlation functions decay as power laws (o< 7~
see Eq. (3.52)) for large distances. Similar behavior is obtained for the correlations in the
transverse direction, however, they are significantly smaller than their longitudinal coun-

terparts. (see Fig. 3.4 (d)-(f)).
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Figure 3.4: Near-neighbor correlation functions of polarization for a ferroelectric with
disorder in the longitudinal (R;; || 2, (a)-(c)) and transverse (R;; L 2, (d)-(f)) directions.
Here, (v — k) /vg = 0.40, va?/vg = 0.10, and fi/(Mvg-a*)'/? = 1.0. Lattice is FCC.
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3.2.4 Dielectric Response with Random Fields

We now discuss the dynamic dielectric response of our model. In section 3.2, we
derived the susceptibility for a damped anharmonic oscillator, with a Dirac delta damping

function (see Eq. (3.21)),
t
/ LS(t —ta(t')dt' =Ta(t), t>t. (3.53)
0

where I is the damping constant. Here, we will consider for now a damping function G(t—t')

of unspecified form,

/t Gt —thu(t)dt', t>t. (3.54)
0

instead of the instantaneous damping function (3.53).

The derivation of the susceptibility for the general damping (3.54), is similar to
that of the instantaneous damping (3.53) (see Sec. 3.2). Thus, we skip the derivation and
state the final result.

The susceptibility for an anharmonic oscillator with damping function G(t — t'),

Eq. (3.54), is given as follows,
Xq' (W) = MQZ — Mw? + iwG(w). (3.55)
Here, €14 is the phonon frequency,
MQ2 =M (93)2 — (¢ — vg), (3.56)
and G(w) is the Fourier transform of G(t)

Glw) = / T dte G H (), (3.57)
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where H(t) is the unitary step function,

1, t>0,
H(t) = (3.58)

0, t<0.

Since vq is non-analytic for ¢ — 0, the susceptibility (3.55) depends on the shape of the
sample. To avoid this shape dependence, the susceptibility is defined as the response to the

macroscopic field, which differs from the external field by the depolarizing field, [87, 88]

f((;l(w) = Xgl(w) — Dg, (3.59)

where Xq(w) is the shape-independent susceptibility. Dq is the depolarizing factor,

2 q2
Dq = lim 4mnz""—5,
a0 ]

(3.60)

where n is the number of unit cells per unit volume and z* is the effective charge. Us-

ing (3.59) and (3.60) we obtain the shape independent susceptibility,
Xq (W)= Mﬁg — Mw? + iwG(w). (3.61)

where,

MQOZ = M (95)2 — (B0 — Bg)- (3.62)

and g = vq + Dg. Defined this way, 0, is analytic for ¢ — 0 and @ = (47/3)nz*>.
The real part of the shape independent susceptibility x4 is as follows,

Re[ig(w)] = MQ?I + wIm[G(w)] | (3.63)

~ 2 2
(93 + wIn[G(w)]) + (WRe[G(w))

where Re[G(w)], Im[G(w)] are the real and imaginary parts of G(w) = Re[G(w)]—i Im[G (w)].
Here, we made the approximation that Q?I > w?. This is justified since mea-

surements of the dielectric susceptibility are done at low frequencies compared to that of
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phonons ( phonon energies are of the order of about 1 meV whereas the the energies associ-
ated with the measurements of the dielectric constant are of the order of about 1073 meV,
at most.) The approximation QZ > w? means the kinetic energy of the unit cell is small,
ie., 1?2 ~0.

We now obtain an equation for the temperature Ty,,x where the susceptibility is

maximum. The susceptibility is a maximum for,

__dxglw)  dM(Qe)%)|
- d(Mqu)2) X qu - =0. (3.64)

dXq (w)
dT

Tm ax

Here, we used the chain rule and the fact that Y4(w) depends on T only through M (€,)?).

d(M(Qq)?) : : dXq(w)  _
In general, =— =% . > 0 for T' > 0, thus, the above equation vanishes for W@)Q) = 0.
This gives M (Q4)? = w (£Re|G(w)] — Im[G(w)]). Re[G(w)], Im|[G(w)] > 0 for physical
Tmax

functional forms of the damping function G(t) (e.g., Dirac delta function or exponential
decay) Since M(Q4)? > 0 for finite disorder, only the ”+” gives sensible answers, i.e.,
Tmax > 0. Therefore, the equation for the temperature Ty,,x where the susceptibility is

maximum is given as follows,

M [0g(Tinw)]| = w (Re[G(w)] - In[G(W))). (3.65)

2
M {Qq(T max)} > 0 for finite disorder. The maximum of the dynamic susceptibility is given
by the difference in the real and imaginary parts of the damping function.

Using Eq. (3.65) we find the maximum of the real part of the susceptibility is given

as follows,
Re[q(«) 1 (3.66)
e[xXq(w =——. .
Xq 2wRe[G (w)]
The shape independent dielectric constant is given as follows,
e(w) =1+ 47T7”LZ*2>ZO(W) =1+44r x 4;(}3920(0.]), (367)
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where xo(w) is given in Eq. (3.59).

Figure 3.5 shows the temperature and frequency dependence of the real part of
the shape-independent susceptibility Re[xo(w)] with G(w) purely real and constant (this
corresponds to an instantaneous damping function G(t) = I'd(t — t') where I' is a damping
constant). For no compositional disorder (A = 0), the static susceptibility Re[xo(0)] follows
the Curie-Weiss law with logarithmic corrections close to T¢, i.e., Re[X0(0)] o log(1/t)/t for
t =(T—T,)/T. — 0 (see gray dashed line in inset of Fig. 3.5 and Sec. 2.4). The Curie-Weiss
constant Ceyy is inversely proportional to the anharmonic coefficient v (see Sec. 2.4). For
finite compositional disorder (A > 0), xo(w) follows the Curie-Weiss law for temperatures
above the Burns temperature Tz with Curie-Weiss temperature Ty < T and Curie-Weiss

constant Coy o< vy~ 1

(see orange line in inset of Fig. 3.5). For T' < Tew, Re[xo(0)] grows
and reaches a maximum at 7' = 0. The dynamic susceptibility Re[yo(w)] follows the same
temperature behavior as that of its static component Re[xo(0)] for T" > T. For T < Tp,
Re[xo(w)] increases and reaches a maximum at Tax. The maximum of Re[xo(w)] and Tax

are given by Egs. (3.66) and (3.65), respectively. For T' < Tiax, Re[xo(w)] decreases and

remains finite at 7' = 0.
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Figure 3.5: Real part of the shape-independent dynamic susceptibility. Inset: inverse of the
real part of the shape-independent static susceptibility without compositional disorder (A =
0, gray dashed line) and with compositional disorder (A?/(vya)? = 0.15, solid orange

line). Deviations from Curie-Weiss law indicated by orange, dashed line. Toyw and Tp
are the Curie-Weiss and Burns temperatures, respectively. Here, (voL —kK)/ U(J)‘2 = 0.40 and

va?/vg = 0.10.

Figure 3.6 shows the dependence of the Curie-Weiss (Tow ) and Burns (T5) tem-
peratures on compositional disorder A. We first describe Ty, For no compositional
disorder (A = 0), Tew = T, where T, is the critical temperature of the ferroelectric
without disorder. For finite disorder (A > 0), Tow decreases approximately linearly with
A2, We now describe Ts. For no compositional disorder (A = 0), Tg = T.. For finite

disorder (A > 0), T decreases with AZ2.
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Figure 3.6: Curie-Weiss (Tow) and Burns (Tg) temperatures. Here, (vg — /<c)/vé-2 = 0.40
and ya?/vg = 0.10.

Figure 3.7 shows the frequency and disorder dependence of Ti,.x obtained from
Eq. (3.65) with with G(w) purely real and constant (this corresponds to an instantaneous
damping function G(t) = ['6(t — ¢') where T is a damping constant). Ty,.x increases with

frequency and decreases with increasing disorder.
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Figure 3.7: Frequency and compositional disorder dependence of T1,.x. Here, (voL —K)/ UOLQ =
0.40 and va?/vg = 0.10.
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3.3 Comparison to Experiments

In this section, we compare the calculated elastic structure factor S4 and dynamic
dielectric constant e(w) to those observed for the relaxors. The observed behavior of S and
€(w) in the relaxors was discussed in Sec. 1.3.

Our model parameters are (i) the lattice stiffness ; (ii) the anharmonic coefficient
7; (iii) the effective charge of the unit cell z* (absorbed in vy = 4mnz*?/3); (iv) the variance
of the quenched random fields A; and (v) the damping constant T

We first compare to the elastic structure factor to that observed by neutron scat-
tering experiments. The results for the temperature dependence of the structure factor S;-
at g2 + qg = 0.05rlu are shown in Fig. 3.8. For temperatures above about 7, = 465K,
SqL is very small. At 465 K Sj starts increasing and keeps on growing down to 100 K. As
temperature keeps decreasing, Sé remains fairly constant down to T" = 0 K. The red dots
and blue squares in Fig. 3.8 correspond to the neutron scattering data for PMN in the

vicinity of the (110) and (100) Bragg peaks. [11, 12, 53]
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Figure 3.8: Structure factor Sg. Black solid line corresponds to the present model. Red dots
and blue squares correspond to the neutron experimental data taken in the vicinity (¢ =
0.05rlu) of the (110) and (100) Bragg peaks. Data taken from Refs. [11, 12, 53]
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Figure 3.9: Log-linear plot of the wavevector distribution of the structure factor SqL. Solid
black line corresponds to the present model. Red dots correspond to the neutron experi-
mental data around the (110) Bragg peak. Green dashed line is a Gaussian Bragg peak of
width given by the experimental resolution (~ 0.01rlu). Data taken from Refs. [11, 12]

The results for the wavevector distribution of the structure factor SqL for T =
150K and 7" = 300K are shown in Fig. 3.9 (black, solid line). The red dots and blue
squares correspond to the neutron scattering data for PMN in the vicinity of the (110) and
(100) Bragg peaks. [11, 12] The thin-gray line is a Gaussian Bragg peak of width given
by the experimental resolution (~ 0.01rlu). For long wavelengths (|ga| — 0), the diffuse
scattering is dominated by the second term in the square brackets of (3.46). For short
wavelengths (|ga| > 1), the diffuse scattering is dominated by the first term in the square
brackets of (3.46).

We now compare the dielectric constant (3.67) to that of the relaxors. Fig. 3.10 (a)
shows the observed dielectric constant for PMN (dots, squares, and rhombohedrons ) com-
pared to that of our model (solid lines). Here, we chose G(w) to be purely real and con-

stant (this corresponds to an instantaneous damping function G(t) = I'§(t —t') where I is a

fitting constant). For T' > T’z ~ 600 K, the calculated e¢(w) follows the Curie-Weiss law with
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a Curie-Weiss constant Cow o v~ ~ 10° K and a Curie-Weiss temperature Tow ~ 450 K.
For T' < T, €(w) reaches a maximum €max(w) at Tmax given by Egs. (3.66)-(3.65). emax(w)
shifts towards higher temperatures as frequency increases. €(w) then decreases upon further
cooling. The calculated values of €yax(w) tend to be much lower than those of experiments,
and the calculated values for Tihax tend to be higher (see Fig. 3.10 (a)). This is because
our choice of the instantaneous damping is too simplistic. We noticed better agreement
with the observed epax(w) and Tiax if we let the damping constant I' to decrease with fre-
quency (see Fig. 3.10 (b)). This suggests a damping function G(t) with a finite relaxation
time. The simplest possible damping function with a finite relaxation time that can be
handled analytically is exponential, i.e., G(t) = (I'/7)Exp(—t/7), where 7 is the relaxation
time. This, however, did not give much improvement with respect to that of instantaneous
damping (see Fig. 3.10 (a)). We believe more complicated forms of the damping function
are needed to obtain quantitative agreement for €pax(w) and Tax. This is beyond the
scope of the present work. We emphasize, however, that the dielectric constant (3.67)
gives a broad region of fluctuations with a large Curie-Weiss constant proportional to the

1

anharmonic coefficient v+, as expected for displacive systems.
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Figure 3.10: Comparison between observed and calculated dynamic dielectric constant for
PMN. Dots, squares and rhombohedrons correspond to experimental data. Solid lines to
our model. For (a), (vg — &)/vg = 0.01, va?/vg = 5.8 x 107°, h/(Muvga*)'/? = 10%,
A2/vol2 = 1.75, and T'/vg = 8.5 x 107 "s for all frequencies. For (b), (vy — k)/vg =
0.01, ya2/vi = 5.8 x 1075, h/(Muvta*)/2 = 102, A2/vdt® = 1.75, and T/vt = 8.5 x
107"s (w = 102 Hz), 8.5 x 10785 (w = 103 Hz),2.8 x 107135 (w = 10° Hz). Experimental
data taken from Ref. [29].
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Chapter 4

Conclusions

In this chapter we present the main conclusions of this work and discuss some of
the simplifications made in our model.

Our main conclusions are the following:

1. any theory of relaxor ferroelectricity must go beyond the Lorentz approximation to
account for the broad region in temperature of critical fluctuations. Here, we used
the Onsager approximation which is the simplest correction to the Lorentz field that

guarantees the fluctuation dissipation theorem of statistical mechanics.

2. arbitrarily small compositional disorder together with dipolar forces extend the region

of critical fluctuations down to absolute zero temperature.

3. the correlation functions of polarization are highly anisotropic and slowly varying with

a power law component.

4. the elastic diffuse scattering observed in the relaxors is the onset of a transition from

a paraelectric to a random field state without long range order. This is not a true
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phase transition since no symmetries are broken.

. the Curie-Weiss constant of the relaxors is proportional to the inverse of the anhar-

monic coefficient ~, just like in ferroelectrics.

. the temperature where the dielectric response is maximum, 7i,.x is determined by the

soft mode frequency, the damping function, and the frequency of the applied field.

We now discuss some of the simplifications in our model. We ignored:

. the full cubic symmetry typical of perovskite relaxor ferroelectrics. Soft modes in
cubic systems are degenerate, for instance, they are triply degenerate in the absence
of dipolar forces since there are three equivalent axes (in the presence of dipolar forces
this degeneracy is lifted into two degenerate transverse mode and a single degenerate
longitudinal mode). Here, we considered an uniaxial relaxor, therefore there is only a

single soft optic mode.

Cubic symmetry may vary the temperature dependence of the soft mode frequencies
since the dynamical matrices will be necessarily different. We point out, however, that
mean field models for conventional cubic and uniaxial ferroelectrics predict the same

temperature dependence for the soft mode frequencies: Q2 oc T — T, for T — T,.. [63]

We cannot draw any conclusions regarding whether long-range order is absent in cubic
systems for arbitrary small compositional disorder. Previous theoretical studies [51,
52, 82] are based on isotropic short ranged forces and not on anisotropic long-ranged
dipole forces. An exception is the SRBRF model in which cubic symmetry and random
fields are considered with infinite ranged interactions. The SRBRF model predicts no

long-range ferroelectric order for arbitrary small random fields. [9] We emphasize that
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whether or not long-range order is absent for arbitrary small random fields in cubic
systems is a question of theoretical interest, not of the relaxors in particular. Long-

range order will always be absent for strong compositional disorder .

. coupling of the transverse optic mode to the transverse acoustic mode. Neutron scat-
tering experiments [11, 12] showed that coupling of the transverse optic and trans-
verse acoustic modes is important to describe quantitatively the observed dispersion
relations for large wave vectors (= 0.1r.l.u. for PMN at 670 K). For small wave vec-
tors (< 0.1r.lu. for PMN 670K), the coupling is not important, at least above the

Burns temperature T ~ 620 K

. coupling to strain. Relaxor ferroelectrics undergo structural phase transitions, e.g.,
PMN exhibits a first order cubic-to-rhombohedral phase transition in the presence of
large static fields. Coupling of the soft mode coordinates to strain is important in
models of conventional ferroelectricity to (i) predict the observed sequence of struc-
tural phase transitions, e.g., BTO goes through a sequence of cubic-to-tetragonal-
to-orthorhombic-to-rhombohedral phase transitions as temperature is lowered; (ii)
to predict that all these phase changes are of first order (models with quartic an-
harmonicities such as the one considered here can only predict second order phase
transitions). [63, 68, 69, 70, 71] We expect to describe the observed structural phase
changes in the relaxors by including coupling to strain and cubic symmetry in our

model.

. Short-range interactions between unit cells. Short-range interactions are most likely
not as relevant to the relaxors as they are in conventional ferroelectrics, at least as far

as the absence of long-range order is concerned. In conventional ferroelectrics, nearest-
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neighbor short-range interactions can modify the long-range ferroelectric order. In the
relaxors, we have shown that random fields destroy the long-range ferroelectric order
for arbitrarily small compositional disorder. Inclusion of short-range forces will not
modify this result. Short-range forces will probably vary the values of the Burns

temperature Tz, and the temperature T, where the dielectric constant peaks.

. disorder in the dipolar bonds v;;. Disorder v;; is present in the relaxors since the B-
side of the perovskite unit cell is disordered. However, we expect the effects of disorder
in the bonds to be smaller compared to those of the random fields: in systems with
both random-bonds and random-fields (such as the relaxors), the contributions to
the free energy from the random-fields are linear in the order parameter while the
contributions from the random-bonds are quadratic. Moreover, the non-Lorentzian
shape observed in the elastic diffuse scattering is characteristic of a random field

transition, not a random-bond transition.
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Appendix A

Calculation of some integrals.

Consider the integrals,

2 Q ™ 2sin @
F(z) = Jo” 49 Jy" da Jo d9z2+B2q2+(%§—3BQq2)00829 (A.1)
[27de [© dq [T dBg?sin 6

2 Q 4 g?sinf
G(z) = Jo™ ¢ Jo"da Jo W e oo 35 ) o 07 (A.2)
fo27r do foQ dq foﬂ dfq? sin 0 ’ :

where ) is an cut-off wavevector. We wish to calculate F(z) and G(z) for z — 0. The

calculation of F'(z) was done in Ref. [90]. Here, we reproduce it for the sake of completeness.

We first compute F(z) for z — 0. We define X = QB/z and integrate (A.1) over

0,
322 X z? \/1 —322/(C/z)?
F(z) = Q3B3C'/0 dx \/(1 1 32/(C10)7) arctan | (C/z) 2
(A.3)
For C' > z and C > B(@ we obtain,
3w 22 2BQ
F(Z)_4QBC [1—B2Q21n< ~ >} (A.4)

Eq. (A.4) gives F(z) for z — 0.
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We now compute G(z) for z — 0. The calculation of G(z) for z — 0 is straight-

forward by noticing that G(z) = —%(f). Therefore,
3 2BQ)
= 1 A.
¢ = igpme ™ ( z ) ! (4-5)

to order O(z%). Eq. (A.5) gives G(z) for z — 0 and is the final result of this appendix.
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Appendix B

Calculation of correlation functions
in real space for uniaxial dipole

system

The purpose of this appendix is to calculate the correlation functions in real space

for an uniaxial dipole ferroelectric with and without quenched random fields.

B.0.1 Correlations without random fields

In the absence of compositional disorder, the correlation functions of polarization
for the uniaxial dipole problem between unit cells at the origin 0 and at position R are

given as follows,
kT cla R

N q X&_1+(U0L*UQ)‘

(uoum)y, = (B.1)

where vq is the g component of the Fourier transform of the dipole interaction and ’UOL is

the g = 0 component of v4 in the transverse direction (g L 2).
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We are interested in the correlations at large distances (|R| — oo). For large
distances, the most significant contributions are from the long-wavelength limit (|g| — 0)

for which vq takes the form,

v 4 2
lim —1 = il <1 - 3@72) —nlqal* + 3n(g.a)? (B.2)

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (7 ~ 0.084 for FCC lattices).

We calculate the correlations in the continuum limit: (1/N)>°, — (1/vpz) [ dq,
where vy is the volume of the Brillouin zone of the FCC or BCC lattice.

In the continuum and long-wavelength limits, Eq. (B.1) takes the form,

At kT
(uour)y, = 5 = T 1(R) (B.3)
Ch)
where,
1 el R
I(R)= — [ d’q— : (B.A)
vBz (Xg) ™' +4mq?/|q|? + nlgal? — 3n(g-a)?

and (xg)~! = (47/3)(xg) "' /vg is a dimensionless susceptibility.

Our goal is to calculate I(R) of Eq. (B.4).

Before we proceed with the details of the calculation, we point out that the corre-
lation functions of polarization for an uniaxial dipolar system were computed in Ref. [49].
However, the calculation of Ref. [49] presents some problems: (i) it assumes that the sim-

L' 0 at the zone

ple cubic lattice has a ferroelectric ground state, i.e., it assumes (qu)_
center (g = 0). This is incorrect since Luttinger and Tisza [91] showed that the ground
state of an infinite simple cubic lattice of dipoles has an antiferroelectric ground state, i.e,

(XqL)_1 — 0 at the zone boundary (g > 0); (ii) it ignores the 31(g.a)? term in the de-

nominator of (B.4) without justification. Here, we calculate the correlation functions of
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polarization for a FCC and a BCC lattice, which have ferroelectric ground states [91] and
keep the 31(g.a)? term in the denominator of (B.4). The methods used in Ref. [49] to
calculate the correlation functions of polarization still hold in our case and will be followed

here.

Longitudinal Correlations (R || 2).

Let us consider the integral,

L=t ///d dg, d el (B.5)
z = —— Qx AQy Gz —— 5 .
vBZ YU (k) 4+ 4n(a2/1g?) + nlgal? — alg.a)?

where |R| — oo, |q|? = ¢2 + qg +¢%, a = 3n, and the integration is over all space. By

transforming I, to cylindrical coordinates p, ¢,, 0 we obtain,

7 / ei|R\qz (pQ + q2)
I, =— dpp/dq — = . (B.6)
° Bz “(Xg) NP + @) + Amg2 + na(p? + q2) — aa?(p® + ¢2)g?

We first integrate over q,. We replace the integral over ¢, by an integral taken for complex
q. from —oo to 0o along the real axis and a semicircle at infinity in the positive half-plane.

The poles of the integrand in Eq. (B.6) are the following,

(a)?

c2

_2a—np 20 —1

la—2 1 ¢ 2cc — 16ma?(a —
el e (11\/1+ CQ( U

p4> , (B.7)

where ¢ = 471 + (yg) L.

The dominant contributions to I, as |R| — oo are those in the long-wavelength
limit ¢, — 0. They correspond to solutions to (B.7) for which ¢, — 0. Eq. (B.7) has
solutions as g, — 0 only for the upper sign and for p — 0. By expanding (B.7) for p < 1,

we obtain,

(B 192 167na? + maayy !
0 :Z\/(Xo) P, 16 Xo_ (B.8)

c c3
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We now calculate the integral in (B.6) using the theorem of residues,

27 (2m)(4mw) [ e~ 1Blovp
I, = ()(2)/ dp p*———, (B.9)
vByz  2c 0 VP

where,

ya)~! 167na? + raa?(yE) !
(Xoc) + Ui 5 (Xo) ,o2. (B.10)

Here, we neglected terms p*e IRIpp'"? i1 the numerator ((B.9) is dominated by contributions
as p — 0).

For (yg)~ ' #0, (B.9) gives to lowest order,

grd 1 [ - R
I, = ><3/2/ dpp? X(J]-exp —’ |p
VBZ C 0 c)_((J)_
_ 8 20x)?
VBZ ’R‘?’
167 (xo)” 1y—1
= X , X 0,|R| — o B.11
T D () A0 R~ o) (B.11)
For (xg) ' =0 (T =T.), (B.9) gives the following result,
1 73/2 0o
L = x d |~ R|p2(na? /4m) 2]
C = X ), doee [\l am)
1 y w2
vz na?|R|
2 1 a1
= —s —, Xo) =0, |R|— oc0). B.12
T (@7 =0 |RI- ) (B.12)

Substitution of Eq. (B.11) into (B.3) gives the longitudinal component of the

correlation function without compositional disorder for T 2 T,

AmkpT 167 (xg)?

, |R , R|| 2. B.13
5 %y %l R oo RI2 (B.13)

<U0UR>th =

Substitution of Eq. (B.12) into (B.3) gives the longitudinal component of the

correlation function without compositional disorder for T = T,

4 kT 72 1
—_ >< 7’
3 vy vpzna® |R)|

(uguR),, = IR| — 0o, R| 2. (B.14)

We now compute the correlations in the transverse direction.
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Transverse Correlations (R L 2).

Let us now consider the integral,

et Rlaz
dq, dgy d 7 , B.15
sz/// fo Oy 04 Xo) ' +47q2/1q)? + nlgal? — agza)? (B.15)

where |q|? = ¢2 + qg +¢%, R — oo and the integral is taken over all space. We first compute
the integral over ¢, by replacing it by an integral over the complex plane ¢, from —oo to
oo along the real axis and around the semicircle at infinity in the positive half-plane. The

poles are the following,

-1 —1y\—1 2 9\ 2 2\ 2
9 9 o 2, (Xo) (Xg) ! — aa?q? 4
N - R e + — ). :
e {qy <2n >qz ” 2na? } \/< 2na? * na? (B-16)

For |R| — oo, the most dominant contribution to (B.15) is from ¢, — 0. Eq. (B.16)

has g, — 0 solutions for x L'-£ 0 only from the upper sign and for gy — 0, ¢ =0,

47
G =—q— ¢ -~ +0(q) (B.17)
(Xo )

We make the observation that the lower sign can also take arbitrarily small values as = ~
i(xg) /2 for which the correlations would go as exp [—(|R|/a)(xg)~ 1/ ?]. These correlations
are small compared to those from (B.17), which will be shown to go as 1/|R|?) for finite
(xg) ! as |R| — oo. The exponential correlations may become the dominant for (xg )~ % —
0,7 — T,

For (xg)~! > 0, we obtain for I, the following result,

; / / qZexp [ |R[\/q? + ng]
T — q q
v V qx + qu

where g = 1 + 477)2&. We now integrate by using polar coordinates p? = qg +9q?, tanf =

(B.18)
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V/94-/qy. The result is as follows,

_471'2()2&)2 1

27 [e’)
I, = — d9s1n20/ dpp®exp [—| R
o g3/2/0 oo p [—|R|p]
2/-1\2
_ A 1 2
VBZ 93/2 |R|3

8 (xg)? 1

vz ¢32 |R?

(B.19)

For 47r>20L > 1, we obtain,

/2 (3 1/2 o
Igc:——i( 0)3 , ((xo) ™" #0,|R| — o) (B.20)
vBZz R

Substitution of Eq. (B.20) into (B.3) gives the transverse component of the corre-

lation functions without compositional disorder for T' 2 T,

Am kT y 13/2 (XOL)l/z
3 U(J]‘ VBZz ‘R|3 ’

(uour)y), = |R| - o0, R 1L 2. (B.21)

The calculation of the correlation functions without compositional disorder con-

cludes here.

B.0.2 Correlations with random fields

In the presence of compositional disorder and low temperatures, the correlation
functions of polarization between a unit cells at the origin 0 and at a position R, are given

as follows,

eiq-R

AQ
((wour)y), = D (B.22)

7 [0)7 i —wg)]

where vq4 is the g component of the Fourier transform of the dipole interaction and vd- is
the g = 0 component of v4 in the transverse direction (g L 2).
We are interested in the correlations at large distances (|R| — oo). For large

distances, the most significant contributions are from the long-wavelength limit (|g| — 0)
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for which vg takes the form,

. v 4 qg
5gm;f—3( 3M9—nwﬁ+%m@2 (B.23)

where n is the number of lattice points per unit volume and 7 is a dimensionless coefficient
that depends on the structure of the lattice (n =~ 0.084 for FCC lattices).

We now take the continuum limit (1/N)>., — (1/vpz) [ d*q, where vpz is the
volume of the Brillouin zone of the FCC or BCC lattice.

In the continuum and long-wavelength limits, Eq. (B.22) takes the form,

eiq-R

Ar\? A? 1
((uour)y,), = <3> Tz X d’q S B 5 5
(vg)” Bz [(xg) " +4mq?/|q* + nlgal* — a(qa)?]

(B.24)

29

where o = 37n. The calculation of the correlation functions with compositional disorder is

straightforward if one notices that,

_ 0I(R) _ 1 /d3q 7 4R (B.25)

—1\— 2
Oxg)™'  vBz Xo) "+ 4mq2/|g)? + nlqal? — a(g.a)?]

where I(R) is given in Eq. (B.4). Therefore,

477>2 (Az OI(R) (B.26)

(tavur)a), =~ ( « OB
thlc 3 Ud_)2 8(X(J)_)_1
Direct substitution of Egs. (B.11) and (B.20) into (B.26) gives for the longitudinal and

transverse components of the correlation functions with compositional disorder,

2 2 3 (yd)3 A
(4?”) (ﬁ)Q X iiﬂz (T;%F)* 7 |IR| — o0, R|| 2,
0

{({uour) ). = (B.27)

4m\2 A2 1 73/2 (Xl)za/z )
B (%) (%L)2 X 57532 ﬁﬂs , |[R| = o0, RL12Z.

The calculation of the correlation functions of polarization with compositional

disorder concludes here.
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Appendix C

Derivation of Clausius-Mossotti

and Onsager Formulas

The purpose of this appendix is to derive the Clausius-Mossotti and Onsager for-
mulas using, respectively, the Lorentz and Onsager approximations, The derivations pre-
sented here are not new (see Ref. [75, 76]) but they are given here for the sake of complete-

ness.

C.1 Clausius-Mossotti Formula

Consider a system of permanent dipoles p; = pu;. p is the magnitude of the dipole
and w; is the direction of the dipole at site i. u; is a vector of magnitude one, |u;| = 1.

The Hamiltonian is as follows,

1
H:—izui'vij'Uj—Zui-Efmt
,] A

= —%Zzu?vga’ug’ =D ue Bt (C.1)
A «

1,7 o,

123



where the sum over 7, j is over all dipole sites and the sum over a, o’ is over the z,y, z
components of the vector w,.

N .
Here, vii* is the dipolar tensor,

!
, TP 37“%7“% - |rij|26aa’ , Tij 7& 0,
poe’ — (C.2)

)
07 Tri; = 0,

where 7;; = 7; — r; is the distance between sites ¢, j; r{;

are the a = x,y, z components of
Tij-

In the Lorentz approximation, the local field of the Hamiltonian (C.1) is replaced

by the Lorentz field (see Sec. 2.2). The Hamiltonian (C.1) then becomes,
H=— Z w; - EiLorentz (03)
i
where EFoTen'# is the Lorentz field at site i,

EjLorentz — Z v - <u’i>th 4 Eiewt’ (04)
J

The thermal average of u; is given as follows,

— .. Lorentz
Try, e Pui-E; u;

(wi)y, = (C.5)

Tru. eiﬁui_EiLorentz
K2

L t . . .
where E;°""* is given in Eq. (C.4).

From (C.5) we compute the susceptibility Xif s

= nfp’ (%’ R ”ffga"x?}/“) (C.6)
ko

where 6;5, dqos are Kronecker deltas. Here, we have assumed there is no long-range order,

o
o Oy,
L/ ext o’
OE:

t_
E;*t=0

(u)y, = 0 for B¢ = 0.

We now Fourier transform (C.6),
G = (a +Zv3a”x3”a’> ©n
OC/,
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where
aa’ o aa’ q-ri; aa’ o aa’ q-rij
Xq =2 _Xij € 7 UYqg =2 Vij € 7
ij %)

We solve Eq (C.7) by going into diagonal representation,

o Bnp?
G =5 (C.8)

where Xg, Ug are the eigenvalues of the susceptibility and dipolar tensors, respectively.

«

Xo of Eq. (C.8) depends on the shape of the sample since v

is non-analytic for
g — 0. To avoid the shape dependence, x{ is defined as the response to the macroscopic

field, which differs from the external field by the depolarizing field,

Bnp?

T (C.9)

Xo =
Here, & are the eigenvalues of the shape-independent tensor, wy = vo + D, where D is the

depolarizing tensor,

D — lim 47Tnp2 qaq;/ .
q—0 q|

Defined this way, x§ is independent of the shape of the sample.

Eq. (C.9) is the Lorentz equation which determined the temperature dependence
of the x§.

To get the Clausius-Mossotti formula, we make the approximation that vg is con-

stant throughout the Brillouin zone,

1 5 4m

Vg = Vg = ?np2, (eigenvector perpendicular to q)
(C.10)
3 8T 4 .
Vg = —?np , (eigenvector parallel to q).

Here, the constants are such that the eigenvalues agree with the simple cubic values for
|g] < 1. The eigenvalues of w are,

4
wh = wi = wj = ?ﬂ-an (C.11)
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Substitution of Egs. (C.10), (C.11) into Eq. (C.9) gives the Lorentz formula for the dielectric

constant € = 1 + 47y,

e—1 drm np?
e+2 3 3kgT’

(C.12)

This concludes our derivation of the Clausius-Mossotti formula.

C.2 Onsager Formula

In the Onsager approximation, the local field of the Hamiltonian (C.1) is replaced

by the Onsager field (see Sec. 2.2). The Hamiltonian (C.1) then becomes,

H=-) u; E"" (C.13)

%
%

where E; WY s the cavity field,

Efzavity _ Ez'LorentZ o <Elreaction>th 7 (C.14)

7

EFerentz ig the Lorentz field at site 1,

BEe =3 vy - (us)y, + EE, (C.15)
J

and <EZ’" eamon> ., 1s thermal average of the reaction field E} eaction at site 1,
Ereaction — \qy,. (C.16)

The coefficient of proportionality A is temperature dependent. In writing Eq. (C.13), we
ignored the constant term —(\/2)p?.

The thermal average of u; is given as follows,

. cavity
Ty, e Bui E;

W
<ui>th = :

cavity

Tru,i e—ﬂui E;

(C.17)

where ES*™ is given in Eq. (C.14).
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We now compute the susceptibility from (C.17). The derivation follows that of
the the Clausius-Mossotti formula (see Sec. C.1), except that one carries the parameter \.

The result is the following,

N Bnp?

Xg = ——F——— C.18
R ) [y (C.18)
where Xg, Ug are the eigenvalues of the susceptibility and dipolar tensors, respectively.

We now determine the parameter \. A is determined by the fluctuation dissipation

theorem in the paraelectric phase,

’ ’ 1 _ ! iaqers s
() =32 () = o 3 o -
q

where the summation over q is over the first Brillouin zone. We now set o = o/ and i = j

in (C.19) and sum over a,

1 1
1= qu:za:?u—ﬁ[v:;—A} (C.20)

Here, we used the definition |u;[*? = Y (u®)? = 1 and the property that the trace is

(2
invariant under a change of representation.

«

Xo of Eq. (C.18) depends on the shape of the sample since v

is non-analytic for
g — 0. To avoid the shape dependence, x§ is defined as the response to the macroscopic

field, which differs from the external field by the depolarizing field,

o Brp?
Xo = 3-B@g N (C.21)

Here, &f are the eigenvalues of the shape-independent tensor, wy = vo + D, where D is the

depolarizing tensor,

2404’
q|?

D = lim 4dmnp
q—0

Defined this way, x§ is independent of the shape of the sample.
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Egs. (C.20), (C.21) are the Onsager equations. The temperature dependence of
A is determined from Eq. (C.20). The temperature dependence of the x{§ follows from
Eq. (C.21).

To get the Onsager formula, we make the approximation that vg is constant

throughout the Brillouin zone,

v}l = vg = 4?ﬂnpz, (eigenvector perpendicular to q)
(C.22)
3 8m o :
vy = —?np , (eigenvector parallel to q).

Here, the constants are such that the eigenvalues agree with the simple cubic values for

|g] < 1. The eigenvalues of w are,
wh = wi =wd = —np (C.23)
Substitution of Egs. (C.22), (C.23) into Egs. (C.20), (C.21) and elimination of A\ gives the

Onsager formula for the dielectric constant € = 1 + 47y,

e Amnp?

= . .24
2¢+1 kT (C.24)

e—1

This concludes our derivation of the Onsager formula.
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