UCLA

UCLA Electronic Theses and Dissertations

Title
On the Spectral Bias of Neural Networks in the Neural Tangent Kernel Regime

Permalink
https://escholarship.org/uc/item/0Op62k7nd

Author
Bowman, Benjamin

Publication Date
2023

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/0p62k7nd
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA
Los Angeles

On the Spectral Bias of Neural Networks in the Neural

Tangent Kernel Regime

A dissertation submitted in partial satisfaction
of the requirements for the degree

Doctor of Philosophy in Mathematics

by

Benjamin Bowman

2023



© Copyright by
Benjamin Bowman

2023



ABSTRACT OF THE DISSERTATION

On the Spectral Bias of Neural Networks in the Neural

Tangent Kernel Regime

by

Benjamin Bowman
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2023

Professor Guido Francisco Monttifar Cuartas, Chair

Understanding the training dynamics of neural networks is quite difficult in general due to
the highly nonlinear nature of the parameterization. A breakthrough in the theory of deep
learning was the finding that in the infinite-width limit the gradient descent dynamics are
characterized by a fixed kernel, coined the “Neural Tangent Kernel” (NTK). In this limiting
regime the network is biased to learn the eigenvectors/eigenfunctions of the NTK at rates
corresponding to their eigenvalues, a phenomenon known as “spectral bias”. Considerable
work has been done comparing the training dynamics of finite-width networks to the idealized
infinite-width dynamics. These works typically compare the dynamics of a finite-width
network to the dynamics of an infinite-width network where both networks are optimized
via the empirical risk. In this work we compare a finite-width network trained on the
empirical risk to an infinite-width network trained on the population risk. Consequentially,
we are able to demonstrate that the finite-width network is biased towards learning the
top eigenfunctions of the NTK over the entire input domain, as opposed to describing the

dynamics merely on the training set. Furthermore we can demonstrate that this holds in a
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regime where the network width is on the same order as the number of training samples, in
contrast with prior works that require the unrealistic assumption that the network width is
polynomially large in the number of samples. In a separate line of analysis, we characterize
the spectrum of the NTK by expressing the NTK as a power series. We demonstrate that the
NTK has a small number of large outlier eigenvalues and that the number of such eigenvalues
is largely inherited from the structure of the input data. As a result we shed further insight
into why the network places a preference on learning a small number of components quicker.
In total, our results help classify the properties networks are biased towards in a variety of

settings, which we hope will lead to more interpretable artificial intelligence in the long term.
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OVERVIEW

In the following chapters we provide insight into the phenomenon that neural networks
exhibit a preference to learn certain properties of the target function more quickly throughout
training. Our analysis centers around the Neural Tangent Kernel (NTK). Specifically, we
compare the optimization dynamics of finite-width networks to their corresponding infinite-
width limit. We bound the difference between the trajectory of a finite-width network
trained on the empirical risk to the trajectory of an infinite-width network trained on the
population risk. Consequentially, we are able to demonstrate that finite-width networks
exhibit a spectral bias to learn the eigenfunctions of the NTK corresponding to the large
eigenvalues more quickly. In a separate line of analysis, we derive a power series expansion
for the Neural Tangent Kernel to establish numerous spectral properties. Most notably, we
are able to demonstrate that the NTK has a small number of outlier eigenvalues and that the
structure of its spectrum is largely inherited from the input data. The fact that the NTK has
a small number of outlier eigenvalues, by way of spectral bias, provides further explanation
into why networks exhibit a preference to learn a small number of attributes more quickly. In
total, we are able to demonstrate spectral bias holds in several distinct settings, and provide
insight into the spectral bias phenomenon through various properties of the NTK spectrum.
Consequentially, we make steps towards cataloging the inductive bias’s of neural networks,
which we hope will lead to making neural networks more intelligible in the future. Below,

we provide an outline of the results contained in the following chapters.

e In Chapter [l we introduce the Neural Tangent Kernel and describe how it arises nat-
urally when studying the convergence of gradient descent. We introduce the spectral

bias phenomenon as well as the strengths and limitations of NTK analysis.

e In Chapter [2] we introduce the “damped deviations” equation (see Lemma [2.2.3)) which

compares the gradient flow trajectory of a finite-width network trained on the empir-



ical loss to the corresponding infinite-width network trained on the population loss.
Using this equation we can provide bounds on the trajectory whenever the network
is underparameterized that are sufficient to obtain bounds on the population loss (see
Theorem and Corollary 2.3.6)). A key element of the proof is an NTK deviation
bound that holds uniformly over all inputs (see theorems [2.5.19 [2.5.25] [2.5.26]), which

may be of independent interest. Using a simplified version of the damped deviation
equation that restricts to the training set, we can provide corresponding statements
for the empirical risk that are applicable in the overparameterized regime (see Theo-
rem m, Theorem , and Corollary . The contents of Chapter [2| are derived
from the manuscript “Implicit bias of MSE gradient optimization in underparame-
terized neural networks” which appeared in The Tenth International Conference on

Learning Representations, 2022. This was joint work with Guido Montufar.

In Chapter |3| we expand the results in Chapter [2| to include more realistic sample com-
plexities and deep architectures. In Corollary we provide a variation of Theorem
without the underparameterization requirement which applies to deep networks
with any combination of convolutional, residual, or fully-connected layers. Most no-
tably, the number of samples and the width of the network can scale at the same rate
to obtain vanishing bounds up to finite stopping times. Consequently, as demonstrated
in Corollary we can obtain bounds on the population loss in a scaling regime
where the width of the network and number of samples scale at the same rate. Conse-
quently, we are able to demonstrate that spectral bias holds for realistic scaling limits
and diverse architectures. The contents of Chapter [3| correspond to the manuscript
“Spectral bias outside the training set for deep networks in the kernel regime” which
appeared in Advances in Neural Information Processing Systems, 2022. This was joint

work with Guido Montuifar.

In Chapter 4] we express the NTK as a power series to establish a number of spectral

properties. Theorem provides the power series coefficients for the NTK which
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depend on the Hermite coefficients of the activation function as well as the depth
of the network. In Theorem [£.4.1] we demonstrate that the NTK has a dominant
outlier eigenvalue and that there are O(1) eigenvalues on the same order of magnitude
as this outlier. In Theorem [4.4.3] we demonstrate that after subtracting a rank one
component, the effective rank of the NTK is upper bounded by a constant multiple
of the effective rank of the input data gram. Since real world data tends to have
low effective rank, the NTK also exhibits this property. In Theorem we also
demonstrate that this same property holds for finite-width shallow ReLLU networks with
high probability at initialization. In Corollary [4.4.7)and Theorem we demonstrate
that the asymptotic decay of the spectrum depends on the decay of the power series
coefficients, with faster coefficient decay corresponding to faster eigenvalue decay. The
contents of Chapter [ are based on the manuscript “Characterizing the Spectrum of the
NTK via a Power Series Fxpansion” which appeared in The Eleventh International
Conference on Learning Representations, 2023. This was joint work with Michael

Murray, Hui Jin, and Guido Montufar.



CHAPTER 1

Introduction

1.1 A Brief History of the Neural Tangent Kernel

The typical operating regime in deep learning is to optimize an overparameterized net-
work via gradient-based optimization. This has been phenomenally successful in practice
but leads to a number of theoretical challenges. The first is that neural networks have a
highly nonlinear parameterization which leads to optimization objectives that are noncon-
vex [SS89,ISS91]. The nonconvexity of the optimization makes proving theoretical guarantees
for gradient optimization a tall task. Furthermore overparameterized networks are able to
interpolate arbitrary labels [ZBHI17], and the VC-dimension of typical networks grows at
least linearly with the number of parameters [BHLI9, [KS95]. As a consequence, classical
complexity based measures from statistical learning theory such as Rademacher complexity
or VC-dimension lead to vacuous generalization bounds [AB02]. Thus understanding mod-
ern deep learning will require innovations beyond the classical theories of both optimization

and generalization.

The aforementioned challenges at first make the prospect of establishing a theoretical
understanding of deep learning seem dismal. However, there was evidence as far back
as the 1990s that overparameterized networks may be amenable to theoretical analysis.
[Nea96l, (Wil96] demonstrated that the network outputs converge to a Gaussian process as

the number of hidden units approaches infinity. This led to a line of research studying the



connection between Gaussian processes, kernel methods, neural network representations,
and deep learning [CS09, [DFS16, LBNI§|. In a similar vein [NTSI15] exhibited decreasing
generalization error while increasing the network width, suggesting that overparameterized

networks may have a more subtle form of capacity control.

While progress was made towards understanding neural network representations via the
infinite-width limit, an understanding of the optimization dynamics was still lacking. A
breakthrough emerged in 2018 when [JGHI18] demonstrated that the optimization dynamics
are governed via a time-dependent kernel coined the “Neural Tangent Kernel (NTK)”, which
in the infinite-width limit becomes constant throughout training. In this limiting setting
the network parameterization becomes approximately linear [LXS19], and bounding the
smallest eigenvalue of the NTK throughout training is sufficient to prove global convergence
of gradient descent. In fact, almost concurrently with [JGHI1S8] the authors in [DZP19
had used this technique to prove the first global convergence guarantee for gradient descent
applied to a network trained on general data. The NTK had been studied earlier by the
work [XLS17] which demonstrated that the squared loss satisfies a Polyak-Lojasiewicz (PL)
inequality in any region where the smallest eigenvalue of the NTK is bounded below. This
analysis ties back to a well known technique in nonconvex optimization that establishing
a PL-inequality is sufficient for proving convergence of gradient descent provided that the
gradient is Lipschitz [Pol63]. The innovation in [DZP19] was to prove that the gradient
descent trajectory remains in a region where a PL-inequality holds, as well as an innovative
technique of bounding the number of activation patterns that change for a ReLU network

as a substitute for the Lipschitz property.



1.2 Global Convergence Guarantees via the NTK

1.2.1 The Neural Tangent Kernel and PL-inequalities

In this section we will briefly display how the NTK naturally emerges when studying the

dynamics of gradient descent. We will focus on the regression problem. Let

D= {($1,yl); ceey (xn,yn)}

denote our training data where z; € R? and y; € R. We will let f(x;60) denote our neural
network taking inputs x € R? with parameters § € RP. The specific architecture will not
matter for the purpose of this section. Let £(z,y) be a loss function, e.g. £(z,y) = 3(z —y)?,

and let
L(0) = Zg(f(mi, 0),yi)
i=1
denote our empirical risk induced by the training data D. We note that it is not at all

obvious a priori that gradient descent will solve
m@in L(6),

because in general the loss L is nonconvex as a function of §. Even in the case of a deep
linear network, the parameterization § — f(e;0) is nonlinear, making this problem highly
nontrivial even for the simplest networks. Furthermore for the popular ReLU activation
function o(z) = max{0,z} the gradient VL is non-Lipschitz, which further complicates
the analysis. These difficulties together make proving convergence guarantees for neural

networks highly difficult in general.

To make things concrete, we will for now assume £(z,y) = 3(z — y)? is the squared loss.

Furthermore we will optimize the loss via gradient flow
0,0y = —0pL(0y),

which is the continuous-time analog of gradient descent. Speaking loosely, one can view

gradient flow as gradient descent in the limit of vanishing step sizes. A key insight of

6



[JGHI8, [DZP19] was to analyze the gradient descent dynamics in function space (i.e. the
evolution of the neural network predictions) as opposed to parameter space. In this vein we

will let ug, y € R™ be defined by

ug = [f(x1;0), f(220), ..., f(azn; 0)]",

Y= [y17y27"'7yn]T

ug denotes the neural network predictions on the training set D and y denotes the desired
target values. To denote the predictions at time ¢, we will write u; := up, for short. Fur-
thermore we will let 7; := u; — y denote the residual vector, i.e. the difference between the
neural network predictions at time ¢ and the desired labels y. Under this notation, we can

write the loss at time ¢ as

n

L(O(t)) = 5 Y _(F(wi0) — 1) = % 7l

=1

We will let
(Jt)ij := Op; f (45 0;)
be the Jacobian of u;, i.e. dyuy = J; € R"*P. We note that by the chain rule
oL = [Ogue)"0u, L = J 7y,
Oty = Oguy - 0,0, = —J, 17,

We define
Ht = JtJtT

The positive-semidefinite matrix H; is called the NTK Gram matrix. It can be viewed as

the Gram matrix induced by the following kernel

Kt(xv (L’/) = <V9f(!L‘, et)a VQf(ZE,; 615)))

where (H;);; = Ki(x;,x;). The kernel K, is known as the time-dependent NTK. By our
previous result

atft - _thgft - _Htft-
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Therefore
1

OL(B(1)) = Or5

. . 1. . R
HTtH2 = [atrt]T : (%5 ||rt|’2 = —T?Ht"“t-

We now note that

OL(O(t)) = =T Hyy < —Amin (Hy) ||7e]]* = —2Amin (Hy) L(2).

Then by Gronwall’s inequality [Grol9]

t
LQ)SL@ﬁxp<—2/n&m”Uﬁﬁk>.
0
Now assume that
2Mmin (Hy) > ¢ >0 Vit > 0.

Then we have that
L(t) < L(0) exp(—ct).

(1.1)

Thus we have just shown that lower bounding A, (H;) uniformly in time is sufficient for

establishing convergence of gradient flow to a global minimum when optimizing the squared

loss. The quantity ¢ provides an estimate for the convergence rate. The bound (1.1)) is

analagous to linear convergence in discrete time.

Let us now consider more general loss functions ¢(z,y). In general by the same calcula-

tions as before we have that

oL =—1[0,L]" H,d,L.

Suppose
Amin (Hy) > ¢>0 Vt>0.

Then similar to before

0L < —cl||0,L|2 .

Assuming L is bounded below it follows that
lim inf |0, L5 = 0.
>0

8



Suppose L is strongly convex as a function of u, i.e.
(u—u',VyL(u) — VL)) > alu—u|;.
Then any global minimum is unique. Assume a global minimum u* exists, then
(ug —u*, Vo L(ug)) = (ug — v, Vo L(ug) — Vo L(u®)) > a||ug — u*Hg )
Thus by the Cauchy-Schwarz inequality we have
IVuL(ud)lly = aljuy — ™l -

Thus if

lim inf ||0, L2 = 0,
t>0

then liminf, ||u; — u*||, = 0. For gradient flow we have that
oL = — oL <0,
and thus L is nonincreasing. It follows that liminf;~¢ [|u; — u*||, = 0 implies that

lim L(u;) = L(u®).

t—00

We have just showed that if Ay, (H¢) > ¢ > 0 for all t > 0 and v +— L(u) is strongly convex,
then gradient flow converges to a global minimum. Another sufficient condition is that L

satisfies the following PL-inequality in function space
alL(u) — L(u"))” < | VuL(w)ll, (1.2)
for some «, > 0. Let 0,,;,(J;) denote the smallest singular value of J,. Then implies
106LI| = || T OuLl| = Gunin (J) 19 L] = 00min()| L) = L"),

Thus if 0pmin(Ji) = Amin (Ht)l/ 2> 42 > () then we have a separate PL-inequality in param-
eter space

106 LIl > ac'/?[L(ug) — L(u")|”.

9



Since

OL(t) = — ||0o L5
assuming L is bounded below we have that
. . 2 o
hrtn;)nf |0sL||5 = 0.

Thus by the same reasoning as before we have that lim; o |L(u;) — L(u*)] = 0. One can
reason similarly for gradient descent (as opposed to gradient flow). Specifically, if Vo L(0) is
Lipschitz and L satisfies the PL-inequality

x 2
u(L(0) = L(07)) < [[VoLll,
where 0* is a parameter corresponding to a global minimum, then gradient descent with

constant step size converges to a global minimum [Pol63].

1.2.2 Bounding the Smallest Eigenvalue of the NTK Gram Matrix
In the previous section we demonstrated that
Amin (Ht) > ¢>0 Vt>0

is a sufficient condition for proving convergence to a global minimum. We note that proving
such a bound is equivalent to bounding the smallest singular value of the network Jacobian
Ji. Let us now assume again that we are dealing with the squared loss ((z,y) = 1(z — y)*.
For a particular parameter 6, if we let Jy and 7y denote the network Jacobian and residual

respectively, then recall by the chain rule
OpL = J 7.
Thus if 00 (Jp) > 0, we have that

100 LI| = min(Jo) [[7o]l = omin(Ja) v/ 2L(0).

10



Consequently, wherever ¢,,;,(Jy) > 0 we have that each critical point of the loss is a global
minimum. However neural networks are known to have spurious critical points, with saddle
points being particularly prevalent [DPGI4, [Kawl6, [FA0Q, SGJ21]. Thus the challenge
for proving convergence is to demonstrate that the gradient descent trajectory remains in
a region where the smallest singular value of the Jacobian, or equivalently the smallest
eigenvalue of the NTK Gram matrix, is bounded below. This was the key difficulty that was

overcome in the proof in [DZP19].

It was shown in [JGHIS, [DZP19] that under a suitable parameterization, in the infinite-
width limit the matrix H; converges to a fixed positive-definite matrix H° uniformly in
time. The parameterization introduced in these works has since been called the “NTK
parameterization”, which we introduce below. For a fully-connected network with D hidden
layers, we parameterize the network as follows. Let 6 = vec({W® b1} 1) where WO €
R*m-1 and b € R™. We can then define the network output f(z;6) via the following

relations:

2 =g

1
o — (1) .(1-1) (1) _
V=0 —=WY +Bb) l=1,...,D
(\/nl

20 = L e o) 4 gy

V1D+1
f(x:0) = 2P+,

Under this parameterization we initialize the parameters VVZ(ZJ) ~ N(0,1) and bgl) ~ N(0,1)

independently. This is in contrast with the standard parameterization:

2 =o(Wh2=D 460y 1=1,...,D

LD+ _ ppr(D+1) (D) 4 p(D+1)

f(a;0) = 2P0,

11



where the parameters are initialized VVZ(ZJ) ~ N(0,1/n;) and bz(-l) ~ N(0, 3?) independently.
The two parameterizations can realize the same functions and are identical in distribution
at initialization, however the gradients are different. For gradient descent, the standard
parameterization and NTK parameterization are equivalent up to a parameter-dependent
rescaling of the step-size [LXS19]. We also note that other parameterizations have been
studied, such as the “mean-field” parameterization [SS20]. Under the NTK parameterization
under fairly general assumptions

H, — H™®

in probability uniformly on [0, 7] where H* is a fixed positive-semidefinite matrix [JGHI1S].
Given weak assumptions on the training data inputs zi,...,z, (e.g. no two inputs are

parallel [DZP19] or they are “d-separable” [0S20]), we have that
Amin (H*) > 0.

Consequentially, we expect that convergence of gradient flow can be guaranteed in the
infinite-width limit. For the finite-width setting, the analysis is more complicated. One
strategy is to bound the deviations of the NTK Gram matrix at initialization and through-

out training. For example, suppose that

|Ho — H®|,, .| H — Hll,, <

0p7|

Then we have

i () = N () | < | H — B, < | Ho — B, + [ He — Hl,, < 2t

Y

which implies that A\, (H;) > ’\"”"T(HOO) For simplicity, assume all layers have the same
width m. At initialization it was shown in [HY20] that whenever the activation function is

suitably smooth
|Ho = H*||,, = O(n/v/m) (1.3)

12
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changes

Figure 1.1: A Seemingly Circular Argument A sketch of the argument for proving

convergence of gradient flow to a global minimum.

with high probability. Furthermore by the results in [LZB20bl [LZB22] it was shown that for

any R > 0 with high probability over the initialization that
|H: = Holl,,, = O(nR’P /v/m) (1.4)

for any t such that 6, € B(0, R). Thus if we can show that 6§, remains in B(fy, R) for some

fixed R > 0, then for m large enough

Thus we need to show that there is an R > 0 independent of m such that 6, € B(6,, R) for
all t > 0.

1.2.3 Proving Global Convergence for Gradient Flow

We will sketch the following argument for convergence of gradient flow to a global minimum,
which has appeared in many different variations (e.g. [DZP19, [HY20, [LZB22]). The proof
revolves around a seemingly circular argument depicted in Figure [I.1} which can be resolved

) . ) . . )
via a continuous induction argument. By (1.3)) if m = n* A\, (H™)™~ we can assume

13



[Ho — H>|| < Ain (H™) /4.
Fix some value K > 0 and let
T =sup{t > 0: A\pin (Hy) > Auin (H™) /2, || ]| < K}.

We will see later that by setting K sufficiently large we can ensure that the set the supremum
is taken over above is nonempty with high probability. If we can demonstrate that T" = oo,
then we have that the smallest eigenvalue A, (H;) is bounded below uniformly in time and
thus we will have shown that gradient flow converges to a global minimum. Thus for the
sake of contradiction assume 7" < oo. Recall that by the results in Section the bound
Amin (H¢) > Amin (H*°) /2 implies that for t < T

17415 < exp(—Amin (H>) 1) ||7o[3 -
It follows that for ¢t < T,

18:6:, = || T 74

A 1 A
< Kl < K exp (~ P (1)) [l

Well then

T T 1 A
o~ ol < [ 100uds < [ exp (S (1))l s
0 0

2K
< —— |70, = R
= R () 1701
It is not hard to show that the network outputs are bounded with high probability at
initialization, thus assuming [|y|| = O(y/n) we have that ||7|| = O(y/n). It follows then that

there exists a quantity R,,.. = O <%> such that R’ < R,,., with high probability.

Well by Eq. (1.4) we can say with high probability for 8, € B(0y, Ryaz)
|H, = Holl,, = O(nRy,/v/m).
So if m > [nR3D A (H)']? we can assume

| Hr — Holly < Amin (H™) /8.

14



However then
[Ho — H*|| < Amin (H™) /4, [[Ho — Hrl| < Amin (H™) /8,
so that
3
| = [ < S ().

Well then
)\min (HT> Z )\min (H ) - HHT - H || 2 g)\min (H ) > 5)\min (H ) (15)
Recall the definition of T,
T :=sup{t > 0: Apin (Hy) > Ain (H™) /2, || Ji]] < K}

By continuity and the maximality of 7" we must have that either A\, (Hr) = %/\min (H>)
or ||Jr|| = K, however by Amin (Hr) > $Amin (H®), thus it follows that ||J;|| = K.
However as we will see in Chapter [3| (see Lemma for any R > 1if /m > R then with
high probability

sup  sup ||V f(z;0)] = O(1).
T 9cB(6o,R)

Well then applying this result for R = R,,,,, we have that with high probability

1] < Vnmax||Vo f(zi; 6,)]| = O(v/n)

for ¢ <T. Thus by setting K = ©(y/n) we can ensure that with high probability [|J;|] < K
for all ¢ < T, which contradicts our previous result. Thus by contradiction we conclude that

T = oo, and consequently we have that

)\min (Ht) Z )\min (Hoo) Vt

1
2
As we saw before this implies that

L(t) < exp(—Amin (H>) 1)L(0) ¥Vt >0,

15



and thus we have convergence to a global minimum. The eigenvalue A, (H™) serves as an

estimate for the convergence rate. Our requirements were that
m > n®Ain (H®) 72,

and

m Z nQ(Rmax)GD)\min (HOO)72 )

It turns out that for general inputs w1, ..., x, we have that A\, (H*°) = Q(1) [NMM21].

where

Thus we conclude that m > n?®) suffices to prove global convergence of gradient flow.

1.3 Spectral Bias

In the previous section we demonstrated that bounding the smallest eigenvalue of the NTK
Gram matrix is sufficient for establishing convergence, and that the bound for the eigenvalue
provides an estimate for the convergence rate of gradient descent. However, in general this is
a pessimistic estimate and the convergence rate along different components will vary. From

the results in Section that we have for the squared loss
8t72t - _Htft'

Recall that for large width networks that H; ~ H*, and thus the gradient descent dynamics

can be approximated by the evolution
Ouf = —HFy,

which has the explicit solution

exp(—H™t)ry. (1.6)
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Let uq,...,u, denote the eigenvectors of H*> with corresponding eigenvalues \; > Ay >

-+ > \,. Then we can analyze the convergence along the direction of w;:
(u;, exp(—H>t)7o) = exp(—Nit){u;, To).

We thus see that the convergence rate along the direction u; is given by the eigenvalue \;,
and consequently the directions corresponding to large eigenvalues will be learned much more
quickly. As we will see in the later chapters (see e.g. Fig. , the NTK Gram matrix tends
to have a small number of outlier eigenvalues and a long tail of small eigenvalues. In fact, in
Chapter 4| we prove that there are O(1) eigenvalues on the same order of magnitude as the
largest eigenvalue \; (see Theorem and Observation . Consequently, there are a

small number of directions that are learned much more quickly than others.

The phenomenon that eigenvectors of the NTK corresponding to large eigenvalues are
learned quicker can be described as a type of “spectral bias” [CFW2I]. Classically, “spectral
bias” was the title given to the phenomenon that neural networks tend to learn the low
Fourier frequencies quicker during trainingﬂ [RBA19, XZX19, [YAA22]. However, in special
cases these two notions coincide. Specifically, if we let m denote the width of the network
we can define

K>(z,2) = lim (Vyf(2;0), Vo f(a';0))

where the convergence is in probability over the parameter initialization [JGHIS]. K
is called the analytical Neural Tangent Kernel (NTK), and the matrix H* introduced in

Section [1.2.1]is the Gram matrix induced by this kernel and the training data, i.e.
HYS = K™ (x4, 5).

Let X denote the input domain and let p denote the distribution for the training data inputs,

i.e. z; ~ p. Then the kernel K> induces an integral operator Txe : L3(X) — L2(X)

Tywg(z) = /X K> (2, 8)g(s)dp(s).

!This has also been called the “Frequency Principle” [XZX19].

17



By Mercer’s theorem [Mer(9] we have the decomposition
K>(z,2") = Z 0ii(x)pi(2')
i=1

where {¢;}72, is an orthonormal basis of L2(X) and each ¢; is an eigenfunction of Tk~ with
eigenvalue o; > 0. Whenever p is the uniform distribution on the sphere X = S9! the
eigenfunctions ¢; can be taken to be the spherical harmonics, which in d = 2 corresponds
to the Fourier basis. In the work [RJK19] it was demonstrated that in the d = 2 case
for shallow ReLU networks the large eigenvalues of Tk~ correspond to the low Fourier
frequencies. We note that we can consider the eigenvectors u; of H* to be empirical estimates
of the eigenfunctions of Tx~. In this case “spectral bias” in the sense of learning the low
Fourier frequencies faster coincides with “spectral bias” in the sense of learning the dominant

eigenvectors of the NTK Gram matrix faster.

[ADH19a] had quantified the extent in which finite-width networks approximate the
idealized infinite-width dynamics that are given by the evolution described in . However,
this equation only describes the network on the training set =1, ..., x,. Let f* be our target
function so that y; = f*(z;). We are interested in describing the behavior of the residual
ri(z) = f(z;0;) — f*(x) for an arbitrary input . Informally speaking, in the limit of infinite
data the matrix H* converges to the integral operator Tk« and the empirical residual 7;

converges to the full residual r;. In this idealized setting the evolution described in (|1.6))

becomes
7y = exp(—Tket)ry. (1.7)
Assuming (|1.7]) holds we have
<7“t,¢z'>Lg = <€Xp(—TKoot)To,¢i>Lg = exp(—o;t)(ro, ¢i>Lg- (1.8)

Thus under the evolution described in ([1.7]) we have that the eigenfunctions ¢; are learned at
rates corresponding to their eigenvalues o;. In contrast to ((1.6)), (1.7)) and (1.8]) describe the

dynamics of the residual over the entire input domain and not just the training set. Thus
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in this limiting setting the network exhibits a stronger form of spectral bias that determines
the behavior of the network over the entire input domain. In Chapters [2| and [3[ we will
quantify to what extent the finite-width network trained on finitely many samples exhibits

the behavior of the idealized limit of infinite width and infinite data described in (|1.7]).

1.4 Limitations and Challenges of NTK Analysis

The paper that introduced the Neural Tangent Kernel [JGH18] has become one of the most
highly cited works in deep learning theory, with the NTK having attracted both fanaticism
and criticism [Ana21]. While the NTK has greatly enhanced the understanding of the
optimization dynamics of wide networks [DZP19, [DLL19, [0S20, [ALS19al, NM20, Ngu21],
7.C720, [ZG19, ILXS19], this analysis breaks down whenever the depth of the network scales
in tandem with the width [HN20], which is known to achieve better performance in practice
[TL19, RKH21]. Furthermore NTK analysis is only applicable when training with small
learning rates, with more moderate learning rates leading to distinct behavior [LBD20]. Tt
is also known that in practice the NTK deviates to adapt to the target function [BGL21),
ABP22 BES22|, which stands in contrast to the infinite-width behavior where the NTK is
constant. Establishing a theoretical framework that can handle more realistic scalings for
the depth and learning rate which also makes allowances for feature learning remains an
active challenge. Nevertheless, infinite-width networks achieve compelling performance and
serve well as a first approximation of the average behavior of finite-width models [LSP20],
suggesting that the Neural Tangent Kernel will remain a fundamental tool in deep learning

theory.
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CHAPTER 2

Implicit Bias of MSE Gradient Optimization in

Underparameterized Neural Networks

2.1 Introduction

A surprising but well established empirical fact is that neural networks optimized by gradient
descent can find solutions to the empirical risk minimization (ERM) problem that generalize.
This is surprising from an optimization point-of-view because the ERM problem induced by
neural networks is nonconvex [SS89, [SS91] and can even be NP-Complete in certain cases
[BRO3]. Perhaps even more surprising is that the discovered solution can generalize even
when the network is able to fit arbitrary labels [ZBHI17], rendering traditional complexity
measures such as Rademacher complexity inadequate. How does deep learning succeed in
the face of pathological behavior by the standards of classical optimization and statistical

learning theory?

Towards addressing generalization, a modern line of thought that has emerged is that
gradient descent performs implicit regularization, limiting the solutions one encounters in
practice to a favorable subset of the model’s full capacity (see e.g. [NTS15, NTS17, (GWB17,
WZFEI7]). An empirical observation is that neural networks optimized by gradient descent
tend to fit the low frequencies of the target function first, and only pick up the higher
frequencies later in training [RBA19, RJK19, BGG20l XZX19]. A closely related theme is

gradient descent’s bias towards smoothness for regression problems [WTP19, [JM21]. For
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classification problems, in suitable settings gradient descent provably selects max-margin
solutions [SHNIS, [JT19]. Gradient descent is not impartial, thus understanding its bias is

an important program in modern deep learning.

Generalization concerns aside, the fact that gradient descent can succeed in a nonconvex
optimization landscape warrants attention on its own. A brilliant insight made by [JGHIS§]
is that in function space the neural network follows a kernel gradient descent with respect to
the “Neural Tangent Kernel” (NTK). This kernel captures how the parameterization biases
the trajectory in function space, an abstraction that allows one to largely ignore parameter
space and its complications. This is a profitable point-of-view, but there is a caveat. The
NTK still depends on the evolution of the network parameters throughout time, and thus is
in general time-dependent and complicated to analyze. However, under appropriate scaling
of the parameters in the infinite-width limit it remains constant [JGHIS8]. Once the NTK
matrix has small enough deviations to remain strictly positive definite throughout training,
the optimization dynamics start to become comparable to that of a linear model [LXS19].
For wide networks (quadratic or higher polynomial dependence on the number of training
data samples n and other parameters) this property holds and this has been used by a
variety of works to prove global convergence guarantees for the optimization [DZP19, [0S20),
DLL19L [ALS19al, IALS19b) [ZCZ20, [ZG19, [SY20, DGMQO]E] and to characterize the solution
throughout time [ADH19a, BGG20]. The NTK has been so heavily exploited in this setting
that it has become synonymous with polynomially wide networks where the NTK is strictly
positive definite throughout training. This begs the question, to what extent is the NTK

informative outside this regime?

While the NTK has hitherto been associated with the heavily overparameterized regime,
in this Chapter we will demonstrate that refined analysis is possible in the underparameter-

ized setting. Our theorems primarily concern a one-hidden layer network, however unlike

INot all these works explicitly use that the NTK is positive definite. However, they all operate in the
regime where the weights do not vary much and thus are typically associated with the NTK regime.
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many NTK results appearing in the literature our network has biases and both layers are
trained. In fact, the machinery we build is strong enough to extend some existing results in

the overparameterized regime appearing in the literature to the case of training both layers.

2.1.1 Related Work

There has been a deluge of works on the Neural Tangent Kernel since it was introduced by
[JGHI§|, and thus we do our best to provide a partial list. Global convergence guarantees
for the optimization, and to a lesser extent generalization, for networks polynomially wide
in the number of training samples n and other parameters has been addressed in several
works [DZP19] [0S20, [DLL19, [ALS19al [ALS19b] [ZCZ20), [ZG19, [SY20, [ADH19a]. To our
knowledge, for the regression problem with arbitrary labels, quadratic overparameterization
m > n? is state-of-the art [OS20, SY20, NM20]. [EMW20] gave a fairly comprehensive
study of optimization and generalization of shallow networks trained under the standard
parameterization. Under the standard parameterization, changes in the outer layer weights
are more significant, whereas under the NTK parameterization both layers have roughly
equal effect. Since we study the NTK parameterization in our results, we view the analysis

as complementary.

The results in this chapter are perhaps most closely connected with [ADH19a]. In Theo-
rem 4.1 in that work they showed that for a shallow network in the polynomially overparam-
eterized regime m > n’, the training error along eigendirections of the NTK matrix decay
linearly at rates that correspond to their eigenvalues. Our main Theorem can be viewed
as an analogous statement for the actual risk (not the empirical risk) in the underparame-
terized regime: eigenfunctions of the NTK integral operator Tk~ are approximately learned
linearly at rates that correspond to their eigenvalues. In contrast with [ADHI19al, we have
that the requirements on width m and number of samples n required to learn eigenfunctions
with large eigenvalues are smaller compared to those with small eigenvalues. Surprisingly

the machinery we build is also strong enough to prove in our setting the direct analog of
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Theorem 4.1. Note that [ADH19a] train the hidden layer of a ReLU network via gradient
descent, whereas we are training both layers with biases for a network with smooth activa-
tions via gradient flow. Due to the different settings, the results are not directly comparable.
This important detail notwithstanding, our overparameterization requirement ignoring log-
arithmic factors is smaller by a factor of % where n is the number of input samples, d is
the input dimension, and § is the failure probability. [BGG20] extended Theorem 4.1 in
[ADH19a] to deep ReLU networks without bias where the first and last layer are fixed, with
a higher overparameterization requirement than the original [ADH19a]. Since the first and
last layers are fixed this cannot be specialized to get a guarantee for training both layers of

a shallow network even with ReLU activations.

Although it was not our focus, the tools to prove Theorem [2.3.5] are enough to prove
analogs of Theorem 4 and Corollary 2 in the work of [SY19]. Theorem 4 and Corollary 2
of [SY19] are empirical risk guarantees that show that for target functions that participate
mostly in the top eigendirections of the NTK integral operator Tk, moderate overparame-
terization is possible. Again in this work they train the hidden layer of a ReLU network via
gradient descent, whereas we are training both layers with biases for a network with smooth
activations via gradient flow. Again due to the different settings, we emphasize the results
are not directly comparable. In our results the bounds and requirements are comparable
to [SY19], with neither appearing better. Nevertheless we think it is important to demon-
strate that these results hold for training both layers with biases, and we hope our “Damped

Deviations” approach will simplify the interpretation of the aforementioned works.

Theorem 4.2 in [CEW21] provides an analogous statement to our Theorem if you
replace our quantities with their empirical counterparts. While our statement concerns
the projections of the test residual onto the eigenfunctions of an operator associated with
the Neural Tangent Kernel, their statement concerns the inner products of the empirical
residual with those eigenfunctions. Their work was a crucial step towards explaining the

spectral bias from gradient descent, however we view the difference between tracking the
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empirical quantities versus the actual quantities to be highly nontrivial. Another difference
is they consider a ReL U network whereas we consider smooth activations; also they consider
gradient descent versus we consider gradient flow. Due to the different settings we would
like to emphasize that the scalings of the different parameters are not directly comparable,
nevertheless the networks they consider are significantly wider. They require at least m >
O(max{o; ', ¢70}), where 0y is a cutoff eigenvalue and e is the error tolerance. By contrast
in our result, to have the projection onto the top k eigenvectors be bounded by epsilon in
L2 norm requires m = Q(o;, *¢~2). Another detail is their network has no bias whereas ours

does.

2.1.2 Our Contributions

The key idea for our results is the concept of “Damped Deviatons”, the fact that for the
squared error deviations of the NTK are softened by a damping factor, with large eigendi-

rections being damped the most. This enables the following results.

e In Theorem [2.3.5|we characterize the bias of the neural network to learn the eigenfunctions
of the integral operator Tk« associated with the Neural Tangent Kernel (NTK) at rates

proportional to the corresponding eigenvalues.

e In Theorem [2.3.7| we show that in the overparameterized setting the training error along
different directions can be sharply characterized, showing that Theorem 4.1 in [ADHI9a]
holds for smooth activations when training both layers with a smaller overparameterization

requirement.

e In Theorem [2.3.8 and Corollary we show that moderate overparameterization is suffi-
cient for solving the ERM problem when the target function has a compact representation
in terms of eigenfunctions of Tx~. This extends the results in [SY19] to the setting of

training both layers with smooth activations.
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2.2 Gradient Dynamics and Damped Deviations

2.2.1 Notations

We will use ||e]|, and (e, ®), to denote the L? norm and inner product respectively (for vectors
or for functions depending on context). For a symmetric matrix A € R¥** \;(A4) denotes
its ith largest eigenvalue, i.e. Ai(A) > Ag(A) > -+ > N(A). For a matrix A, [|Af,, =
SUp 4, <1 |4z, is the operator norm induced by the Euclidean norm. We will let (e, @)=
denote the standard inner product on R™ normalized by %, namely (z,y)gn = %(m,yb =
LS 2y We will let ||2||g. = /{2, 2)r» be the associated norm. This normalized inner
product has the convenient property that if v € R™ such that v; = O(1) for each i then
|v]|gn = O(1), where by contrast |[v]], = O(y/n). This is convenient as we will often
consider what happens when n — co. ||e||  will denote the supremum norm with associated
space L°. We will use the standard big O and € notation with O and  hiding logarithmic

terms.

2.2.2 Gradient Dynamics and the NTK Integral Operator

We will let f(x;60) denote our neural network taking input # € R? and parameterized by
0 € RP. The specific architecture of the network does not matter for the purposes of this
section. Our training data consists of n input-label pairs {(x1,v1), ..., (Zn, yn)} where z; €
R? and y; € R. We focus on the setting where the labels are generated from a fixed target
function f*, ie. y; = f*(x;). We will concatenate the labels into a label vector y € R", i.e.
y; = [*(z;). We will let 7(0) € R™ be the vector whose ith entry is equal to f(z;;6) — f*(x;).
Hence 7(0) is the residual vector that measures the difference between our neural networks

predictions and the labels. We will be concerned with optimizing the squared loss

1 1

2(0) = o 7013 = 5 17 O)]2.
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Optimization will be done by gradient flow
atet — —89@(9),

which is the continuous time analog of gradient descent. We will denote the residual at time
t, 7(0;), as 7y for the sake of brevity and similarly we will let fi;(x) = f(x;60;). We will let

ri(z) := fi(z) — f*(z) denote the residual off of the training set for an arbitrary input .

We quickly recall some facts about the Neural Tangent Kernel and its connection to the
gradient dynamics. For a comprehensive tutorial we suggest [JGHI18]. The analytical NTK

is the kernel given by

K*(z,a') = E Kaf(;e; 2 8f(§9,; . >j |

where the expectation is taken with respect to the parameter initialization for . We associate

K with the integral operator Txe : L2(X) — L2(X) defined by

Ty f (1) = /X K> (2, ) f(s)dp(s),

where X is our input space with probability measure p. Our training data x; € X are

distributed according to this measure x; ~ p. By Mercer’s theorem we can decompose

K>(z,2') = Z oigi()pi(z'),

where {¢;}"_, is an orthonormal basis of L?, {0;}2, is a nonincreasing sequence of positive

values, and each ¢; is an eigenfunction of T with eigenvalue o; > 0. When X = S% ! is the
unit sphere, p is the uniform distribution, and the weights of the network are from a rotation
invariant distribution (e.g. standard Gaussian), {¢;}°, are the spherical harmonics (which
in d = 2 is the Fourier basis) due to K being rotation-invariant (see Theorem 2.2 [BZZ18]).
We will let k := max,cx K (z,x) which will be a relevant quantity in our later theorems.
In our setting s will always be finite as K will be continuous and X will be bounded.

The training data inputs {z1,...,x,} induce a discretization of the integral operator Ty,
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namely

T(0) = 2 Y K@) f ) = [ K™ (w5 (s)dp(o)

where p, = %ZLI 04, is the empirical measure. We recall the definition of the time-

dependent NTKP,

Of(x;0,) Of (0,
K, (. 7') ::< f(axé ), f(;g )> '
2

We can look at the version of T}, corresponding to K;, namely
1 n
1) = 3 Kl fa) = [ Kl o) f(5)dpa(s)
i=1 X
We recall that the residual ri(z) := f(z;0) — f*(x) follows the update rule
Ori(z) = ! iKt(a: x)ri(z;) = —Tlry
n - s L3 % nlt-

We will let (Hy);; = Ki(xi,v;) and HS := K*(z;, ;) denote the Gram matrices induced
by these kernels and we will let G; := %Ht and G™ = %H * be their normalized versionsﬂ.
Throughout we will let wuq, ..., u, denote the eigenvectors of G*° with corresponding eigen-
values A1,...,\,. The uq,...,u, are chosen to be orthonormal with respect to the inner

product (e, e)gn. When restricted to the training set we have the update rule

. .. .
atrt = ——Hﬂ"t = —Gt’f’t.
n

2.2.3 Damped Deviations

The concept of damped deviations comes from the very simple lemma that follows (the proof
is provided in Section [2.5.4). The lemma compares the dynamics of the residual 7(¢) on the

training set to the dynamics of an arbitrary kernel regression exp(—Gt)7(0):

2The NTK is an overloaded term. To help ameliorate the confusion, we will use NTK to describe K>
and NTK (italic font) to describe the time-dependent version Kj.

3G, and G are the natural matrices to work with when working with the mean squared error as opposed
to the unnormalized squared error. Also G°°’s spectra concentrates around the spectrum of the associated
integral operator Tk~ and is thus a more convenient choice in our setting.

27



Lemma 2.2.1. Let G € R™™" be an arbitrary positive semidefinite matriz and let G4 be the

time dependent NTK matriz at time s. Then
¢
7 = exp(—Gt)ro + / exp(—G(t — 9))(G — G)Tsds.
0

Let’s specialize the lemma to the case where G = G*°. In this case the first term is
exp(—Gt)ry, which is exactly the dynamics of the residual in the exact NTK regime when
G; = G™ for all t. The second term is a correction term that weights the NTK deviations
(G* — Gy) by the damping factor exp(—G>(t — s)). We see that damping is largest along
the large eigendirections of G*°. The equation becomes most interpretable when projected
along a specific eigenvector. Fix an eigenvector u; of G*° corresponding to eigenvalue ;.

Then the equation along this component becomes
t
<72t7 ui>Rn = exp(—)\lt) <TA’0, ui>R” + / <€Xp(—)\z(t — S))(Goo — Gs)f’s, ui>Rnd8.
0

The first term above converges to zero at rate )\;. The second term is a correction term
that weights the deviatiations of the NT K matrix G, from G* by the damping factor

exp(—A;(t — s)). The second term can be upper bounded by
t t

/ (exp(=Ai(t = 8))(G™ = Go)i's, wi)rnds| < / exp(—=Ai(t — ) [G™ = Gillop [I7sllgn ds
0 0

[1 — exp(=Ait)] - .
S )\ sup ||G - GSHop ||T0HR" )
i s€[0,t]

where we have used the property ||7s||gn < [|70||gn from gradient flow. When f* = O(1)
we have that |7z, = O(1), thus whenever [[G* — G|, is small relative to A; this term
is negligible. It has been identified that the NTK matrices tend to have a small number of
outlier large eigenvalues and exhibit a low rank structure [OFL19, [ADH19a]. In light of this,
the dependence of the above bound on the magnitude of ); is particularly interesting. We

reach following important conclusion.

Observation 2.2.2. The dynamics in function space will be similar to the NTK regime
dynamics along eigendirections whose eigenvalues are large relative to the deviations of the

time-dependent NTK matrix from the analytical NTK matrix.
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The equation in Lemma [2.2.1]| concerns the residual restricted to the training set, but we
will be interested in the residual for arbitrary inputs. Recall that r/(z) = f(z;0;) — f*(x)
denotes the residual at time ¢ for an arbitrary input. Then more generally we have the

following damped deviations lemma for the whole residual (proved in Section [2.5.3.3)).

Lemma 2.2.3. Let K(m,x’) be an arbitrary continuous, symmetric, positive-definite ker-
nel. Let [Txhl(e) = [, K(e,s)h(s)dp(s) be the integral operator associated with K and
let [Ti;h](e) = = Zizl K(e, xz)h(xz) denote the operator associated with the time-dependent
NTK K,. Then

t
ry = exp(—Tkt)ro + / exp(—Tk(t — 8)) (T — T;)rsds,
0

where the equality is in the L? sense.

For our main results we will specialize the above lemma to the case where K = K. How-
ever there are other natural kernels to compare against, say K, or the kernel corresponding
to some subset of parameters. We will elaborate further on this point after we introduce
the main theorem. When specializing Lemma to the case K = K>, we have that Tk~
and 777 are the operator analogs of G* and G respectively. From this statement the same
concepts holds as before, the dynamics of r; will be similar to that of exp(—Tk«~t)ry along
eigendirections whose eigenvalues are large relative to the deviations (T — 7T77). In the
underparameterized regime we can bound the second term and make it negligible (Theorem
and thus demonstrate that the eigenfunctions ¢; of Tk~ with eigenvalues o; will be
learned at rate o;. When the input data are distributed uniformly on the sphere S4~! and
the network weights are from a rotation-invariant distribution, the eigenfunctions of Tk« are
the spherical harmonics (which is the Fourier basis when d = 2). In this case the network
is biased towards learning the spherical harmonics that correspond to large eigenvalues of

Tio. It is in this vein that we will demonstrate a spectral bias.

29



2.3 Main Results

Our theorems will concern the shallow neural network

f(x;0) = \/% Z apo ((we, )9 + by) + by = \/%CLTU(W(E + b) + by,
=1

where W € R™4 q.b € R™ and by € R and wy, = Wy, denotes the ¢th row of W and
o : R — R is applied entry-wise. § = (a”,vec(W)T, b7, by)T € R? where p = md + 2m + 1 is
the total number of parameters. Here we are utilizing the NTK parameterization [JGHIS].
For a thorough analysis using the standard parameterization we suggest [EMW20]. We will
consider two parameter initialization schemes. The first initializes W; ;(0) ~ W, b,(0) ~ B,
ap(0) ~ A, by ~ B’ ii.d., where W, B, A, B’ represent zero-mean unit variance subgaussian

distributions. In the second initialization scheme we initialize the parameters according to

. w(0) b(0)
the first scheme and then perform the following swaps W (0) — , b(0) — :
w(0) b(0)
a(0) . o .
a(0) — , by — 0 and replace the \/—% factor in the parameterization with \/% This
—a(0) "

is called the “doubling trick” [COBI19| [ZXT1.20] and ensures that the network is identically
zero f(x;6y) = 0 at initialization. We will explicitly state where we use the second scheme

and otherwise will be using the first scheme.

The following assumptions will persist throughout the rest of the paper:
Assumption 2.3.1. ¢ is a C? function satisfying ||o'|| . ., ||o”]l,, < oc.

Assumption 2.3.2. The inputs satisfy ||z|l, < M.

The following assumptions will be used in most, but not all theorems. We will explicitly

state when they apply.
Assumption 2.3.3. The input domain X is compact with strictly positive Borel measure p.

Assumption 2.3.4. Tk is strictly positive, i.e., (f, T f)o > 0 for f #0.
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Most activation functions other than ReLU satisfy Assumption [2.3.1], such as Softplus

o(z) = In(1 + e”), Sigmoid o(z) =

and Tanh o(x) = S5 . Assumption [2.3.2]is a

1
I+e—*)

mild assumption which is satisfied for instance for RGB images and has been commonly used
[DZP19, IDLLI9L [0S20]. Assumption is so that Mercer’s decomposition holds, which
is often assumed implicitly. Assumption [2.3.4] is again a mild assumption that is satisfied
for a broad family of parameter initializations (e.g. Gaussian) anytime o is not a polynomial
function, as we will show in Section [2.5.7 Assumption is not strictly necessary but it

simplifies the presentation by ensuring Tk~ has no zero eigenvalues.

We will track most constants that depend on parameters of our theorems such as M,
the activation function o, and the target function f*. However, constants appearing in
concentration inequalities such as Hoeffding’s or Bernstein’s inequality or constants arising
from /2 or 6/3 arguments will not be tracked. We will reserve ¢,C' > 0 for untracked
constants whose precise meaning can vary from statement to statement. In the proofs in

Section [3.6[it will be explicit which constants are involved.

2.3.1 Underparameterized Regime

Our main result compares the dynamics of the residual r(z) = f(x;0;) — f*(z) to that
of exp(—Tkt)rg in the underparameterized setting. Note that (exp(—Tget)rg, i) =
exp(—o;t)(ro, ¢;)e, thus exp(—Tk=t)rg learns the eigenfunctions ¢; of Tk at rate o;. There-
fore exp(—Tkot)ry exhibits a bias to learn the eigenfunctions of Tk« corresponding to
large eigenvalues more quickly. To our knowledge no one has been able to rigorously re-
late the dynamics in function space of the residual r; to exp(—Tket)r, although that
seems to be what is suggested by [RJKI19, BGG20]. The existing works we are aware of
[ADH19al, BGG20, [CEW21] characterize the bias of the empirical residual primarily in the
heavily overparameterized regime ([CEW21] stands out as requiring wide but not necessarily
overparameterized networks). By contrast, we characterize the bias of the whole residual in

the underparameterized regime.
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Theorem 2.3.5. Assume that Assumptions|2.53.5 and|[2.3.4] hold. Let Py be the orthogonal

projection in L* onto span{¢1, ..., ¢} and let D := 3max{|c(0)|, M ||o’||., lo'|l s 1} If we
are doing the doubling trick set S" = 0 and otherwise set S" = O (\/O(d) + log(c/é)) , S =

If*||l + 5. Also let T > 0. Assume m > D? ||y||2. T2, and
m > O(log(c/8) + O(d)) max {T?,1} .

Then with probability at least 1 — 0 we have that for allt < T and k € N

O(S[1+t5]\/—@+5(1+T)

1 — exp(—oyt)

| Pr(ry — exp(—Txeot)ro)l], <
O

:)

%\S

and

S

Jn

Theorem [2.3.5 will be proved in Section [2.5.31 The proof uses the uniform deviation

I7e — exp(—Txet)ro|, < tO (S [14t9] +5(1 +T)@> .

bounds for the NT K to bound 7,, — 77 and tools from empirical process theory to show
convergence of T}, to Tk~ uniformly over a class of functions corresponding to networks with

bounded parameter norms.

To interpret the results, we observe that to track the dynamics for eigenfunctions corre-
sponding to eigenvalue o and above, the expression under the O needs to be small relative to
i. Thus the bias towards learning the eigenfunctions corresponding to large eigenvalues ap-
pears more pronounced. When ¢ = log(||7o||, /€)/o%, we have that || P, exp(—Tkeot)ro|, < €.
Thus by applying this stopping time we get that to learn the eigenfunctions corresponding
to eigenvalue o, and above up to € accuracy we need T < € and f < € which translates

2and n > pa,;46_2. In typical NTK works the Wldth m needs to be polyno-

tom > o, te
mially large relative to the number of samples n, where by contrast here the width depends
on the inverse of the eigenvalues for the relevant components of the target function. From
an approximation point-of-view this makes sense; the more complicated the target function

the more expressive the model must be. We believe future works can adopt more precise

requirements on the width m that do not require growth relative to the number of samples
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n. To further illustrate the scaling of the parameters required by Theorem [2.3.5] we can

apply Theorem for an appropriate stopping time to get a bound on the test error.

Corollary 2.3.6. Assume Assumptions|2.3.5 and |2.3.4 hold. Suppose that f* = O(1) and

assume we are performing the doubling trick where fo =0 so that ro = —f*. Let k € N and

o *|, /et/
let Py be the orthogonal projection onto span{¢s, ..., ¢r}. Set t = ! g(ﬁ”P’gi L2/ Then we

have that m = Q(ﬁ;) and n =) (ﬁ;) suffices to ensure with probability at least 1 —
k k
1 2 *12
2 Il < 26 + 21— PO

If one specialized to the case where f* is a finite sum of eigenfunctions of Tk~ (when the
data is uniformly distributed on the sphere S?~! and the network weights are from a rota-
tion invariant distribution this corresponds to a finite sum of spherical harmonics, which in
d = 2 is equivalently a bandlimited function) one can choose k such that ||(I — Py)f*||3 = 0.
It is interesting to note that in this special case gradient flow with early stopping achieves
essentially the same rates with respect to m and n (up to constants and logarithms) as the
estimated network in the classical approximation theory paper by [Bar94]. It is also inter-
esting to note that the approximation results by [Bar94] depend on the decay in frequency
domain of the target function f* via their constant C't«, and similarly for us the constant
1/o¢ grows with the bandwidth of the target function in the case of uniform distribution on

the sphere S! which we mentioned parenthetically above.

While in Theorem we compared the dynamics of r; against that of exp(—Tket)ry,
the damped deviations equation given by Lemma [2.2.3 enables you to compare against
exp(—Txt)ro for an arbitrary kernel K. There are other natural choices for K besides
K = K*°, the most obvious being K = Kj. In Section |2.5.3.8 we prove a version of Theorem
where K = K, and 6 is an arbitrary deterministic parameter initialization. This could
be interesting in scenarios where the parameters are initialized from a pretrained network or
one has a priori knowledge that informs the selection of 6. One could let K be the kernel

corresponding to some subset of parameters, such as the random feature kernel [RR08a]
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corresponding to the outer layer. This would compare the dynamics of training all layers to
that of training a subset of the parameters. If one wanted to account for adaptations of the
kernel K one could try to set K = K, for some ¢, > 0. However since #;, depends on the
training data it is not obvious how one could produce a bound for 77 — K;,. Nevertheless

we leave the suggestion open as a possibility for future work.

2.3.2 Overparameterized Regime

Once one has deviation bounds for the NT'K so that the quantity [|G> — G|, is controlled,
the damped deviations equation (Lemma allows one to control the dynamics of the
empirical risk. In this section we will demonstrate three such results that follow from this
approach. The following is our analog of Theorem 4.1 from [ADH19a] in our setting, proved in
Section [2.5.5] The result demonstrates that when the network is heavily overparameterized,

the dynamics of the residual 7, follow the NTK regime dynamics exp(—G>t)ry.

Theorem 2.3.7. Assume m = Q(dn®¢ 2\, (H®)™*) and m > O(log(¢/d) + O(d)) and f* =
O(1). Assume we are performing the doubling trick so that 7o = —y. Let vy,...,v, denote
the eigenvectors of G normalized to have unit L2 norm ||lv;||, = 1. Then with probability

at least 1 — 0
7 = exp(=G™t)(~y) + (1),

where sup,q [|0(t)||, < €. In particular

17ell, = ZGXP(—Q)\JW?J, vi)2|? £ e

=1

In the work of [ADH19a] the requirement is m = Q(WW) and Kk = O(\e/—%) where
wy ~ N(0, k*I) (not to be confused with our definition of x := max, K*(z,x)). By contrast
our weights have unit variance, which for Gaussian initialization corresponds to w, ~ N(0, I).

They require x to be small to ensure the neural network is small in magnitude at initial-

izeation. To achieve the same effect we can perform antisymmetric initializeation to ensure
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the network is equivalently 0 at initializeation. Our overparameterization requirement ig-
noring logarithmic factors is smaller by a factor of 7. Again due to the different settings

we do not claim superiority over this work.

The following is our analog of Theorem 4 in [SY19] proved in Section m This shows
that when the target function has a compact representation in terms of eigenfunctions of
Tk, a more moderate overparameterization is sufficient to approximately solve the ERM

problem.

Theorem 2.3.8. Assume Assumptions and hold. Furthermore assume m =

Q (e2dT? IF 12 1+ T 1£*l)?) where T > 0 is a time parameter and m > O(log(c/8) +

O(d)) and n > w. Also assume f* € L®(X) C L*(X) and let PT%> be the or-
Ok—0kt1)?

thogonal projection onto the eigenspaces of Tk~ corresponding to the eigenvalue o € o(Tcoc)

and higher. Assume that ||(I — PTx*)

o < ¢ for some ¢ > 0. Pick k so that o, = o and
Orpr1 < @, i.e. k is the index of the last repeated eigenvalue corresponding to « in the ordered
sequence {o;};. Also assume we are performing the doubling trick so that 7(0) = —y. Then

we have with probability at least 1 — 30 over the sampling of x4, ..., x, and Oy that fort <T

. 4k || ¥l 1/101og(2/9) ,
r n S ex _)\ t n + 26 + €.
il < exp(-2e) ol + 21 e PO

ISYT9] have || f*|l, < [ f*l. <1, & < 3 and they treat d as a constant. Taking these

into account we do not see the overparameterization requirements or bounds of either work

S a/101062/0) 4 g

(ok—0k+1)V/n

being superior to the other. From Theorem [2.3.8| setting ¢ =

we immediately get the analog of Corollary 2 in the work of [SY19]. This explains how in
the special case that the target function is a finite sum of eigenfunctions of Tk, the width
m and the number of samples n can grow at the same rate, up to logarithms, and still solve
the ERM problem. This is an ERM guarantee for m = Q(n) and thus attains moderate

overparameterization.

Corollary 2.3.9. Assume Assumptions and [2.53.4) hold. Furhtermore assume m =
Q (n(ak—akm?dnf*Hio(1+x,:1|\f*uw>2) m > Olog(c/0) +O(d)) n > 2L 1y = pTics

2| f*[1322 (or—0k41)?
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and k be the same as in the hypothesis of Theorem[2.5.8. Furthermore assume that
|(1 = P ]| =0.
Also assume we are performing the doubling trick so that 7(0) = —y. Set
T = log(vn [|7(0)[[gn) / As-

Then we have with probability at least 1 — 30 over the sampling of x4, ..., x, and Oy that for
t<T

8k |||l /101og(2/0)
(Oh — opp1)vV/n

Note [SY19] are training only the hidden layer of a ReLU network by gradient descent,

7t llgn < exp(=Axt) [yl +

by contrast we are training both layers with biases of a network with smooth activations
by gradient flow. For Corollary 2 in [SY19] they have the overparameterization requirement
m 2 nlogn (/\—1% + %). Thus both bounds scale like /\"—i Our bound has the extra
factor (o}, — oj41)? in front which could make it appear smaller at first glance but their
Theorem 4 is strong enough to include this factor in the corollary they just chose not to.

Thus we view both overparameterization requirements as comparable with neither superior

to the other.

2.4 Conclusion and Future Directions

The damped deviations equation allows one to compare the dynamics when optimizing the
squared error to that of an arbitrary kernel regression. We showed how this simple equation
can be used to track the dynamics of the test residual in the underparameterized regime and
extend existing results in the overparameterized setting. In the underparameterized setting
the neural network learns eigenfunctions of the integral operator Tk~ determined by the
Neural Tangent Kernel at rates corresponding to their eigenvalues. In the overparameterized

setting the damped deviations equation combined with NTK deviation bounds allows one
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to track the dynamics of the empirical risk. In this fashion we extended existing work to
the setting of a network with smooth activations where all parameters are trained as in
practice. We hope damped deviations offers a simple interpretation of the MSE dynamics

and encourages others to compare against other kernels in future work.

2.5 Appendix

2.5.1 Additional Notations

We let [k] := {1,2,3,...,k}. For a set A we let |A| denote its cardinality. ||e|| denotes
the Frobenius norm for matrices, and for two matrices A, B € R™™ we will let (A4, B) =
Tr(ATB) =", i1 AijBi; denote the Frobenius or entry-wise inner product. We will
let B := {z : ||z||, < R} to be the Euclidean ball of radius R > 0.

2.5.2 NTK Deviation and Parameter Norm Bounds

Let I' > 1. At the end of this section we will prove a high probability bound of the form

[ Va
sup | Ky(,27) = K=(2,2')| = O | == [1 +4T*[|[7(0)||gn] | -
(z,2")EBp X Bap ! \/m |: R ]

Ideally we would like to use the results in [HY20] where they prove for a deep feedforward

network without biases:

~ (12 1
Ky(zi,2;) — K®(x5,7;)| =0 | — + — ).
1§Szl,1]2n| t(x x]) (:E $])| <m + \/m)

However there are three problems that prevent this. The first is that the have a constant
under the O above that depends on the training data. Specifically their Assumption 2.2
requires that the smallest singular value of the data matrix [z,,,...,Z,,] i greater than
¢, > 0 where 1 < aq,...,qa, < n are arbitrary distinct indices. As you send the number of
samples to infinity you will have ¢, — 0, thus it is not clear how the bound will scale in the

large sample regime. The second is that their bound only holds on the training data, whereas
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we need a bound that is uniform over all inputs. The final one is their network does not have
biases. In the following section we will overcome these issues. The main difference between
our argument and theirs is how we prove convergence at initialization. In their argument
for convergence at initialization they make repeated use of a Gaussian conditioning lemma
as they pass through the layers, and this relies on their Assumption 2.2. By contrast we
will use Lipschitzness of the NTK and convergence over an € net to prove convergence at
initialization. As we see it, our deviation bounds for the time derivative 0,K; are proved in

a very similar fashion and the rest of the argument is very much inspired by their approach.

At the time of submission of this manuscript, we were made aware of the work by
[LZB20b] that provides an alternative uniform NTK deviation bound by providing a uniform
bound on the operator norm of the Hessian. Their work is very nice, and it opens the door
to extending the results of this paper to the other architectures they consider. Nevertheless,

we proceed with our original analysis below.

This section is conceptually simple but technical. We will take care to outline the high
level structure of each section to prevent the technicalities from obfuscating the overall

simplicity of the approach. Our argument runs through the following steps:

e Control parameter norms throughout training.
e Bound the Lipschitz constant of the NT K with respect to spatial inputs.

e Use concentration of subexponential random variables (Bernstein’s inequality) to show
that | K>(2')— Ko(2')| = O(1/+/m) (roughly) for all 2’ in an € net of the spatial domain.
Combine with the Lipschitz property of the NT K to show convergence over all inputs,
namely sup.c,, [K(2) — Ko()| = O(1/y/im) (roughly).

e Produce the bound sup.cp, . p,, [0:K(2)| = O(1/y/m) (roughly).

e Conclude that sup,.p g, |[Ki(2) — Ko(2)| = O(t/y/m) (roughly).
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2.5.2.1 Important Equations

The following list contains the equations that are relevant for this section. We found it easier
to read the following proofs by keeping these equations on a separate piece of paper or in a
separate tab. We write a ® = az?. Also throughout this section the training data will be
considered fixed and thus the randomness of the inputs is not relevant to this section. The

randomness will come entirely from the parameter initialization 6.

f(z;0) = %QTJ(WQC +b) + by

1
M = \/—ma(Wx +b)

oy(z) := diag(c'(Wz + b))
ot (z) == diag(c”"(Wz + b))

Ouf(z;0) = \/%O'(Wx +b) =20
O f(x;6) = %ma;(x)a -
Onf (:6) = J%a;@)a

8b0f($; 9) =1

1 n
o4 = —— fiazgl)
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(Wz +b) = —01(x)[0,Wzx + 0,b]

==Y [La’ (z)o] () (7, )2 + 1]

N

0o (x) = 0o’ (Wa + b) = o} (x)diag(OWx + O;b)

_ _% > ¢1m" ()0 (x5)diag(a) [(x, x5)s + 1]

2.5.2.2 A Priori Parameter Norm Bounds

In this section we will provide bounds for the following quantities:

() = max{% W, ﬁ 1511, Tlm la(ll, 1},
&(t) = maaxfymass e ®), . Ja(t) o GO 1)

Here w, = W, € R? is the vector of input weights to the ¢th unit. These quantities appear
repeatedly throughout the rest of the proofs of this section and thus need to be controlled.
The parameter norm bounds will also be useful for the purpose of the covering number

argument in Section [2.5.3.6l This section is broken down as follows:

e Prove Lemma 2.5.1]
e Bound &(t)
e Bound £(¢)

The time derivatives throughout will repeatedly be of the form £ > | #(¢)v;. Lemma m

provides a simple bound that we will use over and over again.

Lemma 2.5.1. Let ||o|| be any norm over a vector space V.. Then for any vy,...,v, € V

we have
n

% Z ’I% (t)Ui

< max [|v]| [[7(2) ][ gn < max [v]| [[7(0)][gn -
= i€[n] i€[n]
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Proof. Note that

n n

1 1
< = ri ()] [Jvi]| < ill = it
<-> |7“()|HUH_EIGH[}3]<HUHR§ 17:(1)]

i=1 i=1

< max [|u] % 17(#)ll = masc foi [ |17(5) [z < maxffuif} [7(0)lgn
where the last inequality follows from ||7(¢)||z. < ||7(0)||g. from gradient flow. O
We now proceed to bound &(t).
Lemma 2.5.2. Let {(t) = max{\/% W, \/Lrn 16(t) |5, \/% la(@®)|ly,1} and
D :=3max{|o(0)], M [|o]l ., [l0"]| - 1}
Then for any initial conditions W (0), b(0), a(0) we have for all t

£(0) < o (- [ s w5 ) €0) < exp (2= 170 t) €00

Proof. Recall that

I~
da=—=Y i (
La n 2 Tix;
12” 1

I~ 1
8b=——§ Fi——0]
; ni:lr\/_al(x a

We will show that each of the above derivatives is < ||7(¢)|lg. £(t) then apply Gronwall’s
inequality. By Lemma [2.5.1] it suffices to show that the terms multiplied by 7; in the above

sums are < £(¢). First we note that

< [ (0)]

<l + fuo'noo
(191, Ll + 101, <100} +—=lo

|Wa; + b“z

H o(Wzx; +b)

S |O-( )| /||oo HW||opM+ ||b||2

+—= \/— gl
< DE.
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Second we have that

®x,

|sz||2 < M |0’ < D¢.

H\r H\/_ ol <

Finally we have that

< [lo”]l < D¢.

- lall
| ttae] < e
Thus by Lemma and the above bounds we have

1O ()l 0Bl s [10:0(E) |y < D17 (8] €(F)-

Let v(t) be a placeholder for one of the functions \/Lma(t), \/—%W(zﬁ), \/Lmb(t) with corre-

(o) < [0+ o(e) = (O] = o)) + | [ .oty
< o)+ [ 1o ds < €0+ [ e pegsyas

sponding norm ||e||. Then we have that

This inequality holds for any of the three choices of v thus we get that

e e ars
—I—/O NG D¢(s)d

Therefore by Gronwall’s inequality we get that

£(0) < o [ e w5 ) €0) < exp (2 170 t) £00)

0
We will now bound & (t) using essentially the same argument as in the previous lemma.
Lemma 2.5.3. Let £(t) = max{maxem ||we(t)]y, [la(t)] ., [|0(t)| .1} and
D = 3max{|o(0), M [|o]| . lo"ll - 1}-
Then for any initial conditions W (0), b(0), a(0) we have for all t

E(t) < exp (% / e ds) £(0) < exp (% 17(0) g t) £(0).
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Proof. The proof is basically the same as Lemma [2.5.2l We have that
ath __Zrz wﬁaxz>2 +bZ)

Now note

&0'((10@, Q3i>2 -+ be)&?z

Jm

Thus by Lemma [2.5.1| we have that

N M < —¢.
L \/ﬁ 0 HU Hoo > mf

10w ()]l < % 17(®) [z €(2).

On the other hand
1 n
) :__E:ym
“ N3 e

with

= |+ b>Hw < = (o0 + L. W, + .

<—[|a< )+ 0l (M max fawell, + 18] <

vm

Thus again by Lemma we have

T

la(ll, < % 17(1) e £(2).

Finally we have

with

1
o vm o0 o0 m>

Again applying Lemma [2.5.1] one last time we get

10:b() | ¢— 17(8) |0 £(B)-

Therefore by the same argument as in Lemma [2.5.2 using Gronwall’s inequality we get that

0 < o (- _ [ i w5 ) €0) < xp (2= 170 t) €0
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2.5.2.3 NTK is Lipschitz with Respect to Spatial Inputs

The NTK being Lipschitz with respect to spatial inputs is essential to our proof. The
Lipschitz property means that to show convergence uniformly for all inputs it suffices to
show convergence on an € net of the spatial domain. Since the parameters are changing
throughout time, the Lipschitz constant of the NT K will change throughout time. We will

see that the Lipschitz constant depends on the quantities £(¢) and £(¢) from the previous
Section 2.5.2.2]

The NTK Ki(z,2') is a sum of terms of the form g(z)Tg(2’) where g is one of the
derivatives O, f (z;6:), Opf (x; 01), Ow f (3 6:), Op, f (3 6;). Since O, f(x;0;) = 1 this term can be
ignored for the rest of the section. The upcomming Lemma [2.5.4] shows that if g is Lipschitz
and bounded then (z,2") — g(z)Tg(z') is Lipschitz. This lemma guides the structure of this

section:

e Prove Lemma 2.5.4]
e Show that 0,f(x;0),0yf(x;0),0w f(x;0) are bounded and Lipschitz
e Conclude the NTK is Lipschitz
Lemma 2.5.4. Let g : R¥ — R! be L-Lipschitz with respect to the 2-norm, i.e.
lg(x) —g(2)lly < Ll — 2],

and satisfy ||g(x)||, < M for all x in some set X. Then K, : X x X - R

18 M L-Lipschitz with respect to the norm

1, ) o= lllly + [l2"]], -
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Proof. We have
| Kg(x,2') — Ky(z,2)] = [g(2)" g(2) — g(2)"9()]
=lg(@)" (9(a") — 9())| + (g(x) — 9(2))"g(<)]
< llg(@)ll; lg(=') = g(=)lly + llg(=) = g(2)ll, l9(=)l,
S ML|J2" =2y + ML |lw = z[l, < ML ||(z,2") = (2, 2)]|.
U
By the previous Lemma[2.5.4] to show that the NT'K is Lipschitz it suffices to show that

Ouf(x;0),00f (x;0), 0w f(x;60), Oy, f (x;0) are bounded and Lipschitz. The following lemma
bounds the norms of the derivatives 0, f(z; ), 0w f(x;0), 0p f (z;0).

Lemma 2.5.5. Let D = 3max{|c(0)|, M ||¢o'|| . |lo'||. .1} and

1 1 1
§= max{ﬁ HWHop7 Jm 16l » Jm lally 1}
Then

10af (z:0)l2 10w f (3 0) || o 105.f (2 0) ]|, < DE.
Proof. We have

10af (;0)ll; = || =0 (Wz +b)]| < [o(0)]

< 10(0)| + —= 7]l
: 7
o [V 1y el + 1101

wa‘i‘bHQ

< |o(0) o [, 2 + 18] < De

1
+—|lo
\/_

10w f (2 0)l p = oo llall, < DE,

Hf‘ HJ_ <l

105.f (3 )l = |0l lally < DE.

<

|7
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The following lemma demonstrates that 0, f(x;0), Ow f(x;0), and O f(z; 6) are Lipschitz

as functions of the input x.

Lemma 2.5.6. Let

€ = max{— Wil == bl 7= el 1}
& = mac{ma . 9. 1)
D = mas{lo’ | ., M 0" 0"l }-
L = 26D

Then O, f(x;0), Opf(x;0), Ow f(x;0) are all L-Lipschitz with respect to the Euclidean norm

|®]|5. In symbols:

10af (25 0) — Oaf (y; 0)|ly < L[l = yll,,
10w [ (;60) — Ow f(y; )l p < Ll —yll,,

105f (2;0) — 0o f (y; 0)|l, < Lz —yll,

Proof. We have

10 (2:0) — 0uF (3 )], — HTI#"(W”” 18— o(Wy+ )

2
1
< —= o'l W(z —y)

vm

|0 oo W gl = wlly < LIz =yl

1
<
I < ]
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1
r)a®r— —oy(y)a®y

e = | 7 v
N Hﬁ[a;@)a —ol(al @y

|Ow f (2;0) — Ow f(y; 0

F

F

< ﬁl\vl( z)aly ||z — yl!ﬁ%H[Ui(w)—Ui(y)]aHzHyHQ

— —ylly + \/—IIU(Werb)—G(Wy+b)||oo||alle

\/—IIO’H lally Iz = yll, + \/—IIU
yllo + \/—||0”H

< Lz —yly,

oo W (@ =)l llally M

< —=llo'll llally lz - max [lwel, [l = yll, llall, M

100 f (z;6) — O f (0

Ml = | =t - —=etoia

\/—— lo"(Wa +b) = o' (Wy + )l [lall,

< W (2 =)l llally

\/—H Moo

"o max [lwel, [lz = yll; llall, < Llle =y,

Lo
< -

Finally we can prove that the Neural Tangent Kernel is Lipschitz.

Theorem 2.5.7. Consider the Neural Tangent Kernel

K(z,y) = (0af(2;0), 0af(y;0))2 + (Opf (25 0), 0p f (y;0))2 + (Ow f(2:0), 0w f(y:0)) + 1

and let

bl 1},

1 1 1
€ = max{ e (Wil = bl = llal,.
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5 = max{?elgﬁ HwZHQ ) HaHoo ) Hb“oo ) 1}7
D = 3max{|o(0)], M ||o']| ., o]l , 1},
D' = max{|lo’|| ., M [lo"[| o, [lo"]| . }-

Then the Neural Tangent Kernel is Lipschitz with respect to the norm

1z ) = lllly + llyll

with Lipschitz constant L := 6DD’£2§. In symbols:
K (2,y) = K", y)| < Ll(z,y) — (", )]
Proof. By Lemma [2.5.5] we have that the gradients are bounded

10af (2 0l 5 0w [ (5 0) s 1|06 f (5 0) |, < DE.

Also by Lemma m the gradients are Lipschitz with Lipschitz constant 26€D’. Thus
these two facts combined with Lemma tell us that each of the three terms (9, f(x;0),
Ouf(y;0)), (Opf(x;0),0,f(y;0)), and (Ow f(x;0), 0w f(y;0)) are individually Lipschitz with
constant (DE) - (2¢6€D’). Thus the Lipschitz constant of the NTK itself is bounded by the

sum of the 3 Lipschitz constants, for a total of 6D D’E3€. O]

Using that the NTK at time zero Ky(z,y) is Lipschitz we can prove that the analytical
NTK K* = E[Ky(z,y)] is Lipschitz. We will use this primarily as a qualitative statement,
meaning that the estimate that we derive for the Lipschitz constant will not be used as it is
not very explicit. Rather, in theorems where we use the fact that K is Lipschitz we will

simply take the Lipschitz constant of K°° as an external parameter.

Theorem 2.5.8. Assume that W, ;(0) ~ W, b,(0) ~ B, a,(0) ~ A are all i.i.d. zero-mean,

unit variance subgaussian random variables. Let
B 1 1 1
£(0) = max{ﬁ WO, N 16(O0)[ W la(0)[l;, 1},
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£(0) = max{max we(0)ll; , a(0)ll , [16(0) oo - 1}
D = 3max{|o(0), M [|o"[l o, [l0”]l 0 - 1},
D" = max{lo’|| o , M [|0" o 10"l }-

Then the analytical Neural Tangent Kernel K (x,y) = E[K(z,y)] is Lipschitz with respect

to the norm

Gz, 9l = llzlly + [yl

with Lipschitz constant < 6 DD'E[E2E] < co. If one instead does the doubling trick then the

same conclusion holds.

Proof. First assume we are not doing the doubling trick. We note that

|K>(z,y) = K=(z', )| = [E[Ko(z, )] — E[Ko(z',3/)]]

< E|Ko(z,y) - Ko(2',y)| < 6DDE[E*¢] [|(x,y) — (', ¢/)]

where the last line follows from the Lipschitzness of Ky provided by Theorem [2.5.7] Using

that ||W(0)||,, < [[W(0)|| and the fact that the Euclidean norm of a vector with i.i.d.

lop
subgaussian entries is subgaussian (Theorem 3.1.1 [VerI8]), we have that £(0) and £(0)
are maximums of subgaussian random variables. Since a maximum of subgaussian random
variables is subgaussian, we have that £(0) and £(0) are subgaussian. From the inequality
ab < 3(a® + %) we get E[¢%€] < LE[¢*] + JE[€?] < co since moments of subgaussian random

variables are all finite. Since the doubling trick does not change the distribution of Ky, the

same conclusion holds under that initialization scheme. O

2.5.2.4 NTK Convergence at Initialization

In this section we prove that sup,cp, g, [Ko(z) — K*(2)| = O(1/\/m). Our argument

traces the following steps:

e Show that K| is sum of averages of m independent subexponential random variables
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e Use subexponential concentration to show that sup,.ca |[Ko(2') — K*(2)| = O(1/y/m)

for all 2/ in an € net A of By X By

e Use that K| is Lipschitz and convergence over the epsilon net A to show that

sup  [Ko(z) — K=(2)| = O(1/v/m) (roughly)

zEBpM X By

We recall the following definitions 2.5.6 and 2.7.5 from [Ver1§].

Definition 2.5.9. ([Veri8/) Let Y be a random variable. Then we define the subgaussian
norm of Y to be

Y|, = inf{t > 0: Eexp(Y?/#?) < 2}.
If Y|, < oo, then we say Y is subgaussian.

Definition 2.5.10. ([Veri§]/) LetY be a random variable. Then we define the subexponential
norm of Y to be

1Yl,, =inf{t > 0: Eexp(]Y|/t) <2}.

If Y|, < oo, then we say Y is subezponential.

We also recall the following useful lemma (Lemma 2.7.7 [Ver18]).

Lemma 2.5.11. ([Veri8]) Let X and Y be subgaussian random variables. Then XY is
subexponential. Moreover

XYy, < 15Xy, (Y]], -

We recall one last definition (Definition 3.4.1 [Ver18])

Definition 2.5.12. ([Veri8]) A random vector Y € R¥ is called subgaussian if the one di-
mensional marginals (Y, z) are subgaussian random variables for all z € R¥. The subgaussian

norm of Y is defined as

Y|, = Y, :
IVl = sup [:2)1,
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The typical example of a subgaussian random vector is a random vector with independent
subgaussian coordinates. The following lemma demonstrates that the NT K at initializeation
is a sum of terms that are averages of independent subexponential random variables, which

will enable us to use concentration arguments later.

Theorem 2.5.13. Let wy, by, ay all be independent subgaussian random variables with sub-

gaussian norms satisfying ||e||,, < K. Furthermore assume [[1{|,,, < K. Also let
D = 3max{|o(0)|, M [lo"]| . . [l0"]| . - 1}-
Then for fixed x,y, each of the following

(0af(2:0),04f(y:0)), (Opf(;0), 00 f (y:0)), (Ow f(x:6), 0w f(y; 0))

1s an average of m independent subexponential random variables with subexponential norms

bounded by D*K?.

Proof. We first observe that

(0 (:0),0uf (4:0))2 = — (o (W +b), 0 (Wy + b)),

m

= l Z (T((wg, I)Q + b£>0(<w€> y>2 + bﬂ)v
/=1

m

(O0f (2:0), 0, (35 0))2 = <¢—1ﬁaa<m>a7 ﬁa«y)an

1 « )
- EZG U/ wéa 2+b€)0 (<w57y>2+b€)7

=1

(O f(36), O £ (4;0)) = <%a;<x>a ®1, Tlﬁa;<y>a 1)
- L @)ooyt a4 b (G ) + )




Note that
o ({we, ) + be)| < [a(0)] + [lo”[| o [[{we, )| + [bel]-

Thus
o ((we, )2 + be) ||y, < 1a(O)[ 111, + 107l I wes @), + 102l 1],
<o (0)[ [I1ll, + o'l oo [M [[well 5, + [lbelll ]
< 3max{|o(0)], Mlo’||.., o' YK < DE.
Also
|ago’ ((we, )2 +be)| < ael 0] < Dlagl,
therefore
laco’ (e, 2 + be)l,, < Dladll, < DK
Finally

{2, ol 2aro’ ((we, 2)2 + bo)|,,, < M Nlo’ll Nacll,, < DEK.

M,
It follows by Lemma that each of (0,f(x;0),0.f(y;0)), (Ow f(x;0),0w f(y;0)), and

(Opf(x;0),0yf(y;0)) is an average of m independent subexponential random variables with

subexponential norm ||e||, < D?*K?>. O

We now recall the following Theorem from (Theorem 5.39 [Ver12]) which will be useful.

Lemma 2.5.14 ([Verl2]). Let A be an N x n matriz whose rows A; are independent sub-
gaussian isotropic random vectors in R™. Then for every t > 0, with probability at least

1 — 2exp(—ct?) one has the following bounds on the singular values
\/N - O\/ﬁ —t S smin(A) S Smaz’(A) S \/N“— C\/ﬁ+ t.
Here C = C > 0 depends only on the subgaussian norms K = max; ||4;|,, of the rows.

Also the following special case of (Lemma 5.5 [Ver12]) will be useful for us.
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Lemma 2.5.15 ([Ver12]). Let Y be subgaussian. Then

P(|Y]>1t) < Cexp(—ct?/[[Y]3,).

It will be useful to remind the reader that C,c¢ > 0 denote absolute constants whose
meaning will vary from statement-to-statement, as this abuse of notation becomes especially
prevalent during the concentration of measure arguments of the rest of the section. The
following lemma provides a concentration inequality for the maximum of subgaussian random
variables which will be useful for bounding & and é later which is necessary for bounding the

Lipschitz constant of K.

Lemma 2.5.16. Let Y1,..., Y, be subgaussian random variables with ||Y:||,, < K fori € [n].

Then there exists absolute constants ¢,c’,C' > 0 such that
P <r1161%1>]<\}/;| >t+ KW) < Cexp(—ct’/K?).
Proof. Since each Y; is subgaussian we have for any ¢ > 0 (Lemma
PVl > ) < Cexp (—ct?/ |ViJ2,)

By the union bound,

P <m?}]<|Y;| >t+ Ky/c! logn) < g ]P’(|Y;| >t+ Ky/c! logn>
en i—1
2
< nCexp (—c [t + Ky/c! logn] /K2) = Cexp(—ct’/K?).

1

Thus by setting ¢ := ¢! we get the desired result. O]

We now introduce a high probability bound for &.

Lemma 2.5.17. Assume that W;; ~ W, b, ~ B, a; ~ A are all i.i.d zero-mean, subgaussian
random variables with unit variance. Furthermore assume |Jwell,, , llacll,, s |bell,,, < K for

each £ € [m] where K > 1. Let

1 1 1
¢ = max{ﬁ wll,,, NG 18], » NG lally}-
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Then with probability at least 1 —

f<14 C\/El+ K2,/log(c/4)
< NG .

Proof. Note that by setting t = /¢~ 1log(2/0) in Lemma[2.5.14| we have that with probability
at least 1 — ¢
Ve Mog(2/0)
<14 C’\/E+ c 10g(2/5).

. W]
vm o = vm vm
Also by Theorem 3.1.1 in [Verl§]

HHCL||2 - \/E”w2 S CK27

118l = v/m,, < CK?.

Thus by Lemma [2.5.15] and a union bound we have with probability at least 1 — 24,
—llally, bl < 1+~ K*/log(e/?)
— la|l, , —= — c/d).
Vim e P = S T Ve
Thus by replacing every 6 in the above arguments with §/3 and using the union bound we

have with probability at least 1 — 9

f<14 C\/El+ K2,/log(c/4)
< NG .

Similarly we now introduce a high probability bound for &.

Lemma 2.5.18. Assume that W;; ~ W, b, ~ B, a; ~ A are all i.i.d zero-mean, subgaussian
random variables with unit variance. Furthermore assume |[wel|,, , |acll,, s |bell,, < K for

each £ € [m] where K > 1. Let
€= max{max [[welly , [|all , 1]l }-
€[m]
Then with probability at least 1 — § we have
£ <Vd+CK? [ log(c/d) + logm} .
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Proof. By Theorem 3.1.1 in [Verl8] we have
el = va| < cx.
Well then by Lemma there is a constant ¢’ > 0 so that
P (ol ~ V> ¢+ i TTogm )
<P (% el =] > 1+ OKWM) < Coxp(—ct/KY).
Thus by setting t = CK QW we have with probability at least 1 — ¢
mex fwell, < Vi + CK?*V/log(e/8) + CK*/logm,

where we have absorbed the constant v/¢ into C. Similarly by Lemma [2.5.16 and a union
bound we get with probability at least 1 — 29 that

lallo » Il < CK/log(c/d) + CK+/logm.

Thus by replacing each ¢ with 6/3 in the above arguments and using the union bound we

get with probability at least 1 — 9

£ <Vd+CK? [ log(e/d) + logm} .

We are now finally ready to prove the main theorem of this section.

Theorem 2.5.19. Assume that W, ; ~ W, by ~ B, ay ~ A are all i.i.d zero-mean, subgaus-

sian random variables with unit variance. Furthermore assume ||well,, , llacll,, , [[bell 5, < K

for each { € [m] where K > 1. Let
D = 3max{|o(0)], M [lo"]| o, 0"l - 1},

D' = max{||o||_, M ||o”||., [lo"]|.}-
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Define
p(M,o,d, K,0,m) =

CDD' {1 | oYt K2 Vlog(c/0) }2 {\/?l +COK? [\/log(c/é) ++/log m] } :

vm

Let L(K®) denote the Lipschitz constant of K*°. If
m > Cllog(c/8) + 2d1og(C M max{p, L(K*)}v/m)],
then with probability at least 1 — 0

sup |Ko(z) — K™(2)| <

zEBN X By

\/% [1 + C’DQKQ\/Iog(C/(S) + 2dlog(C'M max{p, L(K>)}y/m)| .

If one instead does the doubling trick then the same conclusion holds.

Proof. First assume we are not doing the doubling trick. Recall that by Theorem that

K is Lipschitz with constant at most

CDD'E(0)%¢€(0),

where £ and é are defined as in the theorem. Well then by Lemmas , 2.5.18 and a

union bound we have with probability at least 1 — 26

£(0)%(0) < {1+C'\/E+K2 ' 10g(c/5)} {\/EH—CK2 [ log(c/d) + logm]}.

vm
Let L(Ky), L(K*) denote the Lipschitz constant of Ky and K respectively. Then assuming
the above inequality holds we have that

L(KO) SP(M,O'7d,K,57m) (2]‘)

For conciseness from now on we will suppress the arguments of p. Now set

1
7 Dmax{p, LIK=)}v/m'
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Let NV, (By) be the cardinality of a maximal y-net of the ball By = {z : ||z]|, < M} with
respect to the L2 norm ||e||,. By a standard volume argument we have that
cM\*
N’Y(BM) <|{—=)-
v
By taking the product of two /2 nets of By, it follows that we can choose a 7 net of

By x By, say A, with respect to the norm

Gz, 9l = llzlly + [yl

such that

= M,

CM 2d
A < [N (Bu)|” < (—>

Y
By Theorem [2.5.13| for (z,y) € By X By fixed each of the following

(0af(x50), 0af (y;0))2, (Opf (x5 0), 0pf (y:0))2, (Ow f(2:6), 0w f(y: 6))

is an average of m subexponential random variables with subexponential norm at most
D?K?. Therefore separately from the randomness discussed before by Bernstein’s inequality

(Theorem 2.8.1 [Verl8]) and a union bound we have

~ . mt? mit
P(|Ko(z,y) — K*(z,y)| > t) <3 X 2exp <—cmln{—D4K4, —D2K2}) )

Thus for t < D?>K? we have

mt?
P(|Ko(z,y) = K™(2,y)| > t) < 6exp (_CD4K4) :

Then by a union bound and the previous inequality we have that for ¢t < D?K?

- mt?
P (rzl’leai{ |Ko(2") — K*=(2)| > t) < 6M,, exp (—CW) :

Thus by setting t = C D?K? log(c/j)%long (note that the condition on m in the hypothesis

ensures that ¢t < D?2K?) we get that with probability 1 — &

max |Ky(2") — K*(2")| < t.
Z’eA
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Now fix z € By x By and choose 2’ € A such that ||z — 2|| <~. Then

[Ko(2) = K=(2)] < [Ko(2) — Ko(2)]
+[Ko(2) — K= (2)] + [K=(2) — K7(2)]
< 2max{L(Ky), L(K>®)}y + t. (2.2)
Note that this argument runs through for any z € Bj; x B therefore

sup | Ko(z) — K*(2)| < 2max{L(Ky), L(K*™)}vy +t.

2EB) X By

Well by replacing § with §/3 in the previous arguments by taking a union bound we can

assume that equations (2.1) and (2.2)) hold simultaneously. In which case
sup |Ko(z) — K(2)| < 2max{L(Ky), L(K*™)}y +t < 2max{p, L(K*™)}y +1

2E€Bp X By

1 V/1og(c/d) +log M 1 Vog(c/d) + 2dlog(CM/~)
< — + CD’K*? Y= D2 K2
S Tm +C NG NG +C N

= \/—1% [1 + C’DQKZ\/log(c/(S) + 2dlog(C'M max{p, L(K*)}v/m) |,

where we have used the definition of M, in the second-to-last equality and the definition of

v in the last equality. Since the doubling trick does not change the distribution of Kj, the

same conclusion holds under that initialization scheme. ]

We immediately get the following corollary.

Corollary 2.5.20. Assume that W; j ~W, by ~ B, ay ~ A are all i.i.d zero-mean, subgaus-
sian random variables with unit variance. Furthermore assume |[w|,, , [lacl|,, ; [|bell 5, < K

for each € € [m] where K > 1. Then
m > C[log(c/8) + O(d)]

suffices to ensure that with probability at least 1 — 6

()= 0 Y2
zeBS;Ix)BM |Ko(2) — K®(2)| = O (ﬁ) .

If one instead does the doubling trick then the same conclusion holds.
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2.5.2.5 Control of Network at Initialization

Many of our previous results depend on the quantity ||7(0)||g. which depends on the net-
work at initialization. Before we proceed we must control the infinity norm of the network

at initialization and work out a few consequences of this. The following lemma controls

1/ (5 60) | -

Lemma 2.5.21. Assume that W;; ~ W, by ~ B, a; ~ A, by ~ B’ are all i.i.d zero-
mean, subgaussian random variables with unit variance. Furthermore assume |[1],,, , |lwell .,

lacly, » [1bell 5, < K for each £ € [m] where K > 1. Let
D = 3max{|o(0)], M ||o']| ., lo’]l . , 1},

L(m,o0,d, K,d) :==v/ml|d'| {1 + C\/a+K2 > log(c/é)} :

D
Assume that

m > Cllog(c/§) + dlog(CML)).

Then with probability at least 1 —

sup |f(x:600)] < CDK?\/dlog(CML) +log(c/8) = O(Vd).

J?EBM

Proof. First we note that
—TJ(W:L’ +0b) — iU(Wy +b)| < ll,
vm vm —Vm

el el
\/EQ [0l W (z = 9)ll, < \/mz 076 1 Nl Nl =yl < Vim0l £00)* Nl =yl

where £(0) is defined as in Lemma [2.5.17. Thus f(e;6,) is Lipschitz with constant L =
vm o'l £(0)%. Well then by Lemma [2.5.17| we have with probability at least 1 — 4§

£(0)2 < {1 LoVt Kj/_:; Og(c/é)} . (2.3)

lc(Wz +b) —a(Wy +b)l,

<

29



When the above holds we have that f(e;6) is Lipschitz with constant

L::mHU,HOO{1+O\/3+K2\/10g(c/5)} |

vm

On the other hand note that
lo((we, )2 4 be)| < |(0)] + [0 o [[{we, x)2| + [bel]-
Thus

lo({we, )2+ be)ly, < 1o (O 1Ll + o'l [11{we, 2ol [, + 110l ]
< o (O)[ M1l + 10" [log [M [lwely, + N11bell,s,]

< 3max{|o(0)], M [|o']l ., lo"]|  } K < DK.
Therefore by Lemma [2.5.11| we have
laco({we, )2 + be)ll,, < DK,
Thus for each z fixed we have by Bernstein’s inequality (Theorem 2.8.1 [Ver1§]).

IP( >t\/ﬁ) < 2exp <—cmin {L @D

(DK}’ DK?
Thus for t < /mDK? this simplifies to

t2
P ( > t\/ﬁ) < 2exp <—CW) .

Let A be a 7 net of the ball By, = {z : ||z|, < M} with respect to the Euclidean ||e||, norm.

Z am((wg, £U>2 + bg)

(=1

Z (lgO’((UJg, JI>2 + bg)
(=1

Then by a standard volume argument we have that
CM\*

Thus by a union bound we have for ¢t < \/mDK?

P [ max
TEA

m

Z apo ({(we, T)o + by)

(=1

“Dri

2
>t\/ﬁ>§2/\/lﬂ,exp(— t )
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Thus by setting t = CDK?y/log(c M., /§) assuming ¢t < /mDK? we have with probability
at least 1 — ¢

m

max Z \j—%a((wg,@Q +bo)| < t. (2.4)

On the other hand by Lemma [2.5.15] our prior definition of ¢ is large enough (up to a

redefinition of the constants ¢, C') to ensure that with probability at least 1 —
lbo| < t. (2.5)

When (2.4) and (2.5 hold simultaneously we have that max,ca |f(2',00)| < 2¢t. By a union
bound we have with probability at least 1 — 30 that (2.3), (2.4)), (2.5 hold simultaneously.

Well then for any = € By we may choose 2’ € A so that ||z — 2’||, <. Then
|f (3 60)] < 1f(";60) + | f (25 60) — f(a';00)] < 2t + L.

Therefore

sup |f(z;600)] < 2t+ Ly

r€B)\

and this argument runs through for any v > 0. We will set v+ = 1/L. Note that for this
choice of v the hypothesis on m ensures that ¢t < \/mDK?. Thus the preceding argument
goes through in this case. Thus by replacing 6 with §/3 in the previous argument we get the

desired conclusion up to a redefinition of ¢, C'. m

We quickly introduce the following lemma.

Lemma 2.5.22.
17(0)[[gn < [1£(®:60)]loc + l¥llgn -

Proof. Let y € R™ be the vector whose ith entry is equal to f(x;;6y). Well then note that
[9]lgn < l|f(#;60)]|.. Therefore

17 (O)lgn = 19 = yllgn < [19llzn + [1Yllen < 110 00)llo0 + [1Yllzn -
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Finally we prove one last lemma that will be useful later.

Lemma 2.5.23. Assume that W; ; ~W, by ~ B, a; ~ A are all i.i.d zero-mean, subgaussian

random variables with unit variance. Furthermore assume |[1{[,, , [[well,,, , laell,,, , [bell,,, < K

for each € € [m| where K > 1. LetT' > 1, D = 3max{|o(0)|, M ||o’| ., lo'|| . s 1},

L(m,o,d, K,8) :== vm|d'|| {1 n g\/an KQ\/log(c/fS)} 7

\/m
p = CDK?*\/dlog(CML) + log(c/8) = O(Vd).

Suppose

4D? |ly|[zn T* AD*p*T* [ p 2
>  — == > .
= " TlogT)P “”m—m“{mmmP«DKQ}

Then with probability at least 1 —

max(t) < TE(0)  max£(t) < TE(0),

t<T t<T

where &(t) and g(t) are defined as in Lemmas|2.5.2 and|2.5.5. If one instead does the doubling

trick the second hypothesis on m can be removed and the conclusion holds with probability 1.

Proof. First assume we are not doing the doubling trick. Well from the condition m >

( D’;@)z we have by Lemma [2.5.21| that with probability at least 1 — ¢

sup |f(x;600)] < CDK?\/dlog(CML) + log(c/8) =: p.

TEB)

Also by Lemma [2.5.22] and the above bound we have

17 (O)lzn < Nlyllgn + p-

Well in this case
D7O)lgnt _ DlllYllen +plt _ 2D max{[[yllgn , P}
N - vm - N

where we have used the hypothesis on m in the last inequality. Therefore by Lemmas [2.5.2]

< log(I"),

[2.5.3 we have in this case that

max &(t) < T¢(0), max&(t) < TE(0).

t<T t<T
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Now assume we are performing the doubling trick so that f(e;8y) = 0. Then p in the
previous argument can simply be replaced with zero and the same argument runs through,
except using Lemma is no longer necessary (and thus the second hypothesis on m is
not needed). Without using Lemma the whole argument is deterministic so that the

conclusion holds with probability 1. O]

2.5.2.6 NTK Time Deviations Bounds

In this section we bound the deviations of the NT K throughout time. This section runs

through the following steps

e Bound sup(, y)ep,, x5, |0, K¢ (,y)|
e Bound SUD ()€ By x Bas |Ki(z,y) — Ko(z,y)]
In the following lemma we will provide an upper bound on the NT K derivative

sup 0K (, )]

z,y€BN X By

Lemma 2.5.24. Let

6(t) = max{ = W)y = IO = a0, 1}
£t) = max{max [we(t)ll, . |alt)l » 16l 1}
D = 3max{|o(0)], M [|o”]| ., llo"[l » 1},
D' = ([ oY+ 1) + D ]| ] max{1, M},
Then for any initial conditions W (0), b(0), a(0) we have for all t

sup K (e, y)] < C%'&(t)?é(t) 1700 e -

z,yEBy X Bpg
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Proof. We need to bound the following time derivatives

a

\/_m [<£13, xi>2 + 1]7

. _ 1) 1 - ~ 1 / /
010uf (2;0) = 02V = - ;7"1' ﬁ%(@%(ﬂfi)

o (x)a = \/% ([0r0 (x)]a + o (x)dsa) .

Note that

<L 0_12

1 2
2_\/%!\ Hmﬁ!\allgw +1].

[(z, )2 + 1]

a
0'1 xl)ﬁ

Thus by Lemma [2.5.1

10:0a f (; 0)l, < fll ’||00\/—||a||2[M2+1] 17(6) |
<P W) .
On the other hand
LA :“Z“ )0’ (z;)diag(a)al(z, z;)2 + 1].
Well
Tlmlla (z)o (zi)diag(a)al{z, x:)> + 1| < ¢—||a”||oo||a’||oo||a||oo||a|l2[M2+1]

< 10" oo llo”lloo (M2 + LJE(E().
Thus by Lemma [2.5.1| we have that

Ot (@)all < llo"lloo 0"l (M2 + LEDED) 17(t) g -
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Finally we have

1 n
oy (x)0a = - Z ’fiall(:c)a:f»l).
i—1

Well
/ (1) < / (1) _ / 1 W, b
@)l < 10 o], = 1l = oV + )
1
< o'l [l (0)] + NG 10"l o (WL, M+ 10]5)]

< o'l lle )] + M [jo"[| o + lo”ll ] £(2) < llo”ll o DE(R).-
Thus we finally by Lemma [2.5.1| again we get that
o (2)0eall < [|o”|| o DEE) 17 ()|
It follows that

||at3bf(90; 9)”

llo"lloe llo"lle [M2 + 1] + Il DT E@RE@ N17(E) g

IN

Elly

and similarly

10:0w f(; 0)]|

< —= 10" lloc 10"l M + 1] + ||| D} E@EE) 17(2) | -

3=

Thus in total we can say

D’ ~
1000 f (3 0)l15 18106 f (23 0)] 1010w f (3 0)]| p < ﬁf(t)f(t) 17| -

It thus follows by the chain rule and Lemma that

ODD (1y2(0) 17(1) 1o

sup ]@Kt(a:,y)\ <
(z,y)€Bm xBum \/%

Using the previous lemma we can now bound the deviations of the NT K.
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Theorem 2.5.25. Assume that W, ; ~ W, by ~ B, ay ~ A are all i.i.d zero-mean, subgaus-
stan random variables with unit variance. Furthermore assume |lwell,, , llacll,, , [[bell 4, < K

for each € € [m] where K > 1. LetT' > 1 and T > 0 be positive constants,
D :=3max{|o(0)], M [|o"[l o, [l0”]l o » 1},

D' = [max{ o'l llo”]| L} M? + 1] + D '] ] max{1, M},
and assume

4D%*0(log(c/d) + O(d))T?
[log(I")]?

4D? ||yl T
[log(I)]?

Then with probability at least 1 — o

and m > max{

, O(log(¢/d) + @(d))} :

sup ‘Kt(xay)_KO(xvy)’ S
(x,y)€BM X By

,CDD' Va+ K2/log(efo) | 2
T N 17(0)]| g {1+C N } {\/E—FCK [ log(c/0) + logm}}.

If one instead does the doubling trick then the second condition on m can be removed from

the hypothesis and the same conclusion holds.

Proof. First assume we are not doing the doubling trick. By Lemmas 2.5.18 and a

union bound we have with probability at least 1 — §

£(0)%(0) < {1 yoYdr Kj/_;ll oele/%) } {Via+ cr? [ Viog(e/o) + viogm| } . (26)

Note that p as defined in Lemma 2.5.23|satisfies p> = O(log(c/0)+O(d)). Thus the hypothesis

on m is strong enough to apply Lemma [2.5.23] therefore by applying this lemma we have
with probability at least 1 — 9

max £(t) < TE(0), max&(t) < TE(0). (2.7)

t<T t<T
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Thus by replacing ¢ with §/2 and taking a union bound we have that with probability at
least 1 — ¢ (2.6) and (2.7)) hold simultaneously. Then using Lemma [2.5.24{ and the fact that

17(t)||gn < ||7(0)]|gn we have for ¢t <T'

CDD' ., -
sup \@Kt(%yﬂéF?’mf(O)Qf(O)llf(U)HRn-

(%,y)€Bar X B

Therefore by the fundamental theorem of calculus for t < T

LY 00 150l

sup | Ky(z,y) — Ko(z,y)| < I°
(z,y)€Bp x By

<P Hf(O)HRn{1+C\/E+K2vlog(c/5)} [Vi+ oR? [Viog(efd) + VViogm| }.

NLD

Now consider if one instead does the doubling trick where one does the following swaps
w(0) b(0) a(0)

wW(0) — , b(0) — , a(0) — and m — 2m where W(0), b(0), and
w(0) b(0) —a(0)

a(0) are initialized as before. Then £(0) and £(0) do not change. We can then run through

the same exact proof as before except when we apply Lemma [2.5.23| the second hypothesis

on m is no longer needed. ]

Theorem 2.5.26. Assume that W, ; ~ W, by ~ B, ay ~ A are all i.i.d zero-mean, subgaus-

sian random variables with unit variance. Let I' > 1 and T' > 0 be positive constants and let

D :=3max{|c(0)|, M ||o'|| ., lo'll,1}. Assume

AD? ||yl|2. T? 4D?0(log(c/8) + O(d))T?
[log(T")]? [log(I')]?

Then with probability at least 1 — § we have fort <T

sup UMLM—KW%WZO<XEH+WWNWWQ-

and m > max { ,O(log(c/0) + O(d))} .

(z,y)€BM X By vm
If one instead does the doubling trick then one can remove the assumption

4D?0(log(c/8) + O(d))T?
[log(I")]?

and have the same conclusion hold.
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Proof. The condition m > O(log(c/d) + O(d)) is sufficient to satisfy the hypothesis of Theo-
rem [2.5.19] The condition on m also immediately satisfies the hypothesis of Theorem [2.5.25]

The desired result then follows from a union bound. O]

Theorem 2.5.27. Under the same assumptions as Theorem we have that with prob-
ability at least 1 — 0 for allt <T

|H> = H,l,, <nO (\/% [L+¢T° ||7*(0)||Rn}) )

- [ Vd
G® — Gyl <O == [1+tT?||7(0)||pn] | .
igg” tHop— (\/ﬁ[ [17( )HR]

Proof. Recall that for a matrix A € R™™ [|A[[,, < y/mnmax;;|A;;|. Thus by Theorem
2.5.26| with probability at least 1 — 9

1> = Hill,, < nmax |H5 — (H)igl <n  sup  |Kilz,y) — K=(z,y)]

(z,y)€Bn x By
- [ Vd .
= n0 <\/—m [1+¢T%||7(0)[|ga] | -

The second bound follows from Gy = %HS and G*° = %H oo, O

2.5.2.7 NTK Deviations for ReLU Approximations

< o0o. For

The NTK deviation bounds given in the previous subsections assumed ||o”||

ReLU this assumption is not satisfied. It is natural to ask to what extent we might expect
the results to hold when the activation function is o(x) = ReLU(z) = max{0, x}. The closest
we can get to ReLLU without modifying the proofs is to use the Softmax approximation to
ReLU, namely o(x) = +In(1 + exp(ax)), and consider what happens as a — oo. For this
choice of o we have that |o”|, = O(a). In Subsection where you will pay the
biggest penalty is in Theorem via the constant D' = O(||o”||%.) = O(a?). Since the

final bound depends on the ratio % you will have that m will grow like O(a?). This is no
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moderate penalty, although we might expect the results to hold for wide ReLLU networks if
a finite o provides a reasonable approximation. In particular Softmax In(1 + exp(x)) leads

to a fixed constant for D’.

2.5.3 Underparameterized Regime

In this section we build the tools to study the implicit bias in the underparameterized case.

Our ultimate goal is prove Theorem [2.3.5]

Outline of this section
e Review operator theory
e Prove damped deviations equation
e Bound ||[(Tke — T7)r|
— Bound ||(7}, — T;?)r||, using NTK deviation results (comparatively easy)

— Bound ||(Tke — T5,)7¢]5

x Derive covering number for a class of functions C
* Use covering number to bound sup ¢ ||(Tk~ — T5,) 9|

% Show that r; is in class C

e Prove Theorem 2.3.5

2.5.3.1 RKHS and Mercer’s Theorem

We recall some facts about Reproducing Kernel Hilbert Spaces (RKHS) and Mercer’s The-
orem. For additional background we suggest [BT04]. Let X C R? be a compact space
equipped with a strictly positive (regular Borel) probability measure p. Let K : X x X — R

be a continuous, symmetric, positive definite function. We define the integral operator
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Tk : Li(X) — LZ(X)
Tef(w)i= [ K(.s)1(s)p(s)

In this setting T is a compact, positive, self-adjoint operator. By the spectral theorem there
is a countable nonincreasing sequence of nonnegative values {o;}2°, and an orthonormal set
{#:i}2, in L? such that Tx¢; = o0;0;. We will assume that Tk is strictly positive, i.e.
(f,Txf)2 > 0 for f # 0, so that we have further that {¢;}°, is an orthonormal basis of
L? and o; > 0 for all i. Moreover since K is continuous we may select the ¢; so that they
are continuous functions, i.e. ¢; € C(X) for each i. Then by Mercer’s theorem we can

decompose
K(z,y) = Z oidi(x)di(y),
i=1

where the convergence is uniform. Furthermore the RKHS H associated with K is given by

the set of functions

=1

where the inner product on H is given by

Z (f, di)2(9, ¢i>2'

J;

<f7g>7-l =

i=1
Note that in this setting {,/0;¢;};2, is an orthonormal basis of . Define K, := K (e, ).
Recall the RKHS has the defining properties

K,eH VxelX,

h(z) = (h, K.)u Y(z,h) € X x H.

We will let k := sup,cx K(z,2) < oco. From this we will have the useful inequality: for

heH

(@) = [ (R Ka)a| < \Allyg 1Kl = ([Pl v/ (B, Ka)a = [lAlly, v K (2, 2)

< K2Rl -
Furthermore the elements of H are bounded continuous functions and H is seperable.
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2.5.3.2 Hilbert-Schmidt and Trace Class Operators

We will recall some definitions from [RBV10]. A bounded operator on a separable Hilbert

space with associated norm ||e|| is called Hilbert-Schmidt if

[e.e]
Z | Ae; || < oo
i=1

for some (any) orthonormal basis {e;};. For such an operator we define its Hilbert-Schmidt
norm ||Al|,4 to be the square root of the above sum. The Hilbert-Schmidt norm is the
analog of the Frobenius norm for matrices. It is useful to note that every Hilbert-Schmidt
operator is compact. The space of Hilbert-Schmidt operators is a Hilbert space with respect

to the inner product

<A, B> = Z(Aej, B€j>.

J
A stronger notion is that of a trace class operator. We say a bounded operator on a

separable Hilbert space is trace class if

Z(v A*Ae;, ;) < 00
i=1

for some (any) orthonormal bases {¢;};. For such an operator we may define

oo

Tr(A) := Z(Aei, e).

i=1
By Lidskii’s theorem the above sum is also equal to the sum of the eigenvalues of A repeated

by multiplicity. The space of trace class operators is a Banach space with the norm || Al ;. =

Tr(v/A*A). The following inequalities will be useful
AT < 1[All s < [[Allze -
Furthermore if A is Hilbert-Schmidt and B is bounded we have

I1BAl s s [AB s < 1Al [1B] -
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Note that in our setting we have

o2 [ Klewyipa) = [ S alotoPdsta) = 3o [ oo Pdpta)
= N o, =Tr(Tk),

where the interchange of integration and summation is justified by the monotone convergence

theorem. Thus Tk is a trace class operator and we have the inequality

o0
K> E o;
i=1

which will prove useful later.

2.5.3.3 Damped Deviations

Let # — g,(z) € L? for each s € [0,t] such that s — (¢;, gs)2 is measureable for each i and

fg llgs|l> < co. Then we define the integral

t
/ gsds
0

coordinatewise, meaning that fot gsds is the L? function h such that

t
(h, ¢i)2 = / (gs, 0i)ads.
0
Using this definition, we can now prove the “Damped Deviations” lemma.

Lemma 2.2.3. Let K(:z:,x’) be an arbitrary continuous, symmetric, positive-definite ker-
nel. Let [Txhl(e) = [ K (s)dp(s) be the integral operator associated with K and
let [T;h](e) = = Zz:1 K(o, a:z)h(xz) denote the operator associated with the time-dependent
NTK K,. Then

t
re = exp(—Tkt)ro + / exp(—Tk(t — s))(Tx — T;))rsds,
0

where the equality is in the L? sense.
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Proof. We have that

n

Ori(2) = —= 3 Kyl mi)r(as) = —[T2r] (@),

n <
=1

where the equality is pointwise over x. 0srs(z) is a continuous function of x since Kj is

continuous and is thus in L?. Therefore we can consider
(Os1s, @i)o = (=Tyrs, Pi)a

By the continuity of s — 6, we have the parameters are locally bounded in time and
thus by Lemma we have that || K|, is also locally bounded therefore for any ¢ > 0, so:
SUD|s_ <5 || K|l o < 00. Note then that

1 . A
0515 ()] < EZ K (2, @) [[rs(@i)| < (1Kl 1Psllzn < 15[ I70llpn -
=1

It follows that ||, is bounded locally uniformly in s. Therefore the following differen-

tiation under the integral sign is justified

d

E@asa ¢1>2 = <asrsa ¢1>2

Thus combined with our previous equality we get

%<T87 ¢Z>2 = <—T§’I"5, ¢Z>2 = <_TKr87 gbz)? + <(TK - Ti)rs, ¢z>2

= (rs, ~Tx@i)o + (T = T3)1s, $i)2 = —0i(rs, @i)a + (T — T)7s, @i,

where we have used that T is self-adjoint. Therefore

d
£<rsa ¢z>2 + Ui<rsv ¢z>2 = <(TK - Ti)fr& ¢l>2
Multiplying by the integrating factor exp(o;s) we get

L exp(o19) 71, 0)2] = exp(i5){(Tre — T, 60
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Therefore applying the fundamental theorem of calculus after rearrangement we get

t
(re, §i)2 = exp(—oit)(ro, i)z + / exp(—oi(t — $))(Tk — T3;)rs, di)ads,
0
which is just the coordinatewise version of the desired result.

t
ry = exp(—Tkt)ro + / exp(—Tx(t — 8))(Tx — T,))rsds.
0

2.5.3.4 Covering Number of Class

We will now estimate the covering number of the class of shallow networks with bounds on
their parameter norms. This lemma is slightly more general than what we will use but we

will particularize it latter as it’s general formulation presents no additional difficulty.

Lemma 2.5.28. Let

T
c=12

\/—EU(W@ +0) +bo: fla—dlly, < pr, W =W|p < pa,

b= ¥ll, < ps. b0 — Byl < s
1 ;1 ;1 /
T ol < 2, W, < 0l < 1 ),

and

v =10 (0)] + 0’|l [P5M + pf)] .

Then the (proper) covering number of C in the uniform norm satisfies

N(Ce ) < (9)

€

where p = md + 2m + 1 is the total number of parameters and C' equals

C" = Cmax{p1Y', p2M [|0”l| . P p3 10"l P15 1}

where C' > 0 is an absolute constant.
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Proof. We will bound the pertubation of the function when changing the weights, specifically

we will bound
T =T

Let () = \/LMU(WJ: +b) and £V = Lma(Wa: +b). Then note that we have

sup —o(Wz +1)|.

z€B)s

|20 — 0|, < mqu4vn+b_aL

\/— I’

<=l | e+ o7,
< 1o [ = ] 31+ o3, ] -

Well then
’a%(l) _ d%(l)‘ < ’aT(x(l) _ 35(1))| + |(a — &)Tjj(l)‘
< llally v + lla = ll, |21,
Finally
150, = H—a (W + ) (Sl \/—||‘7'||ooHW$+5H2
< |0(0 )|+¢_||o [ U |1‘||2+H M
§|a()|+\/—||0|| [ M+H H]
<1 (0)] + 10ll [05M + o] =: .

Therefore

"z — a"zW| < [lall,y + [Ja — all, -
Thus if we have

€ €

E )
a—al, < — =€, HW WH —_3 ’ Hb_b = -
o=l < 5 = e S Mo Y A
then
lafl,7 < ez o €
$ T Apym T 4



Therefore

laTz® — a7z W| < ¢/2

and this bound holds for any x € B),. If add biases by and b~0 such that |by — b~0| < €/2 we
simply get by the triangle inequality

laTz® 4+ by — (@720 4+ by)| < e.

Thus to get a cover we can simply cover the sets
{afla=dly, <p}, AW W =W|p < pa},

{b:6=0, <ps}, {bo:|bo— byl < pats

in the Fuclidean norm and multiply the covering numbers. Recall that the € covering number

for a Euclidean ball of radius R in R?®, say N, using the Euclidean norm satisfies

(7) =2=(T)
€ €

for two absolute constants ¢, C' > 0. Therefore we get that

N(CG |||| )< Cpl " Op? md CPS " 2Op4
Pl = g € €3 € ’

The desired result follows from

2 C
m{"— @,@,ﬁ} < < max{p1y, p2M ||0'|| £ P35 10" oo P P}
€1 €2 €3 €

]

We can now prove the following corollary which is the version of the previous lemma that

we will actually use for our neural network.

Corollary 2.5.29. Let

T
C:{a—ma(Wx+b)+boz

Wl [bll, < A, [bo] < B}

! al ! | _1 |
a
N/ m 20 /m P’ /m
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and
v =10 (0)] + [|o’|| o [AM + A]

and assume m > d. Then the (proper) covering number of C in the uniform norm satisfies

N(C e ) < (M)

€

where

U(m, d) = Cmax{yvmAy, VmdA® o' . M, vmA* ||o'|| ., B}

— VmdO (max{m, %}) .

Proof. The idea is to apply Lemma [2.5.28 with o’ = 0, W/ = 0, ¥’ = 0, and b = 0. Note that
W], <Vd |W{l,, < vmdA. The result then follows by applying lemma with p, = /mA,
=vmdA, p3 =\/mA and p, = B and p| = p, = p} = A. O

2.5.3.5 Uniform Convergence over the Class

We now show that ||(7,, — Tk )g||, is uniformly small for all ¢ in a suitable class of functions
C'. Ultimately we will show that r, € C' and thus this result is towards proving that
(T}, — Tgoo)7t]|, is small.

Lemma 2.5.30. Let K(x,2') by a continuous, symmetric, positive-definite kernel and
let Kk = maxzex K(z,2) < oco. Let Tkh(e) = [ K (s)dp(s) and T,h(e) =
%Z?:lK(o,xi)h(xi) be the associated operators. Let o, denote the largest eigenvalue of
Txk. Let C and W(m,d) be defined as in Corollary[2.5.29 WeletC'={g— f*:9€C}n{g:
gl < S} be the set where C is translated by the target function f* then intersected with the

L ball of radius S > 0. Then with probability at least 1 — § over the sampling of x1,...,x,

25 /o1kv/21log(c/d) + 2plog(|| K|, ¥ (m,d)\/n) 2
T, —1T, < = + —
sup I )9l NG NG

2 [1 + Sm\/Z log(¢/8) + O(p)
v .
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Proof. Let g € C'. We introduce the random variables Y; := K, g(z;) — E,.,[K,g(z)] taking
values in the Hilbert space H for i € [n] where H is the RKHS associated with K. Note that

for any z
[ K29(2) |5 = l9() |V (Ke, Ki)y < Sy K(z,2) < Skl/?,

Thus [|Y;||,, < 2Sk!? a.s. Thus by Hoeffding’s inequality for random variables taking values
in a separable Hilbert space (see Section 2.4 [RBV10]) we have

1 n
P —g Z;
< nizl H

Note that by basic properties of the covering number we have that

> t) < 2exp (—nt2/2[25m1/2]2) .

N(C € lloe) SNCo€/2, [1ll0),

thus by Corollary [2.5.29| the covering number of C’ satisfies (up to a redefinition of C)

Nee ) < (KDY

Let A be an € net of €’ in the uniform norm. Note that + 3" | Y; = (T}, — Tk)g. Thus by

taking a union bound we have
U(m,d)\"
P (mAx I — Tiglly > t) < (M) 2exp (—nt?/2(25K172)
ge €

Note that for any probability measure v and h € L™

/XK(%S)h(S)dV s) S/XlK(x,S)IIh(S)IdV(S)S Ko 1l

It follows that for any h € L

(T — To)hllo < 201K 17l
Note for any g € C’' we can pick ¢ in A such that ||g — g||,, < €. Then
(T = Tk )glly < I(Th = Tr)dlly + (T = T) (g — 9)ll;
< Vou (1w = Tk)glly + I(Tn = Tr) (9 — 9)ll
< Vot + 2K llg = dll

< Vot + 2| K| e,
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where we have used the fact that e[|, < /o1 ||e][;, and [|e||, < [[e]| , in the second inequality.

Thus by setting

L 2SKkY2\/2log(c/d) + 2plog(W(m, d)/e)
= NG
we have with probability at least 1 — ¢

sup (T, — Tx)gll, <
gec’

\/0_125%1/2 V2 log(c/é)\/g 2plog(W(m,d)/e)

This argument runs through for any € > 0. Thus by setting € = W we get the desired

+2|| K| e

result. O

2.5.3.6 Neural Network is in the Class

In this section we demonstrate that the neural network in such a class as C as defined in
Lemma [2.5.28, Once we have this we can use Lemma [2.5.30[to show that ||(Tke — T},)7]], is

uniformly small. The first step is to bound the parameter norms, hence the following lemma.

Lemma 2.5.31. Assume that W; ; ~W, by ~ B, a; ~ A are all i.i.d zero-mean, subgaussian
random variables with unit variance. Furthermore assume |[1{[,, , [[well,,, , laell,,, , [bell,,, < K
for each € [m] where K > 1. LetT' > 1, T > 0, D := 3max{|c(0)|, M |lo'|| ., o'l 1},

and

€(t) = ma{—= (Wl .= [0l <= a1}
Furthermore assume
4D ||y|[zn T
[log(I")]?
Then with probability at least 1 —

4D?0(log(c/8) + O(d))T?
[log(I")]?

and m > max{

, O(log(c/d) + O(d))} :

H<T
féf%g( ) <

1+C

vm

If one instead does the doubling trick then the second condition on m can be removed from

Vi + K? log(c/5)]

the hypothesis and the same conclusion holds.
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Proof. First assume we are not doing the doubling trick. Note that the hypothesis on m is
strong enough to satisfy the hypothesis of Lemma therefore we have with probability
at least 1 — ¢

max£(t) < T(0).

t<T
Well then separately by Lemma [2.5.17] with probability at least 1 — 9
2
<14 C\/a—i— K wlog(c/é)'
vm

Thus by replacing § with 6/2 in the previous statements and taking a union bound we have

£(0)

with probability at least 1 — 9

Vd + K?\/log(c/d)
<
trerﬁ)Tc]ﬁ(t)_F 1+C N

which is the desired result. Now suppose instead one does the doubling trick. We recall that
the doubling trick does not change £(0). Thus we can run through the exact same argument
as before except when we apply Lemma [2.5.23| we can remove the second condition on m

from the hypothesis. [

The following lemma bounds the bias term.

Lemma 2.5.32. For any initial conditions we have
[bo(£)] < 100 (0)] + ¢ [|7(0)[|n -

Proof. Note that

n

0!

i=1

|0ubo(t)] = < [7Olgn < [17(0)[gn

Thus by the fundamental theorem of calculus

[bo(t)] < 100 (0)] + ¢ [|7(0) | -
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The following lemma demonstrates that the residual r, = f; — f* is bounded.

Lemma 2.5.33. Assume that W; ; ~W, by ~ B, a; ~ A are all i.i.d zero-mean, subgaussian
random variables with unit variance. Furthermore assume |[1{[,, , [[well,,, , llacll,,, , [0ell,,, < K
for each £ € [m] where K > 1. LetI' > 1, T > 0, D := 3max{|o(0)|, M ||o'||., |lo'|l. , 1},
and assume
4D ||yl T
[log(T")]?

Then with probability at least 1 — 0 fort <T

4D?0(log(c/8) + O(d))T?
[log(I")]?

and m > max { O(log(c/d) + O(d))} .

v+ K2\/1oa(c/5) |
m

If one instead does the doubling trick then the second condition on m can be removed from

1fe = e < W fo = Fllo +  17(0) ||z, CD*T* [1 +C

the hypothesis and the same conclusion holds.
Proof. Recall that

AE) = P2 = =3 3 Koo ) ) = 2 3 Kl
Thus
|0:(fe(2) = f(@))] < ~ Z (Ko (@, 2a) [|7 ()] < (1Ko 17(8) lgn < 1o 117(0) | en
Well by Lemma we have that || K|, < CD*¢*(t) where

1 1 1
§(t) = max{\/—ﬁ Wl T 161l N lally ;13-

Well by Lemma [2.5.31] we have that with probability at least 1 — ¢

Vd+ K2\/log(c/d)
N :

Thus by the fundamental theorem of calculus for t < T

ri+c

<
tg}&}ﬂf( ) <

1+C

fu(@) = £ (@) < |fola) = £*(2)] + t[[#(0) . CD*T vd+ K 10g<0/5>]

Jm
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Thus by taking the supremum over x we get

2
d 21 B
Ifi — il < Ifo— ¥l + ]I7(0) || gn CD?T? |1+ C\/_+ K\/_\m/ og(c/9) ,

which is the desired conclusion. O

We can now finally prove that ||(Txe — 1},)r||, is uniformly small.

Lemma 2.5.34. Let K(z, ) by a continuous, symmetric, positive-definite kernel and let k =

max, K (z,z) < co. Let Tih(e) = [ K(e,s)h(s)dp(s) and T,h(e) = 23" | K(e, z;)h(z;)

be the associated operators. Assume that W;; ~ W, by ~ B, a; ~ A are all i.i.d zero-mean,

subgaussian random variables with unit variance. Furthermore assume

1l 5 llwelly, » llaelly,  10elly,  lbolly, < K

for each € € [m] where K' > 1. LetT' > 1, T >0, D := 3max{|c(0)|, M |lo'|| ., |0l , 1}

and assume

4D? |ly |l T
[log(T")]?

4D?0(log(c/d) + O(d))T?
[log(T")]?

and m > max{

,0(log(c/d) + O(d))} .

If we are doing the doubling trick set S’ = 0 and otherwise set

§' = CD(K')\/ dlog(CMO(v/m)) + log(c/6) = O(/d).

Then with probability at least 1 — 0

) * SNY(1+TT?), /o1k
sup (T — Ti)relly = O ((Hf et >(\/ﬁ+ ) P)

and

Irollse < N1/ Mlo + 5"

If we are performing the doubling trick the second condition on m can be removed and the

same conclusion holds.
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Proof. By Lemma [2.5.31] we have with probability at least 1 — 9

tr&g?p(} E()<T |1+ C\/C_l i (K?/Qﬁ” log(c/9) =: A. (2.8)

Also by Lemma [2.5.32

[bo ()] < [bo(0)| + ¢ [|7(0) |l -

If we are doing the doubling trick then bo(0) = 0. Otherwise by Lemma [2.5.15| we have with
probability at least 1 — ¢

1b0(0)| < CK'+/log(c/9).
Furthermore by Lemma [2.5.22| we have

17O lgn < NlYllgn + 17 (#560)llc

Let L be defined as in Lemma [2.5.21] i.e.

L(m,o,d, K',6) = v/m |0’ {1 n e Yt (K/\)/Q% log(c/9) } — O(v/m).

If we are not performing the doubling trick set

S' = CD(K")?\/dlog(CML) + log(c/).

Otherwise if we are performing the doubling trick set S’ = 0. In either case by Lemma [2.5.21

we have with probability at least 1 — o
1/ (®:60)[l < 5" (2.9)
In particular by Lemma [2.5.22] we have

17O llzn < llYllen + 11/ (95 00) e < [[Yllgn + 5"

Thus we can say

[bo(t)] < [bo(0)] + ¢ [[7(0)|pn < C'K'\/log(c/8) + T(|[yllg. +5) = B
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and this holds whether or not we are performing the doubling trick. Thus up until time T’
the neural network is in class C as defined in Corollary [2.5.29] with parameters A and B as

defined above. Moreover by Lemma [2.5.33] separate from the randomness before we have

that with probability at least 1 — ¢

I7elloe < ll7olle + € 17(0) [ C DT

- C\/E+ (K’)\/Zﬁ\/log(c/é)] |

Well note that when ([2.9)) holds we have
17O llgn < lIrolloe < 11" Mlo + 15 (9 60) ]l < 11"l + 5"

Thus

9 2
Irelle < (If* e + ) 4 1+ TC DT 1+cﬁ+(K>vl®g<C/‘”] .5

Jm

Thus by taking a union bound and redefining § we have by an application of Lemma [2.5.30
with S as defined in the hypothesis of the current theorem that with probability at least
1—-9

1+ smﬁ log(c/d) + O(P)}

\/ﬁ
(U + SO+ TTY) o
=0 ( 7 )

where we have used that S = O([|| f*||.. + S'][1 + TT?]). O

2 {
sup [|(Tn — T )relly <
t<T

2.5.3.7 Proof of Theorem [2.3.5]

We are almost ready to prove Theorem [2.3.5, However first we must introduce a couple
lemmas. The following lemma uses the damped deviations equation to bound the difference

between 7, and exp(—Txt)ro.
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Lemma 2.5.35. Let K(z,2') be a continuous, symmeltric, positive-definite kernel with as-
sociated operator Tich(e) = [, K(e,s)h(s)dp(s). Let Tih(e) =+ 3" | K(e,x;)h(x;) denote

the operator associated with the time-dependent NT K. Then

1 — exp(—oyt)

1P (i = exp(=Txt)ro)ll; < sup [|(Tx = T3)7slly »

s<t
and

lre — exp(=Tict)roll, <t -sup [(Tie = Trall,
s<t
Proof. From Lemma [2.2.3| we have
t
ry = exp(—Tkt)ro + / exp(=Tx(t — s))(Tx — T,))rsds.
0
Thus for any k£ € N
t
Pi(ry — exp(=Tkt)ry) = Pk/ exp(—Tk(t —s))(Tx —T,;)rsds
0
t
= / Pyexp(=Tk(t — s))(Tx — T3)rsds.
0
Therefore

t
| Pe(ry — exp(=Txt)ro)|ly, = / Prexp(=Tx(t —s))(Tk —T7)rsds
0

2

t
< [ IPeexp(~Tielt = 9)(Tic =~ To)re] ds
0
t
S/MMWGHWﬂWMH—ﬁmM@
0

SAwMWw—WMﬂ—ﬁMM%

1 — exp(—oyxt s
< Co) o |(Tie = Tl
Ok s<t

85



Similarly

rm—am&nwmm:HAEmvTﬂrw»ak—ﬁwns

2

t
< [ lexp(=Tictt = 9)(Tac = T2l s
0
t
s/m@vnwwmmn—ﬁmmw
0
t
s/wn—ﬁmmwsrmwm—ﬁmm
0 s<t

]

In light of the previous lemma we would like to have a bound for ||(Tx — T;)r;||,. This

is accomplished by the following lemma.

Lemma 2.5.36. Let K(x x') by a continuous, symmetric, positive-definite kernel. Let
Txh(e) = [ K (s)dp(s) and T,h(e) = 37" | K(e,x;)h(z;) be the associated oper-
ators. Let Tjh(o) = %21:1 K(e,z;)h(x;) denote the operator associated with the time-
dependent NT K. Then

sup |(Tic = Tl < sup (T = Tl +5up 1K = Ko 17(0)
s<T s<T s<T
Proof. We have that

“(TK - T;)TSHQ < H(TK - Tn)TSHQ + H(Tn - Ti)TSHQ .

Now observe that

3

1
’(T TS 7“5 — x xz (xwri)]rs(xi)
n
=1
1 n
< D K (2, 35) — Ko(w,2:)|[ro()]
1=1

<K = Klloo [17(5)[gn < 15 = Kl oo [7(0) l|gen -

Therefore

(T = T)rslly < (T = To)rslloe < I = Kl 17(0) [l -
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Thus

sup [|(Tx — T3)rslly < sup [[(Tk — To)rslly + sup [| K — K| [|7(0)[|gn -
s<T s<T s<T

]

We are almost ready to finally prove Theorem [2.3.5] We must prove one final lemma
that combines Lemma [2.5.34] with the NTK deviation bounds in Theorem 2.5.26 to show

that ||(Txe — T})rs||, is uniformly small.

Lemma 2.5.37. Assume that W, ; ~W, by ~ B, a; ~ A are all i.i.d zero-mean, subgaussian
random variables with unit variance. Furthermore assume [|[1|,,, , [[well,,, , lacll,, » 10ell,, < K

for each ¢ € [m] where K > 1. LetT' > 1, T > 0, D := 3max{|c(0)|, M |lo'|| ., o'l 1}

and assume

4D?0(log(c/8) + O(d))T?
[log(I")]?

If we are doing the doubling trick set S = 0 and otherwise set

4D? |lyl5n T
[log(T)]?

and m > max{

, O(log(c/d) + O(d))} :

§' = CDK*\/dlog(CMO(v/m)) + log(c/6) = O(Vd), S = 8"+ | ]

Then with probability at least 1 —

- [ . Vd S(1+TT?),/oirp
Troo — THrgll, = O [ S—= [1 + T3S .

4D20(log(c/8)+0(d))T?
[log(I")]?

If we are performing the doubling trick the condition m > can be removed

and the same conclusion holds.

Proof. Note by Lemma [2.5.36| we have
sup [[(Tioo = T)7slly < sup [[(Tree — To)rslly +sup [ K% = K| [[7(0)[|gn -
s<T s<T s<T

Well then by Theorem [2.5.26| we have with probability at least 1 — § that

(i
K, —K=®|_=0—-—= 11+t 0)|.] | .
%DH ’ [ (m[ 17(0) /g ]

87



Separately by Lemma [2.5.34] we have with probability at least 1 — 9
8 ((Ilf*lloo +5)(1+ TF2)\/01HP) _5 (5(1 + TPQ)\/UWP)

Sup [Tk = T)rslly = O NG NG
and
17(0)ln < (Il < 5
The result follows then from taking a union bound and replacing 6 with §/2. m

We now proceed to prove the main theorem of this paper.

Theorem 2.3.5. Assume that Assumptions|2.5.5 and |2.5.4] hold. Let Py be the orthogonal

projection in L* onto span{é1, ..., ¢} and let D := 3max{|c(0)|, M ||o’||, lo'|l s 1} If we
are doing the doubling trick set S = 0 and otherwise set S’ = O (\/O(d) + log(c/é)) , S=

| f*llo + S Also let T > 0. Assume m > D? ||y|2, T?, and
m > O(log(c/d) + O(d)) max {1%,1}.

Then with probability at least 1 — § we have that for allt <T and k € N

O(S[1+tS]\/—\/%+S(1+T)

1— —oit
1Py — exp(=Tig=t)ro)]], < ~—XPZ)

SIS

)

O
and

|7 — exp(—Tiot)roll, < tO (S [1+tS] \/—\/% +S(1+ T)%) :

Proof. By Lemma [2.5.35| we have for any k € N
1 — exp(—oyt)

[Pk (i — exp(=Tx=t)ro)ll, < SUp [|(Tieos = To)rslly

and furthermore
[7e — exp(=Tg=t)rol| < tsup [(Treoe —T5)7s][5 -
s<t

Well the conditions on m in the hypothesis suffice to apply Lemma with I' = e? ensure
that with probability at least 1 — ¢

su — T, = O ﬁ SU+T)\/o1kp
sgIt)H(TKOO T)rsll, = O <S\/ﬁ [1+1tS]+ NG > :
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Since k and oy only depend on K which is fixed we will treat them as constants for simplicity
of presentation of the main result (note that they were tracked in all previous results for
anyone interested in the specific constants). The desired result follows from plugging in the

above expression into the previous bounds after setting oy and s as constants. O

Theorem [2.3.5]is strong enough to get a bound on the test error, which is demonstrated

by the following corollary.

Corollary 2.3.6. Assume Assumptions|2.5.5 and [2.3.4| hold. Suppose that f* = O(1) and

assume we are performing the doubling trick where fo =0 so that ro = —f*. Let k € N and

o ||,/ €t/
let Py be the orthogonal projection onto span{¢s, ..., ¢r}. Set t = l g(ﬁ”P’gi 1o/ Then we

have that m = Q(-%) and n = Q <ﬁ> suffices to ensure with probability at least 1 — o
k

EO'k

1 x
3 Irell3 < 2€ +211(1 = Po) S5

Proof. Set t = g (V2P /%) Note that

Ok

1 1
5 Ire]|5 < 5 [llexp(—Tiet)rolly + [|Ire — exp(—Txeot)rol,)”
< 2max{|lexp(—Txwt)roll, , |1 — exp(—Tx=t)ro|l,}*

< 2 [[|exp(=Txeot)roll; + e — exp(=Txt)roll,] -

Note that
lexp(—Ticwot)rolly = [lexp(=Txeet) f*[l5 = D exp(—20:t)|(f*, ¢i)al’
=1
k 9]
S eXp(—ZO'kt) Z |<f*7 ¢i>2|2 + Z ’<f*7 ¢i>2|2
=1 i=k+1

€ *
= Sl = PSS
We want to apply Theorem with 7' =t. We need
m > D?|y||%. t* and m > O(log(c/8) + O(d)) max{t? 1}.
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Note that since f* = O(1) we have that ||7(0)||g. = ||y|/[gn = O(1). Then

. - /1
2 2 6(82) :0(—2>.

O

D? ||y

thus our condition on m is strong enough to satisfy the first condition. Also O(log(c/d) +
O(d)) max{t?,1} = O(dt?) which is satisfied by our condition on m. Thus by an application
of Theorem [2.3.5| with T = ¢t we have with probability at least 1 — §

2 * * \/E * \/ﬁ
It = exp(=Tk<t)roll, < 1O (Hf oo [+ 21 Mo vt 1/l (1 +t)ﬁ :
Recall that f* = O(1). Thus the first term above is
orYi) o 2‘/3 .
Vvm opv/m
Thus setting m = Q(w%) suffices to ensure the first term is bounded by €'/2/(2y/2). Similarly
- [t -
@) VP _ @) VP :
Vi N

Thus setting n = Q <ﬁ> suffices to ensure that the second term bounded by €'/2/(2v/2).
k

the second term is

Thus in this case we have
/2
[7: — exp(—=Tgot)roll, < —=

7

Thus we have

1 *
3 Iell5 < 2 [lexp(=Tx=t)rolls + e — exp(~Txet)rolly] < 2¢+2|[(1 — Fi) f*;-

2.5.3.8 Deterministic Initialization

In this section we will prove a version of Theorem [2.3.5| where instead of 6y being chosen
randomly we take 0y to be some deterministic value. 6, could represent the parameters
given by the output of some pretraining procedure that is independent of the training data,

or selected with a priori knowledge.
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Lemma 2.5.38. Let 0y be a fized parameter initialization. Let ' > 1, T > 0, D =
3max{lo(0)], M [lo’] . [lo"]« » 1},

(1) = max{% W, ﬁ 1@, 715 la()ll, 13,

Et) = max{mas lwe(t)lly , a(t)llc » [16(8)lloo - 13-

Furthermore assume
D? ||#(0) g T
[log(I")]?

Then
max £(t) < TE(0),  max (1) < T4(0),

te[0,T] te[0,T]
Proof. By the hypothesis on m we have that for ¢t < T

D ||7(0)||g- t
Jm

Therefore by Lemmas [2.5.2| and [2.5.3| the desired result holds. ]

<logl.

Lemma 2.5.39. Let 0y be a fized parameter initialization. Let ' > 1, T > 0, D =
3max{lo(0)], M [lo’| . [lo"] & » 1},

(1) = max{% W, ﬁ 1@, 715 la()ll, 13,

and assume
D?||#(0)||z. T*
[log(T")]?

Then fort <T
1fe = Flloe < ILfo = Flloc + £ [17(0) | CD*I2E(0)%,

Proof. Recall that

i) = 17 (@)) = = D Kol ) (o) = () = = D Kol )i (0.
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Thus
* 1 - ~ ~ ~
|0:(fe(x) = [*(2))] < EZ (Ko (@, 2a) [[7 ()] < (1Ko 17(0) lgn < 1o 117(0) | en
i=1
Well by Lemma we have that || K|, < CD?¢%(t). Also by Lemma [2.5.38 we have that

[nax & (t) < T€(0).

Thus by the fundamental theorem of calculus for ¢t < T
[fe(@) = f*(2)| < |folx) = f*(@)] + ¢ [|#(0)[|p. CD*T?(0)*.

Thus by taking the supremum over z we get

1o = [ llse < Ifo = ¥l + EII7(0)[pn CD?T2E(0)
which is the desired conclusion. O

Lemma 2.5.40. Let 0y be a fixed parameter initialization. Let Ky denote the time-dependent

NTK at initialization 6y. Let

Ty, h(e) = /XKO(-,s)h(s)dp(S)
and n
Toh(e) = % Z Ko(e, zi)h(x;)

be the associated operators. Let k = max, Ko(x,z) and let o1 denote the largest eigenvalue

of Tk,. LetI'>1, T >0, D :=3max{|c(0)[, M ||o'|| ., llo"]l, 1},

5@)zxan;%ﬁuw«om@ﬂ;%gubmnu7;%;namnb7lh

and assume
X 2
- D* (|| £l + lfoll )" T?

B [log(I")}
Then with probability at least 1 — 0 over the sampling of x1, ..., x, we have that
= (W oo + N foll ) (14 TT2€(0)%) /o1 Rp
sup (T, ~ T, = 0 (1 M) L TESRIVEID ),

t<T
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Proof. First note that
17Oz < l7olloe < 1Mo + Loll o - (2.10)

Thus our hypothesis on m is strong enough to apply Lemma [2.5.38| so that we have

max £(t) < T¢(0) =: A. (2.11)

te[0,7)

Also by Lemma [2.5.32
[bo(E)] < [b0(0)| + E[|7(0) |l

therefore

max [bo(t)| < [bo(0)] + T'|[7(0) ]| := B-

Thus up until time 7' the neural network is in class C as defined in Corollary [2.5.29| with

parameters A and B as defined above. Furthermore by Lemma [2.5.39 we have
1fe = e < I fo = Flloe + 17(0)[|g CD*T?E(0)*.

Well then by and the above we have
Irelle < (1 e + I folloo) {1+ TCDT?E(0)*} =: S.

Thus by an application of Lemma [2.5.30| with K = K, we have with probability at least

1 — 0 over the sampling of z1,...,x, that

1+ S\/m\/z log(c/d) + O(p)}

2 {
sup [|(Tn — T )relly <
t<T

\/ﬁ
_5 <(||f*||oo + |l foll o) (X + TFQf(O)Q)\/01KP>
N
where we have used that S = O([|| f*||. + I follJ[1 + TT2E(0)2]). O

Lemma 2.5.41. Let 6y be a fixed parameter initialization. Let I' > 1, T > 0,
D := 3max{|o(0)|, M [[o'] ., o'l - 1},
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D = [max{ o]l 0| M2 + 1] + D [lo’]|..] maxc{L, M},
() = max{% W, % 1@, Tlm la()ll, 1},

£(t) = max{masxlwe(t)lly , a(t)llc » [16(t)lloo - 13-

Furthermore assume
D?[|#(0) || T*
[log(T")]2

Then fort <T

CcDD’ ~
[ Ko — Kl oo < tWF?’ﬁ(O)Qﬁ(O) 17(0) [ gen -

Proof. Note by Lemma we have that

sup Ko, y)] < C%'s@)?é@) 170 e -

z,yEBMXBM

Now applying Lemma [2.5.38 and the fact that ||7(¢)||g. < ||7#(0)|lg. from the above we get
that for t <T

CDD’
sup 0K (z,y)| <
x»yEBA/IXBM’ ' t( )l \/%

Thus by the fundamental theorem of calculus we have that for ¢t < T

I3€(0)2€(0) [|7(0) g -

CDD'
Jm

1Ko — Kill, <t T2€(0)%(0) [17(0) g -

Theorem 2.5.42. Let 6y be a fized parameter initialization. Assume that Assumption|2.35.
holds. Let {¢;}; denote the eigenfunctions of Ty, corresponding to the nonzero eigenval-
ues, which we enumerate oy > o9 > ---. Let P, be the orthogonal projection in L? onto

span{ @1, ..., ¢r} and let D := 3max{|c(0)|, M ||o’|| ., |lo'||. . 1}. Also let T >0 and set
1 1 1
£(0) = max{ = W) = IO = )l 11

£(0) = max{max [we(0)lly , [a(0)lls » [16(0) oo - 1}
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S = O([If* oo + I foll][L + TE(0)).

Assume

m > D*[||f Nl + I folloe]” T2

Then with probability at least 1 — 9 over the sampling of x1, ..., x, we have that for allt <T
and k € N

| Pe(re — exp(—=T,t)ro)|y < L= exgk(_akt)é (\/%5(0)25(0) 17(0) |5 + Vo \/U%l{p) )

and

I = exp(~Tigral, < ¢0 ( €O IO, + V2T

Proof. By Lemma [2.5.35| we have for any k € N

1 — exp(—oyt)

1Pk (ri = exp(=Trot)ro)ll, < sup [|(Tro = T5)7sl5 5

s<t
and furthermore
e = exp(=Ticot)rol| < tsup [|(Tico — Ta)rsl,
Let T,h(e) = 23" | Ko(e, 2;)h(z;) be the discretization of Tk,. Thus by Lemma we
have

sup | (Tey = T2)rilly < 51D | (Tiey = To)rall +5up 150 = K [F(0) e

Note from the inequality

170}l &n < llolloe < 11" lloo + 1 foll

the hypothesis on m is strong enough to apply Lemma [2.5.41] with I' = e. Well then by an
application of Lemma with I' = e we have that

t
NZD

Separately by Lemma [2.5.40] we have with probability at least 1 — 9

sup [[(Tk, — To)rll, = O <<Hf*|!oo+ ||fo|roo>élﬁ +TE(0) >m) |

s<t

sup [, Kol = 0

s<t

(0°(0) ||f<o>||w) .
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Combining these results we get that

swp i, ~ Tl < 0 (=080 1O, + LY.

The desired result follows from plugging in the above expression into the previous bounds. [l
2.5.4 Damped Deviations on the Training Set

The damped deviations lemma for the training set is incredibly simple to prove and yet is

incredibly powerful as we will see later. Here is the proof.

Lemma 2.2.1. Let G € R™™" be an arbitrary positive semidefinite matriz and let G4 be the

time dependent NTK matrixz at time s. Then
t
7 = exp(—Gt)rg + / exp(—G(t — $))(G — Gs)Tsds.
0
Proof. Note that we have the equation
8tft — —GtTA’t — —Gf't + (G - Gt>’f’t.

Thus by multiplying by the integrating factor exp(Gt) and using the fact that exp(Gt) and

G commute we have that
6,5 eXp(Gt)ft = exp(Gt) (G — Gt)ft.
Therefore by the fundamental theorem of calculus
t
exp(Gt)ry — 7o = / exp(Gs)(G — Gy)Tsds,
0
which after rearrangement gives

t
7, = exp(—GH)io + / exp(—G(t — 9))(G — G.)ids.
0
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Throughout we will let wuy,...,u, denote the eigenvectors of G*° with corresponding

eigenvalues A1, ..., A,, normalized to have unit norm in ||e|

gns 1€ [|t]|gn = 1. The following
corollary demonstrates that if one is only interested in approximating the top eigenvectors,
then the deviations of the NTK only need to be small relative to the cutoff eigenvalue \;

that you care about.

Corollary 2.5.43. Let P, be the orthogonal projection onto span{uy, ..., u}. Then for any

k € [n]
. o - . 1 —exp(—Ait
[ Pe(F — exp(=G=)Fo)[[gn < sup |G = Gl 170/ e
s<t >\k
S Sup ||G00 - GS”op ||720||R" t
s<t
In particular
R o~ - . 1 —exp(—A,t
I = exp(-G*ialn < S IIG = Gillg ol L2

S sup ||GOo - GS“op ”fOHR" t.
s<t
Proof. Note by Lemma we have that
t
Fy — exp(—Gt)iy = / exp(— G (t — $))(G™ — G.)ids.
0
Therefore for any k € [n]
t
Pr(1y — exp(—G™t)1g) = Pk/ exp(—G™=(t — $))(G™ — Gy)ryds
0

_ /0 ' Peexp(—GR(t — ))(G™ — G)uds.
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Thus

t
| Pe (7 — exp(—G™t)70)||gn = / Prexp(—G>(t — 5))(G™ — G4)Tsds
0

RT’L

t
< / | P exp(—G™(t — $))(C™ — Gu)allge ds
0
t
< / 1Pyexp(=G=(t = $))[l,, 1G™ — Gall,, Iallpn ds
t
< / exp(—(t — ) [G™ — Gul,, [IFollgn ds
0

t
< Slg) 1G> = Gsll,p 170l g / exp(—Ag(t — s))ds
s< 0

1 — exp(—Ait)
Ak

S sup ||GOO - GSHop ||f0||R"
s<t
< sup |G = G|, [[Follpn ¢
s<t

where we have used the inequality 1 + x < exp(x) in the last inequality. By specializing to

the case k = n since spanf{uy, ..., u,} = R™ we have
, . . 1 —exp(—Aut
I — exp(~ G0l < sup |G = Gull, g 2t
s<t n
S sup ||G’C>O - G(5||op ”/ﬁOHR” 2
s<t
This completes the proof. O

Theorem uses the concept of damped deviations to compare r, with exp(—Txt)ro.
We can also prove the analogous statement on the training set that compares 7; to

exp(—G*°t)ry. The following is the analog of Theorem on the training set.

Theorem 2.5.44. Let D := 3max{|c(0)|, M ||o'|| .. llo'|l,1}. Also let T > 1,7 > 0.

Furthermore assume

4D” |ly|lgn T
[log(T")]?

4D?0(log(c/d) + O(d))T?
[log(T")]?

and m > max { ,O(log(c/0) + O(d))} .
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Let Py be the orthogonal projection onto span{uy,...,ux}. Then with probability at least 1—6

we have for any k € [n] and t <T

| Pi(Fe — exp(=G=1)fo) || <

1—exp(—)\kt) “ ~ \/E 3 (A
= ol O (ﬁ 14T ||r<o>||Rn}>

< t]|7o]|gn O (\% [1+T° ||f(0)|lw}> )

wmn particular

. o 1 —exp(=Aut) , . ~
70— exp(~G 1)l < P )||ro||Rn0<

< 1oz O (% [1 418 ||f<o>||w}> -

[1+ T IIf(O)IIRn]>

B

4D20(log(c/8)+0(d))T?
[log(T")]?

If one instead does the doubling trick the term can be removed from the

hypothesis on m and the same conclusion holds.

Proof. By Corollary [2.5.43| we have

. o -~ . 1 —exp(—Agt
Pl — exp(~Gt)) g < 51 |G — Gl ol - P

s<t )\k

< sup |G = Gillgn (|70l t-
s<t

Well by Theorem [2.5.27 we have with probability at least 1 — ¢

[ Va

G™ =Gy, O == [1+tI?[|(0)]|gn] | -
sup |G = Gl < ( e [+ O]

The desired result follows from plugging this in to the previous bounds. O]

2.5.5 Proof of Theorem

We can now quickly prove our analog of Theorem 4.1 from [ADH19a].

Theorem 2.3.7. Assume m = Q(dn’e 2\, (H®)™*) and m > O(log(c/d) + O(d)) and f* =

O(1). Assume we are performing the doubling trick so that 7o = —y. Let vy,...,v, denote
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the eigenvectors of G normalized to have unit L2 norm ||v;||, = 1. Then with probability
at least 1 — 0
7o = exp(=G=t)(—y) +4(1),

where sup;sq [|0(t)||, < €. In particular

17l = | D exp(=2Xit)[(y, vidal? £ e.
i=1

Proof. Set T = log(||7(0)||gn v/1/€)/A\s. Note that since f* = O(1) and we are performing
the doubling trick we have that ||Follg. = ||yllg. = O(1). Recall that X, = X, (H*>)
therefore m = Q(dn’e 2\, (H®)™*) = Q(dne 2\ 1) is strong enough to ensure that

4D? |yl T

[log(2)]?

Then by an application of Theorem [2.5.44] with I' = 2 we have with probability at least 1 —9

=0\, m = O(log(c/d) +O(d)) = O(d).

that for all t < T

A vm
< I7ollen 5 ( VA 1y pps ||f<0>\|Rn}> -

R o~ 1 —exp(—=Aut) , . ~ ([ Vd R
|7 — exp(=G™t)Fo|gn < (=2:h) 170]|gn O <— 1+ H?“(@Hw])

A Jm

Since f* = O(1) we have that ||7||g. = ||y||[gn = O(1) therefore the above bound is

(AT - [ Vd 1
O(ﬁg)”(ﬁ?z)

Thus m = Q(dn’e 2\, (H*®)™*) = Q(dne 2\ *) suffices to make the above term bounded by
¢/+/n. Thus in this case

sup |17 — exp(—G>®t)Fol|gn < €/v/n.
t<

Let 6(t) = 7y — exp(=G*t)7y. We have just shown that sup,.p [|0(2)|g. < €/v/n. We will
now bound §(¢) for t > T'. Note that for ¢t > T

lexp(=G>t)follgn < exp(=Ant) [[Follgn < exp(=AaT) [[Follpn < €/v/n.
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Also for t > T
17ellgn < P7llge < llexp(=G=T)iollgn + [16(T)llgn < 2¢/v/n
where we have used that [|7||. is nonincreasing for gradient flow. Therefore for ¢t > T’

[6) Iz < 172l + llexp(=G>t)Pollgn < 3e/v/n.

Thus we have shown
sup [18(0)|lg, < 3¢/v/n.
>0

The desired result follows from replacing € with €/3 in the previous argument and using the

fact that (o], = vt o]z and 7o = —y. .

2.5.6 Proof of Theorem [2.3.8

Using some lemmas that we leave to the following section, we can prove Theorem quite

quickly using the damped deviations equation and the NTK deviation bounds.

2.5.6.1 Main Theorem

Theorem 2.3.8. Assume Assumptions |2.5.5 and hold. Furthermore assume m =
Q (e 2dT? || f*|1°, (1 + T || f*]|..)?) where T > 0 is a time parameter and m > O(log(c/8) +
O(d)) and n > %‘fg@. Also assume f* € L*(X) C L*(X) and let PTx> be the or-
thogonal projection onto the eigenspaces of Tk corresponding to the eigenvalue o € o (T )
and higher. Assume that H(I — PTK“’)(]C*Hoo < € for some € > 0. Pick k so that o, = a and
Op+1 < @, i.e. k is the index of the last repeated eigenvalue corresponding to o in the ordered
sequence {o;};. Also assume we are performing the doubling trick so that #(0) = —y. Then
we have with probability at least 1 — 36 over the sampling of x1,...,x, and 6y that fort <T

4k || f*|l, /101og(2/0) N
(ok — Tk1)V/n

17ellzn < exp(=Axt) [[Yllgn + €.
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Proof. Recall that we have [|7(0)||gn = [|=¥|lge < ||f*]l- Note that
m=Q (2T [|f % L+ T 1 f].)°)

and m > O(log(c/d) + O(d)) are strong enough to ensure the hypothesis of Theorem [2.5.44
is satisfied with I' = 2. From now on I' = 2 = O(1) and will be treated as a constant. Then
by Theorem with probability at least 1 — § we have for t < T

o 004\ A A 2 \/C_Z ~
17e — exp(=G™t)fo|lgn < T'|7o]lg O (ﬁ [1+ 7T [[7(0)llg] | -

Thus using the fact from the doubling trick that [|7#(0)||g. = ||yllg= < [|f*]l, setting m =

Q (e2dT? || f*||1%, (1 + T || f*]|.)?) suffices to ensure that |7 — exp(—G™t)fy||g. < € for t <
T. Let Py be the orthogonal projection onto span{u, ..., ux}. Well then for ¢t <T

[7elln < lexp(=G=t)Follgn + € < | P exp(=G=t)70llgn + [[(I = Pr) exp(=G=t)70]|gn + €

< exp(=At) [I7ollgn + [I(1 = Pr)7ol[gn + €.

By Theorem [2.5.50| we have with probability at least 1 — 26 over the sampling of x1,...,x,
that

;. Ak f7]l; /101log(2/6)
I = Po)yllgn < 2¢ + :
(0% — opr1)v/n
Since we are using the doubling trick we have 7y = —y. Thus we have

) ;| Ar ||y /101og(2/6)
(I = Pe)follgn < 2€¢"+ :
(0% — ok1)v/n

Thus by taking a union bound we have with probability at least 1 — 36 for all ¢t < T

4k || £*]|5 1/ 101og(2/0) N
(o = okp1)V/n

The desired result follows from 7y = —y. O

[17¢ ]| gn < exp(—=Axt) |70 gn + +2¢ + €.

2.5.6.2 Control of Initial Residual

We will use some of the notation and operator theory from Section [2.5.3.1/and Section [2.5.3.2

in this section, thus it is recommended to have read those sections first. Let uq, ..., u, denote
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the eigenvectors of G* normalized to have unit norm in ||e||z,., i.e. ||u;|lgn = 1. Let Py be
the orthogonal projection onto span{us, ..., u;}. The goal of this section is to upper bound
the extent to which the labels y participate in the bottom eigendirections of G*, i.e. to
show that ||(I — Py)y|lg. is small. Let PT%> be some projection onto the top eigenspaces

of Tyw. The idea is to show that if ||(I — PTx>)f*

, is small then by picking P so that
rank(Py) = rank(P?x>) then ||(I — Py)yl/g. is also small with high probability. The results
in this section essentially all appear in the proofs in [SY19]. We repeat the arguments here

for completeness and due to differences in notation and constants.

We use some of the same machinery in [RBV10]. We define operators Ly : H — H and
T, :H — Hby
Tuf = [ (f Kukdpls).
Tof = = S U K,
Note that T% is equal to Tk~ on H and 7: 1is. simply the operator you get if you replace p
in the defintion of T3 with the empirical measure £ >""  §,,. We define the “restriction”

n

operator R, : H — R" by

Rnf = [f(xl)a f($2), SRR f(a:n)]T

Note here the domain of R,, is H but in other parts of this paper we will allow R, to take

more general functions as input. Define R} : R — H by

1
R (vi,...,v,) = - ;viKm.
It can be seen that
(Rov, [l = (v, Ruf)ren,
and thus R} is the adjoint of R,,. Using these operators we may write 7,, = R; R,, and
G* = R,R!. It will follow that 7,, and G* have the same eigenvalues (up to some zero

eigenvalues) and their eigenvectors are related. We recall the following result from [RBV10]

(Proposition 9):
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Theorem 2.5.45. [RBVI1(] The following hold

Lemma 2.5.46. [RBV1(] Let oy > as > ...

e The operator T, is finite rank, self-adjoint and positive, and the matric G* is sym-

metric and semi-positive definite. In particular the spectrum o(T,,) of T, has finitely

many non-zero elements and they are contained in [0, K].

The spectrum of T, and G* are the same up to zero, specifically o(G*) \ {0} =

o(T,)\{0}. Moreover if \; is a nonzero eigenvalue and u; and v; are the corresponding

eigenvector and eigenfunction for G* and T, respectively (normalized to norm 1 in

||®||gn and ||e||,, respectively), then

V; = WR* = 1/2 ZK;E UZ

(3

where (u;); is the jth component of the vector u;.

The following decompositions hold

k
G™w = Z )‘j <U), Uj>Rnt,

j=1

k
Tnf = Z )‘j<f7 Uj>7-l/0j7
j=1

where k = rank(G*) = rank(T,) and both sums run over the positive eigenvalues.

{u;}¥_, is an orthonormal basis for ker(G*®)* and {v;}f_, is an orthonormal basis for

ker(T,)*.

We will make use of the following lemma from (Proposition 6 [RBV10]):

eigenvalues of Ty. Let P be the orthogonal projection onto the eigenfunctions of Ty corre-

sponding to eigenvalues oy and above. Let P™n be the projection onto the top k eigenvectors
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of T,, so that k = dim(range(T,)) = dim(range(Ty)). Assume further that

N — ON41

T = Tolls < =]

Then

2
< ———— T = Tllgs -

T’H _ Thn
HP P HS = _
aN — N4

The following lemma will be useful.

Lemma 2.5.47. Let f* € L? and let P™ and P™ be defined as in Lemmal|2.5.46. Then

%12
S 1R ), g < W22 ’[jlf’““ [P — P2

i=k+1
Proof. We repeat the same proof as in [SY19] for completeness and to remove confusion that
may arise from differences in notation. The proof was originally given in [RBV10] albeit

with a minor error involving missing multiplicative factors. Note that

k
PTs f* =N (f*, 61)20.
j=1
Therefore .
<R PTKOOf ul Z n(bjauz)R
7j=1
Applying Cauchy-Schwarz we get
k k
(R, PTKOOf U ]Rn| [Z| I 04)2 ] Z Rodj, ui)gen| ]
J =1

)
E

<|f IIQZ Rudj, wi)men .

Well then note that

k
Z‘ n(b];uz R"’ = Z| (b]?R*ul 7-[‘2 Z/\ | Qb]avz

j=1
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Therefore

Z (R P> %), ug)en* < 1113 Z ZAI 5> vidnl”

i=k+1 i=k+1 j=1

n k
8 [V YRR S S (TR

i=k+1 j=1

On the other hand

k
PP = P g 2 D IIP™ = Py,
j=1

>0 D0 P = P ya6;, vml

j=1 i=k+1

Note that for 1 < j <k and £+ 1 <7 < n we have

<(PTH — PTn)\/0_j¢javi>’H = <PTH\/Fj¢j’Ui>H - <PTn\/Fj¢j’vi>’H

= (3505, vi)u — (\JT;07, P i) = (\/T;0,vi)n.

So

IIM?r

k n
(P — PT) /G505, i) ZZ (VTibj, vi)ul?
j=1 i=k+1

ZUkZ Z (&, vi)u

j=1 i=k-+1

To summarize we have shown

N

n

1
I P2 5 5 0w

Combining this with (2.12]) we get the final result

* 2)\
3 R 1), s < 2t e

i=k+1

We can use Lemma to produce the following bound.
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Lemma 2.5.48. Let f* € L? and let P™ and P™ be defined as in Lemmal[2.5.46 Then

%12
3 (s el < 230100 - P 2l e pn
i=k+1

Proof. We have that
(Rof*, ui)re = (Ry(I — PT6%) f* ug)pn + (Ry PT f* i) pn

Thus from the inequality (a + b)? < 2(a? + b?) we get

Y WRaf uden <2 ) [(Rall = PT) f* uidmn P +2 ) [(Ra P f* u)en]”

i=k+1 i=k+1 i=k+1

To control the first term we have
1< i}
Z (R (I — PT5) f* g | < || (I — P75 f* ]RnfEZ](I—PTK‘”)f (z:)]2.
i=k+1 =1

Then by applying Lemma [2.5.47| to the second term we get the desired result.

We recall the following lemma from (Theorem 7 [RBV10]):

Lemma 2.5.49. [RBV10] With probability at least 1 — § over the sampling of x1,...,x,

(T = Tl e < 2k+/210g(2/9)
H nllHS = \/ﬁ :

Now finally we can provide a bound on the labels participation in the bottom eigendi-

rections.

Theorem 2.5.50. Assume f* € L*(X) and let PT5= be the orthogonal projection onto the

eigenspaces of T corresponding to the eigenvalue o € o(Tk) and higher. Assume that

2= P

<¢
o

for some € > 0. Pick k so that o, = o and o1 < «, i.e. k is the index of the last repeated
eigenvalue corresponding to « in the ordered sequence {o;};. Let Py denote the orthogonal

projection onto span{us, ..., u;}. Finally assume
- 128k%log(2/4)

= (o) — 0k41)?
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Then we have with probability at least 1 — 26 over the sampling of x1, ..., x, that

f*ll, v/101og 2/5

4k ||
I — PRy f*|lgn = (I — Po)yllpn. < 2€
I(I = PR f*llgn = 111 = Po)yllg T or — o)

Proof. From Lemma [2.5.48 we have
Z |Rf Wi Rn| . Z| PTK°° ( )|2+2m”pTa_an”2 )
or HS
i=k+1
By assumption we have that the first term is bounded by 2(¢’)?. Now we must control the
term

1£7]15A 12
Illa et pr2

By Lemma [2.5.49| we have with probability at least 1 — 9

(T = Tl < 2k+/210g(2/9)
H nllHS = \/ﬁ :

Then
- 128k210g(2/6)

(Uk - 0k+1)2

suffices so that the right hand side above is less than or equal to . Thus by Lemma
2.5.46] we have that
o T 2 2 2r4/210g(2/9)
[P = Pl g € ———— 1T — Tullys < :
Ok — Ok41 Ok — Ok41 N

Thus from the above inequality we get that
[P — P

N (VA FRYS 64+ || 15 A Log(2/9)
2| s < o Pon
Ok Uk(Uk Uk+1) n

By Proposition 10 in [RBV10] we have separately with probability at least 1 — §

2k+/21log(2/6
A1 < Opyq + \/T—;g( / )

Note that

> 128k210g(2/6)

(Uk - 0k+1)2
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implies that

1 Ok — Ok41
- < ,
VT 8ky/210g(2/9)
therefore
2k+/21og(2/6 1 5
Met1 < Op1 + \/ﬁg( /%) Sak‘f‘Z(Uk_UkJrl) < Zak-
Thus
2Hf*H§/\k+1 1P PP < 6452 || (|3 A1 log(2/9) _ 80x? /115 log(2/9)
Ok S — op(ok — Okg1)*n T (ok —ok1)?n

Thus combined with our previous results we finally get that

802 |Lf*|12 log(2/9)

(Uk — Ok41)?n

I = Bo)Raf llzn = Y HRuf" uidmnl” < 2(¢)° +

i=k+1

Thus from the inequality va + b < \/5(\/5 + \/l—)) which holds for all a,b > 0 we have

T U1 Vi PRVA LTSI
(2 = PRl < 2¢ 4 LI CR0E)

Since y = R, f* this provides the desired conclusion.

2.5.7 NTK Integral Operator is Strictly Positive

Note that

K*(x,2') = Elo((w, 2)24+b)o((w, ') +b)] + E[a®0’ ({1, 2)+b)o ((w, )2+ )] (2, ')+ 1] +1

where the expectation is taken with respect to the parameter initialization. It suffices to

show that the kernel corresponding to the first term above

Ku(z,2") == Elo((w, )2 + b)o ({w, x")2 + b)]

induces a strictly positive operator Tk, f(z) = [ Ka(, s) f(s)dp(s). From the discussion in
Section [2.5.3.1] it suffices to show that the RKHS corresponding to K, is dense in L?. In
Proposition 4.1 in [RRO8D] they showed that the RKHS associated with K, has dense subset

F = {a: — /@a(w,b)a((w,a:)z +b)du(w,b) : /@ la(w, b)[*du(w, b) < oo}
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where (1 is the measure for the parameter initialization, i.e. (w,b) ~ p. Since C'(X) is dense
in L?(X) it suffices to show that F is dense in C'(X) which is provided by the following

theorem:

Theorem 2.5.51. Let o be L-Lipschitz and not a polynomial. Assume that i is a strictly

positive measure supported on all of R4, Also assume that
[ Hwl+ 1blEdntw.) < oc.
Rd+1
Then F is dense in C(X) under the uniform norm.
Proof. We first show that F C C'(X). Suppose we have f € F and write

fla) = [ alwb)o(lw)a-+ bt )

Well then

|f(z) = f(=)] =

[ oD ) (w7 + D)
= /Rdﬂ la(w,B)llo((w, 2)2 +b) — o ({w,a')s +b)|dp(w, )

< [ law bzl - 2)duwy) < [ Jatw DI ful, o -, .t
Ra+1 Rd+1

1/2 1/2
<ilo=oly| [ atwnPaatn) | [ juliduen]

Thus f is Lipschitz and thus continuous. Now suppose that F is not dense in C(X).
Then by the Riesz representation theorem there exists a nonzero signed measure v(z)
with finite total variation such that [, f(z)dv(xz) = 0 for all f € F. Well then writing
(@) = [gasr a(w, b)o((w, z)s + b)du(w, b) as before we have

/X /RM1 a(w,b)o((w, x)s + b)du(w, b)dv(z) = 0. (2.13)
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Note that

[ latw.Bllo(w. 22 + bldute.b
Rd+1
< [l D)0} + Liw. )2 + bdunto. b
R 1
< [ law )l 0)] + L(lwll 3 + [0 dut ) < o
where we have used Cauchy-Schwarz and the hypothesis on the integrability of ||w|)3, |63

in the last step. Thus the integrand in (2.13)) is p x v integrable thus by Fubini’s theorem

we may interchange the order of integration. To get that

/Rd+1 a(w,b) /X o((w, z)e + b)dv(z)du(w,b)

and the above holds for any a € L*(R**!, u). Thus [, o({w, ), + b)dv(z) = 0 for p-almost
every w,b. However by essentially the same proof as when we showed F C C'(X) we may
show that [, o((w,z)s 4+ b)dv(x) = 0 is a continuous function of (w,b). Thus since y is
a strictly positive measure on R this implies that [, o((w,z)s 4+ b)dv(z) = 0 for every
(w,b) € R4 However by Theorem 1 in [LLP93] we have that span{o((w, z)s+b) : (w,b) €
R¥ 1} is dense in C'(X). However by our previous conclusion and linearity we have that
[ g(z)dv(z) = 0 for any g in span{c((w, z)s +b) : (w,b) € R4}, which implies then that v
must equal 0. Thus F is dense in C'(X). O

Since Gaussians are supported on all of R¥! we have the following corollary:

Corollary 2.5.52. If (w,b) ~ N(0, I4y1) then K* is strictly positive.
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CHAPTER 3

Spectral Bias Outside the Training Set for Deep

Networks in the Kernel Regime

3.1 Introduction

Training heavily overparameterized networks via gradient based optimization has become
standard operating procedure in deep learning. Overparameterized networks are able to in-
terpolate arbitrary labels both in principle and in practice [ZBH17], rendering classical PAC
learning theory insufficient to explain the generalization of networks within this modality.
The high capacity of modern networks ensures that there are both good and bad empir-
ical risk minimizers. Miraculously the network preferentially chooses the good solutions
and sidesteps those that are unfavorable, posing a challenge and opportunity to today’s

researchers.

The success of overparameterized networks has prompted the theoretical community to
search for more subtle forms of capacity control [NTS15, INTS17, [GWBI17]. The contem-
porary point-of-view is that the data distribution, model parameterization, and optimiza-
tion algorithm are all relevant in limiting complexity. This has led to a variety of efforts
to characterize the properties that networks and related models are biased towards when
optimized via gradient descent. Examples include max-margin bias for classification prob-
lems [SHNI8, [JT19, NLG19, [GLS18], minimum nuclear norm bias for matrix factorization
IGWBI17, LMZ18| [GLS18], and minimum RKHS norm bias in the kernel regime [ZXL.20].
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Empirically it is known that neural networks tend to learn low Fourier frequencies first
and add higher frequencies only later in training [RBA19, [X7ZX19, [YAA22], the phenomenon
that has been titled “Spectral Bias” or the “Frequency Principle”. Theoretical justifications
of this have been proposed by studying networks in the kernel regime. For shallow univariate
ReLU networks [RJK19, BGG20] demonstrate that the dominant eigenfunctions of the Neu-
ral Tangent Kernel (NTK) [JGHI18] correspond to the low Fourier frequencies for the uniform
distribution and more generally to smoother components for nonuniform distributions. This
echos the results by [WTP19] and [JM21] that show that univariate ReLLU networks in the
kernel regime are biased towards smooth interpolants. Abstracting away from Fourier fre-
quencies, “Spectral Bias” can be interpreted more broadly to mean bias towards learning the
top eigenfunctions of the Neural Tangent Kernel. By looking at empirical approximations to
the eigenfunctions, spectral bias was demonstrated to hold on the training set by [ADH19a],
[BGG20], and [CEFW21I]. A recent work by [BM22a] was able to demonstrate that spectral
bias holds off the training set for shallow feedforward networks when the network is underpa-
rameterized. In the present chapter we exploit the low-effective-rank property of the Fisher
Information Matrix and are able to demonstrate that spectral bias holds outside the training
set without the underparameterization requirement. In fact the number of samples can be
on the same order as the width of the network. Furthermore, by leveraging a recent work
by [LZB20b] bounding the Hessian of wide networks, our result permits deep networks with
fully connected, convolutional, and residual layers. Consequently we are able to conclude

that spectral bias holds for more realistic sample complexities and diverse architectures.

3.1.1 Our Contributions

e We provide quantitative bounds measuring the L? difference in function space between the
trajectory of a finite-width network trained on finitely many samples from the idealized

kernel dynamics of infinite width and infinite data (see Theorem and Corollary [3.3.7)).
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e As an implication of these bounds, eigenfunctions of the NTK integral operator (not just

their empirical approximations) are learned at rates corresponding to their eigenvalues

(see Corollary and Observation [3.3.8)).

e We demonstrate that the network will inherit the bias of the kernel at the beginning
of training even when the width only grows linearly with the number of samples (see

Observation [3.3.9)).

3.1.2 Related Work

NTK Convergence Results The NTK was introduced by [JGHIS| while almost con-
currently [DZP19] used it implicitly to prove a global convergence guarantee for gradient
descent applied to a shallow ReLU network. These two highly charismatic works led to
a flurry of subsequent works, of which we can only hope to provide a partial list. Global
convergence for arbitrary labels was addressed in a series of works [DZP19 [DLLI19. [(0S20],
ALST9al, NM20, Ngu21], [ZCZ20], [ZG19]. For arbitrary labels to our knowledge all works
require the network width to either grow polynomially with the number of samples n or the
inverse desired accuracy e~ !. If one assumes the target function aligns with the NTK model,
for shallow networks this can be reduced to polylogarithmic width for the logistic loss [JT20]
or linear width for the squared loss [EMW20, [SY19, [BM22a].

Spectrum of the NTK/Hessian and Generalization The fact that the NTK tends
to have a small number of large outlier eigenvalues has been observed in many works (e.g.
[ADH19a, [OFL19, LSO20]). [Pap20] demonstrated that for classification problems the logit
gradients cluster within classes, which produces outliers in the spectra of the NTK and the
Hessian of the loss. There have been a series of works analyzing the NTK/Hessian spectrum
theoretically using random matrix theory and other tools (e.g. [KAA21, PW18, [PB17, [FW20),
YS19]). Recently the spectrum of the NTK integral operator for ReLU networks has been

shown to asymptotically follow a power law [VY21]. [ADHI9a] provided a generalization
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bound that is effective when the labels align with the top eigenvectors of the NTK. [OFL19)
were able to use the low effective rank of the NTK to obtain generalization bounds, and
[LSO20] used the same property to demonstrate robustness to label noise. The low effective
rank of the Hessian has also been incorporated into PAC-Bayes bounds, most recently by
[YMC22]. Interestingly, the notion of the effective dimension they define is essentially the

same quantity we use to bound the model complexity of the network’s linearization.

NTK Eigenvector and Eigenfunction Convergence Rates [LMX22] explicitly tracked
the dynamics of the infinite-width shallow model in the Fourier domain. [ADHI19a] demon-
strated that when training the hidden layer of a shallow ReLLU network, the residual error
on the training set projected along eigenvectors of the NTK Gram matrix decays linearly
at rates corresponding to the eigenvalues. [CEW21] proved a similar statement for training
both layers, and [BGG20] proved the analogous statement for a deep fully connected ReL.U
network where the first and last layer are fixed. Our result can be viewed as the correspond-
ing statement for the test residual instead of the empirical residual: projections of the test
residual along eigenfunctions of the NTK integral operator are learned at rates corresponding
to their eigenvalues. This was shown in a recent work [BM22a] for shallow fully connected
networks that are underparameterized. By contrast our result does not require the network
to be underparameterized, and holds for deep networks with fully connected, convolutional,
and residual layers. We view our fundamental contribution as demonstrating that spectral
bias holds with more realistic sample complexities and in considerable generality with respect

to model architecture.
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3.2 Preliminaries

3.2.1 Notation

Vectors v € R¥ will be column vectors by default. We will let (e, ) and |||, denote the

Euclidean inner product and norm. We define (o, @)pn = L(e o) and ||e]|z, := \/(e, @)pn
to be the normalized Euclidean inner product and norm. The notation B(v,r) := {w :
lw =, < r} will denote the closed Euclidean ball centered at v of radius r. [Af,, ==
SUD| |y, =1 ||Av||, will denote the operator norm for matrices. For a symmetric matrix A €
R¥*k - X\;(A) denotes its i-th largest eigenvalue, i.e. A\j(A) > Xo(A) > -+ > \(A). For
a set A we will let |A] denote its cardinality. For a natural number k£ > 1, we will let
(k] :={1,...,k}. We will let LP(X,v) denote the L? space over domain X with measure
v. We will denote the inner product associated with L*(X,v) as (e,e),. We will use the

standard big O and Q notation with O and € hiding logarithmic terms.

3.2.2 NTK Dynamics

Let f(z;0) be our scalar-valued neural network model taking inputs + € X C R? parame-
terized by # € RP. For now we will not specify a specific architecture. Our training data
will be n input-label pairs {(x1,41), ..., (Tn, yn)} C R x R where we assume that the labels
y; are generated from a fixed scalar-valued target function f*, namely f*(z;) = y;. We will
let y € R™ denote the label vector y = (yi,...,y,)". Let #(f) € R™ denote the vector that
measures the residual error on the training set, whose i-th entry is 7(0); := f(z;;6) —y;. We

will optimize the squared loss

1. 1,
(0) == o 7 (0) 15 = 5 17(6)lIz.

via gradient flow

afﬂt - —89(1)(9),

116



which is the continuous time analog of gradient descent. For conciseness we will denote
7(6;) by 7, and let ri(z) := f(x;0,) — f*(x) denote the residual for an arbitrary input z not
necessarily in the training set. We may also write r(z;0) := f(x;0) — f*(x) for the residual

for an arbitrary 6.

We recall some key definitions and facts about the NTK. For a comprehensive introduc-

tion we refer the reader to [JGHIS|. We recall the definition of the analytical NTK
Koo(xv $/) = 11_I>II <V9f($? 00)7 VQf(CE/, 60))7

where m is the width of the network and the convergence is in probability over the parameter

initialization 6y ~ u. The kernel K°° induces an integral operator Tk : L*(X, p) — L*(X, p)

Tkg(z / K> (z,s)g(s)dp(s), (3.1)

where X is our input space and p is the input distribution. We assume our training inputs
Z1,...,T, are ii.d. samples from p. More generally, for a continuous kernel K(x,z’) we

define Tk : L*(X, p) — L*(X, p)

Trg(x / K(z,s)g(s)dp(s). (3.2)

Returning back to K°°, by Mercer’s theorem we have the decomposition
K>(z,2") Zazd)l ¢i(2'),

where {¢;} is an orthonormal basis for L*(X,p) and {o;} is a nonincreasing sequence of
positive values. We will see that the bias at the beginning of training within our framework
can be described entirely through the operator Tk~ and its eigenfunctions. We note that
Tk~ depends only on the model architecture, parameter initialization distribution u, and
input distribution p. The training data sample x1, ..., z, introduces a discretization of the

operator Tk
1 .
Tgla) = 30 K (w,n)alw) = [ K=(o.s)g(s)dals) 3.3)
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where p = % > 1 0g, is the empirical measure. We now introduce the time-dependent NTK

Ky(z, 55/) = (Vo f(x;0,), Vef(9‘3’$ 0:))

with the associated time-dependent operator TV
I .
Tigle) i= 5 Y- Kiwagla) = [ Kl )g()dpts) (3.4
i=1 X
The update rule for the residual r; under gradient flow is given by
1 n
Ore(x) = - Z;Kt(a:,xi)rt(xi) = —Tlr,.

Speaking loosely, as the network width tends to infinity the time-dependent NTK K;(z, x)
becomes constant so that Ky(x,z’) = K*(z,2') uniformly in ¢. If K; = K then we have
the operator equality T = T,,. Similarly, heuristically as n — oo we have T,, — Tko. Thus

in the idealized infinite-width, infinite-data limit the update rule becomes
Oyry = —Toory,
which has the solution r; = exp(—Tket)ry which is defined via its projections

(re, @) p = exp(—oit)(ro, ¢i) -
Thus in this idealized setting the network learns eigenfunctions ¢; at rates determined by
their eigenvalues ;. The dependence of the convergence rate on the magnitude of o; is
particularly relevant as the NTK tends to have a very skewed spectrum. We can esti-
mate the spectrum of K* by randomly initializing a network and computing the Gram
matrix (Gp);; = Ko(z;, ;). In Figure [3.1] we plot the spectrum of the NTK Gram Matrix
(Go)ij = Ko(x;, z;) at initialization. We observe a small number of outlier eigenvalues of
large magnitude followed by a long tail of small eigenvalues. This phenomenon has appeared
in many works (e.g. [ADHI19al [OFL19, [LSO20]). For ReL.U networks the spectrum is known
to asymptotically follow a power law o; ~ Ai™" [VY21]. The goal of this chapter is to quan-
tify the extent to which a finite-width network trained on finitely many samples behaves
like the idealized kernel dynamics r; = exp(—Tk~t)ro corresponding to infinite width and

infinite data.
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Spectrum of LeNet-5 NTK on MNIST Spectrum of shallow NTK on CIFAR10

]

<5} L

gs <

= e =]

= = 10!

.- or—

= =

0 &b

< <

g g we

g g

T@ 1 T@ 10

N :

z Z

Pl
0 200 400 600 800 1000 T T T T T T
0 200 400 600 800 1000
Index of eigenvalue Index of eigenvalue

Figure 3.1: NTK Spectrum on MNIST and CIFAR10 We plot the NTK spectrum on
MNIST and CIFARI10 for two networks using 10 random parameter initializations and data
batches. In both plots the x-axis represents the eigenvalue index k (linear scale) and the
y-axis the normalized eigenvalue A\;/\; magnitude (log scale). To avoid numerical issues, we
compute the NTK on a batch of size 2000 and plot the first 1000 eigenvalues. The left plot
computed the NTK corresponding to the logit of class 0 for LeNet-5 on MNIST. The right
plot is for a shallow fully-connected softplus network with 4000 hidden units on CIFARI10.
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3.2.3 Applicable Architectures

We now specify an architecture for our model f(x;60). We consider deep networks of the

form

Q/‘\
i
<

1
x;0) = —vTa(L),
J(;0) /M

where each v;(6", @) : R™-1 — R™ is a vector-valued function parameterized by %) ¢ R
and v € R™. We define 0+ .= v and set 0 := (0T, ... (0E+NT)T to be the collection

of all parameters. We assume each layer mapping 1; has one of the following forms:

1
Fully Connected : ¢;(8", a'=V) = w ( W(l)a(l‘1)>

mp—1

1
Convolutional : ¢ (8, oY) = w < w® « a(l—l))
i ) —

1
Residual : (0, o!=V) = w ( W(l)a(ll)> + o=V
VMi-1
Here 000 = vec(W®) and w is a twice continuously differentiable function such that w

and ' are Lipschitz. All parameters of the network will be trained as in practice. For
feedforward and residual layers W € R™>*™-1 is a matrix. For the case of convolutional
layers W e RExmxm-1 s an order-3 tensor with filter size K. The precise definition of
the convolution * is offered in Section [3.6.2.2l We will let m = min; m; denote the minimum
width of the network. We will assume that max; ™t = O(1). The input dimension d := m,
the depth L, and the filter sizes K of convolutional layers will be treated as constant. The
depth L being constant is essential for NTK convergence; see [HN20] for an explanation of

failure modes whenever depth is nonconstant.

We will now discuss our initialization scheme. We will perform the antisymmetric ini-
tialization trick introduced by [ZXL20] so that the model is identically zero at initialization

f(e;6p) = 0. Let f(x;0) be any neural network of the form described above. Then let
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6 = [g,] where 6,0 € RP. We then define

1 1 ,
= Ef(x; 0) — %f(x;ﬁ)

which takes the difference of two rescaled copies of our original model f(z; ) with parameters

fasr(x;0)

0 and ¢ that are optimized freely. The antisymmetric initialization trick initializes 6, ~

N (0, I) then sets 6o = [%]. We then optimize the model f4g; starting from the initialization
0o &

0o. This trick simultaneously ensures that the model is identically zero at initialization
without changing the NTK at initialization [ZXL20]. For ease of notation we will simply

assume from now on that f(z;60) = fasr(z;0) and not write the subscript ASI.

3.3 Main Results

Before stating our main result, we enumerate our key assumptions for the sake of clarity,

assumed to hold throughout. Detailed proofs are deferred to Section |3.6|

Assumption 3.3.1. The activation w is twice continuously differentiable and w and W' are

Lipschitz.
Assumption 3.3.2. The input domain X is compact with strictly positive Borel measure p.
Assumption 3.3.3. The target function f* satisfies || f*[ o (x ) = O(1).

Assumption 3.3.4. We use the antisymmetric initilization trick so that f(e;60y) = 0.

Most activation functions except for ReLLU satisfy Assumption|3.3.1] such as Softplus w(z) =

In(1 + €*), Sigmoid w(x) =

and Tanh w(z) = =5 . Assumption [3.3.2]is a sufficient

1
1+e—2) et e

condition for Mercer’s Theorem to hold. While Mercer’s theorem is often assumed to hold
implicitly, we prefer to make this assumption explicit. Assumption simply means
the target function is bounded. We believe the antisymmetric initialization specified in

Assumption [3.3.4] is not strictly necessary but it greatly simplifies the proofs and associated
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bounds. To sidestep [3.3.4] one would utilize high probability bounds on the magnitude
|f(z;00)| at initialization. In the following results f(x;6) will be any of the architectures

discussed in Section We are now ready to introduce the main result.

Theorem 3.3.5. Let T'> 1,e > 0. Let K(x,2') be a fized continuous, symmetric, positive
definite kernel. For k € N let P, : L*(X,p) — L*(X,p) denote the orthogonal projection
onto the span of the top k eigenfunctions of the operator Tk defined in Equation . Let
o > 0 denote the k-th eigenvalue of Tx. Then m = Q(T*/€?) and n = Q(T?/€?) suffices to
ensure with probability at least 1 — O(mn) exp(—Q(log®(m)) over the parameter initilization

0y and the training samples x1, ..., x, that for allt <T and k € N

[1 — exp(—akt)} ‘. [

*[12 2
4 ”f ||oo ||K - K0||L2(X2,p®p

1P — exp(—Tat)ro)| oy < )+l

and

2 * (12 2
I = exp(=Tict)rol 3y < 2 [A1LF 12K = ol + ]

3.3.1 Interpretation and Consequences

Theorem compares the dynamics of the residual ry(x) := f(x;0,) — f*(z) of our finite-
width model trained on finitely many samples to the idealized dynamics of a kernel method
exp(—Tkt)ro with infinite data. We recall that if ¢; is an eigenfunction of Tk with eigenvalue
o; then (exp(—Txt)ro, i), = exp(—0o;t)(ro, ¢i),. Thus the term exp(—Tkt)ro learns the pro-
jection along eigenfunction ¢; linearly at rate o;. Whenever the NTK at initialization Ky con-
centrates around K, the residual r; will inherit this bias of the kernel dynamics exp(—Txt)ro.
Furthermore, the bound for the projected difference || Py (r; — exp(—Tkt)ro) HiQ( xp) 18 smaller
whenever oy, is large. Therefore the bias appears more pronounced along eigendirections with

large eigenvalues.

Consequences for the special case K = K> In the infinite-width limit, we have that

K, approaches K for general architectures [Yan20]. For fixed x, z’, by concentration results
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the typical rate of convergence is |Ko(z,z') — K>(z,2')| = O(1/y/m) with high probability
[DZP19,DLL19,[HY20]. Bounds that hold uniformly over x, 2’ of the same rate were provided
by [BM22a] and [BGW21]. A more pessimistic estimate of 1/m!/* is provided by [ADHI9b].
Even if the rate is 1/m'/*, we have that m = Q(e 2) is strong enough to ensure that
|Ko(z,2') — K=(x,2")| < €/2. Given these results, it is reasonable to make the following

assumption for the architectures we consider (see Section [3.6.5)).

Assumption 3.3.6. m = Q(e2) suffices to ensure that || Ko — K°°||iQ(XXx pp) < € holds

with high probability 1 — 6(m) over the initialization 6y where 6(m) = o(1).

Under this assumption, by setting K = K°° in Theorem |3.3.5| we get the following corollary.

Corollary 3.3.7. Let 6(m) be defined as in Assumption which we assume to hold. Let
T>1ande>0. Fork € Nlet B, : L*(X,p) — L*(X,p) denote the orthogonal projection
onto the span of the top k eigenfunctions of the operator Tk~ defined in Equation . Let
o > 0 denote the k-th eigenvalue of Tx-. Then m = Q(T*/€%) and n = Q(T?/€®) suffices
to ensure with probability at least 1 — O(mn) exp(—Q(log®(m)) — §(m) that for allt < T and
keN

1— exp(—akt)] 2
‘€

I Pe(ri = exp(~Ti=t)ro)[Fax ) < [ Z

and

||lre — eXp(_TKoot)TOHiQ(X’p) <t e

Informally Corollary states that up to the stopping time 7', we have that
e 2 exp(—Txoot)ro.

As discussed before, the term exp(—Tk~t)ry projected along the i-th eigenfunction of K>
decays linearly, (exp(—Tkeot)ro, ¢i), = exp(—oit)(ro, ¢;),. Given that K tends to have
a highly skewed spectrum (see, e.g. Figure , the effect the magnitude of o; has on the
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convergence rate is particularly relevant. Furthermore the bound on the projected difference
| Py (re — exp(=Txeot)r0)|| 12(x ) 15 smaller whenever oy, is large due to the dependence of the
bound on the inverse eigenvalue o}, '. Thus we have that the bias along the top eigenfunctions

is particularly pronounced. Hence we make the following important observation.

Observation 3.3.8. At the beginning of training the network learns projections along eigen-
functions of the Neural Tangent Kernel integral operator Tk at rates corresponding to their

eigenvalues. This is particularly true for the eigenfunctions with large eigenvalues.

Scaling with respect to width and number of training data samples Now let us
interpret how the width m and number of training samples n in the theorem scale. We note
that as long as n < m® for some a > 0 the failure probability O(mn) exp(—Q(log?(m))) goes
to zero as m — oo. Thus once m and n are sufficiently large relative to the stopping time
T and precision €, they can both tend to infinity at just about any rate to achieve a high
probability bound. We also observe that m and n both have the same scaling with respect to
€, namely m,n = Q(G_Q). Thus for a fixed stopping time 7" we can send m and n to infinity

at the same rate m ~ n to send the error ¢ — 0. This is significant as typical NTK analysis

requires m = Q(poly(n)). We reach following important conclusion.

Observation 3.3.9. The network will inherit the bias of the kernel at the beginning of

training even when the width m only grows linearly with the number of samples n.

Scaling with respect to stopping time We will now address the scaling with respect
to the stopping time 7. The relevant question is how quickly the terms Py exp(—Tk=t)ro

and exp(—Txt)rg converge to zero. We observe that

[P exp(—=Tket)roll12(x ) < exp(—owt) [Toll p2x ) < exp(=0wt) [/ oo xp) -
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where we have used the antisymmetric initialization ro = f(e;6y) — f* =0 — f* = —f* and

the basic inequality [[e[|;o(x ,) < [|®]l = (x - Based on this we have that

t 2> 1og(|[ £l (x ) /€)/ %

suffices to ensure || Py, exp(—Tkt)rol[;2(x ) < €. Using this fact we get the following corol-

lary.

Corollary 3.3.10. Let 6(m) be defined as in Assumption which is assumed to hold.
Let T = Q(1/0}) and € > 0. For k € N let P, : L*(X,p) — L*(X, p) denote the orthogonal
projection onto the span of the top k eigenfunctions of the operator Tk defined in Equa-
tion (3.1). Let op > 0 denote the k-th eigenvalue of Tie. Then m = Q(ox~%/€%) and n =
Q(075/€?) suffices to ensure that with probability at least 1—O(mn) exp(—Q(log®(m)) — 6(m)

2
1Pkl acx ) < €

and in particular
1

2 ~ 2
2 ||TT||L2(X,p) < O(e) + [|(1 = Pk)TOHLQ(X,p) :

The interpretation of the Corollary [3.3.10] is that the stopping time 7" = Q(1/0}) is long
enough to ensure that the network has learned the top k eigenfunctions to € accuracy pro-

vided that m = Q(o; % 2) and n = Q0% 2). We note that the second conclusion of

Corollary [3.3.10 is a bound on the test error ; ||rt||i2( xp)- From the antisymmetric initial-

ization g = — f* so that ||(I — P]{;)TOHiQ(X’p) =||(I — Pk)f*HiQ(X’p). For a general target f*,
this quantity can decay arbitrary slowly with respect to k. Our goal with Theorem [3.3.5
was not to get a learning guarantee, but to describe how the bias of the kernel K is
inherited by the finite-width network at the beginning of training even for general target
functions. Nevertheless we will briefly sketch how it is possible to get a learning guaran-
tee from Corollary when f* is in the RKHS of K°°. In this case one can show that
Hexp(—TKoot)roHZLQ(Km =0 <M2ﬂ> where ||e||,, is the RKHS norm. Then treating || f*|,,

as a constant one can choose the stopping time 7" ~ e~ ! to bring the test error to e provided
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that m,n = Q(poly(e~')). More generally [VY21] derive sufficient conditions for the power
law ||exp(—TKoot)r0||i2(X’p) ~ Ct7¢ to hold. Using a similar argument in this case one can

choose the stopping time 7' ~ ¢~ /¢ and get a learning guarantee for m,n = Q(poly(e~1)).

3.3.2 Technical Comparison to Prior Work

[LXS19, [ADHI9b] compared the network f(x;0) to its linearization

Jiin(2;0) := (Vo f(z;00),0 — 0o) + f(x;60)

in the regime where m = Q(poly(n)). When m = Q(poly(n)) one can show the loss con-
verges to zero and the parameter changes ||6, — ||, are bounded. By contrast we avoid
the condition m = Q(poly(n)) by employing a stopping time. [ADH19al, [CEW21, BGG20]
proved statements similar to Theorem and Corollary that roughly correspond to
replacing Tk with its Gram matrix induced by the training data (G*);; = K*(z;, ;)
and replacing p with the empirical measure p = £ 3" 4, [ADHI9a, BGG20] operate in
the regime where m = Q(poly(n)) and as a benefit do not need to employ a stopping time.
[CEW21] instead of requiring m = Q(poly(n)) requires that the width m satisfies at least
m = Q(max{o, ", e %}) where oy, is the cutoff eigenvalue. The most similar work is [BM22al,
which demonstrated a version of Corollary for a shallow feedforward network that is
underparameterized. If p is the total number of parameters, they require m = Q(e_lTQ) and
n = Q(e_lpTQ). This requires the network to be greatly underparameterized n > p. Our

result was able to remove the dependence of n on p and demonstrate the result for general

deep architectures at the expense of slightly worse scaling with respect to T" and e.

3.4 Proof Sketch

For simplicity we will go through the case where K = K. At a high level the proof revolves

around bounding the difference between the operators Tk and T defined in Equations

126



and (@)

Bounding Operator Deviations [BM22a] demonstrated
t
re = exp(—Txet)ro + / exp(—Txoo(t — 5))(Too — T )1sds.
0

This exhibits the residual r; as a sum of exp(—Tkt)ry and a correction term. The proof of

Theorem [3.3.5| revolves around bounding the correction term which involves bounding

[(Trcee — TTL:)TSHLZ(X,p) < Tk — Tn)TsHLQ(X,p) + (T — Ti)TsHL'Z(X,p) :

At a high level [[(T5, — T77)rs[ 12(x ) Will be small whenever the kernel deviations Ko — K

are small. On the other hand by metric entropy based arguments we have that

(T — T”)TSHLQ(X,p)

will be small whenever n is large enough relative to the complexity of the residual functions

Ts.

Comparison with Linearization Let H(z;0) := V2f(x;60) denote the Hessian of our
network with respect to the parameters 6 for a fixed input z. It turns out that if || H(z,0)][,,
was uniformly small over x and € then the kernel deviations Ky — K, would be bounded and
the complexity of our model f(x;8) would be controlled by the complexity of the linearized
model fiin(x;0) := (Vof(x;00),0 — 6y). The caveat to this approach is we do not in fact
have a way to bound the Hessian H(z,6) uniformly. However [LZB20b] demonstrated that

for firzed x and R > 0 we have with high probability over the initialization 6,

~ R
(o), =0 (Fepotutr/vm) ). (35)

Using a priori parameter norm deviation bounds we have that ||6; — 6y, = O(v/t) and thus
we can set R = O(v/T). The difficulty then arises to get bounds that only depend on the

Hessian H(z;0) evaluated only on finitely many inputs x. We overcome this difficulty by
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showing for fixed 6, one has high probability bounds over the sampling of the training data
x1,..., %, that only require the Hessian evaluated on a finite point set. This requires some
elaborate calculations involving Rademacher complexity. We then use the Fubini-Tonelli
theorem and the Hessian bound to get a bound over the simultaneous sampling of 6,

and zq,...,x,.

Covering Number of the Linearized Model The complexity of the residual functions
rs up to the stopping time 7" can be controlled by bounding the complexity of the function
class C = {fin(7;0) : 0 € B(6y, R)}. In Section we show that the L?(X,p) metric
entropy of the linearized model C = { f;,(x;0) : 6 € B(6y, R)} is determined by the spectrum

of the Fisher Information Matrix
F = / Vof(z;00)Vef(x;00) dp(x). (3.6)
X

Let )\1/ ? > )\5/ > > ... > 0 denote the eigenvalues of F/2. We define the effective rank of
F'/2 at scale € as

PFY2 6) = |{i: A? > €}

This measures the number of dimensions within the unit ball whose image under F''/? can
be larger than € in Euclidean norm. In Section we demonstrate that the e covering
number of C in L*(X, p), denoted N(C, [®[z2(x ) » €); has the bound

log N (C, [|®]l12(x. - €) = O(B(F'/?,0.75¢/ R)).

It turns out that for [|(Txe —Tn)rsl 2(x ) to be on the order of e we merely need n to
be large relative to p(F'/2,0.75¢/R). By contrast [BM22a] required that the network was
underparameterized so that n was large relative to the total number of parameters p. Since
p < p, this is what lets us relax the sample complexity dramatically. In fact for fixed R and
€ we have that p = O(l) with high probability as the width grows to infinity whereas p — oo.

Interestingly, the quantity p for the loss Hessian at convergence was used recently to derive
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analytical PAC-Bayes bounds [YMC22]. Note for the squared loss the (empirical) FIM]
can be taken as an approximation to the Hessian, and at a minimizer this approximation

becomes exact. Thus these two notions are closely related.

3.5 Conclusion and Future Directions

We provided quantitative bounds measuring the L? difference in function space between a
finite-width network trained on finitely many samples and the corresponding kernel method
with infinite width and infinite data. As a consequence, the network will inherit the bias of
the kernel at the beginning of training even when the width scales linearly with the number of
samples. This bias is not only over the training data but over the entire input space. The key
property that allows this is the low-effective-rank property of the Fisher Information Matrix
(FIM) at initialization which controls the capacity of the model at the beginning of training.
An interesting avenue for future work is to investigate if flat minima manifesting a FIM of
low effective rank at the end of training can be related to the behavior of the network on out-
of-sample data after training. One limitation of the results we present is that our framework
can only characterize the network’s bias up to a stopping time. There is compelling evidence
that the kernel adapts to the target function later in training [BGL21, [ABP22], and this falls
outside our framework. Accounting for adaptations in the kernel is an important problem

that is still being addressed by the theoretical community.

3.6 Appendix

The section is organized as follows.

e In Section we bound the L*(X, p) metric entropy of the linearized model. This is

!Note that we define F' as an expectation over the true input distribution p. To approximate the Hessian
of the empirical loss one must replace p with the empirical measure p.
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necessary to bound the operator deviation Tk — T,.

e In Section[3.6.2 we bound the Hessian of the network and introduce some technical lemmas.

This is necessary in order to relate the network to the linearized model.

e In Section we bound the quantity |[(Tw — T77)r4l12(x - This section contains the

bulk of the proof for the main result Theorem [|3.3.5|
e In Section we put the aforementioned results together to prove Theorem [3.3.5
e In Section [3.6.5| we explain the merit of Assumption [3.3.6]

e In Section [3.6.6| we describe the details of our experiments with a link to the relevant code.

3.6.1 Covering Number for the Linearized Model

Our approach to generalization will be based on metric entropy(see e.g. [Wail9)]), a funda-

mental tool in learning theory. We recall some basic definitions.

Definition 3.6.1. Let V' be a vector space with seminorm ||e||. For a subset A C'V we say
that B is a proper e-covering of A if B C A and for all a € A there exists b € B such that

la —bf <e.

Since we will concern ourselves solely with proper coverings we may remove the adjective

“proper” when discussing e-coverings. A closely related notion is the e-covering number.

Definition 3.6.2. Let V be a vector space with seminorm ||e|| and let A C V. Fore > 0 we

define the proper e-covering number of A, denoted N(A, ||e]|,€), by

N(A, ol €) = min |V

N : N is proper e-covering of A

It is also useful to define the covering number of a set K with respect to another set L.
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Definition 3.6.3. Let K and L be two subsets of a vector space V.. We define N(K, L) as

the smallest n € N such that there exists vV, ... v € K satisfying

K C U(v(i) +L).
i=1

Now consider a model f;,(x;0) that is potentially nonlinear in x but affine in . The

motivating example is the following NTK model

frin(x;0) = f(x;00) + (Vo f(x;00),0 — b).

We will be interested in deriving covering numbers for such classes of functions. Since
translation by a fixed function does not change the covering number we will for convenience

assume the model is linear in 8. Thus we will consider models of the form

flin(x; 9) = <g(l‘), 0>

The function g can be nonlinear and thus z — f;,(z; ) is typically nonlinear. For the NTK
model we have g(x) = Vo f(x;600). Let X be our input space and let v be some measure on

X. We consider L*(X,v) where

1l = /X (@) Pdv(2).

Throughout we will assume that ||g||, € L*(X,v) i.e. [y [lg]l3dv < co. We will be interested

in deriving covering numbers for classes of functions
Ca:={fin(z;0):0€ A}

where A C © is some subset of parameter space ©. For now we will assume that © = RP.

We observe that

| fiin(:61) = fuin(®502)|[72(x.) = /X {g(2), 01 — ba)|*dv ()
= /X(el —02)"g(x)g(x)" (01 — O2)dv(z) = (61 — 6)" [/X g(x)g(m)TdV(l’)} (61 — 02).
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Thus of primary importance is the symmetric positive semidefinite matrix

M = / g(x)g(z)"dv.
X
When v is a probability measure and f;,,(x; 6) is the NTK model we have that
M =By [Vof(;00)Vof(x;600)"]

is the (uncentered) gradient covariance matrix, which can be interpreted as the Fisher In-
formation Matrix (FIM) for the squared loss. The two most interesting cases are when v is
the true input distribution or v = %2?21 0y, is the empirical distribution arising from the
training samples. In the former case M is the true (uncentered) gradient covariance matrix
and in the latter case M is the (uncentered) empirical covariance. For neural networks the
FIM tends to have a very skewed spectrum (is approximately low rank), and thus the rela-
tions between the spectrum of M and the covering number will be particularly relevant. We

will define the seminorm |e||,, as
|| == VT M.
The following lemma relates the covering number N(Ca, [[8]|2(x ), €) to N'(A, [[o]l,/, €).

Lemma 3.6.4. Let N C A C RP. Then N is a proper e-covering of A with respect to the
seminorm ||e||,, if and only if Cy is a proper e-covering of Ca with respect to the L*(X,v)

norm.

Proof. As we argued before we have that
fin(o361) = finto: 8 sy = O = 07 | [ atalgte)"av(o)] 61— o)
b's
= (01— 02)" M (01 — 02) = |61 — Oa][3, -

For each function in h € C4 pick a representative parameter () € A so that h = fy;,(e; 0(h))

(if M is strictly positive definite é(h) is unique). We can choose the mapping h +— é(h) SO

132



that the image of Cy under this mapping is N. Suppose N is an e-covering for A with
respect to ||e||,,. Then for each § € A we can choose ¢ such that ||0 — 0’|,y < e. Well
then for any h € C4 we can consider O(h) and choose ¢’ € N such that e > ||é(h) — 6’||M =
Hflm(o; é(h))—flm(o; 6') ||L2(X,V). It follows that Cy is an e-covering of C4. Conversely suppose
now that Cy is an e-covering of C4 with respect to [|e] oy ). Well then for any 6 € A we
can consider fn(z;6) and take h € Cy such that || fin(e;0) — h(e)|2(x,) < €. However
since h(e) = flm(O;é(h)) we have that € > Hflm(°; 0) — j‘}m(O;é(h))||2 = ||9 — é(h)HM Thus
0(Cx) = N is an e-covering for A. O

Thus covering the space C4 in L?*(X,v) reduces to covering a subset of Euclidean space
under the seminorm ||e|,,. By a change of coordinates we will assume without loss of
generality that M is diagonal. Let M'/? be the square root of M and let oy > --- > op >0

be the eigenvalues of M'/2. We note that

P
{veR: |||, <1} = {UER”:ZU?U?SI}.
i=1

Thus the unit ball in R? determined by ||e||,, is the ellipsoid with half-axis lengths o; ' (if
o; = 0 we consider the ellipsoid as being infinite along that dimension). For a general vector

a € R? with nonnegative entries we define the ellipse

p 2
Ea::{veRP:ZU—ggl}
a’

=1 !

where in the sum if a; = 0 we interpret 272 as 0 if v; = 0 and infinity otherwise. F, is
the ellipse with half-axis lengths ay, as, . ..,a,. We will also let B¥ C R* denote the closed

Euclidean ball in dimension k of radius r, specifically

k
BF = {veR": va <r}.
i=1

Our main study will be bounding N'(A4, ||e||,,,€) when A = {0 € R? : ||d||, < R} = B%. This

amounts to covering a Euclidean ball with ellipsoids determined by ||e||,,. Fortunately, there
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are well established results for coverings involving ellipsoids. Let 0 = (o71,...,0,)" denote the
spectrum of M2 and let M~/2 denote the pseudo-inverse of M'/2. Let L denote the closed
unit ball in R” under the seminorm ||e|,,. In geometric terms N'(B%, ||o||,,,€) = N (B, €L).

1/2

We claim that up to an application of M2 or M~Y2, covering BY, with translates of €L is

equivalent to covering E'r_ with translates of BY. This is formalized in the following lemma.

Lemma 3.6.5. Let M € RP*P be a symmetric positive semidefinite matrix and let o =

(01,...,0,)T € RP denote the eigenvalues of M'/?. Then N'(BY, o], ,€) = N(E=,, BY).

Proof. By a change of basis we can assume without loss of generality that M is diagonal.
Let L denote the closed unit ball of R? under ||e|,,. We note that in geometric terms
N (B, 1oy, €) = N(Bp, €eL). Since we can dilate by 1/e we can replace R with R/e and €
with 1. Thus for convenience we will assume for now that e = 1. We note that if v, ... v

form an L covering of B, as in

By, c | Jw™ + L),
=1

then
Er, = M'?(Bh) c | J(M'?0! + MY2(L)) c | (' + BY).
i=1 =1
Thus M2 MY?p™ forms a BY covering of Er,. Conversely suppose vV, ... v
satisfy

Eg, C | J@" + BY)
i=1
and let P be the projection onto span{e; : o; # 0} where e; denotes the ith standard basis

vector. Then

P(BY) = M™Y?(Eg,) C O(M—l/%(i) + M~Y2(BP)) = O(M—l/%@ + P(L)).

i=1 i=1

However L is infinitely long along the dimensions outside im(P), and thus

B c | Jr 20 + ).
=1
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Thus M~Y2M ..  M~24™ form an L covering of BY. We conclude that N'(B%, L) =
N (Eg,, BY). Thus for general € > 0 we have that

N(Bg: lollyr - €) = N(Bp, eL) = N(By,, L) = N(Ez,, BY).
O

We will let vol(e) denote volume in the standard Lebesgue sense. If a € R? is a vector

with positive entries we recall that the volume of an ellipsoid E, is given by the formula

p

vol(E,) = vol(BY) H a;.

i=1
When most of the a; are very small we have that E, is very thin and has small volume and
thus we expect the covering number to be small. Coverings for ellipsoids are well established
with roots in geometric functional analysis. The following lemma is phrased the same as
Theorems 1 and 2 in [Dum06]. The result dates back to classic results in geometric functional
analysis. Specifically a similar result for more general convex bodies is sketched at the end
of Chapter 5 in [Pis89] which also appeared in [GKS87, Proposition 1.7]. We don’t need
the additional generality for our purposes. We will offer the simplest proof needed for our

purposes for completeness and clarity.

Lemma 3.6.6 ([Dum06, [Pis89| IGKS87]). Let a € R? be a vector with nonnegative entries.
Let J ={i:a; > 1}, K =%, ;log(a;), v € (0,1/2), and p, = {i : af > (1 —7)*}|. Then

the proper covering number N'(E,, BY) satisfies
3
K <logN(E,,BY) < K + py log (—) :
g

Proof. We first prove the lower bound. Let J = {i : a; > 1}, m = |J|, and let P be the
orthogonal projection onto span{e; : i € J} where e; denotes the standard basis. Suppose

oM, ... 0™ are the centers of a BY covering of E,, specifically

E, C U(v(i) + BY).
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Well then

P(E,) c | JP@" + BY) = J(Pv” + BY").
=1 i=1

Well then by the standard volume estimate we get that

n

n - vol(B") > wvol (U(Pv(i) + B{”)) > vol(P(FE,))

i=1

and thus
vol(P(E,))
> — = [
vol(BT") oy
Now we prove the upper bound. Let v € (0,1/2) and let J, = {i : a > (1 — 7)?*},
p = |J|, and let P be the orthogonal projection onto span{e; : i € J,}. We first notice
that if v € E, we have that ||(I — P)v||, < 1 —+, indeed because for v € E,

2

PP ol )
A=)~ S5 ™

i¢Jy v
Thus if v, ..., 0™ are the centers of a proper B} covering of P(E,) then by the triangle
inequality they also induce a proper BY covering of E,. Thus let v, ... v™ be a maximal
subset of P(E,) such that for i # j |[v® —o¥|, > 5. By maximality v, ... 0™ form
a By covering of P(E,). Well then the balls v + Bf: Jo are all disjoint and contained in
P(E,) + Bs Jo- Thus by the volume estimates

n - vol(B,) = vol (U(w) v B’;;Q)) < vol (P(E.) + BY,)

i=1

Thus

vol (P(Ea) n Bj;z)
vol (Bff%)

n <

Note that B}”, C P(E,) and thus 85]2 C 575y P(Ea). Now let ||of[ ) be the norm on

R# such that P(E,) is the unit ball. Then note for v, w such that v € P(E,) and w € Bé‘]z

we have that
Y

[+ wl] < vllpeg,y + llwll <14 .
P(Eq) P(Eq) P(Ea) 2(1—7)
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We conclude that P(E,) + Bf;]Q C (1 + ﬁ) P(E,). Therefore

vol (P(E )+ 3“72) vol [(1 + 53 v)) P(Ea)} (z ., L) iy
v

< -
"= vol(B“]Q) - vol(B”]Q) vy 1—

Note that since v < 1/2 we have that — < L. Therefore 2 + % <
[L;c;ai- Thus

- Moreover [[;c; a; <

2 1
ng( +1T) Ha,_(—) | Q;.
1€y icJ
After taking logarithms we get the desired result. O]

From the Lemmas [3.6.5[ and [3.6.6| we see that the covering number N (B%, ||e]|,, ,€) will

depend on how many eigenvalues of M lie above a certain threshold. Let A € RP be a
symmetric positive semidefinite square matrix with eigenvalues Ay > Ay > --- > X, > 0. We

define the effective rank of A at scale € as

p(Ae) = [{i: N\ > €}

This measures the number of dimensions within B; whose image under A can be larger than
€ in Euclidean norm. We will also define
‘A’>C = H )‘i7
iiAi>c
which can be thought of the determinant of A after removing some eigenvalues. We then

have our main result.

Theorem 3.6.7. Let g : X — RP such that ||g, € LX(X,v). Let C = {x — (g(x),0) :
||6||2 < R}, v €(0,1/2). Define M € RP*P by

M/ (z)Tdv(z).

Then the proper covering number N(C, |[®[| 12(x ) »€) satisfies

R 3
+p (—Ml/g, (1— fy)) log (—) .
>1 € v

R R
log ?Ml/z <log N(C,[|®]|12(x,) - €) < log ?Ml/z

>1
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Proof. We have by Lemmas [3.6.4 and [3.6.5| that N (C, [|®]|j2(x . €) = N(Bg, [|e]ly,€) =

N(Er_, BY) where 0 = (01,...,0,)7 € RP is the vector of eigenvalues of M'/2. Well then

R 3
+p <—M1/2, (1-— ’y)) log (—) :
>1 € v

The desired result thus follows. O

by applying Lemma with @ = £0 we have that

€

R
log [—M*Y/?
€

EM1/2
€

<logN(Er,, B;) <log

>1

Corollary 3.6.8. Let g : X — R such that ||g|, € L*(X,v). Let C = {z — (g(z),0) :
||0||2 < R}, v €(0,1/2). Define M € RP*P by

M = /X 9(2)g(z)Tdv(z).

Then the proper covering number N (C, o[l p2(x ) - €) satisfies

- (. 3€
log N(C, [|®] 12(x, - €) = O (p (Ml/z’ ﬂ%)) '

Proof. This follows from setting v = 1/4 and the fact that

= log H gai

0;>€/R

EMI/Z
€

log

< HMY2, ¢/ R) log (R—")
€

3e Ro
<H( MY2 2 ) log [ 222 ) .
s (307 35 (2

3.6.2 Bounding the Network Hessian and other Technical Items

3.6.2.1 Main Hessian Bound

For a fixed input x we will let H(x,0) := V2f(z;0) denote the Hessian of the network with
respect to the parameters. We will use the following result, which follows from the proof of

a result by [LZB20a, Theorem 3.3], which we state here explicitly for reference.
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Theorem 3.6.9 (Reformulation of [LZB20a, Theorem 3.3]). Let f(x;0) be a general neural
network of the form specified in Section |3.2.5 which can be a fully connected network, CNN,
ResNet or a mizture of these types. Let m be the minimum of the hidden layer widths and

assume max; 7t = O(1). Given any fized R > 1 and v € X then with probability at least

1 — Cme—clogz(m)
- R R O(L)
sup ||H(z,0)|,, =0 —= [max {1, —}} :
0€B(00.R) . Vi vm

In particular if \/m > R then

~ R
o (0, =0 ().
0€B(6o,R) g \/m

The constants ¢, C' > 0 depend on the architecture but are independent of the width.

Discussion of the statement of Theorem [3.6.9] We note that our statement of Theo-
rem is not exactly the same as the result of [LZB20a, Theorem 3.3]. [LZB20a] do not
explicitly write the failure probability and the dependence of the Hessian bound on R in the
statement of the theorem. In Theorem [3.6.9| we write the failure probability and dependence
on the radius R according to the proofﬂ provided by the authors [LZB20a]. We also add the

assumption max; ™ = O(1) to the hypothesis. This assumption is so that the initial weight

m_

matrices satisfy \/LTTLHWO(I) Hop = O(1) with high probability (see Lemma [3.6.10). This condi-

tion on the initial weight matrices appears in the proof by [LZB20a]. The authors [LZB20a]
do not need to explicitly add this assumption because they perform the proof for the case
where all the layers have equal width for simplicity of presentation, while stating that the

proof generalizes to the case where the layers do not have equal width.

Exponential dependence on depth We note that under the O notation in Theoremm

there are constants that depend exponentially on the network depth L. For this reason it

2We communicated with the authors to better understand the dependence of the bound on the quantity
R. Nevertheless we accept full liability for any misinterpretation of their proof.
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is essential that the depth L be treated as constant. We will now briefly explain how
the term max{1, R/\/m}°%) arises in the bound in Theorem m For simplicity assume
the network is fully connected at each layer (the same form of argument holds for the
other cases). Let £(0) = max; \/LEHW(Z) Hop. With high probability over the initialization we
have that £(fy) = O(1) (see Lemma [3.6.10). Furthermore for 6 such that [0 — 6], < R
we have that £(0) < &(6p) + \/—% = O(max{1l, R/y/m}). Tt turns out that the features
oW at each layer [ satisfy \/Lﬁ |aD]], = O(°H). Well for  such that [|6 — 6], < R
as stated before we have that £(0) = O(max{1, R/\/m}). Consequently for such 6 we
get that \/Lfn |aP]], = O(E°™")) = O(max{1, R//m}°®). The Hessian bound inherits
dependence on the quantity O(max{1l, R/\/m}°®)) from its dependence the normalized

feature \/L% Ha(l)||2 Norms.

Antisymmetric initialization and the Hessian We will now explain how the antisym-
metric initialization trick will not hinder us from bounding the Hessian via Theorem [3.6.9,
Let f(x;0) denote any model of the form specified in Section where § € RP. Let
6 = [ 99/] where 0,60 € RP. Recall the antisymmetric initialization trick defines the model

1 1
V2 V2

which takes the difference of two rescaled copies of the model f(x;e) with parameters § and

fASI(ﬂU; é) = f(90§ 0) - f(ﬁ; 9,)

0" that are optimized freely. We then note that the Hessian of f4g; has the block diagonal

structure

2 .
V%JCASI(I;é):i Vif(z:9) 0 _ 1 H(z,0) 0

V2| 0 SRy V2| 0 —H(x,0)
Well then it is not too hard to show that
|Vitasi@:0)| < max[IH @O, I H0)l,]

Now recall that the antisymmetric initialization trick initializes f ~ N (0, ) then sets 6y =

[gg}. Furthermore note that if Hé — HNO‘ < R then ||6 — 6y]|, < R and [|¢' — 6|, < R. Thus
2
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if 0 is an initialization such that the conclusion of Theorem holds for the model f(z;6)

then the same conclusion holds for f;(x;6) with initialization 6.

3.6.2.2 Definition of the Convolution Operation

In this subsection we will formally define the convolution operation * introduced in Sec-
tion [3.2.3] 'We use the same convention for the convolution operation as [LZB20a]. A

convolutional layer of the network has the form

1

vIi—1

ol = wlw(l)’a(l—l)) — W ( w4 a(ll)) .

Here W € RExmxmi-1 ig an order-3 tensor where K denotes the filter size, m; is the number
of output channels, and m;_; is the number of input channels. The input =Y € R"™-1%@Q
is a matrix with m;_; rows as channels and () columns as pixels. The output of the layer 1,
is of size R™*?. From now on we will drop the superscripts and just denote W = W® and

a = a®. The convolution operation is defined as

mp—1

K
(W * Oé)i,q = E Wk7i7jaj,q+k7 K;l .

k=1 j=1

This can be reformulated as follows. For each k € [K] define the matrices W := W, ; ; and

(alkl); , = @ 44— &1 Then the convolution operation can be rewritten as
’ 2

(W xa) =3 Wl
k=1

Under this reformulation the convolutional layer can be rewritten as
S
YW, a) =w ——Wklglk |
(W, ) ; o
By treating each W*! as if it were a weight matrix in a fully connected layer, the convolutional

layers can be treated similarly to fully connected layers. Thus when we refer to weight

matrices in the context of a convolutional layer we are referring to the matrices W1,
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3.6.2.3 Technical Lemmas

This section will cover some miscellaneous technical lemmas that will be of significance later.

The following lemma bounds the operator norm of the weight matrices at initialization.

Lemma 3.6.10. Let f(z;0) be a neural network of the form specified in Section .
Assume m > d and max; 7t < A. Then with probability at least 1 — C'exp(—cm) over the

nitialization 6y each weight matrix Wy at initialization satisfies

The constant C' > 0 depends on the architecture but is independent of the width m.

Proof. Fix a weight matrix W € R™>*™-1 in the model. Following [Ver12, Corollary 5.35]

we have with probability at least 1 — 2exp(—t2/2) over the initialization

Woll,, < vmu + /mi—y +t

and thus

1 Vit ot
\/ﬁ’ Opéer NG +\/ﬁ§2\/z+\/ﬁ'

Thus by setting t = y/m and taking the union bound over all weight matrices in the model

G

(which depends on the architecture) we get the desired result. O

We now state for reference the following lemma which follows from the proof in [LZB20al.

Lemma 3.6.11. Let R > 1 and let f(x;0) be a neural network of the form specified in

Section|3.2.5. If 0y is an initialization such that each weight matriz Wy satisfies \/—% HWél) H2 =
O(1) then

R 1 O0)
sup sup ||Vaf(z;0)], =0 max{l,—} .
2€X 9B (6o, R) 2 Vm

In particular if \/m > R then

sup sup [ Vaf(z:0)], = O (1).

z€X 9cB(0o,R)
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As a consequence of the previous lemma we get the following high probability bound on

the gradients norm ||V f(x;6)|,.

Lemma 3.6.12. Let R > 1 and let f(x;0) be a neural network of the form specified in
Section . Assume that m > d, max; ™t = O(1), and /m > R. Then with probability at

least 1 — C'exp(—cm) over the initialization 6y we have that

sup  sup [|[Vof(z;0)], = O(1).

zeX 96?(90 ,R)

The constant C' > 0 depends on the architecture but is independent of the width m
Proof. This follows immediately from Lemma [3.6.10] and Lemma [3.6.11] O]

The following lemma bounds the kernel deviations K% — K% in terms of the network

Hessian.

Lemma 3.6.13. Let S = {z1,..., 2} C X. Let B = sup,cx SUPycpg,.p) | VoS (2;0)| and

let Hypax = MaX.es SUPgeg (g r) 11 (2, 0)l,,,- Then for 0 € B(6y, R)

op”

max |K%(z;, 2;) — K" (2;,2;)] < 2BH, e, R.

i,jE[k]
Proof. We have that
| K (21, 25) — K™ (2, 25))|
<NVof(zi:0)l[ [IVaf(25:0) — Vo (200l + Ve (2i:0) = Ve (zi; 00) [ [ VoS (255 60) ]

< 2BH..R.

Here we have used the fact that

Vo f(zi;0) — Vof(zi;00)|, = ‘ /0 H(z;, 50 + (1 — 5)00)(0 — 0y)ds

2

1
< [ 1H G50+ (1= 980, 16~ boll < e
0

143



The following lemma provides a trivial bound on ||6; — 6o||,.

Lemma 3.6.14.
Vi Vit
9 _0 < — 72 n S - = * oo .
10 — boll, < \/§H ollr \/in oo (x )

1/2
o=l < [ 100uas = [ 1o lds < vi[ [ lc@las

2 Vi

_ _ s| = o) — L(6,)])"* < = Tollgn

—\/ZUO asts)d} VELL60) — L60) < VAL = X il
Vit

< 2N o
< ﬁHf oo ()

Proof.

where the second inequality above follows from the Cauchy-Schwarz inequality and the final
inequality follows from the fact that |[7o[lg. = [|Y|lgn < [[f*]| 1o (x ) from the antisymmetric

initialization. O

3.6.3 Convergence of the Operators

Throughout this section K (x,z’) will be a fixed continuous, symmetric, positive definite
kernel. We will let x := max,cx K(z,z). We note that since K is continuous and X is

compact we have that k < co. We will thus treat x as a constant. We also note that since

K is a kernel for any x, 2’ € X we have the inequality K(z,2') < \/K(z,z)\/K(2',2') < k.

We will let K?(z,2") = (Vof(x;0), Vof(2';0)) denote the NTK for a specific parameter
0. In this section 6y will be treated as fixed. We will show that for fixed 8y we have bounds on
(T = T3)7sl 12 x ) that hold with high probability over the sampling of S = (21,...,zn).
By the Fubini-Tonelli theorem this suffices to get bounds that hold with high probability
over the parameter initialization 6y ~ p and data sampling S ~ p®" as long as one makes
sure that the appropriate events are measureable on the product space. Fortunately, due to
the continuity of K%(x,2’) and H(z, ) with respect to z, 2’ and 6 we can avoid such issues

and we thus will not address measureability line-by-line.
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In this section we will bound [[(Tx — T;)rsll2(x ) for all s such that [[65 — 6oll, < R.
This will be done by bounding ||(Tx — Tn)7s| 12 ) and [[(Tn — T3)7sll 12(x ) Separately. At
a high level |[(T5, — T77)7s[ ;2(x ,) Will be small whenever Ko — K is small. On the other hand
(T — To)7sll2(x ») Will be small whenever n is large enough relative to the complexity
of the function class {f(z;0) : 6 € B(fy,R)}. If SUDpeB (9o, 1) | H (2, 0) |, was uniformly
small over x then the kernel deviations Ky — K, would be bounded and the complexity
of {f(z;0) : § € B(6y, R)} would be controlled by the complexity of the linearized model
fiin(x;0) = (Vof(x;60),0 — 0y). However, Theorem only gives us the ability to bound
|H (x,0)|| for finitely many values of z. For this reason we will need to do somewhat elaborate
gymnastics using Rademacher complexity to form estimates that only require the evaluation

of Supyeg(g,,p) | (x, 0)|| over finitely many values of x.

Let F denote some family of real valued functions and let S = (z,...,2;) be a finite

point set. We define
Fis={(g(z1),...,9(z)) : g € F}

to be the set of all vectors in R* formed by restricting a function in F to the point set S.
Now let € € R* be a vector with entries that are i.i.d. Rademacher random variables, i.e.
€; ~ Unif{+1, —1}. We define the (unnormalized) Rademacher complexity of Fis.

k

URad(Fis) := E. sup (v,€) = EsupZeig(xi).

veF|s 9eF 4

We will use the following classic result, see e.g. [Tel21l, Theorem 13.1]

Theorem 3.6.15. Let F be given with g(z) € [a,b] a.s. for all g € F. Then with probability

at least 1 — 0 over the sampling of z1, ..., zy,
1 & 2 log(2/6)
Elg(Z)] — — < = d b— —_—
sup | la(2)] = 3 (= >] < 2U Rad(Fis) +3(6 — a) 2

We will also make use of the following lemma which is also classic, see e.g. [Tel21l Lemma

13.3]
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Lemma 3.6.16. Let { : R" — R" be a vector of univariate C-lipschitz functions. Then

URad((¢ o F)is) < C-URad(Fis).

Using this we will now prove the following technical lemma. For the purpose of this lemma
x1,...,T, will be treated as fixed and the randomness will be over a ghost sample S' =

(), ...,2)).

rn

Lemma 3.6.17. Let R > 1 and B = sup,c y SWycp(g, r) | Vof (2, 0)|,. Considerxy,... x, €
X to be fized. Then let

1 & _
F={e - > K (@, 2;) — K*(z,2;)* : 0 € B(6o, R)}.

i=1
Let o, ... 2 be sampled i.i.d. from p. Let S = (x1,...,2,) and S" = {z,..., 2} and
define

Hyoo = ZIEIAIS'aLJJ}é" 9621(191031%) HH<Z7 Q)Hop

Then with probability at least 1 — & over the sampling of ©', ..., !, we have that every g € F
satisfies
log(2/4)

R? +12B* .

E,eplg(e)] < 12B°H?
n

max

Proof. We note that for # € B(6y, R)
|K0(‘Tal‘i) - Keo(xvxi”z < HKG(J],[L'Z)’ + |K60<J]7:L‘i)”2 < [2B2]2 = 4B4

Therefore for all g € F we have that g(z) € [0,4B% a.s. Then by Theorem [3.6.15 we have

with probability at least 1 — ¢ over the sampling of S" = {z},..., 2/}

1 & 2 log(2/0)
E,. - = N < Z )+ 12B4 | =L
itelfp 2rpl9(T)] n;a(%) < nURad(Jﬂs)Jr o

Then we note that for any z, 2’ € SU S’ we by Lemma |3.6.13| that § € B(6,, R) implies

|K%(2,2") — K% (2,2)| < 2BH 0. R.
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It follows that for any member of Fisug is bounded in infinity norm by 4B?H2, R?. Thus

max

for any g € F we have that
- Z g(x}) < 4B*H?, R?
and

1
—URad(Fis) < AB*HZ,,. R*.
n

Therefore for any g € F we have that

log(2/9)
]Ein Z g + UR(Id(.ES/) + 12B4 T
< 12B2H2, B + 1284 | 0820
mazxr 277/ :

Using the previous lemma we can now bound [[(T5, — T3)74l 12(x -

Lemma 3.6.18. Let R > 1 and B = sup,cx SUPpep, r) |IVof (@, 0)|ly - Let S = (21,...,2,)
and S" = (24, ...,2)) be two independent sequences of i.i.d. samples from p. Define
zESUS 0B (00, R) P

Then with probability at least 1 — & over the sampling of S and S" we have that for any 6,
such that [|0; — 6y||, < R,
t 2 > o, (B
T = Ty < 21 i | I = Kol oy + 1252820, +0 (22}
Proof. We note that
1 n
= K (2 a) — Ko, )]re(xs)

n <
=1

. 1 A 1
< [[7ellgn |~ > K (2, 3;) — Kt(xvxi)|2] < |I7ollgn [ﬁ S |K (2, 3i) - Kt(%ﬂ?z‘ﬂ?]
=1 i=1

(T = Ty)re(a)| =

1/2
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where we have used the property ||7||gn < ||70||gn from gradient flow. Well from the inequal-

ity (a + b)* < 2(a® + b?) we have that

1 n
EZ K (2, 2;) — Ky (x, 2;)]?
=1

2 2 «
<= K () — Koo, o) P+~ ; | Ko(, ) — Ky, ;)|

i=1

For conciseness let

hy(x) := %Z | K (2, 2;) — Koz, z;) |

1 n
hy(z) = n Z | Ko(, ) — Kiy(w, ;)|
i=1
Then by the above we have that
2 .
”(Tn - T£>7ﬂtHL2(X7p) <2 HTOH?RUL [Er~p[h1($)] + Emfvp[hg(l’)u -

Well we note that |K(z,2')| < s and |Ky(z,2’)] < B? uniformly over z,z’. Now consider
the random variables Z; := || K (e, x;) — Ky(e, xi)Hig(X’p) where the randomness is over the

sampling of z;. Then we have that |Z;| < [« + B?]* a.s. Thus by Hoeffding’s inequality we

1 & —ns?
P (E ;ZZ — E;r:1~p[Zl] > 8) S exp (m) .

Thus with probability at least 1 — ¢ over the sampling of x4, ..., z,

% i Zz < E:Jc1~p[Zl] + \/Q[KJ * BZ\]/;\/W (37)

have that

Now note that
1 n
ﬁ Z Zi = E$~p[h1(l’)] Eﬂﬁwp[Zl] = ||K - KOHiQ(XZ,p@p) :
i=1

Thus whenever (3.7)) holds we have that

V2[k + B**\/log(1/9)

_ / B*
2
~ 1K = Kallxs o + 0 (55 )

Eonp[hi(2)] < |5 — Koll72(x2
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On the other hand we have by Lemma [3.6.17] for any fixed x1, ..., z, that with probability

1 — & over the sampling of 2, ..., 2/ ii.d. from p we have that for all § € B(6y, R)

log(2/5)

n

1
E;p - Z | K (z,2;) — K% (2, 2;)|

=1

<12B%*H? R?>+12B*

maxr

(3.8)

Whenever the above holds we have that for any 6, such that [|6; — 6|, < R we have that

log(2/4) B4
E,,[ht < 12B*H? R?+12B* —12B%2H? R2+0 .
P[ 2(3:)] mazx + 2n max + \/ﬁ

Thus combining these together we have with probability at least (1 — §)* > 1 — 26 over the
sampling of xy, ..., x,, 2], ..., 2!, that Equations (3.7) and (3.8]) hold simultaneously for all
0 € B(6y, R). In such a case we have that for all 6; such that ||6; — 6|, < R that

- [ B*
2
By 11 (00]  Bany (0] < 1K — Kol g + 1257 el 40 (22 )

Well then
2 L
1T = T2, < 270l [Eamplha(2)] + Buny ()]
< 2l |1 = Kalls oy + 128240 (- )}
< 2|73 K — K3 +12B*H2 _R?>+ O .
= L2 (X,p) O0llL2(X2,p®p) max
\/ﬁ
In the last line above we have used the fact that [|7o|[g. = |[Yllgn < [[f*[|p(x ) from the

antisymmetric initialization. The desired result follows after replacing 6 with /2 in the

previous argument. ]

From Lemma [3.6.18 we get the following corollary.

Corollary 3.6.19. Let R > 1, B = sup,cy SUPycpgy r) | Vof (@,0)lly. Let S = (z1,...,2,)

and S" = (24, ...,x)) be two independent sequences of i.i.d. samples from p. Define

esu 9€B(00,R) v

149



Then with probability at least 1 — § over the sampling of S and S" we have that for any 0,
such that ||6; — 6ol|, < R

2 12 2
H(Tn - TZ)TtHL%X,p) <2 ||f ||L°°(X,p) ||K - KOHLQ(XZ,p@p) €

provided that B = O(1), Hypee = O(€'?/R) and n = Q(e72).
Proof. We have by Lemma [3.6.18| with probability at least 1 — § over the sampling of S, S’

4
. 2 )12 2 2772 2, A B
T = Ty < 21 i | I = Kol oy + 1252820, + 0 (22)].

Thus if B = O(1) then H,u, = O(¢"/?/R) and n = Q(e?) is sufficient to ensure that

2 12 2
H(Tn - TytL)Tt”Lz(X,p) <2 ||f ||L°°(X,p) ||K o KOHL2(X2,p®p) e

]

Now we will begin the work to bound [|(Tx — T5,)rs|;2(x ). The following technical lemma
bounds the Rademacher complexity of the difference between the network f(x;6) and the
linearization fi,(x;0) = (Vof(z;60),0 — 6p) in terms of the Hessian norm for finitely many

values z € X.

Lemma 3.6.20. Let R > 1, F = {x = f(2;0) — fin(x;0) : 0 € B(0y,R)}, B =
SUD e x SUDgeR (g0 1) | Vo f (@3 0)[, and let S = (21...., 2,) C X. Furthermore let
Hnae := max Sup ||H(z70)||op
S5 9eB(60,R)
Then
sup H!JHLoo(X,p) <2BR
geF

and

1
< —R?H, s
sup max l9(2) < 5

In particular

1 1
~URad((F U ~F)5) < R Har.
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Proof. We note that
| f(250) = frin(;0)| < | f(250)] + | frin (25 0)].
Well then using the fact that f(e;6y) = 0 from the antisymmetric initialization we get

@3] = 17(a:0) = £ (a3 00)| = | [ (Fa 05+ (1= 5)60),0 — o)

1
< [ UVat(abs+ (1= 9)80).0 — 80)| < 16— 6u]| < BR
0
On the other hand

| frin (23 0)] = [(Vaf (2 00), 0 — 00)| < [[Vaf(x;00)ll 10 — boll, < BR.

Thus

sup || f(9:60) = fiin(®: )l (x ) < 2BR
QGB(Qo,R)

and the first conclusion follows. Furthermore by the Lagrange form of the remainder in

Taylor’s theorem we have for z € S

H(z,)
2

16— 6oll5 I1H (2,)1l,,

N | —

£ (2:0) = fun(2:0)] = | (0 — 60)" (6 = 0o)| <

where ¢ is some point on the line between 6 and 6,. Thus if we set

H,,up ;= max  sup ||H(z,0)||0p
%€5 4cB(6o,R)
we have that

1
|f(Za 9) - flin(z; 0)| S ERQHmam

for all § € B(fy, R). Therefore 1URad((F U —F)is) < IR?H,,q, and the desired result

2
follows. O

We now introduce another technical lemma that provides Rademacher complexity and

L norm bounds for the linear model x +— (Vo f(z;6), ).
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Lemma 3.6.21. Let R > 1, F = {z — (Vof(x;600),0) : ||0]|, <2R}. Let
B =sup sup |[[Vof(z;0)].
z€X 9cB(0o,R)
Then

sup HgHLoo(X,p) <2BR
geF

and

1 2BR
—URad <
RV el is) < 5
Proof. By Cauchy-Schwarz

(Vo f(z;60),0)] <2BR

and thus ||g|[;(x ) < 2BR for all g € F. Now let € € R" be a vector with i.i.d Rademacher
entries ¢; ~ Unif{+1, —1}. Then as was shown by [BM03, Lemma 22]

n

E.| sup Zei<V9f(xi,90),6>
0eB(00,2R) ;—1

Z €iV9f<:C'i; 90)

i=1

= 2RE,

2
57 1/2

<2R |E,

Z Vo f(xz;;00)
i1

2

1/2
E. Z €€ (Vo f(zs;600), Vo f(z;; 90)>”

L1<i,j<n

=2R

=2R Z K% (x;,x;)

=1

< 2RBv/n.

where the first inequality above is an application of Jensen’s inequality. The Rademacher

complexity bound then follows from the bound above.

The following lemma compares the L?(X, p) norm to that of its empirical counterpart

L*(X, p) for the function classes discussed in Lemmas [3.6.20| and |3.6.21]
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Lemma 3.6.22. Let R > 1, F; = {x — f(2;0) — fun(z;0) : 0 € B(6y,R)}, Fo = {z —
(Vof(x;00),0) : [|0]l, < 2R}, and B = sup,cx SUPgepgy r) VoS (z;0)||. Then with probabil-

ity at least 1 — & over the sampling of S = (x1,...,xy,)

9 9 3 ~ ( B’R?
su — ~| <4BR Hmax—l—O( )
g€.7:187:2 H9“L2(X,p) H9HL2(X,p) NG
where p = % > | On, s the empirical measure induced by x1, ..., x, and

Hppar :=max sup |[H(z,0)],,-
S5 9eB(60,R)

Proof. Let F = {|g|* : g € F1 U F>}. Note that by Lemmas [3.6.20] and [3.6.21| we have that

for g € F1 U Fy that [|gll e (x,) < 2BR. Thus every g € F satisfies g(z) € [0,4B*R?] a.s.
Well then by Theorem [3.6.15| we have with probability at least 1 — ¢ over the sampling of
S = (x1,...,2,) that

BN 2 log(2
sup |Ez,lg(2)] — —Zg(xi) < EURad(}_IS) 1 12B2R? Ogé /5)

9&F o n
Well note that z? is 4BR Lipschitz on the interval [-2BR,2BR]. Then by Lemma [3.6.16

we have that

URad(Fis) < ABR - URad((Fy U Fa)js).

Well then we have that
URCLd((./_"l U f2)|5> < URCLd((fl U —.Fl U fg)‘s) < URCLd((./_"l U —f1)|s) + URad((fQ)‘S)

where we have used the property that if A, A" are vector classes such that sup,c4(e,u) >0
and sup,,c 4 (€, u) > 0 for all e € {1, —1}" then URad(AUA") < URad(A)+URad(A’). Well
by Lemma |3.6.20] we have that

1 1
EURad((]:l U —F1)|S) < §R2Hmax-
On the other hand by Lemma [3.6.21| we have that
1 2BR
—URad < .
~URad((F2)js) < NG
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Therefore combining these two bounds we get that

1 1 2BR
ﬁURad«fl U .FQ)\S) < ERQHmam + \/ﬁ
and thus
1 4B 1 2BR
—URad < —— URad <4BR |=R’H,ppe + —— | .
LUR(Fs) < *2 - UR(F U Fa)s) < ABR |5 RH 20
Therefore by putting everything together we have that
1< 1 2BR log(2/0)
E,. - — Ol <8BR|=R*H,pp + — | + 12B?R?| —=~
sup [ Eevplo] = D g(e)| <88R | SR Howe + 20 | 108000 250
2 2
:4BR3HmM+@+12BQR2 M
vn 2n

By repeating the same argument for the class —F and taking a union bound we have with

probability at least 1 — 26 that

sup Eonplg(z)] — %;g(mi) < ABR3H,ppy + 1632;{2 + 12B%R? logéi/ %)
The above can be reinterpreted as
sy [l = N9l p| < 48R Hpne 4 200 4 1o [RE2D)
= 4BR* Hypop + O (BQRQ) .
Vn
The desired result then follows from replacing 0 with /2 in the previous argument. O]

Now we are ready to provide a bound on the quantity |[(Tw — T5,)r(e;0)l|.2(x , for 0
satisfying ||0 — 6|, < R.

Lemma 3.6.23. Let R > 1 and let B and H,,., be defined as in Lemma |3.6.22. Let
C={x+> fiin(z;0) — f*(x): 0 € B(6y, R)}. Then there are quantities I' and ® such that

_ ~ [ BR\/log(N'(C,L*(X, p),€))
o)
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and

B 22
® =4BR*H,,,, + O <B i )

NG

such that with probability at least 1 — § over the sampling of x4, ..., z,

sup (T = T)r(w:0)| gy < T+ k0 |/ R, + 20 + V47 + 28]
9cB(0o,R) ’

Proof. We will define 1, (x;0) = fin(x;0) — f*(x). Well then we have that

1Tk = To)r (o 0|l L2 )
< (Tx = To)riin(®:0) 2 (x ) + 1T = Ta)(f = fuin) (9 ) 12(x ) -

Now let E be a proper e-covering of C = {ry,(x;0) : § € B(fy, R)} with respect to L?(X, p).
Furthermore assume E is of minimal cardinality so that |E| = N(C, L*(X, p),€). Then for

any 7, (e;6) we can choose 0 e B(f, R) so that 1, (e; é) € E and

rlin(.; ‘9) - rlin(.; é) L2(X.p) S €.

Well then

||(TK — Tn)ﬁm(‘? 9) ||L2(X,p)

(Tic = T) (1 (%59) = riia(%30))|

~

L2(X,p)

L2(X,p)

We note that for any r;,(z;60) € C that

[1in (5 0)] < [ frin (25 0)] + [/ (2)] = (Vo f (5 60), 6 = bo)| + | /" ()]
< BRA ([ poe(x,p) =5

To handle the term ||(TK — To)71in(e; for g € F we define the random variables

8>HL2(X,p)’
Z; = g(z;) Ky, — Eyplg(z) K] taking values in the separable Hilbert space H where H is

the RKHS associated with K. We note that (T}, — Tk )g is equal to = > | Z;. Well then
note that [|g(z) Kzl = lg(@)| 1Kzl < 9l poe(x ) VK (2, 2) < S&'/? a.s. Well then

1Zills < llg (i) K llg + [Eanplg (@) K]l

< Sk 4+ Ep, ||g(2) Kolly, < 28812
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Then using Hoeffding’s inequality for random variables taking values in a separable Hilbert

space (see [RBV10], Section 2.4]) we have
o Z

Thus by the union bound and the fact that £ Y%  Z; = (T, — Tx)g we have that

> s) < 2exp (—ns®/2[25K1%)?) .
H

P (maEX (T, — TK)QHH > s) < 2|E|exp (—n32/2[25'/§1/2]2) i
ge

By setting

S =

Vi Vi

we get that with probability at least 1 — ¢ over the sampling of x1,...,x,

2v/2 - Sk'/? h%<%?)(§<BRV%%MKQL%X%*E”>

ma (T, ~ Tyl < o
and thus from the inequality [|o| o x , < /01 [|e]l;, We get
max (T = Tr)9ll p2(x ) < V01 < sv/k. (3.9)

On the other hand we must bound

H (Tic — ) (rm(: 0) — 7100 (9 6))

L3(X,p)
and

(T = T)(f = fuin) (&) 12(x. ) -

Well note since K (e, o) < x pointwise it follows by Cauchy-Schwarz that for any h

< ’f||h||L2(X,p)

Tich(o)] =| [ K, s)n()ants)

and similarly

\EWQHZL/KWJW@Wﬂﬁ

< Kl p2x ) -
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Therefore

1Tk = TPl 2(xp) < 1Tk = To)hll oo x ) < NTx AN oo x,p) F 1Tl oo ()
< "f[”h“LZ(X,p) + ||h||L2(X,ﬁ)]-
Thus we will bound 75, (e;0) — 75, (e;0) and (f — fun)(e;0) in L2(X, p) and L2(X,p). Well
since § € B(fy, R) we have that (f — f,)(e;0) € F| where F is defined as in Lemma .
On the other hand we note that 7y, (; ) — rn (23 0) = (Vaf(z;60),0 — 6). Note that since
9,@ € B(f, R) we have that H9 — éHz < 2R. Thus ry,(e;0) — rlm(O;é) € F, where F, is

defined as in Lemma [3.6.22 Thus by Lemma [3.6.22| separate from the randomness before

we have with probability at least 1 — ¢ over the sampling of x1,...,z,
~ ( B?R?
2 2 3
su — ~| <4BR’H,,., + O ( ) = . 3.10
geflgfz ||9||L2(X,p) ||9||L2(X,p) vn ( )

Well note that by Lemma [3.6.20] we have that for each i € [n]
1
|f<x'u 9) - fll’n(xl) 9)’ S §R2Hmaz

and consequently
||f('§ 9) - flin('? Q)HL?(X,;?) < RQHmax-

On the other hand we had by the selection of 0 that
< e.

‘ L3(X.p)

Now for conciseness let hy = f(e;0)— fi,(e;0) and hy = 1y, (®;0) — 1y, (e; é) Then by (3.10))

DN | —

rlin(.; 0) - rlin(.; é)

we have
gy < Walliag + @ < GRVHG, + @
and
1hallZe(x ) < hallze(x ) + @ < €+ O,
This implies

1
2 2
1Pl e + 1l ex ) < SR Hgy + @

— 2 max

2 2
Hh’QHLQ(X,p) + Hh’2HL2(X,ﬁ) S 262 + q)
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Thus using the inequality a + b < v/2(a® + b*)"/? for a,b > 0 combined with the previous

estimates we have

1
1Pl 2x ) + 1P ll 2 x5y < */5\/534[{%% +&=/RHL,, +20

and

1hallp2(x,p) + 12l 12(x 5y < V2v2e + & = Vie? + 20,

Thus we have just shown that assuming (3.10)) holds that
I(Tre = Ta)hall o (x ) < BlllMll 2 x ) + Il 2 x )] < 8V B, o + 20

and

|(Txe = Tdhall oy < wllBell oy + el o ) < WV T 28,

Then by taking a union bound we can assume with probability at least 1 — 20 that (3.9))
and (3.10)) hold simultaneously. In which case our previous estimates combine to give us the
bound

1Tk = To)r(®: 0|l L2 )

< || T = Tomate D), T = T)mallgai + 1T = Tdhaleg

LY(X.p

<svk+k [\/R4H,2,m 420 + V4e2 + 20| .

We now note that as long as (3.9)) and (3.10)) hold the same argument runs through for any
0 € B(fy, R). Thus with probability at least 1 — 2§

sup  [|(Tic = T)r(e:0) | oy < sV/A + & {\/R‘iﬂfmx 28+ VAe + 2@] .
0€B(6o,R)

The desired conclusion follows by setting I' = s/k and replacing § with §/2 in the previous

argument. O

From Lemma [3.6.23| we get the following corollary.
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Corollary 3.6.24. Let R > 1 and

B=swp s [Vof(n.6),.
z€X 9B (0o,R)

Then with probability at least 1 — § over the sampling of x4, ..., x, we have that

sup [|(Tx — T,)r(e; 9)”%2()(,;;) <e
0eB(6o,R)

provided that B = O(1), Hpae = O(€¢/R®) and n = Q(R*/€?) where the expressions under

the O and Q notation do not depend on the values x1, . .., Tp.

Proof. After substituting €'/? for € in Lemma [3.6.23| we have that with probability at least

1 — 6 over the sampling of =1, ..., x,

sup (T = T)r(:0)l oy < T+ b | /R, + 20 + Ve + 20

0cB(6o,R)
where
S BR\/lOg(N(CaLQ(Xa p)ael/Q))
r=0 ,
vn
- ( B’R?
® = 4BR*H,
)
and
C={xw— fin(x;0)— f*(x):0 € E(Qo, R)}.
Now define

Fim [ Vaf(ai80)Vas (s 60) dp(o).
X
Since translation by a fixed function does not change the covering number we have by

Corollary that

_ 3el/2 ~ e
2 1/2\ _ =~ /22 = D —_—

Well using the fact that p(A,e€) < %A) we have that
9 16R*Tr(F)
p|F)—— | < ——=.
b ( ’16R2) =7 9
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Well we note that
Tr(F) = Tr(Eep[Vof(2;00)Vof(x;00)"]) = EuuyTr (Vo f(x;00) Vo f (5600)")
=B,y | Vo (z;00)|” < B,

Therefore assuming B = O(1) we have that

r_ o (R\/logN(C,LQ(X,p),el/Q)> :O( R? )

vn el/2\/n

Thus n = Q(R*/€?) suffices to ensure that T' = O(e!/?). Now we must bound

5 B2 2
® =4BR*H,,,, + O i .
vn

We note that whenever B = O(1) we have that H,,e = O(e/R?) and n = Q(R*/¢?) guaran-
tees that ® = O(e). Finally we have that Hp., = O(e/R?) C O(e'/?/R?) suffices to ensure

that R*H? . = O(e). Thus given all these conditions are met we have that

max

T4k [\/R4Hgm 28+ Ve + 2@] = O(1?).

The desired result then follows from setting the constants under the O and Q notation

appropriately. O

The following lemma combines the results in this section to get the ultimate bound on

the operator deviations Ty — T}

Lemma 3.6.25. Let R > 1 and e € (0,R). Let S = (xy,...,x,) and S’ = (24, ..., 2}) be

’Yn
two separate i.i.d. samples from p and denote
Hmaw ‘= Inax sSup ||H(Za Q)”
zeSUS’ 0cB(00,R) °op

B:=sup sup |Vof(z,0),-
z€X 9cB(6o,R)

Then with probability at least 1 — § over the sampling of S, S" we have that for any t such
that ||6; — 6o, < R that

2 *12 2
||(TK - Té)rt||L2(X7p) <4 ||f ”LOO(X,p) ||K - K0||L2(X2,p®p) te
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provided that B = O(1), Hypee = O(¢/R?) and n = Q(R*/€®) where the expressions under
the O and Q notation do not depend on S and S'.

Proof. We note that for 6, such that [|6; — 6y||, < R that

(T = Torillza ) < (T = Tdrill o + 1T = Tl o
< 2Tk = Trilliac + 21T = Tr o,

2
<2 sup (T — T)r(e; Q)H%Z(X,p) +2 H(Tn o Tftb)rtHLQ(X,p) '
0cB(6o,R)

Well by Corollary [3.6.24| we have with probability at least 1—9 over the sampling of x4, ..., x,

2
sup  |[(Tx — T)r(®0)[|72(x,,) < €
0eB(6o,R)

provided that B = O(1), Hpee = O(e/R?) and n = Q(R*/€®). This result also does not
depend in any way on S’. On the other hand by Corollary separate from the random-
ness before we have with probability at least 1 — § over the sampling of S and S’ that for
any 6, such that ||, — 6y]|, < R

2 %112 2
H(Tn - T’ri)rt”LQ(X’p) S 2 ||f ||L°°(X,p) ||K - KOHLQ(XQ,[)@,D) + €.

provided that B = O(1), Hyee = O(e1/2/R) and n = Q(e2). The desired result then follows
from taking a union bound and replacing 0 with /2 and € with €/4. O
3.6.4 Main Result

3.6.4.1 Damped Deviations

In this subsection we will recall some definitions and results from [BM22a]. The main
theorems in [BM22a] assume that the network architecture is shallow, however the results
we recall in this section do not depend on the architecture. Let K (x,z’) be a continuous,

symmetric, positive-definite kernel. Recall that K defines the integral operator
Tigle) i= | K(w.5)a(s)dps).
X
1
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Then by Mercer’s theorem
=Y o) il
i=1

where {¢;}; is an orthonormal basis of L*(X,p) and {o;}; is a nonincreasing sequence of
positive values. Each ¢; is an eigenfunction of Tk with eigenvalue o;, i.e. Tx¢; = 0;¢;. Let
z — gs(x) be a L*(X, p) function for each s € [0,¢]. Assume s — (¢;, gs), is measureable for

each i and [ Hgs||ig(x7p) ds < co. Then we write

t
/ gsds
0

to denote the coordinate-wise integral, meaning that fot gsds is the L*(X, p) function h such
that
t
(160, = [ (g0
0
With this definition in hand we now recall the following “Damped Deviations” lemma given

by [BM22al, Lemma 2.4].

Lemma 3.6.26. Let K(:r, x') be a continuous, symmetric, positive-definite kernel. Let
[Txh](e) = [ K (s)dp(s) be the integral operator associated with K and let [Th](e) =
DI Ks(o, xz)h(x,) denote the operator associated with the time-dependent NTK K. Then

t
ry = exp(—Tkt)ro + / exp(=Tx(t — 9))(Tx — T,))rsds,
0

where the equality is in the L*(X, p) sense.

Furthermore we have the following lemma [BM22al Lemma C.§]

Lemma 3.6.27. Let K(x,z') be a continuous, symmetric, positive-definite kernel with as-
sociated operator Tich(e) = [, K(e,s)h(s)dp(s). Let T:h(e) = 13"  K,(e,z;)h(x;) denote
the operator associated with the time-dependent NTK. Then

1 — exp(—oyt)

sup [|(Tx = T3)7sll 2 (x ) -

s<t

|| Pe(re — eXP(_TKt)TO)HL?(X,p) <

and

[re — exp(_TKt)TOHLQ(X,p) <t Slilf 1Tk — T5>T5||L2(X,p) :
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3.6.4.2 Proof of Theorem [3.3.5]

We are now ready to prove the main result of this paper.

Theorem 3.3.5. Let T > 1,¢ > 0. Let K(x,2') be a fized continuous, symmetric, positive
definite kernel. For k € N let P, : L*(X,p) — L*(X,p) denote the orthogonal projection
onto the span of the top k eigenfunctions of the operator Tk defined in Equation . Let
or > 0 denote the k-th eigenvalue of Tx. Then m = Q(T*/€?) and n = Q(T?/€®) suffices to
ensure with probability at least 1 — O(mn) exp(—Q(log*(m)) over the parameter initilization

Oy and the training samples x1, ..., x, that for allt <T and k € N

1- eXp(_O-kt> ? *
1P = exp(~Tithraly < |2 I = Kol o +

and

2 *(]2 2
||Tt - exp(_TKt>T0||L2(X,p) < t2 ) |:4 ||f ||oo ||K - K0||L2(X2,p®p) + Ei| :

Proof. Let 0y be the parameter initialization and let S = (zy,...,z,) and 8" = (24, ..., 2))
be two i.i.d. samples from p. Furthermore let 1 < R < y/m. Let E; C R? x X?" be the set
of values (6, S, S") so that the conclusion of Lemma [3.6.25| holds. Similarly let Ey be the set
of values (6, S, S") satisfying

Bimmax sup [Vof(@:6)], = O()

TE€X 4B (60,R)

and

O(e/R%)

Hppow = H
e 1= I, S 1 (2, 6)ll,

where the expression O(1) above is the bound on B given by Lemma(3.6.12{and the expression
O(e/R?) is precisely the condition on Hyng, in the conclusion of Lemma [3.6.25, By Lemma
3.6.25| for any fixed 6y we have that the conclusion holds with probability at least 1 —  over

the sampling of S, S’. Thus for any 6, we have that

Ess(I{(6o,5,5") € E1}] >1—0.
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It follows then by the Fubini-Tonelli theorem that
]P)(El) = E@OES’S/ [H{(@o, S, Sl> € El}] >1-—4.

On the other hand by Theorem |3.6.9| and Lemma [3.6.12] combined with a union bound we
have that for any fixed S, S’ then with probability at least 1 — 2Cmn exp(—clog?(m)) —
C exp(—cm) that Hy., = O(R/y/m) and B = O(1). Thus if m = Q(R%/€?) we ensure that

Hppaz = O(€/R?). Then by the same Fubini-Tonelli argument as before we get that
P(F,) = Eg5Eq1{(0,S,S") € Ey} > 1—2Cmnexp(—clog®(m)) — C exp(—cm).
Thus by taking a union bound we have with probability at least
1 — & — O(mn) exp(—Q(log?(m))

that the events F; and E5 both hold simultaneously. This holds for any d so we may as well
set & = O(mn) exp(—Q(log®(m))) and absorb it into the other term. Whenever F;, and E,
hold simultaneously we have by Lemma [3.6.25| that for any 6; such that [|6; — 6y]|, < R

2 1|2 2
H(TK - Tﬁ)rtHLz(X,p) S AN oo x,0) = Kollzz(x2 ) T € (3.11)

Well by Lemma [3.6.14| we have that ||0; — 6y < \% Hf*HLOO(X’p). Thus for t < —22  we

1701700 (x,)

have that ||0; — 6y|| < R. Well then by Lemma|3.6.27] and the inequality (3.11)) we have that

1Pe(re = exp(=Tict)ro) |72 (x.)

- [1 —exp(—okt)r' [

*112 2
r A W I = Kol popy + €

and
2 ()2 2
[re — eXP(_TKt)TOHH(X,p) <t [4 If ||L°°(X,p) 1K — K0|’L2(X2,p®p) + 6} :

2R? ]
£+ 117 00 (x,0)

The desired result then follows by setting 7' =
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3.6.5 Discussion of Assumption (3.3.6

We will discuss why it is reasonable to assume that m = Q(e~2) suffices to ensure that
| Ko — K OOHiQ( Xx X pop) < € holds with high probability over the initialization. We note that
for fixed 6y, Ky and K> are bounded and thus by Hoeffding’s inequality we have that with
high probability

o012
”KO - K HLQ(XXX,D®p)

N K 2
1 - [SS)
N § KO T, T ’L) Koo( T, T z)|2 +O <H 0 HL (XXX,PXP)> 7

VN

where (x1,2)),..., (xN, 2’y) is an ii.d. sample from p ® p. Furthermore we have by Lemma

3.6.12| that || Ky — K°°||ioo(XXX7po) — O(1) with high probability over the initialization of
fo. Thus if we set N = Q(e72) we have that Assumption holds provided that

N
1 o0
Nz KO Ti, T z - K (x“ z)|2 = O(G)
-1
with high probability over the simultaneous sampling of 6y and (xy,2}), ..., (zN, Zy).

It is been shown in many settings that the pointwise deviations satisfy
|Ko(x,2") = K*(z,2")| = O(1/v/m)

with high probability over 6. The earliest was [DZP19] who demonstrate that for a shallow

ReLU network for fixed x, 2’ we have with probability at least 1 — § over the initialization

|Ko(z,2") — K*®(z,2")| <O (%) :

Analyzing the portion of the Neural Tangent Kernel corresponding to the last hidden layer,
[DLL19] get an analogous bound for deep fully-connected, ResNet, and convolutional net-
works with smooth activations. This is substantiated by the results of [HY20] for deep
fully-connected networks with smooth activations. In their work they demonstrate that for

a fixed training set x1,..., 2,
max | Ko (@i, 2;) — K™ (2, 2;)] = O(1/v/m)
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with high probability over the initialization. In their result there are constants that depend
on how well dispersed 1, ..., z, are. [BM22a] demonstrated that for shallow fully-connected

networks with smooth activations

sup | Kole, ') — K*(2,2)| = O(1//m)

(z,x)eXxX

with high probability over the initialization. For deep fully-connected ReLU networks
[ADHI9b] demonstrate that for fixed x, 2" if m = Q(L°log(L/§)/€*) then with probabil-
ity at least 1 — ¢

|Ko(z,2") — K®(z,2")] < (L+1)e.

In terms of the width m this translates to |Ko(x, ) — K®(z,2')] = O(1/m*) with high
probability. This was improved in a recent work by [BGW2I1] that demonstrated that if
M is a Riemannian submanifold of the unit sphere then with high probability over the
initialization

sup  |Ko(x,2") — K™(z,2')| = O(1/v/m).

z,x' EMXM
Furthermore as stated by [BGW21] their analysis should be amenable to other architectures.

Now note that max;en | Ko(2, 2]) — K®(z;,2})| = O(e/?) suffices to ensure that

~ Z Ko(wi,at) — K=(x;,2})* = O(e).
Based on the previous discussion, we expect that with high probability

max|K0(xZ, zl) — K®(z;, 2)| = O(1//m).

ic[N]

Thus if m = Q(1/¢%) then we would have that maxeqn |Ko(z, ) — K=(z4,2})| = Ole)
which is stronger than what we need. In fact maxeyy | Ko(2i, 7)) — K= (24, 2})| = O(1/m'/*)
is sufficient. For these reasons, we view Assumption |3.3.6| as quite reasonable. Nevertheless,
we are not aware of an out-of-the box result that simultaneously addresses all the cases we
consider and thus we must add this as an external assumption. However, if desired one can
bypass Assumption by citing the aforementioned results to get statements for the cases
in which they apply to.
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3.6.6 Experimental Details

Architecture and Parameterization The code to produce Figure is available at

https://github.com/bbowman223/deepspec| The NTK Gram matrix
(Go)iy = K™ (xs,25) = (Vof (x:560), VoS (x;:60))

was computed for two separate networks. The first network corresponds to LeNet-5 [LBB9S]
where the output is the logit corresponding to class 0. The second network is a feedforward
network with one hidden layer with the Softplus activation w(x) = log(1 + exp(z)). For
LeNet-5 we compute the NTK using PyTorch [PGM19] using the default PyTorch initializa-
tion and parameterization. For the shallow network we implement the network directly and

use the Neural Tangent Kernel parameterization:
F@i6) = —= 3" a(wi,2) + b) +
x; = T = ;W\ (W;, T 7 0
vm i=1

where there is an explicit 1/4/m factor. All parameters for the shallow network are initialized

as i.i.d. standard Gaussian random variables N (0, 1).

Details of Computation For each network we compute the NTK Gram matrix G for 10
separate pairs of (6, S) where 0, is the parameter initialization and S = (z1,...,x,) is the
data batch. Each line in the plots of Figure corresponds to a different pair (6p, S). We
simultaneously sample the parameter initialization 8, and a random batch of 2000 training
samples 1, . .., Togoo. We load the batches using “Datal.oader” in PyTorch with the “shuffle”
parameter set to True. This means the batches will be sampled sequentially from a random
permutation of the training data and thus are sampled without replacement. We then
compute the NTK Gram matrix (Go)i; = K% (x;,2;) = (Vof(xi;00), Vof(z;;60)). Once
we compute Gy we compute its spectrum and plot the first 1000 eigenvalues. Note that the
number of eigenvalues that we plot is half the batch size. We observe that if one plots all n

eigenvalues (the number of eigenvalues equals the number of samples) one gets a sharp drop
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in log scale magnitude starting near the bottom 5-10% of eigenvalues. We observed this to
occur even as one varies n. We suspect this is due to numerical errors and thus we only plot

the first half of the spectrum.

Data The dataset used for LeNet-5 is MNIST [LBBOS8] and the dataset for the shallow
model is CIFAR-10 [Kri09]. MNIST is made available through the Creative Commons
Attribution-Share Alike 3.0 license. CIFAR-10 does not specify a license. Neither of these

datasets have personally identifiable information nor offensive content.

Computational Resources and Runtime The experiments were run on a 2016 Mac-
book Pro with a 2.6 Ghz Quad-Core Intel Core i7 processor and 16GB of RAM. The exper-

iment took less than an hour in wall-clock time.

Software Licenses and Attribution Our experiments were implemented in Python with
the aid of the following software libraries/tools: PyTorch [PGMI19], NumPy [HMW20],
SciPy [VGO20], Matplotlib [Hun07], Jupyter Notebook [KRP16], IPython [PG07], and
autograd-hacks https://github.com/cybertronai/autograd-hacks. PyTorch, Numpy,
and SciPy are available under the BSD license. Jupyter and IPython are available under the
new/modified BSD license. Matplotlib uses only BSD compatible code and is available under
the PSF license. The code for autograd-hacks belongs to the public domain as specified by

the public-domain-equivalent-license “Unlicense” https://unlicense.org/.
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CHAPTER 4

Characterizing the Spectrum of the NTK via a Power

Series Expansion

4.1 Introduction

Neural networks currently dominate modern artificial intelligence, however, despite their
empirical success establishing a principled theoretical foundation for them remains an ac-
tive challenge. The key difficulties are that neural networks induce nonconvex optimization
objectives [SS89] and typically operate in an overparameterized regime which precludes clas-
sical statistical learning theory [AB02]. The persistent success of overparameterized models
tuned via non-convex optimization suggests that the relationship between the parameteriza-
tion, optimization, and generalization is more sophisticated than that which can be addressed

using classical theory.

A recent breakthrough on understanding the success of overparameterized networks was
established through the Neural Tangent Kernel (NTK) [JGHIS|. In the infinite-width limit
the optimization dynamics are described entirely by the NTK and the parameterization be-
haves like a linear model [LXS19]. In this regime explicit guarantees for the optimization and
generalization can be obtained [DLL19, [DZP19, [ADH19al [ALS19al, [ZCZ20]. While one must
be judicious when extrapolating insights from the NTK to finite-width networks [LSP20],
the NTK remains one of the most promising avenues for understanding deep learning on a

principled basis.

The spectrum of the NTK is fundamental to both the optimization and generaliza-
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tion of wide networks. In particular, bounding the smallest eigenvalue of the NTK Gram
matrix is a staple technique for establishing convergence guarantees for the optimization
[DLL19, DZP19. [0S20]. Furthermore, the full spectrum of the NTK Gram matrix gov-
erns the dynamics of the empirical risk [ADHI9b], and the eigenvalues of the associated
integral operator characterize the dynamics of the generalization error outside the training
set [BM22bl, BM22a]. Moreover, the decay rate of the generalization error for Gaussian
process regression using the NTK can be characterized by the decay rate of the spectrum

[CDO7, [CLK21], TBM22).

The importance of the spectrum of the NTK has led to a variety of efforts to characterize
its structure via random matrix theory and other tools [YSI9, [FW20]. There is a broader
body of work studying the closely related Conjugate Kernel, Fisher Information Matrix,
and Hessian [PLR16, PW17, PW18, [LLCIS8| [KAA20]. These results often require complex
random matrix theory or operate in a regime where the input dimension is sent to infinity.
By contrast, using a just a power series expansion we are able to characterize a variety of

attributes of the spectrum for fixed input dimension and recover key results from prior work.

4.1.1 Contributions

In Theorem [4.3.2| we derive coefficients for the power series expansion of the NTK under unit
variance initialization, see Assumption £.3.1] Consequently we are able to derive insights
into the NTK spectrum, notably concerning the outlier eigenvalues as well as the asymptotic

decay.

e In Theorem and Observation we demonstrate that the largest eigenvalue \; (K)
of the NTK takes up an (1) proportion of the trace and that there are O(1) outlier

eigenvalues of the same order as A\ (K).

e In Theorem and Theorem we show that the effective rank Tr(K)/A;(K) of the
NTK is upper bounded by a constant multiple of the effective rank Tr(XXT) /A (XXT)
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of the input data Gram matrix for both infinite and finite-width networks.

e In Theorem and Theorem we characterize the asymptotic behavior of the NTK

spectrum for both uniform and nonuniform data distributions on the sphere.

4.1.2 Related Work

Neural Tangent Kernel (NTK): the NTK was introduced by [JGHIS§|, who demonstrated
that in the infinite-width limit neural network optimization is described via a kernel gradient
descent. As a consequence, when the network is polynomially wide in the number of samples,
global convergence guarantees for gradient descent can be obtained [DLI19,[DZP19,ALS19al,
7ZG19, [LXS19, [ZCZ20, [0S20, NM20, Ngu21|. Furthermore, the connection between infinite-
width networks and Gaussian processes, which traces back to [Nea96], has been reinvigorated

in light of the NTK. Recent investigations include [LBN1S, [dHR18, NXBI19].

Analysis of NTK Spectrum: theoretical analysis of the NTK spectrum via random
matrix theory was investigated by [YS19, [FW20] in the high dimensional limit. [VY21]
demonstrated that for ReLLU networks the spectrum of the NTK integral operator asymp-
totically follows a power law, which is consistent with our results for the uniform data distri-
bution. [BJK19] calculated the NTK spectrum for shallow ReLU networks under the uniform
distribution, which was then expanded to the nonuniform case by [BGG20]. [GGJ22] ana-
lyzed the spectrum of the conjugate kernel and NTK for convolutional networks with ReLU
activations whose pixels are uniformly distributed on the sphere. [GYK20, BB21], [CX21] an-
alyzed the reproducing kernel Hilbert spaces of the NTK for ReLLU networks and the Laplace
kernel via the decay rate of the spectrum of the kernel. In contrast to previous works, we are
able to address the spectrum in the finite dimensional setting and characterize the impact

of different activation functions on it.

Hermite Expansion: [DFS16] used Hermite expansion to the study the expressivity

of the Conjugate Kernel. [SAD22] used this technique to demonstrate that any dot product
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kernel can be realized by the NTK or Conjugate Kernel of a shallow, zero bias network.
[OS20] use Hermite expansion to study the NTK and establish a quantitative bound on the
smallest eigenvalue for shallow networks. This approach was incorporated by [NM20] to han-
dle convergence for deep networks, with sharp bounds on the smallest NTK eigenvalue for
deep ReLU networks provided by [NMM21]. The Hermite approach was utilized by [PSG20]
to analyze the smallest NTK eigenvalue of shallow networks under various activations. Fi-
nally, in a concurrent work [HZL22] use Hermite expansions to develop a principled and
efficient polynomial based approximation algorithm for the NTK and CNTK. In contrast to
the aforementioned works, here we employ the Hermite expansion to characterize both the
outlier and asymptotic portions of the spectrum for both shallow and deep networks under

general activations.

4.2 Preliminaries

For our notation, lower case letters, e.g., z,y, denote scalars, lower case bold characters,
e.g., X,y are for vectors, and upper case bold characters, e.g., X, Y, are for matrices. For
natural numbers ki, ks € N we let [k = {1,..., ki } and [k, k1] = {ko, ..., k1}. If ko > Ky
then [ko, k1] is the empty set. We use [|-||, to denote the p-norm of the matrix or vector in
question and as default use ||-|| as the operator or 2-norm respectively. We use 1,5, € R™*"
to denote the matrix with all entries equal to one. We define d,—. to take the value 1 if p = ¢
and be zero otherwise. We will frequently overload scalar functions ¢ : R — R by applying
them elementwise to vectors and matrices. The entry in the ¢th row and jth column of
a matrix we access using the notation [X];;. The Hadamard or entrywise product of two
matrices X, Y € R™*" we denote X®Y as is standard. The pth Hadamard power we denote
X and define it as the Hadamard product of X with itself p times,

XP =XoOX0--0X.
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Given a Hermitian or symmetric matrix X € R™ ", we adopt the convention that \;(X)

denotes the ith largest eigenvalue,

A(X) = Xa(X) = - 2 A(X).

Finally, for a square matrix X € R™*™ we let Tr(X) = Y ,[X];; denote the trace.

4.2.1 Hermite Expansion

We say that a function f: R — R is square integrable with respect to the standard Gaussian
measure y(z) = \/szﬂe_ﬁ/? if Exno1)f(X)?] < co. We denote by L*(R,~) the space of all
such functions. The normalized probabilist’s Hermite polynomials are defined as
(—1)"e/? gt —22/2
VEI dxk ‘ ’
and form a complete orthonormal basis in L?(R,v) [OD14, §11]. The Hermite expan-
sion of a function ¢ € L*(R,~) is given by ¢(x) = > popun(@)hi(x), where pp(¢p) =
Exnr0,)[0(X)hie(X)] is the kth normalized probabilist’s Hermite coefficient of ¢.

k=0,1,...

4.2.2 NTK Parameterization

In what follows, for n,d € N let X € R™*¢ denote a matrix which stores n points in R row-
wise. Unless otherwise stated, we assume d < n and denote the 7th row of X,, as x;. In this
work we consider fully-connected neural networks of the form f+1: R — R with L € N
hidden layers and a linear output layer. For a given input vector x € R? the activation
f® and preactivation ¢V at each layer | € [L 4 1] are defined via the following recurrence
relations,

gV (x) = 7, Wx + 3,bM, fW(x) = ¢ (¢ (x)),

) = WO b, 100) = 0 (s"0) eI )

(L4 (x) = T2 WD ¢ (x) fEAD(x) = g+ (x),

vmrL
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The parameters W@ € R™>*™-1 and bl®) € R™ are the weight matrix and bias vector at
the [th layer respectively, mg = d, mpy1 = 1, and ¢: R — R is the activation function
applied elementwise. The variables 7,0, € Rs¢ and 7,0, € R>( correspond to weight
and bias hyperparameters respectively. Let 6, € R? denote a vector storing the network
parameters (W™ b®)! _ up to and including the /th layer. The Neural Tangent Kernel
[IGHIS) 6V R? x R? — R associated with f@ at layer I € [L 4 1] is defined as

é(l) (X7 y) = <v91f(l) (X>7 V@[f(l) (y)> (42)
We will mostly study the NTK under the following standard assumptions.

Assumption 4.2.1. NTK initialization.

1. At initialization all network parameters are distributed as N'(0,1) and are mutually inde-

pendent.

2. The activation function satisfies ¢ € L*(R,7), is differentiable almost everywhere and its

derivative, which we denote ¢, also satisfies ¢/ € L*(R, 7).

3. The widths are sent to infinity in sequence, m; — 00, My —> 00, ..., mp — 00. We refer

to this regime as the sequential infinite-width limit.

Under Assumption for any [ € [L + 1], 0 (x, y) converges in probability to a
deterministic limit ©@: R? x RY — R [JGHIS| and the network behaves like a kernelized
linear predictor during training; see, e.g., [ADHI19bl [LXS19, WGL20]. Given access to the
rows (x;)"; of X the NTK matrix at layer [ € [L + 1], which we denote K, is the n x n

matrix with entries defined as

Ky = -0 (xi,%,), ¥ ) € ] % [n]. (4.3)
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4.3 Expressing the NTK as a Power Series

The following assumption allows us to study a power series for the NTK of deep network
and with general activation functions. We remark that power series for the NTK of deep
networks with positive homogeneous activation functions, namely ReLLU, have been studied

in prior works [HZL22, [CX21l, BB21l [GGJ22]. We further remark that while these works

focus on the asymptotics of the NTK spectrum we also study the large eigenvalues.

Assumption 4.3.1. The hyperparameters of the network satisfy
Yo+ %=1 0aBznonld(2)?] <1, op =1 - 0iEzunounld(2)?].
Furthermore, the data is normalized so that ||x;|| =1 for all i € [n].

Recall under Assumption that the preactivations of the network are centered Gaus-
sian processes [Nea96l, [LBN18|. Assumption ensures the preactivation of each neuron
has unit variance and thus is reminiscent of the [LBO12], [GB10] and [HZR15| initializa-
tions, which are designed to avoid vanishing and exploding gradients. We refer the reader
to Section for a thorough discussion. Under Assumption we will show it is
possible to write the NTK not only as a dot-product kernel but also as an analytic power
series on [—1, 1] and derive expressions for the coefficients. In order to state this result recall,
given a function f € L*(R,~), that the pth normalized probabilist’s Hermite coefficient of
f is denoted p,(f), we refer the reader to Section for an overview of the Hermite
polynomials and their properties. Furthermore, letting a = (aj);?‘;o denote a sequence of real
numbers, then for any p, k € Z>, we define

.

1, k=0 and p =0,

F(p,k,a) =<0, k=0andp>1, (4.4)

k
\Z(ji)ej(p,k) [limi @, k=1andp>0,
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where

k
T (0. k) = {(Giiew = Ji > 0Vie [k], Zji =p} forallpeZyy, keN.

i=1
Here J (p, k) is the set of all k-tuples of nonnegative integers which sum to p and F(p, k,a)
is therefore the sum of all ordered products of £ elements of a whose indices sum to p. We

are now ready to state the key result of this section, Theorem [4.3.2 whose proof is provided

in Section 4.6.2.11

Theorem 4.3.2. Under Assumptions|4.2.1 and|4.53.1} for alll € [L + 1]

nKy =Y iy (XXT) (4.5)
p=0

The series for each entry n[K;|;; converges absolutely and the coefficients k,; are nonnegative

and can be evaluated using the recurrence relationships

5p=0713 + 5p=175;7 =1,
ol = (4.6)
Qpi+ Do Fgi-1Up—qi, L€ [2,L+1],
where
oo () + Op=007, =2,
W=y o (4.7)
\ZZO:O ar2F(p, k1), 123,
and '
Uz%;MQ((b,)a l - 2,
Upt = ’ (4.8)

| i v F(p ki), 123,

are likewise nonnegative for all p € Z>o and | € [2, L + 1].

As already remarked, power series for the NTK have been studied in previous works,
however, to the best of our knowledge Theorem [4.3.2|is the first to explicitly express the co-
efficients at a layer in terms of the coefficients of previous layers. To compute the coefficients

of the NTK as per Theorem [4.3.2, the Hermite coefficients of both ¢ and ¢ are required.
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Under Assumption below, which has minimal impact on the generality of our results,
this calculation can be simplified. In short, under Assumption Up2 = (p+ 1)yt and
therefore only the Hermite coefficients of ¢ are required. We refer the reader to Lemma [4.6.7

in Section [4.6.2.9] for further details.

Assumption 4.3.3. The activation function ¢: R — R is absolutely continuous on [—a, al
for all a > 0, differentiable almost everywhere, and is polynomially bounded, i.e., |p(x)| =

O(|z|?) for some B > 0. Further, the derivative ¢': R — R satisfies ¢/ € L*(R, 7).

We remark that ReLLU, Tanh, Sigmoid, Softplus and many other commonly used acti-
vation functions satisfy Assumption [£.3.3} In order to understand the relationship between
the Hermite coefficients of the activation function and the coefficients of the NTK, we first

consider the simple two-layer case with L = 1 hidden layers. From Theorem

Fip2 = On(L+7ap)1a(0) + 0ove (1 4 p)pizyy (0) + 0p—o0- (4.9)

As per Table [L.0], a general trend we observe across all activation functions is that the first

few coefficients account for the large majority of the total NTK coefficient series.

Table 4.1: Dominance of the Early Coefficients Percentage of Z;io Kp,2 accounted for

by the first T+ 1 NTK coefficients assuming 72 = 1, 72 = 0, 62 = 1 and 07 = 1 — E[¢(Z)?].

T = 0 1 2 3 4 S

ReLU 43.944 T0.277 93.192 93.192 95.403 95.403
Tanh 41.362 91.468 91.468 97.487 97.487 99.090
Sigmoid | 91.557 99.729 99.729 99.977 99.977 99.997
Gaussian| 95.834 95.834 98.729 98.729 99.634 99.634

However, the asymptotic rate of decay of the NTK coefficients varies significantly by
activation function, due to the varying behavior of their tails. In Lemma we choose

ReLU, Tanh and Gaussian as prototypical examples of activations functions with growing,
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constant, and decaying tails respectively, and analyze the corresponding NTK coefficients

in the two layer setting. For typographical ease we denote the zero mean Gaussian density

function with variance o as w,(z) = (1/v2702) exp (—22/(202)).
Lemma 4.3.4. Under Assumptions and

1. if ¢(2) = ReLU(2), then kp2 = d(y,>0)(p evm)@(p’?)ﬂ),

2. if 9(z) = Tanh(z), then rk,o = O (exp <—”T‘/ﬁ>>,

3. if ¢(2) = we(2), then kps = 0(y,>0)u(p even)@(p1/2(02 +1)7P).

The trend we observe from Lemma [£.3.4]is that activation functions whose Hermite coef-
ficients decay quickly, such as w,, result in a faster decay of the NTK coefficients. We remark
that analyzing the rates of decay in the deep setting is challenging due to the calculation of

F(p,k,a;_1) (4.4) and therefore leave this study to future work.

Finally, we briefly pause here to highlight the potential for using a truncation of in
order to perform efficient numerical approximation of the infinite-width NTK. We remark
that this idea is also addressed in a concurrent work by [HZL22], albeit under a somewhat
different set of assumptions H As per our observations thus far that the coefficients of the
NTK power series typically decay quite rapidly, one might consider approximating
O® by computing just the first few terms in each series of . Furthermore Figure in
Section 4.6.2.3|shows the absolute error between the truncated ReLU NTK and the analytical
expression for the ReLU NTK, which is also defined in Section[4.6.2.3] Let p denote the input
correlation. The key takeaway is that while for |p| close to one the approximation is poor,
for |p| < 0.5, which is arguably more realistic for real-world data, with just 50 coefficients
machine level precision can be achieved. We refer the interested reader to Section for

a proper discussion.

n particular, in [HZL22] the authors focus on homogeneous activation functions and allow the data to
lie off the sphere. By contrast, we require the data to lie on the sphere but can handle non-homogeneous
activation functions in the deep setting.
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4.4 Analyzing the Spectrum of the NTK via its Power Series

In this section, we consider a general kernel matrix power series of the form
o0
nK =) ¢(XX")er
p=0
where {c,}52, are coefficients and X is the data matrix. According to Theorem W, the
coefficients of the NTK power series (4.5)) are always nonnegative, thus we only consider the

case where ¢, are nonnegative. We will also consider the kernel function power series, which

[e.o]

we denote as K(x1,29) = > 7 ¢p(x1,72)P. Later on we will analyze the spectrum of kernel

matrix K and kernel function K.

4.4.1 Analysis of the Upper Spectrum and Effective Rank

In this section we analyze the upper part of the spectrum of the NTK, corresponding to the
large eigenvalues, using the power series given in Theorem Our first result concerns
the effective rank [HHV22] of the NTK. Given a positive semidefinite matrix A € R"*" we
define the effective rank of A to be

Tr(A)

eff(A) = NA)

The effective rank quantifies how many eigenvalues are on the order of the largest eigenvalue.

This follows from the Markov-like inequality
{p: Mp(A) > A (A)}] < ¢ leff(A) (4.10)
and the eigenvalue bound

eff(A)
MA) STy

Our first result is that the effective rank of the NTK can be bounded in terms of a ratio

involving the power series coefficients. As we are assuming the data is normalized so that
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|x;]| =1 for all ¢ € [n], then observe by the linearity of the trace

Tr(nK) =Y ,Tr(XX")?) =n Z Cp,

p=0 p=0

where we have used the fact that Tr((XXT)®?) = n for all p € N. On the other hand,
/\1(7’LK) Z Al(Co(XXT)O) = /\1(001an) = NCy.
Combining these two results we get the following theorem.
Theorem 4.4.1. Assume that we have a kernel Gram matriz K of the form
nK =Y ¢,(XX")e"
p=0
where co # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for

all i € [n]. Then .
eff(K) < ZPC;OOCP.

By Theorem co # 0 provided the network has biases or the activation function
has nonzero Gaussian expectation (i.e., po(¢) # 0). Thus we have that the effective rank
of K is bounded by an O(1) quantity. In the case of ReLU for example, as evidenced by
Table [4.1] the effective rank will be roughly 2.3 for a shallow network. By contrast, a well-
conditioned matrix would have an effective rank that is Q(n). Combining Theorem [4.4.1]

and the Markov-type bound (4.10) we make the following important observation.

Observation 4.4.2. The largest eigenvalue A\ (K) of the NTK takes up an Q(1) fraction of
the entire trace and there are O(1) eigenvalues on the same order of magnitude as A\ (K),

where the O(1) and (1) notation are with respect to the parameter n.

While the constant term cy1,,, in the kernel leads to a significant outlier in the spectrum
of K, it is rather uninformative beyond this. What interests us is how the structure of the
data X manifests in the spectrum of the kernel matrix K. For this reason we will examine
the centered kernel matrix K := K — “1,xn- By a very similar argument as before we get

the following result.
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Theorem 4.4.3. Assume that we have a kernel Gram matriz K of the form
nK =Y ¢, (XX")°P
p=0
where ¢; # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for
all i € [n]. Then the centered kernel K=K-— D1, xn satisfies

- *.c
eff(K) < eﬁ(XXT)@.

C1

Thus we have that the effective rank of the centered kernel K is upper bounded by a
constant multiple of the effective rank of the input data Gram XX*. Furthermore, we can

ZP L as a measture of how much the NTK inherits the behavior of the linear

take the ratio
kernel XX in partlcular, if the input data gram has low effective rank and this ratio is
moderate then we may conclude that the centered NTK must also have low effective rank.
Again from Table[d.T] in the shallow setting we see that this ratio tends to be small for many

of the common activations, for example, for ReLU it is roughly 1.3. To summarize then from

Theorem we make the important observation.

Observation 4.4.4. Whenever the input data are approximately low rank, the centered

kernel matriz K = K — “1,xn 18 also approzimately low rank.

It turns out that this phenomenon also holds for finite-width networks at initialization.

Counsider the shallow model
Zaqu Wfa

where x € R? and w, € R?, ay € R for all £ € [m]. The following theorem demonstrates that
when the width m is linear in the number of samples n then eff(K) is upper bounded by a

constant multiple of eff(XXT).

Theorem 4.4.5. Assume ¢(z) = ReLU(z) and n > d. Fiz e > 0 small. Suppose that
Wi, .oy Wiy ~ N(0,071y) i.i.d. and aq, ..., ap ~ N(0,03). Set M = max;ep, ||x;|l,, and let

= EW'\/N(O,I/%I) [¢<XW>¢(WTXT)]
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Then
m = Q (max(A; ()%, 1) max(n,log(1/€))), 11 = O(1/M~/m)

suffices to ensure that, with probability at least 1 — € over the sampling of the parameter
matialization,
eff(K) < C - eff(XXT),

where C > 0 is an absolute constant.

Many works consider the model where the outer layer weights are fixed and have constant
magnitude and only the inner layer weights are trained. This is the setting considered by
IXLS17], [ADH19a], [DZP19], [OFL19], [LSO20], and [OS20]. In this setting we can reduce
the dependence on the width m to only be logarithmic in the number of samples n, and we

have an accompanying lower bound. See Theorem in the Section for details.

In Figure [4.1) we empirically validate our theory by computing the spectrum of the NTK
on both Caltech101 [LAR22] and isotropic Gaussian data for feedforward networks. We
use the functorchﬂ module in PyTorch [PGM19] using an algorithmic approach inspired
by [NSS22]. As per Theorem 4.1 and Observation 4.2, we observe all network architectures
exhibit a dominant outlier eigenvalue due to the nonzero constant coefficient in the power
series. Furthermore, this dominant outlier becomes more pronounced with depth, as can be
observed if one carries out the calculations described in Theorem [4.3.2] Additionally, this
outlier is most pronounced for ReLLU, as the combination of its Gaussian mean plus bias
term is the largest out of the activations considered here. As predicted by Theorem 4.3,
Observation 4.4 and Theorem 4.5, we observe real-world data, which has a skewed spectrum
and hence a low effective rank, results in the spectrum of the NTK being skewed. By
contrast, isotropic Gaussian data has a flat spectrum, and as a result beyond the outlier the
decay of eigenvalues of the NTK is more gradual. These observations support the claim that

the NTK inherits its spectral structure from the data. We also observe that the spectrum

2https://pytorch.org/functorch/stable/notebooks/neural _tangent_kernels.html
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for Tanh is closer to the linear activation relative to ReLU: intuitively this should not be
surprising as close to the origin Tanh is well approximated by the identity. Our theory
provides a formal explanation for this observation, indeed, the power series coefficients for
Tanh networks decay quickly relative to ReLU. We provide further experimental results in
Section [4.6.5] including for CNNs where we observe the same trends. We note that the
effective rank has implications for the generalization error. The Rademacher complexity of a
kernel method (and hence the NTK model) within a parameter ball is determined by its its
trace [BMO03]. Since for the NTK \;(K) = O(1), lower effective rank implies smaller trace

and hence limited complexity.
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Figure 4.1: Feedforward NTK Spectrum We plot the normalized eigenvalues \,/\; of
the NTK Gram matrix K and the data Gram matrix XX” for Caltech101 and isotropic
Gaussian datasets. To compute the NTK we randomly initialize feedforward networks of
depths 2 and 5 with width 500. We use the standard parameterization and Pytorch’s default
Kaiming uniform initialization in order to better connect our results with what is used in
practice. We consider a batch size of n = 200 and plot the first 100 eigenvalues. The
thick part of each curve corresponds to the mean across 10 trials, while the transparent part

corresponds to the 95% confidence interval

4.4.2 Analysis of the Lower Spectrum

In this section, we analyze the lower part of the spectrum using the power series. We first
analyze the kernel function K which we recall is a dot-product kernel of the form K (zq,z5) =
Z;io cp(r1, 22)P. Assuming the training data is uniformly distributed on a hypersphere it
was shown by [BJK19, BM19] that the eigenfunctions of K are the spherical harmonics.

[AMT5] gave the eigenvalues of the kernel K in terms of the power series coefficients.
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Theorem 4.4.6. [AM15] Suppose that the training data are uniformly sampled from the
unit hypersphere S, d > 2. If the dot-product kernel function has the expansion K (1, 15) =

Z;io {1, x2)P where ¢, > 0, then the eigenvalue of every spherical harmonic of frequency
k is given by
—k+1
— 2 I(p+ 1)T(B51)

= i )
2kt o L(p—k+ I +k+d/2)
p—k is even

where I is the gamma function.

A proof of Theorem [4.4.6|is provided in Section for the reader’s convenience. This
theorem connects the coefficients ¢, of the kernel power series with the eigenvalues A, of
the kernel. In particular, given a specific decay rate for the coefficients ¢, one may derive
the decay rate of \,: for example, [SH21] examined the decay rate of ), if ¢, admits a
polynomial decay or exponential decay. The following Corollary summarizes the decay rates

of A\, corresponding to two layer networks with different activations.

Corollary 4.4.7. Under the same setting as in Theorem [4.4.0,

1. if ¢, = O(p~®) where a > 1, then )\, = O(k~4720+2),

2. Zf Cp = 6(p even)@(p_a)7 then /\_k = 5(k even)@(k_d_2a+2)7

8. if ¢, = O (exp (—a/p)), then \y = O <k’d+1/2 exp <—a\/E>>,

4. if ¢, = O(p"2a7?), then N, = O (k= 'a™*) and A, = Q (k~4/2+127 k=),

In addition to recovering existing results for ReLU networks [BJK19, VY21l [GYK20,
BB21]], Corollary also provides the decay rates for two-layer networks with Tanh and
Gaussian activations. As faster eigenvalue decay implies a smaller RKHS Corollary
shows using ReLLU results in a larger RKHS relative to Tanh or Gaussian activations. Nu-

merics for Corollary [£.4.7 are provided in Figure [4.4] in Section [£.6.5 Finally, in Theorem
we relate a kernel’s power series to its spectral decay for arbitrary data distributions.
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Theorem 4.4.8 (Informal). Let the rows of X € R™9 be arbitrary points on the unit
sphere. Consider the kernel matriz nK = 3_% ¢, (XXT)GP and let r(n) < d denote the
rank of XXT. Then

1. ifc, = O(p~™®) with a > r(n) + 1 for alln € Zxq then A\, (K) = O (niﬁ(i;%),
2. if ¢, = O(e=*VP) then \,(K) = O <nﬁ exp (—a’nﬁ)> for any o/ < a271/2()

3. if ¢, = O(e™*P) then A\, (K) = O (exp (—o/nﬁ» for any o < @271/ (),

Although the presence of the factor 1/r(n) in the exponents of n in these bounds is a
weakness, Theorem [£.4.8] still illustrates how, in a highly general setting, the asymptotic
decay of the coefficients of the power series ensures a certain asymptotic decay in the eigen-
values of the kernel matrix. A formal version of this result is provided in Section [4.6.7] along

with further discussion.

4.5 Conclusion

Using a power series expansion we derived a number of insights into both the outliers as well
as the asymptotic decay of the spectrum of the NTK, in particular highlighting the role of
the activation function. We performed our analysis without recourse to a high dimensional
limit or the use of random matrix theory. Interesting avenues for future work include better
analyzing the role of depth as well as characterizing the outlier eigenvalues and spectrum as

a whole for networks with convolutional, residual or transformer layers.

Reproducibility Statement To ensure reproducibility, we make the code public at https:

//github.com/bbowman223/data_ntk
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4.6 Appendix

This section is organized as follows.

e Section 4.6.1] gives background material on Gaussan kernels, NTK, unit variance intitial-

ization, and Hermite polynomial expansions.
e Section derives the power series expansion for the NTK.
e Section [4.6.3| analyzes the effective rank of power series kernels.
e Section [4.6.4] analyzes the effective rank of finite-width networks.

e Section [4.6.5| empirically validates the theoretical results on the effective rank of the NTK

and the asymptotic decay of its spectrum.

e Section |4.6.6|analyzes the asymptotic decay of the spectrum for data uniformly distributed

on the sphere.

e Section analyzes the asymptotic decay of the spectrum for nonuniform distributions.

4.6.1 Background Material
4.6.1.1 Gaussian Kernel

Observe by construction that the flattened collection of preactivations at the first layer
(g (%)), form a centered Gaussian process, with the covariance between the ath and Sth

neuron being described by

1
B0 (ki x) = Bl ()95 (x7)] = damss (VXTI +97)

Under the Assumption 4.2.1} the preactivations at each layer [ € [L + 1] converge also in
distribution to centered Gaussian processes [Nea96l [LBN1§|. We remark that the sequential

width limit condition of Assumption is not necessary for this behavior, for example the
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same result can be derived in the setting where the widths of the network are sent to infinity
simultaneously under certain conditions on the activation function [dHRI18]. However, as
our interests lie in analyzing the limit rather than the conditions for convergence to said
limit, for simplicity we consider only the sequential width limit. As per [LBNIS, Eq. 4],
the covariance between the preactivations of the ath and Sth neurons at layer [ > 2 for any

input pair x,y € R are described by the following kernel,

50 (x,y) = E[g (x)g5 ()]

= ba=p (UiEgu—nNgP(o,zl—l)[¢(9g71)(x))¢(9g71)(}’))] + U?) -

We refer to this kernel as the Gaussian kernel. As each neuron is identically distributed
and the covariance between pairs of neurons is 0 unless a = 3, moving forward we drop the
subscript and discuss only the covariance between the preactivations of an arbitrary neuron
given two inputs. As per the discussion by [LBNI18| Section 2.3], the expectations involved
in the computation of these Gaussian kernels can be computed with respect to a bivariate
Gaussian distribution, whose covariance matrix has three distinct entries: the variance of
a preactivation of x at the previous layer, £~V (x,x), the variance of a preactivation of
y at the previous layer, ¥)(y,y), and the covariance between preactivations of x and y,
YU=1(x,y). Therefore the Gaussian kernel, or covariance function, and its derivative, which

we will require later for our analysis of the NTK, can be computed via the the following

recurrence relations, see for instance [LBNIS8| JGHIS| [ADHI19b, NMM21],

20, y) = vax"x+ 75,
Yi-D(x,x) 2U0-D(x,
AV (x,y) = ) td
Sy, x) B (x, x) (4.11)

SO, y) = 005, By (0,40 (xy)) [0 B1)G(B2)] + 07,

SO(x,y) = 005, Byyn(0.a0 (xy) (@' (B1)d (B2)].
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4.6.1.2 Neural Tangent Kernel (NTK)

As discussed in the Section under Assumption OO converges in probability to a
deterministic limit, which we denote ©®. This deterministic limit kernel can be expressed
in terms of the Gaussian kernels and their derivatives from Section via the following

recurrence relationships [JGHIS8, Theorem 1],

oW (x,y) = 5V (x,y),

0 (x,y) = 0V (x,y)2V(x,y) + =V (x,y)

= 20(x,y) + i »M(x,y) < H »h)(x, y)) Viel[2,L+1].

h=1 '=h+1

(4.12)

A useful expression for the NTK matrix, which is a straightforward extension and gen-

eralization of [NMM21| Lemma 3.1], is provided in Lemma below.

Lemma 4.6.1. (Based on [NMM21, Lemma 3.1]) Under Assumption a sequence of

positive semidefinite matrices (G;)[Z' in R™", and the related sequence (GZ)ZL*'; also in

R™ ™ can be constructed via the following recurrence relationships,

G = 7 XX" + 95 Ly,

Gy = 03 Bwen(0.1) [0(XW)S(XW)"] + 0} L,

G = 0 Bwmn(o.1,) [0/ (Xw)¢' (Xw)T], (4.13)
G = 00 Ewen(0.1)[0(V Gioaw)d(v/ Gioaw) ] + 07 L, 1 € [3, L+ 1],

G = 0 Ewnon) ¢ (vVGiaw)d' (v/Giaw)T], 1€ [3, L +1).

The sequence of NTK matrices (Kl)lL:Jrl1 can in turn be written using the following recurrence

relationship,

nKl = Gh

nK;, =G +nK;_1 ® Gl
=G+ Ii <Gi © <®§:i+1G]~>> .
1=1
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Proof. For the sequence (G;)!! it suffices to prove for any 4,5 € [n] and [ € [L + 1] that
[Giliy = Y (xi, ;)

and G is positive semi-definite. We proceed by induction, considering the base case [ = 1

and comparing with then it is evident that
(G1liy = 2V (i, %)
In addition, G, is also clearly positive semi-definite as for any u € R"
u'Gu=12 HXTuH2 + 2 nguH2 > 0.

We now assume the induction hypothesis is true for G;_;. We will need to distinguish slightly
between two cases, [ = 2 and [ € [3, L + 1]. The proof of the induction step in either case is
identical. To this end, and for notational ease, let V. = X, w ~ N(0,1;) when [ = 2, and
V =G, w~N(0,L,) for I € [3,L + 1]. In either case we let v; denote the ith row of
V. For any i,j € [n]

Gilij = UiEw[(b(Vz’TWW(VjTW)] + ‘713-

Now let By = viw, By = V]TW and observe for any aj,as € R that a;B; + asBy =
S (v + v )wy, ~ N(0, [|arvi + agv;||?). Therefore the joint distribution of (B, By) is
a mean 0 bivariate normal distribution. Denoting the covariance matrix of this distribution

as A € R¥2, then [Gy];; can be expressed as

(Gilij = UiE(Bl,Bz)NAW(Bl)(ﬁ(Bﬁ] + 3.

To prove [Gyl;; = XU it therefore suffices to show that A = A as per (&11). This follows
by the induction hypothesis as

E[B}] = v} vi = [Gi_1)i = BV (x4, %),

E[B}] = vv; = [Gii]y; = 2V (x5, %)),

E[B1Bsy] = Viij = [Gi_1)ij = Z(I_l)(xiaxj)‘
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Finally, G is positive semi-definite as long as Ey[¢(VW)p(Vw)T] is positive semi-definite.
Let M(w) = ¢(Vw) € R™" and observe for any w that M(w)M(w)T is positive semi-
definite. Therefore Ey[M (w)M (w)?] must also be positive semi-definite. Thus the inductive
step is complete and we may conclude for [ € [L + 1] that

[Giliy = 2V (xi,x;). (4.15)

For the proof of the expression for the sequence (GZ)ZLZEI it suffices to prove for any i, j € [n]

and [ € [L + 1] that
(Giliy = S0 (x;,%7).

By comparing (4.13]) with (4.11)) this follows immediately from (4.15]). Therefore with (4.13))
proven (4.14)) follows from (4.12]). O

4.6.1.3 Unit Variance Initialization

The initialization scheme for a neural network, particularly a deep neural network, needs
to be designed with some care in order to avoid either vanishing or exploding gradients
during training [GB10, HZR15, MM16, LBO12]. Some of the most popular initialization
strategies used in practice today, in particular [LBO12] and [GB10] initialization, first model
the preactivations of the network as Gaussian random variables and then select the network
hyperparameters in order that the variance of these idealized preactivations is fixed at one.
Under Assumption this idealized model on the preactivations is actually realized and if
we additionally assume the conditions of Assumption hold then likewise the variance of
the preactivations at every layer will be fixed at one. To this end, and as in [PLR16, MAT22],

consider the function V': R>y — R>( defined as

Vig) = UEUEZNN(OJ) [¢(ﬂz)2} + of. (4.16)
Noting that V is another expression for $(*) (x,x), derived via a change of variables as per

[PLR16], the sequence of variances (X% (x,x))~, can therefore be generated as follows,
YO (x,x) = V(2D (x, x)). (4.17)
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The linear correlation p® : RY x R* — [—1, 1] between the preactivations of two inputs

x,y € R? we define as
»O(x,y
o0 (x,y) = y) (4.13)
VEO(x, )20 (y, y)

Assuming XV (x,x) = XW(y,y) = 1 for all [ € [L + 1], then p¥(x,y) = X¥(x,y). Again

as in [MAT22] and analogous to ({4.16), with Z;, Zs ~ N(0,1) independent, U, = Z,
Us(p) = (pZ1 + /1 — p*Zs) We define the correlation function R : [—1,1] — [—1,1] as

R(p) = o E[p(U1)p(Ua(p))] + 03 - (4.19)

Noting under these assumptions that R is equivalent to £ (x,y), the sequence of correlations

(pV(x,y))E, can thus be generated as

PV (x,y) = R(p" D (x,y)).

As observed in [PLRI16, SGGI17], R(1) = V(1) = 1, hence p = 1 is a fixed point of R.
We remark that as all preactivations are distributed as A(0,1), then a correlation of one
between preactivations implies they are equal. The stability of the fixed point p = 1 is of
particular significance in the context of initializing deep neural networks successfully. Under

mild conditions on the activation function one can compute the derivative of R, see e.g.,

[PLR16L SGGI17, MAT22|, as follows,

R (p) = o, E[¢'(U1)¢ (Ua(p))]. (4.20)

Observe that the expression for X and R’ are equivalent via a change of variables [PLRI6],

and therefore the sequence of correlation derivatives may be computed as
20(x,y) = R'(p"(x,y)).

With the relevant background material now in place we are in a position to prove

Lemma 4.6.21

3We remark that Uy, Uy are dependent and identically distributed as Uy, Uy ~ N(0,1).
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Lemma 4.6.2. Under Assumptions|4.2.1 and|4.3.1| and defining x = 0Bz n01)[¢'(2)*] €

R.q, then for alli,j € [n|, | € [L + 1]

e [G,]ij € [-1,1] and [Gpniliu = 1,

b [Gn,l]z‘j € [—X;X} and [Gn,l]ii =X-

Furthermore, the NTK is a dot product kernel, meaning ©(x;,x;) can be written as a function

of the inner product between the two inputs, O(x! x;).

Proof. Recall from Lemma and its proof that for any [ € [L+ 1], 4,5 € [n] [Gp lij =
YO (x;,%;) and [Gpliy; = YO (x;,%;). We first prove by induction ¥?(x;,x;) = 1 for all
[ € [L + 1]. The base case | = 1 follows as

SV, x) =2x 'x + 7 =192 +97 = 1.

Assume the induction hypothesis is true for layer [ — 1. With Z ~ N(0, 1), then from (4.16]

and (L17)
50 (x, %) = V(S0 (x, )

=0o’E [(bQ < Ri-D(x, x)Z)} + of
=0,E [0 (2)] + oy
—1,

thus the inductive step is complete. As an immediate consequence it follows that [Gy]; = 1.

Also, for any i,j € [n] and [ € [L + 1],
20 (xi, %) = p (31, %;) = R(p"V (xi,%5)) = R(..R(R(x]x;))).

Thus we can consider ) as a univariate function of the input correlation ¥ : [~1,1] —

[—1,1] and also conclude that [Gy];; € [-1,1]. Furthermore,
2O, %)) = R(p" (xi,%;)) = R (R(..R(R(x[x;)))),

193



which likewise implies ¥ is a dot product kernel. Recall now the random variables introduced
to define R: 71,7y ~ N(0,1) are independent and U; = Zy, Uy = (pZ; + /1 — p*Z3).
Observe Uy, U, are dependent but identically distributed as Uy, Us ~ N(0,1). For any

p € [—1,1] then applying the Cauchy-Schwarz inequality gives
R (p)|* = o, [E[¢/(U)¢ (U)]|* < opEle' (U1)*JE[¢ (12)*] = o0 B¢ (U1)*) = [R/(1)]*.

As a result, under the assumptions of the lemma 2 : [—1,1] — [—x, x| and 2 (x;, x;) = x.
From this it immediately follows that [Gy];; € [—x, x] and [Gi]; = x as claimed. Finally,
as ¥ : [-1,1] = [~1,1] and ¥ : [—-1,1] = [—x, x] are dot product kernels, then from (@.12)
the NTK must also be a dot product kernel and furthermore a univariate function of the

pairwise correlation of its input arguments. O

The following corollary, which follows immediately from Lemma and (4.14)), char-

acterizes the trace of the NTK matrix in terms of the trace of the input gram.

Corollary 4.6.3. Under the same conditions as Lemma suppose ¢ and o2 are chosen
such that x = 1. Then
Tr(K,,;) =1 (4.21)

4.6.1.4 Hermite Expansions

We say that a function f : R — R is square integrable w.r.t. the standard Gaussian measure
v = e 2/\2r if Eponon|f(2)?] < co. We denote by L?(R,v) the space of all such

functions. The probabilist’s Hermite polynomials are given by

2 dk 2
Hy(z) = (=1)%e" /2@6790 2 k=0,1,....

The first three Hermite polynomials are Hy(z) = 1, Hy(z) = x, Ha(z) = (2* — 1). Let
hi(z) = H’“Tg) denote the normalized probabilist’s Hermite polynomials. The normalized

Hermite polynomials form a complete orthonormal basis in L*(R,v) [ODI14, §11]: in all
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that follows, whenever we reference the Hermite polynomials, we will be referring to the
normalized Hermite polynomials. The Hermite expansion of a function ¢ € L?(RR,~) is given

by
o(x) =Y (@) hi(w), (4.22)

where

(@) = Exonro,) [0(X) i (X)] (4.23)

is the kth normalized probabilist’s Hermite coefficient of ¢. In what follows we shall make

use of the following identities.

Vk > 1, hiy(z) = Vkhi_1 (@), (4.24)
VEk > 1, ahy(x) = VE + Ly (2) + VR (2). (4.25)
0, if k£ is odd
hi(0) = . :
%H(—l)i(k—l)!! if £ is even
1, k<0 (4.26)
where k!' = ¢ k. (k—2)---5-3-1, k>0 odd
k-(k—2)---6-4-2, k>0 even.

We also remark that the more commonly encountered physicist’s Hermite polynomials,
which we denote Hy, are related to the normalized probablist’s polynomials as follows,

2-K/2 [T, (2 /\/2)
N

hk(Z) =

The Hermite expansion of the activation function deployed will play a key role in deter-
mining the coefficients of the NTK power series. In particular, the Hermite coefficients of

ReLU are as follows.

195



Lemma 4.6.4. [DFS10] For ¢(z) = max{0, z} the Hermite coefficients are given by

(

1/v/2m, k=0,

1/2, k=1,

1(9) = (4.27)
(k=3 /\27k!, k even and k > 2,

0, k odd and k > 3.

\

4.6.2 Expressing the NTK as a Power Series
4.6.2.1 Deriving a Power Series for the NTK

We will require the following minor adaptation of [NM2(, Lemma D.2]. We remark this

result was first stated for ReLU and Softplus activations in the work of [OS20, Lemma H.2].
Lemma 4.6.5. For arbitrary n,d € N, let A € R™4. For i € [n], we denote the ith row of
A as a;, and further assume that ||a;]| = 1. Let ¢ : R — R satisfy ¢ € L*(R,v) and define

M = Ew-no.1,)[0(AW)p(Aw)"] € R™™,

Then the matriz series

converges uniformly to M as K — oo.

The proof of Lemmal4.6.5] follows exactly as in [NM2(), Lemma D.2|, and is in fact slightly
simpler due to the fact we assume the rows of A are unit length and w ~ N(0,1,) instead of
Vdand w ~ N (0, éId) respectively. For the ease of the reader, we now recall the following
definitions, which are also stated in Section . Letting ay := (ay,1);52 denote a sequence of

real coefficients, then

(

1 k=0and p=0,

F(p,k,a;) =<0 k=0andp>1, (4.28)

k
\Z(ji)ej(p,k) [liciajy k=1andp=>0,
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where
k
T, k) = {(Ji)icw : Ji = 0Vic [k], ij‘ = p}
i=1
for all pE ZZO7 ke ZZI~

We are now ready to derive power series for elements of (G;))E4! and (G))E

Lemma 4.6.6. Under Assumptions and foralll € [2, L+ 1]
G =) (XXT)%H, (4.29)
k=0

where the series for each element [Gyl;; converges absolutely and the coefficients o, are
nonnegative. The coefficients of the series (4.29)) for all p € Z>y can be expressed via the

following recurrence relationship,

o2 12(¢) + dp=o0i, [ =2,
Qp1 = b g ’ (430)

ZZO:O Oék’2F<p, ku dl—l); l > 3.

Furthermore,

Gl = ZU}CJ(XXT)GIC, (431)
k=0

where likewise the series for each entry [Gyl;; converges absolutely and the coefficients v, for

all p € Z>( are nonnegative and can be expressed via the following recurrence relationship,

0-31#2(¢/)7 l - 2,
Upl = ’ (4.32)
ZZO:O ,Uk,QF(p7k765l71); l > 3.

Proof. We start by proving (4.29) and (4.30). Proceeding by induction, consider the base
case [ = 2. From Lemma [4.6.1]

Gy = 02 Ewn(01,) [ 0(XW)O(XW)T] + 071,050
By the assumptions of the lemma, the conditions of Lemma are satisfied and therefore

Gy = 03) Z ui(cb) (XXT)Qk + Uglnm
k=0

= ap2lyxn + Z Q2 (XXT)Qk :
k=1
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Observe the coefficients (ag2)rez., are nonnegative. Therefore, for any 4,7 € [n] using

Lemma the series for [Gy];; satisfies

Z | 2| |<X1,Xj>k| < Zak,2<xiaxi>k =[G =1 (4.33)
k=0 k=0

and so must be absolutely convergent. With the base case proved we proceed to assume the

inductive hypothesis holds for arbitrary G; with [ € [2, L]. Observe

Gii1 = 0o Ewn(01,) [0(AW)O(AW)] + 07 1540,

where A is a matrix square root of G;, meaning G; = AA. Recall from Lemma[4.6.1]that G,
is also symmetric and positive semi-definite, therefore we may additionally assume, without
loss of generality, that A € R™ " is symmetric, which conveniently implies G,; = AAT.
Under the assumptions of the lemma the conditions for Lemma are satisfied and as
a result (G, li = |lai]] = 1 for all i € [n], where we recall a; denotes the ith row of A.

Therefore we may again apply Lemma [4.6.1],

G =0, Zﬂk ) (AAT) - 3 Lo

= (00415(0) + ) Luxn + 05, Y 17(9) (Gon) ™"
k=1

_ (212(0) + D) len + 2 S 20 (z am,mxxw) |
k=1 m=0

where the final equality follows from the inductive hypothesis. For any pair of indices
i,j € [n]

(Giialij = (oous(0) + 03) + 0 Z (Z Q1 (X1, X ;) ) :

m

By the induction hypothesis, for any i,j € [n] the series >~ am i (x;,x;)™ is absolutely
convergent. Therefore, from the Cauchy product of power series and for any k € Z>, we

have

(Z Q1 (X, X) ) ZF (p, k, o) (x;,x;)?, (4.34)
p=0
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where F'(p, k, a;) is defined in (4.4). By definition, F'(p, k, &;) is a sum of products of positive
coefficients, and therefore |F(p, k, &;)| = F(p, k, &;). In addition, recall again by Assumption
and Lemma that [Gy];; = 1. As a result, for any k € Zso, as [(x;,x;)| < 1

D I (p, ko) (xi, x;)"| < (Z aml) =[Gyl =1 (4.35)

and therefore the series " F'(p, k, a;)(x;, X;)P converges absolutely. Recalling from the
proof of the base case that the series Z;‘;l oy o is absolutely convergent and has only non-

negative elements, we may therefore interchange the order of summation in the following,

(Giilij = (oop(0) + 0p) + 00 Y (@) (Z F(p, k, au)(x;, Xj>p>

k=1

= Q2 + Z QL2 (Z F(pu ka &l)<xi7 Xj>p)
k=1 p=0

S 3 (S e
p=0 k=1

Recalling the definition of F(p, k,1) in (4.4), in particular F(0,0,a,) = 1 and F(p,0,a;) =0

p=0

for p € Z>4, then

(Gipaliy = (Oéo,z +) a2 F (0, k, 541)) (xi,x)" + ) <Z ar2F(p, k, 541)) (xi, ;)"
h=1

p=1 k=1
_ (Z 2 F (0, k, al)) (xi,xj>° + Z (Z Oék,2F<p7k,al)> (xi,%;)"
k=0 p=1 k=0
- Z <Z ak,QF(pv k? 5[[)) <Xi7xj>p
p=0 \ k=0

[e.e]
=y (xi,%;)".
p=0
As the indices i, j € [n] were arbitrary we conclude that

G = Z Opi+1 (XXT) o
p=0
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as claimed. In addition, by inspection and using the induction hypothesis it is clear that the
coefficients (ay,41)52 are nonnegative. Therefore, by an argument identical to (4.33), the

series for each entry of [Gy41];; is absolutely convergent. This concludes the proof of (4.29)

and (L30).
We now turn our attention to proving the (4.31)) and (4.32)). Under the assumptions of
the lemma the conditions for Lemmas [4.6.1] and [4.6.5] are satisfied and therefore for the base

case [ = 2
Gs = 0. Ewn(o1,)[¢ (XW)¢' (Xw)7]

=0, Zuk XXT

= Z Uk,2 ()()(T)QI€

By inspection the coefficients (v,, 2) ° , are nonnegative and as a result by an argument again
identical to (4.33) the series for each entry of [G’Q]Z’j is absolutely convergent. For [ € [2, L],
from (4.29)) and its proof there is a matrix A € R™" such that G; = AAT. Again applying

Lemma [£.6.9]
Gris1 = 0o Bwenior) [0 (Aw)¢' (Aw) ]

= o, Zﬂk AAT

= va (Gpy)®"
k=0

= Z Vk,2 <Z Qap | (XXT)GP) .
k=0 p=0

Analyzing now an arbitrary entry [Glﬂ]ij, by substituting in the power series expression for
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G, from (4.29)) and using (4.34) we have
~ k
Gy =Y (z a3 )

- Z Vk,2 (Z F(p, ka O_‘l)<xi7 Xj>p>
k=0 p=0

= <Z v 2 F(p, K, az)) (%, %;)"
p=0 \ k=0

= Z Up,l+1<xiu Xj>p
p=0

Note that exchanging the order of summation in the third equality above is justified as for

any k € Zxo by (4.35) we have > F(p, k, @)|(xi,x;)[” < 1 and therefore

oo o0

>N wkaF(p ks an)(xi, x;)P

k=0 p=0

converges absolutely. As the indices i, j € [n] were arbitrary we conclude that

Gz+1 = Z Up,l4+1 (XXT)QP

p=0
as claimed. Finally, by inspection the coefficients (vp,41)72, are nonnegative, therefore, and

again by an argument identical to (4.33)), the series for each entry of [Gmlﬂ]ij is absolutely

convergent. This concludes the proof. O]

We are now prove the key result of Section [4.3|

Theorem 4.3.2. Under Assumptions|4.2.1 and|4.3.1}, for alll € [L + 1]

nKy =Y i (XXT). (4.5)

p=0

The series for each entry n[K;|;; converges absolutely and the coefficients k,; are nonnegative

and can be evaluated using the recurrence relationships

Op=07 + Op=17s» l=1,
Iip’l = (46)
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where
4

02 U2(P) + 0p=07, =2,
g = P p=0T% )
| o w2 F(p k@), 123,
and (
w/“b (¢/) l - 2,
Upl = ’ (4.8)

| Xro Uk F(p,k Guey), 123,

are likewise nonnegative for all p € Z>o and | € [2, L + 1].

Proof. We proceed by induction. The base case [ = 1 follows trivially from Lemma [4.6.1]

We therefore assume the induction hypothesis holds for an arbitrary [ — 1 € [1,L]. From

and Lemma [1.6.6]

nI(lzi(;l+-ﬂI<L—1C)C;l

) (g%l (XXT)@p> (nzﬁql | (XXT)° ) (ZW (XXT)° )

q=0

Therefore, for arbitrary i, j € [n]

nK); E ap (%, x;)P <n§ Kgi—1(Xi, X;) )(E Uyt (X4, X;) )

Observe n Y 2o kgi-1(Xi, X;)? = OV (x;,x;) and therefore the series must converge due
to the convergence of the NTK. Furthermore, Y " o v, (xX;, x;)" = [Gn,l]ij and therefore is
absolutely convergent by Lemma [4.6.6l As a result, by Merten’s Theorem the product of

these two series is equal to their Cauchy product. Therefore

00 o0 p
Kilij = > opa(xi, %) + ) (Z 'fq,llqu,l> (x5, %5)"

p=0 p=0 q=0
oo p

= Z (ap,l + Z Hq,l—lvp—q,l) <Xi7 Xj>p
p=0 q=0
()

=3 rpa(xi, %),
p=0

from which the (4.5) immediately follows. O
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4.6.2.2 Analyzing the Coefficients of the NTK Power Series

In this section we study the coefficients of the NTK power series stated in Theorem 4.3.2]
Our first observation is that, under additional assumptions on the activation function ¢,
the recurrence relationship (4.6 can be simplified in order to depend only on the Hermite

expansion of ¢.

Lemma 4.6.7. Under Assumption[4.5.5 the Hermite coefficients of ¢/ satisfy

(@) = Vi + Lpga(9)

fOT all k € ZZO‘

Proof. Note for each n € N as ¢ is absolutely continuous on [—n, n] it is differentiable a.e. on
[—n, n]. Tt follows by the countable additivity of the Lebesgue measure that ¢ is differentiable
a.e. on R. Furthermore, as ¢ is polynomially bounded we have ¢ € L2(R, e *"/2/y/27). Fix
a > 0. Since ¢ is absolutely continuous on [—a, a] it is of bounded variation on [—a,a]. Also
note that hy(z)e *"/2 is of bounded variation on [—a, a] due to having a bounded derivative.

Thus we have by Lebesgue-Stieltjes integration-by-parts (see e.g. [Fol99, Chapter 3])

/_“ ¢/<$)hk($)€712/2da:
= d(@h(a)e™/% = p(—a)hu(—a)e™/? + / (o) oh(a) - Hy@)e " 2d
= 9(@)hn(a)e™/? = g(—a)he(—a)e™/? + / GV T ()= 2,

where in the last line above we have used the fact that (4.24]) and (4.25) imply that xhy(x) —
hi(z) = vk + 1hgy1(x). Thus we have shown

’ & (2)hy(z)e™* d

—a

= ¢(a)hr(a)e™ " — $(—a)hi(—a)e "/ + /a S(@)VE + Thi (x)e™ 2 d.

—a
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We note that since |¢(z)hi(z)] = O(|z|°+*) we have that as a — oo the first two terms

above vanish. Thus by sending a — oo we have
/ ¢ (2)hi(z)e ™ Pdx = / VE + 1o(x) by () 2 da.
After dividing by v/27 we get the desired result. O]

In particular, under Assumption [£.3.3] and as highlighted by Corollary [4.6.8, which

follows directly from Lemmas 4.6.6] and 4.6.7, the NTK coefficients can be computed only

using the Hermite coefficients of ¢.

Corollary 4.6.8. Under Assumptions|4.2.1],[4.53.1 and|4.5.5, for all p € Z>q

(p + 1)a 1,2 | = 2,
Uyt = o (4.36)

ZZOZO UkQF(p?k?O_él—l); l Z 3.

With these results in place we proceed to analyze the decay of the coefficients of the
NTK for depth two networks. As stated in the main text, the decay of the NTK coefficients
depends on the decay of the Hermite coefficients of the activation function deployed. This
in turn is strongly influenced by the behavior of the tails of the activation function. To
this end we roughly group activation functions into three categories: growing tails, flat or
constant tails and finally decaying tails. Analyzing each of these groups in full generality
is beyond the scope of this paper, we therefore instead study the behavior of ReLU, Tanh
and Gaussian activation functions, being prototypical and practically used examples of each
of these three groups respectively. We remark that these three activation functions satisfy

Assumption m For typographical ease we let wy(2) := (1/v2702) exp (—22/(20?)) denote

the Gaussian activation function with variance o2.

Lemma 4.3.4. Under Assumptions and
1. if 9(2) = ReLU(z), then kps = d(y,>0)u(p even)@(p—3/2)7
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¢ o= T, s o ),
3. if ¢(2) = we(2), then Kpa = 01y, >010(p evem) O(D/2(0% +1)7P).
Proof. Recall ’

Fip2 = 0o (L +vap)(0) + 00 (14 D) 41 () + 8p=007 -

In order to bound k, 2 we proceed by using Lemma to bound the square of the Hermite
coefficients. We start with ReLLU. Note Lemma actually provides precise expressions
for the Hermite coefficients of ReLLU, however, these are not immediately easy to interpret.
Observe from Lemma that above index p = 2 all odd indexed Hermite coefficients are

0. It therefore suffices to bound the even indexed terms, given by

1 (p—3)!

pp(ReLU) = NN

Observe from ({4.26]) that for p even

_(_ p/2(p_1)!!
hp(0) (1)-fzfﬂ

therefore
L (=3 1 |k (0)]
Vor /! Vor p—1-

pp(ReLU) =

Analyzing now |h,(0)|,

p-1r _ IPAei-1y
V! \/HP/2 1)2

Here, the expression inside the square root is referred to in the literature as the Wallis ratio,

for which the following lower and upper bounds are available [Kaz56],

1 (p— 1Dl 1

. 4.37
7(p+0.5) = p!! = m(p+0.25) (4.37)

As a result

[hp(0)] = ©(p~ ")
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and therefore

O(p~>"), peven,
p(ReLU) =
0, p odd.

As (p+1)7%2 = ©(p~%/?), then from (4.9)

fip2 = O((ppy(ReLU) + 050(p + D)1ty (ReLU)))
= O((8p even? % + 8(p odd)n(>0) (P + 1) 7%/3))
= O (3 evemU((p 0da) (>0 %)
= 0(p evem(3,>0)© (p7%7)

as claimed in item 1.

We now proceed to analyze ¢(z) = Tanh(z). From [PSG20, Corollary F.7.1]

wrant) 0 (oo (-732)).

As Tanh satisfies the conditions of Lemma [4.6.7]

—1
pp(Tanh) = p~' 2, 1 (Tanh') = O (p‘” ?exp (—%)) :

Therefore the result claimed in item 2. follows as

kip2 = O((ppy(Tanh) + (p + 1y (Tanh)))

ofen(-) (54
cofen(-7)

Finally, we now consider ¢(z) = w,(z) where w,(z) is the density function of N(0,c?).
Similar to ReLU, analytic expressions for the Hermite coefficients of w,(2) are known see

e.g., Theorem 2.9 in [Dav21],

p!
((p/2)))22P27 (02 +1)P+1)

Oa p odd.

p even,
1io(ws) =
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For p even

(p/2)! = pl127?/2,

Therefore
p! _op p! :2p(p—1)!!‘
(p/2)!(p/2)! plp!! p!!
As a result, for p even and using (4.37)), it follows that
o2 +1)~@+H) (p — )N
M;QJ(WG) — ( ) (p ) _ @<p—1/2(0_2 + 1)—p).

2w p!!

Finally, since (p + 1)"/2(02 + 1)77~! = O(p*/?(0? + 1)7?), then from (4.9)

kip2 = O((ppp(we) + 0y,50(p + Dt (wo)))
= O (0(p even)u((p 0dd)(m 500D (0 +1)77)
= 5(p even)U('Yb>0)@ (p1/2(02 + 1)—1?)

as claimed in item 3. O

4.6.2.3 Numerical Approximation via a Truncated NTK Power Series and In-

terpretation of

Currently, computing the infinite-width NTK requires either a) explicit evaluation of the
Gaussian integrals highlighted in , b) numerical approximation of these same integrals
such as in [LBNIS], or ¢) approximation via a sufficiently wide yet still finite-width network,
see for instance [EWS22, INSS22]. These Gaussian integrals can be solved solved ana-
lytically only for a minority of activation functions, notably ReLLU as discussed for example
by [ADHI9D|, while the numerical integration and finite-width approximation approaches
are relatively computationally expensive. The truncated NTK power series we define as
analogous to but with the series involved being computed only up to the T'th element.
Once the top T coefficients are computed, then for any input correlation the NTK can be

approximated by evaluating the corresponding finite degree T" polynomial.
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For an arbitrary pair x,y € S%! let p = x”y denote their linear correlation. Under

Assumptions [4.2.1} |4.3.1f and [4.3.3] for all I € [2, L + 1] the T-truncated NTK power series
@g) : [=1,1] = R is defined as

T
l .
O (p) =Dkt (4.38)
p=0
and whose coefficients are defined via the following recurrence relation,
0 :0")/2 +90 :1"}/3), =1,
g =4 (4.39)

Qp + ZZ:O Rgi—10p—qi, 1 €[2,L+1].

. ~ _ A~ T
Here, with ay_1 = (Gp1-1),—0,

o2 1i2(p) + dp=o0i, [ =2,
by = g e (4.40)

ZZ:O OAékhQF(pa k7 5‘[—1), l 2 3

and

R VP + 1apia 2, [ =2,
Opy 1= (4.41)

ZZ:O \ k + 1&P+172F(p7 k7 Otél)v l Z 3
In order to analyze the performance and potential of the truncated NTK for numeri-

cal approximation, we compute it for ReLU and compare it with its analytical expression

[ADHI19b]. To recall this result, let

V1 —p?+p-arcsin(p) p
R(p) := ! +5
arcsin 1

Under Assumptions [4.2.1| and [4.3.1] with ¢(z) = ReLU(2), 72 =1, 02 = 2, 0 = 77 = 0,

w

x,y € S? and p; := xTy, then ©;(x,y) = p and for all [ € [2, L + 1]

P = R(pi—1),

Ou(x,y) = pi + pa R (pi-1).

(4.42)
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Turning our attention to Figure we observe particularly for input correlations |p| ~ 0.5
and below then the truncated ReLU NTK power series achieves machine level precision. For
|p| = 1 higher order coefficients play a more significant role. As the truncated ReLU NTK
power series approximates these coefficients less well the overall approximation of the ReLLU
NTK is worse. We remark also that negative correlations have a smaller absolute error as
odd indexed terms cancel with even index terms: we emphasize again that in Figure [4.2| we
plot the absolute not relative error. In addition, for L = 1 there is symmetry in the absolute
error for positive and negative correlations as oy, 2 = 0 for all odd p. One also observes that
approximation accuracy goes down with depth, which is due to the error in the coefficients at
the previous layer contributing to the error in the coefficients at the next, thereby resulting
in an accumulation of error with depth. Also, and certainly as one might expect, a larger
truncation point T results in overall better approximation. Finally, as the decay in the
Hermite coefficients for ReLU is relatively slow, see e.g., Table and Lemma [£.3.4] we
expect the truncated ReLU NTK power series to perform worse relative to the truncated

NTK’s for other activation functions.

4.6.3 Effective Rank of Power Series Kernels

Recall that for a positive semidefinite matrix A we define the effective rank [HHV22] via the

following ratio

=
=
z

eff(A) := MA)

We consider a kernel Gram matrix K € R™™ that has the following power series represen-

tation in terms of an input gram matrix XX7

nK =) ¢(XX")®,

1=0

Whenever ¢y # 0 the effective rank of K is O(1), as displayed in the following theorem.

209



Error of truncated NTK
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Figure 4.2: NTK Approximation via Truncation Absolute error between the analytical
ReLU NTK and the truncated ReLU NTK power series as a function of the input correlation
p for two different values of the truncation point T" and three different values for the depth
L of the network. Although the truncated NTK achieves a uniform approximation error of
only 107! on [—1,1], for |p| < 0.5, which we remark is more typical for real world data,

T = 50 suffices for the truncated NTK to achieve machine level precision.

Theorem 4.4.1. Assume that we have a kernel Gram matriz K of the form
nK =Y ¢,(XX")e"
p=0
where ¢o # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for

all i € [n]. Then
szo Cp

ff(K) <
cff(K) < =

Proof. By linearity of trace we have that
Tr(nK) =Y ¢Tr(XX")*) =n) ¢
i=0 i=0
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where we have used the fact that Tr((XXT)®) = n for all i € N. On the other hand
)\1<TLK) 2 Al(Co(XXT)O) = Al(Colan) = NCy.

Thus we have that

O

The above theorem demonstrates that the constant term cgl,x, in the kernel leads to
a significant outlier in the spectrum of K. However this fails to capture how the structure
of the input data X manifests in the spectrum of K. For this we will examine the centered
kernel matrix K := K — CgollT. Using a very similar argument as before we can demonstrate
that the effective rank of K is controlled by the effective rank of the input data gram XX7.

This is formalized in the following theorem.

Theorem 4.4.3. Assume that we have a kernel Gram matriz K of the form
o
nK =Y ¢,(XX")%"
p=0
where ¢; # 0. Furthermore, assume the inpul data x; are normalized so that ||x;|| = 1 for

all i € [n]. Then the centered kernel K =K-— D1 ,xn satisfies

Z;il Cp

C1

eff(K) < eff(XXT)

Proof. By the linearity of the trace we have that
Tr(nK) =Y ¢Tr((XX")%) =Tr(XX") > ¢

i=1 =1

where we have used the fact that Tr((XXT)®") = Tr(XXT) = n for all i € [n]. On the
other hand we have that

M (nK) > M\ (a1 XXT) = ¢\ (XXT).
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Thus we conclude

4.6.4 Effective Rank of the NTK for Finite-width Networks
4.6.4.1 Notation and Definitions

We will let [k] .= {1,2,...,k}. We consider a neural network

Z arp({We, X))

where x € R? and w, € R?, a; € R for all £ € [m] and ¢ is a scalar valued activation function.
The network we present here does not have any bias values in the inner-layer, however the
results we will prove later apply to the nonzero bias case by replacing x with [xT,1]T. We
let W € R™*? be the matrix whose /-th row is equal to w, and a € R™ be the vector whose

(-th entry is equal to a,. We can then write the neural network in vector form
f(x; W,a) = al p(Wx)

where ¢ is understood to be applied entry-wise.

Suppose we have n training data inputs xi,...,x, € RY. We will let X € R"*? be the
matrix whose i-th row is equal to x;. Let 0, = vec(W) denote the row-wise vectorization
of the inner-layer weights. We consider the Jacobian of the neural networks predictions on

the training data with respect to the inner layer weights:

g [050x) 9fG)  Of(x)
e aginner ’ aeinner T 892'717167"

Similarly we can look at the analagous quantity for the outer layer weights

JjT. — |:af(xl) Of (x2) Of (xn)

outer da ' Oa 7 Oa

] = ¢ (WXT).
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Our first observation is that the per-example gradients for the inner layer weights have a

nice Kronecker product representation

a1/ ((wi,x))
Of(x) az@' ((W2,x))

Do | . |TF
@ (Wi, X)) |
For convenience we will let
a1/ ((w,x3)) |
Y, — as®’ ((wWa, X;))

10 (W 1)),
where the dependence of Y; on the parameters W and a is suppressed (formally Y, =

Y;(W,a)). This way we may write

of (x:)

aez’nne'r X

We will study the NTK with respect to the inner-layer weights
Kz’nner — Jinner']g;mer
and the same quantity for the outer-layer weights

T
Kouter - Jouter']

outer”

For a hermitian matrix A we will let A\;(A) denote the ith largest eigenvalue of A so that
AM(A) > X2(A) > -+ > A\, (A). Similarly for an arbitrary matrix A we will let 0;(A) to the

ith largest singular value of A. For a matrix A € R™* we will let pin(A) = Omin(ri)-
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4.6.4.2 Effective Rank

For a positive semidefinite matrix A we define the effective rank [HHV22] of A to be the

quantity

off(A) := ff((i))

The effective rank quantifies how many eigenvalues are on the order of the largest eigenvalue.

We have the Markov-like inequality

and the eigenvalue bound

>

i(A
A(A) T i A(A)

Let A and B be positive semidefinite matrices. Then we have

~—

Tr(A+B)

Tr(A)+1Tr(B) Tr(A)
M(A+B) = *

max (M (A), \(B)) = M(A) | A(B)

<

Thus the effective rank is subadditive for positive semidefinite matrices.

We will be interested in bounding the effective rank of the NTK. Let K = JJT =
JouterJT + J'mneTJT

outer mnner

= Kouter + Kinner be the NTK matrix with respect to all the

network parameters. Note that by subadditivity

Tr(K)
Mi(K)

TT (Kouter) + T?" (Kz'nner )

< .
o )\1 (Kouter) )\1 (Kinner)

In this vein we will control the effective rank of K., and K. separately.

4.6.4.3 Effective Rank of Inner-layer NTK

We will show that the effective rank of inner-layer NTK is bounded by a multiple of the
effective rank of the data input gram XX7”. We introduce the following meta-theorem that

we will use to prove various corollaries later
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Theorem 4.6.9. Set o := supyp—; [minjep [(Y;,b)|]. Assume o > 0. Then

mlan HY H2TT( X ) < Tr(Kinner)
maxze ||Y ||2 )\1( ) o )\1 (Kinner)

maxiep) || Yill; Tr(XXT)
a2 M (XXT)

<

Proof. We will first prove the upper bound. We first observe that

2 2
Z IY; @ xill; = Z 1Yl {112

2 =1

Tr (Kinner) -

891717’167‘

< max||Y; 15 Z Ixill; = max [ I Tr(XXT).

Recall that
/\1 (Kinner) = /\1 (Jmnersz;mer> = /\1 (Jz;merJznner) .
Well

— Of(x;) f (x g -
TinnerJinner = Z 39.( : 39.( : = Z Y @x] [Y @x]"
i=1 mner mner i=1

n

= Z [YZ-YiT} X [XiXZT] .

i=1

Well then we may use the fact that

T TT
)\ (JznnerJWWET) - ”{)Ihaxl b Jznner']mnerb-
0=

Let b; € R™ and by € R? be vectors that we will optimize later satisfying ||b1||, |[ball, = 1.
Then we have that ||[b; ® bs|| = 1 and

(b1 ®by) T} e Jimner (b1 @ ba) = Y (by @ by)™ ([Y, Y]] @ [x:x]]) (b1 @ by)

=1

=> Y, Y by] [byxx[by] > [mln blY; YTbl} > bixx/by

— JE€M]

JEn] JEMN]

= [mll’l bTY YTb1:| bT [Z XinT] bg = |:Il'llIl bTY YTb1:| b2X Xb2
i=1
Pick by so that ||by|| = 1 and

by X Xby = A\ (XTX) = A\ (XXT).
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Thus for this choice of b, we have

>\ (JT Jmner) Z (bl ® bQ)TJT Jznner(bl X b2) Z

mner mner

[mln blY; YTbll by X" Xb, = [mm blY; YTbl] A (XXT).

JEn] JEn]
Now note that o = supyy,, =, [min;epy blTYijbl}. Thus by taking the sup over by in our

previous bound we have

)\I(Kznner) = )\1 (JT Jznner) > O[2>\1 (XXT)

mner

Thus combined with our previous result we have

TT(Kinner) < maX;e[n) Hqug TT(XXT)
)\1 (Kinner) - a? Al(XXT) .

We now prove the lower bound.

TT(Kz’nner) = Z @f XZ

i=1 aeznner

2 2
Z 1Ys @xillz = D I1Yll5 1l
i=1

2 =1
> min [[Y;]; Z cill5 = min Y5 Tr(XXT).
Jj€ln] - j€(n]
Let Y € R™™ be the matrix whose ith row is equal to Y;. Then observe that
Kinner = [YYT] © [XXT]

where ® denotes the entry-wise Hadamard product of two matrices. We now recall that if

A and B are two positive semidefinite matrices we have [OS20, Lemma 2]

MAG®B) < maXA“)\l(B)

1€[n]

Applying this to K, we get that
)\1 (Kinner) S HEI?J}}( ||YZ||§ /\1 (XXT)

Combining this with our previous result we get

miniepn) [|Yill, Tr(XXT) _ Tr(Kiner)
maX;e[n) ||Yz||§ A1 (XXT> B Al(Kinner) '
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We can immediately get a useful corollary that applies to the ReLU activation function

Corollary 4.6.10. Set a := supyp|—; (minjep [(Y;,b)|] and Yimes = sup,ep |¢/(2)]. As-
sume o > 0 and Ypee < 00. Then

o Tr(XX") _ Tr(Kimner) _ Yma 2l Tr(XX")
e a2 MXXT) T A (Kinner) — 02 M (XXT)

Proof. Note that the hypothesis on |¢/| gives ||Y;||5 < 72, lall5 for all i € [n]. Moreover by
Cauchy-Schwarz we have that min;ep, [|Y;||, > «. Thus by theorem we get the desired
result. O

If ¢ is a leaky ReLU type activation (say like those used in [NM20]) Theorem [4.6.9]

translates into an even simpler bound

Corollary 4.6.11. Suppose ¢'(x) € [Vmin, Ymaz) for all x € R where Yy, > 0. Then

f)/glmTT(XXT> < TT(KWWL@T) < fyrQnaa: TT(XXT)
Y20 M (XXT) = X (Kinner) ~ Vi M(XXT)

Proof. We will lower bound
Q1= sup [min ](Yj,b)]}

Ibl=1 i€

so that we can apply Corollary 4.6.10, Set b = a/ ||al|,. Then we have that

- Ymin <
(Y50 = 3 et (e xi))eef Nally 2 72 376 = i
=1 all, (=1
Thus & > Ymin ||all,- The result then follows from Corollary [4.6.10 O

To control o in Theorem when ¢ is the ReLLU activation function requires a bit

more work. To this end we introduce the following lemma.

Lemma 4.6.12. Assume ¢(x) = ReLU(x). Let Ryin, Riar > 0 and define 7 = {£ € [m] :
|as| € [Ruin, Rinaz)}- Set T = minepn) Y e, L[(%i, We) > 0]. Then

R: T
a:= sup |min[(Y;,b } > )
Ibl|=1 L’einl [ bl Ry | T[/?
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Proof. Let a, be the vector such that (a.), = a,I[¢ € 7]. Then note that

<YJ7aT/ HaTH H H Zaé bej > 0]
R2 R2 R2

mln > 0 mlnT mln T
o) 2 Hwe) 2 012 AT 2 5 s

]

Roughly what Lemma says is that « is controlled when there is a set of inner-
layer neurons that are active for each data point whose outer layer weights are similar
in magnitude. Note that in [DZP19], [ADH19a], [OFL19], [LSO20], [XLS17] and [OS20]
the outer layer weights all have fixed constant magnitude. Thus in that case we can set

Rpin = Rpmar in Lemma [4.6.12[so that 7 = [m]. In this setting we have the following result.

Theorem 4.6.13. Assume ¢(xr) = ReLU(x). Suppose |ag] = R > 0 for all ¢ € [m].
Furthermore suppose Wi, ..., Wy, are independent random vectors such that wy/ ||w|| has

41
% for some

the uniform distribution on the sphere for each ¢ € [m|. Also assume m >

d,e € (0,1). Then with probability at least 1 — e we have that

(1-9)°
4

4

T < . <
eff(XX ) = eH<Kznne7‘> = (1 —_ 6)2

eff(XXT).
Proof. Fix j € [n]. Note by the assumption on the w,’s we have that
I[(wy,x;) >0],...,[[(Wy,,x;) > 0]

are i.i.d. Bernouilli random variables taking the values 0 and 1 with probability 1/2. Thus

by the Chernoff bound for Binomial random variables we have that

P <§mj I[(w,x;) > 0] < %(1 - 5)) < exp (—52%) .

(=1

Thus taking the union bound over every j € [n] we get that if m > “Lm/e) then

m

min » I[(wy,x;) > 0] >

m
JEM] —1 2

(1-9)
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holds with probability at least 1 — e. Now note that if we set R,.;, = Rpnmee = R we have
that 7 = [m] where 7 is defined as it is in Lemma[4.6.12 In this case by our previous bound
we have that 7" as defined in Lemma [4.6.12| satisfies T > % (1 — §) with probability at least

1 — €. In this case the conclusion of Lemma [4.6.12] gives us

1—-96 1-96
oz R0 gy, 020

Thus by Corollary [4.6.10] and the above bound for o we get the desired result. O

We will now use Lemma [4.6.12 to prove a bound in the case of Gaussian initialization.

Lemma 4.6.14. Assume ¢(x) = ReLU(x). Suppose that a; ~ N(0,v?) for each £ € [m]
i.i.d. Furthermore suppose w1, ..., W,, are random vectors independent of each other and
a such that wy/ ||w|| has the uniform distribution on the sphere for each ¢ € |[m|. Set

p=P.onwa) (2] € [1/2,1]) = 0.3. Assume

. 4log(n/e)
— 021 —-0)p

or some €,6 € (0,1). Then with probability at least (1 — €)? we have that
f ,6€ (0, p Y

Q= sup [min |<Yi,b>@ > z(1 —0)32pt/2m /2,
Ibjj=1 Li€ln] 8

Proof. Set Ry = v/2 and R4 = v. Now set

14 14

Rmin Rmaa:
b= IPDaNN(O,IJQ) (|CL‘ € [lenu Rmax]) = 2]P)zNN(O,l) (Z S |: ) —:|>

= QPsz(O,l) (Z € [1/2, 1]) ~ 0.3.

Now define 7 = {¢ € [m] : |as| € [Rmin, Rmaz]}- We have by the Chernoff bound for binomial
random variables

B(|r| < (1= d)mp) < exp (—022F).

Thus if m > log (1) # (a weaker condition than the hypothesis on m) then we have that

|7| > (1 — 0)mp with probability at least 1 — e. From now on assume such a 7 has been
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observed and view it as fixed so that the only remaining randomness is over the w;,’s. Now

set T = minep) D pe, I[(%i, W) > 0]. By the Chernoff bound again we get that for fixed

i € [n]

let

Thus by taking the union bound over i € [n] we get

(1< U5 201) e (~211)

(1—9) 2|7
P (wai,w@ >0 < — m) < exp (—5 Z) :

1-6
< nexp (—52ﬂ) .
4
Thus if we consider 7 as fixed and m > fsi??(ﬁ;/)? then with probability at least 1 — € over the

sampling of the w,’s we have that

1—90
T > ( 5 )|7']
In this case by lemma [4.6.12| we have that
R2. T
o := sup |min|[(Y;,b)|| > "
anle [ie[nl|< >|} Rinaa | T[V/?

> g(l _ 5)3/2m1/2p1/2.

Thus the above holds with probability at least (1 — €)?.

]

This lemma now allows us to bound the effective rank of K;,,,.., in the case of Gaussian

initialization.

Theorem 4.6.15. Assume ¢(x) = ReLU(z). Suppose that a; ~ N(0,v?) for each { € [m]

1.1.d. Furthermore suppose wWy,...,W,, are random vectors independent of each other and

a such that wy/ ||we|| has the uniform distribution on the sphere for each ¢ € [m].

Set

p=P.onon (2] € [1/2,1]) = 0.3. Let €,0 € (0,1). Then there exists absolute constants

¢, K > 0 such that if
4log(n/e)
021 —=0)p
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then with probability at least 1 — 3e we have that

lTT(XXT) < TT(Kmner)
C /\1(XXT> B /\1 (Kinner)

Tr(XXT)

< (AT
=C AL (XXT)

where

C:

64 {1 . max{c_lKlzf;(l /e),mK}} |

(1—=14)%p

Proof. By Bernstein’s inequality

2t
2 .
P (lla/vll; —m > t) < exp [‘C'mm (W %ﬂ

where ¢ is an absolute constant. Set ¢ = max{c 'K log(1/¢),mK} so that the right hand

side of the above inequality is bounded by e. Thus by Lemma 4.6.14] and the union bound

we can ensure that with probability at least
l—e—[1—(1-€?=1-3c+e>1—3e

that [la/v|3 < m +t and the conclusion of Lemma [4.6.14 hold simultaneously. In that case

2 2
4
loly it Ml —c
a? T E(1—dpmp (A-0Ppl m
Thus by Corollary [4.6.10] we get the desired result. O]

By fixing 0 > 0 in the previous theorem we get the immediate corollary

Corollary 4.6.16. Assume ¢(x) = ReLU(x). Suppose that a; ~ N(0,v?) for each { € [m]
1.1.d. Furthermore suppose Wy, ..., W, are random vectors independent of each other and a
such that wy/ |we|| has the uniform distribution on the sphere for each ¢ € [m]. Then there
exists an absolute constant C > 0 such that m = Q(log(n/e€)) ensures that with probability

at least 1 — ¢
1 TT(XXT) Tr(Kinner)

_ Tr(XXT)
C /\1<XXT) o /\1 (Kz‘nne'r)

(XX

<C
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4.6.4.4 Effective Rank of Outer-layer NTK

Throughout this section ¢(x) = ReLU(x). Our goal of this section, similar to before, is to
bound the effective rank of K,z by the effective rank of the input data gram XX In this

section we will use often make use of the basic identities
|ABI; < [[All, 1Bl

IAB[[ < [[All¢ B,
Tr(AAT) = Tr(ATA) = |A|%
Al = A%,
M(ATA) = M(AAT) = A5
To begin bounding the effective rank of K., we prove the following lemma.

Lemma 4.6.17. Assume ¢(z) = ReLU(x) and W is full rank with m > d. Then

JoWXD)][, oWl Trxx7)
llo(WXT) [+ [o(~WXT) [~ omin(W)? A(XXT)

Proof. First note that
[o(WXT)[; < [[WXT[[; < [IW]3 || X[, = W] Tr(XX").

Pick b € R? such that ||bl|, = 1 and || Xb||, = [|X]|,. Since W7 is full rank we may set
u = (W7)b so that W u = b where ||ul|, < 0,in(W?)™! where 0,,;,(WT) is the smallest

nonzero singular value of W7, Well then

X[y = [Xbll, = [[XWul|, < [[XWT, [[ull, < [[XW[, 0min (W5~

= (WX (W)
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Now using the fact that © = ¢(z) — ¢(—x) we have that
WX, = [[o(WXT) = o(=WXT]|, < [[o (WX, + [[o(=WXT)]],-
Thus combined with our previous results gives

IXly < omin(W) ™ [[[o(WXD], + [[o(=WXD)][,]

Therefore
(WX _ loowxn)|;
i (W) 2 [[[9(WXD) |, + [o(=WXT)[[,)* — X[
_ Wl Tr(XXT) _ W Hz Tr(XXT)
B IX15 M(XXT)
which gives us the desired result. O]

Corollary 4.6.18. Assume ¢(x) = ReLU(z) and W is full rank with m > d. Then

max ([ o(WXT)|[5., [[o(~WXT)|[3.) W Tr(xXT)
max (|o(WXT)[[5, [6(=WXT)3) ~  omin(W)* 2 (XXT)’

Proof. Using the fact that

[o(WXT) |, + [[o(-=WXT)||, < 2max ([|o(WXT)[],, [|o(~WXT)]|,)
and lemma we have that
(WX, _ W3 Tr(xxT)

dmax (|(WXT)|3, [¢(=WXT)[5) ~ Tmin(W)? M (XXT)"
Note that the right hand side and the denominator of the left hand side do not change when
you replace W with —W. Therefore by using the above bound for both W and —W as the

weight matrix separately we can conclude

max (| o(WXT)|[7.. [o(~WX)][;.) o IWIE Tr(xx?)
dmax ([|o(WXT)[[3, [|¢(=WXT)[3) ~ Omin(W)? A (XXT)"
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Corollary 4.6.19. Assume ¢(x) = ReLU(z) and m > d. Suppose W and —W have the
same distribution. Then conditioned on W being full rank we have that with probability at

least 1/2
Tr(Kouter) _ A W5 Tr(XXT)
Al(Kouter> o Umin(w>2 Al(XXT) .

Proof. Fix W where W is full rank. We have by corollary |4.6.18| that either

leOWXD) [ _, W3 Tr(XXT)
[O(WXT)[2 = " 0rnin(W)? A (XXT)

holds or )
loCWXD _, IWI; Tr(XXT)

I6(=WXT)[l; — omin(W)* M(XXT)
(the first holds in the case where Hgb(WXT)”z > Hgb(—WXT)Hi and the second in the case
[o(WXT)|2 < [|¢(~WXT)||2). Since W and —W have the same distribution, it follows

that the first inequality must hold at least 1/2 of the time. From

Tr(Kourer) _ Wil [OOWXT)[,

Al(Kouter) ||JT HZ HQS(WXT)Hg

outer

we get the desired result. O

We now note that when W is rectangular shaped and the entries of W are i.i.d. Gaussians
that W is full rank with high probability and @,,;,(W)~2 |[W|? is well behaved. We recall
the result from [Ver12):

Theorem 4.6.20. Let A be a N X n matrix whose entries are independent standard normal

random variables. Then for every t > 0, with probability at least 1 — 2 exp(—t?/2) one has
VN = /i —t < 0pin(A) < 01(A) < VN + /n +t.

Corollary 4.6.19| gives us a bound that works at least half the time. However, we would
like to derive a bound that holds with high probability. We will have that when m 2 n we
have sufficient concentration of the largest singular value of ¢(WX) to prove such a bound.

We recall the result from [Verl2] (Remark 5.40):
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Theorem 4.6.21. Assume that A is an N X n matriz whose rows A; are independent sub-
gaussian random vectors in R™ with second moment matriz 3. Then for every t > 0, the

following inequality holds with probability at least 1 — 2 exp(—ct?)

< max(6,6%) where §=C +

2

2l

1 n
—A*A — X —
5 5

where C = Cx,c = cx >0 depend only on K := max; [|A][,

We will use theorem [4.6.21] in the following lemma.

Lemma 4.6.22. Assume ¢(x) = ReLU(z). Let A = ¢(WXT) and M = maxiep, [|xi],-
Suppose that wy, ..., W, ~ N(0,021;) i.4.d. Set K = Mv+/n and define

Y= EWNN(O,I/2I) [¢(XW>¢(WTXT)]
Then for every t > 0 the following inequality holds with probability at least 1 — 2 exp(—cgt?)

2§max(5,52) where 5:CKU%+#,

where ci,Cxg > 0 are absolute constants that depend only on K.

1
H—ATA—Z
m

Proof. We will let Ay. denote the ¢th row of A (considered as a column vector). Note that
Ay = (Xwy).

We immediately get that the rows of A are i.i.d. We will now bound [|A,. ||,,. Let b € R"
such that ||b||, = 1. Then

n

> dl(xi, we))bi

i=1

{6 (Xwe), b)ll,,, =

P2

< Dbl ol wad)lly, < D [bil l1(xi wad
i=1 =1

<Y ilClxill,v < CMy bl < CMyv/n

i=1
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where C' > 0 is an absolute constant. Set K := Mwvy/n. Well then by theorem {4.6.21| we
have the following. For every ¢ > 0 the following inequality holds with probability at least
1 — 2exp(—ckt?)

t

ATA by 2 < max(6,6°) where &= Cg/ % + N

We are now ready to prove a high probability bound for the effective rank of K, e

Theorem 4.6.23. Assume ¢(x) = ReLU(x) and m > d. Let M = max;cp, ||Xi]|5. Suppose
that wy, ..., Wy, ~ N(0,0%1;) i.i.d. Set K = Mv+/n

5 = Ewanop2n[o(Xw)p(w! X))

/n [log 2/6 ]
where € > 0 is small. Now assume

Vm > Vd + \/21og(2/€)

0=Ck

and

1
max(6, 6%) < 5)\1(2).
Then with probability at least 1 — 3e

Tr(Kouter) <1 Vm+Vd+t 2TT(XTX)
M (Kouter) — Vm—vVd—t; ] MXTX)’

Proof. By theorem [4.6.20| with ¢; = y/21og(2/¢) we have that with probability at least 1 — e
that

Vi = Vd —t; < 0min(W/v) < o1 (W/v) < vVm+Vd+t. (4.43)

The above inequalities and the hypothesis on m imply that W is full rank.
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Let A = ¢(WXT) and A = ¢(—WXT). Set t, = % where ¢k is defined as in
theorem [4.6.22] Note that A and A are identical in distribution. Thus by theorem [4.6.22
and the union bound we get that with probability at least 1 — 2¢

1 -
H —ATA 3| ||| =ATA - 3|| <max(§,6*) =:p (4.44)
m 9 || 2
where
n t
6 =Ck j_

By our previous results and the union bound we can ensure with probability at least

1 — 3e that the bounds (4.43)) and (4.44]) all hold simultaneously. In this case we have

ATA

[t
m

+2p

|- 2
L)

H ZATA 1+L] H ZATA
m m

I ATA,

2

Assuming p < A\(X)/2 we have by the above bound

| -ara
m

< 3H—ATA

2

Now note that

2
2

|A7A, = lo(WXD); A

(—wWxh)||
so that our previous bound implies
Jo=WXn]; <3 oWXT)];.

Then we have by corollary [4.6.18| that
2
T'r(Kouter) _ Hgb(WXT)”F < ||W||§ Tr(XX")
Al(Koute’r) ||¢(WXT)H2 - O'mm(W)z )\1(XXT)

<1 Vit Tr(XXT)
T \Wm—Vd—t ) M(XXT)
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From the above theorem we get the following corollary.

Corollary 4.6.24. Assume ¢(xr) = ReLU(x) and n > d. Suppose that wWy,..., Wy, ~
N(0,v%1y) i.i.d. Fize >0 small. Set M = max;ep, [|xi|l,. Then

m = (max()\l(z)ﬂ, 1) max(n, log(l/e)))
and
v = O0(1/M+/m)

suffices to ensure that with probability at least 1 — €

Tr(Kouter) < CTr(XXT)
)\I(Kouter> o )\I(XXT)

where C' > 0 is an absolute constant.

4.6.4.5 Bound for the Combined NTK

Based on the results in the previous two sections, we can now bound the effective rank of

the combined NTK gram matrix K = Kj,ner + Kouter-

Theorem 4.4.5. Assume ¢(z) = ReLU(z) and n > d. Fiz € > 0 small. Suppose that
Wi, ..o, Wiy ~ N(0,071y) i.i.d. and aq, ... ap ~ N(0,03). Set M = max;ep, ||X;||,, and let
Y= EWNN(O,Z/%I) [¢(XW>¢(WTXT)]
Then
m = Q (max(A; ()%, 1) max(n,log(1/€))), 1 = O(1/M+/m)

suffices to ensure that, with probability at least 1 — € over the sampling of the parameter
miatialization,
eff(K) < C - eff(XXT),

where C > 0 1s an absolute constant.

Proof. This follows from the union bound and Corollaries [4.6.16| and [4.6.24]. O
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4.6.4.6 Magnitude of the Spectrum

By our results in sections |4.6.4.3| and 4.6.4.4 we have that m = n suffices to ensure that

Tr(K) < Tr(XXT)

MK © anxxn) =

Well note that

If i > d then \;(K)/A\(K) is small. Thus the NTK only has O(d) large eigenvalues. The
smallest eigenvalue A, (K) of the NTK has been of interest in proving convergence guarantees

[DLL19, DZP19, [0S20]. By our previous inequality

>

)\1(K

~—

S

31

Thus in the setting where m 2> n > d we have that the smallest eigenvalue will be driven to
zero relative to the largest eigenvalue. Alternatively we can view the above inequality as a

lower bound on the condition number

2

We will first bound the analytical NTK in the setting when the outer layer weights have
fixed constant magnitude. This is the setting considered by [XLS17], [ADH19al, [DZP19],
[OFL19], [LSO20], and [OS20].

Theorem 4.6.25. Let ¢(x) = ReLU(x) and assume X # 0. Let Ko = € R"™ " be the

mner

analytical NTK, 1.e.

(Koner)ig 7= (%6, %) Bwen0.10) [ ((xi, w)) &' (x5, W)

Then
1T7‘(XXT) < Tr(Kse, ..) < 4T?"(XXT)
4 M(XXT) = M (Kese,) — M(XXT)
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Proof. We consider the setting where |a,| = 1/y/m for all £ € [m] and w, ~ N(0, I;) i.i.d..
As was shown by [JGHI§|, [DZP19] in this setting we have that if we fix the training data

X and send m — oo we have that

||Kinner - K;, ||2 — 0

mner

in probability. Therefore by continuity of the effective rank we have that
Tr(Kipner)  Tr(KSe

inner)

Al(Kinner) )\l(KOO )

mner

in probability. Let n > 0. Then there exists an M &€ N such that m > M implies that
Tr(Kipner) Tr(KSe ..)

)\I(Kinner) )‘1 (Kior?ner)

with probability greater than 1/2. Now fix § € (0,1). On the other hand by Theorem [4.6.13
with € = 1/4 we have that if m > 5 log(4n) then with probability at least 3/4 that

<7 (4.45)

(1= 6P Tr(XXT) _ Tr(Kiner) _ 4 Tr(XXT)
1 NXXT) = A (Komer) = (1= 0)2 A\ (XXT)

(4.46)

Thus if we set m = max(35 log(4n), M) we have with probability at least 3/4 — 1/2 = 1/4
that (4.45) and (4.46]) hold simultaneously. In this case we have that
(1 —6)2Tr(XXT) Tr(K...) 4 Tr(XXT)
—n< < +n
4 A\ (XXT) A (K )~ (1—0)2 M (XXT)

mner

Note that the above argument runs through for any > 0 and 6 € (0,1). Thus we may send

n— 0" and § — 07 in the above inequality to get

1 Tr(XX") _ Tr(K,.,) _  Tr(XX")
4 M(XXT) 7 M (KR) T M(XXT)

We thus have the following corollary about the conditioning of the analytical NTK.

Corollary 4.6.26. Let ¢(x) = ReLU(x) and assume X # 0. Let Ko, € R™™ be the

nner

analytical NTK, 1.e.

(Kner)ig 7= (%, %5) Bwen0.10) [¢'((xi, w)) &' ((x5, )]

230



Then

)‘N(Kinner) < 4
MEKS )T

inner)

d
2,

4.6.5 Experimental Validation of Results on the NTK Spectrum

NTK Spectrum: Caltech101, Depth=2 NTK Spectrum: Gaussian data, Depth=2
a
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2
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Figure 4.3: NTK Spectrum for CNNs We plot the normalized eigenvalues A,/A; of the
NTK Gram matrix K and the data Gram matrix XX for Caltech101 and isotropic Gaussian
datasets. To compute the NTK, we randomly initialize convolutional neural networks of
depth 2 and 5 with 100 channels per layer. We use the standard parameterization and
Pytorch’s default Kaiming uniform initialization in order to better connect our results with
what is used in practice. We consider a batch size of n = 200 and plot the first 100
eigenvalues. The thick part of each curve corresponds to the mean across 10 trials while the

transparent part corresponds to the 95% confidence interval.

We experimentally test the theory developed in Section and its implications by
analyzing the spectrum of the NTK for both fully connected neural network architectures

(FCNNs), the results of which are displayed in Figure and also convolutional neural
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Figure 4.4: Asymptotic NTK Spectrum NTK spectrum of two-layer fully connected
networks with ReLLU, Tanh and Gaussian activations under the NTK parameterization. The
orange curve is the experimental eigenvalue. The blue curves in the left shows the regression
fit for the experimental eigenvalues as a function of eigenvalue index ¢ in the form of A\, =
al~" where a and b are unknown parameters determined by regression. The blue curves
in the middle shows the regression fit for the experimental eigenvalues in the form of \, =
al=07p=1""* " The blue curves in the right shows the regression fit for the experimental

eigenvalues in the form of A\, = al=05p=1""*,

network architectures (CNNs), shown in Figure 4.3l For the feedforward architectures we
consider networks of depth 2 and 5 with the width of all layers being set at 500. With regard
to the activation function we test linear, ReLU and Tanh, and in terms of initialization
we use Kaiming uniform [HZRI5], which is very common in practice and is the default in
PyTorch [PGM19]. For the convolutional architectures we again consider depths 2 and 5,
with each layer consisting of 100 channels with the filter size set to 5x5. In terms of data,
we consider 40x40 patches from both real world images, generated by applying Pytorch’s
RandomResizedCrop transform to a random batch of Caltech101 images [LAR22], as well as
synthetic images corresponding to isotropic Gaussian vectors. The batch sized is fixed at
200 and we plot only the first 100 normalized eigenvalues. Each experiment was repeated
10 times. Finally, to compute the NTK we use the functorchﬁ module in PyTorch using an

algorithmic approach inspired by [NSS22].

‘https://pytorch.org/functorch/stable/notebooks/neural _tangent_kernels.html
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The results for convolutional neural networks show the same trends as observed in feed-
forward neural networks, which we discussed in Section[f.4.1]. In particular, we again observe
the dominant outlier eigenvalue, which increases with both depth and the size of the Gaus-
sian mean of the activation. We also again see that the NTK spectrum inherits its structure
from the data, i.e., is skewed for skewed data or relatively flat for isotropic Gaussian data.
Finally, we also see that the spectrum for Tanh is closer to the spectrum for the linear acti-
vation when compared with the ReLU spectrum. In terms of differences between the CNN
and FCNN experiments, we observe that the spread of the 95% confidence interval is slightly
larger for convolutional nets, implying a slightly larger variance between trials. We remark
that this is likely attributable to the fact that there are only 100 channels in each layer and
by increasing this quantity we would expect the variance to reduce. In summary, despite the
fact that our analysis is concerned with FCNNs;, it appears that the broad implications and
trends also hold for CNNs. We leave a thorough study of the NTK spectrum for CNNs and

other network architectures to future work.

To test our theory in Section [4.4.2] we numerically plot the spectrum of NTK of two-
layer feedforward networks with ReLU, Tanh, and Gaussian activations in Figure £.4 The
input data are uniformly drawn from S?. Notice that when d = 2, k = ©(¢/?). Then
Corollary [4.4.7| shows that for the ReLU activation A\, = ©(£~3/2), for the Tanh activation
A = O (6=3*exp(—Z('/1)), and for the Gaussian activation \, = O(0=1/22=0Y " These
theoretical decay rates for the NTK spectrum are verified by the experimental results in

Figure [£.4]

4.6.6 Analysis of the Lower Spectrum: Uniform Data

Theorem 4.4.6. [AMI15] Suppose that the training data are uniformly sampled from the
unit hypersphere S, d > 2. If the dot-product kernel function has the expansion K(x1,zs) =

Z;io cp(T1, 22)P where ¢, > 0, then the eigenvalue of every spherical harmonic of frequency
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k is given by
= _ /2 Z . T(p+ 1)p(1#)
= Tl k+ )+ k+d/2)]

p—k is even

where I' is the gamma function.

Proof. Let 0(t) = > = cpt?, then K(xy1,22) = 0({21,22)) According to Funk Hecke theorem
[BJK19, Section 4.2], we have

1

Ak = vol(Sd—l)/ 0(t) Pra(t)(1 — t3) 2" dt, (4.47)

-1
where Vol(S?71) = 22:;//2) is the volume of the hypersphere S*~!, and P 4(t) is the Gegenbauer
polynomial, given by

(—=1)* T(d/2) 1 d*

(1 . t2)k+(d 2)/2
26 T(k+d/2) (1 — 2)d-2/2 gtk

Ppa(t) =

Y

and I' is the gamma function.

From (4.47) we have
1

e = Vol(Sd_l)/ O(t) Pra(t)(1 —t2) 2 dt

-1

_ /2 /1 H(t) (_1)k F(d/Q) d_k(l _ t2)k+(d—2)/2dt

rd/2) /), 2% T(k+d/2) dt*
o2 (—1)F T'(d)2) & b dk

— — (1 — 2\k+(d—2)/2 ) 4.4
D(d/2) 2% T(k+df2) =" Rrthe dt (448)

Using integration by parts, we have

bod 2\ k+(d—2) /2
tP 1—t¢ - dt
/ )

d*! 2\ k+(d—2)/2 ' b d! 2\ k+(d—2)/2
=t (1 —¢*)rtle —p/ P (1 — ¢2)Ftle=2)2q
dtk—1 . 1 dtk—1
b d ! 2\ k+(d—2)/2
_ P 1—¢ —2)/23¢ 4.49
p[ o) , (4.49)

where the last line in (4.49) holds because jtk (1 —12)Fd=2/2 — 0 whent =1 or t = —1.
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When p < k, repeat the above procedure (4.49)) p times, we get

1 dk 1 dk—p
/ tp%(l _ t2)k+(d72)/2dt — (_1)pp!/ dtk_p<1 _ t2)k+(d72)/2dt
-1 _1

dkr! 2\ k+(d—2)/2
= (=1)Pp! W(l — ) +(d—-2)/

1

-1

—0. (4.50)

When p > k, repeat the above procedure (4.49)) k times, we get

1 dk 1
/ (1= =220 = (—Drp(p—1)--- (p— k + 1)/ PR (1 — 2)RHd=2/2qy,
-1

-1

(4.51)
When p — k is odd, ##7F(1 — ¢?)k+(4=2)/2 i an odd function, then
1
/ k(1 — #2229 = 0, (4.52)
-1
When p — k is even,
1 1
-1 0
1
0
—k+1
_ T+ d/2) )
It 1k +d/2)
where B is the beta function.
Plugging (4.53) , (4.50) and (4.52) into (4.51]), we get
bpdt 2\k+(d—2)/2
tr—(1—1 —Edt
[rawt =
D=2 (k+d/2 .
_ (—D*p(p—1)...(p—k+1) F(p*§“)+§c+d//2))’ p— k is even and p > k, (4.54)

0, otherwise.
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Plugging (4.54) into (4.48), we get

2142 (—1)F  T'(d/2) [T (k + d/2)

A= Ty 2 T+ d)2) ; S0 —1). (P =k +1) DA Lk + d)2)
p—k is even
2 p(p—l)...(p—k:—i—l)lj(’#)
T2kl pzzk @ D 4 k4 d)2)
p—F is even
T Tpeine)
2kt TT(p— k+ )I(E5H 4 k4 d)2)

p—k is even

Corollary 4.4.7. Under the same setting as in Theorem [{.4.0,
1. if ¢, = O(p~*) where a > 1, then N = @(kfd72a+2)’
2. if ¢y = O(p evem)©O(™?), then e = Ok eveny©(k—1-242),

3. ifc, = (exp ( \/_)), then A\, = O <k_d+1/2 exp <—a\/E)>,

4. if ¢, = O(p'2a?), then Ny = O (k= 'a™) and Ay = Q (k~4*127%a7F).

Proof of Corollary[{.6.6, part 1. We first prove \, = O(k~42%*2). Suppose that ¢, < Cp~®

for some constant C', then according to Theorem [4.4.6| we have

<o

S o L(p+1L(=5H)

k-1 T(p—k+ DDA + k+d/2)

p>k
p—Fk is even

According to Stirling’s formula, we have

T(z) = @ (g) (1 40 G)) . (4.55)

Then for any z > %, we can find constants C and Cy such that

on/Z () <re < ez (2) (456)
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Then

p—k+1
o (p+1)P+1 N e N
p+1 e P*T’€+1 e

d/2 02 Y
M < 2k—1 (2 Z Cp

p>k 2 (p—k+1)p—k'+1 o (p ’“+1+k+d/2> o ktd/2
p—Fk is even p—k+1 e p712g+1 htd/2 P
d 1 —k p—k+1
/2 c3C Z —a e V p+1 (p+ 1)p+ (p 2+1) ’
= —_— p _
9k—1 02 B B P k+1+k+d/2
1 p—kpizs’faven (p —k + 1>p o \/ p%mik+d/2 (p ]2€+1 + k + d/2) ’
7Td/2 0220 Z —a 6%2 7p2+k (p + 1)P+%
- 2 D —
Cl p>k (p —k+ ]_)p 2+1 (1# +k+ d/2> 7 Th+d/2
p—k is even
22e202C -a( L1yt
_ gpd/222Ci P (457)
2 .
¢ = k)T (k14"
p—k is even
We define
P (p+ 1)
falp) = 1) (4.58)

pkil
(p—k+1)"2 (p+k;+1+d)
By applying the chain rule to €'°¢/«() we have that the derivative of f, is

(p+1)rtep

ﬁ@%:ﬂp—k+np§(p+k+d+)wwd
2 _ _
' (_%a C(p+ 1)(pkjkd+ ir1) log(1 + (p —ljc + fl)((l; +zild)+ 1))) - (4:59)
Let gq(p) = —27“ - W;% +log(1 + = k+1)((:;+];ild+l ). Then g,(p) and f.(p) have the
same sign. Next we will show that g,(p) > 0 for k < p < d+24 when £ is large enough.
First when p > k and o kk+10;((€a+]l€fﬁg)+1) > 1, we have
0u(p) > e log(2) 20 (160)

ko k+Dk+k+d+1)
when £k is sufficiently large.

2_ _
Second when p > k and 0 < (p_’jﬁf;((’;r’;fdll) < 1, since log(1 + z) >

z
2
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have

2a k+d K —dp—k+1)
ga(p> Z -0 -
p (+Dp+k+d+1) 2p—k+1)(p+k+d+1)
2 k+d k2 — dp
p (p+Dp+k+d+1) 2p(p+k+d+1)
When p < d+24a7 we have k% — dp > 24ap. Then
2 _
k= —dp S 24ap S 6ap S k+d

dp(p+k+d+1) " 4plp+k+d+1) —

when £k is sufficiently large. Also we have

(p+1)(p+k+d+1) —

(p+1)(p+k+d+1)

k? — dp S 24ap

Ar(p+k+d+1) = dr(p+k+d+1)

when k is sufficiently large.

6a >2a
“p+k+d+1 7 p

Combining all the arguments above, we conclude that g,(p) > 0 and f.(p) > 0 when

kE<p< . Then when k£ <p < , we have
d+24 d+24
fap) < fa (d+ 24a) : (4.61)
When p > d+24 , we have
=l
(p— k—l—l) (p+k+1—|—d)
B p"(p+ 1)“2
(p+ 12 =K +dp—k+1)7 p+h+1+d)
P pr1)E
= ( ) p—k+1l 2ktd—1
k2—d(p—k+1 2 k+d 2
<1 ~ e ) (1 o )
pes
< p—k+1 *
(1 _ k27d(p7k+1)> 2
(p+1)2

p—k+1

If k2 —d(p—k+1) <0, (1 -

(p+1)2
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for sufficiently large k, we have
N (1 R —d(glen —k 1))

(d+24a + 1)2

2

. <1 ~ 48a(d + 24a)> 2

(=)

kQ
k2 48a(d+24a) _ 48a(d+24a)
> e 2 k2 =e 2d ,
which is a constant independent of k. Then for p > - +2 1> we have
fulp) < &5 pes, (4.62)
Finally we have
= %d/zmc Y o
p>k;
p—Fk is even
<0 Z falp) Z falp
k<p<5.- d+24 P2 gt51a d+24a
p—k is even p—k is even
kQ kQ 48a(d+24a) d
<0 —k \ e
= <d+24a * )f <d+24a>+ 22 ‘ P
p= df24a
p—k is even
d a a _q—4d
<0 R ) e (RN 648(?24) BN
d -+ 24a d+ 24a a+g—1 d -+ 24a
— O(k_d_2a+2).

Next we prove Ay = Q(k~472¢2). Since ¢, are nonnegative and ¢, = O(p~*), we have

that ¢, > C'p™® for some constant C’. Then we have

/2 ~ I(p+ 1)p(m)
= 9k—1 Z Cp 10—1<r+12 ’
2 F(p—k+1)F(T+k+d/2)

p>k
p—k is even

(4.63)
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According to Stirling’s formula (4.55) and (4.56)), using the similar argument as (4.57) we

have

d/2 02 p+1 e
!, —a 2
/\k - 2k: 1 02 § : Cp

p>k _om (p—kﬂ)p*k“ o Pkt 1 ptd/2
p—k is even p—k+1 e %’“J’l+k+d/2 e

d/222ezC’ c’ p(p+1)PF2
2 —k+1
& S =k (ptk+l4d)”

p—k is even

25e2C2(C"
> 27Td/20—21 Z fa(D), (4.66)
2 p>k?

p—Fk is even

where f,(p) is defined in (4.58). When p > k?, we have
v <p+ Dk
(p—k+1)"2 (p+k+1+d)
p"(p+ 1)“2
(p+1)2—k>+d(p— k+ 1)" = (p+k+1+d)
(p+1)"

For sufficiently large k, k* — d(p — k + 1) < 0. Then we have

—k
> L

(4.64)

=27

(4.65)

fa(p) =

2k+d—1

>

p—k+1 — (1?2 K2 4d(p—k+1) p—k+1
(1 kK*—d(p—k+ 1)) T <1 k*—d(p—k+ 1)) W—d(p—k+1)  (p+D?2 2
(p+1)? N (p+1)2

—k2+d(p— k+1) p— k+1
<e (p+1)2

ﬁ
<ex =e

[NJisH

which is a constant independent of k. Also, for sufficiently large k, we have
+1 k4+d 2k+d—1

2k+d—1 P
k + d 2 k + d k+d p+1 2
(1 - —) = (1 + —)
p+1 p+1

k+d 2k+d—1
< ep+1 2

3k2 3
< e 2r = e2,
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Then for p > k2, we have f,(p) > e™272(p+ 1)775.

Finally we have

S 2 /
N > 222G 2620 <Y L (4.67)
p>k’2
p—Fk is even
282 C2C
> 97d/2 262021 Z e—g—%(er 1)—“—% (4.68)
2 p>l€2
p—k is even
226%020, d_3 1
> /2 L= e7272 k24 2)ies 4.69
= T 2(a+g—1)< ) (4.69)
= QK472 (4.70)
Overall, we have )\, = ©(k~%"2e+2), O

Proof of Corollary[{.6.6, part 2. It is easy to verify that A\, = 0 when k is even because
¢, = 0 when p > k and p — k is even. When k is odd, the proof of Theorem still

applies. O

Proof of Corollary[{.6.6, part 3. Since ¢, = O (exp (—a4/p)), we have that ¢, < Ce VP for
some constant C'. Similar to (4.57)), we have

d d 1

_ 2z2e2C2C e—aVP 1)Ptz
M < 27rd/2% (p+ ) xes (4.71)

1 >k (p— k—f—l) ( +k+1+d)
p—Fk is even
Use the definition in (4.58)) and let a = 0, we have
P+l ik

folp) = ( ) el (4.72)

(p—k+1)"2 (p+k+1+d)
Then according to (4.61) and (4.62)), for sufficiently large k, we have fo(p) < fo <E> when
E<p< % and fo(p) < Cgp_g for some constant C3 when p > = B Then when k < p < &

_d
we have fo(p )<f0( ) <C'3< > ° Whean%,wehavefo( ) < Csp~2 <03< 2)
Overall, for all p > k, we have

>
d
2

folp) < C3 (%2) - : (4.73)
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Then we have

— 232 C3C _
)\k < 27Td/2T2 Z € a\/ﬁfo(p) (474)
! p>k
p—k is even
22330300 (K23 Iy
p>k

p—k is even

<27 (4.76)

d/22%e%022030 k_2 3 2eVE(ak —1+1)
C? d 2

=0 (k_d+1/2 exp (—a@)) : (4.77)

a

]

Proof of Corollary[{.6.6, part 4. Since ¢, = O(p'/?a™P), we have that ¢, < Cp'/2a™? for
some constant C'. Similar to (4.57]), we have

L p2idac P (pt 1)
N < 22 Tz — - (4.78)
1 or p—k+1)"2 (p+k+1+d) 2
p—k is even
Use the definition in (4.58) and let a = 0, we have
(p+ 1)
folp) = parE} p (4.79)

2

(p—k+1)"% (p+h+1+d) ">

Then according to (4.61) and (4.62)), for sufficiently large k, we have fo(p) < fo (%) when
E<p< % and fo(p) < C'gp_% for some constant C3 when p > %. Then when k£ < p < %2,

1/2 —d
we have p'/2 fo(p) < p*/2fo (%) < C4 (%) (%) *. When p > %, we have p'/2 fy(p) <
1
3

d
-4
Cgpl/Qp*% < (4 (’%) o Overall, for all p > k, we have

2\ ~2t3
P fo(p) < Cs <%> . (4.80)
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Then we have

— 22¢2
Ak§2wW22€ZC(j S 0 f(p) (4.81)
pfkp1>sljeven
LT Ter 2\ “2t3
< 2ﬁd/2% (l;) Z a~P (4.82)
i

p>k
p—Fk is even

25e3C2C,C (K2\ ETE 1
< 2w¢”-iff%§§—il— (7Z> 1Ogaff*k—” (4.83)
=0 (ka7 (4.84)

On the other hand, since ¢, = ©(p*/2a™P), we have that ¢, > C’p*/2a™P for some constant

C’. Similar to (4.65)), we have

o 255020 1/2,,—p 1)P+s
Akzsz%ff%EL_ p §+(p+') (4.85)
2 = k)T (ptktl+d)”
p—k is even
255020 k1/2 —k (L k435
2 27Td/2 ec’glC ( + ) +d (486)
2 (k—k+ ) (k+k+1+d)
kfd/2+1 =k (L 1
_Q ¢ (+2 . (4.87)
(k+k+1+d)
Since (k+1)" = k*(1 + 1/k)* = ©(k*). Similarly, (k +k +1+d)* = ©((2k)*). Then we
have
L~ d/2+1 —k k‘ 1
X = 0 (k +1)° (4.88)
(k+k+1+a)"
E—d/2+1 —kkk
:Q( ) (4.89)
=Q(k d/2+12 Fah). (4.90)
O

For the NTK of a two-layer ReLLU network with ~, > 0, then according to Lemma
we have ¢, = k2 = O(p~*/?) . Therefore using Corollary A = O(k~%1). Notice here
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that k refers to the frequency, and the number of spherical harmonics of frequency at most
k is ©(k?). Therefore, for the (th largest eigenvalue A\, we have \, = O(¢~(¢*1/4). This rate
agrees with [BJK19] and [VY21]. For the NTK of a two-layer ReLU network with 7, = 0,
the eigenvalues corresponding to the even frequencies are 0, which also agrees with [BJK19].
Corollary also shows the decay rates of eigenvalues for the NTK of two-layer networks
with Tanh activation and Gaussian activation. We observe that when the coefficients of
the kernel power series decay quickly then the eigenvalues of the kernel also decay quickly.
As a faster decay of the eigenvalues of the kernel implies a smaller RKHS, Corollary
demonstrates that using ReLU results in a larger RKHS relative to using either Tanh or

Gaussian activations. We numerically illustrate Corollary [£.4.7] in Figure [£.4] Section [4.6.5]

4.6.7 Analysis of the Lower Spectrum: Non-uniform Data

The purpose of this section is to prove a formal version of Theorem In order to prove

this result we first need the following lemma.

Lemma 4.6.27. Let the coefficients (c;)52, with ¢; € Rxg for all j € Z>q be such that the
series Y~ c;p’ converges for all p € [—1,1]. Given a data matriz X € R™4 with ||x;]] = 1
for all i € [n], define r := rank(X) > 2 and the gram matriz G := XXT. Consider the

kernel matrix

nK = Z chQj.
=0

For arbitrary m € Zs1, let the eigenvalue index k satisfy n > k > rank (H,,,), where H,, :=
S e, GO Then

j=0
|G| &
M(K) < . 4.91
KK) < n ;:m:ca ( )
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Proof. We start our analysis by considering A, (nK) for some arbitrary k& € N<,,. Let

m—1

H,, = Z chQj,

Jj=0
o0

T,, = E c;G®
j=m

be the m-head and m-tail of the Hermite expansion of nK: clearly nK = H,,, + T,,, for any
m € N. Recall that a constant matrix is symmetric and positive semi-definite, furthermore,
by the Schur product theorem, the Hadamard product of two positive semi-definite matrices
is positive semi-definite. As a result, G®’ is symmetric and positive semi-definite for all
J € Z>¢ and therefore H,,, and T, are also symmetric positive semi-definite matrices. From

Weyl’s inequality [Wey12| Satz 1] it follows that
MA(K) < Ao(Hpn) + A (To). (4.92)

In order to upper bound A\(T,,), observe, as T,, is square, symmetric and positive semi-
definite, that A;(T,,) = ||Tp||. Using the non-negativity of the coefficients (c;)32, and the

triangle inequality we have

M(Tw) = Y 6GY| <D e [|[G)
j=m j=m

By the assumptions of the lemma [G]; = 1 and therefore [G), = 1 for all j € Z>(. Further-

more, for any pair of positive semi-definite matrices A, B € R™"™ and k € [n]
M(AOB) < 52%3]([A]ii)\1(]3)7 (4.93)
[Sch11]. Therefore, as max;c, (Gl = 1,
||G®jH =M (G¥) =X\ (GO G®(j—1)) < )\1<G®(j—1)) — ||G©(j—1)||
for all 7 € N. As a result

)\1(Tm> S ||G®mH ZC]‘.
j=m
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Finally, we now turn our attention to the analysis of A\t(H,,). Upper bounding a small
eigenvalue is typically challenging, however, the problem simplifies when and k exceeds
the rank of H,,, as is assumed here, as this trivially implies A\x(H,,) = 0. Therefore, for
k > rank(H,,)

i < 167 S

- n

j=m

as claimed. n

In order to use Lemma we require an upper bound on the rank of H,,. To this
end we provide Lemma

Lemma 4.6.28. Let G € R™"™ be a symmetric, positive semi-definite matrixz of rank 2 <

r <d. Define H,, € R"*" as

3
L

H, =) ¢GY (4.94)

J

Il
=)

where (cj)?‘:_ol is a sequence of real coefficients. Then
rank (H,,,) <1 +min{r — 1,m — 1}(2e)"*

(4.95)

+ max{0,m — r} < 2¢ 1>M (m — 1)L,

r—
Proof. As G is a symmetric and positive semi-definite matrix, its eigenvalues are real and
non-negative and its eigenvectors are orthogonal. Let {v;}/_; be a set of orthogonal eigen-
vectors for G and ~; the eigenvalue associated with v; € R™. Then G may be written as a

sum of rank one matrices as follows,

T

T

G = E ViViV; .
i=1

As the Hadamard product is commutative, associative and distributive over addition, for
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any j € Zso G® can also be expressed as a sum of rank 1 matrices,

r ©J
GGj = (Z 71V1V1T>
i=1
= <Z yilvilviTl> ® (Z ’}/iQVZ‘QVg;) [OEERNO) Z 'Yijvijvz‘j;

i1=1 in=1 ij=1

= Y e () © () @0 (v v7)

11,02...55=1

T

— Z ’yil’yiz---’yij (VZ-IQVZ‘QQ"'QVZ‘].) (Vh@VZ‘z@"‘@Vij)T

i1,i2y0yi=1
Note the fourth equality in the above follows from v;v} = v; ® v; and an application of
the mixed-product property of the Hadamard product. As matrix rank is sub-additive, the
rank of G® is less than or equal to the number of distinct rank-one matrix summands. This
quantity in turn is equal to the number of vectors of the form (vi1 OV, ©®--© vij), where
i1,%2,...,1; € [r]. This in turn is equivalent to computing the number of j-combinations with

r+j71)

repetition from r objects. Via a stars and bars argument this is equal to (”;:71) = (r(n)—l .

It therefore follows that

rank( GQJ < r+j-1
r—1

< < r+j7—1) )
r—1
] r—1
(1 + — 1)
j r—1
< (QG)T_l <5j§r—1 +0jsro1 (m) ) .
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The rank of H,,, can therefore be bounded via subadditivity of the rank as

m—1
rank(H,,) =rank (aolnxn + Z chGj)

i=1

3

14+ rank (G®j)

- . j r=1 (4.96)
1+ (26)T_ 5j§r—1 + 5j>7’—1 (m)

7j=1

IN

3

IN

<1+4min{r —1,m — 1}(2¢)" !

r —

9 r—1
+ max{0,m —r} ( 61> (m—1)"""
O
As our goal here is to characterize the small eigenvalues, then as n grows we need both

k and therefore m to grow as well. As a result we will therefore be operating in the regime

where m > r. To this end we provide the following corollary.

Corollary 4.6.29. Under the same conditions and setup as Lemma withm >r >17
then

rank(H,,) < 2m".

Proof. f r > 7 > 2e+ 1 then r — 1 > 2e. As a result from Lemma [4.6.28

r—1

rank(H,) < 1+ (r = 1)(2e) ™" + (m — 1) ( - ) (m— 1y

<7r(2e)" 4+ (m—1)

< 2m

as claimed. O

Corollary [4.6.29| implies for any k& > 2m”, k < n that we can apply Lemma to
upper bound the size of the kth eigenvalue. Our goal is to upper bound the decay of the

smallest eigenvalue. To this end, and in order to make our bounds as tight as possible, we
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therefore choose the truncation point m(n) = |(n/2)"/"|, note this is the largest truncation
which still satisfies 2m(n)” < n. In order to state the next lemma, we introduce the following
pieces of notation: with £ := {¢: Rsy — R} define U : £ x Z>; — R>g as

Ul m) = / " tw)ds.

m—1

Lemma 4.6.30. Given a sequence of data points (X;)icz., with X; € S for all i € Zs,
construct a sequence of row-wise data matrices (Xn)’rLEZZU X, € R™? with x; corresponding
to the ith row of X,,. The corresponding sequence of gram matrices we denote G,, := X, XZ.
Let m(n) = |(n/2)Y"™ | where r(n) := rank(X,,) and suppose for all sufficiently large n
that m(n) > r(n) > 7. Let the coefficients (c;)52, with ¢; € Rxg for all j € Zxq be such that
1) the series 32 c;p’ converges for all p € [=1,1] and 2) (¢;)32 = O(L(j)), where £ € L
satisfies U(€,m(n)) < oo for all n and is monotonically decreasing. Consider the sequence

of kernel matrices indexed by n and defined as
nK, = Z c; G2
=0

With v : Z>y — Z>1 suppose HG&?’”(”)

= O(n=vM+1) | then
M (K = O(n~"™MU e, m(n))). (4.97)

Proof. By the assumptions of the Lemma we may apply Lemma and Corollary [4.6.29]

which results in

M) < ST =0 Y .
j=m(n) j=m(n)
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Additionally, as (¢;)52 = O(£(j)) then

as claimed. O

Based on Lemma we provide Theorem [4.6.31], which considers three specific sce-

narios for the decay of the power series coefficients inspired by Lemma [4.3.4]

Theorem 4.6.31. In the same setting, and also under the same assumptions as in Lemma

then

1. if ¢, = O(p™®) with o > r(n) + 1 for all n € Zsq then \,(K,,) = O (n_(:"%

).

2. if ¢, = O(e=VP), then \,(K,) = O (nﬁ exp <—a’nﬁ>> for any of < @271/
3. if ¢, = O(e=?), then A\, (K,) = O (exp (—a’nﬁ)> for any of < o212 (),

Proof. First, as [G,];; < 1 then

H GOm() || Trace(G®™(M)
<
n n

=1.

Therefore, to recover the three results listed we now apply Lemma [4.6.30] with v(n) = 0.

First, to prove 1., under the assumption ¢(x) = = with o > 0 then

/OO g, (m(n) — 1)t

m(n)—1 a—1

As a result
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To prove ii), under the assumption ¢(z) = e~*V® with a > 0 then

/°° - 2exp(—a(y/m(n) — 1)(ay/m(n) — 1 + 1)‘

(07

m(n)—1
As a result

M(K,) =0 (nﬁ exp <—Cz’nﬁ>)

for any o/ < o271/ Finally, to prove iii), under the assumption £(x) = e~** with o > 0
then
0 . 1
[ iy ool 1)
m(n)—1 &
Therefore
(K, =0 (exp <—o/nﬁ>)

again for any o/ < a2~ 1/?7("), O

Unfortunately, the curse of dimensionality is clearly present in these results due to the
1/r(n) factor in the exponents of n. However, although perhaps somewhat loose we empha-
size that these results are certainly far from trivial. In particular, while trivially we know
that \,(K,) < Tr(K,)/n = O(n™!), in contrast, even the weakest result concerning the
power law decay our result is a clear improvement as long as a > r(n) + 1. For the other

settings, i.e., those specified in 2. and 3., our results are significantly stronger.
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