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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 122, Number 1, September 1994

REAL BANACH JORDAN TRIPLES

TRUONG C. DANG AND BERNARD RUSSO

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. A theory of real Jordan triples and real bounded symmetric domains
in finite dimensions was developed by Loos. Upmeier has proposed a definition
of a real JB*-triple in arbitrary dimensions. These spaces include real C*-
algebras and JB*-triples considered as vector spaces over the reals and have
the property that their open unit balls are real bounded symmetric domains.
This, together with the observation that many of the more recent techniques in
Jordan theory rely on functional analysis and algebra rather than holomorphy,
suggests that it may be possible to develop a real theory and to explore its
relationship with the complex theory.

In this paper we employ a Banach algebraic approach to real Banach Jordan
triples. Because of our recent observation on commutative JB*-triples (see
§2), we can now propose a new definition of a real JB*-triple, which we call
a J*B-triple. Our J*B-triples include real C*-algebras and complex JB*-
triples. Our main theorem is a structure theorem of Gelfand-Naimark type for
commutative J*B-triples.

1. REAL BANACH JORDAN TRIPLES

Definition 1.1. A Banach Jordan triple is a real or complex Banach space U
equipped with a continuous bilinear (sesquilinear in the complex case) map

UxU>(x,y)x0y e ZU)
such that with {xyz} := xOy(z) we have

(1) {xyz} = {zyx},
(2 A{x,y, {wwz}} +{u, {yxv}, z} = {{xyu}, v, z} +{u, v, {xyz}}.

A Banach Jordan triple U over C is said to be a JB*-triple if

(a) for any x € U the operator xOx from U to U (that is, xOx(y) =
{xxy}, y € U) is hermitian (i.e., exp itxOx is an isometry for all real #) with
nonnegative spectrum,

(b) the following norm condition holds

3) Ix0x|| = flx?.
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136 T. C. DANG AND BERNARD RUSSO

We note that equations (1) and (2) are the defining algebraic identities for a
Jordan triple system.

Our first result was originally stated with some extra hypothesis. The au-
thors wish to thank Jonathan Arazy for pointing this out and for suggesting the
following proof.

Theorem 1.2. Let U be a complex Banach Jordan triple. Suppose that

(1) Hxxx}H = lx[s
2) {xyzH < x>l Ivizls
(3) U is positive, i.e., o2y (x0Ox) C [0, co) for each x € U.
Then U is a JB*-triple.
Proof. We only need to show that xOx is hermitian for each x € U .
Since ¢ := ixOx is a continuous derivation, « := e is a continuous auto-
morphism for each real ¢. Thus for each x € U

le)I? = II{e(x) , (), () H = lla({xxx DI < lleell 111,
and therefore, by iteration,
oo < Nleell™* 1115

thatis, [lof| <1. O

The terminology in the next definition was motivated by [1], and the spectral
conditions were inspired by [7].

Definition 1.3. A J*B-triple is a real Banach space 4 equipped with a structure
of a real Jordan triple system which satisfies

(1) H{xxxH = llx]*

(2) H{xyzH < lIxI vliiz1 s

(3) afi,(A)(xEIx) c [0, ) for x € 4;

4) ".C?(A)(XDJ’ —yOx)CiR for x,y € A.

The following proposition shows that over the complex field JB*-triples are
the same as J*B-triples.

Proposition 1.4. Let U be a complex Banach Jordan triple.
(a) If U is a JB*-triple, then U is a J*B-triple.
(b) Suppose that U, considered a real Banach Jordan triple, is a J*B-triple.
Then U is a JB*-triple.

Proof. (a) A JB*-triple satisfies (2) by [3, Corollary 3]. This, together with
|xOx|| = ||x||*, implies (1). Thus it suffices to prove the two spectral condi-
tions. Let T denote either xOx or xOy — yOx. Since U is a JB*-triple,
the spectrum of 7' with respect to .Z(U) consists entirely of boundary points.
Moreover, denoting by .Z&(U) the Banach algebra of real linear bounded oper-
ators on U, we trivially have .Z(U) c Z&(U), so (Z(U))¢ c (Z&(U))¢, and
therefore, by [4, 9D]

0% (T) C o gw)c(T) = 05 y)(T) = 02w (T) U azw)(T).
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REAL BANACH JORDAN TRIPLES 137

(b) In order to apply Theorem 1.2 we only need to show that gg ) (uCu) > 0
for each u € U. With T = uOu, we have!

oz7w)(T) Cogw)(T)Uagw)(T) = agw)c(T) = 0gw)(T) C [0, ).
This completes the proof. O

Recall that a closed subtriple of a JB*-triple is a JB*-triple. Using the
following fact we can give another natural example of a J*B-triple.

Remark 1.5. A closed subtriple B of a J*B-triple A is a J*B-triple. In par-
ticular, a closed real subtriple of a JB*-triple is a J*B-triple.

Proof. The norm conditions are automatically satisfied, so it suffices to prove
the spectral conditions.

As above, let T denote either xOx or xOy —yOx for some x,y € B. We
know that

0%(4(x0x) C [0, 00) and a4 (xOy —yOx) C iR,
and we must prove
0% (¥0x) C [0, 00) and 64 (x0Oy — yOx) C iR.

Let S be the restriction of T to B. Now the complexification of the restriction
map is a unital complex algebra homomorphism from the algebra (7, I) gen-
erated by T and I into the algebra (S, I) generated by S and I. Therefore,

%)) € 0fs,n(S) € o, (T) = a4 (T).
This completes the proof. O

A real C*-algebra is a closed subalgebra of its complexification, which is a
complex C*-algebra in some norm. Thus, a real C*-algebra with the triple
product

{xyz} = 3(xy*z + zy*x)
is a closed real subtriple of a JB*-triple. By the preceding remark, a real C*-
algebra is a J*B-triple.

Two important problems left open in this paper are

Problem 1. Is the complexification of a J*B-triple a JB*-triple in some norm
extending the original norm? (This is solved for commutative J*B-triples in
Theorem 3.11.)

Problem 2. Is the bidual of a J*B-triple a J*B-triple with a separately weak*-
continuous triple product?

2. COMMUTATIVE COMPLEX TRIPLES

In this short section we are going to use Theorem 1.2 to modify the treatment
in [5, §1] by not requiring that xOx be hermitian. Theorem 2.2 will be used
to prove the main result of this paper, namely Theorem 3.11, which leads to a
Gelfand-Naimark Theorem for commutative real J*B-triples.

INote that the second spectral condition is not used.
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138 T. C. DANG AND BERNARD RUSSO
Definition 2.1. A Banach Jordan triple is commutative if

(4) {{xyz}uv} = {xy{zuv}} = {x{yzu}v}.

For example, any commutative C*-algebra Cy(Q) is a commutative Banach

Jordan triple with fOg(h) = fgh.
From (1) and (4) we have

(5) {xyz}0u = xO{yzu} = (xOy)(z0Ou).
By the continuity assumption, there is a constant N such that
(6) I{xyzH < Nlix[ Iy z])-

Throughout this section U will denote a commutative complex Banach Jor-
dan triple.

Let B = B(U) := the closed span of UOU in Z(U). Then B is a com-
mutative Banach subalgebra of .~ (U). Denote the Gelfand Transform of B
by

B(U) =2 Go(X),
where X = Xp is the maximal ideal space of B. Let A = A(U) := the set of
all nonzero triple homomorphisms A: U — C. Precisely,

A={A:U — C:0# Alinear, A({abc}) = A(a)A(b)A(c)}.

According to [5, Lemma 1.6], A ¢ £(U,C) and ||A| < VN, where N
is defined in (6). Thus A is a weak*-locally compact space and a “principle
T-bundle” (T = unit circle) under the action

TxA>(t,A)—t-A€A,
where (¢-4)(x) = tA(x). Moreover, there is a bijection
AJT & {3l ¢ U : U/I = C as triples}.
Define a norm closed subtriple of Cy(A)
Chom(A) :={f € Co(A): f(t-A)=tf(A) V(t,A) € T x A}

and a Gelfand transform U > x — X =T'y(x) € Gyom(A) by T'y(x)(4) = A(x) .
Thus

U _rL’ Chom(A)

is a continuous triple homomorphism.
According to [5, Lemma 1.8], U is dense in Cpon(A).

Theorem 2.2. Let U be a commutative complex Banach Jordan triple. Suppose
that
(1) [H{xxx} = llx]1?;

(2) [H{xyz} < >yl i1
(3) U is positive, i.e., 0z y)(x0x) C [0, co) for each x € U.
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REAL BANACH JORDAN TRIPLES 139

Then the Gelfand representation U — Cyom(A) is an isometric surjective triple
isomorphism.

Proof. By Theorem 1.2, U is a JB*-triple, so the result follows from [5]. O

For a generalization of this theorem see [2].

3. COMMUTATIVE REAL TRIPLES

In this section 4 will be a commutative real Banach Jordan triple, that is, a
real Banach space A, together with a trilinear map

AxAxA>(x,y,z)— {xyz} €4

which satisfies

(7 {xyz} ={zyx},
(8) {{xyz}uv} = {xy{zuv}} = {x{yzu}v}.

We shall define a natural Gelfand transform and prove a representation the-
orem of Gelfand-Naimark type.

By analogy with the complex case, let B(A4) be the Banach subalgebra of
Z(A) generated by A0A4. Then B(A) is a commutative real Banach algebra
(not necessarily unital, cf. [4, p. 63]). Let X () denote the space of complexi-
fied characters (cf. [4, p. 82]); that is,

Xgay = {t: B(4) - C, 0# treallinear, 7(ST) = 7(S)7(T)}.

By analogy we define A to be the collection of all nonzero real-linear triple
homomorphisms of 4 into C; precisely,

A ={A: A - C:Areal linear, 4 # 0, A({abc}) = A(a)A(D)A(c)}.

By the proof of [5, Lemma 1.6], each such A is automatically continuous and
AS is contained in a bounded subset of Zk(4, C). Note that e?®AS = AS,
that AS is closed under complex conjugation, and that A¢ is locally compact
in the topology of pointwise convergence on A .

Of course, we shall occasionally make use of the box operators xOy: a —
{xya}.

In order to obtain the analogue of Theorem 2.2 we need to consider the
complexification of 4.

Let U := A€ = ¢(A)+i¢(A) be the complexification of A, andlet ¢: 4 —» U
be the natural embedding. The space U becomes a complex commutative
Jordan triple system in the natural way, and ¢ is a real-linear triple isomor-
phism into. Explicitly, U = A4 x A becomes a complex linear space under
(a+if)(x,y)=(ax—By, ay+Bx), a, BER, x,y € A,and ¢(a) = (a, 0)
for ac A. Also, if x,y, z € U and we write x = x; + ix, for (x;, x;) and
so on, then

{xyz}u = {xiyvizita + {x1yv222} 4 + {x2y221} 4 — {X21122} 4
+i({xv12z1}a — {xX1y221} 4 + {xX17122} 4 + {X21222} 4)-

We will use the given norm on A4 to define a norm on U so that we can
impose further assumptions on the spectrum of certain operators. We give U
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140 T. C. DANG AND BERNARD RUSSO
a preliminary norm as defined in [4, (9.1)]

llull2 == \/Lf sup{||Aul|;: 4 € T},

where if u=(x, y)=¢(x)+i¢p(y) e U,
lells = llx1l + [Ip]l.

Recall that (U, ||+ ||;) is a real Banach space, (U, ||+ |2) is a complex Banach
space, ¢ is an isometry in each norm, and (1/v2)||«|li < |-l < | |l:. For
TeZU)=ZLU,|-l2) let |T|gw) denote the operator norm

ITlgw) = sup  (1Tull2/llull2)-
u#0, uelU

Lemma 3.1. UOU c Z(U) and ||xOy|lzw), < 2*?|xl20lyll2 for x,y € U.
Thus U is a commutative complex Banach Jordan triple.

Proof. If a,be A and z= 2z, +iz; € U, then

[1(a0b)zil2 < [[(a0b) 2l = [{abzi}l4 + [{abz2}|4 < llallallbllallz]l:
< llallallbllav2l|zll2,

50 [la0bl| zwy < V2lallllbll4 -

In general, (x;+ ix2)0(y; +iy2) = x10y1 — x20y,2 + i(x20y1) — i(x,0y2) now
implies that [|(x; + ix2)O( + )l < V2lx1 + ixallilyr + ivali <
282|xy + ixa|l2lly1 + iyalla. O

As in §2, let B(U) be the closed complex subalgebra of .#(U) generated by
UOU and define B(¢(A)) to be closed real subalgebra of .(U) generated by
P(4)0¢(4) .

Lemma 3.2. B(¢(A)) is a real Banach algebra which is isometrically isomorphic
to B(A).

Proof. The map o: sppA00A — sprd(A)0¢p(A4) defined by Y x;0y; —
> ¢(x;)Oé(y;) is an isomorphism which is isometric, so it extends to the de-
sired isomorphism. To see this, let X = > x;0y; and u = ¢(a) + i¢p(b) € U.
Then o(X)u = ¢(Xa) + i¢p(Xb), so [lo(X)ull; < | X|lgyllul:. Since o(X) is
complex linear,

lo(X)ul, = -% sup 0 (X)ul = % sup o (X) ()

1
< 75 Sup x| lAwells = (12X [l
Hence |lo(X)||lzw) < 1Xll ) - '
Pick a € A of norm 1 such that the norm of Xa is close to the norm of X .

Then u = ¢(a) satisfies ||ull, =1 and ||o(X)u|, = | Xa| 4, showing that o is
isometric and hence well defined. It is trivial that ¢ is a homomorphism. 0O

Lemma 3.3. For T, S € B(¢(A)) we have
1Tl 2wy < V2IT + iS||#w).-
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REAL BANACH JORDAN TRIPLES 141

Proof. For x € A both T(4(x)) and S(¢(x)) belong to ¢(4), so
(T + iS)((x)Ih = 1T (b(x)) + iS(@)1 = 1T (¢(xX))l2 + IS(D(x))l2-
Thus || T((x))ll2 < (T +iS)((x))lli < VZI(T + iS)$(x)||2 . Hence
ITlzw) =67 (Dllzw = ITlswullzouw, v < V2T +iS|gw). O

Proposition 3.4. Let A be a commutative real Banach Jordan triple. The com-
plex subalgebras B(U) and B(¢(A))+iB(¢(A)) of Z(U) coincide. Thus B(U)
is the complexification B(¢(A))C of B(¢(A)). Less precisely, B(A€) = (B(A))C.
Proof. Itis clear that spcUOU C B(¢(A))+iB(¢#(A)) € B(U). To complete the
proof is suffices to show that B(¢(A)) + iB(¢(A4)) is a closed subset of £ (U),
but this follows immediately from Lemma 3.3. O

The following lemma is based on some ideas from [8].

Lemma 3.5. Let A be a commutative real Banach Jordan triple.

(a) Suppose that {xxx} =0 implies x =0. Then (3] x;0y;)* := X y:0Ox;
defines an involution on the linear span of AQA (i.e., a linear automorphism of
order 2).

(b) Suppose further that ||{xxx}|| = ||x||* and

(9) [{xy 2} < lxl Iyl 21l-

Then the map * defined in (a) extends to an involution on B(A) which makes
B(A) into a real Banach x-algebra satisfying all the axioms of a real C*-algebra
except possibly for the invertibility of I+ T*T in the unital extension.

Proof. (a) We first show, as in [8], that * is well defined. For this, suppose that
Zf xiOy; =0 and let T = Z'l' yiOx;. To show that T =0, let z € A and
uj={y;xjz}. Then Tz =3 {yix;z}, and

{Tz,Tz, Tz} = Z {yixiz}, {yjxjz}, {(yexez}}

i,j,k

= Y {{zxyiyujm} = Y {z{xiviu;u}
i,j,k i,j,k

=> {2, > {xivius}, uk} =Y {z,0, u}=0.
ik i ik

Then by assumption 7z = 0, so T = 0 and * is well defined. Clearly,
* is linear and of order 2. To prove that (7'S)* = T*S*, it suffices by ad-
ditivity to assume that 7,S € A0A. With 7 = xOy and S = zOw we
have (T7'S)* = ((xOy)(z0w))* = (xO{yzw})* = {yzw}Ox = {wzy}Ox and
§$*T* = (wOz)(yOx) = {wzy}Ox, by (5).

(b) We again argue as in [8]. Let S=Y7x;0y; and z € 4. Then

ISz|* = I{Sz, Sz, Sz}|
= llz{sz, SZ, {xiyiz}} = l Z{SZ, {SZ, Xi yi}a Z}
i i
= ||{Sz, §*Sz, z}| < |ISz|| |S*Sz]| || z]|.
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142 T. C. DANG AND BERNARD RUSSO

Therefore, ||S]|?> < ||S*S||, which implies that * is isometric and extends to a
C*-involution on B. O

In order to proceed further, we shall need to make some spectral assumptions.

Lemma 3.6. Let A be a commutative real Banach Jordan triple. Suppose that
{xxx} =0 implies x =0, and assume the two spectral conditions

(10) af?(A)(xEIx) c[0,o) forxe A,
(11 a_c?(A)(ny—yEIx)ciR forx,y, € A.

For each T € X3,y there is A € A such that ©(xOy) = A(x)A(y) for x,y €
A. This correspondence establishes a bijection

Xbay = AL/T.

Proof. If A € A, there exist ¢ € R and a € 4 such that e”’A(a) = 1. Define
7: B(A) —» C by 1(T) = €"*A(Ta). Then

1(x0y) = ("D ({xya}) = A2)AD).

Note that 7 does not depend on the choices of ¢ and «.

We next prove that 7(7'S) = t©(T)7(S) for all T, .S € B(4). By continuity
and linearity, it suffices to prove this for T, S € A0A4. With T = xOy and
S = zOw we have T'S = xO{yzw} and

U(TS) = Ax)A({yzw}) = Ax)AA2)AW) = 1(T)7(S).

Thus 7€ X B( 4> and it is clear that e/%) and A give rise to the same 7. This
gives a map A — 7 from AS/T to X, .
Nowlet 1€ X f;( 4) - By the nonunital version of [4, 10.4],

7(X0X) € 05,4 (x0x) = op(4)c(X0X) D Oz(4)c(x0x) = 054 (x0x).

However, by (10), equality holds, and therefore, for all x € 4, t(xOx) > 0.
We claim that there exists an a € 4 such that t(a0Oa) = 1, for otherwise
we would have 7(xOx) =0 for all x € 4 and thus 7((x + y)O(x +y)) =0,
implying
(12) t(xOy +yOx)=0 forall x,y € A.
From Lemma 3.5 and (12) it follows that 7(7*) = —7(T') forall T € B(4) and
hence that 17(7?) = (¢(T))? = (7(T*))? = 1((T?)*) = —7(T?). Thus ©(T) =0
identically on B(A), a contradiction. Thus such an o exists.
Now define a linear functional 4 by A(x) = t(xOa) for x € 4. We shall
show that A € A5 and A(Ta) = 7(T) for all T € B(A4), thereby demonstrating

the surjectivity of the map A— 7.
The second statement follows from (5); with 7" = xOy, we have

MTa) = 1(TaDba) = 1(x8yala = 7(T)).
To prove the first statement we first prove
(13) 7(xOy) =1(yOx) forx,y€ A,
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REAL BANACH JORDAN TRIPLES 143

for then, if a, b,c,€ 4,
A{abc} = t({abc}0a) = 1((aOb)(cOa))
= 7((a0b)(a0a(cOa)) = t((a0a)(aOb)(cOa))
= 17(a0a)7((b0a)*)t(cOa) = A(a)A(b)A(c),
ie, A€A.

It remains to prove (13). Since xOy +y0Ox = (x+y)0O(x+y)—x0Ox —y0y,
we have 7(xOy) + t(y0Ox) is real. Since (xOy)(yOx) = (xOx)(ydy) , we have
7(xOy)r(yOx) > 0. From these two relations, (13) follows in case t(xOy) is
not a real number. On the other hand, if 7(xOy) is a real number, then so is

7(y0Ox) and the difference t(xOy) — t(yOx) is both real and purely imaginary
by (11). This proves (13). O

In Proposition 3.7, under additional assumptions, B(A4) will be shown to be
areal C*-algebra.

Proposition 3.7. Suppose that A is a commutative J*B-triple. Then B(A),
with the norm of £ (A), is a commutative real C*-algebra with involution de-
termined by (xOy)* = yOx. Consequently, B(U) is a C*-algebra in some
norm extending the norm on B(A) (by [4, 12.4]).

Proof. By Lemma 3.5 all the properties of a real C*-algebra are satisfied except
possibly the invertibility of elements of the form 1+7*T in the unital extension
B(A)+RId, of B(A). For T =S+Ald, it suffices to show that og ,(T*T) >
0, which in turn will follow from the fact that 7(7*7) >0 forall 7 € X| f,( 4

By Lemma 3.6, 7(S*) = ©(S) for all S € B(A4), and the same holds for T €
B(A)+RId,. Thus ©(T*T) =|t(T)|>?>0. O

The following lemma will be used in the proof of Theorem 3.11 only.

Lemma 3.8. Denote the norm in the C*-algebra B(U) by | - |c~. For any
selfadjoint G in B(U) we have

Gl #w) < 4V2||G|ic--
Proof. Let G =T +iS with T, S € B(4). By [4, 12.2(a)],

ITI| < IT*T + S*S||'72
and similarly for ||S||. Thus ||G|l»w) < T |lBay+IISlBa < 2||T*T+S*S||_19/,%U) .

On the other hand, G? = G*G = (T*T + $*S) + i(T*S — S*T) implies (by

Lemma 3.3) |T*T + $*S| #w) < V2||G*G|l#@). Thus ||G||_25,(U) < 4V2||G*G||
= 4v2||G?|. With B = 4v2, induction shows that [|G||%y, < BYNGY.
Finally, |Glzw) = (IGI*)Y*" < (B*~)V¥|G¥|"/*", and therefore |G| <
Blim ||G¥||'*" = B|IG||. O

Let A(U) be defined as in §2.

Lemma 3.9. With the above notation,
(i) For each A € A(U) there is X' € A such that A($(x) + i¢(y)) =
A'(x) + iA'(y) for x,y € A. This correspondence establishes a bijection
A(U) & A
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(ii) For each t© € Xpy) thereis 7' € X5 such that ©(T +iS) =1(T) +
itT(S) for T,S € B(A). This correspondence establishes a bijection
Xpw) < Xp4) -

Proof. The second part is precisely the statement of the nonunital version of
[4, (10.6)], and the first part is proved in exactly the same way. O

Lemma 3.10. For each © € Xpw) there is A € A(U) such that t(uOv) =
Mu)A(v) for u,v € U. This correspondence establishes a bijection Xpy) <
AU)/T.

Proof. Lemmas 3.9 and 3.6. O

We can now state and prove the main result of this paper.

Theorem 3.11. Let A be a commutative J*B-triple. There is a norm on the
complexification U of A extending the norm on A and for which U is a JB*-
triple.

Proof. First we note that the norm condition |{xxx}| = ||x|* and (9) imply
that, for x € 4, ||x||?> = ||xOx|| . By Proposition 3.7 and Lemma 3.6,

IxII* = sup{|t(xOx)| : T € X5} = sup{|A(x)|*; 4 € AG}.

Define a function || |3 on U by |ul|s = sup{|A(u)| : A € A(U)}. Note
that [|u| = sup,eyx,,, T(u0u) = ||uDu||c- . By Lemma 3.9(i), [l¢(a)lls = llall4
if a € A. It is obvious that | - |3 is a seminorm satisfying properties (1)
and (2) of Theorem 2.2. Suppose that ||#|3 = 0. Then t(uOu) = 0 for all
T € Xpw), so uOu = 0. Writing u = x + iy with x,y € ¢(4), we have
0 = xOx + yOy + i(yOx — x0y), which implies xOx + yOy = 0, and hence
x =y =0 (since B(A) is a real C*-algebra). Thus we have a norm, and we
next prove that (3) of Theorem 2.2 is satisfied. For this it suffices to show that
opw)(uOu) > 0. Since B(U) is a C*-algebra, opy)(uOu) = {t(ulu) : 7 €
Xpw)}, and by Lemma 3.10 this is > 0.

It remains to show that U is complete in the norm | - ||3. This will follow
from the following: if u = x + iy with x,y € A4, then |x||3 < 2v2|u|3.
To prove this, write ¥Ou = (xOx + yOy) + i(yOx — xy), which implies
(by Lemmas 3.3 and 3.8) ||xOx + yOy|lzw) < V2/uDu|lgw) < 8|[ubulc- .
Since xOx and yOy belong to the real- C*-algebra B(A4), [xOx|py <
IxOx + yOy||p4y < 8||uDu||c+ . Thus

%013 = 1x11% = Ix0xl| e < 8lluDullc- = 8|lull3,
completing the proof. O
We conclude by describing the Gelfand transform and proving a Gelfand-
Naimark type theorem for commutative J*B-triples.
As noted earlier, the space A¢ is a locally compact Hausdorff space in the

topology of pointwise convergence on A. The bijection in Lemma 3.9(i) is a
homeomorphism. Now let

Crom(Ay) = {f € Co(AY) : f(€®X) =e?f(X) and f()= )},
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and define a Gelfand transform I'®: 4 — Cr (A9) by TR(x)(A') = A'(x). Let
p: Ay — AS be the restriction map used in Lemma 3.9, and let p*: ;| (AG) —
Chom(Ay) be its transpose.

Note that p~!(1)(¢(x) + i¢(y)) = A(x) + iA(y), and therefore IT® maps A
into Gy (A9).

Since

TSo¢=p"olk,
I'® is an isometry.
Finally, if f € Gy (AS) and x,y € 4 are such that

p*f =Tuy(d(x)+id(y),

the fact that f(A’) = f(1') implies that y = 0; hence R(4) = G . (AS) . This
proves

Theorem 3.12. Let A be a commutative J*B-triple. Then the Gelfand transform
is an isometric triple isomorphism of A onto C (AY).
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