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Abstract

The dynamic behaviors of magnetic domain walls have significant implications for developing

advanced  spintronic  devices.  In  this  study,  we  investigate  the  intriguing  resonance

phenomenon  within  the  magnetic  domain  wall  structure  and  its  profound  influence  on

dynamic  motion,  focusing  on  the  dissipation  mechanism.  By  applying  a  static  external

magnetic field, we observe a remarkable amplification of domain wall velocity through the



resonant excitations of the flexure modes, surpassing the limitations of the conventional one-

dimensional model. To quantify this enhancement, we establish a robust relationship between

the time-averaged velocity of the DW motion and the time-averaged energy dissipation via the

flexure-mode excitations by introducing a novel parameter  the distortion variation rate. Our

findings  provide  crucial  insights  into  the  underlying  mechanisms  governing  domain  wall

dynamics  while  paving the  way for  developing  and optimizing next-generation  spintronic

devices boasting unparalleled speed and efficiency.
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I. INTRODUCTION

The dynamics of magnetic domain walls (DWs) have been the subject of extensive study

[1-3], driven by their potential applications in emerging spintronic information memory and

processing devices [4-6]. Walker’s pioneering work [7], based on the Landau-Lifshitz-Gilbert

(LLG) equation, has significantly contributed to our understanding of DW motion, yielding

the well-known Walker solution for one-dimensional (1D) models [8,9]. However, challenges

emerge when attempting to apply the Walker solution to describe DW motion in confined

systems, such as nanostrips, especially in cases of the regime beyond the Walker breakdown,

where  the  DW  structure  undergoes  precessional  transformations  during  its  motion.  For

instance, complicated DW motions involving inhomogeneous transverse and vortex DWs [10-

12] and the enhancement of DW velocity through the excitation of the flexure modes of DWs

in the film thickness [13,14] manifest substantial deviations from the rigid wall approximation

of  the  1D model.  Notably,  in  cases  involving  a  thick  film with  thickness  exceeding  the

exchange length, the resonant excitation of flexure modes in the thickness direction gives rise

to a standing wave akin to natural modes [15]. Analytical models have been developed to

capture  this  phenomenon,  accounting  for  the  instantaneous  DW  profile  during  resonant

excitation of flexure modes.  However, persistent discrepancies in the enhancement of DW

velocity between the analytical model and the simulation result remain, primarily attributed to

the intricate dynamics of the resonant excitation of propagating DW [14]. 

Recently,  the  dynamics  of  the  spin  texture  in  the  perpendicular  magnetic  anisotropy

(PMA) thin film system have been a high-profile topic due to their applicational potentials

[5,16-19]; therefore, understanding the DW dynamics is necessary. The DW in the PMA thin



film shows complicated  motion  compared  to  the  1D model,  caused by different  physical

effects  such  as  the  Rashba  effect  [20],  relativistic  kinematics  [21],  vertical  Bloch  lines

generated by the elongated system [22] or Dzyaloshinskii-Moriya interaction (DMI) [23-25].

In a manner analogous to the thick-film case, the flexure mode of the DW in PMA thin film

induces intricate dynamics. However, it is worth noting that the nodes of standing waves of

the flexure modes are oriented along the width direction rather than the thickness direction.

This  unique  width-directional  flexure  mode  has  received  limited  attention  in  terms  of

theoretical and experimental research.

In  this  paper,  we  introduce  a  novel  approach  rooted  in  energy  dissipation  to

comprehensively elucidate the dramatic enhancement of DW velocity observed during width-

directional  flexure  mode resonance in  an  ultrathin  film nanostrip  system with PMA. The

resonance,  characterized by a substantial  amplification of the standing wave modes in the

DW’s internal structure, induces pronounced oscillations that drive the DW back and forth

within its position. Consequently, it exerts an indirect influence on the DW velocity through

energy  dissipation,  leading  to  a  significant  enhancement  from the  predictions  of  the  1D

Walker model. In our approach, we streamline the intricate dynamics of the DW by focusing

on energy dissipation resulting from the resonant excitation of the DW flexure mode rather

than considering the instantaneous dynamics of the DW structure. This approach enables a

highly precise estimation of DW velocity.

II. MICROMAGNETIC SIMULATIONS



To investigate the effect of the resonance of the width-directional flexure mode on the DW

velocity in PMA using micromagnetic simulations, we adopt a 106-nm-wide nanostrip with a

thickness of 0.6 nm and a length of 1000 nm as depicted in Fig. 1. The PMA system employs

typical materials parameters, mimicking a Pt/Co/Pt structure with a Co-monolayer thickness

of  0.6 nm. These parameters include exchange constant (A) of 16 pJ/m, 1st order uniaxial

anisotropy constant (Ku) of 1280 kA/m with an easy axis oriented along the film-thickness

direction (z direction), saturation magnetization (Ms) of 1130 kA/m [26,27]. The exchange

length is  √ A/ (μ0 M s
2
)≈ 3.16 nm, necessitating a mesh size of 2 × 2 × 0.6 nm3, suitable for

finite difference method numerical calculations. The dynamic evolution of the magnetization

structure is deduced by solving the LLG equation [28] for each mesh. To emphasize DW

resonances, a low damping parameter (α = 0.01) is chosen. 

The initial  state is established with +z  and  -z magnetic domains on the left and right

halves of the nanostrip, with the Bloch DW magnetized in the +y direction between the two

domains.  To  induce  motion  of  the  Bloch  DW toward  the  +x direction,  a  uniform static

magnetic field ranging from  H =  10 mT to 250 mT in the +z direction is applied to the

nanostrip. At the end of each time step, the entire magnetization structure is shifted slightly

along the x direction to relocate the DW onto the system’s center to implement an infinite strip

[29,30].  The  calculations  are  performed  using  the  open-source  micromagnetic  simulation

framework OOMMF [31].

A. Domain wall propagation model in a monolayer PMA nanostrip system



In  the  1D  Walker  model  of  DW  motion,  the  DW  structure  and  its  dynamics  are

characterized by  the DW position  q1 D ( t ) with  mz=0 along the  x axis and  the time-varying

azimuth angle ϕ 1 D ( t ) of the magnetization vector (m) at the DW position [7]. In a monolayer

PMA nanostrip system with a width of  L, the spatial variation of  ϕ  and  q along the width

direction (y) is illustrated in Fig 1. Here, q ( y ,t ), represents the x position of the DW (mz=0)

along the width direction, and ϕ ( y , t ), denotes the azimuth angle of m over the q profile. The

DW displacement is determined by the spatial average value of q ( y ,t ):

q́ ( t )=
∫q (y ,t ) dy

∫ dy
=

1
L ∫q (y , t ) dy ,

(1 )

where ∫ dy=L for our nanostrip system. Consequently, the

DW  velocity  can  be  obtained  from  the  time  derivative  of  the  spatial-averaged  DW

displacement,  ˙́q ( t )=d q́ ( t ) /dt . When the motion is periodic or steady, one can calculate the

time-averaged value of the DW velocity:

⟨ ˙́q ⟩=
∫ ˙́q ( t ) dt

∫ dt
.

(2 )

Similarly, the spatial-averaged and the time-averaged ϕ ( y , t ) can be defined as

ϕ́ ( t )=
1
L ∫ ϕ (y ,t ) dy ,

( 3 )

⟨ ˙́ϕ ⟩=
∫ ˙́ϕ ( t ) dt

∫dt
,

( 4 )

where ˙́ϕ ( t )=d ϕ́ (t ) /dt .

B. Domain wall flexure mode excitation during domain wall propagation



Under a small perpendicular external magnetic field, the DW exhibits steady motion with

a constant angle ϕ 1 D and a constant velocity q̇1 D proportional to the field strength H . When

the external magnetic field surpasses a specific threshold, known as the Walker field [7,8,32],

the  solution  of  the  1D  Walker  model  reveals  that  the  azimuth  angle  ϕ 1 D ( t ) undergoes

precession. Consequently, the DW position q1 D ( t ) oscillates periodically back and forth with

the frequency of sin (2ϕ 1 D ), leading to a significant reduction in the time-averaged velocity,

⟨ q̇1 D ⟩, which is also proportional to the strength of the perpendicular external magnetic field H

[3]:

⟨ q̇1 D ⟩=|γ|Δ
α

1+α2 H .

(5 )

Here, γ=−¿1.76 × 1011 rad s−1 T−1 is the electron’s gyromagnetic ratio,

and Δ=√ A/(K u−μ0 M s
2
/2) is the static DW width. This equation is derived within the limits

of the 1D model assuming a short length of the DW, which variation along the y-direction can

be ignored, but it also matches quite well with longer DWs.

Figures 2(a) and (b) illustrate a comparison between numerical simulation results of DW

motion in a monolayer PMA nanostrip system (dotted red lines) and the 1D Walker model

solution (solid black lines) under  H = 94 mT and 47 mT, respectively. For  H = 94 mT, the

simulation result is close to the Walker model, since, as shown in Fig. 2(c), the DW shape

does not vary along the  y-direction like the 1D model. However, for  H = 47 mT, the DW

motion in numerical results deviates dramatically from the model due to the excitation of the

DW flexure mode during propagation, as evidenced by its distortion in Fig. 2(d).

C. Resonance of the domain wall flexure mode and the velocity enhancement



To quantify the degree of DW structural distortion in a monolayer PMA nanostrip system,

the variances of q ( y ,t ) and ϕ ( y , t ) with respect to y are introduced as:

Var (~q )=
1
L∫[~q ( y , t )−~́q ( t ) ]

2
dy ,

(6 a )

Var (ϕ )=
1
L∫ [ϕ ( y , t )−ϕ́ (t ) ]

2
dy ,

(6b )

where  ~q=q / Δ , represents the

dimensionless displacement normalized by the domain wall width  Δ.  The DW width may

vary during the dynamic motion of the DW [3,10], but in this paper, it is considered as a

constant for simplification [33].

Figure 3(a) illustrates the variation of the DW under H = 47 mT over a single period of

the  azimuthal  angle  precession  (~  0.76  ns).  The variations  of  ~q and  ϕ  occur  alternately,

resembling trigonometric functions with a phase difference of π . Snapshot images in Fig. 3(a)

showing the  magnetization configuration, along with  ~q and  ϕ  profiles of DW, clearly show

that the sinusoidal DW flexure mode is resonantly excited at  H = 47 mT and its frequency,

2.63 GHz, is the same as that of sin (2 ϕ́ ). Notably, variances of both the displacement and the

azimuth angle exhibit the standing-wave form with the same node locations, but their phase

difference is π /2.

Figure  3(b)  demonstrates  diverse  resonant  excitations  of  DW  flexure  modes,

accompanying a significant enhancement of the time-averaged DW velocity, ⟨ ˙́q ⟩, compared to

that  of  the  1D model,  ⟨ q̇1 D ⟩.  As depicted in  the insets,  in  general,  the  wavelength  of  the

sinusoidal profiles of the DW flexure modes is quantized, decreasing with the field strength H,

but it is often not. For a more detailed interpretation, an analytic model for the curve DW

should be introduced.



III. ANALYSIS OF DOMAIN WALL RESONANCE DISSIPATION

A. Normal modes of the domain wall flexure mode

In a monolayer PMA nanostrip system with a width of L,  the magnetization in the DW

follows the open-end boundary conditions [3] at the edge of the nanostrip width, which are

∂ θ
∂ y|y=0 , L

=0 ,
∂ϕ
∂ y |y=0 , L

=0 ,

(7 )

where θ and  ϕ  are  the  polar  and  azimuth  angles  of  the

magnetization vector at  q ( y ,t ),  respectively. Based on the boundary conditions, the normal

modes  of  ~q and  ϕ  can  be  expressed  as  the  set  of  generalized  coordinates

(~q0 ,~Q1 ,~Q 2 ,⋯ , ϕ 0 ,Φ1 ,Φ2 ,⋯ ), where

~qn ( y , t )=
~Qn ( t ) cos(

nπy
L ) ,

(8 a )

ϕ n (y ,t )=Φ n ( t ) cos(
nπy
L ) ,

(8b )

with nonzero positive integer  n. The DW

position fluctuation ~qn and the angle twist ϕ n with same n values compose a set of DW normal

mode  that  ~Qn ( t ) and  Φn ( t ) are  alternatively  occur  as  mentioned  in  section  II-C.  Natural

frequencies of  ~Qn ( t ) and  Φn ( t ) are ωn=n2 ω0 where  ω0=(2 A|γ|/M s )∙ ( π /L )
2 and their phase

difference are π /2 for any n (see Appendix). Hence, as depicted in Fig. 4, ~q ( y , t ) and ϕ ( y , t )

can be represented as  the summation of  the normal modes through Fourier  cosine series

[14,15]:



~q ( y , t )=~q0 ( t )+∑
n=1

~qn ( y , t ) ,

(9 a )

ϕ ( y , t )=ϕ 0 ( t )+∑
n=1

ϕ n ( y , t ) ,

(9b )

where  ~q0 ( t ) and  ϕ 0 (t ) correspond to the

1D model satisfying the relations of Eqs. (A9) and (A10) in Appendix. For the given PMA

system with L = 106 nm, ω0 /2 π=0.697 GHz, and thus the DW flexure mode excited at H =

47 mT whose frequency is  2.63 GHz  corresponds to the  n=2 mode with a frequency of

4 ω0/2 π . Consequently, the value of ~Q2 and Φ2 are much larger than others, as shown in the

discrete Fourier transform results of ~q ( y , t ) in Fig. 4(a) and ϕ ( y , t ) in Fig. 4(b).

Considering that the primary resonant frequency of the DW flexure mode aligns with

twice the precession frequency of the DW azimuth angle ϕ́ ( t ), the excited normal mode of the

DW flexure mode primarily  synchronizes with the second harmonic of DW magnetization

precession.  Analogous  to  the  Larmor  precession,  the  magnetization  at  the  DW  exhibits

precessional motion under external field H, with a frequency proportional to the strength of

H:

f p=γ DW H ,
(10 )

where the  γ DW=28.51 GHz T−1. At  H = 47 mT,  f p=1.34 GHz, and  twice this

precessional frequency, 2 f p=2.68 GHz, align closely with the frequency of the second DW

flexure mode n=2,  4 ω0/2 π .  This behavior is attributed to the DW acting as a parametric

oscillator  [13-15],  driven by an  in-plane  stray field.  The visualized  result  of  fast  Fourier

transform (FFT)  in  Fig.  5(a)  clearly  illustrates  this  phenomenon.  Since  all  n≠0 normal

modes expressed  as  Eq.  (9)  have their  antinodes  on  y  = 0,  the  Fourier  transform of  the

deviation of the DW azimuth angle at  y=0 from its  spatial-averaged value  ϕ́ ( t ) displays all

excited modes except ϕ 0 (t ) as in Fig 5(a). Orange points signify intense resonance of modes

with frequencies equivalent to x-coordinate values. The main diagonal line corresponds to the



primary excitation of the flexure modes, encompassing both resonance and off-resonance with

f =2 γ DW H . Resonant excitations manifest at the crossing point of the main diagonal line and

the horizontal lines representing the natural frequencies of normal modes, f n=(n2 ω0)/2 π .

The nonlinear nature of the flexure mode excitation is characterized by mode splitting through

the 4-magnon-scattering [34] at near  H = 54,118, 184, 220, and 240 mT as well as higher

harmonic resonant excitations. The sum of the FFT power in Fig. 5(b) demonstrates that the

resonant excitation of the flexure mode leads to a significant enhancement in velocity.

B. Energy dissipation through domain wall flexure mode resonance

The relationship between DW flexure mode resonance and its velocity is elucidated by

examining the energy dissipation in field-driven DW dynamics.  Upon the application of a

magnetic  field,  the  Zeeman  energy  of  the  domain  aligned  parallel  to  the  field  decrease,

whereas that of the domain aligned antiparallel to the field increases. To minimize the energy

of the entire system, the domain aligned in parallel expands, causing the DW to move towards

the domain aligned antiparallel to the field. Notably, the applied field, surpassing the Walker

field of the DW, induces a back-and-forth motion of the DW. Consequently, the energy of the

system does not decrease directly; instead, it diminishes through dissipation arising from the

reciprocating motion of the DW. As a result, the time-averaged DW position  ⟨ q́ ⟩ gradually

shifts  towards  where  the  domain  is  aligned  antiparallel  to  the  applied  field,  leading  to  a

decrease in the Zeeman energy of the entire system due to DW dynamic dissipation.

Energy dissipation caused by the DW flexure mode excitation can be quantified using the

Rayleigh dissipation function. The areal density of the DW Rayleigh dissipation function due

to DW dynamics can be written as [35]



F=
α M s

|γ| ( q̇2

Δ +Δϕ̇ 2) .

(11 )

The  DW thickness  is  variable,  but  since  |Δ̇|≪|q̇| [33],  treat  Δ as  a

constant.  From the Fourier cosine series of ~q ( y , t ) and ϕ ( y , t ) in (8) and (9), and exploiting

the  orthogonality  of trigonometric functions,  the areal density of the Rayleigh dissipation

function can be reformulated as

F=
α M s Δ

2|γ| [2 ~̇q0
2
+2 ϕ̇ 0

2
+∑

n=1
(~̇Qn

2
+Φ̇ n

2 )] .
( 12 )

Suppose a DW moved sufficiently far distance during a

long enough time. The energy loss caused by that displacement is approximately equivalent to

the decrease in Zeeman energy, specifically,  2 M s H ~q0 per unit area of DW. Neglecting the

fluctuation of ~q ( y , t ), the average DW energy loss per unit time and area is

⟨ σ̇ loss ⟩=2 M s HΔ ⟨~̇q0 ⟩ .
(13 )

Meanwhile, the rate of energy loss due to damping is twice the time-

averaged Rayleigh dissipation function,

⟨ σ̇ loss ⟩=2 ⟨ F ⟩=
α M s Δ

|γ| (2 ⟨ ~̇q0
2 ⟩+2 ⟨ϕ̇ 0

2
⟩+D ) ,

(14 )

where  D corresponds  to  the  quantity  of  total

distortion variation rate that is defined as

D ≡∑
n=1

D n=∑
n=1

(⟨~̇Qn
2 ⟩+⟨Φ̇n

2
⟩)

(15 )

using  generalized coordinates. D is the same as the velocity of

the DW in 2n-dimensional phase space and can represent the amount of energy dissipation

originated by DW resonance only. Figure 6(a) displays the field strength dependency of  Dn.



The variation rate  Dn tends to form peaks with larger amplitude for high n values since the

resonance frequency is proportional to n2.

C. Velocity enhancement of the domain wall through the resonant dissipation

The instantaneous DW velocity is determined by the time derivative of the spatial average

value of the DW displacement,  denoted as  q́ (t) in Eq.(1). The  q́ (t) is obtained from the

summation of integrals over all  normal modes, as defined in Eq. (9a). Notably, most mode

integrations cancel out, excepting only the mode with n = 0. Consequently, the DW velocity

˙́q ( t )= q̇0 ( t ) and its time-averaged value ⟨ ˙́q ⟩=⟨ q̇0 ⟩. 

Given that ~q0 ( t ) and ϕ 0 (t ) satisfy the 1D model relations [7],

ϕ̇ 0=|γ|H−α ~̇q0 ,
(16 )

Equations (13) and (14) can be written in terms of ⟨ ~̇q0
2 ⟩ and ⟨ ~̇q0 ⟩:

(1+α2
) ⟨~̇q0

2 ⟩−
1+2 α2

α |γ|H ⟨~̇q0 ⟩+ (|γ|H )
2
+

D
2 =0.

(17 )

For high enough field, the first term of (17) can

be negligible, hence it yields the time-averaged velocity of the DW in the form of D and H :

⟨ ˙́q ⟩=⟨ q̇0 ⟩=Δ
α

1+2α2 (|γ|H+
D

2|γ|H )
¿ ⟨ q̇1D ⟩+

αΔ
1+2 α2

D
2|γ|H .

(18 )

In the low damping system, Eq. (18) converges to the 1D

model given by Eq. (5) when D = 0.



The parameter D serves as a predictive indicator for the DW velocity, as demonstrated in

Fig. 6(b). The black line illustrates the anticipated velocity increment, corresponding to the

second term on the right side of Eq. (18). In comparison, the orange line depicts the DW

velocity  increment,  ⟨ q̇0 ⟩− ⟨ q̇1 D ⟩ resulted  from numerical  simulations.  The  predicted  value

aligns  well  with  the  numerical  result. Since  the  eigenfrequency  of  flexure  mode  is

proportional to the square of mode number  n2, high  Dn value is shown when high flexure

mode emerges. The distortion variation rate affects on the DW velocity increment as in the

form of  D / H  in Eq. (18), therefore, a high  D does not necessarily imply a higher velocity

increment. For instance, the Dvalue under 184 mT is about ten times that under 12 mT, but

velocity increment is similar.

In the higher  H  range, where excitation of the 4th flexure mode becomes prominent, a

noticeable discrepancy arises. This indicates the presence of an additional energy dissipation

channel, beyond the consideration of flexure modes alone. This channel corresponds to spin

waves. In principle, the DW flexure mode can emit spin waves to the adjacent domains when

the excited spin waves attain a sufficiently high frequency to overcome the forbidden band in

the domain [19]. In our system, spin waves commence emission at the 4 th flexure mode, but

this phenomenon is not explicitly addressed in the current study.

IV. CONCLUSIONS

We have identified the energy dissipation resulting from DW flexure mode resonance as

the  primary  factor  behind  the  DW velocity  increment.  Treating  the  DW resonance  as  a



parametric oscillator reveals its vibration in various shapes, decomposed into standing waves.

This  oscillation  induces  magnetization  structure  deformation,  resulting  in  the  energy

dissipation  of  system which  is  the main driving  force of  the  long-term DW motion.  The

energy-dissipation  rate  can  be  quantified  through  the  DW  distortion  variation  rate,  D.

Moreover,  for  higher resonant  modes of the DW flexure modes,  an additional  dissipation

channel emerges  spin wave emission from the DW  further enhancing the DW velocity. This

study provides an elegant interpretation of the DW motion’s periodic dynamics by considering

the  time-averaged  energy  dissipation  of  DW  dynamics.  These  insights  gained  from  this

research  extend  to  other  magnetic  systems,  such  as  magnetic  skyrmions,  bubbles,  and

magnetic vortices.
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APPENDIX: SOLUTION OF EULER-LAGRANGE EQUATION ABOUT DOMAIN

WALL

The starting point of understanding the DW dynamics is knowing its potential energy.

Suppose a thin film magnetic system long in the  x-direction with PMA. The DW is formed

along the y-axis, and its length is long enough that it cannot be treated as a 1D DW. Form the

boundary condition θ (±∞ )= (π , 0 ), the ansatz of the DW structure is derived as [33]

ϕ ( x )=const ,
(A1)

θ ( x )=2arctan exp [ (x−q )

Δ ] ,

(A2 )

where  q is the center of the DW. The local energy

density of the DW system is [3]

wflat (θ ,ϕ )=A[( ∂ θ
∂ x )

2

+(sinθ
∂ ϕ
∂ y )

2

]+Ku sin2 θ

+H DW M s

2 sin2 θ sin2 ϕ−M s H cosθ ,

(A3 )

where  H DW is the energy difference between the

Bloch wall and the Néel wall. Note that polar angle θ does not vary along y direction since the

DW is flat. The areal density of a flat DW potential energy is derived as

σ flat (q , ϕ )=σ 0+2 AΔ(
∂ ϕ
∂ y )

2

+H DW M s Δsin2 ϕ−2 M s Hq ,

(A4 )

by integrating (A3) using ansatz (A1)

and (A2). σ 0=4√ A Ku is areal energy density of the Bloch wall. Now, suppose that the DW is

slightly curved. The potential  energy of the elongated DW is increased as the amount of

extended length [3]. Hence



σ (q , ϕ )=σ flat (q ,ϕ ) √1+(
∂ q
∂ y )

2

≈ σ 0[1+
1
2 (

∂ q
∂ y )

2

]+2 AΔ(
∂ϕ
∂ y )

2

+H DW M s Δsin2 ϕ−2 M s Hq .

(A5 )

Since  the  given  system  is

ultrathin, the variance of any energy term and variables along the z-direction is negligible.

The density of the Lagrangian of a magnetic spin system is [35]

Ld (θ ,ϕ )=
−M s

|γ|
ϕ̇ cosθ−w (θ , ϕ ) .

(A6 )

The first term on the right side is about the Berry phase of

spins  [36],  and the  second term  w (θ , ϕ ) is  the  potential  energy  density  of  the  magnetic

structure. Using (A1), (A2) and (A5), the areal density of DW Lagrangian is

Lad (q ,ϕ )=
−2 M s

|γ|
ϕ̇ q−σ (q , ϕ )

¿−
2 M s

|γ|
ϕ̇ q−

σ 0
2 (

∂q
∂ y )

2

−2 AΔ (
∂ ϕ
∂ y )

2

−H DW M s Δsin2 ϕ+2 M s Hq .

( A7)

Constant  σ 0 is  omitted.

Hence Lad is a functional about DW position q ( y ,t ) and DW azimuth angle ϕ ( y , t ). Similar to

the areal density of the DW Rayleigh dissipation function in Eq. (12), Lagrangian also can be

transformed into a form for the set of generalized coordinates  (~q0 ,~Q1 ,~Q 2 ,⋯ , ϕ 0 ,Φ1 ,Φ2 ,⋯ )



based on (8) and (9):

L=
2 M s Δ

|γ| [−2 ϕ̇0
~q0+2|γ|H ~q0−

γ H DW

L ∫
0

L

sin2 ϕ ( y )dy

−∑
n=1

(Φ̇n
~Qn+

1
2 n

2

ω0
~Qn

2
+

1
2 n

2

ω0 Φ n
2)] ,

( A8 )

where ω0 ≡ (2 A|γ|/ M s ) ∙ (π /L )
2. 

Solving the Euler-Lagrange equation about Eq. (12) and (A8), one can drive the set of

equations  of  motion.  For  n=0 ,
d
dt

∂ L
∂~̇q0

−
∂ L
∂~q0

+
∂ F
∂ ~̇q0

=2 ϕ̇0−2|γ|H +2 α ~̇q0=0 ,

(A9 )

d
dt

∂ L
∂ ϕ̇0

−
∂ L
∂ ϕ 0

+
∂ F
∂ ϕ̇ 0

=−2 ~̇q0+ I 0+2α ϕ̇ 0=0 ,

(A10 )

where

I n=
γ H DW

L ∫
0

L

sin 2 ϕ cos
nπy
L dy .

( A 11 )

Equations (A9) and (A10) are the same results as the 1D DW

model. In the case of 1D, time-averaged integral ⟨ I 0 ⟩ is negligible when the Walker breakdown

is occurred [8]. However, when the DW resonates, n ≠0 terms emerge and ⟨ I 0 ⟩ is no longer

negligible.



For n ≠0,

d
dt

∂ L

∂~̇Qn

−
∂ L
∂~Qn

+
∂ F

∂~̇Qn

=Φ̇n+n2 ω0
~Qn+α~̇Qn=0 ,

( A12 )

d
dt

∂ L
∂ Φ̇n

−
∂ L
∂Φn

+
∂ F
∂Φ̇n

=−
~̇Q n+n2ω0Φ n+ I n+α Φ̇n=0.

(A13 )

Thus,

(1+α2
) Φ̇ n=−n2 ω0 (~Q n+αΦ n )−α I n ,

(A14 )

(1+α2
)~̇Qn=n2 ω0 (Φ n−α~Qn )−I n .

(A15 )

In polar coordinates,

ṙ n=
1

(1+α2
)
[−α n2ω0r n− (sin θn+α cosθn ) I n ] ,

(A16 )

θ̇n=
1

(1+α2
)
[n

2ω0 rn+(α sin θn−cosθn ) I n ] ,

( A17)

where 

r n=√~Qn
2
+Φ n

2 ,
( A18 )

and  θn=arctan (Φ n ). Ignoring  I n, Equations [(A12)-(A17)] draw a CCW spiral

trajectory on Φn−
~Qn phase space with a stable fixed point at the origin. The radial velocity ṙ n

is proportional to α n2ω0 rn /(1+α2
), therefore the resonance decay ratio is proportional to the

resonance amplitude r n, damping of system α /(1+α2
), and the square of the mode number n2.

The angular velocity θ̇n is proportional to n2 ω0 r n/(1+α2
), hence the frequency of resonance

mode is n2 ω0 /(1+α2
). Here, stray field integral I n acts as the external force that arouses the

resonance and pushes the trajectory away from the origin against ṙ n.

Figure 7(a) illustrates the stabilized trajectory of the DW in the Φn−
~Qn phase space

under H = 47 mT field. The DW draws a large limit cycle rotating in the CCW direction on



the Φ2−
~Q2phase space, but trajectories in the other Φn−

~Qn spaces are significantly smaller.

In this condition, the limit cycle is drawn as a circle. This trajectory of DW in the  Φn−
~Qn

phase space is determined by mutual confrontation between dissipation and driven force I n. In

the phase space, distorted DW draws a spiral with angular frequency n2 ω0 /(1+α2
), falling to

the origin with a radial velocity proportional to  α /(1+α2
), but the resonance caused by  I n

pushes the DW away from the origin. The scale of the trajectory can be quantified using its

radius  r n that depicted in Fig. 7(b). The  r 2 value that is relatively larger than other  r n and

shows the uniform tendency proves the manifestation and stabilization of the n = 2 mode. The

schematic diagrams of the DW during the 2-period of the limit cycle are enumerated in Fig.

7(c). The DW alternatively changes its shape from the flexure states  (|~Q2|>0) to the twisted

angle states (|Φ 2|>0 ) .
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FIGURE CAPTIONS

FIG.  1.  Schematic  representation  of  the  cobalt  thin  film nanowire  and its  magnetization

structure. The nanowire is divided into two halves, with the left half magnetized in the  +z

direction, and the right half in the -z direction. A uniform magnetic field is applied in the +z

direction.  The  enlarged  image  illustrates  the  magnetization  structure  at  the  center  of  the

system. The domain wall (DW) is defined along the line where mz=0. The initial position of

the DW is denoted as q ( y ,0 ), and the displacement of the DW from the initial position at time

t  is represented as  q ( y ,t ) .The azimuth angle of the magnetization at q ( y ,t ) is defined as

ϕ ( y , t ) .

FIG. 2. The difference in domain wall (DW) dynamics under resonance. (a) and (b) depict the

time dependence of the resonating DW displacement under the applied field H = 94 mT and

47 mT, respectively. The black solid line represents the result  from numerical simulation,

while the dotted red line corresponds to the 1D model approximation given by Eq. (5). (c) and

(d) show the time-variance profile of the DW under H = 94 mT and 47 mT, respectively. Each

dashed line shows the q ( y ,t )line at t = 0, 15, 30, and 45 ns.

FIG.  3.  (a)  The  variation  of  the  domain  wall  (DW) structure  during  a  single  period  of

dynamics under  H = 47 mT. The Blue line represents the variance of  ~q ( y , t )=q / Δ, and the

red line shows the variance of ϕ ( y , t ), with respect to y. The black line indicates the cosine of

the  spatial  average  of  the  azimuth  angles,  ϕ́ . The  images  at  the  lower  panel  depict  the

magnetization structure at each extremum of the variances. (b) Field strength dependence of

the time-averaged DW velocity.  Each value is  obtained by averaging over 20 ns after the

system is stabilized. The black line is derived from the micromagnetic simulation, and the



blue line follows the 1D model given by Eq. (5). The gray colored area on the left indicates

the region including not only the below Walker breakdown field but also the transient DW

motion  region,  where  the  time-averaged  DW  velocity  does  not  exhibit  a  proportional

relationship with H. Insets in (b) depict schematics of the most severely bent DW profile at

each velocity peak.

FIG. 4. Decomposition of the domain wall (DW) profile of (a) ~q and (b) ϕ  under H = 47 mT

using a discrete Fourier transform. The amplitude of each term consists of the generalized

coordinate (~q0 ,~Q1 ,~Q 2 ,⋯ , ϕ 0 ,Φ1 ,Φ2 ,⋯ ).

FIG.  5.  Fast  Fourier  transformation  (FFT)  results  for  the  domain  wall  (DW).  (a)  Field

strength dependence of the time-domain FFT power of ϕ (0 , t )−ϕ 0 ( t ). Four horizontal dashed

lines indicate the frequency of the DW normal modes with n = 1, 2, 3, and 4, as illustrated in

the boxes at the right. (b) The sum of FFT power.

FIG. 6. (a) Stacked graph of the time-averaged DW distortion variation rate Dn. The height of

the graph depicts the total DW distortion variation rate D=Σ Dn. (b) The difference between

the  1D  model  approximation  of  the  time-averaged  DW  velocity  and  the  micromagnetic

simulation results. DW velocity is derived from the simulation in two ways: estimation using

the total  DW distortion rate  D (black line) and direct calculation from the magnetization

structure, ⟨ q̇0 ⟩− ⟨ q̇1 D ⟩. (orange line).

FIG. 7. The dynamics of the DW under H = 47 mT inside the ~Qn−Φ n phase space. (a) The

trajectories of the DW inside the phase space after the dynamics of the DW is stabilized. (b)



Time  dependence  of  the  strength  of  the  DW  distortion  r n=√~Qn
2
+Φ n

2.  (c)  Snapshots  of

magnetization during two periods of motion inside the phase space. Each vertical line shows

two periods that draw a single n = 2 limit cycle and emerge alternatively.
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