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ABSTRACT
Some consequences of the Pauli principle for the elastic scattering
of electrons by atoms are studied. The contributions both from the exchange
integrals and from the Hartree-Fock condition that the scattered wave be
orthogonal to the bound-state wave functions are expressed in a simple
approximate form. For high-energy electrons these corrections are very

small.

Work done under the auspices of the U.S. Atomic Energy Commission.
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I. TINTRODUCTION

la,1b we have introduced a method for

In two previous publications
treating the scattering of charged particles by atoms with the use of an
equivalent scattering potential. In the present discussion we apply this
method to a study of the role of the Pauli principle in high-energy
electron scattering by neutral atoms. In a later paper fhe corresponding
problems will be discussed for low-energj electrons.

It is recognized that the Pauli principle plays a secondary part
in scattering at high energies. On the other hand, the possibility of an
analytic discussion in the limit of high energy permits one to obtain some

insight into the effects of electron exchange and into its relative importance.

Much of our discussion is also relevant for scattering at low energies.

IT. FORMULATION
The scattering of an electron having initially a momentum Po and
an energy € is considered. The scatterer is a neutral atom having Z

electrons, The'kinetic-energy operator for the scattered electron is
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e
=Y (1)

K = -

where m 1is the electronic mass. The scattering atom is described in the
Hartree~Fock approximation, the orbital states for the bound electrons being
written as %ﬁyzl,Q,.“ZL

The wave function @(x) of the scattered electron satisfies the
Schrodinger eqpationl

Z
(K + v - el = = Ng . (2)
y=1

Here v 1s the effective scattering potential and the k)/ are Lagrangian

multipliers chosen to establish the condition that @ be orthogonal to the

gv'sn That is, the conditiéns
(g), #) = 0, Vo= 1, 2,002 (3)

determine the hﬁ's just as for the Hartree-Fock equations.

To second order (see la, 1b) the potential v is

Vo= v ok Y Y, : (&)
where
3 * e2 Z e2
vi(x) = Jay [Z e,ly) gy(y)]w - = (5)
) - -1y 2 &) [ — (x) Ip (6)
vl ox X)) = -~ y 5 g)) y TE::TEI 59 X xy ’
and
2, _ o
v, = . (7

2 (x? + d2)
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e
Here P is an operator which interchanges X and Ax‘,vto give
. nyg(z) = @(y), etec. InEq. (7) o is the atomic polarizability and
2
. may be taken approximately as
Z 2
-2
@ =353z &H (8)
i=1 _
2 _ :
where a = -5 is the Bohr radius and Xy is the mean-square distance
me

from the nucleus of the ith orbital electron. Rather than to use the

¢ s L1 . .
variational expression™ to obtain v, , we have introduced the more customary

3

2
cutoff parameter d . An approximate value of d is given by

-

. V3 (9)

A" ~ aa 2 .

Hammerling, Shine and KivellL have used an expression similar to

Eq. (4) for v . They have replaced v by an approximation due to

5

1l ex

Slater, however.

The scattering matrix for a final momentum p for the electron is

T = (Xp) v g, ' (10)

where

[\

X, = (eﬂ)'5/2 eI BX | (11)

Finally, the differential scattering cross section is

fad

. . . ‘

o = (Eﬁ)u m° | . _ (12)
. III. SIMPLIFICATION OF v

~ 1 ex

For high-energy electron scattering, the principal contributions

to exchange corrections come from the interior of the atom. For this reason,



-5-

UCRL-8976

we shall use the Fermi-Thomas approximation in obtaining the exchange term.

Consider now that contribution to T in Eq. (10) which is

Tl ex = (Xp’ Vl ex ¢)
Z.
= -)).fl f Ld_ﬁx d5y x*p(x) [ %gQ(X) gf)(-V) ]

2
— #y) .
A

(13)

Rather than to introduce spin wave functions in this equation, we have simply

*
inserted a factor of x before g Y- to take account of the fact that we

2

should have kept only those orbitals 2/ for which the spin is parallel to

that of the incident electron.

Now, in the Fermi-Thomas approximation,

Y

X 5,
g fx) g (y) = J st 1 A(x-y)
&<PL(y)  (2x)°

I ™M

1
2 J=1

(14)

Here PF(y)v is the Fermi momentum at y . If we replace the varilable X

~

" by = x =y and observe
o~ ~s

p
o~

ipp

* *
p p(X) = % P(Y) € )
there results
3 i(£ - p)-
T = -1y X (S g LA TS
P 1< P(y) (2x)
We now define
3 i(4 - p)p _2
Uy) = - —g——&gdeQe””N%
#< Pp(y)  (2n)
2e2 ng,

(20)® < B(y) (4 - p)°

#(y) -

(15)
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Thus,

=]
|

Lex = &7 X () 1(x) 80y

(16)

[

(Xp, I g .

Since we anticipate that I will be small at high energies, we shall keep

only first-order terms in I in Eq. (16), and thus may neglect V1 ex in

calculating @ .
A better approximation may be obtained as follows, however. A

typical matrix element of v in the perturbation expansion of ¢ 1is

1l ex

k') = X

( EL' V1 ex I ~ (Xk’ V1 ex k') ‘

At‘high eénergies k ~ p, however. Thus, following the steps leading

from Eq. (13) to Eq. (16), we obtain

( k

A/I V1 ex [ &) = (Xk’ T Xk‘) ’

This means that under the stated conditions we may replace the

interaction v, _  in Eq. (4) by I . Then Eq. (4) is replaced by

voe v, o+ I o+ v, ' (17)

The nonlocal Interaction v is now replaced by a simple potential I(y).

1 ex
Were we to average Eq. (15) over all momenta p within the Fermi
sea, the resulting I(y) would reduce to the Slater poten.tial.5 This

procedure seems to have little justification for the scattering problem,

since p is the momentum of the incident particle and is quite unrelated

" to the momenta within the Fermi sea.
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Evaluation of the integral (15) leads to

2 p + P (y)
e 1 2 2 F
= - — P - g Ll .
I(y) = |2 p(¥) 5L P -P(y) ] 4n l P - B3]
(18)
In the limit with p >> P_ , this reduces to
y) ~ - ———% n(y) , (19)
(2x)® p°  © .

where ne is the electron density at vy .

IV. THE CONDITION OF ORTHOGONALITY FOR §
We how turn our attention to the solution of Eq. (2). This has the

form

y/
= g RN . (20
g o * S SN )

Here ¢O is the solution of the homogeneous equation

K + v - eo]szfo = 0 . (21)

That is, ¢O is the solution of the scattering problem if we ignore the

orthogonality condition (3).

The ¢9's are solutions of the inhomogeneous Schrodinger equations
(K + v - ¢, = &) » Y = 1, 2,047 (22)

It has been argued above that the Fermi-Thomas approximation may

be used, since the inner-shell electrons contribute the most to our exchange



UCRL-8976
8

corrections. Since by Eq. (17) v is now a local potential, we may solve
Eq. (22):

g)(x) - - gfx) (23)

(K(8) + v(x) - g

Here ,f, is the momentum of the -Zﬁh orbital electron at the'point X,
therefore K(£4) = Za/ém . We recall that it is in the spirit of the -
Fermi-Thomas and WKB approximations to assign a local momentum in the
vicinity of a point in space. Indeed, we may suppose that the volume of
the atom is‘divided into small elements ij (j =1, 2,+++). 1In each of
fhésé vdlume elements‘we introduce a set of plane-wave sfates

1 i,fbgb

gz’j = ——-8—;;-—— e .

The index » in Eq. (23) then specifies both £ and j .
From the above discussion, we see that in our approximation the

Qy's have the form

1

g) = , g, . -
v [x(s) + vy - € 1 A

Thus QV is proportional to g) and we have the condition

g, =g, (24)

where

1% 1) = 5 gy g (x) . ()

is the projection operator on the ground-state orbitals. Equation (23) is

not valid outside the atom, of course.
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From Egs. (3), (20), and (25) we now obtain

0
A¢=O=A¢O+Iz)>\.’)¢_‘),
or (26)
0
5‘. APy = A By -
With this result we can write Eq. (20) as
g(x) = (1 - AD)g, . | (27)

This is not valid for x outside the atom, since Eq. (23) omits the
asymptotic wave in ¢)) . Thus we cannot use Eq. (27) directly to find the
scattered electron wave, but must instead insert Eq. (27) into Eq. (10).

Equation (10) now reads
T o= (X, v(1- %) . | (28)

The exchange part is

=
]

0
ex -(Xp) v A ¢O)

(29)

- J @k &y X () v (2 [ 40 | y) gy

From Eq. (14) we have

3 iZt-p
0 a“s ~
(x| A" |y) = J 5 e -~
£<PF(y) (2n)
and
* * ~ipp
Xp:XP(y)e s where ,E’/Ef,'y/’



Ia)

We may re-express this more concisely as follows.
the Fourier transform v(k) of wv(x):
v(x) = (2n) [ a7k e ~ v(k)

Then J may be written as

3(y) = (2x)"32 ! g e ¥a)

UCRL-8976

~10-
'ThQ§
3 i(L - p)ep
T, = =/ Py X _(y) a z5 [P e ~ ~ “uly +op) Zo(¥) -
P 2<Pp(x) (ox) e
(30)
Iet us define
3 i(g -p)p -
iy) = + Lo p P e M wgeg . (31)
2<p(y) (2n) ' ~
SO
Ty = -1 &y X _(3) 3(3) Be(v)
(32)
‘= "(XP: J gO) '°
Thus
T = (xp, [v - 318, ) (55)

Iet us introduce

7/

(34)

(35)
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Finally,

Ny) = v(y) - I(y)

e

.

1 gey -
= 2 ~ o T
()2 &g e Y Wy (56)
IE'£I>PF(Y)
defines an "equivalent potential" for Eq. (33).
For sufficiently high energies, J may be evaluated in a very

simple way. We have

vy + p) = w(y) + eV v(y) + e-- . (37)
~ ~ P .
Now, p = O %?) , therefore for

A& _
l S a% << w(y) (28)
we may set
7= wy) [ a4 -p)
£< Pp(y) ~
= v(y) for p < PF(y) - (39)
= 0 for p > PF(y) .

The expression (33) is finally

T = [ X*p(y) V(‘y) g(y) - | | (k0)

_p>PF

The integral over y extends here only over those portions of the atom

for which p > PF(y).
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~ The condition (38) for the validity of the approximate Eq. (40) is

2
P2 o>> 4 4n v(y)

/ﬁz dy .

where Ve is defined by

P = ‘PF(yC) .

For the Fermi-Thomas potential,

Z e2

v(y) = -

where
/5
s = ZO.Egia J

X(s) ,

2

c

(41)

_(42)

(43)

(a)

and & = 4;2%e2 , as before. Here X(s) is the dimensionless Fermi-Thomas

potential function. We have then, from Eq. (41),

' . X(s)
p%/2m _ 59 S Zg/ﬁ a In ( e )
Ry — Ry [0.77] ds ‘
where
N
¢ (0.88)a ¢
. . .
and Ry = e//éa is the Rydberg constant.

When the condition (45) is satisfied, we expect the approximate

Eq. (40) to be valid.
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V.. APPLICATION TO THE BORN APPROXIMATION

In this section we illustrate the above with a calculation using the

Born approximation and taking

x(s) = &8s (47)

The condition (45) becomes now

2/3

€
0 _ _ Z 1 2

Values of 8, and r, are given in Tables I and II, respectively.

We must also, of course, satisfy the usual condition for the

validity of the Born approximation, which is

Z e2

H

(&) << 1 .
Po

This may'be rewritten as
N (49)

Values for r, are also shown in Table II. It is evident that, except

for the lightest atoms, the condition (49) is more restrictive than is (48).

To simplify the integration, we replace Eq. (40) by introducing into

-y/y .
the integrand the factor (1 - e ¢ ) and then integrating over all y:

-1 E.y y/y

I R UL AL - (50)

(2n)

wvhere k = p - EO . For v +we use Eq. (17), with vy given by

Egs. (43) and (47), I given by Eq. (19), and v, given by Eq. (7.
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TABLE I

Values for the Cutoff Radius

eo(By) s,

Z = 10 7 = 18 Z = 36 7 = 54

3 1.3k 1.62 1.95 ——-

6 1.16 1.37 ‘ 1.70 1.90
9 1.02 1.25 1.56 C1JTh
12 0.94 1.15 1.45 1.64
15 0.89 1.08 1.38 1.57
20 0.80 1.01 1.29 1.47
30 . 0.71 0.89 1.16 1.33
50 0.60 0.77 1.01 1.16

90 0.48 ' 0.64 ' 0.86 0.99
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TABLE IT

UCRL-8976

Values for the Limiting Energy Ratios

v and v

Z Vb vl
10 25 100
18 31 30k
36 %9 1300
54 48 2900

w
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The electron density in Eq. (19) is taken as

' Z2 e-l.2 s .
ne 'z (0.1) ;—5 —-;—375—— . o : : (51)

An evaluation of Eq. (50) leads to

P o= T + T o+ T . o (52)

Here Tl arises from vy e It is
' 2 2
2 . S + R -
Z e 1 0
T, = - ( ) q1 - ) - (538)
1 2 2 2 2
2n K, + K 1 2 |-
0 (k. + = ) + &
0 y
c
" where » -
e zl/ga( (54)
o0— (0.88) a ° ‘ .
The contribution Té comes from the potential term Yy . The exact integral
may be expressed in terms of known functions, but the term associated with
..y/y .
the "cut-off" (-e € ) 1is cumbersome and not more than qualitative,
anyway, since wé have uséd a crude expression for. vé at small distances.
We thus give this part of T2 only for the 1limit that 4 > > v, ¢
_ ) 31
P . .&Q ohd 8 (yc a) (53b)
2 Brd _ xt ' a 2 *
1,2 2 _
[( T + k] '
e .

Finally, T, arises from the expression I in ﬁ . It is

3
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Here "Imt,,,]" means "imaginary part of."

The contributions to T which result from the Pauli principlé‘"cut off"
fo? ¥y < y, ere easily recognizable in Egs. (53), since they involve the
-pa?ametey Yo The‘entire qpantity 'I‘5 rebresents an exchange correcfion,
of course.

When the condifion (49) is satisfied, the exchange corrections are
seen to be small, except for large scattering angles (for which the scattering
cross section is itself very small).

We are now in a position to compare the relative sizes of the various

correction terms. First, the ratio of the second to the first Born approximation

is
R~ 7 o 2 . (55)
€
(6] .
T3 . \'s
The ratio of 7= =— R ( =X) 4is from Egs. (53)
v
1 1
v T ‘
R(-SX) = 2 ~ 25 (K,
V1 Ty %

(56)

%/5 Ry ) /
€
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Finally the ratio of the correction arising from .J to that from vy is

1 0]
| (57)

Thus, the exchange corrections seem never to exceed the corrections to the
‘first Born approximation.
In the next Section we shall re-examine R(J/vl) in the clessical,

phase integral approximation.

VI. THE PHASE INTEGRAL APPROXIMATION

We consider again

T o= fady X My - I o (59)
with

gy - (2r)7¥2 2P (59)
where P(y) = [ [p2 -~ 2M v]l/é ds is the phase integral along the

classical orbit of the scattered electron. A simple consideration shows
that only for those orbits for which the classical orbit is parallel to p
and for which v = O does the product [X*p ¢O ] not oscillate rapidly.
This can happen only near the boundary of the atom, where, by Eq. (39),

J = 0. Thus we obtain no correction from J in the phase integral .

approximation.
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VII. CONCLUSIONS

We have obtained approximate expressions for two leading exchange

corrections, expressed in terms of the "quasi-potentials” I and J. These

two approximations were evaluated on the basis of the.Fermi-Thomas model.
At high energies these have a very small effect on the scattering. At lower

energies, these expressions are still applicable if we are content with the

Fermi-Thomas model. In this case a numerical evaluation of ¢O seems to be

necessary, however.

N

LN



la.

1b.

UCRLw8976
~20a

FOOTNOTES AND REFERENCES

M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198 (1959),
Iippmenn, Mittleman, and Watson, in process of publication in the
Physical Review.

R. A. Buckingham, Proc. Roy. Soc. (London) 160A, 94 (1937).

This gives v, the value at x = O given by Eq. (4.13) of I.

Hammerling, Shine, and Kivel, J. Appl. Phys. 28, 760 (1957).

J. C. Slater, Phys. Rev. 81, 385 (1951).



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the

Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





