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Iudwig Boltzmann, according to Vienmese tradition,'sometimes dispiayed a
rather caustic wit. About philosophers he said once that he had found a lot of
pertimént and cmrrect comments in their writings, namely, as long asvthey
.criticized and ébused othem philosophers; the nonsense startedxonly when they

' éddedAsomething.new'on tm%ir own.

I hope that this papér willvnot be considered philosophical in thé sense
.of Boltzmann, even if I say that a basis of thermodynamics has béén.missing g0
far, and that it must 5e epiétemolbgical. |

There are two wayé to look ét'thé development of thefmédynamics,'the
histdrical and the systematic.' ItAisvintefesting enough to learn that thermo-
dynamics has started from a technical problem, the efficiency of heat engines.
A sysﬁematic investigation, however, can begin only after we notice that thermo-
dynamics does not combine Jjust mechanics and our knowledge of heat but that it
.extends into all branches qf physical science. Conversely, we may describe.the
scoée of thermodynamics as.the knowledge mf equilibrium and changes nedr
equilibrium. Under this aspect it is cleér that all physical sciences have
their common root in thermodynamics énd that they go their different ways as
soon as'pfoblems of kinetics and dyrnamics arise. 1In each branéh, equilibfium
is a sbecial_caée 5ut this case is fundamentally the same in all branches. The

basgic ideas of thermodynamics are the basic ideas of science.




It is the wide scope 6f'thermodynamicé thét imposes special requiféments

on the construction of its base. The simple, unconsidered transfer of mechanical
concepté to other branches Wiﬁh ever new additiéns, patcheé and amendménts
obviously clashes with any cléim of-rigof. If we want a clear aﬁd clean
structure of thermodynamics we must start from concepts that can be us;d in all
physical sciences but do not depend on any of them. ConcethAl éleanliness is
of course a requirement indispensable for good tééching. But quite'apart from'
'aidactic reasons I should not like to do without it.

| The feeling of uneasiness in thermodynamics is.as old'aS'fhermodynamics.
Carathéodory as well as many other authors before ana after him felt tﬁis
 uneaéiness very'strohgly. Carathéodorj intjoduced two important-ideasiinto
" thermodynamics, which turned out to be the corner stones of its mbdern'aeveiop—
ment. 3He'also introduced axiométics, which was elaboraéed’to 8 ~tremendous
extent.by some later authors. | )

It was quite natural to believe that thermodynamics could be improved byv'
strengthening'its mathematical déductions,.”Actually, however, the mathematical
derivatioﬁs in thérmodyﬁamics haﬁe_néver'pfesented Véry sérious problems. . The
real difficﬁlty has always béen in the basicvconcepts. The axiomatists‘made
a very great effbrt to build elaborate-and.complicated structuresi Unfprtunately
equél care was not taken for selecting-satisfaétory_consfruction méﬁeriéls, ie€.y
basic concepts.

Beforévwevtry to suﬁpiy sound lumber for the thermodynamic étruétu}e, a
~ few chments on the appligatioﬁ of mathematics ih;physical séiencérmay %e usefgl.

A quantity is defined by a:pfescriptionvof how to measure it.. Any heaéure-
ment is a comparison With an arbitrarily chésen standafa quantitylj The essencé_

of the prescription is the decision: greater,.or equal, or smaller. The
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definition is completed by the choice of the St;ﬁdard and ﬁhe assignment of
numbers (which can be arbitrarily changed by any monotonically increésing
transfdrmafion). Since every measurement is affected by a finite efror, the
‘result is a rational nuﬂber.i* |

All this is well known. We jump from fational numbers into the field of
© real numbers in any kind of physical theory. Even a simple interpolation of
experimental data by means of a straight line involves such a Jump.

Falk and Ju%g (l959) drew the conclusion that in the introduction of
basic variables continuity should not be postulated though they do not object
to continuity and differentiability in any later step.

Perhaps we should go farthe?. In a strict way; the information content
of our observations cannot be increased by the jump to real nﬁmbers. Actually
we could set a computer for a field of thirty digits, and represent and apply
the total of our knowledge in the denumerable field of this computer. The
equivalent of differentiations, integrations and =o on can be»(and is) carried
out by computers. All our scientific results and all technical applications
could be delivered by such a computer. |

The conclusionzis si@ple. In'physical sqience, guestions of continuity
>are'not real problems since'confinuity is introduced only for the convenience
of abbreviated éomputation.'

This matter is imporﬁant'because of Buchdahl's éresentation»of the second
law. Buchdahl (1954) started from Carathéodory's principle, namely, thé state-
mént thét in the neighborhood of any state there are other states inacéessible*
by a@iabatic processes. The division into inaccessible, reversibly accessible,
and irrevérsibly accessible states is tﬁe basis for the définition of the

"entropy, which is defined by this division Jjust as any other quantity is.
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Buchdahl (1962) later modified this presentation'of the second law on the ground
that:itsis not permissible for a contihuoﬁs-vafiabie.' The new pfesentation is
compiicsted and difficult, |

fThis exsmple shows sﬁat fhe'mathematical interpretation 6f observations,
which:has contributed so much to the progress of ssience, may also create pseudo-
problems that we can dismiss gzimé_gggig.v

Where do we find} now, the sOUnd lumber fbr‘a solid strﬁcture of fhermoF
dyna@ics? A |

.fSeveral:years ago, asbbok by ‘the name of "Fundamental Thebry" was very
famoﬁs - for a short time. I.cquld not find.anyfhing fundamental in it as soon
as I noticed sn'the first page that thevauthor had no qualms to.use'thsvconcept
of:esergy without any attempt to state.what he mesns;' Any "fundamental" discus-.
sion must start'wjth introdhcing the consepfs in a prOpe? way. This means ﬁhat
we must déscribé them in plain; uncoded language without.any recourse to a
,specific branch of SCiénce.* We must, moreover, démonstrats their general appli-
cability. - | | »

‘ But how can fhis be done? This looks like the jugglsr's problem, namely,
to climb upon his own head. | | .

The simple solution of this problem will'show that Boltzmann's hsrsh picture
sf philosophers is incorrect, at 1east.as far as epistemology is concerned. From
‘Kant's lohg and complicated discussions one can distil the plaih comment thaf
those goncepts'afe generally applicésle that are indispensable fqr expressing the
‘results of our observations. This comment is simplé but it has a long and
involved hisﬁory ;eading from Descartes to Hume, Berkeley and Kant. The picture
of philossphsrs always tearing déwn the work of their pfedecessorsband starting

again from scratch is not just an oversimplification, it is plainly wrong.
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In physical science, as distinguished, e.g., from history, we restrict our-

Selvés to the description of reproducible events. A complete deséripﬁion inéludes,
explicitly or silently, an instruction of the steps leading to a repetiﬁion of
~ the event. | | |

The description.necessarily starts wifh a finite part of the world{ We
call it objec% if it can be isolated. ~~Thus the ideas of an dbjéct and of
isolation are coupledi An objeétuis isolatéd if its properties remain unchanged
whatever changes may occur in any other object (its environment).

~The concept "isolation" (and therefore also that of an object) ié an idealiza-
tion. There is no perfect realization of su¢h a requirement as isélatioﬁ;"Thé
same situation we'findlat every steb and we aécept it without any repeated dis-
-cussion. But fﬁe incompleté realization of such conditioné limits, of course,
the.accﬁracy of dur descriptibn.

. Reproducibility presuﬁposes our ability'to change an object éccording to
6Ur_pleasure. ’This‘islbeing'done by éstabiishing interaction between thé object
and.some othef object. It is.easy to describe mechanical interaction, or the
flowvofvan électric charge from one object to énother, or a chemical reaction’ -
and so on. ‘But;if we want to establish the bésis of thermodynamicé we mﬁsﬂ
furnish a general déscription of interacfion. The description will indeed cqvér
ény_kind of interaction except-thermél interaétion, which requires a'sepératé
:discussionﬁ

. When we estéblish interaétioﬁrbetweenvtwo otherwise isolated Objects A and
B, we impose‘a conditibn,on at least Ohe variable x' of A and a variable X" of

. B, véfiables that before were independeht of each other. The nature of this

condition



F(xf,x") =0 | : | v(l)

and the kiﬁd»of inﬁeraction'(gggg of intgractidn) is determined by the tool or
gédget;used for establishing inferacfién (a clamp or a hook and éy¢;'a,couple
i of'copper-wires, a catalyst, and so on). Since.{we can replace é vari;blé X
:by any monotonic function of x, we can alwéys exé?eSs fhe_interaétion COﬁdition

(1) with the aid of a constant C ae

Iﬁ'génerél, but not necessarily, we use this form of the interaction condition.

We cal;'the variable x a generalized coordinate. No special concept of any
“branch of science has beeﬁ used ih-itsfdefinition. Whatever x' is,‘by'estaﬁlish-
ing intéraéﬁioh with'absuitabie secoﬁdvogject we can change the fir;t:object
SQ fhat.x"aséumes:an arbitrarily presgribed value. | | |

In general we must'take.into account mofe thén a single iﬁdépendéﬁt-:
‘variable x'. _Thé number of possible non-thermal interactions isfindefinité.
But it has & finite value h for aﬁy specific problem that we choose to consider.
" Thus the requirement of reproducibility implies ti;at the state of the object
“reach a presgribed.point in an h-dimensional space. Each of the h intéraction
”conditiéns-(l) would cbﬂtain all h variables.xj,,and.all h variables x; . More-
"over, the_néxt,prbblem we wish té,consider for the same'objecf]mqy involve
_difféfenﬁ @odes of interactidn and:therefore reéuire some diffeféﬁt_#aridbles;

An ofdérly déscripfibh of'thé object can be attaiﬁed only>by-meéns of ani'
orthogonality condition. Each geﬁeraiized codrdinaté‘muSt be chosen so that

it varies bhly if a épecific mode of-interaction (thé congugéte mode) takes

S
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piace and that it stays constant while any othervinteractions are goiné oﬂ.
In other words, every coordinate is fixed as lohg aé the object is isolated
with respectlto_its conjugate mode of interaction.-

' With this choice of coordinates we can attéin‘any state, charactefized by
h céordinates, simply by establishing in turn h interactions and changing one
coordinate to the prescribed value in each of the h steps. |

In the interaction described by (2) the change dx' of x', after interaction

has_been established, can be negative, zero, or positive. The observation of

this change realizes a Dedekind cut that defines the generslized force f by

means of the statements
f'>f‘"; f"= f",' f’>0 . (3)

for'thévthree cases. As every quantity, the force is measured by compdrison
with a standard qﬁéntity, i.e., a standard force (weight of a certain éiece of
platihum). But an important distinction of any generalized force (and the
temperature) from any other quantity in nature rests on the fact that Wé have
to establish equilibrium befween the dbject and the standard object (gauge)-if
we want to_measuré élforce airectly. This very simple, fhough prévioﬁsly
unknown, distinction follows directiy from tﬁe definition of a geﬁeraliied
forée.- | | | |

‘The substénce of the presentvsystem of concepts does not depénd on any
appreal to special observations. It is developed as a'coherent ﬁr;ceduré of
gathering orderly information of things and eventé tﬁaﬁ can be:reﬁroducéd. iﬁ

is'clearly applicable to any conceivable interaction neaf equilibfium.
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In the last one hundred years'sévefal authors noticed that the vafiables
now called generalized coordinates and:forces beiong té two classes, differingr
from each other and from all other variables. 'But'repeated attempts té characﬁer?'
ize these classes were unsucéessful. Conseqﬁenfly the concept of %ork; defined-

"~ as the integral of a generalized'force-with resﬁect to its geherélized coordinate,
never had a solid_foundatién.' | |

‘bn'the basgis of thé'pfésent‘discﬁ;siqn, work can bé introduced in a clear
 énd hnémbiguoﬁs manner. Tempéréfure canlbeudefined in the coﬁventionél way. |
The_bafh to the first and second iaw has been shown by Carathéodory.
| aSerious miétakes have been the curse of fhermodynamics. They havé caused
" the uncertainty and uneasinéss that éfteh have emerged. They have been repressed
byvthé habié-forming.prpcedures of.applying thermodyﬁamiés. Wrong definitions
of ex£ensive’and intensivé'quagfifies,;of genéraliiéd coordinateé and forces,’
and defective definitions oi wérk have_been-quite commdn. A historicai.accident,'
_namel&, Tolman's unawarehesé of a prior.definition, has greatly éohtributed to
a widéspread confusion of exténsive.and intengive quantifies witﬁ COCrdinates
“and fbrces._ The sd—called zerotﬁ law, going back té Carathéodory, is not only
ﬁnnecessary but actually'miéleading. | | |

The problems of the relationship betwéen the physical sciences and mathe-
matiés become more manifest infthermodynamics'than in any other.parf'of scienée.
The wonderful effidiency'and'élegancé of soimany mathematical tbéls,'stéfting:‘ 
from_the_concept of fhe limit, shbﬁld not induce ﬁs to see in'ﬁhém moré than
thlé. The‘theoretician as weil asvtheiexperiﬁenter must be the mastef of his ~

tools, not their slave.




_9;_

iIt has been the purpose of the present discussion to show that thermo-
_dynamics can be developed in a clear and consistent conceptual structure. We

may conclude that thermodynamics can be understood.

This work was done under the auspices of the U. S. Atomic Energy

Commission.
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