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The energy demands of neurons are met by a constant supply
of glucose and oxygen via the cerebral vasculature. The cerebral
cortex is perfused by dense, parallel arterioles and venules, con-
sistently in imbalanced ratios. Whether and how arteriole-venule
arrangement and ratio affect the efficiency of energy delivery to
the cortex has remained an unanswered question. Here, we show
by mathematical modeling and analysis of the mapped mouse
sensory cortex that the perfusive efficiency of the network is
predicted to be limited by low-flow regions produced between
pairs of arterioles or pairs of venules. Increasing either arteriole
or venule density decreases the size of these low-flow regions,
but increases their number, setting an optimal ratio between
arterioles and venules that matches closely that observed across
mammalian cortical vasculature. Low-flow regions are reshaped in
complex ways by changes in vascular conductance, creating geo-
metric challenges for matching cortical perfusion with neuronal
activity.

microcirculation | sensory cortex | continuum model | low-flow zones
blood flow regulation

he high energetic cost of neuronal firing creates a fundamen-

tal constraint on the number of synaptic circuits that can be
simultaneously active (1). Yet, the brain has no capacity to store
glucose and must continuously meet its energy needs via the per-
fusion of oxygen and glucose in the cerebral vasculature (2, 3).
The high-gray-matter content of the cerebral cortex means that
it has a high metabolic activity and is particularly dependent on
vascular supply (4).

The cerebral cortex is fed by a dense network of nearly paral-
lel penetrating arterioles and venules, which are themselves fed
by, and drain into, pial networks of arteries and veins (Fig. 14).
Loops within the pial network ensure robust blood delivery even
should a pial artery become occluded (7, 8), and loopiness in gen-
eral is thought to endow transport networks with the ability to
resist damage and to respond to changes in demand (9, 10).

From the pial network, the cortex is perfused by a dense set
of penetrating arterioles and venules, along with an intercon-
necting network of capillaries. The penetrating network is more
vulnerable than the pial network to damage; if a penetrating arte-
riole or venule is blocked, the neurons it supplies may die and
form a cyst (5). Small volumes of the dense, multitudinous, pen-
etrating network have been mapped by two-photon automated
high-throughput histology (5). Although based on its role as the
supply network to an energy-intensive tissue, we would expect
the penetrating network to be organized for effective perfusion,
it is not clear what physical constraints exist on perfusion and
whether and how these constraints shape the network. In partic-
ular, we focus on explaining a conserved feature of mammalian
cortices: The arterioles and venules are not in a one-to-one
ratio, but skew consistently for individual species: ~2.5:1 (arte-
rioles:venules) for humans (11) and Rhesus monkeys (12) and
0.4:1 for rodents (5).

In the course of our analysis of the penetrating cortical net-
work, we develop mathematical modeling tools that hybridize
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network- and continuum-level modeling approaches, treating the
arterioles and venules as networks embedded in a meshwork
of capillaries, modeled here as a (continuum) porous medium,
whose conductivity models the density and geometry of capillar-
ies, without needing to represent each capillary explicitly (Fig.
1C). The model provides a general tool for studying perfusion
in networks where capillaries are too numerous to be completely
mapped (13).

Methods

Observations of Low-Flow Capillaries in Real Mouse Vasculature and a Cor-
responding Synthetic Network. Uniform perfusion—delivery of fluid or
metabolites at the same rate to each part of a tissue—underlies the struc-
ture of biological transport systems from leaf veins (14) to cardiovascular
networks (15). Does the cerebral cortex (Fig. 1A) achieve uniform perfusion?
Using mapped networks of penetrating vessels, the capillaries that intercon-
nect them, and inferred pressure distributions within arterioles and venules
(5), we analyzed the distribution of flows across all capillaries. We observed
that flows were highly heterogeneous across mapped volumes of tissue (Fig.
2A). At depth z =300 um, fluxes in 24% of capillaries are less than 40% of
the median capillary flux. (Median flux changes drastically with depth, but
measuring over all depths, we observed 24-29% of capillaries carrying less
than 40% of median flux). These low-flow capillaries were spread out over
the entire plane, but appeared to be concentrated near venules (Fig. 2A),
which in the mapped networks outnumber arterioles among penetrating
vessels by a factor of 3:1.

To study whether and why low-flow spots are clustered around venules,
and to bridge between real microvascular networks (Fig. 1A) and contin-
uum models (Fig. 1C), we generated synthetic sensory-cortex vasculatures
(Fig. 1B). We constrained our model networks to have straight arterioles and
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Fig. 1.

Low-flow regions emerge in models with increasing simplification: real mouse sensory cortex vasculature (5), a synthetic hierarchical network, and

a continuum model. (A) The hierarchical system of a real mouse brain vasculature. The color indicates the predicted pressure distribution. (B) A synthetic
network constructed using the method in ref. 6, but with idealized straight penetrating arterioles and venules. Color indicates pressure from high (red) to
low (blue). (C) Exemplary continuum model where penetrating vessels are treated as lines of sources and sinks, and the capillary bed is treated as porous
media. (C, Left) Arrangements of straight penetrating arterioles and venules in the model. (C, Right) Schematic of coupling between penetrating vessels
and porous medium—source strength on a penetrating vessel is matched to flux decreases along the vessel.

venules to make it easier to visualize and measure distances between low-
flow capillaries and the penetrating vessels that feed them (Fig. 1B). Our
method for generating synthetic vasculatures directly follows (6). Specif-
ically, we started with straight, parallel penetrating vessels in the same
domain as (Fig. 1A). We connected these penetrating vessels pairwise at
points distributed through the tissue. Then, the points connected to a single
penetrating vessel were linked up into a tree with that vessel. The branch-
point locations and vessel radii within the tree were numerically optimized
to obey Murray’s law (6). Conductances were calculated from radii by using
the same modified Hagen—Poiseuille law and pressure boundary conditions
(50torr pressure difference between arterioles and venules) as ref. 5. We
scaled synthetic network radii so that synthetic networks had median vessel
radii that matched data from mapped networks (5) (respectively, 3.17um,
3.21um, and 1.26um for arteriole, venule, and capillary segments) and
chose the number of pairwise connections so that the number of vertices
and median flux per edge in the synthetic networks (19,998 and 716m?/s)
approximated a real network (21,895 vertices, median flux 980.m3/s).
Just as in the real sensory cortex, model networks contained many low
capillaries—in the z=300 um plane of the computational domain, flows
in 26.8% of capillaries were less than 40% of median flux on the plane
(Fig. 2B). Again, our results were insensitive to the precise plane on which
capillary flow rates were measured.

Low-flow regions appeared to be clustered near venules in both real (Fig.
2A) and synthetic (Fig. 2B) networks. But there were more venules than arte-
rioles in the network, so even a random capillary is more likely to be near
a venule than an arteriole. To prove that low-flow capillaries are enriched
near venules, we compared the proportion of low-flow capillaries that were
closer to an arteriole than to a venule (measuring distances along the net-
work using Dijkstra’s algorithm) with the proportion of randomly chosen
capillaries that were closer to an arteriole than a venule (Fig. 2C). In both the
real vasculature and synthetic network, low-flow capillaries were around
two times less likely to be found near arterioles than we would expect by
chance.

Moving from real mouse data to synthetic networks allows us to probe
the extent to which arrangements of penetrating vessels control the place-
ment of low-flow regions near venules. We ran replicate simulations in
which venules and arterioles were permuted from the arrangement shown
in Fig. 2. We found that low-flow capillaries were consistently 1.43 times less
likely to be found near arterioles (S/ Appendix, Fig. S1).

Although real sensory-cortex and synthetic microvasculatures exhibit
regions of capillaries with low flow, mechanistic understanding of what
produces low-flow regions requires study of networks that are simplified
enough that vessel configurations and arteriole—venule ratios can be effort-
lessly varied. Accordingly, we built an even simpler continuum model (Fig.
1C) with not only straight arterioles and venules, but in which the capillary
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network was modeled as a porous medium. The same penetrating vessel
arrangements can be simulated both as continua and as hierarchical syn-
thetic networks, allowing us to validate continuum networks using synthetic
networks that are known to capture many of the geometric features of the
real microvasculature (6).
A continuum model of the capillary bed. The penetrating arterioles and
venules are represented by using a slender-body theory approach (16); i.e.,
each penetrating vessel is treated as a line of linked sources or sinks that
push blood into or draw blood out of a porous medium, representing the
capillary network (17). (Similar ideas have been used to simulate the oxygen
transport to the tissue in ref. 18 and in ref. 19, where both the tissue and the
capillaries are regarded as a porous media.) The source strengths represent
the rate at which blood enters the capillary network at each point along an
arteriole, while sink strengths represent the rate at which blood is drained
from the capillary network into a venule. Sink and source distributions must
be solved self-consistently with the flows within the capillary network.
Flows within the capillary network obey Darcy’s law, so that the flow
through unit area of capillary bed, q is proportional to the gradient of
pressure, p:

K
q=——-Vp. [1]
“w

Here, the permeability, K, a rank-2 tensor, encodes at a continuum level the
density and orientations of capillaries. We assume that the capillary net-
work is isotropic and homogeneous, so K = K1, where K is a constant and 1
is the identity tensor. y is the dynamic viscosity of the blood, and during the
computation, we treat g as a single parameter and call it the conductivity

of the capillary bed. We set K/ =8 Pa~'s~' um~* to match the average
conductivity in real sensory cortex data. We convert from the discrete net-
works in ref. 5 to an equivalent porous medium by imposing unit pressure
gradients throughout the domain sequentially in each of the x, y , and z
directions, calculating the mean flux in three directions to obtain a three by
three matrix. The off-diagonal entries of this matrix are close to zero, and
we identify £ with the average of the three diagonal entries.

Since Darcy’s Law is linear, we can build up p by solving for the pressure
field for individual vessels. In the slender-body approximation, vessels are
modeled by lines of point sources, so the solution for each vessel is built up,
in turn, from the solution for a point source. Consider a single vessel with
centerline C={x : x=2Xxo(S) , Smin <S5 <Smax}, Where s is the arc length
along C. Conservation of flux implies that the pressure field due to a single
source of unit strength at xo(s) (generally called the Green’s function G(x, s))
solves:

- SVZG(X, ) = 5(x — Xxo(s)). [21

Our computational domain is the box: 0<x< W, 0<y<lL, 0<z<H,
with z representing the distance from the cortical surface. Because we are
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Low-flow areas in real mouse sensory cortex and a synthetic network. (A, Left) The low-flow capillaries (vessels with less than 40% of median flux)

at depth z = 300 pm of the mouse cortical vasculature shown in Fig. 1A. (A, Right) Vessel geometry (Upper) and flux histogram (Lower) in the slice of mouse
cortical vasculature. Fluxes are normalized so median =1. (B) Low-flow capillaries (vessels with less than 40% of median flux) at depth z=300 um in a
synthetic network built to model A with the same penetrating vessel locations. Black dots, venules; red dots, arterioles. The same annotations are used in
Fig. 3B as well. (C) In real and synthetic networks, low-flow regions are two times less likely to be found near arterioles than we would expect by chance.
Blue bars and red bars, respectively, show the portion of all capillaries or low-flow capillaries that are topologically closer to an arteriole than a venule.

simulating only a small part of the cortex, we implement periodic boundary
conditions in the x and y directions, effectively stacking the network with
replicates of itself in those directions to simulate a wide and thin sheet of
penetrating vessels. In the simulations shown in this paper, our model takes
W =L =600um and H=300um, comparable with the mapped tissue in Fig.
1A. The penetrating vessels have length 300.m.

We set no flow boundary conditions on our porous medium, i.e., % =
on the cortical surfaces z=0, H, representing the confinement of flow
to the modeled layer of tissue. We achieve periodicity in x and y by
Fourier expanding our solution in the x and y directions: G(x,y,z;s) =
Skeanz wicanzyi, whwo i)Y, where G is obtained from G by
adding the zero wavenumber component, and we can rewrite Eq. 2 in
terms of the functions f; :

o? i
(kz +PA - @) foi@) = ﬁe 0 =10 §(7 — 7). B3]

Comparing individual Fourier terms in Eq. 3, we obtain ordinary differential
equations for each f; ;, which, when combined with the boundary conditions
fi)(0) = fi (H) =0, yield:

AcoshJz, forz<z
mw:{ 0 [4]

B cosh J(z — H), for z> zy,

where J=+/k? 42 and A and B are calculated such that the solution is
continuous at z = zg, but its derivative has a jump of ﬁe”k’m”% atz=2z,:
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{A cosh Jzy = B cosh J(zy — H) (5]

: : K —ikxg—il
J(AsinhJzg — Bsinh J(zg — H)) = ——e~"*0~"Y0,
( 0 (zo ) KWL

When k =/=0, the solution of Eq. 3 for a single source or sink diverges. We
derive the zero-wavenumber solution for the entire set of sources and sinks
by solving directly for the average pressure (p(z2)) = 75 fOL fOWpdxdy and
an average net flux: (Q(2)) = 75 [y [,” adxdy, where o is the strengh of
the sources or sinks. Averaging the mass-conservation law for the entire x
and y domain, we obtain:

K o?
T Ld? (p() = (Q(2)), [6]
which may be integrated to obtain:
_ K z e ’ ’
(b@) =~ [* [ 0@ dr'de + po 7]

for some unknown constant po. Written in this form, the solution auto-
matically satisfies no flow % =0 at z=0. To satisfy no flow at z=H, we

require
H H L w
/ (Q(Z'))dz' =0 or / / / adxdydz =0, [8]
0 Jo Jo Jo

in other words, sources and sinks are balanced within the domain. We
obtain the overall pressure field by attaching the zero-wavelength solution
(p(2)) to our Fourier series.

In a domain containing n vessels with center lines x;(s), i=
1,2,...n, each parameterized by arc-length spnin <5 <Smax and with
source or sink distribution «;(s), we can derive a pressure field
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p(x) = Z].":1 Jmax G(x, X;(s'))eyj(s') ds’ + (p(2)). The source strengths, a;(s),
min

are found by requiring consistency with the flows in each penetrating vessel

(Fig. 1 C, Right). We may evaluate the pressure on each penetrating vessel:

PN == [ G0ae) (5 Vey(s o5+ (pz (o). [9]
j=1

Smin

The strength of the source or sink should be equal to the loss (respectively,
gain) of blood along each penetrating vessel (Fig. 1C). The amount of blood
leaving (or entering) unit length of a penetrating vessel must be equal to
the rate of change of blood flow through the vessel. Hence, if we denote
the conductivity of a penetrating vessel by k(s), then:

__d /. dplxi(s)
o= -2 ("""T)' [10]

where 7k,»(s)% is the flow along the vessel at x;(s), and we set k(s) =
90, 000 Pa~"s~'um~* to match ref. 5.

We assume that pressures are known at the top of each penetrating ves-
sel: p(x;(smin)) = P; (P; = 100mmHg for arterioles and 50 mmHg for venules),
representing their respective connections to the arterial and venous net-
works, while imposing no flux boundary conditions at their distal ends:
%(x,—(smax)) =0. We numerically solve Egs. 9 and 10 together. If each pen-
etrating vessel is discretized by m points, s;sf, j=1,...m, then we have
2mn + 1 unknowns, namely: p{ :p(x,-(sj)), 0/: = a,(sj), and the constant py in
the zero-wavenumber solution (Eq. 7). Eq. 9 provides mn linear constraints;
Eqg. 10 and its boundary conditions, an additional mn linear constraints; and
Eqg. 8, the condition of balanced sources and sinks, provides the final lin-
ear constraint. Thus, a single matrix solve is sufficient to find all of our
unknowns. Once the source strengths «; are solved for, we can quickly

A

compute the pressure field across the entire domain using fast Fourier trans-
forms. Building and solving the continuum model for a single configuration
of penetrating vessels requires ~4 min on a notebook computer, compared
with 70 min to create and solve a synthetic network, and this immense
acceleration allows us to use the continuum model to analyze a wide space
of vessel ratios and arrangements. We performed numerical convergence
studies to determine how many discretization points are needed to model
each vessel and how many Fourier modes are necessary to represent the
associated Greens functions (S/ Appendix, SI Text and Fig. S2).

Modeling Vessel Arrangements. The degree of randomness in vessel arrange-
ments can affect the size of low-flow regions, so it is essential to our
modeling to set the correct level of disorder in vessel placement. We mea-
sured the entropy of the number of penetrating vessels within a given
distance to any penetrating vessel in the real mouse sensory cortex (S/
Appendix, Fig. S4). Real vessel arrangements have higher entropy even
than random networks, except at the smallest scales (spacings less than
~ 200 pm), presumably because in real networks, vessels are not allowed to
be on top of each other, while the random distribution has no such restric-
tion. We model short-range ordering of vessel arrangements by placing all
of our penetrating vessels on sites within a lattice, which sets a minimum
vessel spacing of 100 pm.

Results

To explore the effect of low-flow regions upon the overall per-
fusion efficiency of a tissue, we modeled vascular networks in
cubical domains containing 12 venules and 24 arterioles (Fig.
1C). We initially considered random configurations of vessels
(representative data shown in Fig. 34). We validated results from
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Fig. 3. A continuum model predicts the same patterns of low-flow regions as synthetic discrete networks and reveals effects of arteriole-venule arrange-
ments on the effectiveness of perfusion. (A) Low-flow regions (regions with less than 40% of median flux) on midplane are shown in blue for a random
distribution of penetrating vessels with a 2-1 arteriole-venule ratio and show a large continuous poorly perfused area surrounded by arterioles. (B) Pre-
dicted low-flow regions match closely to a synthetic discrete and hierarchical network model, with the same penetrating vessel placements (shown in blue:
capillaries in midplane carrying less than 40% of the median flux). (C) Total low-flow area ratio (x axis) in continuum model predicts the total volume
fraction of low perfused capillaries (y axis) in a hierarchical discrete network model with the same vessel arrangements. Each point represents a different
random arteriole and venule arrangement. (D) The depth in the modeled tissue where low-flow regions are calculated affects the total low-flow area, but
only weakly affects comparisons between different arrangements. Red curve, arrangement A; blue curve, arrangement E. D, Insets show how the low-flow
areas in arrangement A change with depth. (E and F) Effect of vessel arrangement. (E): (Ordered) honeycomb arrangement of arterioles and venules with
the same 2-1 arteriole-venule ratio as A. Low-flow regions are more numerous, but smaller. (F) The histogram of fluxes for random (A) and ordered (E)

arrangements of vessels.
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the continuum model against synthetic hierarchical networks,
finding that continuum and network models agree in the shape
and location of low-flow regions (comparing Fig. 34 and B) and
that the resultant fractions of poorly perfused tissue are strongly
correlated between models (Fig. 3C).

We measured the uniformity of perfusion in the midplane of
the domain (z = 150pm) from histograms of the flow sampled at
every grid point (Fig. 3F). Fluxes in the midplane are nonuni-
form (C'V =0.9044 for random vessel arrangement), and a main
driver of this nonuniformity is low-flow regions—15.4% of grid
points carried less than 40% of the median flow. Similar flow
nonuniformity was seen at all depths through the tissue (Fig.
3D): Low-flow regions shrink with depth, but their locations and
shapes stay roughly the same (Fig. 3 D, Inset).

In our simulations, low-flow regions emerge between pairs of
arterioles or pairs of venules, where source or sink flows cancel
(Fig. 34). Such cancelations are inevitable within a continuum
model: In this plane of the sample, the flow of blood is close to
planar (in fact, we find that [(|g.| + |gy|) dz dy = [ |¢:| dz dy ~
12), and we can approximately count the number of stagnation
points—that is, the number of points at which the blood flow
goes exactly to zero—using index theory. Because of incompress-
ibility, these stagnation points are all saddle points of the vector
field given by ¢. Recall (20) that if C is any differentiable closed
contour enclosing a region of a two-dimensional vector field that
is differentiable except at a finite set of sources or sinks, then if
¢ is the angle made between ¢ and the x axis:

1 [¢]c = # sources + # sinks — #saddle points.

o [11]

If we let C enclose the entire periodic subdomain: 0 <z < W,
0<y< H, then opposite pairs of edges in the integral can-
cel, sending the left-hand side of Eq. 11 to zero. Accordingly,
we find that the number of stagnation points is simply equal
to the total number of penetrating vessels of any kind. Since
each stagnation point in the vector field must be located in a
low-flow region, then under the continuum model, it is impos-
sible to completely eliminate low-flow regions by rearranging
vessels.

However, the size of the low-flow regions surrounding stag-
nation points affects the overall uniformity of perfusion and
is sensitive to the vessels’ arrangement. We compared our
results for random arrays to ordered arrays (e.g., Fig. 3E). In
the shown honeycomb array, small low-flow spots are arranged
between every pair of neighboring arterioles (Fig. 3E). Although
there still exist 36 low-flow regions (one for each stagna-
tion point), they cover a smaller fraction of the perfused tis-
sue both in the representative plane (7%) and at all other
depths (Fig. 3D), and the overall nonuniformity is less (Fig. 3F;
CV =0.8545).

Comparing Fig. 34 and E, we can see why disordered arrange-
ments of vessels have larger low-flow regions. If the vessels are
arranged randomly, then since arterioles outnumber venules, we
find tissue regions that contain only arterioles in their interior
and on their boundary. Arterioles in the interior of such a region
are screened by the arterioles on its boundary and supply much
less blood, creating a low-flow region.

Adding Arterioles Does Not Increase Tissue Perfusion. Because low-
flow regions emerge in regions of tissue containing only arte-
rioles or venules, increasing the number of penetrating vessels
may not improve the overall perfusion of tissue. To test the
effect of the number of arterioles on cortex perfusion, we placed
venules on a regular grid and then added arterioles randomly,
also at grid points to ensure a minimum spacing between ves-
sels (Fig. 44 shows the total set of available sites). We calculated

both the total perfusion ([ [|g||> dzdy)'/? and the uniformity
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Fig. 4. Effect of varying arteriole-venule ratio on perfusion. (A) Venules

are arranged on a uniform square grid, and arterioles are added randomly
one by one at sites marked with red dots. Blue regions show low flow
after all red sites have been filled. (B) Change of mean perfusion with the
arteriole-venule ratio when the arterioles are set on the grid randomly one
by one to vary arteriole-venule ratio. (C) Fraction of tissue with low per-
fusion, for varying arteriole—venule ratio. Arrows show the measured most
numerous—least numerous penetrating vessel ratios for humans (11), Rhe-
sus monkeys (12, 21), Sprague-Dawley rats (22), and C57/BL6 male mice (5).
For primate brains, arterioles are more numerous, so the reported ratio
is arterioles/venules; for rodent brains, venules are more numerous, and
venule/arteriole ratio is reported.

(fraction of tissue receiving more than 40% of the median
flow) in the midplane after each arteriole was added. Results
are insensitive to the threshold at which low flow is identified
and to the precise configuration of vessels (three other simu-
lated sequences of increasing arteriole-venule ratio, each with
different thresholds, are shown in SI Appendix, Fig. S3).

When we first start adding arterioles to the network, the over-
all uniformity of flow increases with the number of vessels, as
adding arterioles initially eliminates the low-flow regions that
form between groups of venules (Fig. 4 C, Inset). However, once
the ratio of arterioles to venules exceeds three, further increasing
the number of venules starts to decrease the perfusion unifor-
mity, as regions of tissue bordered by arterioles begin to emerge.
At the same arteriole-venule ratios, the flux into the tissue sat-
urates (Fig. 4B). Fluxes saturate because pressure conditions
are imposed on the ends of arterioles, so arterioles that are
added within existing low-flow regions do not experience pres-
sure drops large enough to act as significant sources within the
porous medium.

The modeled ratio (2.6) at which both fluxes into the tissue
saturate and the perfusion uniformity starts to decrease quan-
titatively match the arteriole-venule ratios measured in real
primate cortices: including humans, median 2.5 (interquartile
range: 1.75 to 3.7) (11); and Rhesus monkeys, median 2.58 (12).
In mouse or rat brains, there are more venules than arterioles.
However, in our calculations, the roles of arterioles and venules
can be reversed without affecting the size or number of low-
flow regions. So another set of optimal configurations exist in
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which the venule-arteriole ratio should be close to 2.6. Indeed,
the normal ratio of the two vessels in mice and rat cortical net-
works is 2.6 to 3 (5, 21). So in both primates and rodents, the
most-numerous to least-numerous ratio is very close to optimal
for maximizing uniform perfusion (Fig. 4C). By contrast, when
we consider microvasculatures outside of the cortex, such as
the cat lung, microvessels are not parallel, and, unsurprisingly,
the venule-arteriole ratio (1.25) diverges from the predicted
optimum (23).

Why would cortical micronetworks have arteriole-venule
ratios that optimize perfusion uniformity? Recent studies of the
trunk microvasculature of embryonic zebrafish show that the
conductances of intersegmental vessels are optimized to ensure
uniform flow between vessels and, hence, achieve uniform per-
fusion of the trunk (15, 24). Perfusion uniformity implies that
every tissue receives the same flux of blood and so may provide
a general organizing principle for the arrangement and num-
bers of vessels in microvascular networks, including in the cortex.
Alternatively, arterioles and venules require blood and energy to
maintain and deny space to gray matter; the governing tradeoff
for arteriole-venule ratios may be the diminishing returns in total
blood supply from increasing the number of arterioles.

Throughout this study (and consistent with mapped networks;
SI Appendix, Fig. S4), we have assumed a random arrangement
of penetrating vessels. Yet, ordered arrangements of vessels may
improve perfusion (Fig. 3 D-F). We explored the extent to
which nonrandom arrangements outperform random arrange-
ments, by starting with the same lattice of venules and varying
the arteriole-venule ratio by placing arterioles sequentially and
according to a greedy optimization, in which each new arteriole
was added at the grid point with the lowest flow, while main-
taining minimum distance from all other vessels in the network.
This algorithm places arterioles regularly around the Voronoi
boundaries between the venules (SI Appendix, Fig. S5B), avoid-
ing creating any convex regions that contain only arterioles.
Under the optimal arrangement, both mean flux and unifor-
mity converge to a limit, rather than selecting for a specific
arteriole-venule ratio. Nonetheless, real penetrating vessels have
statistically random configurations, at least on large enough
length scales (SI Appendix, Fig. S4). Indeed, penetrating ves-
sels form nearly simultaneously (25), so optimal arrangements
that arise from steering vessels to existing regions of low per-
fusion aren’t possible. Yet, the plateauing of total perfusion
(SI Appendix, Fig. S5C) and perfusive uniformity (S Appendix,
Fig. S5D) with increasing arteriole—venule ratios means that
even under optimal arrangement, if the cost (e.g., from loss
of space available to gray matter) of adding additional vessels
were included, there would still be an optimal ratio of venules
to arterioles.

Penetrating Vessel Conductances Do Not Directly Control Perfusion.
In cortical microvascular networks, conductances of penetrating
vessels and capillaries dynamically respond to neuronal activity
(26, 27). High neuronal activity requires increased cerebral blood
flow (CBF) to meet the tissue’s increased glucose requirements
(3, 28) [though oxygen demands may also stimulate blood-flow
responses (29)]. Increases in CBF are achieved by the dilation of
arteries, arterioles (30, 31), and capillaries (32, 33). Meigel et al.
(34) showed theoretically that the hierarchy of vessel radii in the
mouse sensory cortex ensures that the glucose delivered by a par-
ticular vessel to the surrounding tissue typically increases when
that vessel’s conductance increases. However, their analysis did
not explore interactions between vessels—specifically, how over-
all tissue perfusion may be affected by conductance changes.
We hypothesized that since increasing vessel conductances can
change the location of low-flow spots within the tissue, regions
of tissue not immediately perfused by the affected arteriole may
lose perfusion.
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We first performed a perturbation analysis of penetrating
vessels using the real mouse vasculature in ref. 5, individually
dilating them (increasing their conductances 10-fold) to model
vessel dilation or blocking them (setting their conductances to
zero) to model ischemic damage within the mapped mouse sen-
sory cortex (venule—arteriole ratio: 2.88). Tenfold conductance
increases were chosen because reported arteriole diameters
ranged from 5um, comparable to a mouse red blood cell, to
12 pm, a regime in which even small changes in vessel diameter
can greatly affect conductances (15). However, our results were
qualitatively the same under smaller increases in conductance.
In the mouse sensory cortex, venules outnumber arterioles, so
low-flow regions are typically bounded by venules (Fig. 2). We
found then that increasing any arteriole conductance increased
flow in the arteriole, consistent with ref. 34, and also increased
global perfusion. Similarly, blocking an arteriole consistently
reduced global perfusion (Fig. 54). Conductance changes in
the more numerous venules, by contrast, led to unpredictable
effects. Surprisingly, increasing venule conductance decreased
mean perfusion for 78 (of 127) venules, while blocking the venule
increased mean perfusion for 49 venules. For 32 venules, either
increasing the conductance or blocking the venule decreased
mean flux. Low-flow regions tend to form around whichever
vessel is more numerous, and the movement of these regions
causes nearby vessels to have less precise control over perfu-
sion. Hence, the less numerous vessels control perfusion more
precisely, or, equivalently, fluxes are more robust to changes in
conductance, e.g., due to injury, among the more numerous of
the penetrating vessels. Similar results were obtained by using
other samples of real mouse brain vasculature (SI Appendix,
Fig. S6).

To test our hypothesis that low-flow regions determine the
response of perfusion to vessel conductance changes, we per-
turbed conductances in our continuum models of the cortex.
(Mean fluxes in the continuum model [Figs. 4B and 6C] are
numerically much smaller than for the network model [Fig. 54]
because they are essentially volume-averaged, i.e., multiplied by
the volume fraction occupied by capillaries, ¢ = 0.86% — 1.53%).
For representative comparisons, Fig. 64 shows the different
effects of individually increasing conductances fivefold in two
arterioles (nos. 19 and 16, according to Fig. 34). When arteri-
ole 19, surrounded by a mix of arterioles and venules, is dilated,
capillaries in the pathway from the arteriole to the surrounding
venules receive increased flow (Fig. 6 A, Upper Left). Other arte-
rioles perfuse less flux into the tissue because of a global increase
in average pressures, but the total perfusion increases (Fig. 6C).
Compared to Fig. 34, the total area of the low-flow region
slightly increases, while preserving roughly the same shape (Fig.
6 A, Upper Right). Conversely, when arteriole 16, surrounded
by arterioles and in the middle of a low-flow region, is dilated,
the flux to surrounding capillaries actually decreases (Fig. 6 A4,
Lower). In other words, dilating the arteriole in the middle of
a low-flow region may have counterintuitive effects upon perfu-
sion. We systematically and individually dilated each of the 24
arterioles in Fig. 34. For most arterioles, increasing conductance
increased mean perfusion (Fig. 6C); however, mean perfusion
decreased when 4 of 24 arterioles dilate (arterioles 9, 13, 16,
and 21; labeled in Fig. 34). Although arteriole dilation is usu-
ally thought of as a method to achieve a localized increase in
perfusion (5, 34), we found that in over half of cases, dilating an
arteriole actually created more uniform perfusion, reducing the
total low-flow area (Fig. 6D).

We then studied the effect on perfusion of blocking the same
arterioles, representing ischemic damage to the network, sim-
ilar to that induced in mouse brains using optically mediated
occlusion (35). In separate simulations, we blocked arterioles 19
and 16 from Fig. 34, setting the conductance of the blocked
arteriole to zero. Since arteriole 19 sits on the boundary of a
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low-flow region, its blocking removed the previous stagnation
points between it and the other arterioles, allowing blood in
the low-flow region to flow out to surrounding venules (Fig.
6 B, Upper Left). A lower global pressure also ensures that
the other arterioles have a larger pressure drop and perfuse
more; hence, mean perfusion and overall perfusion uniformity
increased (fraction of tissue with more than 40% median blood
flow increased from 84.56 to 93.85%) (Fig. 6D). More impor-
tantly, there is no large low-flow area formed near the blocked
arteriole 19 (Fig. 6 B, Upper Right). Conversely, when arteri-
ole 16, inside a low-flow region, is blocked (Fig. 6 B, Lower),
the surrounding arterioles formed new stagnation points and
caused a large continuous area of low-flow region around the
blocked arteriole. However, the mean perfusion and perfusion
uniformity still increased due to the lowered global pressure.
Systematically blocking every arteriole in separate simulations,
we find that blocking any arteriole increased mean perfusion
and perfusion uniformity (Fig. 6 C and D), but that the largest
increases in perfusion uniformity occurred when an arteriole on
the boundary of a low-flow region was blocked (numbers on
plot identify arterioles from which data were taken). Because
of the linearity of the underlying equations, dilating or blocking
venules would have similarly unpredictable effects in modeled
tissues, in which venules outnumber arterioles, as can be seen
if we swap arterioles and venules in our model (SI Appendix,
Fig. S7).

To expose the limits on flow controllability, we compare the
change in mean perfusion from dilating a vessel to the change
in mean perfusion from blocking the same vessel. For 20 of
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the arterioles, mean perfusion increased whether the vessel was
dilated or blocked. Similar results were obtained when differ-
ent arrangements of vessels were perturbed in the same way
(SI Appendix, Fig. S8) or when the total inflow into the tis-
sue was plotted instead of the mean perfusion (SI Appendix,
Fig. S9).

Discussion

We present a computationally efficient method for representing
the perfusion of blood through tissues via continuum-level mod-
eling. Assuming a uniform permeability within the capillary bed,
we can use a slender-body approximation, replacing penetrating
vessels by lines of sources or sinks that fill or drain a contin-
uum model of the capillary bed. This approximation reduces
the partial differential equation (PDE) solution to finding the
strengths of sources and sinks along each penetrating vessel.
We chose this approach because, in many real situations, com-
plete maps of the microvascular network do not extend below
the arteriole level (36), and the structure of the capillary bed
between arterioles and venules can only be assumed. In the
few networks where comprehensive capillary-level mapping has
been performed, such as the mouse sensory cortex, the perme-
ability of the capillary bed has some spatial heterogeneity—we
found a coefficient of variation of 0.8423 when we partitioned
the domain into boxes of size 2.86 x 107® mm?. Nonethe-
less, our continuum model agreed in most quantitative respects
with synthetic networks that are known to model the conduc-
tance hierarchies and connectivities of the real sensory cortex
microvasculature. Furthermore, our theory can be extended to
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Fig. 6. In a continuum model with more arterioles than venules, changes in

arteriole conductance, but not changes in venule conductance, have unin-
tuitive effects upon perfusion. (A and B) Effect of blocking or increasing
conductances of arterioles 19 or 16 (the numbering of arterioles follows Fig.
3A). (A and B, Left) Colored regions represent areas where flow increased
(yellow) or decreased (cyan) by more than 10%. (A and B, Right) Low-
flow spots after conductance change (blue regions). (C) The mean flux
distribution after increasing the conductance of individual arterioles five-
fold or block them individually. The blue horizontal line represents the
mean flux before any conductance change. Mean flux is calculated on
the midplane. (D) Fraction of tissue in midplane that is well-perfused
(greater than 40% of median flow) when arteriole conductances are indi-
vidually increased fivefold or arterioles are blocked. The blue horizontal
line represents the ratio of well-perfused area before any conductance
change.

model spatially heterogeneous conductances by replacing the
known Green’s function for point sources by source terms within
the porous medium equations and solving for source strengths
self-consistently with fluxes, a problem with a rich set of PDE
precedents (37, 38).

With so many sources and sinks distributed through the tis-
sue, it may be unsurprising to see points where flows cancel to
produce regions of low flow. Because of the approximately two-
dimensional nature of flows in the midplane of our model, we
expect, based on index theory, that the number of these points
will simply increase with the number of penetrating arterioles.
However, regions of low flow tend to be delimited by groups
of penetrating vessels of the same type (either all arterioles or
all venules), setting the sizes of low-flow regions, and selecting
for an optimal ratio (~2.6) of arterioles to venules or con-
versely, that is remarkably close to the ratios seen in real cortical
microvasculatures.

We have not sought to establish whether or not low-flow
areas obstruct the transfer of oxygen and metabolites to the tis-
sue, since both may diffuse some distance [the Krogh length
(39)] through the tissue. Indeed, in the mouse sensory cortex,
the typical spacing of penetrating arterioles is comparable to
twice the Krogh length of oxygen, ~130um (39, 40). In our
model, tissue and blood flow have already been integrated into
a single continuum, so little modification of the model would
be needed to include the transport and diffusion of metabo-
lites. Here, however, we have focused only on perfusive flows,
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including analyzing the complex effect that changing the con-
ductance of a vessel in a low-flow spot has on the nearby flows.
The structural constraints that emerge from this analysis may
explain why there is no particular association between penetrat-
ing vessels and the neuronal columns they supply (5, 12) and
why vessel dilation is never restricted to a single penetrating
arteriole (41).

Maximizing perfusion or perfusion uniformity selects for an
optimal ratio of most numerous penetrating vessels to least
numerous; this ratio can be obtained by having more arterioles
than venules (as in primates) or conversely (as in rodents). Do
physical constraints also determine which vessel type is more
abundant? In Fig. 54 and SI Appendix, Fig. S6, we modeled
blocking venules and arterioles in two real mouse brain vascula-
ture systems. Since arterioles are the less numerous penetrating
vessels, dilating or blocking an arteriole directly changes blood-
flow fluxes. By contrast, fluxes are relatively robust to changes in
venule conductance. Intriguing hypotheses emerge from this—
ischemic damage tends to arise from occlusions within the
arterial network, likely due to its vessels being narrower than
the venous network or because dislodged plaques or thrombi
encounter arteries before they encounter veins (40). In long-lived
primates, selection may be for networks that are more robust
to microocclusions that affect arteriole conductances (i.e., there
is selection for more numerous arterioles), while in mice that
do not live long enough to accumulate this damage, more pre-
cise control over perfusion (i.e., less numerous arterioles) may
be selected for (34). In model tissues with more numerous arte-
rioles, we predict striking robustness of perfusion to occlusion
of arterioles, which may link to the variable pathophysiology of
ischemic events (42, 43). Conversely, in experiments with rodent
brains, blockage of arterioles invariably leads to cyst formation
(21, 40), but so does blockage of venules (21), and we must con-
sider how closely our simple model of removing vessels approx-
imates the damage produced when vessels are blocked exper-
imentally. Nonetheless, our models emphasize the importance
of the baseline distribution of low-flow regions when evaluating
a microvascular network’s tolerance to aging and injury-related
damage (44).

Our model predicts perfusion heterogeneities caused by the
topology of penetrating vessels and their effects on blood-flow
regulation during cerebral functional activities. Past experiments
support our prediction of extreme heterogeneity of CBF (45,
46), as well as the shift in heterogeneity during neuronal acti-
vation. However, these experimental studies mainly focused on
the heterogeneity of blood flow across individual capillaries and
either interpreted it as having unclear physiological significance
(47) or classified it as a form of capillary dysfunction (48) and
provided little data on the spatial patterns of heterogeneity
that could reveal the physical inevitability of low-flow regions.
Fenstermacher et al. (49) recognized alternating columns of
high- and low-flow rates, but speculated that the microvascular
flow columns corresponded to cortical neural columns, which
was ruled out by ref. 5. As for perfusion regulation, Yaseen et
al. (50) found a global redistribution of CBF in penetrating ves-
sels during a localized functional activation and stated it is not
well understood how CBF redistributes on a microvascular level
in response to localized functional activity.” Our theory suggests
that these questions may be answered by analyzing spatial pat-
terns of heterogeneity prior to, and CBF redistribution during,
neural activity.

Data Availability. Codes in Zenodo (10.5281/

zen0do.5098086).
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