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Abstract

Psychological evidence indicates that a person’s well-being depends not only on his
current consumption of goods, but on a reference level determined by his past consumption.
According to Kahneman and Tversky’s (1979) prospect theory, people care much more about
losses relative to their reference points than about gains, are risk-averse over gains, and risk-
loving over losses. We define these characteristics as loss aversion. We incorporate an extended
form of loss aversion into a simple two-period savings model. Our main conclusion is that, when
there is sufficient income uncertainty, a person resists lowering consumption in response to bad
news about future income, and this resistance is greater than the resistance to increasing
consumption in response to good news. We discuss some recent empirical research that confirms
this predicted asymmetry in behavior, which seems inconsistent with other models of
consumption. '
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1. Introduction

Psychological evidence indicates that a person’s well-being depends not
only on his current consumption of goods, but also on how his current
consumption compares to his past consumption.1 As documented by Kahneman and
Tversky (1979, 1991, 1892), underliying many instances of such
reference-dependent preferences is a fundamental asymmetry in how Iincreases
and decreases in consumption are evaluated: People care much more about losses
relative to their reference points than about gains. Moreover, while people
are risk averse in gains, they are risk loving in losses. We refer to these
combined characteristics as loss aversion.

In this paper, we incorporate an extended form of loss aversion into a
two-period savings model where a consumer faces uncertainty over his
second-period income. To capture the i1dea that preferences depend on past
consumption, we follow the recent literature on habit persistence (see Ryder
and Heal {1873)) by assuming that a person’s secondjperiod reference point is
a weighted average of his initial reference point and his first-period
consumption.

Our main conclusion is that, when there is sufficient uncertainty, a
person tends to resist consuming below his reference point in the first period

even when his expected average per-period income is below his reference point.

1 For an excellent survey of the psychological evidence along these lines,
see Kahneman, Knetsch, and Thaler (1991). Other recent papers considering
effects of the status quo on behavior are Samuelson and Zeckhauser (1988) and
Thaler {1980). For empirical evidence regarding habit persistence, see Ferson
and Constantinides {(19891).

2 We are abusing terminology here; Kahneman and Tversky (1979) coined the
term "loss aversion" to mean the basic gain-loss asymmetry alone.




This resistance to changing consumption is asymmetric. Formally, though a
consumer will never consume below his reference level when he anticipates an
average per-period income above his reference level, he might consume above
his reference level when he anticipates an average per-pericd income below his
reference level. This asymmetry is due largely to the risk-loving attitude
towards losses, which most clearly differentiates our model from both the
classical utility function and recent theoretical literature on habit
persistence.

Our model conforms with the general intuition--posited at least as far
back as Duesenberry (1852)--that people resist decreasing their standard of
living in response to bad news about income. Our results also conform with
recent empirical research by Shea (1883a, 1893b), who provides evidence of
asymmetric behavior consistent with our model. His results are inconsistent
with the standard life-cycle model, and are not explicable by alternative
hypotheses such as liquidity consiraints or myopia.

Because loss aversion encapsulates important psychological facts about
how preferences and attitudes towards risk are influenced by reference points,
we feel it deserves significant attention by mainsiream economists. Beyond our
results on savings, therefore, we see this paper as an attempt to grapple with
some more general issues involved in incorporating loss aversion into formal
economic analysis. Our research has indicated, for instance, that loss
aversion may have little predictive power in feormal models of dynamic
decigion-making unless ancillary assumptions are made about how a person’'s
welfare is affected by changes in his reference point. To get results in our
savings model, we assume that preferences exhibit acclimation: Fixing a
person’s consumptién, he is happier if his reference point matches his
consumption than if it 1is either higher or lower. As we show in Section 3,

this assumption guarantees that if a person is certain that his average income




will be just sufficient to consume each period at his reference level, he will
do so rather than vary his consumption across periods.

In developing our formal model, we have of course made some compromises
with behavioral evidence. For instance, while we have adopted loss aversion
from Kahneman and Tversky (18979, 1892), we have ignored other aspects of their
more general prospect theory. They demonsirate that people are subject to
framing effects--a person may behave differently if a logically equivalent
decision is framed te him in two different ways.3 They also show that the
decision weights people use in evaluating the riskiness of their choices may
differ from the true probabilities. We ignore these and other issues because
we feel they are simply not as tractable nor as generalizable as loss
aversion, and, in taking the pragmatic strategy of incorporating new
assumptions one at a time, loss aversion seems an ideal candidate tq start
with. Moreover, it does not appear that adding other behavioral assumptions
would substantially change the qualitative differences between our model and
the standard life-cycle model of savings.

We begin in Section 2 by presenting Kahneman and Tversky's {1873)
original formulation of loss aversiqn, our extensions of loss aversion, and
two simple propositions comparing loss aversion to the standard economic model
of risk aversion. In Section 3, we present our savings model and our formal
results (including some weak results addressing the classical question of how
savings behavior is affected by changes in income uncertainty). In Section 4,
we discuss Shea’'s (1983a,1993b} work and other empirical evidence on

consumption and savings behavior, and consider how this evidence reflectis on

3 Thaler's (1980, 1985, 1990) notion of mental accounting is somewhat related
to the idea of framing effects, and Thaler (1990) demonstrates that mental
accounting may play an important role in savings behavior, implying that
people treat different sources of income differently even when standard theory
predicts that they are interchangible.




our model. We conclude in Section 5 by discussing possible extensions of our
savings model, and briefly considering other economic applications of loss
aversion.

2. Loss Aversion and Acclimation

In this section, we review the basic model of preferences developed by
Kahneman and Tversky (1879) and outline our extensions. To formally
incorporate the idea of reference dependence, we assume that a person’s
utility is a function of beth his level of consumption, ¢, and his reference
level for consumption, r. We assume for simplicity that utility is separable
in the reference level and the deviation of actual consumption from the

reference 1evel4:

Ulr,c) = wir) + vic-r),

where w(+) is the "reference utility," v(:} is the "gain-loss utility,"” and
U(+,+} is overall utility. We shall assume that the function is defined for
all non-negative values of r and c¢. For convenience, we shall also assume that
both components of the utility function are continuous and, except when c = r,

are twice differentiable.

4 While this assumption simplifies our analysis, it is somewhat restrictive
in that it implies a type of constant absolute risk aversion. To quote
Kahneman and Tversky (1979, page 277), "The emphasis on changes as the
carriers of value should not be taken to imply that the value of a particular
change is independent of initial peosition.... the value functions ... are
likely to become more linear with increases in assets. However, the preference
order of prospects is not greatly altered by small or even moderate variations
in asset position."” Because for other reasons we interpret our model as being
realistic for only moderate changes in a person’s income, we feel that this
simplification does little harm to our analysis.




2.1 Loss Aversion

We begin with the assumptions on the utility function incorporated into
Kahneman and Tversky's t1979,1992) prospect theory. Because their analysis
concerned the case where the reference point is fixed, tastes are determined
entirely by v(-). We normalize v(-) to be equal to zero if ¢ = r, so that v(0)
= 0 and Ulr,r) = w(r). Kahneman and Tversky posit the following three

characteristics of v(-):

Assumptions V1-V3:
V1. v{x) is strictly increasing in x.

V2. v(x) is strictly concave for x > 0 and strictly convex for x < 0.

V3. If y > x > 0, then v(y) + v(-y) < vix) + v{(-x} < Q.

Assumption V1 says that "more is better"--v{-) is an increasing function,
which implies that U(-,-} is increasing in c¢. Assumption V2 implies that
people are risk averse in situations invelving a sure gain, but also implies
that people are risk loving in situations involving a sure loss. Assumption V3
ig that the marginal utility of a loss is sfrictly greater than the marginal
utility of a comparable gain.

The experimental evidence (see Tversky and Kahneman (1992)) indicates
that the ratio of loss aversion—-the marginal utility of losses divided by the
marginal utility of gains--is often approximately 2. That is, a loss of one
unit is two times more unpleasant than a gain of one unit is pleasant.
Moreover, evidence indicates that the relative distaste for losses exists even
for very small changes, and the algebraic examples Tversky and Kahneman
{1991, 1992) estimate have a "kink" such that the ratio of loss aversion is
strictly greater than 1 for even infinitesimal gains and losses. We formalize

this idea in Assumption V4:




Assumption V4:

-y - d =L > 1.
Limitxdqo vi{-x)/v'(x) L>1

Assumptions V1-V4 can be graphically represented by the following

classical diagram:

vic-r)

B

Loss aversion yields different conclusions about attitudes towards risk
than does standard theory. In Proposition 2.1, we show that it captures a
strong form of "local risk aversion” that differs from standard theory.
Standard theory predicts that people are very close to risk neutral for smail
bets, and will accept any slightly-better-than-fair bet if it is small
enough.5 Because of Assumption V4, loss aversion predicts the opposite
result--that people will reject any slightiy-better-than-fair bet Iif it is
small enough.

Formally, consider a bet as a distribution f over gains and losses, and

say that we are scaling it by k > O when we consider the bet where all values

5 For discussions regarding this facet of the standard approach to risk
aversion, see Arrow (1974), Pratt (18964), and Samuelson (1981}.




of f are multiplied by k. Then standard theory predicts that for every
better-than-fair bet f, there exists € > 0 such that for all k < £, a person
will accept the bet [ scaled by k.

In contrast, loss aversion predicts:

Proposition 2.18:

Let f be any better—-than-fair bet with a lower bound on losses, and with
a positive probability of a loss; let g be any fair bet with 2 lower bound cn
losses; and let h(p) = pf + (1 plg for p € (0,1]. Assumptions V1-V3 imply that
there exists an € > 0 and p € (0,1] such that for all k < € and p < p , &

person will reject h{p) when scaled by k.

Locally, then, loss aversion implies a stronger form of risk aversion
than does the standard theor‘y.7 Globally, however, the situation is different.
As is well known, the standard assumption of a concave utility implies that a
person will reject all fair bets. While loss aversion implies risk aversion
for both small bets and symmetric bets of any size, the more general risk
aversion predicted by the concave utility function is not guaranteed. In fact,

empirical evidence suggests that some systematic deviations from risk aversion

All proofs are in the Appendix.

Proposition 2.1 formalizes the idea of local risk aversion as a limit
result. Of course, such a result concerning infinitesimal bets has obviously
not been empirically established, and is preobably not in itself economically
important. The more important point is that experimental evidence indicates
that we ought not presume that extensive aversion to risk is only an issue
when stakes are large. Proposition 2.1 therefore formalizes the more general
idea that loss aversion is more realistic than the standard approach, which
inherently implies that pecple are nearly risk neutral for small bets.

Recently, papers such as Segal and Spivak (1988) consider ways to modify
utility theory to get "First-order risk aversion" {where
slightly-better-than-fair bets are turned down no matter how small) of the
type we get, rather than the classical "second-order risk aversion." This
literature, however, attains first-order risk aversion by relaxing the
assumption of expected-utility maximization. By contrast, Proposition 2.1
shows that first-order risk aversion can be a consequence of loss aversion,
even if one works within the expected-utility framework.




do exist.8 However, we do not consider these deviations to be a central issue
in savings behavior, and so on this issue we conform to the standard theory. .
Specifically, Assumption VB states that a person will turn down any fair bet

centered around his reference point--including asymmetiric ones of any size:

Assumption V5:
For all 12p2 0, x> 0 and y < 0 such that p'x + (1-p)-y = 0,

p-vix) + (1-p)-v{y) < O.

Assumption V5 is equivalent to the condition that the marginal disutility

of a loss is everywhere greater than the marginal utility of a gain. Formally:

Proposition 2.2:
If v(-) satisfieg Assumptions Vi-V4, then it satisfies Assumption VS if

and only if for all x 20 and y < 0, v'{y) > v/ (x}.

If preferences meet Assumptions V1-VS5, we say they exhibit general loss

aversion.

2.2 Acclimation

In the type of intertemporal setting we consider in this paper, future
reference points may be affected by current choices. Individuals may realize
this, and be influenced by reference~point effects when making consumption

decisions. For instance, a consumer may be cautious in developing a luxurious

8 While Kahneman and Tversky do not assume that people refuse all fair
bets, their discussion of viclations of this assumption focuses more on the
manner in which people use probabilities in making decisions (for instance,
ignoring small, but non-zero, probability ocutcomes) than on the properties of
v(+). Tversky and Kahneman (1992) estimate a parameterization of v(-) that
implies that the marginal disutility of a loss is greater than the marginal
utility of a gain whenever the loss is less than 860 times the size of the
gain; only extremely asymmetric fair bets will be accepted. Especially because
we do not in any event conceive of our results as being relevant in the case
of very large losses in income, we feel that the addition of Assumption VS
does relatively little damage to the realism of our results.




lifestyle because he knows that doing so will make him less happy if he later
- becomes impoverished. We must therefore make assumptions about how a person’s
welfare depends on his reference pecint. We have little empirical guidance on
this issue, but make what we feel are sensible choices for the problem at
hand.

The gain-loss utility v(:) represents the amount of pleasure or
displeasure the consumer experiences from gains or losses relative to his
reference point w(:)}, whereas w(-) corresponds to that portion of a person’s
well-being that is determined by his reference point. Assuming that reference
peints tend eventually to adjust to levels of consumption, w(:-) can be
interpreted a kind of "long-term” utility function, representing how much
material pleasure a consumer gets from consuming amount r after he becomes
accustomed to that consumption level. We shall make the conventional

assumptions that w{:) exhibits non-satiation and diminishing marginal utility:

Assumption Wi:
w(:) is increasing and strictly concave everywhere.

While our assumptions about w(:) are relatively straightforward, we must
also make assumptions about the relationship between w(:) and v(-). For

reasons which will be explained shortly, we assume the following:

Agssumption VWI1:

We assume U{r,c} exhibits acclimation: When r > ¢, 8U{r,c)/8r < 0, and
when r < ¢, 8U(r,c)/8r > Q. For preferences meeting Assumptions V1-V5 and W1,
this is true if and only if for all r = 0, x = 0, and y =z 0,

vx) > w(r) > v (y).°

° This last formulation shows that acclimation stengthens the condition of
general loss aversion via an additional restriction on w'(-). If preferences
do not exhibit general loss aversion, therefore, they cannot exhibit
acclimation.




This assumption says that, fixing his consumption level, an individual is
happier the smaller his loss or the smaller his gain. The flirst part of this
assumption seems uncontroversial, but the second part may seem less
natural--it says that somebody who is consuming a lot now will be happier if
he is accustomed to it than if he had previcusly been poor. We show in the
next section, however, that this assumption is needed to guarantee reasonable
intertemporal behavior. In particular, acclimation guarantees that a person
will not purposely consume below his reference point in the present solely to

consume above his reference point in the future.lo

3. A Tuo-Period Model of Savings

We now consider the implications of general loss aversion and acclimation
in a simple two-period model of a consumer’s savings decision. We assume that
there are two periods remaining in a consumer’s life, and any uncertainty in
his total remaining income will be resolved only in the second pericd. We do
not allow a consumer to consume less than zero in either period, and assume

that he cannot borrow against uncertain future income (which would risk

10 The empirical wvalidity of acclimation is hard to infer from the existing
empirical and experimental evidence. Some research (see, for instance, Frank
and Hutchens (1890), loewenstein and Sicherman (1991), and lLoewensiein and
Prelec (1892)}) has found that, fixing average lifetime income, people prefer
their income to be increasing over time, rather than either flat or
decreasing. Even if we infer preferences over consumption from this evidence
on preferences over income, this research does not tell us about the valldity
of acclimation. The preference for increasing rather than steady consumption
does not violate acclimation, uniess a person is willing to consume below his
current reference point in order to consume above his reference level in the
future. There are, for instance, many circumstances in which a person whose
preferences satisfy acclimation will intentionally choose second-period
consumption above his first-period consumption. Acclimation only implies that
a person would not choose increasing consumption aver steady consumption when
it would mean consuming now below the level to which he is accustomed.

10




default); but we assume that there are no liquidity constraints which prevent
him from consuming any guaranteed second-period income in the first period.
For simplicity, we assume no discounting and that savings earn no interest. Ve
let r, be the reference level in period t, and let c; be consumption level in

t

period t. The consumer’s total two-period utility is given by:

U(rl,c = [w(rl) + v(cl—rlll + E {[w{rz) + v(cz-rz}]}.

1;1’2.c2)

The consumer chooses his first-period consumption after he knows his
first-period income, but with probabilistic beliefs about his second-peried
income. The nature of the maximization problem is clearly deterﬁined by the
way in which reference points are formed. We will model reference-point
formation in a manner consistent with recent literature on habit persistance

in consumption.11 We take the first-pericd reference peint, r., as exogenously

1)
determined.12 The second-period reference point, r,, will be determined in part

by r and in part by the first-period consumpticn level, cyt

1)
= (l—a)rl + acy, where ¢ € [0,11].

Ty

The parameter a represents the speed at which the reference point changes

in response to recent consumption. If w = 0, then first-periocd consumption hasg

1 Ryder and Heal (1973) introduced habit persistence to formal modeling; it
has been employed more recently by Becker and Murphy (1888), Boyer (1883},
Constaninides (1990), Detemple and Zapaterco (1991}, and Sunderasan (1988).
12 Though we take r as exogenous, it can be usefully interpreted as
follows. Suppose that, early in his life, a consumer becomes highly confident
about his lifetime income, and consumes c, per year under the hypothesis that

he can maintain this level of consumption until he dies. Now suppose that,
with two periods left in his life, there is suddenly a change in his expected
future income. In this scenario, the results in the text about what happens
when expected future per-period income is above or below the reference level
can be re-interpreted in terms of the consumer getting information that his
expected future income will be, respectively, more than or less than he had
been expecting.

11




no effect on the consumer’s second-period reference level, so that utility is
time-separable; if o« = 1, then the second-pericd reference level adjusts fully

to first-period consumption.

3.1 Consumption Behavior When Income is Certain

ﬁe begin our analysis by examining the consumer’s behavior when he faces
no uncertainty. We denote by cliY) and CZ(Y) the consumer’s choice of first-
and sécond—period consumption if faced with a sure total income of Y. Our

results are summarized by Theorem 1:

Theorem 1:

If the constraints ¢y =z 0 and c, =z 0 are ignored, then for all a« > 0O,

CI(Y) and cz(Y) are continuous and strictly increasing, with ci(Y) = CZ(Y) =

r1 when Y = 2r1.

If the constraints 01 =z 0 and c, z 0 are imposed, then for all a > O,

CI(Y) and CZ(YJ are continuous and non-decreasing, and for Y = (l-a)rl, CI(Y)

and CZ(Y) are strictly increasing, with cl(Y} = cz(Y) =r, when ¥ = 2r1.

Theorem 1 says that--except for cases where the constraint that
consumption cannot be negative in either period is binding--a consumer will
increase both his first and his second pericd consumption in response to an
increase in his lifetime income. In other words, both first and second period
consumption are normal goods. It also says that he will consume below his
current reference level if and only if his lifetime income will not be able to
support continued consumption at or above his current reference level. We
consider both these features of behavior to be natural when there is no
uncertainty.

In Section 2, we introduced the assumption of acclimation (Assumption
VW1), which describes a consumer’s preferences over his reference point for a

fixed consumption level. We discussed how one aspect of acclimation--that a

12




person with a high standard of living is happier if he is acclimated to that
standard of living than if he is accustomed to bheing poor--may strike some
readers as counterintuitive. In particular, this assumption may seem to go
against the intuition that people like improvements rather than staying where
they are. Proposition 3.1 establishes, however, that this aspect of
acclimation is in fact necessary in order to get the behavior implied by

Theorem 1.

Proposition 3.1:

If preferences meet Assumptions V1-V5 and W1, then Theorem 1 holds for

all ry z 0 and all Y only if for all rz 0 and ¢ =z r, wir}) > v-(c-r}. Because

v{+) is concave for positive values, this last condition holds if and only if

for all r 2 0 and ¢ > r, Ulec,c) > Ulr,c).

Proposition 3.1 suggests an indirect empirical test for the validity of
acclimation, which is hard to test directly: If the behavior implied by
Theorem 1 captures reasonable intemporal behavior when a person’s lifetime
income is certain, Proposition 3.1 indicates that acclimation may be a
realistic restriction on preferences.

We have not proven that the more straightforwardly intuitive aspect of
acclimation--that, when a person’s reference level is above his current
consumption, he is happier the lower is his reference point--ig necessary for
Theorem 1 to hold. However, Proposition 3.2 establishes that a weaker
condition on preferences which confirms with this intuition is in fact

necessary for Theorem 1:

Proposition 3.2:
If preferences meet Assumptions V1-V5 and W1, then Theorem 1 holds for

ail ry z 0 and all Y only if for all cz 0 and r > ¢, Ule,c) > Ulr,c).

Propositions 3.1 and 3.2 do not show that acclimation is a necessary

13




condition for Theorem 1. This is because, when v(-} is convex in losses,
Ulec,c) > Ul(r,c) does not imply that v/ (r-c} > w (r) when c =z 0 and r > ¢c. This

latter, stronger condition is part of the acclimation assumption;

3.2 Consumption Behavior When Income is Uncertain

In the conventiconal concave-utility framework, the monotonicity obtained
in Theorem 1 extends to cases of uncertainty: If lottery g(-} first-order
stochastically dominates lottery h(-:), then first-period consumption will be
higher if faced with income stream g{-) than if faced with h(-). Example 1
shows that this feature does not hold in our model. The convexity of v(-) over
losses can cause a stochastic rise in income to yield a decline in

first-period consumption.l3

Example 1:
A consumer solves the problem

max_ U(Pl,cl) + E{ U(rz,c 1}

1*72 2
subject to c1 + c2 = Yl + Y2
ry = 1, r, = ¢, {1.e., a = 1)
Y1 = 2.75, prob(Y2= Q) = 3/8, pr‘ob(Y2 = 1) = 5/8

1.25r + {c-r) - .25(c—r)2 if eczr
where Ul(c-r,r) = 5
1.26r + 2.8{c-r) + .B(c-r}" ifc=r

In this example, the optimal cheoice of c, is locally approximated by the

1

equation c1 = 3.28 - .SS-YI, so that increases in Yl lead to decreases in cl.
The intuition for this non-monotonicity is as follows. When the consumer
chooses optimally in this example, he will choose to risk the possibility of

consuming below his reference point in period 2. A rise in income gives the

13 In our examples, we assume that the w(-}’s (and v(-) in Example 3) are
linear, which violates our assumption. We do so for simplicity, and our
conclusions would not be altered if we added a little curvature to make the
functions meet our assumptions.

14




consumer the ability to erase some of his possible loss in the second period;
since the marginal utility of consumption is rising in the loss region, the
consumer may even reduce first-period consumption in order to take advantage

of this new opportunity. In this example, first-peried consumption is an

inferior good.14

Strict non-monotcnicities as exhibited in Example 1 appear to be, in a

loose sense, unlikely.15 Example 2 illustrates what seems, however, to be a

very common outcome in our model: when expected average per-period income is
near the reference level of consumption, a consumer may rigidly set cy =Ty

and be totally unresponsive to modest changes in expected income,

Example 2:
A consumer solves the problem

Maxcl.cz U(Pl’cl) + E{ U(Pz,ch }

subjeect to c1 + c2 1 2

Pl =1, r. = ¢

1.5

1]
<
+
-

Y1 = 2.5 and Y2 uniformly distributed over [~.5,.5]

3r + 2(c-r) - .25(0*r)2 if ¢

1A

¥

r

HI|

where Ule-r,r) 2
3r + 4(¢c-r) + .28{¢c~r}) if c =r
The seolution is:

cy = 2.0825 + .S-Y1 - .25-(73.0625 + Y1)1/2 if YI = 2,131
c, =r, =1 if 1.7081 =Y, = 2,131

1 1 1 1/2
c, = 1.9375 + .5-‘[I - .25-(53.0625 - Yl) if Y1 = 1.7081

The results from Example 2 can be illustrated as follows:

14 It is also possible to construct examples in which second-period
consumption is an inferier good, so that a rise in expected income persuades
the consumer to raise first-pericd consumption by more than the expected
increase in income. .

15 We have been unable to prove any general propositions along these llnes,
but such non-monotonicities seem in general to require that people are, as in
Example 1, rather risk loving in losses.

15




’E(Y) /2

The flat part of cl(Y} in Example 2 reflects the non-differentiability in
the value function v(-). But the more general fact that consumption changes
little around the reference point demonstrates the key feature of our model:
When there is enough uncertainty, people resist lowering consumption in
response to the news that they will probably not be able %to maintain the
standard of living to which they are accustomed. If a person learns that his
'average per-period income is likely to be lower than his current reference
point, he will not immediately consume below his reference level unless he is
very sure that he will never recover his former income level. Thecrem 2 states
that as long as future per-period income exceeds the current reference level
with at least probability «/{1+x), a person will consume at least at his

reference level in the first period:

Thecrem 2:

Suppose that P[Y/2 =z r1] z a/(1+a). Then c, Br, if PlY = rli = 1.

The intuition for this result depends on precisely the two aspects of
loss aversion that are most non-standard to economists--the dependence on

reference points, and risk-loving preferences in losses relative to the

18




reference point. 18 Consumers want to avoid losses, but they are willing to risk
rather large losses in the future to avoid even small losses in their current
standard of living. 17 This "risk-loving” behavior is therefore crucial in
yielding the prediction that people will resist decreasing their consumption.

Theorem 2 also provides some insight intc how changes in the speed at
which a person’s reference point adjusts to recent consumption affects his
behavior. The higher is «, the more willing is a person to decrease his
current consumption in response to bad news about future income. This is
because a higher a« means that lowering consumption will more dramatically
lower the future reference point; if future consumption is likely to be lower,
then such a lowering of the reference point iz a positive feature. Note that
if a person’s reference point is completely unaffected by current changes in
consumption--if a = 0--then Theorem 2 says that the person will never consume
below his reference level unless his income is so low that consuming above his
reference level in the first period risks default.

While Example 2 illustrates that consumption can be sticky both when
expected income is below the reference level and when it is above, there is
more generally an asymmetr"y in our model regarding such stickiness. Theorem 2
implies that consumer behavior under loss aversion is asymmetric with respect

to the reference level, because there are examples where a consumer will

16 In fact, our proof of Thecrem 2 shows that only a weaker form of
Assumption VWl is required. So long as Assumptions V1-VS and W1 hold, then
Theorem 2 holds if w (r} > vé(c-—r) for all ¢ = r.

17 Indeed, in keeping with the (relative) insensitivity of a consumer for
how severe are his potential losses, it is the probability that per-period
income will fall short of the reference level which enters Theorem 2 as a
sufficient condition, rather than the expected wvalue of income. If the
uncertainty itself is symmetric, however, Theorem 2 implies that (for all «) a

consumer will choose c:1 = r, whenever E{Y}/2 =z rl' Thus, consumers will not

consume below their reference level in response to the news that their
expected average income is above their reference point.
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consume above his reference level in response to bad news. Example 3 describes
a situation in which, even though the consumer expects income in the second
period to be below his reference level, he consumes above his reference point

in the first period.

Example 3:
A consumer solves the problem

maxcl,czU(rl,cl) + E{U(rz.cz}}
subject to Sy + e, = Y1 + Y2
Pl = 1; r2 = .5r1 + .Scl
Y1 = 2
Y2 uniformly distributed over [0, .2609]
r + .8889{c-r} -~ 1.7037(c-r)2 ifczr
where Ulc-r,r} =
r + 1.0867(c~r) ifes=sr
The solution is:
c1 = ~. 0473 + .6667Y1 - (=-.1571 + .103Y1)1/2 if 1.8428 = Yl =2
c1 =1 if Y1 = 1.8428
For 1.8428 < Y, < 1.8696, E(Y,) < 2 =2r,, but ¢, > 1. '
Example 3 can be illustrated graphically as follows:
¢
’E(Y)/2

‘%igure 3
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It is this asymmetry implied by Theorem 2 and Example 3 together that we
feel is the main feature differentiating loss aversion from other models of
preferences; we emphasize this asymmetry in Section 4 when we discuss the

evidence from savings data.

3.3 Does Increased Uncertainty Lead to More Savings?

Finally, we wish to consider a classical issue in consumption behavior:
How do changes in uncertainty about future income affect consumption behavior?
A common intuition is that people will increase savings in response to an
increase in uncertainty. Leland (1868} shows that--in a conventional,
time-separable, concave-utility model--this intuition is correct only when the
third derivative of the utility function is positive.18

In our medel, an increase in uncertainty can either increase consumption
or decrease it. Combining Theorems 1 and 2 show that an increase in
uncertainty can decrease savings. Theorem 1 shows that if a consumer knows for
sure that his future income is below his current reference level, he will
consume below his reference level. Theorem 2 shows that if the consumer faces
expected per-period income below his reference level, but believes that there
is a high probability that his per-period income will be above his reference
level, he will consume at or above his reference level.

Thus, when expected income is below the reference level by a small
amount, then an increase in the probability that a consumer will be able to
consume above his reference 1e;e1 each period will lead him to decrease
savings. Part (i) of Proposition 3.3 illustrates this idea. Part {(ii), on the
cther hand, suggests a sel of circumsfances where the classical intuition is

likely to hold: If expected per-period income is above the reference levei by

18 gee also Kimball (1990a, 1990b).
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a small amount, then an increase in uncertainty is likely fto increase savings.

Propogsition 3.3:
Let cl(Y,k) be the consumer’s first-period consumption when faced with

probabilistic total income (.5 (1-k)Y, .5 (1+k}Y), where k € [0,1].
i)  There exists Y, < 2'r, such that for all Y e {Y,,Zrl) and all k for

which (1-k)-Y > ri, ¢ (Y, k) > ¢ (Y 0)
*

ii) There ex1sts k >0 and Y > 2- ry such that for all Y e (2r1,Y } and
all k < k A (y,0) > ey (Y.k});

while part (il) of Proposition 3.3 need not generalize to non-binary
symmetric distributions, the idea driving the proof is that when expected
average per-period income exceeds your reference point, an increase in
uncertainty that raises the odds that you will not be able to maintain your
current consumption level will increase your savings.19 Roughly, this holds
whenever the effect of increasing the odds that you will be forced to consume
below your reference level is not outweighed by behavioral changes relating to

third-derivative features of the various components of the utility function.

4. Empirical Evidence on Savings Behavior

In this section, we relate our results to the existing empirical evidence
on savings behavior. Recent research on savings has sought to test the
consistency of consumption and savings behavior with rational-expectations
formulations of the life-cycle hypothesis. This literature builds from Hall’s

(1978) observation that, taking interest rates as constant, the classical

19 Theorems 1 and 2 make clear, however, that part (i} generalizes to any
symmetric distribution. The fact that part (i) of Proposition 3.3 holds more
generally than part (ii) seems to be related to the asymmetry in Theorem 2 and
Example 3.
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life~cycle hypothesis implies that only current consumption levels should 5e
of use in predicting future consumption; knowing current income as well should
provide no additional predictive power. In a test using aggregate consumption
data, Hall showed that this implication of the standard model is not
empirically borne out. Variants of Hall’'s test have been conducted by Flavin
(1981), Hall and Mishkin (1982), Hayashi (1985}, Campbell (1987), and Zeldes
{1989a). Because these and other papers have found violations of Hall's test,
research has turned to testing some alternative hypotheses that might explain
the departure from predicted behavior. Hall and Mishkin (1982), for instance,
interpret the finding as suggesting that segments of the population ére
ligquidity constrained.20 More fecently, Campbell and Mankiw (1983) have argued
that violations of Hall's test can be explained by the assumption that a
fraction of households follow the rule of thumb of consuming a fixed
proportion of current income.

Like these other hypotheses, our medel could also account for the
violation of Hall’s test. Along the lines of Proposition 3.2, a consumer will
tend to avoid consuming below his reference level as long as there is some
chance that future income will be high enough to maintain his current standard
of living. That is, the consumer may refuse to lower current consumption even
when is very likely that he will have to lower consumption in the future.

While all these hypotheses can explain a viclation of Hall's test, a
violation due to liquidity constraints or rule-of-thumb behavier can be
distinguished from a violation due to loss aversion. A binding liquidity

constraint implies that future consumption should be predictably higher than

20 Zeldes (1989a) found that Hall’s restriction was violated only for
households with low levels of assets, which strongly suggests liquidity
constraints are at work. Hayashi (1985}, Jappelli (19890) and Flavin (1985)
found evidence in favor of liquidity constraints, while Flavin (1991) and
Runkle (1991) found no evidence of liquidity constraints.
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current consumption if future income is expected to rise, because the consumer
cannot borrow against future income and raise current consumption. Decreases
in consumption should be unpredictable, however, since a liquidity constraint
never prevents an individual froh lowering consumption in response to new
information. Campbell and Mankiw’s (1989) rule of thumb should cause both
increases and decreases in consumption to depend predictably on news about
future income, since individuals simply do not react to such news until the
future actually arrives.

Loss aversion makes a different prediction than do these alternatlve
hypotheses. Loss aversion implies that future consumption will be predictably
lower than current consumption for persons who have received bad news about
income. This is because in the face of bad news a consumer is willing to
gamble that future income will be high enough to maintain his standard of
living, even if that event is unlikely. On the other hand, loss-averse
consumers are willing to raise consumption in response to good news about
income, so that increases in consumpticn should be less predictable.

Some recent research by Shea (1993a, 1993b) provides some strong empirical
evidence for the behavior predicted by our model. Using information on union
contracts to construct a measure of expected wage growth for eaéh household in
his sample, Shea (1993a) finds that the response of consumption to predictabie
declines in wages is greater than to predictable increases. He also shows
that, while Hall’s hypothesis is rejected for predicted wage declines, it

cannot be rejected for predicted wage increases.21 Shea (1993b) tests for and

21 While Hall's (1978} test cleverly avoids the need from making assumptions
about income expectations, Shea’'s (1993a) data on expectations enables him to
apply more powerful tests of theories of savings. Wilcox (1989} similarly
provides data on income expectations, but because his study follows the
consumption effects of announced changes in the level of Secial Security
benefits, it does not allow us to test for asymmetiric behavior: Fortunately
for the elderly and disabled, but unfortunately for us, all seventeen
announced changes were for increases in benefits.
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finds the same asymmetry in aggregate U.S. daté. These findings appear to be
robust, and are inconsistent with both liquidity constraints and with Campbell
and Mankiw's (1989} rule-of-thumb beha.vior.22 Instead, they show exactly the
type of asymmetry implied by our model of loss a.version.23

Shea’s empirical findings also help differentiate our model from the
recent literature on habit persistence.24 While this literature pogits
reference-dependent behavior, they assume that utlility 1is concave both in
consumption and in the reference point, thus omitting loss aversion.zs In these
models, as in ours, a person who receives bad news about future income may be
slow to adjust consumption downward, because breaking with habit is painful.26
But, in these models, he should be equally slow to adjust consumption upward
in response to good news. The asymmetry predicted by our model relles on the

person’'s risk-loving attitude towards losses, because resistance to lowering

22 Another alternative hypothesis that has received attention recently is
myopia. Because he associates it with Campbell and Mankiw's rule-of-thumb
behavior, Shea (1993a, 1993b) argues that myopia does not explain his evidence
of asymmetry. More generally, it 1is hard to imagine that any natural
definition of myopia would cause the asymmetry found by Shea (1993a,1983b).
Myopia could, however, magnify the asymmetry; Benartzi and Thaler (18982) in
fact argue that loss aversion and myopia fogether explain the phenomenon of
underinvestment in risky assets.

23 Here and throughout the paper we have been making the standard assumption
that, in the real world, our results in the case of uncertainty are more
important than our results when consumers are certain about future income.
This supposition is essential, because the asymmetries in the two cases work
the opposite way; if there is uncertainty, consumers generally respond more to
good news than to bad news; when there is no uncertainty, their behavior can
be more sensitive in response to bad news than to good news.

24 See Ryder and Heal (1973}, and Becker and Murphy (1988), Boyer (18983},
Constantinides (1990), Sundaresan (1983), and Detemple and Zapatero (1991).

25 While discussing preferences for increasing rather than steady
consumption, Frank and Hutchens (1990) also assume concavity in the example of
preferences that they briefly outline.

26 This resistance to decreasing consumption does not, however, depend in
any obvious way on the level of uncertainty the consumer faces, and resistance
to decreasing consumption can be as strong in response to certain bad news as
uncertain bad news. By contrast, we obtain our results only in the case of
uncertainty; if a consumer is certain he will be unable to maintain his
reference-level standard of living, he will immediately lower his consumption.

23




consumption in response to bad news means that a person is willing to risk an
even more dramatic future drop in consumption so as to aveid consuming below

his reference point today.27

5. Discussion and Conclusion

Our preliminary exploration of the savings problem calls for a few
obvious extensions. We would like to extend the analysis teo a multiple-period
or infinite-horizon medel. To do this, we would need to add discounting and
positive interest rates to the model. Given our analysis, one can make an
informed guess about how results would be altered under these extensions. No
matter how many periods there are, for instance, it is staightforward to show
that, if @« = 0, an agent will never consume below his reference point unless
his income absolutely forces him to. As a rises, a consumer will be more
willing to consume below his reference point, just as in the two-period model.

Extending the analysis to many periods would allow us to explore issues
that cannot be satisfactorally addressed within the two-period framework. We
have not, for instance, addressed in this paper the issue of "precautionary
savings." Given that losses are so costly, it is natural to suppose that
consumers will plan their path of consumption in order to avoid losses. If
éonsumers do plan in this way, then the probability of a consumer having to
consume below his reference level will be greatly diminished.28

As we stated in the introduction, we feel that loss aversion can usefully

27 Note that resistance to decreasing consumption in response to
bad-~but-uncertain news clearly conflicts with the conventional concave,
t ime-separable preferences.

28 For discussions of precautionary savings in the standard framework, see
Sibley (1975), Miller (1976), Zeldes (1989b), and Caballero (1890).
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be incorporated more generally into economics. Benartzi and Thaler (1992)
invoke loss aversion in explaining under-investment 1in risky assets. And
Sheffrin and Stoutman (1983) find that trading volume on the stock market
falls when stock values fall, which they interpret as due to loss
aversion-~investors are unwilling to realize the loss on their investment and
so hold on to the stocks.29 Fershtman (1993} considers the effect of loss
aversion on the willingness of incumbents in an industry to fight potential
entrants. We feel that a formal model along the lines developed in this paper
will help researchers begin to systematically investigate the implications of

loss aversion in a wider array of economic situations.

Appendix: Proofs

Note: In all proofs, we denote the function vi(x} by vl(x] when x = 0, and by

vg(x) when x = 0,

Proof of Proposition 2.1:

Assumption V4 implies that there exists 8 > 0, ¥ > 0 such that
Vi(y] - Vé(O] >y >0 for all y € (-8,01.
Let G and H denote the c.d.f.’'s of g and h, and_let yi = be the lowest y
realized with positive probability by either f or g.
Set ¢ = —a/yi. Then k < € implies that

. _ 0 o0
i) E{v(k-g}} = fy: vlth)dG(x) + IO vg(kx)dG(x)
0

=1, {fg vi(ks)ds]-dG(x) + J‘g Lrg v, (ks)ds]-dG(x)

29 These examples, and indeed the savings example in this paper, all have a

similar flavor to the results found in some studies in non-economic settings.
McGlothlin (1956) documents the tendency of race track bettors te bet
increasingly long shots as the betting day goces on, behavior that he
interprets as an attempt to end the day without a less. Thaler and Johnsen
(1980) discover a similar pattern in a different gambling context.
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fal

Iy {v (0)+yixdG(x) + I v {0) -xdG(x},
vg(O} I xdG(x) + yf xdG(x)

7 I [v (0)+y]- xdG(x) < 0.

I

11) E{v(k-£)} = Igi v (kx)dF(x) + 05 v_(kx)dF (x)

< v (0] EI x dF{x) + IO x-dF({x)]
= vg(O).Iy1xdF(x).
= v’ .m -.-..0 .
Set a(p} = p vg(O) Iy!xdF(x) + (1-p)-7 fyi x-dG(x).

Then a1} > 0, since f is better-than-fair;
a(0} < o.
Thus, there existis p* > 0 such that a(p*) = 0 and a(p) < 0 for all p < p‘.
So p < p* and k < £ imply that
E{v(kh(p)} = p-E{v(kf)} + (1-p)-E{vikg)}.
But this is less than a(p), which is negative, so you reject h(p) scaled

by k < €. Q.E.D.

Remark on Proposition 2.1:

This proposition would also be true even if the supports of f and g
contained infinitely negative outcomes, so long as the expected value of

losses were finite for each of the bets.

Proof of Proposition 2.2:

Proof of "only if" direction:
Assume v{-) satisfies VI1-V5.

Suppose there exists Vg < 0 such that v’(yo) = vé(o). Then v’(yl) < vé(Q]
for all Yy < Yy Therefore, the continuity of vé(-) implies that v’(yl) =
vé(e) for some £ > 0. Thus, by Assumption V2, v'(y) < v'(g) for all y < Yy and
v'(e) - v/ (y) increases as y decreases.

Then v(y) - v/ (g}-y = Ig v/ (e)-v'(s)]lds
0
o
and limy oy e VVY mVi(e)y =

= [ [v'{e)-v'(s)]ds + f§o [v’ (g)-v’ (s)]ds

In particular, we can choose § < 0 sufficiently negative such that
viy) - v/ (e)y > 2v(e).
Set p = €/(e-y). Then i) p*y + (1-p):e = 0, and
11) prv(y) + (1-p)-v(e)
> prlv/(e)y + 2v(e)] + (1-p)-v(e)
> —g.v' (g} + v(e)(p + 1), (since 0 > p-y = -(1-p):c > -£.)
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= v'(g) - e-v'(e) + prv(e)
>0 (by Assumption V2).
Proof of "if" direction:
Suppose v/ (y) > vé(O) for all y < C.
Choose any y,z such that p-y + (1-p)}-z = 0. Thus, z = -p-y/(1-p).
Then p-v(y) + (1-pl)-viz}
< p-vé(0)°y + (1=-p)-v{z) {since v’ (y) > vé(O))
< p-vé(O)‘y - {(l-p)-p/(i—p)]-véio)-y
= p-vé(O)-y - p-vé(O)'y
=0 Q.E.D.

Proof of Theorem 1:

For any given r, and Y, substituting ¥ - ¢, for c., and wac, + (1-a)r, for

r,, we can write U(ci,rl;cz,er as a function ofic1 aloie: ' '

u(cl) = w(rl) + v(cl—rl) + w(ac1+(1—a)rl} + v(Y - (1+a}c1 - (l—a}rl)
We will let c: denote the cy which maximizes u(ci), and let c; =Y - CI' If we
impose the non-negativity constraint, we say that cy ~is feasible if c1 €
[0,Y]; if we do not impose the non-negativity constraint, then any Cl is
feasible.

(1) Claim: CI(Y) = csz} =r, when Y = 2r,.

Proof: When Y = Zrl, if <y > Ty then c, < Ty and if = < ry then c, >
ry. If ¢, > r, and ¢, < r,, ‘then u’(cl) = vé(cl—rl) + aw’(er -

(1+a]vi(Y-c1~P1]. By VW1 this is negative, so that the consumer will decrease

' - L - £ -
cy- 1f ¢, <ry and c, > Iy, then u (CI} = vlic1 rl} +  aw (rz)
(1+a)vé(Y—c1-r2). By VW1 this is positive, so that the consumer will increase
cy-

(2) Claim: cl(Y) and cz(Y) are continuous and strictly increasing when

Y > 2r and both converge to r, when Y approaches 2r, from above.

1’ 1 1
Proof: Assume Y > 2r1. We know from the above argument that at the
* * »
opt imum, cy =y and C, E Iy this implies rp=c, = (Y-(I—a)rl)/(1+a). Note
that u(cl) is strictly concave in this region. If ¢y =1, then, by VWi,

u’(cl) = vi(O) + mw’(rl) - (1+a)vé(Y-2r1} > 0.
Therefore, c1 > r1 if Yy > 2r1. Now consider c, = i this implies ¢ =
(Y-(l—a)rl)/(1+m). Then u’(cl} =y é((Y—Zrl)/(1+m)) + aw’ ((aY +
(lﬂa)rl)/(1+a)) - (1+%£vé(0). if u’(cl) is grea&er than zero when evaluafed
at this point, then cy = (Y—(l—a)rl)/(1+a) and cy = (aY+{1—a)r1)/(1+a). As Y
increases, u’((Yw(lma}rl)/(1+u]) decreases continuously by the concavity of vg
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and w, and by the assumption that vé and w' are continuous.
If u’((Y-(1-)r )/(1+e) = 0, then there is a 51 € (r, (Y-(1-a)r, )/ (14a)]
- *

- * - -
such that u (cl) = 0, Then ¢y = ¢ and c, = Y - ¢y We know ¢y is =a

continuous function of Y since vg d

differentiating the equation u’(El) = 0 ylelds 1/(1+a) > dEI/dY > 0.

Therefore, 61(Y) and cB(Y) are continuous and strictly increasing, and

and w are continuous. Totally

since (Y~(1~a)r1)/(1+u) — r, as Y — 2r,, we have cl(Y} and cz(Y) — r

1 1’ as

1
Y — 2r, from above.

1
(3) Claim: If Y < 2r1 and negative values of cy and ¢, are allowed, then

c1(Y) = (Y - (l-m)rl)/(1+a). If Y < 2r1 and the constraints clz 0 and c, =0

are imposed, then cltY) = max[O.(Y-(l—u)rl)/(1+a)].
*

#*
Proof: From the proof of (1), we know that ¢, = r. and ¢, = r

1 1 2 o0 so that
*
{Y~(1~m)r1J/(1+a) = ¢, =r,. Consider c, € {{Y—{l—a]rl)/(1+m),(Y+ar1)/(2+a)}.
In this region ¢.,-r, = c.,-r, = 0, and so we have

i R 1
17717 %272
F] —_ ’ - ’ - - 4 -
u {cl) = Vltc1 rI) + aw (ac1+(1 a)rl) (1+a)v1(c2 rz) <0
by VW1 and V2.

Now consider the region c, ((Y+ar1)/{2+a}. r1]. In this region we have

1
0= ¢, -y > c2 - I, We can rewrite this range of possible choices for 4 as
(Y—Zrl)/(2+a) <e -r = 0. Consider any choice of ¢,ry =2 in this range,

then u(r1+z) =v1(z) + w(az+r1) + VI(Y-(1+u)z-2r1) is the utility from this

choice. Compare this to the cheice of c = 2z {This choice implies a c¢

-r
22 1
which lies in the range c, € [(Y—{l—a}r13/(1+a},(Y+ar1}/(2+m)]). if c, =r +z
is feasible, then c2 = r2+z is also feasible. The choice c2 = r2+z results in
utility u(Y—rz—z} = vl(Y-{1+a)z—2r1+k) + w(az+r1—k) + vl(z), where

k = a[2r1—Y+(2+a]z]/(1-a) > 0. Then
u(Y—rz-z) - u(r1+z) =
[vl(Y-(1+a)z—2r1+k) - VI{Y-(1+a)z-2r1J] + [w(az+r1-k) - w(az+r1}].
VW1 implies vl(x+q) - vl(x) > wis+qg) -w(s) for any q > 0, x = -qg and s = 0.
Therefore u(Y~r2-z) > u(r1+z) for any z such that (Y—2r1]/(2+a} < z = 0. This

implies that for any feasible choice of c, e ((Y+ar1)/(2+a), rl] there is a

1
1 € [(Y—(l—a]rl}/(1+a),(Y+ar1)/(2+a)} which is preferred,
Therefore c* ¢ [(Y—(l-a)rl)/(1+a),(Y+ar1)/(2+u)], and therefore if negative

1
values of c_and c. are allowed, cl(Y) = (Y;(l-a)rl)/(1+a); if 4 < 0 and

1 2
< 0 are not allowed, then cl(Y) = Max[O,(Y~(1—a)r1)/{1+a)].
This establishes Claim (3}; Claims (1}, (2}, and (3) together establish

the theorem. Q.E.D.

feasible choice of c

€2
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Remark on Theorem 1:
The proof above shows that CI{Y) is never steeper for Y/2 > ry than it is

for Y/2 < rl.

Proof of Proposition 3.1:

1 and Y, substituting Y - 4 for c, and ac, + (lﬂa)r1 for

r,, We can write U(c 'T13Coi Ty ) as a function of cy alone:
u{c ) = w(r )+ v(c -ry 1+ wlae +(1—a)r Yo+ v(Y - (1+a)c - {1~m)r )

For any given r

We wlll let cIdenote the 4 which max1mizes u(c J, and let cE =Y - c;

Suppose that there is some r 2 0, ¢ = r, such that v/{c-r) = w'(r). Then
by Wl for any r > r and ¢ =z r we have v’/ (¢c-r) > w'(r). Let ry=r and take Y =
2r1. Theorem 1 implies that ¢, =r and C, = T Ir ¢y =r then uw'{r) = v é(o}
+ aw’ (r} - (1+a)vé(Y-2r).

Then LimY—+2r1 u'(r) = afw{r) - vé(O)] < 0. Because Vé and w’' are
continuous, this implies that there is some x > 0 such that

u' (r) = vé(O) + aw' (r) - (1+a)vé(x} =
u(cl) is concave in the regionr = ¢, = (Y-{l1-alr}/{1+«). Therefore if cI lies

1

in this region, CZ = r for Y € [2r,2r+xj. This means cl(Y} is not strictly

increasing in this region, which coniradicts Theorem 1.

H

Suppose c, € [r,(Y-(1-w)r)/(1+«)]. By supposition r = c; < Y-r. Let ¢y
(Y-(1-a)r)/(1+a). Then
u({Y¥-{1-a)r}/(1+a)) = vg((Y—2r)/(1+a)) + wi{aY+(1-alr)/{1+a)).
Compare this to ¢y = (Y=(1-a)r}/(1+e) + z, where z > 0: u{Y-(1l-alr}/{1+a)+z)
vg(((YaZr}/(1+a))+z} + w(({aY+{1-a)r}/(1+a})+az} + vl(-(1+a)z).
u((Y-(1-a)r)/(1+e})+z) - u(Y-(1-a)r)/(1+a)).
[vg(((Y—Zr)/(1+a)3+z) - vg((Y—Zr)/(1+a)]] + vl(-(1+u)2) +

[wl{(aY+{I-a)r)/(1+a) ) +az) - w({a¥+(1-a)r)/{(1+a)}].

1

Let X

1]

Then X = [vg(z) - vg{O)} + Vl(—(1+a)z)

+ [w(((aY+(1-a)r)/(1+a) )+az) - w{{a¥+(1-a)r}/{1+a))].

= vg(z) + vl(—(1+a}z)

+ [w(({aY+(1-a)r}/(1+a) }+az) ~ wl(aY+{1-a)r)/(1+a))}].
By supposition, 01(2r) = c2(2r) = r. Therefore when Y = 2r we must have u{r+k)
< u(r) for any k > 0.
u(r+k} - u(r) = vg(k) + w{r+ok} + vl(—(1+a)k) - w(r)

= Vg(k) + VI(-(1+a)k] + [wlr+ak) - w(r)l.

Therefore, u(r+k) - u(r) < 0 for all r =z 0, k > 0, and Y = 2r implies X < O.
Therefore u(((Y-{1-a}r)/(1+a))+z} < u{(Y-(l-a)r)/(1+a}) for any z > 0, which
implies r = c: = (Y-({1-alr)/{1+a).
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This proves that theorem 1 and V1-V5, Wl imply w'(r) > v’{(c-r) for any
z 0 and ¢ =2 r. Given that w and vg are strictly concave, this can be true if

and only if Ule,c) > Ulr,¢) for any r 2 0 and c > r. Q.E.D.

Proof of Proposition 3.2:
For any given ry and Y, substituting Y - ¢, for c, and ac, + (1-a)r1 for

1 2 1
r,, we can write U(c +T43Cn) rz) as a function of ¢y alone:
u(cl} = w(rIJ + v(cl-rl) + w(ac1+(1~a)r1) + v(Y - (1+u)c1 - (1—u)r1)
* * *
We will let ¢y dencte the ¢, which maximizes u(cll, and let c, = Y - ¢,

Consider the case in which negative values of Sy and c, are allowed, so

that theorem 1 implies that cl(Y) and c, (Y) are continuous and strictly
*

increasing for all Y. Consider Y = 2r1. By supposition c1 = ry and cy = ry-

*
We can show that (Y—{l—a)rl)/(1+a] = 4 = ry- If ¢4 < (Y—(l—a]rl)/(1+m) then

02 > r2, so that

u'{e,} = vi(e,-r,) + aw’ (ac,+{1-a)r,) =(1+a)}v/ (Y-(1-a)r, - (1+alc,) > O
17 T V1% 1 1 g 1 1
by assumption VS and the proof of Proposition 3.1.
Over the range (Y—(l—a}rlJ/(1+a) sc, =r,

u(cl) = vi(cl-rl) + w’(ac1+(1-a)r1) + Vi(Y-(1~m)r1—(1+a)cl] .

In this region u(cll need be neither concave or convex. Suppose ¢y is in the

interior of this region. For this to be so u(c )} must be concave in some

»
neighborhecod of Cy- At such an optimum we must have u’ {c ) = 0. Totally
*

differentiating this equation with respect to 4 and Y implies that

» * »
dcl/dY = [(1+a)vi’(Y-(l—a}rl—(1+a)c1)]/u"(cl} < 0, which contradicts the

claim that cltY) is strictly increasing. Therefore there can be no interior

* *
optimum, which implies that either ¢, = r, or c, = (Y-(lva}rlJ/(1+a). Since

1 i 1
*
cy =Ty also violates the claim that cl{Y) is strictly increasing, we must
*
have ¢y = {Y-(1~a)rl)/(1+a}.
*
cy = (Y-(lvm)rl)/(1+a) implies that u({Y-{l-a)rl)/(1+m)) = u(cl) for any
cy- In particular we must have X = u((Y—(l—u)rI]/{1+m)) - u(rl) > 0 if
Y < 2r1. Writing out the terms of X we have:
X = v,((Y-2r )/(1+a}) + w(z) - w(z + k) - v, (L(¥=2r )/(1+a)) k) > O,
where k = a(2r1—Y}/(1+a) >0, and z = r, - k. Since [vl(O) - vl(-k]] >
[Vl([Y—zrl)/(1+a)} - Vl(((Y-Zrl)/(1+a)) - k}}, X > 0 for any r, = 0 and Y <

2r1 implies —vl(-k) > w(iz + k) - w(z) for any k > 0, z = 0. This last

inequality implies U(c,c) > U(r,c) for any c 2 0 and r > c. Q.E.D.
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Proof of Theorem 2:

We prove the proposition for lotteries that are represented by
probability measures of the form m = fA + d, where A is Lebesgue measure on R,
f: R — R is a measurable function, and d is a measure which has support
consisting of a countable collection of point masses' with no point of
accumulation.

Recall the consumer’s problem:

(P) maxciu(rl,cl;rz,cz)

s.t. c1+ c2 =Y = Y1 + Yz,

where Y1 is a fixed amount representing first-period income, and Y2 is a

lottery over second-pericd income.
The proof has two parts. First we show the theorem for binomial bets in

which Y2 takes on only two values, YH and YL' Then we show that bets of this

type can be combined, to yield the result for all Y in the class described

above.

Part I of proof:
Suppose Y2 is such that P[Y2=YHI = p, P[Y2=YL] = 1-p, where (Y1+YH}/2 =

ry and p =z («/(1+x}}. For binomial bets Yz, this is equivalent to the

hypothesis of the proposition. We show that 4 = Ty- Te prove this, we

consider two cases:
Case 1 of Part I:

(Y1+YL)/2 = r,. Substituting Y, + Y.~ ¢, for c., and {I—«}PI + ¢y for Ty

1’ 1 2 1 2
we can rewrite {P) as a function of ¢yt

{P2) mgT U(cl} = w(rll + v(cl—rl) + w((I—u)r1+ac1] +
p-v(Y1+YH~({1—m)r1+(1+«)c1)) + (1-p)-v(Y1+YL-((1-«)r1+(1+«)c1)).

Then ¢, < r, implies, by Assumption VW1, that

1 1
aU'LE )- = v/ - ’ - o - x)v’ - —cx
aci = vl(c1 rl) + oW’ ((1 )r1+ cl) pl1+ )vg(Y1+YH ({1 }r1+(1+a)c1)

- (1-p)(1+«)Vé(Y1+YL-((1-«)r1+ (1+«)01))
is greater than zero. Thus maximization in cy implies 4 =z ry-
Case 2 of Part I:
(Y1+YH)/2 =T, > (Y1+YL}/2
< mxn{ri.(Y1+YL—{1—u)r1)/(1+u]}:

i) 4

BU_(_Q_)___ ! - oW’ —cx o - x)v’ - - o
6ci —vl(c1 r1)+ w ({1 ]r1+ cl) p(1+ )vg(Y1+YH ({1 «)r1+(1+ )cl)

-(1-P)(1+«)vg(Y1+YL~((1“«)P1+(1+«)c1)) >0
by assumption VW1L.
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ii) r1= cy
Let U(cl) = x1 + xz, where

(1-p)(1+u)v1{cl-r1)+(1-p)v1(Y1+YL-({l-m)r1+(1+x)c1])

z (Y1+YL-{1—«)r1)/(1+ul

%

2
Then if Cl < r‘1

gf? = [(1+u)p-a]vi(cir1)+uw'((1-«]r1+ucl) - (1+«)pvé(Y1+YH-(I-«)r1+(1+«)cl)

X E1-(1-p)(1+«)]v1(c1-r1)+w((1—«)r1+uc1) + pvg(Y1+YH-((1-«)r1+(1+«)c1))

> {(1+u)p*u]vi(c1-r1)—{(1+u)p-u]vé(Y1+YH-((1—«)r1+(1+u}c1)) z0
since p 2 («/(1+x)). So X, is maximized in this region at ¢ =Ty
ax _ ’ - - — ’ - - o
551—(1-;:)(1%:)\11(01 rl) (1 p)(1+a)v1(Y1+YL {((1 )r1+(1+ )cl})
82x 2
—1 = (1~p)(1+u)vf(c1-r1) + (1-p)}(1+«) VY(Y1+YL—((1-«)r1+(1+u}c1)) >0

aclac1

Since x1 is convex in this regicen, it has exactly two local maxima, at

¢, =ry and at 4= (Y1+YL—(1ﬂu)P1)/(1+u) respectively. But by V2

XI(Y1+YL—(1'“)P1)/(1+“)) = (1-p)(1+«)v1((Y1+Y - 2r1)/(1+«))
< (l—p)vlfY1+YL

Thus Xy is strictly maximized over the region at € = Ty- Since X5 and X,

are both maximized at c, = Ty U(cl) is strictly maximized over
[Y1+YL—(1—u)r1)/{1+«), rl} at ¢, =ry

Case 1 and Case 2 imply that (P2) is maximized at 4 zr,.

-2r1} = xlirl)

Part II of the Proof:
Case 1 of Part II:

Suppose Y2 is a countable sum of point masses with no accumuiation point:
i=N J= N
+ —
Y, =L p&  + I q.8
R =1 27

= < 0;
1:*1’«1‘j >0, Xy o, yJ 0;
s rJ ’ .
i>17, J2§° =% > %, yj < Yy
N,, N_ e Nu {a}.
Claim: Because P[Y = 2

r

i=M i = 5 Jg=0Q _

Y, =7 p.&~ + ¥ {;i]6~ + ¥ s .8~ ,
2 i =1 i X i = yi . z,

1] =z /{1 + «}, we can rewrite Y. in the form

T x.1 =z 0, yi < 0

Nt N

z %

1 % i>j=>xi>xj,zi>z-,yi<Y--

M’ J J

Proof of Claim: The proof of this is tedious, but straightforward. Match
successively lower outcomes with successively higher outcomes iIn the
proportien of 1/a to 1. Because the support of Y2 has no point of

accumulation, this countable process eventually exhausts all of the negative
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weight of Y2'
I=M . J=Q
Then ¥, = } (1 + 1/a) p las(1 + )8~ + 1/(1 + )8~ ] + F s .8~ ,
2 %= i Xy ¥y j=1 9 Zj
Each term in brackets [] is a binomial bet (the 6; are trivially so)
J

satisfying the hypothesis of Proposition 3.2.
(P2) mgﬁ U(cl)
M -~
U(CI) = ¥ [(1 + 1/a)pi][w(r1) + V(Cl_rl) + w(rz) +

i=1
(1/(1+“)]V{Y1+;1'((1_“}r1+(1+“)01)} + «/(1+«)V(Y1+§i-((1—«)r1+(1+«)cl))l

Q
+J§ gjlw(rl) + vle,-r)) + wWir,) + v(Y1+zj-((1—ulr1+(1+«)cl))].

From Part 1, we know that each square bracketed term in (P2) takes on a larger

value at ¢ =Ty than at 4 < r,. But this implies that U(rl) > U(ci) for 4 <

rl, and hence that (P2} is maximized at c1 > rl.
Case 2 of Part II:

Suppose Y., has a density with respect to Lebesgue measure in the sense

2
that there is a measurable function h such that P[Y2 = x] = fzh(x)dx. Further

suppose J‘?Zr v )h(x)dx z x/{1+x). Let Hi{a) = f_:h(x)dx be the cumulative
11

in

distribution function for h. Define gf{a)

Then
(2r1—Y1) q{a)l
o hix)dx = hix)dx. (%)

(2r -Y )
i 1

inf H‘lt(a+1)mc2r1-y1))—ama)1.

a
Then g is increasing and hence measurable.

Claim: For measurable f:R — R, of f(q(x))h(x)dx = [ £(x)h(x)dx .
fo,q(a)l
Proof of Claim: The statement holds for simple functions f (those taking a

finite number of values), since we can then break the integrals down into the
sum of integrals over regions Iai,bi] so that £ is constant on both {ai'bi]
and [q(bi),q(ai)]. On these regions the equalities follow from ({%).
Approximate f by simple functions fn’ 0 = fn = f, so that fn(x) — f{x) for
all x € R. Then we have:

af® £ (g(x))h(x)dx = [ £ (x)h{x)dx. (%%)
a n n

[o,g(a )]
Since g is increasing, fn(q(x)) is a simple function defined on (-«,0].

Clearly 0 = fn(q(x}) = f(gi{x}), and fn(q(x]) -3 f(g{x)) for all x € (-=,0].
Applying Lebesgue's theorem of monotone convergence to both sides of the
equation (%%}, we are done.

Finally,using the claim, we can rewrite the consumer’s problem:
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(2r =Y )
{P2) m:x {1+“)I t1 [w(rl) + v(c1~ rl) + w{ra) + 1/(1+a)v(Y1+ch1—r2)
1 -m
+ a/(1+a)v(Y1+ q(x)vcl-rzllh(x)dx

+ f;(-m) Ew(rl) + V(ci- rl) + w(rz) + v(Y1+x-ci-P2)]h(x)dx.
In the first integral, Y1 + g{x) = 2r1, while in the second integral, Y1

+ x = 2r1. So each term in brackets [] represents the utility from a binomial

lottery on income satisfying the hypothesis of Proposition 3.2, and hence is

=p_  than at any ¢, < r,. That is, (P2) is maximized at c, =z r

larger at c1 1 1 1 1

1"
Q.E.D.

Proof of Propesition 3.3:

Part (i) is a straightforward implication of Theorems 1 and 2. By the
proof of Theorem 1, we know that cI(Y,O) <r if ¥ < 2-r1. But Theorem 2 says

that if we choose Y, such that Y, (1+k) = 2-r1, then cl(Y,k) z r, for all ¥ =

Y,, as long as (1-k}Y = r,.
Proof of part (1i):
The consumer will maximize with respect to ¢,
U= wlac, + (1-&)-r1} + v{cl—rl) + .5-v(Y(1+k) - (1+o¢)-c1 - (l—a)-rl)
+ .5-v£Y(1-k) - (1+ac)'c1 - (1-a)-r1}.
By VW1, we know that we ign choose Y > 2-r1 sufficiently close to z-r1
such that, for all Y € (2-r1.Y ),
(1+a)vé(0) = vé((Y—Zrl)/(1+m]) + a-w’{(a-Y+(1-a)-r1)/(1+a)).
As in Theoreﬂll, this implies that cI(Y,O) = {Y—{l—u)-rl)/(1+a). By VWl,'we
can take k sufficiently small such that, for all k e [0,k ),
((1+a)/2)-(vi(—2kY) + vé(ZkY)) > vé(O) + a-w’(rlJ.

Claim: cl(Y,k) = ((l—k)Y-(l-a)-rlJ/{1+a) < (Y-(1-a)-r,)/(14a) = ¢, (Y,0).

1

Proof of claim:

Note first that, since Y > 2r1, we have (1+k)Y > 2r1. Thefore, 4 zr, by
Theorem 2. provided k = 1/2.

a) Suppose that ((l-k)Yﬂ{l—a)-rl)/(1+a) <y < ((1+k)Y—(1-a]-r1)/(1+a).
Then 6U/6c1 = vé(ci-rl} + m-w’(rz) - [(1+a)/2)'Ivi((1—k)Y—(1+a)-cl—(1—a)r1) +
vé((1+k)Y—(1+a)c1-(1-a)r1}] < vé{O) + a-w’(rl) - ((1+a)/2)-(vi(—2k¥) +
vé(ZkY)) < 0. {The second-to~last inequality follows from the fact that, for
. , <0 [(1*k)Y~(1+u)°c1~(1~a)r1}
€ (-2kY,0) and [(1+k)Y-(1+a]'c1—(1—a)r1} e (0,2kY).)

1 [(1+k)Y - (l—alrll/(1+a).

Then BU/ac1 = vé(clﬂrl) + a-w’(rz) - ((1+m)/2]-[vi((1-k)Y~(1+a)'cl-(1—a)r1) +

. ’ - w1y’
¢, in this region, a{vg(c1 rl} + oaw (rz)]/ac

b) Suppose that c
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Vi(f1+k)Y—(1+a]c1—(1-a]r1)}, which, by VW1, is negative.
{a} and (b) together establish the claim, which proves Proposition 3.2.
Q.E.D.
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