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ABSTRACT 

Design and Transient Analysis of Passive Safety Cooling Systems for Advanced Nuclear 
Reactors  

 

Cristhian Galvez 

Doctor of Philosophy in Engineering - Nuclear Engineering 

University of California, Berkeley 

 

Professor Per F. Peterson, Chair 

The Pebble Bed Advanced High Temperature Reactor (PB-AHTR) is a pebble fueled, liquid salt 

cooled, high temperature nuclear reactor design that can be used for electricity generation or 

other applications requiring the availability of heat at elevated temperatures. A stage in the 

design evolution of this plant requires the analysis of the plant during a variety of potential 

transients to understand the primary and safety cooling system response. This study focuses on 

the performance of the passive safety cooling system with a dual purpose, to assess the capacity 

to maintain the core at safe temperatures and to assist the design process of this system to 

achieve this objective.  The analysis requires the use of complex computational tools for 

simulation and verification using analytical solutions and comparisons with experimental data.  

This investigation builds upon previous detailed design work for the PB-AHTR components, 

including the core, reactivity control mechanisms and the intermediate heat exchanger, 

developed in 2008. In addition the study of this reference plant design employs a wealth of 

auxiliary information including thermal-hydraulic physical phenomena correlations for multiple 

geometries and thermophysical properties for the constituents of the plant. Finally, the set of 

performance requirements and limitations imposed from physical constrains and safety 

considerations provide with a criteria and metrics for acceptability of the design. The passive 

safety cooling system concept is turned into a detailed design as a result from this study.  

 

A methodology for the design of air-cooled passive safety systems was developed and a transient 

analysis of the plant, evaluating a scrammed loss of forced cooling event was performed. 

Furthermore, a design optimization study of the passive safety system and an approach for the 

validation and verification of the analysis is presented. This study demonstrates that the resulting 

point design responds properly to the transient event and maintains the core and reactor 

components at acceptable temperatures within allowable safety margins. It is also demonstrated 

that the transition from steady full-power, forced-cooling mode to steady decay-heat, natural-

circulation mode is stable, predictable and well characterized.  
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1.  INTRODUCTION 

The current concerns about carbon emissions worldwide have created a revived interest in the 

design of advanced nuclear reactors to meet a strict set of requirements in order to further 

improve reliability and safety. An international response was led by the Gen IV International 

Forum (GIF) organizing international cooperation, performing research and development needed 

for the next generation nuclear systems [1]. In the U.S., this effort is coordinated by the 

Department of Energy (DOE). The Gen IV coordinated research roadmap [2] recommends 

research work towards the development of these systems focused on the following areas: 1) 

sustainability 2) economics 3) safety and reliability and 4) proliferation resistance and physical 

protection. The ultimate goal is to develop technologies that excel in these four areas.  

As a result of the multi-party GIF discussions, six specific nuclear system concepts were chosen 

to be further investigated. They are 1) gas cooled fast reactors (GFR), 2) very high temperature 

reactors (VHTR), 3) supercritical water cooled reactors (SCWR), 4) sodium cooled fast reactors 

(SCFR), 5) lead cooled fast reactors (LFR) and 6) molten salt reactors (MSR). Each of these 

concepts offers the desired features in the four areas.  Current research is focused on 

understanding the physical processes that are required in order to make these reactor designs 

work. Much of the technology is in a developmental phase, however, there is knowledge 

dispersed among member countries of this forum, which also seeks to promote research 

collaboration. 

One particular design is the fluid-fueled Molten Salt Reactor (MSR), a design that has been 

investigated in substantial detail in the United States in the past. In 1965, an experimental MSR 

was built at Oak Ridge National Laboratory (ORNL) [3] and was run for five years, where a 

wealth of information was acquired on a variety of subjects including liquid fuel manipulation, 

breeding systems and on-site reprocessing. The large number of technical publications resulting 

from this experimental period is the basis for the continuation of research on MSR technology. 

This experimental facility is formally referred to as the Molten Salt Reactor Experiment 

(MSRE). 

Currently a number of institutions research key technological aspects of the MSR. In the United 

States, DOE has supported work to investigate a new class of reactors that use molten fluoride 

salts as coolants but use solid fuels, referred to as Advanced High Temperature Reactors 

(AHTRs). This U.S. research has focused on several technical aspects of the AHTR such as 

neutronics, thermal hydraulics, fuel development and characterization, chemistry and corrosion 

of molten salts, and high efficiency power conversion systems among many other aspects. One 

of said institutions is the University of California at Berkeley, where research focuses on the 

design, performance and characterization of a specific design of an AHTR.    
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1.1 OVERVIEW 

There are various areas of research in support of the technology development of AHTRs at UC 

Berkeley. Work at UC Berkeley in nuclear applications of salts started in 1990 as molten salts 

were considered as coolants for fusion energy systems. In 2002, molten salts were recommended 

for the use on AHTRs given their excellent properties in reactor environments [4]. Since 2003, 

active research work has taken place at UC Berkeley and elsewhere on design, neutronics, and 

safety of AHTRs.  

The base design for the AHTR in current development at the university was similar to the MSRE 

experiment, with the exception that the fuel is in solid form and therefore did not mix with the 

liquid coolant. A number of variations have occurred since and each of these designs for the 

MSR is optimized for certain application. All design variations however include the following 

basic characteristics: a) solid fuel in pebble form and assembled together forming a bed of 

spheres b) liquid salt coolant as the working fluid for heat transport and moderation and c) 

graphite moderation. Given these general features, the overall design was named the Pebble Bed 

Advanced High Temperature Reactor and the acronym PB-AHTR was adopted as well.  

The PB-AHTR is currently represented by two design alternatives. Both designs use buoyant 

pebbles that re-circulate slowly into the bottom and out of the top of the core. In the earlier 

design variant, the pebbles are contained within pebble channels where the flow of coolant can 

be set to give a desired temperature rise. The flow of the coolant is upwards and is axial along 

the channel in the same direction as the pebbles circulate as figure 1-1 shows. This pebble-

channel design considers the usage of low enriched uranium fuel. A second annular core design 

considers a variation of the baseline core design allowing and the use of thorium blanket fuels 

with LEU seed has been studied as well.  In the annular core design, coolant flows multi-

directionally and is engineered specifically to reduce pumping power and therefore reduce the 

auxiliary system’s energy consumption and enhance passive safety. This design is not only 

optimized for energy generation but also for increased conversion ratio. All other features of the 

reactors, besides the core configuration are identical between the channel and annular core 

designs. Figure 1-2 shows a detail flow diagram with the annular core. 
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Fig. 1-1 Channel-type pebble bed reactor 

 

Fig. 1-2 Annular-type pebble bed reactor detail flow diagram  

One of the key technical areas that has been evaluated extensively at UCB is the design of safety 

systems to ensure that the reactor design can operate within set margins of safety, during both 

anticipated operational occurrences, design basis events, and beyond design basis events. These 

safety margins must be demonstrated to obtain a license from the U.S. Nuclear Regulatory 

Commission. Currently these requirements are well defined only for Light Water Reactors 

(LWR), since the entire fleet of nuclear power reactors correspond to this category, and proper 

regulation is absent for Gen IV reactors. There is certain information regarding safety margins 

for the case of advanced high temperature reactors such as the PB-AHTR. There are other 

sources of safety margins that arise from physical limitations, material lifetime and engineering 
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design uncertainty that are further discussed in detail in later chapters. In this context, the subject 

of this study is on the evaluation of the safety systems for the PB-AHTR, in particular, the 

performance of the passive safety systems. 

1.2 PREVIOUS WORK 

Previous work in the area of design, performance and safety comes from several sources. One 

group includes early work from ORNL related to the engineering design of the Molten Salt 

Breeder Reactor (MSBR). Additionally, there is work done at UC Berkeley on various 

components of the reactor. Finally, the work that is relevant to specific components of the plant, 

but may not hold relation with molten salt reactor technology that was conducted in many other 

institutions was also employed in this study. Every report is referenced when appropriate. 

Information originating from ORNL includes thermophysical properties of salts [5], salt heat 

exchanger analysis methodology [6] and design of heat removal plant equipment [7]. Work 

originating from previous researchers at UC Berkeley includes the analysis of the baseline 

integral pebble bed reactor [11] and work on the transient analysis on the modular pebble bed 

reactor [12], although both researchers limited their study to analysis of the core, excluding other 

important plant components. Also, work on the design of salt heat exchangers [13] and passive 

shutdown rod insertion [14] in case of transients was performed at UC Berkeley and contributed 

to the present study.  

The most important contribution pertaining to this study stemming from the previous work at UC 

Berkeley consists of identifying the appropriate computational tools for plant component 

analysis [11], [13]. Other important results consist of the detailed technical design of the reactor 

core [12],[18], the envisioned transients of interest [15], core neutron-kinetics parameters and 

control systems reactivity worth [16], normalized core power density  [11] and safety limits for 

transients [18]. This report builds upon detailed designed achieved in the past by these 

referenced researchers and these previously studied design parameters are considered fixed and 

are used here as well. The parameters which are subject to investigation correspond to the 

passive safety cooling system and its components. Previous work regarding this system has been 

limited to conceptual design and qualitative assessment [17], although the information provided 

by reference [18] is sufficient to begin the design and assessment of the design, which is the 

subject of this study. Both the advanced and detailed aspects of the design as well as the 

conceptual and general aspects of the design are reviewed in detail in chapters 3 and 4 of this 

dissertation respectively.  

Another group of documents that are relevant to MSR safety research is the methodology for 

safety analysis using computational tools relevant to LWR technology. A large majority of 

existing tools and methods are designed for this industry. General methodology on safety 

analysis [8] along with a description of the current computational tools [9] and current standards 
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for analysis modeling practices [10] are all general references that also contribute to the basis of 

this study. 

1.3 MOTIVATIONS OF THE STUDY 

The primary motivation of this study is to generate a method to perform transient analysis of 

AHTR designs at the plant level, particularly including the safety systems for passive decay heat 

removal using a Direct Reactor Auxiliary Cooling System (DRACS). Work previous to this 

study was limited to the analysis of the core of the reactor isolated and subject to very simplified 

boundary conditions. These studies provide preliminary insights on core behavior under 

idealized conditions, such as the effectiveness of inherent reactivity control mechanisms and the 

performance of the passive cooling loop. In order to establish a timescale for the transient, taking 

into consideration the thermal inertia of the solid plant components, the coolant dispersed 

throughout pipes and components and the travel time around the primary system it is necessary 

to perform the analysis at the plant level. These considerations are important as they directly 

impact the maximum temperatures the system reaches during a transient event and the available 

time for operator response, thus impacting on the safety of the reactor design. 

Additional motivation to this study is to develop an understanding of the reactor safety system 

and the how the envisioned limitations and advantages have an effect in the overall nuclear 

reactor performance. The reactor safety system can be designed to remove the excess heat in case 

of transients, however, it is not clear if this design can be achieved while meeting existing design 

constraints, such as available vertical height in the building for the DRACS salt loops and the air 

cooled, passive heat exchangers with their associated air inlet and outlet ducts. 

1.4 OBJECTIVES 

• To investigate, implement and demonstrate that a methodology exists for the analysis of a 
nuclear reactor plant employing molten salt coolant and pebble bed fuel under steady and 
transient operation. 

• To investigate, implement and report on a suitable design for the passive decay heat 
removal system that serves as an alternate heat sink in case of primary heat sink failure 
caused by a series of plausible, low probability events. 

• To investigate, implement and report an approach to verify the results presented in this 
study by providing alternate methods of calculation, especially those regarding the design 
of the passive safety cooling systems.  

• To develop an understanding of the fundamental phenomena which affect the 
performance of the passive safety cooling system and recommend an approach for the 
subsequent design optimization. 
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2 LITERATURE REVIEW       

The analysis performed in this study consists of the construction of computer-solved numerical 

models which represent the physical phenomena occurring in the problem in addition to the 

construction of analytical models and solved employing calculation worksheets. Both of these 

approaches are used, often complementarily. The following section establishes the mathematical 

expressions for the physical relations that occur in the systems subject in this study.  

The PB-AHTR is composed of multiple systems for heat generation and removal. These different 

systems employ components in different geometries for fluid flow and heat transfer. Some of the 

components include tube and shell heat exchangers, air coolers and pebble bed cooling channels 

among many others. It is necessary to present the expressions for the governing processes to set a 

standard for calculations that are required for prediction and benchmarking of simulations. 

This chapter has three separate sections dealing with the thermal, hydraulic and coupled multi-

physics processes.  

THERMAL PROCESSES 

2.1 CONDUCTION HEAT TRANSPORT INSIDE PEBBLE FUEL 

The PB-AHTR uses pebble fuel that has a low-density center graphite kernel, an annulcar layer 

of fuel, and an outside shell of graphite that protects the fuel layer.  The density of the center 

kernel is adjusted to assure that the total mass of the pebble provides the desired buoyancy.  

Conduction in the pebble fuel can be modeled using the transient energy conservation equation 

in spherical coordinates, 

 

            (2.1) 

 

Given that the distribution of fuel materials inside the pebble can be assumed to be uniform in 

the directions of the spherical angles Φ and θ then Eq. 2.1 can be further simplified to the radial 

distribution of the temperature. 

       

            (2.2)  

 

The equation above can be solved for the independent variable of temperature as a function of 

radial location. The following picture shows the radial coordinate system and boundaries used 

for the solution.  
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Fig. 2-1 Pebble geometry and radial locations 

During steady state heat generation, the equilibrium temperature distribution is expressed by the 

following relation as a function of radius, assuming homogeneous energy generation in the entire 

pebble. The solutions presented in the next set of equations assume pebble geometry where heat 

generation occurs uniformly in the annular region between Ri and Ro only. Rs is the surface of the 

pebble 

         

            (2.3) 

for Ri<r<Ro 

In the regions of the pebble where there is no heat generation, then the temperature distribution 

of the pebble is as follows:  

 

            (2.4) 

 

for Ro<r<Rs 

If a sphere is composed of a combination of heat generating and non heat generating layers, then 

the temperature difference between the center and the surface of the sphere are approximated by 

the following equation, which is derived from Eq. 2.2 

             

             

            (2.5) 

 

In general, one can express the temperature drop and the flow of heat impeded by thermally 

conductivity similarly to the voltage drop and the flow of electric current impeded by resistance 

in the following manner 

( ) ( )
1

1

o

Ro Ro s
o

s

R

rT r T T T
R

R

−
= − −

−

( ) ( )
''' '''

3
2 21 1

3 6
i

o

o

q R q
T r R r

k R r k

 
= − + − 

 

i i

( )
'''

3 2 2

1 1

1 1
2

3 4

o s

cent surf i o i

fuel eff o i graphite

R Rq
T R R R q

k R R kπ
−

−

 
−     ∆ = − + − +   

  

i

i



 

 

10 

             

            (2.6) 

 

where i is the electric current, ∆V is the voltage drop and Relectric is the electric resistance. 

Similarly, q is the heat flux, ∆T is the temperature drop and Rthermal is the thermal resistance. In 

the case of composite spheres, the thermal resistance can be represented by: 

 

            (2.7) 

 

The equation above assumes multi-layered spherical geometry without heat generation; thus heat 

travels due to conduction alone. 

 

2.2 CONDUCTION HEAT TRANSPORT THROUGH HEAT EXCHANGER TUBE WALLS 

Similarly to spherical geometries, the conduction of heat through cylindrical walls is represented 

as a function of the axial and radial location.        

             

            (2.8) 

 

Neglecting axial conduction of heat this equation becomes 

             

            (2.9) 

 

Solving for temperature as a function of radial location, for the case of pure conduction through a  

tube of inner radius Ro and outer radius Rs 
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            (2.11) 

 

2.3 FORCED CONVECTION HEAT TRANSPORT INSIDE PEBBLE BEDS 

Forced convection inside pebble beds results in high heat transfer coefficients since flows around 

spheres involve tortuous paths and new boundary layers form on each pebble. At low flow 

velocity, the flow develops smoothly around the pebbles. In this section, a few correlations are 

presented, along with the methodology for its evaluation. A primary difference occurs based on 

how the fluid flow is characterized and at what temperature the properties are evaluated at as 

recommended. Essentially, if the correlation indicates evaluation based on superficial velocity, 

then the mean velocity is calculated by assuming that the volume of the bed is entirely occupied 

by the fluid, as opposed to real velocity where the flow velocity is higher due to a constrained 

flow that occurs in fraction of the total cross sectional area of the volume of the pebble bed. 

Based on a literature review, the heat transfer coefficient is best approximated by the following 

relation suggested by Wakao [1]. 

             

            (2.12) 

 

for 5<Re<100,000 where the Reynolds number Re is based on superficial velocity and 

thermophysical properties are calculated at the mean fluid temperature. The pebble diameter is 

used as the length scale. 

The equation shown above includes two terms. The first constant term represents the heat 

conduction from a single pebble submerged in stagnant fluid. The second term is a function of 

the fluid flow through the pebble bed, thus indicating a dependence on the conditions of the flow.  

Another useful correlation was obtained by Whittaker [7] primarily by performing experiments 

with gases in a packed beds, however, the data also applies for fluids with similar 

thermophysical characteristics as liquid salts in the range of interest for the PB-AHTR. 

             

            (2.13) 

 

for 20<Re<10,000 where Re is based on real velocity and thermophysical properties are 

evaluated at the bulk fluid temperature except for the correction factor which is evaluated at the 

mean surface temperature. The characteristic hydraulic diameter is used as the length scale. 
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Finally, another equation that is employed in the prediction of pebble bed to fluid heat transfer as 

reported by Gnielinski [8]. 

 

            (2.14) 

 

for Re<20,000 where Re is based on real velocity and thermophysical properties are calculated at 

the mean fluid temperature. The characteristic hydraulic diameter is used as the length scale.  

2.4 FORCED CONVECTION HEAT TRANSPORT INSIDE AND OUTSIDE TUBES 

Forced convection assumes the absence of free convection effects. When heat transfer occurs 

strictly in the turbulent regime, free convection effects can be neglected even in vertical 

orientations, however in the laminar and the laminar-turbulent transitional regimes, free 

convection effects may have significant contribution in the overall convective heat transfer. In 

this section, convective heat transfer strictly due to forced flow is discussed.  

2.4.1 Single straight tube 

Internal laminar flow 

In the case of internal laminar flow, the heat transfer coefficient with a constant wall heat flux 

boundary condition and assuming developed hydraulic flow profile, then the heat transfer 

coefficient is: 

             

            (2.15) 

If one assumes a constant wall temperature boundary condition, then the heat transfer coefficient 

becomes 

             

            (2.16) 

 

It is important to notice that the heat transfer coefficient is independent of location along the 

pipe. Derivation details are included in Incropera and Dewitt [2] and can easily be found in other 

heat transfer texts. Both of these relations are valid for laminar (Re<2300) flows. 
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Internal turbulent flow 

Because fluoride salts have relatively high Prandtl numbers, turbulent flow and even the use of 

heat transfer enhancement such as knurled tubes can play an important role in increasing heat 

transfer.  Fluids flowing in the turbulent flow regime can be much more effective removing heat 

from the wall as opposed to fluids in the laminar regime. In the case of turbulent flows, there is 

no distinction if the boundary condition is a constant heat flux or constant temperature, since the 

heat removal rate is very high already. Incropera and Dewitt [2] present the classical correlation 

known as the Dittus-Boelter relation for convective heat transfer in smooth-walled tubes, 

             

            (2.17) 

for Re>10,000, and 0.7<Pr<100 

Where the power coefficient n takes the value of n=0.3 when the fluid is being cooled and n=0.4 

when the fluid is being heated. In order to better take into account the variations the fluid 

viscosity as it is being heated or cooled, especially if the fluid experiments large temperature 

variations, a better approximation is offered by the Sieder and Tate relation discussed in 

Incropera and Dewitt [2]. 

             

            (2.18) 

for Re>10,000, 0.7<Pr<120 

where the viscosity of the fluid is evaluated at two different reference temperatures, the subscript 

s refers to surface temperature and the b refers to the temperature of the bulk of the fluid. Finally, 

another recent correlation, which offers precision for fully developed turbulent heat transfer at 

low Reynolds number is the Gnielinski correlation [18]. 

 

            (2.19) 

 

for 3,000<Re<5x106, 0.5<Pr<2000 

The correlation above requires the evaluation of the friction factor coefficient, which is a 

function of the Reynolds number. The calculation of this factor is discussed in section 2.10. 

Internal transitional flow 

The validity of the heat transfer relations presented in equations (2.14) – (2.19) are limited to the 

flow regime where experimental data appear to validate the mathematical expression. In the flow 

( )0.80.023Re Prn

h

k
h

D
=

( )
0.14

0.8 1/30.027 Re Pr b

h s

k
h

D

µ

µ

 
=  

 

( )
1

2
2

3

Re 1000 Pr
8

1 12.7 Pr 1
8

h

f

k
h

D
f

−
=

  
+ −  

   



 

 

14 

regimes in between however, the initial formation of turbulent eddies is highly dependent upon 

inlet conditions and for this reason, it is difficult to characterize the heat transfer in the transition 

region, however Gnielinski [3] offers the following empirical relation 

             

            (2.20) 

 

for 2300>Re>10,000, 0.6<Pr<105  

The relation shown above assumes a large tube aspect ratio (L/d>30) and includes a temperature 

correction factor in terms of Pr number, which reduces to unity with small fluid temperature 

differences between the bulk and the wall. 

2.4.2 Bank of straight tubes 

Heat transfer external to a bank of tubes is less sensitive to the flow regime since the geometry is 

complex unlike flow inside a pipe, therefore transition effects between laminar and turbulent 

flow can be neglected based on experimental work on heat exchangers by Donohue [4]. For this 

reason, the following correlations can be applied in both turbulent and transition regimes.  

External laminar and turbulent flow parallel to tubes 

             

            (2.21) 

 

External laminar and turbulent flow perpendicular to tubes  

             

            (2.22) 

Both of the correlations shown above are applicable for 1<Pr<500 and are best suited for fluids 

in the liquid phase. In order to characterize heat transfer for gases, Grimson [15] offers the 

following expression, applicable for aligned tube banks with equal longitudinal and transverse 

pitch, within 1.5<PoD<4.0 ratio. 

            (2.23) 

 

where both c and m factors are dependent of the tube arrangement. The following expression is a 

quadratic interpolation from tabulated data from Incropera [2]. 
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            (2.24a) 

            (2.24b) 

The correlations above employ the outer tube diameter as the length scale of the problem. 

Reynolds is calculated using the velocity which results from the smallest area of flow between 

adjacent tubes. Thermo physical properties are evaluated at mean temperatures. 

2.4.3 Single curved tube 

The physical process of forced convection on curved tubes is similar to that of straight tubes; 

however the centrifugal acceleration produces a transverse pressure gradient within the tube, thus 

causing a secondary flow perpendicular to the direction of the primary flow. This secondary flow 

results in an enhancement of the heat transfer when compared to straight tubes. The following 

relations are obtained from Mori [5], [6] based on experimental and theoretical analysis. 

Internal laminar flow 
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            (2.25b) 
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Internal turbulent flow 
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In the calculations above, the ratio a/Rc refers to the ratio of coil tube inner radius to the radius 

of curvature of the coil. Reynolds number is calculated using the inner diameter as the length 

scale, and the thermophysical properties of the fluid are evaluated at mean fluid temperatures. 

Internal transitional flow 

Given the formation of secondary flow in curved pipes, the transitional flow is included in the 

empirical correlations shown above, given that the experimental data which supports these 

correlations was obtained experimenting with coils oriented with the cylindrical axis parallel and 

perpendicular with the direction of gravity. Orientation does not have a significant effect on the 

overall heat transfer coefficient; however there is an effect due to the surface temperature of the 

coils. 

2.4.4 Bank of curved tubes 

External forced convection heat transfer coefficients for a bank of curved tubes can be 

approximated to a bank of straight tubes in order to calculate heat transfer coefficients on 

external cross flow calculations. Given that the correlations for external straight pipe flow have 

already being introduced, it is suggested that these correlations are employed however keeping in 

consideration the following limiting conditions. 

In the case of pure cross flow heat transfer, common in shell and tube heat exchangers, the 

correlations are constructed usually with experiments where the fluid inside the tubes flows with 

the same temperature variation axially, and the external fluid encounters internal fluid at even 

temperatures on that same axial location common to all straight tubes set in parallel. In the case 

of curved tubes, the internal fluid is always increasing in its temperature, thus the external fluid 

encounters fluids at different temperatures as it flows across the bank of tubes. This idealization 

is known as the 1 stream mixed 1 stream unmixed idealization. 

2.5 CONVECTIVE HEAT TRANSPORT DUE TO SURFACE ENHANCEMENT 

Convection heat transfer can be enhanced if the surface of interface is treated with certain 

characteristics. Enhancement is achieved by introducing features which elevate the heat transfer 

coefficient, or which increase the surface area. The most common method to accomplish 

convection enhancement is by introducing surface roughness and thus enhance turbulence. H.J. 

Lim [9] reports the following empirical relation which applies to surface knurled tubes internally 

and externally on pipes. 

            (2.27) 
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            (2.29) 

             

 

            (2.30) 

for Re<1000 and Re >10,000 

These factors multiply the heat transfer coefficient obtained with the appropriate correlations 

directly. 

2.6 RADIATIVE HEAT TRANSPORT  

In the case of high temperature reactors radiation heat transfer is an important phenomenon. 

Bardet [17] discusses that in the case of flow of transparent fluid inside heat transfer channels, it 

is common that the surfaces that view each other have similar temperature, so the net radiation 

heat transfer is small compared to convective heat transfer. Based on this principle, it can be 

assumed that radiation heat transfer inside the PB-AHTR core can be neglected compared to 

convective heat transfer, as it is cooled by flibe, a transparent fluid. In the case however of the 

passive safety cooling system, where high temperature pipes carrying liquid salt is exposed to 

ambient temperatures, radiation heat transfer is expected to be significant. The subject of 

radiation heat transfer is ample, and this section will present relations applicable to cylinders 

radiating to a wall as shown in the figure below. The relations presented in this section 

correspond to the exchange of heat between two surfaces as discussed by Incropera and Dewitt 

[2].  

 

Fig. 2-2 Thermal radiation from an infinite row of cylinders to an infinite plane 

Figure 2 shows an infinite number of cylinders of infinite length next to an infinite plane. The 

view factor of surface i with respect to surface j become: 

             

            (2.31) 
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Employing the reciprocal relationship, the inverse view factor can be obtained based on the total 

area Ai and Aj of surfaces i and j respectively as follows: 

 

            (2.32) 

Assuming surface j is at higher temperature than surface i, then the net amount of heat being 

transferred through radiation is: 

             

            (2.33) 

 

Where ei and ej are emissivities of surfaces i and j respectively. σ is the Stefan-Boltzmann 

constant and it takes the value of 5.670x10-8 W/m2K4.  

In the case of complex geometries, it is convenient to express the heat transfer similarly as a 

convective process as the equation below: 

              

            (2.34) 

 

             

            (2.35) 

 

The effective heat transfer coefficient heq can become important at higher temperatures because it 

depends upon the cube of the absolute temperature. 

HYDRAULIC PROCESSES 

2.7 FLOW PRESSURE DROP INSIDE PEBBLE BEDS 

Flow losses inside pebble beds can result in relatively large pressure drops due to the tortuous 

paths the fluid is forced to travel. At low flow velocity, the flow develops smoothly around the 

spheres, but it always breaks at the point of contact between spheres. The following relations 

discussed by Mills [10] can be integrated along the length of the pebble bed to determine the 

overall pressure drop.  
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2.7.1 Due to Friction losses 

              

            (2.36) 

2.7.2 Due to Form Drag losses          

              

            (2.37) 

The losses in a pebble bed occur simultaneously due to friction and due to form drag, for this 

reason, the overall pressure drop calculation must be included the addition of both contributing 

factors. The coefficients 150 and 1.75 were obtained empirically and Bardet [14] suggest the 

values of 180 and 1.8 can also be used respectively; however this study employs the former 

values for the both relations, also known as the Ergun correlation for pebble beds. 

The pebble bed hydraulic or characteristic diameter, along with the real velocity is calculated as 

follows: 

             

            (2.38) 

             

             

             

            (2.39) 

              

where ε is the porosity of the pebble bed and Ano-pebbles is the area of flow of the channels which 

contain the pebble bed assuming there aren’t any pebbles present in the bed. 

 

2.8 INTERNAL PRESSURE DROPS INSIDE TUBES       

2.8.1 Single Straight tube – Friction losses         

Primarily, the wall friction coefficient is a function of the Re number, which is the ratio of the 

fluid inertia forces to the viscous dissipation forces. 

            (2.40) 

 

Thus, the relations to predict the pressure drop due to wall friction can be estimated based on the 

friction factor. 
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            (2.41) 

 

The equation above can be used to predict the pressure drop ∆P for fluid flowing a distance L 

through a pipe whose hydraulic diameter is Dh and the fluid is characterized to have a density ρ 

and flow at a mean velocity V. Below is the methodology to calculate the friction factor. 

Laminar 

Under laminar regime, the friction losses are calculated through the Darcy friction factor 

             

            (2.42) 

              

Turbulent 

In the turbulent regime, several relations exists for the calculation of the friction factor, however 

for completion, the Zigrang-Sylvester equation is presented 

             

            (2.43) 

 

Transitional 

For the case of flows characterized by Re numbers that lie in between 2200 and 3000, a linear 

interpolation is employed between those two points. 

 

             (2.44) 

 

2.8.2 Form losses 

Form losses occur in flows due to obstructions, changes in flow area, or any other anomaly. This 

is usually taken into account by multiplying the dynamic pressure by a loss coefficient K to 

estimate the pressure drop due to the anomaly in the flow. 

            (2.45) 
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The factor K is pre-determined given the obstruction, such as flow areas, elbows, u-bends, etc. 

These factors can be found in standard fluid mechanics handbooks, such as Crane [16]. 

2.8.3 Single Curved tube – Friction and Form losses 

The pressure drop of flows inside curved circular tubes is similar to the flows occurring inside 

straight tubes; however, a secondary flow field is formed arising from the centrifugal 

acceleration and thus causing a pressure differential. Form losses are treated in equal manner to 

the those occurring in straight tubes, but the friction losses are accounted from empirical 

correlations provided by Mori [5],[6].  

            (2.46) 

 

In the case of laminar flows 

            (2.47) 

 

For turbulent flows 

             

             

            (2.48) 

 

where a is the tube radius and Rc is the radius of curvature of the tube. Once these friction 

factors are obtained, they are used to adjust the friction factor calculated assuming straight pipe 

geometry.  

2.9 EXTERNAL FLOW PRESSURE DROP OUTSIDE TUBES 

The friction drop on flows that is parallel or perpendicular through a bank of tubes of diameter D 

and separated by the tube center-to-center distance of a pitch Pit have been studied empirically 

by Todreas and Kazimi [13]. The relations are included below. 

2.9.1 Parallel flow on bank of straight tubes        

            (2.49) 

 

The equation above yields the wall friction pressure drop for a bundle of tubes of length L with 

fluid of density ρ flowing at mean velocity V. The friction factor is calculated as follows: 
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            (2.50) 

 

 

where ftube is the usual friction factor that can be calculated from the Zigrang-Sylvester relation 

presented for wall friction tube-side for turbulent flows. In the case of the laminar pressure drop, 

the relation is much more complex and is very sensitive to the pitch and the tube lattice. Todreas 

and Kazimi [13] contain detailed relations in the case of laminar flows for this geometry. 

2.9.2 Perpendicular flow through a bank of straight or curved tubes  

            (2.51) 

 

In the equation above, f is the friction factor. For external cross flow through a bank of aligned 

tubes, the factor f is the following as recommended by Emerson [19]. 

 

            (2.52) 

 

Equation (2.52) requires that the maximum mass flux, the hydraulic diameter and Reynolds 

number are calculated as follows 

            (2.53) 

 

 

            (2.54) 

 

            (2.55) 

The parameters SL and ST represent the spacing between tubes in the longitudinal (parallel) and 

transversal (perpendicular) direction relative to the flow respectively.  

The length of the bank, Lbank is defined as the overall distance of the tube bank which fluid 

travels through.  
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2.10 PRESSURE DROP DUE TO SURFACE ENHANCEMENT      

Pressure drop due to surface enhancement for improved convective heat transfer also causes 

increased pressure drop, both for internal and external flow in heat exchangers. H.J. Lim [9] 

reports the following correlations. 

            (2.56) 

for 0<Re106 

            (2.57) 

 

for Re<1,000 and Re>10,000 

 

            (2.58) 

for 1,000<Re<10,000 

These factors affect the wall friction as follows: 

            (2.59) 

 

COUPLED THERMAL-HYDRAULIC PROCESSES 

2.11 NATURAL CIRCULATION ANALYSIS 

Natural circulation consists on fluid flow in a loop which absorbs heat at a lower elevation of the 

loop and rejects heat at a higher elevation of the loop, thus enabling a steady flow on a loop 

balancing the buoyant-induced flow with the friction dissipation. In order to establish the 

equilibrium mass flow rate, the equations for conservation of momentum and energy are 

integrated along the flow loop, and combined to determine the equilibrium flow rate which 

balances heat transfer through the loop.  

            (2.60) 

 

The recommended technique is to break down the flow loop into several segments which can be 

integrated separately and summed together afterwards. After some manipulation 

             

            (2.61) 
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where ρc and ρh refers to the hot and cold density of the fluid and Lthermal is the vertical distance 

between the thermal centers of the hot and cold segments of the loop. Lk is the length of kth 

segment of the loop. Applying the Bousinesq approximation and solving for the velocity, 

expressed as the mass flow rate in a constant flow area loop. 

             

            (2.62) 

 

where L is the total loop length, and B and c result from assuming that the friction coefficient can 

be expressed as follows 

            (2.63) 

The set of equations shown above assume that the fluid flow is in equilibrium with the heat flow 

through the loop. The relations from above can be applied to study transient response when 

disturbances are applied, such as applying a sudden increase in temperature difference ∆T 

between the hot and cold sides of the loop. Todreas and Kazimi [12] explain these processes in 

detail. 

2.12 HEAT EXCHANGER ANALYSIS 

The analysis of heat exchangers can be performed based on the required heat load and determine 

the heat exchanger size from the required minimum heat transfer area, assuming fixed mass flow 

rates for the heating and cooling fluids through the heat exchanger.  

However, in certain problems, the size of the heat exchanger is not only a function of the heat 

load, but also of the allowable fluid pressure drop across one or both of the fluids through the 

heat exchanger. This problem is known as the thermal-hydraulic exchanger design process, 

where fluid and thermal considerations must be taken simultaneously.  

Applying the number of thermal units (NTU) methodology as detailed by Mills [10], the required 

heat load along with the mass flow rates and the fluid heat capacity yield the effectiveness, 

which then can be used to calculate the NTU number, based on charts or calculated with relations 

specific to the heat exchanger type. Once the NTU is calculated, the overall heat transfer 

coefficient U can be calculated based on the appropriate heat transfer correlations using the 

heated perimeter Ph, the following relations determine the heat exchanger sizing problem. 

 

            (2.64) 
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            (2.65) 

 

Both relations above depend on the tube length L, which is the common factor for both 

equations. In the case of a maximum allowed pressure drop, an iterative process is necessary to 

meet both requirements while varying the geometric parameters. 

COUPLED THERMAL-HYDRAULIC-NEUTRONIC PROCESSES 

2.13 POINT KINETICS WITH FUEL AND MODERATOR TEMPERATURE REACTIVITY 

FEEDBACK 

Heat generation rate within a reactor core varies when reactivity changes occur. A reactivity 

change is a perturbation in the steady conditions of the nuclear core, which causes a perturbation 

in the overall rate of fission nuclear reactions. Negative reactivity insertion, typically caused be 

increased neutron absorption, causes the heat generation rate drop, and positive reactivity 

insertion, typically caused by the removal of neutron highly-absorbent material causes heat 

generation rates to increase. The following equation as discussed by Duderstadt [11] illustrates 

the variation of heat generation rate Q as a function of time t. 

             

            (2.66) 

 

The parameter ρ represents the reactivity insertion into the core, as a consequence of a 

perturbation. These perturbations can be small or large, for instance, insertion or removal of a 

control rod would represent a large perturbation whereas changes in temperature or density of the 

fuel and neutron moderator would represent small perturbations. The point kinetics equation 

shown above still holds for both types of perturbations.  

The transient analysis of nuclear reactors is focused with the behavior subsequent to small 

perturbations in the reactor core. In order to estimate the insertion of reactivity from a 

temperature T or moderator density M perturbation, it is necessary to know the temperature and 

moderator density reactivity feedback coefficient, denoted λT and λM below. 

            (2.67) 

             

             

            (2.68) 

 

As it can be inferred from the relations above, the insertion of reactivity ∆ρR resulting from 
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of these feedback coefficients, which are determined in the nuclear reactor core design. The 

linear relation shown is only valid for small perturbations, usually within the same range of 

validity as the feedback coefficients themselves, as these coefficients are functions of 

temperature and moderator density as well, but for small perturbations the relations above hold 

valid as explained in Duderstadt [11]. 

The temperature and moderator perturbations denoted ∆T and ∆M are a function of the thermal-

hydraulic plant behavior. A decrease in the forced cooling capacity or an increase in coolant 

pressure would result in these perturbations. The result does not only affect the heat transfer rate 

or the pressure drop across the core, but the heat generation rate as well. For this reason, the 

coupled problem of multiple phenomena in nuclear reactors is particularly difficult. 
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3. DESCRIPTION OF THE PB-AHTR PLANT PRIMARY SYSTEM DESIGN  

The methodology developed through this study is applied to the transient analysis of the Pebble 

Bed Advanced High Temperature Reactor (PB-AHTR). The history and evolution of the PB-

AHTR design is discussed in detail in the introduction. In this section, the technical details of the 

reactor design studied are specified.  

The design aspects of the PB-AHTR presented in this chapter include features already developed 

by other researchers in substantial detail. There are other design details however that are omitted 

in this section since this study focuses on the fundamental phenomena which occur at the plant 

level of the reactor design. Design details of the plant such as external heat loss to surrounding 

air, thermal inertia of piping connecting main components, safety valves and pump 

manufacturing details are examples of many design details which may exist but are not included 

in this section for simplicity.  

Primary System Design Basis 

 The design basis of the primary system is to represent a high energy density system that is 

efficient in the usage of space and materials, thus making an economic design. Another criteria 

for the design of the primary system, is the usage of systems compatible with liquid salt coolants 

and high temperature environments. Finally, the primary system is required to have a high 

thermodynamic efficiency based on the use of a coolant with excellent high-temperature 

thermophysical properties.   

The design of the reactor pebble core [1] and the direct and intermediate heat exchanger [2] were 

performed independently by researchers at UC Berkeley. This report offers an overview of the 

design of these components with limited and condensed information from the references. For 

more details, the reader is directed to the source reports.        

3.1 CORE    

3.1.1 Fuel: Geometry, Materials, Thermal Performance 

Pebble fuel is made from various materials. The center region of the pebble is made from low-

density graphite, the TRISO fuel annular region is made from TRISO particles imbedded into the 

graphite matrix material. Finally, the outer layer is purely made from full density graphite. 

Figure 3-1 depicts the configuration of a fuel pebble. 
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Fig. 3-1 Pebble fuel composition 

The PB-AHTR employs fuel pebbles that are 3.0 cm in diameter. The size and density of the 

center graphite kernel are adjusted to give the desired pebble buoyancy, with a typical diameter 

of 1.98 cm.  The TRISO outer annulus region is 2.5 cm in diameter. The composition of the each 

TRISO coated particle is shown in Figure 3-1, and includes pyrolitic carbon, silicon carbide, and 

a porous carbon buffer. Sterbentz et. al. [3] include more details on TRISO fuel design. The fuel 

kernels are made from Low Enriched Uranium (LEU) in the form of uranium oxi-carbide.  

The fuel design of the PB-AHTR is in an advanced stage of analysis and methodology for the 

fuel performance was developed by Fratoni [5] and has been proven effective for the study of the 

neutronics of fuel pebbles and cores, however the design varies depending on the fuel burn-up 

requirements, allowable thermal gradients, reliability and reactivity feedback limitations. The 

standard point design is assumed in this study. Table 3-1 displays the assumed thermophysical 

properties for the fuel pebble constituents.       

 ρCp [J/m
3
K] k [W/mK] 

Graphite 3.0x106 80 

Fuel composite 3.0x106 15 

 

Table 3-1 Pebble fuel constituents thermophysical properties 

Holcomb [8] suggested the usage of the reported value for the pebble TRISO fuel layer. This 

recommendation is also suggested by Kohtz [9] as the steady state burn-up value experimentally 

determined for similar fuel design as the current pebble fuel. The assumed conduction coefficient 

for the graphite center core and outer layer are determined from a report originating from Idaho 

National Laboratory [10] where graphite type S2020 is suggested as a candidate material for 

NGNP reactor design applications. 
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The expected temperature profile inside the average fuel pebble can be obtained analytically 

from the conduction equation for annular spheres with partial heat generation and the appropriate 

boundary conditions as shown in Equations (2-3) and (2-4), in addition to the thermophysical 

properties for the fuel pebble shown in table 3-1.   Figure 3-2 shows the results. 

 

 

 

 

 

 

 

 

Fig. 3-2 Temperature profile of the average fuel pebble at full power. The average power per 

pebble is 2.67 kWth 

The fuel pebble generates heat only in the TRISO fuel layer region. In this present analysis, the 

assumption is that the normalized power generation is homogeneous everywhere in the TRISO 

fuel region. In reality, the heat generation is not homogeneous and will be a function of the local 

burn up and neutron flux. In addition, at the scale of individual fuel particles conduction must 

occur through the kernel and coating materials, so that the actual fuel kernels will be at a higher 

temperature than the temperature of the graphite binder material around the particles.  These 

differences will impact in the predictions for the hottest regions within the pebble fuel, however, 

for the purposes of this study, the assumption of homogeneous power generation is reasonable. 

3.1.2 Fuel conveyance: Geometry, Materials, Mechanical Performance 

Fueling of the PB-AHTR is a complex process. Fuel pebbles are designed to float in liquid salt, 

and this is the guiding principle in the design of the pebble channels. The design basis is to allow 

the online refueling of the pebble bed reactor. 

The core of the reactor consists of many vertically oriented solid structures, referred to as Pebble 

Channel Assemblies (PCAs), that are primarily constructed from graphite blocks shaped in 

hexagonal form and elongated from the lower coolant inlet region and stretching into the upper 

plenum of the reactor. These graphite blocks contain 18 channels which are cylinders arranged in 

hexagonal lattice structure and are located equidistant from each channel. These channels contain 

the pebble fuel and coolant and allow for the displacement of both, in this case, upwards as this 
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is the direction of flow through the fuel channels. The specific geometry of the channel was 

designed and optimized for pebble fuel insertion, displacement and removal through the 

defueling chutes above the core taking pebble dynamic considerations into account as discussed 

by Peterson [1].  

Each PCA consists of a stack of hexagonal blocks of graphite. These assemblies are maintained 

together in the vessel by mechanical means; however, there is a gap in between these PCA’s to 

allow for thermal expansion and swelling of the graphite as a function of varying thermal and 

radiation environments. A small core bypass flow channel exists in the spaces in between 

graphite blocks. The structural material envisioned for the PCA is Graphite H-451 or equivalent 

material for the convenient neutron radiation response, neutron moderation characteristics and 

available thermal inertia for excess heat generation. 

The PCA channels, the top and bottom plenum, the upper and outer reflectors are graphite 

materials as well. Liquid salt shows no chemical reaction with graphite material. Although 

significant work has been performed in the characterization of graphite fabrication as well as 

abrasion processes for HTGRs, investigation is underway in the case of liquid salt interaction 

with graphite. 
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Fig. 3-3 Channel-type core vertical cross section. Red areas indicate regions where pebble fuel is 

circulated (left) and 3D view of a single pebble channel assembly (right) 

The fuel channels have a carefully selected entrance and exit geometry, to allow for pebble 

entrance, displacement and exit in the channels. The graphite material which stands in between 

the pebble channels also acts as a moderating material which is designed to produce adequate 

neutron moderation for the targeted fuel utilization and burn-up.  

3.1.3 Neutron reflectors: Geometry, Material, Neutronic and Thermal Performance 

Surrounding the hexagonal pebble channel assembly blocks, the outer graphite reflector serves as 

the outer core boundary, neutron reflector and as housing for part of the Direct Reactor Auxiliary 

Cooling System (DRACS) systems. The diverted flow from the lower core plenum crosses the 

outer reflector and is forced to flow upwards through the fluidic diode and shell side of the 

DRACS Heat Exchanger (DHX). Both of these components sit inside cavitities in the outer 

reflector. There are 8 cavities overall, to accommodate 8 DRACS loops. 

 

Fig. 3-4 Core outer neutron reflector and adjacent components 

Above the PCA’s is the upper reflector. The upper reflector, in addition to reflecting neutrons 

back from the top of the core, provides additional thermal inertia and acts as a fuel conveyor 

component. The geometry of this component is designed to guide pebbles exiting the PCA’s into 

the defueling chute, where pebble fuel can be removed by a defueling machine for inspection and 

processing for later re-insertion. The upper plenum is also designed to have numerous but narrow 

coolant channels, where a large surface area of contact between liquid salt and the graphite 

reflector exists, such that in case of a sudden PCA outlet coolant temperature increase, the 

voluminous upper reflector absorbs the additional heat, therefore effectively using the large 

thermal inertia to reduce the rate of increase of the overall core coolant outlet temperature.  

Reflectors used in the reactor core are considered to be composed of graphite H-451 or 

equivalent. Levels of irradiation of graphite will be different for the various core components. 

The design of the PB-AHTR considers permanent and replaceable graphite core components 

depending on the irradiation and the neutron dose.  
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3.1.4 Cooling channels: Geometry, Material, Thermal-hydraulic Performance 

The coolant employed in the PB-AHTR primary loop is 7Li2BeF4, also referred as flibe.  The 

intermediate loop coolant is assumed here is a mixture of LiF-NaK-KF, also referred as flinak. 

Williams [4] reports that in general, liquid salts are excellent nuclear reactor primary heat 

transfer fluids because of their high volumetric heat capacity, low vapor pressure, low parasitic 

neutron capture and sufficient moderating capability to allow the design of cores with negative 

void reactivity coefficients. This study does not evaluate cooling voiding accidents as these 

family of events are assumed unfeasible due to the high boiling point of liquid salts. 

Flibe has excellent material compatibility and very low corrosion rates with high nickel alloys, 

when proper chemistry control is used. The activation products resulting from irradiation on flibe 

are short lived, thus causing low radiation levels associated with the coolant. 

The cost of flibe is high due to the cost of beryllium and enriched lithium, therefore the PB-

AHTR is designed to minimize the primary salt inventory in the primary cooling loops, once 

again, following the ideology of high energy-density components. 
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Fig. 3-5 Various horizontal cross section cuts of the core fuel and coolant channel (left) and the 

corresponding vertical cross section (right) 

The lower plenum is located below the PCA’s. Similarly to all core components, this graphite 

plenum has a carefully chosen geometry to allow homogeneous flow of coolant into the core and 

allow for the bypass of certain amount of coolant into the DRACS. The cavities in the lower 

plenum are designed to distribute the flow from two cold legs into seven PCA’s and into 8 
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DRACS bypass channels, in addition, there are cavities which guide the insertion of pebble fuel 

into the PCA’s.  The DRACS system is described in detail in section 4.2. 

Finally, the upper plenum is designed to collect coolant exiting the upper reflector and returning 

from the DRACS system and enhance the mixture based on a careful geometric design to obtain 

homogeneous thermal equilibrium of the outlet core coolant. The lower plenum also supports the 

core internal mechanism for refueling and the shutdown rod control mechanism. In addition, the 

upper plenum also serves as the outlet cavity that collects hot salt to flow to the primary pumps 

which pressurize the coolant and drive the flow into hot leg and the intermediate heat exchangers 

as it is further explained in the next section.  

3.1.5 Assembled Core: Assembled Geometry, Power Distribution, Neutron flux 

To analyze the reactor core thermal hydraulics it is necessary to assume a normalized power 

density function. It is well understood that power will vary locally inside the core, causing local 

temperature variations. In general, it is important to quantify the amount of variation, for 

example in LWRs where local power peaking must be predicted to avoid critical heat flux that 

may cause local boiling of the coolant. In the case of the PB-AHTR, the liquid salt boiling point 

is far from the operating average coolant temperature (boiling point of ~1500 °C vs. 650 °C 

average temperature).  Therefore the power peaking factors can be reasonably assumed to be a 

factor of second order importance. For the purposes of this analysis, the methodology employed 

by Griveau [6] which assumes an analytically-derived cosine power density function across the 

core is employed to model the power distribution axially,  but invariant radially. This is a 

reasonable assumption, and essentially neglects the neutron flux variations effect of the upper 

and outer reflectors, in addition to other mechanisms that affect the power distribution inside the 

core. 
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Fig. 3-6 Assembled core vertical cross section (left) and peak to average power shape function 

for active core region (right) 

The figure above depicts the power shape function assumed for the thermal hydraulics analysis 

performed here. The meshing shown reflects the chosen level of discretization for numerical 

analysis of the reactor core. The details of the core discretization are discussed in the model 

construction section in chapter 5 along with the methodology. 

3.2 MAIN HEAT EXCHANGER 

The Intermediate Heat Exchanger (IHX) is the component which transports essentially all heat 

generated in the core to the intermediate cooling loop, which then transports the heat to the 

power conversion system, described in the next chapter. The current design of the IHX is derived 

from the heat exchanger design of the MSBR developed at ORNL in the 1970’s. Both heat 

exchangers are single pass, shell and tube, counter-flow, disk and doughnut baffled, high power 

density designs. In both cases, the tubes have a knurled surface to enhance heat transfer on both 

the tube and the shell side of the heat exchanger. The differences however, are the specific 

geometric parameters of the heat exchangers, as well as a lower operating LMTD for the PB-

AHTR. 

3.2.1  IHX: Geometry, Material, Thermal-hydraulic performance 

In the IHX, the bank of tubes is positioned vertically around an inner cylinder and position such 

that the spacing between tube centerlines is even both radially and circumferentially. The tubes 

are arranged neither in square or staggered configuration, but in a radial lattice, as shown in 

figure 3-7. The tubes are bent at the top end to accommodate thermal expansion during start up 

and thermal load variations.  
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Fig. 3-7 IHX Geometric description 

The primary, hot fluid enters the tube side of the heat exchanger at the top, then is collected at 

the bottom and carried to the top of the heat exchanger through the central tube, where coolant 

exits and returns to the reactor. The intermediate fluid enters the heat exchanger at the bottom, 

and then flows through a tortuous path perpendicular to the shell side of the tubes.  

The baseline PB-AHTR design studied here employs Alloy 800H as the structural material for 

the vessel and components that are in contact with the salt coolant. Components such as coolant 

pumps, piping, heat exchanger pipes, shell, baffles, and tube sheet have a clad of Hastelloy N on 

the surfaces exposed to salt, for protection against corrosion.  Alloy 800H is chosen for high 

temperature applications as the primary structural material given that its usage is code qualified 

up to 760 °C. The DOE VHTR program is also sponsoring a review of the Alloy 800H allowable 

stresses in the ASME Section III-NH code, also seeking to extend the code qualified operation to 

900 °C. This effort will also include investigation of the alloy behavior under neutron radiation 

for high temperature applications.  

3.3 PRIMARY PUMP 

The primary pump of the PB-AHTR is a centrifugal pump with an overhung impeller and a 

special sealing mechanism to allow impeller operation with a dry main shaft. The pump design 
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basis considers the operation at high salt temperature and therefore special design requirements 

are taken into account.  

 

Fig. 3-8 MSBR primary pump vertical cross section view originating from ORNL report on 

MSRE system performance [11] 

The figure above depicts the primary pump employed by MSBR. The pump design for the PB-

AHTR is not expected to vary significantly from this pump design. 

3.4 REACTOR CONTROL SYSTEMS 

The PB-AHTR plant includes mechanisms designed to provide heat generation control. These 

mechanisms play a key role during reactor start-up, steady state full power output, load 

following, and reactor shutdown. The detail design of the reactor control mechanisms requires 

use of reactor physics tools, which were employed by Fratoni [5] in the analysis of inherent 

safety systems for the PB-AHTR. A general performance description of these control 

mechanisms is presented here. 

There are three primary shutdown systems. 1) Active control system serves as the primary 

method for shutdown, and requires a signal for activation and interruption of energy input to 

shutdown-rod element latches 2) Passive control systems as the emergency control which do not 

require a signal or energy input and 3) Inherent control systems which do not require signal or 
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energy input, as the reserve control mechanism. The former two systems have been studied in 

detail and the reactivity effects resulting from the actuation of the mechanisms are presented in 

the section below.  

In addition to shutdown elements, the reactor has control elements that are used to add and 

remove reactivity for the purpose of reactor control, including start-up, load-following and 

normal shutdown transients.  The active control system requires the design of a system which 

employs energy input, in the form of electricity, magnetism or pneumatic to drive the insertion or 

removal of control elements from the core, and thus affecting the criticality. The system is 

designed to be operated from the control room and follow the reactor operators command 

according to the procedures. For the purposes of this study, it is assumed that the system can 

insert or remove variable amounts of reactivity taking various amounts of time for full insertion 

or removal as well as allowing a flexible delay time from signal to beginning of insertion.  

3.4.1 Passive control: Reactivity worth, Insertion speed, Delay 

The passive shutdown system is characterized by the activation without an external signal and 

also by acting without the input of energy, thus the designation as passive. This system consists 

of a neutrally buoyant shutdown rod which contains neutron absorbing material and is floating in 

a liquid salt channel that is located parallel to the pebble channel assemblies and extends from 

the bottom of the core all the way to the top of the upper plenum. In this configuration, the 

passive control rod sits above the core during full power operation and thus does not absorb 

neutrons significantly. During power excursions which cause the primary liquid salt core coolant 

to heat up, the density of the fluid becomes less than the density of the passive control rod, and 

causes the rod to sink inside the core, thus inserting a large amount of negative reactivity and 

shutting down the core. This mechanism is formally referred as the shutdown rods. 

In order to study the performance of the shutdown rods, both, scaled experiments and 

simulations were set up by Blandford and Peterson [7] in order to measure the delay time which 

occurs from the onset of temperature rise until the shutdown rod begins to move, and also to 

estimate the amount of time the rod takes to insert inside the core. Fratoni [5] analyzed the 

shutdown rod reactivity worth using neutronics simulations. In both cases the information 

pertaining to this study is included in this section. 
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Fig. 3-9 Shutdown rod geometry in its inserted position inside the channel (left) core criticality 

predictions as a function of insertion depth (top) finally, insertion position and velocity following 

after onset of temperature increase resulting from studies by Blandford [7] and Fratoni [5].  

The geometric design of the shutdown rod seeks to facilitate its insertion by minimizing the drag 

with the coolant in the channel as well as the contact between the rod and the channel walls. The 

design also considers potential stability issues for this floating body and finally, seeks to 

maximize the cross sectional area of the rod for neutron absorption. Based on these criteria, two 

designs are considered, using a cruciform-shaped rod and a cylinder-shaped rod.  

The results of the analysis [5],[7] predict the total shutdown rod worth and the insertion delay 

and travel time of the inserting rod, for both designs, however experiments with the cruciform-

shaped halted the analysis of this geometry early on. For this reason the data presented in the 

figures above refers to the cylindrical rod data only.  
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3.4.2 Inherent control: Feedback coefficients study. 

The ultimate control mechanism is the inherent negative fuel and moderator temperature 

reactivity feedback. This engineered safety feature consists on designing the pebble fuel 

configuration to take advantage of the Doppler broadening effect on the epithermal absorption 

cross section of the fuel constituents, in special, of fertile fuel during temperature excursions. 

Similarly, the configuration of fuel and moderator material can be engineered such that effect of 

varying the overall moderator density due to thermal expansion results in the insertion of 

negative reactivity to the core. Fratoni [5] studied and quantified the reactivity insertion per unit 

of temperature variation of the fuel and moderator. While this study also discusses multiple fuel 

designs, the reactivity properties of the standard fuel pebble design and moderator at expected 

prototypical conditions are presented below. 

 

 

 

 

 

 

Table 3-2 Temperature reactivity feedback coefficient for the fuel and moderator at average 

steady-state core burn-up levels [5] 

Table 3-3 summarizes the values for the reactivity insertion that are assumed in this study for the 

different reactor control mechanisms. 

Reactivity control 

parameters 

Active 

control 

mechanism 

Passive 

shutdown rod 

mechanism 

Inherent fuel 

reactivity control 

mechanism 

Inherent moderator 

reactivity control 

mechanism 

Delay time from 
signal to initial 
response [s] 

0 25 0 0 

Travel time for full 
insertion [s] 

1 37 0 0 

Measure considered 
full insertion 

Activation 
of insertion 

system 

Complete sinking 
shutdown rod 

Fuel temperature 
increase of 1500 

°C 

Moderator 
temperature increase 

of 500 °C 

Total reactivity worth 
[$] 

12.50 8.08 6.69 1.77 

 

Table 3-3 Reactivity insertion parameters for reactor control systems 
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3.5  MODES OF OPERATION          

3.5.1  Steady State 

The PB-AHTR is designed for optimal operation under full power steady state conditions. In this 

mode, the passive safety cooling system removes a small amount of power and rejects heat to the 

outer surroundings. The power generation density is expected to vary within the reactor vessel 

spatially, and also throughout the fuel cycle. The temperatures exiting each core cooling channel 

are expected to vary as well, but effective mixing occurring at the upper plenum is expected to 

produce a homogeneous coolant temperature exiting the core into the heat exchanger.    

3.5.2  Transient             

Operation of the PB-AHTR during a transient is considered under a variety of situations which 

cause the transient to occur. For instance, changes in pump speed, changes in the secondary heat 

sink, and changes in the safety cooling systems are all events that will affect the rate of heat 

generation (reactivity changes) as well as the rate of heat removal (cooling capacity changes). 

The evaluation of transients is made for two distinct phases of the transients: short term fast 

variations and subsequent long term, slow variations.  

During a transient, the fast variations cause the largest temperature and coolant flow rate changes 

in the core. These effects last in the order of minutes and involve forced flow conditions and high 

temperature difference heat transfer. For these reasons, the changes occur in the relative short 

time-scale. The secondary category of transient behavior belongs to short term, slow variations 

which are typically driven by buoyant flows and small temperature difference heat transfer. The 

threshold between short and long term events vary depending on each transient. 

The evaluation of each transient requires the specification of precise bounding events which 

drive the changes of the plant operating conditions. The following section describes the 

applicable transients of interest for the PB-AHTR.  

3.5.3  Initiating Events           

SCRAM  

The simplest transient to study is to shutdown the reactor by tripping the power conversion 

system and inserting the shutdown rods. At this point, the exact procedure to shut down the 

reactor has not been prepared, however, it is envisioned that the decay heat will be removed 

through the intermediate cooling system using a shutdown cooling system, with natural 

circulation of the primary and intermediate salts. Conceptually speaking, the procedure for 

shutting down the reactor must be designed to avoid overcooling of the primary salt, and 

therefore avoid causing coolant freezing which occurs at ~450 oC. The following are the three 

methods the reactor can be shut down, however, it is important to note that only the active and 

passive scram mechanisms will reduce the core power down to decay heat levels. The reactivity 
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due to feedback may not be sufficient to transition into decay heat mode, but certainly enough to 

lessen the heat generation rate significantly. 

The reactor can be shut down employing a variety of mechanisms. The default mechanism 

consists of using the active control system, which inserts a large amount of negative reactivity by 

inserting neutron absorbing material into the core employing mechanical means. This method is 

the most effective and fastest to shut fission down, thus is typically used in nuclear reactors.  

Another mechanism to shut down the reactor is by increasing the coolant temperature, either 

adjusting flow rates or primary heat sink and allow primary coolant temperatures to raise slightly 

and provoke the neutrally buoyant shutdown rod to insert into the core. This passive method is 

slow, however offers greatest reliability due to its passive nature. 

Finally, the reactor core can also be shut down due to fuel and moderator negative reactivity 

thermal feedback effect, when the core increases its overall temperature sufficiently high. This 

passive method is the reactivity control mechanism that is considered after all other methods 

have been employed to shut the reactor down.  

LOFC         

The Loss of Forced Circulation (LOFC) transient refers to the inability to cool the reactor core 

through active, forced means. The most common scenario is to shut down both of the primary 

pumps. 

Partial or total pump malfunction 

The failure modes which produce this transient type may cause a partial or a total flow 

disruption. In the case of pump malfunction, a lessened net power supply to one or both of the 

primary pumps would produce smaller flow rates. Similarly, the introduction of excessive 

friction in the shaft bearings or the impeller points of contact, which would cause additional 

torque load to one of the pumps, thus reducing actual hydraulic power, that is, the cooling loop 

flow rate. A total failure of one of the pumps is perhaps the simplest scenario. Events such as the 

main shaft breakage or electric power supply interruption represent the total failure. Depending 

on the transient boundary conditions, the pump inertia may or may not be considered after a 

pump trip signal is in place. 

Partial or total flow blockage 

In the case of flow blockages, analogous to the pump failure case, malfunctions may alter the 

flow rates partially or completely. Given the tortuous path the primary coolant follows through 

the pebble bed and the small-diameter channels in the heat exchanger, these are the components 

most likely to show flow blockage disturbances. The case of complete flow blockage is less 

probable, but may occur if the temperature inside the loop drops sufficiently to freeze and plug 

across the entire flow area of the cooling loop. 
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Multi-component failure 

The PB-AHTR employs two primary pumps which transport hot coolant through four heat 

exchangers. If only one of the pumps failed partially or completely, the flow in this loop would 

re-adjust based on the local flow conditions, affecting the flow distribution through the core and 

the heat exchangers. A flow blockage which occurs asymmetrically inside the core or heat 

exchanger would also have an impact locally, tending to allow uneven flows and rate of heat 

generation and removal.  

LOHS           

Loss of Heat Sink (LOHS) transients occur when the flow of salt through the intermediate 

system is altered or completely removed and thus disabling the cooling capacity of the 

intermediate heat exchangers.  Other means of altering the heat sink is by considering degraded 

heat transfer rates due to fouling occurring at the liquid/metal interface.  

Partial or total loss 

LOHS transients may involve the complete loss of intermediate cooling, caused by an 

intermediate pump trip in all intermediate pumps. However this loss may be gradual as well, 

where only a fraction of the total mass flow rate on the intermediate cooling system is lost. 

Multi-component loss 

Finally, this transient can also involve cases where the loss does not occur to all components. For 

example, a pump trip for two/four intermediate pumps would reproduce a partial loss of heat 

sink, which would reflect in an asymmetric core cooling system, and thus causing core response 

to the perturbations that are difficult to predict. 

LOCA            

Loss of Coolant Accidents refers to the actual loss of liquid salt inventory. The pool design of the 

PB-AHTR includes the lining of buffer salt and a secondary retaining vessel guard which makes 

it essentially impossible for these transients to occur, since the buffer salt can ingress into the 

core due to gravity alone if the level of salt inventory decreases below the operation levels. A 

reserve tank of buffer salt is attached properly to provide ample supply if a loss would occur. 

Small and Large break 

Opposite to light water reactors, a loss of coolant accident is not sensitive to the size of the break, 

since the primary cooling system is not pressurized, resembling an open pool type reactor. In the 

current PB-AHTR design, the most likely LOCA event is a metallic structure failure outside the 

core causing coolant leakage or coolant mixing between the primary and intermediate salts inside 

the heat exchangers.  



 

 

45 

3.5.4  Safety limits           

There are many safety considerations that limit the design of the PB-AHTR.  These safety 

considerations results from the anticipation of several potential events that are likely to cause 

adverse effects to the integrity of the plant. These events are classified into the categories shown 

in Table 3-4 as presented by Peterson et al. [1] where each category contains a set of potential 

safety concerns from a licensing perspective. 

Potential Safety Issues – Regulatory Design Criteria 

Maintain control of radionuclides 

Control heat generation (reactivity) 

Control heat removal 

Control coolant inventory 

Maintain core and reactor vessel geometry 

Maintain reactor building structural integrity 

 

Table 3-4 Regulatory Design Criteria for safety 

The DRACS system plays a key role by providing means of control of heat removal, although its 

design also affects essentially all other criterion in the table above. Given that the role of this 

mechanism is to remove decay heat, the design criteria follows the goal to achieve a system that 

can provide sufficient means to remove heat in case of failure of other primary means of heat 

removal, in this case, failure of the primary cooling system. 

The safety concerns that arise due to a failed control of heat removal are many. The fuel and 

graphite core structures have very large margins to thermal damage, and thus cannot be easily 

damaged.  Instead, overheating of the primary system would begin by causing accelerated 

thermal creep and mechanical failure of the metallic materials with the lowest thermal limits, in 

this case, structures such as pipes, pump components and the heat exchangers among others. 

Mechanical failure refers in this context to any consequence that compromises the components 

physical integrity. Thus, accelerated creep, fracture, deformation, rupture and melting are all 

mechanical failure modes among other modes. The failures described above are likely caused by 

reduced yield strength and accelerated creep deformation, but also by approaching melting 

temperature. The section below describes the limits chosen for safety. 

Metallic thermal limits 

Alloy 800H is ASME Code qualified for use up to 760 °C as reported by Peterson [1]. 

Alternatively, Alloy 316 stainless steel is code qualified for the use up to 800 °C.  316 SS offers 

a lower allowable stress loading compared to Alloy 800H. but has much better tolerance for 

neutron irradiation and has been shown to have low corrosion rates when used with clean flibe 

salt. Currently, an initiative exists by the U.S. DOE to evaluate and extend the operation limits 

for Alloy 800H up to 900 °C. Since the steady operation of the PB-AHTR employs salt exiting 

the core at ~704 °C, then a safety margin of 56 °C exists to remain within ASME Code limits 
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and accommodate coolant thermal variation during transients and accidents for Alloy 800H, and 

a somewhat larger margin for 316 SS. 

Fuel thermal limits 

Fuel failure begins to occur when pebble fuel reaches temperatures above 1600 °C as discussed 

by Peterson et al. [1]. The maximum temperatures envisioned in full power, steady operation 

occurs at the boundary between the graphite pebble core and the TRISO fuel layer and is 

calculated at 973 °C. This is the temperature of a fuel pebble located at the center of the core. 

The hottest pebble produces 3.77kW due to a peak to average axial peaking factor of 1.41. A 

different fuel design employing different sized TRISO particles or different packing fractions 

may change the effective thermal conductivity across the fuel layer to greater conductivity values 

of 15 W/m-K, thus reducing the maximum fuel temperature achieved in the fuel layer to 800-900 

°C range. Likewise, the annular core design has lower pebble powers and temperatures.  

Minimizing the fuel temperature is highly desirable in order to reduce the peak coolant 

temperature during an Anticipated Transient Without Scram (ATWS) where the core is shut 

down due to negative reactivity feedback alone. 

Assuming the fuel pebble design presented earlier in the chapter, there is a thermal margin of 

630 °C until fuel could fail. At high temperature levels, pebble fuel fails due to many 

mechanisms that are discussed by Sterbentz [3] but failure primarily due to thermal stress which 

cause cracking of the sphere and leads to fission product release.  

3.6 SUMMARY 

The components of the core in addition to the primary system plant components are designs that 

are well defined in terms of its geometry and materials. The behavior of the nuclear core during 

transients requires the precise definition of the initiating events and boundary conditions to 

simulate secondary and sub-system plant components. The safety assessment of the core during 

transients is subject the margins of safety set by thermal and mechanical limits of the reactor 

constituents.   
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4. DESCRIPTION OF THE PB-AHTR PLANT SUB-SYSTEM DESIGNS 

4.1 INTERMEDIATE SYSTEM 

The reference PB-AHTR design uses a multiple reheat Brayton cycle for power conversion as 

heat transfers from the intermediate salt loop to the helium power conversion fluid. This system 

was chosen in order to achieve a high power conversion efficiency, as high as 46%. The 

information in this section is obtained from Caron et al. [1] and Peterson and Zhao [2] in addition 

to the input from Peterson [3] over the course of the research project. The picture below depicts 

the components of the power conversion system and the configuration with respect to the reactor 

core. 

 

 

Fig. 4-1 Intermediate system and components 

4.1.1 Salt to Helium heat exchanger   

Design Challenges 

The salt to helium heat exchanger design remains in schematic form. The design of this heat 

exchanger is challenging due to the 1) high pressure differential between the salt and helium loop 

and 2) high stress levels caused by large temperature drop on the heat exchanger. Figure 4-2 

shows a schematic of the salt to helium heat exchanger and its configuration with respect to the 

power conversion system. The working salt in this heat exchanger is flinak (LiF-NaK-KF) and 

the power conversion system gas is helium.  
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Fig. 4-2 Salt to helium heat exchanger and turbine location 

4.1.2 Power conversion system  

The overall concept is based on the Mitsubishi Heavy Industries power conversion system 

designed for the PBMR, which consists on conventional horizontal turbine and compressor, 

using dry gas seals and oil-lubricated bearings, shown in figure 4-3.  

 

 

Fig. 4-3 Power conversion system schematic 
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4.1.3 Intermediate loop          

The piping components which connect the power conversion system and the salt-to-helium heat 

exchanger components have not been designed. A detailed design is not very important for the 

purposes of the transient analysis, but the design of the overall system is important to understand 

the realistic transient analysis event breakdown, especially the loss of heat sink. Some 

assumptions can be made with regards to this transient, based on a parallel with light water 

reactor power conversion systems, however not with a strong basis. As it will be discussed in 

section 6.5.3, the approach assumed is the instantaneous total heat sink loss, as a conservative 

limit for how rapidly loss of heat sink occurs. 

4.2 SAFETY SYSTEM DESIGN BASIS 

The design basis for the safety system requires the implementation of the principle of passive 

safety. In order to fulfill this, the safety system employed by the PB-AHTR is passive and is 

designed to provide sufficient cooling capacity in addition to the primary heat removal system 

DRACS Overview 

The Direct Reactor Auxiliary Cooling System (DRACS) is a system consisting of various 

components designed to remove heat passively by means of natural circulation. The DRACS 

Heat Exchanger (DHX) is located above the core, where a bypass flow of the primary salt is 

diverted from the core inlet plenum is allowed to pass through the shell side of this heat 

exchanger. This heat exchanger is conceptualized as a single pass, disk and doughnut baffled, 

shell and tube type, similar in design to the IHX described in the section 3.2.1, but smaller in size 

and in the number of tubes. The flow diverted from the core inlet plenum is regulated by a 

component called a fluidic diode. The fluidic diode, analogous to an electric diode, is a device 

designed to impose a strong blockage for flows in the high resistance direction, while allowing 

almost free flow when flows occur in the opposite, low resistance direction. Heat absorbed by 

the DHX is rejected by the Natural Draft Heat Exchanger (NDHX) to the ambient by allowing 

air flow on the shell side at a rate controlled by intake dampers that are automated to open upon 

LOHS and loss of normal shutdown cooling, and can also be manually operated. These dampers 

are needed to control heat loss, since overcooling transients are also possible.  Heat is convected 

by liquid salt in the DRACS loop which connects the outlet of the DHX to the inlet of the NDHX 

and vice versa, thus closing the passive loop which is entirely driven by buoyancy forces. Figure 

4-4 depicts the DRACS system in relationship to the reactor core. 
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Fig. 4-4 PB-AHTR Passive safety system frontal diagram (left) and DRACS component scheme 

(right) 

Fluids and Materials  

For the reference design studied here, the working fluid for the DRACS system is LiF-NaF-KF 

salt, also referred as flinak. The overall heat transfer characteristics of this salt are very similar to 

flibe, the primary coolant, except that the cost of this salt is more accessible, thus preferred for 

heat transfer fluids where neutronic absorption is not of great concern. The melting temperature 

is very similar for both salts, therefore low temperatures margins to avoid freezing are essentially 

the same. Flinak and flibe do not show considerable corrosion rates, thus are not of concern in 

terms of potential chemical attack.  

The wall materials for the DRACS heat exchangers and piping are envisioned as 316 stainless 

steel or Alloy 800H given that this material is code qualified for high temperature applications. 

However, the DRACS loop operates in lower temperatures than the core and may reach lower 

maximum temperatures during transient operation as well, thus potentially enabling the 

consideration of other metallic materials. 

Finally, a factor of consideration in the material selection for the NDHX heat exchanger is the 

corrosion which may result from the interaction of the NDHX surface and water vapor among 

other air constituents at high temperatures. For these reason, the material evaluation is another 

aspect which needs to be considered in the detailed design of the DRACS system. 

This section of the report offers a conceptual description of the design of the DRACS system, 

given that the actual design, optimization, verification and validation of the analysis, are subjects 

of this dissertation. The actual design process is detailed in section 5.3 DRACS Design, along 

with a description of the methodology. 
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4.2.1 DHX 

The design basis for the DHX considers performance during the most challenging transient 

scenario. In this sense, most important transient is the Loss of Forced Circulation (LOFC) 

transient, where forced primary cooling stops, leaving natural circulation as the cooling 

mechanism. This section establishes the design basis for this component and considers the 

transient analysis for the purposes of setting the design basis. More detailed information on the 

transient analysis is presented in section 6.5. 

DHX Heat Load Design Basis 

The heat load capacity was selected to be 2% of the reactor power for various reasons. The logic 

established follows the principle that this set of heat exchangers are sought to be employed 

during severe LOFC transients only. The most severe LOFC transient assumes negligible heat 

loss due to natural circulation through the IHX. Irrespective of whether the reactor is scrammed 

or not, this transient will generate sufficient negative thermal reactivity feedback to effectively 

scram the reactor and switch the power mode to decay heat production. In this stage, the decay 

heat curve predicts a decaying heating curve to drop to about 2% of power at around 1000 sec 

(~15min) later and slowly dropping thereafter until it reaches 0.2% of power at around 1.5 weeks 

later. Following this logic, the heat generated during the first 1000 seconds will be in excess of 

heat removal capacity by the DHX. This excess will heat up the primary core cooling system 

components until the 2% power level is reached by the decay heat curve. The cooling system 

average temperatures will drop afterwards. 

 

Fig. 4-5 Typical LWR core decay heat power history referenced form Schrock [9] 

DHX Heat Load during Normal Reactor Operation 

During full power steady state reactor operation, the DHX is passively removing heat; however, 

this amount of heat is controlled by two factors. First, the fluidic diode limits the amount of 

primary fluid passing through the shell side of the DHX, due to the high pressure drop across the 
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diode. Second, the amount of air flow rate allowed through the NDHX regulates heat release to 

the environment. Low air flow rates cause small coolant temperature change across the DHX 

Therefore, to reduce the rate of heat loss from the DRACS under normal power operation and 

under overcooling transients, the air flow rate at the NDHX chimney intake is controlled with 

inlet dampers to reduce the parasitic heat losses through the DRACS.  

Geometric Design 

The DHX is identical in design to the IHX, except they are smaller both in height and shell 

radius. This heat exchanger employs the same tube diameter as the IHX based on manufacturing 

and analysis considerations, and it is similarly held together by disk and doughnut baffles as 

shown in figure 4-6. The reader is referred to section 3.2.1for more details of the DHX geometry. 

 

 

 

Fig. 4-6 Disk and doughnut heat exchanger internal component diagram illustrated by Kuppan 

[6] 

Opposite to the IHX, the DHX carries primary, hot salt fluid through the shell side and the 

DRACS salt through the tube side of the heat exchanger. During steady-state full power, this 

heat exchanger transfers heat in parallel flow, but turns into a countercurrent heat exchanger 

during the LOFC transient, immediately after flow reversal is established through the DHX.  

Both, the DHX and the IHX designs were developed employing the code PRIMEX in a study 

performed by Lim [10]. This code is relatively simple to use, since the input deck consists of 

nine input parameters, essentially, the inlet/outlet temperatures in addition to maximum outer 

radius and pressure losses. A parametric study was performed to obtain the smallest heat 
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exchanger design for the DHX under the expected operating conditions, since this heat 

exchanger is specially limited in space as it is located within the reactor vessel. The solution of 

the thermal-hydraulic problem was obtained after an algorithm was set up to run the executable 

multiple times and obtain a satisfactory design.  

PRIMEX Overview 

The design of the salt-to-salt heat exchangers, namely, the IHX and DHX requires the usage of a 

dedicated code which can predict specific geometric information for the construction and 

expected performance. The code PRIMEX was chosen for this application in the design of the 

PB-AHTR. 

The Primary Heat Exchanger code PRIMEX was developed in an effort led by Bettis et. al. [11] 

at Oak Ridge National Laboratory in 1971 as part of the Molten Salt Breeder Reactor design 

effort, specifically, for the design of the primary heat exchanger for this reactor. The code then 

was reconstructed for PC usage in South Korea as part of the development for advanced molten 

salt reactor designs in their research institutions [10]. The primary benefit of the PRIMEX code 

is that the source code is available for manipulation. 

The code PRIMEX was developed to analyze a tube and shell, counter flow single pass, disk and 

doughnut baffled heat exchanger embedded along the inner pipe at the center of the heat 

exchanger which carries the tube side fluid out of the heat exchanger with tubes arranged with 

identical circumferential and radial pitch and bent tubes in the upper part of the heat exchangers, 

identical in design to the IHX as presented in section 3.2.1. The code has a predetermined input 

file format which requires inlet and outlet temperatures for the two salts entering the heat 

exchanger. In addition, the code requires an upper bound on the allowed pressure drop for the 

tube and shell side, as well as the minimum required inner radius and the maximum allowed 

outer shell radius. The thermophysical properties of both fluids and the metallic structure of the 

exchanger are input into the source code as a function of temperature, therefore the flexibility to 

vary the constituents exists. Finally, there are a number of parameters that are fixed in the current 

version of the source code, but can be modified to evaluate other options. These parameters 

include the tube diameter and the tube pitch among others. 

The code outputs detailed geometric information of the heat exchanger, the number of tubes and 

the total surface area for heat transfer. The code also outputs performance evaluation parameters, 

such as the overall heat load, the average heat transfer coefficients, average fluid velocities, 

average pressure drops, etc. Bettis et al. [11] list in detail the closure relations employed by the 

code for heat transfer and friction losses in addition to the basis for the geometric calculations. 

4.2.2 Fluidic diode 

The design of the fluidic diode is in current development at UC Berkeley in an effort led by 

Burnett et al. [5]. For this particular application, the fluidic diode design with the greatest 
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diodicity possible is desired. Diodicity is the ratio of form loss in the high resistance flow 

direction to the form loss in the low resistance direction. This requirement is chosen to minimize 

the bypass flow through the DHX during power operation, while minimizing flow resistance and 

the temperature drop during natural circulation removal of decay heat.  

Geometry 

This diode is the least developed element of the DRACS design and is therefore the most flexible 

component currently. There are several designs available but only two designs will be presented 

for conceptual purposes. First, the German fluidic diode design presented by Rothfuss [4], shown 

in Figure 4-7, consists of a mechanism that induces incoming flow in the high-resistance 

direction into a vortex and maintains the rotational flow as the vortex travels through the diode. 

To accomplish this, the diode employs guide blades as shown in the picture. In the low-

resistance direction, flow travels linearly around the guide blades and exits the diode without 

having rotational flow induced. Similarly, the vortex diode design from NuVision Engineering 

[8] induces rotational flow as the fluid enters the reverse direction, but travels straight through in 

the forward direction.  

In the case of the PB-AHTR other factors that must be considered in the design of the fluidic 

diode are the compatibility with high temperature fluids, the limited room available in the cavity 

located on the outer radius and the high diodicity required. The material chosen for the diode is 

likely to be similar to other components which come in contact with the primary coolant.  

  

Fig. 4-7 Two types of fluidic diode available for investigation: Flow rectifier type (left) and 

vortex-diode type (right) 
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4.2.3 NDHX 

Geometry 

The Natural Draft Heat Exchanger (NDHX) consists of a bundle of helical tubes that transfers 

heat in a single pass, counter flow fluid configuration and is oriented vertically, located above 

the reactor core, as shown in figure 4-8. On the tube side, hot salt flows downward due to natural 

circulation inside the DRACS loop. On the shell side, air convection removes heat flowing 

upwards through the chimney, in cross flow through the helical tubes. At the base of the 

chimney, manual air intake dampers are controlled to reduce the amount of heat lost to the 

environment, thus improving the overall thermodynamic efficiency of the plant and providing 

control of the heat removal rate during overcooling transients. This damper, in case of transients 

where the safety removal heat system is needed, can be automatically or manually opened with 

small energy input, thus adhering to the principle of passive safety.  

      

Fig. 4-8 Helical heat exchanger constructed for the European Breeder Reactor (left) served as the 

basis for the current PB-AHTR design. A diagram with key measurements for the PB-AHTR 

design (right) 

A significant fraction of the heat being removed from the NDHX is transferred by thermal 

radiation between the hot tube surfaces and other surfaces. The amount of heat lost by this 

component through radiation can be significant, and is beneficial since it enhances overall heat 

transfer at high temperatures, and reduces heat transfer at lower temperatures, providing a stable 

heat transfer process. 
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Air flow through the NDHX is constrained in cylindrical structures composed of inner, middle 

and outer walls. Cold air coming in from the outside ambient flows downward between the outer 

and middle walls, then at the bottom flows towards the inner region, passing underneath the 

middle wall, and flows upwards in between the middle and inner wall, where air heats up as it 

removes heat from the surfaces of the helical tubes. Figure 4-4 shows a frontal cross section cut 

that displays the chimney geometry with respect to the helical tube bundle. 

 

Fig. 4-9 Two helical tubes isolated in the heat exchanger structure and nomenclature employed 

in the geometric design 

Each helical shaped tube forms a cylinder expanding along the main axis with an even tube 

separation pitch between each tube. Other helical shaped tubes form cylinders as well, however 

with different radiuses. The radius differences are approximately equal to the helical tube pitch 

such that a square tube lattice is formed; however, this is not quite the case, given that each layer 

of tube helixes are formed with inverted angles of attack in every other layer in order to 

eliminate the induction of rotational flow in air as it travels through the helical tubes. This 

geometry is illustrated in Figures 4-8 and 4-9. 

Desired Performance 

The NDHX is designed to reject heat to buoyant-driven air convection. The heat transfer 

coefficients on the air side are low, thus requiring large surface areas for effective cooling. The 

desired performance goal is to remove the required heat load employing the smallest structure 

possible. Also, it is desirable that the thermal inertia from the metallic structures can respond 

quickly and absorb excess heat effectively when the passive air convection is limited and is slow 

in inducing higher buoyant flow rate of the DRACS salt. 

4.2.4 Salt loop 

The numerous tube-side flows exiting the DHX all converge into an outlet plenum, then are 

collected and transported through a single pipe to the NDHX inlet plenum. The inlet plenum then 
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distributes the flow into each helical tube for heat rejection. Similarly, the flow exiting the 

NDHX is transported back to the DHX through a single pipe and connects to the DHX central 

tube. 

Flow inside the DRACS coolant loop occurs purely due to natural circulation. Based on this 

consideration, it is important to minimize pressure drop due to friction in the loop, therefore 

reducing the length and maximizing the flow diameter. The diameter of the cooling loop is the 

parameter of interest. 

4.2.5 Expansion tank 

An expansion tank is connected to each DRACS cooling loop and it is designed to allow the 

thermal expansion or contraction of the fluid in the loop due to temperature changes without 

causing mechanical stress in the cooling loop. The expansion tank will be designed to have 

sufficient reserve coolant inventory to maintain the loop always filled with salt and sufficient 

room for expansion under the greatest envisioned temperature. The location of the tank with 

respect to the loop has not been defined yet, but likely to be located at the top of the loop and be 

designed to be heated by flow through the DRACS loop to prevent freezing. 

4.2.6 Air flow chimney annulus     

The chimney of the DRACS is designed to constrain and guide the fluid flow into the NDHX. It 

is desired to maintain the concrete external event structure of the chimney at low temperatures; 

therefore, ambient air that comes into the inlets at the top of the chimney flows down in an 

annulus, while the heated air flows up through an insulated duct in the center of the chimney. 

Since radiation heat transfer is important in this particular component, the heat shields must also 

consider this heat transfer mechanism. The chimney also requires that local air mixing between 

incoming cold air and exiting hot air does not occur. The detailed design needs to take these 

considerations into account. 

4.3 OTHER CONCEPTUAL ASPECTS OF PLANT DESIGN 

4.3.1 IHX piping 

The specific size and layout of the piping system which connects the IHX to the reactor core 

inlet and outlet plenums are assumed to be simple pipes which maintain a constant flow area as 

they extend to connect the components and the primary pumps. The detailed configuration is 

needed in order to estimate the precise pressure drop due to form and friction as the fluid travels 

through the intermediate loop. The detailed design is of special importance for the transient 

analysis; in particular, for the events where the primary forced flow is lost and natural circulation 

flow is enabled. The time scale for the natural circulation onset is sensitive to the friction losses 

along the piping. For the purposes of this study, a constant flow area is assumed throughout the 

piping. 
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4.3.2 Active control drive system 

While the passive buoyant control system of the reactor has been developed with fair detail, to 

the level of estimating the response delay and the insertion speed as discussed in section 3.4.1, 

the design for the active reactor control system has not been developed, however, it is expected 

to be capable of rapidly inserting shutdown elements. The reactivity control elements used for 

start up, load following, and normal shutdown are expected to have sufficiently slow response 

such that transients as LOFC will result in a reactor scram, and forced insertion of the shutdown 

elements. The reactivity worth of the shutdown elements are required to bring keff to below 0.95 

and the corresponding reactivity worth was predicted by Fratoni [7]. In general, the insertion 

time is assumed to be 1 second, as this is standard for the electro-mechanical insertion of 

pressurized water reactor shutdown rods. 

4.3.3 Plant component location and elevations: mechanical design constrains 

 

  

Fig. 4-10 Length diagram for plant component location and relative vertical height 

Abbreb. Length 

(m) 

LAC 2.2 

LCHI 20.0* 

LCL 5.5 

LCLIL 0.5 

LD 9.118 

LDD 2.912 

LDHX 2.6 

LDIL 0.5 

LFDL 5.05 

LHLD 0.5 

LHLII 1.0 

LHLN 1.0 

LHLP 4.5 

LIHX 7.33 

LIL 0.5 

LILD 1.0 

LISD 0.5 

LLR 1.85 

LNDHX 3.5* 

LP 1.0 

LLP 4.0 

LLPH 0.7 

LR 4.0 

LRH 1.5 

LTPH 0.7 

LUP 4.0 

LUPH 0.1 

LUR 1.068 

LURH 0.618 

LVLL 8.0* 
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Figure 4-10 shows the plant diagram and the relative heights. The quantities marked with a star 

are quantities which are subject of study in this investigation. The plant component placement 

relative to the reactor is based on building availability and existing plant component layout as 

discussed in [1]. The limiting parameters that are relevant for the NDHX design study are the 

available height difference between the NDHX and the DHX, as well as the available room to 

place the DHX inside the reactor cavity and the NDHX chimney, originating on the reactor 

building rooftop. Figure 4-11 shows the partial elevation view of the reactor building. 
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4.4 SUMMARY 

The design of the secondary and sub-system components of the PB-AHTR are largely in a 

conceptual phase, while certain few components of the PB-AHTR have a well-established design 

basis, which allow its representation with fidelity and preciseness.  Overall, sufficient 

information exists to effectively represent these components as a whole in the nuclear power 

plant model. In order to model parts and components not completely developed, simplifications 

and assumptions are required to model the reactor system and provide with boundary conditions 

for separate component analysis. 
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5. DRACS DESIGN STUDY 

This chapter explains the analysis rationale and methodology starting from the concept presented 

in the previous chapter and continues with the analysis procedure. The final section presents the 

point design obtained product of this analysis. 

5.1 PROBLEM FORMULATION          

The design of the DRACS system and its components is especially difficult since there aren’t 

any readily available tools for the study of natural circulation driven air to natural circulation 

driven salt heat exchangers, let alone tools that have some degree of verification and validation 

for analysis reliability.  

Based on the core and primary cooling system detailed design information, in addition to the 

concept presented in previous chapters, the task is to design a DRACS system which satisfies the 

goal to remove excess heat in case of transients, while satisfying size constraints and 

implementing general design guidelines learned from the design process of high temperature 

liquid salt systems.  

The primary difficulty of this problem is to study all three natural circulation loops 

simultaneously. Figure 5-1 shows the air, salt cooling and core-DHX salt loops, when the reactor 

is operating under passive decay heat removal mode. Another difficulty is the lack of a reference 

design to start the study with. Finally, the study requires the implementation of accurate 

thermophysical properties for multiple fluids, as well as friction and heat transfer correlations for 

multiple geometries for multiple flow regimes.  

5.2 PROBLEM GOVERNING EQUATIONS - SEPARATE PHENOMENA 

 Multidimensional Heat transfer in Heat Exchangers        

The DRACS system is characterized for multidimensional heat transfer phenomena, occurring at 

the DHX and NDHX components, with greater extent on the shell side. In the case of the DHX, 

the disk-and-doughnut baffles constrain the flow of the shell side fluid to a combination of cross 

flow and parallel flow. The resulting convective heat transfer process is different in the two 

limiting cases (cross versus parallel flow) and is clearly dependent on the geometry.  In the case 

of the NDHX, buoyant air flow perpendicular to the bank of tubes removes heat at different rates 

depending on the azimuthal location along the pipe circumference as discussed by Zukauskas 

[1]. Similarly, heat transfer rates are different for the rows of tubes downstream of the air flow 

compared to the first rows of tubes due to the temperature difference between these two fluids. 

This temperature difference is dependent on the axial location along the heat exchanger.  
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Multidimensional Fluid flow in Heat Exchangers 

Similarly, the fluid flow is strongly dependent on the geometry of the heat exchangers, especially 

on the external flow. The fluid mechanics of molten salt are strongly affected by the temperature 

changes the fluid undergoes, since the viscosity of liquid salts changes by a factor of 5 over a 

change of 100 degrees Celsius as the fluid heats up or cools down. This may easily cause a 

change on the flow regime and thus strongly affect the pressure drop of the fluid flow through 

the components. Fluid flow is also difficult to predict on the inlet and outlet plenums as well as 

through the tube sheets of the heat exchangers.  

The phenomena explained above are governed by the equations of conservation of mass, 

momentum and energy, which are presented below in their vector forms. 

 

            (5.1) 

 

            (5.2) 

 

            (5.3) 

The equations above need be solved simultaneously and in the appropriate coordinate system 

given the domain of the problem. In the case of the DRACS heat exchangers, the geometry is 

very complex where there is transport of momentum and energy occurring simultaneously.  

5.3 SOLUTION TO GOVERNING EQUATIONS 

The design of the DRACS systems requires the solution of Equations 5.1-5.3. The solution of 

these, non-linear, coupled equations can be achieved when certain simplifications and 

assumptions are made. The approach is to analyze the problem with a simple tool, which offers 

great flexibility for modification yet include acceptable precision in the analysis.  

The following are the considerations made prior to the design, which allow the simplification of 

the problem: 

• External cross flow in heat exchangers can be treated as 1-D flow, by employing heat 

transfer coefficients averaged over the tube circumference, thus independent of theta θ 

azimuthal pipe angle relative to the direction of flow. 

• Pressure drop caused by baffles in heat exchangers can be represented by an effective 

pressure drop coefficient. This requires that the number of baffles is set and does not 
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change during a parametric study, as it is the case of the DHX heat exchanger. This 

allows the simplification of the problem into 1-D hydrodynamic problem. 

• Large temperature between the bulk and the wall, especially in the case of internal flows 

can be taken into account by adjusting the heat transfer coefficients as recommended by 

Incropera [11]. 

• Connecting piping between heat exchangers are assumed to have uniform area of flow for 

each of the three natural circulation driven loops. 

The considerations mentioned above, allow Equations 5.1-5.3 to be rewritten in 1-D along a 

reference loop, where the loop line coordinate is l and the 1-D simplified velocity vector field v 

is multiplied by the mean density ρm and expressed in terms of the mass flux Gm for all three 

equations. 

 

            (5.4) 

 

            (5.5) 

 

            (5.6) 

 

The equations shown above, are still non-linear, and require a simultaneous solution. Continuing 

with the analysis, further simplifications can be made, observing the following: 

• All three natural circulation loops are designed assuming steady-state operation, therefore 

the time derivative d/dt terms can be neglected. 

• Two of the natural circulation loops operate with liquid coolants, which can be treated as 

incompressible. In addition, the segments of the loop which represent the heat exchangers 

or the piping connecting heat exchangers are assumed to have constant area of flow. 

These two assumptions allow the d(Gm
2
/ ρm )/dt term to be neglected. 

• There is no source of external momentum addition to any of the loops, this is a natural 

circulation problem for all three loops, therefore dp/dl integrated over all three natural 

circulation loops can be neglected, including the air channel, where atmospheric pressure 

is the same for both inlet and outlet side of the loop. 
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• The pressure change energy storage, compared to the enthalpy change due to heating, is 

negligible, therefore it is neglected in the energy equation. Similarly, the friction energy 

dissipation is also neglected. 

Neglecting the simplified conservation of mass, the arguments above reduce the governing 

equations to: 

 

            (5.7) 

 

            (5.8) 

In the case of natural circulation where the working fluid is gaseous, the incompressible 

assumption is no longer valid, therefore the conservation of momentum equation becomes: 

 

            (5.9) 

 

Although the amount of energy dissipated in density changes along the loop for gases is greater 

than it is for liquid fluids, it is still much lesser than the overall enthalpy changes due to heating, 

and therefore the simplified conservation of energy equation remains the same as written in 

equation (5.8). 

Equations (5.7) and (5.9) shown above are integrated over the corresponding flow loops. The 

primary simplification made is to reduce all eight DRACS loop into a single equivalent system, 

which behaves identically as all eight loops together. The following diagram represents the 

simplified loop schematic for the DRACS safety system presented in detail in figure 4.4 and 

discussed in section 4.2.  
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Fig. 5-1 Diagram and nomenclature for DRACS system cooling loops 

It can be observed that both of the loops containing liquid fluid, namely, the safety loop and the 

cooling loop have similar geometry, therefore similar solution strategy can be applied when 

integrating over those loops. However, the air channel is composed of a heat source alone and 

requires different treatment. Integrating the friction term from equation (5.7) over the salt loops: 

 

            (5.10) 

 

            (5.11) 

 

The integrals above can be evaluated explicitly, implementing correlations to calculate the 

friction factor coefficient f according to the proper geometry, as explained in detail in section 2.8. 

Each of the integrals results in a pressure drop ∆p due to friction. 

Similarly, the gravity term from equation (5.7) is integrated. This term however, is equal to zero 

when the gravity vector field is perpendicular with the flow direction. When the flow is in the 

same direction as gravity, the integral is a net positive quantity, is negative in the opposite 

direction. 
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            (5.13) 

The integrals over the non heating or cooling loop segments are straightforward. The density 

function ρ(l) can be assumed as a linear variation between the hot and cold densities. Todreas and 

Kazimi [8] analyzed the impact of assuming a linear variation, versus an exponential variation, 

which is most often the case for heat exchangers, but found little effect on the overall flow rate 

solution. Integrating over the heating or cooling elements: 

 

            (5.14) 

 

            (5.15) 

Rearranging Equations (5.12) - (5.13) and implementing (5.14) and (5.15): 

            (5.16) 

 

 `           (5.17) 

 

In the case of salts, the density variation can be expressed solely as a function of a temperature 

change, since the coolant is considered incompressible. Employing the Bousinesq 

approximation: 

            (5.18) 

            (5.19) 

Integrating the left and right hand side of the energy equation (5.8) over the safety loop: 

 

            (5.20) 

 

            (5.21) 

Applying the following principle and simplification: 
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            (5.22) 

            (5.23) 

Equations (5.14)-(5.17) combined together over the appropriate integration range yield the 

following, in addition to the assumption of constant heat flux yield the following: 

            (5.24) 

Rearranging 

            (5.25) 

 

Equation (5.19) combined with equation (5.25) is used to solve the set of governing equations 

(5.7) applied to both liquid salt loops as follows: 

 

            (5.26) 

  

            (5.27) 

The equations above can be solved to obtain the equilibrium flow rate which results from the 

buoyant force as the density changes when the loop coolant heats up and cools down. A similar 

process can be applied for the air channel, however, there are important differences which 

require special treatment, in this case, due to the compressibility of the fluid, and the large 

density variation of the fluid during heating. 

Integrating equation (5.9) over all air channel segments: 

 

            (5.28) 

The first integral takes the acceleration of the thermal expansion into account. Given that this 

process only occurs in the section where heating occurs, the integral is performed over the 

heating section only. Introducing the Ideal Gas Law: 
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The Ideal Gas Law is applicable to this study, since the working gas enters and exits at 

temperatures far away from its saturation temperature corresponding to the ambient pressure. At 

the inlet temperature and pressure, air is sufficiently superheated to justify the usage of the Ideal 

Gas Law. If the working fluid was steam, an evaluation of the applicability would be necessary 

prior to the implementation. Applying the ideal gas law, in addition to the linear density profile 

along the air heater: 

            (5.30) 

 

 

            (5.31) 

 

            (5.32) 

The integrals in equation (5.30) can be evaluated using the relations shown in section 2.9. The 

integration in equation (5.31) results from implementing the ideal gas law to express the density 

variation during heating. The ratio A/Ac is the ratio of friction area to flow area. Kays and 

London [3] discusses the proper calculation of this parameter.  

The right hand side integral from equation (5.28) is evaluated applying the ideal gas law as well. 

 

            (5.33) 

In order to evaluate the integral over the heater section, it is necessary to assume a linear 

temperature distribution. The result of the integration is the following: 

 

            (5.34) 

Employing equation (5.25), and replacing equation (5.30-5.33) into the governing relation (5.28), 

the following equation can be used to determine the equilibrium flow rate, which balances 

friction and gas expansion with buoyancy in the air channel. 
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Expressing the densities in terms of an inlet reference temperature and pressure, in addition to 

expressing the outlet temperature as a function of the inlet temperature as the following equation 

shows: 

            (5.36)  

 

            (5.37) 

  

Inserting equations (5.36) – (5.37) in (5.35)  

 

 

 

 

            (5.38) 

 

 

The equation above can be solved to determine an equilibrium mass flow rate ( m� or Gm
.
Aflow) 

which balances the friction pressure drop (lhs) with the buoyancy lift due to the chimney effect 

(rhs). This solution requires the knowledge of an inlet temperature Tc, heat load q, a reference 

pressure Po, in addition to the geometric characteristics of the problem. 

All three natural circulation loops are tightly coupled in terms of the heat transfer phenomena. 

There are two heat exchangers which transfer heat generated by the core and is ultimately 

deposited in the air, as figure (5-1) shows. This coupling requires that the energy from one loop 

is transferred to the other adjacent loop, in addition, requires that the coolant temperatures are 

related for all loops. The equation below is the conservation of energy for heat exchangers. 

            (5.39) 

In the equation above, the logarithmic mean temperature difference ∆Tlm and the overall heat 

transfer coefficient U are dependent on the state of two adjacent cooling loops, which make up a 

heat exchanger. The equations below demonstrate this dependence: 
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            (5.40) 

 

 

            (5.41) 

 

It can be inferred, that the heat transfer between loops strongly depends on the inlet and outlet 

temperatures of coolant within each loop, as well as the heat transfer rates as predicted by the 

local flow conditions. 

The simultaneous solution of the problem governing equations (5.26) – (5.27) and (5.38) and the 

closure equation (5.39) requires the implementation of a numerical method, since these equations 

cannot be solved analytically as presented.  

Equations (5.26) – (5.27) and (5.35) all have different c cold and h hot reference temperatures, in 

addition, the equations require the calculation of various geometric parameters, such as flow 

areas, surface areas, lengths and diameters. These equations also require the calculation of 

thermophysical and transport properties of the fluids and solid materials evaluated at various 

states. Finally, closure relations, i.e. friction and heat transfer coefficients are also needed, 

evaluated for multiple geometries at different flow conditions. The following section describes 

the numerical algorithm constructed to implement the solution of the governing equations for all 

natural circulation loops. 

5.4 APPLICATION OF SIMPLIFIED GOVERNING EQUATIONS 

A numerical code based on MATLAB was written to determine NDHX heat exchanger size 

which satisfies the design requirements. 

Figure (5.3) is block diagram of the program developed, which implements and solves the 

governing equations of the problem, in addition to prepare auxiliary geometric calculations and 

thermophysical data for solution. The program source code is included in appendix B. 
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Fig. 5-2 Program block diagram 

The program developed consists of five main sections: (1) input data, (2) pre-calculation, (3) 

problem solution, (4) solution convergence and (5) output data. 

 

5.4.1 Reading Input Data 

The input data required by the program is categorized in two groups: 1) data corresponding to the 

plant design, such as piping flow areas and vertical height positions, 2) specific geometry of the 

NDHX design, such as tube diameter, pitch, and the overall range of sizes considered for the heat 

exchanger design. The implementation of the data in the code is discussed in section 4.5. 
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The following table illustrates the data that is input into the code. Geometric variables 

correspond to figure 4-10 and figure 5-1. 

Input data 

Plant parameters Helical heat exchanger parameters 

• Plant piping vertical height  

o LFDL 

o LVLL 

o LCHI 

• Plant piping flow area  

o Asafety 

o Acooling 

o Achi 

• Plant component vertical 
height  

o LAC 

o LDHX 

o LNDHX 

• Heat load 

• NDHX helical heat exchanger fixed parameters 

o Ro 

o Dto 

o Dti 

o P/D 

o α 

• NDHX helical heat exchanger range parameters 

o Nlay 

o Nwin 

• Initial guess for inlet and outlet temperature for 
three cooling loops 

• Coolant selection 

 

Table 5-1 Input data variables for NDHX design algorithm 

5.4.2 Performing pre-calculations 

The module which performs the pre-calculation, prepares two sets of data that are necessary for 

the application of governing equations. The first set is the geometric properties and the second 

set are the thermophysical properties of the fluids. 

 

Calculating Helical Heat Exchanger required geometric data 

The geometry of the heat exchanger can be calculated based on geometric relations derived 

analytically for helical coil tubes.  The following figures establish the parameters which describe 

the heat exchanger. Other values are calculated from these fundamental measurements. This 

section prepares the data required in order to solve the natural circulation and the heat exchanger 

problems. 
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Fig. 5-3 NDHX geometric parameters for number of tubes and surface area calculation 

Assuming a helical angle α corresponding to the coil which is located midway between the inner 

radius Ro and outer radius RN, also, assuming a tube outer diameter Dto, tube inner diameter Dti, 

tube pitch over diameter ratio PoD, the total number of layers Nlay and the number of windings 

Nwin one can determine the parameters listed below employing the following relations:  

The number of tubes in a layer is calculated based on the tube at the center layer, with a radius of 

Rcp.  

            (5.42) 

      

            (5.43)  

A coil which spins a whole rotation at an angle α is has the following height:   

            (5.44) 

Tubes separated with a pitch to diameter ration of PoD arranged as Figure 5.3 illustrates, in a 

single layer add up to the following number of tubes 

 

            (5.45) 

              

The average arc length of a tube at the center layer is 

            (5.46) 

It follows that length of the sum of all other tube layers is 

            (5.47) 
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thus the number of tubes is 

            (5.48) 

Finally, the overall surface area is calculated from 

                     (5.49) 

Calculating thermophysical properties 

This module of the code calculates thermophysical properties of coolants evaluated at a proper 

reference temperature. For instance, certain heat transfer correlations require the evaluation of 

the viscosity at the tube surface and at the mean fluid temperature. This module also includes a 

proper method to average temperatures for its evaluation. In the case of gaseous coolant, a 

logarithmic averaging is performed as recommended by Kays and London [3]. 

The thermophysical and transport properties of the materials employed in the solution of the 

problem are as described in this section. The detailed expressions for the properties are included 

in the appendix A for fluids that are part of this study. 

Air and Nitrogen 

Air and nitrogen at the temperatures of operation of the NDHX behave as an ideal gas, since the 

saturation temperature of these gases at atmospheric pressure is much lower than the average gas 

temperature in the heat exchanger. The relations were obtained from Cengel and Boles [14] and 

White [12]. In addition, both of these fluids are also encoded in RELAP5-3D. The relations are 

compatible with the simpler analytical models based on observation during code runs. 

Liquid Salts 

The thermophysical properties of liquid salts are built in the code RELAP5-3D. These property 

files were added relatively recently and the source of the information is well documented by 

Davis [10] for all salts considered. The explicit relations employed by RELAP5-3D are also used 

analytically for hand calculations, since these relations were readily accessible. 

Liquid Metals 

In this study, other metals beyond the base liquid salt design were also considered. Thermo-

physical properties of Sodium were obtained form Fink [7] in addition to those of Lead and Led-

Bismuth from IAEA [6]. Additional supplementary data was obtained from Yang [4]. 

Solid structures 

The properties pertaining to graphite H-451 and the effective TRISO fuel region were employed 

in the core model and the properties were obtained from Holcomb [2]. Similarly, Hastelloy N 
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was the metallic structure employed in the heat exchanger models and the properties of interest 

were obtained from Bettis et al. [13]. 

 

5.4.3 Solution 

This part of the algorithm encompasses the largest part of the code. In this section, the solution 

of the equilibrium flow rate, expressed mathematically in equations (5.26), (5.27) and (5.38) is 

discussed. Additionally, the solution of the thermal coupling between the loops, show in equation 

(5.39) is discussed. 

The first step in the algorithm is to solve for the equilibrium flow rate in all three loops. A mass 

flow rate is estimated assuming the largest temperature drop possible to initialize the calculation. 

The highest temperature assumed is the salt temperature limit of 760 oC and the minimum 

temperature is the salt freezing temperature of 450 oC, thus the minimum mass flow rates for 

both safety and cooling loops is: 

            (5.50) 

 

Then, starting from the minimum value from above, the mass flow rate is increased in each 

iteration i by an arbitrary addition factor. 

            (5.51) 

This iteration is continued until the corresponding governing equation (5.26-5.27, 5.38) is 

satisfied for each loop. 

The second step in the algorithm is the solution of the inlet and outlet temperatures of the 

coolants of all three loops. There are two problems that are solved in this section, the Heat 

Exchanger Rating problem for the case of the DHX and the Heat Exchanger Sizing problem for 

the case of the NDHX. Both problems employ the same methodology, which is the 

Effectiveness-NTU Method as described by Incropera [11], however, the unknown variable is 

different for each problem.  

Effectiveness-NTU Method 

This solution methodology requires the calculation of various heat exchanger parameters in order 

to determine either a) required heat transfer area given expected performance b) expected 

performance given assumed heat transfer area. The overall strategy consists on calculating an 

overall heat transfer coefficient, the thermal capacities of the fluids, the effectiveness ratio and 

the number of thermal units (NTU). Once these values have been calculated for each heat 

exchanger, both sizing and rating type of problems can be solved.   
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Overall Heat Transfer Coefficient 

In the analysis of heat exchangers, one key parameter is the overall heat transfer coefficient, 

which takes into account the heat transfer resistances from the both internal and external fluid 

flows and the conductive heat transfer resistance through the pipe wall. The effective heat 

transfer coefficient is calculated as reciprocal sum of the resistances mentioned. In this type of 

additions, the largest resistance usually dominates the overall effective resistance. The equation 

below shows how this calculation is performed based on the external, outer tube diameter. 

            (5.52) 

 

Where the resistance due to conduction across a pipe wall is: 

 

            (5.53) 

 

The internal and external heat transfer coefficients are calculated based on the geometry, the 

appropriate flow regime, the appropriate length scale and the appropriate reference temperature 

for thermophysical property evaluation. All correlations employed are described in section 2.3, 

2.4 and 2.5. The research involving the correlation literature review demonstrated that multiple 

correlation authors often times employ different length scales as well as different reference 

temperature for thermophysical property evaluation, even when representing heat transfer in the 

same geometry and flow regime. For this reason, careful implementation of correlations is 

recommended.  

Estimating outlet temperature: solving the rating problem 

The solution of this type of problem is required for the DHX heat exchanger. In this 

configuration, the inlet temperature of the hot fluid is prescribed, and the outlet temperature of 

the hot fluid can be easily determined from the conservation of energy, applying the mass flow 

rate obtained from the solution of equation (5.26). On the cold side, the mass flow rate is 

determined by the solution of equation (5.27) and the temperature difference on this loop can be 

determined from the conservation of energy equation (5.25), however, the actual inlet or outlet 

temperature on the cold fluid is unknown. This section describes the solution for the inlet 

temperature of the cold fluid. 

The rating problem requires fixed, well known heat exchanger geometry. In addition, the internal 

and external mass flow rates and the inlet temperature of the hot fluid is required. The overall 

heat transfer coefficient U can be calculated based on the mass flow rates and the geometry using 
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the appropriate heat transfer correlations using equation (5.52). First, the thermal capacities are 

calculated as follows: 

           (5.54) 

           (5.55) 

 

The minimum of the above quantities is referred as Cmin and the alternate Cmax. Employing 

equation (5.52) in addition to (5.54) – (5.55) the NTU factor can be calculated: 

           (5.56) 

 

The effectiveness of the heat exchanger in discussion can be calculated using equations (5.54) – 

(5.55) and the effectiveness relation for a cross flow single pass heat exchanger as follows: 

           (5.57) 

 

In a rating type problem, the two inlet temperatures for the cold and hot fluid must be known as 

discussed by Mills [5]. Alternatively, if the heat load is known, one of the inlet temperatures can 

be estimated based on the other. Using equation (5.57) and the knowledge of the net heat load 

and the inlet temperature of the hot fluid, the maximum heat load and the inlet temperature of the 

cold fluid can be estimated as follows:  

           (5.58) 

           (5.59) 

Thus, the outlet temperature of the cold fluid is calculated as follows: 

           (5.60) 

 

The solution above requires the knowledge of mass flow rate through the natural circulation 

loops. These flow rates come from the solution obtained from equation (5.26) in the case of the 

safety loop and equation (5.27) for the cooling loop. The net heat is a prescribed parameter that 

remains constant through the natural circulation and heat exchanger problem solution.   
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Estimating required heat transfer area: sizing problem solution 

The solution of this type of problem is required in order to characterize the NDHX. The inlet and 

outlet temperatures of the hot fluid in this heat exchanger take the value of equations (5.59) and 

(5.60). The mass flow rate in this loop is also known as a result from equation (5.27). In the cold 

side, air enters the heat exchanger at a known inlet temperature and a known mass flow rate, 

which comes from the solution of the natural circulation equilibrium equation (5.38). The air 

outlet temperature can be determined from the energy conservation equation (5.36) however, 

what is not determined is the heat exchanger size in order to satisfy the performance 

requirements, as constrained by the pressure drop and temperature drops on both the hot and the 

cold side. The Effectiveness-NTU method is employed in order to calculate this.  

The first step is to assume the NDHX geometry. The overall heat transfer coefficient U can be 

calculated from the known mass flow rates and equation (5.40) and the appropriate heat transfer 

correlations. The flow thermal capacities are also established based on the known salt inlet and 

outlet temperatures from equations (5.54) and (5.55). After assigning Cmin to the smallest 

capacity of the two, the max heat removal rate can be obtained as follows: 

           (5.61) 

Then the effectiveness factor and the capacity ratio can be calculated: 

              (5.62) 

 

The Number of Transfer Units can be calculated directly from the effectiveness-NTU relations, 

in this case, the relation for a cross-flow single pass heat exchanger is chosen. 

            (5.63) 

 

The knowledge of the NTU, in addition to the overall heat transfer coefficient leads to the 

prediction of the required surface area for heat transfer. 

           (5.64) 

The approach taken in order to solve this problem, is to assume a heat exchanger geometry, then 

solve the natural circulation problem for both the hot and cold sides to obtain the inlet and outlet 

temperatures and mass flow rates. Then apply the Effectiveness-NTU method to determine the 

required heat transfer area, if the heat transfer area output matches the surface area of the 

assumed geometry, then the solution was obtained. If not, the assumed geometry is varied until 

the assumed surface area matches the required surface area for performance. 
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5.4.4 Convergence 

The criterion for convergence is based on two parameters. First, the problem is iterated under the 

same geometric parameters allowing all temperatures reach a steady condition, thus 

thermophysical properties change no longer. It was chosen to stop iteration after the temperatures 

are within a 0.5 oC of difference between the previous and current iteration. 

The second criterion for convergence consists on matching the required overall heat transfer area 

to the assumed heat transfer area by 5% margin. This provided sufficient flexibility to allow the 

code reach convergence quickly, without having the code solve the problem over small sizing 

intervals which would slow down the convergence. Both of these cut-off convergence 

parameters were chosen arbitrarily, procuring solution speed entirely. 

5.5 ANALYSIS PROCEDURE AND EVALUATION 

The input arguments of the program built, shown in Table (5-1) can be categorized in two 

sections: a) invariable parameters and b) variable parameters. The invariable parameters arise 

from the design requirements explained in section 4.2 for the NDHX. The variable parameters 

are set in order to observe the effect of each in the overall design. The program built was run 

under several combinations of variable input parameters to determine a suitable design which 

satisfies both types of constrains simultaneously. Following is a discussion of the invariable 

parameters, and the values selected for the analysis. 

5.5.1 Invariable parameters 

Heat Load 

The NDHX is designed to remove 2% of the total reactor thermal power divided over all eight 

heat exchangers. This corresponds to 18MW total or 2.25 MW per loop. As was discussed in 

section 4.2, the rationale behind choosing this heat capacity is to allow the fluid and thermal 

absorbing graphite reflectors to heat up to a limit point assuming no cooling capacity while the 

natural circulation flow is established. It results that the decay heat power history exponentially 

decays from the initial 7% core power from the moment the core is shut down to a 2% core 

power level in ~15 minutes. The amount of energy released in this interval is allowed to elevate 

the temperature of the reactor core internal, as well as the reactor vessel fluid to a limit of 760 

°C. 

This calculation is conservative, as it assumes no heat is removed by fluid and pump impeller 

inertia or buoyancy driven natural circulation through the IHX. This calculation also assumes 

that heat is evenly distributed through all core components, but in fact, some components will 

heat up to greater levels compared to others. Finally, this calculation assumes the ideal decay 

heat history curve; however the precise amount of heat released by the core once on decay heat 
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mode will depend on the fission product constituents and concentration resulting from fuel 

burnup levels. 

Another factor supporting the decision to construct a passive heat exchanger to remove 2% of the 

power instead of 7% of the power is based on economic reasons. Minimizing the size of the 

emergency decay heat sink grants low construction cost, in addition to reducing the salt 

inventory as much as possible. Certainly, a detailed economic study is necessary to evaluate the 

impact of the NDHX size on the overall plant construction cost. 

Inlet and Limit temperatures for cooling loops 

The salt temperatures of the cooling loop and the safety loop as indicated in Figure (5-1) are 

expected to be above the salt freezing point of 450 °C as indicated by Williams [9] and remain 

below the maximum permissible temperature set for safety limits of 760 °C. Therefore, the 

analysis is performed constraining fluid temperatures between those margins for both loops. The 

inlet temperature of the hot fluid of the DHX heat exchanger is set to the maximum of 760 °C. In 

the case of the air loop, the temperatures are constrained using the same upper limit, however the 

lower limit is imposed to 20 °C, given that this is the assumed inlet temperature for the NDHX 

air side refrigerant. 

Core and DHX Geometry 

The geometric parameters which correspond to the core and the DHX are considered invariant, 

since their design is fixed. Further information on these components is offered in section 3.1 and 

section 4.2.1 for the core and DHX respectively. The safety system design and analysis assumes 

the following as fixed parameters, and they refer to parameters illustrated in Figure (4-10) and 

table (5-1). 

• Pebble bed effective area of flow AAC = 1.74 m2 

• Pebble bed length LAC = 2.2 m 
• DHX effective area of flow ADHX = 0.164 m2 

• Vertical distance between core and DHX LFDL = 2.2 m 

• DHX effective length LDHX = 2.2 m 
 

5.5.2 Variable parameters 

The parameters listed below are not constrained. In order to obtain a point design, the following 

parameters must take a value. The values shown below come from the estimate of available 

space for the heat exchanger allocation, in addition to the application of engineering judgment as 

well as some trial and error with the code constructed. Figure 4-10 illustrates the plant design 

cross section, which serves as a reference for vertical height availability within the building. 

Section 8.4 evaluates the impact of the variation of these parameters in the overall design for 

optimization. The following variables are illustrated in Figure (4-10) and Table (5-1). 
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Plant Parameters 

The distance between the bottom of the NDHX and the bottom of the DHX and the chimney 

length above the NDHX respectively: 

• LVLL = 8.0 m 

• LCHI = 20.0 m 

 

Flow areas for component connecting pipes between core and DHX, between DHX and NDHX 

and chimney respectively: 

• Asafety = 0.06 m2 

• Acooling = 0.07 m2 

• Achi = 5.0 m2 

 

Helical Heat Exchanger Parameters 

The parameters below describe the geometric configuration of the NDHX. Figures (xx-xy) 

illustrate these parameters. 

NDHX helical heat exchanger fixed parameters  

• Ro = 0.1 m  

• Dto = 0.056 cm 

• Dti = 0.050 cm 

• P/D = 1.85 

• Α = 15o 

NDHX helical heat exchanger range parameters 

Valid designs for the NDHX are explored in the following range of values, for the number of 
radial tube layers, and the number of whole loop rotations or windings respectively. 

• Nlay = 40 - 60 

• Nwin = 0.2 - 1.3 

The following parameters are calculated by the program as a function of any given geometric 

configuration: 

• Air side flow area  

• Air side tube bank length 

• Salt side flow area 
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• Salt side tube arc length 

 

The final parameter which is also varied as part of this study, is the working coolant selected for 

the cooling loop and the air loop. The following are the coolants considered 

• Flibe 

• Flinak 

• Flinabe 

• Lead 

• Lead-Bismuth Eutectic 

• Sodium 

 

The air loop can assume air, or pure nitrogen as the working gas. Nitrogen was added in order to 

match the available working fluid used in RELAP5-3D to benchmark transient analysis. 

The point design reported in the next section assumes flibe, flinak and nitrogen as the working 

fluids for the safety, cooling and air loops respectively. Following the primary simplification 

discussed at beginning of this chapter, the following section presents results for the single 

equivalent conceptual loop represented in figure (5-1).  

5.6 RESULTS 

The results output by the program constructed are described in this section. The data presented 

appears in a scattered fashion due to the set constrains for convergence. The code uses an 

iterative technique to obtain heat exchanger designs which satisfactory pass the two convergence 

test. The designs are searched covering the combination of possible heights and outer radiuses 

for a range of values, and with a number of intervals in each range. The code reports values 

which satisfy the equations with the convergence criteria selected. Under certain geometry 

arrangements, the code may not find a suitable combination when it is expected. These are 

shown as empty data points in the plots. Larger intervals and smaller convergence constrain are 

expected to represent data with greater consistency, however at a cost of unreasonable 

computation time.  

5.6.1 Multiple NDHX configurations 

The following figure shows the number of tube layers the helical heat exchanger needs as a 

function of helical heat exchanger height. 
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Fig. 5-4 Number of radial layers of tubes as function of heat exchanger height 

It can be observed from the figure above, that short heat exchangers require numerous radial 

layer of tubes, as the heat exchanger shortens, the number of layer reaches a minimum and starts 

increasing after a minimum is reached. The figure below indicates the amount of surface area 

based on tube outer diameter as a function of heat exchanger height. 
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Fig. 5-5 Total tube surface area based on outer diameter for corresponding heat exchanger 

configuration from previous figure 

Figures 5-4 and 5-5 indicate the multiple configurations of the NDHX which can be employed to 

remove excess decay heat from the reactor. While these multiple configurations satisfy the 

design requirements, the performance is different for all of them. It is expected that those 

configurations short with height will be characterized by low residence time of air, thus the outlet 

temperature of air is expected to be low. Analogously, a tall heat exchanger is expected to heat 

air to high temperatures, near those of liquid salt in the DRACS loop (right). The figures 

illustrate the performance of the NDHX from above as a function of height.  
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Fig. 5-6 Temperature difference for multiple heat exchanger configurations 

The figures above show the temperature difference necessary to drive the flow due to the 

chimney effect on the air side (left) and to the natural circulation on the DRACS loop. The 

temperature difference on the air side of the NDHX greatly increases as the heat exchanger 

length increases, whereas the temperature variation is small for the tube side, liquid salt coolant 

temperature difference.  

The mass flow rates which balance the friction head loss and the buoyancy head in these loops 

are shown in the following figure. 
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Fig. 5-7 Equilibrium flow rate for the air and cooling loops for various NDHX configurations 

It can be observed that the equilibrium mass flow rate of air is highly dependent on the geometric 

configuration of the NDHX, whereas the liquid salt coolant is not very sensitive. The axial air 

flow rate is a strong function of the heat exchanger height since the air pressure drop increases as 

the heat exchanger lengthens. This requires greater air temperature difference across the air loop 

to increase the buoyancy and balance friction. Although the liquid salt tube side pipe length also 

increases as the heat exchanger lengthens, the increased pressure drop is overshadowed by the 



 

 

87 

pressure drop in other parts of the DRACS loop. For this reason, neither salt temperature 

difference nor salt flow rate is significantly increased. The figures below display the pressure 

drop and buoyancy head for the air and salt cooling channels. 
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Fig. 5-8 Buoyancy pressure for air and liquid salt loops available to drive natural circulation flow 
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Fig. 5-9 Friction pressure for air and liquid salt loops through the heat exchanger. 

Figure 5-6 and 5-7 shows buoyancy and friction pressure relationships. In the air side of the 

NDHX, it can be observed that the chimney buoyancy head is slightly above the friction losses 

through the heat exchanger. This implies that friction losses on the air loop external to the 

NDHX are small. In the other hand, friction losses are very small compared to the loop buoyancy 

head in the salt side, thus indicating that other parts of the loop cause greater friction loses.  

The friction pressure drop on the salt side of the NDHX is small mainly due to a large pipe 

diameter, which is taken as 5cm. In general, friction pressure drop increase as mass flow rate 

increases, however, figure 5-7 and Fig 5-9 indicate the opposite relation for liquid salt flow. This 

occurs because the mass flow rate increases at a much slower rate as the total tube side flow area 

since the NDHX requires more radial tube layers as the NDHX height increases, therefore the 
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liquid salt flows at a lower mean velocity through the NDHX as the heat exchanger lengthens, 

thus causing less pressure drop as compared to shorter heat exchanger configurations. 

Finally, the different flow rates through the heat exchanger are expected to show varying average 

heat transfer coefficients. The figure below indicates this relationship. 
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Fig. 5-10 Average heat transfer coefficients for air and liquid salt side through the heat 

exchanger. 

As expected, the heat transfer coefficient on the air side of the heat exchanger decreases as the 

mass flow rate decreases. In the case of the salt side, the heat transfer coefficient decreases while 

the mass flow rate increases for the same reason as the pressure drop decreases, the liquid salt 

velocity decreases since the flow area increases as the heat exchanger configuration is varied. 

The following figure demonstrates this relationship by plotting the Reynolds number of the air 

and liquid salt through the heat exchanger. 
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Fig. 5-11 Reynolds number for air and liquid salt side through the heat exchanger. 
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5.6.2 DRACS Point design 

Evaluating the results presented above, a single configuration is chosen to employ as the DRACS 

point design.  

The point design was chosen is a preliminary chosen for convenience of analysis. It was 

observed that a preliminary analysis of the NDHX design using RELAP5-3D behaves in a more 

stable manner when the pressure drop of the air side is large, than when it is small. This 

occurrence is explained in detail in section 6.5. In order to assure stability, a tall design was 

chosen for the NDHX point design; however the optimization of this point design is evaluated in 

section 8.4. The following table provides the data which characterizes the DRACS system 

reference point design. 

NDHX Natural Draft Heat Exchanger -  Geometric data 

Tube outer diameter 5.60 cm Radial rows of tubes 56 

Tube wall thickness 0.3 cm Pipe horizontal inclination angle  15o 

Average tube length 18.3 m Coil height 2.82 m 

Nominal length 3.50 m Aflow internal 3.32 m2 

Total number of tubes 1690 Tube pitch to diameter ratio 1.85 

OD Heat transfer area 5510 m2 Area flow external 40.8 m2 

Central coil radius 2.2 m   

 

Table 5-2 Geometric description of single equivalent NDHX heat exchanger 

NDHX Natural Draft Heat Exchanger – Rated performance data 

Heat transfer rate per unit 18.0 MWth Number of units required 1 

Natural Draft coolant Nitrogen DRACS salt LiF-NaF-KF 

Mass flow rate of primary shellside 

air 
32.3 kg/s Mass flow rate of DRACS 

tubeside salt 
139.5 kg/s 

Pressure drop in shellside 159 Pa Pressure drop in tubeside 20 Pa 

Average heat transfer coefficient 

shell side 
22.5 (W/ m2 °C)  Average heat transfer coefficient 

tube side 
90.6 (W/ m2 °C) 

Inlet temperature of primary shell 

side air 

20 °C 

 

Inlet temperature of DRACS tube 

side salt  

556 °C 

 
Outlet temperature of primary shell 

side air 
570 °C Outlet temperature of DRACS 

tube side salt 

624 °C 

 LMTD 210 °C Average Reynolds tubeside 633.5 

  Average Reynolds shellside 

crossflow 

451.0 

 

Table 5-3 Performance characteristics of single equivalent NDHX heat exchanger 

The results presented above refer to the single equivalent NDHX. In order to scale down to the 

prototype design, where the heat load is transported through eight salt-to-air heat exchangers a 
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methodology of scaling is applied. This methodology is presented in the next chapter, where a 

transient analysis of the nuclear reactor plant is performed. In order to accomplish this, other 

plant components also require adequate scaling to represent in a single element the behavior of 

multiple elements. Clearly, only the geometric parameters are scaled, since it is necessary to 

preserve the performance similarity between scaled model and prototype 

5.7 SUMMARY 

In this chapter, a methodology of solution of the governing equations and the numerical 

implementation of this solution is presented. As a result, a computer program was built to 

determine suitable heat exchanger designs which satisfy the design requirements and constrains 

appropriate for the operation of the passive safety system. Estimates from the plant component 

allocation design in addition to numerical stability of solution allow the selection of a heat 

exchanger point design, which serves as a reference for sensitivity analysis, where the impact of 

the variation of plant parameters is analyzed. This point design also serves as a reference for 

transient analysis of the plant. 
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6. SAFETY SYSTEM TRANSIENT ANALYSIS 

6.1 PROBLEM FORMULATION 

The approach to developing the initial design for the DRACS safety system for the PB-AHTR 

assumes quasi-steady-state operation of the DRACS, in isolation from other plant components 

and without consideration of the initial transient processes involved as the DRACS system starts 

up. Part of the subsequent design process is the transient analysis of the design when coupled to 

the complete nuclear plant design, and evaluating its performance under design basis events such 

as Loss of Forced Circulation (LOFC). 

6.2 PROBLEM GOVERNING EQUATIONS – INTEGRAL PHENOMENA     

The design approach for the DRACS system assumes steady state heat removal, where there is 

no net energy storage and heat is removed at a certain rate based upon a percentage of the reactor 

full thermal power. Under this assumption, each component of the DRACS system can be 

studied separately using analytical models. But because the actual system operates under 

transient conditions where decay heat drops with time and thermal inertia plays a large role, the 

transient response of the system must also be evaluated to verify that it has sufficient heat 

transport capacity to keep reactor structures and fuel inside their thermal limits. During a 

transient, the boundary conditions that are applied to each component vary and affect the 

performance of the heat exchanger. This variation affects all the components of the system, 

although in different degrees. For instance, a heat source temperature increase would cause an 

increase of the natural circulation within the DRACS, also causing increased pressure drops 

within the heat exchangers, but the pressure drop is not necessarily the same in each component, 

since the fluid regime may differ for each component. Thus in the case of transients, the study of 

the DRACS system must be performed integrally. 

It is important to note that during transients, the performance of the heat exchanger never reaches 

steady conditions. As it was mentioned, the DRACS system is expected to passively cool down 

the core, but the heat generation rate of the core is also dependent on the temperature of the inlet 

core coolant, which is a function of the amount of heat transported by the DRACS. If the reactor 

has not been scramed  (anticipated transient without scram, or ATWS), the coolant temperature 

affects the core primarily due to the temperature and density feedback mechanisms that are 

detailed by Ott [3] by affecting the rate of nuclear reactions occurring within the core. For this 

reason, the study of the performance of the DRACS system must be done integrally along the 

core and any other cooling components active during the transients, which may affect the coolant 

temperature and thus the heat generation rate. 

The equation below is the equation of neutron transport, which includes time dependent terms 

and space dependent terms, in addition to external source terms. One factor affecting the 

transport of neutrons is the cross section functions symbolized by sigma Σ, with the subscripts s 

for neutron scattering and t for total rate of reaction. These factors depend strongly on the 
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material temperature reactions occur. For this reason, it desirable to solve the transport of mass, 

momentum and energy equations (5.1-5.3) coupled with the neutron transport equations 

simultaneously. 

 

            (6.1) 

 

 

6.3 SOLUTIONS TO GOVERNING EQUATIONS 

As it can be noted from the governing equations discussed above, the exact solution of these 

equations is near to impossible due to the non-linear, multi-dimensional, unsteady and multi-

variable nature of the problem, in addition to the implicit aspect of the variables common to all 

governing equations. The common approach in the study of nuclear reactor systems is the 

application of numerical solutions to the coupled equations of transport in a simplified version. 

In order to accomplish this task, a commercial nuclear analysis package was adopted.  

6.3.1 RELAP5-3D Overview 

The code RELAP5-3D (Reactor Excursion and Leakage Analysis Program) has been used in the 

past to analyze transients in earlier versions of the PB-AHTR as documented by Niquille [9] and 

Griveau [10]. Results obtained from these previous work contributed to the overall point design 

of the core as detailed in section 3.1 presented earlier in this report. RELAP5-3D is a well-

known, highly flexible reactor transient response code that was originally developed to assess the 

safety and reliability of Light Water Reactor (LWR) designs under various transients [8]. The 

development of RELAP5-3D is an ongoing effort at Idaho National Laboratory (INL) since its 

initial version, and is constantly growing in terms of the availability of special models, fluid 

libraries, and graphic user interface options to simplify the usage of this complex code. In 2005, 

INL added molten salt properties for 4 different salts to the built-in fluid library in this computer 

program. This enabled the usage of this software for the analysis of the PB-AHTR. 

The code includes many generic component models from which thermal-hydraulic systems can 

be simulated. The component models include pumps, valves, pipes, heat releasing or absorbing 

structures, reactor kinetics, electric heaters, jet pumps, turbines, separators, annuli, pressurizers, 

accumulators, and power control system components. In addition, special process models are 

included for effects such as form loss, flow at an abrupt area change, branching, choked flow, 

and non-condensable gas transport. 

The multi-dimensional component in RELAP5-3D was developed to model the multi-

dimensional flow behavior in many LWR components. Typically this will be the lower plenum, 
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core, upper plenum and down comer. However, the model is general, and is not restricted to use 

in the core vessel.  

6.3.2 Numerical Solution scheme 

RELAP5-3D utilizes a semi-implicit numerical scheme to solve integral equations for the 

conservation of mass, momentum and energy across the boundaries of the discretized solution 

domain. The equations of transport can be simplified given certain conditions, which are 

reasonable assumptions in the representation of certain nuclear reactors. 

Governing Equations 

The equations solved by RELAP5-3D are presented in Eq. 5.1-5.3 after certain simplifications 

are applied. The first simplification comes when 3-D thermal-hydraulic phenomena is simplified 

to 1-D such as fluid flow in uniform area channels or heat conduction when the temperature 

gradient is much greater in one direction (radially) compared to other directions (axially) in case 

of tubes where heating or cooling occurs. This simplification allows the usage of mean values for 

velocity and internal energy of fluid.  

The second simplification consists on the application of the point reactor kinetics model 

discussed in Duderstadt [13] to describe the transient fission power within the reactor core. This 

model is used whenever the neutron flux can be expressed as the product of a time-independent 

space-dependent shape factor, and a time-dependent space-independent amplitude factor. This 

assumption is invalid in certain cases, for example, the ejection of a control rod with high 

reactivity worth. This event causes a strong deviation from the assumed shape factor, 

invalidating the point reactor kinetics model.  

The transport equations to be solved are partial differential equations. In general, these equations 

can be solved analytically for all variables in few circumstances when the boundary conditions 

along with some simplifications allow for a direct analytical solution, as an example the solution 

to the heat equation applied to the semi infinite one-dimensional solid with a step change in 

temperature at the surface is demonstrated in Incropera [11]. The following is the governing 

equation and the necessary transformation to obtain the analytical solution in for both variables. 

 

            (6.2) 

 

            (6.3) 
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Unfortunately, the governing equations of the thermal – hydraulic phenomena within the reactor 

core, heat exchanger and other components are multi-variable, non-linear and time dependent. 

For this reason a numerical scheme is applied to solve for the simplified transport equations of 

mass momentum and energy in the system and across components as a function of time. The 

following are the simplified equations as reported by the RELAP5-3D Code Development Group 

[8] 

 

Conservation of Mass 

            (6.5)  

 

Conservation of Momentum 

            (6.6) 

 

Conservation of Energy 

             (6.7) 

 

Neutron point reactor kinetics 

            (6.8) 

 

The conservation equations of mass, momentum and energy are solved over all cell volumes and 

time intervals that added together define the problem in time and in space. The point reactor 

kinetics equation is applied to every cell volume that constitutes a heat generation component 

subject to power fluctuations due to reactivity variations. Every heated mesh element is affected 

in the same manner, however reactivity feedback coefficients can have weighting multipliers to 

account for core power density space-dependence. The discretization of the components depends 

on the numerical scheme employed in order to solve these equations. RELAP5-3D does not 

discretize in space the same way when solving for vector quantities as opposed to scalar 

quantities, thus solution schemes for temperature and velocity use different spatial discretization. 

Figure 6-1, obtained from Ref. [8], shows the solution scheme over a sample mesh cell. 
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Fig. 6-1 Scalar and vector property spatial solution scheme in RELAP5-3D [8] 

Numerics 

In order to solve equations (6.5) – (6.7), these partial differential equations are replaced by 

difference equations. These difference equations result from integrating the differential equations 

over a control volume (or mesh cell) in which mass and energy are conserved by equating the 

accumulation to the rate of mass and energy in through the cell boundaries minus the rate of 

mass and energy out through the cell boundaries plus the source terms. This model averages 

properties for all mesh cells and requires the knowledge of velocities at the volume boundaries. 

The velocities at boundaries are most conveniently defined through use of momentum control 

volumes (cells) centered on the mass and energy cell boundaries. This approach results in a 

numerical scheme having a shifted spatial mesh. The scalar properties (pressure, specific internal 

energies, and void fraction) of the flow are defined at cell centers, and vector quantities 

(velocities) are defined on the cell boundaries. Equations (6.9), (6.10) and (6.11) depict the 

difference equations for the 2-phase mixture balance of mass, energy and momentum. 
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           (6.10) 

 

 

 

 

 

 

           (6.11) 

 

 

 

 

The difference equations shown above result from the application of the governing equations 

over the sample mesh element shown in figure (6-1) as reported by Ambrossini [2]. The terms 

evaluated at the new time step are superscripted with n+1 notation, and the terms donored are 

subscripted with j+1/2. These donored terms take values advected from neighbor cells based on 

the selected spatial marching scheme.  

In the process of replacing the partial differential equations for difference equations, it is 

necessary to expand the time derivatives. In order to do so, there are two potential approaches, an 

explicit scheme, where the time derivative uses previous time step information and the implicit 

scheme, where the time derivative is evaluated at the new time step.  

The semi-implicit numerical solution scheme is based on evaluating carefully selected time 

derivatives at the new time step information. The terms evaluated implicitly are identified as the 

scheme is developed. The implicit terms are formulated to be linear in the dependent variables at 

new time. This results in a linear time-advancement matrix that is solved by direct inversion 

using the default border-profile LU solver. Thus, an N x N system of equations must be solved 

simultaneously at each time step. N is the total number of control volumes used to simulate the 

fluid system. 
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Closure Relations 

The coupling of the hydrodynamic and heat transfer at each mesh element is performed 

explicitly. However, an option exists to implicitly couple the time advancement of the 

hydrodynamic and heat structure models. 1-D and some cases 2-D heat conduction is used to 

compute temperature distributions within heat structures. Hydrodynamic and heat structure 

conditions are coupled through heat structure boundary conditions.  

 

 

Fig. 6-2 Heat transport interface and structure nomenclature in RELAP5-3D 

           (6-12) 

The heat conduction equations have additional terms related to fluid temperatures introduced by 

the boundary conditions. This larger set of simultaneous equations, however, is solved with only 

a modest increase in computations compared to the explicit coupling. Implicit coupling can be 

used with either the semi-implicit or nearly-implicit advancement. The purpose of the implicit 

coupling of hydrodynamic and heat structure time advancement is to more accurately model the 

exchange of energy between the structures and fluid in the volumes, to avoid numerical 

instabilities due to explicit coupling, and to achieve reduction of computing time through larger 

time steps. 

Finally, in order to complete the thermal-hydraulic computations, the code requires the use of 

closure relations to properly couple the different phenomena occurring at the interface between 

constituents in the problem domain. Namely, the wall friction and the wall heat transfer 

correlations which can be manually modified as needed. Ref [8] provides more detailed 

information on the numerical part and the theoretical basis for the closure relations employed. 

6.3.3 RELAP5-3D Code Limitations 

For the purposes of this study, the primary limitation of the code is the use difficulty and steep 

learning curve. This code is very powerful primarily because of the rich variety of special 

process models that are appropriate for the study of LWR including two-phase flow phenomena, 

stratification and fluid-vapor separation among others. The problem occurs when a simple 

system such as the PB-AHTR is represented; there are a number of parameters which must take a 
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value and are non-intuitive for any user not dealing with two-phase flow problems. Based on 

input documented by ref. [5] RELAP5-3D is a code for advanced users, and does not possess any 

level of automation which users modeling simple systems can take advantage of. However, the 

developing team from INL has noted this observation from other users and has started working 

on a more advanced version which allows the user to select the level of fidelity a model needs to 

represent. 

Other important limitation of the code is the absence of the exact wall friction loss and wall heat 

transfer correlations for the multiple geometries employed in this study. The existing correlations 

are appropriate for LWR components and require their manipulation to reproduce the expected 

coefficients for wall friction and heat transfer in pebble beds. This limitation can easily be 

modified at the source code level by the staff at INL, however this requires a contract which may 

be sought in the future. 

6.4 MODEL CONSTRUCTION 

6.4.1 Plant Components 

The plant components corresponding to the primary system are modeled based on the 

information from sections 3.1 – 3.4 and 4.2 – 4.3. This information, in addition to the recently 

obtained reference design parameters for the safety cooling DRACS listed in section 5.6, can be 

used to construct a computational model that serves to study the performance of the overall plant 

in steady state full power, and in response to transient events of interest. A complete plant model 

is necessary to perform the integral evaluation of the plant systems; especially during transients 

given that the boundary conditions which drive the transport of heat and momentum through the 

multiple components of the plant are constantly changing and are dependent of one another. The 

following sections explain how the computational model is built based on the collected plant 

design data. 

6.4.2 Plant Model Scaling 

In order to study and evaluate the DRACS system point design listed in section 5.6.2 it is 

necessary to couple this model to the existing model of the PB-AHTR which has been previously 

developed and documented by [7]. However, the existing RELAP5-3D model is an inconvenient 

model to study the DRACS system for the following reasons: 

• The existing PB-AHTR model is too detailed, making it difficult to add new components 
to the model while not conflicting with existing component ID numbers and satisfy 
maximum number of components allowed by the code. 

• The existing model is complete and represents the current point design of the reactor, 
including all components accurately represented. In order to add the DRACS system, all 
8 DRACS loops would be required to be input. Since it is expected to vary the parameters 
of the DRACS during the study, the modification of all DRACS components for all 
DRACS loops becomes cumbersome and unnecessary. 
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• The addition of 8 DRACS loops significantly slows computation time even further, 
especially during transients. 

• Data analysis becomes significantly more complex since results of simulations need to be 
read for every DRACS loop, and since the transients studied affects all loops equally and 
simultaneously, then there is no real need to simulate all systems but simulate one 
effective equivalent system. 

• Analytical benchmarking is very difficult if all DRACS loops are represented, but it is 
simpler if one equivalent loop is employed. 

 

For the reasons shown above, it was decided to represent the multiple components and loops in 

the PB-AHTR model into equivalent lumped components and loops which behave identically 

and respond identically in case of transients. Below is the general criterion for the scaling of 

multiple components and loops into a single component and loop: 

• Scaled components must employ tubes of the same length and diameter as the prototype 
(NDHX, IHX, and DHX). 

• Scaled components must use the same coolants at the same pressures and temperatures. 

• Scaled components must preserve geometric similarity. 

• Scaled components must be placed in the same vertical height location relative to the 
core. 

 

The scaling of the DHX heat exchangers is specially challenging, primarily due to the complex 

geometry arising from the usage of baffles on the primary-coolant shell side. In disk-and-

doughnut baffled heat exchangers, there are three distinct characteristic flow areas, the inner and 

outer window flow areas, where fluid travels partially in parallel flow with the heat exchanger 

tubes, and partially in cross flow. The third region is the center cross flow region. These different 

areas are not proportional to the outer radius or the number of tubes employed, but rather, 

proportional to the multiplication of the outer radius and the uniform baffle space distance. In 

order to represent scaled heat exchangers properly, the following criteria is established. 

Scaling Strategy 

The strategy employed in the problem of combining of multiple components into a single 

component is to preserve the key phenomena that are important for the adequate representation 

of the component as part of the system.  

The problem of scaling was analyzed from an external and internal point of view. From the 

external point of view, all scaled components are assumed equal to the prototypical components 

in terms of the functions they perform and under the conditions the components perform. This 

implies that a single equivalent primary pump drives the overall mass flow rate through the core 

and the primary loop under the same overall head as the 2 prototypical pumps that are in part of 

the plant design with the same fluid at the same temperatures. Similarly, a single equivalent IHX 
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removes the heat of 4 prototypical IHX under the combined mass flow rate of all components 

with the same fluids at the same temperature difference and efficiency. Finally, a single 

equivalent DRACS system removes the same amount of heat as 8 prototypical DRACS systems 

under the combined mass flow rate of all components with the same fluids at the same 

temperature difference and efficiency. 

An important note is that under natural circulation, the flow driving mechanism is entirely 

different compared to forced flow. In the case of natural circulation, the driving force is 

proportional to the vertical height which separates the heat source from the heat sink. An 

additional external point of view to the problem then is the requirement that the equivalent model 

must preserve the plant geometry to ensure equivalent behavior when forced flow conditions are 

no longer present.  

From the internal point of view, the parameters that are considered important are the rates of 

transport of momentum and energy, namely the friction loss and heat transfer, both as a function 

of flow conditions and spatial dependence.  

Starting from the assumptions provided by the external point of view and the requirements 

arising from the internal point of view the scaling laws for equivalency are developed. 

The following are the relations for friction losses in our study: 

Internal flow friction factor 

                   (6.13)  

 

where the friction factor f is a function of Re number as discussed in section 2.8. This relation is 

applicable for straight tubes as it is the case of the salt-salt heat exchangers. For the salt-air heat 

exchanger, the laminar flow friction drop inside the curved pipe is slightly higher than in straight 

pipes reported by Mori [4] and the modified equation is 

             (6.14) 

 

where a is the radius of the curved tube and Rc is the radius of the coil.  

External form loss factor 

             (6.15) 

 

In the equation above, K is the form loss factor. In the case of external cross flow through a bank 

of tubes, the factor K is the following as indicated in [6]. 
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            (6.16) 

N is the number of restrictions in the direction of the flow. For the IHX and DHX case, where the 

tubes are arranged neither aligned nor staggered, but are rather radially expanding lattice, 

Bergelin et al. [6] suggest that the N is the sum of restrictions in the cross-flow region plus only 

half of those located in the inner window region and half of those located in the outer region. The 

report also suggests letting X take the value of 0.6 for this radial lattice system. Only in the case 

of the IHX and DHX, the overall pressure drop is the sum of the pressure drop calculated within 

each baffle over all baffle spaces along the heat exchangers. In other words: 

              (6.17) 

             

            (6.18) 

 

Based on the relations discussed above, the scaling laws dictate that the following parameters 

need to be maintained for similarity between model and prototype representations. 

Fluid velocity 

The preservation of fluid velocity allows similar friction factors on the flow, thus preserving the 

friction loss rates. In order to maintain fluid velocity, the area of flow must be proportional to the 

ratio of mass flow rates between model and prototype heat exchangers and piping 

interconnecting components. This is a requirement both for internal and external flows. 

Fluid residence time 

This requires that the fluid travel time is the same both in the scaled and prototype models. Given 

that geometrically, the components preserve the vertical height due to the natural circulation 

requirement, then by maintaining identical tube length on the heat exchangers in addition to 

proportional total flow area to mass flow rate, the residence time of the fluids are preserved also. 

In the shell side, the effective residence time is the ratio of the shell side volume to the average 

flow area. This imposes the requirement that the ratio of volume to area for the prototype is 

identical to the model. 

Number of restrictions 

In the case of the NDHX, this requirement is automatically met by maintaining the tube 

diameter, the tube pitch and the overall height of the helical heat exchanger. In the case of the 

IHX and DHX, the number of restriction is met by selecting the appropriate inner and outer 

radius for the heat exchanger such that the number of restrictions is the same between scaled and 

prototype models. 
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Heat transfer rate 

The heat transfer rate predicts the gain or loss of heat as a result of convection. The important 

factors for heat transfer process are the total heat transfer surface area, heat transfer coefficient 

and the temperature difference between the hot and cold fluid. Newton’s cooling law states this 

as follows: 

            (6.19) 

 

The objective is that the scaled model removes the equivalent amount of heat as all other heat 

exchangers under similar flow conditions and identical temperatures, then the following results 

in the case of the IHX: 

            (6.20) 

            (6.21) 

This allows the design of the scaled parameters such that the heat transfer coefficient is identical, 

since the temperature difference is taken as identical based on the general requirement for 

component scaling outlined earlier. 

Heat transfer coefficient 

The relations for heat transfer coefficient for internal flows are functions of Re and Pr numbers. 

Since the fluid temperatures are preserved, as well as the mean fluid velocity, then the heat 

transfer coefficient is preserved. Similarly for the case of external flows, the preservation of Re 

and Pr can is achieved by maintaining an adequate external flow area such that the external fluid 

flow velocity is identical for the scale and prototype models. 

Heat transfer surface area 

The requirement is to preserve the ratio of heat transfer area with the ratio of heat load. This is 

accomplished easily by also imposing the ratio of total number of tubes to be proportional in the 

same manner as well between scaled and prototype models, under the assumption of equal tube 

lengths. This last assumption is one of the general requirements explained earlier in this section 

in order to preserve overall component height and fluid residence time. 

The requirements imposed above do not conflict one another.  For this reason the scaling process 

of the components with an advanced design was performed without any problems, this is the case 

of the DHX, IHX and primary pumps. In the case of the NDHX, the process outlined above is 

used to downscale from a single equivalent heat exchanger into eight prototypical heat 

exchangers. Next section includes detailed design data for scaled and prototypical heat 

exchanger as a result of this study. 

( )surface fluid
q hA T T= −
i
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6.4.3 Model to prototype tables 

The following tables display the geometric parameters employed in the construction of the 

reactor model. In addition reference performance parameters are also shown to illustrate the 

expected deviations from employing scaled versus prototypical component representations. The 

data for the IHX and DHX in tables 6-1 and 6-2 was obtained using the PRIMEX code. Data for 

the NDHX was obtained using the code described in section 5.5. 

 Prototype 

IHX 

Up-scaled 

IHX 

Ratio 

Scale/Prototype 

Radial rows of tubes 43 37 1.16 

Total number of tubes 9728 38450 3.95 

Heat load 225 MWth 900MWth 4.00 

Nominal length 8.33m 8.28m 0.99 

External Aflow 0.566m2 2.19m2 3.87 

Internal Aflow 0.359m2 1.419m2 3.95 

O.D. Heat Transfer area 2.59x104 m2 1.03x104 m2 3.97 

∆Ptube 1.27x105 Pa 1.31x105 Pa 1.03 

∆Pshell 1.43x105 Pa 1.43x105 Pa 1.00 

 LMTD     30.3 K 30.3 K 1.00 

   

Table 6-1 Scaling parameters ratio for the IHX 

 Prototype 

DHX 

Up-scaled 

DHX 

Ratio 

Scale/Prototype 

Radial rows of tubes 4 4 1.0 

Total number of tubes 504 3841 7.62 

Heat load 2.25 MWth 18MWth 8.00 

Nominal length 2.65m 2.58 m 0.97 

External Aflow 0.082m2 0.641m2 7.81 

Internal Aflow 0.019m2 0.142m2 7.88 

O.D. Heat Transfer area 45.8 m2 349.4 m2 7.63 

∆Ptube 2.82x102 Pa 2.69x102 Pa 0.95 

∆Pshell 1.38x102 Pa 1.38x102 Pa 1.00 

  LMTD     91.8 K 91.8 K 1.00 

 

Table 6-2 Scaling parameters ratio for the DHX 
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 Prototype 

NDHX 

Up-scaled 

NDHX 

Ratio 

Scale/Prototype 

Radial rows of tubes 7 56 8 

Total number of tubes 211 1690 8.01 

Heat load 2.25 MWth 18MWth 8.0 

Nominal length 3.50 m 3.50 m 1.0 

External Aflow 5.1 m2 40.8 m2 8.0 

Internal Aflow 0.41 m2 3.32 m2 8.1 

O.D. Heat Transfer area 680 m2 5510 m2 8.1 

Horizontal tube angle 15.0o 15o 1.0 

LMTD     210 K 210 K 1.00 

 

Table 6-3 Scaling parameters ratio for the NDHX 

 

6.4.4 Plant Nodalization 

A nodalization diagram was built to demonstrate the plant model constructed in RELAP5-3D. 

This diagram includes all the plant components, such as the core (1-8), the IHX (43), 

intermediate loop (52), the DHX (25), the NDHX (62). The model is explained in further detail 

in appendix C where all geometric properties are listed, along with the input file itself. The 

nodalized diagram is illustrated in figure (6-3). 

6.4.5 Thermal-Hydraulic Initial and Boundary Conditions, Closure Relations and Decay Heat  

Initial conditions are important in order to allow the computational tool to reach convergence to 

a solution at every time step. There are two types of problems that can be solved using RELAP5-

3D and the model built: steady state problems and transient problems. Steady state problems are 

run until the code reaches steady conditions in temperature and fluid velocity over all mesh 

volumes and cell junctions. Once this condition is satisfied, the user can employ an option within 

the code to rewrite the problem input file updating the initial conditions, such that an updated 

problem may be started from steady state conditions.  

Transient problems require that the problem is initiated from steady-state conditions. A proper 

transient problem may be initiated from at the start of the transient being studied, or some time 

into the transient, to allow the user observe the steady nature of the problem prior to the transient 

event. 
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The closure relations for friction and form losses, as well as wall heat transfer for the multiple 

geometries in the problem are input manually, except for the simple pipe geometries, where the 

code can automatically predict the friction and heat coefficients. For the case of pebbles, curved 

pipe, cross-flow on a bank of tubes and other geometries, the correlations presented in section 

2.3 - 2.5 and 2.7 – 2.9 are specified in the RELAP5-3D model. 

Finally, the study also requires the input of the decay heat time history for the core immediately 

after a reactor shutdown. RELAP5-3D includes the ANS-79 decay heat curve which is discussed 

by Todreas and Kazimi [1] as a function of time after reactor scram. This curve was employed in 

previous analysis and has been adopted for the study of transients, although future use of an 

alternate curve of the expected decay heat curve for the pebble bed, TRISO fueled core is 

recommended. 

 

6.5 ANALYSIS PROCEDURE AND DATA EVALUATION 

6.5.1 Steady state convergence 

Once the model is assembled, the geometric parameters properly input, the boundary conditions 

set appropriately, and reasonable initial conditions are inserted, the code is run and the results are 

evaluated. The first run always starts in transient mode. The reason is that the initial conditions 

for fluid velocity and temperatures cannot be the true values at steady state, since these values 

vary for every mesh cell in a component, and the initial conditions are known roughly and single 

values can be estimated for the whole component, not for every mesh cell. 

The solution algorithms will update the scalar and vector parameters of the problem as the code 

marches in time, until the problem time limit is reached. Since the temperatures change during 

the convergence, these changes lead to artificial reactivity insertion, which causes energy 

generations variation in the reactor core. To avoid this, it is important to input appropriate initial 

conditions for the problem. 

RELAP5-3D contains a sub-routine called PYGMALION, which can be run to re-write an input 

file by replacing all the initial condition cards with the information provided by a problem 

already run. The idea is that after the code is run, steady state conditions can be reached, and the 

information can be used as the input for another input file, where the only difference between the 

previous and current input files are the initial conditions. This process can be repeated manually 

several times until the initial conditions are sufficiently good to allow the code to run without 

making significant changes in the problem sub domain properties, therefore reaching a true 

steady state condition. This process is also recommended to achieve faster run times once true 

steady state problems are run. 
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6.5.2 Performing transient analysis 

Once the true steady state RELAP5-3D model was built based on the analytical relations output 

by the NDHX calculation sheets, in addition to the geometric data for the DHX output by the 

PRIMEX code appropriately converted to SI units, the analysis consisted of investigating the 

parameters which affected the system cooling ability during the worst transient conceptually 

envisioned as outlined in section 3.5.2. A change in the parameters affecting the any the DRACS 

heat removal mechanism requires of application of the steady state convergence process anew to 

determine the effect of the variation prior to a transient study.  

6.5.3 Transient description 

The plausible transient events subject to analysis are described in section 3.5.3, where LOFC, 

LOHS and LOCA transients are described, including their respective variations due to the 

magnitude of the assumed failure, such as break size, asymmetric and partial heat removal 

capacity loss. The transients analyzed in this section are particularly interesting in analyzing the 

performance of the DRACS design presented in the previous chapter during the transient. 

Previous work by Galvez et. al. [7] has analyzed the performance other safety systems, such as 

the active scram, the passive core shutdown and the negative reactivity feedback control system. 

Instead, this report focuses on the performance of the DRACS system as a passive heat removal 

system. 

To best illustrate the behavior of the DRACS, the transient selected assumes a complete loss of 

primary heat sink simultaneous with the primary pump trip and the reactor scram. This is 

accomplished by switching to decay heat mode, tripping the primary and secondary pumps and 

also blocking the primary coolant flow path to the IHX, to eliminate natural circulation cooling 

through the core-IHX loop. Previous analyses have demonstrated that in a LOFC transient, the 

IHX provides significant early cooling to the shutdown core due to the thermal inertia of the 

metallic structure of the heat exchanger. 

The pump trip is very short, forcing the pump to stop completely in 0.1 seconds. This allows the 

fluid motion to continue due to inertia alone. The heat sink is removed in 0.2 seconds. This is the 

smallest value which can be used to stop the secondary side flow and block the IHX flow path 

without causing numerical instabilities and other undesired phenomena. Finally, the decay heat 

mode is turned by imposing the power history curve shown in figure 4-5 as the net power output 

by the core. This switch occurs instantaneously at the time of the transient. 

The transient occurs at 100 seconds, given that the problem is started from the steady state full 

power initial conditions. This allows a transient to be started from the beginning if necessary, but 

100 seconds is chosen for illustration purposes.  
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6.5.4 Criteria for acceptability 

The acceptability criteria for the point design of the DRACS system is most importantly based 

on the requirement to preserve the peak core outlet temperature under 760 °C at any time during 

the selected transient. Another criteria for acceptability is that the DRACS system’s overall size 

meets the constrains imposed by the reactor building design, included available vertical height 

from core to the helical heat exchangers and the available space for the NDHX chimney. Finally 

the requirement to maintain the DRACS salt coolant temperature above freezing point and 

preserve a reasonable margin for freezing is also important. 

 

6.6 RESULTS 

The insertion of the shutdown control elements into the core is expected to bring the reactor 

power down very quickly. As a consequence, the average fuel temperatures come down rapidly 

as the power per pebble is reduced greatly from the full-power value; however, pebble fuel layer 

temperatures are always higher than coolant surface temperatures, as the reactor is still producing 

a decay heat. The following curve is the primary safety indicator of the transient study. This 

figure seeks to demonstrate, that the reactor core does not exceed thermal safety limits for fuel 

and metallic structures in contact with core outlet coolant. 
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Fig. 6-4 Comparison of peak core average fuel temperature to inlet and outlet core coolant 

temperatures 

Natural circulation loops performance 

The following figures are detailed representations of what happens within safety, cooling and air 

passive natural-circulation driven coolant loops in the mentioned order. In each loop, the inlet 

and outlet temperatures, along the flow rate history, the corresponding pressure drop of each loop 

component and the temperature difference driving the flow are shown. Figure (5-1) illustrates the 

corresponding loop and the nomenclature employed. 
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Safety loop 

The DHX inlet temperature is below the outlet temperature prior to the transient due to the 

restricted flow in parallel with the core. Once the transient is initiated, a flow reversal is ensued 

short after, and this can be observed with the temperature history shown in the figure below. 

The DHX inlet temperature reaches a maximum of ~750 oC at around two minutes into the 

transient. This is also the core peak outlet temperature during the transient. 
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Fig. 6-5 Safety loop hot and cold fluid temperatures during transient (left), mass flow rate 

through the safety loop (right) 

The mass flow rate profile of the safety loop indicates a smooth flow reversal in the DHX from 

steady full power, where a bypass flow exists through the fluidic diode, to decay heat removal 

mode through the DHX where hot salt enters the top of the DHX and is cooled, flowing 

downward back to the core bottom inlet plenum. The flow rate history reaches a maximum spike, 

then reaches an equilibrium flow rate, quickly dampening reduced oscillatory behavior shown 

quickly after reaching the maximum reversed flow rate value.  

The temperature difference across the safety loop quickly reaches steady value of ~100 kg/s, 

which then slowly decreases. The initial temperature spike observed is due to the short, 

temporary trough in the DHX outlet during flow reversal.    
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Fig. 6-6 Safety loop temperature difference (left), pressure drop of components in the safety loop 

during transient (right) 

The pressure drop of each component in the safety loop is in constant prior to the transient. The 

pressure drop across the pebble bed is very large, and is not included in the scale of the plot. The 

pressure spike shown by all components is due to the spike in the mass flow rate, early in the 

transient. Shortly after, steady values are reached. 

The pressure drop across the DHX shell is larger than the pressure drop at the core, due to the 

much smaller flow area and high resistance of baffle restricted cross flow. Pressure drop through 

all components are, however in comparable order of magnitude. The total pressure drop is the 

amount of buoyancy head that is required to establish natural circulation flow. 

Cooling loop 

The cooling loop steady inlet and outlet temperatures are plotted. During the transient, the DHX 

heat exchanger switches from a parallel-flow to a counter flow heat exchanger. In addition, the 

hot shell side temperatures are much higher than during steady state full power. For this reason, 

the hot temperature of the cooling loop quickly rises and reaches a steady level, when natural 

circulation becomes established. 
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Fig. 6-7 Cooling loop hot and cold fluid temperatures during transient (left), mass flow rate 

through the cooling loop (right) 

The mass flow rate history during the transient, similarly quickly establishes to the steady 

cooling mode at higher flow rates. The peak value is reached at ~2 minutes into the transient and 

drops slowly thereafter. 
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Fig. 6-8 Cooling loop temperature difference (left), pressure drop of components in the cooling 

loop during transient (right) 

The pressure drop distribution shows that the pressure drop of the coolant through the DHX tube 

side and the connecting pipe are two orders of magnitude higher than the pressure drop through 

the NDHX tube side coil. This is because the flow area combined of all NDHX tubes is much 

greater than the DHX, in addition to a much larger pipe inner diameter. The total friction 

pressure drop amounts to ~ 4300 Pa, which is the buoyancy head at this temperature difference 

across the DRACS loop. 
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Air channel 

Prior to the transient, air flow is restricted through the air inflow dampers. This reduces the air 

flow rate and increases the residence time of air as it travels through the chimney. Once the 

transient begins, the dampers are opened fully, and mass flow rate of air is incremented. At 

higher flow rates, air exits the chimney at lower temperatures. The temperature difference across 

the chimney rapidly changes after the transient. 
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Fig. 6-9 Air channel hot and cold gas temperatures during transient (left), mass flow rate through 

the air channel (right) 

The pressure drop prior to the transient is very high, primarily due to the near-closed air 

dampers. Upon the scram signal, the dampers are opened near immediately and high air flow is 

quickly established. For a brief period of time, air flows at higher rates under the same surface 

temperature in the NDHX. When the surface temperature distribution is altered, the 

thermophysical properties of air are altered, and a higher flow resistance is reached.  
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Fig. 6-10 Air channel temperature difference (left), pressure drop of components in the air 

channel during transient (right) 
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Energy transfer  

In order to understand the transient, it is important to understand the heat flow process in this 

multi-component system. The energy generated after shutdown by decay heat is expected to be 

released to the environment as heated air through the NDHX, however, during the transient, the 

amount of decay heat varies, and early on exceeds the heat exchanger capacity. In this period, 

excess heat is absorbed by the solid constituents of the system, and by the loop fluids. The first 

set of curves represents the heat flow between heat sources and sinks connected by their 

corresponding loop. The second set of loops represents the transient heat absorbed by the 

metallic heat exchanger structures, in this case, the tubes as the volume of the outer casing and 

internals are not taken into consideration. The last set of curves represents the heat absorbed by 

the fluid volumes within each natural circulation loop. 

Figure 6-11 shows the heat flow distribution and the heat produced by the core. Early in the 

transient, ~ 45 MW of heating power is released by the core, but only ~ 22 MW is removed by 

the safety loop. Similarly, ~20 MW is removed by the cooling loop, and only ~ 18 MW is 

removed by the secondary air flow in the NDHX. This trend continues until ~700 seconds, when 

the reactor decay heat curve drops below the heat removal rate of the safety loop. The graph on 

the right shows that after ~ 1000 seconds, the amount of heat removed by both, the safety and 

cooling loops slightly exceeds the decay heat curve, and closely follows this in a decaying trend.  

The air loop continues to remove ~18 MW, closely matching the design basis heat load power 

and does come down along with the decay heat curve.  The fact that the air loop removes a 

nearly constant heat load is reasonable, because the NDHX is designed to have the largest 

LMTD and thermal resistance of any component in the DRACS system, to minimize the 

potential for freezing of the salt.  Thus the heat transferred to the air is quite insensitive to the 

temperature of the salt.  Furthermore, this shows that the air dampers can be used to effectively 

control the heat removal rate by the DRACS, since the heat removal rate is closely linked to the 

air flow rate.  This is a positive feature, because this means that the DRACS system can be 

closely controlled to prevent overcooling from occurring. 
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Fig. 6-11 Heat flow in natural circulation loops during first 1000 seconds (left), during the next 

5000 seconds into the transient (right) 

The response of the NDHX air side shows that the air dampers will need to be restricted to 

reduce heat removal at a time ~1200 seconds (20 minutes) into the transient. The amount of air 

restriction to maintain temperatures and its time variation was not investigated here.  

Energy storage 

The following figures illustrate the amount of heat absorbed by the solid materials that have 

sufficient thermal capacity to absorb or release a significant amount of heat during the transient. 

Safety loop components 

In the safety loop, the pebble bed, its corresponding graphite moderators and the upper reflector 

are large voluminous graphite structures that are expected to absorb and release heat. 

Immediately after the transient, the thermal inertia of the core moderators absorbs the excess 

heat, while the upper reflectors and the pebble bed thermal inertia release heat to the surrounding 

fluid. At around 600 seconds into the transient, the DRACS heat removal capability exceeds 

decay heat generation and all core structures are effectively releasing heat at ~ 500 kW as shown 

in Figure 6-11.  
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Fig. 6-12 Transient heat flow in heat releasing or absorbing structures in the core during the first 

250 seconds (left), during the next 750 seconds into the transient (right) 

Cooling loop 

The metallic structure of the DHX also absorbs energy during the transient temporarily. The 

Figure 6-13 indicates that immediately after the transient, the DHX gives off a small amount of 

heat, due to the cold fluid reversal, then a peak occurs and reaches ~13 MW of power, which is 

absorbed by the DHX and quickly drops to a low positive value which implies heating of the 

structure until ~ 200 seconds, when the structure starts to cool down at a low cooling rate. 
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Fig. 6-13 Transient heat flow in the DHX metallic structure during the first 200 seconds (left), 

during the next 3800 seconds into the transient (right) 

Air loop 

The NDHX releases heat immediately after the transient due to the sudden step variation of the 

air flow rate on the external side. ~ 400 seconds after the transient is initiated, steady average 

metallic structures are reached and the metallic structure beings to heat up for another ~ 1400, 

when the metallic structures start to cool off, releasing heat until the dampers are re-adjusted. In 
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this simulation, the dampers are not closed to preserve temperatures in the NDHX and prevent 

overcooling. 
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Fig. 6-14 Transient heat flow in the NDHX metallic structure during the first 400 seconds (left), 

during the next 3600 seconds into the transient (right) 

 

Fluid Thermal storage 

In addition to the solid structures, the average temperatures of the safety and cooling bulk fluids 

increase early in the transient, as these fluids absorb excess energy which the heat exchangers 

cannot remove for brief periods of time, as steady hydrodynamic conditions are reached. The 

figure below shows the thermal storage of energy of the fluids during the transient and is 

calculated as follows: 

           (6-22) 

where the fluid volume is predicted from geometric calculations, density and heat capacity are 

approximated as constants and evaluated at their average values. The bulk temperature for time 

derivative evaluation is calculated based upon the volume average for all of the salt volume as 

follows: 

           (6-23) 

The calculated transient thermal storage heating rates are shown for the safety and cooling loops, 

in two different scales. The left plot of Figure 6-15 shows the first 400 seconds into the transient, 

and the plot in the right shows the reminder 5600 seconds, where much lesser storage heating 

magnitudes are observed. The numerical instability observed is likely caused by the calculation 

of the temperature time derivative. In this stage of the transient, the code automatically varies the 

time step of the solution constantly thus causing this variation. 
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Fig. 6-15 Fluid transient thermal energy storage in the safety and cooling loops during the first 

500 seconds (left), during the next 5500 seconds into the transient (right) 

It can be observed that a significant amount of heat is absorbed early in the transient by the fluid 

alone. This is the amount of energy released during decay heat removal and not transferred and 

dumped as waste heat. At the peak, 15 MW of energy is absorbed by the primary coolant. The 

cooling loop fluid shows numeric instability in the calculation, however, similar quantity is 

observed. The spike observed, but not shown reaches very large power levels and this is caused 

by the large temperature time derivative and does not represent necessarily accurate power 

levels. After 1000 seconds, the power levels have dropped to below 3 MW, and decreases below 

zero indicating overall temperature decrease in the safety loop. This switch occurs ~500 seconds 

earlier in the case of the DRACS loop. 

 

Solid structure temperature distribution 

Figure 6-16 represents the average temperature of the heat transfer solid constituents. The 

temperature distribution along the core shows the temperature averaged over the pebble over 

core axial region. A short period of time after the transient starts the temperature profile drops to 

the steady value 650 oC and 750 oC at the inlet and outlet core regions respectively. These values 

compare well with the corresponding inlet and outlet primary coolant temperatures of 645 oC and 

740 oC.  
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Fig. 6-16 Transient average fuel temperature profile along the core (left) and DHX transient 

average metallic structure temperature (right) for before and after the transient 

The temperature profile of each pebble is shown in the left plot of Figure 6-16 for various times 

during the transient. The temperature sharply decreases within a few seconds into the transient, 

reaching a near flat temperature across the pebble during steady decay heat mode. 

The profile of the average metallic structure temperature of the DHX is also plotted. During the 

transient, it can be observed that for a brief period, the temperature in the lower side is higher 

than the upper side of the heat exchanger and this is caused by flow reversal. The axial 

temperature distribution rises to a near linear temperature distribution from 625 oC to 700 oC. 

This distribution remains essentially constant during the rest of the transient. 
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Fig. 6-17 NDHX transient average metallic structure temperature (left) and radial profile 

transient temperature distribution of a pebble located in the central region of the core (right) 

Similarly, the temperature profile of the NDHX metallic structure is plotted in Figure 6-17. The 

changes observed during the transient are smaller in magnitude compared to those observed in 
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the DHX. In this case, the bottom of the NDHX corresponds to the rightmost positive axial 

location. 

6.7 SUMMARY 

The transient analysis performed in this chapter demonstrate the transient transfer of heat is a 

complex process, where fluids and solid structures interact temporarily storing energy as the 

fluid flow rates fluctuates during hydrodynamic transition. The analysis tool employed in this 

study demonstrates the capacity to provide an insight into the physical process occurring during a 

transient. The analysis shows that the DRACS passive heat removal system accomplishes the 

goal of maintaining the peak coolant temperature below the safety limit operating in natural 

circulation. The study also determined that air flow rates must be throttled beginning about 20 

minutes after the transient to control overcooling of the reactor. 
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7. VERIFICATION STUDIES 

7.1 ARGUMENT FOR VERIFICATION 

In this dissertation, two different studies were performed thus far 1) The design of a passive heat 

exchanger given a heat load and the heat sink and heat source temperatures; and 2) the transient 

analysis of this design employing a nuclear reactor design. The results were presented in the 

appropriate sections of the document including a discussion of the significance of the results.  

The overall objective of this study is to demonstrate that the resulting design can satisfy the 

safety criteria in this reactor. However, the results documented in section 5.6 and section 6.6 of 

this dissertation are not sufficient to demonstrate the efficacy of the safety system, since the 

analysis performed cannot be benchmarked against existing data deriving from the operation of 

passive safety systems and transient operation of pebble-bed, salt cooled nuclear reactors, simply 

due to the inexistence of this information. Similarly, there is an absence of readily available 

simulation tools to perform this present study using other computational tools. The comparison 

with data from alternate studies or operational data would provide an estimate on the accuracy 

and preciseness of the models developed in this study. Cacuci [5] illustrates the relation between 

model verification and model qualification through the following diagram. 

 

Fig. 7-1 Model verification relationship 

In light of this, it is necessary to obtain other sources of reference data to compare the present 

findings against, thus establishing a benchmark for the results and a verification of the 

methodology. The following sections establish a comparison between the present safety system 

design versus comparable safety system designs for comparable nuclear reactor systems and an 

alternative approaches to perform transient analysis of the nuclear reactor system subject to this 

study. 
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7.2 SAFETY SYSTEM DESIGN COMPARISON 

A literature review within the Journal of Nuclear Design and Engineering provided information 

of the technical design of the passive safety system employed in the European Fast Reactor 

(EFR) and the Demonstration Fast Breeder Reactor (DFBR), a Japanese design. Both are heavily 

documented by Farrar [1]  

 Parameter unit Description 

Reactor design  PB-AHTR DFBR EFR 

Total reactor thermal power MW 900 900 1600 3600 3600 

Coolant type and flow mechanism  Flinak 

Nat. C. 

Sodium 

Nat. C. 

Sodium 

Forced 

Sodium 

Nat. C. 

Sodium 

Forced 

Number of lops  8 8 4 6 6 

Power per loop MW 2.25 2.25 11 15 15 

DRACS 

description 

Total power (% of full power) MW  18 (2%) 18 (2%) 44(2.75%) 90 (2.5%) 90 (2.5%) 

DHX type  Straight Straight Straight U tube Straight 

tube Heat transfer area per loop m2 55.27 55.27 41 96 68.8 

Height m 2.6 2.6 6.1 5.08 5.08 

Primary flowrate per loop kg/s 8.62 8.62 39.7 161 178.4 

Primary side ∆P Pa 465 465 785 611 757 

Primary 

side 

Inlet/outlet temperature oC 760/656 760/656 550/333 530/456 530/464 

HX Height difference m 8.0 8.0 21.2 34.1 34.1 

Loop flow rate per loop kg/s 17.37 12.44 46.1 68 71.7 

Loop ∆P Pa 4211 2855 23540 13770 18000 

Loop side 

Cold/hot leg temperature oC 556/626 568/712 285/472 333/505 329/494 

NDHX type  Helical Helical Serpentine Helical Serpentine 

Heat transfer area per loop m2 688.8 503.7 1500 2980 1282 

Stack height m 20.0 20.0 34 37.4 37.4 

Air flow rate kg/s 4.04 3.31 59.7 69.9 105.7 

Air side ∆P Pa 159 161 2200 170 500 

Air side 

Inlet/outlet temperature oC 20/570 20/645 50/231 35/245 35/174 

Table 7-1 Comparison with other DRACS design 

The table above refers to values from the DRACS point design reported in section 5.6. The 

alternate sodium cooled DRACS design, is a point design taken from the analysis performed in 

section 8.5.2 with a comparable height as the reference salt cooled DRACS point design. 

The designs obtained for the salt and sodium version of the DRACS are comparable to the 

natural circulation sodium design for the EFR, however, the hot temperatures for the air, loop 

and primary side largely distinguish the PB-AHTR with the other two reference designs. This is 

due to the requirement to preserve primary and safety loop salts well above the freezing point, 

which is around 450 oC.   
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Both PB-AHTR safety DRACS designs presented here are not optimized designs, rather 

reference point designs. The criteria and methodology for optimization is discussed in the next 

chapter.  

7.3 SOURCES OF DISTORTION 

The primary source of potential error identified in the analysis performed, is the calculation of 

the equilibrium flow rate established by the balance between buoyancy and friction in the air 

channel. The derivation of the air density distribution along the heat exchanger assumes a linear 

temperature change, from cold to hot conditions.  

            (7-1) 

 

Applying the ideal gas law: 

 

            (7-2) 

This density function is then integrated along the air heater channel to yield the following 

            (7-3) 

This is the term which contributes to the overall buoyancy of the air chimney. The contribution is 

small however, in the case of tall hot air stacks, as it is the case of this study; the hot air stack is 

much larger in length compared to the heat exchanger tube bank length.  

The linear assumption is questionable. The following figures are air temperature profile of the 

NDHX along the tube bank and the corresponding gas density profile, both obtained from steady 

decay heat removal mode RELAP5-3D calculations. 
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Fig. 7-2 Temperature profile of NDHX tube bank 
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As it can be observed, the temperature relation is not linear, but it is not far from linearity either. 

The density profile resulting from a linear temperature distribution follows in similar form as the 

figure from the right, due to negative exponential of temperature from equation (7-2). This may 

be due to the low temperature change liquid salts experience travelling on the tube side, relative 

to the large change of air in the shell side. 

Another error contributing factor is the calculation of air pressure drop in the tube bank. Kays 

and London [6] report that pressure drop calculations in tube banks follow the following form: 

 

            (7-4) 

Neglecting the area change due to free to frontal area ratio σ, expressing the specific volumes υ1, 

υ2 and υm as densities of incoming cold, hot and average density fluids respectively, and 

replacing the friction area to flow area ratio to the traditional length to hydraulic diameter ratio, 

the equations above takes the following familiar form: 

            (7-5) 

 

The equation above involves two dynamic pressure multipliers. The first term is the acceleration 

component, which takes into account the expansion gases experience as heat is added, this 

expansion represents a force against the direction of flow, thus expressed as a pressure drop. The 

second term is the friction factor for tube banks in cross flow; however, this factor is multiplied 

by the ratio of the cold density and average fluid density. This once again, relies on the initial 

assumption of the linear temperature profile and the effect on the estimate average density. The 

proper manner to calculate this mean density is as follows: 

            (7-6)  

 

From figure 7-1, one can observe that the average air density is far from the mean average of hot 

and cold densities, in fact, the average density is much closer to the hot density than it is to the 

cold density.  

The integral shown in equation (7-6) is impossible to perform without knowing a-priori the 

temperature distribution. The present study assumed an exponentially decaying density 

distribution and obtained the mean density based on the endpoint densities.  

The biggest discrepancy occurred when NDHX performance estimates were compared against 

steady state RELAP5-3D calculations, and moderate disparities were found particularly 

corresponding to pressure drop calculations. 

2
21 2

1 1 1 1

(1 ) 1
2

m

c c

vv vP G A
f

P g P v A v

  ∆
= − − +   

  
σ

2

1
2

c c

c h h m

G L
P f

D

  
∆ = − +   

  

ρ ρ

ρ ρ ρ

1

NDHX

m

L

dA
A

= ∫ρ ρ



 

 

126 

The proper friction factors were input into the code input file. The spatial advancement scheme 
for the conservation of momentum in RELAP5-3D takes into account the volume expansion as 
air travels through the heat exchanger. The initial assumption was that friction factors at every 
mesh element would be automatically adjusted by the cold-to-average density ratio multiplier in 
each mesh element. However, C. Davis [7] indicated that RELAP5-3D calculates the pressure 
drop based on the density of the upstream volume. Thus, it does not include the cold-to-average 
density ratio factor and will underestimate the form loss when there is a large density change 
between two mesh elements. After this information was obtained, this multiplier was manually 
added to the input file, and results with greater agreement with the reference design were 
obtained. 
 

7.4 TRANSIENT ANALYSIS VERIFICATION 

Todreas [2] and Wylie [3] offer a methodology to perform analytical hydraulic transient analysis 

in loops, however their approach is limited to systems where a) transitions from laminar to 

turbulence flow regimes do not occur from component to component connected in a loop and b) 

friction factors can be expressed as a function of Reynolds number elevated to the same power 

everywhere in the loop. While this approach is useful to establish first order estimates, the 

existence of multiple components where the friction factors are functions part independent and 

part dependent of Reynolds numbers render this approach nearly to impossible to apply.  

A suitable solution for the non linear differential equation arising from the application of the 

conservation of momentum equation along the loop requires complex numerical techniques. In 

addition, the problem of natural circulation of salts and gases, where both of the fluids undergo 

large temperature and density changes make it difficult to estimate average thermophysical 

properties, which are intended to represent the effective property of fluids for segments of the 

loop. Constructing a code which solves these equations maintaining the time dependence is a 

large effort, which results equivalent to constructing a smaller version of the RELAP5-3D code. 

Instead, the approach for verification of the transient analysis presented in section 6.6 is to 

employ other codes, which are commercially available and have been used for similar 

applications. 

Other codes available for thermal hydraulic analysis of nuclear systems indicated by Ransom [4] 

are TRACE, CATHARE and RETRAN. These codes are used by the industry and the 

international community to study transients in nuclear power plants. The current limitation is the 

availability of thermophysical property libraries that encompass the fluids considered in this 

study. Another significant limitation expected in the usage of any other code is the availability of 

non-typical friction loss and heat transfer correlations. In this context, non-typical geometries 

refer to pebble beds, curved pipes, and cross flow configurations.  

A complementary process to the verification of the transient analysis, is the validation of the 

transient models through experimentation and data analysis. Cacuci [5] describes the process of 

validation as a comparison of computational solution with the correct answer provided by 
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experimental data from benchmark cases or validation experiments. The experiments require 

careful design in order to replicate the key phenomena, as specified through a Phenomena 

Identification and Ranking Table (PIRT). The experiments require sufficient detailed data 

collection to allow conclusive comparisons of computations with experimental data to quantify 

model fidelity and model credibility.  

7.5 SUMMARY 

Verification of results for both the DRACS safety system design and the PB-AHTR transient 

analysis requires the implementation of a similar study employing different tools to obtain 

alternate data and use this as a basis for comparison. Design parameters for DRACS safety 

system of similar reactor designs were presented and compared against the reference design 

obtained in this study. Overall similarity was observed, and significant variations in the 

comparison were explained. Alternate tools to perform transient analysis exist, however are not 

readily available and may be subject to applicability limitations when studying liquid-salt cooled, 

pebble bed reactors. 

7.6 REFERENCES 

[1] B. Farrar et. al., Fast reactor decay heat removal: Approach to the safety system design in 

Japan and Europe. Nuclear Engineering and Design 193 (1999) 45-55 

[2] N. E. Todreas, M. S. Kazimi Nuclear Systems II Elements of Thermal Hydraulic Design. 

Hemisphere Publishing Corporation (1990) 

[3] B. Wylie, L. Streeter Fluid transient in Systems. Prentice Hall (1993) 

[4] V. Ransom Nuclear Reactor Systems: Thermal Hydraulic Modeling Modeling, 

Experimentation and Validation Summer School, Idaho National Laboratory, June (2010) 

[5] D. Cacuci, Data Assimilation for Model Validation and Calibration First International 

Verification and Validation for Nuclear Systems Analysis Workshop, Idaho Falls (2008)  

[6] W. M. Kays, A. L. London, Compact Heat Exchangers 3
rd

 Edition McGraw-Hill Book 

Company (1984) 

[7] C. Davis, Personal communication Idaho National Laboratory, February (2011)



 

 

128 

8. OPTIMIZATION APPROACH 

8.1 OVERVIEW 

In this chapter, multiple criteria for optimal design of the DRACS passive safety system are 

presented. First, the general considerations for the overall design of the nuclear plant are 

reviewed based on the reactor operation mode. In addition, more specific criteria corresponding 

to the design of the safety system is presented, including economic aspects, performance 

considerations and safety requirements. Finally, a study is performed evaluating the sensitivity of 

plant parameters, NDHX geometric parameters and coolant selection on the performance of the 

system. 

8.2 OPTIMIZATION CRITERIA – HEAT GENERATION MODE  

During steady state operation of the PB-AHTR power plant, it is desirable to operate using air 

dampers to control the cool air inlet flow rate through the NDHX, The use of the dampers helps 

maximize thermodynamic efficiency of plant by reducing heat losses to the environment, and is 

also necessary to control heat removal to prevent overcooling of the reactor. The current point 

design assumes air dampers valves which are at 85 % area of flow closed and in this position, 5.6 

MW of heating power are removed through the air chimney.  

After the transient is initiated, the air dampers are fully opened rapidly, and remain opened to 

remove the design heat removal requirement of 18 MW. This amount of heat is removed as long 

as the liquid salt temperature is higher than air temperatures, and this condition remains even 

after the core produces less than 18 MW of decay heat. For this reason, it is necessary to design 

an electro-mechanical air damper, which closes up gradually after DRACS salt temperatures 

decrease on average, which occurs after approx. 20 minutes. In order to prevent liquid salt from 

freezing, electrical heaters must be employed once decay heat power levels are lower than heat 

losses to the environment, as when long term core shutdown is envisioned. 

During the early part into the transient, the temperatures of metallic materials change rapidly in 

the structural material. The design of both the DHX and NDHX heat exchanger must allow the 

expansion and contraction in metallic tubes. This is accomplished by employing bends and 

curves on pipes prior to junction with the inlet and outlet manifold.  

8.3 OPTIMIZATION CRITERIA – OPERATION AND SAFETY 

8.3.1 Normal Start-up and Shutdown 

The usage of electric heaters around the DRACS cooling loop can maintain salt coolant in liquid 

phase during start-up. Similarly, usage of electric heaters can maintain a minimum coolant 

temperature and allow the DRACS loop to remain in liquid phase during core outage. In case of 

heat exchanger maintenance, liquid salt may be drained to a tempered storage tank to preserve 

salt in liquid phase.  
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8.3.2 Under cooling and overcooling 

These undesired conditions occur when air louver is not set to accommodate air flow heat 

removal rate at identical nuclear heat generation rate.  

To prevent under cooling, the passive safety system must be designed with a conservative 

margin of safety, which allows the sudden increase in cooling ability in case of insufficient 

cooling capacity. This can be accomplished by designing the air conveyance system of the 

DRACS assuming a reduced maximum aperture of the air damper. For instance, the design of the 

air conveyance system can assume a 75% flow area opening for the design basis of the system. 

In the event of under cooling, this louver gate can be fully opened, instantly providing additional 

cooling ability previously unavailable.  

To prevent overcooling, the DRACS system must be able to adjust the amount of cooling, and 

this is accomplished by reducing the air flow through the chimney by throttling the air louver, 

located at the air inlet side. Another mechanism to control overcooling of the reactor core, is to 

add heat to the cooling loop by employing electric heaters, which can be the same heaters used 

during reactor start-up operations. Adding heat to the loop can compensate for heat removed to 

the environment and thus prevent overcooling events. 

8.3.3 Diversity and Redundancy 

The design of the DRACS safety system for the PB-AHTR assumes fully passive, natural 

circulation heat removal for all eight loops. In this design, the criteria for redundancy is clearly 

satisfied, since there are multiple loops available to perform a single task. However, all cooling 

loops and heat exchangers are identical and this configuration does not follow the criteria for 

diversity. 

The adopted approach in the design of safety systems for the Gas Cooled Fast Reactor (GCFR) 

includes the development of diverse systems as discussed by Medwid [1], where a core auxiliary 

cooling system is designed independent of the shutdown cooling system, which incorporates 

natural circulation capabilities on the helium, water, and air sides as a backup to normal forced 

circulation capabilities. Additionally, Farrar [2] discusses a different approach taken by the 

European Fast Reactor (EFR) safety system design. In this reactor design, the direct reactor 

cooling consist of two diverse systems, one comprising of three loops operating in natural 

convection and the other three loops operating in forced convection, designed to remove the 

same amount of heat per loop, however the forced convection loop can also operate under natural 

circulation removing ~2/3 of the rated forced flow power per loop. 

Based on the cited examples, the criteria for redundancy and diversity of the safety systems 

currently employed by the PB-AHTR can be optimized by implementing a similar approach as 

the GCFR and EFR designs employing different heat transport process on similar systems which 

accomplish identical goals of removing heat from the reactor through diverse and redundant 
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systems.  Therefore the PB-AHTR also has a normal shutdown cooling system that can remove 

heat by natural circulation through the intermediate heat exchangers under shutdown conditions. 

8.4 OPTIMIZATION CRITERIA – SIZING AND PERFORMANCE 

The overall objective of this criterion is to reduce the amount of metallic material employed 

constructing the passive safety system. In this section, a detailed evaluation of the impact of 

varying the a) plant geometric parameters and b) helical heat exchanger geometric parameters 

previously assumed as invariable in section 5.5 and during the transient evaluation of the system.  

8.4.1 Effect of Plant parameters variation 

NDHX thermal elevation sensitivity 

The reference design assumes a distance of 8 m between the bottom of the NDHX and the 

bottom of the DHX. An increased height is expected to cause an increase in the buoyancy of the 

salt loop. Greater buoyancies produce greater flow rates, which in turn, reduce the temperature 

difference across the loop and increase the effectiveness of the DHX heat exchanger, bringing 

the cold fluid outlet temperature closer to the hot fluid inlet temperature. These effects are 

observed in Figures 8-1 to 8-3.  

0 1 2 3 4 5
3000

4000

5000

6000

7000
Cooling loop buoyancy lift

NDHX Height [m]

B
u
o
y
a
n
c
y
 [

P
a
]

8 m

11 m

14 m

0 1 2 3 4 5
120

130

140

150

160

170
DRACS loop mass flow rate

NDHX Height [m]

F
lo

w
 r

a
te

 [
k
g
/s

]

8 m

11 m

14 m

  

Fig. 8-1 Cooling loop buoyancy lift (left) and flow rate (right) assuming three elevation 

differences as a function of various NHDX designs. 
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Fig. 8-2 Temperature difference across the DRACS loop (left) and Reynolds number in the DHX 

tube side of the loop (right) assuming three elevation differences for various NDHX designs.  
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Fig. 8-3 DRACS loop hot temperature assuming three elevation differences for various NDHX 

designs.  

The effect of greater elevation difference between the DHX and NDHX is a) increases flow 

rates, enhancing heat transfer and driving higher average liquid salt temperatures b) decreases 

sensitivity of the NDHX performance to the height of the NDHX itself. Based on freezing 

margin considerations, larger distance is desirable, however at the expense of economic 

considerations due to the added salt inventory. 

NDHX Chimney stack height sensitivity 

Air heat removal is driven by the buoyancy forces. The stack height is an important component 

of the buoyancy, due to the storage of hot, low density gas, which creates pressure difference 

sufficient to move air across the NDHX tubes. A higher stack represents higher buoyancy, which 

then requires greater flow rates to balance with friction.  
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Fig. 8-4 Air buoyancy and air flow rates through NDHX 

The effect of greater mass flow rates of air through the heat exchanger is expected to reduce the 

temperature gain. This is also due to the reduced residence time air spends as it travels through 

the heat exchanger at higher speeds. Proportionally to the velocity, the Reynolds number reflects 

this increase. The following figures display this. 
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Fig. 8-5 Air hot temperatures and air Reynolds 

In the case of air flow, the heat transfer coefficient in cross flow is very sensitive to the flow rate. 

The overall heat transfer coefficient for the NDHX is severely limited by the air side coefficient, 

as the salt side is an order of magnitude greater under a range of conditions. Thus, greater air 

heat transfer coefficient changes the overall heat transfer coefficient of the NDHX. The 

following figures demonstrate these relationships 
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Fig. 8-6 Air Heat transfer coefficients 
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Fig. 8-7 Surface area and outer radius 

The variation of the flow areas of the connecting pipe between the NDHX and the DHX salt 

fluid, and the chimney pipe diameter are not evaluated since the system response is easily 

predictable. As the flow areas assumed are reduced the salt inventory is also reduced, however a 

resulting higher friction pressure drop requires a smaller flow rate. This in turn, causes an 

increased temperature difference across the safety loop. The magnitude of the increased pressure 

is proportional to the flow area shrinkage. A similar phenomenon occurs for the air chimney, 

since the pressure drop through in cross flow through the NDHX tubes is much greater than the 

chimney friction drop. 

8.4.2 Effect of Helical Heat Exchanger Parameter Variation 

Pipe Diameter 

Changing the helical coil pipe diameter affects hydraulic and heat transfer processes in both, 
internal and external sides of the NDHX heat exchanger. As a consequence, the overall 
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performance of the system is also altered. This study assumes internal pipe diameters of 4.0cm, 
5.0cm and 6.0cm and analyzes the effects in each side of the heat exchanger separately. 

Air side 

Smaller pipe diameters in a bank of tubes with identical pitch to diameter ratios lead to higher air 
friction coefficients. These higher friction coefficients lead to higher pressure drop traveling 
through the same overall tube bank length. The following figure shows this relationship. 
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Fig. 8-8 Air flow Euler number and pressure drop through the NDHX for various pipe diameters 

The non-dimensional Euler number is chosen to illustrate how the pressure drop increases for 
smaller pipe diameters. Pressure drop in gases, is also a function of the acceleration as gas 
expands due to heat addition. From Figure 8-8 it can be observed that the relationship between 
Euler number and the pressure drop is proportional, but not linear in nature. 

Higher pressure drop in tube banks with smaller pipe diameter cause mass flow rates to be 
reduced. Smaller flow-rates are compensated with higher air temperature rise to balance the net 
power output. 
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Fig. 8-9 Flow rate and temperature increase 

Air flowing at higher mass flow rates will in consequence have greater heat transfer coefficients, 
consequence of higher Reynolds numbers, also due in part to larger hydraulic diameter for larger 
pipe diameters. 
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Fig. 8-10 Reynolds number and heat transfer coefficient 

The figure above show higher heat transfer coefficient for larger tube diameter for the taller 
NDHX configurations, and a sharp decrease for shorter configurations. This is because the 
Reynolds number sharply decreases for NDHX heights below the smallest surface area resulting 
from the optimal combination of radial layers and number of helical tube rotations. The pictures 
below show this point, at least for the 6 cm pipe. 
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Fig. 8-11 Surface area and number of radial layers 

It can be observed that the NDHX design requires less number of radial tube layers as the pipe 
diameter increases. Similarly, heat exchangers with larger pipes, require less overall heat transfer 
areas, primarily due to the enhanced air heat transfer coefficient caused by higher flow rates. 

On the tube side  

Obtaining satisfactory NDHX designs employing smaller tube diameter forces the code to 
employ larger total number of tubes. The net effect is a greater overall area of flow when more 
numerous, smaller tubes are used. Given that the total mass flow rate of the DRACS cooling loop 
remains unaffected, smaller pipe diameters represent smaller flow velocity and thus smaller 
Reynolds numbers.  
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Fig. 8-12 Number of tubes in the NDHX (left) and Reynolds number of liquid salt flow through 
the coils for multiple inner tube diameters. 

Adjusting the coil pipe inner diameter is expected to affect the pressure drop and heat transfer 
numbers beyond the influence of Reynolds number. The friction factor and heat transfer 
coefficient in curved pipes are functions of the ratio of pipe diameter to coil diameter. When 
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different diameters are employed, the average coil radius varies, the ratio of tube diameter to coil 
diameter becomes unpredictable. Moreover, the correlation for friction factors employed in this 
study is a complex logarithmic function of this ratio. The overall results of the code for the heat 
transfer coefficient, Euler number and salt pressure drop are presented in the Figures 8-13 and 8-
14 respectively. 

  

Fig. 8-13 NDHX liquid salt heat transfer coefficient (left) and characteristic Euler number of 
internal flow through the coils for multiple inner tube diameters. 

 

Fig. 8-14 Pressure drop of liquid salt through the coils for multiple inner tube diameters. 

Taking into consideration the overall effect of the air and tube sides, smaller pipe diameters lead 
to more voluminous heat exchangers with high surface areas for heat transfer. Large diameter 
heat exchangers require similar liquid salt volumes with the added benefit of smaller surface area 
and smaller outer radius. For these reasons, large pipe diameters are preferable. 

Pitch to Diameter ratio 

Similarly to the analysis of tube diameter variation, the effects are studied separately for the air 
and salt sides. Three pitch to diameter ratios are studied, 1.7, 1.85 and 2.0. 
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Air side 

Tighter tube lattices are characterized for higher friction factors. This implies lower air flow 
rates, higher pressure drops, lower heat transfer coefficients, and therefore higher required heat 
transfer areas. Lower flow rates also require higher temperature difference across the loop to 
deliver the required heat load. Figures 8-15 to 8-17 illustrate these relationships. 
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Fig. 8-15 Characteristic air Euler number (left) and corresponding pressure drop (right) across 
the NDHX coils for varying pitch to diameter tube lattice arrangements. 

0 1 2 3 4
0

50

100

150
NDHX Air mass flow rate

NDHX Height [m]

F
lo

w
 r

a
te

 [
k
g
/s

]

1.70

1.85

2.00

 

0 1 2 3 4
0

1000

2000

3000

4000
Re NDHX air

NDHX Height [m]

R
e
y
n
o
ld

s

1.70

1.85

2.00

 

Fig. 8-16 NDHX air flow rate (left) and corresponding Reynolds number (right) across the 
NDHX coils for various pitch to diameter ratio tube lattice. 
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Fig. 8-17 Air outlet to inlet temperature difference across the NDHX shell side, for various pitch 
to diameter ratio tube lattice. 

Tube side 

Similarly to the case of smaller pipe diameter, tighter lattice configurations require greater 
number of tubes and in turn, greater area of flow for salt is available. At essentially identical salt 
flow rates, Reynolds numbers are lower for low pitch to diameter ratios.  
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Fig. 8-18 Number of tubes required in NDHX design for different pitch to diameter ratios for 
various heat exchanger heights 
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Fig. 8-19 Characteristic Reynolds number (left) and heat transfer coefficient (right) assuming 
different pitch to diameter ratios for various NDHX designs 

Lower Reynolds numbers generate lower heat transfer rates in the salt side as well an increased 
friction factor, since friction factors in curved pipes are proportional to Re to the –0.5 power. 
This is observed in a higher Euler numbers characteristic of the flow. The overall pressure drop 
however, is greater for higher pitch to diameter tube arrangements, which have higher Reynolds 
numbers.  
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Fig. 8-20 Characteristic air Euler number (left) and corresponding liquid salt pressure drop 
(right) within the NDHX coils for varying pitch to diameter tube lattice arrangements. 

Overall, the NDHX requires greater heat transfer surface area as well as greater number of radial 
layers of tubes when small pitch to diameter ratios is employed.  
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Fig. 8-21 Surface area (left) and number of radial layers (right) for various pitch to diameter 
ratios in the NDHX design 

Based on the considerations discussed above, the NDHX design can be optimized increasing the 

tube diameter increasing the pitch to diameter ratio to reduce surface area and coil outer 

diameter. On the other hand, tighter tube lattice and smaller tube diameters output hotter air at 

shorter NDHX lengths. In order to best select the proper NDHX size, the metrics of performance 

must be established and prioritized.  

8.5 OPTIMIZATION CRITERIA – COOLANT TYPE SELECTION 

There are multiple coolant candidates that can be employed as the working fluid for the DRACS 

natural circulation loop, also referred as the cooling loop chapter 5, which discusses the design of 

the system. Given the high temperature environment, and the requirement to operate in liquid 

phase, the two candidate coolant types for the DRACS are liquid salts and liquid metals. The 

table below evaluates the thermophysical properties at the average temperature of 665 oC for 

various liquid salts and liquid metals. 

Thermo-physical property comparison for liquid salts and liquid metals evaluated at 665 oC (938 K) 

 Flibe Flinak Flinabe Lead Lead-Bismuth Sodium 

Ρ [kg/m3] 1995.0 2044.7 1779.4 10204.0 9822.3 797.46 

-dρ/dT [kg/m3K] 0.488 0.73 0.711 1.35 1.38 0.242 

β [K-1] 2.446E-4 3.571E-4 3.996E-4 1.323E-4 1.405E-4 3.036E-4 

Cp [J/kgK] 2386 1884 1507 142.57 146.51 1251.4 

µ [Pa.s] 0.006354 0.00341 0.000955 0.00142 0.00110 0.000200 

k [W/mK] 1.1 0.8 0.5 15.648 16.471 60.32 

Pr  13.78 8.03 2.87 0.0129 0.0098 0.0042 

Melt. pt. [oC] 458 454 385 327 123.5 97.7 

 

Table 8.1 Thermo physical property comparison of salts and metals 



 

 

142 

In order to evaluate the performance of the six coolants under consideration, all geometric 

properties presented in chapter 5 as the reference design for the passive safety system design are 

employed. The only variant is the coolant selection for the DRACS cooling loop. The analysis in 

the section below evaluates the coolant candidates in the following category a) liquid salts, b) 

liquid metals and c) single liquid salt vs. single liquid metal. 

8.5.1 Comparison of Liquid salts 

The primary differences observed for the three candidate salts can be inferred from the table 

above. Flibe has smaller volumetric expansion coefficient, compared to the other salts. From this 

observation, it is expected that the buoyancy head in the DRACS loop is smallest for the flibe 

case. Also, due to the low buoyancy head in the flibe loop, the mass flow rate required to create 

identical friction head must also be smaller, to the case for other salts. The figure below shows 

these relationships. 
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Fig. 8-22 Buoyancy head and mass flow rate for multiple NDHX design configurations for the 

three candidate salts. 

The high buoyancy shown by flinak and flinabe suggest that, similar performance as flibe can be 

achieved under smaller thermal center vertical height difference.  

Given that the mass flow rate is the lowest for the flibe case and considering that the heat 

capacity for all three salts are similar, the temperature difference across the loop is roughly 

inversely proportional to the mass flow rate, and for flibe is expected to be high in order to 

maintain the heat load requirement. 
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Fig. 8-23 Temperature differences across the DRACS loop for multiple NDHX design 

configurations. 

Another observation from the table of thermophysical properties is that flinabe has much lower 

viscosity than other salts. This is expected to amplify the Reynolds number significantly, even 

when coolant travels at comparable flow rates. The figure below demonstrates this effect. 
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Fig. 8-24 Non-dimensional Reynolds number on the tube side of the NDHX and DHX for 

multiple NDHX designs, employing the three candidate salts. 

The increased Reynolds number for the salt loop using flinabe causes an increased heat transfer 

rate on the same side in each corresponding heat exchanger.  
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Fig. 8-25 Heat transfer coefficient on the tube side of the NDHX and DHX for multiple NDHX 

designs, employing the three candidate salts. 

For the short NDHX configuration (height<1.5m) with flinabe, the salt Reynolds number is high 

enough such that flow is turbulent, and therefore, causes elevated heat transfer coefficients. From 

figure 8-4, this transition is observed to occur at Reynolds number of ~6000. As it was discussed 

in chapter 2, the transition from laminar to turbulent regimes is shifted from the transition in 

straight pipes due to the curvature of the pipe. Similarly, in the DHX, higher heat transfer 

coefficients are observed and no transition occurs, since the flow is always in the turbulent 

regime. 

Higher tube side heat transfer coefficients can have a large effect on the overall effectiveness of 

each heat exchanger as long as the shell side heat transfer coefficient is larger. This is the case of 

the DHX, where cross flow heat transfer coefficients are very large. Combined, a higher overall 

heat transfer coefficient results, which increases the DHX effectiveness and thus, bringing closer 

the outlet temperature of the cold fluid to the inlet temperature of the hot fluid, which is set to 

760 oC. This increase is also reflected in the cold temperature of the cold fluid. Figure 8-26 

demonstrates this relationship. 
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Fig. 8-26 Hot and cold coolant temperatures for various NDHX designs employing the three 

candidate salts 

An increased heat transfer coefficient on the tube side of the NDHX does not change the heat 

exchanger effectiveness, since the shell side heat transfer coefficient, driven by air, is very low.  

Based on the observations from the cases above, the conclusions are the following 1) flibe loops 

require higher vertical thermal height difference to perform similarly other two salts, 2) in this 

configuration, flibe loops require higher temperature difference across the loop to deliver the 

same amount of power and 3) the low viscosity of flinabe makes the fluid reach turbulent 

conditions without reaching high flow rates, and this helps enhance the effectiveness of the 

DHX, elevating the DRACS salt temperatures. This is important, since higher DRACS loop 

temperature provides greater margin of safety against salt freezing in the DRACS.  

8.5.2 Comparison of Liquid metals 

The thermophysical properties of the liquid metals considered are shown in Table 8-1. It is noted 

that both lead and lead-bismuth eutectics are very similar, except the former has a lower melting 

temperature, which is a desired characteristic for greater margin of safety in case of freezing.  

When establishing a figure of merit for the buoyancy head of natural circulation loops, the 

volumetric expansion coefficient is important, but not as much as the derivative of density with 

respect to temperature. The following equations illustrate this: 

∆ ∆ ∆B oP βρ Tg L=          (8-1) 

But, for non-compressible fluids, the volumetric expansion coefficient is as follows: 

1 dρ
β

ρ dT
= −           (8-2) 

Inserting equation (8-2) into (8-2) and assuming that ρo/ρ =1, it follows 
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∆ ∆ ∆
B

dρ
P Tg L

dT
= −          (8-3) 

While the thermal expansion coefficient of lead and sodium are similar, the derivative of density 

with respect to temperature for sodium is smaller by a factor of five than lead. This means that 

the expected buoyancy will be significantly smaller compared to lead, assuming similar 

temperature difference. The following picture demonstrates this relationship 
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Fig. 8-27 Buoyancy head and mass flow rate for multiple NDHX design configurations for the 

three candidate liquid metals 

This behavior suggests that a lead or lead-bismuth cooling loop generates similar buoyancy 

forces as a sodium loop at significantly lower vertical thermal height difference.  

Under this configuration, in order to compensate for larger buoyancy, lead and lead-bismuth 

loops require higher mass flow rates for greater friction head. Figure 8-27 shows this 

relationship. 

In order to compensate a reduced mass flow rate, sodium loops are expected to have a much 

higher temperature difference across the loop compared to lead or lead-bismuth loops. However, 

this is not the case, since, oddly enough, the heat capacity of sodium is much higher than that of 

lead and lead-bismuth. Interestingly, in this particular configuration, the ratio of heat capacities is 

inversely proportional to the ratio of flow rates, cancelling the effect on overall heat load 

capacity, thus allowing similar temperature drop across the loop. Figure 8-28 depicts this 

relationship. 
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Fig. 8-28 Temperature difference across the DRACS loop for multiple NDHX design 

configurations. 

Greater mass flow rates are expected to drive, in this case, lead and lead bismuth loops to high 

Reynolds numbers in the tube sides of both DHX and NDHX heat exchangers. In addition, the 

unusually low values of viscosity characteristic of liquid metals further drive a higher Reynolds 

number in the loop.  
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Fig. 8-29 Non-dimensional Reynolds number on the tube side of the NDHX and DHX for 

multiple NDHX designs, employing the three candidate metals. 

The turbulent flow regimes present under all NDHX configurations are expected to produce high 

heat transfer coefficients. As this was demonstrated in the analysis of the salt candidates, higher 

heat transfer coefficient only enhances the effectiveness of the DHX. Thus, the outlet 

temperature of the cold side of the DHX is expected to near the inlet hot temperature of the shell 

side, independent of the NDHX design. The following demonstrates this. 



 

 

148 

1 1.5 2 2.5 3
562

564

566

568

570
DRACS loop cold temperature

NDHX Height [m]

T
e
m

p
e
ra

tu
re

 [
 o

C
]

lead

lead-bismuth

sodium

 

1 1.5 2 2.5 3
711

712

713

714

715
DRACS loop hot temperature

NDHX Height [m]

T
e
m

p
e
ra

tu
re

 [
 o

C
]

lead

lead-bismuth

sodium

 

Fig. 8-30 Hot and cold coolant temperatures for various NDHX designs employing the three 

candidate metals 

The observations from above show that a) high density derivative with respect to temperature 

creates large buoyancy and large mass flow rates in lead and lead bismuth loops, b) low viscosity 

and high conductivity of all three liquid metals result in high heat transfer coefficients, which 

enhances the effectiveness of the DHX heat exchanger to the limit imposed by the shell side heat 

transfer and c) due to the inversely proportional relationship of heat capacity and the derivative 

of density with respect to temperature between lead or lead-bismuth and sodium, a loop of the 

same height performs very similarly in both cases under very different coolant flow rates. 

8.5.3 Comparison of salts vs. metals 

In order to perform this evaluation, the selected salt is flinabe, since this salt demonstrated 

tendency to display turbulent flow conditions due to the low viscosity at relatively low flow rates 

in the assumed geometry. Similarly, sodium is the selected liquid metal for evaluation. 

Under identical geometric conditions, the higher time derivative of density of flinabe is expected 

to generate higher buoyancy head when compared to sodium loops. As a consequence, higher 

flow rates are also expected in the salt loop. This relationship is shown in the following figure. 
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Fig. 8-31 Buoyancy and flow rates comparison for sodium and flinabe 

Flinabe and sodium posses similar values of heat capacity, for this reason the temperature 

difference across the DRACS loop is expected to be roughly proportional to the flow rate ratios, 

in order to deliver equal amounts of heat.  
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Fig. 8-32 Temperature difference across loop comparison for sodium and flinabe 

Despite a lower sodium flow rate through the loop as shown in Figure 8-31, a higher heat 

transfer coefficient for both heat exchangers is observed, principally due to the higher heat 

conduction coefficient, which is 120 times greater than salt. This enhances the effectiveness of 

the DHX, which drives the DRACS loop hot temperatures closer to the safety loop hot 

temperature. The cold temperature, however, is below the cold temperature for the flinabe loop, 

due to the greater temperature difference across the loop necessary for sodium. Figure 8-33 

demonstrate this relationship. 
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Fig. 8-33 Hot and cold temperatures for loop comparison for sodium and flinabe 

Liquid salts are characterized to have much higher Prandtl numbers than liquid metals. This 

indicates that the thermal diffusivity is much greater than the momentum diffusivity for liquid 

metals and as a consequence, the thermal sublayer is much greater than the momentum sublayer 

as indicated by Kays and Crawford [3], causing the heat transport to be a weaker function of the 

local hydrodynamic conditions, as opposed to liquid salts. This implies that a natural circulation 

cooling loop employing liquid metals can be expected to show high heat transfer coefficients at 

low flow rates, thus requiring little flow rate which translates into smaller friction pressure drop, 

and thus requiring a smaller buoyancy head to drive the flow. This is investigated by evaluating 

the sodium loop, however under a reduced vertical height of 2 m, instead of the reference 8 m. 

For comparison, the liquid salt loop case assumes the reference height. 
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Fig. 8-34 Sodium loop at reduced thermal elevation versus reference salt design temperature 

difference across loop 

Figure 8-34 shows that, although similar heat transfer rates are achieved at lower flow rates for 

the sodium loop, the small flow rates in addition to the small heat capacity of sodium force the 
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loop to experience a larger temperature change. This raises the concern of thermal stresses in the 

metallic structures and reduces the margin for freezing of the sodium loop. 

The final insight when comparing the effect of coolant choice in the heat exchanger is to 

compare the relative sizes required for the heat exchanger. This information can be obtained 

from evaluating the total outer surface area and the number of radial layers for the NDHX. This 

assumes the reference geometry for both loops. 
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Fig. 8-35 Number of radial layers required and total surface area for NDHX design for flinabe 

and sodium working fluids. 

Based on the Figure 8-35, a sodium-cooled design for the NDHX requires slightly lesser radial 

layers, however, for short-height NDHX designs, the salt flow in the tube side become turbulent, 

as it can be observed from Fig 8-35 and this causes the overall design to require lesser  radial 

layer and lesser overall surface area, effectively behaving as a sodium loop. 

Overall, the comparison between flinabe and sodium has shown the following: a) liquid metals 

require greater temperature differential to deliver same amount of heat load for the same loop 

height, b) liquid metals can have high heat transfer rates at very low mass flow rates, requiring 

small thermal height between sink and source, however at the expense of greater temperature 

difference and c) liquid metals require slightly less surface area as compared to salt loops. 

8.6 SUMMARY 

The program constructed allows the flexibility to obtain heat exchanger designs assuming up to 

three distinct parameters, thus providing with an estimate on the impact of each variation on the 

overall DRACS design. The parameters varied in this study are: 1) plant parameters such as area 

of flow and vertical relative elevation 2) salt-to-air heat exchanger parameters, such as tube 

diameter and pitch to diameter ratio and 3) coolant type selection, including liquid salts and 

liquid metals. The impact of each variation was discussed and it was observed that heat 

exchanger size largely depend and desired air outlet temperature. Smaller heat exchangers output 
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low air temperatures, transferring heat to high air flow rates. In the range of possible DRACS salt 

temperatures, these small heat exchangers operate in the lower end, reducing the margin for 

freezing. In the evaluation of liquid metals as cooling candidates, the low heat capacity typical of 

these fluids causes the natural circulation loop to operate with a large temperature difference, 

which is undesirable for material thermal loading concerns, however liquid metals offer greater 

margin for freezing than salts. The proper balance requires correct prioritization between margin 

for freezing, desired air outlet temperature taking into consideration economic factors. 
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9. CONCLUSIONS 

An investigation leading to the design and performance analysis during transients of the passive 

safety system employed by the PB-AHTR was conducted. The guiding principle in this study 

adhered to the overall nuclear reactor system design process, employing liquid salt, high 

temperature technology. Work performed by previous researchers internal and external to UC 

Berkeley served as a strong basis, proving key information on the overall reactor design and the 

analysis methodology. As a result, a methodology to perform comprehensive safety studies at the 

plant level and with greater plant detail than previously accomplished was implemented. The 

importance of this study lies on the feedback provided to plant designers to improve the overall 

design towards greater safety, improved economy and design robustness.  

The objectives set prior to the investigation were accomplished. A methodology for the design of 

passive safety systems was developed. In addition, a methodology for the transient analysis of 

the plant was also developed. As a result, a detailed design of the safety system was originated, 

and the response of the plant during a specific transient was analyzed. Finally, an approach to 

verify the results obtained and to optimize the passive safety system design was discussed and 

demonstrated. 

In this study, wealth of mathematical expressions for physical phenomena was employed. The 

applicability of the models was discussed extensively and applied correspondingly. Due to the 

complex and diverse geometry in the heating and cooling channels in this plant design, the 

primary remaining challenge is to demonstrate the validity of the heat transfer correlations for 

high Prandtl fluids, such as liquid salts near the laminar – turbulence transitioning flow region, 

for the geometries considered. 

Sufficient and accurate descriptive information exists to construct a model of the core and 

primary systems. Also, moderately detailed designs of the primary and safety heat exchangers 

are available. Secondary and auxiliary cooling systems remain in conceptual design phase, but 

sound assumptions can be made to represent these components in the overall plant model.  

A computer program was constructed, based on the models developed to represent the coupled 

heat transfer in natural circulation loops subject to temperature constrains problem. The 

methodology employed provided information on the momentum and energy distribution in the 

natural circulation loops enabling reactor designers quantify overall effectiveness of the system  

preventing core overheat when no other heat removal mechanisms are present. The program also 

provided with a reference point design of the DRACS safety system. It was determined that the 

reference point design is voluminous and requires moderately elevated temperature difference to 

operate. The primary source of wall friction is within the tubes of the DHX. Given that these 

component are located within the reactor pressure vessel, they are subject to size constrains and 

therefore, a re-evaluation of the selected heat exchanger design must be made. Also, it was found 

that short and compact NDHX heat exchanger designs can be employed, at the expense of high 
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air flow rates and low air outlet temperatures, predecessor conditions for rapid overcooling. 

Finally, it was found the solution algorithm employed simplifies the heat transfer process to a 

space-independent problem. In this approach, it is imperative that the average a value 

representing the spatial distribution is carefully made, especially in the case of compressible fluid 

flow with heat addition and friction losses. This observation occurred when results of the 

computer program output were compared with results from the analysis with RELAP5-3D, 

which is a space dependent code. 

The transient analysis of the loss of forced cooling event shows slow transition from forced to 

natural circulation cooling in the core and the DHX. As a result, the peak coolant temperature 

does not rise above the safety limit imposed at 760 oC and the peak fuel temperature remains far 

below the limit of 1600 oC. The passive cooling system shows a smooth and rapid transition 

from air louver-suppressed waste heat release to full capacity decay heat removal mode. It was 

found that the 2% of the full power heat load design basis mark is proper, since the system 

demonstrated the ability to absorb excess heat in the fluid and metallic structures, internal and 

external to the core in the early phase of the transient, when greater amounts of heat are 

generated. These effects are observed within the first 5 minutes of the transient. After 15 minutes 

heat output is matched with removal capacity and stable heat transfer is sustained. At this point, 

the air louvers need to be gradually throttled to reduce passive cooling capacity to match heat 

output. If air louvers are not throttled, DRACS salt reaches the freezing point in approximately 3 

hours. While this study assumed an immediate scram response to the LOFC event, it would be 

interesting to perform this study assuming a failure to immediately scram and allow the passive 

shutdown rods to scram the reactor after the insertion and travel delay. 

Transient analysis with RELAP5-3D re-affirms the need to have the precise correlations 

employed implemented into the code. Additionally, RELAP5-3D requires careful air flow 

friction factor weighting due to the numerical scheme employed in the solution architecture.  

A simple verification process was discussed that provided initial confidence that the DRACS 

design matches comparable designs for other similar reactor concepts. Similar DRACS designs 

employed 2.5-2.75% range as the full power fraction for design basis heat load further adding 

confidence in the selected fundamental constrains in this study. In addition, the effect of multiple 

variations to the reference passive safety design were analyzed and the findings provided 

guidance towards the proper selection of component location, air heat exchanger tube 

configuration and geometry, and ideal coolant type. The selection of these parameters requires a 

set criterion which properly balances safety, economy and robustness in the optimization 

process. 

The study presented is the first analyzing passive safety system design and performance for the 

PB-AHTR. Multiple other studies are required to validate the results obtained. As a suggestion 

for future analysis complementary to this study, is the quantification of uncertainties, the 

verification through alternate transient analysis tools, experimental investigation of liquid salt 
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heat transfer process in laminar-turbulent transition regimes, studies of various options for heat 

transfer enhancement, and the comparison of transients with Integral Effects Test (IET) 

experiments to validate the methods and models presented here. 
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10. APPENDIX 

Appendix A: Thermophysical property expressions for various coolants 

Appendix B: Program source code listing 

Appendix C: RELAP5-3D input file and detailed geometric description 
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Appendix A 

Thermophysical property expressions for various coolants 
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Appendix B 

Computer source code listing 

The following diagram establishes the name of the functions listed in the following sections. The 

module labeled Master is the primary algorithm which calls all other supplementary functions in 

the solution. The diagram below is identical to Fig. 5-2 and the solution methodology is 

described in section 5.2 in detail.  

 

 

  

 

 

Master 

Perfondhx 

Perfodhx 

Read input data 

Calculate detailed 

geometry 

Calculate 

thermophysical 

Solve Natural Circulation problem for all three loops. 

Calculate equilibrium mass flow rates for all loops 

Solve Heat Exchanger rating problem for DHX. 

Calculate DRACS loop cold temperature 

Solve Heat Exchanger sizing problem for NDHX. 

Calculate required heat transfer area 

Update inlet/outlet temperatures 

for all three loops 

Are previous temperatures equal to 

updated temperatures? 

Does the required heat transfer area 

match assumed geometry? 

Report geometry 

Continue with next geometry 

combination set until entire range in 

input data is considered 

Do not report 

Yes No 

No 

Yes 

Safety 

Cooling 

Air 

Thermos 
Geometry 



  

161

I.
 M

as
te

r 
 c
l
e
a
r
 
a
l
l
,
 
c
l
o
s
e
 
a
l
l
;
 

 
 

h
e
a
t
=
1
8
e
6
;
 

%
l
o
w
e
r
 
n
w
i
n
 
r
a
n
g
e
 

l
n
w
r
=
0
.
2
;
%
0
.
0
;
%
0
.
5
;
 

%
u
p
p
e
r
 
n
w
i
n
 
r
a
n
g
e
 

u
n
w
r
=
1
.
3
5
;
%
1
.
6
2
5
;
%
2
.
0
;
 

%
l
o
w
e
r
 
n
l
a
y
 
r
a
n
g
e
 

l
n
l
r
=
3
6
;
%
0
;
%
1
0
;
 

%
u
p
p
e
r
 
n
l
a
y
 
r
a
n
g
e
 

u
n
l
r
=
6
4
;
%
2
4
;
%
3
0
;
 

%
N
U
M
B
E
R
 
o
f
 
n
w
i
n
 
i
n
t
e
r
v
a
l
s
 

n
w
i
t
=
3
0
;
%
1
;
%
2
0
;
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
 

%
N
U
M
B
E
R
 
o
f
 
i
 
n
l
a
y
 
i
n
t
e
r
v
a
l
s
 

n
l
i
t
=
3
0
;
%
1
;
%
2
0
;
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
 

%
c
a
l
c
 
i
 
(
n
l
a
y
)
 
m
u
l
t
i
p
l
i
e
r
 

i
m
u
l
=
(
u
n
l
r
-
l
n
l
r
)
/
n
l
i
t
;
 

%
c
a
l
c
 
j
 
(
n
w
i
n
)
 
m
u
l
t
i
p
l
i
e
r
 

j
m
u
l
=
(
u
n
w
r
-
l
n
w
r
)
/
n
w
i
t
;
 

 
 

f
o
r
 
a
a
=
1
:
3
 

 
 
 
 
k
=
0
;
 

 
 

 
 
 
 
f
o
r
 
i
=
1
:
n
l
i
t
;
 

 
 
 
 
 
 
 
 
f
o
r
 
j
=
1
:
n
w
i
t
;
 

 
 
 
 
 
 
 
 
 
 
 
 
d
i
a
g
n
o
s
t
i
c
=
[
a
a
 
i
 
j
]
 

 
 
 
 
 
 
 
 
 
 
 
 
%
C
O
I
L
 
H
E
A
T
 
E
X
C
H
A
N
G
E
R
 
S
I
Z
E
 

 
 
 
 
 
 
 
 
 
 
 
 
n
l
a
y
=
l
n
l
r
+
i
*
i
m
u
l
;
 

 
 
 
 
 
 
 
 
 
 
 
 
n
w
i
n
=
l
n
w
r
+
j
*
j
m
u
l
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
n
w
i
n
=
0
.
9
+
j
/
1
0
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
D
I
S
K
-
D
O
U
G
H
N
U
T
 
P
A
R
A
M
E
T
E
R
 

 
 
 
 
 
 
 
 
 
 
 
 
h
t
d
h
a
=
4
4
2
.
2
1
8
;
 

 
 
 
 
 
 
 
 
 
 
 
 
d
t
o
u
h
=
0
.
0
0
9
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
d
t
i
n
h
=
0
.
0
0
6
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
f
d
h
o
=
0
.
2
3
8
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
f
d
h
i
=
0
.
1
7
9
8
;
 

 
 
 
 
 
 
 
 
 
 
 
 
l
d
h
x
=
2
.
6
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
c
r
o
s
s
=
2
1
.
3
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
C
O
I
L
 
H
E
A
T
 
E
X
C
H
A
N
G
E
R
 
P
A
R
A
M
E
T
E
R
S
 

 
 
 
 
 
 
 
 
 
 
 
 
r
i
n
n
=
0
.
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
d
t
i
n
=
0
.
0
4
+
(
a
a
-
1
)
*
0
.
0
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
d
t
o
u
=
d
t
i
n
+
0
.
0
0
6
;
 

 
 
 
 
 
 
 
 
 
 
 
 
p
o
d
r
=
1
.
8
5
;
%
1
.
7
0
+
(
a
a
-
1
)
*
0
.
1
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
l
c
e
=
1
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
P
L
A
N
T
 
P
A
R
A
M
E
T
E
R
S
 

 
 
 
 
 
 
 
 
 
 
 
 
a
f
p
i
s
=
0
.
0
7
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
o
r
i
=
0
.
0
3
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
f
p
i
=
0
.
0
6
;
 

 
 
 
 
 
 
 
 
 
 
 
 
a
f
p
i
a
=
5
.
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
l
f
d
l
=
5
.
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
l
v
l
l
=
8
.
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
l
c
h
i
=
2
0
.
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
F
L
U
I
D
 
S
E
L
E
C
T
I
O
N
 

 
 
 
 
 
 
 
 
 
 
 
 
s
s
a
f
=
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
s
c
o
o
=
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
s
a
i
r
=
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
T
E
M
P
E
R
A
T
U
R
E
S
 

 
 
 
 
 
 
 
 
 
 
 
 
t
i
n
s
=
7
6
5
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
s
=
t
i
n
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
i
n
a
=
2
0
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
a
=
t
i
n
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
%
A
s
s
u
m
e
 
i
n
i
t
i
a
l
 
t
e
m
p
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
c
=
7
0
0
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
c
=
7
5
0
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
s
=
7
3
0
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
a
=
5
0
0
+
2
7
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
e
r
r
1
=
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
e
r
r
2
=
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
w
h
i
l
e
 
e
r
r
2
>
=
1
%
e
r
r
1
>
=
3
&
e
r
r
2
>
=
1
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
%
T
H
E
R
M
O
 
P
R
O
P
E
R
T
Y
 
C
A
L
L
I
N
G
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
c
p
s
a
,
c
p
c
o
,
c
p
a
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c
2
s
a
,
c
2
c
o
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
h
s
a
,
r
h
c
o
,
r
h
a
v
,
r
h
a
h
,
r
h
a
c
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
u
s
a
,
m
u
c
o
,
m
u
a
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
u
s
a
s
h
,
m
u
c
o
s
c
,
m
u
c
o
s
h
,
m
u
a
i
c
,
m
u
a
i
h
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
k
c
s
a
,
k
c
c
o
,
k
c
a
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
r
s
a
,
p
r
c
o
,
p
r
a
i
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
h
e
r
m
o
s
(
s
s
a
f
,
s
c
o
o
,
s
a
i
r
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
s
,
t
h
o
s
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
c
,
t
h
o
c
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
a
,
t
h
o
a
)
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
%
F
U
N
C
T
I
O
N
 
C
A
L
L
I
N
G
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
g
1
,
g
2
,
g
3
,
g
4
,
g
5
,
g
6
,
g
7
,
g
8
,
g
9
,
g
1
0
,
g
1
1
,
g
1
2
,
g
1
3
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g
e
o
m
e
t
r
y
(
r
i
n
n
,
n
l
a
y
,
n
w
i
n
,
d
t
o
u
,
d
t
i
n
,
p
o
d
r
,
a
l
c
e
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
s
1
,
s
2
,
s
3
,
s
4
,
s
5
,
s
6
,
s
7
,
s
8
,
s
9
]
=
.
.
.
 



  

162

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
a
f
e
t
y
(
h
e
a
t
,
a
f
p
i
s
,
l
f
d
l
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a
f
d
h
o
,
d
t
o
u
h
,
l
d
h
x
,
a
c
r
o
s
s
,
a
o
r
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c
p
s
a
,
c
2
s
a
,
r
h
s
a
,
m
u
s
a
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
c
1
,
c
2
,
c
3
,
c
4
,
c
5
,
c
6
,
c
7
,
c
8
,
c
9
,
c
1
0
,
c
1
1
,
c
1
2
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c
o
o
l
i
n
g
(
h
e
a
t
,
g
1
,
g
2
,
g
4
,
g
3
,
g
8
,
a
f
p
i
,
l
v
l
l
,
a
f
d
h
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c
p
c
o
,
c
2
c
o
,
r
h
c
o
,
m
u
c
o
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
a
1
,
a
2
,
a
3
,
a
4
,
a
5
,
a
6
,
a
7
,
a
8
,
a
9
,
a
1
0
,
a
1
1
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a
i
r
(
h
e
a
t
,
g
5
,
g
7
,
g
3
,
a
f
p
i
a
,
l
c
h
i
,
p
o
d
r
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c
p
a
i
,
r
h
a
v
,
r
h
a
h
,
r
h
a
c
,
m
u
a
i
,
m
u
a
i
c
,
m
u
a
i
h
,
t
c
o
a
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
p
d
1
,
p
d
2
,
p
d
3
,
p
d
4
,
p
d
5
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

p
e
r
f
o
d
h
x
(
h
e
a
t
,
d
t
o
u
h
,
d
t
i
n
h
,
h
t
d
h
a
,
t
i
n
s
,
s
c
o
o
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
,
s
1
,
c
1
,
s
2
,
c
2
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

k
c
s
a
,
p
r
s
a
,
c
p
s
a
,
k
c
c
o
,
p
r
c
o
,
c
p
c
o
,
m
u
c
o
,
m
u
c
o
s
h
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
p
n
1
,
p
n
2
,
p
n
3
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
e
r
f
o
n
d
h
x
(
h
e
a
t
,
g
2
,
g
7
,
g
8
,
g
9
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
o
d
r
,
t
h
o
c
,
s
c
o
o
,
t
i
n
a
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c
4
,
a
1
,
c
2
,
a
2
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

k
c
a
i
,
c
p
a
i
,
k
c
c
o
,
p
r
c
o
,
c
p
c
o
,
m
u
c
o
,
m
u
c
o
s
c
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
s
c
a
1
,
s
c
a
2
,
s
c
a
3
,
s
c
a
4
]
=
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
a
l
e
d
(
r
i
n
n
,
g
1
0
,
g
1
3
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[
d
o
n
e
]
=
r
i
t
e
r
(
a
f
p
i
s
,
a
f
p
i
,
a
f
p
i
a
,
a
o
r
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
i
n
,
d
t
o
u
,
d
t
i
n
h
,
d
t
o
u
h
,
g
7
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
6
,
h
t
d
h
a
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a
f
d
h
o
,
g
5
,
g
1
,
a
f
d
h
i
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a
1
0
,
a
1
1
,
0
.
1
5
,
c
1
1
,
c
1
2
,
0
.
5
,
a
c
r
o
s
s
,
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
f
d
l
,
l
d
h
x
,
g
4
,
g
3
,
l
v
l
l
,
l
c
h
i
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
%
c
o
m
p
u
t
i
n
g
 
o
u
t
l
e
t
 
t
e
m
p
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
c
_
o
l
d
=
t
c
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
c
_
o
l
d
=
t
h
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
a
_
o
l
d
=
t
h
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
c
=
p
d
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
c
=
p
d
1
+
c
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
c
o
s
=
t
h
o
s
-
s
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
h
o
a
=
t
c
o
a
+
a
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
r
r
1
=
a
b
s
(
t
h
o
a
_
o
l
d
-
t
h
o
a
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
r
r
2
=
a
b
s
(
t
h
o
c
_
o
l
d
-
t
h
o
c
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
e
n
d
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
d
u
m
m
y
=
p
n
1
/
g
6
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
i
f
 

(
i
s
r
e
a
l
(
p
n
1
)
>
0
&
a
8
>
1
)
&
(
d
u
m
m
y
<
1
.
0
5
&
d
u
m
m
y
>
0
.
9
5
)
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
k
=
k
+
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
i
f
 
a
a
=
=
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
1
)
=
g
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
2
)
=
g
8
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g
e
(
k
,
3
)
=
(
g
6
/
(
p
i
*
d
t
o
u
)
)
*
p
i
*
(
d
t
i
n
/
2
)
^
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
4
)
=
g
1
/
(
p
i
*
(
d
t
i
n
/
2
)
^
2
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
5
)
=
g
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
6
)
=
n
l
a
y
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
7
)
=
g
1
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
8
)
=
n
w
i
n
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
9
)
=
g
1
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
(
k
,
1
0
)
=
g
1
2
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
(
k
,
1
)
=
a
2
;
%
m
f
l
o
w
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
(
k
,
2
)
=
c
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
(
k
,
3
)
=
s
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
(
k
,
1
)
=
a
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
(
k
,
2
)
=
c
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
(
k
,
3
)
=
s
4
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
1
)
=
t
c
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
2
)
=
t
h
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
3
)
=
t
c
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
4
)
=
t
h
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
5
)
=
t
c
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
(
k
,
6
)
=
t
h
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
(
k
,
1
)
=
a
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
(
k
,
2
)
=
c
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
(
k
,
3
)
=
s
3
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
(
k
,
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)
=
a
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
(
k
,
2
)
=
c
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
(
k
,
3
)
=
c
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
(
k
,
4
)
=
s
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
(
k
,
1
)
=
a
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
(
k
,
2
)
=
c
1
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
(
k
,
3
)
=
c
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
(
k
,
4
)
=
s
8
;
%
e
u
 
e
x
t
 
d
h
x
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
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(
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)
=
p
n
2
;
%
n
d
h
x
 
a
i
r
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h
t
(
k
,
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)
=
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n
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;
%
n
d
h
x
 
t
u
b
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
(
k
,
3
)
=
p
d
3
;
%
d
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x
 
t
u
b
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
(
k
,
4
)
=
p
d
2
;
%
d
h
x
 
s
h
e
l
l
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
(
k
,
1
)
=
1
0
0
*
(
a
6
+
a
7
)
/
a
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
(
k
,
2
)
=
1
0
0
*
c
8
/
c
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
(
k
,
3
)
=
1
0
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s
7
/
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4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
(
k
,
4
)
=
d
u
m
m
y
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
(
k
,
5
)
=
p
n
1
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
m
t
d
(
k
,
1
)
=
(
(
t
h
o
s
-
t
h
o
c
)
-
(
t
c
o
s
-

t
c
o
c
)
)
/
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
o
g
(
(
t
h
o
s
-
t
h
o
c
)
/
(
t
c
o
s
-
t
c
o
c
)
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
m
t
d
(
k
,
2
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=
(
(
t
h
o
c
-
t
h
o
a
)
-
(
t
c
o
c
-

t
c
o
a
)
)
/
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
o
g
(
(
t
h
o
c
-
t
h
o
a
)
/
(
t
c
o
c
-
t
c
o
a
)
)
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
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=
a
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;
%
c
o
l
d
 
p
i
p
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
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=
a
5
;
%
h
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t
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r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
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)
=
a
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;
%
h
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t
 
p
i
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e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
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4
)
=
c
6
;
%
h
e
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t
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r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
,
5
)
=
c
8
;
%
p
i
p
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
,
6
)
=
c
7
;
%
c
o
o
l
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r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
,
7
)
=
s
5
;
%
h
e
a
t
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r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
,
8
)
=
s
7
;
%
p
i
p
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
(
k
,
9
)
=
s
6
;
%
c
o
o
l
e
r
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
(
k
,
1
)
=
s
c
a
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
(
k
,
2
)
=
s
c
a
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
(
k
,
3
)
=
s
c
a
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
(
k
,
4
)
=
s
c
a
4
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
e
r
(
k
,
1
)
=
p
d
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
e
r
(
k
,
2
)
=
p
d
5
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
p
p
=
g
e
(
:
,
1
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
l
s
e
i
f
 
a
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=
=
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g
e
2
(
k
,
1
)
=
g
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
2
)
=
g
8
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g
e
2
(
k
,
3
)
=
(
g
6
/
(
p
i
*
d
t
o
u
)
)
*
p
i
*
(
d
t
i
n
/
2
)
^
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
4
)
=
g
1
/
(
p
i
*
(
d
t
i
n
/
2
)
^
2
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
5
)
=
g
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
6
)
=
n
l
a
y
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
7
)
=
g
1
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
8
)
=
n
w
i
n
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
9
)
=
g
1
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
2
(
k
,
1
0
)
=
g
1
2
;
 

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
2
(
k
,
1
)
=
a
2
;
%
m
f
l
o
w
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
2
(
k
,
2
)
=
c
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
2
(
k
,
3
)
=
s
2
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
2
(
k
,
1
)
=
a
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
2
(
k
,
2
)
=
c
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
2
(
k
,
3
)
=
s
4
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
1
)
=
t
c
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
2
)
=
t
h
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
3
)
=
t
c
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
4
)
=
t
h
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
5
)
=
t
c
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
2
(
k
,
6
)
=
t
h
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
2
(
k
,
1
)
=
a
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
2
(
k
,
2
)
=
c
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
2
(
k
,
3
)
=
s
3
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
2
(
k
,
1
)
=
a
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
2
(
k
,
2
)
=
c
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
2
(
k
,
3
)
=
c
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
2
(
k
,
4
)
=
s
1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
2
(
k
,
1
)
=
a
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
2
(
k
,
2
)
=
c
1
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
2
(
k
,
3
)
=
c
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
2
(
k
,
4
)
=
s
8
;
%
e
u
 
e
x
t
 
d
h
x
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
2
(
k
,
1
)
=
p
n
2
;
%
n
d
h
x
 
a
i
r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
2
(
k
,
2
)
=
p
n
3
;
%
n
d
h
x
 
t
u
b
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
2
(
k
,
3
)
=
p
d
3
;
%
d
h
x
 
t
u
b
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
2
(
k
,
4
)
=
p
d
2
;
%
d
h
x
 
s
h
e
l
l
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
2
(
k
,
1
)
=
1
0
0
*
(
a
6
+
a
7
)
/
a
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
2
(
k
,
2
)
=
1
0
0
*
c
8
/
c
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
2
(
k
,
3
)
=
1
0
0
*
s
7
/
s
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
2
(
k
,
4
)
=
d
u
m
m
y
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
f
2
(
k
,
5
)
=
p
n
1
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
m
t
d
2
(
k
,
1
)
=
(
(
t
h
o
s
-
t
h
o
c
)
-
(
t
c
o
s
-

t
c
o
c
)
)
/
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
o
g
(
(
t
h
o
s
-
t
h
o
c
)
/
(
t
c
o
s
-
t
c
o
c
)
)
;
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l
m
t
d
2
(
k
,
2
)
=
(
(
t
h
o
c
-
t
h
o
a
)
-
(
t
c
o
c
-

t
c
o
a
)
)
/
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
o
g
(
(
t
h
o
c
-
t
h
o
a
)
/
(
t
c
o
c
-
t
c
o
a
)
)
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
1
)
=
a
6
;
%
c
o
l
d
 
p
i
p
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
2
)
=
a
5
;
%
h
e
a
t
e
r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
3
)
=
a
7
;
%
h
o
t
 
p
i
p
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
4
)
=
c
6
;
%
h
e
a
t
e
r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
5
)
=
c
8
;
%
p
i
p
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
6
)
=
c
7
;
%
c
o
o
l
e
r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
7
)
=
s
5
;
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h
e
a
t
e
r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
8
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=
s
7
;
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i
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n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
2
(
k
,
9
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=
s
6
;
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l
e
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s
c
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(
k
,
1
)
=
s
c
a
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
2
(
k
,
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)
=
s
c
a
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
2
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k
,
3
)
=
s
c
a
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
s
c
2
(
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,
4
)
=
s
c
a
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;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
p
p
p
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=
g
e
2
(
:
,
1
)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
l
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e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
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(
k
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=
g
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
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(
k
,
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)
=
g
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g
e
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(
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,
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=
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g
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d
t
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u
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*
p
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d
t
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n
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
3
(
k
,
4
)
=
g
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(
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t
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)
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)
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
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,
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)
=
g
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
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,
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)
=
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l
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y
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
3
(
k
,
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)
=
g
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
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k
,
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)
=
n
w
i
n
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
3
(
k
,
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)
=
g
1
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
g
e
3
(
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=
g
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;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
3
(
k
,
1
)
=
a
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;
%
m
f
l
o
w
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
m
f
3
(
k
,
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)
=
c
2
;
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)
=
s
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
3
(
k
,
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)
=
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
3
(
k
,
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)
=
c
5
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
p
b
3
(
k
,
3
)
=
s
4
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
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)
=
t
c
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
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)
=
t
h
o
a
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
3
)
=
t
c
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
4
)
=
t
h
o
c
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
5
)
=
t
c
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
t
3
(
k
,
6
)
=
t
h
o
s
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
3
(
k
,
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)
=
a
3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
3
(
k
,
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)
=
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3
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
t
3
(
k
,
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)
=
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3
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
3
(
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)
=
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
3
(
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,
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)
=
c
4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
e
3
(
k
,
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)
=
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;
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e
3
(
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,
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)
=
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1
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
3
(
k
,
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)
=
a
9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
3
(
k
,
2
)
=
c
1
0
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
3
(
k
,
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)
=
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9
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
e
u
3
(
k
,
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)
=
s
8
;
%
e
u
 
e
x
t
 
d
h
x
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
3
(
k
,
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)
=
p
n
2
;
%
n
d
h
x
 
a
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r
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
3
(
k
,
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)
=
p
n
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;
%
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d
h
x
 
t
u
b
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
t
3
(
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,
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=
p
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;
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t
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e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
h
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3
(
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,
4
)
=
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;
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l
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
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f
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=
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/
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4
;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
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3
(
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=
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*
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;
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=
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;
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3
(
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,
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=
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u
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;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
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f
3
(
k
,
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=
p
n
1
;
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
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d
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=
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(
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-
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o
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.
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
o
g
(
(
t
h
o
s
-
t
h
o
c
)
/
(
t
c
o
s
-
t
c
o
c
)
)
;
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3
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o
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.
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=
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=
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=
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;
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=
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;
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g
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=
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;
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s
u
b
p
l
o
t
(
3
,
4
,
9
)
;
p
l
o
t
(
p
p
p
,
h
t
(
:
,
1
)
,
'
o
r
'
,
p
p
p
2
,
h
t
2
(
:
,
1
)
,
'
o
b
'
,

p
p
p
3
,
h
t
3
(
:
,
1
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
h
 
n
d
h
x
 
a
i
r
'
)
 

 
 
 
 

s
u
b
p
l
o
t
(
3
,
4
,
1
0
)
;
p
l
o
t
(
p
p
p
,
h
t
(
:
,
2
)
,
'
o
r
'
,
p
p
p
2
,
h
t
2
(
:
,
2
)
,
'
o
b
'

,
p
p
p
3
,
h
t
3
(
:
,
2
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
h
 
n
d
h
x
 
c
o
o
l
a
n
t
'
)
 

 
 
 
 

s
u
b
p
l
o
t
(
3
,
4
,
1
1
)
;
p
l
o
t
(
p
p
p
,
h
t
(
:
,
3
)
,
'
o
r
'
,
p
p
p
2
,
h
t
2
(
:
,
3
)
,
'
o
b
'

,
p
p
p
3
,
h
t
3
(
:
,
3
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
h
 
d
h
x
 
c
o
o
l
a
n
t
'
)
 

 
 
 
 

s
u
b
p
l
o
t
(
3
,
4
,
1
2
)
;
p
l
o
t
(
p
p
p
,
h
t
(
:
,
4
)
,
'
o
r
'
,
p
p
p
2
,
h
t
2
(
:
,
4
)
,
'
o
b
'

,
p
p
p
3
,
h
t
3
(
:
,
4
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
h
 
d
h
x
 
f
l
i
b
e
'
)
 
 

 
 
 
 
 

 
 
 
 
f
i
g
u
r
e
 

 
 
 
 

s
u
b
p
l
o
t
(
2
,
2
,
1
)
;
p
l
o
t
(
p
p
p
,
s
c
(
:
,
1
)
,
'
o
r
'
,
p
p
p
2
,
s
c
2
(
:
,
1
)
,
'
o
b
'
,

p
p
p
3
,
s
c
3
(
:
,
1
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
p
r
o
t
o
t
y
p
e
 
i
n
n
e
r
 

r
a
d
i
u
s
'
)
;
l
e
g
e
n
d
(
'
1
'
,
'
2
'
,
'
3
'
)
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s
u
b
p
l
o
t
(
2
,
2
,
2
)
;
p
l
o
t
(
p
p
p
,
s
c
(
:
,
2
)
,
'
o
r
'
,
p
p
p
2
,
s
c
2
(
:
,
2
)
,
'
o
b
'
,

p
p
p
3
,
s
c
3
(
:
,
2
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
p
r
o
t
o
t
y
p
e
 
o
u
t
e
r
 

r
a
d
i
u
s
'
)
;
l
e
g
e
n
d
(
'
1
'
,
'
2
'
,
'
3
'
)
 

 
 
 
 

s
u
b
p
l
o
t
(
2
,
2
,
3
)
;
p
l
o
t
(
p
p
p
,
s
c
(
:
,
3
)
,
'
o
r
'
,
p
p
p
2
,
s
c
2
(
:
,
3
)
,
'
o
b
'
,

p
p
p
3
,
s
c
3
(
:
,
3
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
p
r
o
t
o
t
y
p
e
 
i
n
n
e
r
 

a
l
p
h
a
'
)
;
l
e
g
e
n
d
(
'
1
'
,
'
2
'
,
'
3
'
)
 

 
 
 
 

s
u
b
p
l
o
t
(
2
,
2
,
4
)
;
p
l
o
t
(
p
p
p
,
s
c
(
:
,
4
)
,
'
o
r
'
,
p
p
p
2
,
s
c
2
(
:
,
4
)
,
'
o
b
'
,

p
p
p
3
,
s
c
3
(
:
,
4
)
,
'
o
g
'
)
;
t
i
t
l
e
(
'
p
r
o
t
o
t
y
p
e
 
o
u
t
e
r
 

a
l
p
h
a
'
)
;
l
e
g
e
n
d
(
'
1
'
,
'
2
'
,
'
3
'
)
 

e
n
d
 

 
 

s
e
t
(
g
c
f
,
 
'
P
a
p
e
r
O
r
i
e
n
t
a
t
i
o
n
'
,
 
'
l
a
n
d
s
c
a
p
e
'
)
;
 

s
e
t
(
g
c
f
,
 
'
P
a
p
e
r
P
o
s
i
t
i
o
n
M
o
d
e
'
,
 
'
m
a
n
u
a
l
'
)
;
 

s
e
t
(
g
c
f
,
 
'
P
a
p
e
r
U
n
i
t
s
'
,
 
'
i
n
c
h
e
s
'
)
;
 

s
e
t
(
g
c
f
,
 
'
P
a
p
e
r
P
o
s
i
t
i
o
n
'
,
 
[
-
0
.
5
 
-
0
.
5
 
1
2
 
9
]
)
;
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II
. 

T
h
er

m
o
s 

f
u
n
c
t
i
o
n
 
[
c
p
s
a
,
c
p
c
o
,
c
p
a
i
,
.
.
.
 

 
 
 
 
c
2
s
a
,
c
2
c
o
,
.
.
.
 

 
 
 
 
r
h
s
a
,
r
h
c
o
,
r
h
a
v
,
r
h
a
h
,
r
h
a
c
.
.
.
 

 
 
 
 
m
u
s
a
,
m
u
c
o
,
m
u
a
i
,
.
.
.
 

 
 
 
 
m
u
s
a
s
h
,
m
u
c
o
s
c
,
m
u
c
o
s
h
,
m
u
a
i
c
,
m
u
a
i
h
.
.
.
 

 
 
 
 
k
c
s
a
,
k
c
c
o
,
k
c
a
i
,
.
.
.
 

 
 
 
 
p
r
s
a
,
p
r
c
o
,
p
r
a
i
]
=
.
.
.
 

 
 
 
 
t
h
e
r
m
o
s
(
s
s
a
f
,
s
c
o
o
,
s
a
i
r
,
.
.
.
 

 
 
 
 
t
c
o
s
,
t
h
o
s
,
.
.
.
 

 
 
 
 
t
c
o
c
,
t
h
o
c
,
.
.
.
 

 
 
 
 
t
c
o
a
,
t
h
o
a
)
 

%
 
s
s
a
f
=
1
;
 

%
 
s
c
o
o
=
1
;
 

%
 
s
a
i
r
=
1
;
 

%
 
t
c
o
s
=
9
3
8
;
 

%
 
t
h
o
s
=
9
3
8
;
 

%
 
t
c
o
c
=
9
3
8
;
 

%
 
t
h
o
c
=
9
3
8
;
 

%
 
t
c
o
a
=
4
0
0
;
 

%
 
t
h
o
a
=
4
1
0
;
 

i
f
 
s
s
a
f
=
=
1
 

 
 
 
 
%
f
l
i
b
e
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
s
+
0
.
3
*
t
c
o
s
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
s
+
t
h
o
c
)
/
2
;
 

 
 
 
 
c
p
s
a
=
2
3
8
6
;
 

 
 
 
 
c
2
s
a
=
0
.
4
8
8
;
 

 
 
 
 
r
h
s
a
=
-
0
.
4
8
8
4
*
(
t
-
2
7
3
.
1
5
)
+
2
2
7
9
.
7
;
 

 
 
 
 
m
u
s
a
=
1
.
1
6
e
-
4
*
e
x
p
(
3
7
5
5
/
t
)
;
 

 
 
 
 
m
u
s
a
s
h
=
1
.
1
6
e
-
4
*
e
x
p
(
3
7
5
5
/
t
s
h
)
;
 

 
 
 
 
k
c
s
a
=
1
.
1
;
 

 
 
 
 
p
r
s
a
=
c
p
s
a
*
m
u
s
a
/
k
c
s
a
;
 

 
 

e
l
s
e
i
f
 
s
s
a
f
=
=
2
 

 
 
 
 
%
f
l
i
n
a
k
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
s
+
0
.
3
*
t
c
o
s
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
s
+
t
h
o
c
)
/
2
;
 

 
 
 
 
c
p
s
a
=
1
8
8
4
;
 

 
 
 
 
c
2
s
a
=
0
.
7
3
;
 

 
 
 
 
r
h
s
a
=
-
0
.
7
3
*
(
t
-
2
7
3
.
1
5
)
+
2
5
3
0
.
0
;
 

 
 
 
 
m
u
s
a
=
4
.
0
e
-
5
*
e
x
p
(
4
1
7
0
/
t
)
;
 

 
 
 
 
m
u
s
a
s
h
=
4
.
0
e
-
5
*
e
x
p
(
4
1
7
0
/
t
s
h
)
;
 

 
 
 
 
k
c
s
a
=
0
.
8
;
 

 
 
 
 
p
r
s
a
=
c
p
s
a
*
m
u
s
a
/
k
c
s
a
;
 

 
 

e
n
d
 

 
 

i
f
 
s
c
o
o
=
=
1
 

 
 
 
 
%
f
l
i
b
e
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
2
3
8
6
;
 

 
 
 
 
c
2
c
o
=
0
.
4
8
8
;
 

 
 
 
 
r
h
c
o
=
-
0
.
4
8
8
4
*
(
t
-
2
7
3
.
1
5
)
+
2
2
7
9
.
7
;
 

 
 
 
 
m
u
c
o
=
1
.
1
6
e
-
4
*
e
x
p
(
3
7
5
5
/
t
)
;
 

 
 
 
 
m
u
c
o
s
c
=
1
.
1
6
e
-
4
*
e
x
p
(
3
7
5
5
/
t
s
c
)
;
 

 
 
 
 
m
u
c
o
s
h
=
1
.
1
6
e
-
4
*
e
x
p
(
3
7
5
5
/
t
s
h
)
;
 

 
 
 
 
k
c
c
o
=
1
.
1
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 

 
 

e
l
s
e
i
f
 
s
c
o
o
=
=
2
 

 
 
 
 
%
f
l
i
n
a
k
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
1
8
8
4
;
 

 
 
 
 
c
2
c
o
=
0
.
7
3
;
 

 
 
 
 
r
h
c
o
=
-
0
.
7
3
*
(
t
-
2
7
3
.
1
5
)
+
2
5
3
0
.
0
;
 

 
 
 
 
m
u
c
o
=
4
.
0
e
-
5
*
e
x
p
(
4
1
7
0
/
t
)
;
 

 
 
 
 
m
u
c
o
s
c
=
4
.
0
e
-
5
*
e
x
p
(
4
1
7
0
/
t
s
c
)
;
 

 
 
 
 
m
u
c
o
s
h
=
4
.
0
e
-
5
*
e
x
p
(
4
1
7
0
/
t
s
h
)
;
 

 
 
 
 
k
c
c
o
=
0
.
8
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 

 
 

e
l
s
e
i
f
 
s
c
o
o
=
=
3
 

 
 
 
 
%
f
l
i
n
a
b
e
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
1
5
0
7
;
 

 
 
 
 
c
2
c
o
=
0
.
7
1
1
;
 

 
 
 
 
r
h
c
o
=
-
0
.
7
1
1
*
(
t
-
2
7
3
.
1
5
)
+
2
2
5
2
.
1
;
 

 
 
 
 
m
u
c
o
=
8
.
7
7
e
-
5
*
e
x
p
(
2
2
4
0
/
t
)
;
 

 
 
 
 
m
u
c
o
s
c
=
8
.
7
7
e
-
5
*
e
x
p
(
2
2
4
0
/
t
s
c
)
;
 

 
 
 
 
m
u
c
o
s
h
=
8
.
7
7
e
-
5
*
e
x
p
(
2
2
4
0
/
t
s
h
)
;
 

 
 
 
 
k
c
c
o
=
0
.
5
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 
 
 
 
 

e
l
s
e
i
f
 
s
c
o
o
=
=
4
 

 
 
 
 
%
p
b
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t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
1
7
5
.
1
-
4
.
9
6
1
e
-
2
*
t
-
1
.
5
2
e
6
*
t
^
(
-
2
)
+
1
.
9
8
5
e
-
5
*
t
^
2
-

2
.
0
9
9
e
-
9
*
t
^
3
;
 

 
 
 
 
c
2
c
o
=
1
.
3
5
;
 

 
 
 
 
r
h
c
o
=
1
0
6
6
0
-
1
.
3
5
*
(
t
-
6
0
0
)
;
 

 
 
 
 
m
u
c
o
=
6
.
5
7
e
-
3
-
1
.
6
8
e
-
5
*
(
t
-
2
7
3
)
+
1
.
8
1
e
-
8
*
(
t
-
2
7
3
)
^
2
-

6
.
7
5
e
-
1
2
*
(
t
-
2
7
3
)
^
3
;
 

 
 
 
 
m
u
c
o
s
c
=
6
.
5
7
e
-
3
-
1
.
6
8
e
-
5
*
(
t
s
c
-
2
7
3
)
+
1
.
8
1
e
-
8
*
(
t
s
c
-

2
7
3
)
^
2
-
6
.
7
5
e
-
1
2
*
(
t
s
c
-
2
7
3
)
^
3
;
 

 
 
 
 
m
u
c
o
s
h
=
6
.
5
7
e
-
3
-
1
.
6
8
e
-
5
*
(
t
s
h
-
2
7
3
)
+
1
.
8
1
e
-
8
*
(
t
s
h
-

2
7
3
)
^
2
-
6
.
7
5
e
-
1
2
*
(
t
s
h
-
2
7
3
)
^
3
;
 

 
 
 
 
k
c
c
o
=
3
1
.
5
8
-
4
.
6
9
e
-
2
*
t
+
4
.
5
4
e
-
5
*
t
^
2
-
1
.
4
4
e
-
8
*
t
^
3
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 

 
 

e
l
s
e
i
f
 
s
c
o
o
=
=
5
 

 
 
 
 
%
p
b
b
i
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
1
4
6
.
5
1
;
 

 
 
 
 
c
2
c
o
=
1
.
3
8
;
 

 
 
 
 
r
h
c
o
=
1
1
1
1
6
.
7
4
-
1
.
3
8
*
t
;
 

 
 
 
 
m
u
c
o
=
4
.
9
e
-
4
*
e
x
p
(
7
6
0
.
1
/
t
)
;
 

 
 
 
 
m
u
c
o
s
c
=
4
.
9
e
-
4
*
e
x
p
(
7
6
0
.
1
/
t
s
c
)
;
 

 
 
 
 
m
u
c
o
s
h
=
4
.
9
e
-
4
*
e
x
p
(
7
6
0
.
1
/
t
s
h
)
;
 

 
 
 
 
k
c
c
o
=
1
2
.
4
1
-
3
.
3
7
e
-
2
*
t
+
7
.
7
5
e
-
5
*
t
^
2
-
3
.
9
4
e
-
8
*
t
^
3
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 

e
l
s
e
i
f
 
s
c
o
o
=
=
6
 

 
 
 
 
%
n
a
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
c
+
0
.
3
*
t
c
o
c
)
;
 

 
 
 
 
t
s
h
=
(
t
h
o
c
+
t
h
o
s
)
/
2
;
 

 
 
 
 
t
s
c
=
(
t
c
o
c
+
t
h
o
a
)
/
2
;
 

 
 
 
 
c
p
c
o
=
1
6
5
8
.
2
-
8
.
4
7
9
e
-
1
*
t
+
4
.
4
5
4
e
-
4
*
t
^
2
-
2
.
9
9
2
e
6
*
t
^
(
-
2
)
;
 

 
 
 
 
c
2
c
o
=
0
.
0
0
0
0
3
9
1
2
*
t
-
1
.
6
9
1
4
e
-
8
*
t
^
2
+
0
.
2
1
9
7
;
 

 
 
 
 
r
h
c
o
=
5
.
6
3
8
*
1
0
^
-
9
*
t
^
3
-
0
.
0
0
0
0
1
9
5
6
*
t
^
2
-
0
.
2
1
9
7
*
t
+
1
0
1
6
.
1
;
 

 
 
 
 
m
u
c
o
=
e
x
p
(
-
6
.
4
4
-
0
.
3
9
*
l
o
g
(
t
)
+
5
5
6
.
8
3
/
t
)
;
 

 
 
 
 
m
u
c
o
s
c
=
e
x
p
(
-
6
.
4
4
-
0
.
3
9
*
l
o
g
(
t
s
c
)
+
5
5
6
.
8
3
/
t
s
c
)
;
 

 
 
 
 
m
u
c
o
s
h
=
e
x
p
(
-
6
.
4
4
-
0
.
3
9
*
l
o
g
(
t
s
h
)
+
5
5
6
.
8
3
/
t
s
h
)
;
 

 
 
 
 
k
c
c
o
=
1
2
4
.
6
7
-
0
.
1
1
*
t
+
5
.
5
2
e
-
5
*
t
^
2
-
1
.
1
8
e
-
8
*
t
^
3
;
 

 
 
 
 
p
r
c
o
=
c
p
c
o
*
m
u
c
o
/
k
c
c
o
;
 

 
 

e
n
d
 

 
 

i
f
 
s
a
i
r
=
=
1
 

 
 
 
 
%
a
i
r
 

 
 
 
 
t
c
=
t
c
o
a
;
 

 
 
 
 
t
h
=
t
h
o
a
;
 

 
 
 
 
t
=
(
0
.
7
*
t
h
o
a
+
0
.
3
*
t
c
o
a
)
;
 

 
 
 
 
t
s
c
=
t
c
o
a
;
 

 
 
 
 
t
s
h
=
t
h
o
a
;
 

 
 
 
 
c
p
a
i
=
1
/
2
8
.
9
7
e
-
3
*
(
2
8
.
1
1
+
0
.
1
9
6
7
e
-
2
*
t
+
.
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.
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;
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=
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/
(
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8
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;
 

 
 
 
 
r
h
a
h
=
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1
5
/
(
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8
7
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)
;
 

 
 
 
 
r
h
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v
=
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2
1
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/
(
2
8
7
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)
;
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u
a
i
=
1
.
7
1
e
-
5
*
(
t
/
2
7
3
)
^
(
2
/
3
)
*
(
2
7
3
+
1
1
0
.
4
)
/
(
t
+
1
1
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.
4
)
;
 

 
 
 
 
m
u
a
i
c
=
1
.
7
1
e
-

5
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(
t
s
c
/
2
7
3
)
^
(
2
/
3
)
*
(
2
7
3
+
1
1
0
.
4
)
/
(
t
s
c
+
1
1
0
.
4
)
;
 

 
 
 
 
m
u
a
i
h
=
1
.
7
1
e
-

5
*
(
t
s
h
/
2
7
3
)
^
(
2
/
3
)
*
(
2
7
3
+
1
1
0
.
4
)
/
(
t
s
h
+
1
1
0
.
4
)
;
 

 
 
 
 
k
c
a
i
=
m
u
a
i
*
(
c
p
a
i
+
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/
4
*
8
.
3
1
4
/
2
8
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2
e
-
3
)
;
 

 
 
 
 
p
r
a
i
=
c
p
a
i
*
m
u
a
i
/
k
c
a
i
;
 

e
l
s
e
i
f
 
s
a
i
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=
=
2
 

 
 
 
 
%
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o
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e
n
 

 
 
 
 
t
c
=
t
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o
a
;
 

 
 
 
 
t
h
=
t
h
o
a
;
 

 
 
 
 
t
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(
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7
*
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h
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a
+
0
.
3
*
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o
a
)
;
 

 
 
 
 
t
s
c
=
t
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a
;
 

 
 
 
 
t
s
h
=
t
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a
;
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p
a
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=
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/
2
8
.
0
2
e
-
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*
(
2
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.
9
0
-
0
.
1
5
7
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e
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+
.
.
.
 

 
 
 
 
 
 
 
 
0
.
8
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-
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.
8
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-
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^
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)
;
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=
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(
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;
 

 
 
 
 
r
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=
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(
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)
;
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=
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2
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/
(
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9
7
*
t
)
;
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a
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6
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-
5
*
(
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^
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.
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7
;
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u
a
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=
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.
7
6
e
-
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*
(
t
s
c
/
2
9
3
)
^
0
.
6
7
;
 

 
 
 
 
m
u
a
i
h
=
1
.
7
6
e
-
5
*
(
t
s
h
/
2
9
3
)
^
0
.
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7
;
 

 
 
 
 
k
c
a
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=
m
u
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i
*
(
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p
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i
+
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/
4
*
8
.
3
1
4
/
2
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3
)
;
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r
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=
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/
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II
I.

 G
eo

m
et

ry
 

f
u
n
c
t
i
o
n
 

[
a
f
n
d
c
,
d
h
n
d
i
,
l
n
d
h
x
,
l
n
t
u
b
e
,
a
f
n
d
a
,
h
t
s
u
r
f
o
,
d
h
n
d
o
,
a
t
o
r
,
d
o
d
i
,

r
n
n
n
,
a
l
p
i
,
a
l
p
o
,
h
c
o
i
]
 
=
.
.
.
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e
o
m
e
t
r
y
(
r
i
n
n
,
n
l
a
y
,
n
w
i
n
,
d
t
o
u
,
d
t
i
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,
p
o
d
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,
a
l
c
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)
 

%
I
N
P
U
T
 
P
A
R
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E
T
E
R
S
 

 
 
 
 
%
s
e
n
t
 
f
r
o
m
 
f
u
n
c
t
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n
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s
t
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r
 

%
O
U
T
P
U
T
 
P
A
R
A
M
E
T
E
R
S
 

r
n
n
n
=
r
i
n
n
+
(
n
l
a
y
)
*
p
o
d
r
*
d
t
o
u
;
 

r
a
v
e
=
(
r
i
n
n
+
r
n
n
n
)
/
2
;
 

h
c
o
i
=
2
*
(
r
n
n
n
+
r
i
n
n
)
*
t
a
n
(
a
l
c
e
*
p
i
/
1
8
0
)
;
 

a
l
p
i
=
(
1
8
0
/
p
i
)
*
a
t
a
n
(
h
c
o
i
/
(
4
*
r
i
n
n
)
)
;
 

a
l
p
o
=
(
1
8
0
/
p
i
)
*
a
t
a
n
(
h
c
o
i
/
(
4
*
r
n
n
n
)
)
;
 

h
t
o
t
=
h
c
o
i
*
n
w
i
n
;
 

a
r
c
l
a
v
e
=
2
*
p
i
*
(
(
(
r
i
n
n
+
r
n
n
n
)
/
2
)
^
2
+
(
h
c
o
i
^
2
)
/
(
2
*
p
i
)
)
^
0
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5
;
 

a
r
c
l
a
l
l
=
a
r
c
l
a
v
e
*
n
l
a
y
*
(
h
c
o
i
/
(
2
*
p
o
d
r
*
d
t
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u
)
*
.
.
.
 

 
 
 
 
(
(
s
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n
(
a
l
c
e
*
2
*
p
i
/
1
8
0
)
)
/
(
s
i
n
(
a
l
c
e
*
p
i
/
1
8
0
)
)
)
)
*
n
w
i
n
;
 

n
t
u
b
e
s
=
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r
c
l
a
l
l
/
a
r
c
l
a
v
e
;
 

h
t
s
u
r
f
o
=
p
i
*
d
t
o
u
*
a
r
c
l
a
l
l
;
 

a
f
l
o
w
i
=
n
t
u
b
e
s
*
p
i
*
(
d
t
i
n
/
2
)
^
2
;
 

a
f
l
o
w
e
=
p
i
*
(
r
n
n
n
^
2
-
r
i
n
n
^
2
)
*
(
1
-
1
/
p
o
d
r
)
;
 

d
h
n
d
o
=
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f
l
o
w
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*
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t
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/
(
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r
c
l
a
l
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*
p
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)
;
 

a
t
o
r
=
d
t
i
n
/
r
a
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e
;
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o
d
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=
d
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u
/
d
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n
;
 

%
P
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S
S
E
D
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A
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S
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l
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g
 

a
f
n
d
c
=
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f
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i
;
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h
n
d
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=
d
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n
;
 

l
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d
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t
;
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=
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l
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;
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f
n
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;
 

d
h
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d
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u
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a
r
c
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=
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r
c
l
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l
;
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IV
. 
S

af
et

y
 

%
 
 
 
 
 
 
 
 
 
p
d
h
 
 
p
d
h
 
 
i
n
f
 
i
n
f
,
 
i
n
f
,
i
n
f
,
i
n
f
 

f
u
n
c
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o
n
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r
e
d
h
,
m
f
l
o
w
,
d
t
,
d
p
b
s
,
d
p
h
,
d
p
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,
d
p
p
,
e
u
,
d
p
d
]
=
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.
.
 

 
 
 
 
s
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(
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e
a
t
,
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f
p
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,
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d
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.
.
.
 

 
 
 
 
a
f
d
h
,
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h
d
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,
l
d
h
x
,
a
c
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o
s
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,
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o
r
i
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.
.
 

 
 
 
 
c
p
f
b
,
c
2
f
b
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h
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b
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u
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%
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m
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R
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S
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7
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;
 

 
 
 
 
%
H
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D
R
O
 
D
I
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S
 

 
 
 
 
d
h
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=
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.
0
2
4
2
;
 

 
 
 
 
d
h
p
i
=
2
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(
(
a
f
p
i
s
/
3
.
1
4
1
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^
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.
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)
;
 

 
 
 
 
%
F
R
I
C
T
I
O
N
 
L
E
N
G
T
H
S
 

 
 
 
 
l
a
c
=
2
.
2
;
 

 
 
 
 
l
d
d
=
2
.
9
;
 

 
 
 
 
l
l
p
i
=
l
f
d
l
+
l
d
d
;
 

 
 
 
 
%
H
E
I
G
H
T
 
D
I
F
F
E
R
E
N
C
E
S
 

 
 
 
 
l
l
r
=
1
.
8
5
;
 

 
 
 
 
l
t
h
e
=
l
f
d
l
+
0
.
5
*
l
d
h
x
-
(
l
l
r
+
0
.
5
*
l
a
c
)
;
 

 
 
 
 
%
u
p
p
e
r
 
u
l
 
a
n
d
 
l
o
w
e
r
 
l
l
 
t
e
m
p
e
r
a
t
u
r
e
 
l
i
m
i
t
s
 

 
 
 
 
u
l
f
b
=
7
6
5
+
2
7
3
;
 

 
 
 
 
l
l
f
b
=
4
5
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+
2
7
3
;
 

 
 
 
 
m
f
m
i
=
h
e
a
t
/
(
c
p
f
b
*
(
u
l
f
b
-
l
l
f
b
)
)
;
 

 
 
 
 
m
f
l
o
w
=
0
;
 

 
 
 
 
o
r
i
e
=
1
;
 

 
 
 
 
f
l
a
g
=
1
;
 

 
 
 
 
i
=
0
;
 

%
A
L
G
O
R
I
T
H
M
-
-
-
-
-
-
-
-
-
-
-
-
-
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-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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-
-
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-
-
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-
-
 

w
h
i
l
e
 
o
r
i
e
=
=
1
&
f
l
a
g
=
=
1
 

 
 
 
 
m
f
l
o
w
=
m
f
m
i
+
i
/
2
;
 

 
 
 
 
%
b
u
o
y
a
n
c
y
 

 
 
 
 
d
p
b
s
=
9
.
8
1
*
l
t
h
e
*
(
h
e
a
t
/
(
m
f
l
o
w
*
c
p
f
b
)
)
*
(
c
2
f
b
/
r
h
f
b
)
*
r
h
f
b
;
 

 
 
 
 
%
f
r
i
c
t
i
o
n
 

 
 
 
 
v
e
a
c
=
m
f
l
o
w
/
(
r
h
f
b
*
a
f
a
c
)
;
 

 
 
 
 
r
e
a
c
=
r
h
f
b
*
d
h
a
c
*
v
e
a
c
/
m
u
f
b
;
 

 
 
 
 
%
f
f
a
c
=
3
.
5
+
3
0
0
/
r
e
a
c
;
 

 
 

 
 
 
 
 
 
 
 

 
 
 
 
v
e
p
i
=
m
f
l
o
w
/
(
r
h
f
b
*
a
f
p
i
s
)
;
 

 
 
 
 
r
e
p
i
=
r
h
f
b
*
d
h
p
i
*
v
e
p
i
/
m
u
f
b
;
 

 
 
 
 
i
f
 
 
r
e
p
i
>
0
&
r
e
p
i
<
2
2
0
0
 

 
 
 
 
 
 
 
 
f
f
p
i
=
6
4
/
r
e
p
i
;
 

 
 
 
 
e
l
s
e
i
f
 
r
e
p
i
>
=
2
2
0
0
&
r
e
p
i
<
=
3
0
0
0
 

 
 
 
 
 
 
 
 
f
f
p
i
=
(
3
.
7
5
-

8
2
5
0
/
r
e
p
i
)
*
(
1
/
(
1
.
8
*
l
o
g
1
0
(
6
.
9
/
3
0
0
0
)
)
^
2
-
6
4
/
2
2
0
0
)
+
6
4
/
2
2
0
0
;
 

 
 
 
 
e
l
s
e
 

 
 
 
 
 
 
 
 
f
f
p
i
=
1
/
(
1
.
8
*
l
o
g
1
0
(
6
.
9
/
r
e
p
i
)
)
^
2
;
 

 
 
 
 
e
n
d
 

 
 

 
 
 
 
%
d
i
o
d
e
 
p
r
e
s
s
u
r
e
 
l
o
s
s
 

 
 
 
 
e
t
=
a
o
r
i
/
a
f
p
i
s
;
 

 
 
 
 
e
c
=
0
.
6
2
+
0
.
3
8
*
(
e
t
^
3
)
;
 

 
 
 
 
k
o
r
i
=
(
1
-
1
/
(
e
c
*
e
t
)
)
^
2
;
 

 
 
 
 
d
p
d
=
k
o
r
i
*
(
r
h
f
b
*
(
v
e
p
i
^
2
)
/
2
)
;
 

 
 

 
 

 
 

 
 

 
 

 
 
 
 
v
e
d
h
=
m
f
l
o
w
/
(
r
h
f
b
*
a
f
d
h
)
;
 

 
 
 
 
r
e
d
h
=
r
h
f
b
*
v
e
d
h
*
d
h
d
h
/
m
u
f
b
;
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
d
p
h
=
1
5
0
*
(
l
a
c
/
d
h
a
c
^
2
)
*
m
u
f
b
*
(
v
e
a
c
)
+
.
.
.
 

 
 
 
 
 
 
 
 
 
1
.
7
5
*
(
l
a
c
/
d
h
a
c
)
*
r
h
f
b
*
(
v
e
a
c
^
2
)
;
 

 
 
 
 
d
p
p
=
f
f
p
i
*
(
l
l
p
i
/
d
h
p
i
)
*
r
h
f
b
*
(
v
e
p
i
^
2
)
/
2
;
 

 
 
 
 
d
p
c
=
(
m
f
l
o
w
^
2
/
(
r
h
f
b
*
a
f
d
h
^
2
)
)
*
(
1
/
2
)
*
a
c
r
o
s
s
;
 

 
 
 
 
%
d
p
c
=
r
h
f
b
*
v
e
d
h
^
2
/
2
*
5
1
;
 

 
 
 
 
e
u
=
d
p
c
/
(
r
h
f
b
*
(
v
e
d
h
^
2
)
/
2
)
;
 

 
 
 
 
d
p
f
s
=
d
p
h
+
d
p
c
+
d
p
p
+
d
p
d
;
 

 
 
 
 
 

 
 
 
 
d
e
l
t
=
d
p
b
s
-
d
p
f
s
;
 

 
 
 
 
o
r
i
e
=
s
i
g
n
(
d
e
l
t
)
;
 

 
 
 
 
i
f
 
a
b
s
(
d
e
l
t
)
<
1
 

 
 
 
 
 
 
 
 
f
l
a
g
=
-
1
;
 

 
 
 
 
 
 
 
 
%
f
p
r
i
n
t
f
(
'
s
u
c
e
s
s
'
)
 

 
 
 
 
e
l
s
e
 

 
 
 
 
e
n
d
 

 
 
 
 
i
=
i
+
1
;
 

e
n
d
 

%
E
N
D
 
O
F
 
A
L
G
O
R
I
T
H
M
-
-
-
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-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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-
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-
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-
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-
-
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-
-
 

d
t
=
h
e
a
t
/
(
m
f
l
o
w
*
c
p
f
b
)
;
 

v
e
d
h
d
=
v
e
d
h
;
 

k
o
r
i
;
 

r
h
f
b
*
(
v
e
p
i
^
2
)
/
2
;
 

r
e
a
c
;
 

d
p
h
/
(
r
h
f
b
*
(
v
e
a
c
^
2
)
/
2
)
;
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 V
. 
C

o
o
li

n
g
 

 %
 
 
 
 
 
 
 
 
 
p
d
h
 
 
p
n
d
h
 
p
d
h
 
p
n
d
h
,
 
i
n
f
,
i
n
f
,
i
n
f
,
i
n
f
,
i
n
f
,
i
n
f
 

f
u
n
c
t
i
o
n
 

[
r
e
d
h
,
m
f
l
o
w
,
d
t
,
r
e
n
d
,
d
p
b
s
,
d
p
h
,
d
p
c
,
d
p
p
,
e
u
h
,
e
u
c
,
c
o
e
f
a
,
c
o
e
f
b
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=
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.
.
 

 
 
 
 

c
o
o
l
i
n
g
(
h
e
a
t
,
a
f
n
d
c
,
d
h
n
d
i
,
l
n
t
u
b
e
,
l
n
d
h
x
,
a
t
o
r
,
a
f
p
i
,
l
v
l
l
,
a
f
d

h
,
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.
 

 
 
 
 
c
p
f
k
,
c
2
f
k
,
r
h
f
k
,
m
u
f
k
)
 

%
 
 
 
 
 
 
 
 
 
 
 
 
 
g
f
 
 
 
 
g
f
 
 
 
 
 
g
f
 
 
 
 
g
p
 
 
 
m
 
 
 
 
 
m
 
 
 
 

 
 
 
 
d
h
d
h
=
0
.
0
0
6
8
5
5
;
 

 
 
 
 
d
h
p
i
=
2
*
(
(
a
f
p
i
/
p
i
)
^
0
.
5
)
;
 

 
 
 
 
%
F
R
I
C
T
I
O
N
 
L
E
N
G
T
H
S
 

 
 
 
 
l
d
h
x
=
2
.
4
5
;
 

 
 
 
 
l
l
p
i
=
l
v
l
l
+
l
v
l
l
+
l
n
d
h
x
-
l
d
h
x
;
 

 
 
 
 
%
H
E
I
G
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T
 
D
I
F
F
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N
C
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S
 

 
 
 
 
l
t
h
e
=
l
v
l
l
+
0
.
5
*
l
n
d
h
x
-
0
.
5
*
l
d
h
x
;
 

 
 
 
 
%
i
n
i
t
i
a
l
 
t
e
m
p
 
v
a
r
s
 

 
 
 
 
u
l
f
k
=
7
6
5
+
2
7
3
;
 

 
 
 
 
l
l
f
k
=
4
5
0
+
2
7
3
;
 

 
 
 
 
%
m
i
n
 
m
f
l
o
w
 

 
 
 
 
m
f
m
i
=
h
e
a
t
/
(
c
p
f
k
*
(
u
l
f
k
-
l
l
f
k
)
)
;
 

 
 
 
 
m
f
l
o
w
=
0
;
 

 
 
 
 
o
r
i
e
=
1
;
 

 
 
 
 
f
l
a
g
=
1
;
 

 
 
 
 
i
=
0
;
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L
G
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e
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1
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l
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=
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1
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f
l
o
w
=
m
f
m
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+
i
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;
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b
u
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y
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y
 

 
 
 
 
d
p
b
s
=
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.
8
1
*
l
t
h
e
*
(
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e
a
t
/
(
m
f
l
o
w
*
c
p
f
k
)
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*
(
c
2
f
k
/
r
h
f
k
)
*
r
h
f
k
;
 

 
 
 
 
%
f
r
i
c
t
i
o
n
 

 
 
 
 
v
e
d
h
=
m
f
l
o
w
/
(
r
h
f
k
*
a
f
d
h
)
;
 

 
 
 
 
r
e
d
h
=
r
h
f
k
*
d
h
d
h
*
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e
d
h
/
m
u
f
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;
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/
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;
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/
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0
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0
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0
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/
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=
m
f
l
o
w
/
(
r
h
f
k
*
a
f
p
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;
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p
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=
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;
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p
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/
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;
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/
r
e
p
i
)
*
(
1
/
(
1
.
8
*
l
o
g
1
0
(
6
.
9
/
3
0
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0
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v
e
n
d
=
m
f
l
o
w
/
(
r
h
f
k
*
a
f
n
d
c
)
;
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=
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;
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%
f
f
n
d
=
(
6
4
/
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^
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;
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^
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;
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f
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0
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^
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;
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/
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0
0
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.
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(
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;
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.
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(
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n
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*
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5
;
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d
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(
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n
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n
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;
 

 
 
 
 
%
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o
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^
0
.
2
5
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(
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/
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i
)
;
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;
 

 
 
 
 
d
p
h
=
f
f
d
h
*
(
l
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d
h
d
h
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*
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f
k
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(
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;
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=
d
p
h
/
(
r
h
f
k
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(
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d
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;
 

 
 
 
 
 

 
 
 
 
d
p
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=
f
f
p
i
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(
l
l
p
i
/
d
h
p
i
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*
r
h
f
k
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(
v
e
p
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/
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;
 

 
 
 
 
 

 
 
 
 
d
p
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=
f
f
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d
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(
l
n
t
u
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e
/
d
h
n
d
i
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*
r
h
f
k
*
(
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e
n
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^
2
)
/
2
;
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u
c
=
d
p
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(
r
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k
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(
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;
 

 
 
 
 
 

 
 
 
 
d
p
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=
d
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+
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;
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d
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=
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i
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(
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;
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f
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(
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<
1
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=
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;
 

 
 
 
 
 
 
 
 
%
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(
'
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c
e
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;
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e
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d
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;
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d
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d
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(
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*
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;
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h
;
 

v
e
n
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=
v
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;
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V
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%
t
o
 
 
 
 
 
 
 
p
n
d
 
p
n
d
 
 
 
i
n
f
 
i
n
f
,
i
n
f
i
n
f
i
n
f
i
n
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,
 

f
u
n
c
t
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n
 

[
r
e
n
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,
m
f
l
o
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,
d
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,
d
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,
d
p
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,
d
p
p
c
,
d
p
p
h
,
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,
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,
c
o
e
f
a
,
c
o
e
f
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=
.
.
.
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(
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,
a
f
n
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d
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n
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,
l
n
d
h
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,
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f
p
i
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,
l
c
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,
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.
 

 
 
 
 
c
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a
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,
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,
r
h
a
h
,
r
h
a
c
,
m
u
a
i
,
m
u
a
i
c
,
m
u
a
i
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,
t
i
n
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)
 

%
 
 
 
 
 
 
 
 
 
g
f
 
 
 
g
f
 
 
 
 
 
g
f
 
 
 
 
 
m
 
 
 
 
m
 
 
m
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.
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3
e
5
;
 

u
n
i
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=
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;
 

%
G
E
O
M
E
T
R
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-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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-
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-
-
-
-
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-
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-
 

d
h
p
i
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2
*
(
(
a
f
p
i
a
/
3
.
1
4
1
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^
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.
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)
;
 

l
l
p
i
=
l
n
d
h
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+
l
c
h
i
;
 

%
i
n
i
t
i
a
l
 
t
e
m
p
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r
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t
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r
e
 

%
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=
2
9
3
;
 

%
 
 
 
 
 
t
a
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4
5
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;
 

%
 
 
 
 
 
t
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6
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;
 

%
u
p
p
e
r
 
u
l
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d
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l
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e
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p
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r
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s
 

u
l
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;
 

l
l
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=
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;
 

m
f
m
i
=
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(
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(
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l
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)
;
 

m
f
l
o
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=
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;
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r
i
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=
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;
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l
a
g
=
1
;
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=
0
;
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;
 

%
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-
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=
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=
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;
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=
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;
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.
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(
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.
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c
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p
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p
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/
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0
0
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0
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0
0
;
 

 
 
 
 
e
l
s
e
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p
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i
f
 
 
r
e
p
i
h
>
0
&
r
e
p
i
h
<
2
2
0
0
 

 
 
 
 
 
 
 
 
f
f
p
i
h
=
6
4
/
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0
0
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/
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0
0
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0
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=
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/
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.
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f
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m
 
k
a
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s
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f
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.
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4
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.
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o
d
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p
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p
p
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i
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l
l
p
i
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p
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*
r
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(
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e
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;
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p
i
h
*
(
l
c
h
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/
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h
p
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/
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;
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(
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%
c
o
e
f
a
=
0
.
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.
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.
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.
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o
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.
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p
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o
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.
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p
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p
h
+
d
p
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;
 

 
 

 
 
 
 
d
e
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p
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e
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;
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;
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t
o
 
 
 
 
 
p
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.
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;
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;
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=
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e
f
i
=
2
.
0
;
 

e
n
d
 

 
 

h
i
n
n
=
k
c
o
a
v
e
*
n
u
i
n
*
e
f
i
/
d
h
d
h
i
;
 

 
 

n
u
o
u
=
0
.
3
4
6
*
r
e
d
h
s
^
0
.
6
1
8
*
p
r
s
a
a
v
e
^
.
3
3
3
;
 

 
 

i
f
 
r
e
d
h
s
<
1
0
0
0
 

 
 
 
 
e
f
o
=
1
;
 

e
l
s
e
i
f
 
r
e
d
h
s
>
=
1
0
0
0
&
r
e
d
h
s
<
=
1
0
0
0
0
 

 
 
 
 
e
f
o
=
1
+
0
.
3
*
(
(
r
e
d
h
s
-
1
0
0
0
)
/
9
0
0
0
)
^
0
.
5
;
 

e
l
s
e
 

 
 
 
 
e
f
o
=
1
.
3
;
 

e
n
d
 

 
 

h
o
u
t
=
k
s
a
a
v
e
*
n
u
o
u
*
e
f
o
/
d
h
d
h
o
;
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