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ABSTRACT OF THE DISSERTATION

Charge Transport, Spin Transport and Magneto-Optics of Solid-State Topological
Memory Devices

by

Tonmoy Kumar Bhowmick

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, March 2019

Dr. Roger K. Lake, Chairperson

Topological spin textures such as skyrmions are strong candidates for next-generation

storage units and spintronic devices. Skyrmions formed on the surface of topological insu-

lators (TIs) give rise to additional device functionalities. The skyrmion-TI heterostructure

system shows quantized topological Hall effect (QTHE) without any external magnetic field.

This shows that the topological properties of the skyrmion spin texture can be imprinted

on the Dirac electrons of the topological insulator. We also predict such a skyrmion-TI

heterostructure will give rise to high figure-of-merit magneto-optic Kerr effects (MOKE).

Optical dielectric tensor elements are calculated using a tight-binding model and the Kubo

formula. We show that the Fermi level dependence of the MOKE signatures is distinct

for the different magnetic textures. Based on this, a skyrmion optical memory device is

proposed. Next, we investigate antiferromagnetic (AFM) skyrmion since it offers couple of

advantages in terms of speed and stability compared to its ferromagnetic counterpart. We

investigate how AFM skyrmions can be manipulated using temperature gradient to realize

novel spintronic device. The effect of temperature gradients on AFM skyrmion dynam-
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ics is predicted using a numerical Landau Lifshitz Gilbert (LLG) model. Finally we also

demonstrate an AFM-TI heterostructure will also give rise to high figure-of-merit MOKE

signal.
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type skyrmion respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

x



4.2 The bandstructure and density of state (DOS) of TI surface state in proximity
with SkX for JH = 25 meV for a Bloch type Skyrmion with m = 1, β = π/2
and Ferromagnet (FM). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3 Band gaps as a function of JH for (a) Bloch type and (b) Néel type Skyrmions.
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Chapter 1

Introduction

For the past few decades, topologically non-trivial phenomena has been at the

forefront of the solid state physics research community [2]. The study of quantum Hall

effect in the early 1980’s revealed a new topological order in the quantum Hall states which

resulted in integer Hall conductance in such a system [3–8]. Quantum Hall effects have

been studied in two dimensional electron gases found at the interface of different material

systems. These effects can be explained from the single-particle physics of kinetic energy

quantization and Landau level formation in a two-dimensional system where Landau level

energy gaps occur only at integer values of the Landau level filling factor. The demonstration

of perfectly quantized conductivity in a highly disordered system opened up a new horizon

for modern solid state physics.

After the discovery of topological order in the solid state, physicists realized a new

quantity is needed to describe the topological order in the quantum anomalous Hall (QAH)

state [6, 7, 9, 10]. This quantity is described as the Chern number, which represents the
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integer counts how many times the directional solid angle of k-space Bloch states wrap a

unit sphere in Hilbert space. In a topologically ordered phase, physical response function is

given by a Chern number. Chern numbers describe a topological phase which is insulating

but always has metallic edges/surfaces when put next to the vacuum or an ordinary phase.

The real space topological order can be described by a skyrmion where the ana-

logue of Chern number means how many times the spins of a skyrmion wraps the Bloch

sphere [11, 12]. This real-space spin homotopy is equivalent to rotation in an unit sphere

in spin space, which introduces an integer topological charge for each skyrmion [13, 14].

Due to this topological order, each skyrmion possesses a unit magnetic flux quantum, that

demonstrates itself in the form of a quantized topological Hall effect, which arises from

non-trivial Berry phase in momentum space [15]. This leads to a geometric topological Hall

(TH) effect, which has been experimentally demonstrated in skyrmion hosting materials.

Their stabilization and dynamics of individual skyrmions depend strongly on their topolog-

ical properties which makes skyrmions an ideal candidate for topological spintronics [16,17].

It has been shown recently that a skyrmion network embedded in magnetic films may pro-

vide a suitable physical implementation for reservoir computing applications. Due to these

exotic properties of skyrmions, storing and retrieving data using skyrmions has been a key

research topic in spintronics for the last decade, and it is the focus of Chapters 1, 2, 3 and

4 in this dissertation.

In Chapter 5, we discuss magneto optic effects of a TI-AFM heterostructure which

is the optical analogue of an electrical quantum anomalous Hall effect. Although the Kerr

effect has been known for over a century, it has become the subject of intense investigations
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in the last decade due to the potential realization of modern high-density data-storage.

Exchange splitting of energy bands caused by magnetization together with spin-orbit cou-

pling (SOC) has been demonstrated as the origin of the MOKE signal. Therefore, MOKE

has been explored extensively in various materials with net magnetization including ferri-

magnets. In Chapter 5, we present a comprehensive first-principles study of MOKE in a

TI-AFM system where it is shown here that large Kerr rotations can be obtained when two

materials are combined. This is attributed to the antiferromagnet inducing an asymmetry

on the two surfaces of the topological insulator that is observable in a polar Kerr effect

configuration.
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Chapter 2

Theory

Prior to exploring the transport properties of topological insulating materials like

Bi2Se3 in proximity with skyrmion, a basic understanding of the underlying physics of both

topological insulators and skyrmions is mandatory. Here, a brief introduction of topological

insulators and skyrmions will be provided.

2.1 Topological Insulator

Edwin Hall’s experiment in 1878 attempted to explain the effect of a magnetic

field on the conduction properties of a metal with the help of the Lorentz force. After over

a century later, Klaus Von Klitzing in 1986 explored the effect of a perpendicular magnetic

field on the resistance of a quasi 2D electron gas (2DEG) which ultimately led to the Nobel

Prize in 1985. His study led to the well known phenomena of the Quantum Hall Effect

(QHE), which is characterized by quantized hall resistance that is basically the ratio of two

fundamental constants.
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The topological index for an insulator can be understood from the Berry curva-

ture. The Berry curvature and the Chern number are two defining terms for a topological

insulator. For any sample material, we can use Bloch waves to define the curvature of the

bands in the two dimensional Brillouin Zone. For Bloch waves [18–20],

ψn,k(r) = un,k(r)exp(ik.r) (2.1)

So the Berry curvature for Band n at momentum point k can be defined as

Fn(k) =

∫ ∫
unit cell

[∇kun,k(r)]
∗ ×∇kun,k(r)dr (2.2)

or the equation can be expressed as

Fn(k) = −iϵij ⟨∂ki
un,k|∂kj

un,k⟩ (2.3)

The ϵij here is the Levi-civita symbol where ϵxx = ϵyy = 0 and ϵxy = −ϵyx = 1.

The total Berry curvature calculated over the the filled bands should give us a topological

index which in this case is known as the Chern number [21,22].

Cn =
1

4π

∮
BZ

Fn(k)dk (2.4)

For each filled band, one can get a topological index (Chern number ) calculated in this

manner. For an insulator, the total Chern number can be defined as

C =
∑

i = filled bands

Ci. (2.5)
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The total Chern number equals the total number of the chiral edge states. When an insulator

has a non-zero Chern number, it becomes the topological insulator or Chern insulator and

such a topological insulator has a total number of chiral edge states equal to the Chern

number for that insulator. The longitudinal conductivity σxx becomes zero and the Hall

conductivity is σxy = Ce2

h [23].

σxy is stable against impurities in a topological insulator mainly due to the fact

that even if the topological insulator system is perturbed, the perturbation will not change

the topology of the system, so the value of the Hall conductivity σxy will be constant. Topo-

logical insulating properties of material were first demonstrated in the HgTe/CdTe quantum

well heterostructues. Since then topological insulating properties have been discovered in

new kinds of 3D material like Bi1−xSbx (the first 3D topological insulator), Bi2Se3, Bi2Te3,

Sb2Te3 (the second generation of topological insulator) [24,25].

2.2 Skyrmion

Around 1961, nuclear physicist Tony H. Skyrme proposed the idea that the inner

portion of a nucleus may be thought of as a medium formed from a three pion field [26].

Skyrmions according to his model are smooth, topologically stable field configuration where

the field configuration vanishes at spatially infinite distance and has a finite energy. Within

the general theoretical framework of Tony Skyrme’s model, skyrmions have recently gained

attention in condensed matter physics, micro-magnetics and other more applied fields of

science mostly due to the unique topological attributes of the skyrmions and the ease at

which researchers around the world have been able to manipulate them. Skyrmions can be
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found in both bulk-materials and two dimensional systems [15, 27]. From the topological

perspective, skyrmions are similar to magnetic bubbles which were extensively explored

in the 1970-1980’s due to the rapid technological growth predicted by Moore’s law and in

search for devices to store data with higher data density [28]. Skyrmions are non-collinear

spin textures that can be characterized by a topological number [29]

N =
1

4π

∫
n · (∂n

∂x
× ∂n

∂y
)dA. (2.6)

The origin of the skyrmion can be mostly attributed to the Dzyaloshinskii-Moriya

interaction (DMI) [30–34]. The key ingredient for a material to exhibit magnetic properties

is the symmetric exchange interaction, as a result of which the neighboring magnetic mo-

ments of the unit cell or atoms want to point in the same or opposite direction depending

on the sign of the exchange interaction term (positive or negative) to minimize the ground

state energy of the entire system. In mathematical terms, the exchange interaction term

can be written as

H = −J
∑
<i,j>

si.sj (2.7)

This energy is smallest (largest) if si and sj point in the same (opposite) direction for a

positive value of J .

Another kind of magnetic interaction that arises from the lack of inversion sym-

metry is the Dzyaloshinskii-Moriya Interaction (DMI) which is also known as asymmet-

ric exchange. The DM interaction in the first order approximation can be expressed as

HD = Dij .(si × sj) where the term Dij is a material dependent constant. When the DM

interaction term is included in the Hamiltonian in Eq. (2.7), the system energy reduces

if the angle between the spin si and sj is 900 and the angle is oriented so that the cross-
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product develops a negative sign. The DMI term tries to align the spins si and sj so that

the plane containing the vectors is perpendicular to the DMI vector Dij .

When the ferromagnetic exchange and DM interaction both are present in the sys-

tem, the competition between these two forces tries to drive the material into different areas

of the phase space. When these two forces are present simultaneously, the configuration

that minimizes the energy is neither perfectly parallel (anti-parallel) or perpendicular but

a helix or chiral state. The properties of the helix depends on the ratio of D/J .

2.2.1 Skyrmion Material

Since the first discovery of skyrmions in MnSi [35], skyrmions have been explored

in a number of materials, each unique for its unique characteristics. All of these skyrmion

materials are known as the B20 compounds which have the space group P213 with cubic

Bravais lattice structure [36]. Only 12 symmetry operations can be done on this space

group which makes it the smallest one compatible with the cubic lattice among the Bravais

lattices . The point symmetry among the component site is C3. Here, a short description

of the most renowned skyrmion materials will be given.

Cu2OSeO3 is the first multiferroic material where skyrmions have been demon-

strated, which, in turn, induces electric polarization. It makes Cu2OSeO3 an interesting

candidate for further exploration where electric field control of magnetic spin chirality might

be possible via magneto-electric responses. From an engineering viewpoint, manipulation

of skyrmions in this type of insulating material might be particularly significant since in

an insulating material the Joule heating will be negligible compared to other conducting

mediums where the skyrmions are mostly manipulated by current driven dynamics.
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Muenzer et al. first in 2010 investigaed the magnetic phase diagram of Fe1−xCoxSi

using small angle neutron scattering [37]. In contrast to MnSi where the crystal structure

and DM interaction have the same chirality, they are of opposite type in Fe1−xCoxSi. Like

MnSi, FeGe is a helimagnet which crystallizes in tetrahedral P213 structure like the other

B20 compounds. Small angle neutron scattering reveals that the direction of the helical-q

vector depends on the temperature T: below 280 K it points along the [001] direction and

changes to [111] as the temperature is lowered [38]. Around 260K, the crystal structure of

FeGe changes to a hexagonal skyrmion lattice making it the first material which shows the

magnetic vortex phase near room termperature.

2.2.2 Experimental observaton of skyrmion

Small angle neutron scattering (SANS) which mainly utilizes the elastic scatter-

ing of neutrons at small angles to investigate magnetic order was the first experimental

technique used to prove the existence of a skyrmion lattice as a bulk phase in the chiral

magnet MnSi. Neutron scattering has been used for a long time to study the magnetic

phase due to the fact that neutrons scatter from the magnetic structure in a solid state

system due to their magnetic moment and the lack of an electric charge permits neutrons

to penetrate deep into the system under investigation. During an experiment, typically a

beam of neutrons is directed upon a sample, which mainly is a powder or a crystal and the

neutrons scatter elastically since they posses a magnetic moment themselves which interact

with the spin of the material and gets back-scattered on a screen behind the sample. A

fourier analysis of the pattern recorded on the screen gives information about the topology

of the magnetic structure.
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In recent years, more powerful real space imaging techniques have been developed

to directly visualize the spatial magnetization configuration. Some of the most prominent

and widely used techniques are Magnetic Force Microscopy (MFM) and Lorentz Trans-

mission Electron Microscopy (LTEM). Magnetic Force Microscopy (MFM) which has been

derived from Atomic Force Microscopy mainly differs with MFM in the sense that whereas

the Atomic Force Microscopy cantilever tip does not have a ferromagnetic sensor, the mag-

netic stray field from a cantilever tip coated with ferromagnetic film is present in the case

of MFM. Lorentz transmission electron microscopy (LTEM) is mainly derived from tradi-

tional electron microscopy where Lorentz forces between an electron beam interacting with

a magnetic sample is utilized to allow for the visualization of the magnetic structure of the

material. LTEM is complementary to MFM because LTEM can not accurately specify the

direction of the magnetization normal to the surface.
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Chapter 3

High Figure of Merit Magneto

Optics from Interfacial Skyrmions

on Topological Insulators

Magneto-optic (MO) phenomenon such as Kerr and Faraday rotations, Voigt effect,

magneto-plasma reflections and cyclotron resonances arise from broken time reversal sym-

metry. Some MO effects also arise from the electronic structure’s topology, and hence are

used to study quantum hall effects [39], Kerr rotations in topological insulators (TIs) [40,41],

magneto-electric optical effects [42,43], magneto-chiral effects [44], and skyrmions and their

Hall effects [45–47].

The magneto optic Kerr effect (MOKE) in the polar configuration is particularly

interesting due to its application in optical reading–out of magnetically stored information

[5–7]. A MOKE device can be characterized by its figure-of-merit (FOM) [48–50], which
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usually depends on the Kerr rotation angle and the reflectivity. Typically, during the MO

memory write process, a focussed laser heats the magnetic material to its Curie temperature,

which allows the local magnetic polarization to be flipped. However, the thermally–assisted

write processes can be relatively slow. For readout, the Kerr rotation is barely one degree

for most MO recording materials [51–54], which can result in higher readout error rates.

The Kerr rotation can be enhanced by the use of cavity like resonance conditions, but this

usually lowers the reflectivity and makes the memory write process difficult.

The required magnetic fields and effective cyclotron frequencies for generating

large Kerr rotations in a semi-infinite medium can be unreasonably large [55,56]. However,

skyrmions can give rise to very high emergent fields. The emergent magnetic fields from

a periodic lattice of skyrmions (SkX) can reach up to 4000 Tesla, which is two orders of

magnitude larger than what can be generated in laboratories.

Skyrmions are topological particle-like configurations of continuous vector fields

and are regarded as analogs of magnetic monopoles as each skyrmion is associated with

a quantized magnetic flux [57, 58]. Their non-trivial topology is a result of competing

Dzyaloshinkii-Moriya-(DM), Heisenberg- and Zeeman-interactions [47, 59, 60]. In addition,

skyrmions represent a new type of magnetic order [11,13], and they have been observed in

B20 compounds such as MnSi [61,62], FeCoSi [63], FeGe [64] and in Cu2OSeO3 which is a

multiferroic [65].

The use of magnetic [66] and electric fields [67] has been proposed to switch be-

tween the topologically nontrivial skyrmion spin texture and the topologically trivial ferro-

magnetic spin texture. Experimentally it is possible create and erase individual skyrmions
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using spin polarized currents [68]. Also magnetic skyrmions can be electrically created on

a thin-film of a chiral-lattice magnetic insulator within a few nanoseconds by applying an

electric field which couples to the noncollinear skyrmion spins [69–75]. In Cu2OSeO3, the

noncollinear skyrmion spin structure in the host material behaves like a multiferroic due to

spin orbit coupling. This enables skyrmion manipulaton via electric fields instead of electric

currents [76,77] or heat pulses [78]. More recently it has been shown that one can reversibly

switch between topologically inequivalent ferromagnetic phases and skyrmion phases using

electric fields [79]. A topological charge analysis of skyrmion dynamics, energetics, creation,

and stability was recently described [80].

Skyrmions combined with other topological materials can lead to emergent func-

tionalities. In this paper, we show that a skyrmion lattice at the interface of a thin-film

B20 compound (such as Cu2OSeO3) and a semiinfinite TI (e.g. Bi2Se3) gives rise to a high

FOM-MOKE (see Fig. 6.6). The large MOKE can be exploited for characterization of the

spin texture, or application in a magneto–optic memory device.

Skyrmions can form on a TI’s surface [81] and can become charged [82]. The B20–

TI heterostructure provides electric field switching of the skyrmion spin texture and a large

MOKE from the skyrmion phase. The large differential MOKE leads to fast and high fidelity

magneto–optical bit readout. Electric field switching provides fast, low–power writing. The

emergent properties of the B20–TI heterostructure provide the physical mechanisms for

facile reading and writing of information bits in a topological magneto-optic memory.

For simplicity we consider a device geometry where a seminfinite TI is capped by

a thin Cu2OSeO3 layer as shown in Fig. 3.1. We consider interfaces with a ferromagnetic
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(FM) texture along with Néel- and Bloch type skyrmions. This simple geometry allows

us to best highlight the main MOKE spectral features manifesting from different physical

effects. These are: the low energy topological MOKE, thin-film induced enhancement of

MOKE and MOKE occurring at the high energy plasma frequency.

3.1 Model and Method

We begin by constructing a model where the surface of the TI is coupled to the

background spin texture of a SkX. A low energy effective model describing the surface state

of Bi2Se3 is used where the surface state consists of a single Dirac cone at the Γ point [83].

We consider the low energy effective Hamiltonian [84] describing the decoupled top

and bottom surface states of a TI. To avoid the well known Fermion doubling problem on

discrete tight-binding lattice, we have added a k2σz term to the Hamiltonian of TI [85,86]

H = h̄vF (kxσy − kyσx)− ζh̄vF (k
2
x + k2y)σz, (3.1)

where the Fermi velocity vF , is a material constant. This momentum space Hamiltonian

can be transformed into the following real space tight binding Hamiltonian coupled to the

Skx spin texture on a rectangular lattice

H =
∑
i

c†i ϵci −
∑
<i,j>

(c†i tcj + h.c.)− JH
∑
i

c†iσi · Sici (3.2)

where Si is the localized spin of the skyrmion on site i which couples to the TI

through the Hund’s rule coupling constant JH . Here t is the nearest neighbor hopping along

the x and y directions, σi is the spin of the itinerant electron, and ϵ is the on site potential.
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Periodic boundary conditions are imposed along both the x and y directed edges of a square

unit cell consisting of 9×9 lattice sites. We define two dimensionless parameters t1 = h̄vF /2a

and t2 = ζ/a. Here, ϵ = 8t1t2σz, tx = −it1σy − 2t1t2σz, ty = it1σx − 2t1t2σz. For our

numerical simulations we choose the discretization length a = 15Å, ζ = 5Å, vF = 0.5× 106

m/s and JH = 40 meV. [81] The interplay between tx,y and JH dictates the anomalous Hall

conductivity of the TI surface in this model.

The magnetization of a single skyrmion can be described by

n(r) = [sinϑ(r) cosφ(ϕ), sinϑ(r) sinφ(ϕ), cosϑ(r)] , (3.3)

where ϑ(r = 0) = 0, ϑ(0 < r < Rs) = π(1 − r
Rs

) and ϑ(r > Rs) = π. [29] φ(ϕ) = mϕ + ν

and ϕ = tan−1[y/x] where the helicity of the skyrmion is defined by the phase ν. [87]

In this paper, we consider both Néel type (m = 1, ν = 0) and Bloch type skyrmions

(m = 1, ν = π/2). The skyrmion is centered in the unit cell, and the magnetization n(r) is

evaluated at each lattice site i to obtain Si in Eq. (3.2).

The z-component of n(r) acts on the electron like position dependent Dirac mass,

while the in-plane components can give rise to an emergent gauge field. The total magnetic

flux enclosed in a unit skyrmion cell is one flux quantum, Φ0 = h/e, independent of the

skyrmion radius, Rs. [88] The effective magnetic field is Beff = −Φ0/(4R
2
s). [89]

3.2 Electronic Structure

The numerically calculated band structure and the corresponding density of states

(DOS) are shown in Fig. 3.2 for the magnetic textures proximity coupled to the TI. This
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includes the ferromagnetic case (FM:TI), the Néel type skyrmion (m = 1, ν = 0), and the

Bloch type skyrmion (m = 1, ν = π/2) proximity coupled to the TI’s surface state. The

energy gap at Γ resulting from proximity coupling to the Néel and Bloch type skyrmions is

less than the gap resulting from proximity coupling to the FM state. This can be understood

from the fact that the skyrmion creates a hole in the background FM texture that reduces

the total ẑ component of the magnetic moment. The presence of the skyrmions also breaks

the degeneracy in other higher energy regions of the spectrum.

3.3 Dielectric Tensor Components

Observables such as magneto optic effects and quantum Hall type phenomenon

manifest themselves through the dielectric tensor components which depend on the elec-

tronic structure and topological properties. In the case of normal optical incidence for an

SkX on a TI, the magnetization is along z, which is perpendicular to the surface and parallel

to the direction of light propagation, similar to the polar Kerr effect. The x and y directions

preserve in-plane symmetry. The complex 3× 3 dielectric tensor has diagonal [ϵxx, ϵyy, ϵzz]

terms and the off-diagonal ϵxy terms which are topology dependent.

The matrix elements of the optical conductivity tensor can be obtained from the

band structure calculations using the Kubo formula [2, 90] as follows:

σıȷ =
ie2

(2πL)2h̄

∫
dk

2π

∑
n,l

fnl(k)

ωnl(k)

(
Π(k)ınlΠ(k)ȷln
ωnl(k)− ω + iγ

+
Π(k)ılnΠ(k)ȷnl
ωnl(k) + ω + iγ

)
(3.4)

where Πı
nl(k) = ⟨ψn(k)|vı|ψl(k)⟩ is the velocity operator. Here {ı, ȷ} ∈ {x, y}, γ is a

broadening parameter and h̄ωnl(k) = En(k)− El(k), is the energy difference of an optical

transition between an unoccupied band, n and an occupied band, l. fnl(k) = fn(k)− fl(k),
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where fn(k) is the Fermi filling factor. Since we are using an effective Hamiltonian to

obtain σıȷ, we compensate for the missing higher band contributions in Eq. (6.3) by adding

a κ/(ω + iγ) term while relating the optical dielectric tensor to the conductivity tensor.

ϵıȷ(ω) = εoδıȷ −
4πi

ω
σıȷ −

κ

ω + iγ
(3.5)

Here κ is adjusted so that the relative zero frequency dielectric constant ϵ0 matches the

known experimental value. εo is the vacuum permittivity. For Bi2Se3, ϵ(ω) is given by

Lorentz oscillator fits to experiment [91], which in the low energy regime (0 − 30 meV)

is essentially a constant. In the effective surface model, the bulk band contributions to

the momentum matrix elements in ϵıı(ω) are not included. However, this does not change

the qualitative behavior of the effects shown in this paper, since the calculated ϵıı(ω)s are

qualitatively similar to experiment [91]. Therefore we argue that all the higher energy

MOKE features disccused in this paper would still be seen in experiments, but at higher

optical frequencies.

The dielectric function consists of Berry connection type terms, aı(k), which be-

have like a fictitious momentum space gauge potential or an equivalent magnetic field

bz(k) = ∂kxay(k) − ∂kyax(k). The MOKE can therefore be viewed as an optical mani-

festation of the Berry curvature via the ϵxy term. This is similar to charge transport, where

the xy response is proportional to the Chern number [13, 92–94], which is the integral of

Berry curvature over the first Brillouin zone, C = 1
2π

∫
d2kbz(k). There are differences be-

tween MOKE and quantum Hall effect type topological manifestations due to conduction ↔

valance transitions and the frequency dependence in optics. ϵxy depends on the topological

charge across a gap. Usually ϵxy is much smaller than the diagonal ϵxx. In our case the
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three different magnetic textures result in the same Chern number across the fundamental

gap of the proximity induced magnetic TI surface state, so that ϵxy does not vary much

when the Fermi energy is set to 0.

3.4 Magneto-Optics

The complex in-plane index of refraction is n± =
√
ϵ± =

√
ϵxx ± iϵxy where, the

+(−) signs represents right(left) circularly polarized (RCP(LCP)) light propagation. The

complex MOKE effect is expressed as: Θk = θk+ iξk where the Kerr rotation and ellipticity

are, respectively

θk = (∆+ −∆−)/2 (3.6)

ξk = (|r+| − |r−|)/(|r+|+ |r−|). (3.7)

Since the eigen-modes here are LCP and RCP, the Kerr rotation angle can be expressed

as the phase difference between these two modes. The complex phase ∆± can be obtained

from the Fresnel reflection coefficients r±.

The MOKE arising because of the thin-film structure can be significantly altered

by internal reflection at various interfaces of the layers. A 2×2 characteristic matrix method

can be used to characterize the MOKE spectra of a multilayer structure at normal incidence,

assuming that the materials are homogeneous and isotropic. The transfer matrices are in

the LCP/RCP eigenmode basis, which for N parallel layers is:

S± =

N∏
j=0

1

t±j,j+1

 1 r±j,j+1

r±j,j+1 1


 eiβ

±
j+1 0

0 e−iβ±
j+1

 (8)
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The Fresnel reflection and transmission coefficients at normal incidence for each in-

terface are respectively given by: r±j,j+1 = (n±j −n
±
j+1)/(n

±
j +n

±
j+1) and t

±
j,j+1 = (2n±j )/(n

±
j +

n±j+1) The phase factor is given by βj = (2π/λ)njdj , where dj is the thickness of the jth

layer and λ is the optical wavelength. The complex reflection coefficient from the resultant

characteristic transfer matrix is: r± = S±
12/S

±
11 = |r±| exp(−i∆±) where S±

ıȷ ∈ S±. The

observed reflective intensity is R± = |r±|2.

3.5 Discussion

We first consider only an ideal single interface for our initial analysis. The MOKE

spectra and reflectivity and the optical dielectric function are shown for a Néel type skyrmion

(m = 1, ν = 0) on a TI in Fig. 3.3 for illustration. The corresponding spectra for FM:TI

and Bloch type skyrmion (m = 1, ν = π/2) on a TI look very similar.

Two distinct resonance like features can be seen for the Kerr rotation and the

elipticity. From the approximation [95]: Θk ≈ [n+ − n−]/[n+n− − 1], it is easy to see

that MOKE resonances spectrally occurs whenever ϵ+ϵ− ∼ 1 [55]. In Fig. 3.3, one MOKE

resonance is in the low energy regime and occurs at 38 meV. This is close to the size of the

fundamental gap that the magnetic texture (Néel type skyrmion in this case) induces in the

TI. We will explore this regime, where the quantization effects occurs, in more detail later

in this paper.

The high energy MOKE resonance features occur in the energy regime where

free electron like behavior dominates. Hence this can be qualitatively understood from

the semiclassical Drude model: ϵ± ∝
(
1− ω2

p/[ω(ω ± ωc + iγ)]
)
, where ωp is the plasma
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frequency and ωc is the cyclotron frequency. If ϵxy ≪ ϵxx [95], an additional approximation

can be made for the Kerr rotation, Θk ≈ ϵxy/(1− ϵxx)
√
ϵxx. From this most commonly

used expression for calculating MOKE, it can be seen that MOKE resonances should occur

when ϵxx = 1. This is also where R± goes to zero and the MOKE resonance occurs near

ω = ωp [96–98]. Note that similarly, magneto-plasmons in graphene give large magneto

optic effects [3, 4]. Using the Drude model, one can derive a simple expression for the

spectral occurrence of this MOKE resonance [55]

ω± ≈ 1

2

(
γ +

√
ω2
c − γ2 + 4ω2

p ± ωc

)
(3.8)

In an attempt to explain the high energy spectral features using the Drude model,

we extract the effective ωp and effective ωc using the optical sum rules:

∫ ∞

0
ωIm[ϵxx(ω)]dω =

π

2
ω2
p (3.9)∫ ∞

0
ω2Re[ϵxy(ω)]dω = −π

2
ω2
pωc (3.10)

These values can be substituted into Eq. (3.8) to obtain ω+, which is listed in Table 3.1

along with other parameters. The analytically obtained ω+ is in excellent agreement with

ωθ – which is the frequency at which the high energy MOKE resonance occurs. In this high

energy regime, the magnitude of θmax
k ∝ ωcω

2
p ∝ ϵxy as shown in Table 3.1. Note that these

calculations are for a single interface (i.e. assuming both the Cu2OSeO3 and Bi2Se3 layers

are semi-infinite).

We next consider the MOKE features around 38 meV. The MOKE spectra is shown

in Fig. 3.4 in the energy regime below 300 meV. The maximum Kerr rotation is about 9◦,

which occurs when R± are the furthest apart as this increases ∆+−∆−. The Kerr rotation
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Spin Texture θ
ωp

k ωp (eV) ωc (eV) ωθ (eV) ω+ (eV)

FM 2.175 2.822 0.014 2.894 2.878
m = 1, ν = 0 2.032 2.816 0.013 2.888 2.872
m = 1, ν = π/2 2.029 2.816 0.013 2.889 2.872

Table 3.1: List of high energy ( > 2 eV) Kerr rotation angles and related parameters due
to free electron like behavior for various magnetic textures on TI. Maximum Kerr rotation
angle θ

ωp

k , effective plasma frequency θ
ωp

k , cyclotron frequency ωc, frequency of maximum
Kerr rotation ωθ, and its predicted value ω+.

is sufficiently large for magneto-optic recording applications. In this case, there is not a

clear distinguishing feature between the interface with the FM and the interface with the

two different skyrmion spin textures. For these calculations, the Fermi Energy, Ef = 0.

The MOKE spectral features in this energy regime are primarily dominated by the gap in

the TI surface state, which is induced by the magnetic textures. The Chern number in the

gap is the same for all three magnetic textures, and hence there is no clear distinction in

the MOKE features for Ef = 0.

MOKE can also be enhanced by the resonance like effects that arise from adjusting

the film thickness of different materials. In order to understand the effects of this for our

system, we consider a thin-film structure as shown in Fig. 3.1 where a Cu2OSeO3 film of

thickness d1 sits on a semi-infinite Bi2Se3 layer. The dispersion relation for Cu2OSeO3 was

obtained using experimentally fitted Lorentz oscillators [99]. As is typical with multiferroics,

there are several low energy phonon modes present in the Cu2OSeO3 dielectric function

which are also reproduced by the model [99]. We assume that the SkX system exists in a

1 nm thin layer at the interface of the Cu2OSeO3 thin film and seminfinite Bi2Se3 layer.
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(d) LCP reflectivity for FM:TI and SkX:TI with m = 1, ν = 0 and m = 1, ν = π/2.

The SkX:TI effects manifest themselves via n±. The refractive index of air is used for the

semi-infinite media above the Cu2OSeO3 layer.

A comparison of the magneto optic Kerr rotation, ellipticity, LCP and RCP re-

flectivity spectra are shown in Fig. 3.5 for a Néel type skyrmion, the Bloch type skyrmion,

and the FM:TI for a Cu2OSeO3 layer with film thickness d1 = 200 µm. At this particular

film thickness, R− → 0, which causes a huge Kerr rotation resonance of ∼ 90◦ as the phase

difference between LCP and RCP is maximized. Also for a given film thicknesses for the

Cu2OSeO3 layer, the MOKE spectra can be notably different between the different SkX

textures and the FM state. In this example the maximum Kerr rotation arising from the

FM:TI is ∼ 60 deg and occurs at a different optical frequency. In order to achieve low error

magneto-optic readouts, the different states should be maximally discernable. We therefore
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examine the phase diagram, as a function of ω and d1, for the differential MOKE effects,

∆θk = θFM :TI
k − θSkX:TI

k (3.11)

∆Rav = RFM :TI
av −RSkX:TI

av (3.12)

where Rav = (R++R−)/2 is the average reflectivity. We take arctan[tan(θk)] to avoid Kerr

rotations greater than ±90 deg.

The phase diagram for both the Kerr rotation and the average reflectivity is shown

in Fig. 3.6 (a) and (c) for the Néel type skyrmion. Both Néel- and Bloch-type skyrmions

have identical phase diagrams where θk and Rav vary periodically with ω and d1. There are

several periodic parts of this phase diagram that are insensitive to errors in film-thickness or

spectral tuning. The reflectivity would, however, be low in this case when θk is maximized.

The differential ∆θk and ∆Rav effects are shown in Fig. 3.6 (b) and (d), respectively.
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Figure 3.6: (a) The Kerr rotation for the Néel type (m = 1, ν = 0) interface (b) and its
Kerr rotation difference with the FM interface, ∆θk = θFM :TI

k − θSkX:TI
k as a function of

frequency and Cu2OSeO3 film thickness d1. (c) Average reflectivity Rav = (R++R−)/2 for
Néel type interface and (d) Difference in the average reflectivity: ∆Rav = RFM :TI

av −RSkX:TI
av
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Figure 3.7: Figure of merit for (a) FM:TI (b) Néel SkX:TI

Generally ∆Rav is low. The FM:TI and SkX:TI have slightly different periodicity. Therefore

the differential Kerr rotation can reach up to ±90◦ depending on d1. The phase diagram also

suggests that either the Néel- or Bloch-type skyrmions could be used for such a magneto-

optic recording device.

Typically, large Kerr rotations are accompanied by low reflectivities which reduces

the effectiveness of a MO device. The overall useful MO signal can be quantified by the

figure of merit (FOM) [48–50] for the Kerr rotation configuration, defined here as,

FOM = |θk| ×max(|r+|, |r−|). (3.13)

This can be used to characterize MO memory and other MO devices such as modulators

and isolators.

For our device, the FOM is shown in Fig. 3.7 as a function of ω and d1. At

ω ≈ ωp ≈ 2.8 eV, the FOM peaks, arising from the free electron behavior, periodically as a

function of d1. The FOM resonance at ω ≈ 0.52 eV, and d1 = 0.2 µm is due to the features
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shown in Fig. 3.5. Even though θk ∼ 90o, the FOM is not the highest due to low R±. The

FOM peak here is higher for the Néel SkX:TI than it is for the FM:TI. Also note that the

Néel and Bloch SkX:TI’s FOM are identical.

Finally, the most fascinating result is that the FOM at ω ≈ 38 meV is independent

of d1. This is an encouraging result for experiments and for devices as this implies that the

MO-FOM is independent of any error in the Cu2OSeO3 film-thickness. Also, this FOM at

the gap energy is also the highest in the entire FOM phase diagram.

Figure 3.8: (a) Low energy spectral regime Kerr rotation, θk, as a function of Fermi energy,
Ef , calculated around ω ∼ 38 meV, which is where θmax

k occurs in Fig. 3.4 at Ef = 0.
(b) Thin-film thickness (d1 = 200 nm) induced Kerr rotation in the intermediate spectral
regime, as a function of Fermi energy. Kerr rotations are calculated around ω ∼ 520 meV,
which is where θmax

k occurs for Ef = 0 in Fig. 3.5.

Finally, we study electro-optic switching effects as a function of Fermi energy. In

Fig. 3.8(a), θk is shown as a function of Fermi energy Ef . All values are shown at the ω

at which θmax
k occurs for Ef = 0 in the low energy regime (see Fig. 3.4). Similarly Fig.

3.8(b), θk is shown as a function of Ef in the intermediate energy regime. Here ω for each

magnetic texture is where the resonances induced by the Cu2OSeO3 film thickness occur
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in Fig. 3.5(a). In Fig. 3.8(a), all three textures show distinct behavior. While θmax
k for

the FM:TI shows a monotonic decrease with increasing Ef , the Néel type and Bloch type

SkXs show somewhat oscillatory non-monotonic behavior. This can be explained as follows.

In the present model for the FM:TI all the states above the gap are degenerate and free

electron like. Hence θk decreases monotonically with Ef . Whereas in case of the SkX:TI,

the states just above the gap are non-degenerate and the bands are split. This leads to

additional peaks and valleys in the DOS, which causes the sudden jumps in Fig. 3.8(a) as

Ef moves up in energy. Lastly θk as a function of Ef differs for the Néel type and Bloch

type SkXs because their density of states is different above the gap as shown in Fig. 3.2.

These effects can be numerically heightened if JH is increased tenfold. The band-splittings

in Fig. 3.2 for the two SkXs, then evolve into energy gaps where the SkXs have different

Chern numbers in the gaps. This will lead to very distinct MOKE signatures as a function

of Ef .

These Ef dependent non-monotonic θk effects are not seen in Fig. 3.8(b), where

the MOKE resonances are induced by the Cu2OSeO3 thin-film. Here, the Néel type and

Bloch type SkXs are indistinguishable, but they both differ from the FM:TI. θk at Ef = 0

is much smaller for the FM:TI because d1 = 200 nm is not optimal in this case. The FM:TI

and SkX:TI show distinct differences only for low Ef .
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Chapter 4

Quantized Anomalous Hall Effect

in Topological Insulator Coupled

to Skyrmion Crystal

Since the discovery of topological insulators (TI) [100–104], exploring the proper-

ties of topological surface states in close proximity with ferromagnetism has been one of the

key interests in the condensed matter physics community [105–114]. Breaking time reversal

symmetry (TRS) on the surface of a topological insulator leads to novel and exciting physi-

cal effects such as the quantized anomalous Hall current [115] and the inverse spin-galvanic

effect [116]. Recently, the quantized anomalous Hall effect (QAHE) has been experimentally

observed on the surface of a magnetic topological insulator where the magnetization was

achieved by either doping the surface of the TI [105] or coupling the surface states of the TI

to a uniform magnetization through the proximity effect [117]. The effect of a real–space
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topological spin texture on the Dirac bands of a TI and their transport properties remains

unexplored.

A magnetic skyrmion is a topologically protected real space noncollinear spin tex-

ture characterized by a topological winding number which determines how many times the

spin wraps around the Bloch sphere [118–121]. Magnetic skyrmions occur in chiral magnets

as a result of competition between the Dzyaloshinskii–Moriya interaction (DMI), Heisen-

berg exchange, and the Zeeman energy [122–124]. Skyrmions were originally discovered in

MnSi [11] where lack of inversion symmetry results in a DMI. Interfacial Skyrmions at the

interface between two materials with high spin-orbit coupling have also been demonstrated

experimentally at room temperature where symmetry breaking at the interface leads to

DMI [125].

It has been shown that an insulating skyrmion proximity coupled to a TI surface

would become charged due to the localized bound states that form on the surface of the TI

[82]. The existence of interfacial skyrmions on the surface of a TI has also been demonstrated

experimentally for TI heterostructures composed of magnetic TI Crx(Bi1−ySby)2−xTe3 and

non magnetic TI (Bi1−ySby)2Te3 [81]. For such a system, broken spatial inversion symmetry

leads to interfacial DMI which causes interfacial skyrmion formation and Rashba splitting

of the bulk bands. Rashba splitting of the bulk bands leads to the sign reversal of the

anomalous Hall effect, and its origin is attributed to the formation of interfacial skyrmions

induced by the DMI.

How the magnitude of the proximity coupling between the TI and the skyrmion

affects the QAHE and the overall phase diagram remains unknown. To answer this ques-
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tion, we theoretically analyze the emergence of the QAHE in a TI proximity coupled to a

skyrmion. Several well separated topological electronic gaps characterized by finite integer

Chern numbers appear in the continuous Dirac bands of the TI in the presence of SkX.

(a) (b)

Figure 4.1: The skyrmion texture which is used for our calculation. The skyrmion in Fig.
(a), Fig. (b) represents a Bloch (m = 1, β = π/2), a Néel (m = 1, β = 0) type skyrmion
respectively.

4.1 Model

We start with a free-electron system on the surface of TI coupled with the back-

ground spin texture of SkX by Hund’s rule coupling constant JH . Our model of topological

insulator surface state describes the low lying effective model for bulk Bi2Se3, in which the

surface states consist of a single Dirac cone at the Γ point [126, 127]. We assume periodic

boundary condition in both x and y direction of a square unit cell consisting of 50 lattice

sites. We start with the k.p Hamiltonian of a thin layer of three dimensional topological
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insulator as

H0(k) = hD(k)τz +mkτx (4.1)

where τi acts on the surface (top/bottom) and σi acts on the spin. In Eq. (4.1), hD(k) =

v(kyσx−kxσy) is the two-dimensional Dirac cone Hamiltonian with Fermi velocity v, mk =

m0 + m1(k
2
x + k2y) represents hybridization between top and bottom surfaces. For our

simulation, m0 = 6 meV, m1 = 0.2 eVÅ)
2
, v = 1 × 106 m/s. These values represent

material parameters for a five-layer of thin TI film.

This momentum space Hamiltonian is transformed into a real space tight binding

Hamiltonian by replacing k with −i∇ and the differential operators are discretized in a

rectangular lattice using finite difference to obtain lattice Hamiltonian

H =
∑
i

c†i h̃ici +
∑
<i,j>

(c†i tcj + h.c.)

+ JH
∑
i

c†iσi · Sici. (4.2)

Here h̃i is the on-site 4× 4 matrix block given as

h̃i =

 0 I1

I1 0

 (4.3)

where I1 = (m0 +
4m1
a2

)I2×2 and a = 10Å is the discretization length. The nearest neighbor

hopping in the x and y direction becomes

tx =

 iv
2aσy

−m1
a2

I2×2

−m1
a2

I2×2
−iv
2a σy

 , (4.4)

ty =

 −iv
2a σx

−m1
a2

I2×2

−m1
a2

I2×2
iv
2aσx

 . (4.5)
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Si is the onsite spin originating from the skyrmion texture. The interaction between tx,y

and JH dictates the influence of the skyrmion on the anomalous Hall conductivity of the

TI surface in this model.

The magnetization of a single skyrmion can be described as

S(r) = (sinΘ(r) cosΦ(ϕ), sinΘ(r) sinΦ(ϕ), cosΘ(r)) (4.6)

where Θ(r = 0) = 0, Θ(0 < r < Rs) = π(1− r/Rs) and Θ(r > Rsky) = π, where Rs is the

Skyrmion radius [29]. Φ(ϕ) = mϕ + β and ϕ = tan−1(y/x) and β describes the helicity of

the skyrmion. We consider a Bloch (m = 1, β = π/2), a Néel (m = 1, β = 0) type skyrmion

for our calculations. The central spin of the skyrmion is aligned at the center of the unit

cell and the magnetization S(r) is evaluated at each lattice site i to obtain Si in Eq. (6.1).

The total magnetic flux enclosed in a unit cell is one unit flux quantum, ϕ0 = h/e, which

is independent of the skyrmion radius. The effective magnetic flux is Beff = −ϕ0/(4R2
s).

Once the Berry curvature of the TI-SkX system is known, the Hall conductance is calculated

from the Kubo formula [2, 90]

σxy = − ie
2

h

2π

L2

∑
n,k

f(Enk)×

∑
m̸=n

⟨nk| ∂H∂kx |mk⟩⟨mk|
∂H
∂ky

|nk⟩ − (n↔ m)

(Enk − Emk)2
(4.7)

where n and m are band indices and f(Enk) represents Fermi distribution function.

4.2 Electronic Structure

The electronic bandstructure for TI-SkX system as shown in Fig. 4.2 is generated

using a supercell of size 50 × 50 for a Bloch type Skyrmion (m = 1 and β = π/2). For our
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Figure 4.2: The bandstructure and density of state (DOS) of TI surface state in proximity
with SkX for JH = 25 meV for a Bloch type Skyrmion withm = 1, β = π/2 and Ferromagnet
(FM).

simulation, we consider a thin layer of TI proximity coupled to a SkX layer on the top surface

and a ferromagnetic (FM) layer on the bottom surface. The inter site distance between

two neighboring lattice points is 10Å. The square Brillouin zone is given by −π/2Rs <

kx, ky < π/2Rs, where Rs is the skyrmion radius. When JH → 0, the TI-SkX system

essentially transforms into the TI phase and the energy dispersions form a single Dirac

cone in the momentum space. As the value of JH is increased, the continuous Dirac cone

becomes gapped where the value of energy gap is approximately equal to the amount of

Hund’s exchange coupling constant JH . As we keep increasing the Hund’s exchange coupling

parameter JH , the gap between the electron and hole energy level begins to increase linearly
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with JH at first. However, as shown in Fig. 4.2, in addition to one central gap between the

electron and hole spectrum, several other energy gaps are also visible from the density of

state (DOS) calculation. These energy gaps can be explained by the localized states that are

introduced on the surface of TI by skyrmion. Since each skyrmion lives in the ferromagnetic

background, when exchange coupled to TI, the ferromagnetic background introduces a finite

amount of energy gap in the continuous spectrum of TI. The localized states that form due

to the skyrmion reside in this ferromagnetic energy gap and since there is a finite amount

of coupling between the localized states of different skyrmions, these bound states form a

miniband like dispersion. The magnetic texture of skyrmions leads to the confinement of

Dirac states at the skyrmion radius, where the in-plane component of the magnetization

vanishes.

Next, we calculate the evolution of the energy gaps as a function of the Hund’s

rule coupling parameter JH . Fig. 4.3 shows how the energy gaps change with JH over a

wide range. Here we calculate the energy bandstructure over the whole Brillouin zone and

to visualize the gap for each JH , we collapse all the energy levels over the whole Brillouin

zone onto a single vertical line for each value of JH . The results are summarized in Fig.

4.3.

Intuitively, when JH is strong enough the spin of the hopping electron on the

surface of TI is forced to align parallel to skyrmion spin at each site. For strong enough

coupling, the effective hopping between site i and site j can be written as teffij = teiaij cos
θij
2

where θij is the angle between two spins Si and Sj at site i and j [128] . For a very strong

amount of coupling when an electron hops along a loop at sites 1 → 2 → 3 → 1, the electron
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obtains a total phase which is equal to the gauge flux aij . The gauge flux aij is equal to

the one half of the solid angle subtended by the spins at site 1, 2, 3. This effect is known

as spin chirality which is absent for collinear and coplanar spin aligned systems [129, 130].

However, as the amount of the exchange coupling changes from a very low to a very high

value, the effective gauge flux as seen by the electrons on the surface of TI changes.

From Fig. 4.3, we find that the band gaps show a scaling behavior for the double

exchange coupling constant JH . As the value of JH is increased, the skyrmion spin texture

gets strongly imprinted on the Dirac electrons of the TI. However, for bound states the net

Berry curvature is zero, so the Chern number for each topological gap remains the same as

the Fermi energy is changed across the energy level. The topological phase diagram can be

intuitively understood for very low exchange coupling JH . As JH → 0, the TI-SkX electronic

system is that of the TI alone. As the value of JH is increased, the Dirac electrons on the

TI surface feel an average net magnetic field originating from the skyrmion texture which

is similar to the ferromagnetic phase. So, a gap opens up between the electron and hole

energy states and the Chern number in this gap becomes 1 similar to the ferromagnetic

phase. As the value of JH is increased, the Dirac electron feels the localized spins the

skyrmion texture and the bound states become more stable. As the result, the value of

the energy gaps continues to increase as a function of JH . When Fermi energy lies inside

an energy gap, the value of Hall conductance σxy becomes e2/h. In Fig. 4.4, we show the

evolution of energy bandstructure of TI-SkX system as a function of JH . For a very small

value of JH , there is a single gap between the electron and hole energy states. The energy

bound states start to appear when JH approximately becomes equal to 20 meV.
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4.3 Hall Conductance

We show the Hall conductance for different magnetic textures in the weak coupling

limit at zero temperature in Fig. 4.5 as a function of the Fermi energy EF . Here, all

three textures show different behavior. The Hall conductance for the ferromagnetic state

vanishes as the Fermi level moves away from the Dirac point whereas the Hall conductance

for skyrmion textures becomes more prominent. This can be explained as follows. In the

present model for the FM:TI all the high energy states are degenerate and free electron like.

Hence, σxy decreases monotonically with the chemical potential. Whereas, in the case of

both Bloch and Neel skyrmions, the high energy states are non degenerate, and the bands

are split. This creates additional peaks and valleys in the DOS of the high energy bands

which causes sudden jumps as the chemical potential moves through those bands. Lastly,

the Hall conductance is different for Bloch and Néel type skyrmions, since their density of

states is different above the gap as shown in Fig 4.2. These effects become more prominent

if JH is increased two-fold. This leads to a distinct Hall conductance signature as a function

of the chemical potential.

4.4 Effect of Ferromagnetic Background on Phase Diagram

In this section, we discuss the effect of the ferromagnetic background and inter-

skyrmion distance on the phase diagram and robustness of the Chern numbers of the TI-SkX

system. To simulate this effect, we first consider a supercell with a size of 48x48 where the

skyrmion diameter spans the entire unit cell, and then we gradually increase the supercell
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size to 50x50, 52x52 and 54x54 while keeping the skyrmion diameter fixed. Our results are

summarized into Fig. 4.6. The integer Chern numbers in each topologically non-trivial gap

are also shown in the Fig. 4.6. For the 50x50 unit cell, the phase diagram is identical to

the previous phase diagram shown in Fig. 4.3. As the ferromagnetic background and inter-

skyrmion distance are increased, the energy levels evolve in a continuous fashion. First, we

notice the energy gaps are stable against the change of inter-skyrmion distance. This is

expected since the quasi bound states become more stable as the inter-skyrmion distance

increases, and subsequently the interaction in-between the electronic levels decreases. The

Chern numbers in the topological gaps do not change, which corroborates the fact that the

Hall conductivity in such a system, for a specific value of JH , is stable over a wide range of

parameters.
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Figure 4.3: Band gaps as a function of JH for (a) Bloch type and (b) Néel type Skyrmions.
The inset shows the phase diagram for the TI-ferromagnetic state. The integer numbers
represent the Chern numbers in their corresponding topological gaps.
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Chapter 5

Dynamics of an Insulating

Antiferromagnetic Skyrmion under

a Temperature Gradient

A magnetic skyrmion is a non-trivial topological spin texture in which the spins

cover the Bloch sphere [13, 87]. They have been demonstrated in both bulk and thin

films [12–14]. Magnetic skyrmions have potential applications in energy efficient comput-

ing, quantum information processing [87], encoding, transmission, and storage of informa-

tion [15, 17]. The current required to drive a ferromagnetic skyrmion is 4 − 5 orders of

magnitude lower than that required to drive a magnetic domain wall [77,94,131,132]. This

fact engendered interest in using skyrmions to implement a racetrack memory [16,17,133].

Ferromagnetic (FM) skyrmions are sensitive to stray magnetic fields which makes more

difficult the reading, writing, and control of an individual skyrmion [17]. When driven by
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a current in the x-direction, a ferromagnetic skyrmion experiences a Magnus force perpen-

dicular to the applied current resulting in components of the skyrmion velocity in both

the x and y direction. This phenomenon is know as the skyrmion Hall effect [134]. For

these reasons, there has been a growing interest in the study of antiferromagnetic (AFM)

skyrmions.

A g-type antiferromagnetic skyrmion can be viewed as two interleaved pairs of

skyrmions of alternate spins. Antiferromagnetic skyrmions are not sensitive to stray fields

[135]. They do not posses an intrinsic skyrmion Hall effect, since the skyrmion and the

anti-skyrmion exerience equal and opposite Magnus forces. Thus, the velocity of an antifer-

romagnetic skyrmion is parallel to the driving current [136]. Also, the Dzyaloshinskii-Moriya

interaction (DMI) [30], the key ingredient for the formation of skyrmions, is more preva-

lent in antiferromagnetic (AFM) materials than ferromagnetic (FM) materials [137, 138].

These desireable features have motivated significant interest and recent studies of AFM

skyrmions [135,136,139–141].

In this article, we investigate the motion of an antiferromagnetic skyrmion in the

presence of a a temperature gradient using micromagnetic simulations of the stochastic, lat-

tice Landau-Lifshitz-Gilbert (LLG) equation. Similar to a FM skyrmion, the AFM skyrmion

moves from the low temperature region to the high temperature region [142]. The numerical

results are well-described by an analytical model. In contrast to the FM skyrmion, an AFM

skyrmion has zero average velocity perpendicular to the applied temperature gradient.
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Figure 5.1: A typical spin texture of a G-type Bloch AFM skyrmion which can be thought
of as a composite object containing two FM skyrmion with topological charge +1 and −1.

5.1 Numerical Simulation

To simulate the magnetization dynamics at finite temperature, the stochastic

Landau-Lifshitz-Gilbert (LLG) [143, 144] model is employed. The effect of the thermal

fluctuation at temperature T is characterized by a random field L. The equation of motion

is given by

ṁ = −γm× (Heff +L) + αm× ṁ (5.1)

where γ = g/h̄ is the gyromagnetic ratio, α is the Gilbert damping coefficient, and m

is the magnetization vector whose magnitude is normalized to unity. Since, we consider

an AFM skyrmion in an AFM insulator, the damping α is minimal. The effective field

acting on the magnetization is determined from the Hamiltonian in the usual manner,

Heff = −∂H/∂m. The stochastic field satisfies the fluctuation-dissipation relationship

[145], < Lu(r, t)Lv(r
′, t′) >= ζδuvδ(r − r′)δ(t − t′), where ζ = αa2kBT/γ, a is the lattice
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constant, and the average is taken over all realizations of the fluctuating field. The stochastic

field Lu(r, t) is created with a random number generator with the mean square determined

by the temperature, and the stochastic LLG is integrated in the deterministic Heun scheme

[142].

The AFM skyrmion system is modeled with the lattice Hamiltonain

H = J
∑
<i,j>

mi ·mj +D
∑
<i,j>

(uij × ẑ) · (mi ×mj)−K
∑
i

(mi
z)

2. (5.2)

The first term is the AFM exchange interaction between two classical spins with AFM

exchagne stiffness J > 0. The second term is the DMI normal to the plane of the film.

The third term is the perpendicular magnetic anisotropy (PMA) with anisotropy constant

K and the easy axis perpendicular to the plane of the film.
∑
<i,j>

is a sum over nearest

neighbour sites. The lattice spacing a is 5 Å, and the full simulated grid size is 300 by

100 which is much larger than the AFM skyrmion size (10a), so that we can neglect finite

size effects. The exchange constant J = 20.6 meV, The DMI constant D = 1.1 meV, and

the perpendicular magnetic anisotropy (PMA) is K = 93.75 µeV. These parameters closely

resemble the material parameter KMnF3 [146] for which the next-nearest-neighbour (NNN)

exchange interaction is much smaller compared to the nearest-neighbour exchange term and

has been neglected in our simulation. We use a relatively larger Gilbert damping coefficient

α = 10−1 which results in a larger stochastic field to more efficiently simulate the AFM

skyrmion motion in response to a temperature gradient.

At the beginning of the simulation, the AFM skyrmion starts to move in a Brow-

nian motion type pattern under the influence of the stochastic field. The instantaneous

velocity at first looks random, however, as the simulation proceeds, the skyrmion gains
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Figure 5.2: Five simulations showing the skyrmions instantaneous longitudinal positions.
Although it fluctuates under finite temperature, a forward average velocity is observed.

a net average velocity in a particular direction parallel to temperature gradient. To ac-

curately pinpoint the position of the skyrmion, we define the center of the skyrmion as,

rc =
∫
d2r[n · (∂xn × ∂yn)r]/

∫
d2r[n · (∂xn × ∂yn)]. Since the net topological charge for

the AFM skyrmion is zero, to track the skyrmion position the integration has to be per-

formed over the Néel vector n where n = m1−m2 and m1 and m2 corresponds to the spin

texture of each sublattice which is twice the antiferromagnetic order parameter, also known

as staggered magnetization, defined as 2N = m1 − m2 [147]. The simulation results are

summarized in Fig. 5.2. The skyrmion starts to drift in a particular direction under the

influence of the temperature gradient on average on a larger time scale, in a shorter period

it seems skyrmion undergoes a Brownian type motion pattern. The velocity is averaged

over 50 simulation runs, and its relation with respect to temperature gradient is shown in

Fig. 5.3. The longitudinal velocity increases linearly with the temperature gradient. Unlike

the FM skyrmion [142], the average transverse velocity of the AFM skyrmion is zero.
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Figure 5.3: A linear scaling between the longitudinal velocity and the temperature gradient
is observed from the numerical calculation for α = 10−1. Compared to the ferromagnetic
skyrmion, a zero transverse velocity is observed, indicating no skyrmion Hall effect in anti-
ferromagnetic case.
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Figure 5.4: The scaling of skyrmion velocity with Gilbert damping α, vx is inversely pro-
portional to Gilbert damping, whereas the transverse velocity is identically zero.
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Figure 5.5: The AFM skyrmion is composed of two topological charge +1 and −1; hence,
the transverse velocity for each individual particle acts in opposite directions.

5.2 Theory

A theory based on spin wave propagation in a temperature gradient is employed

to understand the motion of the AFM skyrmion [142, 144]. We assume each localized spin

points in the direction perpendicular to the plane of temperature gradient. The spin’s

deviation (x, y) from its equilibrium position can be understood from the thermal magnon

flow. When a temperature gradient is applied, magnons flow from the high temperature

to the low temperature region. The magnon flow provides a negative spin transfer torque

on the AFM skyrmion, and since the total angular momentum must be conserved, the

skyrmion feels a torque in the opposite direction.

The three dimensional spin texture view of an AFM skyrmion is shown in Fig.

5.1. The topological property can be described in terms of the following equation

QAFM =

∫
d2r

8π
n · (∂xn× ∂yn) (5.3)

where QAFM corresponds to the AFM skyrmion. For our analysis, we introduce winding
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number Q(k)for each different sublattice as

Q(k) =

∫
d2r

4π
m(k) · (∂xm(k) × ∂ym

(k)) (5.4)

where m(k) is the unit vector parallel to the local magnetization and k := {1, 2} denotes the

sublattice. The AFM skyrmion is composed of two topological objects with opposite winding

numbersQ(k) = ±1 which are strongly coupled through the AFM exchange interaction [135].

Néel vectors in our simulation are initialized parallel to the easy-axis in the z-

direction outside the region of skyrmion. Due to the temperature gradient after an initial

relaxation, the magnetic moments reach a quasi steady state where the motion of each

localized spin becomes time dependent. A linear temperature profile creates a non equi-

librium distribution for the magnons, where magnon accumulation is greater in the hotter

region compared to the colder one. Since in the hotter region more magnons exist than

in the colder one, a net magnon current from the hotter towards the colder region of the

system is created which causes deviations of the localized magnetization from the equilib-

rium value [148–151]. However, the absolute values of the local magnetization is equal for

the two sublattices even when a linear temperature profile is assumed. Therefore, the total

magnetization in antiferromagnets is compensated and no net magnetization is transferred

to the skyrmion [152,153].

The effect of temperature on the AFM skyrmion can be understood intuitively if

we consider how the spin transfer torque arising from the temperature gradient affects each

sublattice independently. This concept has also been used to explain the motion of AFM

skyrmions in an applied spin polarized current [135]. However, since an AFM skyrmion is
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a composite object comprising of two ferromagnetic skyrmions in each sublattice, we can

assume that the skyrmion in each sublattice interacts with one of the two spin wave modes

and since for both of the ferromagnetic skyrmions, the spin wave pushes it to the hotter

end, the AFM skyrmion also moves towards the hotter end.

By assuming that an AFM skyrmion is composed of two ferromagnetic skyrmions

with topological charge +1 and −1 [142], the following equation for the velocity of an AFM

skyrmion has been derived,

vx = γJa2jx −
γ

πQ2
(k)

αηa2kBT
dT

dx
, (5.5)

where vMx = γJa2jx is the AFM skyrmion velocity due to the magnon current, vBx =

γ
πQ2

(k)

αηa2kBT
dT
dx is the Brownian part of the motion, and η = (1/8π)

∫
d2r(∂im · ∂im) is

the structure factor [77]. The ratio between the two contributing factors of the velocity is

vB/vMx = (6/π)α2(D2/JkBT ) ≈ 10−5, so the Brownian motion is negligible compared to

the magnon driven motion of the skyrmion. Since the transverse velocity, vy = 2αηvMx , is

opposite for the skyrmion and the anti skyrmion, the transverse velocity is negligible.

The magnon current is given by [142] jx = − π
24a

2(kBh̄s )
2 T
α

dT
dx , where s is the effective

magnon velocity, so the magnon current and the skyrmion velocity is proportional to the

temperature gradient which is also evident from our numerical simulations. For a magnon

velocity s = 25 km/s [142], from Eq. (5.5), we get a skyrmion velocity of 4 m/s for

a temperature gradient of 108 K/m and α = 0.1, which closely matches our numerical

simulation. It is also evident that jx is inversely proportional to the Gilbert damping, so

the skyrmion longitudinal velocity is dependent on α as is evident from Fig. 5.4.
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Chapter 6

Anomalous Magneto Optics from

an Antiferromagnet on a

Topological Insulator

The Faraday effect and the magneto optic Kerr effect (MOKE), can be viewed

as an optical manifestation of the Berry curvature. This is similar to Hall measure-

ments of the topological charge or the Chern numbers.There are however some subtle

differences due to the inter- and intra-band transitions, frequency and directional depen-

dence in magneto-optics. Hence magneto optics has been used to study quantum hall

effects [39, 154], topological insulators [40, 41, 155], magneto-chiral effects [44], and Hall

effects for Skyrmions [45–47,156].

For electro-optic and memory devices, magneto-electric optical effects can be

tremendously useful [42, 43]. MOKE in the polar configuration is particularly interest-
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Figure 6.1: MOKE from a thin-film antiferromagnet on top of a thin-film topological-
insulator.
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ing due to its application in optical reading–out of magnetically stored information [5–7].

However, the thermally–assisted write processes can be relatively slow. For readout, the

Kerr rotation is barely one degree for most MO recording materials [51–54,157,158], which

can result in readout error rates.

Also MOKE requires broken time reversal symmetry (TRS). This is usually done

through the application of an external magnetic field. Large and powerful magnets are

not particularly useful for miniaturization or and fast device applications. Moreover ferro-

magnets have slow switching times [159] which makes them poorly suited for high speed

magneto-electro-optics. Whereas antiferromagnets (AFM) have been recently shown to

have very fast electrical switching times [160]. However a bulk AFM does not give rise to

MOKE.

We show that large MOKE signals can be obtained, without an external magnetic

field, by combining an AFM with a TI. The AFM microscopically breaks TRS without

having a macroscopic magnetic field. We show that the MOKE signal can be further

enhanced by cavity resonance effects. We choose NiO for the AFM and Bi2Se3 for the TI.

6.1 Model Hamiltonian

The low energy zone-center effective Hamiltonian for a thin-film TI [126, 127] is

H0(k) = τzhD(k)+mkτx, where τz and τx are Pauli matrices, respectively representing the

TI’s top and bottom surfaces and the hybridization between them. hD(k) = v(kyσx−kxσy)

is the two-dimensional Dirac cone Hamiltonian with Fermi velocity v andmk = m0+m1(k
2
x+

k2y) is the interlayer hybridization. Using k → −i∇, the following real space tight-binding
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Hamiltonian can be obtained for an AFM proximity coupled to a TI,

H =
∑
i

c†ihici +
∑
⟨i,j⟩

(c†i tcj + h.c.) + JH
∑
i

c†iσ
′
i · Sici. (6.1)

where i is the site index and ⟨i, j⟩ run over all nearest neighbor sites. Here t ∈ {tx, ty}

represents nearest neighbor hopping where

tx(y) = ± iv

2a
τz ⊗ σy(x) −

m1

a2
τx ⊗ I (6.2)

It is implied that σ′ = I⊗σ, where I is the 2×2 identity, σ = {σx, σy, σz} is the Pauli spin

vector for the TI’s itinerant electron and S = {Sx, Sy, Sz} is the spin-vector of the AFM.

The TI’s surface spins are assumed to couple to the AFM’s spin via a Hund’s rule term JH .

In Eq. (6.2), hi = (m0 +
4m1
a2

)τx ⊗ I. We use a 2× 2 unit cell assuming periodic boundary

conditions along x and y. We set m0 = 6 meV, m1 = 0.2 eVÅ
2
, v = 0.5 × 106 m/s. The

discretization length a = 10Å and JH = 40 meV. The band structure of the TI:AFM system

is calculated numerically. The electronic bandstructure for TI-AFM system as shown in Fig.

6.2 is generated using a supercell of size 2 × 2 where the Néel vector of the AFM texture

is perpendicular to the TI surface. For our calculation, we consider a thin layer of TI

proximity coupled to a G-type AFM layer on the top surface.

Dielectric Tensor Components: Magneto optic effects manifest via the dielectric

tensor which depends on the band-structure and its topology. In particular for the polar

Kerr effect considered in this paper, the AFM’s Néel vector is along z, which is perpendicular

to the surface and parallel to the direction of light propagation. The x and y directions

preserve in-plane symmetry. The complex 3× 3 dielectric tensor has diagonal [ϵxx, ϵyy, ϵzz]

terms and the off-diagonal ϵxy terms which are topology dependent.
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Figure 6.3: Real and imaginary parts of the (a) diagonal- and (b) off-diagonal optical
conductivity for just a TI and an AFM on top of a TI.

The matrix elements of the optical conductivity tensor are obtained from the band

structure using the Kubo formula [2, 90] as follows,

σıȷ =
ie2

(2πL)2h̄

∫
dk

2π

∑
n,l

fnl(k)

ωnl(k)

(
Π(k)ınlΠ(k)ȷln
ωnl(k)− ω + iγ

+
Π(k)ılnΠ(k)ȷnl
ωnl(k) + ω + iγ

)
, (6.3)

where Πı
nl(k) = ⟨ψn(k)|vı|ψl(k)⟩ is the velocity operator Here {ı, ȷ} ∈ {x, y}, γ is a broaden-

ing parameter and h̄ωnl(k) = En(k)−El(k), is the energy difference of an optical transition

between an unoccupied band, n and an occupied band, l. fnl(k) = fn(k) − fl(k), where

fn(k) is the Fermi filling factor.

Since a low energy effective Hamiltonian has been used to obtain σıȷ, the missing

higher band contributions in Eq. (6.3) can be included by adding the term κ/(ω+ iγ). The

optical dielectric tensor is then, ϵıȷ(ω) = εoδıȷ − 4πi
ω σıȷ − κ

ω+iγ . Here κ is adjusted so that

the relative zero frequency dielectric constant ϵ0 (as obtained from the optical sum rules)

matches the known experimental value [91] for Bi2Se3. εo is the vacuum permittivity.
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Figure 6.4: (a) Kerr rotation and ellipticity and (b) the reflectivities for a single AFM:TI
interface.

6.2 Discussion

The calculated optical dielectric function of the TI with- and without the AFM

layer is shown in Fig. 6.3. In case of just the TI, the numerically calculated ϵxy is zero.

This is expected, since the TI preserves TRS. Once an AFM is introduced, the resulting

ϵxy is nonzero.

The resulting Kerr rotations, elipticities and reflectivities for LCP and RCP from

this TI:AFM structure are shown in Fig. 6.4 for a single interface. The MOKE resonance,

with θk ≈ 1.2o occurs at ω(θmax
k ) in the low energy regime. There is also a high energy

MOKE resonance that occurs at the plasma frequency ωp = 2.3 eV [55, 96, 98], which can

be explained with the Drude model [161].

MOKE can be enhanced by the resonance effects that arise from optimizing the

film thickness of different materials. In order to understand the effects of this for our system,

we consider a thin-film structure as shown in Fig. 6.1 where a NiO film of thickness d1 sits
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Figure 6.5: The figure-of-merit phase diagram shown as a function of (a) d1 and ω for
d2 = 0.3 µm, (b) d2 and ω for d1 = 0.5 µm, and (c) d1 and d2 for ω = 275 meV.

on a Bi2Se3 film of thickness d2. A 2 × 2 characteristic matrix method [161] was used

to calculate the MOKE spectra of multi-layer structure, assuming normal incidence and

in-plane material isotropy.

For the TI:AFM device, the FOM phase diagram is shown in Fig. 6.5 as a function

of ω, d1 and d2. The complete phase space is quite large, therefore representative phase

diagrams are shown in Fig. 6.5 where one of the parameters is held constant and the

other two are varied. In Fig. 6.5(a) and (b), the FOM is highest for ω ∼ 275 meV. Fig.

6.5(a) shows that the FOM has a considerable dependence on the NiO film thickness as

the thickness is varied from 0 to 1 µm. Fixing the NiO thickness at 0.5 µm and sweeping

the Cu2OSeO3 thickness results in a high FOM for a thin 20 nm thickness and also for

the thickness of 100 nm or more as shown in Fig. 6.5(b). The FOM phase diagram is

shown as a function of d1 and d2 in Fig. 6.5(c) for ω = 275 meV. The FOM peaks at

d1 = 0.5 µm and d2 = 0.1 µm. The optimum values are obtained from 20 nm or 100+

nm thick Bi2Se3 and 500 nm thick NiO for a frequency ω = 275 meV. The MOKE spectra

and the reflectivities from 500 nm NiO on 100 nm Bi2Se3 are shown in Fig. 6.6. Resonant
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Figure 6.6: (a) Kerr rotation and ellipticity and (b) the reflectivities for a thin-film structure
with d1 = 0.5 µm and d2 = 0.3 µm. The MOKE is greatly enhanced because of the resonance
effects induced by the thin-film structure.

enhancement resulting from the finite layer thickness increases the Kerr rotation angle from

1.2o to 6.5o at the frequency ωr = 275 meV. Such a large Kerr rotation angle is extremely

useful for device applications.

Finally, we calculate Kerr rotation angle as a function of Fermi energy. In Fig. 6.7,

the maximum low energy Kerr rotation, θmax
k is shown as a function of Fermi energy Ef .

The corresponding ω at which θmax
k occurs is also shown on the right-hand axis. Fig. 6.7(a)

shows the dependencies for a single interface, and Fig. 6.7(b) shows the dependencies for

the optimum structure of 500 nm NiO on 100 nm Bi2Se3 . In both cases, the Kerr rotation

angle can be continuously controlled by the Fermi level, and the structure with optimized

layer thicknesses increases the range over which the Kerr rotation angle can be swept by

sweeping the Fermi energy. This is particulary useful for electro-optic devices such as optical

isolators.

62



Figure 6.7: The maximum Kerr rotation angle (θmax
k ) and the optical frequencies (ω(θmax

k ))
at which they occur shown as a function of Fermi energy (Ef ) for (a) a single interface
and (b) the thin-film structure. θmax

k is distinctly quantized as a function of Ef . These
calculations are in the low frequency regime below 1 eV.
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Chapter 7

Conclusions

7.1 Magneto Optic Kerr Rotation from Interfacial Topolog-

ical Insulator-Skyrmion System

The MOKE from SkX-hosting thin-film B20 type compounds interfaced with TI

structures displays rich physics with important device applications. High FOM is obtained

from the low energy topological MOKE, and the thin-film resonant enhanced MOKE. The

MOKE-FOM phase diagram shows that the low energy peaks below the TI’s bulk energy gap

are large and independent of d1. For the thin-film induced resonance, the differential MOKE

can be large for the FM and SkX states, which is useful for device applications. As Ef is

swept above the exchange gap of the surface state, θk decreases monotonically for FM:TIs,

and it is distinctly oscillatory and non-monotonic for SkX:TIs. These distinguishing θk(Ef )

features are not seen for the thin-film induced MOKE resonance.
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7.2 Quantized Anomalous Hall Effect in Topological Insulator-

Skyrmion Heterostructure

The experimental verification of our proposal is achievable within the regime of cur-

rent experimental instrumentation. The optimal conditions to detect prefect edge transport

associated with the QTHE phase is induced by a skyrmion lattice hosted by an insulating

magnetic material that couples electrons of the topological insulator to the skyrmion system.

Several ingredients have been already demonstrated in different systems. First, one can use

a TI material such as Bi2Se3 as a substrate and epitaxially grow another skyrmion hosting

material such as Cu2OSeO3 on top of it [82]. Second, one can also deposit monolayer of

ferromagnet, such as YIG, on topological insulator [162, 163]. The interfacial DM interac-

tion generated as a result of symmetry breaking and high spin orbit coupling originating

from TI would generate a skyrmion [27]. Also skyrmion formation has been experimentally

demonstrated for TI heterostructures composed of magnetic TI Crx(Bi1−ySby)2−xTe3 and

non magnetic TI (Bi1−ySby)2Te3 where the Fermi energy (EF ) can be precisely controlled

in a large energy range by applying an external electric field for a field effect transistor

(FET) structure [81]. Given that there are no measurement and ab-initio calculation of JH

for TI-SkX system, we have presented our results for a wide range of JH . The topological

phase transitions would take place for a Hund’s rule double exchange coupling energy of

JH = 20 meV. It has been shown experimentally that a skyrmion forms at the interface of

(Bi1−ySby)2Te3 (BST) and Crx(Bi1−ySby)2−xTe3 (CBST) [81]. For this kind of material,

since a skyrmion forms at the interface of the heterostructure and in very close proximity

with the TI, the Hund’s rule coupling energy between the TI and the skyrmion texture would
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be large. In a TI, the anomalous Hall conductivity arises due to the nonzero Berry curvature

in the momentum space. The nonzero Berry curvature can arise due to intrinsic spin-orbit

coupling where a topologically nontrivial magnetic texture is not required. In such a case,

when time reversal symmetry is broken by a ferromagnet, the quantum anomalous Hall con-

ductivity is realized. The topological Hall effect, also known as geometric Hall effect, can

also arise due to the nontrivial topology in real space for which spin-orbit interaction is not

required. We have shown that reasonably weak proximity coupling of the skyrmion lattice

to the topological insulator would drive the system to a topologically protected quantized

topological hall state with multiple gaps, which is distinct from the ordinary anomalous

hall phase where there is only one gap. The Chern number of each electronic band gap

would be 1. Thus, each topologically protected gap has chiral edge states. The topology

of of the electronic bandstructure is robust for different sizes of skyrmions. The Hall effect

also appears when the skyrmion texture is not perfectly formed and even for a distorted

skyrmion texture the gaps still emerge. Our proposal is distinct from the previous proposals

of QAH phase in topological insulator because here multiple gaps open up, unlike just a

single gap from the previous proposals, and no external magnetic field is required acting on

the topological insulator.

7.3 Antiferromagnetic Magnon Skyrmion Interaction in a

Temperature Gradient

We have shown that an antiferromagnetic skyrmion in a finite temperature gradient

will move from low to high temperature as a result of magnon flow in the opposite direction.
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Compared to the ferromagnetic counterpart, the AFM skyrmion would move with a slightly

higher longitudinal velocity, and the transverse velocity is negligible.

7.4 Anomalous Magneto Optics from an Antiferromagnet on

a Topological Insulator

The MOKE from TI-AFM system displays rich physics which can lead to antifer-

romagnetic memory device applications. Large Kerr rotation angles and FOM are obtained

for thin film TI-AFM structures. The Kerr rotation can be tuned continuously as a function

of Fermi energy by applying an external gate potential. As Ef is swept away from the Dirac

point, θk decreases monotonically. This device can be used as a potential antiferromagnetic

optical isolator with broad applications in spintronics and electro-optics.
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[143] José Luis Garćıa-Palacios and Francisco J Lázaro. Langevin-dynamics study of the
dynamical properties of small magnetic particles. Physical Review B, 58(22):14937,
1998.

[144] Denise Hinzke and Ulrich Nowak. Domain wall motion by the magnonic spin seebeck
effect. Physical review letters, 107(2):027205, 2011.

[145] Rep Kubo. The fluctuation-dissipation theorem. Reports on progress in physics,
29(1):255, 1966.

[146] SJ Pickart, MF Collins, and CG Windsor. Spin-wave dispersion in kmnf3. Journal of
Applied Physics, 37(3):1054–1055, 1966.

[147] Severin Selzer, Unai Atxitia, Ulrike Ritzmann, Denise Hinzke, and Ulrich Nowak.
Inertia-free thermally driven domain-wall motion in antiferromagnets. Physical Review
Letters, 117(10):107201, 2016.

[148] Ulrike Ritzmann, Denise Hinzke, and Ulrich Nowak. Propagation of thermally induced
magnonic spin currents. Physical Review B, 89(2):024409, 2014.

[149] Jiang Xiao, Gerrit EW Bauer, Ken-chi Uchida, Eiji Saitoh, Sadamichi Maekawa, et al.
Theory of magnon-driven spin seebeck effect. Physical Review B, 81(21):214418, 2010.

[150] Silas Hoffman, Koji Sato, and Yaroslav Tserkovnyak. Landau-lifshitz theory of the
longitudinal spin seebeck effect. Physical Review B, 88(6):064408, 2013.

[151] SR Etesami, L Chotorlishvili, A Sukhov, and J Berakdar. Longitudinal spin current
induced by a temperature gradient in a ferromagnetic insulator. Physical Review B,
90(1):014410, 2014.

[152] Ulrike Ritzmann, Denise Hinzke, and Ulrich Nowak. Thermally induced magnon
accumulation in two-sublattice magnets. arXiv preprint arXiv:1609.02161, 2016.
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