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Abstract

Loop group actions on categories and Whittaker invariants
by
Dario Beraldo
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Constantin Teleman, Chair

We develop some aspects of the theory of ®-modules on schemes and indschemes of pro-
finite type. These notions are used to define ®-modules on (algebraic) loop groups and,
consequently, actions of loop groups on DG categories. We also extend the Fourier-Deligne
transform to Tate vector spaces.

Let N be the maximal unipotent subgroup of a reductive group G. For a non-degenerate
character x : N((t)) — G,, and a category € acted upon by N((t)), there are two possible no-
tions of the category of (N ((t)), x)-objects: the invariant category €N()X and the coinvariant
category Cy(y), - These are the Whittaker categories of €, which are in general not equiva-
lent. However, there is always a family of functors Ty : Cy ) — CN®x | parametrized by
ke N.

We conjecture that each Ty is an equivalence, provided that the N((t))-action on C is the
restriction of a G((t))-action. We prove this conjecture for G = GL, and show that the
Whittaker categories can be obtained by taking invariants of € with respect to a very explicit
pro-unipotent group subscheme (not indscheme) of G((t)).
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Chapter 1

Introduction

Categorical (or higher) representation theory is the study of symmetries of categories.
In mathematical terms, such symmetries are encoded by the notion of group action on a
category.

To clarify our geometric context, we work within the world of complex algebraic geometry,
so that our groups are group prestacks over C. As for the categorical context, we only
consider actions of such groups on stable presentable C-linear co-categories. In other words,
our categories are co-complete differential graded (DG) categories and functors among them
are required to be continuous (i.e. colimit preserving). The foundational basis of these
notions is contained in the books [L0], [L1]. For succinct reviews, we recommend [GO] and
[BZEN].

1.1 Some higher algebra

The above set-up, i.e. the oco-category DGCat of co-complete DG categories and con-
tinuous functors, is extremely convenient for performing algebraic operations on categories,
directly generalizing standard operations of classical algebra. For instance,

1. one can form colimits and limits of categories.

2. there is a tensor product that makes DGCat into a symmetric monoidal oco-category.
It commutes with colimits separately in each variable and the monoidal unit is Vect,
the category of (complexes of) C-vector spaces.

3. the monoidal structure is closed, i.e. there exists an “internal hom functor”,
Hom(€, D): the category of continuous functors from € to D.

4. there is a notion of dualizable category; if C is dualizable, its dual G is equivalent to
Hom(€C, Vect).



5. monoidal categories are precisely algebra objects in the symmetric monoidal
oo-category DGCat. They admit oo-categories of modules: if A is a monoidal
category, we denote by A-mod the oo-category of its (left) modules. Roughly
speaking, this consists of categories M equipped with a functor A ® M — M satisfying
the natural compatibility conditions. Right A-modules are defined similarly.

6. combining (3) and (5), given two A-modules M and N, one can form the category of
A-linear functors Hom4 (M, N).

7. there is a well-defined notion of relative tensor product: one can tensor a right and a
left A-module over A; the output is a plain DG category.

Coming back to higher representation theory, we would like to add one more item to the
above list: given an affine algebraic group G of finite type, we wish to define G-representations
on objects of the oo-category DGCat. To do so, let us mimic the classical setting: the
structure of a G-representation on a vector space V' consists of a coaction on V of the
coalgebra I'(G, Og) of functions on G with convolution coproduct (i.e., pull-back along the
multiplication).

In our context, one has to replace functions of the group with sheaves: there are thus at
least two possible notions of group action, accounting for the two standard sheaf-theoretic
contexts of quasi-coherent sheaves and ®-modules on G, both equipped with convolution.

Thus, categories with a weak action are comodules for (QCoh(G), m*), whereas categories
with a strong action (or infinitesimally trivialized action) are comodules for (D(G), m'). We
occasionally denote them by G - rep®*® and G - rep, respectively. Here m* (resp., m') is the
quasi-coherent (resp., ©-module) pull-back along the multiplication m : G x G — G.

However, for G of finite type, QCoh(G) and ®(G) are canonically self-dual; under this
duality, the coproducts specified above get sent to the convolution products in the context
of quasi-coherent sheaves or ®-modules. Thus, we have

G-rep”* ~ (QCoh(G),x)-mod  G-rep ~ (D(G),*)-mod.

The main source of examples of categorical G-representations comes from geometry. In-
deed, let X be a scheme of finite type with an action of G; then ©(X) is a module category
for (D(G),*), via push-forward along the action map G x X — X. Likewise, QCoh(X)
carries a weak GG-action.

Several standard operations with ordinary G-representations generalize immediately to
this categorical context.

First, Rep(G) is a symmetric monoidal category: this follows from the fact that I'(G, O)
is a co-commutative Hopf algebra. The same holds true for G -rep®**®* and G -rep, since
QCoh(G) and D(G) are co-commutative Hopf monoidal categories.



Secondly, given an ordinary G-representation V', we can take its invariants and coinvari-
ants, V¢ and V. By definition, V¢ = Homg(C,V) and Vg = C ®g V. In our categorical

framework, we have the notions of weak invariants and coinvariants for € € G - rep®¢?*,

CY" := Homgqcon(a) (Vect, C), Cg,:= Vect ® C,
QCoh(G)

as well as strong invariant and coinvariants, for € € G - rep,

€Y := Homgpg)(Vect, €), Cg:= Vect ® C.
2(G)
The difference between weak and strong invariants is controlled by the monoidal category
of Harish-Chandra bimodules, the category of endomorphisms of g-mod as a strong G-
representation (the action of ®(G) on g-mod is induced by the adjoint action of G on g):

HC := Homgp (¢ (g-mod, g-mod).

Precisely, if G is an affine algebraic complex group and € € G -rep, then C%% carries an
action of HC and the invariant category C¢ is the category of HC-linear functors from Rep(G)
to C&w,

If X is a G-scheme of finite type, then D(X)¢ ~ D(X/G), the category of D-modules
on the quotient stack X/G. This follows immediately from fppf descent for D-modules. It
turns out that ®(X)g ~ D(X/G) as well. (The very same statements hold for QCoh in
place of ©.)

1.2 Sheaves of categories

It is worthwhile to introduce one more generalization of a classical algebro-geometric
concept to the categorical world, that of quasi-coherent sheaf.

First of all, recall that quasi-coherent sheaves are defined on any prestack. A prestack is
the most general “space” of algebraic-geometry, that is, an arbitrary contravariant functor
from affine DG schemes to co-groupoids. Given a prestack Y, we have

QCoh(Y) := lim QCoh(S).

Se(DGSch7§f)0P

Informally, a quasi-coherent sheaf on Y is a collection of a I'(S, Og)-module Mg, for any affine
DG scheme S — Y, together with compatibilities along restrictions S — 5" — Y.

In striking analogy with the above, we introduce the notion of quasi-coherent sheaf of
categories over a prestack Y. We will omit the adjective “quasi-coherent” for brevity. Thus,
the oo-category of sheaves of categories over a prestack Y is given by

ShvCat(Y) := lim QCoh(S)-mod.

SG(DGschjg Yop



Informally, a sheaf of categories on Y is a collection, for any affine DG scheme S — Y, of a
QCoh(S)-module category Mg, together with compatibilities along restrictions S — S — Y.

We say that a prestack Y is 1-affine if the functor of global sections
I' : ShvCat(Y) — QCoh(Y)-mod

is an equivalence. In other words, sheaves of categories over a 1-affine Y can be reconstructed
from their global sections.

Ordinary G-representations are quasi-coherent sheaves over BG = pt/G, the stack clas-
sifying G-bundles. Likewise, categorical G-representations ought to be sheaves of categories
over BG: in other words, a weak action of G on € is the datum of a sheaf of categories C
over BG, whose restriction along pt — BG is the original C.

If G is an affine group of finite type, then the two definitions coincide ([G7]). Furthermore,
D. Gaitsgory shows that BG is 1-affine, so that

G -rep”“* ~ Rep(G)-mod.

In the same optic, a strong G-action on € ought to be given by a sheaf of categories over
BGggr that restrict to € along the inclusion pt — BG. As above, for groups of finite type,
this matches the definition given above in terms of the group algebra (loc. cit.). However,
one easily shows that BG4g is not 1-affine.

1.3 ®-modules on loop groups

In this paper, we adopt the group-algebra definition, as we are interested in strong actions
by the loop group G((t)) of a reductive group. This is an ind-scheme of infinite type; for
such prestacks, it is not clear at the time of writing what the appropriate notion of de Rham
functor is. The definition of the DG category ©(G((t))) has not been fully discussed either.
The two issues are related, as the interpretation of ®-modules as crystals prescribes that

D(Y) := QCoh(Yqr) for any prestack Y.

More precisely, the de Rham functor is defined on any prestack ([GR0]), but it may need
to be adapted to capture the correct notion of ®-modules on loop groups. In fact, ®-modules
on G((t)) can be defined in an ad hoc way directly from the finite-type case.

A detailed construction will be given in the main body of the text, where we also discuss
the theory of ®-modules on schemes of pro-finite type. Nevertheless, let us briefly hint at it
here: G := G((t)) comes with the canonical “decreasing” sequence of congruence subgroups
G" shrinking to the identity element. For each r, let 7 : G/G"' — G/G" be the projection.
Since G/G" are ind-schemes on ind-finite type, ®-modules on them make sense according
to the theory developed in the published literature. Then, one puts

D*(G) :=lim D(G/G") = colim D(G/G").



Remark 1.3.1. One of the reasons why we privilege strong actions comes from our interest in
the local Langlands correspondence (reviewed later), which explicitly involves strong actions
of loop groups on categories. Hereafter, unless specified otherwise, by the term “action” we
shall mean “strong action”.

1.4 Fourier transform

In our effort to generalize classical notions of algebra and representation theory to the
categorical world, let us revisit the classical Fourier transform.

An ordinary representation of a vector group A can be decomposed according to char-
acters of A, which are by definition linear maps x : A — C, that is elements of AY. More
fundamentally, once the appropriate function-theoretic context is assumed, Fourier transform
gives an equivalence

FT : (Fun(A), *) — (Fun(AY),-)

between the algebra of functions on A with convolution and the algebra of functions of
AY with pointwise multiplication. The spectral decomposition of an A-representation cited
above follows by looking at categories of modules for both algebras:

A-rep := (Fun(A), %)-mod — (Fun(A"), -)-mod.

Moreover, if V is an A-representation, the vector space of its invariant V4 is equivalent to
the fiber of V" at 0 € AY, where V' is now, via Fourier transform, a sheaf over A".

The fiber of V over a nonzero character y € AV corresponds to V4X: the vector space
of A-invariants against the character y. Explicitly, if plain A-invariants are those elements
v € V for which a - v = v, then (A, x)-invariants are those v € V' for which

a-v=eXy,

A categorification of the above situation, in case A = A" is the n-dimensional affine space,
is provided by the Deligne-Fourier transform, [Lal: an equivalence of monoidal categories

FT 2 (D(A),%) = (D(AY), @), (1.4.1)

which yields
A-rep = (D(A),*)-mod — (D(AY), ®)-mod. (1.4.2)

The kernel of this transform is no longer a function on A x AV, but a sheaf: precisely, the
pull-back of exp € D(G,) via the duality pairing @ : A x AY — G,. The substitute of
“exponential function” exp is the ®-module encoded by the defining differential equation for
ezp. Its homomorphism property corresponds to the isomorphism m'(ezp) ~ exp X exp.



Invariants and coinvariants of ¢ € A-rep, correspond to fiber and cofiber of € over
0 — AV, respectively. The fiber at non-zero y € A is identified with the category of (A4, x)-
invariants of C: objects ¢ € € for which the coaction (dual to the action) is isomorphic
to
coact(c) = x'(exp) @ ¢ € D(A) ® €.

In the main body of the paper, we extend (1.4.1)) and thus (1.4.2) to A = A™((¢)) (the
ind-scheme of formal loops in A™), or, more generally, to an ind-pro-finite dimensional vector

space.

1.5 Local geometric Langlands duality

The importance of categorical representation theory in mathematics became first evident
in the framework of the local geometric Langlands correspondence, a conjecture put forward
by E. Frenkel and D. Gaitsgory in the course of several papers (primarily, [FGO0], [FGI1],
[FG2]). See also the book [E] for a review.

The local Langlands conjecture predicts the existence of an equivalence
D(G((t))-mod ~ ShvCat(LocSyss (D)),

where LocSysg(D*) is the stack of local systems on the punctured disk D* = Spec(C((t))),
for the Langlands dual group G.

This is, philosophically, a kind of Fourier transform: assuming that LocSyss(D*) is
1-affine, so that

ShvCat(LocSyss(D ™)) ~ QCoh(LocSyss(D™))-mod,

categorical representations of G((t)) would admit a spectral decomposition over the stack
LocSysa(DX).

According to [FGO], such a correspondence ought to be implemented by a universal
kernel C,ni: a category lying over LocSyss(D*) and acted on by G((t)) fiberwise. In loc.
cit., the authors did not identify C,,;,, but described its “base-change” along various maps
Y — LocSyss(D*). For instance, one of the main results of [FG0] determines the base-change
of Cyni» along the forgetful map from opers Opg on the punctured disk to LocSyss(D*):

Cuniv ® QCoh(Opg) = Gerit-mod.
QCoh(LocSysx(DX))

In [FGI1], the category of G[[t]]-invariant objects of C,,;, is argued to be equivalent to

Rep(G). This actually gives a clue as to what C,,;, is: we will identify a conjectural candidate
below, after introducing the procedure € ~» CNUX of Whittaker invariants.



1.6 Whittaker actions

Let G = GLy and C be a category with an action of G((t)). Since N = G, is abelian,
N((t))-invariants of € can be studied via Fourier transform, as explained above.

The dual of G,((t)) is itself, the duality being the residue pairing. In particular, the
canonical element 1 € G,((t)) yields the residue character

Res : Go((t) = Ga, f(t) = ful" > fo1.

The Whittaker invariant category of € is, by definition Whit(€C) := €|, the fiber of C at
1 € G4((t)Y. Alternatively,
Whit (@) := @Cal®):Res,

It is the latter expression that admits a generalization to any reductive group G. Indeed, if
G has rank greater than one, the maximal unipotent subgroup N C G is no longer abelian,
hence Fourier transform is not available. However, N((¢)) still admits a non-degenerate
character y, defined as follows. Denote by {ay, ..., a,} be the simple roots of G, thought of
as maps N — G,. We let

X : N(#) = Go n(t) = Res (Z ozj(n(t))>. (1.6.1)

Such character is non-degenerate (i.e., nonzero on any root space) and of conductor zero
(i.e., null on N{[[t]]).

If € is acted upon by G((t)), we set the Whittaker invariant category of € to be
Whit () := eN®x,

We conjecture that Cy;,, >~ Whit(D(G((2)))). It is immediately clear that the latter G((t))
admits an action of G((t)). However, the very fact that the proposed candidate for C,,;, lives
over LocSysg(D*) has not been yet estabilished. We will partially address this question in
another publication.

There is a parallel theory of coinvariants and Whittaker coinvariants. One could propose
that Cuniv >~ D(G((t)))n(), the coinvariant Whittaker category of ®(G((t)), leading to
a different local geometric Langlands correspondence. After Gaitsgory, we re-propose the
following conjecture:

Conjecture 1.6.1. If C is a category acted on by G((t)), then CNWX ~ Cpy) .-

The statement makes sense if € is endowed just with an N((t))-action, and not with a G((t))-
action. However, in this case the conjecture is false. It is also false if y is degenerate, e.g.
x = 0; in other words, the conjecture is special to the Whittaker categories.



1.7 Overview of the results

In this paper we prove the above conjecture for G = G L,,. Actually, we do a little more.
Following ideas of Gaitsgory, we construct a functor, for any G,

T Cnqryy — CV O,

(Rather, we construct a sequence of such, indexed by an integer k£ > 1.) Our main theorem
reads:

Theorem 1.7.1. If G = GL,, the natural functor T : Cn(w) — CNX s an equivalence.

To prove this, we introduce an explicit group-scheme Hy, depending on k£ > 1, endowed
with a character ¢. For n = 2 and n = 3, Hy, looks like

k0 14+tP0 t*O |,

k —k
Hk:(1+to t=+0
0 0 1

L+t*0  t*0 %0
0 1 ) ) Hk =
and the generalization to any n is straightforward (here O denotes the ring of formal Taylor
series). The character ¢ computes the sum of the residues of the entries in the over-diagonal.

We shall relate (N ((t)), x)-invariants and coinvariants to (Hy, ¢)-invariants. Namely, we
first produce natural functors

eN((t)),X — erﬂp — GN((t))vx

Secondly, we show that both functors are equivalences. The proof of that uses induction
on n and Fourier transform: indeed, N is the a semi-direct product N’ x A" where N’
refers to the maximal unipotent subgroup of GL,,_.

Thirdly, the composition of the inverse functors is shown to be our functor T, for the
chosen value of k.

1.8 Notation and detailed contents

Let G be a complex reductive group, B a chosen Borel subgroup and N C B its unipotent
radical. We indicate by G := G((t)) the loop group of G and, for r > 0, by G" C G[[t]] the
congruence subgroups. Similar notations hold for B and N. As noted above, N is equipped
with an additive character, .

Let us describe how this paper is organized. In Sect. [, we discuss some foundations
of the theory of ®-modules on schemes (and ind-schemes) of pro-finite type. The main



examples of such are G, N and variations thereof. There are two categories of ®-modules
on G, dual to each other. The first, ®*(G), carries a convolution monoidal structure; its
dual D'(G) is hence comonoidal and also carries a symmetric monoidal structure via the
diagonal. It turns out that ®*(G) ~ ®'(G), but we will never use this fact.

We proceed in Sect. [3] to define loop group actions on categories and the concept of
invariants and coinvariants. Since N is exhausted by its compact open group sub-schemes,
we analyze group actions by pro-unipotent group schemes in great detail. For instance, we
define and study natural functors among the original category, the invariant category and
the coinvariant category. We show that the latter two are equivalent. A noteworthy feature
of out set-up is that any category with a G-action is smoothly generated, that is, generated
by objects each of which is invariant for a high congruence subgroup G” C G.

In Sect. [ we take up Whittaker actions of N on categories: this is a special case of the
above theory that accounts for the presence of the character x : N — G,. For any category
acted on by N, we construct a functor (denoted by T, as above) from Whittaker coinvariants
to Whittaker invariants. We conjecture that this functor is an equivalence, provided that
the N-action is the restriction of a G-action.

We discuss the abelian theory in Sect. [5, We first review the theory of the Fourier-Deligne
transform for finite dimensional vector spaces (in schemes) and then extend it to ®-modules
on A™((t)) (more generally, to ®-modules on an ind-pro-vector space). We prove that it still
gives a monoidal equivalence. Finally, we re-interpret the concepts of the previous sections
(invariants, coinvariants, averaging) in Fourier-transformed terms.

The material of Sect. [0] is technical: we first analyze how actions by a semi-direct
product H x K can be understood in terms of the actions of H and K. Secondly, we discuss
categories fibering over a K-space X and acted on by the group K in a compatible fashion.
In this situation, we study how the operations of taking the fiber of C at € X and taking
K-invariants interact.

In Sect. [7 we take up the proof of Theorem We discuss some combinatorics of
GL,, and define some group schemes of GL,((t)) that will play a central role. Our proofs are
on induction on n, for which the tools of Sect [6] are essential.
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Chapter 2

-modules on schemes and
ind-schemes of infinite type

Leaving aside the notion of sheaves of categories, we wish to say that a group prestack
(G,m) acts strongly on a category C if the latter is endowed with an action of the monoidal
category (D(G),«). Similarly, we say that G acts weakly on € is the latter is a module for
(QCoh(9), *). We mostly focus on strong actions. For such, the above definition makes sense
whenever we can provide a construction of ©(§) as a dualizable category endowed with the
convolution monoidal functor m,.

The ultimate goal of this section is to supply this definition in our cases of interest:
G =G(t) and G = N((t). To address this, we proceed in two steps. First, we identify the
kind of algebraic structure that G((t)) and N((¢)) possess: the answer is that they are ind-pro
schemes. Roughly speaking, these are (0-)prestacks constructed from schemes of finite type
out of affine smooth projections and closed embeddings. Secondly, we develop the theory of
®-modules on ind-pro schemes. However, in the treatment below we present these two steps
in opposite order, namely we start from the abstract theory.

2.1 ®-modules on pro-schemes

We adopt the convention of [GRI1]: a (classical) ind-scheme is a prestack that can be
presented as a filtered colimit of quasi-compact and quasi-separated schemes along closed
embeddings. A frequently used subcategory of such prestacks is that of ind-schemes of
ind-finite type: it consists of those ind-schemes formed out of schemes of finite type.

We shall need the intermediate set-up of ind—pro—schemesﬂ ind-schemes written as colim-
its of schemes, each of which can be further written as a filtered limit of schemes of finite type

!These definitions appeared in the seminar note [Ba].
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under affine, smooth and surjective maps. Later we shall see that G((t)) and N((¢)) fall under
this rubric and discuss two dual (and equivalent) theories of ®-modules on ind-pro-schemes.

Let Sch?? be the ordinary category of quasi-compact quasi-separated schemes and Sch'
its full subcategory of schemes of finite type. Between the two lies the ordinary category
Sch?™ := Pro*sms Sch of schemes of pro-finite type: schemes that can be written as filtered
limits of schemes of finite type along affine smooth surjective maps. To shorten the termi-
nology, we refer to objects of Sch” just as pro-schemes. The existence of the embedding
Sch?”™® — Sch?%* is shown in Appendix C of [TT] ]

We define ®*-modules on pro-schemes as follows: we let

D" : Sch”™® — DGCat

be the right Kan extension of ® : Sch™ — DGCat along the inclusion Sch™ < Sch?™. Here,
D : Sch™ — DGCat is the usual functor that assigns S ~» ©(S) and f ~ f.. So, D* is
covariant by construction: for any morphism f : X — Y in Sch”, we denote by f, the
corresponding functor ®*(X) — ©*(Y).

Explicitly, suppose Z € Sch”™ be presented as

Z ~1lim 2", (2.1.1)
reR
where R is a filtered category. (In most cases of interest, R = (N, <)?.) For any arrow
s — rin R let w1 Z° — Z" be the corresponding projection. Then,
D*(Z)~ lim D(Z"), (2.1.2)

reER, T

the limit being taken with respect to the pushforwards (ms_,;)«.

In several occasions, we will make use of the following categorical fact, due to J. Lurie
(cf. [GO]). Let €, : 3 — DGCat be a diagram of categories, where, for each v : i — j, the
corresponding functor F, : C; — C; admits a right adjoint G,. Then, there is an equivalence
of categories

LC: lim €, = colimC;.
i€Jor. @ i€, F

Moreover, under LC, the tautological functors of “insertion” and “evaluation”

ins; : Gz — colim GZ ev; : lim GZ — @z
1€, F i€JopP. G

form an adjoint pair.

2This reference was pointed out by S. Raskin, who has independently developed the theory of ®-modules
on schemes of infinite type.
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In the case at hand, smoothness of each m,_,, implies the existence of the left adjoints

(s—r)*, so that
D7) ~ %{im D(Z") ~ %olin*l D(Z").
The latter expression explains the notation ©*, which is meant to indicate a colimit along
s-pullback functors. It also shows that ©*(Z) is compactly generated, hence dualizable. We
denote the insertion
inss : O(2°) — %olin} D(Z")

formally by (me—s)*. Analogously, the evaluation functor will be formally denoted by
(Too—ss)s- Compact objects of ©*(Z) are those of the form (mys)*(M), for M compact
in ©(2°).

Thanks to the continuity of the push-forward functors 7, and the filteredness of R°P; the
isomorphism %{im@(Z’”) — colim®(Z") can be made explicit ([G0]). Namely,

fRopm.*

LC: M = {M"}, — colim ((WOH,)*(MT)), (2.1.3)

reRor

while the inverse equivalence is completely determined by the assignment:

LC™ : (Moomsr)"(MT) { colim (Wkﬁs)*(ﬂk_}T)*(MT)} : (2.1.4)

k:k—r k—s s

Clearly, the latter expression greatly simplifies if each pull-back (7,,_,)* is fully faithful: in
that case, the colimit in is independent of k. Thus, we propose the following definition:
we say that a pro-scheme Z is pseudo-contractible if it admits a presentation as in
with transition maps giving rise to fully faithful %-pullback functors. By smoothness, the
I-pullbacks are also fully faithful.

The dual of ®*(Z) is easily computed and it is by the definition the category of D'-
modules on Z:
9'(Z) = (9*(2))" =~ colimD(Z").

:’Rop’ﬂ,!

This is a consequence of the fact that ©(S)Y ~ ©(S) via the classical Verdier duality, and
that (m,)" ~ 7' under this self-duality.

The assigment Z ~» ©'(Z) upgrades to a contravariant functor mapping f : X — Y to
I'e= (1) DY) = D'(X).
As before, let
(Toomss) : D(Z%) = colimD(Z")

!
fROP,T("
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symbolize the tautological insertion map. Compact objects of ®'(Z) are those objects of the
form (7o) (M), for all s € R and all M compact in D(Z*).

Since each m,_,, is smooth, (m_,)' ~ (Te_,)*[2d,s], where d,, is the dimension of ,_,,.
Thus, the right adjoint of (7,_,)" is isomorphic to (ms_,).[—2d,s] (hence, it is continuous).
We can realize ©'(Z) as a limit:

NZ)~ i Z"). 2.1.
D8) > iy, D) (2.1.9)

Suppose that each Z" has a well-defined dimension. Then, comparing this formula with
(2.1.2)), we construct the canonical equivalence

ng : D'(Z) = D*(2), (2.1.6)
induced by the inverse family of shift functors id[—2dim(Z")] : ©(Z") — D(Z").
By ([G0]), the duality pairing 7 between ©*(Z) and D'(Z) consists of the assignment
(M}, (Moo NT) = £ (M7, N7). (2.1.7)

In other words, (T, )" is dual to the functor ev, = (Teosp)s : D*(Z) — D(Z"). Alterna-

tively, by (2.1.4]), we obtain
5Z((7Too—>r)*Mr7 (7Too—>7“)!NT) = C(E)%%m Ezs ((ﬂ-s—rr)*Mra (ﬂ-s—w‘)!Nr)
SER
:myﬂﬂﬁwwmw®wn (2.1.8)
SER/p
Remark 2.1.1. If Z is pseudo-contractible, the latter formula simplifies as

e5(Toosn) "M, (7o) N7) = Tan(Z7, M @ N).

Lemma 2.1.2. For any M" € D(Z" ey, Verdier duality Dy : ©(Z) — D*(Z) is computed
“component-wise”, i.e., it sends

Dz : (Toosr) (M) = (Toor) " (Dzr (M)

Proof. By definition, it suffices to exhibit a canonical equivalence
Home-(7) ((Foo-r) (D (M")), P) 22 7((Toer) (M), P), (2.1.9)

for any P € ©*(Z) pulled back from a finite type quotient. This follows immediately from the

adjunction ((WOOHT)*, (7'('00%,“)*) for ®*-modules, combined with the duality between (7o)’

and (oo sy )s- O
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2.2 Basic functoriality

In this subsection we work out part of the theory of ®* and ®'-modules on pro-schemes:
we discuss various push-forward and pull-back functors, the tensor products, the projection
and base-change formulas.

By definition of right Kan extension, if f : X — Y is a morphism of pro-schemes, the
functor f, : D*(X) — ©*(Y) is determined by the formula

ev o f, ~ (f"),oevy (2.2.1)

for any morphism f” : X" — Y of schemes of finite type covered by f.

In practice, if X and Y are given presentations compatible with f, meaning that f is the
limit of morphisms f": X" — Y, then f, is defined as the limit of the (f"),’s. The general
case is reduced to this, by reindexing a sub-presentation of X: indeed, any map X — Y"
factors as X — X*® — Y7 for some s mapping to r in R.

For instance, de Rham cohomology I'qr of X =~ lim, X" is defined as
Lar == (px)« 1 D*(X) — Vect,

where py : X — pt is the tautological map. Explicitly, if M € ©*(X) is represented by the
collection {M"},, with M"™ € ©(X") and isomorphims (ms_,)«(M?*) ~ M", then

FdR<M) = FdR(XT, MT),
the RHS being independent of r.

If 7, : pt — X is a closed point, we define the “delta” ®-module at x according to the
usual formula: 0, x := (i,).(C) € ©*(X). Explicitly, in the realization of ©*(X) as a limit,
d, is represented by the collection of §,- xr € ®(X"), where 2" is the image of x under the
projection X — X".

Contrarily to the finite-type case, (i;). is not proper: as pointed out before, compact
®*-modules on X are (in particular) *-pulled back along some projection X — X" and ¢, x
is not such. As a consequence, (i,). does not admit a continuous right adjoint.

However, (i;). is fully faithful, being the limit of the embeddings (i,r). (Kashiwara’s
lemma). More generally, if f:Y < X is ¢-closed (which means that f can be written as
a limit of a filtered family of closed embeddings between schemes of finite type), then f, is
fully faithful.

Consider again an arbitrary map f : X — Y of pro-schemes. The left adjoint to f,,
denoted f*, is only partially defined. We say that f* is defined on M € ©*(Y') if the functor
Hom(M, f.(—)) is corepresentable (by an object that we denote as f*(M)). A sufficient
condition for f* to be defined on all of ©*(Y) is that each f” be smooth. More generally:
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Lemma 2.2.1. Let N* € ©(Y") be an object in the domain of definition of (f")*. Then
fA((rY  )*(N7)) is well-defined and computed by

oco—T
Fr(m3s ) (NT)) = (oo, )" ((F7) (7).
Proof. This is obtained from ([2.2.1)) after passing to left adjoints. ]

In particular, whenever X" admits a constant sheaf kx-, the functor of de Rham coho-
mology p. : D*(X) — Vect is corepresented by the constant ®*-module

kx = (Toomsr) (kxr), (2.2.2)

where the RHS is independent of r. If X is pseudo-contractible, kx is easily written as a
limit: kX ~ {kXT‘}T.

Given f: X — Y as above, let us discuss the functor f': D'(Y) — ©'(X), dual to f..
To compute it, one represents f as a compatible family of maps f" : X" — Y7; then, by
(2.1.7), one readily gets

f' =~ colim (maesr) o (f7)". (2.2.3)

reRop

Here are two basic examples.

First, the case of i, : pt — X. If M = {M"}, € lim;r D(X") ~ D'(X), then (i)' sends
M to the vector space
(iz)' (M) =~ colim, (M| ).

The transition maps in the RHS are as follows: for s — r, letting 7 = m,_,,,

MT| -~ W!(MT) . counit M*

" T

~ 7o (ﬂ!)R(MS)

s LA

Secondly, the case of p : X — pt. Then p' : Vect — D'(X) gives the dualizing sheaf,
wx = p'(C). Explicitly,
Wx = (ﬂ—oo—ﬂ’)!(wXT)?

being clear that the RHS does not depend on r. If X is pseudo-contractible, wy is computed
naively in the realization of ®'(X) as a limit (2.1.5):

wx =~ {wxr}p

The functor fi, left adjoint to f', is only partially defined. For instance, here is a typically
infinite dimensional phenomenon.
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Remark 2.2.2. If X is infinite dimensional, (i,)' does not have a left adjoint. Indeed, the value
of this hypothetical left adjoint on C would have to be compact, hence of the form (7 _.,)'(F)
for some r and some F € ©(X")p. It is easy to see that this causes a contradiction. For
simplicity, assume that R = (N, <)% and that all 7' are fully faithful. For any s — 7,

adjunction forces
| . |
Homgr(y) ((WOCHT)'(F), (Toomss) (=) = (igs)’

!
as functors from D(X?) to Vect. It follows that (7, )’
positive dimension.

F ~§,s, which is absurd if 7,_,, is of

This example shows that f; may not be defined even if all (), are. However, in this
paper we will only need to deal with p; : ®'(X) — Vect for pseudo-contractible X. Then,
we have

(p") ~evpop
by contruction and fully faithfulness of (m_,,)'; here, ev,, denotes the evaluation functor
D'(X) — D(XT). Hence, by passing to the left adjoints, we obtain

|

(pr)! ~po <7TOOHT>.7

which implies that
p(M) ~ colim (p" ), (M")

reRop

for M = {M"}, € D(X) = limyr D(X"), provided that (p"), is defined on M" (e.g., if M"
is holonomic).

Suppose that f : X — Y can be presented as the limit of maps f" : X" — Y such that
all the squares

™

X? X"
l P ] .
y's = yr (2.2.4)

are Cartesian (equivalently, f is finitely presented, [R]). In this case, base-change yields
commutative squares

D(X®) — = D(XT) D(X®) " D(XT)

T(fs)’ T(fr)’ (fS)*l l(f’")*

D(Y*) —=D(Y") D(Y*) ~——D(Y"), (2:2.5)
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which allow to define the functors
fl:25(Y) = D%(X), [N} ={(f)' (N}

fo: D(X) = DY), fl{M"},) := colimy(moosr) (f7)<(M").

It follows from the finite-type case that the pairs of functors (f,, g) and (f.,g') satisfy the
base-change formula (see [R] for a thorough treatment).

We will not use these functors in the present paper, but will often use the renormalized
push-forward
ren ! ! ren _
frm i DHX) = DY), fI7 =" o faonx.

Obviously, the (ordinary) category Sch”” admits products. Moreover, for two pro-

schemes X and Y, there are canonical equivalences

D*(X) @ D*(Y) =5 DX x Y)
D'(X)@D'(Y) 25 DX x Y), (2.2.6)

which follow at once from dualizability of each ®(X") and the fact that ®* and ®' can be
represented as colimits.

Remark 2.2.3. 1t is easy to see that Sch”” admits fiber products. Indeed, let X — Z < Y
be a diagram of pro-schemes. Let Z = lim Z" be a presentation of Z. For each r € R, the
composition X — Z —» Z" factors through a projection X — X' with X’ of finite type.
We let X" := X’. In this way we contruct compatible pro-scheme presentations of X and Y
Moreover, lim, (X" Xz Y") is a presentation of X x, Y,

Note that ®'(X) is symmetric monoidal under the “pointwise” tensor product, which is
defined as usual:

X

o DX) @ DN(X) L DX x X) 25 DX),

X

where A : X — X x X is the diagonal. The fact that this operation endows ®'(X) with
a symmetric monoidal structure is a consequence of the same fact in the finite dimensional
case, combined with the observation that the functors (Wsﬁr)! are monoidal. This tensor
product is completely determined by

(Wm%r)!(M) ®x (Wm%r)%M/) = (Woo%r)!(M Qxr M/)-

For any f : X — Z, the functor f' : ®'(Z) — D'(X) is symmetric monoidal, hence
(D'(Z),®) acts on D'(X). The relative analogue of (2.2.6) holds true as well:
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Lemma 2.2.4. Let X — Z <Y be a diagram of pro-schemes. There are canonical equiva-
lences

D'(X) Q%) DY) ~D(X x5 Y). (2.2.7)

Proof. The canonical functor is induced by pullback along X xz Y — X x Y. To prove it
is an equivalence, we reduce it to the finite dimensional case, where it is true by a result of

[BZN]. By fixing compatible presentations of XY, Z and X Xz Y as in Remark we
obtain

D'(X x5 V) ~ colimD (X" x4 Y") ~ colim (@’(X’“) ® @!(Y’“)) ~D'(X) ® D(Y).
reRop reRop DY(Z7) D(Z)

]

Remark 2.2.5. Using the functor ny of (2.1.6]), one can define a symmetric monoidal structure
on ®*(Z) making ®*(X) and ©*(Y) into ©*(Z)-modules and such that

D(X) ® DY)~ (X x5 Y).
D*(2)

1%

There is an action ® of (D'(X),®) on D*(X), induced by the usual tensor product of
D(X) for X € Sch:

1

(Toomsr) (M) @ (Toosr)* (P) = (Toosr) (M @5+ P).
This follows from the functorial equivalence
(M) @x 7 (P) ~ 7" (M ®y P),

valid for any smooth map m : X — Y between schemes of finite type. Written more
compactly, the action is

x
M & N =~ nx(M @1y (N)).

*!
When we consider the above as a right action, we write it as ®, for clarity. The following
lemma is the projection formula in this context:

Lemma 2.2.6. For f : X — Y, the functor f. is linear with respect to the action of ®'(Y),
1.e. there is a canonical 1somorphism

*! *!

fo(M)® N ~ f,(M® f'(N)). (2.2.8)
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1%
Proof. Note that M ® — : ®*(X) — D*(X) is the dual functor of M ® — : D'(X) — D'(X).
Hence, for P € ®'(Y) arbitrary, we have

12

ey (LMY BN, P) =~ ey(fu(M),N®P) = ey (M, f(N) @ ['(P))

*!

ey (M & FA(N), £1(P)) ~ ey (£.(M & f(N), P),

12

which concludes the proof. O]

2.3 ®-modules on ind-pro-schemes

Before proceeding with the definition of the two theories of ®-modules on ind-pro-
schemes, let us recall the definition of the category of ®-modules on ind-schemes of ind-finite
type. Let IndSch'™ := Ind” Sch™ denote the category of such. The functor

D : IndSch®® — DGCat

is defined to be the left Kan extension of © : Sch®® — DGCat along the inclusion Sch —
IndSch™. Explicitly, if Y € IndSch™ is written as a filtered colimit Y = colimyY;, with
Y; € Sch™ and closed embeddings lisj » Y; = Y, then ©(Y) =~ colimy D(Y;), with respect to
the pushforward morphisms (¢;_;)..

We repeat the same process for ind-pro-schemes. Namely, we define the ordinary category
IndSch?™ := Ind® Sch?™ of ind-pro-schemes to be the one comprising ind-schemes that can
be formed as colimits of pro-schemes under closed embeddings. Then, the functor

D* : IndSch” — DGCat

is defined as the left Kan extension of ©* : Sch”"” — DGCat along the inclusion Sch”™ —
IndSch?".

Analogously, the functor
©' : (IndSch?™)°? — DGCat

is defined as the right Kan extension of ®' : (Sch”®)°? — DGCat along the inclusion
(Sch?"?)°P — (IndSch”?)°P. For f : X — Y a map in IndSch”, we continue to denote
by f.:D*(X) = D*(Y) and f': D'(Y) — D'(X) the induced functors.

Lemma 2.3.1. The duality ®' ~ (D*)V and the isomorphism (f.) ~ f' continue to hold
for ind-pro-schemes.
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Proof. Let Y = colimjcyY; be a presentation of Y as an ind-pro-scheme as above. The two
categories ©'(Y) and D*(Y) are, by construction,

D'(Y) ~ lim D'(Y)) D*(Y) =~ colim D*(Y;).

jegop ! JET s

They are evidently dual to each other, thanks to the validity of the lemma for pro-schemes.
The duality (f,)" ~ f' is a formal consequence of this. O

Proposition 2.3.2. The ordinary category IndSch?™ is symmetric monoidal via Cartesian
product and the functor ®' : (IndSch?™)°P — DGCat is symmetric monoidal.

Proof. The first assertion is obvious. As for the second, recall that ®' is symmetric monoidal
as a functor (Sch”?)°? — DGCat. Furthermore, for any map of pro-schemes f : X — Y, the
pull-back f': D'(Y) — ©'(X) is symmetric monoidal. The combination of these two facts
yields the assertion. O

2.4 ©-modules on G((t) and N((t)

Finally, let us take up the case of loop groups. The following construction is well-known:
Lemma 2.4.1. The loop group G := G((t)) is an ind-pro-scheme.

Proof. Consider the (schematic) quotient map to the affine Grassmannian q : G — Gr and
choose a presentation of Gr as an ind-scheme of ind-finite type: Gr =~ colim,,, Z,. Pulling-
back each Z,, along q, we obtain an ind-scheme presentation of G:

G ~ colimq '(Z,).

neN

Of course, each q71(Z,,) = Z, x G is of infinite type. However, as q factors through G — G”
Gr

for any r € N, we can write:

q'(Z,) ~lim (Z, X G/G’),

reN

where the limit is taken along the maps induced by the projections 7, : G/G* = G/G".
This is a presentation of q~*(Z,) as a pro-scheme, and the proof in concluded. O

We now justify the definitions given in the introduction.

Lemma 2.4.2.

D*(G) ~ colimD(G/G"), DY(G) ~ colimD(G/G").
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Proof. We only prove the first formula, the proof of the second being completely analogous.
Let Z! := Z, x G/G", so that
Gr

G = colim lim Z G/G" = colim,,, Z],

n,L T,

are presentations of G and G/G" as an ind-pro-scheme and an ind-scheme, respectively. For
each n and r, consider the evidently Cartesian square:

Z, % G/GH —" > 7, x ¢ G/G

! !

Zn+1 X Gr G}/C}T—F1 e n+1 XGr G/GT (241)
Consequently, the category of ®*-modules on G is expressed as follows:

D*(G) =~ colim lim®D(Z;) =~ colim colim D(Z;) = colim colim D(Z;) ~ colimD(G/G"),

Nyls Ty Myl r,r* rr* Nyl

where the switch of colimits in the third equivalence is a consequence of base-change along
the above square. O

We now prove that ©*(G) has a convolution monoidal structure. This will enable us to
provide well-defined notion of categorical G-actions.

Lemma 2.4.3. The functor m, : 9*(G x G) — ©*(G), together with the equivalence
D*(G) ® D*(G) = D*(G x G) (2.4.2)

endows ©*(G) with a monoidal structure.

Proof. The functor ®' : (IndSch?™)°P — DGCat is contravariant and, by Proposition [2.3.2]
symmetric monoidal. Hence, it sends algebras in IndSch”™ to comonoidal categories: in
particular, (i)!(G), m!) is comonoidal. By duality, we obtain the required statement. O

Let us now discuss self-duality of ©*(G). Note that each projection G/G"™! — G/G" is
smooth of dimension, say, n,. A trivialization of the dimension torsor of G is, by definition,
a sequence of integers {dj }ren such that d, 1 — d, = n,.

Lemma 2.4.4. To any trivialization {dy}y of the dimension torsor of G there corresponds
a self duality of D*(G), that is, an equivalence D*(G) — D'(G).



22

Proof. Tt was explained before that ©'(G) can be written as a limit:

D'(G)~ lim D(G/G").

T [—2n0]

Thinking of ©*(G) and ©'(G) in their realizations as limits, the isomorphism ©*(G) —
D'(G) is given by the inverse system of functors id[2d,] : D(G/G") — D(G/G"). O

Remark 2.4.5. The proof of Lemma shows that it is useful to keep ©*(QG) is naturally
monoidal, while ®'(G) is naturally comonoidal. Hence, we will never use the result of Lemma

244

Unlike G, the ind-scheme N is exhausted by its compact open subgroups, hence it is
an ind-object in the category of group-schemes. We choose a cofinal sequence Ny, of such
groups: let t7” € T be the loop corresponding to p, the sum of the fundamental weights.
For all k£ > 1, we set N := Ad;-r(N][t]]), so that

N ~ colimy Ny.

Notational warning: for us k£ > 0 always. The reader should not confuse Ny, (just defined)
with IN* (a congruence subgroup). The former contains N(O), while the latter is contained
in N(0); however, they both coincide with N(O) for k£ = 0.

Lemma 2.4.6. The loop group N is an ind-pro-scheme.

Proof. Each Ny is a pro-scheme: indeed, writing Nj ~ lim, N /N", the conclusion follows
immediately. [

Example: G = GLy

When G = GL,, we obtain that N((t)) ~ A!((¢)) is an ind-pro-scheme. Slightly more
generally, A := A"((t)) is an ind-pro-scheme for any n € N. Indeed, setting A; := ¢~ - A™[[¢]]
we can present A as an ind-scheme:

A ~ colim; A,;.

Furthermore, each A; is a pro-scheme with presentation, say, A; ~ lim; A; ;, where A;; :=
A, /t?. This combines to

A ~ colim; A; ~ colim; (lim; A; ;) .
Inclusions and projections fit into an N x N-family of Cartesian diagrams:
Ay ———Aip1

Ai,j—l(—L>Ai+17j_1. (243)
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By construction, ®*(A) is expressed as

D*(A) ~ colim D*(A4;) =~ colim lim D*(4, ;). (2.4.4)

iGN,i* Lyls 5T

Recall that ©*(A) is monoidal under convolution product. This structure comes from
the analogous structure for each ©*(A;), together with the fact that ¢, is monoidal.

We record the following facts, which repeat verbatim the analogous results for G:

Lemma 2.4.7.

D*(N) ~ lim D(N/N") ~ colimD(N/N")  and D'(N) ~ colim D(N/N").

Lemma 2.4.8. Group multiplication endows ©*(N) and D*(Ny) with compatible convolution
monoidal structures.

The compatibility between the monoidal structures of ©*(INy) and ©*(IN) is expressed
by the fact that i, : ®*(INy) — ©*(IN) is monoidal, which in turn follows from the canonical
isomorphism ¢ o mn, ~ my o i.

Lemma 2.4.9. To any trivialization {dy}, of the dimension torsor of N there corresponds
an equivalence D*(N) ~ D'(N).
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Chapter 3

Loop group actions on categories

In this Section we discuss actions of loop groups on categories. By definition, € € DGCat
is acted on by G if it is endowed with an action of the monoidal category (D*(G), m.) (see
Lemma . The totality of categories with G action forms an oco-category, denoted by
G -rep. The Hopf monoidal structure of ®*(G) ensures that G - rep is monoidal: we provide
the relevant constructions in the Sect. 3.1l

In the next subsections, we discuss invariant and coinvariants, especially for unipotent
group schemes. For such groups, we show that the invariant and the coinvariant categories
are naturally equivalent. This will be of fundamental importance for the study of Whittaker
categories and for the proof of our main theorem.

3.1 Hopf algebras and Hopf monoidal categories

Given a symmetric monoidal oco-category €%, the oo-category Coalg(C®) of its coalge-
bra objects inherits a symmetric monoidal structure, compatible with the forgetful functor
Coalg(C®) — €. A Hopf algebra in C is, by definition, an object in Alg(Coalg(C)). It easy
to check that we can switch “Alg” with “Coalg”, so that

HopfAlg(C€) := Alg(Coalg(C)) ~ Coalg(Alg(C)). (3.1.1)

Consequently, the subcategory HopfAlg(@)®alizable C HopfAlg(€) spanned by Hopf algebras
in € that are dualizable as objects of C is closed under duality.

If @ = Vect", we recover ordinary bialgebras: to get to ordinary Hopf algebras, one needs
to specify an antipode map. Since the latter concept will not be needed in this paper, we
have omitted it from the definition of Hopf category. However, the antipode is evident in
any example considered.

For € = DGCat, we obtain the concept of Hopf monoidal category (or just Hopf category,
for short): in other words, H € DGCat is Hopf if it is both comonoidal and monoidal, in a
compatible manner.
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Any group object (G, m) in € = Set (or Sch, IndSch, IndSch*™ etc.) in a Hopf algebra in
C, with multiplication being m and comultiplication being A : G — G xG. The compatibility
between the two sctructures follows at once from commutativity of the diagram

AXA

G x G GxGxGExd
a A G x G, (3.1.2)

which shows that m is a morphism of coalgebras (or that A is a morphism of algebras).

The only example of Hopf category we shall consider is the following. For a group ind-
pro-scheme G, we claim that 5 = ©'(G) can be naturally endowed with the structure of a
Hopf category.

Recall that ®' on ind-pro-schemes is symmetric monoidal and contravariant, and that
any such functor maps algebras to coalgebras and viceversa. Hence, by , DY(Q) is
indeed Hopf, with comultiplication induced by m' and multiplication by A"

Remark 3.1.1. The mentioned antipode H{ — H in this case is pull-back along the inversion
automorphism inv : G — G.

The coalgebra structure on a Hopf category JH allows to form the oo-category
H - comod := Comody (DGCat) of comodules categories for H. The rest of the structure
of a Hopf category endows H-comod with a monoidal structure compatible with the
tensor product of the underlying DG categories: informally, given €, € € H - comod, their
product € ® € has the following H-comodule structure

O g Bt 0 0 e 0 40 @ H UG (@@ &) @ K.

Hence, we can consider algebra objects in H - comod, that is, monoidal categories with a
compatible coaction of H.

Let H be a Hopf category, which is dualizable as a plain category. Then, as pointed out
before, HY (the dual of 3 as a plain category) is naturally a Hopf category. Given an object
B € Alg(HY - comod), we shall form another monoidal category H x B, called the crossed
product algebra of H and B.

Consider the oco-category B-mod(H" - comod). There is an adjuction

DGCat = B-mod(H" - comod),

the left adjoint being the composition of the free functors and the right adjoint being the
forgetful functor. Both functors are continuous and the right adjoint is conservative. Thus,
B-mod(H" - comod) concides with the category of modules for a monad whose underlying
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functor is € — B®(H")Y®C. The monad structure endows B®H with an algebra structure:
the resulting monoidal category is by definition H x B.

Example

Given an ind-pro group G, consider the Hopf category H = ©*(G). Let X an ind-pro-
scheme acted upon by G. We claim that B = ®'(X), equipped with the point-wise tensor
product, belongs to Alg(H" - comod). In fact, the datum of the action § x X 24X yields
the coaction of H" on ©'(X), and the required compatibility arises from the commutative
diagram

9 % X act X
ASXAxl AX
GxGx X x X2 X xX. (3.1.3)

Thus, we have a well-defined category ®*(G) x ®'(X). This example will be crucial in the
sequel.

3.2 Invariant and coinvariant categories

Let € be an arbitrary (co-complete DG) category equipped with a (strong) action of G,
by which we mean that € is a left module category for (9*(G),*). Equivalently, the same
datum can be encoded by a coaction of the comonoidal category (D'(G), m') on €. In fact,

this is the following general result in category theory:

Lemma 3.2.1. Let C® be a symmetric monoidal co-category, and A € C an algebra object,
with dual AV (automatically a coalgebra object). Then A-mod(€C) ~ AY -comod(C).

The previous section shows that G -rep is monoidal: in terms of the coaction, for C, € €
G -rep, the coaction of D'(G) on € ® & given by

¢ ® e — Ag(coact(c) X coact(e)). (3.2.1)

The universal example of a category with a G-action is the regular representation: i.e.,
©*(G), considered as a module over itself. In analogy with this, we sometimes denote the
action map D*(G) ® € — € by the convolution symbol, *.

The trivial representation is Vect, the category of complexes of C-vector spaces, endowed
with the G-action specified by the monoidal functor I'yg : ©*(G) — Vect. This is called
the trivial action of G on Vect. More generally, we say that a ©*(G)-module € is acted on
trivially by G if the action ©*(G) ® € — € is prescribed by M ® ¢ — T'qr(G, M) ® c.
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We define the coinvariant category:

Cg :=Vect ® C.
2*(G)

This is computed by the Bar resolution of the relative tensor product, i.e. the simplicial

category
L D(G) @D (G)®C == D*(G)® e —= ¢, (3.2.2)

where the maps are given by action, multiplication and trivial action, according to the usual
pattern. To show this, one uses the “free” resolution of Vect as a right ©*(G)-module and
invokes the fact that relative tensor product commutes with colimits in each variable.

We define the invariant category:
€S := Homg-(q)(Vect, €).

Again, using the free resolution of Vect as a left ©*(G)-module, €& can be computed by the
totalization of

¢ —= Hom(®*(GQ),€) == Hom(D*(G) ® 9*(G),C) ---
Moreover, as ©*(G) and D'(G) are in duality, the latter becomes

C—=92'(G)ve =D (G)D(G)xe ---. (3.2.3)

If € is a dualizable category, its dual €Y = Hom(C, Vect) inherits a right action of G,
described informally by

C'RD(G) = CY, ¢(—)@M — ¢(M*—).
With this structure,

Lemma 3.2.2. If C is dualizable, then (Cg)¥ ~ (C€V)C.

Proof. The dual of (3.2.2)) is the cosimplicial category ({3.2.3) for CY. O

The very same definitions apply to N: a strong action of N on € means a left action of
the monoidal category (D*(IN),x) on €. Moreover, in view of the extra property of N of
being a colimit of groups, the above action corresponds to a family of compatible actions of
(D*(Ny), *) on C.

It follows that

Cn =~ colim Cy;, ,
keN
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where the maps in the directed system

Vect ® C—=Vect ® C
D*(Ng) D*(Ng1)

are induced by the push-forward functors i, : ®*(Ny) — D*(Ng11).

Likewise,

CN ~ lim N«

keEN ’

the limit taken with respect to the forgetful maps
Homg*(Nk-H)(VeCt’ e) — Hom@*(Nk)(Vect, G)

See Proposition below for a more explicit description of the transition maps in both
cases.

3.3 Actions by pro-unipotent group schemes

The above formulas show that, in order to better understand N-actions on categories, one
should first discuss Nj-invariants and coinvariants. More generally, in this section we shall
discuss the action of a pro-unipotent group scheme H C G (e.g. H = Ny) on a category C.
To handle ©*(H), we choose at first the most naive presentation of H as a pro—scheme:ﬂ

H ~1lim Q", where Q" := H/(HNG").
The essential feature of this situation is that H is pseudo-contractible (see Sect. [2.1)): this
follows from the contractibility of the fibers of each projection m,_,,.
A reminder on notation: we indicate by p the map p : H — pt and we set d, = dim Q"

so that wor ~ kor[2d,].

We remind the reader that almost contractibility ensures that the sheaves ky and wy
can be computed “naively” in the realization of ®*(H) and ®'(H) as a limits:

ki ~ {er}r €limD(Q") ~D*(H)

Wi {er}T € lim D(Q") ~D'(H).

Ty T [2dT72d7-+1]

Consequently, the self-duality ng : ©'(H) — ©*(H) sends wy — kg.

We shall see later that convolution with the constant sheaf is a significant operation

(Lemma [3.3.4)). Here we prove:

Tn Sect. and also in the next lemma, we will need a more clever choice of the quotients Q.
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Lemma 3.3.1. For any M € ©*(H), we have
]{JH*M ~ FdR(H7 M) X ICH

Proof. Let us first recall the computation in the finite dimensional case. To prove the
formula, one introduces the automorphism & : H x H — H x H that sends (x,y) — (zy,y)
and computes

ki M 22 ma(py(M)[=2dp] = (p1):&€ (p2) (M)[~2dp] = Tar(M) @ k.

In the pro-case, we repeat the same computation at each level r. For this to work, we need to
alter the presentation of H to make sure that H/H" are groups for each r. This can always
be achieved, by pro-unipotence of H (see Sect. |3.4)).

Thus, for arbitrary M = {M"}, € ©*(H), we obtain
kH * M ~ {er * MT}T ~ {FdR(QT, Mr) & er}T.
Since T'4r(Q", M") ~ Tqr(H, M) is independent of r, the desired formula follows. ]

The invariant category C¥ for H,

€ := Homg- () (Vect, C) ~ Tot(C —= D'(H)®C =% D'(H)®D'(H)®C ---),
comes equipped with a tautological forgetful functor oblv® : @7 — €. By its very nature,
oblv# is conservative. It admits a right adjoint, called the x-averaging functor, Av? : ¢ — .
We shall prove later that Av¥ is continuous. A left adjoint to oblv? is only partially defined:
when it is so, we denote it by Av/’.

As explained before for G and N, the geometric realization of the simplicial category
. @*(H)@@*(H)@G — 33*([‘])@8 p—— G (3.3.1)
computes the coinvariant category Cg. The latter comes equipped with a tautological functor

pr: € — Cpg, which admits a right adjoint i, discontinuous in general.

Remark 3.3.2. Cx can also be computed as the limit of the cosimplicial category obtained
from ([3.3.1]) by substituting all the arrows with their (possibly non-continuous) right adjoints.
It follows that i is conservative.

Recall that g, the duality pairing between ®'(H) and ©*(H), is the functor

*!
e D (H) @ D'(H) — Vect, M@ M’ Tag(H; M @ M').

By construction, the action of ®*(H) on C is related to the coaction coact : € — D'(H) ® @
as follows y
act: D (H) ® € <12°% o (H) @ D'(H) @ € =% €. (3.3.2)
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Lemma 3.3.3. The functor kg x — : C — € of convolution with the constant sheaf is
canonically isomorphic to
kg x — ~ pl™ o coact. (3.3.3)

Proof. Indeed, by the construction of the duality pairing,

*!

ke * ¢ ~ p, (kg @ coact(c)) ~ pi*" (ny' (ki) ® coact(c))

and ng(wy) ~ k. O

We now express the x-averaging operation in terms of convolution:

Lemma 3.3.4. The composition oblv o Av? coincides with the functor kg x — : C — C.
Consequently, Avf 1S COntinuous.

Proof. First, we show that (p')® : ®'(H) — Vect coincides with the composition
(P ~pren Y (H) 2 D*(H) 25 Vect . (3.3.4)
This amounts to an easy verification:
Homg gy (wir, M) ~ Home- () (K, N (M) ~ Tar(H,nu(M)).

Next, it is routine to check that the Beck-Chevalley condition holds for the cosimplicial
complex

C=—= 9D (H)oweC ==

thus implying

oblv o Av ~ (p") o coact. (3.3.5)
Thanks to this, the first assertion follows from Lemma Continuity of AvY is now
obvious, as oblv? is conservative and ky * — is continuous. O

Corollary 3.3.5. The functor oblv is fully faithful.

Proof. Since oblv? is always conservative, it suffices to prove that oblvHoAvfo oblv ~ oblv,

as functors C# — €. Using (3.3.4) and (3.3.5)), we get
oblv” o Av o oblv? ~ (p")f o coact o oblv ~ (p")f o p' o oblv? ~ Tyr(H, ky) @ oblv’,
and the conclusion follows by the contractibility of H. O

In view of the above corollary, we regard C¥ as a subcategory of € and Av? as an endofunctor
of C.
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Remark 3.3.6. If H C K are pro-unipotent group schemes, the embedding oblv® : €K — @
factors through oblv* : @7 < €. We denote by oblV* ™ (or oblv® or oblv when the
context is clear), the resulting inclusion €% < €. This functor always admits a right
adjoint, AV~ or just Av" when no confusion is likely to occur. By contractibility, the

composition oblv™ o Av™ is given by convolution with k.

Let us deduce two properties of the l-averaging functor Av/”.

Lemma 3.3.7. The functor oblv’ o Av!H 15 canonically isomorphic to py o coact, whenever
the latter is defined.

H.

* °

Proof. Tt suffices to check that the right adjoint to p; o coact is isomorphic to oblv? o Av

(py o coact)” ~ coact® o p' ~ (p')f o coact,

and the claim follows from (3.3.5)). The last isomorphism in the above formula is a con-
sequence of the fact that p' and coact can be treated symmetrically: indeed, there is an
automorphism of ®'(H) ® € that switches them. O

Corollary 3.3.8. If H is finite dimensional with dim H = d, then there is a natural trans-
formation
Av — Av[2d]. (3.3.6)

Proof. We showed that Avi’ ~ p, o coact. Under the assumption, AvY ~ pr*® o coact ~

p«ocoact[—2d]. The sought-after map is then induced by the canonical arrow p; — p., where
p: H — pt. O

3.4 Smooth generation

We now discuss a special features of module categories for (D*(H),x), called smooth
generation. Namely, if C is acted upon by H, then any object of ¢ is generated by a sequence
of objects each of which is invariant for a high congruence subgroup. More precisely, € is
the colimit of its subcategories C#", under the relative forgetful maps.

Notice that we can choose a sequence of normal subgroups of H, shrinking to the identity
element. Let {H"}, be such a sequence, where the tilde indicates that H" is in general
different from H" (but commensurable to it). The quotients are now themselves groups:
@T = H/ H". In this subsection we drop the tilde from the notation: we warn the reader
that this notation clashes with the one in the previous section.

Lemma 3.4.1. For any c € C, there is an equivalence

c~ col>i{n (oblvHT o AV*HT(C)>.
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Proof. Consider the delta ®*-module ¢, y at 1 € H, the monoidal unit of the convolution
on ©*(H). By (2.1.3)), 01 » can be written as the colimit

51,H ~ colim (7Too_>7«)*<(51’Qr),
r>1

so that
¢~ O g *ens col>i%n ((Wooﬁr)*((SLQr) * c).
/r_

In view of Lemma [3.3.4] it suffices to prove that (me—r)*(01,qr) =~ kg, for any r > 1.
To show this, we reconvert the expression (7, )*(d1,¢r) into an object of lim, ®(Q") by
means of the functor (2.1.4). By almost contractibility we obtain

(ﬂ-oo—)r)*(éLQr) L—CL% (WS_W)*((SI’QT)}SZT’

and, by base-change,

(7roo—>r)*(51,QT) ~ {k’ﬁb(Qs*)Qr)}szr. (341)
Here, fib(Q®* — Q") is the fiber of the projection Q* — Q" over 1 € Q", which is of course
H"/H?. Thus, (3.4.1) coincides with kg-, by the very construction of the latter. ]

Corollary 3.4.2. If C is acted on by H, then C is automatically smoothly generated, i.e.

€ ~ colim C"", (3.4.2)

r>1

the colimit being taken along the relative forgetful functors oblv™ : GH" — CH™™"

Proof. The collection of functors oblv?" : @" — € yields a functor « : col>ilm CH" — @, which

is essentially surjective by the above lemma. It remains to prove that a is fully faithful. Let
us write

colim C7" ~ lim e,

r>1,0blv TZl,Aviel
and denote by ins, and ev, the structure functors, as usual. Then, « o ins, ~ oblv#" by
definition, so that § := ot satisfies the relation ev, o 8 = Av’". In other words, § consists
of the inverse family of functors Av" : @ — CH". To conclude, it suffices to prove that
Bo a~id. For c € 7" we have

Boalins.(c)) = {AVE () }osp = {0bIV T75(€) }onp col>iminss(ob|vr_>sc) = ins,(c).
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3.5 Harish-Chandra bimodules and the adjoint repre-
sentation

In this section we deal with groups of finite type and discuss the relation between weak
and strong invariants in detail.

Let G be an affine algebraic group of finite type (as always, defined over C). We freely
use the notion of “de Rham” functor, as developed in [GRO]. Specifically, there is a group
prestack Ggr such that ©(G) := QCoh(Ggr). This is the realization of ®-modules as left
crystals.

From this point of view, it is clear that QCoh(G) acts on ©(G) via the monoidal functor
ind : QCoh(G) — D(G), left adjoint to the forgetful functor oblv, : ®(G) — QCoh(G).

Recall that the action of G on a scheme X of finite type induces a weak (resp., strong)
action of G on QCoh(X) (resp., ©(X)). Slighly more general is the following important
example.

Let G denote the formal group of G at 1 € G. By definition,
G = {1} xg,, G.

Note that Ggg ~ G/@, so that BG ~ Gar/G. Thus, as a prestack, BG carries an action of
(G4r, induced by the multiplication of Ggg:

GdR X Bé ~ GdR X GdR/G l) GdR/G ~ Ba (351)

Remark 3.5.1. We claim that this is a familiar structure. Let g-mod is the category of
representations of the Lie algebra of G. There is an equivalence QCoh(BG) ~ g-mod, under
which the strong G-action just described corresponds to the adjoint action of G on g. This
follows from the equivalence between Lie algebras and formal groups, which holds over a field
of characteristic zero. The correspondence associates to a Lie algebra g the formal group

~

Spf(U(g)Y) and it is well-known that U(g) and O(G) are dual Hopf algebras.

We will not use any Lie algebra theory in the present paper, and by the symbol “g-mod”
we understand the category QCoh(BG). Formula 1) implies that G acts strongly on
g-mod. It will be shown later that

(g-mod)®* = Rep(GY),

while (g-mod)“* is the Harish-Chandra category to be studied in detail in the next para-
graphs.

We digress briefly to discuss actions by normal subgroups. Let ¢ : K < G be a normal
subgroup. The category ©(K) acts on ©(G), as the functor i, : D(K) — D(G) is monoidal.
We prove that G-invariants can be taken in two steps: K-invariants first and then G/K-
invariants.
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Lemma 3.5.2. Let C be a category with a strong action of G. The quotient group G/K acts
on CX and Cx. Furthermore,

% = (€)™ and € = (Cx)gx -
The statement holds verbatim for weak actions and weak (co)invariants.

Proof. For coinvariants, we have

Cx = Vect ® €~ <Vect ® @(G)) ® C.
D(K) D(K) 2(G)

The expression in parenthesis is by definition the category of K-coinvariants of ®(G), which
is ©(G/K) by descent. This makes it clear that G/K acts on Cx. Moreover,

(Cx)g/x = Vect ® Cx=Vect @ D(G/K) @ €= Vect ® €C=:Cg.
9(G/K) D(G/K) 2(G) 2(@)

The argument for invariants is completely analogous. O]

As the quotient G/ G~ Ggr is a group prestack, the above reasoning can be applied to
the group morphism G — G, yielding the following result:

Lemma 3.5.3. If C admits a weak action of G, then CC carries a strong action of G and

O~ (COME and Cau ~ (Cg, )G

12

We now explain how to recover strong invariants from weak invariants. (Ultimately,
we shall use this to prove that the *-averaging functor induces an equivalence Cpx ~ G,
whenever H is a pro-unipotent pro-group.)

We need a preliminary lemma. Recall that g-mod ~ QCoh(B@) admits a strong action
of G.
Lemma 3.5.4. If C is a category with a strong action of G, then

e ~ Homg (¢ (g-mod, C) and Cg,. ~ g-mod ® C.

2(G)

eG’,w

Proof. The defining formula := Homgqcon(a)(Vect, €) becomes, by adjunction,

CEW ~ HOIIl@(G) <V€Ct ®QCoh(G)©(G)7 G) .

Using the same logic, the formula for coinvariants becomes

Cow:=Vect ® Cx~Vect ® DG) ® C.
QCoh(G) QCoh(G) 2(G)
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In both cases, it remains to show that

Vect ® D(G) ~ g-mod.
QCoh(G)

Since

Vect ® D(G)=D(G)%" ~ QCoh(Gqr/G) ~ QCoh(BG),
QCoh(@)

this is clear. O

Consequently, if € admits a strong action of GG, its weak invariant and coinvariant cate-
gories €% and Cg,, both retain an action of the monoidal category

HC := Homg¢)(g-mod, g-mod),

where the monoidal structure is given by composition. This is called the category of Harish-
Chandra bimodules. By the above,

HC ~ Homqeon(a)(Vect, g-mod) ~ (g-mod)“*.
Here is yet another description:

Lemma 3.5.5. There is a natural monoidal equivalence
(QCoh(G\GdR/G),*> ~ (HC, o).

The next result shows that HC is a rigid monoidal category ([G0]). In particular, HC is
self-dual and a module category over it is dualizable in HC-mod if and only if it is dualizable
as a plain category.

Proposition 3.5.6. The monoidal category HC is compactly generated by objects that are
left and right dualizable.

Proof. Let q: G — Gg4gr be the quotient map. It induces a map, denoted again by q,

Using this description, it is easy to see that q. : Rep(G) — HC is monoidal. As any compact
object in Rep(G) is (both left and right) dualizable, it suffices to prove that the right adjoint
to g, is continuous and conservative. 0

We shall prove the following result:
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Theorem 3.5.7. For any affine algebraic group G over a field of characteristic 0, the functor
of weak invariants inv® : € ~ C&¥ induces an equivalence

HC-mod +— (D(G), *)-mod.

Before explaining the proof, let us notice that the weak (co)invariant category of any
(QCoh(G), x)-module admits an action of Vect ®qcon() Vect ~ Rep(G). Thus, there is an
adjunction

rec: (Rep(G), ®)-mod = (QCoh(G), x)-mod : inv®, (3.5.2)
where inv® is the functor of weak G-invariants and rec, the “reconstruction” functor, sends
€ to Vect @pep()€. It is a theorem, due to Gaitsgory (announced in [AG] and proven in
[G7]), that these adjoint functors are mutually inverse equivalences of categories. Our proof

of Theorem is a formal consequence of this.
Proof of Theorem[3.5.7. Recall the adjunction

ind := D(G) ®qcon(c) — : QCoh(G)-mod = D(G)-mod : oblv™™™. (3.5.3)
Combined with (3.5.2)), it yields an adjunction
F: Rep(G)-mod = D(G)-mod : inv"”, (3.5.4)

where

F()=indorec~®(G) ® Vect ® €~gmod ®@ E&.
QCoh(G) Rep(G) Rep(G)

Note that oblv®™ is continuous and conservative: in fact, the absolute forgetful functor
oblv : ©®(G)-mod — DGCat is conservative. Furthermore, the functor inv® in (3.5.2)),
being an equivalence, is continuous and conservative as well. Thus, we apply the Barr-Beck
theorem to the adjunction (3.5.4): inv* provides an equivalence between ©(G)-mod and
the category of modules for the monad

E— (g—mod ®Rep(G) 8)G’w

in Rep(G)-mod. It remains to compute this monad:

(gomod ® &)%Y =Vect! ® gmod ® E~HC ® €.
Rep(G) QCoh(G) Rep(G) Rep(G)

We have denoted by HC the category HC, considered as a (Rep(G))-bimodule.  In
summary, inv" gives an equivalence between ®(G)-mod and HC-mod(Rep(G)-mod).
Another straightforward application of Barr-Beck yields a canonical equivalence

I-/I\C—mod(Rep(G)—mod) ~ HC-mod, concluding the proof. ]
As an immediate corollary, here is the relation between strong and weak (co)invariants:

Corollary 3.5.8. If C is equipped with a strong action of G, we can compute its strong
wmvariants as follows:

C%* ~ Hompuc(Rep(G), C%™) and Cgs ~ Rep(G) ® Cou.
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3.6 Equivalence between invariants and coinvariants
for group schemes

We are now ready to prove the following important result.

Theorem 3.6.1. For a pro-unipotent group H and a category C € ©*(H)-mod, the coin-
variant and invariant categories Cgx and CH are equivalent. In particular, the operation
C ~ CH commutes with colimits and tensor products by categories.

Proof. Let H be finite dimensional first. Recall the equivalence between
(QCoh(H),*)-mod =~ Rep(H)-mod. Since Rep(H) is a rigid monoidal category,

we deduce an equivalence

CHY = VectY ® C~Vect ® C= CHw
Rep(H) Rep(H)

between weak invariants and weak coinvariants. From this, we infer the same result for
strong invariants. Since HC is a rigid monoidal category and Rep(H) is self-dual as a plain
category, we obtain from Corollary that

CH ~ Rep(H)Y Q CHv ~ Rep(H) ® CHv ~ Rep(H) Q Chw = Ch. (3.6.1)

This proves the assertion for H finite dimensional.

To extend the result to H being a pro-scheme, we resort to the smooth generation of C:
let {H"}, be a sequence of normal subgroups shrinking to the identity element; by ,
we have
Cy ~ C(Bl>i{n(€Hr)H.

As the action of H on " factors through H — H/H", we further obtain

Cy ~ cglzi{n((er)H/Hr ~ cglzi{n (@™ H/HT

where the second equivalence follows from finite dimensionality of H/H", invoking ([3.6.1)).
Lastly, (Cf")A/H" ~ @H which concludes the proof. O

Next, we single out a naturally defined functor S : Gz — @ realizing the above equiva-
lence: this is induced by

Vect ®C — €, VRcr— V@ (kg *c).

That S descends to a functor Vect ® € — € follows from the canonical equivalence
D*(H)

kH*(M*C)QFdR<H,M)®/{ZH*C, for any MEQ*(H)7 ceC.

proven above. Moreover, S lands in €7, as ky x — ~ oblv? o Av.
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Proposition 3.6.2. The above functor S is an equivalence.

Proof. Any ©*(H)-module is, via the Bar resolution, a colimit of categories of the form
D*(H)®¢&, where & is endowed with the trivial action of H. Thus, in view of Theorem [3.6.1]
it suffices to prove that S is an equivalence when € = ©*(H) is the regular representation.

In this case, Cx and C¥ are both equivalent to Vect. More precisely, for coinvariants, the
canonical equivalence Vect ~ Vect ®p«(5)C =: Cg is obtained from the functor

a:Vect — Vect ® €, a:Vi=»V®d.
o+ (H)

For invariants, the equivalence Vect ~ Homg«(g)(Vect, €) =: €¥ is induced by the map
B : Vect — Homap+(g)(Vect, C), B:V i (C—V @ ky).

Under « and S, the functor S goes over to the identity Vect — Vect. [
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Chapter 4

Whittaker actions

We focus now on categories with an action of N and study their (co)invariants in terms
of the invariants for the sequence of N;. After this, we introduce an additive character y of
N and study N-(co)invariants of € against y. The resulting categories are by definition the
Whittaker categories of C.

4.1 Invariants and coinvariants with respect to N((t))

Let 4j : N, — Ny the inclusion.
Proposition 4.1.1. There are natural equivalences

CN:= lim CN* and Cn := colim CN*.
obly™! AvTel

Proof. Let us treat coinvariants first. As the functor (ig). : (D*(Ng),*) = (D*(Ngy1),*) is
monoidal, the equivalence ®*(N) = colim;, ©*(Ny) is an equivalence of monoidal categories.
Hence, we can commute the colimit under the tensor product:

Cn = Vect ® €~ Vect ® €~ colim (Vect ® G) ~ colim Cy;, .
D(N) c}(c)liim@(Nk) kix D(Ny) Eix

Next, identifying Cn, with €N* via Proposition [3.6.2) the map induced by i, goes over to

Av™ . @Nk — @Nk+1 the right adjoint to the inclusion oblv'® : @Nk+1 — @Nk_ Indeed, this
follows from the commutativity of the diagram:
Av*Nk
D*(Ny) ® C C———— M
li* id lAV:el
Avljk+1

D*(Njp) ® € e — M N, (4.1.1)
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The computation of N-invariants is easier: CN is the limit of CN*, along the transition
maps CNk+1 — CNk induced by i' : ®'(Nji1) — D'(Ny). The relevant diagram

! oblvNE
]i! id ob|vrel
9!(Nk+1) ® C C W CNkt1 (4.1.2)

is commutative (the assertion for the left square follows by duality from commutativity of
the left square of (4.1.1))). This identifies CNt+1 — CNk as oblv™. O

4.2 Whittaker invariants and coinvariants

To introduce the main mathematical objects of this paper, the Whittaker invariant and
coinvariant categories of an object of N - rep, we need to first discuss N-actions on the trivial
category Vect.

Strong actions on Vect

As mentioned before, a strong action of N on Vect is given by a monoidal functor
D*(N) — Vect. Equivalently, by a comonoidal functor Vect — ®'(IN). Such functors
correspond precisely to character ®'-modules, i.e. ®'-modules F with an isomorphism

m'(F) ~ FRF,

satisfying the natural compatibility conditions. For such F, the action map ©*(N) ® Vect —
Vect is given by
MV M sV i=en(MRF)QV,

where, as before, e is the duality pairing between D*(N) and ©'(N) := D*(N)V.
Consider the exponential (right) ©-module exzp on G, = A' = Spec(k[z]):

Dt

i (4.2.1)

exp =

We point out that exp is a substitute of the Artin-Schreier sheaf in characteristic zero. It is
a character ®-module,
m'exp ~ exp X exp, (4.2.2)

and the prototype of all the character ®-modules we shall consider. In fact,

Lemma 4.2.1. Let G be an ind-pro-scheme (in our case § = N) equipped with an additive
character: x : G — G,. Then x'(exp) € D'(G) is a character ®'-module.
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Proof. This follows from the equality m o (y X x) = x o m. ]

We write Vect, to emphasize that Vect is being considered as a category with the D'(N)-
coaction corresponding to x'exp.

If N acts on €, we have an action of N on C® Vect,: by (3.2.1), this is simply determined
in terms of the coaction of ®'(N) on € by the assignment

C—D'(N)®C, ¢+ x'(exp) ® coact(c),
where we have identified € ~ € ® Vect,. Dually, the action of ©*(IN) on € ® Vect, consists
of the composition of the “old” action of ®*(N) on € with the monoidal automorphism

D*(N) = D*(N), M — x'(exp) ® M,

I
where ® denotes the action of ®'(N) on D*(N).

We define the Whittaker invariant and Whittaker coinvariant categories of € respectively
as
CNX = Homg- () (Vect, Vect, ®C) and Cn, := Vect ® (€® Vect,y).
2*(N)

Lemma 4.2.2. Alternatively,

CNX = Homg:(n(Vect_y, C) and Cny := Vect_, ® C.
2*(N)

Proof. The automorphism of ®'(N) sending M +— M ® (—x)'(exp) converts the original
definitions into the ones of the lemma. O

We also define
CNeX .= @NIX .= (@ ® Vect,)* and Cn,, = (C® Vecty )y, -
In view of the above Proposition [4.1.1], we have:

CNX .= lim N#X  and Cn,y := colim CNwX,
oblv ’ Av.

We set
XN, = Uk(Xk(el'p)) S 9*(Nk>7

where Yy, is the restriction of y to Ny, and 1, : ®'(Ny) — ©*(N;,) is the usual self-duality.
The right adjoint to the inclusion oblv™* : @NkX < @ is denoted AvI*X,
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Lemma 4.2.3. The functor obv™s o AvN®X in given by convolution with XN -

Proof. Let coact, be the coaction € ® Vect, — D'(N},) ® €® Vect,: under the identification
€ ® Vect, ~ €, it is simply given by x},exrp & coact.

Now, convolution with yn, is given by p. o nix(xLexp ® coact(—)) = p. o 1 o coact,; on
the other hand, base-change yields

!
oblv™* o AVNEX ~ (phYE o coact,,

concluding the proof in view of ([3.3.4)). O

The two conjectures that follow have been proposed by Gaitsgory. First,
Conjecture 4.2.4. For any € with an action of G, there is an equivalence CNX ~ Cn .

This conjecture can be refined. Indeed, there is always a natural functor (or rather, a
Z-family of such) mapping Cx, — CNX. Such functor depends on the choice of a sequence
of integers {d;}; such that d, — dj, = dim(N,/Ny) for any ¢ > k. We need the following fact:

Lemma 4.2.5. For any { > k, there is a canonical morphism of sheaves

XN, — XN, [2(de — dy)]. (4.2.3)
Furthermore, this system of maps is transitive in a natural way.

Proof. Let i : N, — Ny be the closed embedding given by the inclusion. It suffices to find a
natural map

i (XNg) = XN, [2(de — dy)]

of ®*-modules on N,. Under n[l, such map corresponds to

1" xi.(exp) — xiy(exp)[2(de — dy)],
where i7" : ©'(Ny) — D'(N,) is the functor 1, " o, o nx. Since the LHS is isomorphic to

ire"i'xy(exp), it suffices to exhibit a natural map

i (M) — M[2(dy — dy))

for any arbitrary M € ©'(N,).

Let us represent N, as a pro-scheme by N, = lim, ", where each Q" = N;/N". The
induced presentation Ny = lim, P" is obtained by setting P = N;/N", so that the inclusion
1 corresponds to the inverse system of closed embeddings " : P" — @Q". We also set
¢, = dim )" and p, = dim P".
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Let M € ©'(Ny) correspond, in the realization of ®'(N;) as a limit, to the family
of sheaves M" € D(Q"). We wish to show that i'(M) can be computed value-wise. By
definition, the functor 4" is computed as the colimit of the directed system of functors (i")',
according to the leftmost diagram below. In the present case, however, such diagram is right
adjointable, which means that the rightmost diagram commutes as well.

@(PT+1) ! @(PT) @(Pr+1) T [=2(Pr41—Dr)] @(Pr>

(ir+1)!T (ir)!T (ir+1)!] (ir)!T

@(Qrﬂ) ! @(Qr) @(Qr—i—l) T [=2(gr+1—4r)] @(QT) (4.2.4)

This is a consequence of base-change, which holds thanks to P, ~ P, Xgr Q", combined
with the equality p,.1 — pr = @41 — ¢ This guarantees that i'(M) ~ {(i")'(M")},, as
wanted.

We then have

e (M) {z o (") (M")[2q, — Qp,,]}r ~ {M” ® z':(wpr)} 2(d, — dy)]-

T

Indeed ¢, — p, = dy — dj. for any r. For the above formula, the sought-after map is induced

by the canonical “trace” il (wpr) — wor.

The construction also shows that the composition
XNy = XN [2(de — di))] = X, [2(dm — do)][2(de — d)] (4.2.5)

is canonically isomorphic to x~, = XN, [2(dy — di)], for any m > € > k. ]

Equation (4.2.3) and Lemma [4.2.3] yield a natural transformation
AVNEX12d, ) — AVIYEX[24,).
Transitivity of such natural transformations, (4.2.5)), allows to form the functor:

T:€—=€ T(c)=colim (AVYEX(c)[2dy]). (4.2.6)

Notice that the image of T is contained in CNX, as the tail of the sequence is in CN#X for
any k € N.

Lemma 4.2.6. The above functor T : € — CNX descends to a functor (denoted by the same
name) T : Cn, — CNX,
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Proof. For any M € ©*(IN), we need to provide a natural equivalence between T(M x¢) and
en(M, (—x)'erp) ® T(c). It suffices to exhibit a natural equivalence

M*XNk = ENg (M7 (_XNk>!(e‘rp)) @ XNg»

for M € ©*(Ny) and any k € N. Let o : N> — N? be the automorphism (x,y) — (z, zy),
whose inverse is 7 := (id X m) o (A x id), where A : x + (z,z~!). It follows that o, and
(7hYrer == no 7' on7L, so that m, ~ (p2). o (7')™". Hence,

M % xn, =~ m. (M & n(x'ezp)) == (p2). ono (A x id)'(id x m)'(p™'M R y' ezp)

*!
~ () oo ("M @ (—x)'eap) B x'eap ) = T(M & (~x)'exp) & (' cap).
The conclusion is now evident, in view of the definition of the pairing € (see ([2.1.8])). O

Conjecture 4.2.7. Let C be a category with an action of G. For any choice of dj. as above,
T: Cny — CNX is an equivalence of categories.

We prove this conjecture for G = GL,, in Section [7], but first we need to study actions of
loop vector spaces. This is the subject of the next section.
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Chapter 5

Fourier transform and actions by loop
vector groups

If G = GLy, then N ~ A! is abelian, so that all the notions discussed above (group
actions, invariants, coinvariants, averaging functors...) can be understood via Fourier trans-
form. Slightly more generally, we consider the case of a vector group A" and its loop group
A := A™((t)), which is of course the main example of an ind-pro-vector space.

5.1 The Fourier transform on a finite dimensional vec-
tor space

We start by reviewing the well-known Fourier-Deligne transform in the finite dimensional
case, following, for the most part, [Lal.

Let V ~ A™ be a finite dimensional vector space, with dual VV. We indicate by m the
addition in V., V¥ or G, (depending on the context) and by @ : V x V¥V — G, the duality
pairing. Let p; and py be the projections from V' x VY to V and V'V, respectively.

Recall the ®-module exp on G, as in formula (4.2.1). The Fourier transform kernel is

exp® = Q'(exp) € D(V x VV).

Here are some (well-known) key features of this “integral kernel”.
Lemma 5.1.1. (p;).(exp®?) =~ &y v[2dy].

Proof. Tt is enough to show that the !-fibers of (p;).(exp®) at v € V are zero for v # 0 and
that (p1).(exp@)|, ~ C[2dy].
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In either case, the !-fiber of (pi).(exp®) at v € V is isomorphic to the cohomology
(VY exp?), where exp® := v'(exp) and v is thought of as a character of V. This cohomology
is known to be zero if v # 0. For v = 0, we compute

L(VY, exp’) ~T(VY, wyv) @ exp|, ~ C[2dy],
as claimed. O

Lemma 5.1.2. Let pi3, pag : V XV x VY — V x VV be the obvious projections. There is a
canonical isomorphism

!

p!13(ea:pQ) ®p!23(e:va) ~ (m X idyv) (ea:pQ). (5.1.1)

Proof. This follows from the commutative diagram

V y V « VVmXidV\/ V y VV
Q13X Q23 lQ
Gy X Gy — 2 G, (5.1.2)

together with (4.2.2]). O

The Fourier transform FT = FTy, is the functor
FT:D(V) = D(VY), M (p2)(pi(M) @ eap?).
We also define the inverse Fourier transform |IFT = IFTy, as
IFT:D(VY) = D(V), M (p1).(py(M) ® exp™?)[-2dy].
This name is justified by the following result:

Proposition 5.1.3. For any finite dimensional vector space V', the functors FTy and IFTy,
are mutually inverse equivalences of categories.

Proof. By symmetry, it suffices to prove a natural isomorphism IFToFT ~ idy,. Base-change
yields

IFT o FT(M) = (p1 © pis). (ph(ean™®) @ phy(eap?) @ phyp!, (M) ) [~2y].
A computation similar to the proof of (5.1.1)) further gives

IFT o FT(M) =~ (51). ((5 % idyv ) (ezp?) ® ﬁ;(M)) [—2dy],
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where £ : V XV — V sends (v,v') — (v —v) and p; : V X V x V¥ — V are the projections.
Rewriting p; = p; o p12 and Dy = py © P12, We obtain

IFToFT(M) ~ (pi)« ((p12)*(£ x idyv ) (exp?) ® p;(M)) [—2dy]

= (). (€ (). (ep®) @ ph(M) ) [2dy]. (5.13)

By Lemma we can simplify & (p1).(exp?) ~ A,(wy)[2dy], and the result follows by
the projection formula. m

Emphasizing the dependence on @), it is obvious that
FTY ~ IFT 9 [2dy].

Remark 5.1.4. The proof of Lemma shows that FTy(8,) =~ v'(exp). Here are two handy
consequences:
FTg,(61) ~ exp, FTg, (exp) ~ 0_41][2]. (5.1.4)

We now recall how the formalism of correspondences allows to handle base-change in the
setting of DG categories. Let Sch’* the ordinary category of schemes of finite type. We form
Sch/! | the 1-category whose objects are the same as Sch’* and whose morphisms are given

by correspondences:

Homg,: (S,T) = {S <~ H T H e s |.

corr

Such correspondences compose under fiber product. Clearly, Sch/! is symmetric monoidal

corr
via Cartesian product.

Theorem 5.1.5 ( [GR2]). The assignment S ~~ ©(S) upgrades to a symmetric monoidal
functor

D : Sch/t  — DGCat

which sends S <= H 25 T to the Junctor ©(S) LN D(T).

In particular, by restricting the domain of the above functor to the 1-category of finite
dimensional vector spaces (in schemes) and linear maps under correspondences, we obtain
the theory of ®-modules on vector spaces. To discuss the Fourier transform, we shall need
a mild generalization of this theory.

Let Corr’ := Vect/%:%* be the following 1-category: its objects are finite dimensional vector

spaces; given two such V, W the set of morphisms V' --» W consists of all diagrams of the
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form

G.
1
H B
o N
1% W,

(5.1.5)
where H is also a finite dimensional vector space and all maps are linear. For short, we
write (V <~ H ER W f) to indicate the morphism V' --+ W in (5.1.5). The composition of
(V<& H 2, W f) with (W < K 2 Z;g) is the correspondence

(V<—H><K—>Z;h>,
w

with h: H xyw K - H x K EAEN G.. It is straightforward to check that Vect/%%« is indeed

corr

a 1-category. The identity morphism V' --s V' is given by (V My 4y V;0).
Theorem 5.1.6. The assignment V ~~ D(V') upgrades to a symmetric monoidal functor

Dt Vect/4C« s DGCat

corr

which sends (V <~ H LR W f) to the functor

@ (V) ﬁ* (f(ea:p)@a(f))

Proof. The following argument is due to D. Gaitsgory and holds in greater generality. First
of all, for an algebraic group of finite type, Theorem holds in the G-equivariant setting,
namely ® upgrades to a symmetric monoidal functor

D¢ 1 (Sch:) o — D(G)-mod,

from the 1-category of G-schemes under correspondences to the oo-category G -rep. If fact,
more generally, Theorem [5.1.5| holds for simplicial schemes. Let Corrg denote the 1-category
of finite dimensional vector spaces with G-action, under correspondences.

Consider the following functor W : Corr’" — Corrg,: at the level of objects, it sends
V = V xG,, where G, acts freely on the second factor of V x G,. At the level of morphisms,
U sends

(VS HLW ) e (Vx G, ¢ Hx G, 2% W x Gy),

where o(v, ) = (a(v), f(v) + ). One can easily check that ¥ is indeed a functor.
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Let invC>“? : G,-rep — DGCat be the functor of (G,, exp)-invariants. Recall the
canonical equivalence

D(V) == invE (D(V x G,))

induced by the functor ®(V) — D(V x G,) sending M — M K exp. We now claim that,
under this equivalence, our functor D" is the composition

D~ invE P 0 D o .

Noticing that the above map o equals the composition (id x m)o (a x f x id) o (A x id), the
proof of the claim is routine. O

Tautologically, FTy is the value of D¢ on the following “arrow” (which we also call FT):

G,

d

FT v
V——-)VV . prvXva2
SN
v VY, (5.1.6)
Furthermore,
Proposition 5.1.7. FT is a monoidal equivalence between (D(V),*) and (D(VV), ®).

Proof. Recall that the convolution monoidal structure on © (V) arises from the algebra
structure on V' given by

Vx V- "y <V><V<iVxVﬂ>V;O)
and that the pointwise monoidal structure on @ (V") from the algebra structure
id

VO VY S VY (VY v S 1Y 2 v0).

We just need to prove that FT : V --s VV intertwines the two algebra structures, or

equivalently that the following diagram in Sch™® commutes:
VX V=-S5V Y
I I
m| [N
Vo T (5.1.7)

We leave it to the reader to check that both paths in the above diagram coincide with
(VxV&VxVxVV—>’"”dW Vv;f>,

where f:V xV x VY — G, sends (v, w, ¢) — Q(¢,w — v). O
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This result immediately implies a crucial fact for us. First, recall that an action of the
vector group V' on a category amounts to an action of the monoidal category (D(V'), *): thus
we have

FT:V-rep := (D(V),*)-mod — (D(V"), ®)-mod.
In other words,

Corollary 5.1.8. Fourier transform indentifies categorical representations of V' and crystals
of categories over V'V, that is, categories with an action of (D(VV),®).

The action of (D(VV),®) on € € V-rep is given by P ® ¢ +— IFT(P) x c.

Let us study the effect of Fourier transform on pushforwards and pullbacks along linear
maps.

Lemma 5.1.9. Given a linear map of finite dimensional vector spaces f: W — V and its
dual ¢ : V¥V — WYV, there exist natural equivalences of functors:

¢ oFTy ~FTyo f, (5.1.8)
FTyv 0 ¢'[—2dy] ~ f. o FTyv[—2dw]. (5.1.9)

Proof. We only prove the first formula, the second follows by applying the inverse Fourier
trasform. Consider the arrows

and
id

WSV = (W v v

It suffices to prove that the following diagram is commutative:

FT
VIV_ ___w__ =WV
|
.0)| | ($id)
Voo _Fvo M (5.1.10)

As in the proof above, it is routine to verify that both paths coincide with
(W<p—1W><va—2>Vv;h>,

where h = Qo (f xidyv) = Q o (idw X ¢). O

Our last computation in the finite dimensional case involves a character Y € VV. We
first need a small result:
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Corollary 5.1.10. FTy(x'(exp)) ~ d_, vv([2dy]. In particular, by putting x = 0, we obtain
FTv(kv) ~ (507vv.

Proof. By (5.1.9) and (5.1.4),

FTv (X' (e2p)) = (x"):FTe, (exp)[2dy — 2] = (x"): (6-1,6,[2]) [2dv — 2].
Since x" : G, — V'V is the linear map sending 1 to y, the conclusion follows. m

Proposition 5.1.11. Let i : W < V be the embedding of a vector subspace and x € V" a
character. Let X : W — Gy, be its restriction to W and xw = i, o X'exp € D(V). Then

FTv(xw)[—2dw] ~ w_y 4w,
where W= is the annihilator of W in VV.
Proof. Using and the corollary above, we have
FTv(xw) = ' (FTw(X'exp)) ~ FTw (X exp) =~ 6_xwv[2dw],

where m : VY — WV is the projection dual to i. Noting that the fiber of the projection
7w VYV — WY at {—X} is precisely —y + W+, we conclude

FTy(xw) = w_yyw [2dw],

as desired. ]

5.2 Fourier transform on a loop vector space

We now develop the notion of Fourier transform for the loop group A := A"((t)) of
the affine scheme A™, thought of as a vector group. More generally, we define the Fourier
transform functor of a vector space of ind-pro type and estabilish its properties, parallel to
the ones of the previous section.

Let 'V be a vector space of ind-pro-type, with presentation

V ~ colim V,, ~ colim (hm Vm> )

neN neN reR
Its dual, as a topological vector space, can be written as

VY =~ lim, (colim, Vn\fr) .
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Lemma 5.2.1. Suppose that, for each n — n' and r — ', the square

Vn,r’ Vn’,r’
Vi Vi r (5.2.1)

1s Cartesian. Then the natural map
colim, (lim, V,,,) — lim,, (colim, V,, )
18 an equivalence.

Proof. The assignment (n,r) — V,,, upgrades to a functor = : N x R°® — Sch. By Carte-
sianity of all the squares involved, the two expressions in the lemma are both equivalent to
the colimit of =, calculated in two ways (either first along columns and then along rows, or
viceversa). O

Let us refer to ind-pro vector spaces V satisfying the condition of Lemma as Carte-
sian ind-pro vector spaces. For intance, A := A"((t)) and AY are such. From the above
discussion, the 1-category of Cartesian ind-pro vector spaces admits duals.

We wish to extend the Fourier Transform equivalence to such vector spaces. This amounts

to a combination of a left and a right Kan extension. We start by considering F Ty, as a functor
of V:

Al
FT : Vect!d — (DGCatSymmMon’:) . (5.2.2)

Namely, at the level of objects, FT sends a finite dimensional vector space to the equiva-
lence of symmetric monoidal categories categories (D(V),x) — (D(VY),®). At the level of
morphisms, FT sends the linear map f : W — V to the natural transformation

FTw

D(W) D(WY)
‘| I
V) — VY, (5.2.3)

where ¢ = fV : VV — WV. That this defines a functor is the content of Lemma Note
that f, and ¢' are compatible with the symmetric monoidal structures.

We now define the functor

Al

FT : Vect”™ — <DGCatSymmM°“’2> . (5.2.4)
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by right Kan extension of along the inclusion Vect’® < Vect?®. By construction, the
new FT yields and equivalence of symmetric monoidal categories (D*(V),*) — (D(VV), ®),
by the very definition of ©* for pro-schemes. In fact, FTy (for a pro-scheme V') is built as a
limit of monoidal equivalences along symmetric monoidal functors.

To define FT at the level of ind-pro-schemes, we simply left Kan extend ([5.2.4) along
Vect?™ — Ind(Vect?™):

Al

FT : Ind(Vect?™) — (DGCatSymmMon’:> . (5.2.5)

As before, by construction and Lemma [5.2.1] for any Cartesian ind-pro vector space V, we

~

obtain a monoidal equivalence (D*(V),*) — (D' (VY), ®).

We now express the above functors in more explicit terms. Let Q : V x VY — G, be a
perfect pairing; we shall use the sheaf Q'(ezp) € ©'(V x VV) as the kernel. Pick a self-duality
equivalence 7y : ©'(V) — ©*(V): while this is not canonical, it determines preferred 7yv
and nyvxvv. We stipulate that if formula involves two or more 7 functors, these are chosen
coherently.

We claim that FTy, as defined above, is the functor
FTv D7 (V) =5 D(VY), M e ()2 (enp? @ 5} (g (M) ).
while the inverse Fourier transform IFT+ is
IFTy : ©'(VY) = D*(V), M v o (p1), (ea:p_Q ®p’2(M)).

Remark 5.2.2. The above claim implies that these functors are canonical, that is, independent
of the choice of ny. Also, IFTy, which involves the partially defined functor (p;); will be
shown to be well-defined, being the inverse of FTy. Note that FTy and IFTy extend their
finite dimensional analogs.

The proof of the claim is a tedious calculation, relying on a explicit formula for exp®
(provided below); the proof is left to the reader (in this paper, we will only use FTy with its
definition of left-right Kan extension). Nevertheless, we record:

Theorem 5.2.3. For any Cartesian vector space V of ind-pro type, the functors
FTyv : (D*(V),») = (D'(VY),®) : IFTy

are mutually inverse monoidal equivalences of categories.
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For completeness, we analyze how the “kernel” ezp® on V x VV looks like. Let Z, be
the pro vector space
T v
Z, = Ll{rvl Vi
so that
V x VY~ colim V,, X Z,,

m,(LxmY)

is a presentation of V x VV as an ind-scheme. It is straightforward to check that the
restriction of @ to V,,, X Z,,, which we denote by @,,, factors through the quotient

T X L,\; Vo X iy = Vi X er,m'

Unraveling the definitions, we obtain that exp® consists of the compatible family

Q'exp = {(Wm X Lrvn)!(Qinjm(exp))} €D (VxV)~ lim D(V, X Zy),

m,(ex7V)!

where Q. is the evaluation on V., x V,/ .

5.3 Invariants and coinvariants via Fourier transform

Let V be a Cartesian ind-pro vector space as in the above section. Suppose that V acts
on C; as usual, we indicate by x the action. We wish to express the invariant and coinvariant
categories €V and Cy in terms of the action of (D'(VV),®) on €, which is given by

D'(VHI®C =€, P®cr IFTy(P)*c. (5.3.1)

We begin by studying invariants and coinvariants for the action of a pro-finite dimensional
vector group V.

Lemma 5.3.1. Under Fourier transform,

Cy ~D(0) (® € and € ~ Homgpyv)(D(0),C)
D(VY)

where the action of D(VY) on Vect ~ D(0) is by pullback along the inclusion 0 < V.

Proof. Using the equivalence between ©*(V) and © (V") provided by ((5.2.4)), the categories
Cy and GV go over to

Cy~Vect ® €, €V~ Homgv)(Vect, €),
D(VV)
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where the action D(VY) ® € — € is as in (5.3.1) and the action of (D(V"),®) on Vect is
given by the monoidal functor

/}D(V\/) — Vect, P +— PdR(lFTv(P))

By the pro-finite version of Lemma discussed after (5.2.4), we obtain that
Car(IFTy (P)) =~ (ip)'(P). This proves both formulas. O

Remark 5.3.2. Note that Vect is self-dual as a module for © (V). Using this, the functor
oblv"" goes over to push-forward along the embedding 0 € V'V:

(ZO)* ~ (Zo) @(0) P (vv) C— @(V\/) P (vv) C~C.
By adjunction, Av! corresponds to the restriction
ti= (i ) C ~ @(V\/)@@Vv 6—>©<)®©VV)G.

Lemma 5.3.3. Let V' be a pro-vector space and x : 'V — G, a character. Under Fourier
transform, the action of D(VV) on Vect, corresponds to the restriction functor (i_)" :

D(VVY) — Vect.
Proof. As the action of ©*(V') on Vect corresponds to the monoidal functor
x|
a:D(V) = Vect, M p. (M ® x'(exp)),

it suffices to verify that the composition

IFT

DVY) — D*(V) =5 Vect, P p,(IFT(P) ® X' (exp))
(VY),

is equivalent to (i_,)'. By construction, given P = {P*}, € D(VV), we get

Ds (IFT(P) % X’(exp)) = Dy ({IFTVS(PS)}S é X’(ezp)).

Let V. be a quotient under which y factors. Equivalently, y, as a point of the ind-scheme V'V,
comes from the scheme V... Writing x'(ezp) = {(my-r)' (Xr) €2p}scn,,, we further obtain

p(FT(P) & () = pfIFTve(PY) @ (m) () e}

{00+ () (FTw (P) @ (e ean ) |

= {0 (FTvr(P) @ IF Ty (54,))

= { ) (FTy (P76, )) f = (PP aooy )l = Py

The latter is exactly the fiber of P at —y € V'V. H

12
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Combining the above results, we obtain:

Corollary 5.3.4. Under Fourier transform,

Cry ~ D(x) @(%)v) € and €"X =~ Hompuv)(D(x),€)
where the action of D(VY) on D(x) =~ Vect is by pullback along {x} — V. Under this
equivalence, the averaging functor AvYX goes over to the functor of restriction at x.

Proof. The pair of equivalences is an immediate consequence of Lemma [£.2.2] Lemma [5.3.1
and Lemma [5.3.3 O

Invariants with respect to a subspace

Consider again a category € with an action of A = A™((¢)) and let W C A a pro-finite
dimensional subspace. We wish to describe the procedure of taking (co)invariants of € with
respect to W via Fourier transform. Let p : AY — WY be the projection dual to W < A.
Let W+ C AV denote the annihilator of W. If W is infinite dimensional, then W+ is a
pro-scheme, too.

Proposition 5.3.5. Let x € AY be a character. Under Fourier transform,

Cun =D (W +{x}) @ € " Hompan) (D + (1)), €).

where D'(AY) acts on D' (WL + {x}) via !-pullback along the inclusion W+ + {x} C AV.

Proof. We can arrange that A = lim; colim; A; ; and W = lim; W; are presentations as an
ind-pro-scheme and pro-scheme respectively, such that the linear map W — A is induced
by the compatible family of inclusions W; < colim; A; ;.

By Corollary [5.3.4] we have

C ~ ® C.
W,x (X) DY)

!

However, € lives over A" and the action of ®(W") on € factors through (W) & D'(AY),
which lets us write

Chy ~D(x) ® CxD(y) ® D(AY) ® e,
D(WV) D(WV) D'(AY)

It remains to prove that

o) | ®, DAY ~D({x} + W)
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to show this, we note that {x} + W ~ {x} xwv A" and invoke the result of Lemma [2.2.4]
In more detail, we have the presentation

{x} xwv AY = colim; (x Xwy lim Al

of {x} xwv A as an indscheme, so that
D'({} xwv AY) = lim D'({x} xwy lim AY;)

lim <CD(X) ® D (llm Al ))

J (W)

1 (li AV
(v%v) ( 1jm© im ))

D(x) @(({%V)Q (A).

12

12

12

The proof of the formula about invariants is completely analogous and is left to the reader.
O
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Chapter 6

Categories fibering over quotient
stacks

Let X/G be a quotient stack, where X is a scheme of finite type and G a finite dimensional
affine algebraic group: a category over X/G (for us, always with connection) is an object
of ShvCat((X/G)ar). We shall discuss the relation between the averaging functor and the
functor of restriction to a subscheme of X. However, if X and G are of infinite type, the
notion of de Rham functor is not yet well understood. We propose an alternative definition,
inspired by the following result.

Proposition 6.0.6. With the notation above, recall that ©(X) acquires the structure of
algebra object in ©(G)-comod. There is an equivalence

ShvCat((X/G)qr) — D(G) x D(X)-mod.

Proof. By definition of ShvCat and the 1-affiness of G™ x X, the LHS is the totalization of
the cosimplicial co-category

D(X)-mod —= D(G x X)-mod —= D(G X G x X)-mod - -- .

A standard application of Barr-Beck-Lurie’s theorem shows that ShvCat((X/G)q4r) is equiv-
alent to the oo-category of comodules in (X )-mod for the comonad given by tensoring up
with ®(G x X) over ®(X). Obviously, this is equivalent to tensoring by ©(G). Hence,

ShvCat((X/G)ar) ~ D(G) - comod(D (X )-mod) ~ D(X)-mod(D(G) - comod).
The latter expression is precisely the definition of ®(G) x ©(X)-mod, given in Section 3] O

6.1 Quotients by pro-unipotent groups

Let us now move to the infinite dimensional setting. We only need the case of pro-
unipotent G.
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Let K be a pro-unipotent group and X an ind-pro-scheme endowed with an action of
K. In this situation, ©'(X) is algebra object in the oco-category ®'(G) - comod and we can
form the crossed product monoidal category D*(K) x ®'(X). We say that € € DGCat is
a category fibered over X/K if it is endowed with the structure of a module category for
D*(K) x ©(X). To reduce ambiguity in the notation, we indicate by M o ¢ the action of
M € D'(X) on ¢ € €, while the action of ®*(K) on € is the usual *.

The construction D*(K) x D'(X) entails the following compatibility between the actions
of K and ®'(X) on €: for each M and c as above, there is a canonical isomorphism

coacti (M o c) ~ act!KX(M) o coactg(c). (6.1.1)

To be precise, the symbol ¢ in the RHS means ® on the ®'(K)-factor and action of D(X)
on C. Let

07" 1= (ia)"(C) ~ mx' (0a).
be the renormalized delta ®'-module at z € X. If M = §7°", we obtain
coactg (07" o ¢) ~ act}gx(d;e") o coactg(c), (6.1.2)

a formula that will be particularly useful later.

We pause to give one important example of category over a quotient stack. Let K is a
pro-unipotent group scheme action on an ind-pro-vector space V. If K XV acts on a category
C, then

e C fibers over X := V"V, by Fourier transform;
e K acts on X via the dual action;
e K acts on € via the embedding K — K x V.
The proposition below makes it precise that these three pieces of data are compatible.
Proposition 6.1.1. With the above notation, Fourier transform induces an equivalence
ido-(x) @ FTy : D*(K x V) — D*(K) x D'(VY).

Proof. Tt suffices to notice that ®* preserves X, so that D*(K x V) ~ 9*(K) x ©*(V). O
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6.2 Interactions between (co)invariants and restric-
tions

Let us continue with the general treatment. We say that a map f : ¥ — X of pro-
schemes is ¢-closed if it can be represented as a limit of closed embeddings f" : Y" — X"
in Sch™. For instance, the embedding of a point into a pro-scheme of infinite dimension is
obviously g-closed, but not closed: in fact, it is not even proper. Analogously, we say that f

(AP

is g-proper if it arises as a limit of proper maps. The letter “q” stands for “quotient-wise”.

The projection formula shows then that (/" is (symmetric) monoidal. Thus, given C €

D'(X)-mod, it makes sense to consider the category Cly := D'(Y) @g:(x) €, which comes
with a natural functor

Gl =DN(Y) ® C—D(X) ® C~C.
D'(X) D'(X)

As " is a limit of fully faithful functors (the inverse family r — (/)" @ ide), it is itself
fully faithful. Hence, we consider €|, as a subcategory of C.

We now provide a criterion for the existence of the -averaging functor Avi*. Let X be a
pseudo-contractible pro-scheme and K a pro-unipotent pro-group acting on X. We impose
the technical condition that K acts on X quotient-wise. By definition, this means that there
exist pro-scheme presentations of X ~ lim, X" and K = lim, K" such that act : K x X — X
is the limit of maps act” : K" x X" — X". We emphasize that K" might not be a group, so
that act”, in spite of the name, is not an action.

Proposition 6.2.1. Let X and K as above, and Y C X be a g-closed embedding with Y

also pseudo-contractible. If K XY AN X, the restriction of the action to'Y, is q-proper,

then Av{* is defined on €|, C C.
Proof. Each object of ¢ € €|, is written as ¢[**(wy) ¢ ¢, so that (6.1.1) gives

coacty (1. (wy) ¢ c) ~ act!KX(gk (wy)) ¢ coactg(c).

Thus, we need to prove that (pg); is defined on the RHS of the above formula. As coactg(c)
can be expressed as a colimit of simple tensors, it suffices to prove that

(prc) (acti x (17 (wr)) 0 Q@ d)) = d € €
is well-defined for arbitrary @ € ©'(K) and d € €. In turn, it is just enough to check that

(i) (acti x (07 (@) @ (QBuwy)) = M’ € DY(X)
DK xX)
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is well-defined for arbitrary @ € ©'(K). (Indeed, if M’ were defined, then d' = M’ o d.)

Existence of M’ is shown as follows. Consider the following Cartesian diagram:

C: (kvy)'_}(k_lrk'y)

KxY K x X,
P2 actx x
Y ¢ : X. (6.2.1)
We claim
Lemma 6.2.2. There is a canonical equivalence
acty x (15" (wy)) 2 (™ (Wiexy)- (6.2.2)

The proof of this will be supplied in Sect. Combined with the projection formula,
(6-2.2) yields

(i) (actic x(wr) © (QBwx) ) = (pic) 0 ¢ 0 ¢'(Q Buw).

To conclude, it suffices to check that (px)io (7" ~ (actxy ). For M = {M"}, € D'(K xY),
we have

G (M) = {(C)e(M)2n, T} 2= colimm (o)} (€. (M) [201]).

As ( is g-proper, we have (("); ~ (¢"), for any r, so that

(prc)r o ¢ (M) == colim (moo)! (prcr)r 0 (C)(M7)[201]).

reRop

It remains to notice that (pg- o (")) = (actfy )1 = (actfy )+, by the q-properness of acty y.
[

Corollary 6.2.3. In the setting of the above proposition, if K is finite dimensional, the
natural transformation Avi® — AVE[2dk] (see Corollary 15 an equivalence on the
subcategory Cl,.

Proof. If K is finite dimensional, the equivalence ng : ®'(K) — ©*(K) is the shift functor
[—2dk]. So, Lemma m gives

AvE () = (px )« (coactk (c))[—2dx].

On the other hand, for ¢ € €|y, the proof of the above proposition shows that

AV (c) ~ (pr)« (coactk(c)),

whence the conclusion. O
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We now supply the proof of Formula [6.2.2] which will also be of use later.

Proof of Lemma[6.2.2. Since the action of K on Y is quotient-wise, the diagram (6.2.1)) is
the limit of the R-family of Cartesian diagrams

. -1 1.
K™ % yr ¢": (kyy)—= (k™7 key) K™ x X7,
P2 la‘:t?(,x
Ve 2 X (6.2.3)

We stress that act” is not necessarily the action of a group. By pseudo-contractibility,
L7 (wy ) ~ {¢!(wyr)[n,]}r; using base-change for the diagram (/6.2.3), we compute

*

ren

acthex (1" (wy)) = colimy (oe e ((act”)' 0 uZ(wy-)n,])
~  colim, (T ) ((c)*(wmyr) [nT]> .
The latter expression matches ([*"(wkxy) via the equivalence . O
Here is the special case in which Y is a point.

Corollary 6.2.4. If 1, : pt — X s the inclusion of a point in a pseudo-contractible X on
which K acts quotient-wise, then

act' (6;") 2= (Go) ™ (W), (6.2.4)
where (1 k— (kK71 k- x).
Example: the Heisenberg group

Let V be a finite dimensional vector space, V"V its dual and @ a duality pairing. The
Heisenberg group of (V, Q) is defined to be

Heis(V) :=V x (VY x G,),
where V acts on VY x G, via v (¢, z) = (¢, Q(¢,v) + x).

Lemma 6.2.5. Let C be a module category for ©(Heis(V)) and x, be the character on
VYV x G, given by (0,1) € V x G,. The functor

\%
L e

is defined and naturally isomorphic to AvY [2dy].
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Proof. According to Proposition [6.1.1] a category acted on by Heis(V') becomes a category
over the stack (V x G,)/V, where the action of V on V x G, is given by act(v, (u,y)) =
(u+ yv,y), as one easily checks. Furthermore, Fourier transform gives the equivalence

VVXGQ,XQ ~
C ~ €|(071) .

Since the map

act

Vx{0,1)} =>Vx(VxG,) —VxG, v (v,1)
is proper, we conclude by invoking Proposition [6.2.1}{ O]
Let ¢ : Y — X be a g-closed embedding and S C K the subgroup preserving Y. Let

t': € — €|y be the restriction map induced by /' : D'(X) — D(Y) upon tensoring up with
€ over D'(X).

Lemma 6.2.6. The K-action on C restricts to an S-action on the subcategory Cl, C C.
Also, ¢* descends to a functor €% — (€|y)%.

Proof. As for the first claim, it suffices to show that the composition

e, =5 e =2t pls)ee

lands in the subcategory ©'(S) ® €|,.. Compatibility yields

TEN TEN

coacts (L[ (wy) ¢ ¢) =~ act!&X (L (wy)) © coacts(c). (6.2.5)

ren
*

ren
*

Since acty y (11" (wy)) ~ ws B 17" (wy), the assertion follows.

Next, we must show that the functor ¢! o oblv® : €K — €|, lands in (€|,)%: in other
words, that ¢ € CX implies

TEN ren

coacts (11" (wy) 0 ¢ ) ~ wg B (1L (wy) o ¢).
This is clear, as coactg(c) ~ wg ® ¢ for such c. O

Lemma 6.2.7. With the same hypotheses as above, assume that the embedding X : S — K
1s finitely presented. Then, there is a canonical isomorphism

o (kg x—) ot & (kg * —)[—2dg/s]. (6.2.6)
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Proof. For ¢ € €|y, we have a chain of isomorphisms

o AVE (LM wy) o) = o (pfr AT Xyen (act!(Lf”(wy)) o coactK(c)>
~ (pfXXyren o (act!(ofn(wy)) o coactK(c)>

~  (pExXmXyren <f (act' (1 (wy))) oz!coactK(c)> :

where 7 = idg x ¢. Thanks to the hypotheses on the action and on A, one quickly computes
that

T (act' (L7 (wy))) = T (A % o) (wsxy)) [—2dx/s),

whence
Vo AVE (0 (wy) oc) ~ dlo (pKXX_}X):e”((/\ X )7 (W) ocoactK(c)) —2dy 5]
~ o (pf XY o (N x L)f“(()\ X L)!coactK(c)> [—2dk/s]

~ (pSXY—)Y)f”(coactg(c))[—QdK/S]
~  AVY(c)[—2dgs).

The second isomorphism follows from the projection formula. m

6.3 Transitive actions

If Y = {z} is a C-point, then obviously S =~ Stabg () is the stabilizer of x in K. We shall
investigate the situation when K acts transitively on X. For clarity, we denote ¢, : * — X
the inclusion.

Lemma 6.3.1. If K acts quotient-wise and transitively on X, then AvE(67") ~ wx-.

Proof. Using (6.2.4) and the formula AvE ~ (pf)7" o act', we get
AVE(87™) = (p™) 1™ 0 ()2 (wie) == (act, )™ (wic).

Since act, : K — X is a projection with contractible fibers, the push-forward (act,). sends
k K k X - ]

Proposition 6.3.2. If K acts transitively and quotient-wise on X, the functor a = ¢}, o
oblv® : €K — (€|.)* of Lemma is an equivalence with inverse

B:=AvE o (1,)" o oblv®.

*
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Moreover, the two diagrams below are commutative:

VS
()  ——el, (e el
~|a ‘LL ~’a (Lg)rem™
vE \
GK Ob|VK e GK A * e (631)

Proof. We will check that o 8 and o « are naturally isomorphic to the identity functors.
As for the former,

oo f(c) >t o (kgx—)o (37" ooblv®(c))
We now claim that

o (kg =)o ()" ~ (kg * —) ~ AvY;

* )

(6.3.2)
this would imply that a o 8 ~ Av? o oblv® ~ id.

The structure of the proof of (6.3.2) is formally equal to the one of (6.2.6); the two
differences are that now the action is transitive and that A\ : S < K is no longer required to
be finitely presented (so that dimg/gs does not make sense). The crucial computation is

T'(act' (07)) ~ A" (ws),
obtained as follows:

T(act'(67") =~ colim, (o) (i)' (act”)' (0pr x+[2dx])
~  colim, (Moo ) Al (wgr ) [2d xr]
~  colim, (Magmsy ) N (wsr ) [2(dger — dgr)] = A (wg).
The second =~ is base-change.

The opposite composition simplifies as

Boa~AvEo (i)’ o (iy) o oblvX.

For ¢ € C¥, we thus have
Boa(c) ~ AVE(™ o)
~ pkong(coactk (61" o c))
~ pfong (act;(’X((S;@”) o coactK(c))

~ (pf on oacty x(5;)) o c

and the latter expression is equivalent to Av(67") o ¢, which in turn is ¢ by Lemma [6.3.1]

Finally, commutativity of the leftmost diagram in the proposition is obvious; commuta-

tivity of the second one is precisely (6.3.2)). O
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The results above generalize easily to include averages against characters. For instance:

Corollary 6.3.3. If K is endowed with a character 0, restriction induces an equivalence
a: GO ~ (€| )59 such that the diagrams like in commute.

Proof. Substituting C with € ® Vecty, this is immediate from the above proposition. n

6.4 Actions by semi-direct products

Let L and K be two pro-unipotent group subschemes of G((t)), with K acting quotient-
wise on L. We form the semi-direct product K x L. First of all, let us record the useful
formula

kaL:kK*kL, (641)

whose proof follows immediately from the finite dimensional case (using that K and L pro-
objects in the category of group schemes). More generally, using (4.2.2)):

Lemma 6.4.1. Assume that K and L are endowed with characters p and v and that v is
compatible with the action of K. Then, ¢ := pu+v is a character on K x L. In this situation,

Vrwr & Pk * VL, (6.4.2)

where py = (iK)*(nK(u!ea:p)) and vy, Y1 are defined accordingly.

Assume now that K x L acts on a category C. This is a special case of the situation
considered in Section indeed, L is normal in K x L and (K x L)/L ~ K. The statements
of Lemma adapt verbatim (up to changing © with ©*) to the case of pro-groups. Thus,
there is an equivalence

(GL)K ~ GK |><L.
This equivalence is compatible with the forgetful functors to C:

K ovaK\ @L oblv’

Lemma 6.4.2. The composition (CF) > C factors as follows:

oblvE

el ¢
oblvE oblvExL
(CL)K BT > EKxL (6.4.3)

Proof. First, we show that AvS™F o oblv™ o oblv” ~ oblv® o oblv”. This implies the existence
of the dotted arrow making the diagram commutative. Using (6.4.1]), we have

oblv ™ o AvE" L o oblv o oblv® (=) =~ kL x (kg * (oblv' o oblv*(—))) =~ oblv o oblv*(-).
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Let us call the dotted arrow A : (C¥)K — CE*L  Next, we show that A is an equivalence.

Clearly,
A~ Av*E o oblvh o oblv®

so that its right adjoint is
M~ AVE o AvE o oblvE*E

It is then straightforward to check that the compositions A o A and A¥ o \ are isomorphic
to the identity functors. m

Corollary 6.4.3. Diagram is right adjointable, that is, the following diagram is still
commutative:

AvL

cL e
oblvE oblvExL
(LYK A EKXL (6.4.4)

Proof. The above lemma shows that A™' ~ A\¥ ~ AvX o AvL o oblv**. Tt is obvious that
the two paths in the diagram are both canonically isomorphic to oblv"® : @K*E <@L [T

Variant including characters In the situation of Lemma[6.4.1] there is still an equivalence

(GL,V)K,M ~ eleL,zb

and the analogous diagrams still commute. The proofs are identical.

Assume now that L = V| a pro-vector space. Then, K acts on V'V as well and the above
results, combined with the Fourier transform, yield

Lemma 6.4.4. With the above set-up, let C| denote the category Homgiavy(D(0),C). The
following two diagrams are canonically commutative:

e|x oblv e G|X X o
oblvE ’obvi'XV Tobvi oblvExV
(C[ KV — = @KxVity, (G L ————— (6.4.5)

We shall exploit this in two situations of interest:
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1. Writing N ~ N’ x A""! we see that x is the sum of two characters: y, (the restriction
of x on A" ') and ' (the projection of y to N’). Moveover, y, is constant on the
N’-orbits of A""!. Thus, according to the above results (adapted to the case of ind-
pro-schemes), the procedure of taking Whittaker invariants consists of two steps: first
take (A""1 x,)-invariants and then take (IN’,x’)-invariants. This is the observation
that allows the use of induction.

2. We also apply the above results to the semi-direct product Hy = Gy x Ay, endowed
with the character v, which is the sum of two characters: x, on Gj and x, on Aj.
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Chapter 7

Actions by the loop group of GL,,

In this section, unless otherwise stated, we will assume that G = GL,. Thus, B is
the Borel subgroup of upper triangular matrices and N C B its unipotent radical: upper
triangular matrices with 1’s on the diagonal. Further, let T" be the torus of diagonal matrices
and B_, N_ be the opposite Borel and its unipotent radical. The character x on N simply
computes the sum of the residues of the entries in the diagonal (7,7 + 1).

We will also need analogous notations for subgroups of G’ := GL,,_1, their loop groups
and so on. Thus B’, N', G, N, ¥’ have their obvious meanings.

7.1 Statement of the main theorem

Let (di) be a sequence of integers with the property that dy, 1 —dy = dim(Ny,;/Ny) and
such that dp = 0 for some k£ > 1. Of course, this sequence is just determined by the positive
integer k: let T be the corresponding functor, as defined in formula . When £ is clear
from the context, we omit it from the notation. Our goal is to prove:

Theorem 7.1.1. For any choice of (dy) as above, Ty : Cn, — CNX is an equivalence of
categories.

The proof will occupy the remainder of the text.

If we were just interested in the existence of an equivalence Cn, ~ C€™NX, then, in view
of Proposition [3.6.2] the following theorem would be enough:

Theorem 7.1.2. For any k > 1, there exists a group scheme Hy C G endowed with a
character, such that CNX ~ CH&Y and Cn, =~ Ch, 4.

The group Hy, is presented in the next section. However, to show that T is an equivalence,
we need to keep track of the functors more carefully. We will prove a pair of twin statements:
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Theorem 7.1.3. For any k > 1, the functors
T = AvEEY o oblv™ - @NX s eHRY

T := prooblv ; eHeY Cry
are equivalences of categories.

Finally, the proof of Theorem will be completed by showing:

Proposition 7.1.4. For k chosen as in the above theorem, we have T ~ ¥~1o Y71,

7.2 Some combinatorics of GL,

Let us introduce the long-awaited group Hy. For k > 1 we consider B* - N(0) c G(0).
To show it is a group, notice that it is the preimage of N[¢]/t" under the group epimorphism
p:G(O) — G[t]/tr.

For convenience, we redefine the cofinal sequence of group schemes N used above to

approximate IN: consider the diagonal element v := diag (t”k,t(”_l)k, . ,tk) e T. We let
Ny := 51 N[i] 7.

We first define the group
Gy = Ad,— ((BL)"- N'(0)) = Ady—1 (N2)F) - (T')* - N..

For example, when n = 2 and n = 3 and n = 4, we have

1+¢0 %0 %0

k —k
e (U A B IR
3+ 0 kO 14+th0

For higher n, the structure of Gy follows the evident pattern. The first important feature of

Gy, is the following:

Lemma 7.2.1. The group Gy, is endowed with a character x, that extends the character x’
on Ady-1 (N'(0)) = Nj, and that is trivial on Ad,— ((BL)F).

Proof. Each element of G can be written uniquely as v'~! -y -+'. We set

/—1

Py ),

where p’ : (B”)¥ - N'(Q) — N'[t]/t* is the projection. 0
p proj

oV Ty ) =X (y
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Consider now the vector group

A=A =
t*0

We consider the character y, on Ay that computes the residue of the last entry. The second
important feature of Gy, is that it acts on Ay. We form the semidirect product

G Ak)

Hk:Gk[xAk:(O 1

The latter also admits a character ¢ : Hy — G,, which is the sum of the characters x, on
Gy and x, on Ay.

The annihilator of Ay in (A"1)Y ~ A" is easily computed:

75(n—1)l~::o
t(n—Z)kO
Ay =

t*O
Let Ly :={e,_1} + Af C (A" 1)Y. For future use, notice the third important feature of
Gy, which is actually one of the main motivations for the theory of Section [6]

Lemma 7.2.2. Gy, acts on Ly (via the dual action) transitively, and the stabilizer of e,_4
is exactly Hj .

Proof. This is straightforward linear algebra. For instance, to show the second claim, it
suffices to notice that Hj, is obtained from Gy by setting the last row of the latter to be
0,...,0,1). O

This result allows to apply Lemma in the example where X = Ly, K = G, x = €,
and S = Hj:

Corollary 7.2.3. Let C be a category acted on by GL,((t)). In particular C is acted on by
A and, by Fourier transform, we view it as a category over AV ~ A. Then, the restriction
functor v}, : €, — €|, yields an equivalence

a: (€|Lk)Gk’X9 = <€| ) A

€n—1

Proof. After noting that the restriction of y, to Hj is exactly ¢, this is an immediate
consequence of Corollary [6.3.3| O
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7.3 Proof of the main theorem: step 1
We have introduced all the necessary tools to prove Theorem [7.1.3

We first prove that
T = AvRY o oblv™ : @NX — @HrY

is an equivalence. We proceed by induction on n, the claim being tautologically true for
n = 1. Consider the following (possibly non-commutative) diagram.

/ Hy o'
It bivN Av, k 1ot
(€l )N —== cl,, ’ (€|, )y
a3
o (e‘anrA,g)G’“’Xg
2
Ny _ N oblvN . Av?k’w Hyp Hy
CRX = (Clpv )" = C= C|py ———— CH¥ = (€|, )" (7.3.1)

We note that:

e the bottom edge is our functor V;

e the top edge is U/, applied to C4Xe ~ €| a? and it is an equivalence by the induction
hypothesis;

e the leftmost vertical functor t; is induced by the restriction v: € — € |Xa and it is an
equivalence thanks to Lemma [6.4.2

e the vertical functor ty is induced by restriction and it is an equivalence, also by Lemma
6.4.2

e the vertical functor as is induced by restriction and it is an equivalence thanks to

Corollary [7.2.3]

Consequently, it remains to show that the above diagram commutes. To this goal, we
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insert an extra vertex and four extra arrows.

N/ X/ ObIVN/ e Avi{;,d}/ H ,d}/
(€l )™ e (€l
D3
L3 a3
A S‘k’Xg
1 e|Xa+Aé‘ % (elxa—i—At)Gkng
Y to D2 to
H; ¥
CNX = (@[ )N —M e, — AL eHee — (@], )HrY (7.3.2)
Here,
YO € 4 = @ and g @AY @ @ a0 AR

are just the relative forgetful functors. By pro-unipotence of all the groups involved, com-
mutativity of the triangle and of the trapezoid follow immediately.

Now, diagram D, commutes in view of the second assertion of Lemma after passing
to right adjoints. Diagram D3 commutes in view of Proposition [6.3.2)]

This concludes the proof the first equivalence in Theorem [7.1.3] Before proceeding with
the analysis of T, let us notice the following immediate consequence:

Corollary 7.3.1. For any k > 1, the partially defined functor
® := colimy, Av!N’“’X o oblvir ; @HEY __y @NX
is everywhere defined and it is the inverse of U.

Proof. One readily verifies that ® is (where defined) left adjoint to W. Since V¥ is an equiv-
alence by Theorem [7.1.3] ® is everywhere defined and inverse to . O

Second equivalence in Theorem [7.1.3]
The proof that T is an equivalence is completely analogous, if not easier: it amounts to
proving that the following diagram is commutative.

H/
(€], ) e €, ———(Cl )Ny
a3 3
G
(e|xa+A,§)Gk’X9 bk e|xa+A§ 2
T2 t2
EHy ¥ C oblvHE e pr eN’X (733)
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Commutativity of the rightmost square and of the bottom rectangle follow from Lemma
6.4.2] while commutativity of the top rectangle is a consequence of Corollary [6.3.3|

7.4 Proof of the main theorem: step 2

Proposition is what remains to be proven. L.e., we need to show that the composi-

tions
Av,N’X

ey M e T and v 2 e e

are canonically equivalent. This will be proven again by induction on n and, as before, the
statement is trivial for G = GL;. Note that

N : N
Av,* := colim (Av, **)
‘ keN ‘

is indeed the left adjoint to oblv™* : GNX — @,
Once more, induction is made possible by the isomorphism of functors:
AVIEX ~ AV o AvAexe . eHiY @
which is an instance of Lemma [6.4.1]
Since dy = d + d', we also have
AVNEX[2d,] o~ AV X240 ] o AvAexe[24A],

We shall treat the two averaging functors in right-hand side separately. We begin with
AvAexa,

The abelian case
We wish to show that

. Ni,Xy ~u . Ag,x A
cggn (Av, PX) ~ C(Z)éll?l (AvymX)[2d;].

We will prove a stronger statement, namely that this equivalence holds at each stage ¢:
Proposition 7.4.1. For any ¢ > k > 1, there is a natural equivalence
Avoxe = AvBexe[aqh]

of functors CHr¥ — @,
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The proof of this requires some preparation and some more notation. Let us onsider
the subgroup of Gj defined by requiring that all the rows except for the last one equal
the corresponding rows of the identity matrix. We name this subgroup K, and form the
semi-direct product

Heisk = Kk X Ak

The name is chosen because Heis, looks like an “extended Heisenberg group”; e.g., for
G — GL4,

1 0 0 t=3k0O
Heis, — 0 1 0 t=2kO@
3RO t?*OQ 14+tFO t7+O

0 0 0 1

By construction, Heisy is a subgroup of H; and ¢ = x, on it.

Fix now ¢ > k > 1. On CMes the natural forgetful map AvHesex — AyAex g an

equivalence. Similarly, on €"¢*¢ the natural forgetful map Av7X — Av¥k i an equivalence.
Thus, Proposition follows immediately from the next lemma.

Lemma 7.4.2. Let C be endowed with an action of the mirabolic group of GL,((t)). For any
(> k >1, the functors

AV*He'sZ’X[Q(d? . d?)] . eHeISk,X = eHeISg,X . Avlje'sk"x
are mutually inverse equivalences of categories.

For G = GL,, this lemma was originally stated and proved by D. Gaitsgory in a more
direct way, i.e., without using the Fourier transform.

Proof. We use the same strategy as in Proposition Let D := 2(d® — d*). Let Ay,
and Av;, denote the functors Av7€sX and AvHeX respectively. We shall show that the two
compositions are naturally isomorphic to the shift functor id[D]. By Fourier transform, the
datum of an action of the mirabolic group on € makes C a category over the quotient stack
AY/G'. From this point of view, the functor Av, is equivalent to restricting to x + A},
which we identify with K,. Thus, we view C"e:X ags a category over K and we are going
to analyze its restriction to K,. Let ¢ : K, — K} be the inclusion; note that ¢ is a closed
embedding (finitely presented, in particular) and Kj acts quotient-wise on K,. Then, Av,
consists of acting by te(wk,) =~ ;" (wk,)[D].

Hence, the composition Avy o Av, : CHeisex . @HeiseX hecomes:

c — AvEr (1" (wk,)[D] o c).

*

Thanks to (6.1.1) and the Kj-invariance of ¢, it is enough to prove that Avi (17" (w,)) =~

v, By (6:22).
ren (Lren

AV (1 (wic,)) 2 I 0 (7 (Wi, ) 2 i (07 (wie,) B w,) ~ Wi,
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The opposite composition is written as

: . '
Avg o Ay, - GHeisex y @Helsex oy it o AVER(LTo ).

By (6.2.6)), the latter expression is canonically equivalent to
AVE (o) [-2 dim, k] = c[2(di — dY)],

as desired. ]

We can now finish the proof that T is an equivalence.

Conclusion of the proof of Proposition|[7.1.4]. As the diagonal {(¢,¢) : ¢ > k} is cofinal in
the half-quadrant {(h,¢) : h > ¢ >k}, we have

T := colim AvY*X[2d,] ~ colim (AV*NQ’X[Zd?I'] o AvAnxe [thA]>.
>k h>>k

Thus, we compute

T ~ colim (Avf“[zdeN’]oAv;;’*tha[zd;}])
h>0>k

~ colim (Avl*%’x [2dN'] o colim AvAhXa [Qd‘,’f‘])
>k h>1

~ colim (AVI*\IZ’X [QdKN']) o Av{MXe,
0>k '

where the last isomorphism is a consequence of Lemma [7.4.1} By induction hypothesis,

. N/, N’ A N’ A N
[ ~ colim (Av* ¢ X[Qde ]) o Av; X ~ Ayt X o AvyoXe ~ Ay, X,
o ! ! ! !

as desired. ]
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