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In recent years the experi .eﬁbal study of strong *nterhculoda
has concentrated on discovering and determining the quanitum nuzbers
of an increasing family of {mocstly unstable) particies, 4s a
censecuence, it has often happened that the attention of physicists

vas devoted to a comparatively smzll ¢ rt of the total cross sectien,

- Furthermore, because the coupling of the more massive particles to

the few available primary pariicles decreases as the mass increzses,
the identification of the ncwr particles. becomes harder, and they
count for an even smaller part of the almost constant toltal cross

¢
secticn, .

le particle states
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- 262 The Partial Vave Eyn"ﬂs*rn

Iel us start by a familiar'exzmple: suppcse we want to
describs the amplitude for the process with two initia2) and

threz final °p¢n*es¢ rart ticles shown in F 2. 2, at & fixed

~

velue of the totzl energya"omcqtum fbur vector Q . Ve choose
2 frame "O" in vhich Q=0 and By 24 Doy voint in the
z direction, and a second freme %" in waich again Q=0
and row Pie points in the 2 dir ectlcn, vhile Ps, ard - 3

L3a

lie in the y-z plane, Of course, the complete descrirption ol
- , -
the firal state in framg "a" requires two more degrecs of
“ &

freedonm correszending to different posgsible shapes of the
triangle formed by p,. , Py, » &nd EB& (Cace ‘the shepe
of the triangle is given, the size is determined by energy
censervation). Ve call these two degrees of freedem "internal

o

> u * ' : ’
ariebles of cluster "a", and dencte them by V. . In generel,

In our two-to-three mariicles example we have up to now
R N Ay . . 2 .' 3
introduced three verizbles: Q° and V, , and two differen
[+
frames, ¥e" and "', In both these Irames we hove

9\'.::'0' ) ' : - (2020‘:)



Ye can now co’np*ci,e nbe descriziion of tha process by spsceilving

the relztive crientadion of- fre &3 - "a' and "o, In order to
setisfy Eq. {2.2,1) in both fremes, this is jusht a roisiicn, oo,

2
in-2 scmawhiat more difficuli lunguege, an clement of the little
greup of the hcr:ove::cous Lorcnz: —oup with respect

.
eCLo

<

Q . Ye parametrize this trans

vi

P

(e}
(&)

T
agles « , 9 and/:‘a s ¥alch we designete collectively by z o
~Because the initial state is & two-particles state,

direction but.not a plane, and ths zmplitude

is ind
"In the general case in which nore than two particles are attached
to cluster "pb" , not only does the amplitude depend on 2, bul -

]

alsd on 3 N' ~ k" internal Variebles of cliuster ",

cen denote in full generaliiy the amplitude as

Q2

14

f\va) 8) Vb)°

Using a completeness theore:n,_ this amplitude can be expended
&s a sum over projections on the unitary irreducible representaticns”
of the rotation group., Tnis is Just the well-known partial-wave
expansion., '
2.3 Thz Fxcansien at Fixed Yomentum Transfer

2

New consider the case in which Q° =t < 0, and we ara in

the physical region for a process in which p and =Py are’

. “1b
are the four-momenie of the incoming pertieles, Toller's anel v=is
ccnsists in choosing again two frames, "a" and ", 'in both

fvhich Q tzkes the form
Q= (0, 0, 0,\~t). | (2.3.1)

the reletive orientation of the two frames is now given by en
eiement of the three-dinensicnzl Lorentz group. Ve parametrize
<is of angle M , a boosy in

a:
P ERO K ) o yr . + 3~ 2
tre x direction of parameter § , and & new rotation arcund



\

the 2z axis of angle 4, The expension has now to be done over
prejections on the unitary irreducible‘r'p“o"eﬂt tions o
imer 31ona’ Lorentz group wihich run in the.complex J plane along
the line Rg j = - 5. rr‘o"].v.a?) hzs shown how, by chifiing thics
contour, one p;cms up leading contributicns of the Regge pole tyme

for the asymptotic ben avior in the energy.

2. Definitien of the Toller Variables

b}
thereby defininn a given greuping of the final particles in varicus

clusicrs, Je consider for eimplicity the spinliess case, but the
: A
anilysis can be ext tended to the casce in which spin is present/

0

Agzin we describe the threz-momaate abtiached to a cluster Wi in
a conventional "it fréme by 3 K. ~ 4 internal variebles V.,
(Ei is now the number of final pariticles attached to cluster "iM).
There are now however two possidble choices for ¥i' conventional
frames, depending on vhether cluster "i" is to the vight o> to
the left of the gz-pointing momentum transfer, i. e, whethes Qs
or Q

J

g
franes ir and 1y we have, in frame i

3 = (o, O, 0’1/"thi)’

has cnly non-vanishing s~compenent, Calling these two

r

A

n h 1

¢
anr: .
nd

(0, 0, 0,+/<£..).
. iy
e 2 Ty dla o Y ad o .~ - <+ 2 1 -
It iz clexr that & teost of psrameter ¢, In the 2z directicn
-
- ) fm e A - a4 - & <4 | S

trincforzs Jour-vastors fram the frome 4, to i, Lere ¢



can in gyﬁeral be thcubht of s an internal variable of cluster
i* , If we define the 1pv;Licﬂt mass squared Sy of cluster

TIC] : '
1 as ( Ne 1 ‘ <

we have the relation

A (2u.2)

where ' _ _
' VRO O N SR e
}\(a, b, ¢) ='a® + 1% + ¢ - 2> = 20c - 2ac. (2.4.3)
£, however, . =0, 54 bu»omvs the mass sguared of the’
ovtgdoing particle attached to cluster "i", there are no V.
variables, and Q4 is fixed by the values of the two adwace“v

mof'lentun trc.nofers th and t’j‘

To complete the description of a process such as ,howﬂ in
Fig, 1, it is sufficient to zive the relative orientation -of
each pair of consecutive conventicnal frames of the type hw’ i
In both these frames th is "diagonal“, i. e., has vanishin
time, x anG y components, and égain the relative orientation

s specified by threec parameters of the little group with respect

o -

o Cq. which we denote by &5 Thus we can express the
&

azplitude as a function of the comnleue szt of Toller variables

¢

’J

Va s By o tap s Vi oeees Syz » tyz > Vg
It iz easy to sze that when an iniernal cluster "i" has only

cne cutgoing particle, the amplitude cezses to depend separately

en the two adjecent angles M, . end A, . , and depends only on
eace angles hi /‘lJ’ gl va v
the sun W, = Y .+ M, “nis is precisely the angle usad
ni i :



In gen a’ we count +he numJJT of varAab1eq in the ;o;lo:ing way:} 
there are 3 ;4‘-'h jnbernsl varizhles for each clusier and
four for 2ach interﬂal,liné (the inveriznt momentum transfer and
parsmeters of the litile wrau*). This gives a correel totzl

F :
of 3 N~-4, W be ing the tot al rucber of particles in the fingl
. .

Up to now only one frame was associated to the end clusters,

It is i1llustrative to intrcduce two additional frazes ar' and
2, , invhich p, and p, are respectively "diagonal", i, e.,

- one of the initial particles iz 2t rest (lab frames). Tnese

© franes are egain reached fronm tne "nuigqbourinﬂ" fromes  a, and

. 1
Zn by boosts in the z direction of para: neters Q, and G,
sucn that _ o
' ) R T :
sinh g, = i (2.8.4)
a :
B1a (-tab>d
~and ‘ _ :
' s -t : o . S
sinh ¢q 2z~ "z vz ‘ L R

2 : 2
§ 2m,, (-t )

Thus the leb energy of a given process.described in term of
" Toller variables is Just the encrgy developed by particle 1z
whed; starting from a frame in which it is at rest, undergoes
the Qucce551on of Lorentz tr-neformatlons of»parameters

q, » gyz ’ :---: U » p o G
In the following we denote by cosh?? this energy measured in.
units of the rest mass of the incident particle, The expressicn

w3

of coch’ in terms of the Toller variables is scamevhat involved,

and the leading term when all cosh ij are large is

[

"", .~ h Y > + be
cosh 4 = cosh g cosh (cosh q, * cos w, ) cosh

cozh g+ ¢CoOs U cosh cosh
»eloosn g * co JY) §§z 082 Qy

(2.4.5)
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17T - uMG Gh - PCIE- HYPOTHERIS

In terus of the Toller varigbles the multi-Regze-sole hypo-

thesis reads 1

T N A

all other varisbles fixe

. . . '. ) ) t 'd '
O : s Volcosn FL)ED B gy Lo,y

a''a’
el )
eee{COSh 5}2) ye vz ¢Z(V ’

gr
At each'step use is made of the factorizabtion property of the
residues of Regge poles, The dependence cn the variables /w

end VY , which also factorizes, has besn incorporated in (3.1)

v - - 03

in the residue funcéticns,
It is important %o remark -thét the llnlu in Eq. (3.1)
cznnot be acnlbvei in a2 sinple way in t erms cf other variables,
ol For example, if one varlable is chosen to be the total enerzy,

a complicated prescription is recuired for the above limit,,

Lo CCNSTRUCTICY OF A MODEL

2 values of those cosa & assceiated with high velues of v
&,. are favoured, As a co

1 volees ¢of the subenergies corresponding to lower lying

;;-Lb, );bc,."’ )f;r,’ - o0 n .. V'.




Regge trajector';s are expecied, An extrene ex ampie of this is
Berzer's calculation 20) of the process gl = 20N viz double
Regge exchange of a plon and & "Pomerenchon®. The distributica
that he obiains is strongly pesked &b sround 1.2 GeV, in the

n
4

IS

[t

subenergy. In gensrzl, if we adopt an a pricri wderstandin
tnat in this model an eneryy of approximately 2 GV, iz to be-
(s 0 ""

the rough dividing line belween emissicn from 2 sinzl

and emission from seve sral vertices, we conclude that

of any tr JCCuOPy below the Pomeranchuk would constitule double
counting, That is to say, there is no increase with increasing

ladb energy of the average mes

(')
@
R
ci
o
o
[e )
3]
o
o]
L
] Je
H
(@)
-y

a
vertices cormected by a2 non-Pemeranchuk trajectery, If thers is

a Pouerecr.chuk trejectory somov

ey T LY —~. . —~ A . ~ ¢ -, Y Y
avalilable energy gets sosked up by the "Pomerancho n:’. Thusz,

<

»

B o e T o Pome
ve asstmsticn of the exdislance of a ..’.‘.vl"a."h,nhm Reg

&

n
with factorizadle residues is ezsential for our mod

Tae quantum nuncers of particle combinations emitled at

i

»

internsl vertices rust be those coupled to two "Pomeranchons",

i

o

in perticular B =Y = Iz = 0, Let us denote the averzze mass
emitted from zn interna 1 veriex by m and assume that it may
be approximzted by a delta fuqct*on centered at m., IEvidently
m caznnot be less than 2 m, = o3 CGeV,, while consistency of
our mocel doos not tolerate a value for m much greater than

2 G2V, Eventually we agre going to sllow this particle to cdecay

inio Lwo or more particles, Corrcspondingly, we are going to .
reprezent by parvicles of masses o and n vi ious

1bizchied to the end vertices,

Cif me g [ . “"*‘"""l"‘" rooys s o sverv s et v —e %A -2 .«l
Ul SCWTEE, Laefd RArellies musy Carly guanivlln num)ers idencica

En o o . P R T - PN
che following expressicn for thae



1}0 -

differential cross section with n internal vertices

- o o (b))

tlt = - fa 3 RV A &5
C.Oaz Fs.(t'ab) rb(tab’ wb, tbc) see rz(tyz) (COvh >a'o) LX)

I ety g¢ D1atPiy
(co:,h.,yz) RAE 1 5—;:;“_- cosh 7) dbypeee dbos o e

dwyd ) dloosh § ),.Q(cos ; 2)  (he2a1)

5
[
ct

rder to meke this model practicaﬁle, we'have still to
introduce the following specific agsumpiicns:

‘&) in expressicn for the Pomeranciumk trajectory

) Exsonential depan cnce of the end verbex functions in the
romentur  transfer _

c) Also ﬂxponential dependenca of.the internal vertex functions

in the adjacenlt momentum transfers, Independence of <« can be
azsumed until some better understandih on this ooin&is achieved,

@) ZSquation (4.2.1) is to be integrated over all phase space.

This implies using an asymptotic Regge noie expansion down to
threshold., Recent work by Dolesn, Horn and Schmld sugzests that

this may be a rcasonable represcntatica for the amplitude, ad

least in en average sease, - There are however numerical difficultiess
in perforwing this 3 n + 2 dimensiornal integration and in a first
0id thea introducing some further approximaticns
. .

next section.
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"'L'i'l‘ir-_"l’l DEVELORMNT OF THE W‘D"'

5.1 Adddtional fnm”m’n.\ dons

ot

VWe indicate here sone aciditional approximetions that nale 1
possible to carry oub the prozram cutlined in the previous seciicn
without performing a detailed numerical integration of Eo. (4.2.1).

The prescnt celculation should be takzen as a rough estimate and

[

.
sed only for the purnose of orientation and illustration of the

2
Wl

H
[e]

We start by uuoatltut..;.g, the exact expression for coshy

by the asymptotic one given by Zq. (2.4.5). We then define

F cosh 7
<. {%n) =In s > 5¢101)
C- .

cosh q_ cosa a_ 7 (cosh g, * cos I ) .

) i=bH ’

X34 " In (cosh gij) R y 0 (541.2)

end we write, using again asympictic approximeztions and a linezr

expression for the Pomeranchuk tr ajectory

n . ’ S~ .
do. = £ (¢ .) £ (v ) 77 £.(¢, .., t,.
Yo a( ao) AN R AL YRR ¥ :.3)
: , i=Hb
exn ("C‘(‘ (t 2 + vs T L “ )‘; 6(" Toes T X - "+)
- » - -w ] -t
ab “ab ¥z Tys‘s ab Kg]
24 ~g- g
At eendt, A eeedit dogb,..du.,y (5.1.3
Tnz key sn:*u"-ncat on is to zssume that for large cosh ¥/ the
s + . . . P
aependence of *,. on the t's and w's , as given by 2. (S.7.1)
151
iz culfficiently slow thael we can revlace the denominator cn the
right hand gide by its wvalue whizn 2311 internal tilc are sci egusl
Lo some average velue -4, the wnd tls seb ecual to -:"'a and
-L_ 5, and all cos w's sebl coual Lo scne average, cos W,
T ve renlace Za(5,101) by
2 cTmy o= In - nlnA, (Setak)
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Whex . : 2

Jn O S prmnt s
-\
A=1= T TLOGE W . {(5.1.5)

2
T: oo

wave from Eq. -(2.1;91;)

h;

. oy

oS A mo W on. (5'?.‘6)‘

Tne effect of approwimation (5.1.%5) is'tc decouple the

integrations over the t's and the w's from those over the

x*'s . ~Ascsuning now
figelt, ) wy, b0 = gem [y, +t, )] (5.1.7)
JON gy Wy Ty SR B A UL Lo B

r{z.) = ¢ e:ip(g t, ), end o . : .
' 2 a "ab ? : ) (5.‘08)

2 €xp ("Z byz

£ {t_ )

M g

" v

 after performing the ) and t integrations in forxuulr;"(5.1a3),_
letting the t's run from O to - w , we have

n "

& X - & vgi g . Sop seo
-~ ry E - 9
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e have sti ll to mentica tbﬁvlucuy sehenes for the teoson ' .

ard tne iscbar prod duced ﬂn‘,hv coliision, Ve agsume thal the

) . 3. 2 s . et 18 3 - e o '_
L first goes into two pioneg or two isocspin-one dipions in proporiions »

o
el and ” . 2 "y ane. W - PP A e
co3”® and’ sin“8 , whereas the second decays into 7 &nd wA

Tae SCu cne described ahove, in spite of its drastic assumplicons,

i
is able to provide & recascnable dascripbtlon for the trend and
c

Teble 14 Two sebs of values of the parameters obtained by fitting:
: v—-D__cross soetiens :

e o

A g2ty y oz, . & coshq 9 )
Set 1 1,90 1.2 38 kSS9 1.4 2 91 W38
Set 2 2,04 1,12 W34 447 1,27 2 1,25 32

tvo sots of values for thc parameters: Sebt ! is obtained by
fitting the elastic cross sect n and the cross sections for
production of given numbers of prcnﬂa. However, it predicus a

crogs ssction of 3,7 mb., for the ”‘1” p p final stete.at

, v

20 Gz=V/c, Beczuse the experimental value seems to be rathsr

R



larpers than two. Higher values of this parameter, vihich show a
tendeney to improve the fit, would meen a higher value for the

isobzr-nacs, and this is 'still cuite tolereble, a2s will be zhom

Inars c..nt fit of elastic p-p , 7-p , and p-p data,

24) ave oblained values ranging from 1.717/ cev?

L a
to 3.25/ 9&'2. s the coefficiont of % in the exponential
at a proton-proi;on-"Pomeran_c&on" vertex, IT we choose for
concreteness Y = 2/CeV2, frem Table 1 and the relation
v =x'/% wve obtain &' = ,7/CsV2, a value higher than cbteined

in ref, 22), but not beyond reason,

In the two Regge pole casc, Chan et a.L. have shown exarmpies
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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