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1/f Noise: Equilibrium Temperature
and Resistance Fluctuations¥*

" .Richard F. Voss+and John Clarke
Department of Physics, University of California, and

Inorganic Materials Research Division,
Lawrence Berkeley Laboratory, Berkeley, California 94720

ABSTRACT

Wé.ha;e measured the 1/f volﬁage,nOise in continuous metal
- films. . At roqm temperature, samples of pure metals‘and.bismuth
(ﬁith.a-carrier densit& smaller by 105) of similar volume had
comparablé noise. The‘powé; spectrum; Sv(f), was'proportional
to VZ/QfY, where V is the mean voltage aéross the sample, § is
the sgmple volume, and 1.0 < v < 1.4. Sv(f)/v2 was reduced
as the témperature was lowered. Mahganin,'with a temperature
- | coefficient of resistance (B) close to zero, had no discernible noise.
Thgse results suggest that the noise arises from equiliﬁfium
femperéture fluctuafions modulating the resistance to give
Sv(f)-a'VQBZkBTZ/CV;fwhere_Cvlis the total beat ;apacity of
»ﬁhe sample.  The noise was spatially correla;ed over a length

A(f) = (D/f) / , where D is the thermal diffusivity, implying
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that the‘fluctuations obey a dirfusion equation. The usual
‘theoretical treatment of spatially uncorrelated temperature
fluctuations gives a spectrum that flattens at low frequéncies
in contradiction to the observed spectrum However, the em-
pir1ca1 inclusion of an explicit 1/ region and appropriate
normalization lead to ,Sv(f)/Vr.$ B-kBI./CVL3 + 2 In(4/w)] £, where
% is the length and.sm is the width.of the film, in excellent :
agreement with the measured noise.A If the fluctuatlonSLare
assumed to be spatially correlated, the diffusion equation

can yield an extended 1/f region ih the power spectrum. We show
that the temperature response of a sample to delta and step
function power inputs has the same shape as the autocorrelation

_function for uncorrelated and-correlated temperature fluctuations
respectively. The spectrum ohtained:from the cosine transform

of the measured step function response is in excellent .

: agreement with the measured l/f voltage.noise spectrum._
Spatially correlated equilibrium temperature fluctuations”are.
not the dominant source of 1/f noise in semlconductors and |
metal films.' However,‘the'agreement between the 1ow-frequency
spectrum of fluctuations in the mean sduare Johnson noise voltage
and the resistance fluctuation spectrum measured in the presence
of a current demonstrates that in these systems the l/f n01se

s

is also due to equilibrium resistarice fluctuations.

+  Present Address: IBM Thomas J. Watson'Research Center,
Yorktown Heights, NY 10598
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I. INTRODUCTION
Hooge and HOppeanOUWersl have meaéured the 1/f noise voltége
generated in continuous'gold films (with physical properties close to
bﬁlk values) in the presence of a steady current. They found that
the noise power spectrum,S_(f), for sampleé at room temperature could

be expressed by the empirical formula

8. (f) -3 '
vt ax1077 o 1.1)

72 ch

. In Eq. (1.1), Nc is the number of charge carriers in the sample, f is
the frequency, and V is the average voltage across the sample. This

‘dependence on V is universally found in resistive syétems. The

1/f noise is,'consequently, often cdnsidered as arising f;om resistance
fluctuations that generate a fluctuating-voltage in the presence 6f a
constapt cgrrent.2 Hobge and Hoppenbrouwers pointed out that the
inverse volume dependence for samples of the same material implied by
Eq. (1.1) was strong evidence for believing that the 1/f noise is a
bulk effect rather than a surface effect in metal films. They found'that
the noise was still present when the samples wefe immersed directlyv
in liquid ﬁitrogen or liquid helium, and concluded that Sv(f) had a
temperature dependence no stronger  than Tl/z. '

| Williams éﬁd coworkers3’4 studied very thin metal films which
no longer have bulk properties, and in.which électrical conduction is
probaBly partially via a hopping précess. Such films'exhibit much
more ndiée.than:is predicted by Eq. (1.1).

Hooges.has examined measurements of 1/f noise in semiconducfors,

and has found that, with'awfew notable exceptions, SV(f) was again quite



4 LBL-4109 Revised

well expresséd by Eq. (1.1). Agreement with this formula was also
found in single~crystal III-V compounds by Vandammei6- Both results
imply that 1/f noise in semiconductors is a bulk effect. Hdoge,
whogstudied'noise in ionic cellsz and Kleinpennig, 8 who studied
noise in the thermoelectric emf of intrinsic and extrinsic semicon-’
ductors, both concluded that the noise arises from fluctuations in’
carrier mobility. However, the view that 1/f noise in seﬁiconductors is
a bulk effect arising from_mqbility fluctuations is not universally
held. MCWhortef'sgtheory suggests that 1/f noise arises from
surface traps with an appropriate distribution of trapping times -~
that ‘generate noise by ihducing fluctuations in the number of cafriers.
This theofy has considerable experimental support}o_lz However, it is
pdSsiblé that, in geﬁeral, the'ilf'noise in semiconductors arises
from both bulk and surface effects.

Tn this paper we report results of our work on 1/f noise primariiy
in continuous metal films. Initial results were reported earlier. 3
The paper follows the chronological progression of the work, and
‘oscillates between éxperiment énd_theory. In Section II, we'reﬁorf o
measurements on l/f noise in thin films made of a vériéty'bf materials.
We found general agreement with Eq. (i.i), with two important excep-
tions. First, Bi, a semimetal with a carrier density about 10°
smaller.thén gold; eihibited‘about‘ﬁhe'saﬁe i/f noise for similar sized
samples. Second, maﬁganin, an alloy ﬁith a.temperatﬁre coefficienf
of resistance close to zero, showed no oBserVablé‘l/f noise. fhe
absence of 1/f noise in manganin indicated that the 1/f noise in metal

£1lms could be caused by temperature :flﬁCtuations'fhét modulate the
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sample resistance,R,and generate voltage fluctuations in the presence

of a steady current,I. Thus, we expect SV(f)¢IZ(3R/3T)2<(AT)2>
,='7282<(AT)2>, where B=(1/R)dR/dT, and <(AT)2> is the mean square
temperature fluctuation. The similarity of the 1/f noise in Bi and
other metals suggests that Sv(f)/gzmﬂ—l (where'ﬂvis the sample volume),
not Nc—l; and, consequently, that the témperature fluctuations may be
those of an equilibrium system. In thermal equilibrium, <(AT)2>=kBT2/Cv,
where CV is the heat capacity of the sample.- At room temperature,
C€¥3Nkﬁ, where N is'the.numbef of atoms in the sample, and

sv-(f)«VZ-BZTZ/ 3N.

Energy fluctuations (AE=CVAT) are expected to obey a diffusion
equation, and in Section III we describe the spectrum of such fluctua-
tions in a small subvolume of a uniform medium, assuming the fluctuations
to be uncorrelated in space. This system/has been e#tensively studied

14

in the past. The diffusion model was rejected as an explanation

for 1/f noise because, in this system, it fails to predict 2 1/f power
spectrum over many decédes.of freqhency%sand because it seriously
underestimates the noise in semiconductors. However, thevexperiﬁental
configuration involving a metal film on a glass substrafe is a poor
approximation of the uniform mediuﬁ for which the spectra are calculaﬁed.
If an explicit 1/f region is‘empiricall& included in the spectrum, and
the spectrum normalized by setting <(AT)2>=kBT2/CV=f:§T(f)df, the
calculated noise is in excellent agreement with fhe data.

The diffusion thebry introdﬁces a f:equency—dependeﬁt correlation

1/2

length A(£)=(D/f) , where D is the thermal diffusivity. - A(f) is

roughly the length over which a fluctuation at frequency f is correlated.

EFPZ2eneprnnpnan
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Frequency-dependent correlation is thus an identifying characteristic
of fluctuations in a diffusive medium. in Section.IV, we describe an
experiment on Bi -samples in which the noise across two sections
becomes more correlated in the predicted manner as the frequency is
lowered.

The absence of 1/f noise in ﬁanganin, the dependence of Sv(f) on
VQBZ/N, and the observation of frequency-dependent spatial correlation
for the 1/f noise provide overwhelming experimental evidence that
gquilibrium temperature fluctuations are the physical origin of 1/f
noise in metal films. Moreover, the introduction of an explicit 1/f
- region in the spectrum enables us to make quantitative predictions of
the 1/f noise in excellenﬁ agreement with experiment. Thé manner in
which the temperature fluctuations produce the 1/f spectrum is, however,
an open question. One possibility is that the non-uniform nature pf
the experimental system ﬁodifies the simple diffusion theory to
produce a 1/f épectrum. Indeed, experiments 16 on the 1/f noise in
Sn films at the superconducting transition have shown that a change in
the thermal coupling between the film and the substrate can dramatically
affect the spectrum. Another possibility is that the temperature
fluctuations have some spatial correlation. In Section V, we show that
spatial correlation of the temperature fluctuations can produce a
spectrum with an extended 1/f region.

Fluctuation spectra are calculated on the assumption that the
fluctuations are on the average governed by the same decay laws (in
this case, the diffusion equation) as maéroscopic perturbations.17

- In Section VI, we show that the temperature response of a subvolume of
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a diffusive system fo:a‘delta function power input unifofm.over the
subvolume has the same Qﬁape as the autocorrelation function for
uncorrelated températuré fluctuations. On the other hand? the
response to a step function in power corresponds to the autocorrelation-
function for correlated temperafure fluctuations. We then describe
an experiment in which we measure the temperature response of a small
Au.film to delta function and step function power ipputs; The cosine
'transforms of the responses yield power spectra that are compared with
tﬁe measured noise power spectrum. The spectrum obtained from the
delta function is similar to that calculated for uncorrelated fluctuatioms,
flattenihg at low frequencies, and is unlike the measured noise spectrum.
The spectrum obtained from the step function, however, is not only 1/f
over many decades, but, when apprbpriately normalized, has a magnitude
and shape in excellent agreement with the measured noise power spectrum,
In Sedtioﬁ VII, we briefly summarize measurements on superconduct-
ing films at the transition 16and Joéephson junctions 18 ‘that strong;y
suggest that the 1/f noise in these systems is also due to equilibrium
temperature fluctuations. However, although equilibrium temperatﬁre
fluctuations should generate noise in all éystems (except those for
which B=0), they may not be the dominant noise source. For example, the
1/f noisg in semiconduétors aﬁd discontinuous mefal films is toovlarge
to be explaiped by tempe:ature‘fluctuatiqns, and lacks the spatial
correlation characteriétic‘ofva diffusive process.. However, we show
in Sectién VIII that the 1/f noisé in these systems is due to eguilibrium
resistance fluctuatioﬁs. The measured low frequency sbectrum (appropri-

ately normalized) of fluctuations in the mean square Johnson noise

FFZenernioo0
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voltage across these samples is 1/f, and is in excellent agreement
with the resistance fluctuation spectrum obtained in the presence of
a current.

Section IX contains our concluding discussion.
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II. MEASUREMENTS OF 1/f NOISE IN METAL FILMS
We have.measurea the spéctrum of current-induced 1/f Qoltége noise

in small samples of evaporated or sputtéred metal films on glass sub-
strateé. Our fiims were 250A to 20007 thick, and had resistivities
close to bulk values. Each film was cut with a diamoné knife in a
micromanipﬁlator to prodﬁce a sméll bridge or neckéd down region of
typicél dimensions 10umx150um with lérge‘aréas of ﬁetal af either end
suitable for contacfs. Two vafiations of the sample_geometry are
shown in Figs. 1(a) and 2(a). Four presséd in&ium contacts were placed
on each sample and the coptacfs were checked.for excessive resistance.
A cufreﬁt éourée, consisting of a bank of batteries and a iarge.wire-
wound resistor (which exhibited no 1/f noise) of tesistance R;>R (R is the
sample resistance),was conﬁected to two of the contacts. The other two
contacts werevused as voltage leads. The average voltage acrosé the-
sample, V; ranged from 052V to 2V. .The high resistancé cufrent‘sogrce
and the fbur-terminal configuration were-neceSSary to‘eliminaﬁe éontact
1/f noise at ﬁhé current carrying contacts. The current and Qpltage
leads were often reversed to further assure the absence of contact
noise. Moreover, the sample was replaced by a wirewound resistor of
the same resistance to insure that no significanf noise arose from the
current source.

| The sample, current supply, and battery—operated.preamplifier were
placed in an electrically screened room to reduce pickup of external
noise. In some cases; the samplés.were>also placéd in a vacuum with
no change of the measured noise spgctrum,‘ For the high resistancé Bi

samples (R-IKRl), the voltage leads were ac coupled directly to a PAR113

sSsreaeeaoer o
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prepamplifier. To improve the sample noise to preamplifier noise ratio
for the low resistance samples'(Rﬁlooﬂ) it was necessary to provide a
better impedaﬁce match., These samples were either transformer coupled
to the PAR113 or ac coupled tﬁrough a large capacitor to a Keithley
824 preamplifier. Correction to the spectrum was made for the transformer
response or the low frequency amplifier roll-off. In some cases, the
sample was usedvas one arm of a Wheatstone bridge to allow dc coupling
to the preamplifier. Although such Qn arrangement is a three-terminal
measuiement and more susceptible to contact noise, by c¢utting two
symmetric arms from the same continuous film, the bridgé arrangement
could bevmaae insensitive to contact noise.
The voltage noise spectrum was measured byban interfaced PDP-11

- computer. The preamplifier output was filtered to elimina;e unwanted
‘high frequencies and was fed to a IMHz voltage-to-frequency converter.
The converter, in turn, drove an internal counter in tﬁe computer.

An external oscillator of frequency fo generated an interrupt in the
computer every To=1/fo. On the first interrupt, the counter was
cleared and started. On successive interrupts, the counter was read,
cleared, and restarted. This arrangement provided a highly accurate
analég-to~digitai converter(ué to 24 bits) with automatic averaging
over T . Successive counts stored in the computer thus provided a
digital record of the noise. Once 1024 ﬁéints had been accumulated, a
Fast Fourier Transfbrm was used to calcﬁlate the 512 sine and 512°
cosine transforms of the data. These values were squared and added to
an accumulating array of 512 frequency points. The entire process

was repeated at least 40 times to provide an average measure of the
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noise spectrum in the frequency. range f0/1024 to f°/2. By changing fo’

. the spectrum could be measured over any desired range, although the

digitizing electronics and interrupt delays gave an upper frequency
limit of about 10kHz.

The spectrum, S(f), was measured with an average voltage, V;
across the samplé. The background spectrum, So(f); was‘thén'measured
with zero average voltage across the éample and inclu&ed contributions
from both external pickup and amplifier noise. The difference,hsv(f),
Between’S(f)iandﬁso(f)'was thus the current induced voltage noise in
the sample. These measured spectra for a typical Bi sampie (R~4008)
coupled directly to a PAR113 preamplifier are shown in Fig. 1. The -
increasing steepness of fhe spectrum below 1Hz was found in most samples
and was probably due to a graduai-deterioration of the sample causéd’by
the high current densities (~106Acm;2). With the FFT method of

measuring the spectrum a slow monatonic drift generates a l/f2 spectrum.

- This effect can be eliminated if the cosine transforms alone are used.

Figure 2 shows the measured épectra for a Au sgmple\couplésthrdugh
a large capacitor to a Keithley 824 preamplifier. In‘this case, it
was necessary to‘ébrréct for the low frequency roll-aff of the amplifier
and capacitor as well as to subtract out the background to obtain Sv(f).
In Figs. 1 and 2, the corrected spectrafshow a behavior close to llf.

Similar measurements were made on a wide variety of sgmples of
different materials. We found Sv(f)¢72/fy,where l.Oinl.4. By varying
sample size, it was possible to show that SV(f) was roughiy propor;ional
to !, the sample volume. Otherwise identicai samples oftenushowed

noise spectra whose magnitude differed by up to a factor of 3. This

9P Z O 0OSRF OO0
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irreproducibility between different samples and our inability to change
§ over a wide range while still observing the 1/f noise made a more
accurate determination .of the {! dependence impossible. A summary of the
measured noise spectra for various samples (typically, 10umx120umx1000A)
of different materials, including metals and a semimetal (Bi), is
shown in Table 1, The measured temperature coefficient of resistivity,
B, is also shown for each of the metal films.

- Hooge and Hoppenbrouwers1 reported no consistent variation of the
1/f noise in their Au films when immersed directly in liquid N2 or
liquid He. These measurements, however, may not be indicative of the
temperature dependence of Sv(f)/VQ. We found that placing the samples
directly in the liquids caused the spectrum to become steeper than 1/f
and to be dominated by bubbling in the liquid. Moreover, at all tempera-
tures, the high current densities (up to 106Acm_2) and high levels of
power dissipation (up to lchm_Z) necessary to observe the 1/f noise
caused the film to operate much above ambient temperature. In the
case of some 'room temperature'" metal films, the departure of the I-V
characteristics from linearity together with the known value of B
showed that the sample was as much as 40°C above room temperature. The
non-linearity of the I—VAcharacteristic at high currents due to heaﬁing
is shown in Fig; 3 for the Au film ﬁhose noise spectrum is shown in
Fig. 2. The heating causes an increase in resistance at high currents.
The somewhat amorphous nature of our Bi films caused a negative
temperature coefficient of resistivify. The Bi films, consequently,
exhibited I-V characteristics which curved toward lower resistance at

high currents.
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In order to get some indication of the temperature dependente_of
Sv(f)/-‘72 it was necessary to place thé samples in a vacuum can and to
isolate them from- temperature fltctuations in the liquid bath by a
long thermal time constant. We found thatXSV(;f)/V.2 for both Au and Bi
samples decreased by about an order of magnitude in going from room

temperature to a liquid N, bath, but that“SV(f)/-\T2 did not change

2
further”in going to a liquid He bath. In all cases, however, the
~ presence of héating non-linearities indicated that the samples were
much above the bath temperature. In liquid N2 and liduid He baths;'we
were unable to make an accurate measuremeht,of 8 and detetmiﬁetthe
actual temperature of the samples. Although we caﬁ say that; with
careful measﬁrement SV.(f)/v2 is found to decrease as the temperature
is lowered, we can make no quantitative statement about the temperature
dependence.

The dependence of Sv(f)'on‘v2 suggests that the 1/f noise may be
" caused by resistance fluctuations; Thé measurements sdmmarizéd in
Table 1 érovide importaﬁt clues as to the nature of'i/f noise in con-
tinuous metal films. The abéence of detectable 1/f noise in manganin
with B~0 indicates that temperature fluctuations genérate the 1/f noise.
The similarity of the spectra from Bi (B<O) and the metals (B>0) indi-
cates thatvthermal feedback’in which a resistance fluttuatioh changes
the power dissipated in its neighborhood thereby raising or lowering.
the local temperature, do not play a roie.' The observation that Bi,
with a carrier denéity lO5 smaller than metals, has roughly the same
relative noise spectrum éuggests that the size effect isfnot Nzl, as

suggested by Hooge and Hoppenbrouwers.1 However, both our measurements
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and those of Hooge and Hoppenbrouwerslon Au are consistent with
sv(f)/VQ«a'l. In thermal equilibrium a body of total heat capacity
CV=cVQ has a mean square temperature fluctuation <(AT)2>=kBT2/CV. Thus),
the absence of the 1/f noise in manganin, the scaling of SV(f)/V2 as

1/, and the fact that SV(f)/V2 decreases with decreasing temperature
are all consistent with the idea that the 1/f noise voltage in continuous
metal films supplied with a sﬁeady current ié due to equilibrium

temperature fluctuations modulating the resistance.
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III. FLUCTUATION SPECTRA FOR DIFFUSIVE SYS_TEMS '.
A temperature fluctuarion, AT, in a resistor of resistance, R,
and temperature coefficient of resistivity, B=(1/R)3R/3T, will be
observed as a voltage‘fluctuetion, AV=IRBAT, in the presence of a
constant current, I. The voltage fluctuation spectrum, Sv(f), is then

related to the temperatﬁre-fluctuation spectrum, ST(f)’ by
- s (n)=els (8), | (3.1
Sy (8, .

where V=IR is'the average voltage across the resistor. If the tempera—
ture flucruations are due'to equilibrium exchange of energy bereeen

the resistor and its environment S (f)“kBTz/c , where C is the total
heat capac1ty of the resistor In this case S (f}“V B kT /C s which
predicts the observed behavior of the 1/f noise in metal films. ‘It

is necessary, however, to deterhine ﬁhether or not the.idea of equilibrium
temperature fluctuations can aceount for both the observed magnitude of
the 1/f noise and the 1/f spectrum.-‘in this.section; we shall use a
Langevin~-type approachito calculate ST(f) for a system characterized by
a éingle correlation time, and for uniform diffusive sysrems. Although
| many of the results have been previously derived,l4’15’19-24neither

the generalized three-dimeneional spectra nor the frequency—dependent
spatial correlation length, i(m)“(D/w)l/z, have been emphasized. Our
simple physical derivatien,vwhich stresses ‘the imporrance of A(w) in
determining the shape of the spectra, not only provides the hasie for
our later experiments, but also introduces methods that can easily be

extended to the case of correlated fluctuations discuesed in Section V.

>

a

Ty
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We begin by considering the system shown in Fig. 4(a). A mass of
total heat capacity,C,is coupled via’a thermal conductance; G, to a
heat reservoir at temperature To. Macroscopic deviations in T will .
obey the decay equation

oL - g(r-1 ). - (3.2)

dt o] v

In the Langevin approachzgquilibrium fluctuations Are also assumed to
obey Eq. (3.2). The stochasfic nature of the fluctuations is ietroduced
by adding a "random driving term", F(t), to the right—hand side of
Eq. (3.2). ‘F(t) is assumed to have zero average and to be gncorrelated
in time (<F(t)F(t+T)?=F§6(T)) for the time scales in which we are
interested. Physically, F(t) represents the random exchange of
energy betweenvthe mass ahd‘the reservoir through the thermal conductance.

The equilibrium temperature fluctuations thus obey the equation:
dr/dt = =(T-T ) /T_ + F(t)/C (3.3

where TO=C/G is the time constant for decay of a given fluctuation. We

wish to calculate the spectrum for temperature fluctuations, ST(w)

~<|T(w) |2, where T(w)=(2m~1/2 (1(6)-1 )e'“*at. From Eq. (3.3),
T(w)=F(w)/C[1/T§+iw]'and'ST(w)=SF(w)/C2[1/T§+w2]. The Wiener-Khintchine

relations

[}

' cx(1)=<x(t)x(t+T)>j—/Sx(w)coswrdw | (B.Aa)

-}
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00

: a4 s L
and Sx(w) E@(.cx(r)coswrdr _ o (3.4Db)

that connect the autocorrelati§n function px(T) of a flgctgating_qpaﬁtity,
X, with its spectrum,sx(f), may be used to calculaﬁe SF(w)_f;omi
<F(t)F(t+T)>=F§5(T). Since F(t) is uncorrelated in-;ime, SF(w)

=F§/2ﬁ is "white" (independent of frequency). Thus, ST(w)=F§/2wCZ(T;2+w2).
Fi may be determined from the normalization condition [Eq. (3.4a)] thét

- ]

2 2 ‘ 2 2
=< >= = = \
CT(O) (AT) kBT /C ST(w)dw. We find that Fo ZkBT G and

ST(w)=kBT2/nG[1+MZT§]. BT - (3.5)

ST(w) is the usual Lorentzian spectrum characteristic‘of pfocesses with
a single correlation time,'ro.25 This spectrum is obviously not 1/f.
In fact, the 1/f_spectrgm can only arise from physical processes
characterized by the appropriate distribution of correlatién times.26
Onexprocéss with a distribuﬁion of correlation times is diffusion, which,
‘moreover, represents a better approximation to the heat flow in the
metal samples.

"With a simple extension of this single correlation time system, one
' may épproach a 1-dimensional diffusion syétem. Figure 4(b) shows a
string’of equal masées of hea;.cap;éity C connected By thermal conduc-
tances, G. The teﬁperatdre of the nth mass obeys the Lahgevin eqﬁatioﬁ:

CdT /dt=G(T_, +T _ (3.6)

n+l/2—Fn—1/2'

lfZTn)+F

Each of the random driving terms Fn+1/2 is independent °f1thé'others.

6k &2 0g kN0



-18- LBL-4109 Revised

I1f we assume that each of the masses is separated by a distance lo, we
may define c=C/R«° as the heat capacity per unit length and g-=G2'0 as
the thermal conductivity. In the limit zd+o, T becomes a continuous

~ function of position and time, T=T(x,t), and obeys the diffusion equétion:
3T /3 t=Dd 2T/3x>+c 0¥ /ox, ; ©3.7)
where D=g/c is the thermal diffusivity and F(x,t) obeys the relation

<F(x,t)F(x+s,t+T)>#2ﬂF§6(s)6(T). The quantity of interest is now the

spatial average of the temperature, E(t), over the length 28 from x= -%

T(t)= 2 iT(x,t)dx. : (3.8)

T(x,t) may be defined in terms of its space and time Fourier transform:

. (-} -] .
T(x,t)= z—fl d?[ dwe X% 198 ). o (3.9)
Qo0 =00

From Eq. (3.7) we find

to x=%:

T (k ,w) =1KF (k) / c[Dk*~1w]. (3.10)

‘ '}
Since from Eq. (3.8), T(w)=-%?/-ixx w)dx, using Eq. (3.9) we have

T(w) (2m) 1/1'-5—1—“—‘58 T(k,w) dk. ' (3.11)
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- L . - —_— —k s
The fréquency spectrum is defined by ST(w)=<T(w)T (w)>. The uncorrelated
nature of F in space .and' time implies that it has a white spectrum in W
. . _A
space and k space. We thus set <F(k,w)F (k',w)>=F(2)6(k—k')/2‘lre‘.so that

ST(w) reduces to

2

5. (W)= Fo- m sinzkl k2dk (3.12)
ST 3.2 2,2 2.4 2° ‘
(2m e k2" Dk T+w : _

Once again Fcz, may be determined from the normalization condition

o0 .
<(AT)2>=kBT2/29}cJ ST(m)dw. We find F:-ZkBng. ST(w) may now be »

0

explicitly integrated to give

| kBrznl/z
W28 e

T 5 [.1—e—e(§in9+cose)], o - o (3.13)

/ 2, ‘and'(uo=D/ 222 is the natural frequency defined by the

1/2w1/-2c fof u'ﬁwo'and ST(w)*kBTle,/z/l;/_Z—nEchyz

where 6= (u)/uuo)l
. 2
-+ /
problem. S.(w)*k,T /2/ 21D
for ww .20’21
o . .
~ As a check on the formalism one may obtain from Eq. (3.10) the

space-time correlation function, cT‘(s ,T)E<AT (x+s,t+T)AT(x,t)>,

Ceple,0= gr? e exp(-sPavy, (.14

which is the familiar result for 1-dimensional cli.ffu.sion-processes;z7
The physical insight into the connection between diffusion and the 1/f-
like spectrum, however, comes from a calculation of the frequency-

. L * ,
dependent correlation function, cT(s,u))'='<,T(x+s,w)T (x,w)>. For the

l-dimensional case we obtain from Eq. (3.10) |

sl
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k. T2cos[ (1/4)+]s |/A]
kB
/2177

cT(s,w)= e-|S|/A’ - (3.15)

2meD

where X(w)E(ZD/w)l/2

is the w-dependent correlation length and is a
measure. of the average spatial extent of a fluctuation at frequency w.
A low w fluctuation effectively samples F(x,t) over a large coherent

' Golume giving a large amplitude.

When w<wo, A(w)>2% and the flué;uations become correlated across the

entire length. In this case ST(w) can also be expressed as

| f'idx1 L dx2 :
St(w)= . 7L £_§E cT(xl—xz,w). - .- (3.16)

Since cT(s,w) is independent of s as w0, ST(w)*cT(O,Q) as w*0 leading
to the same low w limit as that obtained from Eq. (3.13).

Iﬁ the high w region (wWw,) X(m)<2£. Although 2% may be divided
into many‘correlated regions each of leﬁéth A only the two end regions
can fluctuate independently of the 6thers. ‘Enérgy exchange between any
of the internal lengths cannot change Tkt). The behavior is then best
understood in terms of 1'-dimensional energy flow across the boundaries.
The energy flow, j(x,t), obeys the equation, j=-gdT#9x-F(x,t). From
Eq. (3.10), j(k,w)=in(k,w)/[Dk2—iw]. If E(t) represents the total energy
on one side of the boundary at x=£ and we consider only flow across this |
single boundary, then dE(t)/dt=j(&,t), and

-2} -

E(w) =—i(21r)"1/2w'lf exp (ik®)j(k,w). Thus,

o0
2 2
dk kgl g

F
2 0
<lE(w)l >= =

(2m) 2J-ep?i 4 23/ 21/ 20,312

(3.17)
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for energy fluctuationé_due to flow across a single boundary. For
u>wo the flows across the two ends are independent; and, since AT=0E/2%¢c,
ZZCZ kzcmS/Z as before.

S (w)=2< IE_(w) |2>/4 =kB'1‘2/4/§ﬂ

This formalism may readily be extended to more than one dimension.

T(x,t) obeys the Langevin diffusion equation

3 ovPneg /e, (3.18)

where <§(§+§,t+r){g(§,t)?=F§6(§)6(T)/2ﬂ. If Ekt) is the spatially

averaged temperature of a box of volume ﬂ=2m£1...2m in m-dimensions,

then
m-1_2 :
5. ()= 2 Fo dmkk2 In-; Sinzkizi . .
Cr e [124,7 40 2 » (3.19)

The requirement that €(AT)2>i/rST(w)dw gives E§v=2kBT2g. Although we
have been unable to determine a géneral analytic expression for ST(w),b
we can determine its limiting forms from the\behavior of the épprOpriate
w-dependent .correlation function, which retains its dependence on

exp(—[s[/k)v in all dimensions. Thus, in 2 dimensions

cT(g,,w)=(kBT2/2-ﬂnc)ker(/5lgl /), .(3'. 20)
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where CT(S’N) »(kBT.z/ZﬂzDé)lq(ﬁl/léi) for lg_l‘@ and

cT(§,u;) »]'gl_llzexp(-l/ilgl'ﬂ) for |§]>A. In 3 dimensions

2 ; _
cT(g,w)/__ kaT cos(lgll/)\')e-lgl-/}.\. » (3.21)
' 2
4 Dc]gl : '

For a regular 3 dimensional volume of lengths. Q:l>£2>£«3 the three
natural frequencies, wi=D/2212, separate the spectrum into four regions.

In the frequency region Ml,w the lengths R’l and 2'2 may be considered

2

infinite and the spectrum becomes l-dimensional with temperature“ fluctu-

ations only due to energy flow in the X, direction. Thus as calculated’

3/2 for OP\w3: and S‘T(w) “w—-l/z‘

spectrum looks 2-dimensional with temperature fluctuations only due

above ST(w) “Q for w2<w< w3'.- If u%l, the

to energy flow in the X, and Xq directions. The low frequency limit of
the 2-dimensional spectrum may be calculated from Eq. (3.20) and the

observation that

sT(w)ﬂ’Z/;zdgﬁldg cp(x-x ,0). (3.22)

From the limiting form of Eq. (3.20) as w*0 it can be seen that

ST(w)"‘ konst.+1n(1/w)] for wlmz‘_.z-l‘ For uﬁwl,_ ST(u)) is determined from the
low frequency limit of the 3-dimensional CT(g ,w) [ Eq.(3.21) ] and

Eq.b (3.22)._ Thus, for w@»l, ST(Q)aconst.lﬁ‘he behavior of ST(u)) for the
four regions of the spectrum of a regular 3- dimensional volume are

shown in Fig. 5(a). The w32

behavior at high w.for all. dimension-
| 23
alities is characteristic of diffusive flow across a sharp boundary.

When A is < any length 2%&; only the outer shell of an arbitrary volume,
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2, can fluctuate independently of the;;éﬁginder and»théh only by local 1-

dimensional flow across the boundary. A generalization of Eq. (3.17) gives‘
“(b)*kﬁ%/f”nﬁ%aiyz as w, 0 (3.23)

where A is the total surface area of fi. If,on the other hand, the -
boundary is not sharp but has a finite width, W, ST(w) varies as w_z»for
w >D/w2.

\ Only very recently have these calculéted spectra for diffusive
systems been verified experimentally by a direct measurement of the
spectraz.8 Light scattered from independent particleé undergoing Brownian
métion was used to measure the number fluctuation spectrum for a small
volume. .Bqth_thé predicted low frequency roll-off and the high frequency
f_3/2 behavior of the correct magnitude were observed.

Unlike the measured Sv(f) for metal films shown in Figs. 1 and 2,
Fig. 5(a)'does not show an éxtended region Qf 1/f behavior. Fig;’S(a)
however, was célculated for temperature fluctuatidns in a :egulaf sub-
volume of a uniform medium. On the other hand, the experimental syétem,
of metai film on glass substrate does not present a uniform medium for
heat cenduction. We expect diffusive flow along the film to dominate

the heat conductinn_creating primarily a Z—dimensional‘system; but with

some effects due to coupling to the substrate. The importance of

coupling to the substrate on the spectrum haé, in fact, been demonstrated
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for superconducting films at Tc}6 It is also possible that path sﬁitching
effects, in which a temperature configuration that does not change Ekt)
does change R, (AVAVRAT) may play a role. However, at the frequencies
measﬁred A is large enough‘that temperature fluctuations are expected

to be correlated across the cross section of the strip, hence AV=VBAT,

If we assume tﬁat the temperature fluctuations in the metalvfilms
obey a diffusion equation, but that the complex nature of the system in-
troduces an exﬁlicit 1/f region into the spectrum at intermediate
frequencies, we may form a model spectrum that will allow quantitatijg
comparison of the measured  noise with that predicted from temperature
fluctuations. Since the thermal conductivity of the film is sa much
higher than the substrate, we expect the high frequency behavior to be
2—dimensibna1' while at low enough frequencies the spectrum must be-
come . 3-dimensional and independent of frequency. This simplé model
spectrum is illustrated in Fig. 5(b). The limits of the 1/f region are
defined by the natural frequencies'of the film, D/'n'ﬁ2 and D/'nw2 where
% and w are the length and width of the film. The high and low frequency

limits are taken to be diffusion-like: 'ST(f) « f‘-3/2

for f>D/‘rrw2 and ST(f) « const. for f<D/ﬂ92.
! ‘oo

The normalization condition {(AT)2>=kBT2/CVj/Z;T(f)df then determines the
o . .

magnitude of the spectrum. In the 1/f region
S (£) /7284 T%/C_[3+2 1n(@® /i) }E | '
Sy kB v 2 InQ@ /w . (3.24)

independent of D. The term 1n(%/w) makes Eq. (3.24) extremeley insensitive
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to changes in the limits of the 1/f region. For metals at room tempera-

ture CV§3NkB where N is the total number of atoms in the sample, and
5,(6) = VRPN 342 1ae ) 1. S 3as)

For the samples of Hooge and Hoppenbrouwers 1, Eq. (3.25) predicts

S (£) /% 3.6x1073/Nf which is within a factor of two of their éxpe-ri-'
mental results [Ed. (1.1)] if we replace Nc by N. The last column of
Table 1 shows the calculated values of ST(f) from Eq. (3.25) for our
samples. The agreement is,excellent;

| Although the calculated ST(w)forfsimplezuniform diffusive media..
do not have an‘explicit 1/f région, the assumption
of such a 1/f region in ST(f) for the complex experimental systems
allows a quantitave preaiﬁtion of the 1/f noise in excellent.agreement

with experiemnt.
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1IV. MEASUREMENT OF SPATIAL CORRELATION OF 1/f NOISE
The usual diffusion theory does not provide an explanation fo;
the 1/f spectrum. It does, however, suggest an important experimental
test of the correctness of a diffusion mechanism. Fluctuations in a
diffusive medium are characterized by the frequency-dependent correla-

/2

tion length, )\(f)=(D/1Tf)l . Thus, the temperature fluctuations of

two regions separated by a length £ should be independent if &>A(f),
and correlated if &<\ (f). The extent of the correlation depends on the
dimensionality of the diffugion process and the exact geometry of the
two regiomns.

Figure 6(a) shows the experimental configuration for an experiment
designed to measure the freéuency dependence of the correlation of the
1/f noise from two regions of a single Bi film. A Bi film of thickness
1000A was cut to form tw6 strips each of length & and width 12um.
Separate batteries and large resistances Ro were used to supply»a
constant current to each strip and prevent any correlation via a ¢omm0n
- power supply. The two noise voltages Vl(t) and Vz(t) were separately
amplified with PAR113 preamplifiers and the spectrum of their sum or
difference measured with the PDP-11 as described in Section II. If
S+(f) is the spectrum of [Vi(t)+V2(t)] and S_(f) is the spectrum éf
[Vl(t)—Vz(t)], the fractional correlation between the striés, Cc(f), is

given by
C(D)=[s, (B)-5_(£)1/[S,(£)+5_(D)]. (4.1)

When Vl(t) and V2(t) are independent, S+(f)=S_(f) and C(f)=0. When
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the two strips are completely‘correlated Vl(t)=Vé(;), S_(f)eQ, and -
C(f)=1. For teﬁperatufe.fluctuatious af high f, l(f)<l and C(£f)*0,
while at iow £, A(£)>% and C(f)*constant; vTﬁe cuange from correlated
to uncorrelated behavior oceurs when A(f)=~4. Experimeutai'results for
two different values of ﬁfare‘sﬁown in fig. 6(5). The eonditiun
A(£)=1 corresuonde to f=6.13ﬁz for 2é7.5mm, and f=1;2Hz for #=2.5mm
(wieh D*O;Zcmzsec-l), in good agreement with the frequencies at which
C(f) changes?rapidly. 7A§ L is‘increesed, the low frequeney 1imit of
C(f) decreases beceuse a fluctuation.in one strip has‘eu increasing |
probability gf decaying withouf influencing the‘othe;‘strip. Fbr‘kb
much greater.then 7.5um; it became increasingly difficuit'to observe
any correiat;on. vSince we‘could not meaéure»S+(f) and S;(f) simul-
vtaneeusly! we often observed errors due-to_s;qu chenéee with time of
S(f). Depending upon whether we measured S+(f) or s_(£) firet,e slow
change would appeer either as a positive or uegative offeee to:C(f), |
as in the £=2.5mm case in Fig. 6(b).

These_measurementsvof the frequency—dependent epatiel coffelatien
of the 1/f neise.in metel films and the observation thaf the change |
from uncorrelated to correlate& behauior occurs at a frequency pfedicted
v by the thermel diffusivity provide strong'experimeutal evideuee that

the 1/f noise arises from a thermal diffusion mechanism.
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"V. SPATIALLY CORRELATED FLUCTUATIONS

The absence of 1/f noise in ﬁanganin, the scaling of SV(f)/v2 as
1/Q, the general decrease of Sv(f) with temperature, the observed ‘
frequency-dependent spatial correlation, and the ability of température
fluctuat@ons to correctly predict the absolute magnitude of SV(f) (with
an assuﬁed I/f spectrum for.ST(f)) provide overwhelming evidence thaf
the 1/f'hqise in metal films is due to equilibrium temperature
fluctuatiéns modulating the film résistance. Yet, the inability of
the usual diffusion theory as outliﬁed above to yield a 1/f sﬁectruﬁv
suggests a reexamination of ﬁhe theory.

_in Sgction III we presented a physically simple derivation of the
speqtrum of temperature fluctuations in infinite, uniform, diffusive
media. The results havé been verified éxperimehtally for independenf
particles undergoing Browﬁian motion.28 As mentioned in Section 111,
itvis poésible that the non-uniform nature of a metal film on a glass
substrate is responsible for the 1/f spectrum. However, more
sophisticated models of the experimental configuration (for example,

a diffusive médium coupled to a constant temperature suﬁstrate, or two
coupled diffusive ﬁedia) were unsuccessful in generating a 1/f spectrum.
In most cases the increasing complexity of the models only broughtv

in more low-frequency flattening. The measured spectra cofrespond'

‘to the frequency range f‘<f3 in Fig. 5(a) and, consequently, would be
expected to'va;y as iﬁ?l/z. ‘Any coupling to a substrate could
only be expected to cause a temperature fluctuation to decay more
rapidly and further flatten the spectrum. The measured spectra,

on the other hand, have a 1/f behavior down to frequencies as low as

f1/1000.



-29- | ‘LBL-4Ld9Revised

The calculated diffusion'spectra of Section IIT assune that the

fluctuations are spatially uncorrelated (AT(x + s, t) AT(x t)) = ¢ (s) @ 6(3)
A spatial correlation of the temperature fluctuations, <, (s) f 6(3),
could drastically alter the shape of § (f), and, as suggested by
Lundstrom, McQueen and Klason,29 in certain cases cquld give an explicit
1/f region. Such spatial correlation would occur if the free energy

of a given temperature configuration is non~local and contains higher
order terms such as (VT) A familiar example of this effect is the
large correlation length of density fluctuations at a critical point.30
The presence of a term such as (VT), implies that‘configuretions with
slow spatiel veriations require a smaller free energy and, consequentiy,
have a greater probability of occurring than configurations with rapid
spatial variations. |

More explicitly, if T(t) is the spatially averaged temperature

over some arbitrary volume £, then

T = [ e ao- [roreo de . 6
where
-1/2 -1g°x 4 -
B(,(.L) Z (2m) ° | f e d x .- o . (5.2)
' Q

Thus, the autocorrelation function cT(T) = (T(t) T(tv+ T))'hasvthe form

eq (D) =f B0 |12 .0 TNt + )%k . (5.3)
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Because the temperature fluctuations obey a diffusion equation,

' 2
(T(k,t) Tk t + 1)) = (|T) |2 e KT
~ Lnd o
where (|T(l~<')|2) is the mean square amplitude of temperature fluctuations

of wavevector ‘1& By Eq. (3.4b) the spectrum then has the form

2 (1o ®

. |B(5)|2 Dk ,
,_ ST(w) mf , A 3 . - (5.4)

"Dk +w

(IT(}g) l-z) is related to co(s) by the spatial Wiener-Khintchine relation
>~
ikes
2 - --3 L . 4 3
(|T(L<)| ) = (2m) J-co(‘s.) e d’s .
For uncorrelated temperature fluctuations, co(g) o« 6(3) and

<|T(E) |2) = const. Moreover, for a regular volume of sides 2%,

3

B(k) = 1 sin(k £,)/k; ;
i=1

and Eq. (5.4) reproduces Eq. (3.19) for ST(w).
If, however, the (VI)»2 term dominates the free energy we find
(|T(k)|2) « l/kz, c (8) = 1/|s]|, and
o~ [o I -l ~

IB(k) |? a*k | |
« _~ (5.5
5, () f |

D2k4 + wz

We now show that it is possible to treat these spatially correlated
fluctuations in the Langevin formalism by replacing the ,V.'E, term in

Eq. (3.18) By a random source, F(i,t), to give

aT/ot = DVAT + F(x,t) /e . | (5.6)
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F(x,t) is assuﬁed to he unéorrelated in space and time,
SF(x + s, t +DF(x,8)> = F026(T)6(§)/2ﬁ. F(x,t) is a r#ndom sourée
which adds or substracts energy from the diffusive system. The;foL
term [ Eq. (3.18)], on the other hand, represents a:randqm flow of energy
within the diffusive system.

As with Eq. (3.18) we may determine the spectrum of the spatially
averaged temperature of a box of ﬁolume ﬂ‘= 2m£1...$m\in m~-

dimensions. Thus:

T(k,0) = F(k,w)/d Dk’~1al , .' (5.7
and
zm'l 2 m 'sinzk Q. :
s () = <>J/f % ;n . : 5.8)
T i J 24 7 1= | ki._2,.

A coﬁparison of Egs. (5.45 and(5.8) shows that the introduction of
F(x, t) is equivalent to <]T(k)|2>“k | The normalization condition,
\(AT)2> S (w)dw, cannot be applied unless m?3 since for one and
two dj.mensions /;T(w) dw diverges.

The general behavior of the spectrum can be determined from the

three dimensional frequency dependent correlation function,

Fozcos[(ﬂ/4) +‘]§J/11 é-lil/3 _ - v(5.9)
3/2,1/2 -

CT(igw)‘ =
l6n D
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where, as before, A(w) = (2D/w)1/2. In the limit w =+ O
AW[gh; ¢ - dT(g,w)“w—l/z. Because F(x,t) is an external source, each
correlated region may be considered as fluctuating independently of the
other correlated volumes with a spectrum Sc(w)‘“uu—l/2 from Eq. (5.9).

If Q, the volume of interest, consists of N independent corre-

lated volﬁﬁes; ST(w)¢Sc(m)/N. Thus, when 0)>w3, l(w)<23 and § is

composed of N #‘Q/A3(w) independendent volumes:
5, (@S _ (A% ) M0 (g (5. 10)

When o <uw<u,, &2>A(w)>23, and f is composed of N = -ﬂalﬂzllz in-

dependent volumes:
5, (=S _(WAZ(w)/ 2 £ gey~3/2 (15, <) (5. 10b)
T c 12 : 2 3 .

when ml<m<w2, Bf>A(w)>2§, and {l is composed of N = 2'l/)\(w) independent

volumes:

1 ) \.
. (wl<w§w2) (5. 10c)

Sp (W)= _ (W) A(w) /&=
and, for w<ml all of § is correlated:
S (w)“Sc(w)aw . (w‘fml) ‘(5. 10 .)
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The shape of,ST(f) for this type of spatially correlated temperature
fluctﬁation‘ is shown in Fig. 7. vNot only. does ST(f)_contain an ex-
plicit 1/f region, but this regibn ‘cdrrespOnds to the low frequency
limit of a two dimensional system and matches the frequency range over
which the metal fiims are observed to have the 1/f spectrum. 1In f;ct,

if we assume that.<(AT)Z> = T2/3N, we find

S0  g2p? . | JERT
52 N[ 4-d/w+21n(1/w)] £

where d is the film thickness. ' This result differs fr§m our earlier
model spectrum , Eq..(3.25),'on1y by a factor close to unity. |

Although the iﬁtrbduction‘of spatially correlatedAfluctuations‘provides'
a means of achieving thevl/f spectrum_for simple diffusive systems, the
theoretical justification‘of the spatial éorrelation in the case of
equilibrium temperature fluctuations poses new problems: notably, the
physical ofigin of the correlations, and the proper normaliéation of the
ISpectrum. Moreover, it remains to be demonstrated that the correlated
temperature fluctuations can produce the 1/f ;pectrum for the thermally
inhomogeneous experimentai systems._

It is interesting to néte that wheﬁ tréaﬁed by the Langevin method
(the éssociation of an uncérrélated randbm éource, F(t), with each-ther-
mal conductance), a diffusive system coupled to a éubstrate at constant

temperature, To’ via a thermal conductance, G, contains an

F (%, t) term representing exchange of energy with the substrate.

AR B S I A A ¢
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In this case,

dT/dt = gV°T + Y - 6(T - T ) + F, (x,0). (5.12)

It can be shown, however, that the frequency region in which Fl(fft)

dominates Z:E’corresponds to the region in which the -GI decay term

dominates gVZT and the spectrum never achieves a 1l/f behavior.
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VI. AﬁTOCORRELAIION FUNCTIONS FROM DECAY MEASﬁREMENTS |
- The theoretical calculations of Sections IILI and V,‘aS'ali suéh
theoretical calculations, are based on the assumption thét the.spon—~
taneously occurring fluctuations in equilibrium on the ayerage'obey
the same decay law as small.non—equilibrium macroscopic perturbatiéns
of the system. 17 Thé autocorrelation function.for ;emperatute
fluctuations, cT(T), thus fefiects the average manner in which a
tempéféture flﬁctuation decays in time. By perturbing the femperature
of the experimental system and measuring its response, we are able to
méasure dT(T). The cosine transform [Eq; (3.4)] of dT(T) gives .
ST(w). | | |
| This procedure will be illustrated for the simple system shown in
Fig. 4(a), and described by Eq. (3.2). 1f the temperature at t=0 is:" .

raised AT above To the decay for t>0 will proceed according to
-"t/-To .
T(t).=_TO+ATe (t>0). . (6.1)

Thué, cT(T)me“T/TO'for 7>0. Since CT(T) is symmetric about T=0, the

normalization condition CT(Q)=<(AT)2>=kBT2/C‘implies
cp(D=GgI"/Oexp(=|t{/7), (6.2)

which gives the same ST(w) as Eq. (3.5). Thus, the réspongé'of'the
system to a temperature perturbation determines the éhape of the épectrum
while the normalizationjcondition,cT(0)=<(AT)2>,determines the magnitude.

This procedure is not so straightforward for extended media
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described by a diffusion equation. In this case, we are interested in

the spatially averaged temperature of some volume £,
ey 3
T(t)=f-,-T(x,t)d X. : , (6.3)
1 w

It is obvious fhat a given perturbation AT in F(t...)"'colhl‘d occur %or an
'inf.in_ite variety of perfi’i;baéi'ori Hiétfibutions, AT(x,t), each of which
might have a different decay in time. We must determine which pertur- .
bation distribution corresponds to the desired s.pectrum. -In the simplest
distribution, the temperature of § is uniformly raised a height AT

above the surroundings at t=0. This is accomplished by dissipating tﬁe
powér, P(t)=c-AT6(t), uniformly throughout §l. The decay equation then

becomes
ST/St=DVAT+ATS (6)B(x), (6.4

where B(g_c)=1 if X is in é.nd»BQ&)-=0 otherwise. Introducing

T(&(A,t)E(Zﬂ)_]'/%fI‘(ﬁ, t)e'i5'3d3§, we find

2

ng,t>=ATB(5>¢‘Dk t (o, (6.5)
where B(l:)=(21T)—1/2 B(::)e-ik(.ﬁd:t}g. Now, since
T(t)= : 3 * 3
)=fB)T(x,t)d xtli ()T (k, t) d ok (6.6)
v w LAY m L ) "~ .

we find from Eq. (6.5) that
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_ 2 , |
Ekt)=A?/]B(&)]2e_Dk.td3& (t>0). . . (6.7)

The cosine transform of Eq. (6.7) determines the: shape of the spectrumﬁ

ST(w)fl;T(t)coswtdt“AT ‘72 3 . ‘ (6.8)
| DK ,
F ular 9 of sid 2£. 28,, 24 | |B(k)l2§ é i 2(# %.)/x2, ana
or a regular ¥ of sides 1* %45 3s k. i=i no (k% )/ky, and

we see that Eq. (6.8) predicts the same shape for the spectrum as . .
Eq. (3.19) for uncorrelated fluctuations,z This is not surp;isipg. Fer
: uneofrelated fluctuations the average.manner in which a fluctuation
AT- in T(t) occurs is by a uniform distribution of'temperature‘ovegvﬁ.
The importance of this result, however, is that it gives an experimental
method of determining the shape of ST(w) for.uncorrelated temperature
flﬁctuatiOns in an arbitrary volume with erbitrafy coupling,v

Another important result comes from a consideration of the tempera-
ture response of § to a step function input of dissipated power, .-

P(t)=p_6(t)B(x), where 8(t)=0 for t<0 and 6(t)=1 for t>0. In this

case
BT/dtéDV2T+poe(t)B(§)/c; | R (6.9)
_ -Dkzt 2.
and T(vlg,t)=(1-e‘ )pOB(lé)/Dk . . (6 -10) :
thus, we find that
vE(t)=gfffh3($?I?(l—e-Dkzt)dsﬁ/Dkz. o (6.11)

682 gnebkoraoQ

&
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The cosine transform of Eq. (6.11) shows that

2.3
B |°

a5 9 3
D2k4+w2

(6.12)

which has the same shape as ST(w) for correlated temperature fluctuations
given b§ Eq. (5.5). The response of an arbitrary volume to a step
function input of power thus determines the shape of the spectrﬁm for
correlated temperature fluctuations.

Figures 8 and 9 show the response of the same Au sample used in .
Figs. 2 and '3 to delta function and step fuhction power inputs. The
sample was one arm of a Wheatstone bridge. The other three arms con-
 sisted of wirewound resistors with a zero temperature coefficient of
resistivity, At t=0, a lkHz ac current was applied to the bridge. As
the Au film became hot, the bridge became unbalanced. The PDP-11
was used as a digital lockin detector to measure the voltage response
of the bridge as a function of time. In this way, the decay of the
sample - temperature was determined. Each decay wés averaged over many .
repetitions. The ac cprrent provided the heating as well as the bias
for measuring the temperature response.. This method had the advantage
that the necked-down areas of the film,&hich contributed the most noise,
also were weighted the most heavily in the temperature response. The
delta function response was -determined from the derivative of the step
function response. Direct delta function (very narrow pulse) response
measurements ééve similar results.

Figure 8 shows the temperature response T(t) to a'delta function

power input on three different time scales. The decay is essentially
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complete by a few hundredths of a sécohd. Figure 9, on the'oﬁher hénd,
.'shows T(t) for a step function input of power. The decéy is mﬁch slowef
and appears to have appreciable contributions‘on all time scaies.h
Figure 10 shows the cosine transform of these decays. over many -decades
of frequency. The decay was assumed to give the ghape of cT(T) and
was normalized to -'f.(d);k(AT) 2>;BZT27 3N ¥ to allow comparison Witl:l .
S{f);SV(f)/Vg, 1%ﬁé aStéea line shows thé expectedS(f)’ for uncorrelated
temperature fluctuations. As predicted theoreﬁically, S(f) is 1/f-like
for higher frequencies, but flattens rapidly for low frequencies. In
Fhis case, the low frequency gutoff, fl=uD/ﬂ£%~80Hz, also-cotresponds to
the measured change in behavior. The solid line, however, shows the.
expected S(f) for correlated flpctuations. This spectrum'shows the
1/f behavior down to the lowest frequencies measured. The squares in
Fig. 10 show the measured relative noise spectrum for the same sample.
The normalized cosine transform of the measured step function response,
which contains ho.fittéd parameters, provideé an excellent reproduction
of the measured noiseISPectrum both in shape aﬁd magnitude. The obser-
vation that the cosine transform of the step function response retains
its 1/f behavior_down to 10-2Hz implies that>even on these long
time scales the heat conduction is preferentially two diﬁensional.
Similar expgriments on.Bi filﬁs (B<0) also show that‘the cosine transform
of the step function response matéhes the measured noise spectrum,
indicating, in addition, that feedback effeéts are not important in
“‘méésuring the decay.
We have shown experimentally that correlated temperature

fluctuations in the complex experimental systems of metal films on glass

0 ¢ 72 8
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substrates can, in fact, produce the measured 1/f spectrum. Moreover, .
we have shown that the usual assumption of uncorrelated fluctuations
does not proddce the measured 1/f spectrum fo; these samples. The
assumption of correlated equilibrium température fluctuations in'a-.
diffusive medium together with the normalization <¢AT|2> = kBTz/CV

are, thus, sufficient to predict all the measured characteristics of

1/f noise in continuous metal films.
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VII. THERMAL FLUCTUATIONS IN OTHER SYSTEMS

It was not possible to test in detail the dependence of SV/VQ
[Eq. (3.24)] on @, B, and T using the metal films. However, Clarke

and Hsiang16 meésured the 1/f noise in Sn films at the superconducting.
trangition, where B isllarger tﬁan at réom temperatufe‘bf a faptor of.
about 105. In the first‘series of éxperiments, the Sn was-evaporated
directly onto a glass substrate. The main éonclusions'were:

(i) SV/VZ“llﬂ (for a faqtor of 30 variatioﬁ in 8); (ii) SV“B2 (for a

v

variation inivz); (iv) the noise showed the expected spatial corre-

factor of 30 variation in 82); (iii) s “72 (for‘a factor of 500

1ati§n;,(v) ﬁhe magnitude of the noise waé.well feprésented by Eq. (3;24),
thus“vérifying the dependence of S, on T. Eé; (3;24)'thﬁé correctly
predicts the measured 1/f poise in Sn both at 4K and 3001(.‘In'fhe sub-
sequent experimentsvthevSh evapqratioﬁ was preceded by.a thiﬁ ﬁndérlay
of Al,lthat,greatly enhanced the thermal coupling of the film to the sub-
strate. Not only did the observed spectrumvflatten at low ffééuéncieé
to become white, but the degiee of spatial correiétioﬁ of the 1/f
noise waé aépreéiably feduced. As the coupling to the subsﬁréte increased
a given.temperature fluctuation in one section 6f the filﬁ ébuidAdecéy
more rapidly by heat flow into the'suBstrate and, consequéntly, was
less 1likely ;o influence the ﬂeighboring éections.' These resulﬁs add -
strong support to the diffusibn theofy. |

Clarke ;na Hawkiﬁs18 measured fhe 1/f noise in JOsephsoh tunnel
junctions thaf §e£e~resistively'éhunted to eliminate hysteresis in the

current-voltage characteristic. The noise was measured by passing a
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constant current,l, greater than the critical current, IC,'through
the junction and measuring the voltage fluctuations with a super-
conducting voltmeter. If the noise is assumed to be due to equilibrium
temperature fluctuations modulating Ic, a suitable modification of

Eq. (3.24) leads to the following result for the noise power spectrum:

; 2 2. .2
(AV/3L )T (@I /oT)“k.T
1D T (7.1)

Sy(f) ~ 3yt
CV is the heat capacity of a volume given by the product of thg'jungtion
érea and a superconducting coherence length. The dependence of Sv(f)
on (BV/BIC)I and (BIC/BT) was experimentally verified. Moreover, the
magnitude of the noise was accurately predicted.by Eq. (7.1).

Weissman and Feher31 have studied the low frequency noise in
electrolytes in. the presence of:a current. Their system consisted
of a capilliary tube connecting.two large reservoirs. SV/VQ was pro-
portional toB2 and was quantitatively predicted by the 3-dimensional
diffusion model [Eq. (3.19)]. Presumably the thermal conductivities of
the solution and the glass capilliary were comparable and the boundary
resistance between them not too large, sd that the system was reasonably
thermally homogenebus.

Thus, there are several different systems for which strong e§idence
exists for.a thermal diffusion model of 1/f noise. However, in a

series of experiments on semiconductors, we found no evidence for this

model. In evaporated films of InSb we found that the noise &as typically
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thfee orders of magniﬁude'larger fhan ;hat predicted by Eq.'(3,2$), and
that there was no spatial correlation of the.noise on a‘séalg of a few
mm at frequencies down to 10_3Hz. Wé‘also found that fhe 1/f noise

in very thin (~100A) discontinuous metal filmsa,’4 was much larger than
predicted by Eq. (3.25). In these systems, the noise due to.thermal
diffusion presumably exiség, but islcomgletely dominéted by another

mechanism. The lack of spatial éorrelation indicates that, if diffusive

in nature, this additional mechanism must be characterized by

A5 2 -1  However, we were able to show that the 1/f nbise in
D<10 “cm"sec. . v

semiconductors and very thin metal films is also an equilibrium process.

VIII. THERMAL EQUILIBRIUM MEASUREMENT OF 1/f NOISE

-We have observed a 1/f-like power spectrum for low frequency fluctu—
actions of the mean square Johnson noise voltage across a véry small sample
of semiconductor or discontinuous metal film in thermal equilibrium,
The 1/f spectrum is shown to be due to resistance fluctuations in the
sample, and closely mﬁtches the resistance fluctuation sbectrum obtained
by passing a current throﬁgh the sample.

Consider a resistancé, R, of total heat capacity,C§,shunted by

a capacitance, C, and in ﬁhermal contact with reservoir at temperature
TO. The voltége across the capacitor, V(t), rep:egents a single degree
of freedom that can exchange energy with the resistor via the gharge
carriers in ﬁhe resistdr. -The exchangé takes place on time scales of

order T = RC. 1In thermal equilibrium the average energy of the capacitor,

Coesnernnrn0
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<Ec> = %C<§g> = %kBTo. These voltage fluctations (Johnson noise) afe
limited to a bandwidth of 1/4T, and consequently have a spectrum of the
form Sv(f) = 4kBToR/[1+4ﬂ2f2T2].’ 1f the resistor is assumed to ex-
change energy ﬁith the reservoir on a time scale of order"tR that is
much greater than T, the capacitor is able to reach equilibrium with the
internal degrees of freedom of the resistor before the internal energy
of the resistor.can change. The temperature of the capacitor is then
the same as the temperature of the resistor. V2(t), like V(t), is a
rapidly fluctuating quantity in time due to this exchange of energy be-
tween the resistor and capacitor. However, the average of V2(t) over

a time, 0, éuch that T €68 < IR; <V2(t)>é = kBT/C (T is now the in-
stantaneous ;emperature‘of the resisﬁor), is sensitive to “slow eﬁergy

or temperature fluctuations in the resistor on time scales T, or longer.

R
: Experimentally, the Johnson noise voltage, V(t), is passed
through a filter with a bandpass from fo to fl’ squared, and averaged

over a time 6 > 1/fo to give P(t), a slowly varying signal proportional

Thus,

to the Johnson noise power in the bandwidth fo to fl.
, -f1 \ |
p(c)asaanE/ df/ (1+an2ee?y & P_(t), (8.1)
£ .
o

where Po(t) represents the fluctuations in P(t) due to the rapid ex-
change of eneigy between capacitor and resistor. Because this ex-

change 1is so rapid, Po(t) has a spectrum, SP (f), that is independent
o v
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of f for the low frequencies in which we are interested: SP may.be
v . o o

reduéed by increasing the Bandwidth of byﬂmoving the bandwidth to
higher frequencies, but in practice Po(t)'severély'limfts the accuracy
of measurements.of P(ti.'

If the bandwidth in Eq. (8.1) is‘either totally above or totallfv
below the kneé at lléﬂt, P(t) is sensitivé to slow.résistande>és.well
as'temperatﬁre fluctuations.. Thése résistance fluctuations, AR,

‘may be driven by tempegature fluctuations with‘a‘spectrum ST(f) so

that AR = RBAT; or be temperature independent fluctuations, ARO, with a
speétrum Sr (f) (such as number or mobilit& fluctuations of the cﬁargé
carriers). oThué; from Eq. (8.1), AP(t)/§.=u(1iBTo)AT/T6+ AR6/§'+_P6(f)/§;
and the relative powér spectrum for fluctuations in.P(t) is of the |

form

S (£) S
90 o a5® 4 RO ey
72 o 2  §? P2 8.2)
o - )

where the plus sign corresponds_to fd<fi<l/2“T’ and the minus sign-

corresponds to f >fé>l/2ﬂT, If, however, most of the noise pdwer‘énd

1

the knee frequéncy, 1/2nT, are included in the bandwidth (i.e.

£,<1/217<f,), from Eq. (8.1) we find P(t) ~ k,T/C + P_(t) and

Sp(£) /2% = ST(f)/Toz + S /P%. In this limit, P(t) is not semsitive to
o ,

resistance fluctuations. Thus, with an aﬁpropriate choice of bandwidth,

‘the low frequehcy sﬁectrum of P(t) is an equilibriumvmeésurementgof.
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ST(f) or Sk (f) provided the temperature or resistance fluctuations
o
are large enough to dominate S

P *
Our initial measurements w:re on evaporated InSb films with a
thickness of 10007 and a resistivity of about lficm. As indicated in
section VII, we expgcted to observe only the resistance fluctuations
ARO(t).' In order to make the relative resistance fluctuation spectrum;
Sz (f)/i?,Ala;ge enough to dominate SP /F?, the samples were made as
smgll as poséible. The resistance of Z strip of InSb was.monitored while
the strip was cutltransversely with a diamond knife until bniyva small
bf;dge containing typically about.lO6 atoms remained. ‘In the presencé .
of a direcé current, I, the relative power spectrums of the voltage
fluctuations is S(f) = Sv(f)lv2 = SR (f)/iz. The solid line_in Fig. (11)
shows S(f) for a 20M bridge of.InSbomeasured with a direct current.
The spectrum was remeasured qsing an ac technique in which a square wave
current was applied to the sample, aﬁd the PDP-11l was used as a
digital lock-in detector to measure the spectrum of the amplitude
fluctuations of the induced voltage. The telative speétrumris plotted
with open circles in Fig. (11). in a third technique the current was
supplied as a series of pulses to reduce the power dissipatéd in the sample.
The relative spectrum is shown in Fig. (11) as open triangles. All
three techniques measufe the resistance spectrum, SR (f)/iz. The agree-
. o .

ment of the three spectra demonstrates that neither a direct current nor

a constant dissipation of power is the cause of the 1/f spectrum.
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"For the meésurement of P(t), the sample was capaditively cdupled

to a preamplifier to prevent any_léakage current flowing th;bugh the
sample. The inpﬁt'capACitance produced a knée frequency,
1/27RC =~ S500Hz, in the thnson noisé spectrum. After #mplification the
noise was filtered with a 10kHz to 300kHz bandpass filter, squared with
an analog multiplief, and ffitered to remove frequencies abbveithe'
digitizing frequency. Since the bandpass is above the knee frequency _
the calculated relative spectrﬁm of thisvsignal is giveﬁ by Eq. (8.2)
(Qith the minus sign), while‘the measured relative spectrum is shown as
the open squares in Fig. (11). The white spectrumhabove 1Hz re-
presents SP /52. The 1/f spectrum below 1lHz cloéely matchesvthe current-
biased measzrements. To insure that the 1/f spectrum was geﬂerated by
fluctuations in the sample rather than by spurious effects from our
‘electronics, the InSb was replaced by a metal film resistor (which:
did not exhibit 1/f noise) of the same resistance. This relative
spectrum is shown dotﬁed in.Fig. (11). The spectrum is white downlto

' =2

the lowest frequency measured, and represents only'the term SP'/P .
. ‘ ' o

We have made similar measurements on metal films. The three
current-biased techniques. gave identical relafive spectra for con; '
tinuous metal films in which the,résistanne fluctuations are tem-
peraﬁure indﬁcgd;vconfirming that the current serves only as é probe of
the equilibrium fluctuations. However, we were unable to make these
»films small»enough fqr SR(f)/E2 to.dominate SP /52 at-ffequeﬁcies down to

3. ° '

10 “Hz. We therefore used very thin (<100A) films in which temperature

induced fluctuations are not dominant. In Fig.(12), the continuous curve is
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the relative speétrum of a very thin Nb film (R ~ 200ki}) measured .

with an ac cﬁrrent bias. The open squares are a Johnson noise measure- -
ment with a banwidth of 100kHz to 200kHz, above the knee frequency of
40kHz. The agreement below 10—2Hz is excellent. The dotted spectrum
was obtainea from the same sample using a bandwidth of 5kHz to 200kHz,
which includes the knee frequency and most of the Johnson noise power.
Although the low freqdency spectrum is substantially reduced (as ex-:
pected when P(t) is no longer sensitive to resistance fluctuations);»
it is still above the background spectrum of a large metal film re-
sistor. This residual noise is possibly due to the temperature. fluctu-
ation term ST(f)/Toz. Indeed, the assumption of a 1/f spectrum for
ST(f) [Fig. 5(b)] for a sample of 106 atoms yields

ST(f)/TO2 -~ 3X10-7/f Hz-l, a value that is consistent with the ob-
served spectrum.

Our results strongly suggest that 1/f noise in semiconductors and
discontinuous metal films arises from equilibrium resistance fluctu-
ationé. Current-biased measurements probe these resistance fluctuatioms,
but in no way generate them, This idea is consistent with several
current theories of 1/f noise that propose various mechanisms for the
resistance flﬁctuations, for example: the McWhorter9 theory for semi—_.
conductors, carrier mobility fluctuations in semiconductions and ionic

solutions7’8

, and the temperature fluctuation model. Our results are
obviously inconsistent with theories that involve non-equilibrium pro-

‘ 2
cesses.. For example: turbulence theories3 , theories that require a
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;ong ;ermfsteady'cﬁprent.6r power33; énd fheories-invblving thermal
feedback via_thé heathéeﬁefated by aﬁ éxtérnai.current. | |
IX. CONCLUSIONS
We have shownithat 1/f noisevin metal and semiconductor films is an
equilibrium process. For continuous metal films the absence of 1/f
noise in‘manganin.;thg scaling of Sv(f)ias VQ/Q for different materials;‘
the general decrease of SV"'(f)/..‘_I.2 with decreasing températuré; ?he ob-

servation of frequency~dependent spatial correlation for the 1/f noise;
the agreement of ac, dc, and pulsed current resistance fluctuation spectra;

and the ability of equilibrium temperature fluctuations to accurately
predict the magnitude of the 1/f noise (with an assumed 1/f spectrum
for ST(f)) indicate that equilibrium temperature fluctua;ions,modulating
. the resistance-aré the physical origin of the 1/f noise. The same
mechanism also accounts for the 1/f noise invmetai films at the super-
conducting transition and in Josephson junctions.
VAlthough temperature fluctuations. are expected to obey a diffusion

“equation, the usual calculated spectra for uniform diffusive systems,
in which the fluctuations are spatially uncorrelated, do not give a 1/f
spectrum. Attempts ‘at more accurate.models' of the complex experimental
configuration (in which the_diffusive medium is coupled to a

substrate) only flatten the-spectrum further at low frequencies. More-
over, we have demonstrated experimentally for the metal films(by a
measureﬁent of thé shape of the'autocorreiation function from the
temperature response to a‘delta function power input) that uncorrelated

temperature fluctuations do not produce the 1/f spectrum.
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On the other hand, we have shown both theoretically and experimentally

(by thevfemperature response to a step function of power) that spatially
correlated temperature fluctuations can, in fact, account for the 1/f
spectrum in the frequency range in which it is observed. The physical
origin of the spatially correlated temperature fluctuations remaiﬁs an
unsolved problem. Another possible difficulty is the proper norﬁaii-
zation of the spectrum for correlated fluctuations. However, the

use of <(AT)2> = kBTZ/CV‘to normalize the spectrum fofbcorrelated
fluctuations does lead to a result in excellent agreement with the
experimental measurements.

A different physical mechanism for the 1/f noise dominates in
semiconductors and discoﬁtinuous metal films: the observed noise is
much larger than predicted by the theory, and is not spatially correlated.
The agreement of the low frgquency reéistance fluctuation spectrum
obtained from Johnson noise measurements with that obtained from
current biased measurementsvshows, however, that evén in these systems

the 1/f noise is due to equilibrium resistance fluctuations.
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FIGURE CAPTIONS
(a) Sample configuration for Bi film noise measurement.
(b) Measured spectrum, V=0.9V (e); background spectrum,
G;0.0V (0); and Sv(f), noise - background (—).
(a) Sample configuration for Au noise measurement.
(b) Measured spectrum, V=0. 81V (o) backgtound Spectrum
V=0.0V (0); and Sv(f) corrected for amplifier and
capacitor frequency response.
Nonlinearity of I-V characteristic caused by heating of
Auvsample of Fig. 2.
(a) Simple system of heat capacity, C, coupled to reservoir
at temperature To by thermal conductance, G. (b) String of
these simple systems which approximate a 1l-dimensional
diffusive system.
(a)VST(f) for spatially uncorrelated temperature fluctuations

. ) _ 9 u
of a box 221x222x22 fi-wi/Zn—D/4ﬂﬂi. (b) ModeI"ST(f)r

3°
for a metal film on glass substrate. f1=D/ﬂ22, where £ is

the length of the film, and f2=D/ﬂw2, where w is: the width

of the film.

(a) Experimental configuration for correlation measurement.
(b) Fractional correlation for two samples.

ST(f) for spatially correlated temperature fluctuations

' 2

of a box 291x222x223.‘
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Température response of Au sample of Fig. 2 to delta function
of applied power.

Temperature response of Au sample of Fig. 2 to step function of

-applied power.

S(f) from cosine transform of temperature response to delta
function (...) anqbstep-fﬁnction (—) of applied power from
Figs. 7 and 8 normalized to o) =182T2/3N; and measured noise

spectrum S(f) = Sv(f)lvz_(ED.

InSb bridge: Sv(f)/V2 using dc bias ( ), ac bias (o), pulsed
current bias (4a); Johqson noise measurement, SP(f)/fz(ED.
BaCkgroﬁnd SP'(f)/i"2 from metal film resistor (..,).

Nb bridge: Sv(f)/ﬁzlusing ac bias (—); SP(f)/fZ(ED;

SP(f)/§ including knee frequency (...).
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Material Measured B Sv(f)/v2 measured SV(f)/V2 calculated

(x-1) at 10Hz at 10Hz
(10-16,-1) ___ (10~16gz-1)

Cu ~0.0038 6.4 .16
Ag 0.0035 6.4 | 2
Au 0.0012 . 0.6 . 0.76
Sn 0.0036 1.7 ‘ 7.7
Bi - =0.0029 13 | 9.3
Manganin lBI<10'4 o <7x10-3 4 <3,5%x10-3

TABLE I. The measured temperature coefficient of resistance for
several materials and the measured and calculated noise power at 10Hz.
(measured Sv(f)/_\;2 differs by 2/m from previous table in Ref. 13

because of recalibration).
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LEGAL NOTICE

This report was -prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
‘owned rights.
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