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CULVERT WHISTLERS.
'vFr'a.nk S. Cra.wford

Lawrence Ra.d1at1on Laborato ry
UmverS1ty of California
Berkeley, California 94720

- S_epter_nb_er_ 17, 1970
~ABSTRACT

lI describe easily: gﬁ.s_er;iable‘ p_he?abrh_ena. that aije the ac.oustical.
aAna.logue' df‘e'le.ctrbmbagnéti'c.:' whistlers th‘a,ti 'o<.:<':ur‘ 1n the ‘eartl'1's
atmo'Sphere. Then I gi\_r:eva éimple derivation of the dispersive behaviof
of w'av:e‘s in.a wave guide, é;nd 'COﬁparie éound modes and electro-

magnetic modes in cylindrical wave guides.
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OBSERVATION OF CULVERT WHISTLERS

| on-_é_ morning last May.( 1970)_'1 Was rompinéwith my two children |
on a beagh'near Bolinas', California, .v;rhen .vduring a lapse of rny 'attention,
they d1sappeared But I could st111 hear shr111 laughter and weird echoes
apparently emergmg from a sand dune, and I soon found them by follow-
ing my ears. Thus I found my;_.elf'peer;ng into one end of a concrete
culvert about 4 ft :in diameter and 200 ft long, open at both ends, passing
under the dune, | o .

Al'ter retr_ievlng the;kidd;%ulit.' ?wae_:-myytnrn to.play; . Natura_lly, 1
began by generating a delidajlcfunction.- -a 'handclap. 1 thodght perhaps
that I might hear some chaotic combination of reeonant frequenc ies,
as well as the reflect1on of my handclap back from the other end
Indeed I heard the expected sharp reflection about a third of a second
after the or1g1na1 clap. But then to my astonishment I heard, not reso-
nances, but a loud descending "zroom™" that comhmenced at high pitch
at the same time as the rleflecbted sharp.handcla‘p and desc ended within
a few tenths of a second to a rather low pitch v’vhere it continued to
sound for several seconds as it gradually faded away. For the next few
minutes I clapped and banged on the 1nS1de culvert wall with sticks and
stones. Depend1ng on how I clapped or banged I could emphaS1ze some-
what d1fferent frequency components in the descend1ng whistle, but the
final long.-drawn-out sound_ always had‘ the same p1tch.

After many minutes .of' nuzzllng .ohver this striking effect I recalled
that there‘ are electromagnetic phenomena called "whistlers. ' Could
it be that my culvert whistlers were the acoustical -analog.ue of these |

(=3
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e.lectroin‘a.gnetic‘_ whistlei'e'?' I vkne_w.'tha't ‘i'ni'ari electforhagnetio whistler
a lightning stroke'.(ha.ndclap ') v'inv the‘_northernhetni'sphere produces
radiation.'that' tra§e1§ alon_g the ‘earth's‘ magnet1c Ii_nes of force as if the
radiation '.werze'- in a wavev g’uidev(c:ulvert!). Wh_en the radiation reaches
the :snwthekrn hemi.sﬁﬁie;rfea. it reflects there, travels back along the
magnet1c lines and returns to 1ts startmg po1nt near the l1ghtn1ng stroke,
,where 1t can be heard on an ordmary hi-fi aud1o amp11f1er equ1pped with
a 200-ft_ antenna. 1 Because o£ the’ d1sper51ve behawor of the earth's |
ionosphere, the high-freqdenc'y c’ox_n:ponents of the lighthing-stiok_e delta
function'come back fifst'} thedlov#er' frequ.'encies._take'longef_,» and one
hears da swiftly descehding- whistle. Now, .as everyone knows, the
ionosphere 'is'dispersive for ré.dio waves; but ai.r is not dispersive.for
sound waves, Does th‘at meaﬁ the analogy breaks down? No. The radio
waves that propagate as wh1stlers are actually of such low frequency

(a few kllocycles) that they are "below cutoff" and would not propagate
at all. in the iogo_opher.e if it were not for the earth's magnetic field,
This kfield 1owers the'.cu_toff ffeque_ncy"for'one circuiar-polarization
v'component and allows it topropagate along the field lines as if in a
wave guide. Similarly the SOund waves would not go through the sand'
dune without the culvert wave gu1de, and it is the propagatmn in a wave

guide that gives the d13per31on.

DISPERSIO_N OF WAVES IN A WAVE GUIDE
The dispersive behavior ofvelectromagnetic waves traveling in

wave guides is well known to most physics students. 2 Less familiar is
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the similar c_lisl').ers:i.ve'behé,_'\vri;oz.' of ,ébund waves in .a wawve guide, 3 we
.één u'nder.s‘ta:nd -thi; dispe.féive B‘(.ehavivo;: simﬁly as fbllvows'. .('-I‘h.e deri-
vation _:1:@ foillﬁow_ may also be”'lt.J.sevdr féz;" éléctf'bma;gnéfic wavés in a wave
guide. I have not see_ﬂ th.ii-s ‘ap‘prba.ch used to"dve'ri\_r'e Vwa.,ve. gﬁide propa-
gation tﬁodés, but it is fasnviiliarv in optics. ) Start with the handclap at
one end of the culvert. Fourier a.na_.lyze,it_i'ritov its wide spectrum of
frvequenciés'. For each ffeqqency we have approximately a spherical
wave spreading ffo_m the hahdclap. vConvvsidef the '*rays" aiong v,ariéus
propagation directions. One "sma._l'l 'bundle of rays travels nea.fly down
the center of the culvert and reaches the other gna without hitting the
walls, : However, n‘i.ost'ra)'ré are inﬁltiﬁly ';eﬂ'ec‘tec‘li ‘offvth.e walis, pro-

vided the culvert is léng coinpared with its diarheter. Consider the

special case of a ray that pa.s.se,s through the axis of 'thevcylinvder; sup-

pose it makes an _a_.rigle 0 with that axié. After bounc_ing specularly first
off one W‘all and then off th'e opposife wail, ‘this twice-reflected ray will
‘be travel'i'hg in ité ovrigi_na_l'directio'n. Now dra}w‘Aa plane-wave front
perpehdiéular to original ray. 'I'his‘plane iﬁteresect_s both the original
ray ahd the twice-reflected ray. V(See Fig. 4.) For certain special

a.ngile's 6 these two points of intersection will be exactly in phase. For .

‘those special directions we will have a constructive-interference maxi-

" mum, and thus a large WaVé amplitude'. At angles that do not give

constructive interference the wave amplitude is comparatively negligible,
especially if there are a large number of multiply-'rieflected rays to
interfere. The angles 6 that give constructive interference are called

""propagation directions, "
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Fig. 1. A ray traveling at angle 6 to the axis of the guide and passing

‘through points A, B, and C. The dott_ed line A—C is a portion

of a wave front. . Thecon&ition for A and C to be in phase is

"~ that path A—-B~C be one wavelength. Arrows on the r'a.,ysv give

their propagation dire_ctions.- Short arrows on the wave front

give its pr0paga.ti’onv_directior'1_.
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W_e now derive,the.'relationhetw‘een nropagatlon-direction 8 and
wavelength X under('thet appronima_tion_ that only the ra;ts passing th_rough'
the axis are :important. ' -Later we will give the exact rve_lationl, in
Eq. (9) The conditlon for 'eo.nstrvu'cti.\'re interference is that a twice-
reflected ray travel exactly one ma\celength farther than the otr1g1na.1
ray before it 1ntersects the1r common wave front (We are cons_1der1ng‘
only the lowest d1sperS1ve mode. For h1gher modes it travels two
wavelengths farther ' or. three, etc )v- 'l‘hat is, we demand that path
A—B—C in Flg (1) be one wavelength For a p1pe of d1ameter D this

cond1t1on g1ves (for rays pas smg through the axis)
ZD s‘in.G-=,.X . ' ('1)

Accordmg to Eq. (1), short wavelengths propagate (1 e., give
constructive 1nterference) at small a.ngles 0 to the axis. Because ) 1-s
small these carry energy down the p1pe the fastest Longer wave-
lengths prOpagate at larger angles and take more t1me to zig-zag down
the pipe. That is why the short_-wavelength components of the handclap

arrive first and the handclap belc'o'mes_ av,descending whistle after the

- waves have propagated some.di_sﬁamc:‘e down the pipe. In fact the group

velocity, vg (velocity at which energy is carried down the pipe), is just

the projection of the ,frae;rgspa(‘:-'ee}weliocityof ‘sound, c, on the axis:
- w = ccos 6. ' R _ (2)

| ’l‘he_ largest wavelength that propagates (gives constructive inter -

ferenc'e)vcorresponds to rays bounCing sideways back and forth across
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the tube, 1 e., with 6-= 90 deg. The ‘group velocity is then zero, This
"cutoff! wayelength is twice the tube diameter, a_cc'ordingv to Eq. (1):

Npax T 2D - o (3)

 For waitelengths»iilenge-r":-than' _)\;ma#--the’re is vno angle at vt;hich multiply - |
l'efleeted rays can give _censtrlictive interferenee. ‘_Va'riou.s ray.s bouncing -
at various angles add up 1n suen a 'veay that, as it tnrns out, the wave is
exponentia‘lly atte'nuatetl as 1t paSISes cl_oﬁvn the gu.‘ide.v_2

Since the angle 6 1s not eaSily observable experi.me'nta._lly,wwe
e11m1nate it from Eq.. (2), , u51ng Eq. (1) Then Eq. (2) becomes [using

~also Eq.. (3)]

\/1-(x/x 2% @
Since we actually hear a p1tch rather than measure a wavelength we
rewrite Eq. (4), using the relat1on '
N LoV .
max. min

to obtain

= ot -,(v_‘min/v)z_ . " ()
My;deri\‘ration of Eq (1) only considered rays_passing' through the
axie- of 'the c.ulv'evrt' R.ays that do not pass through the axis have a |
smaller S1deways d1stance to travel between two reflectlons (along a
chord rather_ than a d1mete1j)_. ‘_When we __avera.ge over_ all rays we see
that to correct Eaq. (.‘l) w_e l‘nust "re.place diameter D by a _sqfnewhat '
‘s'mall_er quantity, which turns out to be D/i.l’?Z. 4 Equatione (4) and.

(5) remain correct, but Eq. (3) muet be replaced by
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Nmax T /0@

(For a rectangular culvert i_n'a modewith rays bouncing parallel to one

side, Eq. (1) is correct as it 'stands'.‘i)'

FURTHER OBSERVATIONS IN CULVERTS

In my obse‘rvations,_I heard the waves reflected from the other
end of t‘he culvert, so that a given fre'quen'cy cornp.o'n‘ent of my handclap
had time delay equal to tvvice the culvert length div‘ided by' the group -
velomty as given by Eq. (5). The longer the culvert the larger the time
spread. of the whistler and the easier it is to hear 1 can barely hear
the- effect with a 20- foot culvert One hundred feet Works beautifully 5

My favorite culvert is about 100 ft long, and has a 24 1n inner
diameter It is located on North Canyon Road just across from Straw-
berry Canyon Swimming Pool, in Berkeley ' The cutoff frequency cal- -
culated from Eq. '(6).and a sound velocity of 34_0 m se_'c _ (at 15°C),“ is
341 sec-1_-. T‘hat.is‘c1>05e to.the note F 'ab.ove rniddle C. Using a tuning
fork, | lvhave verified that the long.—dravvn-o.utnote at the end of the
whistler has the expected cutoff pitch,

Many of the culverts that I find under roadways are made of cor-
rugated metal ‘ rather than smooth concrete For corrugated culverts
one ma.y worry that perhaps part of the whlstling sound might be a |
"chirper, nb due to the diffractlon'-grating effect of the corrugations,
rather than a whistler, due to vw’ave.‘-gui_de dispersion, However; the
chirping wavelength is veryv small compared with the whistler cutoff

ot : e, M T S L VL SU R
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Waveleng_th;- andlin fact the chir:p’ is ‘ivna_u‘di_blle 1n the presence_of the
whistler. -for corrugated c'ulverts.' o t | |

A more effect1ve way than handclapp1ng to exmte wh1st1ers is to
use a bongo drum. A.nother fine way is to nearly cover the end of the
cuIVert w1th a sheet of plywood or cardboard and then bang on the board
W1th YOur hand. The resu1t1ng thud conta1ns more low frequency> compo-
nents than does a handclap. ) In that case one can easﬂy hear something
completely unexpected from the above dlscus S1on.. One hears in addi-~
tion to the now-fam.111ar wh1st1er, some repeated echoes from sound bounc -

1ng back and forth from one end of the culvert to the other These echoes

_are nond15persed, i.e., they come back w1th a bang, not a wh1st1e.

Furthermore, they are e_as11y hea‘rd to conslst movstly of frequency com-
ponents that.lie below the cutoff frequency of the vvhistler This is sur-
pr1smg at f1rst because accordmg to Eq. (%) it is at the h1gh frequency
limit (v =®) that the group ve10c1ty approaches the sound velocny ¢ and
there is no d1sper81on. Indeed, the h1gh-frequency components of a
sharp handclap are hear'd to return as a clap. However, I was amazed
to hear the reflected nondispersed thud, because I expected that fre- .
quencies below cutoff would be exponentially attenuated, and thus not
propagate at all, For ercaniple, I knew that there are no nondispersive
electr'omagnetic waves tha.t propagate in a wave guide; thus there are no

waves that propagate for frequencies below the lowest cutoff frequency,

. But sound wavesare different from electromagnetic waves, One can send

a plane wave of sound down the axis of a tube, at any frequency. The
reason it is not possible to send an electromagnetic plane wave down

the axis of a metal wave guide is that the tangential electric field must
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be ze'ro at the walls of the guide.r f‘br»'a'plane wave this ensures that |
the f1e1d is zero everywhere across the gu1de i.e., there is no wave
For sound waves the long1tud1na1 sound v1brat1ons of air molecules along
the d1rect1on of the axis, correspond1ng'to a plane. wave travehng along
the va.xis, 'are not required to _he zero at the xvall'(except for a small

" boundary la')'rer due to 'frictiou'). Thusl for“all fr_equencvies this ""plane
‘wave mode" e’xistsI for’ sbouzn.d' waves -in a. wave .vguide, although not for
electromagueuc waves in a vvave gu1de. (ThiS' rhode does exist for
electromagnet1c waves - orx a transm1ssmn 11ne, however\ )

There should be h1gher wh1st1er modes but I have not been able
to hear them in Strawber‘ry Culvert. Maybe I will hear h1gher modes
when I try a' larger d'iam-eter culvert or tunnel (say 10 or 15 ft d1ameter);
then the cutoff frequ'en_cy‘for the lowestmode will :be too low to be
audible, so the lowest mode will not;drown out. higher modes.

In Appendlx 1 I give the exact expressions for the lowest sound
modes in a cyl1ndr1ca1 culvert a.nd tell how I searched for higher modes.
In Appendix 2 I compare sound modes and electromagnetlc modes in a
cylindrical wave guide, Ixr Appeudii; 31 recall the famous factor of

1‘.2'2 from optics and recount.ﬁseiﬁécructfve_ mjstake I made.



9- . UCRL-20116
APPENDIX 1. LOWEST SOUND MODES IN A CYLINDRICAL CULVERT

Assume the culvert is ixifinitely Ith so that we only have waves (
traveling in the +z direction., For the plane-wave mode the sound pres-

sure p is'ihd_epehdéi;t of transverse pdsition in the guide and is given by
p = .,po. cos(kz - wt) , o (7)

where k = w/c_‘. There is no dispef_s,ion,f.o_r this fno_de; all frequencies
have phé,se and group‘ veiocify éqﬁél to c.

For the dispers_ive'mode with lowest cutoff frequency, which is
the only one I hear, the préséure is giveh by‘3

p= Po lc;ovsd).J.iv(k.r‘, r) vcos(kzz - Qt), v : (8)

where k_ =k sin 6; k, =kcos 0; k = wfc; r, ¢, and z are cylindiical
coordinates inside the cylindér; and 8 is the prdpagation angle as pre- '
viously defined. The boundary con_di'tio'n' at the wall is that 9p/dr =0
there, i.e., that dJi(krr)/dr =0atr = %—D. The first zero of dJi(x)/dx

is at x = 0.5864w. Using k_ =k sin@ and k = Zﬁ/x, we obtain
X\ = (2D/1.472) sin 6, (9)
which is the corrected form of Eq (1). For sin 8 = 1 we get Eq. (6).
The Whistle_i'_ﬂmod_e 'wvith the next higher cutoff frequency has pres-
sure give.n'._ by |

P = POA cos 20 Jz(kr' r) . . (10)
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The f1rst zero of daJ (s)/dx occurs at x=0. .Tha't doesn't count, The
next occurs at x = 0. 97221r. The rat1o of the correspondmg cutoff fre-
‘quency to that of the lowest wh1stler mode 1s thus 0 9722/0 5861 which
_ is 4.66, wh1ch is the musmal interval of a major sixth. I have listened
.forr this wh'istler bcutoffAL-piAtch in Str:a‘.wbe-vrryvculve_rt, without success,

I also built a contraption with plﬁood baffles to fofoe nodes at the four
prlanes where sin 2¢ is zero i3 1naaesntsed1 thls 1nto one end of the culvert,
and covered the end of the culvert w1th baffles to let in sound pressure
at the opt1mum plac es. 1 was hop1ng to both excite the second whistler
mode and .supp_resvs the loud 10\.;ves.t mode. It didn't work; perhaps .+ .o
plywood wes the vtrro‘n_g. stulf to use, ‘Nevez;theles's ’there was arl. unex-‘ v
pected diuidend in that Iv dlscovered the'vlow-frequehcy "plan.e wave'

" mode while accidentally be.nging 'va‘slab of plywood ac ross the ehd of the
culvert. “(Onc e having diséovered itI can hear it with low-frequency

voice grunts, or box thuds.) '

APPENDIX 2. COMPARISON OF SOUND MODES AND -
'ELECTROMAGNETIC MODES

It is interesting to cOmp'are the aco_ustical modes with the electro-

C

ma.gnetic.‘.modes' in a cylindrical wave guide. First we consider the .
plane-wave mode. In electron'magnetism' this is called the,fI‘vEM (trans_
verse electncqand magnetic) mode. vltvca»n occur for electromagnetic
waves on a transmissi_on line (two s,e_éaralte parallel corlductors) but not
irl a wave guide (a single hollow conductor). 2_ It can occur for .sound

waves in a wave guide, as we have seen.
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Next we 'qonsidei' all the dvisvp'.e'r.s_ivev sound-wave modes., These

have sound pressure that. t_;a,ti's'f'ies3

p = pj cosho§ ¥ (ko i¥heond T2t n 20, 4,2, (19
o 0 ST « MR G z . . . o :
with ,boun&ary condition

ap/ér = 0 atthewall. - . (12)

. Thus the cutoff frequencies for all sound-wave modes correspond to

zeroes of th(x)/dx;
N‘éxt we consider the: sQ-'cal‘léd-'TE (transverse electric) elec.tro—,
magnetic modes. They-a'll. ‘sa.’tis‘fy2

Bz = BO cos né J_r‘i('kr r) gos(k_z .z -wt), n=0,1,2,--° H (13)

~with vboﬁ‘ndary "c,ondition

oB_/9 r = 0atthe wall. B (14)
(This boundé,ry éo‘nditivo.n; a:ﬁ:tuaily ijééults from the boundary condition’
that the tangential electricb field vanishes at thé wall, together with the
necessary relation between _m_dgné’tic and‘e_‘léétric fields in free spaée.)
.By"comparison of Eq (13) with (41,),, and { 14) with { 12), we see
that thé s_vounc.lvn'm‘dés cdrrésﬁbnd_ exa;tly with the TE electromagnetic
modes, Fo'r a‘guide of a givén dia;ﬁeter, ’they have the véry sé.me »

cutoff wa\}elength's". (Of course the cutoff frequencies are greater for

. the electromagnetic waves than for the sound waves by a factor equal

to the ratio of light velocityito sound velocity, about _106,) The first

th‘ree‘ sound-mode or TEemode cutoff wavelengths correspond to.
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qu/dx' = (‘):a.‘t x = o'.sséﬁ,' dJZ/dx =0 at x = 6.97'2'2_n,. and dJO/dg '='o‘
at x.=.'v1.2'19_'f1r. | o A | - |

 Next we éoriéidé-r'_ th‘ev- zisob-cav,l_lyled ™ ,(trav;xs;rex'.se ma_gnetic) electro-
magnetic modes. T.he'y,'a.ll sa.ti.;sfy'2 AR |
E, = E, cos n“’ _Jn“‘_r,v,l.'),C"_?(k'zﬁz_' w), n=0,4,2,-0-  (15)
with‘bounda_ry c’onditio‘n‘ _ . | o

‘Evzv=' O_atthewall. o | (16) -

These ha\vr‘ez_ no anal.ogue. in the sodnd modeé. (Of _céursé t_hé reason
there a,r‘e‘ twice as '1v"navny:1-.:>ovsvsible eiectfbina.gnétic vr_,node‘s as sound rhodeé
is that there are tvvo‘indep.e'n,de‘n_tv_poiérizatio'n state.s-.fc‘)r 'electrovmaéne.tic
waves, and only one for s’ouﬁd 'wa%/e's.) ‘The first two TM"—mode qutoff
wavelengths correspond t_ovfl"b(:;) =0atx= 0.76&, and Ji(x) =0 at
x = 1.2 1.971r. It happehs "by acci»d'envt" that _dJ_i/dx = - J(x), so that the
™™ mod.evsb having Ez vy J’o(krr') have the same cutoff f;equenciés as the;
TE modes haviﬁg BZ ~ J1(krr)._ chérwise the TM a,nd’ TE mode fre—_‘ ‘.

quencies are different.

APPENb;X 3. 'FAS);C}US' FACTOR OF 1.22
We méy recall '_that 1n th‘e ‘vfa‘.r.nili_ar. opti.c sv‘problem of Fraunhofer
ciiffrac‘ti’c_;n from a cvircvu_lar hole;' 'theAdiffzfatv:tedv,fieild amplitude 1s given
by |
ATk, T)

r ?

E =
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with k = k sin 6. The first zero of th1s d1ffract1on‘pattern occurs at

" the f1rst zero of J (x), at x = 14, 21971r Th1s 1s the famous factor 1.22 ‘
that is always occurrmg in opt1cs books Th1s factor is so farmhar and
"apparently universal' that When 1 f1rst ca.lcula.ted the expected cutoff
frequency for Strawberry Culvert I assumed that the way to correct

v .")‘max = ZD" was s1mply to replace D by D/1 22 "as one always does
for circular holes, " mstead of the later -d1scovered correct value D/1.17.
(None of my learned colleagues c«orrecteedtme on this, ) Th1s 5% mistake
corresponds toa musical 1nterva1 of about one minor second, and led
me to predlct a cutoff p1tch of about F- sharp Yet my ear and tumng
fork ga.ve me a note def1n1te1y much closer to F, 1 W1sh I could now
report that usmg my ear as a gu1de, I re_]ected the factor of 1.22,

' d1scovered-the factor 1. 17 expenmentally, and-thereby was led to dis-

cover, 1ndependently, that there is more than one Bessel function. It

. didn't happen that way, but 1t could have, 1f I had trusted my ear.
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