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Adjoint and Compensated Compactness
Methods for Hamilton—Jacobi PDE

LAWRENCE C. EvaNs

Communicated by C. DAFERMOS

Abstract

We investigate the vanishing viscosity limit for Hamilton—Jacobi PDE with
nonconvex Hamiltonians, and present a new method to augment the standard vis-
cosity solution approach. The main idea is to introduce a solution ¢ of the adjoint
of the formal linearization, and then to integrate by parts with respect to the density
0. This procedure leads to a natural phase space kinetic formulation and also to a
new compensated compactness technique.

1. Introduction

The Crandall-Lions theory of viscosity solutions for Hamilton—Jacobi partial
differential equations provides fundamental existence, uniqueness and stability the-
orems, even for Hamiltonians H that are nonconvex. To date, however, there has
been little progress in the understanding of the precise nature of the vanishing vis-
cosity limiting process and of the gradient shock structure for viscosity solutions,
except when H is convex (or concave). This paper introduces some new tools for
these problems, most importantly a nonlinear adjoint technique.

1.1. Basic equations

Given a smooth Hamiltonian H : R” — R and smooth initial data g : R" — R,
we consider the corresponding initial-value problem for the regularized Hamilton—
Jacobi equation:

qu L H(Du®) = eAut  inR" x (0, 00) 0

ut* =g on R" x {r = 0}.

L. C. Evans was supported in part by NSF Grant DMS-0500452.
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Here we write Du® = D, u® for the gradient in the variable x = (x1, ..., x;).
Givennextatimet; > 0andaRadon probability measure « on R", we introduce
this terminal value problem, the adjoint of the linearization of (1.1):

(1.2)
ot =« onR"” x {r = 1}.

[—of — div(e* DH(Duf)) = eAc®  inR" x [0, 1))
Our plan is to use the solutions 0¢ = o®% of the adjoint problem (1.2), for vari-
ous choices of the terminal conditions «, to extract information about the limiting
behavior of u® as ¢ — 0.

Our introducing the PDE (1.2) is directly inspired by weak KAM theory (see
[9]), but there is in fact a rich history of similar ideas arising in the optimal control
of ODE (in the Pontryagin maximum principle) and of PDE. LioNs’s book [15]
provides many PDE examples. In these contexts the solutions of certain differential
equations involving adjoints of linearizations can be interpreted as Lagrange multi-
pliers. Our approach, however, is more directly motivated by a desire to go beyond
the usual maximum principle, sup-norm techniques embodied in the theory of vis-
cosity solutions: see for instance BARDI-CaAPuUzZz0 DOLCETTA [1]. We want, rather,
to develop integration by parts methods, which turn out to be available, provided
we integrate against the density o®.

Generalizations of the methods in this paper to static Hamilton—Jacobi type
PDE on bounded domains will appear in TRAN [21]. Let me call attention also to
the interesting paper [13] by Glimm et al. which is one of the few in the literature
devoted to understanding the gradient shock structure of solutions for nonconvex
H in many space dimensions.

Notation. We will denote a typical point of R"*! as ¢ = (p, puy1) for p €
R", p = (p1,..., Pn), and pyy1 € R. We will also write Vw = (Dw, w;) =
(Wx,, - .., wy,, w;) for the full gradient of a function w = w(x, t). More generally,
we use “D” to denote the gradient of a function of the n variables x, and “V” to
denote the gradient of a function of the n + 1 variables (x, t). We write H = H(p)

and g = g(x).

1.2. Standard estimates, convergence to viscosity solution
For simplicity, we assume throughout that
g : R" — R is a smooth function with compact support.

Let us first record the elementary estimates that for each time #; > 0:

sup |u®], |Du®|,|u;| < C and o° 20, / ocfdx=10=Z1t<n).
R x[0,1] n

(1.3)

(Our observing that o® = 0 is the only use of the maximum principle in this paper.)
Furthermore, u® — u locally uniformly, where u is the unique viscosity solution
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of the Hamilton—Jacobi equation

(1.4)

u; +H(Du)=0 inR" x (0, 00)
u=g onR"” x {r = 0}.

Since u is Lipschitz continuous, u is differentiable almost everywhere with respect
to (n + 1)-dimensional Lebesgue measure; and in addition

us;(x,t)+ H(Du(x,t)) =0 (1.5)

at each point (x, t) where u is differentiable.

We note that the viscosity solution approach, although amazingly successful,
leaves open many questions, both as to the structure of possible singularities of u
and also as to the fine details of the convergence u® — u. For instance, although the
PDE (1.5) holds almost everywhere, we do not know in general whether Du® — Du
almost everywhere. The techniques of this paper provide some new understanding
about these issues.

2. A second derivative estimate

The following second derivative estimate will be very useful later:

Theorem 2.1. There exists a constant C, independent of ¢ > 0, such that

a1
s/ / (|D2u8|2 + |Duf|2) o dxdt < C. .1)
0 R~

&

2 .
| T uxix

: : 2,.€ 3 g2 .— ;€ ;€
We are using the notation |D“u L and |Dug|® = wuyuy,, the

implicit summation for i, j = 1,...,n. In the estimate (2.1), 0f = %9 is the
solution of (1.2) corresponding to any given Borel probability measure o on R”.

Proof. Let w® = 1(|Du®|? + [u¢|?). Then
we + DH(Du®) - Du® = e Aw® — ¢ (|D2u€|2 n |Duf|2) .

We multiply by o and integrate by parts, using (1.2) to deduce

1
e/ / <|D2u8|2+|Duf|2)08dxdt+/ w (x, 17) dax
0 n R~

=/ w?(x, 0)o®(x, 0) dx.

Since w?(x, 0) is bounded independently of ¢, this and (1.3) imply (2.1). O

To illustrate the usefulness of (2.1), we present a quick new proof of an estimate
for the rate of convergence of u® to u.
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1
<c (t—‘)2 . 2.2)
&

sup  |uf —ul < C(r1e)?. (2.3)
R x[0,11]

Theorem 2.2. We have the estimate

&

sup
R x[0,1]

&

Consequently,

Proof. 1. According to standard parabolic estimates, the function u® is smooth
in the parameter ¢ away from ¢ = 0. We therefore can differentiate (1.1) with
respect to ¢:

ut, + DH(Du®) - Dul = eAul + Au®,

the subscript € denoting the partial derivative.

Select any time #; > 0 and any point x; € R”, and then let 0 solve the
adjoint PDE (1.2), with the terminal condition that « = §,,. We multiply the
foregoing PDE by o¢ and integrate, to discover that

1
ut(xy, 1) :/ / Aufo?dx dr.
0 n

There is no term corresponding to time ¢ = 0, since u{ = g, = 0 there.
Consequently our inequalities (2.1) and (1.3) and Cauchy—Schwarz imply

1
11 ¢ 2
Iui(xl,tl)lé/ / |Au€|a€dxdt§c(—1) .
0 R» &

2. The foregoing estimate is useful since e s integrable near ¢ = 0. Indeed, we
deduce for all x € R", ¢t > 0 that

U (e, 1) — u(x, 1)] S Cleer)?
provided 0 < &y < e and 0 <7 < 1. Let & — 0 to derive (2.3). O

Estimate (2.3), which shows that the full sequence {u®},<,<; converges uni-
formly, is originally due to FLEMING, whose clever papers [11, 12] employ stochastic
game theory. CRANDALL and LIONS used viscosity solution techniques to provide
a simpler proof in [6]. (We can also derive an estimate similar to (2.2) by applying

the conventional maximum principle to the function v* := e2uf + |Du® 12 — At.)

3. Measures on phase space

In this section we employ the densities o° to introduce a natural phase space
“kinetic” formulation for the Hamilton—Jacobi equation (1.4). This undertaking
is inspired by the kinetic formulations for conservation laws developed by LiOoNS
et al. [17,18], although the technical differences are many. See also PERTHAME’s
book [19], and refer to Section 7 for some discussion contrasting our approach with
theirs.



Adjoint and Compensated Compactness Methods 1057

3.1. Existence of the measures |, 0

First, we introduce a measure p on “phase space” that records the dynamics in

both the “physical space” variables x and ¢ and the “momentum” variables ¢. The
measure o will then be the projection of  onto physical space.
Approximating a point mass by the average over a cylinder. Hereafter we focus
attention upon some given point (x1, f;) € R" x (0, 0co). We will be particularly
interested in the adjoint PDE (1.2) with a = §,, at time #;, and will sometimes (as
in Section 2) use this as the terminal condition.

However, since we also want to study the limiting behavior of Vu® near this
point, we will also need to approximate the point mass at (xp, ¢;) by averages over
the space-time cylinders

C(xy,t1,7r):= B(x1,r) x[t1,t1 + 7] 3.1)

for small r > 0. So fix r > 0 and let 0§ , denote the solution of (1.2) with terminal
data, the function

1
Q= . 32
ST TN G2
at time s, where 71 < s < 11 + r. Next average with respect to s:
1 t+r
& . &
oy (x,1) = ;/ o, (x,1)ds 3.3)
1

for (x, 1) € R" x [0, #1), and observe that o, solves the adjoint PDE (1.2). Set

1
rjo=—. (3.4)
J

Theorem 3.1. (i) There exists a subsequence &, — 0 and foreach j =1,...a
nonnegative Radon measure jr; on R" x [0, 11] x R satisfying

1 9]
lim / / D(x,t, Vutm)om dxdt:/ / / d(x,t,q) duy,
Em—>0 Jo n J 0 n JRn+1 ]

(3.5)
for j =1, ... and all continuous, bounded functions ®.

(ii) There exists a subsequence {ry,} of {r;} and a nonnegative measure (. = jiy,
on R" x [0, 1] x R such that

131 t
hm/// cb(x,r,q)durﬁ/// O, tdu  (3.6)
m—0 Jo n JRn+1 0 n JRotl

for all continuous, bounded functions ®.
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Proof. Fix ry.Let {®;}7°, be a countable dense subset of C ([0, 1] x R" x Re+D,
Using a standard diagonal argument, we extract a subsequence ¢, — 0 such that
the limit

hm/ /CDI(x t, Vu)ok dx dt

ex—0
exists for/ = 1, . ... The mapping ®; — ¢ is linear, and we have the estimate
gl = Csup || (I=1,...).

The Riesz Representation Theorem provides the existence of a Radon measure 4,
satisfying (3.6) for the given radius ;. Continuing, and again using the diagonal
argument, we extract a further subsequence {¢,,} for which (3.6) holds for all ;.

The second assertion is a consequence of the weak compactness of measures
with uniformly bounded mass. O

Notation. We hereafter always take
L= Hxys O 1= PIOjy b

unless otherwise stated, where proj, ,u means the projection of 1 onto R" x [0, 1].
We now show that we can “slice” the measure o at each time.

Lemma 3.2. For all bounded continuous ¢ = ¢ (x,t) we can write

t t
/1 b (x,1)do =/l/ ¢ (x, t) dyy dt (3.7)
0 R~ 0 Rn

where y,(+) is a Radon probability measure on R".

Proof. According to the basic estimates (1.3), the projection of ¢ onto the time
interval [0, #1] is one-dimensional Lebesgue measure L. Then, for example, The-
orem 10 in Chapter 1 of [8] implies the decomposition (3.7). O

In view of the Lemma, we write
do = dy, dr. (3.8)
Similarly, for each r = r; we have the decomposition
do, =dy,; dt (3.9)

for o, = proj, s
Next we show that the measure y; is defined for every time 0 < 1 < f;:

Theorem 3.3. (i) The mapping t — y; is continuous into the space M of proba-
bility measures on R", taken with the weak topology. In particular, y; is defined
for each time 0 < t < t1. A similar statement holds for v, for eachr = r;.
(ii) For each time 0 < t < t; and r = rj, we have

of (-, 1) = yr; weakly in M (3.10)

as e =g, — 0.
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(iii) Furthermore, for each time 0 <t < 1y
Vet = Vi Wweakly in M (3.11)
asr =ry, — 0.

Proof. 1. The basic estimates (1.3) show for each smooth ¢ = ¢ (x) that

d
— | ¢of dx

J < C||Dgl|L + £C|| D@ |- (3.12)
t R»

Fix r = r;. Selecting, then, a smooth function ¢, a time 0 <t < t; and a small
h > 0, we have

= Ch,
h

for C = C(¢). Consequently the decomposition (3.9) gives

1 t+h
‘/ qbcrf(x,t)dx——/ oo (x,s)dxds
R» t R»

1 t+h
lim sup / pom(x, 1) dx — —/ ¢dy,sds| S Ch  (3.13)
em—0 Rn h t Rn
for all 4 > 0. Therefore
/ ¢om(x, 1) dx — / o dyr, (3.14)
Rn R~

for £!-almost everywhere time .
This limit holds for a given smooth function ¢. We now select a countable col-
lection of smooth functions {¢;};°,, dense in the space of bounded continuous
functions, so that (3.14) holds for each ¢ = ¢; and almost every time. Since
the functions o, (-, t) are nonnegative and bounded in L owing to (1.3), the
limit (3.14) then holds as well for each continuous ¢. Thus o,.” (-, ) converges
weakly in M to y;., for almost every time 0 < ¢ < 4.
Furthermore, the estimate (3.12) implies that the mappings ¢ + o, are uni-
formly Lipschitz continuous into (C?)*, the dual space of C2. Consequently we
can, if necessary, redefine y,; on a subset of the time interval [0, 1] of Lebesgue
measure zero, to ensure that ¢ — y,.; is Lipschitz continuous into (C%)*, and
consequently continuous into M, taken with the weak topology. Then sending
h — 0 in (3.13) shows that o, (-, 1) converges to y;; in (C?)*, and so, also,
M, for each time 0 < ¢ < 1. This proves assertion (ii) and the second part of
).

2. Now (3.13) and (3.14) imply

1 t+h
‘/ odyr — — / ¢ dyy s ds
Rn h t Rn

Therefore (3.8) gives

< Ch.

lim sup
rm—0

t+h
$dy, , — —/ ¢ dy, ds| < Ch
t Rn

Rn h

Since the mappings ¢ +— ¥;,, ; are uniformly Lipschitz continuous into (CH*, we
can argue as above to deduce assertions (i) and (iii). O
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Next we slice w:

Theorem 3.4. For all continuous ® = ®(x, t, q) we can write

t t
/1/ / <I>(x,t,q)du=/l/ / @ (x, 1, 9)dvx, (@) do (3.15)
0 n Rn-H 0 n RVH—I

where v, (+) is a Radon probability measure on R"*1,

This follows again from Theorem 10 in Chapter 1 of [8], the proof of which
invokes the theory of derivates from Section 2.9 in FEDERER [10]. The probability
measures v, ; are analogs of the Young measures introduced by L. Tartar in com-
pensated compactness theory, with the difference that now the background measure
is o and not Lebesgue measure.

We will later use the notation

D(x, 1) ::/ D(g, x, t)dvy,
Rn+l

to denote the average with respect to v, ;. Note also that in view of (1.3) the support
of each v, ; lies within some fixed ball in R+

3.2. The support of the measure 1 and o

In this and the next section we begin our investigation as to the structure of the
measure (L = [Ly,. We start by examining the support of .
Notation. Let us hereafter write

£ =g €R"™ | pus1 + H(p) = 0)
for the hypersurface in R"*! that is the graph of —H.
Theorem 3.5. (i) For o-almost all points (x, t), we have
sptvx; € X. (3.16)
(i1) Furthermore,
spto € {lx —xi| = M(ty — 1)} (3.17)

Sortimes 0 < t < t1, where M := sup{|DH (Du®)|}.
(iii) In particular,

tlirn yr = 0y, as measures on R". (3.18)
—1—

The second assertion is that the support of ¢ lies within a cone with vertex (x1, #1):
this illustrates finite speed of propagation.
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Proof. 1. The estimate (2.1) holds for each o, and hence also for the average o,
defined by (3.3). Therefore (1.1) implies

11 1
/ (uf + H(Dus))zaf dxdr = 82/ (Aus)zof dxdr < Ce.
0 JR» 0o JRn

Select r =7}, and let ¢ = ¢, — 0. Then let r,, — 0:

4
/ / / (Pn+1 + H(p)*du = 0.
0 n ]Rn-H
This gives (3.16).

2. Let ¢ : R — R be smooth and satisfy ¢(z) = 0 for z £ 0, ¢(z) > 0 for z > 0,
¢’ = 0. Put

. 1) :==¢(Ix —x1| + Mt —11) = 6),

for a small number § > 0. Then

d
o - tofdx = /]R” (& + D¢ - DH(Du®) — e Ag)of dx

X — X
= [ M+
R |x — x1]

= 0(e).

-DH(Du®))¢'c/ dx + O(e)

Integrating and let » = r;. Sending ¢ = ¢, — 0 and then r = r,, — 0, we
deduce that foreach time 0 < ¢ < 1y

/R (1% — x1]+ Mt — 1) — 8) dy, = 0,

That this holds for each § > 0 implies (3.17). The assertion (3.18) follows, since
each y; is a probability measure. O

3.3. Evolution equations for i and o
Next we derive the dynamics for the measure & and for its projection o .

Theorem 3.6. There exists a symmetric, nonnegative definite (n + 1) x (n + 1)
matrix of Borel measures M = ((m*)) on R" x [0, 11] x R"*! such that

pi+ DH(p) - Dep = —(m") . (3.19)

The phase space transport equation (3.19) is our kinetic formulation of the
Hamilton—Jacobi PDE (1.4). We call M the matrix of dissipation measures. Note
that M depends upon the point x| and the terminal time 1. The implicit summation
in (3.19)isfork,l =1,...,n+ 1.
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Proof. 1. First we observe that on account of the estimate (2.1), the expressions

/ / W(x, 1, Vuyus, s 0F dxde

and

1
8/ / W (x, t, Vu®)ug, uy, oF dx dt
O n

foreachi, j = 1,...,n, are bounded if ¥ is bounded. As in the proof of The-
orem 3.1, we may assume, upon passing if necessary to a further subsequences
of e = ¢, = 0,r = r;, — 0 and reindexing, that

/ / W, 1, VUl il ,dxdt—)/ / / wdm*  (3.20)
" ! n JRn+1
/ / \I/(x t, Vug)utx utx oy dx dr — / / / W dm n+1,n+1
" n JRn+l1

(3.21)
for all bounded, continuous W and for appropriate measures m*' (k, [ = 1, ..., n)
and m" 17+ Similarly, for k = 1, ..., n we have
1 n
8/ / W(x, 1, Vutyus, . ur, o) dxdt —>/ / / W dmkr Tl
0 n v 0 JRr JRr+1
(3.22)

The matrix of measures M = ((m*)) is nonnegative and symmetric, owing to
the form of the left-hand sides of the previous three equalities.
2. Now let ® = ®(x, t, ¢) be smooth and have compact support in R” x (0, t1) x
R"*1, Put
wé(x,t) := ®(x, t, Vu).
Then

w? + DH(Du®) - Dw® — eAw’® = &, + DH(Dua) D,y ®

_‘9(©Pkl71 XpXi x;x + 2®Pkpn+l XpXi utx,
+CDPn+1Pn+1M1x,~”txi) + E*. (323)
where
Fri=e(Ax® + 2Dy s + 2P U (3.24)

In these formulas @ is evaluated at (x, ¢, Vu®).
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3. Next we multiply (3.23) by o, and integrate by parts, using (1.2) to simplify:
15l
/ / (=@, — Dx® - DH(Du®)) o) dx dr
0 n
1
+8/0 /n (CDPkPI u)sckxiuilxi + 2¢Pkp71+luikxiuka

n
e e & _ e ¢
+¢Pn+ll’n+lutxkutxk) Oy dxdr = /0 /n E o dx dz.

We estimate that
13l
/ / Efo/ dx dt
O n

according to (2.1). Letting ¢ = ¢,, — 0,r = r,, — 0 and recalling (3.20)-
(3.22), we discover

1 1
/ / / (=@ — Dx® - DH(P)) dM +/ / / ®PkPl dmkl =0,
0 n Rn+1 0 n ]RnJrl

(3.25)

1
§C£+Cs/ / (|D2u€|+|Duf|)afdxdz
0 n

< C£+C£%.

where now @ is evaluated at (x, ¢, ¢) and the implicit summation is for k, ! =
1,...,n+ 1. As ® is arbitrary, we see that u is a weak solution of the evolution
equation (3.19). O

An alternate way to end the proof would be to observe that the left-hand side
of (3.19) is a distribution with bounded support that is nonpositive when acting on
functions convex in g. According to LIONS [16], then, it has the form given on the
right-hand side of (3.19). M. CHrisT [4] has shown me a different, elegant proof
of this.

Deriving dynamics for o is much simpler:

Theorem 3.7. We have
o, +divicDH) =0 inR" x [0, 1). (3.26)

Proof. Let { = ¢(x, t) be smooth, with compact support. According to (1.2),

1 n
/ / &ol +ofDH(Du®) - D¢ dx dt = 8/ / A¢of dx dr.
0 R~ 0 n

Lete =¢, > 0,r =r, — O:

11 1
/ c,do+/ / / DH(p) - D¢ d =0,
0 Rn 0 n JRn+l1

This implies (3.26). O
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3.4. Limit from below for the measure |4

It is not at all clear where the mapping (x, t) — v, ; is continuous. But we can
show that a certain limit from below exists at the terminal point (x1, #1).

Theorem 3.8. (i) There exists a Radon probability measure v- = v , on Rt

X1,11
such that the limit

lim / / (x. 1, q) dv dy = / S(x1,t,Qdv (327)
n ]Rn+1 Rn+1

t—>1

exists for all continuous ®.
(i1) Furthermore,

sptv- C X. (3.28)

Strictly speaking, the expression on the left side of (3.27) is defined only for
L'-almost everywhere time 7. So we really mean that the limit exists as t — s
possibly omitting a set of measure zero.

Proof. 1. Suppose first that @ = ®(g) is smooth and convex in the variable q.
Let ¢ = ¢(¢) be smooth and nonnegative, with compact support in (0, #1). Then
according to (3.25),

n 1
[ foucom [ L fcomnint o
0 Rr JRn+!1 0 Rn JRn+!

This is true for all ¢ as above, and therefore for almostall 0 < s < r < #;

/ / @ dv, , dyy < / / D dvy . dys.
n JRn+l1 n JRn+l

Thus t +— fRn fRHl ® dv, xdy; is nonincreasing, for times ¢ restricted to a
subset of [0, #1) of full measure, and consequently has a limit as ¢t — ¢,. If
® = P(g) is not convex in g, we write & = | — ®;, where | and P, are
convex, to deduce that the limit on the left of (3.27) exists in this case also.

2. By approximation, the limit on the left of (3.27) exists for all continuous & =
®(x, 1, g) and is a bounded linear functional of ®. Therefore the limit is rep-
resented by integration against a probability measure. In view of (3.18), this
measure is a Dirac mass at (x1, #1) times a probability measure v~ on Rt

3. The assertion (3.28) follows from (3.27) and (3.16). O

3.5. A formula for Vu

Our next goal is deriving a representation formula for the gradient Vu(xy, 1),
provided it exists, in terms of the measure v—. We have introduced the approxima-
tions introduced by (3.2) and (3.3) to make this possible.
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Theorem 3.9. Suppose that u is differentiable at (x1,t1) and that (x1,t1) is a
Lebesgue point for Vu in R" x (0, 0c0). Then

Vu(xy, t1) = / gdv. (3.29)
Rn+l

So Vu(xy, #1) is the center of mass of the measure v~ in R" 1.

Proof. 1. We first claim that
Du(xy, 1) = /]R” Dg(x) dyo (3.30)
and
i, 1) = — /R H(Dg() dy, (3.31)

where we recall that do = dy; dz. In other words, Vu(x1, #1) is the average of
the gradient of the initial data with respect to the probability measure .
To prove (3.30), put w® := uj, and note that

w? + DH(Du®) - Dw® = eAw®.

Multiply by oy, and integrate by parts, to find

/ us, (x, s)ay dx =][ u, (x, ) dx =/ 8x, 08, (x,0)dx,
R~ B(x1,r) R~ ’

the slash through the integral sign denoting an average. Next, average with
respecttot; S5 Sty + 7t

][ uik(x,s)dxds=/ 8x, 0L (x,0)dx.
C(x1,t1,r) Rn

Put r = rj, let e = &, — 0 and note that u;, — wuy, weakly in L%UC(R” X
(0, 00)), since u® — u locally uniformly. Thus (3.10) implies

][ Uy (x,s)dxds =/ 8xk dVr_/,0~
C(xy,t1,75) R~

Now let r,, — 0, remembering that (xp, #1) is a Lebesgue point for Du and
recalling from (3.11) that y,, o converges weakly to yp. This proves (3.30).
2. Similarly, we have

][ u;(x,s)dx ds =/ (—H(Dg(x)) + eAg)oy (x,0) dx;
C(x1,11,r) Rn

and this formula in the limit ¢ = ¢, — 0, = r;, — 0 implies (3.31).
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3. Now select a smooth function { = ¢ (¢) such that £(0) = 1, {(#;) = 0. Then
d e __€ ! e __€
— ¢Vuto, dx = ¢'Vuto, dx.
dt R» Rn

We integrate, and then take a sequence of smooth functions ¢ approximating
the function ¢ satisfying ¢ = 1 on [0, t; —h], ¢(¢1) = 0, with ¢ linear on [ — A, #1].
We obtain the identity

1o
/ Vu®(x,0)o, (x,0)dx = 7 / / Vubof dx dr.
R~ t1—h n

Lete =¢, — Oandthenr =r,, — O:

1 [n
/ Vu(x,0)dyy = —/ / / qgdu.
R~ h tl,h n Rn+l

According to the formulas (3.30) and (3.31), the term on the left equals Vu (xy, t1).
Hence when we now send 7 — 0 and recall Theorem 3.8, the identity (3.29)
follows. 0O

4. Special cases

In this section we discuss various special cases.

4.1. When o is a point mass att = 0

A particularly easy situation occurs when the measure o is a Dirac mass at
time 0.

Theorem 4.1. Assume for some point xo € R" that
Yo = 8- (@.1)

Then

(i) g = (Dg(x0), —H(Dg(xp)) n-almost everywhere,
(i) M =0,
>iii) x; = xo + 11 DH (Dg(xo)), and
(iv) the support of o is the line segment

{xo +tDH(Dg(x0)) |0 =1 = 11}. (4.2)

We interpret this as saying that the characteristic for the Hamilton—Jacobi PDE
(1.4) starting at xo at + = 0 does not hit a shock before time #;. This characteristic
is the straight line (4.2).
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Proof. Let®(q) := %(|p — Dg(x0)|>+ | pns1+ H(Dg(x0))|%). Since ® is convex,
for each time 0 < s < #; we have

// |D2u8|2+|Du,| o) dx dt

E/n DU’ (x, 5) — Dg (o) + |ul (x, s) + H(Dg(xo))|’ o (x, 5) dx

1
= 5/ |Duf (x,0) — Dg(x0)|* + |uf (x,0) + H(Dg(XO))|20f(x, 0) dx

1
=54ymw—me+me—mem
+ H(Dg(xo))|%0f (x, 0) dx.

Sending ¢ = ¢, — 0,r = r,, — 0, and recalling (4.1), we see that the term on
the right goes to zero. It follows that

1
/ / /Rm |p = Dgx0)* + [ pus1 + H(Dg(xo) P du = 0. (43)

Since also & [j' fpn |D?uf > + |Duf >0 dx dt — 0, (3.20)~(3.22) imply M =
MY =0.
In view of (4.3)

DH:AHDmmwszHwﬁm)
Thus the evolution equation (3.26) for o gives
oy +div(c DH(Dg(xp))) =0 inR" x [0, #);

and so x1 = xo + 11 DH(Dg(xp)). O

4.2. H uniformly convex
Assume, next, that H is uniformly convex:
D’H > 01 (4.4)

for some constant 6 > 0.
As a further illustration of our methods, we present first a simple new proof of
a standard one-sided second derivative estimate:

Theorem 4.2. Assume that H satisfies (4.4). Then there exists a constant C such
that

C
- 4.5)

uge (x,1) =

forallx e R",t > 0andall e > 0and || = 1.
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We likewise have the simpler bound
ugé <C 4.6)
if g is C2.
Proof. Differentiate the PDE (1.1) twice with respect to &, to find
Uig)e + Hp, (Du) (uie)x, + Hp,p (Du)uy, culy e = eAug,.

Let 0® solve (1.2) with the terminal condition & = 8y, at time 7;. We multiply the
foregoing PDE by r%0¢ and integrate:

1 f
2 2
1 u§;()€1,t1)+/0 /Rnt Hpy p (Du)usy culy zo® dx dt = 2/0 /n tuggo® dx dr.

We use (4.4) to further calculate that

1
fiube (x1. 1) +9/O / 2| D*uf >0 dx dt

1
gc/ / t|D*uf|o® dx dt
0 n
1 C 4]
9/ / t2|Dzu5|208dxdz+—/ / o dxdr
O n 9 0 n

n C
9/ / 2| D*uf)?o® dx dt + i
0 n

Theorem 4.3. Assume that H satisfies the uniform convexity condition (4.4). Sup-
pose the terminal measure « has a smooth density. Then we have the estimate

A

[IA

O

1
/ (ID*u®|* + |Duf|?)o® dxdt < C, 4.7)
0 Rn

for a constant C independent of €. Consequently
M =0.

In particular, our program of introducing the adjoint PDE (1.2) and the dissipation

measures M is not especially interesting if H is convex. But we will see later that

for nonconvex H, M can be nontrivial even for times 0 < t < 1.

Proof. 1. Differentiate the PDE (1.1) twice with respect to x; and sum on j:
(Au®); + Hp (Du®)(Au®)y, + Hp, p, (Du)u,  ul . = eA(Au®).

xXpxj XX

Multiply by o¢ and integrate:

a1
/O /R Hpyp (DUt i 0 dx i+ / A da = /}R Agot(x, 0)dx.

In view of (4.4) and our hypotheses on g and «, we derive the inequality

4]
//|D2u8|208dxdt§C.
0 n
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2. We next differentiate (1.1) twice with respect to ¢, and as above derive the
identity

3]
/ / Hpp (Du®)us, ufy .0 dx dt +/ uf, (x, 1) dy
0 JR» R~
= / ut, (x,0)0°(x, 0) dx. (4.8)

Now uf, = —DH (Du®)Du; +¢Auf . Since o has a smooth density, we calculate
at time 1 that

/n uf, da = —/n DH(Du®)Duf da + O(¢)
= _/ DH(Du®)D (uf + 1) da 4+ O(e)
:/R Hp, it o, (uf 4+ 1) da + O(1)

Now, according to (4.6) and the convexity of H, Hp, puf ,, = C. Thus, if we
select the constant A above so that u; + A <0, we have

. HPkPlufckxz (uf + )‘) da =2 —C.

Then (4.8) and (4.4) provide the estimate

1 2
/ / |Duf|" o dxdt < C.
0 n

4.3. H homogeneous

For this section this we assume that H is positively homogeneous of degree
one:

H(p) =AH(p) (peR", A>0). 4.9)
This implies
DH(p)-p=H(p). (4.10)
Theorem 4.4. Suppose that H satisfies the homogeneity condition (4.9) and that
o =8y,
Then

spto € {(x,1) | u(x,t) = u(xy, 1)}, “4.11)

and so o is supported within a level set of u.
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Proof. According to (4.10) we have
ui + DH(Du®) - Du® = e Au®,
and therefore
v 4+ DH(Duf) - Dv® = e Av® — ey (u®)| Du’|? (4.12)

for v® := W (u®). Multiplying (4.12) by o/, integrating and as usual sending & =
em = 0,r =ry — 0 gives

W(u(xy, n)) = /Rn W (u(x, 1)) dy;

for each time 0 < ¢ < 1. Let o # u(x1, 11). Replacing W by a sequence W such
that

l z=«
Pi(@) = {0 7 #«a,

we deduce

RN {u(-,t)=a}

foreach0<r<1. O

5. Compensated compactness

We next modify the compensated compactness technique of MURAT and
TARTAR to the case at hand, to derive some integral formulas that will turn out
to contain information about the structure of the measure .

Suppose that ® = P (g) is smooth. Put

& .__ & & & &€ & &
Py =& (CDPkPI (Vu )uxkxiux/x,- + zq)PkPn-H (vu )uxkxiutx,-

&N, & & e
+ q)[’n+1[7n+l (Vu )”tx,-“tx,-) o,.

1
/ / lpfldxdr < C,
0 R~

the constant C independent of ¢ and r. We may consequently assume, passing as
necessary to further subsequences, thatas ¢ = ¢,, — Oand thenr =r,, — 0

Then (2.1) implies

pf — p weakly in the sense of measures, G.D

for some signed Borel measure p on R" x [0, #1].
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5.1. Integral formulas

Theorem 5.1. (i) We have the identity

4l
/ /R C(Pn+lq)+Pin,~(D) do
0 n

n o t
:—/ / u(&® + ¢y Hp, @) do +/ / ¢udp, (5.2)
0 R~ 0 Rn

for all smooth functions £ = ¢(x, t) with compact support in R" x (0, t1).

(1) For all smooth functions n = n(x,t) with compact support, we have the
further formula
n _ . 4
/ / 7t ® +ny, Hpy, ®do =/ / ndp. 5.3)
0 n 0 n

Proof. 1. Put
w? = & (Vub).
Then

e e _ & e e
w; + DH - Dw® = eAw® — & (®p, puf,  us, .

£ & & & .
+2(D17k1’n+l“xkx,-“tx,- + (DPn+l[7n+lutx,'utx,') )

and the PDE (1.2) implies

(o), + (Hp wsaf)xl_ e (o7 Aw® —w®Aoy) — pp

e (ofwy, — wsar‘fxl,)x[ - pr. (5.4)

2. We multiply the previous identity by u®¢ and integrate:
11 4
/ / é‘(l/lf +u§_Hp,-)w£af dx dr = —/ / I/lg({t +§xini)w80'f dx dr
0 R~ ! 0 Rn
1 1
+8/ (Cu®)y, (ofwl —wof,) dxdt+/ Cu®pf dx dr.
0o Jre ' o 0o Jre
Denote the term on the left by A? and the three terms on the right by BZ, CZ, DZ:
A7 = B; + C; + Dy.

Recalling Theorem 3.1, we see that as ¢ = ¢, — 0, and then r = r,;, — O:

1
A§—>/// E(pust + piHy)(q) du
0 n ]Rn+1

4]
=/ A C(Pn-HcD"‘Pin;CD) do.
0 n
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Likewise,

13| _ .
Bf - _/ / u(G® + &y, Hy, @) do,
0 JRr

since u® — u locally uniformly. Furthermore (5.1) implies

a1
D! — / Cudp.
0 R~

3. Next, we claim that
Ci — 0. 5.5)

To confirm this, note first that

n 4|
s// |(§u8)x[o*r‘9w§i|dxdt§£C/ / (|ID*u®|+|Dut)of dx dt < Ce'/?
0 R” 0 Rn

according to the estimate (2.1). Also,

1
/0 An(gug)xiwgaﬁxi dx dr

This proves (5.5).
4. To prove (5.3), multiply the identity (5.4) by 7, integrate by parts, and let ¢ =
em—> 0,r=r, — 0. O

& =&

n
/ / ((Cu®)w)yof dedr| < Cel/?.
0 JR»

Discussion. At this point, if we knew that u were smooth on the support of o, we
could put n = u¢ in (5.3) and combine with (5.2), to deduce

1 f1 _ I
/ / ¢(pn1® + piHp, ) do =/ / ;D + uy, Hy, @) do.
0 JRn 0 JRn

This identity is valid for all smooth ¢ and @, and consequently
D1+ piHp; (p) = uy(x, 1) +uy (x,t)Hp, (p) p-almost everywhere. (5.6)
However, since u is only Lipschitz continuous, we must work harder to extract
useful information from (5.2) and (5.3).
5.2. Compensated compactness at the point (x1, t1)

We can, in fact, deduce formula (5.6) at the terminal point if u is differentiable
there:

Theorem 5.2. Suppose u is differentiable at (x1, t1). Then

Pnt1 + piHp (p) = us(x1, 1) +uy; (x1, t1) Hp, (p) v~ -almost everywhere.
5.7
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This formula says geometrically that for almost every point ¢ in the support of
v™,Vu(xy, t) lies in the plane tangent to the hypersurface ¥ = {p,+1+H (p) = 0}
at ¢g. We discuss later how to use this information.

Proof. Let
@(x,1) = Du(xy, t) - (x —x1) +us (x1, 1) (¢ — t1) +u(xy, ty).

denote the linear approximation to u at (x1, #1). Put n = ¢¢ in (5.3):

1 o 131
/ / (@& + Cur(x1, 1) + (P& + Cuy (x1, 1)) Hp, P do = / ¢ dp.
0 R" () Rn

Combine with (5.2) to find:

1 n _ .
/O/RC(PnH‘D'FPin,-‘D)dU:/O /R;(ut(xlstl)cb‘i‘”x,-(xlvtl)Hp,-q))da

1 14| R
0 n 0 R~

Next, select a small number 2 > Oandput ¢ (x, t) = a(t)b(x), wherea(t;) = 0,
a=0on[0,f —h]and b = 1 on the support of o

151 n —
/ / a(Pri1® + iy, @) do =/ / a(uy (v, 17)®
t1—h n t1—h n

| | _
rug B, @ do+ [ [ aw-ardps [ @-waTa
t1—h n t1—h

Rn

(5.8)

Now pick smooth a(#) = aj(¢) so that

1/“ Odi=1, || <C. |aj| <<
- ah =1, ah: 3 a = 5
- R="n

for some constant C. Then

n
/ / an(u — ) dp‘ — o(h).
t1—h n

since u is differentiable at (x1, #1); and likewise

t t
/lh A (¢—u)a£l5do‘ é%/lh/ do = o(h).
Hh— n t— n

We divide (5.8) by & and let h — 0, recalling Theorem 3.8 to conclude that

/R+1(Pn+1+Pin,-)¢dV_ Z/Rﬂ(ut(xl,ll)+ux,-(x1,t1)Hp,-)q9dV_-

The validity of this identity for all ® implies (5.7). O
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Remark: compensated compactness for conservation laws versus Hamilton—
Jacobi PDE. Theorems 5.1 and 5.2 together comprise a new application of the
Div-Curl Lemma to Hamilton—Jacobi PDE. It is interesting to compare and con-
trast our approach with the more customary div-curl methods for conservation laws,
due to Tartar, Murat, DiPerna, Chen, etc: see for instance TARTAR [20] or [8]. The
latter seem inherently to require that we work in n = 1 space dimension, since only
then does the divergence identity u; + vy = 0 imply 4 = wy, v = —w; for some
potential w. (But see BAGNERINI et al. [3].) By contrast, our techniques are rather
more natural, since we have an obvious candidate for a curl-free vector field even
inn > 1 dimensions, namely Vu®.

But our conclusion (5.7) is not so strong as that for conservation laws, as it is
only a single algebraic/geometric relation among variables in n 4 1 dimensions.

5.3. Almost everywhere convergence of Vu?®

Conditions ensuring v~ is a point mass. As noted above, the identity (5.7)
implies that for almost every point ¢ in the support of v—, Vu(xy, #1) lies in the
plane tangent to the surface ¥ = {p,+1 + H(p) = 0} at g. In addition, from (1.5)
we know that

Vu(xy, 1) € &; 5.9
and from (3.28) that
sptv- C X. (5.10)

Also, according to Theorem 3.9,

Vu(xy, 1) =/ gdv—, (5.11)
Rn-H

provided we assume also that (x, #) is also a Lebesgue point for Vu.

Now, if the mapping p — H (p) is either strictly convex or strictly concave,
conditions (5.9)—(5.11) alone imply that v~ = vy (x,.,). The point is that add-
ing in our new geometric condition (5.7) leads to the same conclusion for certain
nonconvex Hamiltonians.

Example. For instance, suppose the surface ¥ has the shape illustrated in Fig. 1,
forn = 1. If Vu(x1, #1) lies on the part of the curve illustrated, our condition (5.7)
implies that the only other possible points belonging to the support of v~ are g; and
q2, as drawn. Thus sptv™ C {Vu(xy, 1), q1, g2}. However Vu(xy, t1) is then an
extreme point of the closed convex hull of spt v™, and consequently (5.11) implies
V™ = 8vyu(x;,1)- The same conclusion follows, even more easily, if Vu(x1, 11) lies
on the left or right parts of X.

This argument applies also for certain nonconvex Hamiltonians in n > 1 vari-
ables, for example H(p) = (| p|> — 1)2, but certainly fails for other examples.
Pointwise convergence of Vu®. A fundamental open problem is to determine
precise conditions on the Hamiltonian H, implying that v~ is a point mass and,
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Pn+1 +H(p) =0
\

Fig. 1. Geometry of the support of v

therefore, that Vu® — Vu almost everywhere. Inspired by the previous example,
we provide a partial answer to this question.
Define

ACXE

to consist of those points ¢* = (p7{, ..., py, ) € X with the property that ¢* is an
extreme point of the set

cofg = (p1. ... puy1) € Z | pup1 + piHp,(p) = ppyy + pi Hp (p)},

where “co” denotes the closed, convex hull.
For instance, A = X if H is uniformly convex or concave, and also A = X in
the example illustrated in Fig. 1.

Theorem 5.3. [f A = X, then
Vu® — Vu almost everywhere. (5.12)
Proof. 1. Since {Vu®} is bounded, there exists a subsequence ¢; — 0 and for
almost every point (x, t) a Radon probability measure p, ; on R+ such that

/ ®(Vubi (x,1))dx dr — / ®(q)dpydxdr (5.13)
C(x1,11,r) Rn+1

C(xy,11,r)

for all cylinders C(xy, t;,r) C R" x [0, 0o) and all continuous functions .
These are the usual Young measures for the weak convergence Vu® — Vu.
We may suppose that all the sequences {¢,,} discussed earlier are subsequences
of the given sequence {¢;} for which (5.13) holds.

2. Almost every point (x1, #1) is a Lebesgue point for the functions (x,t) +—
fRnH ®(q) dpy,, for every ®. At such a point Vu(xy, t1) exists. Then if ® is
convex and 1 < s < 11 + r, we have

][ ®(Vub(x,s))dx = / ®(Vub(x, s))o,(x) dx
B(xy,r) Rr

§/ O (Vu(x, 1)o) ; dx
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for each time 0 < 1 < 1. Average with respect to s:
][ ®(Vu®)dxds < / O (Vu®(x, 1))o; dx.
C(x1,t1,r) R»

Consequently, if @« = «(¢) is a smooth, nonnegative function with integral one
on the interval [t — &, t1], we have

]l / ®(g) dpy sdxds = lim ®(Vubm)dx ds
C()C],tl,r_/') R+l

em=0J C(xy,1,r))

1
< lim / / a®(Vubm(x, 1)) Ufj’" dx dr
t1—h n

em—0

1
=/ // addur;.
tl—h n JRn+1

Remember that (x1, #1) is a Lebesgue point for the function (x,?) > fRnH
®(q)dpx; andsend r = rp, — 0:

n
/ d><q>dpx.,n§/ // o dp.
Rn+1 I]*h n Rn+1

This inequality is valid for all functions « as above, and so

1o
/ <1><q>dpm§—/ // ® dp.
Rr+l h Ji—n Jre JRo+1

Finally, send # — 0 and recall (3.27), to discover that

/ ®(q)dps, 1, < / ®(g)dv (5.14)
]Rn+1 ]Rn+]

2. Now, Theorem 3.9 tells us that

q" :=Vu(xy, 1) =/ gdv™; (5.15)

Rn+l

and furthermore p,+1 + pi Hp, (p) = p;; | + p; Hp, (p) for points g € sptv~.

Since g* € A = X, ¢* is an extreme point of the closed convex hull of spt u.

But because (5.15) asserts that ¢g* is also the center of mass of v—, it follows

that v~ = §4x.

Our taking ®(g) = |g — g*|? in (5.14) lets us now deduce that Oxy,n = Og
also. This conclusion, valid for almost all points (x1, #1), implies Vu® — Vu almost
everywhere. 0O
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5.4. Compensated compactness for times 0 <t < 1

Our integral identities also contain information for times 0 < ¢ < 7;. Since u
need not be smooth, we need to introduce some approximations. Assume, therefore,
that { u5}0<5<1 is some collection of smooth functions satisfying

T |Dub, u’| £ C, x| [u® —u| = o(1), (5.16)
and
wl, =~ p i =1,....,n), ul = """ weakly in L>(do) (5.17)
as 8 — 0, for some vector field 8 = (8!, ..., 1.

Theorem 5.4. We have

pnﬂ—i—pini(p):ﬁ”H(x,t)—i—ﬁi(x,t)Hpi (p) w-almost everywhere. (5.18)

So, for almost every point ¢ in the support of vy ;, B(x, ¢) lies in the plane tan-
gent to the surface X at g. Even if we know nothing about the location of B(x, 1),
we can still deduce that the tangent planes to X corresponding to points in spt vy ;
must all intersect at at least one point.

Proof. Put = u®¢ in (5.3):

| _ 13|
/O/Rn(u‘sct+cu‘?)<b+(u‘3;ﬂ+zui)Hp,-<I>do=/0 /nu%dp.

Subtract from (5.2) and recall (5.16), to discover

1 l —
/O/R§(pn+lcl>+pini<I>)dcr=/0 /Rg(uffb—i-uiinid)) do +o(1).

Sending § — 0 and remembering the weak convergence (5.17), we find

1 3 _ R,
/ /R (1 ® + P, ) do =/ /R (8D + BTH, ) do.
0 n O n

That this identity is valid for all ¢ and ® implies (5.18). O

One interesting possibility is that some part of the measure o is singular and is
supported on a smooth shock hypersurface I', across which Vu is discontinuous.
See Fig. 6. We suppose that u is smooth on each side of T, and let V™ denote the
limits on Vu on each side of the shock surface

Theorem 5.5. For o-almost every point (x,t) € I, we have

p,1+1+p,~Hpi(p)=uli(x,t)—i—ui(x,t)Hp,.(p) vy r-almost everywhere. (5.19)
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Pn+1 + H(P) =0

_V o) g=vut(x,t)

\

Fig. 2. Vu*t ata right contact discontinuity

So, for almost every point ¢ in the support of vy ;, both the points Vu™ (x, t)
and Vu~ (x, t) lie in the plane tangent to the surface p,+1 + H(p) = 0 at g. Note
additionally that both points Vu™ (x, ¢) also lie on this surface. A particular case is
that spt vy ; is a point mass, at either Vut(x,t) or Vu~(x,t). Then (5.19) implies
that the former corresponds to a right contact discontinuity, corresponding to the
geometry illustrated in Fig. 2. The latter case gives a left contact discontinuity. In
this sense our compensated compactness arguments “predict” the onset of contact
discontinuities.

Proof. Let v denote a unit normal vector field to I' in R"*! and think of v as
pointing in the “right hand” direction: see Fig. 6 in Section 7. Smoothly extend v
off of I'.

Put u® := u(x £ 8v,t). Then u® — u locally uniformly and Vu? — Vu™ on
I". Apply formula (5.18). O

6. Dissipation and contact discontinuities

6.1. Contact discontinuities in n = 1 dimension

In this section we work out an interpretation of the matrix of dissipation
measures for the special case of a piecewise smooth solution u of (1.4)inn = 1
spatial dimension. We henceforth assume the geometry of the characteristics and
shocks illustrated in Fig. 3. This picture corresponds to illustrations found in sev-
eral papers about shock structure for scalar conservation laws with nonconvex flux
functions in n = 1 space dimension: see the articles by DAFERMOS [7], BALLOU
[2], MARSON [14], etc. and also ZHENG’s book [22].

We assume that the shock wave I' = {x = s(¢)} is a smooth right contact
discontinuity, as drawn. We denote by g7 = ¢ (¢) and g~ = ¢~ (¢) the right- and
left-hand values of the gradient Vu = (u,, u;) along I" at time ;. The geometric
locations of g% are illustrated in Fig. 4, the dashed line connecting ¢+ and ¢~ being
tangent to the curve X at g™, since the latter is a contact discontinuity.
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t-t 1

I'=shock

t=0

Fig. 3. A right contact discontinuity curve for Vu

graph of pp =

Fig. 4. Left and right states for a right contact discontinuity

Next, let @ : RZ — R be a smooth function and set
o(t) = / ®(Vu) do.
R

According to Theorem 3.19, we have

q‘&:—/R/R2 @, py (q) dm*. 6.1)

Our intention is to express the abstract expression on the right explicitly in terms
of the geometry of the contact discontinuity and the graph of H, from Figs. 3 and
4. (That the graph = = {p,+1 + H(p) = 0} lies below the segment connecting g=
follows from viscosity solution admissibility conditions: see [5].)

For definiteness, suppose y = 8y, and the point (x, #1) lies above the shock, as
illustrated in Fig. 3. For the moment, we think of the measure o as evolving back-
wards in time, and is thus a point mass along the characteristic until it intersects the
shock I at some time 0 < t* < #1. We further assume that for each time ¢t < t*, o
decomposes into a point mass of magnitude o7 (¢) at x = s(¢) along the shock I’
and an absolutely continuous part with smooth density o~ to the left of the shock.
Then

s(t)
o) = / O (Vu)o~ dx + ®(gT(1)ot (). (6.2)

—00
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We want to calculate ¢ and also to understand how o* and ¢g* evolve for times
t <t

Theorem 6.1. Under the foregoing assumptions,

p=—(2@H+VP@gH -(¢"—q¢"H —D@))H (PH-H(p )o™.

(6.3)
Furthermore,
st=H'(pH)-H (P, (6.4)
and
grot=(q —q")s". (6.5)
In these formulas, 0~ = o~ (¢) denotes the left hand limit of the density

o~ (x,t) at x = s(t), along the shock curve I'. Observe that the right-hand side of
(6.3) is not preserved under an interchange of ¢~ and ¢ T: this asymmetry occurs
since we have a right contact discontinuity and not a left contact discontinuity. We
will see also that (6.4) and (6.5) are infinitesimal versions of the conservation of
the mass of ¢ and the conservation of integral of ¢ with respect to o.
Interpretations.

(i) Since H'(p~) > H'(pT)ando~ > 0, we see in particular that if ® is convex,
then ¢ < 0, as of course (6.1) predicts. Also (6.4) implies

6t 20.

We understand this to mean that as time goes forward, more and more of
the mass of the measure o coalesces onto the shock, brought there along the
characteristics from the left that collide with the shock.

(i) Formula (6.3) also implies that the rate of dissipation is cubic in the shock
strength |g* —q~|.

(iii)) Comparing (6.3) with (6.1), we see that the matrix M of dissipation measures
is supported along the line segment connecting g and ¢~

Proof. 1. Differentiate (6.2) with respect to #;:

. s(t)
$=dg o +/ (@(Vu)o ), dx + VO(gH) - g0t + dlgH)s™

—00

s(t)
=®(g 7)o —/ (H' (u)®(Vu)o )y dx+Ve(gh) gt ot + d(gT)s™

—00

=®(q Yo s —H'(p)P(g o™ +VP(gh) - ¢Tot + @(gT)oT,

where ¢* = (pf[, péc) = (p*, pit). Since § = H'(p™) along the contact
discontinuity, we therefore deduce that

=@ ) H (pH)—H(p No~ +Ve@h)  ¢toT+d@gMot. (6.6)
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7 7\
/7 7 7
./ /7 L t

rth,t) \ s(®)

Fig. 5. Characteristics intersecting the shock during [z, ¢ + /]

2. Next we prove (6.4). To see this, recall that fR do = 1 for each time, and
therefore

s(t)
/ o dx=0tt+h) -0t
r(h,t)

for small & > 0, for the point

r(h,t) :=s(t+h) —hH (p~(t + h)).
See Fig. 5. Our differentiating with respect to # and putting 2 = 0 gives
(H'(p7)—§Ho~ =67

This implies (6.4), since s = H'(p™).

3. Now insert (6.4) into (6.6):
¢ =(2(q") -2 N5t +Vogh) ToT. (6.7)

The final observation is that, according to (6.1), if we put ®(gq) = ¢, the left-
hand side of (6.7) is identically zero:

0=(" =g )" +4%0™.

This is (6.5).
We plug this identity back into (6.7) and recall (6.4), ending up with the stated
formula (6.3). 0O

6.2. Contact discontinuities in n > 1 dimensions

Next, we extend the previous calculations to the case of a smooth contact
discontinuity I" in higher dimensions, on both sides of which u is smooth.

We write I'(¢) := I’ N (R” x {¢}) for the shock at time r = 0, and assume I'(¢)
to be a smooth hypersurface in R”. Let v denote a unit normal vector field to I" in
R™*+!: and for each time let n denote a corresponding unit normal vector field to
I'(¢) in R". We regard v as pointing in the “right hand” direction, along which u
has a contact discontinuity. Write S(¢) for the region in R” to the “left” of ' (¢): see
Fig. 6.
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gl

Fig. 6. A discontinuity surface for Vu

N
~

We introduce, as well, the functions ¢* = (p*, pni]) to denote the left- and
right-hand limits of Vu along I'. Since we have a contact discontinuity from the
right, the normal velocity v of I"(#) with respect to the direction n is

v=DH(p") n. (6.8)

Furthermore,
. 1
V=, vp41) = m(’% —v). (6.9)

Finally, we will suppose that the measure o decomposes into one part supported
along I' (1), with smooth density o ™ with respect to (n — 1)-dimensional Hausdorff
measure H"~!, and another part supported in S(r), with smooth density o~ with
respect to n-dimensional Lebesgue measure.

Given, then, a smooth function ® : R"*! — R, we put

b (1) ;=/ ®(Vu)do =/ ®(Vu)o ~ dx +/ ®(gHotdH"!, (6.10)
n S(t) ')
and recall that

qé:—/ / D, 5y (q) dm*. (6.11)
n ]Rn+1

Once again we wish to understand the right-hand side of (6.11) explicitly in terms
of the geometry of I" and the graph of H.

Theorem 6.2. We have
¢ = _/m (@@ +VP@H) (¢~ —q¢") —Pg)
!

x(DH(p™) — DH(p™)) -no~ dH"\. (6.12)
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The formula (6.12) is a higher dimensional analog of (6.3). As before, we see
that the rate of dissipation is cubic in the shock strength |[g™ — g ~|.

Proof. 1. We begin by recording for smooth functions f = f(x, t) the kinematic
formula

d
S pan :/ DI pyEdpt, (6.13)
dr @) ')

where H denotes the mean curvature of I"(¢) and
%{ = fi +vDf - n.

We employ (6.13) in differentiating (6.10) with respect to #1:

é = d(g o vdH" '+ [ (®(Vu)o ), dx
r(t) S(1)
+ [ Vo BreT o B - oo v,
v (6.14)
Furthermore,
(®(Vu)o ™), dx = —/ div(DH(Du)®(Vu)o ™) dx
S(t) NG
- _/ ®(q )DH(p~) -no~ dH" .
@)
Since v = DH(p™) - n along the contact discontinuity, it follows that
¢ = o ®(¢ ) (DH(p*) = DH(p™)) -no~ dH"™!
'
[ Vo BeT o B - oo o,
v (6.15)
2. Next, we prove
Dol _yHot = (DH(p™) — DH(p™)) -no~, (6.16)

a generalization of (6.4).

To do so, first fix a small number 2 > 0. Then select any small smooth region
A(t) C TI'(t). We evolve A(t) into smooth surfaces A(s) C I'(s) for times
t <5 <t + h, so that the velocity of each point along d A(s) is normal to I'(s).
The surfaces {A(s)}, < <, Sweep out the region (¢, h) C T illustrated in
Fig. 7.

Finally, from each point belonging to X (t, ), we construct to the “left” the
backwards characteristic with constant slope (DH (p~), 1). These, at time ?1,
give us the region R(¢, h) C R" drawn in Fig. 7. Finally, we let A (¢, i) denote
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A(t+h) Z(h)

A(t)

R(t,h)
Fig. 7. The surfaces R(z,h) C R" and X(¢,h) C T

the (n + 1)-dimensional solid whose sides are X (¢, h), R(¢, h) and the unions
of the backwards characteristics from d X (¢, h) over the time interval [z, t + h].
Since [, do = 1 for each time,

/ o dx = ot dH*! —/ ot dH L 6.17)
R(t,h) A(t+h) A(t)

We need, first, to rewrite the term on the left. To do so, note that o, 4+ div(DH
(Du)o ™) = 0 to the left of the shock, and therefore the Divergence Theorem
implies

/ o~ dx =/ W'Y+ DH(pT) - D)o dH".
R(t,h) %(t,h)

But since v is perpendicular to I and (DH (p™), 1) is tangent,
VL4 DH(pY) D =0.

Consequently, owing to (6.9) we have

/ o_dxz/ (DH(p~) — DH(p™)) - bo~ dH"
R(t,h) Z(t,h)

o

= DH(p™)—DH(p")) -n———— dH"
/2 L PHED = DHG) s

We differentiate with respect to 4 and then set 7 = 0:

d

— o dx
dh Jra,m

- / (DH(p~™) — DH(p1)) -no~ dH"~'. (6.18)
h=0 A
Next, we apply the kinematic formula (6.13), with A(¢) replacing I'(¢), to deduce

d
= otan! =/ Dol _ gtyHdH" . (6.19)
dt Jaw Ay
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Note that there is no additional term involving an integral along d A(¢), since
the velocity there is normal to I'(¢).
Using (6.18) and (6.19) in (6.17), we see that

/ (DH(p™) — DH(p")) -no~ dH"! =/ Dol _ GryHdH""".
A1) A1)

This implies (6.16), since the region A(t) is arbitrary.
3. Formula (6.16) lets us simplify (6.15):

¢ = /F( )(<I><q*) — ®(¢gM)DH(pY) — DH(p™)) -no~ dH"!
t

+/ Vo(gh) - P gt an (6.20)
I'(t)
To go further, we need the final claim that
+ _ _ _
Dot = (gt —q )DH(p")— DH(p7)) -no~, (6.21)

which is a higher dimensional variant of (6.5).
We prove this by modifying as follows the calculations from Step 2 in the proof.
Since [p, Vudo is constant in time,

/ Vuo~ dx = / gtotan! —/ gtotaH" . (6.22)
R(t,h) A(t+h) A1)

Because (0~ Vu), + div(DH (Du)Vuo~) = 0 in the region to the left of the
shock, the Divergence Theorem implies

/ Vuo ™ dx = W'+ DH(p7) - D)g o dH"
R(t,h) X(t,h)

=/ (DH(p™) = DH(p™)) - n—12— dpr
(6.0 (1402172
Hence
d — — + - - n—1
— Vuo™ dx = (DH(p~)—DH(p™")) -nqg o dH"".
dt Jra,m h=0 A
(6.23)
Also,
d
el gtotdn! :/ gt (Dg,+ - G+UH) + DTq;aJr dH" .
dr A1) A(t)
(6.24)

Using (6.23), (6.24) and (6.16) in (6.22), we deduce
/ (g~ —q")(DH(p™) = DH(p™)) -no~ dH"! = / Birotan.
A(1) A7)

Since the region A(t) is arbitrary, the identity (6.21) follows.
4. We employ (6.21) in (6.20), at last to conclude the proof of (6.12). O
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7. Scalar conservation laws

Our kinetic formulation for Hamilton—Jacobi PDE is inspired by the corre-
sponding approach to conservation laws due to LioNs, PERTHAME and TADMOR
[17,18] (see also PERTHAME [19]), but our methods, when applied to the latter, dif-
fer. In this section we sketch out what our techniques give for a scalar conservation
law in n space variables.

Given a smooth flux function F : R — R", F = F(z) = (F1(2), ..., Fy(2)),
and g : R" — R, g = g(x), we introduce the regularized scalar conservation law

(7.1)

u; + (F;(u®))y;, = eAu® inR" x (0, 00)
ut =g on R"” x {t = 0}.

Given, next, a probability measure y on R” and a time #; > 0, we introduce
the following terminal value problem

& ") o). — & . n
[ of — (F/(u)o®); =eAc®  inR" x [0, 1) 72

of =a onR"” x {t = 1}.
We have the estimates:

sup [u|£C and o° 20, / ofdx=10Zt<T). (7.3)
R x[0,00) n

Furthermore, u® — u strongly in L?, where u is the unique entropy solution of the

conservation law

(7.4)

u+ (Fi(u)y, =0 inR" x (0,1]
u=g on R” x {r = 0}.

By analogy with Theorem 3.1, there exists a sequence ¢ = ¢, — 0 and a
non-negative measure 1 on R” x [0, 1] x R such that

11 n
/ / ®d(x,t,u®)ofdxdt — / / / ®(x,t,z)du (7.5)
0 n 0 nJR

for all continuous, bounded functions .

Theorem 7.1. (i) We have the estimate

1
g/ / |Du®|*ofdx dt < C. (7.6)
0 n
(ii) There exists a nonnegative measure m on R" x [0, t;] x R such that

M+ F,',(Z)in = —Mg. (7.7

We call m the dissipation measure. Note that in our approach, m depends upon
the measure « and the terminal time #;. The implicit summation in (7.7) is for
i = 1,...,n. The transport equation (7.7) is an analog of (3.19), but is much
simpler.



Adjoint and Compensated Compactness Methods 1087

Proof. 1. Let w® = %(ue)z. Then
wf + F/ () wt, = eAw® — e|Du*.

We multiply by o¢ and integrate by parts:

1
8/ / |Du8|2cr€dxdt+/ wg(x,l)daz/ w?(x, 0)o®(x, 0) dx.
0 n Rn Rn

This implies (7.6).
2. Let ® = ®(x, t, z) be smooth and have compact support in R" x (0, #1) x R.
Put

wé(x,t) := O(x, t, ub).
Then
wf + F/ () ws, = eAw® + &, + F/ ")y, — eD;| Duf[* + E°
for
E® =& (Ac®+2®Pyuf ).

In these formulas ¢ is evaluated at (x, ¢, u®).
We multiply by o and integrate by parts, using (7.2) to simplify:

1 41
//(—<1>,—ﬂ’(u6)c1>x,.)o€dxdz+e/ / .. | Du|?
0 R~ 0 R~
41
=/ / Efof dx dt.
0 n

Passing to limits as ¢ = g, — 0 gives the weak formulation of (7.7). O
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