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ABSTRACT OF THE DISSERTATION

Safety-Critical Control of Nonlinear Systems:
Input Delay Compensation and Prescribed-Time Safety

by

Imoleayo Abel

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2022

Professor Miroslav Krsti¢, Chair

The ubiquity of dynamical systems in society has brought the subject matter of their
safety to the fore. From small personal drones to autonomous vehicles and jumbo jets, the
safety of dynamical systems has become critical and of utmost importance. In this dissertation,
we develop control strategies for enforcing safety — characterized by state constraints — in
nonlinear dynamical systems of two kinds.

First, systems with input delays are considered. This class of systems is particularly
relevant because delays abound in engineering applications and their effect can be catastrophic if

not systematically addressed. We develop control strategies for enforcing safety in (i) systems
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with a single, time-varying input delay across all input channels, and (i1) systems with distinct,
constant input delays across input channels. The control strategies developed utilize a nontrivial
combination of state-predictors with a safe feedback law designed for the corresponding delay-
free system. In the case of systems with distinct input delays, we introduce algorithms that
enforce safety using a subset of shorter-delayed input channels whenever possible, allowing
safety guarantees to be made before longer input delays have been compensated. This is a feature
that is especially beneficial when input delays are of significantly different lengths.

Next, a prescribed-time safety (PTSf) algorithm is developed for systems where safety is
required for a finite, a priori prescribed time. In contrast to existing algorithms that only permit
an asymptotic approach to (but not arrival at) the boundary of a safe set, PTSf allows a system
to reach the boundary of a safe set — at an infinitely soft rate — at the end of the prescribed
time, irrespective of initial condition. This feature is of interest in systems where the desired
nominal behavior is prescribed-time stabilization to a set point on the boundary of the safe set. In
addition to enforcing safety only for a prescribed time, PTSf is developed for safety constraints
of arbitrarily high relative degree. With the aid of time-varying backstepping, and an explicit
initial control gain selection criteria, PTSf retains the entirety of a safe set with no restriction on

a system’s initial condition.
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Chapter 1

Introduction

The safety of dynamical systems has always been considered important. For example,
systematic safeguards exists in large chemical plants to ensure the concentration of reagents
stay within safe limits. Likewise, industrial factory-floor robots have robust safety measures in
place to prevent catastrophic accidents. However, as recent technological advances continue to
place dynamical systems front and center in everyday life, the need for strong safety guarantees
has become even more crucial. From ensuring that small vacuum-like robots at homes operate
safely in close proximity to unsuspecting infants, to ensuring that a distracted teenager on a semi-
autonomous e-skateboard safely navigates bustling pedestrian traffic on a university campus, the
problem of safety has never been more important.

Present in many practical systems are input delays which arise largely due to physical
limitations. Some common sources of delays include computationally expensive control algo-
rithms requiring tangible execution times, lag in communication networks, transmission delays in
highly interconnected systems e.t.c. In essence, the impossibility of instantaneously transferring
matter or information from one point to another inherently introduces delays in physical systems.
While significantly short input delays can often be ignored in practise, it is sometimes crucial

to intentionally address their effects, especially in systems where safety is critical. In many



scenarios, a controller which is otherwise safe in the absence of delays can lead to catastrophic
outcomes in the presence of input delays. Perhaps a familiar albeit unfortunate example is
the case of human driving, where many fatal accidents have been caused solely because of a
distracted or inebriated driver’s delayed reaction.

In this dissertation, we develop control strategies for enforcing safety in nonlinear systems
with input delays. Specifically, we consider systems with a single time-varying input delay
across all input channels, and systems with multiple, distinct input delays. For the latter class
of systems, our design prioritizes shorter-delayed input channels for enforcing safety when the
longer-delayed channels have yet to be delay-compensated. Separately, and in addition, we
introduce a prescribed-time safety design for systems with high relative degree which allows a
system to reach the boundary of a safe set but no sooner than a prescribed time of interest. The
designs presented in this dissertation will rely on some established concepts on safety-critical
control, predictor-feedback control, and prescribed-time control, all of which we briefly describe

next.

1.1 Safety-critical control

System safety is typically defined in terms of constraints on the states and/or inputs of a
system. For example, a measure of safety for an autonomous vehicle might be that it stays below
the posted speed limit on a highway and maintains a minimum following distance from a leading
vehicle. This safety measure is a constraint on the vehicle’s states, specifically its velocity and
its relative position. Similarly, a separate safety measure for the same vehicle might relate to
passenger comfort, wherein the rate of change of the vehicle’s acceleration/braking input might
be required to stay below a desired magnitude to limit the vehicle’s jerk. This constitutes an input
constraint on the system. While many practical applications involve a combination of state and
input constraints, the problems we consider in this dissertation will focus on safety characterized

by state constraints but not input constraints.



Some popular approaches for enforcing state constraints in nonlinear systems include
the use of control barrier functions (CBFs) [4, 6, 35, 93, 98], Hamilton-Jacobi reachability
analysis [8, 16, 17], safe MPC [75], nonovershooting control [50,52], but to mention a few. The
designs we develop in this dissertation will adopt the use of CBFs, in particular the zeroing-type
CBFs. Control barrier functions are special functions that characterize state constraints and
satisfy additional rate conditions along solutions of a system. Specifically, CBFs are functions
whose 0-superlevel sets represent the safe set of a system, and for which control input exists
to prevent a faster than desired rate of decrease along solutions of the system. Like control
Lyapunov functions for stabilization, CBFs can sometimes be difficult to find in practise but
several methods have been studied for synthesizing CBFs [18,55,87,97].

With a CBF available, safe controllers can be synthesized via the so-called safety filtering
method where a baseline, safety-agnostic controller is first designed for the system, and it is
filtered (i.e. overridden) when the system is at risk of being unsafe. This allows safety to
be implemented in a supervisory manner as an add-on feature for already existing controllers.
The safety filtering process is often achieved via the formulation of a quadratic program (QP)
problem that aims to find the closest control to the baseline control (in the Euclidean norm sense)
that ensures that the CBF does not decrease faster than a pre-specified rate. This QP-based

safety-filtering will feature in many of our designs.

1.2 Predictor feedback control

A common approach for the control of systems with input delays is the use of predictor-
feedback [9-11,46,47]. In comparison to state-feedback control where the current state of a
system is used to determine appropriate control actions, predictor feedback control involves
using a prediction of future states of the system to determine inputs to be applied at the current
time. Particularly, because of input delays, inputs applied to a system at a particular time do not

impact the system until a later time in the future; therefore, the idea of predictor-feedback is to



predict the state of a system at the time when new inputs will arrive, and to use those predictions
to determine inputs to be applied at the current time. As a result, the state-predictors compensate
the effect of input delays and allow the system to behave as though the input delays were not
present. Chapters 2 and 3 will cover the use of state predictors for compensating the effect of
time-varying input delays and multiple, distinct input delays respectively. Despite the use of the
word “prediction”, the determination of future states of an input-delayed system is not heuristic.
Instead, it is an exact, (sometimes explicit) expression of the future state in terms of the current
state and the history of inputs as we shall see in the aforementioned chapters.

It is important to note that a system with input delays will initially evolve uncontrolled.
For example, a system with a 2-second input delay cannot be controlled in the first two seconds
of operation as the inputs applied at the initial time must incur the 2-second delay. This initial
period of no control is called the “dead time”. Moreover, in the case that a system has multiple
input channels with delays of different lengths, the system can only be under partial control until
the dead time of the input channel with the longest delay has elapsed and all input delays have
been compensated. When the control objective is asymptotic regulation to a set point or reference
trajectory — especially for systems that are globally asymptotically stable in the absence of
delays — it is often enough to require that the system does not exhibit finite escape before all
control inputs first arrive at the plant; that is, the system states do not grow unbounded before
full delay compensation. This requirement is sufficient because system behavior exhibited before
full delay compensation will be transient and therefore not affect the asymptotic properties of
the closed-loop system. In contrast, when the control objective is safety — a property that is
required for all times and not just asymptotically, extra care must be taken to ensure that a system
does not go unsafe after some, but not all input delays have been compensated. We will discuss

designs that achieve this in Chapter 4.



1.3 Prescribed-time control

The control of continuous time nonlinear systems traditionally involve the asymptotic
regulation of the system’s states to a desired set point or reference trajectory. That is, as time
tends toward infinity, the states of the system get increasingly closer to the desired regulation
target but never quite arrive at it — in theory. However, in time-constrained practical applications
like missile guidance, there is the need for convergence to occur within a finite amount of time.
Advances is this regard has been made generally across three fronts: finite-time stabilization
(FnTS) [13,27,64,67], fixed-time stabilization (FXTS) [51, 66, 68, 104], and prescribed-time
stabilization (PTS) [30, 31,45, 84]. All of these notions involve the design of controllers that
regulate a system’s state in a manner where convergence occurs in a finite amount of time. In the
case of FnTS, the finite settling time depends on the initial condition of the system. With FxTS,
the settling time is also finite, initial condition dependent, but is uniformly bounded by a fixed
constant that is often very conservative. Lastly and more recently developed is the strongest
notion of PTS, in which the finite settling time of the control objective can be arbitrarily specified
beforehand, independent of the system parameters and initial conditions.

Motivated by these recent advancements in the study of prescribed-time stabilization,
we introduce an analogous notion for safety, termed “Prescribed Time Safety” (PTSf), which
is the enforcement of safety in a manner where a system is allowed to reach the boundary of a
safe set at, but no sooner than, a user-specified prescribed time. A consequence of this notion
is that safety is enforced only for a finite time of interest to a designer. While PTSf amounts
to “less safety” than traditional notions of safety where safety is enforced indefinitely, PTSf is
particularly advantageous in systems where the nominal objective is to regulate the state to a set
point on the boundary of a safe set in a specified amount of time. In these cases, for the nominal
system behavior to be preserved, a supervisory safety enforcing controller must be such that it
does not prevent the system from reaching this set point at the desired terminal time. Traditional

infinite-time safety designs do not come with such guarantees as they only allow systems to



approach the boundary of a safe set asymptotically, but not in a finite amount of time. Also, as
we shall later show in Chapter 5, our PTSf design will endow systems with an infinitely soft
landing property in the case that a nominal controller attempting to violate safety constraints is

overridden over a time interval that includes the terminal time.

1.4 Organization

This dissertation is organized as follows. In Chapter 2, we study the safety critical control
of nonlinear systems with a single, time-varying input delay across all input channels. This is an
extension of existing results in literature for system with a single, constant input delay. Chapter 3
focuses on the constrained stabilization of linear systems with distinct input input delays across
all input channels via the use of recursively defined state predictors for delay compensation. In
Chapter 4, we extend the results in Chapter 3 to nonlinear systems, and in particular, we introduce
two additional approaches for enforcing system safety before delays in all input channels have
been compensated. This is especially of practical importance in systems where the delays across
input channels are of significantly different lengths. Finally in Chapter 5, we develop the notion
of Prescribed-Time Safety for delay-free systems with high-relative degree safety constraints,
where we use a time-varying backstepping design that ensures a system can reach the boundary

of a safe set, but no sooner than an a priori prescribed time irrespective of initial condition.



Chapter 2

Safety-Critical Control of Systems with

Time-Varying Input Delay

2.1 Introduction

Control Barrier Functions (CBFs) have become popular for synthesizing controllers
that enforce the safety of nonlinear systems via safe-set forward invariance. First defined
in [98] and later refined and popularized by [4, 6], CBFs have found use in vast application
domains ranging from mobile robotics ( [14,32]) to infectious disease control ( [5,57]). Like
control Lyapunov functions for stabilization, CBFs provide sufficient conditions that guarantee
the forward invariance of an admissible set and can therefore be used for synthesizing safe
controllers for nonlinear systems.

Recently, the utility of CBFs has been extended to systems with delays. Due to physical
limitations, time delays are inherent in many practical systems and just as they can degrade the
performance of stable closed-loop systems, they can also cause an otherwise safe system to
become unsafe. Therefore, the need to deliberately address the effect of delays on the safety of

systems is of high practical relevance. Existing studies in this regard have considered safety-



critical control of nonlinear systems with state delay ( [62,72]), linear systems with input delay(s)
([1,34]), and nonlinear systems with input delays ( [2,57,82]). All of these results have been
for systems with constant state or input delays, which while beneficial, is limiting because
several real-life applications include models where the delays are time-varying. For example, the
reaction time of a human driver varies with time and can be modeled as a time-varying input
delay ( [63,83]). In addition, time-varying input delays abound in networked control systems
( [20,58]). In this chapter, we extend the use of CBFs to nonlinear systems with time-varying
input delays, by drawing from the wealth of results for the stabilization of systems with such
time-varying input delays. The stabilization problem for this class of systems has been studied
extensively for linear systems ( [48,60]) and nonlinear systems ( [9, 10,54]). In particular, we
rely on the results of [9] to design state predictors that compensate time-varying input delays,
and we use these predictors in combination with CBF-based controllers designed for a nominal
delay-free system. We show that under certain reasonable assumptions on the time-varying input
delay, a safe-feedback law designed for the nominal delay-free system achieves the same closed
loop performance under predictor-feedback after the input delay has been compensated.

The remainder of this chapter is structured as follows. Section 2.2 includes the problem
description, and an enumeration of assumptions made about the plant and the time-varying input
delay. In Section 2.3, we describe our control design methodology and prove the main result.
Section 2.4 includes two numerical examples that demonstrate the effectiveness of our control
approach, and it is followed by a brief conclusion in Section 2.5.

Notation. For differentiable function A(x) and vector field f(x), the notation .Z¢h(x)
denotes the Lie derivative of i(x) with respect to f(x) and is defined as g—ﬁ f(x). A function f(x)
is said to be Lipschitz continuous at xy if there exists constants L and € > 0 (that may depend
on xg) such that || f(x) — f(y)|| < L|jx —y|| wherever ||x —xp|| < € and ||y —xo|| < €. A function
o : (—b,a) — (—oo,00) for some a,b > 0 belongs to the extended class %", denoted as %, if it
is continuous, strictly increasing, and a(0) = 0. We shall also assume that all functions o € 7,

used in control laws are Lipschitz continuous.



2.2 Problem description

We consider the following system with time-varying input delay

x(t) = f(x(t)) + g (x(t))u(t — D(1)) 2.1

where x € R” is the state, u € R™ is the control input, D(z) is the time-varying input delay
satisfying conditions we shall enumerate shortly, and the vector fields f(x), g(x) : R" — R”
are assumed to be locally Lipschitz. We shall further assume that the system (2.1) is forward
complete with respect to the input; that is, for every initial condition xo € R" and locally bounded
input signal u(t), the corresponding solution of (2.1) is well defined for all # > —D(0). In essence,
this assumption guarantees that the system does not exhibit finite escape. As done in [9, 10, 60]

where the problem of stabilizing (2.1) was considered, we introduce the function
o(t)=t—D(t). (2.2)

We call the function ¢ (¢) the delay time, and it represents the time when the input arriving at the
plant at time ¢ was issued. Using the function ¢ (¢) in place of # — D(¢) is notationally convenient
because the state predictor that we will utilize requires the inverse function ¢ ~!(¢), whose value
represents the time when input command issued at time ¢ will arrive at the plant. To that effect,
we shall impose invertibility conditions on ¢(¢), and we will refer to ¢ ~!(¢) as the prediction
time. Notice that for the special case of constant delays D(t) = D, the delay horizon r — ¢ (¢) and
prediction horizon ¢ ~!(¢) —t are one and the same. With these definitions, the system (2.1) can

be written as

() = f(x(2)) +&(x(1))u(9(1)). (2.3)

Now, we describe conditions that the delay time ¢ () must satisfy for solutions of (2.1)

to be well defined and meaningful.



Assumption I: The function ¢ (¢) satisfies

o) <t, Vt>0, (2.4)
and
sup (0—¢(0)) <oo. (2.5)
0>¢-1(0)

The condition in (2.4) guarantees causality of the plant, and can be written equivalently as
D(t) > 0 for all ¢+ > 0; while the bound in (2.5) ensures that all inputs applied to the plant
eventually arrive at the plant. Said differently, (2.5) ensures that there exists a positive constant
D such that D(¢) < D for all 1 > 0.

Assumption 2: The function ¢(¢) is continuously differentiable and its time-derivative

¢’ () satisfies

¢'(t)>0, Vt>0 (2.6)
and
sup  ¢'(0) < . (2.7)
6>¢-1(0)

. . . . . dD(r)
Here, the inequality (2.6) which is equivalent to — =

.~ < 1 guarantees that the input signal

direction is not reversed, that is, the plant does not feel input values older than the ones it has
already felt. In addition, condition (2.6) alongside the continuous differentiability of ¢ (¢) implies
that ¢ (¢) is invertible and therefore the prediction time is well defined for all # > 0. Lastly, the

inequality (2.7) ensures that the input delay does not vanish instantaneously but only gradually;

dD()
dt

in other words, it guarantees that is uniformly bounded from below.
The control objective is to enforce the forward invariance of an admissible set ¢ defined
as

¢ ={x€R" | h(x) >0}, (2.8)

where i(x) is a continuously differentiable function. In other words, we desire a controller u(t)

10



that achieves x(0) € ¥ = x(t) € € for all r > 0. We shall call the set ¢ the safe set and
assume that it is nonempty and has no isolation points i.e. Int(%) # @ and Int(4) = €. We say
the system is safe if € is forward invariant. Now, because of the input delay, the system evolves
uncontrolled in the first ¢ ~!(0) units of time before inputs applied at time ¢ = 0 arrive at the
plant, and we must therefore require that the system remains safe before any designed control
effort arrives at the plant. We summarize this requirement by making the following assumption.

Assumption 3: The initial state x(0) and initial input functional u(0) : [¢(0),0) — R™

are such that the state of the system (2.3) satisfies
x(t) €€, Vrel0,¢7(0)). (2.9)

With system and input delay assumptions specified, we now proceed to describe our

control approach in the following section.

2.3 Control design and safety analysis
2.3.1 Delay-free systems

When the system (2.3) has no input delay, that is when ¢ (¢) =7, the problem of enforcing
forward invariance of an admissible set like (2.8) can be solved with the use of control barrier

functions (CBFs) defined as follows:

Definition 2.1 (Control Barrier Function (CBF)). A continuously differentiable function h : R" —
R is a control barrier function for the system (2.3) with respect to the admissible set € in (2.8) if

there exists function o € %, such that for all x € €,
Loh(x) =0 = Zrh(x)+ a(h(x)) > 0. (2.10)

We note here that the definition of a CBF is independent of the delay time ¢ (z). Now,

with a CBF h(x) and a corresponding function o € %, in hand, we define the following set for

11



every x € ¢ and u € R™

Ay(x,u) = {8, € R" | Lyh(x) + Loh(x)(u+ 8,) + a(h(x)) > 0}. (2.11)

For every state x € ¢ and control u € R™, the set A, (x,u) is the set of permissible modifications
to u required for the “barrier constraint” Zrh(x) + Zyh(x)(u+ 6,) + ot(h(x)) > 0 to be satisfied.
With (2.11) defined, the task of enforcing forward invariance of 4 when ¢ (¢) = ¢ boils down
to ensuring that at all time r when the state x(f) = x, a potentially unsafe reference control
Uref = Uref(f) is modified by an element of A, (x,ues) as established in the following result

adapted from Corollary 2 of [6].

Theorem 2.1. If h is a CBF with an associated class %, function o for the system (2.3) with
O(t) =1, and if uep = Kpef(t,x) : R>0 X € — R™ is a locally Lipschitz reference controller, then
the controller

U= Upef+ SM(”refax)a au(urefax) € Au(xa uref) (2.12)
renders the set € in (2.8) forward invariant.

While this theorem is not by itself constructive, it provides a sufficient condition on 9,
(the required modification of the reference input) for guaranteeing safety, and this condition
can be used for synthesizing safe controllers. One example approach for doing so involves
choosing the smallest element (in the Euclidean norm sense) of the permissible set of input
modifications A,. In particular, given a potentially unsafe, possibly time-varying, reference
controller ugf = Kf(t,x), we can synthesize a safe controller by overriding at all time ¢, the
reference control uges With u = uger + 8, (urer, X(1)) Where 8, (v, x) is the solution of the following

quadratic programming (QP) problem:

8.(v,x) =argmin ||8]|> subject to
OER™ (2.13)

Lrh(x) + Zeh(2)(v + 6) + a(h(x)) = 0.

12



The feasibility of this QP problem follows from the definition of a CBF, and the explicit solution

is given by the Karush-Kuhn-Tucker (KKT) optimality conditions as

0 it (v, %) >0
oulv:2) = (2.14)
_Hgi(;‘,/—(’;))wo%gh(% )" otherwise
where
§(v, %) = ZLyh(x) + Leh(x)v +a(h(x)) (2.15)

The feedback modification (2.14) satisfies 8,(v,x) € A,(x, V), and therefore the controller

u(t) = threr(t) + 8, (et (£), (1)) (2.16)

is the smallest modification (pointwise) to the potentially-unsafe reference controller u,.f that
renders the set ¢ forward invariant for the system (2.3) with no input delay. We note that even
though the reference control u..r could potentially be a time-varying feedback law, the feedback

modification &, in (2.14) is time-invariant.

2.3.2 Systems with time-varying input delay

As mentioned in the introduction, the described CBF approach for safe-set invariance
has been extended to systems with constant input delay(s) ([1,2,34,57,82]) and these extensions
utilize a state predictor in conjunction with a CBF-based feedback-law designed for the delay-free
system. With a safe feedback modification §, : R x ¥ — R™ satisfying 6,(v,x) € Au(x,V)
available, the approach for systems with constant input delay ¢ (¢) =t — D amounts to using the

controller

u(t) :uref(t)+5u(uref(t)7p(t>> 2.17)

(see Figure 2.1) where p(t) is the D time units ahead prediction of the state, which depends on

the current state x(7) and the input history u,;(6) : [-D,0) — R” with u,(0) =u(t+6). The
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u(@(1)) x(t)

x(t) Delay ¢(z) Plant
Plant u(r) F
u(t) m O Kret(7,%)
) L0 L "  ter0)
L J ”ref(t) au(uref,x) et a
Ou(Uref, X) o0 redictor

Figure 2.1. System block diagram with feedback modification of a reference controller K.
Left: Nominal delay-free system. Right: System with input delay time ¢ (7).

predictor feedback approach (2.17) works because the predictor state p(t) = x(¢ + D) satisfies

the ODE
& (pl0)) = F(p(e)) + &(p(0)ult) @.18)
which is of the same form as the system (2.1) with no input delay. Thus, the use of predictor
feedback eliminates the effect of the input delay, and the safe feedback law designed for the
delay-free system achieves the same closed behavior under predictor-feedback.
Now, consider the original system (2.3) with time-varying input delay. Similar to the
constant delay case, we desire at all times #, a prediction of the state at time ¢ ~!(¢) when the

input applied at time 7 arrives at the plant. We therefore use a ¢ ~!(¢) — ¢ time units ahead state

predictor p(z) given in [9] as

() =xlr) + Z) it “}P),(;gf’gfg)) M9 4o, e<e<t  @19)

for 6 = ¢, with initial condition

p(0) =x(0)+ )/ 5 o, VO € [¢(0),0]. (2.20)

Note that the condition (2.6) in Assumption 2 guarantees that the division by ¢’(¢~!(5)) in
(2.19) and (2.20) are safe. While the predictor equation (2.19) is implicitly defined, explicit

formulas exist for some classes of systems e.g. linear systems. In particular, if f(x) = Ax and
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g(x) =B with A € R"" and B € R"*™, then the predictor (2.19) can be written explicitly as

. (6='(6)—97"(0))
p(6) =0 O)Nx(p) +/¢Z) o ¢/(¢1(G);’3u(o) do, o(r) <6<t (2.21)

Nonetheless, even in the implicit form (2.19), the predictor state at time ¢ is given in terms of
the current state x(7) as well as the predictor and input history over the time interval [¢(7),?),
and can therefore be implemented numerically. The design of numerical approximations of
state predictors, and its implication for theoretical results is an area of research that is beyond
the scope of the subject matter of this chapter. The reader can consult [38] for details. In this
chapter, we assume that predictor implementations are accurate. In the case that they aren’t and
a bound on the prediction error is known, one can use the robust CBF ( [35]) or ISSf CBF ( [43])
framework in place of the standard vanilla CBF used here. Now, returning focus to the predictor
equation (2.19), we note that for the special case of constant input delay D(7) = D, we have

¢(t)=t—D, ¢'(t)=1,and ¢~ '(¢) =t + D and the predictor equation (2.19) for & = ¢ becomes

p0) =+ + [ [7(p(0) +&(p(0)u(o)] do 02

which is easily understood as the D time units ahead prediction of the state in the case of a
constant input delay. To see that p(t) from (2.19) is indeed equivalent to x(¢ ~'(¢)), notice that

the derivative of p(0) in (2.19) satisfies

d f(p(6))+8(p(6))u(6)
—p(0) = 2 (2.23)
T (R ((0)
which is of the same form as %x((})’l (t)) which can be found using the chain rule, (2.3), and
the fact that £¢~1(¢) = W Furthermore, we have from (2.19) that p(¢(r)) = x(t) =

x(¢~'(¢(¢))) and it follows from the similarity of the ODEs (2.23) and %x((p_l (t)) that p(0) =
x(¢~1(8)) for all O € [¢(¢t),t], and therefore p(t) = x(¢~!(¢)). We note here that instead of

viewing p(6) as the output of a system evolving in the same time domain as x(z), p(6) should
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be viewed as the output of a separate operator parameterized by ¢, and acting on p(c) and u(o)
on the interval §(¢) < o < 6.
Now, suppose we have a CBF & and an associated class .7, function o, we desire at all

times 7, control input u(¢) that achieves

ZLrh(p(t)) + Zeh(p(1))u(t) + a(h(p(t))) = 0. (2.24)

Since p(t) = x(¢~1(¢)), the LHS of this inequality is equivalent to /2 + (k) > 0 for the system

(2.3) at time ¢ ! (¢). In particular, (2.24) can be re-written as

oh dx,

1
—(p(t))— t a(h(p(t))) = 0. 2.25
O () (0 0) + alh(p(e)) > @.25)
The choice of notation % (¢~'(¢)) is to emphasize that we desire % evaluated at time ¢ ~!(z), as

opposed to % [x(¢~"(¢))]. This distinction is important because we care about the rate of change
of the barrier function along trajectories of the original system as opposed to the rate of change

along the values of p(r).

Theorem 2.2. If h is a CBF with an associated class ¥, function o for the system (2.3) with
initial conditions satisfying Assumption 3, and if uyer = Kef(t,X) With Ker: R>0 x € — R™ is a

Lipschitz continuous reference controller, then the predictor-based feedback modified controller

u(t) = uper(t) + Oy (uref(t), p(t)) (2.26)
for every &, (urer, p(t)) € Au(p(t),trer), t > 0 with p(t) defined in (2.19), (2.20) renders the set
€ in (2.8) forward invariant.

Proof. Since the system (2.3) evolves uncontrolled in the first ¢! (0) units of time, we have
by Assumption 3 that x(0) € € == x(t) € ¢ for all t € [0,¢~'(0)]. It remains to show that

x(¢~1(0)) € € = x(t) € € forall t > ¢~1(0). Since ¢(¢) is continuous and monotonically
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increasing (Assumption 2), we have for every t > ¢ ~1(0), a unique 7 > 0 such that t = ¢ ~!(7).
Therefore, it suffices to show that x(¢ ~!(0)) € € = x(¢ (1)) € ¥ for all T > 0. Now, since
for all 7> 0, u(t) = uref(T) + 8u(ttrer(T), p(7)) With Oy (tref(7), p(7)) € Au(p(T),tref(T)) =
Au(x(071(1)), ures(7)), we have

Zrh(x(971(7))) +ZLeh(x(¢~" (7)) )u(t) + a(h(x(97'(7)))) 2 0 (2.27)
for all T > 0, or equivalently
Lrh(x(t)) + Leh(x(1))u(9(t)) + a(h(x(t))) = 0 (2.28)
for all t > ¢ ~1(0). Therefore, we have
—[n(x(1))] = —a(h(x(1))) (2.29)

for all t > ¢~1(0) along trajectories of the system (2.3). With (2.29), the rest of the proof follow
directly from [62, Theorem 2]. O

As established in the delay-free case, an example feedback modification §, satisfying
Ou(v,x) € Ay(x,v) forall y € € and v € R™ is given in (2.14). Therefore, for the system
(2.3) with time-varying input delay, a safeguarding controller that renders a potentially unsafe
reference controller u¢() safe is the controller (2.26) with &, defined in (2.14) and p(¢) defined

in (2.19), (2.20). We now present some numerical examples.

2.4 Numerical simulations
2.4.1 Scalar system

Consider the system

x(t) =x(t) +u(o(1)) (2.30)
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from Example 5.4 of [48], where the inverse of the delay time function is given as
~1 1
o (1) :t+1+§cos(t). (2.31)

While the delay-time ¢(¢) is not given explicitly, it can be approximated numerically to suffi-
ciently high precision as a reflection of ¢ ~!(¢) about the line y = ¢ in the (¢,y)-plane. The initial
condition of the input is u(0) = 0 for all 8 € [¢(0),0). The goal is to keep the state of the system

inside the safe interval 4" = [—2,2| for which we use the candidate CBF

h(x) =4 —x? (2.32)

We have
Lrh(x) = —2x7, (2.33)
Lh(x) = —2x (2.34)

and Zph(x) =0 = ZLrh(x) + a(h(x)) = o(h(x)) > 0 for all & € 7, and x € €’; therefore h
is indeed a CBF. We choose o(h) = h, and assume a reference control signal u¢(¢) = 0 for all
t > 0 — a signal that renders the system unsafe if unmodified. We consider the system behavior
under the uncompensated controller (2.16) and the delay-compensated controller (2.26) with the

predictor state given explicitly as
! 1
p(t) = e T2y (r) 4+ /¢ . (1 -5 sin(o)) ¢t acos(t)=0—3008(0) (5 4. (2.35)
t

The state x(¢), barrier function h(x(¢)), and input signal u(z) are shown in Figure 2.2 for initial
states x(0) = 0.15 and x(0) = —0.5. In the latter case, the system exits the safe-set before the
controller kicks in at time ¢ ~!(0) = 1.5 but the predictor-feedback controller (2.26) forces the

state back inside of the safe region. On the contrary, under the uncompensated controller (2.16),
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the system always exits the safe-set.

2 N, ;
sl * ) —barrier
) \ ' - - uncompensated
Y 1 ——delay-compensated
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Y ' — delay-compensated
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Figure 2.2. System response for Example 2.4.1 using uncompensated controller (2.16), (2.14)
and delay-compensated controller (2.26), (2.14) for initial states x(0) = 0.15 (black) and x(0) =
—0.5 (blue). Top: state trajectory. Bottom: input signal.
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2.4.2 Nonholonomic unicycle

Consider the nonholonomic unicycle and time-varying input delay from Example 2 of [9]

y(t) = v(9(1))sin(6(1)) (2.36)

where the delay time function is

t)=t— 2.37
with derivative and inverse given as
0 =1+— (2.38)
(1420 '
t 1+ (1+1)?
o 1(1) = + ;< iy (2.39)

For the reference controller (vief(t), ref(t)) ", we use the stabilizing, time-varying, predictor

feedback controller from [9] given as

Oref(t) = —5A(1)*cos(3¢ (1)) —A(t)B(r) (1+25cos*(3¢ 1 (¢))) — pe(?) (2.40)

vier(t) = —A(t) +5B(t)sin(3¢ ' (1)) — 5B(t) cos(3¢ " (¢)) + B(1) et (t) (2.41)
A(t) = px(t)cos(pe(t)) + py(t)sin(pe(t)) (2.42)
B(t) = px(t)sin(pg(t)) — py(t) cos(pg(t)) (2.43)

[ v(o)eos(pol0))
plt) = (t)+/¢<z> 9'(¢~'(0)) do (@49
py(t) =y(t) + / " AO)sin(po()) 4 (2.45)

t

o) ¢'(071(0))
(0

_ _afo)
Po) =00)+ | STy 4O (2.46)
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Notice that all expressions on the RHS of (2.40)-(2.46) are known at every time ¢ since they
depend on the state and input history. The initial condition on the input is given as (v(s), @(s)) " =
(0,0)" for all s € [¢(0),0). The safety objective is to keep the x-position of the unicycle to the

right of a desired boundary xppdry and for that we use the CBF
h(x> = X — Xbndry 2.47)

which satisfies the CBF condition (2.10) since the system is driftless. We choose a(h) = 8h
and show in Figure 2.3 simulation results for initial state x(0) = y(0) = 6(0) = 1 and boundary
Xpndry = —0.1 under uncompensated controller (2.16) and delay-compensated controller (2.26)
with state predictor p(t) = (p«(t), py(t), pe(t)) . Despite the reference controller using predictor
feedback, the uncompensated safeguarding controller (2.16) fails to keep the unicycle in the safe
set. However, when the predictor-based safeguarding controller (2.26) is used, the unicycle never

crosses the safe/unsafe boundary as shown in Figure 2.3.

2.5 Conclusion and acknowledgements

In this chapter, we described a predictor-based approach for designing safe controllers for
control-affine nonlinear systems with time-varying input delays. We showed that in combination
with a predictor that compensates the time-varying input delay, a safe feedback law designed for
the nominal system achieves the same closed-loop safety guarantees for the input-delayed system
after the controller kicks in. We included two numerical examples to illustrate the effectiveness
of our approach. A natural extension of this work — an extension that would lend the results of
this chapter to more practical applications — is the study of safety-critical control for systems
where the time-varying input delay D(¢) is not known a priori.

Chapter 2, in part, is a reprint and adaptation of the paper: 1. Abel, M. Krsti¢, and M.
Jankovi¢, “Safety-Critical Control of Systems with Time-Varying Input Delay”, IFAC Workshop

on Time Delay Systems (TDS), 2021. The dissertation author was the primary investigator and
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author of this paper.
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Figure 2.3. Closed loop response for nonholonomic unicycle using uncompensated controller
(2.16), (2.14) and delay-compensated controller (2.26), (2.14) for initial state x(0) = y(0) =
0(0) = 1. Top Left: x,y state trajectory. Top Right: angle 0(¢) and barrier function &(x(z)).
Bottom: input signal (v(), ®()) .
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Chapter 3

Constrained Stabilization of
Multi-Input Linear Systems with

Distinct Input Delays

3.1 Introduction

Control Lyapunov functions (CLFs) introduced in [7] have been used in the design of
robust stabilizing control laws for nonlinear systems. It has been shown that the existence of
a CLF for a system implies the existence of a continuous stabilizing controller. Given a CLF
V, universal formulas such as the pointwise minimum norm (PMN) formula [23], and Sontag’s
formula [86] exist for explicitly computing stabilizing control laws that provide a half-space
robustness property for multi-input systems. Likewise, Control Barrier Functions (CBFs) [98]
have been used for enforcing that the states of a system remain in an admissible set. When a CBF
is available, the same universal formulas for CLF can be used to develop controllers that render
the admissible set forward invariant. Several approaches have also emerged for combining CLFs

and CBFs to achieve both stabilization and forward invariance of an admissible set ( [4,6,35,98])
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with applications in robotics ( [14]) and automotive ( [4]) systems. More recently, the CLF-CBF
based approach was extended to linear systems with similar delay in all input channels ( [34]).

This chapter serves as an incremental extension of the results in [34] to multi-input linear
systems with distinct input delays across all input channels — an extension that lends the results
of this chapter to more practical applications than its predecessor. The goal here is to compensate
for delays of different lengths across input channels while stabilizing the system — if possible —
and keeping the admissible set invariant. As with [34], we assume that all the delays are known
and remain constant, and we use predicted values of future states of the system in the baseline
CLF and CBF developed for the zero-delay system.

When input delays are of equal length across all input channels, future states of a linear
system can be computed explicitly using only the current state and past values of the inputs.
However, when the delays are of different lengths, the process of predicting future states becomes
more involved. In [95], a predictor feedback approach for multi-input linear systems with distinct
input delays was developed, but with the assumption that the baseline controller for the delay-free
system is linear. This result was later generalized in [11] to nonlinear systems with distinct input
delays. In this chapter, because the baseline Quadratic Programming (QP)-based controller we
adopt is nonlinear, we employ the predictor feedback methodology from [11]. There, a predictor
is assigned to each individual input channel and the predictor states are recursively computed
starting with the input channel with the shortest delay and progressing until the input channel
with the longest delay. The predictor states are then fed back to a stabilizing controller designed
for the delay-free system. This approach was shown to retain the properties of the nominal
controller after the longest delay has been compensated, provided the delay-free system satisfies
some additional conditions like strong forward completeness and input-to-state stability when in
closed-loop with the nominal controller — conditions that we will show our baseline QP-based
CLF-CBF controller satisfies.

We design the baseline CLF-CBF controller in this chapter using the ym-QP approach

from [35] which removes the assumption that the CBF has uniform relative degree one. Unlike
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[35], all results in this chapter are stated for “zeroing” Control Barrier Functions (zCBF) even
though a corresponding “reciprocal” Control Barrier Function can easily be recovered from the
zCBEF. For the rest of this chapter, we shall refer to zCBFs simply as CBFs.

The remainder of this chapter is organized as follows: Section 2 provides an overview of
the predictor-feedback framework with which a stabilizing CLF-based control law is developed.
Section 3 discusses the development of a CBF-based controller to keep the admissible set invari-
ant in the presence of delay and a known disturbance. We combine the independently designed
controllers in section 4 and show that the closed-loop behavior of the system is similar to the
delay-free case after the longest delay has been compensated. Section 5 includes an example to

illustrate the result of this chapter.

Notation: In addition to notation from Chapter 2, a continuous function f(s,¢) : (RT x R*) —
R is said to belong to class .# % if it belongs to class %" as a function of the first argument

and converges to zero as the second argument goes to infinity i.e. for all s, lim, ., B (s,7) = 0.

3.2 Control Lyapunov functions for linear systems with
distinct input delays

We consider the following system
X(1) = Ax(t) + Y biui(t — ) (3.1

where x € R" is the state, r > 0 is time, uy,...,u, € R are control inputs, 7;,..., T, are potentially
distinct input delays satisfying (without loss of generality) 0 < 7; < --- < 7,, and b; € R" for all
i=1,...,r. We adopt the approach in [11] for stabilizing general nonlinear systems with distinct
input delays. This approach involves designing a stabilizing controller k(x) for the zero-delay
system which in this case is:

X =Ax+ Bu (3.2)
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where B € R"*" is the matrix whose i-th column is b; and u € R" is the column vector of inputs;
and then using predictions of the state as feedback to the nominal controller to stabilize the
original delayed system. We present the predictor design approach here as it applies to the linear
delay system in question.

The predictor feedback approach involves designing state predictors p(t),..., p.(f)
corresponding to each of the r input channels with p;(z) being the 7;-time units ahead prediction
of x(t) i.e. pi(t) =x(t + 1), foralli = 1,...,r. Defining po(t) = x(t), 790 =0, and 7;; = 7, — T},

the predictor state equations are given as:

t

pi(t) = pi—1() + {Ap, + Zb Ki(pi(s +Zb uj(s—7Tj }a’ (3.3)

=71 j=1
with initial conditions

0
pi(8) = pi-1(0) + [Apl +Zb K (pils +Zb (s — 1 ]d (3.4)

—Tii—1 j=

for — Tii—1 <60<0
The predictor states are then used in the nominal control law as follows:

ui(t) = ki(pi(t)) (3.5)

where K; is the i-th component of .

Note that, in the absence of model uncertainties and disturbances, at a given time
f, the input reaching the system from each individual input channel is given as u;(f — 7;) =
Ki(pi(f — 71)) = x;(x(7)). Thus, the complete input vector impacting the system at time 7 comes
from the feedback law «(+) called on the same state vector x(7), even though the feedback of
x(f) occurs at different times (7 — 7;) for each input channel. A consequence of this is that, after

the last (longest) delay 7, has been compensated, i.e. for r > 7,, the behavior of the closed loop
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system with delay would be exactly the same as the delay-free closed loop system. Secondly,
we note while analytical solutions of the predictor state equations in (3.3) and (3.4) cannot
always be written out explicitly — especially when the nominal feedback law is nonlinear — the
predictor states can be solved for numerically and there are studies focusing on implementation
and approximation issues for nonlinear predictor feedback laws ( [36,37]).

It is shown in Theorems 1 and 2 of [11] that the predictor feedback law (3.5) is Lipschitz
continuous if k; is Lipschitz continuous, and that it stabilizes the delay system (3.1) if three
assumptions on the delay-free system and the nominal feedback law k hold. The first assumption
is that the delay-free system is strongly forward complete i.e. the solution is well defined and does
not exhibit finite escape — an assumption that holds automatically for linear systems. Secondly,
it is assumed that the system x = Ax + B(k(x) + ®) is input-to-state stable (ISS) with respect
to @. Lastly, because of the distinct input delays in the original system (3.1), the effect of the
controller reaches the system along input channels with the shortest delays first, therefore it is
assumed that after the i-th controller “kicks in”” and the the i-th input delay has been compensated,
the resulting system x = Ax + 23:1 bjkj(x) + X ;11 bjo; is strongly forward complete with
respect to @ = (@ 1,...,®,)". While linear systems are by nature forward complete, this third
assumption is still important because when k is a nonlinear control law, the first i controllers
could cause the evolution of the linear system to become nonlinear and as such automatic forward
completeness can no longer be assumed.

For the second and third assumptions, we present the PMN controller that we show to
be input-to-state stabilizing for the zero-delay system, and to keep the system strongly forward
complete when only a portion of the delays has been compensated. We begin with a definition of

CLFs (for linear systems) from which a PMN controller is developed.

Definition 3.1 (CLF - Linear Systems). A positive definite function V(x) = x! Px is a CLF for

the system x = Ax + Bu if there exists positive definite matrix Q > 0 such that for all x # 0,

xIPB=0 = xT(ATP+PA+Q)x <0 (3.6)
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With a CLF V = x Px for the system x = Ax + Bu known, a stabilizing controller is given by the

PMN formula as:
_QI—(X)bT(x> ifa (
x)|I271 1 X) >0
K.I7mn(al (X),bl(x)) = o1 ()l 37)
0 ifa(x) <0
where
ar(x) = xT (ATP+ PA + Q)x, (3.8)
by (x) = 2x" PB. (3.9)

This PMN control law achieves V < —x Qx for the zero-delay system and hence guarantees
global asymptotic stability. In addition, as the name implies, the PMN formula gives the mini-
mum control effort necessary to keep V < —x’ Qx, and thus Kpmn 18 the unique solution to the

following quadratic programming problem:

QP-L: Find control u that satisfies

u=argmin v'v  subject to
veR? (3.10)

ay(x) +b1(x)v <0
where a;(x) and b (x) are as defined in (3.8), (3.9).
For the system with delay, the stabilizing control is computed component-wise as given

in (3.5). For each input channel i, the corresponding predictor state p;(t) is used in the Ky,

feedback law, and the i-th component of the resulting control is used as the i-th input to the
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system as follows,

ur,(t) = Kpmn; (a1 (pi(t)),b1(pi(t))), i=1,...,r (3.11)

While the predictor feedback law (3.11) is defined component-wise using different predicted state
values for each input channel, we re-iterate here that the full input vector uy (f) arriving at the
system at some time 7 > 7, would be equivalent to Ky, (a1 (x(7)), b1 (x(f))) since x(f) = p;(f— ;)

for all i.

Proposition 3.1. IfV is a CLF for the system (3.2), then the control law (3.11) is Lipschitz
continuous and the closed loop system (3.1), (3.11) is globally asymptotically stable in the sense

that, for a class ¥ £ function B, the closed loop trajectories satisfy

[(1) < B(T(0),r), V>0 (3.12)
where
(1) = |lx()[|+ ), sup [lui(6)] (3.13)
i=11—1<0<t

Proof. The proofs for stabilization and Lipschitz continuity of (3.11) follow from Theorems
1 and 2 of [11] respectively, provided the aforementioned assumptions are satisfied. The first
assumption of strong forward completeness of the zero-delay system is satisfied automatically
for linear systems. For the second assumption, we establish input-to-state stability with the help

of the Lyapunov function V. In this case,

V=—x"0ox+2x"PBw < —}me—(Q)Htz +

20BP o
2

Amin(Q) G

and the ISS property follows. For the third assumption, while the PMN feedback law Kpn; (x) is

nonlinear in x, it is continuous and smaller in magnitude than a linear feedback that achieves
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V = —xT Qx; therefore, the closed-loop system is globally Lipschitz and thus forward complete
during times 7; <t < 7, when only a subset of the delays has been compensated. With all three
assumptions satisfied, the proof for global asymptotic stability follows from Theorem 1 of [11]
which provides the Lyapunov functional (3.12). For Lipschitz continuity of Ky, (pi(t)), we
need to show that K, (x(¢)) is Lipschitz continuous to be able to use the result of Theorem 2
of [11]. The Lipschitz continuity of &, (x(¢)) follows directly from Proposition 1 of [34] and

therefore concludes this proof. [

3.3 Control barrier functions for linear systems with dis-
tinct input delays

Given the system (3.1) and an admissible set ¢ = {x € R" : h(x) > 0} where i : R” — R is
a continuously differentiable function, the second objective in addition to stabilization is to keep
the admissible set ¢ forward invariant i.e. we want to ensure that if 2(0) > 0 then A(¢) > 0 for
all # > 0. To achieve this, we start by developing a nominal control law that keeps the delay-free
system forward invariant, and then we use predicted states in this nominal feedback law to ar-

rive at a predictor-feedback controller that keeps the original delay system (3.1) forward invariant.

Definition 3.2 (Control Barrier Function (CBF) - Linear System). A continuously differentiable
function h(x) is a CBF for the system X = Ax + Bu with respect to the admissible set € = {x €

R™ : h(x) > O} if there exists a class ¥ function oy, such that, for x € €,
Lph(x) =0 = Lach(x)+ o (h(x)) >0 (3.15)

For the delay-free system, with a CBF h(x), the goal is to find the minimal control effort that
achieves i(x) > —ay,(h(x)). This is equivalent to solving the following quadratic programming

problem:
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QP-B: Find control u that satisfies

u=argmin v'v  subject to
veR” (3.16)

az(x) +by(x)v <0

where

Clz(x) = _LAxh<x) — O (h(x))’ (3.17)

b2 (x) = —LBh(x). (3.18)

As with the QP-L, the optimal control law solving the QP-B problem for the delay-free
system is given by the pointwise minimum norm controller Ku,(a2(x),b2(x)). For the original
system with delays, the feedback law is defined component-wise for each input channel i by
using the predictor state p;(¢) in place of x(¢) and taking the i-th component of the resulting

control as the input to the system across the i-th input channel as follows:

uBi(t) = Kpmni(aZ(pi(l))7bZ(pi(t)))v = 1,...,7‘ (319)

We note that with (3.19), there is no control of the system in the first 7; time units when
none of the inputs at = 0 has reached the system, therefore, we assume that the initial values
of the inputs u;(f) on the interval ¢ € [—1;,0] are such that the system remains in the safe set
% during the first 7; time units. In addition, during times ¢ € [1;,7;1) fori=1,...,r — 1, only
the first i controllers have reached the system, therefore we do not have full control of the
system yet, and thus we need to impose a new condition — akin to the third assumption for
predictor-feedback stabilization — that the system x(¢) = Ax(t) + 29:1 b jKpmn; (X) + L1 bju
remains in the safe set & for all times ¢ € [7;, T;11], or that if the system does exit the safe set in

this time period, it would return to the safe set eventually. The latter assumption holds using a
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similar argument as in [103] where the following Lyapunov function is defined:

0 ifxe®
Vi (x) = (3.20)

—h(x) ifxe€\2

(for some open set & containing ¢ upon which A(x) is defined) and is used to show that the set
% is asymptotically stable i.e. trajectories starting outside the admissible set 4" asymptotically

converge to the boundary d¢ where h = 0.

Proposition 3.2. If h is a CBF for the system (3.2), then the control law (3.19) is Lipschitz
continuous in €. If x(0) and the initial conditions u;(t) fort € [—1;,0] are such that h(t) > 0 for

0 <t < 1y, and if the systems

i r
X(1) =Ax(t)+ Y bjKpmn,(X)+ Y bjuj, i=1,...,r—1 (3.21)
j=1 Jj=it1

are such that the system remains in the safe set att = 7T,, then the control law (3.19) renders the

set € forward invariant.

Proof. The Lipschitz continuity part of the proof follows from Theorem 1 in [35]. For the
forward invariance part, notice that with the control law (3.19), for all t > 7,, the control input

affecting the system at the i—th input channel at time 7, denoted uf () is given as
i (1) = u,(t = ) = Kpmn;(@2(x(1)), b2(x(1)))- (3.22)

Therefore, for all > 7,, the complete input vector affecting the system is Ky, (a2(x(2)), b2 (x(z)))

and we have that
h(x(t)) = Lach(x(t)) + Lgh(x(t)) Kpmn(x(2)). (3.23)
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Since Kpmn(x(t)) solves (3.16), we have that A(x(t)) > —oy,(h(x(t))) for all # > 1. Thus, follow-
ing from Theorem 1 in [6], the set € is forward invariant for t > 7,. With h(x(z)) > 0 assumed

for 0 <t < 1,, it follows that 4(x(¢)) > 0 for all # > 0. N

Proposition 3.2 assumes perfect state prediction i.e. p;(t) = x(t+ 1;) foralli = 1,...,r, which
is the case when there are no disturbances or system modeling imperfections, and when the
predictor integrals are computed exactly. These assumptions make the guarantees of Proposition
3.2 less practical. To accommodate for this, we make the forward invariance of the admissible
set ¢ robust by following the approach in [34]. First, it is assumed that an external disturbance

o(t) : RT — R" with ||@(2)|| < @ enters the system as follows:

x(t) = Ax(r) + Zr:b,-u(t—r,-) +Boo(1). (3.24)
i=1

and then a constant buffer 1 is added to the barrier and the new objective becomes keeping a
subset of € denoted ¢y, = {x: h(x) > n} forward invariant. The overarching idea is that while
o(t) might cause the system to exit the subset €, = {x: h(x) > 1}, the constant 1] can be chosen
so that in the worst case, the system remains within the original admissible set ¢ = {x: h(x) > 0}.
To compute the conditions on 1, it is assumed that H(x) = h(x) — 1 is a CBF for the disturbance
free system, ¢, is linear, d¢ is compact, and that one or more of the following are true: 7, is

small, @ is small, i(x) is approximately linear. With these set of assumptions, any constant 1

satisfying
dh 1 1
> || =— I+ —A)B —||B [a] 3.25
1z 5] (v]a+ gasa + 1 18al) @ 329
on the boundary d%, where
7
v— / 940, (3.26)
0

will guarantee the forward invariance of % in the presence of ®(r).
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3.4 QP design for constrained stabilization

The ultimate goal is to design a controller that simultaneously stabilizes (3.1) and keeps
% forward invariant. To do this, we begin by combining and solving the QP-L and QP-B prob-
lems as done in [35] to arrive at a nominal feedback law x;5(x(¢)) that achieves both stabilization
and constraint adherence. We then use this feedback law in combination the state predictors to

arrive at a control law for the original system with distinct delays.

For the delay-free system, the QP-L and QP-B problems are combined as follows:

QP-LB: Find control u and relaxation variable o that satisfy

(u,8) = argmin (v v4+moT o) subject to
(v,0) € R"xR"
Fii=a1(x) + b1 (x)(v+6) <0 (3.27)

Fy = a(x)+by(x)v <0

where a;(x), b;(x), i = 1,2 are as defined in (3.8), (3.9), (3.17), (3.18), and @; = ¥¢ (a1 (x)) where

Y¢(+) is the Lipschitz continuous function defined as

ys ifs>0
Yr(s) = (3.28)
s ifs <O,

with m and 7y being design parameters.

Depending on which constraint is active, the control u = kzp(x()) solving (3.27) is given

explicitly as:
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Case A(F1 <0orx=0,F < 0,11 20,12 =0):

u=20 (3.29)

inQ ={xeR":a, <0,a; <0}.

Case B (F; = 0,)67'é 0.k < O,ll > 0,/12 =0):

u= b (3.30)

. _ bobT _
1n92:{x€R":a120,a2<i 2 ‘lzal}.

Case C(F; <0,F/,=0,4 =0,1, > 0):

az T

T
in Q3 = {x eER":a; >0,a; < %az}.
CaseD (F1 =0,F, =0,4; > 0,4, > 0):
_ —lIbalPbTar +bibl (bl ax + bYar) — (1+ 55) [1b1]|*bF a2 (3.32)

(1+ ) 161 [1211ba][> = [[B165 12

in Q —{xeﬁ'd >Ma a >Lb‘bg
4= SO = 292 92 = Thm g |2

dl} where o7 =R" —{x € R": a; < 0,a; < 0}.

Now, for the system (3.1) with delay, we use the predictor states p;(¢) in combination with the

nominal feedback law ;g in (3.29)-(3.32) as:

Mi(l‘) = KLBi(pi(t))7 Vi= 1,...,r (3.33)
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and present the following main result.

Theorem 3.3. If V(x) is a CLF and h(x) is a CBF for the delay-free system (3.2), and if

pi(t) =x(t+7) forallt >0and alli=1,...,r, then

1. The QP-LB problem (3.27) is feasible and the control law (3.33) is Lipschitz continuous in
©.

2. h(x(t)) > —a(x(t)) fort > t, and for all x € €. If h(x(0)) > 0 for all 0 < 6 < 1,, the set

€ is forward invariant for all t > 0.

3. If the barrier constraint is inactive (Fp < 0) and if we select nz/j:ll =1(ym2>1 by

assumption) the control K p becomes identical to the PMN formula (3.7) and achieves

V(x(t)) < —xT(t)Qx(t) fort > ,.

4. If 0 € € then the barrier constraint F; is inactive around the origin and the closed loop

system is locally asymptotically stable.

5. Ifai+bixp(pi(t)) <Oforall pi(t) €€ andi=1,...,r, the closed loop system is globally

asymptotically stable with respect to € i.e every trajectory starting in € converges to (.

Proof. The proof of Theorem 1 follows from Theorem 1 of [34] for linear systems with delays

of equal length. [

3.5 Numerical simulation

We present the following example to illustrate the result of this chapter:

x1(t) = —x1(¢) + %xz(t) +u(t—1)+ 0 (7)

i (f) = —%xl(t) (1) F 12t — B) + (1)

(3.34)
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with 0 < 71 < 1 and ||@(¢)|| = || (@1 (1), @ (¢))7 || is such that || (¢)|| < @ for a known constant
. We note that unlike the example in [34], this system includes a drift that can force trajectories
outside the admissible set, and the delays in both input channels are distinct. The control
objective is to steer the system to the origin while avoiding a disk of radius p > 0 centered at

(0,0) where 6 > p. Therefore, the admissible set is

¢ = {x e R*| h(x) >0} (3.35)

where

h(x) = (x; — 6)> +x3 — p? (3.36)

We begin by verifying that A (x) is an CBF for (3.34). Defining the center of the disc as

o
c= , (3.37)
0
we have
Lach =2(x—c)" Ax, (3.38)
Lgh=2(x—c)T, (3.39)
and we choose
oy, (h) = loh, lp > 0. (3.40)

Since Lph =0 = x = c and ¢ ¢ ¥, we have that & is indeed a CBF. Following the same

approach, we can show that H(x) = h(x) — 1 is also a CBF. Therefore, we have:

ar(x) = —2(x— )T Ax — Iy(h(x) — 1) (3.41)

by(x) = —2(x—c)" (3.42)
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Table 3.1. Table of Parameter Values for Example 3.5

Parameter | Value
T1 0.2
(%) 0.8
p 5
(o] 6
lo 2
0] 1
p 0.4
q 0.9p°
n 8.06
m 8
Y 2.25
At 0.005

Next, we choose the candidate CLF V = x” Px where P > 0 and can be chosen as diag{p}
for some p > 0. Any matrix Q satisfying 0 < Q < P? provides «(x) = x” Qx. An easy choice for

Q is diag{q} for some 0 < g < p?. Therefore we have that

LyV =xT(ATP+ PA)x, (3.43)
LgV =2x"PB =2px", (3.44)
and
ai(x) = yy (x" (ATP+ PA+ Q)x) (3.45)
by(x) =2px’ (3.46)

The values of (3.41)-(3.46) computed with the predictor states p;(¢) are used in the QP

control formulas (3.29)-(3.32). The system and constraint parameters used for simulation are

listed in Table 3.1 below
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The input signal was initialized as

u(0)=0, V6 €[-1,0], (3.47)

1(0)=0, V6 €[-m,0]. (3.48)

The predictor integrals are computed using trapezoid rule with time step At that is significantly
smaller than the shortest input delay 7. For the CBE, the choices of [y and ® in Table 3.1, and
the inequality (3.25) lead to i1 > 8.06. For the CLF, we choose p and g as done in [34]. The QP
design parameters m and y for adjusting the aggressiveness and twitchiness of the controller are
chosen as prescribed in [35].

With initial condition x(0) = [16, 6]7, we attempt to drive the system to the origin in
two different scenarios: with and without an external disturbance. In the first scenario with no
disturbance — shown at the top of Figure 3.1 — we see that the system trajectory follows the drift
of the system initially before the controller kicks in to steer the system tightly around the buffer
of the admissible set and to the origin. Here, (ﬁn and % are kept invariant. In the second scenario,

we have known disturbances

w (1) = \/75 sin(0.47t) (3.49)
(1) = \/75 sgn(w (1)) (3.50)

entering the system. As seen in the bottom plot, the system is successfully steered to the origin

without leaving the admissible set 4" even though the buffer is violated.

3.6 Conclusion and acknowledgements

We extend the QP-based CLF-CBF approach for constrained stabilization to linear
systems with distinct input delays. We show that in combination with predictor feedback, the

nominal QP controller renders the origin locally asymptotically stable and adheres to state
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Figure 3.1. System response for Example 3.5. Top: Predictor feedback with no disturbance,
Bottom: Predictor feedback with bounded disturbance. In both figures, the right and left circles
on the state trajectory indicate the moments when the first and second inputs kick in respectively.

40



constraints even when a bounded external disturbance is present. A natural extension to the
results in this chapter would be to consider the effect of predictor-feedback on constrained
stabilization of nonlinear systems with distinct input delays.

Chapter 3, in part, is a reprint and adaptation of the paper: 1. Abel, M. Jankovi¢, and M.
Krsti¢, “Constrained Stabilization of Multi-Input Linear Systems with Distinct Input Delays”,
3rd IFAC Joint Workshop on Control of Systems Governed by PDEs and Distributed Parameter
Systems (CPDE/CPDS), 2019. The dissertation author was the primary investigator and author

of this paper.
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Chapter 4

Constrained Control of
Multi-Input Nonlinear Systems with

Distinct Input Delays

4.1 Introduction
4.1.1 Background and motivation

The task of enforcing the safe operation of nonlinear systems is often framed as a
constrained control problem, where the output of a system is constrained to be within a desired
set. One increasingly popular approach for this problem is the use of Control Barrier Functions
(CBFs) [4,6,33,71,94,98]. Like Lyapunov functions for stabilization, CBFs provide sufficient
conditions on system input for enforcing forward invariance of a safe-set, and they have been used
in various applications ranging from safe navigation [14,44] to infectious disease control [5,57].

As interest in CBFs has developed over time, several extensions have emerged that lend
CBFs to applications of different forms. For example, [3, 25, 56] studied the use of CBFs for

the safe operation of hybrid and discrete-time systems; [35, 43, 103] developed robust-CBF
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formulations for enforcing safety in the presence of disturbances, and [1,2,5,34,57,62,72,82]
explored the usage of CBFs for systems with delays. In particular, [42,62,72,76,77] developed
Lyapunov-Krasovskii-like functionals for verifying safety in systems with state delays, and
in [5,57], the authors considered the problem of safety in the context of infectious disease control
with a single measurement delay. Similarly in [82] the safety of sampled-data systems with
a single input delay was considered and in [34], the author leverages results from [46,47] to
develop controllers for safely stabilizing multi-input linear systems with same-length delays
across input channels. We later extended this result in [1], to linear systems with distinct input
delays using state-predictor designs from [11,95]. The result in [1] was the first to consider safety
for multi-input systems with distinct input delays. However, just like all the aforementioned
results for systems with input delays, [1] provides safety-guarantees only after the longest
input delay has been compensated; that is, after the longest input delay time has elapsed. In
essence, there is an assumption that the initial conditions of the inputs are such that the system
remains safe until the designed control inputs have “kicked in” at all input channels. While this
assumption is reasonable, it is limiting, especially in the case where the delay in some input
channels is significantly longer than the delay in other input channels. In this case, the longest
input delays would need to have been compensated before safety guarantees can be made. Ideally,
it would be beneficial to be able to guarantee safety as soon as the delays in some shorter-delayed
input channels have been compensated.

While there are several examples of real-world multi-input systems with distinct input
delays, the underlying motivation for this work is collision avoidance in autonomous vehicles with
different actuation delays in the steering and braking inputs. Inspired by human driving, where it
is often possible — sometimes necessary — to avoid unforeseen collisions using only the more-
responsive steering input, we desire a control approach that uses the shortest-delayed actuators
to avoid collision whenever possible, especially in scenarios where there isn’t enough time
to compensate the delays in longer-delayed actuators. The continued emphasis on “whenever

possible” is because it will sometimes be impossible to enforce barrier constraints without
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depending on all input channels, including longer-delayed ones. This will manifest as infeasibility
of the CBF-based QP problems designed under the assumption that some — not all — inputs are

available for safety enforcement; and we will address methods for accommodating this challenge.

4.1.2 Contributions

In this chapter, we study the safety problem for control-affine nonlinear systems with
distinct input delays. Relative to the results of [34] that studies linear systems with same-length
delays, we present results for nonlinear systems with distinct input delays. Specifically, we
introduce a predictor-based approach for systems with distinct input delays that enforces safety
before all input delays have been compensated — whenever it is possible to do so. We do this by
treating inputs from longer-delayed input channels as known disturbances when determining

inputs for shorter-delayed input channels. In particular, we consider the following two cases

1. First, we present results for the case where there exists a strict subset of shorter-delayed
input channels sufficient for enforcing safety constraint everywhere in the safe-set. When
such subset of input channels exists, they are preferentially used for enforcing safety
everywhere in the safe set, therefore allowing safety guarantees to be made as soon as the

longest input delay in that subset of input has been compensated.

2. Secondly, we present results for the general case where a strict subset of input channels
sufficient for enforcing safety constraint everywhere in the safe set may not exist. In this
case, we introduce a control approach that ensures that the subset of input channels with
already-compensated delays exert their “best” effort to enforce safety constraints whether
or not this effort is sufficient. When it isn’t, the control approach allows the already
delay-compensated inputs to minimize the violation of safety constraints until enough

input delays have been compensated and system safety can be enforced.
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4.1.3 Organization and notation

The remainder of this chapter is organized as follows. Section 4.2 contains the problem
description and an overview of some preliminaries. In Section 4.3, we discuss our control design
methodology and prove the results in this chapter with examples illustrating the effectiveness of
the proposed designs. We end with a brief conclusion in Section 4.5.

Notation: In addition to notation from previous chapters we use the following no-
tation. For the matrix-valued function G : R" — R™*" with columns g; € R", we define
Zeh(x) = %gl,...,%g, . For vector u € R, and constants 1 < j < k < r, we define
Wik = [Uj,Ujt1,. .. ug—1,u) | ; and for matrix G € R™" with columns g; € R” and constants

1 <j<k<r, wedefine Gy = [8j,8j+1,---+8k—1,8k)-

4.2 Problem description and preliminaries
4.2.1 Problem description

We consider systems of the following form:

X(1) = fx(r) + ggxx(r))ui(t —Dy), (4.1)

where x € 2~ C R" is the state, and u; € R, i = 1,...,r are inputs with possibly distinct delays
D; satisfying (without loss of generality) 0 < D; < --- < D, with initial conditions u;(0) for
0 € [-D;,0). The vector fields gj(x),...,g,(x),f(x) : R* — R" are assumed to be locally

Lipschitz continuous. We further assume that the delay-free system

x(t) = f(x(1)) + Gx(1))u(r) (4.2)

with G(x) := [g1(x),...,g-(x)] and u := [uy,...,u,]" is forward complete with respect to the
input u; that is, for every initial condition x(0) = x( and locally bounded input signals u;(z),

i=1,...,r, the corresponding solution of (4.2) is well defined for all # > 0. The importance of
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this assumption is that the plant in (4.1) does not exhibit finite escape before all feedback control
inputs arrive.
The goal of this chapter is to design controls u;(¢), i = 1,...,r for the system (4.1) that

enforce the forward invariance of an admissible set

€ ={xe Z |h(x)>0} 4.3)

characterized by a continuously differentiable scalar-valued function 4(x). That is, we aim to
design controls u;(t), i = 1,...,r that enforce h(x(¢)) > 0 for all # > 0 provided that i(x(0)) > 0.
We will refer to the set % as the “safe set”, and we shall use the phrase “enforcing safety” to

mean keeping the state x(¢) inside the set .

Remark 4.1. We emphasize that the sole objective of our design will be to render the set €
forward invariant, and as such we shall assume that any other objective e.g. stabilization is
achieved by a baseline controller that shall be modified for safety. Yet, and irrespective of input
delays, it would be sometimes impossible to enforce state constraints without the system state
growing unbounded. For example, in linear systems with a non-minimum phase function h(x)
as output, there are initial states from which enforcing h > 0 will lead to the state growing

unbounded (see [78] for details).

Due to the presence of input delays, the system (4.1) evolves uncontrolled in the first D

time units and we therefore make the following assumptions.

Al. The initial state x(0) and initial input histories u;(0), 6 € [—D;,0) fori=1,...,r are such

that x(r) € € for all t € [0,Dy].

This assumption ensures that the system does not exit the safe set before any feedback
controller has arrived at the plant. Now, because the input signals u;(z) “kick in” at different

times due to the distinct input delays, we desire a control approach that keeps the state inside of
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the set ¢ using as few input channels as possible, whenever it is possible to do so. This is of

particular interest in the case that the input delays are of significantly different lengths.

4.2.2 Control barrier functions

For systems with no input delays, the constrained control problem is often solved with

the use of Control Barrier Functions (CBFs) defined as follows.

Definition 4.1 (Control Barrier Function (CBF)). A continuously differentiable function h(x) is
a Control Barrier Function (CBF) for the delay-free system (4.2) with respect to the admissible
set € ={xe€ 2 | h(x) > 0} if there exists a Lipschitz continuous, extended class ¥ function o

such that, for all x € 2,

ZLeh(x) =0 = ZLyh(x) + a(h(x)) > 0. 4.4)

It was shown in Corollary 2 of [6] that if 4(x) is a CBF for (4.2), then the controller

u(x(t)) where u : 2~ — R” is any locally Lipschitz feedback law satisfying

Lrh(x) + Leh(x)u(x) + o (h(x)) > 0 (4.5)

for every x € 2, renders the set ¥ forward invariant. Moreover, it was shown in Proposition 4
of [103] that the set ¢ is also rendered asymptotically stable in the case that the system starts
outside of the admissible set 4. The inequality (4.5) is called the barrier constraint, and is
equivalent to (x) + c(h(x)) > 0 along the solution of (4.2) with u(t) = u(x(t)).

When safe set invariance is to be combined with other control objectives like stabilization
or trajectory tracking, a common approach is to first design a baseline controller ug : 2~ — R”
achieving the desired control objective, and then treat safe-set invariance as an add-on objective
enforced by a supervisory controller. In essence, the baseline controller is modified by the

‘smallest’ (in the Euclidean norm sense) additional control u that allows the barrier constraint
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(4.5) to be satisfied. More concretely, to render a baseline control ug safe, it is overridden with

u = ug + u where u is the solution of the following quadratic programming (QP) problem:

= argmin ||v||> subject to
veR? (4.6)

a(x)+bi(x)(up+v) >0

where

a(x) = Zrh(x) + a(h(x)), 4.7)

bl(x) = fgh(x). (4.8)

The feasibility of the QP problem (4.6) follows from the definition of a CBF. Using the Karush-
Kuhn-Tucker (KKT) optimality conditions for the solution of (4.6), we get the following explicit

solution for u:

0 if w(x,up) >0
u(x,up) = (4.9)
—%bl (x)"  otherwise
where
1 (x,u0) = a(x) + by (x)uo. (4.10)
The controller
u(x) = uo(x) +u(x,up(x)) (4.11)

for any baseline controller uy(x) and u given in (4.9) enforces the forward invariance of the set

% in (4.3) for the delay-free system (4.2) as established in Corollary 2 of [6].

4.2.3 Robust control barrier functions (RCBF)

Here, we briefly describe the robust CBF formulation in [35] as it applies to the zeroing-

type CBF utilized in this chapter. Consider the delay-free system (4.2), but with an external
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bounded disturbance w(r)

x(t) = f(x) +Gx)u+Z(x)o, (4.12)

where the disturbance ®(z) € RY satisfies 0 < ||@(?)|| < @Wmax for all 7, and Z : R* — R"*V is

locally Lipschitz.

Definition 4.2 (Robust-CBF). A continuously differentiable function h(x) is a robust-CBF
(RCBF) for the system (4.12) with respect to the admissible set € = {x € 2" | h(x) > 0} if there

exists a Lipschitz continuous, extended class ¥~ function o such that, for all x € Z,

Loh(x) =0 = Lrh(x) — || L2h(x)|| Omax + 0t (h(x)) > 0. (4.13)

The —||-Zzh(x)|| Omax term in (4.13) represents the worst case impact of the disturbance
wonh= Lrh+ ZLchu+ Z7ho, therefore the condition in (4.13) necessitates that an RCBF
satisfies /1(x) + o (h(x)) > 0 in the presence of the worst-case disturbance even when the input
has no effect on /(x).

As shown in [35], with an RCBF available, the task of enforcing forward invariance of
% in the presence of disturbance signal ®(¢) boils down to choosing for every x € 2", control

input u from the set of controls satisfying

Lyh(x) + Loh(x)u— | Zoh(x) | Omas + (A(x)) = 0. (4.14)

Here, the input « will achieve /2 + a;() > 0 in the presence of the worst case disturbance, thereby
guaranteeing safe-set invariance. In the case that an accurate measurement or estimate of the

disturbance ®(¢) is known a priori, the robust barrier constraint (4.14) can be relaxed to

Lrh(x) + Leh(x)u+ L7h(x)@ + a(h(x)) >0 (4.15)

in which case the input u counteracts the actual impact of @ on /i when .Zgh(x) # 0 as opposed
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to accounting for the worst case impact at all times. For the rest of this chapter, we shall utilize
the RCBF formulation that assumes an accurate estimate or measurement of the disturbance is
available. As in the disturbance-free case, rendering a baseline control ug robustly safe translates
to overriding ug with the closest control u = ug + u that allows the robust barrier constraint (4.15)

to be satisfied, where u is the solution of the QP problem

7(x,ug, ®) =argmin ||v||> subject to
veR” (4.16)

a(x) + by (x)(uo +v) + b2 (x)® > 0,

with a(x), by (x) as defined in (4.7), (4.8), and

by (x) = Lzh(x). (4.17)

The feasibility of this QP problem follows from the definition of an RCBF. and has the explicit

solution
0 if w(x,up,®) >0
u(x,up, @) = (4.18)
—%bl (x)"  otherwise
where
w(x,up, ®d) = a(x) + by (x)up + b2 (x)D. (4.19)
The controller
u(x,ug, ®) = up(x) +u(x, up, ) (4.20)

for any baseline controller up(x) and with @ given in (4.18) enforces the forward invariance of
the set € in (4.3) for the delay-free system (4.2) with a bounded external disturbance as shown
in Theorem 2 of [35]. We note that while the results of [35] were stated for the CLF-RCBF QP
problem of simultaneous stabilization and safety, its adaptation in this chapter replaces the use of

a Lyapunov function with the baseline control uy which the designer is allowed to design using
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any desired approach.

4.2.4 Predictor feedback for nonlinear systems with distinct input delays

Now we return to the original disturbance-free system (4.1) with distinct input delays.
A predictor-feedback approach for stabilization was developed in [11] which combines state
predictors with a globally asymptotically stabilizing feedback law u = k(x) designed for the
delay-free system (4.2). Specifically, the approach involves designing individual state predictors
pi(t),...,pr(t) corresponding to each of the r input channels with p;(¢) being the D;-time units
ahead prediction of x(r) i.e. p;(t) =x(t+D;) foralli = 1,...,r. These predictor states are then

used as feedback to get the following control law

u;(t) = k;(pi(t)) (4.21)
where k; is the i-th component of k. Defining po(¢) = x(t), Do = 0, and
Dj;=D;—Di; (4.22)

the predictor state equations are given recursively as:

! i1
PO =pia0+ [ |70)+ L) i(5)
=Dy a (4.23)

+Zgj<p,-<s>)u<s—D,~,,~> ds, i=1,....r
j=i

with initial conditions

0 i—1
PO =pa0)+ [ [0o)+ Epo)xi(nts)
e & (4.24)
+igj(Pi(5))“j(S—Dj,i) ds, for —D;; 1<6<0
=
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It was shown in [11] that the predictor (4.23) satisfies
pi(t)=x(t+D;) Vi=1,...,r. (4.25)
The main idea of the predictor-feedback approach is that the controllers (4.21) satisfy
ui(t — Dy) = K;(x(1)) (4.26)
leading to the closed-loop dynamics of (4.1), (4.21) being

(1) :f<x>+gg,~<x>m<x<r>> “.27)

which is delay-free. Therefore, a feedback controller designed for the delay free system (4.2)
achieves the same closed loop behavior for the system (4.1) under predictor feedback. Impor-
tantly, since the feedback control signals k;(p;(t)), i = 1,...,r kick in at different times, we need
to make the additional assumption that the system does not exhibit finite escape during time
D <t < D, when only some, not all of the feedback controllers have kicked in. Specifically, we

make the following additional assumption

A2. The systems

i=f0+ Y gi0rx)+ Y gy, Vi=1,...,r—1 (4.28)
j=1 j=itl1

are forward complete with respect to [0, ,..., 0] .

Remark 4.2. While the predictor equations (4.23), (4.24) are implicitly defined and may not have
explicit solutions, they can be implemented numerically and the implications of such numerical
implementation are an area of research that is beyond the scope of this work; see [38] for details.

We shall assume here that numerical predictor implementations are accurate.
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4.3 Control design and safety analysis
4.3.1 Safety after longest input delay compensation

Guided by the predictor-feedback approach in [11], a first-attempt at designing safe con-
trollers for the system (4.1) with distinct input delays is to design a safe CBF-based controller for
the delay-free system (4.2), and then use the predictor (4.23) for each i = 1,...,r to compensate
the input delays. Specifically, using the CBF-based approach in 4.2.2, we have the following

safe-guarding controller for the delay-free (DF) system (4.2)
u= kY (x) = uo(x) +a@(x, up(x)) (4.29)

where u(x) is any safety-agnostic baseline controller for the delay-free system (4.2), and # is the
CBF-based modification defined in (4.9). It follows from Corollary 2 of [6] that the controller
(4.29) enforces the forward invariance of the safe set % for the delay-free system (4.2) and any
baseline controller ug. Now, with a safe controller for the delay-free system available, we can

enforce safety for the original system (4.1) with input delays using the control law

wi(t) =k (pi(1),  t=0,i=1,...r (4.30)
where p;(t) is as defined in (4.23) with k; replaced with K})F.

Theorem 4.1. Let h(x) be a CBF for the delay free system (4.2), and consider the closed loop
system of (4.1) and controller (4.30), where «PF is the feedback law in (4.29) and p;(t) are state
predictors given in (4.23), (4.24). If pi(t) =x(t +D;) forallt >0 andi=1,...,r, then for all
t > D,,

h(x(t)) + a(h(x(t))) > 0. (4.31)
Moreover, if x(D,) € €, then the set € is forward invariant.
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Proof. If pi(t) = x(¢ + D;), then the controller (4.30) satisfies

wi(t—D;) =N (x(t)), t>D;i=1,...,r (4.32)

1

Thus, for all ¢+ > D,, the closed loop system of (4.1), (4.30) becomes

i(1) = f(x(t)) + G(x(1)) kP (x(1)) (4.33)

which has no input delays, and since kPF is the CBF QP based controller in (4.11), it follows
by definition that for all t > D,, h(x(¢)) + c(h(x(t))) > 0, and therefore h(x(D,)) > 0 implies
h(x(t)) > 0 for all t > D,. O

Remark 4.3. The result of Theorem 4.1 was stated for times t > D, because only after timet = D,
does the input vector [u1(t —Dy),...,u,(t —D,)]" become equivalent to kPF (x(t)). Therefore,
the enforcement of the barrier constraint h+ a(h) > 0 for the system (4.1) under control law
(4.30) can only be guaranteed for times t > D, when all the input delays have been compensated
and the closed loop system exhibits nominal delay-free behavior. In fact, it is possible that the
system exits the safe-set between time t = Dy and t = D, even though some of the input delays
have been compensated. This is because the controller (4.30) is not guaranteed to achieve
h+ o(h) > 0 until time t = D,, even though the delays in some shorter-delayed input channels
would have been compensated, and these input channels may be sufficient for enforcing the

barrier constraint.

To allow comparison with subsequent control approaches we shall present, the controller

(4.30) can be written as

ui(t) = uo,(pi(t)) +wi(pi(t), uo(pi(r))) (4.34)

where ug : R” — R” is any baseline controller and #(p;(¢),uo(pi(t))) is the solution of the QP
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problem

argmin ||v||> subject to (4.35)
veR”

ZLrh(pi(1)) + a(h(pi(t))) +ZLch(pi(t)) (uo(pi(t)) +v) = 0
which is given as

07 Hi > 0
wi(pi(1),uo(pi(1))) = (4.36)

. Zgih(Pi) :
“Hi et (Zoh(pyy ) OtherWise

where

Wi = Zrh(pi(1)) + o(h(pi(t))) + L6h(pi(t) juo(pi(t)) (4.37)

In the controller (4.34), (4.36), there is an implicit assumption that at every time ¢ > D,,
the predicted states p;(t — D;) for all input channels i = 1,. .., r are equal and consistent with the
actual state x(¢). The same assumption is made about the predicted values of the barrier function
and its Lie derivatives. An implication of this assumption is that the controller (4.34) can only
respond to perturbations in /(x(z)) whose effects do not render the system unsafe in under D,
units of time. One practical example of this limitation is the following: consider an autonomous
robot with distinct longitudinal and lateral input delays D, Djon With Dy, < Djo, navigating
an obstacle-free path under controller (4.34), (4.36). If an obstacle is introduced sufficiently
close to the robot so that a collision occurs in Dy, < t < D)o, units of time, the predictions made
by longer delayed input channels about the current status of the system will become outdated,
and the controller may not enforce safety because it assumes that the predictions made for all
control channels match the current reality. To formalize this notion of prediction consistency, we

introduce the following definition

Definition 4.3. For the system (4.1) and state predictors (4.23), a function s(x) is said to be
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i-consistent at time t > D; if, forall j =1,...,i

s(x(t)) =s(pj(t—Dj)). (4.38)

A function being i-consistent at time ¢ means that the actual value of the function at
time ¢ is equivalent to the values predicted for the first i input channels. When a function is
r-consistent at time ¢, we say it is fully consistent; if not, we say it is partially consistent.

Using this definition, the assumption made for the controller (4.34), (4.36) is that the
functions I(x(¢)) = x(t), h(x(2)), Lrh(x(t)) and Lh(x(¢)) are fully consistent at all times ¢ > 0.
Notice however that by definition these functions cannot become r-consistent until time ¢ = D,
and when the r-consistency assumption does not hold at a particular time ¢, barrier constraint
satisfaction is not guaranteed at that time . We note here that a function s(x(¢)) can also
become i < r consistent due to several factors including but not limited to prediction error, or an
unforeseen perturbation of the function s(x(z)). Ideally, it would be preferred to have a controller
that guarantees barrier constraint enforcement when predictions are i-consistent for some i < r.

One approach for doing this is presented next.

4.3.2 Safety before longest input delay compensation using fixed number
of input channels

To enable barrier constraint satisfaction when predictions are i < r consistent, we utilize
the robust RCBF-based QP formulation in 4.2.3 in the following way. When solving for the i-th
input u;(1), we compute the state prediction p;(¢) and compute the baseline control ug(p;(t)) € R”
as before, but for safety, we assume only the first 7 input channels are available for enforcing
the barrier constraint. The idea here is that when determining input u;(z) that would reach the
plant at time ¢ 4 D;, all other inputs from channels j =i+ 1,...,r that would reach the plant at
the same time ¢ 4+ D; have already been determined, and can no longer be modified. In addition

to assuming only the first i inputs are available for barrier constraint enforcement, we will treat
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these already determined inputs u;(t — (D; — D;)) for j =i+ 1,...,r as known disturbances
entering the system at time ¢ + D; and include them in the barrier constraint inequality as is the
case with the robust QP problem (4.16). In essence, when determining input u;(z), for each
i =1,...,r the modification of the baseline control ug, (p;(z)) is chosen as the i-th component of

the solution of the following “robust” QP problem

% = argmin ||v||> subject to

veR!
ffh@f(f)H“(h@f(f))Hilfg,-h(pi(t))(uo,(pi(t))+vj) 39)
£
£ Y Zh(pl)uit—Dy) 2 0
Jj=i+1

where D;; = D;j — D;, and w; for j > i are already-determined inputs from longer-delayed
channels arriving at the same time 7 + D; as u;(t). While it may appear computationally expensive
to solve r different QP problems at every time ¢, the availability of explicit solutions via (4.18)
mitigates this challenge. Now, the idea behind QP problem (4.39) is to mimic the robust QP
problem (4.16) and treat the already determined inputs as known disturbances. This way, the
first 7 input channels alone can be used for enforcing safety at time 7 + D;; especially in the case
where delays in longer input channels have not been compensated.

Observe that for i = r, the QP problem (4.39) is equivalent to (4.35) and it is feasible
by virtue of 4 being a CBF for the system when all r input channels are used for barrier
constraint enforcement. However, for i < r, the feasibility of (4.39) is not guaranteed because
ZLa\h,...,ZLyh could potentially all be 0 and 4 is not an RCBF for the system with only the
first i inputs available for safety enforcement. In other words, when 2 h(p;) =0, (4.39) can
be infeasible since the additional control v has no impact on the inequality constraint. This
infeasibility is a reflection of the inability of the first i inputs alone to impact /(p;(t)). To mitigate

this challenge, we introduce the set
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D={ic{l,....,r—1}| L ,h(x)#0 vxe Z}U{r} (4.40)

and define

@ = min®. (4.41)

Here, ¢ is the minimum number of input channels sufficient for enforcing the barrier constraint
everywhere in the state space .2°. Notice that for all i > ¢, the QP problem (4.39) will be
feasible because £, ,h # 0 = Zi,;h # 0. However for i < ¢, (4.39) may be infeasible. To
prevent infeasibility for i < ¢, we will assume when solving for u;(z), i < ¢ that the first ¢ input
channels are available for barrier constraint enforcement, and use the i-th component of the

resulting control modification. Thus, the QP (4.39) becomes

7 = argmin ||[v||> subject to
veRS

ZLsh(pi(t)) + a(h(pi(t))) + i]«fgjh(m(f)) (uo, (pi(t)) +v;)

J (4.42)
+ Y ZLh(pi(t)uj(t—Dj;) >0
j=st1 ﬁ’_/
=;
where
s = max{@.i}. (4.43)
This leads to the controller
ui(t) = Uy, (pi(t)) +u; (pi(t)vuom (pi(t))a 0Os—H:r) (4.44)

for all > 0, where
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Us41(t — (D1 — Dy))
Oy 1:p = € ers’ (4-45)

u,(t — (Dy — Dy))

and

07 I-Ls 2 O
W= (4.46)

Lo h(p; .
s 5P —, otherwise
L6, h(pi) (Lo, h(pi))

with

ts = Zsh(pi(1)) + a(h(pi(r))) + i‘,lfg,,-h(pi(t))uoj(pi(t)) + i lifgjh(pi(t))wj (4.47)
= =

Notice the similarity of (4.44)-(4.47) to the RCBF controller in (4.20), (4.19), (4.18). If
¢ < r, then the predictions of the state and barrier function (and its Lie derivatives) only need
be ¢@-consistent since the shorter-delayed inputs uy,...,ue are sufficient for barrier constraint

enforcement.

Theorem 4.2. Let I : R" — R" be the identity function I(x) = x, and let h(x) be a CBF for the
delay-free system (4.2) with @ as defined in (4.40) and (4.41). Consider the closed-loop system
of (4.1) and the controller (4.44)-(4.46). If 1(x), h(x), ZLrh(x) and ZLch(x) are @-consistent at
time t > Dy, then

h(x(t)) +a(h(x(t))) > 0. (4.48)

Proof. If ¢ = r, the result follow directly from Theorem 4.1. Now, consider the case where
¢ < r. By the @-consistency of I(x(t)), h(x), Zrh(x) and Zh(x), we have that x(t) = p;(t — D;),
h(x(t)) = h(pi(t — D;)), ,th(x(t)) = ,th(p,-(t —D;)) and Zch(x(t)) = ZLsh(pi(t — D;)) for

alli=1,..., @, and therefore the controller (4.44) fori = 1,..., ¢ satisfies
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(= Dy) = o, (x(0)) + T (x(0), 10, (1)), g1

which can be re-written in vector form as

ul(l‘—Dl)

= 10, (5(1)) T (5(1), 10, (6(1)). @1 )

N J/

-

I/l(p(t —D(P) Uie

Thus, the system evolution at time ¢ satisfies

x(t) = f(x(1) + Gr:p(x(1))ur:9 + G 1 (x(1)) @t 1.r-

(4.49)

(4.50)

(4.51)

By the definition of ¢, we have that the CBF &(x) is an RCBF for the system (4.51) with respect

to the “disturbance” @y 1., and since uj.q solves the robust QP problem (4.42), it follows that

h(x(1)) + a(h(x(1)) > 0.

]

Remark 4.4. The result of Theorem 4.2, i.e. the satisfaction of the barrier constraint h(x(t)) +

a(h(x(t))) > 0 holds for all t > Dy where predictions are Q-consistent. If the state starts inside

of the admissible set ¢ at some time t* > Dy and @-consistency holds for all t > t*, then the

forward invariance of the set € from time t* follows.

Example 1: Consider the following nonlinear system motivated by the example in [35]

X](t) = —xl(t) —xz(t) —I—ul(t—D])

Xz(t) = x?(t) +X2(t)u2(l‘ —Dz)

(4.52)

with D; =0.2, Dy = 1, u;(0) =0 for 6 € [-0.2,0), and u(6) = 0 for 6 € [—1,0). The control

objective is to stabilize the system to the origin while keeping the set

€ ={x:h(x)=x3—x1+1>0}
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forward invariant.

First, we verify that when D; = D, = 0, the candidate barrier function A(x) in (4.53)
is indeed a CBF for (4.52). Specifically, we verify that for some class % function o (h),
Loh(x) =0 = Zrh(x) + a(h(x)) > 0. From (4.52) and (4.53) we have

Lrh(x) = x1 +x2 + 2x7x2, (4.54)

ZLoh(x) = {_1, zx%] , (4.55)

and it follows that .Z,h(x) # 0 for all x € 2~ which implies that /(x) is indeed a CBF for (4.52)
with no delays. For control design, we choose o/(h) = h. Next, we determine the set ® and its
minimum ¢ as defined in (4.40) and (4.41). For the system (4.52) and control barrier function
(4.53), we have

d={1}U{2}, = o=1. (4.56)

Thus, we only need 1-consistent predictions to enforce safe set invariance and safety can be
enforced earlier at time t = D before both input delays have been fully compensated at time
t = D.

For the baseline controller uo(x), we use a standard control Lyapunov function (CLF)

based controller to stabilize the system to origin. Specifically, we use the Lyapunov function

V(x)= ix‘f + %x% (4.57)
and baseline control
0, LV =0
o (x) = (2 ) 2 (4.58)
ST ZV#0
which achieves
V< —|lx]> VxeR?*\{0} (4.59)
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when the barrier constraint is inactive.

We run numerical simulations for two separate cases: the first using control law (4.34),
(4.36) where 2-consistency is assumed, and the second using the updated control law (4.44)-
(4.46) where 1-consistency is assumed. To capture the significance of the new approach, we
choose initial conditions close enough to the boundary of the admissible set so that the drift of
the system causes a constraint violation in Dy <t < D, units of time. This way, only the delay
in the first input channel would have been compensated by the time the state trajectory exits the
admissible set. This is reflected in Figure 4.1 where the system evolves uncontrolled for 0.2 time
units due to the input delays, and arrives very close to the boundary of the admissible set.

At time t = (0.2, the delay in the first input channel has been compensated and the de-
signed control #; begins to impact the system. As shown in Figure 4.2, under control law (4.34),
(4.36), the system violates the barrier constraint because the control inputs were designed under

the assumption that both inputs are always available for enforcing safety and have consistent

T
time: 0.2
2F J
P,
/
0r J
N
8 —
2 = -
-4 -
barrier
— = state trajectory with 2-consistency assumed
state trajectory with 1-consistency assumed
drift x(0)
6 _ | | | ! i
-1 0 1 2 3
T

Figure 4.1. System response for 0 <t < 0.2 when none of the designed control inputs have
arrived at the system. The system evolution is driven by the drift and the initial conditions of the
inputs, therefore the state trajectory in this time interval is as shown irrespective of the control
law used.



predictions of state, which is not the case in the time interval 0.2 <t < 1. However, under
the new control law (4.44), (4.46) where at all times ¢ > 0, we incorporate the impact of the

already-determined input signal u; (¢t — 0.8) when determining u (¢), the system remains in the

T
time: 1
2+ il
0 |-
N
8
2
_4 |
barrier
— = state trajectory with 2-consistency assumed
state trajectory with 1-consistency assumed
drift x(0)
6 _ | | | ! i
- 0 1 2 3
T
T
time: 50
2+ il
- -
t
~ ~
0 |-
N
8
2
4 -
barrier
= = state trajectory with 2-consistency assumed
state trajectory with 1-consistency assumed
drift x(0)
6 _ | | | i
-1 0 1 2 3
I

Figure 4.2. Top: System response for 0 <7 < 1 when only the shorter-delayed designed input
u; has been delay-compensated. Under controller (4.44), (4.46) (solid blue) the system remains
in the admissible set using only u, while for controller (4.34), (4.36) (dashed blue), the system
exits the admissible set. Bottom: With both controllers, the system eventually gets stabilized to
the origin once the constraint has been cleared.
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admissible set even though only the delay in first input channel has been compensated. The

control signals under both control approaches are shown in Figure 4.3

0
0 : ~ ~ ~ _-——— s s s
1 -20
h
3 5 0 S
" -40
v ‘— = Control signal with 2-consistency assumed ‘ ‘ Control signal with 1-consistency assumed ‘
-10 ' ' ' ' ' -60 ' ' ' ' '
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
t t
0.06

U2

of : : : — :
-7 0.04/q

Control signal with 1-consistency assumed \

- 0.02 1

‘— = Control signal with 2-consistency assumed ‘

1.5 2 25 3 0 0.5 1 1.5 2 25 3

t t

0 0.5 1

Figure 4.3. Control signals u(¢) and u;(¢) under controllers (4.44), (4.46) (solid blue) and
(4.34), (4.36) (dashed blue).

4.3.3 Safety before longest input delay compensation using variable
number of input channels

While the previous approach alleviates the need for r-consistent predictions for safety to
only needing ¢-consistent predictions, it is only beneficial when the constant ¢ is less than r i.e.
when there exists a strict subset of input channels sufficient to impact / everywhere in the set 2.
When there isn’t a strict subset of input channels, i.e. when ¢ = r, the controller (4.44)-(4.46)
would be equivalent to controller (4.34)-(4.36) and fully consistent predictions would be required
to guarantee safety. Ideally, we want the smallest subset of input channels to be utilized whenever
they can enforce constraint adherence, even if they cannot be used everywhere in the safe set. To
this effect, we introduce a control approach that uses the following modified QP problem.

Consider the following QP problem denoted QP! for input channel i € {1,...,r} at time
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QP;: (#,07) = argmin [v[|* +m||c||* subject to

VER’r
_ ok (4.60)
i i r
Yr (ffh-i- OC(h) + Z ggjhu()j> + Z ggjh(\/j + O'j) + Z ggjh<(0j+ Gj) >0
=1 =1 j=itl

where o are slack variables and all functions of state h, Zrh, £, h, and ug, with suppressed
arguments are evaluated at p;(r) defined in (4.23), ®; = u;(t —D;;), m > 1 is a design parameter,

and

Ys ifs <0
Yr(s) = (4.61)
s ifs>0

for some y > 1 (another design parameter).

The notation QP! indicates that this QP problem is “solved” for each i € {1,...,r} at all
times ¢ > 0, and will be useful for clarity in the analysis that follow. As previously mentioned, an
explicit solution for (4.60) exists and no online optimization is required. The QP problem (4.60)
attempts to find the control modifications u;, j = 1,...,i for the first i input channels, that allows
the barrier function to satisfy the inequality in (4.60) at time 7 + D;. Notice that the inequality
in (4.60) is not exactly the barrier constraint i(p;(¢)) + o(h(pi(t))) > 0 since it includes the
additional term .Zh(p;(t))o and the function yy. The terms 0;11,..., 0, in (4.60) are fictitious
control inputs included to make QP§ always feasible, while the terms o7, ..., 6;, also fictitious,
are included to ensure that when all predictions are consistent, the resulting u € R/ from QP is
equivalent to the first j components of 7 € R from QPi_Di’j . This equivalence will be shown
later in Lemma 4.7. Since the terms o7, ..., 0, are fictitious, we include the penalty m > 1 in the
cost function of the QP problem. Lastly, the function ¥y is used to overcome the impact of the
fictitious control inputs by exaggerating the negative effect of the baseline control on A(p;(t)).
Thus, for a fixed penalty m, a larger value of 7y leads to the baseline control being considered

more unsafe than it actually is. This “ym” approach is similar to and motivated by the ym
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CLF-CBF QP problem in [35]. While it allows the benefit of using any subset of input channels

for enforcing safety before full delay compensation, it does lead to a “safer than necessary’

2

controller relative to the design (4.42), (4.43) where a priori knowledge of the minimum number

of input channels sufficient for safety is available. Subsequent analysis will reveal that a suitable

: fo mtl
choice of yis *=.

The QP problem (4.60) has solution

(0) 07 if Cl(t) 2 0
ﬁj L —
_%ggjh(l?i(t)), otherwise
for j=1,...,iand
o, =
_%%ggjh(Pi(t)), otherwise
for j=1,...,r where
G =1i()+ Y, Loh(pilt))ox(t — Dy)
k=i+1
1
§it) = | Loy, hpiO)IP + || Zah(pi(o))
and

200 == Zoh(pi(1)) + a(h(pi(1)) + ilezﬂg,fh<pi<r>>uo,. (pi(0))
2

The proposed control law is given as

QP :
ui(t) =uo,(pi(t))+u-*, t>0,i=1,...,r

where

k=max{je{i,i+1,...,r} | Dj=D;}
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For the rest of this chapter, we will assume for the sake of clarity and without loss of generality
that the input delays are all distincti.e. 0 < Dy < Dy < --- < D,. With this assumption, we have
k =i1in (4.68). The results and proofs that follow apply with minor modifications when this

assumption does not hold.

Proposition 4.3. If the baseline controller uy(x) is continuous over a compact set % C X

0

with % "€ # 0, then the QP solution u; P in (4.62) is bounded if p;(t) € ¥ . Furthermore, the

controller (4.67) maps % to a compact set %/ C R’.

!
Proof. Since ﬁ?P" is the solution of a ym QP problem, its Lipschitz continuity follows from

Theorem 1, Part 1 of [35]. The continuity of ug(x) and ﬁ?Pi’ implies that the control law (4.67) is

continuous and therefore maps a compact set %" C 2" to some compact subset %7 of R”". [

Theorem 4.4 (Main Result). For the closed loop system of (4.1) and controller (4.67), (4.62)
we have the following result. Suppose trajectories of the system stay inside of a compact subset

% C X where the parameter m > 1 satisfies

1 2
> sy max { 1 Z6h() I (Zrh(y) + k() + Lah(y)v +€) b, (4.69)
VEU (¥)

for some 8 > 0, € > 0, then the i-consistency of the identity function I1(x) = x, CBF h(x), and
Lie derivatives £ rh(x) and Zgh(x) at time t > D for some i € {1,...,r} implies that

| L6, hx(0)] > 8 = h(x(t))+ a(h(x(t))) > —¢. (4.70)

for all x(t) € %. Moreover, if I(x), h(x), Lyh(x) and £gh(x) are r-consistent at t > D, and if
1
Y > %, then

h(x(1)) + ct(h(x(1))) > 0 (4.71)

forallx(t) e ¥.
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Remark 4.5. The second part of Theorem 4.4 states that after time t > D,, whenever all input
delays are fully compensated as reflected by the r-consistency of 1(x) and h(x) (and its Lie
derivatives), the controller (4.67) achieves the standard barrier constraint inequality (4.71) as
long as vy is chosen to satisfy y > mTH In fact, since ’"T“ < 2, choosing y > 2 guarantees the
satisfaction of (4.71) everywhere in the set 2. The first part of the theorem however states that
at any given time t > D;, if predictions are only i-consistent, then the first i input channels would

enforce the barrier constraint as best as possible, with a possible violation dependent on the

magnitude of | £, h(x(t))

, provided that trajectories remain inside of some compact set %
where the inequality (4.70) holds. Notice that the inverse relationship of the parameter m and
€82 in (4.69) suggests the choice of a sufficiently large penalty m to keep € small for a fixed §.
In addition, for a fixed choice of parameter m, the magnitude € of the violation of the barrier

constraint in (4.70) decreases as 8 — the lower bound on ||.Zg, ;h(x(t))|| increases.

Remark 4.6. The maximum on the RHS of (4.69) exists because it is taken over continuous
functions over compact sets % C 2 CR" and % C R’. In addition, if one chooses a sufficiently

large m, then there exists a non-empty compact set % inside of which the inequality holds.
Proposition 4.5. For allt* > Dy, if h(x(t*)) > 0 and if the conditions of Theorem 4.4 are satisfied
forallt € [t*,t*+T], T >0, then

h(x(t)) > —a" (=),  Vre[t*, " +T) (4.72)
We prove Theorem 4.4 by using the following lemmas whose proofs are included at the end of
this chapter. The proof of Proposition 4.5 is also included at the end of the chapter.

Lemma 4.6. Let i € R? be the unique solution of

i =argmin ||w||* subject to
weR? (4.73)

BTWZC
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for some B € R?, B # 0 and c € R, then the vector v € R?, a < b that uniquely solves

v=argmin ||w||> subject to
weRs (4.74)

Bl—ls—aw + B;—l;bﬁa—i-l:b >c

satisfies

V=14 4.75)

Lemma 4.7. If the identity function I(x) = x, CBF h(x), and the Lie derivatives £h(x) and

Zch(x) are i-consistent at time t, then for all j=1,...,i,

t—D ;
_opP, T _oplPhi
i =ah

; ; (4.76)

Remark 4.7. Lemma 4.7 states that the i-consistency of I(x), h(x), Zrh(x) and Zgh(x) at time
t implies that the j-th component of the solution of QPtj_Dj is equivalent to the j-th component
of the solution of QP?D" for j <i. This is intuitive since i-consistency implies that the predicted

states, barrier function values, and Lie derivatives used in QPi-_D" and QPtijj are equivalent.
Lemma 4.8. Forallt > D, and y> ’"TH ifI(x), h(x), ZLrh(x) and £ch(x) are r-consistent at
time t, then the controller (4.67), (4.62) achieves

h(x(1)) + at(h(x(z))) > 0. (4.77)
Lemma 4.9. If m satisfies (4.69) for some 6 > 0, € > 0, then the i-consistency of 1(x), h(x),
ZLrh(x) and £h(x) att > D for some i € {1,...,r} implies (4.70).

Proof of Theorem 4.4. The proof follows from Lemmas 4.8 and 4.9. The proofs for these

Lemmas are included at the end of this chapter. [
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Example 2: Consider the following kinematic bicycle model of a vehicle for a circular
robot (the host)
x1(t) = x4(t) cos(xz (1))
(1) = xa (1) sin(x3 (1))

X (4.78)
43(t) = ful(t —Dy), &(t) = arctan(u; (¢))

X4(t) = up(t — D»),
where (x1,x;) € R? is the position of the host, x3 € [0,27) is its orientation, x4 € R is the
longitudinal velocity, and L is the distance between its front and rear axles. The input u; is the

tangent of the steering wheel angle 8, and u; is the acceleration/deceleration input. The input

channels have delays D and D, respectively with 0 < D; < D; and have initial values

u1(0)=0,  for 6 € [—D;,0), (4.79)

u(0) =0,  for 6 € [~D,,0). (4.80)

The control objective is to keep the host traveling at a reference velocity x4 along a prescribed
path in the (x,x;)-plane while avoiding obstacles introduced in its path. For collision avoidance,

we use the following candidate barrier function
b 2 b 2 2
h(x) = (Xl X S) + (xz —x3 S) —r (4.81)

where (x‘l’bs,xgbs) is the position of the obstacle and r is the sum of the radii of the host and the
obstacle. Keeping /(x) > 0 therefore ensures that a collision does not occur.

We note here that the candidate barrier function (4.81) has a relative degree of 2 from the
inputs and as such the inputs do not appear in the barrier constraint /24 o (k) > 0. To circumvent

this, we use the barrier constraint formulation from [59, 101] for CBFs with relative degree
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greater than one, which in the relative degree 2 case is given as:

h+1h+1oh >0, (4.82)

LEh(x) + Lo Lrh(x)u+ 1 Lrh(x) + oh(x) > 0 (4.83)

where [y and /; are constants chosen so that the roots of the polynomial s2+1is+1p =0 are
negative real. The idea being that this allows &(x) to decrease towards zero but not oscillate
around zero as the case would be for a polynomial with complex roots. The consequences of

using this higher relative degree barrier constraint are the following

* In addition to ensuring forward invariance of the set 4 = {x | h(x) > 0}, satisfying the

barrier constraint (4.83) also ensures A(x) > | Ml h(x) where |A|max is the magnitude of
max
the more negative root of the characteristic equation s +I;s +Ip = 0. Therefore, satisfying

(4.83) guarantees the forward invariance of

© = {x ’ h(x) >0, h(x)+ |7L|1 h(x) > o} : (4.84)

and since 4> C %, the original set ¢ is also kept forward invariant.

With the barrier constraint (4.83), the results in this chapter apply with the following substitutions

made in the constraint of all QP problems utilized:

LEh+ L Lsh+loh — Zrh+ a(h), and (4.85)

L6 ZLrh — Zgh. (4.86)

Next, we verify that the candidate barrier function (4.81) is indeed a CBF for the system

(4.78) i.e. we want to show that

Lo Lih=0 = LFh+1,Lsh+1ph > 0. (4.87)
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We have

Lrh(x) = 2(x1 — x°)xsc08(x3) +2(x2 — x5°) x4 sin (x3) (4.88)
LFh(x) =2x; (4.89)
T
— 2 (5x; — x9")xZ sin(x3) + 2 (xp — x3°%)x2 cos (x
gg.ffh(x)z L( 1 1 ) 4 sin( 3) L( 274 ) 408 (x3) (4.90)

2(x1 — x$%%) cos(x3) +2(x2 — x5°%) sin(x3)

It follows from (4.88) and (4.90) that

ZLrh(x) = X424, Lh(x), (4.91)
and therefore,
ZGgfh =0 = cgigzgfh =0 (4.92)
— Lh=0 (4.93)
= LPh+11.Lsh+ loh = 2x5 + Iph (4.94)
>0 (4.95)

for any /o > 0, and thus (4.81) is indeed a control barrier function for (4.78) with no delays.
For the baseline controller i, we linearize the dynamics about a desired nominal trajec-
tory and use an LQR controller for trajectory tracking. Once a baseline control is computed, it
is applied unmodified if no obstacle is present in the host’s path. If an obstacle is present, we
modify the baseline control using two predictor-based safety approaches for comparison. In the
first case, we use the controller (4.67), (4.62) where the longer delayed acceleration input u, is
considered unavailable for safety-enforcement when determining the shorter delayed steering
input u;. In the second case, we use controller (4.34), (4.36) where 2-consistency is implicitly

assumed and both inputs are always considered available for safety enforcement. Notice that
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Table 4.1. Table of Parameter Values for Example 4.3.3

Parameter Value
D, 0.2
D> 1.5
L 6
r 6
Iy 4
I 4
m 50
Y e
X4 3
(x9™,28™) [ (=3,0.5)

for this example, ¢ = 2 (as defined in (4.41)) since .Z,, Zyh(x) = 0 if x4 = 0. This is supported
by intuition because the steering input alone cannot affect the distance of a circular agent to a
circular obstacle if the velocity x4 is zero. Thus, the controller (4.44), (4.46) is equivalent to
(4.34), (4.36) and is therefore not considered separately. The simulation parameter values are
given in table 4.1.

Figure 4.4 shows the initial configuration of the host and the reference path to be
followed. The host travels at a constant velocity for the first 2.75 time units before an obstacle
gets introduced in its path (Figure 4.5). For the purpose of safety enforcement, the time ¢ = 2.75
is the “initial time”, and any steering input u; applied at this time with knowledge of the obstacle
will not arrive at the plant until time r = 2.75 4+ D; = 2.95. Similarly for the acceleration/breaking
input u,, any new control signal issued will not arrive at the plant until t = 2.75 4+ D, = 4.25.
Thus, for the purpose of safety, the delay is not fully compensated until time ¢ = 4.25 and only
becomes partially compensated at time # = 2.95. As shown in the Figure 4.6, under controller
(4.67), (4.62), the host clears the obstacle without collision using the shorter-delayed control
input preferentially. Under controller (4.34), (4.36) however, a collision occurs as shown in
Figure 4.7. For both controllers, we include a plot of the input signals in Figure 4.8, and a plot of

barrier function 4, and the function /4 + mh (c.f. (4.84)) in Figure 4.9.
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Figure 4.4. Left: Host (solid blue) initial condition with heading (green) along prescribed
path (dotted blue). Right: Host (solid) blue accelerates to reference velocity. Since path is
obstacle-free, the control effort under controllers (4.67), (4.62) and controller (4.34), (4.36) are
equivalent.
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Figure 4.5. Obstacle (solid red) introduced in path of the host (solid blue)
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Figure 4.6. Obstacle avoidance under controller (4.67), (4.62). Here, the host does not collide
with the obstacle (see barrier function plot in Figure 4.9).
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Figure 4.8. Input signal under controller (4.67), (4.62) (blue) and controller (4.34), (4.36) (red).
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Figure 4.9. CBF value under controller (4.67), (4.62) (blue) and controller (4.34), (4.36) (red).
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4.4 Proofs of Lemmas 4.6 — 4.9 and Proposition 4.5

Proof of Lemma 4.6 (by contradiction). Assume vV # uj.,. Since v solves (4.74), we have

Bia? + Bay 1:p¥at1n > € (4.96)
v
B > c, (4.97)
Ugi1:b
——
2,F

therefore v is in the feasible set of (4.73). Since % solves (4.73), we have

Blu>c (4.98)

ﬁl—ls—aﬁlia + ﬁ;—l;bﬁa-l—lzb >c, (4.99)

therefore 7., is in the feasible set of (4.74). Since v uniquely solves (4.74) and v # u;.,, we have

V)1 < [[#1al>- (4.100)
Now consider ||v']|?
V12 = 1911 + s 12611 (4.101)
— N2 2
< l@1all” + [y 120 (4.102)
= [lul? (4.103)

Since v’ # @ is in the feasible set of (4.73) and ||v'||> < ||@||?, it implies that & does not solve the

QP problem (4.73), which is a contradiction. ]
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Proof of Lemma 4.7. Define

o] o
Nz Nz
O'r* or*
o= |V"|, vi=|V"]|, (4.104)
u Ui
7 i
and let
i r
c=— (th+a(h)+ Zzgkhuok) ~ Y Zyho, (4.105)
=1 k=it 1
JmLy h
m, h
B = vmZy : (4.106)
Ly
- gglh -

where functions i, Zyh, £, h,ug, have suppressed argument x(¢), and @y = @y (r — Dy;); then

QPE*D "in (4.60) can be written as

argmin ||¢]|> subject to
¢

4.107)
Blo>c.
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_D .
Also, QPtj / can be written as

argmin ||v||> subject to
v (4.108)

T T *
ﬁl:r+jv + ﬁr+j+1:r+i¢r+j+l:r+i >c

where ¢* is the solution of (4.107). With the representations (4.107), (4.108), the rest of the

proof follow from Lemma 4.6. [l

Proof of Lemma 4.8. In what follows, we suppress the argument of /(x(¢)) for brevity. When &
appears without an argument, it refers to 4(x(¢)). Now, for all # > D,, it follows from Lemma 4.7
that

h(x(t)) + a(h(x(1))) = z-(t = D;) + Z Ly (4.109)
j=1

—Dy
where z,(+) is as defined in (4.66). Now we consider the two cases for ﬁ?Pt’ in (4.62).

Case 1: §.(t—D,) = y¢(z-(t —D,)) > 0.

_Qpi—Dr . ..
Here, upj o= Oforall j=1,...,r. In addition,

V(2 (t —=D;)) >0 = z,(t—D,) > 0. (4.110)

Therefore, (4.109) becomes

h(x(1)) + a(h(x(1))) = z(t = Dy) (4.111)

>0 4.112)

Case 2: {.(t —D,) = y¢(z-(t — D)) <O0.
Here,

Yr(zr(t—D,)) <0 = z.(t—D,) <0, (4.113)
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and

Yr(zr(t = Dy)) = vz (t — Dy).

Also, by r-consistency of I(x), h(x), ZLrh(x) and Zgh(x) (4.109) becomes

h(x(t)) + a(h(x(t))) = z,(t =D z:: <}’Zr—)> Lyih

2| Lohl?

Yar(t—Dy) ¢ 2
=5 (t—D,)— 2 Y (g
wlf ) mil |-LGh|* = (i)

= Zr(t _Dr) <1 - ZL)

>0, wyxmtl
m

Proof of Lemma 4.9. For all t > D,
h(x(1)) + o(h(x(2))) = Lrh+ a(h) + zr: Ly huj(t —Dj)
j=1

— gfh—f— Ot(h) + Z ggjh <uoj(pj(t —Dj)) —|—ﬁj
=1

+ Z ggjhuj(t—Dj)
j=itl

= ,Sffh—i— (X(h) + Z ggjh (bt()j(pi(l‘ —D,')> +ﬁ?Pi
=

+ Y Zyhofi-D)
j=it1
D;

- Pt r
:Zi(l_ prglh Q Z ,,Zgjh(x)j(l—Di—D“')

Jj= Jj=i+l1

t—D;

(4.114)

(4.115)

(4.116)

4.117)

(4.118)

4.119)

(4.120)

4.121)

(4.122)

The equality in (4.121) uses Lemma 4.7, and the equality in (4.122) uses the definition of z;() in

(—D;

(4.66). Now, consider the two cases for ﬁ?P" in (4.62).
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r

Case 1: §i(t —D;) = ¥¢(zi(t —Di))+ ¥ Lo h(pi(t —D;))wx(t —D; — Dy ;) > 0.

k=i+1
Qpr—Di
Here, u: '

"y = 0 for all j and (4.122) becomes

Mﬂm+a@@@D=aﬁfEH-i;%ﬁ@@—Q—Dn)
j=it+

> }/f(Zi(t—D,‘))-i- Z .,iﬂgjha)j(t—D,-—Dj,i)
j=i+1

j=it
= Gi(t—Dy)

>0

(4.123)

(4.124)

(4.125)

(4.126)

where the equality in (4.125) uses the the i-consistency of I(x(t)), h(x(t)), ZLrh(x(t)) and

Loh(x(t)).

Case 2: Cl'(l‘ —Di) = )/f(zi(t —Dl')) +k Yy lggkh(pi(t —D,‘))(J)k(t —D; _Dk,i) < 0.
=it
Here, (4.122) becomes

. Li(t— D) ¢ 2
h(x hx =2 —D,' — ,,2” h
(x0) + alhtol0) =2t ~D3) = g5 3. (i)
+ Y, Zh(x(t))o;(t—Di—Dj,)
Jj=i+1
_ |-ZG,,.h(pi(t —D)))||*
—Zi(t_Di)_ éi(t—Di) C,-(t—D,)
épi(‘t:Di)
+ Y Zh(pi(t— D))ot —D;—Dj,;)
j=it1 )
éTli(‘tr—Di)

= zi(t — D;) + ni(t — D;) — pi(t — D;) §i(t — D)
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Now, consider the inequality in (4.69). It follows that

1 ZLh(pi(t — Di)|)?

m> £52 (Z,’(I—Dl‘)—f—ni(l‘—D,')—f—S) (4.130)
I Zh(pi(t —=Di)II* (zit —Dy) +nilt — D) + €)
S 52 e+~ D) — ¥(ailt —Dy))’ (13D

since m > 0 and s — ¥y(s) > 0 for all 5. For brevity, we suppress the arguments of .5, z;, and

n;. We have
O et yp() > (bt e) (4.132)
— Zi—Yr(z)) > —(zi+n; :
BZE ¢
mé? (r7(zi) —zi—€) _ zi+mi+e
> , (4.133)
|-Lehl?>  y(zi)+ni Yr(zi) + i
since Y¢(zi(t — D;)) + ni(t — D;) = &i(t — D;) < 0. Simplifying further, we get
52 (1—Z”+””+8> s |6kl zitmi+e (4.134)
Yr(zi)+ni) —  m o Ye(zi)+ i
2 . .
0 S GtMiteE (4.135)

52+ ||‘=5fg1h||2 ~ Yr(z)+mi

H Gl"th 62 1
i if || Z,..h 0 > 0. Therefore, we
|16, hlP+m | Lehl> ~ g2 1ZHI> 16,k > 6>

Note from (4.128) that p; =

have from (4.135) that

Zi(l —Di) + Tli(l‘ —D,‘) + &

:(t — D; 4.136
il )> Yr(zi(t — Di)) +ni(t — Di) ( )
zi(t = Di)+ni(t —Di) + €

= 4.137
G- D)) R

Substituting (4.137) into (4.129) gives
(1)) + a(h(x(2))) > 2t — Di) + 0t — Di) — %( (1-Dy) (4.138)
> —€ (4.139)
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Proof of Proposition 4.5. From Theorem 4.4, we have for all ¢ € [t*,t* + T]
h(x(t)) + o(h(x(2))) > —&. (4.140)
We apply the comparison lemma [39] to the initial value problem

y(it)=—a(y(t))—¢e, telt’t"+T], (4.141)

y(t*) = h(x(t")). (4.142)

Since y(t*) > 0 and € > 0, we have that y decreases monotonically until y = 0. Therefore, it

follows that
y(t)>a N (—g), Ve[, +T). (4.143)
By the comparison lemma, we have

h(x(t)) > a (=€), Vre[t, i +T). (4.144)

4.5 Conclusion and acknowledgements

In this chapter, we studied the problem of enforcing the safety in multi-input nonlinear
systems with distinct input delays using predictor feedback. In particular, we presented two
approaches that preferentially use shorter-delayed inputs for enforcing safety before all input
delays have been compensated. Compared to a naive combination of state-predictors and a

nominal safe-guarding controller for the delay free system where safety-guarantees cannot be
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made until after the longest input delay has been compensated, we showed that the two introduced
methods enforce safety before the longest input delay has been compensated whenever it is
possible to do so. We included illustrative examples to demonstrate the performance of the two
introduced control methods. A possible direction for future work is the study of safety in the
presence of distinct input delays that are non-constant and/or unknown a priori, a problem that is
relevant in many practical systems.

Chapter 4, in part, is a reprint and adaptation of the following papers: (1) 1. Abel,
M. Kisti¢, and M. Jankovié, “Constrained Control of Input Delayed Systems with Partially
Compensated Input Delays”, ASME Dynamic Systems and Controls Conference (DSCC), 2020.
(2) 1. Abel, M. Krsti¢, and M. Jankovié, “Constrained Control of Multi-Input Systems with
Distinct Input Delays”, under review for publication in the IEEE Transactions on Automatic

Control. The dissertation author was the primary investigator and author of both papers.
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Chapter 5

Prescribed-Time Safety for

High Relative Degree Systems

5.1 Introduction
5.1.1 High relative degree control barrier functions

Control barrier functions (CBFs) have become a popular tool for synthesizing safe
controllers for dynamical systems and have been used in a wide range of problem domains:
multi-agent robotics [26,79, 96], robust safety [35,43, 103], automotive systems [4, 74, 102],
delay systems [2,34,57,72], and stochastic systems [19,73,80] to mention a few. First defined
in [98] and later refined and popularized by the seminal papers [4,6], CBFs are often employed
in a “safety filter” framework where they are used for generating safe control overrides for a
potentially unsafe nominal controller. In essence, a nominal controller is designed to achieve a
desired performance objective, and a CBF-based control override is used whenever the nominal
controller is at risk of making the system unsafe.

In its initial conception [4, 98], CBFs were specified for safety constraints of relative

degree one i.e. constraints whose time derivative depend explicitly on the input. The extension
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of CBFs to constraints with high-relative degree was first studied independently in [32,99] with
much progress following in [15,59,100, 101]. In [99], the extension was limited to the relative
degree two case, and in [32] where CBFs of arbitrarily high relative degree was introduced, its
usage for a relative degree r case involves choosing r — 1 bounded, positive definite functions
that satisfy additional derivative conditions [32, Eq. (26)] — a requirement that limits the utility
of [32] for significantly high relative degree constraints. A similar limitation applies to more
recent treatment [100] which requires choosing and tuning r class-.#" functions, whose choice
determines the subset of the original safe set that is kept forward invariant. Building off [99],
exponential CBFs were reported in [59] and allowed the use of simple linear control tools to

design CBFs for high relative degree constraints.

5.1.2 The ‘“non-overshooting control’” roots of high relative degree CBF's

A year before [98], eight years before [4], and ten years before [59], a design for stabi-
lization to an equilibrium point at the barrier was introduced, under the name ‘“‘non-overshooting
control,” in the 2006 paper [50] (following its conference version in 2005). This design possesses
all the attributes of a safety design with a CBF of a uniform and high relative degree! (sans
the CBF terminology) with only the QP step absent since, for stabilization at the barrier, QP is
subsumed in the stabilization design (the nominal feedback and the safety filtered feedback are
the same).

The interest in non-overshooting control in the 1990s came from applications—spacecraft
docking, aerial refueling, machining, etc., with no margin for error in downward setpoint
regulation. The non-overshooting control problem for linear systems, albeit mostly for zero
initial conditions and nonzero setpoints, was solved in [12,65,81].

The paper [50] introduced the following two ideas (translated to the current CBF termi-

nology). First, for a system with a high relative degree CBF, a transformation, by backstepping,

'Uniformity of the CBF’s relative degree gives the equivalence of a general control-affine system with the
strict-feedback class and the convertibility of the safe set, given by the CBF positivity constraint, into a semi-infinite
interval constraint for the first state of the strict-feedback system.
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into a particular target system in the form of a chain of first-order CBF subsystems (resulting
in all real poles in the linear case) is performed. Second, in order to ensure that all the CBF
“states” of this chain begin and remain positive, the positivity of their initial values is ensured
by choosing the backstepping gains in accordance with the initial conditions so the entire CBF
chain is initialized positively.

This chain structure and the gain selection of [50, Eq. (12), (13)], regarded through the
lens of pole placement, were independently discovered in the 2016 paper [59, Cor. 2]. Likewise,
the nonlinear damping choices in the CBF chain in [50, Eq. (53), (54)] was independently
proposed in the 2019 paper [100]. Additionally pursued in [50], but not in [59, 100], was a form
of input-to-state safety (ISSf) in the presence of disturbances. This notion, though not explored
for high relative degree CBFs, is rigorously conceived in [43].

Inspired by non-overshooting control under disturbances in [50], i.e., by stabilization to
an equilibrium at the barrier along with ISSf, mean-square stabilization of stochastic nonlinear
systems to an equilibrium at the barrier, along with a guarantee of non-violation of the barrier in
the mean sense, is solved in [52].

With a nearly negligible QP modification, the stabilizing feedbacks in [50] can be used
in safety filters. Hence, backstepping generates a safety filter with explicit tuning variables that

dictate the exponential approach to the barrier.

5.1.3 Prescribed-time safety (PTSf)

Recent advances in prescribed-time stabilization (PTS) [85] have resulted in time-varying
backstepping controllers that guarantee settling times independent of initial conditions. Exten-
sions have been developed to stochastic nonlinear systems [53], infinite-dimensional systems [21,
90,91], and even coupled systems with finite/infinite-dimensional subsystems [22, 88, 89]. PTS
is a subset of both the finite-time [28] and fixed-time [69] notions (i.e., stronger than both).

The success in achieving stabilization in prescribed time, independent of initial conditions,

inevitably raises the question of pursuing the safety counterpart of the same notion. The
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“translation” from stability to safety may be a bit counterintuitive: while PTS guarantees that the
state reaches the equilibrium no later than a prescribed time 7, PTSf guarantees that the state
cannot reach the barrier sooner than a prescribed time 7.

In what context is such a PTSf property useful? First, it should be noted that PTSf
is “less safe” than exponential safety (ESf). Less safe is useful by not being restrictive for
longer than necessary. If the desired operation is in the barrier’s proximity, and especially if the
desired operation is beyond the barrier, where it is safe to be after time 7, PTSf offers obvious
performance (or liveliness) advantages over ESf. It is even known in the automotive area that
“too safe” may mean possibly unsafe: a follower vehicle that keeps a large distance ‘invites’
vehicles from other lanes to cut in [29].

We distinguish our notion of PTSf from recently defined notions of fixed- and finite-time
safety (FxTSf/FnTSf) in [70]. In PTS, safety is enforced only for a fixed time duration 7', after
which the system is allowed to enter the unsafe set as dictated by the nominal system behavior. In
contrast, FXTSf enforces safety indefinitely and acts in a manner where, whenever the safety filter
kicks in and the nominal system behavior is overridden for a duration of 7' time units, the system
is necessary brought to the boundary of the safe-set at the end of that time duration. FnTSf acts
similarly as FxTSf, but the time duration 7" is dependent on the state and nominal control input
at the time the safety override kicks in. Furthermore, PTSf is also different from the notions of
limited duration safety [61] and periodic safety using fixed-time CBFs [24]. Specifically, [24]
introduced the notion of periodic safety where the objective is to keep a system safe for all
times while enforcing that it periodically (with time period T') visits a goal set inside the safe set.
In [61] the notion of limited duration safety was studied, and like PTSf it implies that a system is
kept safe only for a limited duration 7. While [61] restricts the set of initial conditions—a set
that shrinks as 7 increases [61, Rk. 2]—to be a strict subset of the safe set [61, Eq. (3)], our
notion of PTSf places no restriction on the initial conditions of the system.

Finally, two distinct features of the time-varying backstepping technique make it quite

attractive for use in safety filter design. The first is that, compared to ESf designs, the PTSf
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filters designed with time-varying backstepping do not exhibit large transients when the safety
filter overrides the nominal controller. This is not the case for ESf filters with rapid decay rates:
the so-called “peaking” phenomenon [40,41,92] is exhibited, which can cause some of the states
to become very large near the initialization time, before rapidly converging to the equilibrium.
This behavior can cause large state-derivatives, which, e.g., is undesirable in vehicle systems
where maneuvers causing large acceleration and “jerk” can be dangerous. PTSf safety filter
designs avoid peaking by using small gains near initialization time that only grow large as the
state grows “small”. In essence, PTSf behaves like a smooth, automatic transition from slow ESf
at the initialization time to fast ESf as time approaches the terminal time. The second feature
making time-varying backstepping attractive is the behavior of the convergence it achieves near
the terminal time. PTSf achieves convergence with “infinitely-soft” landing, that is, the state and
all of its derivatives converge to the equilibrium by the terminal time. This feature occurring
in finite time is unique to PTSf, and is desirable because it can ensure, e.g., “‘jerk-free” safety

maneuvers by the terminal time.

5.2 Problem description

We study linear systems in the following chain-of-integrator form

i (t) = u(t), (5.1)
y(t) = x1(t), t > 1o,
with relative degree n, where #y > 0 is the initialization time, x = [x{,...,x,] | € R" is the state

with initial condition x(#p), and u € R is the control input. Our objective is to enforce non-
positivity of the output y(¢) over the finite time horizon [ty,#) + T'), where T is a terminal time
that can be a priori prescribed. As is the case in many safety-critical systems, the control input

will be filtered through a so-called safety-filter which overrides a nominal control input upom
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whenever it violates conditions that lead to y(z) > 0. Distinct to our safety-filter design is that
it only enforces safety for times ¢ € [to,fo + T), and our methodology generates an explicit
safety-filter expression which depends on x(7) and parameters that can be readily tuned for

system performance objectives.

5.2.1 Preliminaries

Our PTSf designs will be generated by the following “blow-up” function:

1
t—ty,T)= ————, t€Eto,to+T 5.2
M (t —10,T) Vit —10.7) 0,00+ T) (5.2)
for m € N>, and the terminal time T > 0, where
T+19—t
v(t—10,T) := +TO (5.3)

decays linearly from one to zero by the terminal time. We denote by mk the rising factorial for

m,k € N, that is,

mk=m(m+1)---(m+k—1); (5.4)

the derivatives of L, are

i (6 =10,T) = Tt —10,T). (5.5)

For the rest of this chapter, we shall use 1, and L, (¢) to denote p,,(t —to, T') for brevity when

there is no confusion. We denote my £?"(x) an nth-order polynomial in x.
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5.3 A second-order design demonstration

We motivate our design with the double integrator

xl(l‘) = XQ(Z),
i (t) = u(t), (5.6)

y(t) =x(t), t=>t.

which can be used to model the longitudinal dynamics of a vehicle, where the states xq, x;
represent the position and velocity of the vehicle respectively, and the input u represents the
longitudinal acceleration/deceleration command. The safety objective is to enforce that the
position x| remains negative for a prescribed time duration 7' during which the system is driven
by a nominal control upon, that can be overridden as needed to enforce safety. One application
of this is the problem of ensuring that an ego vehicle does not violate a red traffic light that is
on for a fixed duration 7', irrespective of driver input. We begin our design by performing a

time-varying backstepping transformation defined as follows

() = —x1 (1) (5.7)

hz(t) = —XQ(I) ‘|‘C1H2(t —l‘o,T)hl(l‘> (5.8)

where c; is a design parameter to be determined. We call the transformed states A;’s barrier
functions to connote the desire to keep their values positive, provided that the initial values
hi(tp) are positive as is typical with CBFs. The positivity of /) (zy) follows from requiring

that the system is initially safe i.e. x| (#)) < 0. For h;(fy), we achieve positivity by choosing

¢1 > max {O, —2 ggg } where we have used s (fo — 19, T) = 1. The importance of the restriction

of ¢ to positive values will become apparent from the dynamics of the target 4-system. Under
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the transformation (5.7), (5.8) and the choice of control

d
Ugafe = Colphy + E(Clﬂzhl) (5.9)
_ 21
= —(c1+c2)taxs —cy Cz,uerT Uaxq (5.10)

where ¢, > 0, the h-dynamics satisfy

d
d—hl = —ciloh +hy
! (5.11)
ih = —Colah
i 2= —C oy

which we will later show converges to the origin in 7' time units for positive constants ¢y, c>
chosen to satisfy the aforementioned conditions. Thus, to enforce that the nominal controller

unom does not make the state x; positive before time ty + T, we apply the safety filter

min {Unom, Usate }, ifto <t <to+T,
U= (5.12)

’/lnom, if 1t Z to + T.

We shall address the continuity of the controller at 7o + 7 when we consider the general n-
dimensional problem in Section 5.5. Now, consider the case where the nominal controller uy,,
is unsafe in the interval [t,%o + T') so that we apply the overriding controller ug,¢. in (5.10), the

solution of the system (5.11) is given as

t
hi(t) = e 1T (1) —1] [hl(fo) —f-hz(lo)/e(cl_CZ)T[‘ul(T)_lldT] ’ (5.13)

Io

hy(1) = e~ THO=py (1) (5.14)

which satisfies A1 () > 0, ha(t) > 0 for ¢ € [to,fo + T') and in particular lim,_, . 7)- 71 (t) =

lim,_, (4 7)- h2(¢) = 0. Thus, in the case of a potentially unsafe nominal control unom, we have
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X1 (t) < 07 re [IOJO + T) and limt*)(l(rl»T)*xl (l) =0.
In the next section, we present a simulation and interpret the results of our second-order

safety-filter design.

5.4 Simulation and interpretations of design
5.4.1 PTSf versus ESf: The peaking phenomenon

We return to the double integrator (5.6). Suppose that the nominal control input uyop, 1S
at risk of making our system unsafe, and we wish to design a time-invariant safety filter that
overrides the nominal controller and takes the system to the origin. This problem was studied
in [59, Sec. 3.B] for input-output linearized systems via pole-placement (which inherently relies
on the backstepping method—see [59, Rk. 5]), which achieves exponential convergence to the

origin with arbitrary decay rate. We define the barrier functions

hy = —y, (5.15)

hy:=—x,+phi, p>0, (5.16)

with the goal of keeping /#; > 0 uniformly. Consider the following time-invariant safety filter

designed as in [59]:

u=min {unom, — (2p* 3p)x},  fo<t<oo, (5.17)
with
p> max{O,—xz(to) } (5.18)
x1(to)

Suppose the safety-filter overrides the nominal controller at t =ty +7 < oo and continues to

enforce safety thereafter (i.e., u(r) = — (2p* 3p)x(t) for all t > 19+, placing the closed-loop
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poles for the x-system at {—p,—2p}). Then the closed-loop system (5.6)—(5.17) is given by

~ 2_e_p(t_l0) l _ M
x(1) = e P01 P P x(19+1). (5.19)
20 (e—p(r—ro—f) _ 1) 2e—P—10—1) _ |

If we wish to achieve large exponential decay when the system is unsafe, we can select

p > max {O, —f‘l’ggg} as large as desired. However, for small t — fy — 7, the righthand side
of (5.19) can be very large depending on the size of p (in particular, x, grows with p). This
illustrates the “peaking” phenomenon, which was studied for ODE control systems in [40,41,92].
The celebrated work of Sussmann and Kokotovic [92] has exposed the possibility of disastrous
outcomes in input-output feedback linearization, where rapid regulation of the output can
have catastrophic consequences on the zero dynamics. Moreover, due to the structure of the
feedback (5.17), even for systems with a full relative degree (systems without zero dynamics, as
above), the control input becomes extremely large near time ¢y 7.

In the context of safety, if (x1,x;) represent position and velocity, seeking time-invariant

safety filters with large exponential decay (p > max {O, —ﬁgg; }) results in a very large and

rapid transient response in the velocity, which is undesirable as it causes a large “jerk” to the
system.

For our time-varying safety-filter (5.17), the control gains are chosen to initially start
quite small and depending on the initial conditions (see (5.10)), and only grow very large
simultaneously as the states grow very small and as time approaches the prescribed terminal
time. This eliminates the possibility of peaking.

We now compare these results graphically to demonstrate the advantages of time-varying

backstepping. We perform numerical simulations for the double-integrator system under the
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nominal controller

Unom = —k121 — k222, (5.20)
71 = x1 +asin(or) + b, (5.21)
7220 =xp +awcos(wt), (5.22)

withk; =ky =4,a=1,b=0.8 and @ = 27 /T where T = 4 is the prescribed time. The initial

condition is chosen as x(0) = (—4,2) ". For safety, we use our time-varying PTSf safety-filter

(5.12), (5.10) with choice of gains ¢co = ¢; = max {0, —ﬁfggg } 4 0.1 = 0.6 and use ramp function
(5.28) with m = 2 and T = 0.5 for controller continuity at ty + T (see Section 5.5, Eq. (5.28)
for details). For comparison, we use the time-invariant ESf safety-filter (5.17) with p = 0.6 and
p = 3.2. The choice p = 0.6 was made to allow a gain equivalent to the initial gains ¢ u(0),
c1M2(0) of PTSf, and the choice p = 3.2 was tuned to make ESf less conservative and to react at
around the same instant as PTSf. For numerical stability near the origin, we clip the blow-up
function p; at a maximum value U nax = 1000 — which still allows the PTSt gains grow to
several orders of magnitudes larger than p = 3.2. The system trajectories under PTSf and ESf
are shown in Figure 5.1 where we observe the ESf filter with p = 0.6 being overly conservative,
overriding the nominal trajectory much sooner, despite being significantly far from the barrier.
With p increased to 3.2, the ESf filter becomes less conservative like PTSf but at the cost of a
significantly higher jerk as evident in Figure 5.2. In essence, while ESf can be tuned to be less
conservative like PTSf by choosing larger gains, it comes at the expense of a significant jerk.
Lastly, as evident in both figures, the PTSf filter eventually allows the system evolve freely after
the prescribed time 7 = 4 has elapsed.

We now present our prescribed-time safety-filter design for the nth order chain-of-
integrator systems. While the time-varying backstepping technique is applicable to a wider
class of systems (nonlinear strict feedback ones), we opt for increased clarity by limiting our

exposition to linear systems.

94



25 System trajectory os Output x;(t)
T T . T T
A
1\
2 s ~ - 0 1 \
\\ [’ \
\\ /\“
15 N\ - 05 3 |
\ ’jc \‘\ |
1+ \\§ B 1+ | \‘ /’
. w‘ \ |
05 4 15} v/
I | ] /
8 (
oF 4 2 \/
05~ - nominal . 25 /
ESfp=0.6 / - - nominal
1 H N 3 / 4
—ESf p=3.2 / ESf p=0.6
\sll—PTSE , s —ESfp=32
——barrier / PTSt
2 1 1 1 1 1 1 L 4 | L L L L
-4 -3.5 -3 2.5 -2 -1.5 -1 -0.5 0 0.5 0 2 4 6 8 10

T t

Figure 5.1. System trajectories (left) and outputs (right) for double integrator under nominal
controller (5.20) with terminal time 7" = 4, and initial condition (x1(0),x2(0)) = (—4,2). The
PTSf safety-filter uses (5.12), (5.10) with ¢; = ¢; = 0.6 while the ESf safety-filter uses (5.17)
with p = 0.6 and p = 3.2 — the latter value tuned to make ESf react at the same instant as PTSf.
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Figure 5.2. Left: Control signal. Right: Jerk during intervals when nominal command is
overridden. When ESf is tuned (p = 3.2 case) to be less conservative like PTSf, the magnitude

of the jerk increases significantly.
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5.5 Nth-order chain-of-integrators design

We recall the system of interest:

y(t) =x1(2), t > 1.

(5.23)

We aim to design a safety-filter such that y(¢) < 0 uniformly over the finite time horizon

[to,t0 + T); that is, we wish to only enforce safety while it may be needed. We reproduce the

barrier function treatment in Section 5.3 by defining the one-dimensional barrier functions, for

t € lto, 10+ T):

h; == —x,-+oci,1()_cl-_1,t), i=1,...,n,
OCO(&O?” = 07

d .
(X,‘()_Ci,l‘) = C,‘/.LQh,'-i-E(Xi,l(gi_],t), i=1,...,n,

with the safety-filter

min {unom, On(x,,1)}, ifto <t <ty+T,
u =

unomg(t,x1(to+T)), ift>1+T,

for the “ramp” function

(

LVt —tg—T.T), ifxi(tg+T)=0,
g(t,xi(to+T)):= to+T <t<ty+T+T

1, otherwise.
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where m € N and T > 0 are design parameters. The role of g in the product unomg(2,x1 (fo+T))
in (5.27) is to ensure that the control law is continuous at t = fo + T, since we will show that
the feedback law a,(x,,t0+ 7T) = 0 (cf. Section 5.6). Hence, (5.27) overrides a potentially
“dangerous” nominal controller only for 7" time units.

Strictly speaking, the safety-filter min {unom, @y (x,,#)} from (5.27) during times 7y <

t <to+T is the solution of the QP problem

u = argmin |v— unom|2 subject to
VeR (5.29)
v <oy

where constraint v < @, is equivalent to %hn ~+ cpohy, > 0 under input v. Therefore, we refer to
our design as a QP-backstepping PT-CBF design.
With the safety-filter (5.27), the CBFs satisfy

d
Ehi:_ci.UZhi‘f‘hH—h i=1,....n—1, (5.30)
d
Ehn > —cplohy, (5.3

for t € [tg,t0+ T). We can now state our main result.

Theorem 5.1. If the system (5.23) is initially safe and away from the barrier, that is y(ty) < —E&,
€ > 0, then the controller (5.24)—(5.27) ensures that y(t) < 0 for all t € [ty,to+ T) for the initial

control gains

ci >max{ci_1,¢;}, i=1,....n—1, (5.32)
cp >0 (5.33)
where

_ xix1(t0) — g 0i-1(x;_4 (f0), 70)
o oi(xi (f0),to) — xi(to)

(5.34)
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Moreover, the control law (5.27) is uniformly bounded provided that unem is continuous® in the

interval [to,t0+ T).

Remark 5.1. While not characterized in Theorem 5.1, if the safety filter overrides the nominal

controller over the time interval [ty +1,to+ T) for some t < T, then the convergence of the

d*hy(t)
drk

CBFs to zero with be “infinitely-soft”: in other words, all of the derivatives keN,
will also converge to zero by the terminal time to+ T. This also holds true for the x-system
states. This is advantageous in many applications, e.g., when performing overriding safety
maneuvers for vehicles, this feature ensures the maneuver to be “jerk-free” at the terminal

time. See Section 5.6, and in particular, (5.76) and (5.78) for the mathematical treatment of this

“infinitely-soft” convergence.

We now pursue a proof of Theorem 5.1.

5.6 Proof of theorem 5.1

The structure of our proof comes in two parts: one to establish non-positivity of y(¢) for
t € [to,to+ T); and another to establish uniform boundedness of the control law which filters
the nominal controller to enforce safety. While these two parts are intimately connected, each
part requires different treatments. To ensure positivity of 4 (¢) for ¢ € [tg,f0+ T), it is enough to
invoke the control barrier constraint (5.31) and our choice of control gains (5.32). On the other
hand, due to the possible switches in control input between upoy and @, in (5.27), one must take
care to ensure uniform boundedness of the control input u# = ¢,, whose gains increase with time
according to (5.26) even when u = upom. To this end, we first present the following commutativity
property of the “blow-up” function (5.2) which we will leverage to show controller boundedness.

To simplify our presentation, we take 7y = 0 henceforth.

’The result of Theorem 5.1 hold if upon, is only bounded so long as the nominal system is well defined.

98



Lemma 5.2. Form € Nand 0 <t <t <T, the “blow-up” function (5.2) satisfies

[.Lm(l,T) = [.Lm(f,T)u,n(l—f,T—f).

Proof. It follows directly from the definition (5.2):

(5.35)

(5.36)

(5.37)

(5.38)

]

To demonstrate controller uniform boundedness, we must leverage the fact that our

feedback law invokes PTSf whose convergence dominates the rate of divergence of the time-

varying control gains in (5.26). To accomplish this, we characterize the following property of

our closed-loop system.

Lemma 5.3. For ¢ > 0, the ith derivative of the function

g (t) = eiCT(”l (sz)il)

satisfies

Proof. We compute the first derivative according to (5.5):

(1)

=0 = ey (s, T)e T T
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An application of I’Hopital’s rule to (5.41) twice verifies (5.40) for i = 1, since

. dE(r) T 1 —cT
lim =22 — —2¢eT t.T)e cTm@T) 5.42
z%lr]r"l— dt e tAHYI"l— Ha(t,T)e ( )
2
= —2¢ceT lim =0. (5.43)

T—> 400 eCTT

For successive derivatives, we rely on the general Leibniz rule to study the time-varying structure

of the expression:

dig()  d7! T(at,T)-1)
> = 202 (e, T)e T ) (5.44)
i—1 1 di—k—l
_ —2cZ ( )uz(k ) dti_}fff) (5.45)
-1 2k 1 difk 1
=-2c Z Tk ( X ),u2+k(t,T)dﬂ.—k§1(l). (5.46)

We assume by induction that (5.40) holds for the (i — 1)th derivative such that

= 2207 () (1, 7)) E(1); (5.47)
it follows from applying 1’Hopital’s rule to (5.44) with (5.47) i + 2 times that (5.40) holds for all
ieN. [

We can now proceed with the proof of Theorem 5.1, where we select 7y = 0 for clarity.

Proof. We first pursue non-positivity of y(¢) under (5.27), (5.32), (5.34). The system beginning
from safety, that is, y(tp) = x1(t9) < 0, implies that A (79) > 0. We proceed by induction: suppose

hi(tp) > 0 for some i = 1,...,n— 1; it follows from (5.30) and differentiating (5.24) along (5.23)
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that

d
hi+1 (l‘o) = C,'hi(t()) + Eh,’(l‘o) (5.48)
d
= cihi(to) — xit1(to) + 2% (x;—1(20),10)- (5.49)

Our initial control gains (5.32), (5.34) are designed so that

d
cihi(ty) —xip1(to) + E(Xl;l (x;_1(t0),20) >0, (5.50)
where we’ve used (5.24). We now show that /;(zp) > 0 for all i = 1,...,n is a sufficient condition

for non-negativity of h;(t) fort € [tg,t0+ T). Applying the Comparison lemma and variation of

constants formula to (5.30), (5.31) gives

t 1 '
hi(t) = hi(to)e_cifto Ha(s)ds | e il by, (1) dr, (5.51)
fo
ha(t) > hy(to)e” " Jig b2 (s) ds (5.52)
>0, (5.53)

fort € [to,t0+ T). Substituting (5.53) into (5.51) for i = n— 1 yields

t t
By 1(£) > By (t9)e 1 0 B2)ds 0y /

Io

[e—cn_lJzuz(s>dse—fn.fz$#2“>ds dt (554

> hyy(fg)e o P20 (5.55)

> 0. (5.56)
By using (5.53), (5.56) and by proceeding by backwards strong induction, it follows that

R (t) > hy(rg)e o #20)ds (5.57)
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which is equivalent to

¥(t) = x1(£) < xi (tg)eHo)ds (5.58)

<0. (5.59)

forallt € [tg,10+T).
We now pursue uniform boundedness of the the control law (5.27). We partition the time
horizon [0, T') into intervals for which the system is either deemed safe or unsafe according to

our safety filter by defining

min{fy_; <t <T :upom(t) = y(x,,1)}, if it exists,
Iy = (5.60)

T, otherwise,

for k € N with ¢ty = 0, where

0.7)= U [tet) (5.61)
keNU{0}
i1 <T

We have constructed this partition such that the control law (5.27) remains continuous at fy,
precluding Zeno behavior of the closed-loop system. Since the system is initially safe, 1} = T
represents the first time that safety is enforced by (5.27). For t € [tok, 21 +1), K € NU{0} and

taxr1 < T, we define the CBFs

h = —xi+ o (o, — ), (5.62)
d
(XiZk()_Cl-, t— l2k> = Cl-zk‘uz (l‘ — D, T— Z‘Zk)hl-Zk + Eal{kl ()_Cl-_l = t2k) (563)
fori=1,...,n, with
od* (xg,t —124) = 0. (5.64)
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It follows from (5.27) that during these intervals, the CBFs satisfy

d
Ehz’c Mo (t — tog, T — top )R + 2% (5.65)
d

I = —ttnom + —- 0L (3,1, — 120), (5.66)

fori=1,...,n— 1. Similarly, for ¢ € [t);_1,t2t), kK € N and tp; < T, we define the CBFs

th 1 2k— 1(

—Xi+ 00 (X1, —tor—1), (5.67)

_ d _ _
o xt— 1) = E‘XZk Yoot =t )+ (t =t 1, T =ty ) (5.68)

fori=1,...,n, with

o3 (xg,t —tar_1) = 0. (5.69)

It follows from (5.27) adapted as u = Oc2k 1( x,,t —ty;—1) that during these intervals, the CBFs

satisfy
d
dchk V= = N (t—ty1, T =ty )R T+ 032, (5.70)
d 5 _
i == (= e T =t )iy (5.71)

fori=1,...,n—1. We select c? = ¢; according to (5.32), (5.34), and we select
Cl-c:Cf_lluz(l‘k—l‘k_l,T—l‘k_l), k € N. (5.72)

Since agk(go,t —ty) = agkil(&),t —t—1) =0, it follows that h%k(tZk_l) = h%k’I(IZk_l) for
k € N. Furthermore, by applying our initial gain selection (5.72) to (5.67), (5.68) and comparing
them to (5.62), (5.63) at t = to;_1, we deduce that h?*(tp;_1) = h?* (1 1) fori=2,...,n. The

same treatment leads to the equalities 17 (ty) = h2*~!(ty;) for i = 1,...,n. Hence, our initial

gain selection (5.72) for each time partition in (5.61) ensures that the system dynamics remain
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continuous at every time. In fact, it simply tracks the growth of the “blow-up” function i, over
the time intervals.
Furthermore, we can leverage Lemma 5.2 and our initial gain selection (5.72) to show

that

[] (e =1, T — 1) = a2, T); (5.73)
keN

in other words, the CBF design over the partitioned set (5.61) is consistent with the design (5.24)—
(5.34).

Fort € [tog,tok+1), k € NU{0} and 151 < T, the system is safe and the nominal control—
which we assume to be uniformly bounded (continuous over a compact time interval)—is being
applied. For t € [tox_1,t), k € N and tp; < T, we must estimate the size of the time-varying
input to verify that it is bounded.

To this end, we first study the stability of (5.70), (5.71). We can solve (5.71) explicitly to

obtain
h%k_l(z) — e_cﬁkil(T_Qkfl)(.ul (t_tz’H7T_t2k*1)_1)h%k_l(IZk,l), (5.74)
whereas for i = 1,...,n— 1, we have the relationship

2k—1 — Tty t—tog—1,T—top—1)—1) 1. 2k—1
h? (t)=e € (T—tok—1) (1 (t—t2k—1,T —t2—1) )hi (ta—1)

5.75
N t eicl_zkflféuz(zftz,{,l,T*tzkfl)dzhl._i_l(’r)dT. ( )

k-1
We apply Lemma 5.3 to (5.74) to establish that successive derivatives of (5.74) will converge to

zero by the terminal time:

drh2k—1 t
lim n—() =0, tre [Z‘Zk,l,Ti], (5.76)
=T~ dt”
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forr e NU{0}. Fori=1,...,n— 1, we compute

a1 ()

w7 (e_ciz}ﬁl(T_tZkfl)(.ul(t_tZkflvT_tZkfl)_])) ) (5.77)

Sl

= hip1 (1) + B (1)

By applying Lemma 5.3 to the second term within (5.77), and by backward strong induction
on (5.76), we get for r e NU{0}
a1

lim —————~==0, i=1,....,n—1. 5.78
tiI%l* dt” ! " ( )

Hence, we have shown that when the nominal controller is overridden by our safety filter to
enforce safety during ¢ € [t;_1,t), k € N and 1 < T, our time-varying backstepping design
ensures that the CBF converge very smoothly to zero by the terminal time—indeed, all of their
derivatives also converge to zero by the terminal time.

By using (5.70) within the derivative term of (5.68) in an iterative fashion, we can verify

by induction that (5.68) for i = n is equivalent to

2U—1 'S d (o d g
o, ()_Cnvt_tZk*I) = Z w (hn—r - Ehnr1>

r=1 (5.79)
it =ty , T —ty )1
We conclude from (5.76), (5.78) and applying I’ Ho6pital’s rule to (5.79) as before that
0 (ot — o) | <Aoo, V1 E [tart, 1), (5.80)
for k € N and rp; < T. This concludes our proof of controller uniform boundedness. ]

Corollary 5.3.1 (Rescue to Safety in Prescribed Time). If the system (5.23) is initially unsafe,
that is, if y(to) > €, € > 0, then the controller (5.24)—(5.27) ensures that y(to+ T ) = 0 for the
initial control gains selected as in (5.32), (5.33). Moreover the control law (5.27) is uniformly

bounded provided that unom is continuous in the interval [ty,to+ T ).
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Proof. The proof follows by noticing that the barrier function definitions (5.24), choice of initial
gains (5.32)—(5.33), and control law (5.27) lead to the same target system (5.30)—(5.31), but
with initial condition ) (fy) < 0, h;(fg) > 0, for i = 2,...,n. Using a similar argument as in

Theorem 5.1, we arrive at the same lower bound on /(¢) in (5.57) which leads to

Y(to+T) =hi(to+T) =0. (5.81)

5.7 Preservation of nominal prescribed-time stabilization
performance

One advantage of PTSf safety filters over infinite-time ESf filters is the ability to enforce
safety without destroying finite-time performance of the underlying nominal system. In particular,
for systems where the nominal control objective is to be achieved in finite time as is the case in
prescribed-time stabilization (PTS), the ephemeral nature of PTSf makes it possible to enforce
safety, and retain the finite properties of the nominal controller. To illustrate this advantage, we

consider the following example. Consider the following nonlinear strict-feedback system

i1(1) = xi () +x2(1)
x2(t) = u(t) (5.82)
y(1) =x1(t), =1,
where the safety-objective is to keep the system output y(¢) negative for all times 7 € [0,T) with
T = 1. The nominal controller is designed to stabilize the system to the origin in the same

prescribed time 7' = 1 time units. We first transform the system into double integrator form using

state transformation
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21 (1) =x1(2), (5.83)

22(t) = (1) +x2(2), (5.84)
leading to
21(1) = 22(1)
2(r) = v(t) (5.85)
y(1) =21(t), =10
with

v(t) =2z1(t)za(t) +u(r). (5.86)

For the nominal controller, we use a prescribed-time stabilizing (PTS) controller as in [45] for

the transformed system. Specifically, we use

Vnom (1) = —K U2 (1)z(t) (5.87)

K=[w* 2{0] (5.88)

with @ =4 and { = 0.1. Starting from initial state (x;(0),x,(0)) = (—1,—1) which corresponds

to (z1(0),22(0)) = (—1,0), we apply the ESf filter
v(t) = min {vaom(t), —3pz2 —2p%21} (5.89)
with p = 1.2 (low-gain ESf) and p = 10 (high-gain ESf); and the PTSf filter
v(t) = min {Vnom(t)7 —(c1+c2)lhrza —c1 (Czuz + %) J15%4] } (5.90)

T
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with initial gains ¢; = ¢, = 1. In all three cases, the resulting control v for the transformed

z-system is used for the original x-system via

u(t) = v(r) — 2x1 (x4 x2). (5.91)

The low-gain ESf filter (p = 1.2) is tuned to be initially as restrictive as the PTSf controller,
overriding the nominal control by the same amount, while the high-gain ESf filter (p = 10)
is tuned so that the output arrives sufficiently close to the boundary of the safe-region by the
terminal time, thereby retaining the PTS property as much as possible. The resulting plots are
shown in Figure 5.3 and Figure 5.4. While the PTSf filter initially limits the rate of approach
to the y(#) = 0 boundary to enforce safety, it still preserves the prescribed-time stabilization
property of the nominal PTS controller. For the high-gain ESf filter, the system gets sufficiently

close to the boundary of the safe-set at the terminal time; however, choosing the appropriate ESf

0.5 X1 \(t)
— barrier
—nominal (PTS)
ESf, p=1.2
—ESf, p=10
PTSt
° >~
o x10°
— 0 ————
8 5 —_
4 / !
-0.5 08 09 1 |
o fe i

Figure 5.3. Output for strict-feedback system (5.82) under nominal PTS controller (5.87) with
terminal time 7" = 1, a PTSf filter with terminal time 7 = 1, an ESf filter with p = 1.2, and an
ESf filter with p = 10.
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Figure 5.4. Input signal for strict-feedback system (5.82) under nominal PTS controller (5.87)
with terminal time 7 = 1, a PTSf filter with terminal time 7 = 1, an ESf filter with p = 1.2, and
an ESf filter with p = 10.

gain p requires more effort from the designer, unlike in PTSf where the designer only chooses
the terminal time to match the terminal time of the nominal PTS controller, and gains ¢y, ¢
according to the explicit prescription in (5.32). Also evident in the figures is the infinitely soft
convergence of the output, internal state x; (Figure 5.5), and input under the PTSf filter — a

property that is of importance in practical applications.

5.8 Conclusion and acknowledgements

In this chapter, we present a safety filter design for strict-feedback systems that enforces
state constraints for an a priori prescribed time. Our design uses a time-varying backstepping
transformation with gains that grow as time approaches the terminal time. Despite the use of
gains that grow towards infinity, we show that our safegaurding controller remains uniformly
bounded provided that the nominal controller is uniformly bounded.

Compelling future research directions include: studying predictor-based safety filter
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Figure 5.5. Internal state x, for strict-feedback system (5.82) under nominal PTS controller (5.87)
with terminal time 7" = 1, a PTSf filter with terminal time 7" = 1, an ESf filter with p = 1.2, and
an ESf filter with p = 10.

designs to compensate for input delays which are omnipresent in applications, characterizing
and compensating for the effect of persistent disturbances appearing on the right-hand side of
the dynamics, and developing a discretization algorithm that preserves the properties of our
prescribed-time safety filter. Lastly, QP-based safety filters are only pointwise optimal and do not
minimize a meaningful cost function over the duration of safety enforcement. However, recent
results on the design of inverse optimal (infinite-time) safety filters [49], and inverse optimal
prescribed-time stabilizing controllers [53] have made promising the prospect of studying the
design of inverse-optimal prescribed-time safety filters.

Chapter 35, in part, is a reprint and adaptation of the following papers: (1) I. Abel, D.
Steeves, M. Krstié, and M. Jankovié, “Prescribed-Time Safety Design for a Chain of Integrators”,
IEEE American Control Conference (ACC), 2022. (2) 1. Abel, D. Steeves, M. Krsti¢, and
M. Jankovié, “Prescribed-Time Safety Design for Strict-Feedback Nonlinear Systems”, in

preparation for publication in the IEEE Transactions on Automatic Control. The dissertation

110



author was the primary investigator and author of both papers.
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