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On the Extrinsic Geometry of Conformally Embedded Hypersurfaces

Abstract

The relationship between the boundary of a manifold and its interior is important for studying
many problems in science, as it allows us to predict the behavior of certain problems that can
be modeled by partial differential equations. We study bulk-boundary relationships for conformal
manifolds. A key tool for analyzing conformal manifolds is tractor calculus. By comparing the
conformal structure in the interior with that of the boundary, we provide a complete hypersurface
tractor calculus and develop a conformally-invariant characterization of the extrinsic curvature of the
embedded hypersurface. These tools provide a characterization of families of conformal manifolds
with boundaries that are of particular interest to physicists: so-called Poincaré—Finstein manifolds
and Willmore manifolds. Furthermore, we produce a series of conformally-invariant hypersurface
operators and curvatures in boundary dimension four and discuss generalizations of these objects

to arbitrary dimension.
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CHAPTER 1

Introduction

1.1. Motivation

Central to science is the ability to specify data at a given time or place and make predictions
about other times or places where that data was not specified. Indeed, the scientific endeavor’s
success relies on universal laws that relate quantities now or here to quantities then or there. Often,
such relationships are described by differential equations, and the input data is given in the form
of initial values or boundary values. We will refer to all such problems as boundary value problems
(BVPs). To describe such a problem generally, we treat BVPs as the specification of an object (i.e.
a function, a tensor, or an operator) on the boundary of some smooth manifold. That specification,
along with some prescribed relationship, is then used to predict the behavior of the same object
away from the boundary.

One such particularly interesting class of BVPs are those where the conformal infinity of a
(pseudo-)Riemannian manifold is specified (see Section 5.1 for details). When the underlying man-
ifold has a Lorentzian signature, then one can use these BVPs to study scattering of fundamental
fields or to study the causal structure of the manifold itself. In Riemannian signatures, we can use
these BVPs to better understand systems that are invariant under local changes in unit systems:
those that have local scale symmetries. Such systems are called conformal structures and will be
our primary focus.

In the general relativity setting, the study of smooth and complete Cauchy slices as initial data
is important for understanding the causal structure of solutions to Einstein’s field equations on a
manifold. Thus, it is natural to examine the geometric constraints on these Cauchy slices. In the
specific case where the cosmological constant is negative, we can view the conformal compactification
of the Cauchy slice as a conformal manifold with Euclidean signature. In that case, the geometric

constraints on a smooth Cauchy slice specify a conformal BVP which has been well-studied; a



seminal result of Andersson, Chrusciel, and Friedrich |2] characterized the allowed boundary data
sets so that the Cauchy slice is smooth and complete. This result (and others) suggest a deeper

connection between the causal structure of spacetime and conformal BVPs.

Another motivation for studying conformal BVPs is a proposed relationship between type 1B
string theory in an asymptotically AdSs x S® and A = 4 supersymmetric Yang-Mills on its four-
dimensional boundary—called the AdS/CFT correspondence— proposed by Maldacena [60]. In
particular, one can view this correspondence as a prescription for the relationship between bound-
ary data and the interior, effectively specifying a BVP where the boundary data is some matter
content and a conformal structure. Since this proposal, many explicit relationships have been found
between properties of the conformal theory on the boundary and the gravitating theory in the AdS
spacetime. One early such result by Henninson and Skenderis [55] is the relationship between the
Weyl anomaly on the boundary CFT and a particular conformally-invariant geometric quantity
found in the Laurent series expansion of the infinite volume of the AdS bulk (see Section 6.4 for
more details).

Later, the Bekenstein—-Hawking entropy [8, 54| (reproduced in another setting by Strominger
and Vafa [76]) was explicitly reproduced by Ryu and Takayanagi in 2006 [70,71| in the classical
limit of the AdS/CFT correspondence. A consequence of their result is a proposed generalization of
the Bekenstein-Hawking entropy: that the entanglement entropy of a given state on the CFT side
of the AdS/CFT correspondence is given (in natural units) by one quarter of the surface area of a
particular spacelike codimension-2 submanifold attached to the boundary and extending into the
bulk. Again, this suggests that there is a fundamental relationship between a geometric quantity
(the area of a particular codimension-2 submanifold attached to the boundary) and a quantum
quantity (the entanglement entropy of the state in the CFT). Various other “dictionary entries,”
relating geometric quantities in the bulk to observables of the boundary CFT, have since been
proposed. Notably, in 2014, Susskind [74,78,79] proposed a correspondence between the quantum
complexity of a system on the boundary CFT and the volume of a particular associated region in
the AdS bulk.

Thus, we study the geometric properties of BVPs on conformal manifolds in a general setting.
2



1.2. Organization

The next section provides a brief overview of some important aspects of Riemannian differential
geometry and lays out the notation that will be used throughout this dissertation.

Chapter 2 begins by contrasting conformal geometry with Riemannian geometry. From there,
a conformally-invariant tractor calculus on conformal manifolds is built, much like how one builds
the tensor calculus on Riemannian manifolds. For those who are familiar with the standard tractor
construction, we recommend skipping all but Section 2.5, where somewhat arcane (but useful)
tractor operator results are provided.

In Chapter 3, we provide a comparison between the standard treatment of hypersurfaces in Rie-
mannian geometry and its analog in conformal geometry. Using well-known results in the conformal
setting, we provide new tractor relationships that mimic classical results for Riemannian geometries.
At the end of the chapter, we provide an explicit description of geometric holography, the notion
that we can learn about the boundary of a system by studying solutions to a prescribed differential
equation in the holographic bulk.

In Chapter 4, we conclude our exposition of new tools developed for conformal hypersurface
calculus by introducing conformal fundamental forms—conformally-invariant tensors that charac-
terize extrinsic curvatures of an embedding. These are generalizations of the well-known second
fundamental form and provide a basis for understanding extrinsic conformal hypersurface geometry.
Due to complications in constructing conformally-invariant tensors on a conformal manifold, we
provide two distinct constructions for these tensors: one which does not generate the entire family
of conformal fundamental forms but is applicable in all dimensions and another which does generate
the entire family but only applies when the bulk dimension is even.

In Chapter 5, we give a first application of these conformal hypersurface geometry tools. In
particular, given a conformally-compact manifold, we prove that there is a one-to-one correspon-
dence between conformal fundamental forms vanishing on its conformal infinity and the manifold
being asymptotically Einstein. This result suggests that these conformal fundamental forms are
obstructions to such a manifold being Einstein. In this chapter we also investigate a generalization
of the celebrated Willmore invariant and find that it can be almost entirely characterized in terms

of the conformal fundamental forms.



Chapter 6 contains a series of lengthy computations where we explicitly use the conformal
hypersurface geometry described in Chapters 3 and 4 to compute certain conformal hypersurface
invariants of particular interest, including the Weyl anomaly for a four-dimensional CFT as well as
the Willmore energy and corresponding invariant for a hypersurface embedded in a five-manifold.

We conclude with proposed future work in Chapter 7, including investigations of higher codi-
mension conformally-embedded submanifolds, global phenomena using the calculus developed, and
new families of conformal manifolds. Appendix A gives an introduction to the software used to

generate many of the results in this dissertation, FORM [83].

1.3. Riemannian geometry and notations

The geometry of smooth manifolds with well-defined notions of both distance and angle takes
place on Riemannian manifolds. Throughout, we will restrict our considerations to manifolds of
dimension 3 or greater. A Riemannian manifold can be described by a pair (M? g) consisting
of a d-dimensional differentiable manifold M? and a rank-2 positive-definite (and thus invertible)
symmetric tensor field g known as the metric tensor. Given a point x € M, the metric tensor
assigns to each tangent space T, M an inner product, so that for u,v € T, M, we can write (u,v),, :=
gz(u,v). Then, the magnitude of the vector u can be defined in the usual way via |ulg, := \/gz(u, u),

and the angle 6 between vectors v and v is given by

Importantly, it is the existence of the inner product that allows for an invariant notion of length
and angle to be defined. In pseudo-Riemannian settings (like Lorentzian manifolds, which of are
particular physics interest), the requirement that the metric tensor be positive-definite is relaxed—
although it must still be invertible. Much of what will be said in this dissertation can be generalized
to pseudo-Riemannian manifolds, but we restrict our discussion to those with positive-definite metric
tensors.

L which sim-

Because the metric tensor is non-degenerate, it also has a well-defined inverse g~
ilarly assigns to each point x € M an inner product on the cotangent bundle Ty M. Thus, lengths

of and angles between covectors can just as well be defined in similar ways to those given above.
4



In a coordinate patch of M with coordinates (z',...,2%), we can write a vector u € T, M as

u = u® 82“ and a covector a € T;M as a = a,dz®, where indices take values between 1 and d

and repeated indices are implicitly summed over via the Einstein summation convention. Because g
defines an inner product on pairs of vectors in T, M, we can write g = ggpdz®da®. Further, because

dm“(%) = 0y where ;' is the Kronecker delta, we can thus write

92 (u,v) = gapu®e’

and

gabuavb

\/ 9cdYef ucudvavf ’

where we have dropped the subscript  when it is clear from context. In this notation, we can write

cosfh =

|u|§ = gapulub.

Observe from the above computations that vectors can be represented by symbols with “upper”
indices like u® and similarly covectors can be represented by symbols with “lower” indices like ay.

L can be

In a similar fashion, the metric tensor g can be represented by g, and its inverse g~
represented by ¢g?. For the tangent and cotangent bundle of M (and their tensor products), we
will explicitly use letters from the first part of the Latin alphabet for abstract indices. In general,
more complex tensor structures can be represented by combinations of upper and lower indices, 7.e.

one might represent a type (m,n) tensor T by T %m;, 4 . This notation, where tensor structures

1
are represented by their index structure, is often called Penrose’s abstract index notation [65] and
will be used throughout this dissertation. Note that in this notation, these indices do not take on
numerical values, nor do the symbols with indices represent sets of scalar fields—this is merely a
tool for representing tensor operations. Moreover, no choice of coordinates is made. Alternatively,
sometimes we will place (co)vectors in the place of the abstract indices to represent the appropriate
contraction so that, for example, for vectors u,v € TM one might write gy, = gapuv’.

To denote tensor symmetries, we will use round brackets for the symmetric part of a given tensor
structure so that, for example, v,(pe)q = %(vabcd + Vgebd), and square brackets for the antisymmetric
part, i.e. Vgppeq = %(vabcd — Ugebd)- The trace of a rank-2 tensor is defined to be the contraction
of its indices via the metric or its inverse, so that tr(ve) 1= v,*. When we are only interested in

the trace-free part of some symmetric part of a tensor, we will follow the round brackets with a o
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so that vip)o = V(ap) — %igabvcc. Alternatively, when the tensor is fully symmetric and trace-free,
we will sometimes place a o over the tensor so that v(gp)o = U(qp). Symmetric and antisymmetric
tensor products of vector bundles will be represented by ® and A, respectively, and the trace-free
symmetric tensor products of vector bundles will be represented by ®.. For example, at a point
r € M, we have that g, € @*T*M. We will often refer to an arbitrary but fixed tensor product
of (co)tangent bundles by T?M, where in general we will use lower-case Greek letters. Thus, if

abe-e e will use

t € T?M, we will say that ¢t has tensor type ¢. Furthermore, given a tensor v
the shorthand £(v) to denote v "¢t where t is an unspecified tensor or tensor-valued operator
and a,b,c, ..., e are any open indices. While the above discussion was given in the context of the
tangent and cotangent bundles of M, the same language will be used (with different index names)
for different vector bundles. In particular, when referring to arbitrary but fixed tensor products of a
generic vector bundle (that is not the tangent or cotangent bundles) then we will use capital Greek
letters for the same.

The metric and its inverse allow us to prescribe a natural isomorphism between T, M and
T*M, and thus we can use g and g~' to “raise” and “lower” indices so that u, = geu®. Thus, for
u,v € T, M we can write gabu%b = ugv® = u®v,. Mimicking the standard meaning of the Euclidean
dot product, we will often write such an inner product as u-v and similarly for covectors. Abusing
this notation, we use the same binary operation to represent the action of covectors on vectors,
so that for « € TyM and v € T, M, we have that a-u = a,u®. Furthermore, when the index
contraction is clear, we will also use this notation, so that -t = Sgpe...t?".

One of the key properties of a Riemannian manifold (M, g) is that there exists a (unique)

canonical affine connection V, known as the Levi-Civita connection, on (M?,g) that preserves g

and is torsion-free. An affine connection V is a bilinear map
DN(TM) xT(TM) > (u,v) — Vv € T(TM),

where I'(VM) is the section space of any bundle VM over M. In this notation, if u € I'(T'M), then
u is a vector field on M. Given any w,v,w € I'(TM), an affine connection V preserves the metric
g when

Vau(g(v, w)) = 9(Vuv,w) + g(v, Vyw).

6



Observe that the connection V can be extended to act on sections of the tensor product of the
tangent bundle (and its dual) in a natural way. Thus, we can write the above metric-preserving
property as, for any u € I'(T'M), we have that V,g = 0. Furthermore, if such an affine connection
is torsion-free, then

[u,v] = Vyv — Vyu,

where [+, +] is the Lie bracket of vector fields (defined as the commutator of vector fields viewed as

derivations).

We conclude this section by providing definitions of a useful set of Riemannian invariants, which
are objects which do not change under generic differentiable coordinate transformations. Because a
Riemannian manifold can be characterized entirely without reference to a choice of coordinates, those
scalars and tensors that are independent of the choice of coordinates can be viewed as properties of
(M9, g). These objects are useful to characterize a given Riemannian manifold.

The most fundamental invariant of a Riemannian manifold is the Riemann curvature, defined
by

R(u,v)w := (Vo Vy = Vo Vi )w — Vi, gw,

where u,v,w € I'(T'M). This invariant measures the failure of the vector w to be unchanged when
parallel transported along an infinitesimal parallelogram spaned by the vectors u,v. In the abstract

index notation above, we can write
a,b c , d__ ,a b c a b c a b a b c
U’ Rgpqw® = u*V 0" Vyw® — 0?V,u” Viw® — (u(Vav”) — v (Veu’)) Vyw©.

In this formula (and all formulas in this dissertation) we will assume that differential operators act
on everything to their right unless they are enclosed by brackets. When acting on a generic tensor
t € T(T?M), observe that the commutator of two covariant derivatives act as a derivation on each

factor in the tensor bundle, so that

[Va, Vo] T g1 gy = Rap™ T qrdy. + Rap@e T gy + -+ -

+ Ropd, T cdyee + Rapdy T gyee + -+



We simplify this action on arbitrary tensor types with the notation in which we write the above
display as
[Va, Vo]T = Rp*T .

This notation will be generalized to the action of any endomorphism on any vector bundle over M.
Sometimes, we will use dots - to indicate which indices of an antisymmetric tensor will be treated

as the endomorphism indices, ¢.e. we might write

(Uap[. V) (W) = ugp“Vpeqw?

and then extend as above to higher-rank tensors.

The Riemann curvature (often denoted by Rgpeq) has the following symmetry properties:

Rabcd + Rbacd =0
Rabcd - Rcdab =0

Rabcd + Rcabd + Rbcad =0.

The Riemann curvature also satisfies a Bianchi identity, given by V[, Rygq. = 0. The trace of the
Riemann curvature is called the Ricci tensor, which is given by Ricgp := Re“p and is symmetric.
Finally, the trace of the Ricci tensor is called the Ricci scalar and is given by Sc := Ric,®.

A particularly useful trace-correction of the Ricci tensor is known as the Schouten tensor and

is given, in dimensions d > 3, by

1 . Sc

The trace of the Schouten tensor is denoted by J := P,* The Ricci tensor can be expressed in

terms of the Schouten tensor and its trace via

Ric = (d—2)P +gJ.



The Riemann curvature can be decomposed into its trace-free part, the Weyl tensor W, and a

combination of the metric and Schouten tensors:

Rabcd = Wabcd + gachd - gbcP(zd - gadec + gdeac .

Observe that the Weyl tensor has all of the symmetries of the Riemann curvature but has the
additional property that a trace over any pair of its indices vanishes. A surprising feature of the
Weyl tensor is that it vanishes in dimension d = 3.

The Cotton tensor (sometimes called the Cotton-York tensor) is the covariant curl of the
Schouten tensor, so that

Cabe := 2v[an}c :

In dimensions d > 3, the Cotton tensor can also be written in terms of the divergence of the Weyl

tensor, which follows as a result of the Bianchi identity described above. In particular,
(d - 3)C’abc = VdVVdcab .

From these expressions for the Cotton tensor it is clear that it is antisymmetric in its first two
indices and is trace-free under contraciton of any of its pair of indices. Further, by the symmetry

properties of the Weyl tensor, it satisfies
Cabe + Ceap + Cpea = 0.

The final named invariant that we will need for this dissertation is the Bach tensor, which is
formed by the action of a particular second order differential operator on the Weyl tensor. Specifi-

cally, for d > 4, we define the symmetric trace-free tensor
Bay = (755 VV? + PYWpeq -
Using the above identities, we can also write

Bup = APy — VP + P Wapea = VCoah + P Wapeq -



A straightforward computation using the definition of the tensors described above yields the follow-

ing useful identity for the divergence of the Bach tensor:
VPBay = (d — 4)P*Cyp. .

Indeed, this identity establishes that in four dimensions, the divergence of the Bach tensor vanishes.

The unifying idea behind the above definitions is that we can proliferate diffeomorphism invari-
ant tensors (or scalars) by applying covariant derivatives to tensors (or scalars) that are diffeomor-
phism invariant. This is because the Levi-Civita connection is a diffeomorphism invariant operator,

so it maps diffeomorphism invariants to diffeomorphism invariants.
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CHAPTER 2

Conformal Geometry

Roughly speaking, conformal geometry is the geometry of smooth manifolds with a well-defined
notion of angle but no invariant notion of length. Such manifolds are called conformal manifolds.
Indeed, a conformal manifold can be viewed as an equivalence class of Riemannian manifolds where
two Riemannian manifolds (M, g) and (M, §) are equivalent when M = M and the angles between
any two vectors u,v € I'(T'M) are equal. From the above description of Riemannian manifolds, we
observe that this holds so long as there exists a positive function 2 € C°M such that g = 02g.
Note that this does not necessarily imply that the lengths of such vectors are preserved: indeed,
|u|§ = 0?|uly. Thus, we consider an equivalence class of metrics on a manifold M such that [g] = [g]
when there exists some 2 € C{°M such that g = 0%g. We call such an equivalence class the
conformal class of metrics and denote it by ¢ := [g]. Then, we can describe a conformal manifold
by a pair (M, ¢), similar to the description of a Riemannian manifold.

Like in the Riemannian case, a useful class of objects belonging to a conformal manifold are
those that depend only on the structure (M, c). However, these are, in general, much harder to
generate because there is not a canonical Levi-Civita connection (or corresponding curvature) on
(M, c) because the Levi-Civita connection for one representative metric in general will not preserve
another metric representative. Nonetheless, objects in a given Riemannian manifold do obey specific
transformation laws when g — Q2¢g, and hence one might expect that a subset of Riemannian
invariants might transform in a “covariant” way even under rescaling of the metric. Specifically, we
will call Riemannian objects (scalars, tensors, or operators) conformally invariant when such an

object O9 transforms according to

g g:=0%

09+ 09 .= Q 09,

11



for any positive function 2 € C$°M and some real-valued weight w.

One such conformal invariant is the Weyl tensor Wyp.q described in the previous section which
transforms with weight 2—this is somewhat non-obvious for d > 4, but is trivially true in three
dimensions, where the Weyl tensor vanishes identically. By a similar calculation in three dimen-
sions, the Cotton tensor is conformally invariant. A distinguished family of conformal manifolds
are those manifolds whose conformal classes ¢ contain a metric g that has a vanishing Riemann
curvature. Because this is a property of the conformal manifold (M, ¢), we say that such manifolds
are conformally flat. Given a metric § € ¢, one can show [30] that (M, ¢) is conformally flat if and
only if W9 = 0 and C9 = 0. In three dimensions, this condition reduces to the vanishing of the
Cotton tensor for any choice of representative. In dimensions d > 4, we need only that the Weyl

tensor vanishes for any choice of representative.

2.1. Conformal Densities

That we can discuss the Weyl tensor of a conformal manifold (M, ¢) without reference to a choice
of metric representative suggests that, rather than Riemannian invariants themselves, instead we
ought be interested in classes of Riemannian invariants. Such classes are called conformal densities
(or simply “densities” for brevity) and are one of the core objects in discussion of conformal geometry.

Naively, a conformal density of weight w is a double equivalence class ¢ = [g; f] = [Q%g; Q¥ f]
where f € C°M. We denote the bundle of weight w densities by €M [w] and its section space by
I(EMw]). It is also useful to consider tensor-valued densities: a tensor-valued (of tensor type ¢)
weight w density 6 = [g;t] belongs to the section space of the product bundle T*M ® &M [w] =:
T9 M [w]; this notation is generically used to refer to tensor bundle-valued densities. A fundamental
example of such a density is the conformal metric: v € T'(®?>T*M][2]). Going forward, rather than
describing a conformal manifold by the pair (M, ¢), we often (and equivalently) use the pair (M, ~)
instead. Of special interest are scalar densities of weight 1; these are referred to as scales. In
particular, a nowhere vanishing scale 7 € I'(EM[1]) is called a true scale and canonically determines

a metric representative from the conformal class g, € ¢ by trivializing the conformal metric via

gr ‘= ’7/7—2 .
12



Thus, there is an isomorphism between the conformal manifold-scale triple (M,~,7) and the Rie-
mannian manifold (M,~/72). We call such an isomorphism a choice of scale.

More geometrically, one can understand the density bundle EM[w] as follows. First, observe
that we can view a conformal manifold (M, ¢) as a ray subbundle 7 : Q — M where Q C ®2T*M.
The natural R4 action (denoted by p and parametrized by t) on an element (x, g,) € Q is given by
pt(z,92) = (x,t%2g,) so that Q — M is a principal R, bundle. Then, for some w € R, there exists a

representation of Ry given by p,, : R — End(R) (viewing R as a vector space) where
Roz— pu(t)(z) =t7"z€eR.
So, for t € R4, there exists a right Ry action on Q x R according to
((2,92), 2) t = ((2,8°g2), pu(t ) (2)) = (2, t°g2), 1"2) .
Quotienting out by this Ry action, we have equivalence classes
(2, 92); 2] = (2, t°g0); 2] € EM[w].

With the projection map m, : EM[w] — M given by my([(z,92);2]) = 7((x,92)) = =, then
Tw : EMJw] — M is a line bundle with structure group R4 as desired. Then, smooth sections of
this bundle are the double equivalence classes [g; f] = [Q22g; Q¥ f] for f € C°M. Tensor-valued
density bundles are then formed in the usual way. For more detail, see [15].

For later use, note that the conformal structure (M, ¢) also determines log-density bundles [40],
FMw]. Similar to the discussion above, we can consider the log representations of Ry to construct
equivalence classes [g;¢] = [Q2%g;¢ + wlogQ)] € T'(FM[w]). In particular, for a strictly positive
density 7 = [g;t] € T'(EM[w]), we have that logT = [g;logt] € I'(FM[w]).

While there does not exist a uniquely determined Levi-Civita connection on (M, ¢), we can define

a density-coupled Levi-Civita connection in a uniform way. Specifically, given a fixed 7 € T'(EM[1]),

there exists a unique Levi-Civita connection for g, € ¢, so we can define V™ := 7% o V97 o 77

on
weight w densities, where V97 is the usual Levi-Civita connection on (M, g;). For brevity, we will

often drop the g, superscript. Additionally, the density-coupled Levi-Civita connection can also be
13



defined to act on log densities, so that for A € I'(FM[w]), we write in a choice of scale T,
VA:i=dA—wlogt) e T(T*M).

Observe that the combination A — wlog 7 is an element of C*°M.

While this definition of a density-coupled Levi-Civita connection is conformally invariant, it
depends on a choice of scale 7 and hence picks out a special metric representative g, € ¢. To truly
capture the conformal geometry of (M, ¢), our analysis should be agnostic toward any particular

metric representative in c.

2.2. The Tractor Bundle

In order to systematically construct conformal invariants as we would diffeomorphism invariants
in Riemannian geometry, we must look further than tensor products of the tangent and cotangent
bundles over M. Instead, we consider a rank d+ 2 vector bundle 7 M known as the standard tractor
bundle determined by the conformal structure (M¢,~). This vector bundle can be canonically
constructed in one of several ways: via the Cartan conformal connection [17], via Thomas’ associated
bundle [6,81], or via the ambient construction [15]. A brief summary of the ambient construction
is given in Section 2.4. Note that all of these constructions yield the same structure, 7M. This
vector bundle comes equipped with several canonical objects: a tractor metric h, a null vector field
called the canonical tractor X, and a tractor connection V7 .

First, note that given a metric representative of the conformal structure g € ¢, there exists an

isomorphism between the tractor bundle and a triple of density bundles:
g
(2.1) TM=ZEM[I|eTM[-1]® EM[-1].

We call such an isomorphism a choice of splitting. So, given a section of the standard tractor bundle

T € I'(TM), we can apply the isomorphism to write
TAL (74,7 77),

where £ will be used to indicate that an equality holds in a choice of splitting specified by g.

Sometimes we will use a column vector notation for the same decomposition. To represent tensors

14



of this bundle, we will use capital Latin letters for our abstract indices. Further, because for each
representative g € c there exists such a choice of splitting, the relationship between two choices of

splitting is implied by the relationships

2
(2.2) T4 (1 4 Yot e Yo — T2

where T = d(log Q). Often we will use the language of “slots” to refer to specific entries in a tractor
viewed as a vector or matrix. In particular, in the above display, the entry containing 7" might
be referred to as the “top slot” (as motivated by a column vector notation). For the square of the
tractor bundle (a choice of splitting of which is given in Equation (2.1)), we will refer to the entry
corresponding to the term T'M[—1] ® TM[—1] in this decomposition as the “middle slot.” Such
language will be used sparingly.

Just as (co)tangent tensor bundles can be given weights (by taking the product with a density
bundle) so too can tractor bundles: for this we will write TM[w] := TM ® EM[w] and also call
these bundles tractor bundles. Just as for Riemannian tensors, arbitrary but fixed tensor products
of tractor bundles will be specified with capital Greek letters, so that if 7' € T'(T® M[w]), the tractor
T is of tensor type .

From Equation (2.2), we can observe a key feature: the first non-zero entry in a tractor defines
a density independent of the choice of splitting and hence is conformally-invariant. In any given
tractor, this first non-zero slot is referred to as the projecting part of the tractor; the map ¢* extracts
this term and is called the eztraction map. Additionally, observe that the section X < (0,0,1) €
I'(TM][1)) is also canonically defined independently of the choice of splitting: this is the canonical
tractor mentioned above.

The conformal structure also canonically determines a natural symmetric, non-degenerate (but

non-positive) inner product between tractors that is independent of the choice of splitting, given by

h(U,V) L uto + ygu® +u ot

15



for two tractors U,V € I'(T M) specified in a choice of splitting in the obvious way. Associated to

this inner product is a canonical isomorphism between the tractor bundle and its dual
g
T*M=ZEMA]e T M[1]®EM[-1].

This inner product defines the tractor metric hap € T(©*T*M), given, in a choice of splitting, by

hag Z | 0 Yoo O >

with its inverse denoted by h4B.
Given the above structure, one can show that the tractor bundle, while not irreducible itself,

has a composition series given by
TM=EMI[1]¢TM[-1]¢ EM[-1].

Indeed, note that multiplication by the canonical tractor X maps sections of EM[—1] to the tractor
bundle. Furthermore, action by h(X,-) maps sections of T to sections of EM[1].

Finally, there exists a canonically determined tractor connection acting on tractor bundles

VT I(TM) = T(T*M @ TM)

given in a choice of splitting by
Vot — 74
g
(2.3) VITP £ | Worb + 60— + (P9)brt
Vo~ — Pngb

where V is the density-coupled Levi-Civita connection and PY is the Schouten tensor associated
with the splitting metric g. This connection extends as usual to arbitrary tensor products of the
tractor bundle as well as products of the standard tractor bundle with density bundles. Just as for

the density-coupled Levi-Civita connection, we will usually drop the superscript 7 in V7 when the

connection is clear from context.
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With these canonical structures defined, we can usefully define injecting operators (or injectors)
that, roughly speaking, play the roles of basis tractors for the tractor bundle. In particular, observe
that for ¢ € D(EMw]), we have that ¢X £ (0,0,¢) € T(EM[w + 1]). Further, given a choice
of splitting specified by the metric representative g € ¢ (and hence its corresponding scale 7 €

I'(EM]1])) and a vector-valued density pu* € I'(T'M[w]), we can write
prVI(r7 X B) £ (0, 4%, 0) € T(TM[w +1]).
In fact, we can define the injector

zB =7Vl (+71XB) £ (0,62,0) e D(T*M @ TMI1]).

rvar’

This one-form valued tractor acts as a set of d basis tractors for the tractor bundle, but unlike X
it depends on a choice of splitting given by ¢. Finally, given X and Z and a choice of splitting
specified by g € ¢ and its corresponding scale 7 € I'(E M[1]), we can uniquely define the weight —1

tractor Y4 by the decomposition
pAB L XAy B bz zB 4 xBy A,

Hence, we can write YA £ (1,0,0) € D(EM|[—1]), where Y4 also depends on the choice of splitting.
That is, there exists a unique pair of injecting operators Z and Y for each choice of metric g € c.

So, for a tractor T' € I'(T M[w]), in a choice of splitting specified by g € ¢, we have
TAL YAt 4 z400 4 x4

Often we drop the implied dependence of injectors on a choice of splitting and the corresponding
scale. The action of the tractor connection on the injectors is then given by
vixA Lz,
A 9 A A
VIZ; = —P) X" —yuY ",

ViyA L (P zZ

Note that this is just a rewriting of Equation (2.3).
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For notational purposes, we will occasionally write contractions of the injectors with tractors.
For example, given a tractor T4ABC we will write ZjTABC"' = TeBC.. Similarly, we write
XATABC = T+BC. and Y,TABC = T—BC This notation mirrors the notion of the “slots” of

a given tractor.

2.3. The Thomas-D Operator

Observe that the action of the tractor connection on a tractor is not unique but depends on
a choice of scale (used to determine the density-coupled connection). However, there exists an
invariant second order differential operator containing the tractor connection that is independent of

this choice: the Thomas-D operator [80] mapping
D:T(T°M[w]) = T(TM @ T M[w — 1]).
Given a tractor T € T'(T®M[w]), we write, in a choice of splitting,
(2.4) DATZ (d+ 2w — 2)wYAT + (d + 2w — 2)y* ZAV,T — XA(AT + wJ9T) € T(TM @ T*M[w — 1)),

where A := 'y“bVaTVbT is the tractor-coupled rough Laplacian and JY is the trace of the Schouten
tensor associated to the splitting metric g. We can also define such an operator on weight w log
densities, so that

D : D(FMw]) — T(TM[-1]).

In particular, acting on A € I'(FM[w]), we have that
DXL (d—2)wY A + (d — 2y ZAVA — XA(AN + wJ9).

Even though this operator is expressed in a choice of splitting, one can show that it does not
depend on the underlying choice of scale. Thus, this operator can be used to proliferate conformal
invariants, much like how the Levi-Civita connection is used to proliferate diffeomorphism invariants.
Importantly, the Thomas-D operator is not a derivation because it is a second-order differential

operator; however, it does have the properties

DA Dy =0=D%pc.
18



A useful modification of the D4 operator is the “hatted” Thomas-D operator, D. For any tractor

T € T(T®Mw]) where w # 1 — 4, this is defined by
DAT® .= (d+ 2w — 2)"'DAT? .
As a consequence of this definition, observe that
DsXp=hap and  Dahpc=0.

Further, the operator D acting on a product of tractors satisfies a relationship known as the Leibniz

failure [45,57].

PROPOSITION 2.3.1 (Leibniz failure). Let T; € T(T® M[w;]) for i = 1,2, h; := d + 2w;, and
hio :=d + 2wy 4 2wy such that h; # 2 # hio. Then,

DANT) — (D) Ts — T1(DATy) = — 2 XA(DPT) (D).

12

Because we have defined the Thomas-D operator on log densities, it is also useful to have a
result similar to Proposition 2.3.1 for log densities. This requires some preliminary work.
First, we define the weight operator w on sections of tractor bundles and on sections of log

density bundles. In particular, for T € T'(T®M[w]) and A € I'(FM[w]), we have that
wTl = wT and WA = W .

Acting on tractors, it is evident that the weight operator is a derivation, but a tensor product of
log-density bundles is not also a log-density bundle, so the notion of a derivation on a product of
log-densities is tricky to define and unneeded here.

We can extend the weight operator w (and the tractor connection V) to act on tensor products
of a log-density bundle with tractor bundles as a derivation. For AT € T'(T®*M[w] ® FM[w']), we
write

wA\T) := AT + Tw\ = wA\T +w'T € D(T*M[w] & T*Mw] @ FM[w']),
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and similarly for the tractor connection:
VOT) == AVT +TVA e T(T*M @ T*M[w] @ T*M @ T* M[w] @ FM[w']),

Thus, we can define the Thomas-D operator on the tensor product of some tractor bundle with a

log-density bundle via
DALY Ad + 2w — 2)w + Y ZAV(d + 2w — 2) — XA(A + Jw) .
Written in terms of the weight operator w, we can reexpress the hatted Thomas-D operator as

ANA 11
D" =Dogmim=gmoD,

where, acting on A € I'(FM[w']), we have that (for k # d),

1 ) e A 2w’
d+2w—k"" d—k (d—k)

S € T(FM[w) @ EM[0]).

Similarly, we have, for T € T'(T®*M[w]) and d 4+ 2w — k # 0, we have that

1 1
—— (NI =T
d+2w—k( ) d+ 2w+ 2w — k

ANe (T M[w] & T®Mw] @ FM[w']).
A consequence of the definition of D implies that
(2.5) XADjs=w.

In much of the above discussion, sections of Whitney sum bundles of the form T'(VM & V'M)

appeared, and these are particularly challenging to work with. However, unlike either the operator

D or 0@1+ 3 alone, their composition lies in a weighted tractor bundle when acting on a log-density.

This is captured in the following lemma, which is easily proved by computing in a choice of scale.

LEMMA 2.3.2. For any 0 # B € R,

1 1
(D 0 B))\ = 5DA € T(TMI-1)).
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In particular, this lemma allows us to directly verify that D has a Leibniz failure property, even
on log-densities, as desired. The following result can also be easily proved by computing in a choice
of scale.

LemMMA 2.3.3 (Log Leibniz failure). Let A be any log density and let w # 1 — %. Then,

DoX=XoD:T(T*Mw)) - T(TM @ T*M[w —1]),

and moreover

While in principle, this is enough to use the tractor calculus, there exists one more canonical
tractor that roughly plays the role of curvature for the Thomas-D operator: the W-tractor. The
projecting part of the W tractor is the Weyl curvature, and hence we use the same symbol for both
this tensor and the W tractor. In dimensions d > 5 and acting on a weight w tractor T € T'(T® M [w])

with w # 1 — %l, 2— %, the commutator of (hatted) Thomas-D operators obeys [9,39]

(2.6) [Da, DB)T = Wap*T* + 12 XuWio* DOT .

The tractor content of the W tractor is given in the following lemma:

LEMMA 2.3.4. Let d > 5. The W tractor has the symmetries of the Weyl curvature, so that

W[ABC]D — WABCD + WABDC — WABCD _ WCDAB —0= hAC’WABCD )

Further, X -W = 0. Finally, in any scale g € ¢, the W-iraclor is given by

Ar7BrsCrzD _ g
Za Zb Zc Zd WABCD - Wabcd’

Z372B 728 Y PWapop = CF

abc?
g
Bab

ZYYBZEYPWagep = -

All other components are either zero or determined by the symmetry of the W -tractor.
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Proor. This lemma follows by direct computation from Equation 2.6 and the curvature iden-

tities at the end of Section 1.3. U

REMARK 2.3.5. A consequence of Lemma 2.3.4 is that, away from d = 6, the W-tractor is
D-free, i.e.

DAWABCD — .

Further, this tractor contains our first example of a residue of a dimensionful pole yielding a con-
formally invariant tensor. Indeed, the tractor (d — 4)W is well-defined in four dimensions and has
the Bach tensor as its projecting part in four dimensions, which implies that the Bach tensor is a
conformally-invariant tensor when d = 4. Further, observe that in three dimensions, the Weyl ten-
sor vanishes, so the projecting part of the W tractor becomes the Cotton tensor—which is another

proof of the conformal invariance of the Cotton tensor in three dimensions. [ |

2.4. The Ambient Construction and Consequences

As mentioned in the previous section, one of the ways to produce the tractor bundle is via
the ambient construction. In this section we provide a brief summary of that construction and
some useful results that generalize those found in [37] for later use. For more details and other
expositions, see [15,25,26,34,40|.

As in Section 2.1, we begin by viewing a conformal manifold (M?,¢) as a ray subbundle 7 :
Q — M where Q C ®?T*M, with the natural R, action denoted by p and parametrized by t.
Observe that this subbundle carries with it a tautological symmetric 2-tensor defined at a point
(7,9:) € Q by go := 7*g which obeys p}(go) = t2go. This is the conformal metric ¢. The associated
ambient manifold to the conformal manifold (represented by Q here) is then defined to be a (d+2)-
dimensional manifold M with signature (d + 1,1) in which Q is embedded as a null hypersurface.
Importantly, M must have an R4 action extended naturally from the R action on Q. Locally near
QcC ]\7[, we can write M = Q x (—=1,1), so because we are only interested in local behavior, we
will assume that M = Q x (—1,1). We denote by X the infinitesimal generator of the Ry action
on M and we denote by @ the defining function for Q.

The metric h on M is defined such that h pulls back to gg on Q and has the same homogeneity

property it, i.e. pfh = t>h. Further, we construct (]\~4 , h) such that the associated Ricci curvature
22



Ric vanishes to the maximal possible order in the defining function ). In particular, when d is
odd, a result of Fefferman and Graham [25] shows that (M, h) can be constructed so that Ric
vanishes to arbitrary order; when d is even, (]\7[ ,h) can only be constructed asymptotically so that
Ric vanishes to order % — 2. Indeed, this implies that in the even-dimensional case, we can at most
uniquely determine h to order O(Q%?). Note that this fixes R (the ambient Riemann curvature)
and Rzc uniquely to order O(Qd/ 2-2) in the even-dimensional case and to arbitrary order in the odd-
dimensional case. Then, associated to metric h is the unique Levi-Civita connection V, constructed
in the usual way.

Now, the standard tractor bundle can be defined as TM = TM lo/ ~7. Specifically, we say
that for U,V € TM , we have that U ~7 V when n(U) = 7(V) € M and U is V-parallel to V.
Then, we can say that certain operators and tensors acting and living on M |o “descend” to tractors
and tractor-valued operators on M. Such operators are precisely those operators whose actions on
tensors on @ do not depend on the extension of those tensors off of Q. For a homogeneous weight w
tensor field T of type ® on M |o, we will denote the section space by T(T®M (w))|o, using similar

notation as that used for tractors. In particular, the ambient operator given by
Djy:=VAd+2Vyx —2)- XA
descends to the Thomas-D operator when restricted to @ and
Al : T(T® N (1 - d/2))lg — D(T®M (-1 - d/2))

descends to the Yamabe operator O in the same way, defined according to D4 = — X 4[] when acting
on tractors with weight 1 —d/2. The fundamental vector field X descends to X, h descends to the

tractor metric h, and R descends to the W-tractor.

A key result using this ambient construction of the tractor bundle is the following straight
forward generalization of [37, Proposition 4.1] (which in turn is a rewriting of [48, Proposition

2.3]). Note that the result directly generalizes with no changes.

PROPOSITION 2.4.1 (Generalization of Proposition 4.1 of [37]). For d even and k an integer

satisfying 1 < k < d/2 or for d odd and k € Z>y, let T € T(T®M (k —d/2))|g have a homogeneous
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extension T to M . Then AkT|Q depends only on T and the conformal structure on M but not on

the choice of extension T nor on any choices in the ambient metric. Thus the operator
AP T(TPM (k —d/2))|g — T(T®M (—k — d/2))|o

is conformally invariant and descends to a natural conformally invariant differential operator on
tractors

Py T(T®Mk —d/2]) — T(T®M[—k — d/2]).

The operators PQ‘I; are known as GJMS operators, named after Graham, Jenne, Mason, and
Sparling, who demonstrated their existence using this construction. This result completes the
injection that we require to relate ambient calculus to the tractor calculus.

Another useful result is [37, Lemma 4.4|, recorded here for later use:

LEMMA 2.4.2 (Lemma 4.4 of [37]). Suppose d is odd or t +u < d/2 — 3 for d even. Then on
Q there is an expression for VIA"R as a partial contraction polynomial in D, R, X, h, and h™".

This expression is rational in d and each term is of degree at least 1 in R.

For later purposes, we will only be interested in the even-dimensional case, so we provide a
generalization of another result from [37] in that dimension parity. The proof follows their proof

closely.

PROPOSITION 2.4.3 (Generalization of Proposition 4.5 of [37]). Let k < d/2 with d even. For
any tractor T € T(T®M[k — d/2]),

Xa, - Xa, PoT = (=D)*'0Dy, ---Da, [ T+Va,.a, “DcT,
where U 1s some tractor opperator operator

Cayon,, © TOTEMIk — 1 - d/2)) > T(TR o M[-1-d/2]),

k—1

that can be written as a partial contraction polynomial in D, Wascp, Xa, hag, and hAB, with

each term being of order at least 1 in Wapcp.
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PRrROOF. The proof of this result follows the discussion (beginning on page 36) in |37]. The strat-
egy will be to find a relationship between ambient operators and then descend to their corresponding
tractor counterparts.

Given the ambient construction described above for an even dimensional base manifold M?,
we fix an integer 0 < k < d/2 and a homogeneous ambient tensor 7', fixed along Q, of weight
k — d/2 with an arbitrary extension, also labeled by T'. Then, we consider the ambient expression

ADy, ---Dy, ,T. Our goal will be to rearrange terms so that we have

ADy, ---Dy, T = (—1)’“_1XA1 e XAk_lAkT + curvature terms.
Observe that V x acting on a tensor with homogeneity w returns wT', so we can write
(2.7) ADy, Dy, \T=A2Vy, , — X4, A)---(2(k—1)V4, — X4, A)T.

Our first step is to expand this display and then commute all of the Xs to the left of any Vs and
As using the identities [V 4, X 5| = hap and [A, X 4] = 2V 4. Our next step will be to commute

all As to the right of any Vs; doing so requires the following operator identity:
AV -V, =V, - Va,A

+2RY 'V V4, Vg,
(2.8) +2V A, R 4,} VeV A, - V4,

4.

+2V 4, - Va, (R4 Ve +0QV*).
Note that this identity holds to order O(Q%?~¢~1) because R is only determined uniquely to order
O(Q%?72). Going forward, we will use the simplifying notation of [37], which omits the details of

contractions and coefficients in exchange for symbolic brevity. For example, applying the Leibniz

rule, we can write the result in Equation (2.8) as

AV =V‘A+) (VPR)VY,
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where each term on the right-hand side of the above equation has ¢ > 1 and p + g = £. Observe
from simple counting that any term of the form AV’ appearing in Equation (2.7) has ¢ < k, so
because k < d/2, we have that using Equation (2.8) is valid in all cases here. In order to further

simplify our results, we need another identity, which applies for any expression E:
(2.9) A(VIAR)E = (AV'AYR)E + (V!A“R)AE + (VT A"R)VE.

A result from [37, Proposition 4.3] shows that for a conformally flat structure, when T €

D(T®M (k — d/2)), we have that
ADy, - DaT=(—1)"1Xy, - X4, AT,

Therefore, except the term (—1)*"1X 4, --- X 4, ,A¥, all of the terms remaining after commuting
Xs to the left except must contain at least one curvature R (because R vanishes for conformally

flat structures). Thus, we can write
(2.10) ADy, ---Da, T = (—1)F1XFIAMT 4 SR X (VPLATR) --- (VPP AT R)VIA'T

where n > 1 for each term on the right-hand side.

We now apply some counting arguments to check that our expression is uniquely determined.
With the exception of the application of Equation (2.9), all of the identities we have considered
cannot increase the sum of the number of Vs, As, and Rs on the right-hand side of Equation (2.10),
represented by n + ¢ + r. On the other hand, Equation (2.9) increases ¢ + r by at most one at
the cost of one A acting from the left. However, we had at most k such symbols initially, so we
observe that n + ¢ +r < k and hence £ — ¢ — r > 1. Thus, because k < d/2, we have that
q+r < d/2 — 1. Because both V and A are determined modulo terms of order O(Q%?~1) and
because [A, Q] = 2(d+2V x +2), we have that the operator VYA is uniquely determined modulo
terms of order O(Q%?~9="). Thus, VIA" as an operator on T is uniquely determined along Q.

Further, observe that because there is always at least one V on the right in Equation (2.8), we
have that ¢ > 1, and so at most ¢—1 Vs on T can come from Equation (2.9) or from the application
of the typical Leibniz rule. Thus, p; + r; < ¢ — 1, because the Leibniz rule and Equation (2.9) are
the only way to get more derivatives on R. But because k — ¢ —r > 1 and r > 0, we have that
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pi + 1 +2 < k and hence p; + r; < d/2 — 2. But by a similar argument as above, VP A" R is
determined uniquely up to order O(Q%?~2~Pi="i) and so we have that all of the terms containing
curvature are uniquely determined.

A straightforward extension of [48, Proposition 2.2] to general tensor structures implies that,
given some homogeneous tensor T of weight k — d/2 along Q, T'|g uniquely (to order O(Q*)) deter-
mines a canonical extension T by requiring that AT = O(Q*~1). Thus, to make our calculations
easier, we choose T := T that is harmonic in this sense. With this prescription in place, we have
that VIA™T = O(QF"~%) and thus vanishes along Q. So we will drop all terms in Equation (2.10)
with r > 0.

A useful identity that holds regardless of tensor type is [37, Equation 42]; acting on T €
L(T®M (k — d/2)), we have that

(2.11) 20k — (- 1)VH'T = DV'T + X Y (VPR)VT + XV*AT,

where ¢ > 1 and p + g = ¢. Note that this identity follows from Equation (2.8). But because
AT = O(Q*1), we can drop the last term on the right-hand side when using this identity. Because
pi+71i+2<kandk <d/2, we have that p; +r; < d/2 — 3, so we can safely apply Lemma 2.4.2
and Equation (2.11) to substitute all occurrences of V and A in Equation (2.10) with D, X, and

R. Therefore, we can write
()P IXPIART = ADy, - Dy, T+ 9(T),

where W is an operator that is polynomial in h, X, D, R and rational in d. Note that ¥ must end
in D because ¢ > 1 everywhere. Then note that each of these operators on the right-hand side
descend to their tractor counterparts. From Proposition 2.4.1, the left-hand side descends to the
desired tractor operator P2<I;C which completes the proof.

For a more detailed exposition of the scalar case, see [37, Section 4]. ]

A series of results that will be useful later follow from the above proposition. These results are
tractor generalizations of results from [38]. We first rewrite the operator ¥ in Proposition 2.4.3 in

the following proposition:
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PROPOSITION 2.4.4 (Generalization of Proposition 5.10 of [38]). Let k < d/2 and d even. For

any tractor T € T(T®* M|k — d/2)), there ezists a conformally invariant operator
E ]
P, D(T*Mk —d/2) - T(TZ .4, M[-1—d/2)
such that
(_1)k71XA1 o ‘XAkﬂP;l)fT =UDy, -+ Da, T+ Pjilﬁ'Ak—lT’

where Pji]ﬁ'Ak—l has a tractor formula, is at least order 1 in W, and has weight —k — 1.

PROOF. By identifying P37" ,  with (—1)""1W4,..4, ,“Dc, the proposition follows. O

Proposition 2.4.4 directly implies the following proposition:

PROPOSITION 2.4.5 (Generalization of Proposition 5.14 of [38]). There exists a family of oper-
ators

P;}DlmAk : F(T‘I’M[w]) - F(ﬁb--.A

1 k

Mw — k])

defined by
d Dk
PyaT =Da, - DaT—Xu, Py 4T

for all T € T(T®M|w]). Then, we have that when w =k — d/2,
PR oA T=(—1)FXu, - Xa,P5T.

PRrROOF. Observe that there exists a tractor formula for ij..Ak_l in terms of h, X, D, and
W, so combining that tractor formula with Dy, --- Dy, allows us to construct a well-defined op-
erator P;‘I)l_,_ 4, as in the proposition statement. Then, observe that acting on tractors of weight
1—4d/2, Dy = —X 40, so the remainder of the proposition follows from Proposition 2.4.3 and
Proposition 2.4.4. O

These generalizations will be key in Section 4.1.

2.5. Insertion and Construction of Conformal Invariants

Given a tractor expression, one can extract a conformally-invariant Riemannian expression by

computing the tractor expression in a choice of scale and applying the extraction operator ¢* if
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necessary. However, the problem of constructing new conformal invariants given a conformally-
invariant Riemannian expression, i.e. a density-valued tensor (or scalar), is more challenging. To
do so, we introduce the insertion operator ¢, which is a right-inverse of the extraction map ¢*.
The insertion operator is a canonical map that inserts a tensor ¢t € T'(T®M|[w]) into a tractor
T € T(T®*M[w']) where ¢ and ® have the same tensor structures such that the projecting part of
the tractor T is given by ¢. While this operator is defined for (almost) all tensor-valued densities,

we provide the explicit map for three such operators.

LEMMA 2.5.1. Let g € c.

(1) Given vq € T(T*M[w + 1]) where w # 1 —d, then

q(vy) =: VA e T(TM[w))

[l

and

DAVA = XAVA =0.

(i) Given ty, € T(®2T*M[w + 2]) where w # —d, 1 — d, then

q(tay) =: TAP € (2T M[w))

0 0 0
A b V-te
=10 te —ar )
0 Vb V-Vt (d4+w) Pyt
T dtw (d+w)(d+w—1)

and
DATAB =0 = X748
(i15) Given tapeq € D(RT* M[w+4]), where w # 1—d, 2—d, such that t has the algebraic symmetries

of the Riemann tensor and s trace-free, then

q(taped) =: THPEP € T(@*T Mw))
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where

Tabcd 9 tabcd

Tabc— g thdabc
 dtw-—1
Ta—b— g vavctabcd 4 (d Lw— 1)Pactade

(d+w—1)(d+w-—2)

Further, T also has the algebraic symmetries of the Riemann tensor and
DATABCD _ x , pABCD _ g _ . TABCD |

ProOOF. The proofs of the above three results can either be given in a much more general setting
(see [33]), or by explicit computation whose intricacy increases in concordance with tensor rank.
We give the lowest rank case, and the rest follow by similar arguments.

The “bottom slot” V= of g(v,) := VA L (0,v%,v7) can be computed by writing out the con-

straint DAVA £ 0 for some geEc:
0= (d+2w—2)(wv™ +V-v+Jot +dv7) — (A+ (w—1)J)vt +2V-v +dv~
=(d+2w)(V-v+(d+w—-1)v7),

where the second equality comes from the requirement that X,V4 = 0. When w # —%, this yields

the quoted result. If w = —%, we need to verify that the result for V4 given for a choice of g € ¢
defines a section of I'(TMw]). This is easily established by transforming the quoted result to a

conformally related metric. O

REMARK 2.5.2. Observe that the W tractor can be constructed by the insertion of the Weyl

tensor into a tractor with the same symmetries:

WABED = 4(Wapea) -
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While the insertion operator is a right-inverse of the extraction map so that ¢* oq = Id, it is not
a left-inverse. Instead, we can compute the difference between the identity operator and q o ¢*; we

do so on a particularly useful tractor bundle, the result of which is given in the following lemma.

LEMMA 2.5.3. Let the tractor T € T'(G2T Mw)]), where w # 1 — g, —%, —d,1 —d, obey
XATAB =0 and ¢*(T) € T(@2TM[w — 2]).

Then

(qog")(T)=T,

where

T - 2 C 1 C AD
Tap =Tap - WX(AD Tpyc + (d+w)(d+w—1)(d+2w)XAXBD D™Tep .
PROOF. We will establish that there is a unique 7T that satisfies
DATyp = XATyp = 0= h*BTyup,

and obeys ¢*(T) = ¢*(T) whenever ¢*(T) € T(@2TM[w — 2]). This ensures that (q o ¢*)(T) = T.
For that, we use the operator version of Proposition 2.3.1, valid acting on tractors of weight w #

1—d/2,—d/2:
(2.12) DAo XB = xBpA 4 pAB - _2_XADB.

We first verify that X -7 = 0. Because X2 = 0 = XATup, we simply need to check

that XA DBT,p vanishes. Applying Equation (2.12) we have that

XADBT,p = (DBXA — ARy 2 wiXBI)A) Tup

_ 2 yBpA
= gz X D" Tag,

where we have used that hA8Tup = 0 = XATyp. Because T is symmetric, we are left with the
identity

d+2w—2 yvyAnRB
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Thus, thanks to the weight assumptions, it follows that XAﬁBTAB = 0, and hence XATAB =0.
Similarly, we have that hABT, 5 = 0.

Finally, we check that DAT45 = 0. We do this in stages. First, we evaluate ﬁA(XADCTBc)'

DAXADTpe) = |(w—1) +d+2 — 25| DT

(d+ 1)(d+2w) AC
1cll)+2w 2 =D TBC'

Next, we evaluate the term ﬁA(XBﬁCTAC):

DA XD Tac) = XpDAD Ty + DCTpe — mXADBDCTAC

= XBﬁADCTAC + ﬁCTBC
m [DB(XADCTAC) hgDTac + d+2( )XBDADCTAC

= ) X DAD T + 55225 D T

Last, we evaluate the term ﬁA(XAXBﬁCﬁDTCD):

DAXAXDCDPTpp) = LoDz ¢ 5O pDT,

Combining these terms, we find that DATyp = 0, thus completing the proof.

(|
REMARK 2.5.4. Note that if a weight w # 1 — %, —% tractor T8 obeys
XATAB =0 = D75
then it follows directly from Equation (2.12) that
X DOTAB — _fCB-
|

While the insertion operator allows us to apply conformally-invariant tractor operators (such
as contraction with W or application of b) to Riemannian tensor-valued densities, more conformal

invariants can be extracted by manipulating the projecting part of a tractor. Given a tractor

T € T(T®M|[w]), this can be achieved by applying specific tractor-valued differential operators to
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T so that the original projecting part of 7" vanishes. We name such operators removal operators,

denoted by r; two examples of such removal operators are given in the following lemma.

LEMMA 2.5.5. Let VA € I(TMw]) and T € T(@>*TM[w)). Then if w# —1,-1— 4,

rA (V) = VA - LDA(XBVB)

w+1
obeys
Xart(V) =0,
while if w #0,-1,-%,-1-4 24
PAB(T) = TAB) _ %f)(A (XCT|C|B)0) i mf)(Af)B)o(XcXDTCD)
- mxmbBﬁ(Dc(){DT”)) ,
obeys

Xar*(T) =0=hapr*?(T).
PROOF. The proof is an elementary application of the identity
XADAT = T,

valid for any weight w # 1 — % tractor T, the fact that X and D are null, and Equation (2.12). O

Acting on a trace-free rank-2 tractor, the operator r adds tractor-valued terms to a trace-free
rank-2 symmetric tractor T' so that the projecting part is the middle slot rather than the top slot.
It can then be composed with the extraction operator to extract a conformally invariant rank-2

symmetric trace-free tensor. That is, for a generic T € T'(©2T M[w]), we have that
(q" or)(T4P) € TD(@ETM[w — 2]) = T(OZT* M{w +2]) ,

where the isomorphism is obtained in the usual way with the conformal metric ~.
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CHAPTER 3

Conformal Hypersurface Geometry

Growing out of work on the AdS/CFT conjecture, including studies in entanglement entropy |56,
71| and quantum complexity [1,13], there has been increased interest in conformal hypersurface
geometry. In the mathematics literature, conformal hypersurface geometry has shown to be use-
ful for analyzing properties of formal eigenfunctions of the Laplace equation on hyperbolic mani-
folds [11,21,40,50]. In this chapter, we provide an overview of Riemannian hypersurface geometry,
a summary of known results in conformal hypersurface geometry, and new results in the development

of the hypersurface tractor calculus.

3.1. Riemannian Hypersurface Calculus

Let (M?, g) be a d-dimensional Riemannian manifold with a hypersurface ¥ smoothly embedded
in M; we will denote this by ¥ < (M, g). In this regard, we treat ¥ as a codimension 1 submanifold
of M and use the same coordinates and indices for X as for M, and we will assume that X is closed,
orientable, and that its embedding in M is separating so that M = M™ X LU M~. Because X is
codimension 1, it is particularly easy to describe the embedding via a defining function. A defining
function for ¥ is a function s € C*° M such that, for every p € M, ds|, # 0 and s(p) = 0 if and only
if p € ¥. We can therefore study Riemannian geometry by studying the triple (M, g, s). Observe,
however, that s is not uniquely determined by the hypersurface ¥ because for any positive function
f € C3°M, the function fs is also defining for X.

To resolve this ambiguity, we can demand that s solves a canonical problem on M. In general,
one can always solve [86] the problem where |ds|, = 1 in a neighborhood of ¥ to arbitrarily high
order in s; another proof of this result was given in [45] via induction. Thus, given ¥ — (M, g)
we can always uniquely determine a triple (M, g, s) such that |ds|; = 1, and we label each such
triple with a subscript u, i.e. (M, g,s),. We now provide a summary of well-known results for the

geometry of (M, g,s). Note that these results are simplified when (M, g,s) = (M, g, s)y.
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Given such a triple (M, g, s), we define the conormal n := ds|s, € I'(T*M)|s,. When |ds|, # 1, we
define the unit conormal by n := (n/|n|y)|s € I'(T*M)|x. Using this covector, we can decompose
the ambient tangent bundle into a hypersurface tangent bundle and the normal bundle via the

hypersurface projector (also sometimes called the first fundamental form)
g:T(TM)|ly - T(TY),

specified by
b

a =

~b

gl =60 — gt

As mentioned above, this isomorphism allows us to use the same abstract index notation to represent
tensors on the tangent and normal bundles on ¥ as on the tangent bundle on M. Using this
projector, we can compute the metric on ¥ induced by ¢g. For notational simplicity, we denote this

induced metric with the same symbol as the projector, so that
Gab = 9% 8 gary = Gap — Natiy € T(O*T*Y) .

We will use the notation T to represent tensors that have been projected to the hypersurface, so that
for v € T(TM)|s, we might write (v')? := v® — A%v® = givb. Often, we will extend the operator
T to act on tensors (or operators) in M via restriction to X, so that for v € T'(T'M), we use v to
denote (v|x)". Sometimes, the symbol T will be used to represent an operator, so that T(v) =v'.
Using that notation, it can be useful to project to the trace-free part of the hypersurface tensor
bundle, and we represent this operation with T. Thus, we might write T (tq) = th — 1 Gan(t’)S.
Further, as first exemplified by the induced metric g, when a scalar, tensor, or operator is intrinsic
to the hypersurface, we will decorate that object with an overbar. Finally, we will use the symbol
“Z7 {0 refer to equalities that only hold (or make sense) along X.

Given the induced metric, there exists a canonical induced Levi-Civita connection on 3 denoted
by V. A fundamental result attributable to Gauf is the relationship between the induced Levi-Civita

connection and the projected Levi-Civita connection. Acting on a hypersurface vector v € T'(TX),

we have that

(3.1) Vot = Vob|y, + 70t
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where v?

is any extension of v to M and Iy, is the second fundamental form, defined by Iy, =
(Vie) ), € D(®?*T*Y) where 7¢ is any extension of the unit conormal. The trace of the second

fundamental form yields the mean curvature given by H := ﬁﬂg and, and its trace-free part is

Moy = Map — Hiab -
Of note is that the operator V' is called tangential because V' os 0. Specifically, we say that an
operator O is tangential when the action of O on a section of a vector bundle over M evaluated along
the boundary depends only on the restriction of that section to the boundary. We say that such an
operator acts tangentially along X when there exists a smooth operator O’ such that Oos =s00’.
Such operators are particularly important in the study of embedded hypersurface geometry.
A consequence of this relationship is the Gauft equation, relating the intrinsic Riemann curvature

of V to the projected Riemann curvature of V:

(3.2) R pea = Raved — Macllpg + MyqTly, .

Similarly, we can decompose the various projections of the bulk Weyl curvature and Schouten tensors

in terms of hypersurface tensors. For d > 3,

(3.3) 2V (o My — 7259elaV - Ty = Wighen

(3.4) 12, — mﬁQQab + (d - 3) (pab ~ HI, — %ﬁabfﬂ) = Wiab + (d — 3) Py,

(3.5) V-, — (d—2)V.H =P,

(3.6) J— A H? 4 s =T — P,

where in general we write Tf;bm = (Thap.) " and we will often write V-1, = VI, Equations (3.3)

and (3.5) are usually referred to as the Codazzi-Mainardi equations, Equation (3.4) is usually known

as the Fialkow—Gauk equation, and Equation (3.6) is usually known as Gaulk’ Theorema Egregium.

3.2. Hypersurface Density Calculus

We now consider the geometry of conformally embedded hypersurfaces. Analogous to the above

section, we let (M9, ) be a d-dimensional (with d > 3) conformal manifold with a hypersurface %
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smoothly embedded in M so that ¥ — (M,~), where ¥ is closed, orientable, and the embedding
of ¥ in M is separating, as above. Rather than using a defining function, we instead describe
Y — (M,~) with a defining density. A defining density is a scale o € I'(EM][1]) such that for
each g € ¢, we have that s is defining, where s is determined by o = [g;s]. Then, a conformally
embedded hypersurface ¥ < (M, ) can be specified by the triple (M,~y, o). Note that many of the
names and symbols in what follow overload the names and symbols in the Riemannian setting, but
their meaning should be clear from context.

Given such a triple, we can begin to characterize the conformal invariants by studying o. First,
observe that for a defining function o for ¥, we have that in the scale specified by [Q%g; Qs], the
exterior derivative of o along X satisfies d(2s) = Qds. Because each choice of scale induces a
Riemannian metric on 3, the conformal structure ¢ on M induces a conformal structure ¢ on X and
hence we can consider density bundles over ¥. In particular, we observe that doly is a covector-
valued density, and so we define the conormal by n := do|yx = [g;ds] € T'(T*M|1])|s. While the
conormal is often useful, because n has weight 1, we cannot demand that it has some canonical
length like in the Riemannian case. Instead, only the unit conormal 7 := n/|n|, € I'(T*M[0])|x
is canonically determined along ¥. But then the induced metric is a representative of the induced
conformal metric so that Jup 1= Yap — Rafty € [(O2T*M]2]).

Given g € ¢, the corresponding second fundamental form is not conformally invariant because its
trace (d—1)HY (where HY is the mean curvature of ¥ < (M, g)) cannot be viewed as a representative
of a density. Indeed, under the transformation g — Q2g, we have that H9 HY9 = QL HI+ATY).
However, the trace-free part of the second fundamental form is conformally invariant; that is,
My = [g;Ie) € T(@2T*S[1]). As is done here, we will typically use the same symbol for a
density as its representative. Observe that the tensor-valued density II can also be defined in the
same way as the Riemannian second fundamental form via a tangential density-coupled Levi-Civita
connection V' so that the density-valued definition holds: I = V'a°. Note that tangentiality
extends to operators acting on densities: specifically, an operator O acting on weight w densities
can be said to act tangentially when there exists a smooth operator O' acting on weight w — 1

densities such that Qoo =00 Q’.
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The Weyl curvature, the unit conormal, and the second fundamental form are critical compo-
nents of conformal hypersurface geometry. Indeed, from Equation (3.3) we see that the the covariant
trace-free curl of the second fundamental form is conformally invariant. This is because the tensor
WaTbcﬁ is constructed solely from conformally invariant tensors. Thus, we find that there exists a

conformally-invariant operator, known as the Codazzi operator [45] denoted by Cod that acts on

weight 1 trace-free rank two symmetric tensors via

o C d — o _ — o
Kap s 2V[aKb}c - dzggc[av'Kb] :

Furthermore, we can rearrange Equation (3.4) to obtain the Fialkow-Gaufs equation:
(3.7) 12, — ﬁﬁzgab — Waapn = (d — 3) (PaTb — Py + HI, + %gabH2> ;

which shows that the right-hand of the above display is conformally invariant. Defining this tensor

as (d — 3)Fyp, where F' is the Fialkow tensor, we have that
(3.8) Fi= [g; PT — P+ HIl + LgH?| € D(@*T*%[0)).

Often it is more useful to consider the trace-free part of this tensor so a simple computation yields

K
Fo=_—
© = 5d—2)’

where K := 112 € T(£X[—2]) is known as the ridigity density. Then, we have that
Fap = |93 225 (Bye — Waan) | € D(@2T"S[0])

3.3. Hypersurface Tractor Calculus

Because ¥ has an induced conformal structure ¢ from (M?, ¢), all of the tractor constructions
in the Chapter 2 also exist for the hypersurface ¥ (so long as d > 4). Thus, just as the relationship
between V' and V (and hence Equations 3.3-3.6) enabled the construction of new extrinsic confor-
mal invariants, it is useful to find relationships between the tractor analogs. The key idea behind

what follows is that the Thomas-D operator fills the role of the covariant derivative in the tractor
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setting, so we proceed as in the above discussion. In this section, we consider the triple (M,~, o)
which specifies the hypersurface embedding of interest.

Rather than beginning with the defining density as above, we begin with the tractor equivalent
of the conormal. (We will backtrack later to fill in this initial gap.) Observe that [6,23], in a
representative g € ¢, we can pair the unit normal (which transforms as a weight —1 density) with

the mean curvature HY to form the triple
N4 L (0,7% —HY).

A short calculation shows that this triple transforms as a standard tractor of the boundary of M,
so N4 € T(TM)|g. Observe that, like the unit conormal, we have that h(N, N) = 1, so we can
define a projection operator on bulk tractors along the hypersurface to a space isomorphic to the

sum of the boundary tractor bundle. Specifically, we write
Iy =05 — N'Ng.

REMARK 3.3.1. The above language suggests that we must be more careful when discussing the
isomorphism between the boundary tractor bundle 7% and the bulk tractor bundle orthogonal to

N denoted by 7 M)|. Indeed, the isomorphism is given by [34]

o o
TMH =) ’ub — Mb —Hpbo | €TXE
p p+ %H2a

From this isomorphism, we can write the hypersurface injectors X, Z, and Y in terms of the bulk
injectors X, Z, and Y according to [73]

XZx,

SA S

Z;‘ = gZZI;‘l )

YAZYA Loz H - LH2XA,
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Because the projecting isomorphism is the identity on the canonical tractor, we usually drop the bar
on X and use the same symbol for X both on ¥ and M. For many of our calculations, we can avoid
a choice of splitting and instead just rely on the existence of the isomorphism TM|y 2 TX G NE
where N'Y = span(N4) is the orthogonal complement of 7% as a submanifold of 7M. Thus, when
writing tractor expressions we can use the same indices to denote hypersurface tractors as bulk

tractors. Often, the notation Z will imply this isomorphism. [ |

Just as for the induced conformal metric on 3, we can use the projection operator to write the
induced tractor metric:

BAB :=hap — NaNp € F(®2T*Z).

Going forward, we will sometimes write 1 é = B’g. We will also use the same T notation for tractors
to indicate tractors that are orthogonal to N and the same overbar notation will be used to denote
tractors that belong to the hypersurface X.

The relationship between the induced and projected Levi-Civita connections in the Riemannian
setting suggests that there exists a similar relationship between the induced tractor-coupled Levi-
Civita connection on ¥ to the projected tractor-coupled Levi-Civita. Just as Equation (3.1) requires
the second fundamental form, the tractor-coupled analog requires a tractor second fundamental form.

We define this tractor by insertion into the hypersurface tractor bundle:

0 0 0
0 I VAR I € T(O2TS[-1]).

1 & &b V-V-I4(d—2)Pet1I,
0 _EV'H (d—2)(d-3) :

Observe from Equation (2.3) that the tractor-coupled Levi-Civita connection also depends on
the Schouten tensor. The relationship between the Schouten tensor induced on X and the projected
Schouten tensor is described by the Fialkow tensor, see Equation (3.8). Thus, it is reasonable to
infer that the Fialkow tensor (and its trace) will play a role in this relationship. So for uniformity, we

also define the Fialkow tractor by insertion of the (trace-free) Fialkow tensor into a tractor bundle
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0 0 0
FAB .— g(Fa) Z | 0 [rab — AV Fe e T(O2T2[-2)).
1 & b V-V-E+(d—3)PF,
0 _EV'F (d—3)(d—4) :

These two tractors, together with the rigidity density K, come together to form a useful rank-3

tractor that plays the role of 1 ® I in the Riemannian case:
Lapc = 2NicLpja + 2X[cFpja + g Xiehsa € T(@(T* @ N)Z[-1)).

Note that the bundle to which this tractor belongs implicitly uses the isomorphism 7TM|y = T2 ¢
NZ.

With these definitions in place, we can describe a relationship between the induced tractor-
coupled Levi-Civita on ¥ and its projected counterpart. This result was first hinted at in [52]
and expanded upon in [73,85]. A more concise formulation was given in [44]; we provide a more

compact result using I' that is equivalent to their work for later use.

PROPOSITION 3.3.2 (Fialkow-Gauf formula). Let V4 € T(TX) be any standard hypersurface

tractor. Then, for d > 4,
(3.9) V VB EVIVE — T, BoVs,

where the isomorphism TM|y = TX & N'X is used to equate tractors in distinct bundles and V €
[(TM) is any extension of V off 3.

Using the above relationship, we can relate the tangential Thomas-D operator to the induced
Thomas-D operator along 3. To that end, we first define the tangential analog of the Thomas-D
operator [9,36]:

ProrosiTioON 3.3.3. Let w + % #* 1,%,2 and let N¢ be any extension of the normal tractor.
Then, the operator

DT D(T*Mw]) - T(TM @ T®M[w — 1)),
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given by

N ~ A XA A~ ~ wK
DT .= DyN$Ne.D+ ——2 [ N4N&DBDC 4 —¢
AT P4 +d+2w—3< Be ti2)

is tangential and is called the tangential Thomas-D operator. Here, K. is any extension of the
rigidity density. Moreoever, for any operator OA acting on tractors of weight l%d that obeys O4 o
X4 =0, the operator

040 (Dy— NGNC-D)=:040Dy

is also tangential.

The proof of this proposition is given in [44] but can be verified by direct computation. We can

then obtain the following result.

THEOREM 3.3.4. Let w + % #* 1,%,2, Acting on weight w tractors, the bulk tangential and

hypersurface Thomas-D operators obey

A 2 Y 2 ﬁ .
= X (3d—1)wK

where the isomorphism TM = TYX & N'Y is implicitly used.

PRrOOF. We first prove the special case of Theorem 3.3.4 where the operators act on a tractor

vector V € I'(TX[w]). We rely heavily on [44, Lemma 4.9|, which states that

w

(3.11) (p%), = vl ,

_4T+wj_|_ _ wK
d+2w—2 T 2(d=1)(d+2w—2)

where the subscript ¥ indicates that the domain of the denoted operator is restricted to products
of TM|x, and its image is mapped via the isomorphism to the bundle 7YX & NX.

To prove the theorem, we check Equation (3.10) slot by slot by contracting with the three
possible injectors. First note that w = @ and X T'“gc = 0. Thus, the theorem holds upon

contraction with X4.
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Next, we check that Equation (3.10) holds upon contraction with Z. Note that, according to

Equation (3.11), ZADT 4 = (VI)E. Because X4Z2 = 0, we have that
(Vi) VP =VaV? + 1,5V,

which is the Fialkow-Gauss equation given in Equation (3.9). Thus, the equation holds upon
contraction with Z2.

Finally, we check that the identity holds upon contraction with Y4, From Equation. (3.11), we
have that

_ o 2 AT—i-wj wk
YA\ DY —Dy| =(—= - - -
{ A A} < d+2w2+2(d1)(d+2w2)>+d+2w2

S S (  S_—
d+ 2w — 2 2(d— 1)

We now explicitly compute the tractor Laplacian difference AT — A.

(A +wlJ)

From the definition of the tractor Laplacian and defining Fi‘BC = [ABC _ gNICLBA ¢
[(7T3%[~1]), we have
ATVE =V (VVE 4+ T%)
=V, (V*VP + Ve + 2N O LBy )
— AVB £ 9B, VC + ¥, (19BVe) + T, B By, 4 v (2N[C LB]“VC>
= AVE 4 TPV, VO + (V,I950) Vo + (1°PC — 2N LBl 9,10
+T,8,19ECY, —or,B oNICFlay,, 4 2 (VI(N[CLBW)) Ve + 2NCLBlay Ty,
= AVB o198V, Vv + (V1959 Vo
+ T BV, — o1, B pNIC LEley, 1 2 (VI(N[CLB]“)> Vo + 2N LBler Py .

Writing I' = I' | + 2N L allowed us to use the Fialkow-Gauf equation (3.9) for the above simplifi-

cations.
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We now break up this calculation into smaller parts.
vartiBC v 7ZFfBC)

(
74V DB 4 TBC (X4 — dYa)

4V I18C —dr7PC.

Here, the second equality comes from the fact that V,Z% = —P’X 4 — g%Y4 and the last equality

holds because X 4T8¢ = 0. Similarly,

VI NICpBla — (VTN[C) LBla 4 NIC [ <LB]AZa> +PQB]ELEa}

V.
(VTN[C) LBl 4 NIC [( ) Z¢ — dLP- 11,7 ELE“}
In order to simplify the above two displays, we need results that follow from Equation (2.3):

Z4V LAY = 2179

Z4V FAC =3F~¢

VINB =15

Using the above identities, we can write

Va0 =2 (%X[C ) FBle 4 6xOpBl- 4 J(Jl_l) (VoK) X[CpBla — gr B¢

1 - _ B
—4xlCpBl-4L _ - (xIDBIKg + ag xICpBI-) _ qr-BC
Taa- ( + ) -

B 1 s
—2-dr B+ ——  _xICpBlg

and

ov] NICLBle — 9(2 — g)NICLB- { NCTABEL,,  NBLACEL .
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We can now use these formulae to write
_ _ _ _ V. N
ATVE = AVP 4 219BCT, Ve + (2 — AT POV + Tzf 1)X[CDEﬂK + TP TPV
— oI, BN LFley, + oNICBlep, Eyy

+ (2(2 _ d)NICLP- ¢ NCTABEL, . NBPACELAE> Ve

__ _ _ V. N
= AVB 4218V Ve + (2 — )T BV, + J(TSUX[C DPIK 4+ 1,8z,

— o1, BN LEey 4 oNIC LBl BV + (NCTABEL 4o — NBTACEL 1) Vi
V.

= AVB 4 2198V, Ve + (2 — )T BV, + J(TSI)X[C DBK +T,B 1B,
= AVB 4 oT4BCD Vi — (d+ 2w — 2T BV + d(;/fl)X[Cf)B}K 1 T8 LTAECY,
= AVE 4214 ,9D VB — WVB +2T4BC D, Ve — (d + 2w — 2)T BV,
+ J(;fl)x[c DBIK + 4B ;T AECY,
= AVB 4216 D4VB — (d+ 2w — 2)T BV + J(;fl)X[CﬁB}K
+ T o PV B — WVB .

In the display above, the second equality comes from the definition of I' | . The third equality is a
result of the last four terms canceling, and the fourth equality comes from the fact that X ,T48¢ = 0.
The last inequality follows from I’ AAETEBCY, = 0.
But,
(DZ{ _f)"‘> VP =ZiTa eV - d+§£—2 (AT —A- 2(2{(1)) v,
so the proof of the special case for a tractor vector is completed by combining terms involving wkK.
The proof of the full theorem follows by the same calculations but accounting for the possible action

by derivation on tensor products of the tractor bundle. U
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REMARK 3.3.5. A useful consequence of Theorem 3.3.4 is that, for a scalar density u € T'(EM[w])

where w # %, the following identity holds:

AT 2 H wk
Dap = Dl + sgs)(arza—s XAl

As observed in Equation (2.6), the commutator of two Thomas-D operators produces the W
tractor. The commutator of two hypersurface Thomas-D operators produces the induced W tractor
on . One can thus infer that there is a relationship between W and W. Indeed, a consequence of

Theorem 3.3.4 is the following corollary.

COROLLARY 3.3.6 (Gauk-Thomas Equation). Let d > 5. Then the bulk and hypersurface W -

tractors are related by

Wisenls = Wasep — 2LaicLpis — 2haicFoys + 2hpic Foja — mﬁA[CﬁD]BK

(3.12) +2XATBiop + 2X(cTpjaB — 2XaX VDB + 2XBX(cVDja

XaXeDpDpK — 5

1 Y Y
mXBX[CDD]DAK,

1
+ 3@

where
Tapc = 2DicFpja + =g hapDo K € T(TE @ A*TE[-3)),

and Vap € T(Q*TX[-4]) is a symmetric tractor built from curvatures such that X4Vyp = XgV
for some V € T'(EM[—4]).

PROOF OF COROLLARY 3.3.6. Recall that the Gauf equation is a corollary of the Gauf for-
mula, in the sense that it is obtained by applying the latter to [V, , VbT]vc where v, is an extension
of a hypersurface tangent vector. Similarly, the present proof could be completed by applying the
Gauk—Thomas formula to [ﬁg,Dg]VC. But, because D is not a derivation, that computation is
rather involved. Instead, we approach the proof via equality of all possible contractions (in some
scale g € ¢) by hypersurface injectors (X4, Z2, Y4) on both sides of the lemma’s result. Note that

it is unnecessary to check contractions with more than one Y—this only probes V5. Also, without
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loss of generality, we may choose g to be a scale in which the mean curvature HY of the embedding
Y < (M, g) vanishes.

We begin by contracting with a single X. For that, we first use Proposition 2.3.1 and the
Fialkow tractor identities ﬁAFAB =0= XAFAB, 0 = Fa4? as well as the ansatz X4V, = XgV,

to obtain

XATupc :mX[BDC]K7
C K 7 >
X"Tapc =— Fap — mhAB - mXADBK,

XAX(pVeja =0.

Now XAW  z0p = 0, so we need to show contraction of the right-hand side of Equation (3.12)
with X4 vanishes. Clearly X AWapcp = 0 and the contraction of X with the second term also
vanishes because X4Lsp = 0. Using X4 F,p = 0 along with the identities of the above display,

the remaining terms are

—2X[cFp)B + (d—1)2(d—2) XiphopK

+2X[CFD}B - (#X[DBC]BK -

d—1)(d—2) XBX[CDD]K

1
(d—1)(d—2)

Because the W-tractor has Weyl curvatures symmetries this establishes consistency of the identity

when any index is contracted with a canonical tractor.

Next, note that Z&“ZEZ(?ZC?WXBCD = W—ch and that the trace-free Gaufs equation says

a

Woabea = Wabed — 2Wa Mgy — 2GaicF aip + 2051 F g0 — (d,lfw%[cgd}bf{ :

It is easy to check, using X4Z2 = 0, that this is the right hand side of Equation (3.12) when

contracted with this combination of injectors.

The last case to check is contraction of Equation (3.12) by ZfoZCCYD. By directly applying

the definitions of Lz, Fap, Wapcp, and the hatted hypersurface Thomas-D operator, after some
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computation, we find for the right-hand side

Vi [WABCD —2LaioLpip — 2hageFpyp + 2hpi0Fpja — o= haicho s K

+ 2X[ATB]CD + 2X[CTD]AB

_ 9 & = e - . 1 -
= Capc + ﬂﬂc[av' Hb] + 2v[an]c - mgc[avb]K'

We must then contract the left-hand side with the same injector product. Because we use a scale
where H9 = 0,

~A 7B 7Cxy T T
Za ZbBZc YDWABCD - Cabc‘g .

Showing that this contraction yields equality in Equation (3.12) is now equivalent to showing that,

when HY = 0, the projected Cotton tensor is related to the hypersurface Cotton tensor by

T _ — o 9 — o R
Cabc‘z = Cabc + QV[an]C + mﬂc[av Hb] — mgc[avbﬂ(

For that, first observe that the projected covariant derivative of (any extension of) the induced

metric form obeys

~ HY9=0 = 3

T= A A .
\& glfc‘g = —Mpphe — Upentp = —Lgpie — gehtp.

Applying this identity, Equation (3.8), and the traced Codazzi-Mainardi equation, the projected

Cotton tensor can be written in terms of the hypersurface Cotton tensor:

C;;)c’E = (vanc)—r - (CL AR b)

=V, Pl + P + 1L, Pl, + 2, 19P] 4+ 7 112P), — (a > b)
=V Py + 4P}, + 1 TP — (a3 b) + 72511,V - 10
=VuPy, — (a ¢ b) + 72511, V- 10y

= VaPho + VaF b+ gy VoK — (a 45 ) + 251, V-1,

= _abc + 2?[aﬁ1b}c + %ﬁc[a?' ﬁb} - mgda@b} K.

Here X, — (a > b) denotes Xy — Xpy = 2X [ap) and refers to everything in the expression to the

left of it. The second line above relies on the previous display, while the third relies on the trace
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of the Codazzi-Mainardi equation. The penultimate line uses the Fialkow—-Gaufs equation. This

completes the proof.

REMARK 3.3.7. The corollary does not contain an explicit formula for the tractor Vap for
reasons of brevity only. It measures the difference between hypersurface and bulk Bach tensors.
While explicit knowledge of the tensor content of Vap is unnecessary for the computations that

follow, it is nonetheless interesting. A computer-aided computation gives
Vag = qUa) + WBABM

where, for d # 5,7,
T(EX[-4]) 53U = 3K 4 2 TW ypeq — 2(d — 3)IT-F- T+ (d — 3)(d — 5)F?
1 + - (DaLpo) (f)ALBC) — LBENANPS W apcn ,
where 6 = N-D = V;, — Hw, and
D(@*TsS[~2]) 3 U = 755 Bab — 723 Blavyo + 227 E(F)ab

+ sa Ty Vi VoK — mﬁabvvﬁ + (d_ﬁv.ﬁ(avﬁwo
+2HC, ) + H* Wiapi, — sty K Pab)o — Al P.

Here the operator &£ € End (F(@%T*E)) is defined by

E(X)ab = A)2(1[) - v(CLV')O(I))Q - (d - 3)pc(a)2§)o — QJXab .

When d = 6, the operator E defines a conformally invariant map I'(©27*%) — ['(02T*3[-2]). =

A further corollary of the Gauft—Thomas equation in Theorem 3.3.4 characterizes the Fialkow
tractor in terms of the W-tractor and tractor second fundamental form and generalizes Equa-

tion (3.7).
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COROLLARY 3.3.8. Let 7T # d > 5. Then the Fialkow tractor obeys
(d-3)Fap = (LSLop — 7KRap - Waany ) = 75XuDp) K — s XaXsU
where U € T'(EX[—4]) is the density built from curvatures given in Equation (3.13).

PROOF. The proof amounts to tracing Equation (3.12) with the hypersurface tractor metric.

Note that U is given in the previous remark. g

Observe that the above corollary mirrors the Riemannian relationship between the Fialkow
tensor, the square of the second fundamental form, and the Weyl tensor. Further paralleling the
Riemannian case, one might expect that the tractor second fundamental form arises as the action
of a connection-like tractor operator on the normal tractor. This expectation is captured by the

following lemma.

LEMMA 3.3.9. Letd > 4 and N° be any extension of the normal tractor. Then the tractor second

fundamental form obeys
Lip = D(TANg)\E — 5 (X(aNp) K + XaXpM),
with M = LypFAP = FAB(D ,Ng,)|,..

While this result can be proved directly, a holographic approach to the proof is more instructive;

thus we wait to provide the proof until we have discussed holography.

3.4. Geometric Holography

A particularly useful way to study both Riemannian and conformal hypersurface invariants is
via the notion of preinvariants. The notion of a preinvariant was described in [9,45] and is recorded

here for our use.

DEFINITION 3.4.1. For hypersurfaces, a Riemannian preinvariant is a diffeomorphism-invariant
(possibly tensor-valued) function P which assigns to each Riemannian d-manifold (M, g) and hy-

persurface defining function s for ¥ pair the function P(s;g) such that:

(1) P(s;g)|x is independent of the choice of defining function s for X;
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(2) P(s;g) is given by a universal polynomial expression such that, in a local coordinate system
(z%) on (M,g), P(s;g) can be expressed as a polynomial in g, its inverse, the defining
function s, their partial derivatives, the inverse of the length of the conormal |ds|;1, the

inverse of the metric determinant, and the volume form on M.

Observe that action via the Levi-Civita connection can also appear in preinvariants, if only
because this action can be expressed in terms of partial derivatives and derivatives of the metric.
The simplest example of a preinvariant is the preinvariant for the unit conormal: (|ds|;'ds)|x = 7.
Another example of a useful preinvariant is £2,;,, the preinvariant for the second fundamental form:

Vbs

Pap = (Va = 145l (Vas)V ) graa ) |dsly

It is straightforward to check that this reduces to the standard definition of the second fundamental
form when restricted to X, so that Py|s, = .

The notion of a preinvariant allows us to define the ¢ransverse order of a Riemannian (or
conformal) preinvariant P(s;g). Given such a preinvariant, we can represent it in a choice of
coordinates (s,y') in a neighborhood of X such that vector fields 9/0y* are tangent to ¥. To each
coordinate representation we associate the non-negative integer that is the highest order of 9/0s
derivatives of g upon restriction to ¥. Then, the transverse order of the preinvariant P(s;g) is the
minimum such integer, minimizing over all coordinate representations of P(s;g). A consequence of
this definition is that, because to each preinvariant there is an associated hypersurface invariant,
there is a unique transverse order associated to each hypersurface invariant. As simple examples,
the transverse order of the unit conormal is 0, the transverse order of the second fundamental form
is 1, and the transverse order of the Fialkow tensor is 2.

Another useful notion is the transverse order of an operator. In particular, we say that an
operator O has transverse order k € Z>( when there exists v in the domain of O such that O(s*v)|s #
0, but O(s*1v')|s = 0 for all v/ in the domain of O. Given an operator O with transverse order
k and a hypersurface invariant with transverse order ¢ and an associated preinvariant P(s;g), the

transverse order of the hypersurface invariant O(P(s;g))|s is less than or equal to k + ¢. Indeed,
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O(P(s;9))|x in general depends on more than the underlying hypersurface invariant defined by
P(s;g).

With this notion of preinvariants given, we have the tools to discuss geometric holography.
Among other things, geometric holography is a method of studying geometric embedding data
of a hypersurface by studying particular extensions of hypersurface quantities into a bulk space.
Specifically, if ¥ < (M,S) is a hypersurface embedding where (M,S) is a smooth manifold with
some structure S, we can study hypersurface invariants of ¥ by finding and studying corresponding
canonical preinvariants (i.e. finding canonical extensions) that are determined by and preserve
the structure S§. We call such canonical preinvariants holographic formule for their hypersurface
invariants. In some cases, these holographic formula can only be determined up to some order in a
defining function—mnonetheless, they can still be useful.

Viewing the hypersurface invariants as more fundamental, we can view preinvariants instead as
extensions of the hypersurface invariant. Typically, canonical extensions are found by demanding
that an object solves a particular natural partial differential equation. In Section 3.1, we demanded
that |ds|; = 1 in a neighborhood of ¥. Indeed, this is a partial differential equation on the defining
function s which can be used to canonically choose a triple (M, g, s),,. With such a canonical choice
made, we can study the hypersurface by studying the specific function s and the preinvariants
associated to it rather than an entire family of equivalently valid defining functions. While this
was not strictly necessary for the discussion that followed, it indeed can be useful for simplifying
challenging calculations. This type of simplification is the power of holography: it allows for the
dramatic simplification of otherwise enormous computations.

We are primarily interested in the case where S is a conformal structure ¢ on M. As in the
Riemannian case, we are interested in a canonical partial differential equation on ¢ that, given some
hypersurface embedding > < (M, ), will fix the triple (M,~,0). Indeed, as suggested above, for
any positive function f € C°M, the triple (M,~, fo) specifies the same hypersurface embedding
Y < (M,~), so we seek out a partial differential equation to fix f. To that end, we specify the

singular Yamabe problem [88|:

PROBLEM 3.4.2. Given a conformal hypersurface embedding (M,~,0), find a positive func-

tion f € C°°M such that the singular metric g° associated with the triple (M,~, fo) has a constant
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scalar curvature:

o

Sev” = —d(d—1).

An analogous problem was solved by Loewner and Nirenberg on round structures [59]. Recall
that for the hypersurfaces we are interested in, ¥ is separating so that M = M~ UX U M™T. A
one-sided global solution to this problem always exists [2,5,62] but in general relies on global data
of M™; however, a solution f that depends only on local data of the embedding can always be found

such that ¢° = +v/(fo)? asymptotically solves the singular Yamabe problem [2,34]:
Sc9” = —d(d—1) + O(s%),

where s here is any defining function for ¥ < M. In this dissertation, we will use the notation
O(s™) (or, for densities, equivalently O(¢™)) to indicate that the remaining terms in an expression
can be written as s™ f where f is some function (or density) that is regular in the limit where s (or
o) approaches zero. Indeed, note that for o a defining density for ¥ < (M, ), the above display is

thus equivalent to

(3.14) Sc9” = —d(d—1) + O(c?).

because for two representative s, 5 of o, we have that, for some Q € C$°M relating s and 3,
5f = (Qs)'f = s1(Qf).

Thus, Equation (3.14) can be viewed as a conformally-invariant equation.

Given a hypersurface embedding specified by (M,~, o) that has f = 1 as the solution to the
above asymptotic singular Yamabe problem, we will say that (M,~,0) € ASY and we will often
denote such embeddings by a subscript ), i.e. we will write (M,~,0)y. Given a triple (M,~,d’),
we can simply define o := fo’, where f solves the singular Yamabe problem for (M, ~, "), so that
(M., fo') = (M,v,0)y.

A priori the above canonical problem is very different from the canonical PDE imposed by re-

quiring that the extension of the conormal has unit length. However, we can reframe the singular
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Yamabe problem as a similar unit-length type problem using the framing of tractors [34,40|. Sup-
pose that (M, ~, o) specifies the hypersurface embedding ¥ < (M,~). Then, we define the scale
tractor by

I = DA e T(TM[0]).

In a choice of splitting given by g € ¢, we can write
I} = (0,V,p),

where p := —é(Aa + J90). Observe that, using the tractor metric, we have that
I2 = (Vo) + 20p.

In a choice of scale o = [g; s], we have that

I2 = ]ds\g —2(As+Js).

Because this equality holds everywhere in M, and in particular is valid in M, we choose the scale

(valid only away from %) given by o = [¢% 1]. In that case, we have that I2 = —2J9°. However,
J9° = Q(TEUSG"U, so we have that
]g = _Lgo )
d(d—1)

From this equation we conclude that if a hypersurface specified by (M,~,0) exactly solves the
singular Yamabe problem, then we must have that I2 = 1. We call such a defining densities o that
solve this equation a wunit defining density. Similarly, given a conformal hypersurface embedding

specified by (M,~, o)y, we must have that
I2=1+0B,

for some density B € T'(EM[—d]) that extends smoothly to the boundary. Note that the density
Bl € T'(EX[—d]), called the obstruction density because it obstructs solving the singular Yamabe
problem smoothly [2,45], is a local invariant and plays a special role in conformal geometry. It will
be the subject of further discussion in Chapters 5 and 6. For holographic purposes, then, we will

demand that I2 = 1+ O(0?) going forward so that the hypersurface is specified by (M,~, o)y. This
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uniquely determines the defining density o to order o@+!

. In the literature, such a o that solves
the asymptotic singular Yamabe problem is sometimes called a asymptotic unit defining density.
When it is clear that we are discussing asymptotic unit defining densities, we will typically drop
the subscript o decorating I—because given a conformal hypersurface embedding (M, ~,0)y, this
tractor is (asymptotically) uniquely determined.

Given the above discussion, the relationship between the defining density ¢ and the normal
tractor becomes clear. A result of [34] showed that so long as I2 = 14+0(02), we have that 24 = N4,
(Note that this implies that in a choice of scale ¢ = [g;s] we have that p z —H9Y.) But given
(M,~,0)y, this is always satisfied for d > 4, which is our regime of interest—so the hypersurface
tractor calculus developed in Section 3.3 can directly parallel the Riemannian developments in
Section 3.1. Thus, we use the scale tractor as a holographic formula for the normal tractor, and
furthermore refer to any formula using this canonical extension as a holographic formula.

The operator I-D (and its hatted counterpart, I-ﬁ, which is often called the Laplace—Robin
operator) play an important role in holography, in part because this operator satisfies an sl(2)

algebra. This fact is recorded in the following lemma from Gover and Waldron:

PROPOSITION 3.4.3 ([40]). Suppose o € T(EM][1]) obeys I2 # 0, and denote by h : T(T®M[w]) —
D(T*M[w]) the operator defined by h = d+2w. Then, viewing x := o : T(T*Mw]) — T(T®M[w+
1]) as a multiplicative operator and y := —21-D : T(T*Mw]) — T(T®*M[w — 1)) as a differential

operator, commutators of the operators (x,h,y) satisfy the sl(2) defining relations,
[h,z] =2z, [z,y]=h, [hy =-2y.

REMARK 3.4.4. Because we will often assume that o is an asymptotic unit defining density, we
may neglect the %2 coefficient when using the above-displayed relations because it equals unity to

sufficiently high order for the situations discussed. [ |

We now finally have the tools to prove Lemma 3.3.9 via holography. The method requires a

holographic formula for the tangential Thomas-D operator; this is captured in the following lemma.
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LEMMA 3.4.5. Let w—i—% #1, ‘;, d and let (M,~,0)y specify a conformal hypersurface embedding.

Then, acting on tractors of weight w, we have that
(3.15) DA—DA—IAI D—i—d+2 XAID

PrOOF. For this proof we will assume that ¢ is asymptotic unit defining. Observe from the

Leibniz failure (Lemma 2.3.1) that, for ¢, tractors of weight wi,wy # 1 — § respectively,
I-D(¢y) = $(1-D¢) + (I- D).

Indeed, along 3, the operator [ .D is a derivation. Thus, we can write the operator equation

(3.16) (I-D)? Z (1-DI®)Dg + I* 1D ADp .

Now observe that
I-DIB = 1,DADB¢s

=14DBD%

(3.17)

™

= —ﬁXB(DCIA)(f)CJA).

Above, the second equality holds because [ﬁ 4D p] on scalars vanishes, the fourth equality holds via
the Leibniz failure, and the fifth equality holds because o is asymptotic unit defining. By substituting
Equation (3.16) into Equation (3.15), the proof then amounts to showing that (DCI4)(D¢ly) is
an extension of the rigidity density. To do so, observe from [9, Lemma 3.15| that ¢*(VI) Z 1, and
thus ¢*(DI) Z 1. That is, we can write

Dulp =10 I, =



Hence it is clear that (DCI4)(Daly) Z K, and thus is an extension of K. O

The above proof included the first use of the tractor
Pap := ﬁAIB € F(@zT*M[—l]) .

This tractor will play a major role going forward in our analyses of conformal hypersurface invariants.

Indeed, we define a holographic formula for the rigidity density K by
K. := PapP*P.

Observe that this tractor is symmetric because [lA? A, D p] vanishes on scalars, is trace-free because
DA o Dy = 0, and is “top-slot free,” i.e. XAPap = 0, as a consequence of Equation (2.5) and
that wl = 0. Another useful property of the tractor P is that DAP4p = 0. This directly implies
that (¢ o ¢*)(Pap) = Pap, so knowing the projecting part of Psp is sufficient to determine the
entire tractor. Because ¢*(Pap) Z 1I, we define the canonical extension of the trace-free second

fundamental form by

(3.18) 1 = g*(Pag) = [g: V(amuyo + sP%] € T(@2T*MI1]),
so that ]016]2 = IL By inserting the above tensor-valued density into a tractor, we find that

q(11°) = Pyp. Hence, we can write that

0 0 0
(3.19) PapZ |0 I, —
0 _ VIS UWHIC4(d—1)PTi
d—1 (d—1)(d—2)

A useful consequence of this extension of 1T and the tractor Pap is the following lemma.

LEMMA 3.4.6. Let (M,~,0)y represent a conformally embedded hypersurface and let { € Z<q_o
be non-negative. If ¢ = O(c'), then n“]olgb = O(c!*Y) and V-1I° = O(c!).
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PROOF. First observe that, when II° = O(c?), an extension of the tangential divergence of 1°

satisfies V@ f[(elb = (g% — nanC)vcﬁgb = O(c"). This follows because
[V, V] = 20maV, + ltotsg

where p := —é(As + Js). Note that by ltotsy we mean any (possibly differential) operator with

transverse order less than or equal to k. That is, we can write
(3.20) V-1I° —n-V,0° = V] . 1I° = O(c").
Further, from Equation (3.17), we have that
¢ (2IPPyp) = do® *nyB + 0V, ,B.
From Equation (3.19), we also have that ¢*(I-P) = —3%5 V- 1I° + n-11°. Therefore,
(3.21) oV — (d— 1)n- 10§ = O(c4).

Now choose an integer 0 < k < d — 2 and observe that [V]", n,] = ltots,,_1 for any positive integer

m. Combining Equations (3.20) and (3.21) and taking k transverse derivatives, we find that

(3.22) VEn-1° = k=L 11 4 Ttotsy,_ 1 (n- 1°) + ltotsg_2(V, - 1I°)

where for m < 0, ltots,, is the zero operator. Observe that for any 0 < k < ¢, the right hand
side vanishes to order O(c*~**1). Thus, if 1I® = O(o!), we have that VEn - II° Z 0 and hence

n-11¢ = O(o*™). The remainder of the lemma, follows from Equation (3.20). O

REMARK 3.4.7. Because [V, V] ] = 2pn,V,, + ltotsy, it follows from Lemma 3.4.6 that
(3.23) VEIY 10 2 VT VEI® + Ttotsy_o (1T°)

for k<d-2. [ ]

A corollary about the tractor content of Pyp follows directly from the above lemma and Equa-

tion (3.19).
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COROLLARY 3.4.8. Let (M,v,0)y specify a conformally embedded hypersurface, let £ € Z<4_o

be non-negative, and let 1I° = O(c?). Then,
Pap = O(c%) + XaX50(c" 7).

As another application of the tractor Pap, we can prove Lemma 3.3.9 using Equation (3.15)

and the tractor Pypg.

PROOF OF LEMMA 3.3.9. Let (M,~,0)y specify a conformally embedded hypersurface ¥ —
(M, 7). Because o is asymptotic unit defining and d > 4, we have that I? = 1 + O(c*). As noted

above in the proof of Lemma 3.4.5, we have that I-DI4 = Ifie_XZA + O(0?). Next, we choose the

holographic extension I of N so that, using Equation (3.17), we have that
A E A A A
DIy Z Dalp — Ial-Digy+ g5 X(al-D (755 Xpy K. )

(3.24) Z Pap — 25T Xp) K + (I(AXB)Ke n XAXBI-DKe)

1
(d—2)(d-3)

z d—4 1 2
= Pap — mI(AXB)K + WXAXBI'DK(?,

where the second equality holds because I-D is a derivation along ¥. A result of [44] showed that

the holographic formula for L4p is given by

(3.25) Pap = Lap + ZlaXpKls + %XAXBM,

where M = FABP,p|s as in the lemma statement. Combining Equation (3.24) with the above
display, proving the lemma amounts to showing that I- DK Z —2(d — 3)M. This identity can
be checked explicitly. By the Leibniz failure, we have that I-DK, Z 2PAB[.DPsp. Because

T4 Z (5,02 p), we have that in a choice of scale o = [g; s, I-D =V, — H9%w. Then, we have that

I-DK, Z2P*B(V,, + H)Pyp .
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Using Equation (3.19) and (2.3), we have that

Hence, we have that
[-DK, Z 2HK + 211°(V,, 1%, — 2:n,V-1I5) 5 .

Performing an explicit Riemannian computation, we find precisely that I- DK, £ —2(d — S)HF =
—2(d — 3)LapFAB. This completes the proof. O
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CHAPTER 4

Conformal Fundamental Forms

A particularly useful application of hypersurface differential geometry is in the Arnowitt—Deser—
Misner (ADM) formalism [4], which is one of the fundamental tools of numerical relativity. The core
idea of that formalism is to take a spacelike hypersurface in 3+ 1 dimensional spacetime and evolve
that hypersurface forward in time using Einstein’s equations to foliate all of spacetime, thereby
obtaining a solution by construction with some given initial data. Given such an initial data slice,
evolving towards a full solution requires two pieces of data because Einstein’s equations are second
order PDEs. Indeed, the ADM formalism requires both the induced metric on and the second
fundamental form of the initial Cauchy slice.

In the same vein, if the problem we are interested in is conformally invariant (such as the Bach-
flat problem in four dimensions), a conformally-invariant set of initial data would be required to
evolve to solutions. Furthermore, in the example given of the Bach-flat problem, the PDE of interest
is a fourth-order PDE rather than second order, so we need more than just two pieces of initial data.
Indeed, to solve such problems, one might look toward producing a family of conformally-invariant
extrinsic curvatures that generalize the second fundamental form. In this section, we examine such

a family.

Using holography, one way we can further probe conformal hypersurface invariants of the embed-
ding ¥ < (M, ~) is by directly studying the canonically-determined unit defining density. Indeed,
because the unit defining density o for the embedding is determined uniquely (to sufficiently high
order) by solving the singular Yamabe problem, we can extract conformal hypersurface invariants
by studying a family of conformally-invariant jet coefficients of 0. These jet coefficients encode ex-
trinsic embedding data so we study those tensors. Note that by construction, these jet coefficients

are tensor-valued densities on tensor products of the cotangent bundle of M along 3.
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In Section 3.2, we introduced the first two conformally-invariant jet coefficients of o. The first
such coefficient is the conormal Vol|y € I'(T*M|1])|s. The second such jet is the trace-free second
fundamental form, given by L = V(aVi)ools € I'(®27*%[1]). Unfortunately, additional gradients
of this tensor do not fall into the cotangent bundle along . There is thus a fork in our path: we
can consider longitudinal jet coefficients of o by considering hypersurface gradients of 1I or we can
consider transverse jet coefficients by considering normal derivatives of an extension of II. Because
conformally-invariant operators on a conformal manifold (X, ) are well-studied [7,16,48], we do not
investigate those jet coefficients in depth here. Furthermore, we are particularly interested in finding
higher-order analogs of the second fundamental form. Thus, we probe transverse jet coefficients of
o. To better navigate our path forward, we analogize with the Riemannian case.

Consider a surface ¥ embedded in a flat (R, ;) specified by a defining function s. In this case,
the square of the second fundamental form is sometimes termed the third fundamental form. We
are interesting in examining how the third fundamental form is related to the jet coefficients of the
defining function s. In this case, the conormal is given by the gradient of s, so that n := Vs, and
the second fundamental form is simply the Hessian of s, i.e. Il = VVs. The third fundamental
form then obeys

I]Iab = —(anavbs)‘z = Hgb'

We then proceed to define higher (Riemannian) fundamental forms by taking successive normal
derivatives, so that

- _1\k
kt2:= Vv, Vysls = 5

where m denotes the (Riemannian) mth fundamental form.

While the fundamental forms described above naively do not encode any more information of
the embedding than the second fundamental form, we see that for hypersurfaces embedded in a
generally curved manifold ¥ — (M, g), these tensors contain additional embedding information

that is not captured by the second fundamental form. For example, if s is unit defining, then

X 2
mab - Hab - Rnabn .
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A hint of the path forward is given by this formula: recall that the Fialkow tensor is given by
Foy= d%g (ﬁ%ab)o - Wﬁabﬁ) .

The similarity between F and the formula for Il above suggests that the Fialkow tensor is (pro-
portional to) the next conformally-invariant transverse jet coefficient of o beyond II—a conformal
third fundamental form. Furthermore, observe that the second fundamental form and the Fialkow
tensor have transverse order and weight pairs (1,1) and (2,0), respectively. Also note that under
constant rescalings of the metric, derivatives with respect to the defining density 0, have weight
—1. This suggests that the transverse jet coefficients of o probe, in a natural, conformally-invariant
way, derivatives of the conformal metric with respect to the defining density. Here, natural tensors
are those that are diffeomorphism invariant and are built from the metric, its derivatives, and the

conormal. We are thus led to the following definition.

DEFINITION 4.0.1. Let m € Z>3. An mth conformal fundamental form is any natural section

of ®2T*%[3 — m] with transverse order m — 1. [ ]

Often when discussing such tensor-valued densities, we drop the adjective conformal. Using this
definition, we have that the Fialkow tensor is indeed a third conformal fundmental form. Of interest

is that the definition above does not uniquely fix fundamental forms. Indeed, both the tensors

E and F+ afI?ab)o
are third fundamental forms. However, their leading transverse derivative structure is (essentially)

unique. This fact is made explicit in the following lemma.

LEMMA 4.0.2. Suppose 2 < n < d—1. Then if the conformal embedding ¥ — (M, c) is such
that at least one Lth conformal fundamental form vanishes for every 2 < { < n, then up to an overall

non-zero coefficient, there is a unique nth conformal fundamental form.

PRrOOF. The proof is based on an inductive argument where we show that the leading normal
derivative terms of the metric are unique. Thus we begin by considering the leading transverse order
term in the preinvariant expression for an nth fundamental form. As before, using coordinates {s, 4’}

in a collar neighborhood I x ¥ C M, we can express any natural preinvariant in terms of a defining
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function s, partial derivatives 05 and 9; = 0/9y’, the metric components g5, the components of
its inverse ¢*°. Because fundamental forms are conformally invariant, it is useful to view part of
the preinvariant alphabet—the metric g and the defining function s—as representatives of weighted
densities: the metric is a weight 2 representative of the conformal class of metrics ¢ and the defining
function is a representative of a defining density o = [g; s|] with weight 1. We next determine the
leading transverse order term in the preinvariant expression for an nth fundamental form using
Definition 4.0.1.

From the definition of transverse order, we must be able to choose coordinates such that the

leading derivative term in the preinvariant for the nth fundamental form is of the form

O(ab)Cd 8;L_lgcd|2 )

where, as an operator, O(ab)c‘i has transverse order 0. Moreover the above is annihilated by the
normal vector and the hypersurface trace. Note that the weight of an nth fundamental form is 3—n
and its transverse order is n — 1. By considering only conformal transformations by a constant we
may still analyze expressions such as that displayed above in terms of weights. Because the weight
of the operator d, is —1, the weight of the above display is 3 —n+wg where the operator O(ab)Cd has
weight wo. Hence we must have that wo = 0. By an elementary weight argument, ones sees that
this operator is algebraic and therefore made only from the metric, its inverse, and a preinvariant
for the conormal. Together with elementary O(d) and O(d — 1) representation theory, this implies
that (along X) this operator must be a non-zero multiple of the trace-free hypersurface projector,
and hence proportional to

—T—e (8?*19(117) ’E )

where "(I)—e is any preinvariant expression for the operator T.

Now suppose that L™ and L™ are two nth fundamental forms with the same coefficient for
the above-displayed term and the conformal embedding ¥ < (M, ¢) is such that an ¢th fundamental
form vanishes for every £ < n. We then seek to show that L(" — L) Z 0. Clearly, because L™
and L™’ have the same leading term, their difference must have transverse order at most n — 2.
Put another way,

L% — L = P () 1072 gud| 5, + t0t5n—3(gab)
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where P(ab)“l is a preinvariant operator with weight —1 and transverse operator order 0. But
then 07 2gu|s can be rewritten as an (n — 1)th fundamental form plus lower-order terms. Thus,
the induction only requires that we check that the second fundamental form is unique up to an
overall non-zero coefficient, which is again easily verified by an elementary weight and representation

theoretic argument. g

A consequence of this lemma is that the leading derivative structure of a conformal fundamental
form is unique up to multiplication by a nonzero constant. By this uniqueness property, there is a
priori no preferred method for constructing these fundamental forms. Arguing by analogy with the
Riemannian case suggests that one way to form these tensors is by computing conformally-invariant
transverse derivatives of an extension of the second fundamental form. In the following section, we

provide several methods to construct such tensors.

4.1. Conformally-Invariant Transverse Derivative Operators

In general, the derivative operator V,, is not conformally invariant except when evaluated along
3} and acting on weight 0 functions. However, we are interested in the development of conformally-
invariant operators with transverse order k that can act on sections of ®2T*M][1] (because that
is the section space in which an extension of i resides). While in general this is no easy task,
holography makes our work easier. In this section, we provide two distinct methods of constructing

such operators: one is iterative and one is non-holographic.

4.1.1. Iterative Construction. An important transverse derivative operator in conformal hy-
persurface geometry is the tractor Robin operator dgr, first mentioned here in the proof Lemma 3.3.9,

defined as the map
D(T*Mw)) 5 T & (Vi — HOw)T|s € T(T*M[w —1))]5 .
When w # 1 — %, this operator can be written in a more compact form, i.e. 0T = NAﬁAT|g.

REMARK 4.1.1. When restricted to densities, the tractor Robin operator is the conformally-

invariant Robin combination of Neumann and Dirichlet operators first constructed by Cherrier [22].
|
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Because we wish to develop transverse derivative operators not on tractors or scalars but on
rank-2 trace-free symmetric (Riemannian) tensors, the Robin operator as described above is not
appropriate. However, given such a tensor, we can canonically construct a tractor on which iy can
operate via the insertion operator, and we can then extract a hypersurface tensor with the same
tensor structure by composing the hypersurface extraction map, the hypersurface removal operator,

and the trace-free projection operator. This leads us to the following lemma.

LEMMA 4.1.2. Let ¥ — (M, ¢) be a conformal hypesurface embedding and let t € T(©2T* M[w)),

with w # 3. Then, given g € c,

o

Wty £ T (Vi — (w—2)H) tar + 325V (alapyo

Proor. We proceed by working in a generic dimension d and with generic weight w rank-
2 trace-free symmetric tensors ¢t € I'(@2T*M[w]). For generic weights and dimensions, we may

compute the composition of maps ¢* o7 o To d0r o q. We must compute ¢ o T o —T—, so we first

°

apply this operator to a general rank-2 tractor T € T'(®2T M[w]). Note that T maps T +— T

where T' := (If[g/ - ﬁIABIA/B/)TArB/\E. Because 7 achieves X - F(T) = 0, we have that

o

(¢FoTo :I)')(T)ab = ZaoZpy(T)AB for an arbitrary tractor T. Thus, for generic dimensions and

weights, we have that

(@ oo T T)ap = ZaaZpyTA?

- %ZB(a@b) (XCTCB) + ﬁ’_}/@bDC(XDTCD)

+ w28y VaD" (X XpTP)

fay

8 20D
+ (d—l)(d+?)(bd+2w+1)DC(XDT ).

We now compute each of the terms above. First, using Equation (2.3), we obtain
ZBb@a(XchCB) = @aff T+ BT,

ZppVaDP (XoXpTOP) = [VaVh — 73 (A + (w +2)J) + (w + 2) Py | T+ .
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Next (see for example the Appendix B of [72]), we have

fay

De(XpTP) = b (= [A= (d4+w—1)JJTH +(d+2w+ 1)V T+ (d+w—1)(d+2w+1)T"7) .
Finally, because TAB is hypersurface tractor trace-free, we have that 0 = Tg + 2T+ Thus,

— — =3 2—a _ =3 _ =3 =3
ZAaZBbTAB + ﬁT—F = Lab — ﬁrYachc = T(ab)o .

Substituting these identities into the above display for (¢* o 7 o T)(T) gives

(q* oro —T—)(T)ab :w(11)1+1) ?(a?b)of—i_—‘r -

Proving the lemma now amounts to computing the components of T when T = dr 0 q(t). Note that

by construction,

2 S e _ _
Tavyo = YoV Ted + 7217a6 2T + Tia) -
Thus, we can simplify our calculations by only computing the components of T" appearing on the
right hand side above.

We can use Equation (2.12) and the definition of ér to show that

XATAP = X 40rq(t)*P = 6r X aq(t)*P — Nag(t)*?

= _NAQ(t)AB )

where the second equality holds because X -¢(tq) = 0 by definition. Thus, using Lemma 2.5.1, we

have
n-V-t

T =0 TF = —t, TH—= ——~
b na » d+w—2

a

Using again Lemma 2.5.1 as well as Equation (2.3) and the fact that ¢(¢) has weight w — 2, we have
that
2,V -ty

Tab:vﬁtab_ (w_Q)Htab_ d+w—2

)
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so that in a choice of scale o = [g; s,

Tiabo

[t

T[Vﬁtab — (w — Q)Htab} + dfllgab(ﬁaﬁbVﬁtab — (w — 2)Htﬁﬁ)

[

—T—[Vﬁtab — (w — Q)Htab} .
Combining the above and noting that T has weight w — 3, we have
g oro To droq(t) = T Vitay — (w —2)Htgpy + %v(at;—b)o .

This completes the proof. O
In principle, one could extend this technique to the operator (I f))k , but in doing so it becomes
much harder to explicitly compute such operators. Instead, we will define an operator that we can

iterate to produce such higher derivative operators. Indeed, by constructing a similar composition

of operators with the tractor operator I-D, we can compute powers of
(4.1) ID, =¢*orol-Dog

on generic weights to construct the desired operators. Observe that such an operator can be well-
defined even if ¢ is not a defining density, let alone an asymptotic unit defining density. The following

results regarding the operator ID, hold in this most general case. We now need a technical lemma.

LeMMA 4.1.3. Let § = [g;t] € T(Q"T*M[w]) and o = [g;s] € T'(EM[1]). Then
V70 :=[g;sVt — (w —r)ds @ t + (ds ® ¢)%t] € D(Q" T T* M[w + 1]),

where for a general covector w, we denote (w ® g)gtb = Wty — Gpw t. (when r = 1) and extends,

in the standard Leibniz way, to higher rank r tensors.

PRrROOF. First note that, using the notation provided in the lemma, the Levi-Civita connection

acting on 0 := [g,t] € I'(®"T*M[w]) obeys

V¥ — vV (Qu9) = Qv (vgtg Fw-—r)Tet— (T® g)ﬁtg) .
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Here T := dlog 2. Further, denoting n := ds, n®¥'9 = d(Q2s) = Q(n9+s7T). Therefore, n?*I Q9 =
QU (nd+45sT) @19 and (n¥9®029)* = Q([n9+sY]®g)?. Combining these conformal transformations

with the above display completes the proof. O

Note that if o is an asymptotic unit defining density for a hypersurface X, then, along 3, the
operator V7 is just a particular tensor multiplication by the unit conormal 7.
The operator ID, of Equation (4.1) is not defined for several weights, so we instead make the

following definition.

DEFINITION 4.1.4. Let 0 € ['(EM[1]) be any weight one density, let I, = Do, and let 74, €
[(®2T* M[w]) where w # 3,2 — d. Also let M:=M \ Z(0). Then we define the map

D, : T(@*T* M[w]) — T(@2T*Mw — 1])

by the following formula:

oD, 7o 1= —° (vg Tab + ot Vi ViTame — SV vifc]leb)o)
2 2
— %UQWCadecd—i— [(w—2+ %) — (%) +2}I§ Tab -

Note that the definition for ID, given above is manifestly conformally invariant and of the
appropriate weight—all of the terms that make up the operator are manifestly conformally invariant,
as per their definitions and Lemma 4.1.3. The combination of terms making up 1D, is distinguished
because they in fact allow the operator ID, to be defined along Z(¢). This result is described in

the following lemma.

LEMMA 4.1.5. Let 0 € T(EM][1]) be any weight one density and 7 € T(OXT*M|w]) with
w#3,2—d. Let g € ¢ for which 0 = [g; 5], Tap = [g;tap], and IDs74p = [g; Dstap]. Then
IDstab:(d+2w_6) ([vn+ (w—2)p} lab — %n(av'tb)o + % [ncv(atg)o+(vn)(a'tb)o:|)
— S (Atab + (w — 2)Jtab + va{v-tb)o — 4P(a.tb)o) y
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where n ;= ds and p = —%i(AS + Js), and 1D, is a well-defined map
D, : N(@2T* M(w]) — T(O2T*M[w — 1]).

PRrOOF. The proof amounts to a computation of ID,7,, in a choice of scale away from Z(o),
applying Lemma 4.1.3 twice, and the identity I> L2y 2sp. The resulting tensor is proportional

to s and hence the apparent singularity of ID, along Z(o) in Definition 4.1.4 is removable. O

For weights at which the composition of maps ¢*orol-Doq : T(®2T* M|w]) — T(@2T* M[w—1])
is defined, a tedious but straightforward computation shows that ID, = ¢* or o I-D o q. Thus,
we have constructed a means by which to compute the action of a conformally-invariant transverse
derivative on symmetric trace-free rank-2 tensors in a way that can be iterated, but is well-defined
on more weights than the composition operator just mentioned.

Furthermore, we can relate the operator ID, to (1) quite easily by first defining the operator
D, = mﬂ)g acting on tensors with weight w # 3 — %. As above, when the composition
operator is well-defined, we have that D, = q* orol-ﬁoq. Furthermore, because 6(Y) is constructed
from a partially hypersurface composition operator containing [ -15, we can find a relationship
between 6 and ID,,. Indeed, given a defining density o subject to I2 Z 1, when w # 3,3 — g, we
have that

§W =TolD, — 2:1(7-)2.

With these operators ID, and 6(1), one might naively suggest that a transverse derivative oper-
ator of any order could be constructed by writing 6(Y) o IDI;’ for any k € Z>o. However, as suggested
by the work of Gover and Peterson [38], certain values of k yield operators with transverse order

lower than k 4+ 1. Indeed, we can prove this result explicitly—but first we provide a definition of

this iterated operator.

DEFINITION 4.1.6. Let (M,~,0) € ASY specify a conformal hypersurface embedding. Then,
define 6&020 = T : D(O2T*M[w]) — [(G2T*S[w]), and acting on weight w # 3 tensors, define
oM = 6W, For k€ Zsy and w ¢ {2—d,....k—dyU{3,..., k+2}, let

5 =60 o DI T(@2T* Mw]) — (@ T*S[w — K]).
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Acting on sections of ®2T*M|[w] for w # 3, the transverse order of 50(111)1} is 1. When w ¢ Z,

the operator 5;’2} is always defined. Moreover, when 2w is not an integer the operators 552 for

k > 2 have transverse order k (see Equation (4.2) below). However, when k € Z>3 and 2w € Z,
(k)

the operator d,, may not be defined or it could fail to have transverse order k. In particular,
for w an integer and k > 2, the operators 5(%) are only defined in the three regions where w obeys
w<2—d, k—d<w<3,or k+2 < w (the second of these could be empty). The following lemma
k)

characterizes the transverse order of (5& o 11 these cases.

LEMMA 4.1.7. Fiz d > 3 and k > 2, and let w € Z be such that
w<2—d, k—d<w<3, ork+2<w.

Then, the transverse order of 6&12 is strictly less than k if and only if

7%d§w<3 and %Skgd—i—%)—i

(k)

Proor. To evaluate the transverse order of ¢, ,

we compute the coefficient of VE. For that
we first examine the leading derivative structure of the operator ID,. From Lemma 4.1.5, acting
on a weight w tensor tq, € T(®2T*M[w]) the only terms with non-zero transverse order are V,t,
@GV - tyo, nCV(atlc))O, sAtap, and sV (,V - ), (here o = [g;s] and we work in the scale g). In a
n—1)

choice of coordinates (s,y',...,y with {J,:} tangential to ¥, we can write

Vo = nq0s + ltotsg ,

where n = Vs and ltots; denotes an operator that can be expressed in these coordinates with

leading derivative term Qf where ¢ < k. Observe that ltotsy o ltots;, = ltotsyyr. Thus, we have that
neV (glhye = Nen(aOsty)o + ltotso(t) and sV (,V - ty)o = 51405V - ty), + ltotsi (t) .

Because ¢ is an asymptotic unit defining density, we have that V, on Z n(V, + H) and so the

operator 61 composed with the conormal n has transverse order zero. Therefore, only the terms V,,

(k)

and sA in ID, can contribute to the leading transverse derivatives in the operator 4, .
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From the above, and again consulting Lemma 4.1.5, we conclude that

k—2
551171)1; =ToVyo H [(d+ 2w — 2i — 6)V,, — sA] + ltotsg_1 .
i=0

Because A = V2 + ltots;, we have that
03 Z T o (d+ 2w —7)V2 + ltots; .

We now proceed inductively to find the general coefficient of the leading transverse derivative term.
Suppose that for £ > 3,

k—2
[[@+2w—k—i-3)
=1

(5&;1) =To fol + ltotsg_o .

Then, because
65 = 0 ) oD,

W daw—1

we have that

k—2
5((;2 =To H(d+2w— k—i—5)| VElo[(d+ 2w —6)V, — sA] + ltots,_ .
i=1

Hence, as required, we find

k—1
(4.2) 08 =To |[[(@+2w—k—i—4)| VE +ltots,_: .
=1

To find when (552} has transverse order strictly less than k, we study when the leading coefficient

in the above display vanishes. That is, we wish to find k£ and w that obey

(4.3) d+2w—2k—3<0<d+2w—k—5.

Because k > 2, we find that the right inequality implies that w > %j. Further, the inequality above

can be rewritten in terms of k to obtain &;’_3 < k <d+ 2w —5. Equation (4.3) has no solutions
for w in the range w < 2 — d since that would require d < —3. Therefore, when w < 2 — d, the

transverse order of 55(112; is k. The left inequality of (4.3) rules out w > k + 2 so the only remaining
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case is k —d < w < 3, which, in combination with Equation (4.3), gives the ranges of k£ and w

quoted in the Lemma. O

(k)

Observe that, acting on integer weight tensors, these operators 4, fail to have the expected
transverse order in certain cases in all dimension parities. The next provided construction has
the interesting property that it has the expected transverse order in certain cases in a particular

dimensional parity. We now proceed to that construction.

4.1.2. Non-Holographic Construction. For this construction, we rely on the generalizations
of results from [38] and [37] found in Section 2.4.

While the operators 5&2 constructed above typically have a dimensionful coefficient on the
leading derivative term that vanishes for particular weights and dimensions, it is not necessarily the
case that operators with the expected transverse order in those cases do not exist. Indeed, if every
term in the formula for said operator had the same dimensionful coefficient, one could instead define
an operator with the expected transverse order by dividing out by that particular coefficient. Work
of Gover and Peterson [38] showed that this phenomenon occurs in a particular subset of similarly
constructed operators on scalar-valued densities. In this section, we summarize a nearly identical
construction for the action of such operators on tractors, most of which is contained in that work.

First, we record a result directly from [38, Proposition 5.8]:

LEMMA 4.1.8 (Proposition 5.8 of [38]). Let k € Z4 be given. Then, there exists a family of

conformally invariant operators &y : T(T®[w]) — T(T®[w — k])|s defined by
Sp 1= NAQ"‘NAk(SRDAQ"'DAka

with transverse order k so long as

w ¢ {ka—l—d 2k—2—-d k—i—l—d}
5, L .
Here 6 : T(T®*Mw]) — T(T®M[w — 1])|s and is defined by 6r := Vi — wH.
We now provide an analog of [38, Theorem 5.16] in even dimensions.
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THEOREM 4.1.9. Let J, k € Z4 such that 0 < J, 0 < k < d/2 and let d be even. Then, there

exists a family of conformally invariant differential operators
87 (TP Muw]) = T(T*Mw — k — J))|s
determined as follows. For k < J,
09k = N4 NUg, PP,
For k > J, then 0 is determined by the equation
(d+ 2w —2k)8%, = N4 ... N4g, PP, .
When w =k — d/2, 5?,1'@ has transverse order J + k.

ProOOF. We follow the proof of [38, Theorem 5.16]. That proof relies on several results that
require generalization to arbitrary tractor tensor structures; specifically, it directly requires |38,
Lemma 5.7, Proposition 5.14, and Lemma 5.15]. Of these results, [38, Lemmas 5.7 and 5.15]
already apply to arbitrary tractors, whereas [38, Proposition 5.14] only applies to scalars and
directly relies on [38, Proposition 5.10], which also only applies to scalars. [38, Proposition 5.10],
in turn, relies on [37, Proposition 4.5], which is a result on scalars. Thus, the proof this theorem
effectively amounts to generalizing [37, Proposition 4.5] to arbitrary tensor structures and then
following this result through the aforementioned steps. The generalization of [38, Proposition 4.5]
is given in Proposition 2.4.3, and the generalizations of [38, Propositions 5.10, 5.14] are given in

Propositions 2.4.4 and 2.4.5, respectively. See Section 2.4 for these results. O

Such an operator 53”k is defined on any particular tractor bundle T®M[w], so we will drop the
superscript ® when the tensor structure is clear from context. Given such operators, we can compose
them with the insertion, projection, removal, and extraction operators as before to produce operators
on tensors of the appropriate type. Then, such operators can be proven to have the correct transverse
order, even in cases when the iteratively-constructed operators do not.

As an example, suppose (M5, ~, o)y represents a conformal hypersurface embedding. We com-

3)

pare the operators 5671 and (q* ofo?o’oém oq) on weight 1 symmetric trace-free rank-2 tensor-valued
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(3)

densities. From Lemma 4.1.7, we see that d57 has transverse order strictly less than 3, whereas we
will expect (and later prove) that (¢* o7 o To 01,2 0q) has transverse order 3, as per Theorem 4.1.9.
Because we are most interested in constructing such operators that act on this weight (because any
extension of 1I is weight 1), we will find that when d is even, this second construction can be more

useful.

4.2. Conformal Fundamental Forms—General Dimensions

We now proceed to explicitly construct fundamental forms in a way that is agnostic toward the
dimension parity. Because the iterative construction is more straightforward, we implement that
construction to explicitly compute several of the fundamental forms, as well as providing formuleae
for computing them in general.

As mentioned earlier, the method we will use to compute these fundamental forms is by ap-
plication of transverse derivative operators to an extension of II. Observe from Equation (3.18)
that we already have a prescribed holographic formula for f[, so we will use this as our canonical
extension. Furthermore, when necessary we will use the tractor Pap as the tractor equivalent of
this canonical extension, as Pap = q(lolgb). Because these holographic formula rely on a confor-
mal hypersurface embedding specified by (M,~,0)y, we will assume the conformal hypersurface
embedding asymptotically solves the singular Yamabe problem going forward.

We now define a formula for a particular subset of fundamental forms. This set is distinguished

because the contained fundamental forms are always defined.

DEFINITION 4.2.1. Let d > 3 and let 2 <n < % An nth fundamental form 1 is defined by

The following proposition confirms that the above definition is valid.

PROPOSITION 4.2.2. The nth fundamental form defined in Definition 4.2.1 is a fundamental

form.
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ProOF. From Equation (3.18), in a choice of scale o = [g; s], we have Iolzb = V(anp)o + sPy.
Therefore, we have that V¥ [OIZb z Vﬁv(anb)o + kVﬁflﬁ’ab for any positive integer k. There exists a
scale g for which s is a unit defining function for ¥ (see, for example [49]); thus in what follows, we
can assume that |ds|?> = 1, so that V,n, = 0. Therefore, we can write that

VoVaeny = Ryapn — (vanc)(vcnb)

= Whabn — Pab + 2n(apb)n — JabPrn + 1totsi (gap) -

Applying the above display to V¥ IDIZb, we have

VETLE, = VE W + (k — 1)VETL Py + 20, VETL Py, + Ltotsy 1 (115, -

Then a straightforward computation in a choice of coordinates (s, y", . ..,y% 1) with {0, } tangential

to ¥ shows that

(4.4) T o VTl = 5553 T(08 gap) + Ltotsy (gap)-
Using Lemma 4.1.7, if n € Z satisfies 2 <n < %, then
6((17172) =aTo V2 4 ltots,,_3,
for some non-zero coefficient «. Thus, in a choice of scale and coordinates used above, we have

O, = a T o Vi 21, + ltots,—3(115,) = a5 T (95 ga) + 1t0tsn—2(ab)-

and so T has transverse order n — 1. Further, by construction, @ is a conformal tensor density of

weight 3 — n. The proposition follows. ]

REMARK 4.2.3. The above proof method—writing some tensor as partial derivatives with respect

to s of the metric—will be utilized heavily in later results. [ |

REMARK 4.2.4. In dimensions d = 3,4, an nth fundamental form is defined for all 2 < n < d—1.

When d > 4, the operator 55111) can be used to compute

M, = 5((1?1) g, = *ﬁ?ab)o + Whabi -
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For d > 6, applying the operator 5((122 gives

Wy =011, = —(d — 4)(d — 5)CF ) — (d = 4)(d — 5) HWaap — (d — 4)VW [0
(4.5) + 2W a0 1f, + (d° = Td + 18) F (- Ty + (d — 6)TW 3 g

d3—-10d%4-25d—10 7 13
+ =y K-

The above computation was performed using the symbolic manipulation program FORM [83].

Documentation of our FORM code can be found in Appendix A. Also note that, in dimensions d > 3,

the third fundamental form I recovers the trace-free Fialkow tensor:
(4.6) Il = —(d—3)F.

A useful consequence of the uniqueness result in Lemma 4.0.2 and the proof of Proposition 4.2.2
is that if the first m — 1 fundamental forms vanish, we must have that the canonical extension of
the second fundamental form must vanish to a certain order. This fact is captured in the following

lemma, which will be used extensively.

LEMMA 4.2.5. Let (M®, ~,0)y with d > 3 specify a conformal hypersurface embedding such that
M=..=m=0
for some integer 2 < m < %. Then, I° = O(o™ 1),

PROOF. For this proof, we will work in a scale o = [g; s] where |ds|, = 1 and where (s, y!,...,y?"1)
are the typical choice of coordinates. Our strategy for this proof will be to show that if all such
fundamental forms vanish up to the mth fundamental form, then we will have that To \%4 e Z o
for every integer 0 < £ < m —2. Then we will use Lemma 3.4.6 to show that this implies that Vfl e
vanishes along > for the same /.

The general definition of an nth fundamental form suggests that it is a conformally invariant

tensor that can be written in the form

ﬁab = O‘%an_l(gab) + 1t0tsn72(gab) )
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for some nonzero coefficient a. If n < d — 1, from the uniqueness result of Lemma 4.0.2, we can see
from the existence result of Lemma 4.2.2 and the explicit formula in Equation (4.4) that this tensor

can thus be expressed in the form
1, = AT o VI 21I° + ltots,_3(1I°)

where [ is some nonzero coefficient. Thus, for any integer 2 < m < %, we have that if I =...=
m = 0, then To Vflﬁe Z 0 for every integer 0 < ¢ < m — 2.

We now proceed by induction on £ < m to show that Vf; 11e = 0 for all £ < m—2. Because m > 2,
we have that I = 0 so clearly V9 e = 0. Now, suppose that Vf;_llule Z 0 for all 1 <l <m-—2

Thus, we have that II® = O(c™~2). We then compute directly:

VAT, Z(g5 + nan®) (@5 + npn®) V5 I,
G I+ 20 (- VAT T + mamy - (V1)

2T 0 V4T, + 2000 (n- VAT T + (namy — 24 )n-(V4T)on,

=T o VETLS, +

where the third line holds because gabﬁzb = 0. Because II° = O(6™2) and m —2 < d — 2,
Lemma 3.4.6 implies that n- e = O(o™ 1) and hence, for any integer 1 < £ < m — 2, we have that
n-Vﬁ e Z 0. Thus, the above expression is zero along ¥, completing the induction. Therefore, for

2 <m < T3 we have that I =...=m =0 implies that II° = O(¢™1). O

We now define a family of conformal hypersurface embeddings that are useful in defining higher

fundamental forms.

DEFINITION 4.2.6. We say that a conformal hypersurface embedding ¥ < (M¢, ¢) is hyperum-

bilic if, for each and every n € {2,..., [%1 }, an nth fundamental form vanishes. |

REMARK 4.2.7. Recall that an embedding is called umbilic when I = 0. The name hyperumbilic
was chosen to evoke a stricter condition than mere umbilicity. Furthermore, in Definition 4.2.6, the
article “an” was used specifically to suggest that there is no canonical set of fundamental forms

that must vanish for such a hypersurface embedding to be hyperumbilic. Because of the uniqueness
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result of Lemma 4.0.2, the indefinite article is sufficient. Going forward, we can assume that

hyperumbilicity implies vanishing of the above fundamental forms and vice versa. u

We can now define a set of higher fundamental forms that are only invariant so long as the
embedding is hyperumbilic. Such tensors can only conditionally be called fundamental forms. Thus,
we call a transverse order n — 1 hypersurface invariant a conditional fundamental form if and
only if it is an nth conformal fundamental form on embeddings for which some lower transverse
order fundamental form vanishes. We now provide one possible construction of such conditional

fundamental forms.

DEFINITION 4.2.8. Let d > 5 and let (M,~,0)y specify a conformal hypersurface embedding.
Further, let 7 € T'(EM][1]) be any true scale. Then, for % <n <d—1, define the nth conditional

fundamental form by

*ofoTo (I~D”_2(Plog7') - logTI-D”_QP) e D(@*T*3[3 —n)).

=g

LS|

REMARK 4.2.9. It follows that the expression I-D" 2Plogt — log7I-D" 2P in the above

definition is a tractor by repeated application of Lemma 2.3.3. u

We must now verify that the conditional fundamental forms defined above are indeed fundamental

forms so long as the embedding is hyperumbilic.

PROPOSITION 4.2.10. Let ¥ — (M9 c) with d > 5 be a hyperumbilic conformal embedding
and let k = (%W Then, for all k+1 < n < d—1, the nth conditional fundamental form is a

fundamental form.

PrOOF. We begin by showing that the transverse order of the nth canonical conditional funda-
mental form is n — 1. Recycling the computation in the proof of Lemma 4.1.7, but promoting the
weight w to an operator (as necessary to act on log densities), we find that

n—2
1-Dn2 P} vzfQ o H(d_|_ 2W—n—1+ 2) + ltots,_3,
=1
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and in turn

n—2

[[@+2w—n-1i)

i=1

[-D" 20 Pyp = Vi %o Papo +1totsn—3(Pap) .

Because k+1<n <d-1, wehavethat d—n—(n—2)=d—-2n+2<0andd—-—n—-12>0.
Therefore the product above has w as one of its factors, so we have that

n—2

H(d+2g—n—i):aw+0(y2),
i=1

for some a # 0. So, remembering that T includes restriction to ¥ and wlog T = 1 while w?log T = 0,

we can write

To I-D"fQ(PAB logT) = a—(IL(VZQPAB) + ltots,—3(Paplog 7).

Further, again using w(1) = 0, we have that log 7 I- D" 2Pp = log 7 ltotsq_3(Pap)-

We now need to verify that (g* o7 o "EI”)(VZ_QPAB) has transverse order n — 1. To check this,
suppose that 1I¢ = O(0™2). Then, because n —2 < d — 2, from Lemma 3.4.6 and Equation (3.23),
we have that V-1I° = O(c"~2). However, observe heuristically from Equation (2.3) that the action
of the tractor connection on a lower slot either moves the slot “up” or applies a derivative. Indeed,
for 1I° = O(c"2), one can verify by direct computation and Lemma 3.4.6 that the projecting part
of V'2P,p is indeed V72 1I°. Therefore, for arbitrary II°, all of the terms correcting (g* o7 o

WO')(VZ_QPAB) must be of lower transverse order than V"~211°, i.e.
(7070 T)(VI2Pap) = aT(VI211S,) + ltots, _3(11°),

for some non-zero . From Equation (4.4), we have that (in the typical choice of coordinates and

scale)

T(VR2T°) = 55255 T (90" gab) + 1totsn—2(9as)

and hence has transverse order n — 1 for n < d — 1.
Finally we need to show that the nth conditional fundamental form is independent of 7. Suppose
that ¥ is embedded hyperumbilically and let £ := n — k — 1. Note that 0 < ¢ < d —k — 2.

Because (M,,0)y is hyperumbilic, we have that I=..=k=0,so Lemma 4.2.5 implies that
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II° = O(c*1). Then, from Lemma 3.4.8, we have that
n:=(q"oro )Ty,
where
1L, := I- D * D ([6F1Qup + 0" 2 X 4 X pU] log T)
—log 7 [- D=1 (Uk_lQAB + Jk_2XAXBU) ,

for some Q € ['(G2T*M[—k]) Nkerty and U € T'(EM[—k + 1]). We will show that this tractor is
independent of 7.

Employing a quadratic Casimir of the s[(2) algebra,
dyz 4+ 2h +h% =4day —2h + h2 Z h(h —2),
we find the enveloping algebra recursion relation
yltmtlymtl Z —ymam (0 m 1) (h+m 1),

which can be solved to yield (for any non-negative integer m)

(4.7) ylrmam Z (—1)myt ﬁ(£ +i)(h—Ll4i—1).
=1

Note that when m = 0 in the above display, our convention is to define the product to be 1. In the

s[(2) notations of Proposition 3.4.3 we now have

I, = —(~1)"logr [yﬂ+(k:fl)xk71QAB i y”lJr(k’z)xk’z(XAXBU)]

+(_1)n [y2+(k—1)xk—1(QAB log T) + y€+1+(k—2)$k—2(XAXBU10g 7_):| .

We define the polynomials Fy,(u) := (€ +i)(u + 2w — £ + ¢ — 1) which obey Fyiq y11,i(u) =
Fyw,i+1(w). Then, using Equation (4.7) and the fact that @ and X2 U have weights —k and 1 — k,
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respectively, we have that:

k-1
y T 0 Qap = (=1 o Qap o [ Frkalh),
=1
k—2
— —_ E -
Y E=2) k=2 o X XU Z (—1)F 2y 0 X4 XU o H Frii1-ki(h)
i=1

k—1
= (—1)F 2y o XaXpU o [ Frora(h).
i=2
Defining the polynomial
k—1 k-1
fi(u) o= T+ i) (u—2k =t +i—1) =[] Frmri(w),
i=j i=j

and remembering that h(1) = d, we may rewrite II,,:
I, 2=~ 1" og r{ fu(d)y' Qas — fold)y' ™ (XaXpU) }
(4.8)
+(—1)“+’f—1{g/ [Qapfi(h)(logT)] — y* ™ [XaXpU fo(h)(log 7)] } :

Note that fi(u) = Fy _p1(u) f2(u). Now, for any polynomial f for which d is a root, the operator
f(h) = F(d+ 2w) obeys
f(h) =2f"(d)w+ O(w?),

and so
f(h)logT =2f(d).

Thus, if fa(d) = 0 then f1(d) = 0 and moreover fi(h)log7 and f2(h)log 7 are independent of 7 and
hence II,, would be independent of 7.
To establish 7 independence, we study which values of n force fo(d) = 0. By examining the

product formula for fo, demanding that fo(d) = 0 is equivalent to the inequality
d—2k—f(4+1<0<d-k—-0—-2.
Rearranging this inequality and using that £ :=n — k — 1, this suggests that
d—k+2<n<d-1.
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Now suppose that d is even. In that case, d = 2k—2, so that the above inequality reads k < n < d—1.
Thus we have that for k +1 < n < d — 1 and d is even, we have that II, is independent of 7.
Now consider the case where d is odd. In that case, d = 2k — 1, so the above inequality reads
kE+1<mn<d-—1,soagain for k+1 <n < d—1 we have 7 independence. Thus we have that
for all n satisfying £k +1 < n < d — 1, the nth conditional fundamental form 1 is independent of 7.

This completes the proof. ]

ExAMPLE 4.2.11. We can use Proposition 4.2.10 to compute IV in d = 5 for hyperumbilic
embeddings (so II = IIl = 0) and find

° b
Wap = 2C] ) -

This computation relies on the expression for I-D? in terms of the tractor connection and weight

operators, which can be found in [44]. ]

With this construction given, we can now define another generalization of umbilicity.

DEFINITION 4.2.12. We say that a conformal hypersurface embedding ¥ < (MY, ) is m-umbilic
if the embedding has that, for each n € {2,...,m}, an n (possibly conditional) fundamental form

vanishes. ]

REMARK 4.2.13. Given the above definition, a hyperumbilic conformal hypersurface embedding
is [%]—umbilic. Furthermore, observe that if m > %, the conditional fundamental forms become

fundamental forms which can invariantly vanish. u

Now that the conditional fundamental forms have been defined, we can slightly generalize

Lemma 4.2.5.

LeEMMA 4.2.14. Let (M%, ~,0)y with d > 3 specify an m-umbilic conformal hypersurface em-
bedding for some integer 2 < m < d — 2. Then, e = O(e™ 1), When m = d — 1, we have that
e = O(c ).

PRrROOF. First, observe that if m > %, these fundamental forms are still sensibly defined
because the hypersurface embedding is hyperumbilic. Then, proving this result is nearly identical

to that for Lemma 4.2.5. When m = d — 1, we can easily show that II® = O(c%2) as in the case
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for m < d — 1. Thus, we can write that I° = 0927 for some tensor-valued density T'. However
from Equation (4.4), we have that VZ—2II° = ltotsq_3(11¢), and thus we have that V9-21[¢ z

ltotsg_3(c?=2T) Z 0. Therefore, we have that 1I° = O(0?1), proving the generalization. O

4.3. Conformal Fundamental Forms—Even Dimensions

As mentioned at the end of Subsection 4.1.2, there are cases where the iterative operator con-
struction fails to produce operators of the appropriate transverse order but the non-holographic
construction can still produce such operators. Indeed, we find that the family of operators ¢ can
produce fundamental forms in the even-dimensional case where the iterative approach could not.

Thus we define another set of fundamental forms, defined using the non-holographic construction.

DEFINITION 4.3.1. Let d be even and m be an integer satisfying 3 < m < d — 1. Then the

fundamental form ﬁ/ is defined by

(@ om0 T ody—20q)(II°) m < 452

=R
Il

(q*O’FO—T—O(Sm d+2’%0q)(ﬁe) m > 4t2

T2

We need to check that this definition is correct, given that an mth fundamental form is defined

to be a symmetric trace-free rank-2 tensor with weight 3 — m and transverse order m — 1.

PROPOSITION 4.3.2. Let d be even. Then for each m € Z>o with m < d — 1, we have that ﬁ, 18

a conformal fundamental form.

Proor. First we must check that ﬁ/ is well-defined. Note that the operator 7 is only ill-defined

when w € {0, -1, —d;Ql, -1 - %, -2 — %} Because dgl is not an integer and the weights of
0k (Pap) and 07,(Pap) are integers (because the weight of Pyp is —1), it is clear that application
of 7 is permitted in Definition 4.3.1.

We next check that ﬁ/ has weight 3 — m as required. Observe that, because Im 7 C ker tx, for
generic T' € T(G2TX[w]), we have that (§* o 7)(Tap) € I'(@2T*[w + 2]). So, by construction, T
has weight 3 — m.
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Finally, we must verify that ﬁ, has transverse order m — 1. Because the weight of P4p is —1, for

m < %, we can easily check (for even d) that d,,—2 has transverse order m — 2 as per Lemma 4.1.8.
Similarly, we can verify from Theorem 4.1.9 that the transverse order of §,, a2 a2 is m—2. Finally,
to verify that ¢" o7 o T does not change the transverse order, we can apply the same argument

found in the proof of Proposition 4.2.10. This completes the proof. (]

The existence of these fundamental forms in even dimensions in particularly useful for describing
conformal hypersurface invariants in more detail than otherwise possible in odd dimensions. An
example of such a computation is carried out in Section 5.2. Furthermore, that there exists a dif-
ference in constructability of fundamental forms on even- and odd-dimensional conformal manifolds

suggests a deeper relationship that is yet not fully understood.

4.4. Fundamental Forms Beyond Transverse Order d — 1

Observe that beyond the d — 1th fundamental form, some of the transverse derivative operators
have the desired transverse order again. Indeed, for & > d — 2, the operator §; described in
Lemma 4.1.8 has transverse order k£ when acting on tractors with weight —1. Furthermore, when
dis even and J + k > d — 2, we have that if k = %, then the operator 6 also has transverse
order d — 2. However, even though such operators exist, a consequence of Equation (4.4) suggests
that a dth fundamental form may still not exist. One might note that this is a consequence of
the method (differentiating an extension of ]I) that was chosen, so perhaps it may be possible to
construct fundamental forms by acting on another conformally-invariant tensor.

One such alternative construction uses a conformally-invariant extension of 11 given by
° 2
H:[Zb = Whabn + 200n(ab) - hBab .

Again, acting on ¢(IlI°) € D(G2T*M[—-2]), we see that d4_5 again has transverse order d — 3. But,

dfl)

in a choice of scale |ds|?> = 1 and a choice of coordinates (s,y',...,y , we have that

(4.9) T o VML, = 200 (gun) + 10t 1 (ap)

so that for d > 6,

VA3IIE, = ltotsg—o(gas) -
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However, in d = 4, the fourth fundamental form IV is constructible using Equation (4.9) because

the leading derivative has a removable singularity at d = 4, and thus we can define

IV := (7" o Fo T 0 dp o q)(II°).

This suggests that there may be no way to produce a dth fundamental form except when d = 4. At
present we have no evidence for or against the existence of dth fundamental forms and leave this as
an open question.

Nonetheless, we can define mth fundamental forms with m > d + 1:

DEFINITION 4.4.1. Let (M?,~,0)y specify a conformally embedded hypersurface with d > 4.

Then, for every n > d + 1, define an nth fundamental form by
= (g 07 oT ody_so0q)(1I°).

Verifying that the tensors defined above are indeed fundamental forms requires more machinery

than developed so far. Thus, we hold off on proving that result until Section 5.2.
ExaMpPLE 4.4.2. As an example, consider a fifth fundamental form in d = 4 dimensions,
S
V - B(ab)o .

Clearly V is conformally invariant because the Bach tensor is conformally invariant in four dimen-
sions. A simple calculation shows that V has leading derivative term a%@ﬁ(gab) in the typical
coordinate system with o # 0. While this is clearly not proof, it is evidence for the hypothesis
that E can always be written as a trace-free hypersurface projection of the Fefferman-Graham

obstruction tensor. ]

4.5. Tractor Fundamental Forms

Just as the tractor second fundamental form and the Fialkow tractor were defined in Section 3.3,
we can insert other fundamental forms into tractors to find manifestly conformally invariant relation-

ships between more hypersurface tractors. To that end, in this section we provide various identities
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relating tractor fundamental forms and bulk tractors. These identities will be useful later when uti-
lizing holographic methods to compute more complicated conformal hypersurface invariants, such
as those implemented in Chapter 6.

A canonical tractor nth fundamental form is given by (j(ﬁ) in dimensions d > n + 1. The
tractor second fundamental form defined in Section 3.3 is given by L := cj(H) for d > 3, and its

holographic formula was given in Equation (3.25). A holographic formula for the canonical tractor

third fundamental form, valid when 7 # d > 5, is

(4.10) q(Ill) = Py — gmsoa=sy X(aD-Phy + X XpD-D-Pt.

1
(d=3)( (d=3)(d—4)(d-5)

Here Pap := I-DP4p and Ple = FO"OF(PAB); the above result is a direct application of Lemma 2.5.3
and the definition of T in Definition 4.2.1. Just as the Fialkow tensor is related to the canonical
third fundamental form by a factor —(d — 3), see Equation (4.6), the Fialkow tractor and the

canonical tractor third fundamental form obey
g 4p = —(d — 3)Fap .

The above relationship between F' and cj(]]I) and Equation (4.10) yield a corollary to Corollary 3.3.8

that gives an analog of the Fialkow-Gauf equation (3.7):

COROLLARY 4.5.1 (Fialkow—Gaufk—Thomas Equation). Let 7 # d > 5 and o be an asymptotic

unit conformal defining density for ¥ — (M,~y). Then,

(LSLCB — 2 Khap — WNABN) - d%lX(AﬁB)K - mXAXBU

_ _pt 2 A . pt 1 .. Pt —

where U € T'(EX[—4]) is the density given in Equation (3.13).

For later use, in dimensions d > 6, we define .J := g(IV) € ['(©27TX[-3]).

As mentioned in Section 3.4, the canonical extension of K is given by K, := PygPAB = (1I°)2.
When computing extrinsic hypersurface embedding curvatures, there are many situations in which
normal derivatives of K, are needed. Note that often, we will use K and K, interchangeably when

it is clear that we are not referring strictly to an identity that holds along 3.
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DEFINITION 4.5.2. We define the transverse derivatives of K. according to the following:
K :=6pK®, K:=0rl[-DK®,d+#6, K :=06rI-D°K®,d+#6,8, ---,

where K € T'(EX[-3]), K € T(EX[—4], K € ['(EX[-5]), etc.

|
In particular, because P4g P48 = (f[e)z, there are (rather useful) formule for K, K. and K in terms
of fundamental forms and hypersurface derivatives thereof. For this we introduce the following

notational device.

DEFINITION 4.5.3. Let

Iy = T ogq(I°) € D(®TE[-1)),

and, for 3 < m < d such that m ¢ {%, %, di;’}, let

My = (70 Todgoq)oID™ 3(I°) € T(O2TS[1 — m)).

When 3 < m < d we define

REMARK 4.5.4. The values {%, %, %} are treated on a separate footing in Definition 4.5.3
for reasons of definedness of the operator 7; see Lemma 2.5.5. Also, in dimensions d such that m &
{dH, d+3 d+5} by construction we have that H(m) = I, + E(X), since ﬁ(m) = (goq")(I(,,y) and
Lemma 2.5.3 says qo ¢* = Id +&£(X). So, when m € {%, %, %}, if T € T(®*TM[w]) Nkerty,
we may define H( )TAB = H(m)TAB [ ]

By construction, the rank two, trace-free hypersurface tractors II,,) produce the corresponding
fundamental form m upon acting by the extraction map ¢*. In general, if ¢*(T4P) = tq and
cj*(UAB) = Ugp, We have that t,u® = TapUAB. For this reason, the tractors H(m) can be used
to compute holographic formulae for scalars built from contractions of fundamental forms. These

formulae are simpler than those for their constituent fundamental forms and are therefore particularly
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useful for computations of scalar densities, such as integrands for Willmore-like energies (see for

example [44,68] and Section 6.4). We now give two such results.

LEMMA 4.5.5. Let d > 4, then the square of the third fundamental form has a holographic
formula given by
M2 = PapPAB| — 32 2
PROOF. It follows from Definition 4.5.3 that 112 = H(g)ABHé)B. Because the only appearance
of Il(3) in this proof is when it is squared, any instances where 1:1(3) would be required can be
replaced with II3y. So, the proof amounts to relating P to I(3). As previously noted, q(f[e) =P,
S0 Hé)f =f7o T(P) In order to relate II(3) to Pls; explicitly, following Lemma 2.5.5 specialized to

hypersurface tractors, we need to rewrite X A PAB.

XaPA8 = 1.DX,PAP — 1,PAP 4 22D, PAP
=— I4DpI?
(4.11) e
=~ (aDsI" + 75(DI)%)
_ KXp

d—2

where the first and third lines are results of the Leibniz failure (Proposition 2.3.1), the second line
results from the properties of P, and the last line uses the definition of K,. Further, observe that

via the Leibniz failure, we have
(4.12)

1-PP = L (KXP + KIP) - 22 (A4 DPK — PA°DcPY) + O(0"?)

z
> =

25 (KXP + KNP).

Using the above identities, the definition of 7 and —T—, as well as the standard operator identity

for Do X , a tedious calculation along ¥ yields
T d > 2 1 1
U@yap = Pap — grjao XDl K — g5 K1uXp) — g5 K1alp — goyg—o i 1aB-

Squaring this identity gives the quoted result. O
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LEMMA 4.5.6. Let d > 6, then the product of the second and fourth fundamental forms has a

holographic formula given by
. o % .
01V 2 (d - 4)(PapPA? + n K?).

Proor. First, because d > 5, we see that IV is a canonical fundamental form (so not condi-
tional). As in the previous lemma, we note that -1V = (o) ABH{Z])E. Moreover, Equation (3.17)

implies that NAPap = 2L K Xp so
I =Pls—FNOX.

Thus we are tasked with computing Pa Bﬂéff along . Remembering that X - P = 0, it is sufficient
to compute Ha’)g modulo terms proportional to X. Using Definition 4.5.3, we compute II(4) in steps.

Recall, from Equation (4.1), that
My = (d—4) (FoTodrogoq oroI-Dog)(il).

We outline this calculation proceeding from right to left in this sequence of operators.

First, as shown previously, q(]ole) = P, so I~l§q(]°]e) = P. Therefore, using Lemma 2.5.5, we

next compute r(P):
7(P)ap = Pap — (d Q)X(ADB)K - ﬁhABK +0(0"2) + 0(0" N X(4Tp,

for some tractor Tp. Here we used Equation (4.11) and the oft-used operator identity for DoX

given in Equation (2.12).

Next, we need to compute (g o ¢* or)(P). Before we continue, we consider the operators that come
next: We are only interested in the Z4Zp component of the tractor II(4), so we can ignore terms
proportional to X in (T o dg o g o ¢* or)(P) when doing this computation. Further, we can ignore
terms proportional to I4 when computing (g 0 g o ¢* o r)(P) because these terms are projected
out by T. The various projections, therefore, amount to ignoring terms proportional to X or [

when computing (q o ¢* o 7)(P), because dg o I Z E(X)+&(I) and dpo X Z E(X)+&(I). From
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Lemma 2.5.3, (qo ¢* o7)(P) — r(P) = £(X), so
(qoq or)(P)=P 2 Kh+EX)+E) +0(0%7?).

T d(d—2)

Next, note that (dg 0 goq* or)(P) =P — ﬁkh + E(X) + EI) + O(973), and we can apply

the operator T to obtain
(Tobdroqog or)(P)=T(P)+&(X).

Next, it is useful to note that T(Pap) = T4 15 Py + IagU for some U € T(£X[-3]), and also

that Top P48 Z0.T hus, finishing the calculation amounts to computing
(4.13) PABFIY IE Py + 1apU) .
For this, we need the identity

XAPyp = — 25 (KXp + KNg),

which is derived from the Leibniz failure, Equation (2.12), and Equation (4.12). Because we are
contracting on P, any terms proportional to X or the tractor first fundamental form produced by
7 in Equation (?7?)display-before-last can be discarded. Hence, again consulting Lemma 2.5.5, we

find that

(o) Bl =(d — 4) Pap I IF Parpy

IL¥

(d—4)(Pap — 7% KN4 Xp)) P48

[t

(d - 4) (PABPAB + (d—42)2 KQ) )

where the first equality is a result of the identity 145P45 £ 0, the second equality is an application
of Equation (4.11) to yield an identity for I - P, and the last equality is a consequence of the display

above expressing X - P. O

One more technical lemma is necessary in order to produce formulae for K and K in terms of

the canonical fundamental forms.
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LEMMA 4.5.7. Let d > 5. Then,
APV2 2/ PT7\2 L TIT2 2 <R 4d=7) F T oo, 2(d=7) 4

2(3d%—34d?+100d—73) K2
(d—1)(d—2)2(d—5) :

PROOF. The proof is a tedious but straightforward application of Equation (3.25), Lemmas 3.3.4,
4.5.5, 4.5.6 and standard reorderings of tractor operators based on the Leibniz failure (Proposi-

tion 2.3.1). 0

Employing these lemmas, we have formulze for K and K. These formulae will be useful for later

applications of these fundamental forms.

PRrROPOSITION 4.5.8. Let d > 4. Then,

(4.14) K =2I-1I.
Ifd > 6,
7 2 (AT\2 , 2(d=T) 1372 2(d-7) f T8 8(d—7) S
K = —35%(DL)"+ T I+ go5ae 1 IV + @agja—sy g 111 11
4d=7) 4 10d3—110d?4-296d—172 72
(4.15) ~Eoael T @ @0k -

Moreover, if d =5 then

[It1

K 2 —4ILAT+20.VV-10+8(V-1)* + AK

(4.16) —4T-C) +2002%-P 4+ 2JK —4H > — 4H -1

AT — 20021 4 3K 4 8 Ty

PROOF. We first prove that K = 211 - I (note that a proof was already given in [44]). To do
so, consider the product 10 - 1II. By inserting these fundamental forms into tractors, we find that
I-1I = L - g(lll). From Equation (4.10) and the fact that X -L = 0, we have that II- Il = L- Pt.
Further, L = P + £(X) + &(N) and X-P! =0 = N-P!, so II.Ill £ P-P!. By definition, P! =
F(I{ 15 Pyrpr +IapU) for some U € T'(EX[—2]). Thus, because X-P = £(X) (see Equation (4.11)),
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using Equation (2.5.5) we have that P - P! Z p.Pandin turn O-II 2 P-P. But from
Proposition 2.3.1, we have that K Zop. P, 5o the first claim of the lemma follows.

To prove the second claim, for which d > 6, we first apply Proposition 2.3.1 twice to PypP"P

and find that

K Z2P? 1 2P P~ 2 (DP)*.

Applying Lemmas 4.5.5, 4.5.6, and 4.5.7, we obtain the second claim.

Finally, we turn to the third claim with d = 5. Because Lemmas 4.5.6 and 4.5.7 do not hold
when d = 5, we need to use a different method. Also if ¥ — (M?®, ¢) is a generic conformally
embedded hypersurface, the tensor IV is only a conditional fundamental form, so in particular it
cannot appear in an otherwise conformally-invariant expression for K. Thus, to compute K in this

case, we resort to a Riemannian computation, and use that when d =5 (see [44]),

I-D?K, 2 AT =27+ 3K +2V2 4+ 4(2HV,, = Pan — 5K + 3H2) | (Y + 5P + gp)?.

The expression for V2p along ¥ may also be found in [44]. The remaining terms were handled
by using the computer algebra system FORM [83]; this computation is documented in detail in
Appendix A.3. ([l
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CHAPTER 5

Asymptotically Poincaré—Einstein and Willmore Structures

5.1. Asymptotic Poincaré—Einstein Structures

The notion of geometric holography introduced in Section 3.4 was described simply as a tool
for calculating. However, one can also view these relationships as equivalences in physical theories:
the holographic principle was first introduced by 't Hooft [75] and developed by Susskind [77]
(building off of work from Thorn [82]). The most well-known example of the holographic principle
was first proposed by Maldacena [60] in the AdS/CFT correspondence: viewed one way, this is
a correspondence that identifies a conformal manifold (£¢~1, &) with the conformal infinity of an
asymptotically hyperbolic manifold (M, ¢°). To be precise, we say that a manifold (M\OM, g°) is
conformally compact when g = s2¢° is a non-degenerate metric on M\OM that extends smoothly
to OM for some defining function s for OM—then, OM is the the conformal infinity of M\OM.
Observe that for any conformally compact manifold and any function Q € C°M, both s2¢g° and
(Q25)?¢° extend smoothly to ¥ and thus induce metrics § and Q?g, respectively, on . Indeed, a
conformally compact manifold induces a conformal class of metrics € on its boundary X. Then, the
AdS/CF'T correspondence suggests that there is a correspondence between a conformal field theory
living on (3, ¢) and a gravitating theory living on (M\OM, ¢°). In this sense, the holographic
principle is a prescription of a bulk-boundary correspondence: that we can learn about conformal
field theories by studying bulk gravitating theories and vice versa.

Perhaps the first application of this type of holography in the mathematics literature was by
Fefferman and Graham [25,26]. In their work, they sought to study conformal invariants of a
manifold (97!, €) by constructing a conformally-compact manifold (M\OM, g°) whose conformal
infinity > = OM has induced conformal class ¢ and whose associated singular metric ¢° is Poincaré—
Einstein. A conformally compact manifold (M\OM, g°) is said to be Poincaré—FEinstein (or is said

to satisfy the Poincaré—Einstein condition) when the Ricci curvature of the singular metric is pure
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trace, ¢.e. for some negative constant k, the singular metric sastisfies
Ric?” = kg® on M\OM .

Fefferman and Graham showed that, given such a conformal manifold (X971, €), there is an essen-
tially unique (depending on dimension parity) Poincaré-Einstein manifold with ¥ as its conformal
infinity. Specifically, when d is even, such a manifold can be formally constructed to arbitrar-
ily high order; when d is odd, such a manifold can be constructed to asymptotically satisfy the

Poincaré—Finstein condition, so that for some defining function s for 3, we have that
Ric9" = kg® + O(s%%) on M\OM .

Then, by studying Riemannian invariants of (M\0M, g°) that extend smoothly to the boundary
OM , we can generate conformal invariants of (X971 ¢).

This method to study the intrinsic conformal structure of (X971, €) can also be used to study the
extrinsic data of a conformal hypersurface embedding specified by (M9, v, ). To see this, observe
that the extrinsic embedding data of ¥ < (M,¢) can be (locally) captured by ¢ and its jets.
Given this data, we can uniquely (up to a certain order) determine a conformally compact manifold
(M\OM, g°) by demanding that this conformally compact manifold solves the asymptotic singular
Yamabe problem. Then, extrinsic invariants of the conformal hypersurface embedding (M,~, o)
can be generated by studying Riemannian invariants of (M\JM, ¢°) that extend smoothly to its
conformal infinity > = 0M.

The above discussion implies a bijection between conformally compact manifolds (M\OM, g°)
and one-sided conformal hypersurface embeddings specified by (M,~, o), where M = ¥ LU M+ and
¥ = OM, given by (M,~,0) +> (M*,~v/c?). Thus, we denote by PE the family of triples (M,~, o)
that correspond to conformally compact manifolds satisfying the Poincaré-FEinstein condition. Fur-
ther, we denote by APEj the family of triples (M,~, o) that correspond to conformally compact

manifolds satisfying the asymptotic Poincaré-Einstein condition to order k, so that
(5.1) Ric?” = kg® + O(s*) on M\OM .

In this notation, we have that PE C APEy for every positive k.
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A key observation relating Poincaré-Einstein structures to the tractor calculus made by Gover |34|
is that if (M,~,0) € PE, then there exists a standard tractor I # 0 parallel with respect to the
tractor connection. That is, given a hypersurface embedding specified by (M,~, o), then VI, =0
if and only if (M,~,0) € PE. But a consequence of this relationship is that e = 0 if and only
if (M,~,0) € PE. Observe now that P9° = 0 if and only if (M,~,0) € PE, and so we must have
that II° = 0 if and only if P9° = 0. Furthermore, note that on M7 in the scale o = [9°; 1], we have

o

that I° = P¢°. This suggests that there exists some ¢ such that o!'P9° = TI°. Because P9 is a

conformal invariant of the data (M,~, o), by weight we see that £ = 1. That is, we have that
(5.2) oP9 =T11°.

That II° extends smoothly to the boundary further implies that oP9° also extends smoothly to the
boundary.
Equation (5.2) directly implies that there is a strong relationship between asymptotically Poincaré—

Einstein structures and the conformal fundamental forms. Indeed, we we have the following result.

THEOREM 5.1.1. Let (M,~,0) specify a conformally embedded hypersurface and let k € Z4 such
that 2 < k <d—1. Then, (M,~,0) is k-umbilic if and only if (M,~,0) € APE,_,.

ProOF. The proof is a straightforward application of several results developed so far. First,
suppose that (M,~,0) is k-umbilic with 2 < k < d — 1 an integer. Without loss of generality, we
can assume that (M,v,0) € ASY (the k-umbilicity condition depends only on the embedding and
not on the choice of defining density o). By definition, we have that H=-- = E = 0. Then, direct
application of Lemma 4.2.14 shows that II* = O(¢*1). From Equation (5.2), we thus have that
P9 = O(c"2).

The reverse direction is nearly identical: because (M,~,0) € APEg_5, we have that e =
O(c*=1). But m = TV 21° + ltots,,_3(11¢), so we have that I = - .. = E = 0 and hence (M, ~, o)

is k-umbilic. This completes the proof. ([l

This result suggests that we can draw connections between APE; embeddings and other families
of embeddings by passing through the language of the fundamental forms (or the extension He)

An example of this phenomenon is the family of Willmore hypersurface embeddings.
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5.2. The Willmore Invariant

A particularly well-studied equation describing a surface S embedded in flat R? is known as the
Willmore [87] equation:
By :=AH +2H(H? - k) =0,

where k is the Gauss curvature of S, H is its mean curvature, A is the Laplacian on S, and the
curvature quantity Bs is known as the Willmore invariant. In particular, one can view the equation
B = 0 as the energy minimizing equation (found by functional differentiation) for a surface S with

energy given by the Willmore energy,

E:/S(HQ—k),

first described in Willmore’s celebrated conjecture, recently proven by Marques and Neves [61].

The Willmore energy and invariant can be extended to generally curved ambient manifolds,
whereby we observe two critical facts: the Willmore energy and invariant are global and local
conformal invariants, respectively, of the embedded surface, and the Willmore invariant is linear in
its leading term. Their conformal invariance and linearity are likely major driving factors in the
frequent appearance of this pair in both the mathematics and physics literature. Early examples
of this include Polyakov [67], who found the Willmore energy when studying strings (subsequently
calling it the “rigid string action”) and Graham and Witten [69], who found the Willmore energy
when studying anomalies in the AdS/CFT correspondence. Recently, there has been increased
interest in higher-dimensional analogs of the Willmore energy and invariant [3,45,53, 68,85/, in
part to better understand the invariants of hypersurfaces embedded in conformal manifolds.

To capture the notion of the Willmore energy and functional described above, we provide the

following definition of a higher Willmore energy.

DEFINITION 5.2.1. Let the dimension d of M be odd. Then any functional of conformal em-
beddings given by
E[S < (M,c)] = / dVol(g) £(9. %),
b
where g € ¢ and g € ¢ is the corresponding induced metric, is called a higher Willmore energy if

(i) the energy functional E only depends on the conformal embedding ¥ < (M, ¢), and
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(ii) the functional gradient of E with respect to variations of the embedding ¥ < M is a local con-
formal invariant and has leading linear term (in any scale with non-vanishing mean curvature)
proportional to A5 HY.

This definition precisely captures the desired properties when the dimension of the bulk manifold
is odd: that the energy is a global conformal invariant, that the functional gradient of the energy
is a local conformal invariant, and the leading derivative term of the functional gradient is linear
in the mean curvature. Furthermore, this definition can be extended to even dimensional bulk
manifolds, so long as we relax the linearity condition. Such Willmore energies have also been
studied; see [31,45,58]|.

A result of [41] shows that the obstruction density Bly in three dimensions reproduces the
standard Willmore invariant. This motivates the following definition of the generalized Willmore

invariant:

DEFINITION 5.2.2. Let (M, ~, o)y specify a conformal hypersurface embedding into a d-dimensional
conformal manifold (M, ¢) such that

I’=1+0B.

Then the canonical generalized Willmore invariant By is defined by
By := Bly € T'(EX[—d]) .

In general, we define a generalized Willmore invariant as any linear combination of B; and scalar-

valued extrinsic curvatures that are sections of EX[—d]. ]

Often, we will refer to the canonical generalized Willmore invariant as the generalized Willmore
invariant. That the obstruction density is a compatible generalized Willmore invariant for a higher
Willmore energy was first shown in [47]. In particular, the canonical generalized Willmore invariant
is associated to a particular global conformal invariant (the integrated extrinsic Q-curvature), which
will be discussed in detail in Section 6.4. A straightforward way to see how Definition 5.2.2 is

compatible with Definition 5.2.1 is via a key result from Gover and Waldron in [45].
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THEOREM 5.2.3 (Theorem 5.1 of |45]). Given a conformal hypersurface embedding specified by

(M,~,0)y, up to a non-zero constant multiple, the obstruction density B|y, takes the form
_d-1
A2 H + lower order terms

for d odd and is fully non-linear for d even.

Thus, we have that the canonical generalized Willmore invariant indeed has the correct leading
derivative structure to be associated to a higher Willmore energy. Another straightforward compat-
ibility check can be made by observing that the functional variation of any higher Willmore energy

must be a linear combination of By and other independent conformally-invariant terms.

COROLLARY 5.2.4. Let (M,~0)y be a conformal hypersurface embedding and let E, E' be two
distinct higher Willmore energies of this embedding with generalized Willmore invariants B, B’.
Furthermore, suppose without loss of generality that E and E' are normalized so that the leading

d—1

derivative structure of B and B’ are both equal to A" 2 HY in some scale with non-vanishing mean

curvature. Then, we can write
B=aB;+1 and B' =aBy+ I,

where a is some non-zero coefficient and 1,1 are sections of EX[—d] that are not generalized Will-

more invariants.

PRrROOF. First, observe that in a choice of scale g with non-vanishing mean curvature, a conse-

quence of Theorem 5.2.3 is that there exists a non-zero coefficient 8 such that

g _d=1
Bg = BA 2

HY + lower order terms,

so we must be able to write

B = 1B, + lower order terms,

and similarly with B’. However, because B, B’, By are all conformally invariant, the lower order

terms must be themselves conformally invariant. Furthermore, because they cannot contain terms
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d—1
2

that are themselves of the form A 2, such invariants are not generalized Willmore invariants. This

completes the proof. O

The above corollary implies that for any choice of higher Willmore energy, its associated gen-
eralized Willmore invariant has the form aBy plus lower order invariant terms for some nonzero

Q.

While By was explicitly computed in [31] and Bjs is explicitly computed in Chapter 6, only some
features of By are known for arbitrary d. In this section we seek to make statements about the
generalized Willmore invariant in arbitrary dimensions.

We call hypersurface embeddings that have a vanishing Willmore invariant B; Willmore and
use the notation (M? +,0) € W to denote such a hypersurface embedding. A result of [34] shows
that PE C W. Because PE C APEy, it is of interest to investigate the inclusion properties of APE

in W. Indeed, we can sharply characterize this inclusion in the following theorem.

THEOREM 5.2.5. For conformal hypersurface embeddings specified by (M?,~, o) with d > 4, we
have that APE;_3 C W but C APE;_4 ¢ W.

ProoF. To prove this theorem we first show for some conformal hypersurface embedding spec-
ified by (M? ~,0) € APE4_3, we have that (M%,~,0) € W. From the definition of APEy, we have
that P9° = O(c93). Further, from Equation (5.2) we have that ¢ = P9°. So it suffices to check
that By = 0 when ¢ = O(c?2).

First, observe that I? = 1 4 ¢%B, so in particular 1PV, I = %O'dilB + O(o?). Using Equa-
tion (2.3) in a choice of scale o = [g; s], we have that

d . .
isd_lB + O(s) £ nnP1e, — Lrsn VP, .
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Taking d — 1 normal derivatives and evaluating along >, we have that

d! . .
H BEVI Il I, - Vimint VUL,

gVﬁlflnanb [OIZb — foQnaVeTb f[Zb — Vﬁfzn“nbvn e
Zyd-2 [op(a(y, nd) 118, — novIPIe,

Zyd-2 [pa I,V (1 — 2sp 4 s?B) — V. 'nome, + (V;rbna)flzb}

Zyid-2 _Ke —n-(0%)2n— pn-1°-n — V] -n-1° 4 sIIS, <n“nCPCb —2n%(VPp) — P“b)} .

From Lemma 3.4.6, we have that if I® = O(c%2), then n-1° £ O(s% 1) and V] -n-1¢ = O(s%1),
and thus B = 0.

To complete the proof, we must show that there exists some (M?, v, o) € APE;_4 but (M9,~,0) ¢
W. In particular, we consider hypersurface embedding with e = O(c%=3) but e O(042). Ob-

serve from Equation (3.22) and Remark 3.4.7 that
Vi2p. 110 £ (d — 2)V] - VI3 T° + ltotsg_q(11°) .
Hence because 1I° = O(0973), we have that
\AaEAVARRTES | SIEN 0 B L vAINS VAR vl | B

and hence
d!
2
Using the Fialkow—Gaufk Equation (3.7) and noting that the Fialkow tensor vanishes when d > 5

BE—(d-2) (VY4 P*) Vi,

because II° = O(c%3), it then follows that

| _ _ ° Q.0
%B Z _(d—2) (vavb - Pab) (TVI=311e,) .

We now construct an explicit example to show that a hypersurface embedding with e = O(0%73)
exists that has By # 0. To do so, let U C M be a neighborhood of 3 and work in a choice of scale

o = [g; 5] such that in a set of local coordinates (s,y,z%,...,2%1), we have that on U the metric
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representative takes the form
g =ds*+ 2573 f(y)ds © dy + dy* + dz'da; ,

fori=1,...,d—2. In this choice of scale, the hypersurface is flat and a tedious but straightforward
calculation shows that I° = O(s%3) but 1I¢ # O(s?~2), and further that By o a5 fy) #0.

In the d = 4 case, we can also check using the same example. Using the same embedding
described above, we have that 1I® = O(s) but II® # O(s?). Furthermore, using the result for By

in [31], we can directly compute the Willmore invariant and find that
By =15 [(0,1)* + 0, f] .
And hence is nonzero for some function f(y). This completes the proof. O

REMARK 5.2.6. When the singular Yamabe obstruction density vanishes, a result of Gover
and Waldron [45, Remark 4.14] states that in general the singular Yamabe problem can be solved
to arbitrarily high order. While the o that solves the asymptotic singular Yamabe problem is
asymptotically unique, to solve the (one-sided) Yamabe problem requires global information (such
as the topology of the interior of the ambient manifold M). Thus, even though the obstruction
density may vanish, the asymptotic unit defining density ¢ does not necessarily solve the singular
Yamabe problem globally. However, again as a result of [45], we do have that I? is smooth to

arbitrarily high order when the obstruction density vanishes. u

The proof of Theorem 5.2.5 suggests that, if one can find fundamental forms that correspond to
each normal derivative of ﬁe, one could reframe the obstruction density (and hence the Willmore
invariant) in terms of these fundamental forms. In particular, when d is even, we can construct
fundamental forms up to é, which we can use to express the Willmore invariant (in addition to

one more non-invariant tensor). Hence we have the following corollary.

COROLLARY 5.2.7. Let (M%~,0)y specify a conformally embedded hypersurface with d > 4

even. Then, the Willmore invariant By has transverse order d — 1 and can be expressed in such a

o

way that each term contains at least one element of the set {]I, cod—1, —T—V%_?’P} with a non-zero

coefficient and By can be written to explicitly depend polynomially on each element of the set.
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PROOF. We first check that Corollary 5.2.7 holds for d = 4. From an explicit formula in [31],

we see that By contains exactly one term that contains C, , which has transverse order 3. Further

fab
we note that By can be written in a way such that each term contains at least one of H,HI Cmb
However note that Cg ab = To—VnPab + ltotsy(P,p), so the corollary holds.

Now suppose that d > 5. We check that the transverse order of B is d — 1 first. From the proof
of Theorem 5.2.5, the terms with leading normal derivatives on II° are Vi-2(K, — s1I®-P). Observe
that VE2K = II-V4211° + ltots,_3(1°). However, from Equation (4.4) we see that the leading
transverse order term of this expression vanishes. So we need only consider V&=2(s ﬁe~P). A direct
calculation shows that this expression has transverse order d — 1. But because this is the only term
in By with that transverse order, we have that B, has transverse order d — 1.

From the proof of Theorem 5.2.5, it is clear that each term can be expressed in terms of some
operator acting on 1I° and hence from Proposition 4.3.2 and Lemma 3.4.6 can be expressed in terms

of a canonical fundamental form—with the exception of terms with transverse order d — 1. In

particular, for any integer £ satisfying 0 < ¢ < d — 3, we have that

(5.3) VAT 2 742 + ltotse_y (11°).

As noted above, the term with transverse order d — 1 only arises in the product ﬁ-Vfl_3P, and
hence we can characterize that term by %fo?’P. Thus, we have that each summand in B; contains
at least one element of the set {II, ... ,E, TVI3p).

It now remains to show that B; can be written in such a way that it explicitly depends on each
element of the set {]], e ,g, "T’Vﬁlf?’P} with a non-zero coefficient. A key observation is that
only the terms in By of the form V4~2(K, — sII°-P) can contain terms that are a product of exactly
two elements from this set. One way to see this is that n-V, II° can be written in terms of Vg—-fle,
and that derivative cannot be eliminated by any manipulations. So we now consider an expansion

of this difference:

d—2
vd 2( SHe P) z (d 2)(vk He) (vil;k72f[e)
(5.4) k=0 o
—(d—2)Y " (“3)(VET®) - (VRT3 P) 4 more,
k=0
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where more contains no terms quadratic in elements of the set {V]" er, VflP}mﬁ for0<m<d—2
and 0 < ¢ < d — 3. Before we proceed, note that the term of the form P~V‘Tif3f[e in the display
above can be paired with V1 -V T.V4-31[¢ (resulting from manipulating the term V42V .n. II°)

to form a conformal invariant. In particular, observe that the operator L defined in [31] by
(5.5) D(O2T*S[—d + 4]) 3 Ty, — (VOVP 4+ PO)T,, € T(EX[—d))

is conformally invariant on weight 4 — d densities, which is precisely the weight of d — 1. But the

leading term of V4—31I° is indeed d “Tas per Equation (5.3), so the leading term of
(vTava_FPab)vg*?)ﬁgb

is precisely L(d 1). Thus, B, contains a term of the form L(d 1) which absorbs the term of the

form P~V‘,if3lole. Thus, from Equation (5.4), we are only interested in the terms

d—2 d—4
(56) Z d 2 vk‘ He (Vle—k—Q He) _ (d _ 2) (d 3) (vk’ He) (vf’il—k—SP)'
k=0 k=0
We now work in the scale where |ds|; = 1 and choose a set of coordinates (s,9%, ..., ydil), o)
that
Vm]Ie = 2(d 2)28m+1gab + ltots;m—2(9)ap
V?Pab = — ﬁagnJngab + ltOtSm+1 (g)ab .

Applying the above to Display (5.6) and keeping only terms quadratic in 97'¢g, we have

s9

—4

1(0:9)- (00" g) + g (929)- (00 %9) + £ ) () (05 998 ).

i
[N}

The definition of a fundamental form is a conformally-invariant rank-2 tensor of the appropriate
weight and transverse order. Because B is conformally invariant, a consequence of Equation (5.3)
is that we must be able to express the above display in terms of quadratic products of fundamental
forms of the form @E plus subleading terms—with the exception of the term with transverse
order d — 1. But because none of the coefficients vanish for d > 4 in the above display, the

corresponding coefficients for k + 2-d — k must also not vanish for each product for 1 < k < d — 3.
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For the same reason as the terms quadratic in fundamental forms, the one remaining term, of the
form 1(dsg)-(0%"'g) can be written in the form I1- V43P plus subleading terms with a non-zero
coefficient. Thus, By can be written so that it explicitly depends on every element of the set

°

{f[, co,d—1, :I)—Vﬁlf?’P} with a non-zero coefficient. This completes the proof. O

REMARK 5.2.8. Much of the argument in the proof of Corollary 5.2.7 follows when d > 5
is odd. In that case, for n > %, the fundamental forms are only conformally-invariant when
(M,~,0) is hyperumbilic. Nonetheless, the higher transverse derivative terms V% 1I° still appear in
Bg, so a similar statement as the above corollary would hold in terms of what may be called pre-
fundamental forms—tensors that are not conformally-invariant but become conformally-invariant

when the hypersurface embedding is hyperumbilic. [ |

With Theorem 5.2.5, we can now prove a generalization of Lemmas 3.4.6.

LEMMA 5.2.9. Let (M,~,0)y represent a conformally embedded hypersurface and let £ € 7 441
be non-negative. If I* = O(c?), then naf[gb = O(c") and V-1° = O(c?).

PRrOOF. First observe that for £ < d — 2, this is simply Lemma 3.4.6. Then, for ¢ > d, from
Theorem 5.2.5, we have that B £20. In particular, because the obstruction density vanishes, we
know that B is a smooth function of the asymptotic unit defining density ¢ and hence we can
write B = B|y, + 0B'|x + .... But an examination of the proof of Theorem 5.2.5 suggests that for

I° = O(c!) with £ > d, we have that

R}

BZ0,V,B=0,... VidipZq,

But then the proof of this lemma is just a straightforward generalization of the proof of Lemma 3.4.6.
In that case, we were restricted by the fact that the obstruction did not vanish: here, the obstruction
vanishes to exactly the order necessary. Indeed, in this case, the righthand side of Equation (3.21)
is O(c'*1). Following the remainder of that proof implies that n-I° = O(s*™) and that V- 1I° =
O(a"). O

As promised in Section 4.4, we can now prove that Definition 4.4.1 is sensible.
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PROPOSITION 5.2.10. Let (M,~,0)y specify an asymptotically singular Yamabe conformal hy-
persurface embedding and let n > d + 1. Then, for all T as defined in Definition 4.4.1, 11 is a

fundamental form.

PROOF. By construction, the tensor o has weight 3 —n and is symmetric and trace-free. Thus,
we need only check that the transverse order of the nth fundamental form is indeed n — 1. From

Lemma 4.1.8, we see that the transverse order of §j is k so long as

w # {2k—21—d7 2k—22—d7 . 7k+%—d}.

In particular, we are interested in the action of this operator on Psp because q(f[e) = Pyp, so
we need only verify that d,_o has transverse order n — 2 when w = —1. Examining the above
display with w = —1, we have that the transverse order of J; is strictly less than k£ so long as
—% < k < d-—3. However, we are only interested in k > n—2 > d — 1. Thus, we find that indeed

dn—2 acting on weight —1 tractors has transverse order n — 2, and hence we can write
= (7" o7 o T)(aVI 2Pag) + ltots,_3(Pag)

for some nonzero coefficient a.
Next, we need to verify that the remaining operators required to produce 1 do not decrease the
transverse order of the tensor. Using identical arguments to those found in the proof of Proposi-

tion 4.2.10, as well as the generalization of Lemma 3.4.6 given in Lemma 5.2.9, we have that
n= B"Llj—(vzf2 He) + ltOtSn_g(ﬁe) ,
for some nonzero coefficient 3. Thus, from Equation (4.4), we have that

TV ) = 555 T(00  ga)

and hence has transverse order n — 1 for n > d + 1. O
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CHAPTER 6

Extrinsic Conformal Hypersurface Invariants in Five Dimensions

As an application of the conformal hypersurface calculus and the conformal fundamental forms
developed above, we provide a case study of the extrinsic conformal geometry of a hypersurface

embedded in a conformal 5-manifold.

6.1. The Extrinsic Paneitz Operator

The key object underlying our computations in this chapter is the extrinsically-coupled Paneitz
operator—a specific case of an extrinsically-coupled GJMS operator. First discovered independently
by Paneitz [64] and independently by Fradkin and Tseytlin [28,29], the Paneitz operator is a fourth
order conformally-invariant differential operator with a leading derivative term given by the square

of the Laplacian. In particular, on a conformal manifold (M",¢) with n > 3, the Paneitz operator

Py I (EM [52]) —» T((EM [=42])

is given in a choice of scale 7 = [g;t] by

(6.1) Pyi=A%+V,0(4P" — (n—2)Jg") o Vy + 52 Qy(g),
where

I 2 n 72
(6.2) Qn(g) == —AJ —2P? + 2 J2.

The above scalar curvature, introduced in [12]| and in four dimensions known as Branson’s Q-
curvature Q4(g) := Qua(g), is of particular importance because its integral is a global conformal

invariant. Explicitly, if 7 = [g;t] = [g;t] are two choices of scale and dvol(g) is the volume form for

(M*, g), then
/ Qulg) dvol(g) = | Qu() dvol(@).
M M
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Furthermore, there is an explicit relationship between the Paneitz operator and Branson’s Q-

curvature in four dimensions. If § = e?*¢ for some w € C>®°M, then

e"Qu() = Qa(g) + Paw.

This scalar curvature was originally introduced to better understand functional determinants in four
dimensions similar to those of Polyakov [66]|. Later work continued to make use of this curvature
(and its higher dimensional analogs) in studying problems such as geometric scattering [21,51]. For

more information, see the reviews found at (18,19, 20].

As discussed throughout this dissertation, it is generally hard to construct conformal invari-
ants from whole cloth. As such, it pays to have a method to produce invariants such as the
Paneitz operator. The holographic method of Fefferman and Graham [25,26] summarized in Sec-
tion 5.1 suggests that we can find such an invariant operator by first constructing the asymptotically
Poincaré-Einstein manifold (M\0M, ¢°) € APE;_» attached to the conformal manifold (¥, ¢) and
then finding diffeomorphism-invariant tangential operators on the Poincaré-Einstein manifold that
extend smoothly to the boundary. Indeed, one can verify that given any smooth extension ¢ of

p € C®E™® to C*®M?5, we have that

(6.3) Pyp = L[(A® +3) 0 (A° +4) 0 (A” + 3) 0 A% (¢°) ]2,

Our next step is to construct a holographic formula for this operator. First observe that because
(M\OM, g°) is conformally compact, there is a corresponding conformally embedded hypersurface
specified by (M, ~,o) such that g° := v/0? on M\OM. A consequence of the Poincaré-Einstein
condition is that (M,~,ac) € ASY for some constant « > 0. Without loss of generality, we will
consider cases where « = 1. On M := M\OM, we can then compute in the scale o = [¢% 1] so
that

Iy Z(1,0,-1J9%).

Then, in that same scale, we have that

I-D % (—(AO + Jgow) — éJgo(d—l— 2w — 2)&) o (Wlw,g) .
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Because the embedding is asymptotically singular Yamabe, we have that Sc9” = —d(d — 1) + O(o?)
and hence J9° = —d/2 + O(c?). Recall that this expression is conformally invariant, meaning that
for any defining function s for 3, there exists a smooth B, such that J9° = —d/2 + s?B,. Thus,

simplifying the above formula for I-D, we have that
1-DE (—A" + (1= 25"B)(d+w— 1@) o (ﬁw) .

However, note that because I-D* has transverse order at most k along ¥, we can therefore write

o

1.DF L (—1)F [(AO —(d+w—1w)o (m)]k )

by
so long as k < d — 1. In particular, when &k = 4 and d > 5, acting on tractors of weight %, along

¥ we have that
1.t % L [(A"+ (d—3£(d+1)) o (AO I %) o (Ao+ (d—BL(d—s-l)) o (Ao+ (d—314(d—5))} ‘ '
by

But when d = 5 this precisely reproduces the operator in Equation (6.3).

Furthermore, we can now verify that this operator is indeed tangential on weight—g’;gd densities
via the s[(2) algebra of Proposition 3.4.3. To do so, first note that if - D* is tangential on such
tractors, then so is 1 -b4, so we verify this claim for the simpler operator I-D*. Furthermore, because
I? =1+ 0(c% and d > 5, we can treat I? = 1 identically for the purposes of handling the operator
I-D*. To show tangentiality, it is sufficient to show that (I-D* o ¢)(T) = (6 0 O)(T) where O is
some operator on tractors and T € I’ (T*M [%D (Note that 0T € I (T*M [%d]) as desired.)

Phrased in the language of the s[(2) algebra, we thus wish to show that [y*, 2] = 0 as an operator

acting on sections of T' € T’ (Tq’M [%D But a standard result of the algebra states that
[y*,z] = y* k(h —k +1).

Evaluating on a tractor T € I" (’T‘I’M [%D the operator (h — k+ 1) = 0 when k = 4, which shows

that indeed I-D* is tangential on any tractor 7€ € I’ (TCDM [%D Thus, we have that

P,T = (I-D*T®)|5
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is independent of the choice of extension T for T'.

Given the above holographic formula for the operator Py, this suggests that one can construct
an extrinsically-coupled Paneitz operator via the same operator [ - D* but simply loosening the
restriction that (M,~,0) € APE;_5. Rather, we can consider triples (M,~,0) € ASY so that the
jets of ¢ are not fixed by the holographic condition and therefore carry extrinsic embedding data.
Observe that in the above construction, we did not require the Poincaré-FEinstein condition, but
rather only the asymptotic singular Yamabe condition. Therefore, acting on any extension 7 of a

weight—% tractor T', we define the extrinsically-coupled Paneitz operator by
PPoMIT = (I-DAT°)|s; .

Generalizing the above calculation leads to a holographic formula for all extrinsically-coupled

GJMS operators. We record this result below.

THEOREM 6.1.1 (Theorem 7.1 of [45]). Let (M%,~,0)y specify a conformal hypersurface em-

bedding and let k be an integer satisfying 1 < k < d — 1. Then, the kth order extrinsically-coupled
GJMS operator

BE D (TOM B | o (770 [2E5]) |

defined by its action on any extension T° of a tractor T € T’ (’T‘D [%]) ‘E by
PyM'T = (I-DMT)|y

is a tangential operator. When k is even, a kth order normalized extrinsically-coupled GJMS operator

can also be defined by its action on T° via
BT — (15Tl

which has leading term (AT)]“/2 as well as being tangential.
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REMARK 6.1.2. Of note is that in the critical dimension d even, the normalized extrinsically-
coupled GJMS operator Pd{‘_’lMd annihilates constants. Thus, for a conformal hypersurface embed-

ding specified by (M®,~, 0), acting on densities ¢ € F(SZ[d_Td,mz, we have that

oomd a = o oomd
(6.4) Pi™ o= (0%0 Va)(p) — BEQIM" (9)e,

where O is some hypersurface operator and Q%7 ¢ (g) is a scalar curvature quantity that depends
both on the order d — 1 of the operator szjMd and the dimension d’ of the conformal manifold. A

.. . ~ d
similar statement can be made in general about Py, [ |

The extrinsically-coupled Paneitz operator underlies numerous extrinsic conformal hypersur-
face invariants. For computational purposes, it is both instructive and useful to reexpress the

extrinsically-coupled Paneitz operator in terms of explicitly tangential tractor operators.

6.2. Useful Tractor Identities

In this section we detail the identities required to produce an explicit tangential formula for the
extrinsically-coupled Paneitz operator. Our methods rely heavily on the tractor calculus developed
in Chapters 2, 3, and 4. We detail identities involving any weight one density ¢ and its interactions
with the Thomas-D operator and the canonical tractor X. These all follow from straightforward
applications of the Leibniz failure. We have employed the symbolic algebra system FORM [83] to

handle more intricate cases. First we need some simplifying notations.

DEFINITION 6.2.1. Let o € I'(EM[1]). Then, in dimensions d where the right hand sides below

are defined, we define the following quantities:

I = Do € T(TM][0]), K¢ := P{pP°P c T(EM[-2]),
PGy = Dl € T(@2TM[-1]), K? :=1°-D P§zP° "B e T(EM[-3)),
PGy :=1°-D PSp € (2T M[-2]), K7 := (I°-D)? P{zP°P e T(EM[-4]),
PGy :=1°-D? P € T(G2TM[-3]), KJ :=(I°-D)3 PG P°4B ¢ T(EM[-5]).
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We are particularly interested in the case that (M,~,0) € ASY. In that case we shall often
drop the superscript 0. Note that the density KJ and the tractor P{ defined above agree with

the definitions for the same given in Section 3.4.

6.2.1. Commutators. The simplest identities we require are commutators involving the ob-

jects in Definition 6.2.1 and the Thomas-D operator.

LEMMA 6.2.2. Let o be any weight w = 1 density. Acting on tractors of weight w such that D

as it appears below is well-defined, the following operator identities hold:
[Da,o] =1Ia—32X4I-D,
[Da, Xp| = hap — 2XaDp,
[Da,Ip] = Pap — 725 XaPcpD?,

where h == d + 2w.

PROOF. The results follow from a direct application of Proposition 2.3.1 and Definition 6.2.1.

O

LEMMA 6.2.3. Let (M,~,0) € ASY. Then, acting on tractors with weight w =: (h — d) such

that D as it appears below is well-defined, the following operator identities hold:

(6.5) 1D, x4 =14~ 22 D4,

(6.6) [I'f)aDA} = —PapDP - I [DA,IA)B} + 2, XaPP°DgDe,
67 (1D 0.0 = 1528 o(I- D) 4 5D (1. D) 4 O(o 4+
(6.8) [I'ﬁ’IA}:ﬁXAK*%PABﬁBth(ad_Q)’

(6.9) {].[)’pAB} _ pAB _ % (DEPAB)ﬁE

PROOF. Asin Lemma 6.2.2, this result follows from Proposition 2.3.1 and Definition 6.2.1. The

third identity requires a simple induction argument. The third and fourth identities also require that
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I = 1+ 0O(c%). Also, Equation (6.8) uses that DI = Dpl4. Note that Equations (6.5), (6.6)

and (6.9) in fact hold for any weight one density o. O

The W-tractor also frequently appears in tractor computations, so it is useful to have one more

commutator result.

LEMMA 6.2.4. Let (M,~,0) € ASY and let T*AP € T(T®M @ A>T M[w']). Then, acting on a
tractor of weight w such that D as it appears below is well-defined, the following operator identities

hold:

(D, T%) = (DAT™) = T® 4P Dp — 12— Xa(DcT™) 0 DY + 12— X A(Dc T p) DP

[1-D, 7% = (I-DT**) — =22 (DcT*) 0 DY + 22— (DcT*“ p) D7,

where h .= d + 2w.

PrOOF. This operator identity is an elementary application of Lemma 2.3.1 while accounting

for the action of T'®. O

6.2.2. Operator identities along . Here we provide a list of useful operator identities
valid along . These identities were proved using Definition 6.2.1, Lemmas 6.2.2 and 6.2.3, and the
computer algebra system FORM. The next lemma shows how to convert various operators involving

Thomas-D operators to combinations of their tangential parts and Laplace-Robin operators.

LEMMA 6.2.5. Acting on tractors of weight w =: %(h —d), and such that D and DT as they

appear below are well-defined, the following operator identities hold:

(6.10) PABoDyoDp = PABDIDE + bAKT.D,

(6.11) PAB o Dyo P§ o Do = PAPCBDLDL + Pyp(DAPPC) DY,
(6.12) PAPPoDyoDp = — L KI-D*+ PPI-D + PAPCPDYDYE
(6.13) (DAK)o Dy = ;2 KI-D* + KI-D + (DAK)DY,
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~C pAB - A X 2h—d—6 ~2  (d=6)(h—d—2) 1 ~
(6.14) — h=6p31.p — PAPYBDY DY,

+ 12822 Py g (DA PPO) DG + Y P0E (DAK) DY
[APAP o Dp £ i s KT-D? + (252 KT-D — 22, P11 D
(6.15) + 2 Pap(DAPPODE — 2~ (DAK)DY
+ ﬁf@ + %K

(DaPAP)o Dp = b2 KI-D* + 5= KI-D

(6.16) (d—6)( 2(d—6)
C R PD 4 (DA D],
A SAB 2 (d+2)h—8d A2, (d?—4d—4)h—8d?+44d—24 1 A
Dao P77 o Dp = myn—nogy B D™ + “—ayann—s) &1 D
2(h—6 N h_6HABA A
(6.17) — g PT-D + 1= PAP Dy Dy

d—6)(h—d—2 AA YA d—6)(h—6) ; SABN WYT
+ B (DAK) DY + &30 (D PAP) DY,

PRrOOF. These identities result from a series of symbolic algebra calculations using FORM. The

programs performing these calculations are described in Appendix A .4. O

In addition to Definition 6.2.1 and Lemmas 6.2.2 and 6.2.3, to establish the following lemma for

operators involving the Laplace-Robin operator, we also need to use Lemma 6.2.5.

LEMMA 6.2.6. Acting on tractors of weight w =: %(h —d), and such that D and DT as they

appear below are well-defined, the following operator identities hold:

z

(6.18) XAol-DoX,4=0,

(6.19) XAol-D*oX,= —hrd

(6.20) XAol.D3ox, 2 30=d21.
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A 4 S 6(h—d—4) ;7 A2  2h3—(2d+20)h2+(16d+56)h—48d
(6.21) XAoI-D*oX, 2 A p? - A A il K,

(6.22) X4oI-DoI,Z0,
(6.23) X4oI-D*clsZ0,

A ~3 2 h%?—(d+4)h+8d—8
(6.24) X% olI-D ola = Ty I

A A4 Y 4(h—5)(h%—(d+8)h+10d+4 2 2 AB AT AT
XAol-D'oly 2 <(d,gg(h,g)(h)4)(h,6) )KI-D—i(Hﬁ(M)P DEDL

(6.25)

3h2—(3d+12)h+30d—36 1
R e Yoy i G

(6.26) I4ol-DoXs=1,

(6.27) I4ol-D?ox, 2207

A "3 2 3(h—2) 1 A2 |, 2h2—(d+8)h+6d

IAoT.D4o X4 z 4(h—3)[.D3 _ 4(h—3)(—2h%+(d+16)h—8d—24) KI.D

629 D (@ 2h(h—2)(h—7)
6.29
12 AB AT AT | 3h3—(d+28)h?+(14d+68)h—48d 1
~rhgy P DAl + @—2)h(h—2)(h—4) K,
6.30) XAoI.DoDy=h=d=21.pH
2

o
(631) X*ol-D*o Dy Zh=f=A1.D? 4 =tk

A "3 A 2 h—d-67 A3 2(2h—d—10) pAB AT AT
’ 2 N o ~ ~ ~
PGSR T KT D + B4 K 4 ;2,14 DP[Da, Dy,
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z

XAOI'D4OZA)A

(6.33)

(6.34) Dyol-D*oXx4Z

h—d—8 N4
—=—1-D

+ 3h°—(3d+83)h*+(71d+908) h3 — (608d+4932) h? +(6d% +2244d+13224) h—48d> —3024d— 13536 KI- [)2
(d—2)(h—3)(h—4)(h—6)(h—8)

h—d 72 | 3(h—d) ;>

2(d—2)2
4h3—(4d+61)h2+(58d+246)h—210d—108 . 2
+ @—2)(h—6)(h—8) KI-D

+ 8 TADBI-D[Da, D) + 125 1 DP[Da, Dp)I-D

4(h—T AT A ~ ~B AC
*%I [Da, Dpllc|D”, D]

2(10h%—(3d+130)h+24d+408) L AB 7C 7 [T~ b
+ (h—4)(h—6)(h—8) PP DalDp, Dcl

2(5h2 —(3d+74)h+24d+264 31 7 AB 1C 1 = AT -
+ X (h(—4)(h—)6)(h—8) )[P I-D+ P""I"[Dy, Dc| (DB+IBI-D)]

4(4h%—(2d+53)h+14d+172 b AB AT AT 1. 1
— = nu-o-s 1 DaDpl-D

2(13h%—(6d+184)h+48d+624) pbA pCB AT T
+ h—2)(h—6)(h—8) PeP~" Dy Dy

2((8d—30)h>—(3d?+98d—420)h+24d>+264d—1392) 5 AB ( 1~ C\ NHT
+ (DD (-0 (h—5) A% (DaF§) D

3(h=d) (PHA) AT
@26 (D K) D

6(2h—d—12) HAB 7 7
- (h—4)(h—6)P D4Dp

2(d—6) N DAB\ »T
- @y (DaP*) D

(h+d)(h+2) 1 72 | h3+(d—6)h2—2dh+8d
o LD+ gy K
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~ A PHAE _ h—6 77 F

2h3—32h2+(d+160)h—8d—236 "2
T e-on-s . ALD

+I14DB <I~D[DA,1A)B} + [ﬁA,DB]I-D>

— 422 pABICD,[Dp, Dc]

h24(d—14)h—8d+52 [ p3 7 7 AB1CIAy A 17
T (h6)(h—8) (P I-D+ P71 [DA7DC]DB)

(6.35) 2(d—2)(h—T7) pA
— — B AT AT 2
+ s PP DADEI-D

h2+(2d—14)h—16d+56 A HCB AT ST
- (h—6)(h—8) PeP"7 Dy Dy

2h%—(d?—4d+24)h+8d%—36d+88 pAB ( > C\ AT
+ @) (h—6)(h—3) P (DAPB) D¢

+ %PABIA)AZA)B

6
d—6)(h—6 - SAB ~NT
L) <DAP )DB

Proor. This lemma was proved sequentially using FORM—generally, the more complex iden-

tities rely on the less complex ones. ([l

With these identities in hand, we are now ready to tackle the central result of this section: an

explicitly tangential formula for the extrinsically-coupled Paneitz-operator.

6.3. An Explicit Tangential Tractor Formula for PE‘—}Md

Observe that the Paneitz operator Py intrinsic to a conformal n-manifold (¥, cx), acting on

weight 2 — 5 # 0 densities, can be expressed as
P, = %ZA)AOPQOJ_A)A,

where P is the Yamabe operator (also known as the conformal Laplacian) on weight 1 — % tractors

defined by DAT = —X 4 PoT for T € T(TM][L — 2]); see for example [32,37]. Therefore, to write

the holographic formula of Theorem 6.1.1 for wa‘fd explicitly in terms of hypersurface data, our

strategy is to convert the operator (I-D)* to the form

~ d Y A Kl . .
o ME = %DTA o Py™Mo D:‘Z + lower derivative terms.

5
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Here the extrinsically-coupled Yamabe operator 1522;”” * is defined on tractors of weight 2 d by the
tangential operator I-D? (again see Theorem 6.1.1). In the case that the operator PE"MCI acts
on sections of T‘I)E[ ] Theorem 3.3.4 can be used to convert tangential Thomas-D operators to

hypersurface ones. The result of this computation is given below.

THEOREM 6.3.1. Let o be a unit conformal defining density for ¥ — (M, c),where M has

dimension d > 8. Then, acting on sections of F(T‘I)M[%Mg,

d Z} A
P42<—>M z D TA P2<—>M DZ;

5
4(d—3)(d—6 - s
< ) LAC L WEBU) pAP 8w AB3) o DT o D

U Lpo(DPL) = Gl (D) + G NaLopW #OP

— B NpLAWECE 4 ML NpNC (DeW B )F) o DY

2d* —21d%4-95d? —200d+152 2 d—2 2(d—2) 4 2(2d%—27d*4118d—172)
R sy sy 7 e N eyl vy E=E L-F-L

_ _2)2 _ _ _
+ (3d 1;‘2(:1 3) F2? _ 2(cz(d5_)gl2 6) LACLBDWABCD + Ed Zggg % (DALBC)(DALBC)

. #
+ 4VVNBjj o I/VNBti —ANBL ¢ (DAWBC..> .

The above result can in fact be profitably used in dimensions d = 5,6,7 by a dimensional contin-
uation argument. Because (I 'b)4 is well-defined in all these dimensions, so too, by construction,
must be the operator appearing in the theorem. The d = 5 case is clearly the most complicated of
these continuations, and will be performed in the cases when f’f'_’M * acts on scalars and the normal
tractor; see Corollary 6.4.3 and Theorem 6.5.2. Dimensions d = 6,7 are discussed below.

First consider d = 6. While there are no explicit poles here, since the tractor
DaW £ 24 W + Z5V W — 2. XA(AW — 2J9W),

it naively has a pole at d = 6. However, note that in the theorem above, the tractor DWW only
appears when contracted with N4 or LAZ. Tn both cases, the pole can be eliminated by first working
in an arbitrary dimension, there noting that N4X4 = 0 = LABX 4, and then continuing down to

six dimensions.
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Now consider the case where d = 7, which has one explicit pole with residue (DL)?, and an
implicit one:

DAK L —2V,\K + 74V, K — 7% X4(AK — 2J9K).

However, note that in d =7,

(DL? £ V(A —2J9)K = 10y K,

and acting on sections of I'(EM[*54])]s,

(ﬁAK)ﬁZ =8 2(‘2;_57)(5 —2J9)K + regular ,

where “regular” stands for terms that are regular in dimension d = 7. Therefore, away from d =7

2(d?—8d+17 AA AT d—5)(d—8) ; & 32 _ -
_W(D K)Dy + %(DDZ = %(A —2J)K +regular.

A~ d . . - .
Thus, the operator Py """ can indeed be continued to seven dimensions.

Our next task is to prove the central Theorem 6.3.1. Note that the algorithm presented below
can be used to decompose quite general tractor operators into tangential and higher transverse order

pieces, the latter captured by powers of the I ) operator.

PrROOF OF THEOREM 6.3.1. As dictated by Theorem 6.1.1, we begin with the holographic
formula 1 -D4, remembering that we will eventually restrict to the hypersurface . Also, we are

ultimately interested in this operator acting on tractors of weight 5§d. However, to begin with

we will take the weight to be arbitrary, equal to (h — d)/2, and such that denominators of the
form h — k for certain k are avoided. Later we will employ a weight and dimension continuation
argument. Note that all appearances of the operator D in what follows are in fact well-defined
even when h = 5. When problematic poles in the parameter h appear, we will draw the reader’s
attention to how these are handled.

Our strategy is to perform a series of manipulations converting the operator I .D* to the opera-

tor ﬁ?; ol-D?2ocDTA plus other terms of transverse order lower than four. The first step is to note

that I-D = Dy o I (this follows by contracting the last identity in Lemma 6.2.2 with the tractor
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metric and the fact that P44 =0 = XAPAB). Thus
I-D*=DyoI*1-D*oIPDg.

We would like to trade the explicit appearances of scale tractors I and IZ in the above display
for an extension of the tractor first fundamental form IAB := pAB — JATB_ For that we must first

ext

bring 74 and I'” together using Equation (6.8), which gives

I-D* = Dpol-DoI*IPol-DoDg+R4

(6.36) = —DAOI~ﬁoI£<tBoI-DobB+R2.

Here Ry := Dy o [IA, Iﬁ] ol-DoIBDg+Dsol-DolA0o [I-f), IB] o Dp has transverse order no
more than three—see Equation (6.8). The second remainder term Ry := Ry + ﬁA oI-D2?o DA also
has transverse order no more than three which can be verified using the identity DDA =0 and
Proposition 2.6, which shows that the commutator of a pair of Thomas-D operators has transverse
order one. Later, to simplify R, we will apply Equation (6.35). We will also handle lower transverse
order remainder terms later.
We employ the identity
150 = Il hpeISY + 0o,

to produce a pair of extensions of the tractor first fundamental form. (Also observe from Equa-
tion (3.15) that T4 D® is very nearly D%.) We then use Equation (6.8) and Lemma 6.2.2 to rewrite
Equation (6.36) as

I-D*=—I4BDpol-D? o ISEDC + R3.

ext

Similar arguments to above show that the latest remainder Rj still has transverse order at most

three. Using Proposition 3.3.3, note that ﬁ?; = Iﬁf‘éﬁB + WL_?) X 4I-D?. Note that we encounter

no poles applying this identity to the above display when h = 5. This maneuver produces

(6.37) I-D*=-D%YoI-D*o DT+  L.DY 0 I-D? 0 X4I-D?

1 4 NT A 1 N4 A )2
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Applying identities from Lemma 6.2.6, for the second, third, and fourth terms on the right hand

side above, we find

> A ~4 T _ h(h—T7)(h—d—8) 4

DZ; ol-D*o XAI-D? = (h_z)((}lz__f))((::;i)_lo) I-DY4... ,

XAI-IA)4OXAI-’62:—W].,@4+...7

where --- represents lower transverse order terms. Then, after collecting all the terms in Equa-

tion (6.37) containing I-D* on the left hand side, we have

(2h=9)(h+d—10) ; A4 _ AT N

When h = 5, the coefficient on the left hand side is —%. Moreover, at that value of h the

operator -D? in the first term on the right hand side acts on tractors of weight 1 — %, in which

case it is tangential and equals PF=™*. Therefore we have established that
A N d 2 A A N d A
po 2 8 (DT By o D, ).

It remains to compute the operator R by evaluating R4 along ¥ in the limit h — 5.

We must therefore now discuss the poles in R4. The issue is that we cannot use Equation (3.3.3)
to convert the operator D to DT when acting on tractors of weight 1 — %. However, since we
know that the limit h — 5 of the operator I-D? is well-defined, we may employ Equation (3.3.3) at

general weights and apply a limiting procedure at the end of our calculations.

Returning to R, we first apply Equation (6.35) to simplify the term DuI-D*D? in Ry. To
compute R4, we employ an algorithm whose starting point R4 is an operator of transverse order no
more than three, that acts on an arbitrary weight tractors, and is evaluated along Y. Moreover, R4
is expressed as a sum of “words” (each of which has transverse order no more than three) composed
of operator-valued “letters” in the alphabet given by the scale o, the scale tractor I, the canonical
tractor X, the Thomas-D operator, the W tractor, the Thomas-D operator acting on any of the
other letters (possibly multiple times), and rational functions of h. Note that the tractor identities

derived so far can be used to simplify these words, e.g., XAo(ﬁAIB) = 0. Our algorithm manipulates
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such words and letters. We also introduce the distinguished letter
gy:=—1-D.
The aim of the algorithm is to iteratively convert any word of transverse order ¢ into the form
Opog‘of(h)+---,

where the terms --- have transverse order lower than ¢ and f(h) is some rational function of the
operator h. Here Op is some tangential operator that may involve an additional letter DT Let us
first sketch the main ideas of the algorithm:

Step 0 of the algorithm takes any word containing rational functions of h and rewrites those
words by shifting these operators to the right end of the word. Then, it applies a simplification-type
procedure. While in principle, this simplification is not necessary for the algorithm to achieve the
goal desired, it significantly reduces computational complexity in the implementation documented
in Appendix A.4. This step will be repeated after each of the following steps.

Step 1 takes any word ending in fi(h) and rewrites it in the order
U191...onlﬁ...oﬁgl...oﬁBl...ogfon(h)’

for {UZ-@ '} some set of multiplicative letters (acting by tensor multiplication by a tractor), {T;I)j jj}
some set of tractor-valued tractor-endomorphism letters, and fo(h) some possibly new rational
function of the letter h.

Step 2 prepares to combine pairs of letters I and D into —¢ by commuting the correspond-
ing Is to the right of the multiplicative letters, the tractor-valued tractor endomorphisms, and the
tangential Thomas-D operators. That is, words containing I and Dy are manipulated to take the
form

UPt - o T o DY o [P o Dy, -+ D, <04 o f(h).

Step 3 applies the tractor lemmas above to push every IP* past Thomas-D operators with
different indices until it is left-adjacent to its corresponding D By, and then combines these terms to

form —g.
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Step 4 reapplies Step 1 (so that this newly formed y letter is commuted to the right), leaving

us with words of the form
Ulel~~0Tf>1ﬁ-~0f)£1--‘0ﬁ31~--oy80f(h),

where no letter UZ-@i is a letter TP with corresponding letter D B;-

Step 5 rewrites ﬁBl (which by the previous step has no corresponding I7') in terms of the
tangential Thomas-D operator, ﬁgl.

Step 6 repeats the previous five steps so long as any letters D remain. The output of the

algorithm is a linear combination of words of the form
U1®1~--on)1ﬁ~--olA)£1~--oI-lA)Eof(h).

We now present the algorithm in full detail.

Step 0:

Step 0a: For every letter pair of an operator f(h) and some tractor-valued operator T :
D(T®M[w]) — T'(T®M[w']) with “operator weight” w’ —w, replace f(h)o TS by T o
f(h+2(w —w)).

Step Ob: For any word beginning with multiplicative letters, combine those letters
to reduce complexity using the definitions found in 6.2.1, the Leibniz failure 2.3.1,
and Lemmas 6.2.2 and 6.2.3. For example, one may write XA(ﬁBDCIA) = —pBC
or [4PAP = — L KXB.

Step 1: Repeat the following sub-steps until a full iteration leaves the expression unchanged
(i.e., “repeat until termination”):

Step la: Rewrite all two-letter pairs 14 o Dy as —7.

Step 1b: Rewrite every instance of the letter combination [15 A,f)B] following Equa-
tion (2.6).

Step lc: Repeat until termination: For every letter of the form T®* and every multi-

plicative letter U® € T'(T® M|w]), rewrite pairs T% o U® as

(T*U®) + U® o T,
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Step 1d: Repeat until termination: For some operators Op;, Opy, and Ops, apply
Proposition 2.3.1 and Lemmas 6.2.3 and 6.2.4 to write all words of the form Op; ogo
Op, 0 Z)e as

Op; 0 Opy 03! 4 Ops 0 4.

By construction Ops has fewer §’s (including pairs IAoﬁA) in it than the operator Op;o
Ops. Then apply Step 0.

Step le: Repeat until termination: For any operators Op;, Opy (where Op, does not
contain the letter D), and Ops, apply Proposition 2.3.1 and Lemmas 6.2.2 and 6.2.4

to write all words of the form Op; o D41 0 Opy 0 D42 ... DA% o § as
Op, 0 Opy 0 DAL ... DA o ¥ 4+ Opg 0 DA2 ... DAk o gt .

By construction Ops has no more operators D in it than the operator Op;. Then
apply Step 0.

Step 1f: Repeat until termination: Use Proposition 2.3.1 and Lemmas 6.2.2 and 6.2.3
to faithfully replace every combination of letters DT oI to the left of every appearance
of D or § with

IToDT + Op{ .

By construction the operator OplT is tangential. Similarly, for every combination of

letters DT o X, replace it with
XoDT + Opg .

Again the operator Op2 must be tangential. Apply similar identities to letters of the
form DT o U® where U? is a multiplicative letter. Then apply Step 0.
Step 2: Repeat until every word containing at least one pair I4oOpo D4 is written as Op’ o
I4% o DA1 ~~1A)Ak, where Op and Op’ are some combination of letters:
Step 2a: For some operators Op; and Opy, and for every multiplicative letter U® €

[(7® M[w)), rewrite every word of the form Op; o I4 0 U® 0 Op, as

Op; 0 U% 0 I 0 Op,.
124



Step 2b: For some operators Op;, Opy, and Ops, and for each tractor-valued tractor-
endomorphism letter 7%, rewrite every word of the form Op, oIAoTMoOpQOIA)AoOp:g

as
Op; oT® o4 o Op, oDy o Op3 — Op; o T®ARIP o Op, oDy o Op;s.

Step 2c: For some operators Op;, Op,y, and Op;, apply Lemmas 6.2.2 and 6.2.3 as well
as the definition of D7 in Definition 6.2.1 to rewrite every word of the form Op; o I4o

ﬁToOpzoﬁAoOpg as
Op; 0 DT 0 T4 0 Opy 0 D 4 0 Opy + Op’y 0 Op, 0 DA 0 Ops,

for some Op’; that does not contain the letter 4. This step is designed to only move

Is to the right when they can be contracted on to Drs. Apply Step 0.
Step 3: Repeat until each word has one fewer (or zero) pair(s) of letters I and DAi- For
some operators Op; and Op,, apply Proposition 2.3.1 and Lemma 6.2.2 to rewrite every

word of the form Op; o I4, 0 D41 ... DA ... DA o ¢ as
—Opy; 0o DA g DM 0§ + Opy 0 3t

where Op, is some operator that does not contain I4,. Apply Step 0.

Step 4: Reapply Step 1.

Step 5: In any given word, by virtue of Proposition 3.3.3, rewrite the left-most letter Dy
as DZ;—IAO@—XAOQQOﬁ.

Step 6: If any word contains the letter f), repeat Steps 0 through 5.
The remainder of the calculation amounts to rewriting combinations of non-derivative letters

Ul@l...oTl‘Dlﬁ...

in terms of hypersurface tractors via holographic formulz. This process is generally tedious and relies
on dozens of identities arising from the Leibniz failure (both on the hypersurface and in the ambient

space), Lemma 6.2.2 (and its direct application to the hypersurface operator f)), Lemma 6.2.3, and
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the Gauss-Thomas formula (3.3.4). Some of these identities can be found in Section 4.5. Finally,
we can take the limit A — 5 to resolve R. This entire procedure was implemented using FORM in

the file
FORM-Proofs/General-tensor/Paneitz-tensor-algorithm.frm.

That the proposed algorithm here terminates requires no proof, since we explicitly verified that six

iterations suffices. The result obtained from this computation is below:

8 4(2d—11 AC r B 4(d—3)(d—6 AB 8 AB ~NT AT
B R= (7(“ J[ACLE 4 A6 pAB _ _8 1 ﬁ)oDAoDB

4(2d—11) ABrCA 2(d2—8d+17) [ AA 4(3d—16) BCDA
+ (L Loc(DP L) - 2ty (DY) + *45 N LepW

_ ABA-16) N T AW BCE 4 %NBNC@CWBA..W) o D}

4_o143 2_
4 2d*—21d°4+95d 200d+152K2+

@-1)(d—2)2(d—1)? 2 . 224 20028 p g g

d—
(d—4) (d—4)2 (d—4)2

d—16)(d—3)2 d—5)(d— = d—5)(d—8) / 5 =
+ G e - A LACLPPWapen + (i) (DaLsc)(DALPC)

R i
+ 4VVNBﬁ o VVNBﬁ —4NpLac (DAWBC..) .

The above expression for R contains operators of the type W4 o ﬁ£ o ﬁg which, strictly, are not
defined on the weight we are interested in. However, because W4 0 X4 = 0, as discussed earlier, we

have used use the notation D for the left-most Thomas-D operator. This completes the proof. [

With this formula in hand, we can compute several conformally-invariant Riemannian quantities
by translating this formula into a Riemannian formula in different settings. We begin with an

extrinsic analog of Branson’s Q-curvature.

6.4. The Extrinsic ()-Curvature

As an analog to Branson’s Q-curvature described above, there also exists an extrinsic Q-
curvature QE‘HMS which also is an integrated invariant and, when restricted to the Poincareé—
Einstein setting, reproduces Branson’s Q-curvature. This curvature was initially defined by Gover
and Waldron [40] as

T (gr) = PP log s
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where 7 = [gr;1]. Their result [40, Theorem 4.7] shows that this extrinsic Q-curvature has the

correct analogous conformal variation:
SM5 2w —dw S MO HEs M5 —
Qi (e™g)=e Qi (9) + Py “ig o

where w € C®°M and @ = wly.

Indeed, one can define a generalized extrinsic Q-curvature associated to each normalized extrinsically-
coupled GJMS operator. A slight modification (for the purposes of coefficient fixing) of that gener-
alization is the following:

—md s md
Qa1 (gr) = Pg1" log%\z,

As above, this modification has the desired conformal variation property that
T (g) = e 02 [QR (g) + PR

where w is as above. Furthermore, this result reduces to the results for Qg and Qg in the Poincaré—
Einstein setting computed by [37] and matches the description of the generalized @-curvature
described in [27]. As in Remark 6.1.2, the above statements can be generalized to the d even
dimensional case.

A useful consequence of this definition of the generalized extrinsic @)-curvature is that it agrees
with the scalar curvature term that appears in the expression for the extrinsically-coupled Paneitz

. . d’ . .
operator acting on scalars given by Q57" . To see this, we need a technical lemma.

LEMMA 6.4.1. Let 7 be a true scale. Then the log density log T obeys

/2 _

T

Dre/2
logT =2 lim U
e—0

3

and ﬁlogT =2 lim
€ e—0

PROOF. The first identity follows from the easily verified limit

e/2 _ 1
logz =2 lim z
e—0 £

valid for any 0 < x € R. The second identity follows a direct computation in a choice of scale g €

c. OJ

A consequence of the above is the desired result:
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PROPOSITION 6.4.2. Let (M?,~,0) € ASY specify a conformal hypersurface embedding with d

odd and let T be a true-scale. Then,

Q2<—>Md( ) Q2=—>Md( )

PrRoOOF. From Lemma 6.4.1 we have that

J.-D~e/2
I. Dlog7=2hm77.

e—0 £

A similar argument to that employed in the proof of that lemma also establishes that

~ . Dd-1,-¢/2
I-D%'ogl =2%im —— "
e—0 £

Thus it follows that

M2 g7 4. 2. ~d1_—e)2
(6.38) i g7) & lim S1- DT

To extract Qﬁ'j’lMd (g9-) from Equation (6.4), note that the basis of invariants present in the

. A a d=d . . . . .
expression for Py5M" 772 are stable as the dimension d’' varies [38] and their coefficients are

d—d’
rational functions of d’ and d, so we can treat Equation (6.4) as a universal formula for PZ"Md 2

with d an arbitrary parameter. This “dimensional continuation™type argument is standard, see for

example [37]. Then, working in a choice of scale 7 = [g;; 1], we have that

I'ﬁd_lT% £ ( )7

and thus

2
d—d \d —d

Q5 (g,) £ lim < 1-D% 1szd> .

Substituting d + € for d’ in the universal formula, we obtain Equation (6.38), as required by the

proposition. ]

As a consequence, obtaining a Riemannian expression for QEHMB can be done by finding a
Riemannian formula for the action of the extrinsically-coupled Paneitz operator on a scalar-valued
density T € F(EM[E’%CI]). However, given the formula for Pf%Md in Theorem 6.3.1, this is explicitly

computable.
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COROLLARY 6.4.3. Let d > 5. Acting on conformal densities of weight % along X, the

extrinsically-coupled Paneitz operator is given by

PP = A2 4 V% (4P, — (d— S)Jgab+8]1ab+7(d Sy Kgap+4(d=2)F ") 0 VP — 554 Q7= Mgy

where

QE;’MCI(Q) = —AJ—-2P% + d%ljz

[>\

_|_2(d 2)(v v. F) 3d?—9d+4 (AK)+d H(

1) (d—2) (1) 1) + 4,V (I,- V- 1)

2(d=2) yy. ~T 6(d—2) absgye
— T LGy - (d—1)(d- 4)H v Wcabn
(6.39) (d-2)(d=5) £ 4(d—6) 34942
2 2 6)r D M d d d
e P— a1 - P- 1 — 2(d+%)(d 227)(3%)‘][(

2d—2)(d—3) 1o B 20d—2) 1763
y AR gy - 292 gy

> ad Frbe Ty _9)2 o
+ Tty T T Wapeq + 2G5 2 4 22T P T 4 s s 2

PROOF OF COROLLARY 6.4.3. The proof mainly amounts to an application of Theorem 6.3.1.
Because the operator acts on scalar densities, we may use Theorem 3.3.4 to convert operators DT
to D plus lower order terms. The proof then splits into two separate computations. The first

~ rd = . . . ..
Py 0 Dy in terms of Riemannian operators, while the second similarly handles

expresses DAo
the subleading terms. The entire computation is carried out in FORM (see Appendix A.4): the

first computation can be found in the file
FORM-Proofs/Paneitz-scalar/DbID2Db-scalar.frm
and the second in
FORM-Proofs/Paneitz-scalar/Paneitz-scalar-Riemannian.frm.

The final step uses Equation (4.5) to rewrite IV 45 in terms of Cf—zl—(ab) in order that the result can be

continued to d = 5. Well-definedness of the final result in d = 5 can be established by inspection. [J

Comparing with Equation (6.1), we see that the first three terms match the first three terms
of the operators intrinsic counterpart, and furthermore the first three terms in the multiplicative

operator Qf”Md match those of Equation (6.2). One consequence of this formula for I:’f;’Md on a
129



scalar-valued density is that we obtain a Riemannian formula for the extrinsically-coupled Paneitz

operator on a function in five dimensions:
(6.40) PP f = A2f 4 V%0 (4Pyy — 20 Gap + 8112, + 12 + LK Gap) o VO F .

Second, we obtain a formula for the extrinsic Q-curvature, recorded in the following theorem.

THEOREM 6.4.4. Let ¥ — (M, c) be a conformally embedded hypersurface. Then, given g € ¢

the extrinsic Q-curvature is

T7(g) = Qu+ Wim + U + Qe
where
QF — —AJ—2P2 122,
Win:= LLAM 4+ 499(1, 9. 10) + 3AK

—6I-C) +41-P-T — IJK — 6HT® + 12HTI- F,

U = 18F-F+6I.F -1+ 2K? - $0°VW, . + T Wapea
Qe = %?“(ﬁa-?‘ﬁ)+6?-?-ﬁ—$AK,

and Wm and U are conformally invariant weight —4 conformal densities.

PrOOF. Following Lemma 6.4.2, we may set d = 5 in the expression for Qf;’Md (9) in Equa-
tion (6.39) to obtain the quoted result for Q= (g).

It only remains to establish that the quantities Wm and U are conformal invariants. To do so,
we first consider the weight —4 hypersurface density L gy LA where the hypersurface Yamabe

operator is defined acting on weight —1 four-manifold tractors T via

—DAT = X400y T,
130



and L4p is the tractor second fundamental form. It is not difficult to compute (see |72]) that

0 0 *
OyLAP L [0 Afab —

ol

VO 19 — 4P Do — Fob 4 g«
* * *

Here * denotes terms that do not contribute to the (manifestly invariant) density LapCly LAB.

Applying the Codazzi-Mainardi Equation (3.3), we find
(6.41) LapOy LAB = VW, + MW gy

Thus, because 11ed ﬁbCWade is conformally invariant, so too is ﬁ“b?CW;bﬁ. Thus we have that U
is composed solely of manifestly invariant scalars.

To handle Wm, we first define

Wo := Wm + 24F% + 61 F 11 + 3L K% + LMW, — B1VeW,)

2 cabn *

Comparing Wy with K in Equation (4.16) reveals that Wy = %K , which is manifestly invariant and

thus Wm is also invariant. O

REMARK 6.4.5. Equation (6.41) in the proof of Theorem 6.4.4 also establishes that ?CWC—(Fab)ﬁ
is invariant in d = 5 dimensions; alternatively this is the application to WCT(ab)ﬁ of a well-known

invariant first order operator on conformal 4-manifolds. u

One important application of this result is to renormalized volumes and Weyl anomalies. For
a conformally compact manifold (M\OM,g°), the volume [ M\OM dvol(g?) is formally infinite—
however, as is typical in quantum theory, often physical observables can be extracted by renor-
malizing otherwise infinite quantities. The renormalized volume of such a manifold has played an
important role in the AdS/CFT correspondence and has attracted significant attention. However,
such a renormalized volume is not always definable in a conformally-invariant way: instead, one
can only define such a volume up to a conformally-invariant anomaly. Early work by Henningson
and Skenderis [55] showed that this conformally-invariant anomaly is precisely the Weyl anomaly

of the boundary CFT. A result of [24] showed that the integral of Branson’s Q-curvature is indeed
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this anomaly when the bulk dimension is five. Furthermore, they showed that the integral of the
generalized Q-curvature generates this anomaly in general dimensions.

By generalizing the @Q-curvature to its extrinsic counterpart, Gover and Waldron in [42] pro-
vided a formula for computing the Weyl anomaly for quantum field theories on the boundary of a
gravitating theory that is not necessarily Poincaré-Einstein. They showed that, given a conformally
embedded hypersurface ¥ < (M, ¢) with M = ¥ LU M and a choice of metric g € ¢, there is a
unique renormalized volume Volyen (M, g%, §) associated to each representative g € €. Indeed, this

S M

dependence on g can be seen explicitly to depend on [y Q77 “in a result proven in [43]. For

X € Ry, the difference in the renormalized volulmes associated to g and A\2g obeys

0 \3_ o log A _ Y
Volyen (M ™, g%, A2g) — Voleen (M, ¢°,3) = 6 /Edvol(g) QT (9g) -

We furthermore can make a connection to the Willmore energy and invariants discussed in
Section 5.2. As mentioned in that section, the integrated extrinsic Q-curvature Qf“’MS is indeed a
higher Willmore energy

(6.42) BsinglZ < (M, ¢)] = /2 dvol(g,)Q5 " (g)

Furthermore, the functional variation of this Willmore energy, and hence its associated generalized
Willmore invariant, is precisely Bs as in Definition 5.2.2. Other higher Willmore invariants have

been produced in the literature [45,53,68, 85].

6.5. The Willmore Invariant in d =5

In principle, given the formula for Qf‘”‘/ﬁ, we could explicitly vary Esing in Equation (6.42) and
compute the Willmore invariant. However, another key result of Gover and Waldron [45] provides

a tractor formula for computing this invariant.

THEOREM 6.5.1 (Theorem 7.7 of [45]). Let (M%,~,0)y specify a conformally embedded hyper-

surface. Then, the singular Yamabe obstruction in d dimensions is given by the holographic formula

(6.43) BZ m (DaoT) (sz:MdNA F(—1)72 [I,Dd—2(XAKe)D ‘
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Because we have a tractor formula for PP~ and we know the relationship between PP="
and Pf"Md, we can explicitly compute the singular Yamabe obstruction so long as we can compute
K, which will play an important role in the second term on the right-hand side of Equation (6.43).

Indeed, when d = 5 we can rewrite this result to obtain an explicit formula:

z

(6.44) BE (Dao T) (PP NA - 31-D3(XAK,)) .

As mentioned above, in order to compute B in five dimensions, we need both ]542'_”” °I and K.
We begin with the former. As above, this result was computed using FORM and is captured in the

following result.

PROPOSITION 6.5.2. Let d = 5. Then, given g € c,
D(TM[-4]|y) > Pf~"" N4 L N A+ XA B+ Z}C*+ YD,
where

cabn

A ==2Wm— ZBK? - LI Wopeq + B OPVW 1y, — 410%F — 1652,
Co = 8V, (II-F) + ¥10,- VK + 2K V-1,
D =—241-F,

and the leading hypersurface derivative term of the scalar B is —%A?-v- 0.

Proor. This theorem is also an application of Theorem 6.3.1. Note that the normal tractor has
weight zero in all dimensions, while the operator Pf‘ﬁMd acts on tractors of weight %. Moreover,
to use Theorem 6.3.1 in five dimensions we must compute in general d and then continue to d = 5.
Thus we introduce a scalar density 7 of weight 5%”[ and instead compute Pf"Md(N A7), continue
to d = 5, and thereafter set 7 to unity. Similarly to the previous proof, handling the term DTB o

1522;””61 o ﬁg(NAT) term is challenging. It is computed in the FORM file
FORM-Proofs/Paneitz-N/DtID2Dt-N.frm
The remainder of the computation is performed by the file

FORM-Proofs/Paneitz-N/Paneitz-N-Riemannian.frm
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See Appendix A.4 for more details on this computation. Finally, we write ﬁ/ab in terms of CﬁT(ab)

so that the result is well-defined in d = 5. O

REMARK 6.5.3. Observe from the above proposition that the action of the extrinsically-coupled
Paneitz operator on the normal tractor is well-defined, despite the apparent singularities in d = 5

as per Theorem 6.3.1. u

Next, we compute K.

LEMMA 6.5.4. Let d =5 and K, be defined as above. Then along 3, the weight —5 density K.

is given by the following sum of conformally invariant terms

ke‘ = 32Labﬁ?&b)o - 48Lab(ﬁ(a'ﬁb)o) + 10Lab(Kﬁab) — 48WXBCNﬁAFBC

by

— 2K T F — 4811 F% — 24T1°(5F* + W35 ) Wopeq — ASTIEW Ly W]

acdn

+ 8fIB — 24(13—1ab + Wﬁabﬁ)chJ

abn
where L is the operator defined by Equation (5.5) and

WilgenDAFBC = —F.cT + W), .VoFb - HT2.F + 2HF?.

aben

ProoF. This calculation is a significant exercise in Riemannian hypersurface geometry. We use

three facts: First, acting on a weight w # 1 — %l tractor, the operator I-D is given by

Second, written in terms of the canonical extension of Equation (3.18) given by f[gb = Z{;‘ZEPAB,
we have that K¢ = (1019)2. Using these facts, we can recast X = I.D?K® as a Riemannian operator on
tensors, at which point the problem reduces to standard (albeit lengthy) hypersurface calculations,

primarily carried out in the FORM program (see Appendix A.4 for more details)

(6.45) FORM-Proofs/Riemannian-identities/Kddd.frm
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In order to obtain a manifestly invariant result, we note that the operator L* can act on three

independent structures appearing in K: namely,

f[:(gab) 2ﬁ(a'ﬁb)oa Kf[ab € P(@gT*EH — d]) .

(o}

The conversion (in five dimensions) of the result to expressions involving the weight —1 densities

Lab f[?)

(ab)o’ 2L“b(fl(a-15b)o), and L% (K Tl,;) is also carried out in the above FORM file. The tractor

expression WZBO NDAF BC can be computed with standard tractor techniques and is also included

in the above FORM computation. ]

We now have the pieces to assemble the obstruction density in five dimensions. Applying Equa-

tion (6.44), Lemma 6.5.4, and Proposition 6.5.2 we obtain the following result.

THEOREM 6.5.5. Let d = 5. Then the obstruction density is given by the sum of conformally

invariant terms

By, = — x5 [0b + 16L“bﬁ?ab)o +36L° (I, Fyyo) + L (K M) + 54W | gy DAFBC

+ 3(AWR%, + 3F YW, — 1311 B + (12W3%%, 4+ 69F ) II°W gpeq

abn

+ 24TIEW,] Wl T 60T F2 + 82K T F]

cdn

where

Ob:= AV-V-T+6V-B] +61.BT —6P-C]
— 6 PYVW,, + 9P-All— JV-V-T+ 6 (VI)-(VP) + 4 (V-1)-VJ + 310-VV.J

abn
+120-YV-F + 15 F-All + 14 (V-10)-(V-F) + 12(VI)-(VE) — 18 W} . VO
~3MI.VVK - 2(V.-1). 0-(V-1) - I(V-1I) VK
+24M-P-F —9JI-P—15J0-F + 3 K. P
—6(VH)-[AVK + J11-(V-1I) — V-F]
+6HV-V-F - 3HI-ATl - 2H(V-1)? - 3 HAK + 12HF-P + 3HKJ
+ SHIVW Ly + SHWapeg U0 — 12 H[T-C) + 3 HtrTI® — HIT-F] € T(EX[-5]).
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Proor. In the proof of Proposition 6.5.2 above, we showed how to calculate pf‘ﬁMsNA.
As noted in Equation (6.44), to calculate the obstruction density By, we should first compute

ProM NA _ 3].D3(XAK,) and in turn compute

Hin(Das TH(EF° N4 - 31 DY(XK,)).

To do so, we start with 1 '153(X AK,), and employ a combination of the tractor and hypersurface

calculi developed above. This is carried out in the FORM program
FORM-Proofs/Paneitz-N/ID3xK.frm

Note that this computation involves K and thus requires Lemma 6.5.4. Combining this result with
that for Pf;’ME)NA, we can directly evaluate the obstruction; this is carried out in the FORM
program

FORM-Proofs/Paneitz-N/Obstruction-d5.frm.

See Appendix A.4 for more details. O

REMARK 6.5.6. Observe from Theorem 6.5.5 that when II = II = I{/, we have that Bs = 0,
as predicted by Theorem 5.2.5. Furthermore, a fifth pre-fundamental form contains B(Tab)7 which is

evidently contained in the expression for Bs, as predicted by Remark 5.2.8. [ |

6.6. Existence of an Extrinsically-Coupled Conformally-Invariant Laplacian Powers

A well-known result of Graham [46] showed that on a four-dimensional conformal manifold
(M*, ¢), there exists no conformally invariant sixth-order cubed-Laplacian differential operator. A
generalization of this result, produced by Gover and Hirachi in [35], showed that there exists such
nonexistence theorems for all operators of the form A* on (M9, c) for k > d/2. Tmportantly, these
are results about operators intrinsic to a conformal manifold and say nothing about the existence
(or lack thereof) for such operators when the conformal manifold (39!, €) is embedded in a larger

4 ¢). Indeed, in this section we will show that such operators can indeed

conformal manifold (M
exist by providing two examples. We begin by studying the lowest order case: a squared-Laplacian

operator on a conformal two-manifold.
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6.6.1. Conformally Invariant Laplacian Squares in Two Dimensions. On a manifold
(M™, ¢) with n > 3, the Paneitz operator of Equation (6.1) expressed in terms of the trace-free

Ricci tensor and scalar curvature is given by

n—1)2-5 a n+2)(n—2)(n—4 n— n—2)(n+2
P4 = A2 — %VG 0ScoV®— %SCQ — 4(77,—41) ((ASC) + %SC2>

+ 55 (49, 0 Ric' 0 v, - 2=4Ric”)

Trouble in dimension two is signalled by the pole at n = 2 in this formula, although the residue
vanishes because the trace-free Ricci tensor is identically zero in this dimension. In fact, given only
the intrinsic data (M?, ¢), there is no natural conformally invariant linear differential operator with
leading terms AZ2: It is not difficult to check that there is no choice of parameters o, 3, v and §
such that A% +aScA + B(V4Sc)Ve +v(ASc) + 8§ Sc? is an invariant operator acting on weight one
densities.

One way to view the failure of the Paneitz operator in dimension two to exist is to observe that
the numerator of the n = 2 pole becomes conformally invariant (by virtue of vanishing identically)
in n = 2 dimensions. Notice, however, that away from n = 2 dimensions, Roic/ (n — 2) transforms
under conformal changes of metric § = g by a shift of VaVeow + (V(qw)Vpw. Indeed, away
from two dimensions, this conformal transformation cancels with the conformal transformation of
other terms. However, in two dimensions, these conformal transformations go uncancelled.

To produce an invariant Py operator in two dimensions, additional data in the form of a suitable
tensor with the transformation property V,Vy)ow+ (V(,w)Vy)ow is necessary. The data of a tensor
transforming this way is called a M6bius structure and is also required to write down a tractor
connection for two-dimensional conformal manifolds [14]. A natural way to generate a Mobius
structure is by embedding the 2-manifold ¥ in some ambient conformal manifold. The following

result relies on this mechanism.

LEMMA 6.6.1. Let d = 3. Then the mapping
[ D2 f 44V 0 Py o VO f
+ [2V.V.P— AT +2P2— J2 42V, (]"Iabv f[b> +2(V )2 4+ LK f
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with J = P2 where
Pap := Py + Hlly, + S HGop — 1K Gup
defines a conformal squared Laplacian operator
[(EX[1)) —» I(EX[-3]).

PRrROOF. The claimed conformal variation can be verified by direct computation. Alternatively,
there is a simple dimensional continuation argument. Consider, a d — 1 dimensional hypersurface X

embedded in a conformal manifold (M, ¢) with d > 4. The operator
(6.46) D40 I:’QE‘_’Md oDy
maps ['(EX[35¢]) — [(ES[—3E4]), where ]522'_’Md is defined in Theorem 6.1.1 and is given by

Py = A +¥(‘]_72(d172)K)'

The operator (6.46) can be expressed in terms of the Levi-Civita connection in a choice of scale as
follows
PAPF-Mp, _ 542
2
= 5 . < d—3)%(d—7) 7~
+ V% { —2(d = 5) Py — A(d — 4) P — 2112, — 2D K g
+3(d—3)(d—5)JGap| 0 V"

- %(_ CBNT — (d—5)P* + L(d—1)(d —5)J% + 92 AK

(d—1)(d—2)
2 22 (d=3)%(d=5) - 7 d— 2 | o0 .OF
—2(d—5)F-P—(d—5)F? — TEURKT — i K2 4+ 2V VF

+ V(- 1) — 55,9 1)?)

As written, this identity cannot be dimensionally continued because neither P nor F are defined in

hypersurface dimension d — 1 = 2. Instead, observe that for all d > 4,

P =Pl - Py HIl- 2 g(J— 5 B+ ;A pK) and P =Ric/(d—3).
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Note that Ric is well defined in all dimensions so can be dimensionally continued to hypersurface
dimension d — 1 = 2 (where it vanishes). Also J is defined in hypersurface dimension d — 1 = 2 by

the identity J = Sc/(2(d — 2)). Thus, in these terms, we have

DAPFMD, = 5742

_° o 22 -

+V%0 [4(4 — d)P), + 2Ricy, — 2112, — £330 peg, o (3 75,
44— d)H Tl +2(4 — d)H2§ab] oV

— 455 (5= PT + UHERP — 5UAT 4299

+ D) it GO 2 ¢ — (d—5)H2] — 2(d—5)H1T-PT +2HV-V-1i

_ _r\2 _ o _ _ —_ o _ _ - o
+2HAH—fjdf’;)KJ—%2H~VVH+4(V-H)-VH—%(V-H)Q

+ EELAK + 2(VH) + 25V (1 V- ﬁb)) :

Taking the limit where d — 3 so that % = 0 and defining P :== P' +HI+ %H%j — %Kg completes
the proof. O

That such an operator exists should not be surprising: indeed, the Laplacian power operators
fail to exist because in certain dimensions, there do not exist tensors that transform in the required
way. In this case, the required tensor is the Schouten tensor, but that tensor does not exist in two
dimensions. However, by embedding the conformal two-manifold in a conformal three-manifold,
one can instead use the bulk Schouten tensor and project it to the hypersurface to produce such an

invariant operator.

6.6.2. Conformally Invariant Laplacian Cubes in Four Dimensions. As proved in [46],
there is no such conformally-invariant operator of the form A3 +more on a conformal-four manifold.
Nonetheless, as demonstrated by the previous section, it may be possible to construct such an

operator using extrinsic curvatures. Indeed, the operator

(6.47) DTA pr=m? o PT
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holographically defines a mapping

rEs[5e)) —rEs[=5

1)

with leading derivative term proportional to A®; see [44]. When d =5 (so ¥ is a four manifold) this
defines a sixth order Laplacian power Py 7M. An explicit Riemannian formula for PZ~ follows
as a direct corollary of Theorem 6.3.1, however this necessarily involves many terms, see for example
already the result of [37] for the intrinsic sixth order GJMS operator on conformal manifolds of
dimension five and higher. However, when the conformal hypersurface embedding is 4-umbilic, it
is possible to write down a relatively compact formula for this operator. This does not contradict
Graham’s nonexistence result because that result relies on the fact that the Bach tensor intrinsic
to a four manifold is a conformal invariant; indeed, the intrinsic Bach tensor explicitly appears as

Ye—sM
P6

the residue of a 1/(d — 5) pole in the intrinsic result of [37|. However, the operator above

contains data not fixed by the intrinsic conformal geometry of ¥ (because the ambient Bach tensor
is not fixed by 4-umbilic embeddings) which allows for the replacement of the intrinsic Bach tensor
by the ambient Bach tensor with the same transformation property. We thus have the following

result.

THEOREM 6.6.2. Let X < (M?,¢) be 4-umbilic. Then the mapping

fr=s A3f —3JA%f +16P-VVAS +10(VJ)-VAf +16(VP)-(VVV)
+ ((Aj)g 1 20(VV) — J2G — 16JP — 24P%G + 32W (-, P, ) + 144P? + 163T) VS
+ (8CVAT) = 14J(V]) + 72(V.])- P+ 32(VP?) ~ 80C(-, P) + 16(V-BT)) -V f
+ (<A2j) 4373 — 24JP% — 5J(AJ) + 8P-W(-, P,-) + 48P° + 16P-(VV.J)

\%
+8(VP)? —§(VP)-C +2(VJ)? —16P-B + 16P-B' +8(V )
defines a conformal cubed-Laplacian operator

D(ES[1]) — D(EX[-5]).
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PROOF. Because ¥ — (M?,¢) is a 4-umbilic embedding, from Definition 4.2.12, we have that

]Olab = Fab = Cf—zr(ab) = 0. Consequently, from Theorem 3.3.4, we have that DT £ D. Note that
another straightforward consequence is that Cuan z Bia 20 (see [34, Proposition 4.3]), which
implies that Wy apo Z0. Thus, to prove the theorem, from Equation (6.47), it suffices to compute

D40 promt g Da. According to Theorem 6.3.1, in this case we have that
PE<—>1\[‘1 ) §5 (ﬁA PE<—>]\[ D WAB]j ODA o DB + d— 4NBNC(DCWBA )]i o ﬁA) .

We explicitly compute the operator DAo Pf“Md oD 4 using FORM to compute in dimension d,

and then continue to d = 5. First, we compute
(DB o By="" o DpoDa)f
for f € F(SE[Td]) using the FORM file
FORM-Proofs/P6/DbP2Db-Dbf . frm

To reduce computational complexity, we take the resulting expression and feed it into the following

file which completes the calculation:
FORM-Proofs/P6/Paneitz-Dbf-Riemannian-PE.frm.

See Appendix A.4 for more details. This outputs the result displayed in the theorem. ]

Following the discussion above, the appearance of the projected bulk Bach tensor BT in Theo-
rem 6.6.2 parallels that of P in Lemma 6.6.1. This is part of a more general picture linked to the
conformal fundamental forms. Just as a third fundamental form, in the guise of the Fialkow tensor,
was used to construct a tensor of the form PT + ... with the same transformation properties P in
dimensions d > 4, the higher fundamental forms can be used for the same purpose. In particular,
in dimension d = 6, a conditional fundamental form is given by

—1B+
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and is invariant, and hence can be used to construct a tensor with the same transformation properties
as B (when d > 6). A dimensional continuation argument can then be used to extract the tensor

in d = 5 dimensions required in the above theorem.
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CHAPTER 7

Conclusion

This dissertation has provided a codification of known conformal hypersurface results as well as
new results that complete the overall picture. Furthermore, we generalized higher order transverse
derivative operators to tensor-valued densities (such as trace-free symmetric rank-2 tensors). These
operators, together with geometric holography, allowed for the construction of a new family of
conformally-invariant tensors generalizing the trace-free second fundamental form, which were used
to characterize extrinsic data encoded by a conformal hypersurface embedding. We used these
newly-developed tools to analyze the family of asymptotically Poincaré—Einstein manifolds and
characterize the Willmore invariant in terms of the conformal fundamental forms (or their pre-
invariant analogs). Then we applied these notions to compute useful and interesting conformal
invariants for hypersurfaces embedded in conformal five-manifolds.

While the picture developed in this dissertation is nearly complete, there are a few missing
pieces that have yet to be resolved. First and perhaps most urgently, it would be particularly useful
to prove the existence (or non-existence) of a dth conformal fundamental form for a conformally-
embedded hypersurface (M¢?,~, o) for d > 6 even. This would complete the picture of the conformal
fundamental forms in even dimensions. One particular application for a completed picture of con-
formal fundamental forms would be a description of even-dimensional conformal manifolds that
are Fefferman-Graham flat, i.e. those with vanishing Fefferman-Graham tensors. As an example,
observe that the Bach tensor (the Fefferman-Graham tensor in d = 4) can be decomposed along a
hypersurface into a term containing the fifth fundamental form and terms containing the hypersur-
face divergences of third and fourth fundamental forms. In this case, the fourth fundamental form
has been shown to exist in d = 4 (as a special case), so we can characterize the Bach-flat condition in
terms of differential equations on conformal fundamental forms on the set of tensors {H, f[[7 ﬁ/, V}
When we consider the Fefferman-Graham tensor in d > 6, a similar construction could be made, so
long as a dth fundamental form can be shown to exist.
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An additional application of the conformal fundamental forms would be to provide further
characterizations of the generalized extrinsic ()-curvatures and the generalized Willmore invariants.
While we have proven that the generalized Willmore invariants can be characterized by a set of
conformal fundamental forms (and one non-invariant tensor), it would be useful to also characterize
the types of hypersurface operators that can appear acting on conformal fundamental forms in
manifestly-invariant expressions for the generalized Willmore invariants. Low-lying results suggest
that the Q-curvatures can be characterized in terms of the conformal fundamental forms as well as
the integrand of an integrated topological invariant of the hypersurface.

Also of interest are global phenomena on conformal manifolds. All of the hypersurface invari-
ants we described in Chapter 6 were local invariants, but using conformal geometry to study global
properties of the bulk manifold is also particularly interesting. As an example, the renormalized
volume of a hypersurface embedded in a conformally-compact manifold is a nonlocal quantity that
captures important information about the hypersurface, and yet it is typically not conformally-
invariant. Nonetheless, when the Weyl anomaly vanishes, the renormalized volume is indeed a
conformal invariant but still cannot be written in terms of local hypersurface invariants. However,
because infinite order solutions to the singular Yamabe problem necessarily contain nonlocal infor-
mation about the bulk manifold, higher fundamental forms beyond transverse order d — 1 must also
contain such nonlocal information. Hence, we may be able to describe nonlocal—or in particular
global—invariants with these higher-order fundamental forms.

Finally, and perhaps most speculatively, there has been recent interest in higher-codimension
conformal submanifold embeddings [3,63,68]. All of the machinery developed in Chapters 3 and 4
is specific to the hypersurface (codimension-1) context, but likely could be generalized to higher-
codimension considerations should the need arise. Indeed, the original motivation for much of the
development of the hypersurface tractor calculus and the conformal fundamental forms stemmed
from observing certain patterns in formulae for certain conformal hypersurface invariants. Con-
sequently, one might expect that similar observations could be made for conformal submanifold
invariants with higher codimension which would lead to a similarly generalized conformal hyper-
surface calculus. The machinery already developed should generalize relatively easily, should such

tools be needed.
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APPENDIX A

FORM Documentation

A.1. Introduction to FORM

FORM is an algebraic manipulation software developed by Jos Vermaseren [83| for the compu-
tation of the higher loop Feynman diagrams needed for experiments at CERN, and is funded by
FOM, the Dutch granting agency for physics research. In Section 4.5 and Chapter 6, it was used to
symbolically manipulate large expressions involving tractor tensors, Riemannian tensors, and scalar
curvatures. Thanks to a combination of speed, a what-you-see-is-what-you-get programming phi-
losophy, and a natural implementation of Einstein summations, FORM lends itself to large tensor
and differential operator computations.

The general structure of our FORM programs are as follows: The FORM file xxx.frm begins
with the line #- (which suppresses outputting the source code to the terminal) and ends with
the line .enda. Thereafter follows a series of declarations of symbol and object names. Next are
declarations of one or more ezpressions. Mathematically, FORM expressions are elements of some
associative, unital algebra and are formed from the symbols and object names specified. After
specifying an expression, a series of manipulations can be performed, most often by application
of the ia operation: this replaces any instance of a specific product of symbols and objects with
some other combination (not necessarily a product) of symbols and objects. Once all desired
manipulations are completed, the resulting expression can be output to the command line or saved
to an external file. The FORM file can then be run by entering form xxx.frm into a command line
of choice (after installing the FORM binary—see the user manual [84]). Below, we provide a basic

example of the type of calculation used in the paper.
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#-

symbol d,x;
dimension d;
index A,B;

function start,end,h;

W~ DU W N

ntensor X,I,Dhat,P;

9

10 local [X.P] = start*X(A)*P(A,B)*end;
11 sum 4;

12

13 id P(A?,B?)%*end = Dhat (A)*I(B)*end;
14 id X(A?)*Dhat (A?) = (1/2)*(h(0)-d);
15 id h(x?)*I(A?) = I(A)*h(x);

16 id h(x7?)*end = end*(d+x);

17

18 print;

19 .end

The FORM output of this calculation is

1 FORM 4.2.1 (Aug 10 2020, v4.2.1-29-gbb7be9d) 64-bits Run: Tue May 25
10:44:03 2021

|
N

Time = 0.00 sec Generated terms =
[X.P] Terms in output
Bytes used

|
O

[X.P] = 0;

O WD U W N

=

0.00 sec out of 0.00 sec

The penultimate line that reads [x.p]1 = 0; is the output of the calculation. In fact, the above

is a proof of the tractor identity X4 P4p = 0. A detailed explanation follows.

e Line 2 declares symbols 4 and x. Symbols are commuting objects that take no inputs
and are used either as free parameters or to specify generic arguments of functions. Here
the the symbol 4 represents the dimension of the ambient manifold while the symbol x
is a dummy variable. Line 3 indicates that if the built-in Kronecker delta d_(a,b) is ever
traced, the output is a4 . While the Kronecker delta never appears in this program, it is

good practice to specify the dimension.

e Line 4 specifies a type of object called an indez. An index is a special type of symbol that
can be summed according to the Einstein convention and can only appear as the argument
of either a vector object (never utilized in this document) or a tensor object. Hence, the

objects & and B are special symbols that can only appear as arguments of tensor objects.

e Line 6 defines the set of functions utilized in this computation. Functions can have any

number of arguments, including none. To FORM, a “function” is a generic object that
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can take any symbol as an argument—in this document, functions are used to represent
multiplicative or differential operators. By default, specified functions do not commute
with any other functions or non-commuting tensors. For bookkeeping purposes, we have
introduced the functions start and end without arguments to demarcate the left- and
right-most ends of a given expression. In our computations, the function n is given one
argument and represents the operator h := d + 2w [, Section 2.3|. This function evaluated

on some value x represents h(x) :=d + 2w + x.

Line 8 declares non-commuting tensor objects. FORM is case-sensitive, so in this exam-
ple, x represents a tensor whereas x is a symbol. Here we will give the tensor x only one
argument because it represents the canonical tractor X4 which is a rank 1 tensor. FORM
does not natively distinguish between upper and lower indices since there is no need to do
so if one keeps track of what type of tensor any given object represents. Contraction may
still be implied by repeated indexing. Here the tensor 1 will be used with only one index
to represent the scale tractor I, The tensor phat will also have one index and represents
the hatted Thomas-D operator DA. The final tensor p will be used with two indices to
represent the tractor Psp 1= (DAIB). Because these are non-commuting objects, they all

can be used to represent operators, (differential or multiplicative).

Line 10 defines the quantity we wish to compute/manipulate: here we locally define the
expression [X.P] to denote the product/composition of objects start*Xx(aA)*P(A,B)*end . In
FORM, any string of characters in square brackets [...1 may be used to label any type
of object. Note that this code uses the marker end to play the role of 1 in identities such
as (DIp) = (D4 o 1Ip)(1). Here start was not really needed, but will be useful for more
intricate computations. The sequence of objects x(w)+p(a,B) in this line represents the
tractor expression XAPug.

In any FORM program—just as for most index computations—we must avoid reusing
repeated dummy indices. This is conveniently handled in line 10 by the statement sum a;
which indicates that the index 4 is to be internally summed via the Einstein convention
and replaced with an internal index whose name is the next in a sequence of internal

indices. This ensures that a is free to be used again without reusing internal indices. In
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this case, the resulting expression after summation looks like start*x(N1_?)*P(N1_7,B)*end -
here, wi_? is the first index in the mentioned internal sequence. The next index in the
sequence is N§2_7 , efc.

Additionally, note that more than one expression can be active at any one time—this is
handled by multiple expression declarations. The manipulations that follow are performed

on every active expression simultaneously.

Lines 13 through 16 perform the actual computation via ia statements. These statements
are typically written as id monomial = replaced_subexpression; . When FORM encounters this
statement, it searches all active expressions in memory for any instance of monomial and
replaces it with replaced_subexpression , being careful to rename internal indices if they would
overlap with other already-present indices:

13 This line replaces all instances of the tensor object P(a?,B?)xend within active ex-
pressions with the monomial Dhat(4)*I(B)*end —that is, it applies the tractor identity
PAB — DATB_ Note that on the left-hand side of = , the indices 2 and B are both
followed by the symbol 7, which indicates that the preceding object is a wildcard of
a specified type. In this case, because the preceding objects for both 2 s are indices,
the operation id searches all active expressions for all instances of p(+,*+) where
and =+ are any declared or internal indices. Once it finds one of these monomials,
it replaces it with the provided replacement subexpression using the objects matched
by the wildcard. Here, because the expression does not contain p(a,B)*end but does
contain P(N1_7,B)*end , this monomial would be replaced by bphat(ni_?)*I(B)*end . Note
that the wildcard symbol can also be applied to functions and tensors—for exam-
ple, p?(a?,8?) would match any two-index tensor object.

14 This line applies the tractor identity X D4 = w = %. To do so, FORM finds
all instances of x(x)#bhat(*) (where both s represent the same index) in the active
expression and replaces them with (1/2)*(n(0)-a) .

15 This line replaces any occurence of n(x)*I(x+x) with 1(xx)*n(x) . Here, because x7 is a
wildcarded symbol, * could be any polynomial in declared symbols. Also, since a7 is

a wildcarded index, FORM will match #+ when this is any declared or internal index.
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This identification is the blueprint for an oft-needed identity because the operator
h := d + 2w composed with a weight w object T obeys h(x) o T =T o h(z + 2w). In
this case, the scale tractor has weight 0, so h(z) passes through I unchanged-—however,
in the future, we will specify how h(z) interacts with other objects of non-zero weights.
16 The identification h(xz?)#end = endx(d+x); detects any instance of the function n(x) at
the right-most end of a given expression and replaces it with ¢++ for any polynomial
combinations of symbols * , being careful not to lose the placeholder end in case it is

needed later. This amounts to the identity h(z)(1) = (d + 2w(1) + z) = d + =.

e Line 18 tells FORM to output the current expression to the command line, and the final

statement .end terminates the program.

A.2. Additional FORM Tips and Tricks

Here we provide a list of additional FORM functionalities that are useful for our computations;

see [84] for a more complete description.

Symmetric, Antisymmetric. A function or tensor can be specified to be symmetric or an-
tisymmetric when the object name declaration is followed by (symmetric) Or (antisymmetric) . This
indicates that the arguments of the declared object are either all symmetric or all antisymmetric.
For example, declaring tensor P(symmetric) ensures that, in the context of FORM’s pattern-matching

functionality, p¢a,B)= P(8,4) . Similarly, declaring tensor P(antisymmetric) enforces that p(a,B)=-p(8,4) .

Symmetrize, Antisymmetrize. Even though many of the tensors we define in our FORM
code have various symmetries, FORM is not particularly adept at handling specific symmetries of
tensors, and thus occasionally needs to be prodded to do some simplification via explicit instructions.
To that end, the Symmetrize and Antisymmetrize commands can be useful. While these commands
can be implemented in many ways, we used two particular sets of arguments in our computations.
Given a declared tensor (with no declared symmetries) T, the command Symmetrize T 1,3; explicitly
symmetrizes the tensor T in its first and third indices everywhere that the tensor has at least three

indices. Alternatively, the command Symmetrize T:4 1,2; will only symmetrize the tensor T in the
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first and second indices when the tensor has exactly four indices—otherwise it does nothing. The

Antisymmetrize command has the exact same argument types.

The Argument Field. For identifying complicated function or tensor monomials, sometimes
it is useful to be able to pattern match an arbitrary or unknown number of arguments; argument
field wildcards enable this. This is implemented by preceeding an argument of the appropriate type
by 2. When using an argument field wildcard, the symbol 2 is included on both the left and
right side of =. For example, one might write id x(za)= 1¢74); , which would match x¢a) , x(,B,0) ,
and x, replacing them with 1(a), 1(a,8,0), and 1, respectively (note that the argument field
wildcard can match the empty set). Argument field wildcards and standard wildcards can both
be applied but not simultaneously: x(za,?) is allowed but x(za?) is not. Note that the pattern-
matching functionality of id is not compatible with argument field wildcards in (anti)symmetric
objects.

Another useful feature associated with argument fields is the nargs_ association, which can count
the number of arguments that a wildcard field matches. Consider the line id £(74)= nargs_(7a) . The
keyword nargs_ takes as input the argument field and returns an integer equaling the number of
arguments contained in that argument field. For example, the above line of code would match

f(a,b,c) t0 3.

PolyRatFun. Given a single commuting function £, upon declaring PpolyRatFun £; , FORM
treats f(x,y) as if it were the rational function f(x,y) = z/y, where x and y are polynomials in
declared symbols. Moreover the coefficient of every monomial is expressed this way, so that 3+x(a)
would become £(3,1)=x(a) . After this declaration, the function s is restricted to having only two ar-
guments. This allows FORM to simplify rational functions, for example f(x,y)*f(a,b) automatically
becomes f(a*x,b*y) .

When a PolyRatFun depends only on one declared symbol, say =, FORM performs a series
expansion to order n about z = 0 when the statement PolyRatFun drat(expand,x,n); is included. For

example, declaring PolyRatFun drat(expand,x,3); converts £(1,1-x) t0 f(1+x+x~2+x~3) .

Renumber. The renumber command attempts to relabel dummy indices in order to reduce the

number of terms. Qur implementation renumber 1; indicates to FORM that it should try every
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permutation of dummy indices to try to reduce the number of terms in the output—this typically

results in a dramatic simplification of the result.

Sets. A declared set is an ordered list of objects with the same type. Given a list of declared
tensors ntemsor T1,T2,T3,T4 , one might write set xyz:T1,72,73. Doing so associates to the ordered
subset of tensors T1,12,73 the name =xyz. We can then restrict wildcard matches to elements of a
set by following 2 with the set name; for example, Ti7xyz only matches tensors 11, 12, or T3 and
not ta. This functionality can be further extended by associating two sets to one another. Given
declared tensors ntemsor T1,T2,T3,T4,U1,U2,U3,U4 and the set Set abc:U1,U2,u3 , by using two wildcards
sequentially, one can specify that a tensor should be matched with elements of the first set and
replaced by corresponding elements of the second set. So, given an expression Ti + T2 + T3 + T4 , the

pattern-matching statement id Ti7xyz?abe = T1; would result in the expression vt + U2 + U3 + T4 .

Repeat. The keyword repeat can appear paired with endrepeat surrounding a block of code,
or directly preceeding an executable statement (like repeat id xyz = abe; ). The basic functionality is
that of a standard while-loop that executes until no active expressions change. If a repeat statement

is in danger of entering an infinite loop, FORM will terminate the program.

If. The executable statement if (condition) (paired with endif ) encloses a block of code that
is executed conditionally. A useful condition is the occurs argument, which takes as input a list of
objects and returns 1 when at least one of its arguments is present in the expression and returns o
otherwise. The resulting value can be compared with a numerical value to determine whether or
not the condition is met. For example if (occurs(x)=1) id y = 1; would replace the expression yxx-2
by =z~2. Another useful implementation of it is when it is paired with the match argument. In
that case, the it command returns a boolean 1 or o if FORM’s pattern-matching machinery
would find a match in a term in a given expression. For example, if FORM’s active expression
was f£(a,b,b)+ £(a,b,c) , then the line if(match(£(a?,b?,b?))== 1)id £(a?,b?,c?)= g(a,b,c); would turn our

original expression into g(a,b,b)+ £(a,b,c) .

Once. The id statement acts simultaneously on all matched monomials. By including the
keyword once asin id once xyz = abc , FORM replaces only the first instance of the matched pattern

in a given monomial with the replacement subexpression. This functionality is useful to avoid
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duplicate indices when new indices are introduced in a tensor calculation. For example, given an
expression a*axa , the line id a = b; results in the expression b#bxb , while the line id once a = b;

would result in the expression bxaxa .

Sort. The .sort command is one of a few types of module-ending statements. A module is a
block of statements. A FORM program is composed of modules, and a given module must contain
statements in a specific order: declarations, specifications, definitions, executable statements, and
finally output specifications. In general, a module can be ended by several module-ending state-
ments, however .sort is the most common—it executes all of the lines in the module and prepares
the output for the next module. Another module-ending statement is .end ; it performs the function

of .sort but also terminates the program.

Delete. The command delete can be particularly useful for deleting stored global expressions
via the command delete storage; . When called this command removes from memory all globally-
stored expressions. By deleting the stored global expressions when we no longer need them in
a particular computation, those global expressions can be imported into many different linked

computations.

Hide. The nide specification statement takes all active expressions, stores them in a hidden
auxiliary file, and removes them from the active expressions list. These expressions can be unhidden
later in the same program via the unhide statement. This is useful when one wishes to either not
display a certain expression as final output or leave it unaffected by later computations. The
command hide typically appears between a pair of .sort statements. The hide statement hides all
active expressions by default, but by providing a comma-separated list after nide , one can selectively
hide expressions—and similarly, one can selectively unhide expressions. An example application of

the hide command appears in the following FORM code snippet:
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local exprl = X;
id X = ¥;

.sort;

hide;

.sort;

W~ DU W N

local expr2 = Y + expril;

id Y = Z;
9 .sort;
10 unhide;
11 .sort;
12 print;

Assuming everything was properly declared, the output of this FORM code is displayed below:

Y
2% 7

1 expri
2  expr2

Because exprt was hidden when id ¥ =2z; was executed, that expression remains unchanged,

whereas any Y present in expr2 is replaced with z .

Bracket. The vracket statement is an output control specification that groups specified terms
when printing output. The statement takes arguments by a comma-separated list of symbols, func-
tions, tensors, and/or sets and factors these objects out of the current expressions. This statement

can be useful for bug-detection as well as result presentation.

Preprocessor Variables. Before any of the statements are executed by FORM’s compiler,
the program is read by the preprocessor and certain preprocessor instructions are executed (such
as editing the input stream to the FORM compiler). Each preprocessor instruction begins with the
character #. One such preprocessor instruction is the declaration and assignment of a preprocessor
variable by the instruction #define xyz "abc" . This instruction indicates to the preprocessor that,
every time the preprocessor encounters the character string >xyz> after the initial declaration, it
should replace that string with the string abc . The replacement string can contain FORM symbols,
rational numbers, or any combination of these. More intricate preprocessor routines where FORM

self-generates a substantial piece of code are also possible.

Procedures. Using the procedure preprocessor instruction, one can define what would be called
a subroutine in other programming languages. In general, it does not matter where procedures are
defined although it is often useful to define a procedure directly after the initial declarations are
made. To define a procedure, one begins a block of code with the instruction #procedure xyz(args):

and ends the procedure with the instruction #endprocedure . Note that the procedure created by these
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instructions is named =xyz and takes arguments args . For the most part, the procedures used here
will not take arguments and so will be initialized as procedure xyz(): . The instruction #call xyz()
calls a previously defined procedure, inserting the executable statement block where the procedure

was called. Procedures can be called inside of other procedures. We provide an example below:

#-
function A,B,C;

#procedure square ()
id A AxA;

id B B*B;

id C CxC;

#end procedure

0~ U W

10 local expr = A + B + C;
11 #call square ()

12 print;

13 .end

This code will output expr = a*4 + B*B + CxC .

Headers and Procedure Files. Such procedures described above can be included in an ex-
ternal directory in the form of header and procedure files. These are files that do not perform any
specific calculations, but instead contain one or more procedures that can be used in essentially any
computation. This reduces redundancy and centralizes the more basic identities that are used in
many of these FORM computations. In order to use these files in a given computation, two steps
are needed. First, one must include that directory when calling FORM to run; to do so, feed FORM
the -p pIRECTORY-NAME option at run-time. The second step is to include in the FORM code itself
lines that indicate which header (or procedure) files are to be included in that specific program.

This is done with a line such as #include - DIRECTORY/FILENAME.h; .

A.3. K FORM Computation

The following FORM program is used to compute K as given in Equation (4.16) in Proposi-
tion 4.5.8. To calculate this curvature, we implement an identity for /- D found in [44] and then
perform a series of Riemannian manipulations to reexpress the curvature in terms of curvatures

intrinsic to the hypersurface and higher fundamental forms. We begin with a list of declarations.

A.3.1. Declarations. The following are the variable and object declarations for the program

used to compute K.
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#-

symbol d,w;

dimension d;

index a,b,c,e,f,ap,bp,cp,fp,4,B,C,E;

D U W N

function sigma, [1/h], K, Kext, Jb, RhoNN, J, H, dnJ, r, dnr, [I.Dhl,
[I.D], [ID2], dn, LapT, LapB, start,end;

7 cfunction s, [1/d], k, jb, rhoNN, j, Hc, rC, dnrC, drat;

8

9 PolyRatFun drat;

10

11 ntensor n, del, delt, delb, Rho(symmetric), RhoT(symmetric),
RhoB(symmetric), RhoN, RhoNT, dbRhoNT, [Gb_](symmetric), dnRho,
Riemann, dnRn, Ric(symmetric), Weyl, Weyln, Weylnt, Wn(symmetric),
Weylb, Weylt, IInc(symmetric), IIO(symmetric), II0e (symmetric),
dnIIOe (symmetric), dn2IIDe(symmetric), dbIIO, FNo(symmetric),
FO(symmetric), [d°n~], dbH, dr, Cotton, Ten;

12

13 ctensor nC, rho(symmetric), rhoT(symmetric), rhoB(symmetric), rholN,
rhoNT, Fno(symmetric), Fo(symmetric), [gb_l(symmetric), riemann,
riemannB, ric(symmetric), weyl, weyln, weylnt, wnc(symmetric),
weylt, weylb, II(symmetric), IIo(symmetric), dbII, dbIIo, [d"n~C],
dbHc, IIIo(symmetric), drC, cotton, dbrhoNT, TenC;

14
15 Set noncommF: sigma,r, K,Kext,H, dnr, RhoNN,J,Jb;
16 Set commF: s, rC,k,k, Hc,dnrC,rholNN,j, jb;
17

18 Set noncommT: n, Rho, RhoT, RhoB, RhoN, RhoNT, dbRhoNT, [Gb_], Riemann,
Ric, Weyl, Weyln, Weylnt, Weylb, Weylt, Wn, IInc, II0O, II0e, dbIIO,
FNo, FO, [d"n~], dbH, dr, Cotton;

19 Set commT: nC, rho, rhoT, rhoB, rhoN, rhoNT, dbrhoNT, [gb_], riemann,
ric, weyl, weyln, weylnt, weylb, weylt, wnc, II, ITo, Ilo, dbIlo,
Fno, Fo, [d°n~C], dbHc, drC, cotton;

20

21 Set hypT: rhoB, rhoNT, rhoT, Fno, Fo, [gb_], riemannB, weylnt, wnc,
weylt, weylb, II, IIo, dbII, dbIIo, dbHc, IIIo, dbrhoNT;

22 Set trfr: IIo, IIIo, Fo, wnc;

23

24 #define dpp "5"

Provided below in Table A.1 are the corresponding mathematical objects for FORM’s variables. Be-
sides the differences in the lists of declared functions and tensors, the structure above is identical
to the structure in the declarations for the previous program. The only difference to note is that,
because the calculation that follows is a strictly Riemannian calculation, we need not define a sep-
arate symbol for dimension of the tractor metric, so we can use the Kronecker delta as the metric

of the ambient manifold. In that case, the dimension is simply declared as 4.

155



Tensor Object
n(a) Ng
[Gb_](a,b) Gab — NaNp
del(a) Vg
delt(a) v,
delb(a) Va
Rho(a,b) P
Symbol Object RhoT(a,b) P,
d d RhoB(a,b) Py
Function | Mathematical Object RhoN (a) P,
sigma o RhoNT (a) Pl
[1/h] (x) h%; dbRhoNT(a,...,b,c) | V4... VP
K K dnRho(a,b) VP
Kext Ke Riemann(a,b,c,d) Roped
Jb J dnRn(a,b) VunnReapd
RhoNN P, Ric(a,b) Ricy,
J J Weyl(a,b,c,d) Wabed
H H Weyln(a,b,c) Waben
dnJ AV Weylnt(a,b,c) W;m
r pi= —é(AO’ + Jo) Wn(a,b) Whabn
dnr Voap Weylb(a,b,c,d) Woabed
[I.Dh] I-D Weylt(a,b,c,d) Wl
[I.D] I-D IInc(a,b) I,
[1D2] I-D? I110(a,b) 1
dn v, I102(a,b) 10¢ 1Ly,
LapT AT II0e(a,b) 1,
LapB A dnIIOe(a,b) Va1,
[1/d] (x) . dn2II0e(a,b) V21,
dbII0(a,...,b,cd) | Va...Vplly
FNo(a,b) Fup
FO(a,b) Fab
[dn~](a,...,b,c) Va...Vpng
dbH(a,...,b) Va...VoH
dr(a,...,b) Va.--Vpp
Cotton(a,b,c) Cabe

TABLE A.1. FORM symbols and their corresponding mathematical objects.



A.3.2. Procedures. As in the previous program, we also provide a set of procedures that will

be used in this program. Three of the procedures are of the same type as in the previous program,

and indeed one of them is identical. We list these procedures here and explain any new operations.

The first procedure is the makeCommute() procedure, which performs the same function as the

like-named procedure above.

N U W N

#procedure makeCommute ()

repeat ;

id start*sigma?noncommF?commF = sigmax*start;

id start*n?noncommT?commT (?A) = n(?A)*start;

id start*II0?noncommT?commT (A?,B?) = II0O(A,B)*start;
endrepeat;

#endprocedure

The next procedure is called sigmaldentities() and, as before, it performs the role of simplifying

and rewriting the expression in terms of hypersurface quantities along ¥ using commuting variables.
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W~ DU W N

R R e e
O WU W= OO

42
43
44
45
46
47
48
49

50
51

52

53
54
55
56
57
58
59
60
61
62

#procedure sigmaldentities ()
repeat ;

id s = 03

id nC(A?)*nC (A7) = 1;

id nC(a?)*dbHc?hypT(?74,a?,?B) = 0;

id nC(a?)*IIo?hypT(a?,b?) =

0;

id nC(a?)*start*delt(a?) = 0;

id ITIo?trfr(a?,a?) = 0;

id [gb_1(a?,b?) =

id dbHc?hypT(?7A,a?,?B)*start*del(a?) =
id ITIo?hypT(a?,b?)*start*del(a?) =

id rho(a?,a?) = j;

id rhoB(a?,a?) = jb;
id Fno(a?,a?) =
id weyl(?4,a?,?B,a?,?C) = 0;

(1/2)*x[1/d](-2) *k;

id weylb(?7A,a?,?B,a?,?C) = 0;

id nC(a?)*nC(b?)*riemann(a?,b?,c?,e?) = 0; }

id nC(a?)*nC(b?)*riemann(c?,

id [d"n~C](a?,b?) =
id II(a?,b?) =

id rC = -Hc;
id drC(a?) =
id dnrC =

id IIo(a?,b?)*drC(a?,b?) =

id nC(a?)*nC(b?)*[d"n~Cl(a?,b?,c?) =

e?,a?,b?) = 0;

II(a,b) + Hc*nC(a)*nC(b);
ITo(a,b) + Hex[gb_l(a,b);

-drC(c)

id IIo(a?,b?)*IIo(a?,b?) = k;

id once wnc(a?,b?) =
sum c;

id Fno(a?,b?) =
id Fo(a?,b?) =
id dbIIo(?7A,a?,a?) = 0;

id riemann(a?,b?,c?,e?) =
d_(a,e)*rho(b,c) + d_(b

id rho(a?,b?) =
id rhoT(a?,b?) =
id once rhoNT(b?) =
sum a;

Fno(a,b) +

id j = rhoNN -

id once weyl(a?,b?,c?,e?) =

([gb_l(e,fp)+nC(e)*nC(£fp))* weyl (ap,bp,cp,fp);

sum ap,bp,cp,fp;

id [gb_J(a?,ap?)* [gb_](b?,bp?)*

weyl(ap?,bp?,cp?,fp?) =
id weylt(a?,b?,c?,e?) =

weylb(a,b,c,e) -

weyl(a,b,c,e) + d_(a,c)*rho(b,e) -
,e)*xrho(a,c);

rhoB(a,b) -

( - jb + drat(’dpp’-1,1)*(1/2)*Hc"~2 -

d_(a,b) - nC(a)*nC(b); > We use g instead of g in this program.
dbHc (?A,a,?B)*start*delt (a);
IIo(a,b)*start*delt(a);

Symmetries of the Riemann tensor.

-dbHc (a) + nC(a)*dnrC; > szvv/)+nvnp§ _VH +AaVap
[1/d1(-2)*k + rholN; } vy , = 5 + Pan, see [44, Equation (3.11)].

-ITIo(a,b)*dbHc(a,b) + IIo(a,b)*II(a,b)*dnrC;

- nC(c)*dnrC;

Fo(a,b) + (1/2)*[1/d]1(-1)*[1/d](-2)*k*[gb_](a,b);
-[1/d]1(-3)*IIIo(a,b);

(1/2)x[gb_1(a,b)*Hc"2;
dbHc (b) ;

([gb_1(a,ap)+nC(a)*nC(ap))*
([gb_J1(b,bp) +nC(b) *nC(bp))* ([gb_I(c,cp)+nC(c)*nC(cp))*

weylt(a,b,c,e);

[gb_1(c?,cp?)*

tensor to X.
[gb_1(e?,fp?) *

[gb_l(a,c)*Fno(e,b) + [gb_l(a,e)*Fno(c,b) + [gb_l(b,c)*Fno(e,a) -

[gb_1(b,e)*Fno(c,a);

id nC(a?)*weyl(a?,b?,c?,e?)
id nC(b?)*weyl(a?,b?,c?,e?)
id nC(c?)*weyl(a?,b?,c?,e?)
id nC(e?) *xweyl(a?,b?,c?,e?)
id nC(a?)*weyln(a?,b?,c?) =
id nC(a?)*weyln(b?,a?,c?) =
id nC(c?)*xweyln(a?,b?,c?) =
endrepeat;

#endprocedure

= weyln(e,c,b);
= weyln(c,e,a);
= -weyln(a,b,e);
= weyln(a,b,c);
wnc(b,c);
-wnc(b,c);

0;

Uniformize contractions
of nn into Weyl tensor .
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d_(b,c)*rho(a,e)

Contraction with
hypersurface tensors
projects V — V

(1/2) *drat (1, >dpp ’ -2) *k) ;

ITIo(a,c)*IIo(e,b) + IIo(a,e)*IIo(c,b)

implements
above formulae for V,p.

ITo(a,c)*IIo(c,b) - [1/d](-1)*kx[gb_l(a,b) - (d-3)*Fo(a,b); }

rhoT(a,b) + nC(a)*rhoNT(b) + nC(b)*rhoNT(a) + nC(a)*nC(b)*rholNN;
Hc*IIo(a,b) -
[1/d]1(-2)*dbIIo(a,a,b) -

Project ambient Weyl

Apply V,ng = —oVap — pn,, repeat loop then

Trace-free Fialkow
equation.

Trace-free Gaufs
equation.



The next procedure commuteThingsLeft() uses the Gauft formula and the Leibniz property of the
tangential Levi-Civita connection to commute hypertensor objects left of V. While the bulk of the
procedure is nearly identical to code documented earlier. Here we use the if executable statement,
to ensure that the procedure only applies hypersurface identities to the expression when there are

no ambient connections (in the form of dan and dei(a) ) present.

#procedure commuteThingsLeft ()
if (occurs(dn,del)=0); } Returns true when neither dn nor del(a) are present.
repeat;

id IInc(a?,b?) = II0(a,b) + Hx(d_(a,b) - n(a)*n(b));

id Rho(a?,b?) = RhoT(a,b) + n(a)*RhoNT(b) + n(b)*RhoNT(a) +
n(a)*n(b)*RholiN ;

7 repeat;

8 id once RhoNT(b?) = [1/d](-2)#*dbII0(a,a,b) - dbH(b);

9 sum aj;

10 endrepeat;

11 id RhoNN = J - Jb + drat(’dpp’-1,1)*(1/2)*H~2 - (1/2)*drat(1,’dpp’-2)*K;

12

13

14 id delt(a?)*H = dbH(a) + Hxdelt(a);

15 id delt(a?)*n(b?) = IInc(a,b) + n(b)x*delt(a);

16 id once delt(a?)*dbH(b?) = dbH(a,b) - n(b)*IInc(a,e)*dbH(e) + This loop is only executed
dbH (b) *delt (a) ; when the above condition

is satisfied.

17 sum e;

18 id delt(a?)*[Gb_](b?,c?) = [Gb_](b,c)*delt(a) - n(b)*IInc(a,c) -
n(c)*IInc(a,b);

19 id once delt(a?)*II0(b?,c?) = dbII0(a,b,c) - n(b)*IInc(a,e)*II0(e,c) -
n(c)*IInc(a,e)*II0(b,e) + IID(b,c)x*delt(a);

20 sum e;

21 id once delt(a?)*dbII0(b?,c?,e?) = dbII0(a,b,c,e) -
n(b)*IInc(a,ap)*dbII0(ap,c,e) - n(c)*IInc(a,ap)*dbII0(b,ap,e) -
n(e)*IInc(a,ap)*dbII0(b,c,ap) + dbIIO(b,c,e)*delt(a);

22  sum ap;

23

24 #call makeCommute ()

25 #call sigmaldentities ()

26 endrepeat;

27  endif; > Marks then end of the conditional execution block.

28 #endprocedure

DU R W N

The final procedure commutednright() effectively commutes V,, to the right of ambient tensors
using the Leibniz property. Note that unlike the previous procedures, this procedure is applicable
even when objects are not evaluated along the hypersurface 3; like all of the other manipulating

procedures, this procedure is repeated until no changes are made in the active expressions.
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#procedure commuteDnRight ()

repeat ;

id dn*r = dnr + rx*dn; > Define dnr by V,,p.

id dn*sigma = (1-2xrxsigma) + sigma#*dn; > AppW'vnﬂ':Vﬂ =1-20p.

id dn*n(a?) = -sigmax*dr(a) - rxn(a) + n(a)*dn;> Vi = %V,‘nzz—ov/)—/m.
id dn*IIDe(a?,b?) = dnIIDe(a,b) + IIOe(a,b)x*dn;
id dn*Rho(a?,b?) = dnRho(a,b) + Rho(a,b)*dn;
endrepeat;

} Definitions of dnII0e and dnRho.

#endprocedure

A.3.3. Riemannian Computation of K. We begin by converting the tractor expression

:= I-D?K°® into a Riemannian expression.

local Kdd = start*[I.Dh]"2xKext*end; > Apply definition of K.

id [I.Dh] = [I.DI*[1/h]1(-2);

repeat;

id [1/h](x?)*[I.D] = [I.DJ*[1/h](x-2) a 2

id [1/h](x?)*Kext = Kext*[1/h](x-4); e e S

id [1/h1(x?)%end = [1/d](x)*end: and evaluate weight-dependent operators.
endrepeat;

id [I.D]~2 = [ID2];

id [ID2] = -(d-8)*(LapT -2%(Jb - (1/2)*K#[1/d]1(-2)) - (d-7)*(dn"2 .
+2% (2%H*dn - RhoNN - [1/d](-2)*K +5xH~2%(1/2)))); Apply Equation 4.7 of [44]
sum a,b; to weight —2 scalars.

#call makeCommute ()

Next, we perform Riemannian computations reexpressing terms containing normal derivatives

and gradients in terms of fundamental forms and other hypersurface tensors.
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11
12
13
14
15
16
17
18
19
20
21
22

34
35
36
37
38
39
40

id once Kext = II0e(a,b)*II0e(a,b); }

sum a,b;

#call commuteDnRight ()
id dnIIOe(a?,b?)*II0e(a?,b?) =

id dn2II0e(a?,b?)*II0e(a?,b?) =
id dn2II0e(a?,b?)*end =

repeat ;

id once dnIIOe(a?,b?) =
+ r*IIDe(a,b) -
sigma* (dnRho (a,b) -
II0e(c,b)*Rho(c,a) -

sum c,e;

dr(a,b));
endrepeat;

#call makeCommute ()
#call sigmaldentities ()

id dn*n(a?)*n(e?)*Riemann(a?,b?,c?,e?)*end

#call commuteDnRight ()
#call makeCommute ()
#call sigmaldentities ()

id once dnIIOe(a?,b?) =
+ r*II0e(a,b) -
sigma*(dnRho (a,b) -
IIDe(c,b)*Rho(c,a) -

sum c,e;

#call makeCommute ()

#call sigmaldentities ()

dr(a,b));

id once start*dnRn(a?,b?)*end =

II0e(a,b)*dnII0e(a,b);
II0e(a,b)*dn2II0e (a,b) ;
dn*dnII0e (a,b)*end;

n(c)*n(e)*Riemann(c,a,b,e) -
(n(a)*dr (b) + n(b)xdr(a)) + d_(a,b)*dnr + Rho(a,b)
3xr*Rho(a,b) + II0e(c,a)*Rho(b,c) +

n(c)*n(e)*Riemann(c,a,b,e) -
(n(a)*dr(b) + n(b)*dr(a)) + d_(a,b)*dnr + Rho(a,b) +
3%*r*Rho(a,b) + IIDe(c,a)*Rho(b,c) +

Reexpressing K€ in terms of its
canonical extension (I1¢)2.

Commute V,,
right then reorder.

I10e (a,c) *IT0e(c,b)| ryq, [31, Equation (6.4)] for V,,11°.

Because at most two normal
derivatives of II° appear, only
need V,, II¢ accurate to

order o.

= dnRn(b,c)*end; > Apply definition.

Push V,, right again because
V., o (V, II°) contains simplifiable monomials.

II0e(a,c)*II0e(c,b)

Pushing V,, right in V,, o 1,
requires reapplication of the
identity above.

start*(H*xn(c)*n(e)*Riemann(c,a,b,e) +

(II0e(c,e) + Hxd_(c,e))#*Riemann(e,a,b,c) + n(c)*del(b)*Ric(a,c) -

(d-2)*dnRho (a,b) -
sum c,e,f;
#call makeCommute ()
#call sigmaldentities ()

id Riemann(a?,b?,c?,e?) =
d_(b,c)*Rho(a,e) -
id Ric(a?,b?) =

id once dnRho(a?,b?)*end =
sum c;

id del(a?)*Rho(b?,c?) =
#call makeCommute ()
#call sigmaldentities ()

d_(a,b)*dnJ + delt(e)*n(f)*Riemann(f,b,e,a))*end;

Weyl(a,b,c,e) + d_(a,c)*Rho(b,e) -
d_(a,e)*Rho(b,c) + d_(b,e)*Rho(a,c);
(d-2)*Rho(a,b) + J*d_(a,b);

Cotton(a,b,c) + del(b)*Rho(a,c);

Apply general dimension d analog
of the identity for V,, (n"n,dRmbd)
given in [31].

Convert Riemann
to Weyl and
Schouten tensors.

n(c)*del(c)*Rho(a,b)*end;

Convert V, Py, to
Cotton tensor
Cabe :=VaPoe— ViPac.

At this point in the program, all ambient gradients and normal derivatives have been evaluated

in terms of objects along the hypersurface or higher fundamental forms. The final segment of the

program uses procedures commuteThingsLeft() and hypersurface identities to simplify the result.
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1 id LapT*IIOe(a?,b?)*II0e(a?,b?)*end = LapB*II0e(a,b)*II0e(a,b)*end; (ﬂef\gzilfand

2 id start*LapB*II0e(a?,b?)*II0e(a?,b?) = start*LapB*K; ATK = AK.

3 #call commuteThingsLeft () > Push V' as far right as possible.

4

5 id nC(a?)*start*delt (b?)*RhoT(a?,c?) = -II(a,b)*start*xRhoT(a,c); Commute n right whenever it can

6 id nC(a?)*start*delt (b?)*Weyl(a?,ap?,bp?,cp?) = be contracted with hypersurface
start*delt (b)*Weyln(cp,bp,ap) - II(a,b)*start*Weyl(a,ap,bp,cp); tensors (which yields zero).

7

8 if (occurs(dn,del)=0); if command ensure absence of

9 id Weyln(a?,b?,c?) = Weylnt(a,b,c) + n(a)*Wn(b,c) - n(b)*Wn(a,c); ambient gradients or normal

10 id once Weylnt(a?,b?,c?) = dbIIO(a,b,c) - dbIIO(b,a,c) + derivatives;in this case rewrite
[1/d]1(-2)*(dbII0(e,e,a)*[Gb_J(b,c) - dbIIO(e,e,b)*[Gb_J(a,c)); Wapen as W, -+ more and

11  sum e; apply the Codazzi-Mainardi

12  endif; equation.

13

14 #call commuteThingsLeft () > Push V' as far right as possible.

15

16 id once dbIIo(c?,a?,c?,b?) = riemannB(c,a,c,e)*IIo(e,b) +
riemannB(c,a,b,e)*Ilo(c,e) + dbIIo(a,c,c,b); Reorder hypersurface gradients

modulo the hypersurface
Riemann curvature, and convert
to hypersurface Weyl and
Schouten tensors.

17 sum e;

18 id riemannB(a?,b?,c?,e?) = weylb(a,b,c,e) + [gb_l(a,c)*rhoB(b,e) -
[gb_1(b,c)*rhoB(a,e) - [gb_l(a,e)*rhoB(b,c) + [gb_l(b,e)*rhoB(a,c);

19 #call sigmaldentities ()

20

21 id once IIo(a?,b?) = TenC(a,b);

22 id TenC(a?,b?)*dbIlo(b?,c?,c?,a?) = TenC(a,b)*dbIIo(a,c,c,b); Help FORM

23 id TenC(a?,b?)*IIIo(b?,c?) = TenC(b,a)*IIIo(b,c); simplify contractions
24 .sort; with symmetric tensors.
25 id TenC(a?,b?) = IIo(a,b);

26

27 id del(a?)*end = O;
28 id delt(a?)*end = 0;

29 id delb(a?)end = 0; Eliminate all derivatives on far right of the expression,

! ie. V(1) =0.
30 id delt(a?)*start*end = 0;
31 id dn*end = 0;
32
33 id start*end = 1; > Remove unneeded start and end markers.
34

35 id [1/d1(x?) = drat(1l,’dpp’+x); Convert coefficients d and [1/d](x) to the
36 id d = drat(’dpp’,1); } PolyRatFun drat.

37 Format 180;

38 print +s;

39 .end

The above code has been assembled into the FORM file kdad.frm attached to this document.

The FORM file, when run, outputs the following result:

Kdd

k~2xdrat (31,18)

k*jbxdrat (2,1)
Hc*IIo(N1_?,N2_7?)*IIo(N1_?,N3_7?)*IIo(N2_7?,N3_7?)*drat(-4,1)
Hc*IIo(N1_?,N2_7?)*IIIo(N1_?,N2_?)*drat(-4,1)
nC(N1_?)*IIo(N2_7,N3_?)*cotton(N1_?,N2_7?,N3_7)x*drat (-4,1)
rhoB(N1_7?,N2_7)*IIo(N1_7?,N3_7)*IIo(N2_7?,N3_7)*drat(20,1)
weylb(N1_7,N2_7?,N3_?,N4_7?)*IIo(N1_7?,N4_?)*IIo(N2_7,N3_7)*drat(8,1)
ITo(N1_7?,N2_7?)*IIo(N1_?,N3_7?)*IIIo(N2_7,N3_7)*drat(-2,1)
ITo(N1_7?,N2_7?)*dbIlo(N1_7?,N3_7,N3_7?,N2_7?)*drat (20,3)
ITo(N1_7?,N2_?)*dbIIo(N3_?,N3_7,N1_?,N2_7?)*drat(-4,1)
dbIIo(N1_?,N1_7?,N2_7?)*xdbIIo(N3_7,N3_7?,N2_7)*drat(8,9)
IIIo(N1_7?,N2_7?)*IIIo(N1_7?,N2_7)*drat(4,1)
start*LapB*K*end*drat (1,1)

Y (T I I (TS (TS () ) (TS (TS Y e
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This result matches the quoted expression in Equation (4.16) for K when d = 5, so the proof is

complete.

A.4. FORM Code for Proofs in Chapter 6

To prove the results in Chapter 6, we also used FORM computations. These can be found in the
ancillary files in the arXiv entry for [10]. In particular, we prove Theorem 6.3.1, Corollary 6.4.3,
Proposition 6.5.2, Lemma 6.5.4, Theorem 6.5.5, and Theorem 6.6.2. Most of the computations
performed in the files mentioned use the methods described above—but here, we use header and

procedure files for centralization.

A.4.1. Declarations. In the files Headers/symbol-index-declarations.h , Headers/function-declarations.h ,
Headers/tractor-declarations.h , and Headers/Riem-declarations.h , we declared a number of objects that
are associated to particular variables, functions, tractors, and tensors, respectively. As above, we
provide tables of these declarations and their mathematical counterparts. Much of these are dupli-
cated, but we include them anyway.

First, note that our convention is that (with few exceptions) indices that are enclosed in square
brackets [*] are to be viewed as “free” or floating indices that are not contracted onto other indices,
and the same set of indices without the square brackets are to be viewed as dummy indices. We
use lower-case letters at the beginning of the alphabet (except “d”) to represent Riemannian indices
and upper-case letters at the beginning of the alphabet (except “D”) to represent tractor indices.
One exception is that we typically use upper-case letters for argument fields, regardless of the type
of index that those argument fields represent.

The symbols a4 and dab represent the dimension of the bulk manifold and the hypersurface
respectively. The symbols x,ep,alpha,beta, invep,invalpha are dummy variables that typically represent
real numbers. In particular, ep is often used for dimensional continuation purposes as €, invep i8

1 and similarly for alpha and invalpha .

its inverse €~
Some of the scalars and functions not listed in the below table are documented in the FORM file

itself. Table A.2 contains all of the functions and scalars declared in Headers/function-declarations.h .
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Function Mathematical Object

H H

Jb J

T p
dnr Vanp
dn2r Vip
dn3r Vip

J J
dnJ VanJ
dn2J \%¥}
RhoNN P,
BachNN B,

sigma o
K K

Kd K
Kdd K
Kddd K

DbDbPAT DADBPY

f /
5—d

[tau~(5/2-d/2)] T 2

Function Mathematical Object
h(x) h+x
[1/h] (x) e
[I.D] I1-D
[I.Dh] I-D
[Dth.IDh2.Dth] DTAT.D?DY
dn Va
Lap A
LapT AT
LapB A
R1 Ry
R2 Ry
R3 R
R4 Ry
R R

TABLE A.2. FORM functions and their corresponding mathematical objects.

Table A.3 contains all of the tractors declared in Headers/tractor-declarations.h . Tables A.4 and A.5

contains all of the Riemannian tensors declared in Headers/Riem-declarations.h .

A.4.2. Execution. To run the computations, first ensure that FORM is in the path. The ver-

sion of FORM required to run these computations requires a unix-based operating system, so if one

wishes to run these computations on a Windows machine, they must use Cygwin and install FORM

there. Once FORM is installed in the path, executing (as a bash script) the computations is as simple

as calling bash FileName.sh . 10 clear the saved files, one should execute the script Deletedata.sh . Each

script is named according to the result it proves, with the exception of PreliminaryComputations.sh ,

which provides lower-level identities to be used elsewhere.
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Te Object
nsor J Tensor Object
D(A) Dy
W(A,B,C,D) Wagcp
I(4) Ia =
Wt (A,B,C,D) W s
[I1(4,B) hag — Ialp —
- Wb(A,B,C,D) Wascp
Dhat (A) Da
- Ln(A,B) Lap
DhTemp (4) Da DtLn(C,D, A B) DT .. DT
~ nlG,u,8,..., e
Drh (A) Di DbLn(C,D,A B) DB DALCD
DthTemp (A) o) n T B”I'? ARCD
Dthext (A) Die ik 4B
Db (A) D, DbFn(C,D,4,...,B) Dg---DaFcop
Dbh (A) Da In(4,8) , Jap
P(A,B) Pag DbK(4,...,B) Dp---DsK
DK(A,...,C) Do ---DAK Gamma (4,B,C) Tapc
DtK(A, . ..,C) DL...DTK Wn(4,8,0) Wiasc
DKA(A,...,C) D¢+ DaK Wd(4,B,C,D) Wabcp
DtKd(4,...,C) DL...DYK Wad(4,B,C,D) V.VVVABCD
= = A,B,C,D
DKdd(A,...,C) IA)CDAK DWd(Ar By Cr Dy E’...’F) DFDEWABCD
DtP(B,C.A4) DiPrc Dde(A’ B’ c’ D’ E F) DFMDEWABCD
DP(C,D,A,...,B) ﬁBDAPCD 3DV Uy by ey F " YEVVABCD
. Wnn(A,B) WraBrI
Pa(4,B) Pa [I,I.Dh] (A) In 1D
Pdd(A,B) Pag L. [£4,1-D]
[I.Dh,I](A) [I-D,14]
Padd(4,B) Pas [hashTr] (4,B) ha.hg.)t
DPA(C,D,A,...,B) Dp---DaPop o aShTrB] (A’ - (hA-hB.)ﬁ
DPdd(C,D,4,...,B) Dp-- DaPop ashirel A (ha-hp.)
Pdt (A,B) T(Pap) X(A) Xa
PAT(A,B) Pl := (7o T)(Pag) Yea) 52/2‘
— Z(A,
DbPAT (A) DBP Y(b(Aa)) A
[Dh, Dh](A,B) [Da, Dy =
== Zb(A,a) Z9
[Dbh,Dbh] (4,B) [Da, Dg]

TaBLE A.3. FORM tensors representing tractors and the corresponding tractors
(or tractor-valued operators). Note that most of these have corresponding “FORM-
commuting” counterparts. The names of these counterparts can be found in the set
commTracs.
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Tensor Object Tensor Object
[G_1(a,b) Jab RhoB(a,b) Py
[Gb_](a,b) Jab dbRhoB(a,...,b,c,d) | Vg - VyPy

n(a) Ng Cotton(a,b,c) Cube
[d°n"](a,...,b,c) Vo Vine CottonT(a,b,c) C’;C
IInc(a,b) I, CottonB(a,b,c) Coape
II0(a,b) i CottonN(a,b) Chab
1102(a,b) 1< 1T, CottonNT(a,b) Cly
I1103(a,b) 15 114 10y, CottonNTS (a,b) Coan)
dtI10(a,...,b,c,d) | V) -V Iy CottonNL(a,b) Cbn
dbII0(a,...,b,c,d) | V-Vl CottonNLT(a,b) cr
dbivIIO(a) V-1, CottonNN(a) Conn
FNC(a,b) Fy delK(a,...,b) Vo VK
FO(a,b) Fa, deltk(a,...,b) | V,]---VJK
dtF0(a,...,b,c,d) | V] - V] Fy delbK(a,...,b) Vo VoK
dbFO(a, .. .,b,c,d) | V- VyFu deltRhoNN(a,...,b) |V, -+ V] Py,
dbivFO(a) V.-F delbRhoNN(a,...,b) | Vg - VyPan
IV0(a,b) IV g dRho(a,...,b,c,d) | Va- - VyPu
dbIV0(a,...,b,c,d) | Vg - VIV dnRho (a,b) VP
Riemann(a,b,c,d) Rapea dn2Rho(a,b) V2P,
RiemannB(a,b,c,d) Roped dn3Rho(a,b) V%Pab
Weyl(a,b,c,d) Wabed dnWeylnn(a,b) Vo Wabn
Weyln(a,b,c) Waben dn2Weylnn(a,b) V%men
Weylnt(a,b,c) W dbH(a,...,b) Vo VoH
Weylnn(a,b) Woabn Bach(a,b) By
Weylt(a,b,c,d) W BachT(a,b) Bl
dbivWeylnt(a,b) VW, orn BachB(a,b) Bap
Weylb(a,b,c,d) Wabed BachN(a) Ban

Ric(a,b) Ricap BachNT(a) B/,

Rho(a,b) Py dJ(a,...,b) Vo Vpd

Rhol (a) Pun dtJ(a,...,b) ViV

RhoNT (a) Pl dbJ(a,...,b) Vo Vi
RhoT(a,b) Pl dr(a,...,b) Vo Vpp

TABLE A.4. FORM tensors representing Riemmanian tensors and the corresponding
tensors (or tensor-valued operators). Note that most of these have corresponding
FORM-commuting counterparts. The names of these counterparts can be found in
the set commTens.
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Tensor Object Tensor Object
dCotton(a,b,c,d) | V.Cped dnII0e(a,b) an[Zb
dWeyl(a,b,c,d,e) | VoWiede dn2II0e(a,b) V21Ie,

dBach(a,b,c) Vo Bre dn3II0e(a,b) v3IIe,

[hashR] (a,b) (9a-95.)" dbf(a,...,b) | Vg Vpf

[hashRB] (a,b) | (G,.05.)"| |grdivIIoS(a,b) | V(,V-1II,
II0e(a,b) Irg, grdivIIoA(a,b) | V|,V Il

TABLE A.5. FORM tensors representing Riemmanian tensors and the corresponding
tensors (or tensor-valued operators). Note that most of these have corresponding
FORM-commuting counterparts. The names of these counterparts can be found in

the set commTens.
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