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I 
Abstract 

A new modification of the equation of state of Redlich and Kwong 

has been developed and tested. Like earlier modifications it introduces 

only a'third parameter and satisfies the limiting conditions for high 

temperatures and high pressures discussed before. -It is essentially of 
, I 

the third order in the volume, Le., deviations from the third order 

are introduced only through minor terms. An attempt has been made to 

arrive at a more elegant and! compact form than presented by earlier 

modifications. This objective is believed to be realized to some extent 

by the present equation of state. Its practical use however is still 

restricted to automatic computation. 

The representation of observed P-V-T data is in general very satis-

factory. Some deviations occur at reduced temperatures between 1.1 and 

1.4 in various pressure ranges for highly polar substances and for mole-

cules with longchaihs. The deviations also increase below reduced 

temperattfre 0.8. No attempt has been made to apply the equation to 

anomalous substances such as water. 
i 

The extension to the calculations of fugacity coefficients and to 

multicomponent mixtures is planned. 
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The program, called Es68zis described in the Appendix.- Instructions 

for its use are given and the res1.-~lJvs of test computations are presented. 
\ 

Principles of the calculation .nethods in chemical thermodynamics, 

except for the equation of state, have been developed by Lewis and 

Randall before 1923. Details required for the most efficient performance 

have been discussed and illustrated in the present work. The examples 

given are the ammonia synthesiS, the representation of explosion limits 

in the ternary system water-hydrogen peroxide-acetic acid, and a model 

for the calculation of the equilibrium conditions of simultaneous reactions. 

This model serves as an illustration of methods used in automatic computa-

tion. 

'<>' 
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1. Introduction 

i 
Various tables of standard free energies and of activity coefficients 

are available as aids to calc't;,lations in chemical thermodynamics. Less , 

satisfactory is the available information of fugacity coefficients. As 

a matter of fact, fugacity coefficients are practically never mea.sured 
I 

directly; they a.re derived from an equation of state. Such an equation 

could be defined in everysfngle case in a purely empirical manner. But 

the advantage and the promise 

individual parameters, are so 

of a general relation, containing only few 

g~eat that one would hesitate to do with-

out it. Yet the problem of a technically useful equation of state does 

not appear to be finally so~ved, in spite of numerous attempts. A new 
! 

modification of the two-par8rmeter equation of Redlich and Kwong has been 
, 

considered to be promising. It's development is outlined in the second 

chapter; the .corresponding domputer program Es68z is described in detail 

in the Appendix. 
! , 

The practical methods of using available thermodynamic data have 

been given little attention. Examples are of course described in many 

textbooks. In a technique like that of chemical thermodynamic calCUlations 
, 

the emphasis will always lie on concrete examples. But there is a number 

of rules which can greatly enhance the efficiency, speed and reliability 

i 
of calculations. It is useful to describe them in general terms and to 

show their applications in a few concrete examples. This is done in the 

thirdcmpter. 
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2. An Improved Equation of State 

21. The Problem of the Equation of State 

A considerable part of the applications of chemical thermo­

dynamics rests directly or indirectly on an equation of state. Fugac­

ities of pure gases and of components of gaseous mixtures are practically 

always derived from an equation of state. Our knowledge of the free 

eriergy of liquids is to a large extent based on tnformation of the 

fugacities of gases and therefore indirectly derived from an equation 

of state. 

This situation explains the large number of proposed relations. 

Molecular theory has been useful in the validity range of the second and 

third vi rial coefficients. Beyond this range it has been of little help 

in obtaining quantitative information. 

For practical purposes, especially in chemical technology, a relation 

is needed that can be applied to mixtures and ,that leads to fugacity coef­

ficients of the components in a rigorous manner. Since the fugacity coef­

ficients are the actual objective the strict realization of the thermq­

dynamic connection between the equation of state and the fugacity 

coefficients is important. Practically we never measure fugacity coef­

ficientsj the derivation therefore must be reliable. 

22. Advantages and Shortcomings of Older Equations 

The ,great value of the equation of state of van der Waals lies 

in the derivation of the properties of imperfect gases from molecular 

theory and in the description of the critical point. The equation is 

qualitatively correct in this and other respects, for instance, in the 

conclusion that the volume of a. gas is finite at infinite pressure. The 

f.:" 

\4', 
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representation of the critical phenomena results from the fact that the 

equation is of third order. 

Strangely enough, later autt.ors have given up some of the great 

advantages of' van der Waals. The equations' proposed by Wohl (1914) and 

by Beattie and Bridgeman (1927) are of higher order. The relations pro­

posed by Beatti" and Bridge+n as well as the famous equation of Benedict, 

Webb, and Rubin (1940) result in the volume zero for high pressure. More-
i , 

over these equations contain too many empirical parameters. An excess 

number of parameters is not only undesirable because of the large number 

of empirical data requiredjit is detrimental because the coefficients 

cannot be unambiguously obtained even from a large number' of data. 

The tables proposed bylRiedel (1954) and by Pitzer and his co-workers 

(1955) have the advantages ~fan unambiguous and r~asonably accurate repre-
i I 

sentation in a fairly largeJrange. The tables show that three individual 

parameters are sufficient f r all SUbstances with the exception of assoc­

iating substanc.es such sUb1ances as water or alcohols, and hydrogen and 

helium. The disadvantages df the tabular representations are the incon-

. venience of double interpolations (with respect to temperature and pres-

sure), and above all, the un,satisfactory connection with fugacity coef-

I 
ficients by nurnerical integration ,and differentiation. 

23. Objectives 

The preceding discussion indicates the objectives one would 
f 

wish to attain: representation by an equation of essentially third order, 
. ! 

containing three individual parameters. The limiting volume at high 

pressure should be 0.26 times the critical volu.rne, as amply demonstrated 

1, b ddt At. the li
1

ml" t f 1 h" h uy 0 serve a a. 0 ow pressures or 19 temperatures 
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the perfect gas equation should be approached. The equation need not be 

strictly of third order. But the main terms should satisfy this condition; 

there may be minor correction terms in addition to the main terms. A fair 

representation of the critical point and the critical conditions is 

required. 

Some of these objectives have been attained by the equation of 

Redlich and Kwong (1949). No relation however containing only two indi-

~ vidual parameters can be flexible enough to give a satisfactory representa-

tion. This fact is sufficiently demonstrated by the failure of the two-

parameter theorem of corresponding states. Moreover this equation leads 

toa critical compressibility factor Z = 0.333, higher than the observed 
c 

value for any substance. 

and 0.29. 

For most substances. Z has values between 0.25 
'c 

Several authors attempted to improve the equation of Redlich and 

Kwong replacing the two parameters by temperature dependent empirical 

functions. Redlich and Dunlop (1963) and Redlich, Ackerma.n, Gunn, 

Jacobson and Lau (1965) proposed computer programs containing deviation 

functions which depended, on Pitzer ,I s acentric factors. The disadvantage 

of these deviation functions was their complicated form. Although nUt'ner-

ous attempts have shown in the last twenty years that no improvement can 

be attained by simple means, a more elegant solution of the problem was 

desirable. 

The call of the problem lies in the critical pOint. The equation 

should furnish the correct value of the critical compressibility factor, 

which is introduced as the third parameter. The following section there-

fore investigates the critical isotherm. Later various corrections are 

introduced for several regions of the P-T field. 
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24. The Critical Isotherm 

In the equation of Redlich and Kwong the compressibility factor 

Z is represented as 

I 2 
Z = pv/m = l/(l-h) - (A' /B' )h/(l+h) (2.1 ) 

by means of the auxiliary variable 

h = B'P/Z (2.2) 

and the two parameters 

B' = 0.0867/(p T ) 
c r 

(2.4) 

Since the reduced temperature is given by 

T = T/T r c 

the parameters can be computed from the critical values T and P 
c c 

For the following discussion it willbe convenient to redefine the 

parameters 

(2.6 ) 

B = 0.26 Z P /T . . .c r r 

The figure 0.26 is an abbreviation for 0.25992106 which follows from the 

solution of Eq. (2.1) for the critical point. It represents the ratio 

of the limiting volume at high pressure to the critical volume. If we 
o 

introduce Z = 0.3333 the relation between the new and old parameters is 
c 

(2.8) 

B = B'P • 
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Introducing the new parameters into Eqs. (2.1) and (2.2) one obtains 

Z = Z/(Z-3) - A/(Z+B) (2.10) 

or, in the standard form, 

322 ) Z . - Z + Z(A-B-B ) - AB = 0 (2.11 

The second and third critical cond:ootions furnish the values . (Eq. 2.6) 

and (Eq. 2.7) for A and B; the value Z = 0.3333 is then obtained from 
c 

Eq. (2.11). 

The problem is now to modify Eq. (2.11) in such a manner that the 

second and third critical conditions are maintained and the individual 

value Z for the critical compressibility factor is obtained. At first 
c 

it looks as if there were infinite numbers of modifications which may 

satisfy these requirements. But the additional conditions discussed in 

Section 23 restrict the choice quite severely. The most general modifica-

tion appears to be given by the functions L(s) and G(l> ) of the intermediate 

variable s that is a function of the reduced density 

D = V /V • r c 
(2.12 ) 

The functions Land G must satisfy at the critical point.the following 

conditions: 

L = 1~3Z ; (dL/dV)T = 0; iL/dV
2 .= 0 . (2.13 ) c 

G = 0; (dG/dV)T = 0; iG/d~ = 0 (2.14) 

These functions are used for.a generalization of Eq. (2~10) in the form 

Z = Z(l-L)/(Z-B)- A(l-G)/(Z+B) 

leading to the standard form 

3 2 . 2 
Z - Z (l-L) + Z[A(l-G) - B(l-L) - B ] - AB(l-G) = 0 • (2.16 ) 

.' 
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The condition (Eq •. 2.13) ·:!an be satisfied if one chooses 

s == 3D - 3D 2 + D 3 
r r r 

since at the critical point 

s == 1; .ds/d(D) = 0; 
r 

2/2 d s d(D) == o~ 
r 

(2.18) 

Five coefficients cl to c
5 

were ~ntroduced into Land G in order to 

satisfy the observed data. With 

a satisfactory representation was obtained by 

-

L(s) - (c
3
+s-c

3
s)c

l 
log(1+c2s) 

G(s) 
. ... . 2 2 
c4 10g [1+C

5
s (s-l) ] 

The coefficient c
3 

is chosen 

c == 1 for· s > 1 
3 

The other coefficients are given in (2.23) to (2.25). 

(2.20) 

(2.21) 

(2.22 ) 

The continuity of L and its first two derivatives is maintained because 

of Eq. (2.18). 

The introduction of the second and third critical conditions into 

Eq. (2.16) leads back, in view of Eqs. (2.13) and (2.14), to the relations 

(2.6) and (2.7) for A and B. In addition the solution of Eq. (2.16) for 

the critical point leads to any value Zc introduced as the third parameter. 

Figure 1 shows the satisfactory agreement of an equation of the type 

(Eq. 2.16) with the results for the acentric factors 0.0 and 0.5,· obtained 

by Pitzer and his coworkers through smoothing experimental data. 

25. Temperature Dependence 

The functions Land G introduced in the preceding section endow 

the modified equation with a considerable flexibility through the 
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coefficients c
l 

to c
5 

of Eqs. (2.19) to (2.21). Any of these coefficients 

may be, functions of the temperature. Pitzer's,tab~es were used as a 

primary experimental basis for finding the best values of these functions. 

The approach of the perfect gas equation ensures the validity at high 

temperatures. Increasing deviations may be expected below a reduced 

temperature T = 0.8, which is the lower limit of Pitzer's tables. 
r 

The coefficients cl ' C4, and c
5 

in Eqs. (2.19) and (2.21) have been 

represented by: 

c6/[1+c
7

(Tr-l)] 

c8[1.21+c
9

(Tr-l)}/(1+0.lTr)2 

c 5 = Cl(}l. 21 +c
ll 

(Tr-l)]/ (1 +0.lTr)2 

(2.24 ) 

These three coefficients are defined in such a way that ,they meet the 

restrictions imposed in Section 23. As can be seen, at the critical 

temperature the terms with the coefficients c
7

' 09 and cllbecome zero. 

The best numerical values for the coefficients c6 to cll were found to 

be 

cl = 0.1/[1+2.06(Tr-l)] (2.26 ) 

c4 - 0·95 [1. 21+2.74 (Tr-l) J/ (1 +0.lTr)2 (2.27) 

. 2 
c

5 
= O.085[1.21+4.34(Tr-l)J/(1+0.lTr) .' (2.28 ) 

The coefficient c
3 

could be represented by 

/
' 1.5 c

3 
= 1.43 Tr - 1.32. (2.29) 

Equation (2.16) proved to be satisfactory only within the region 

0.8 < ~'r < 1.0. An inspection of Eqs., (2.25) and (2.28) shows that'the 

computation becomes meaningless for Tr < 0·721 since c
5 

mayassQme a 

e 

." 
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negati ve value. Improvement for higher temperatures was achieved by 

. gradual approach of the original equation of Redlich and Kwong. For 

this purpose a mixing factor 

= 1 - exp[-0.05!(T -1)] 
r 

(T >1) 
r-

(2.30 ) 
1 (T 3(1) 

;r-. 

was introduced. 

If we denote by ZK the result of Redlich and K,vong, and by ZM the 

root of the modified equation (2.16), the mixed compressibility factor 

is given by 

Even so, appreciable deviations from observed values were still 

found at supercritical-tempe:ra:tures. The addition of a deviation function 

was found to be necessary. The expression 

Z = Pr(Tr-l)[ (3.281-1l.1Z ) (Tr3 -2.6(Tr-l)) + {(4.36-15Z )Tr-6.70+2l.3Z )J Dc· c c 

(T > 1) 
r-

(2.32 ) 

Z' = 0 (T < 1) 
.D r-

was found to give the best representation. The final form of the equation 

is now 

(2.33) 

The results described in this section and the preceding one constitute 

the basis of the Computer Program E$68z. This program and all tests carried 

out are described in detail in the Appendix. 
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26. COmparison with Observed Data 

In Fig. 1 the good fit of the critical isotherm was shown on the 

basis of the data given by Pitzer and his co-workers for substances with 

the acentric factors 0.0 and 0.5, i.e., with critical compressibility 

factors of 0.291 and 0.251. Figures 2to 4 show the agreement for the 

reduced temperatures 0.8, 1.2 and 4.0. The most serious discrepancy 

occurs at low pressures and Tr == 1.2 and an acentric factor ,of 0.5 (which 

is actually beyond the range of Pitzer's tables). For lower values of 

the acentric factor one can reasonably expect smaller deviations. ASide 

from this region near the critical point, the agreement is quite satisfac­

tory. 

Results for liquid n-nonane at the reduced temperatures 0.747 and 

0.859 are shown in Fig. 5. For the higher temperatures the deviations 

are moderate even at a reduced pressure as high as 30 far beyond the 

range of Pitzer's tables. Also at the lower temperatures the deviations 

are small up to Pr = 10. But the equation cannot be relied upon below 

Tr = 0.8. 

One sees immediately from the diagram of the critical isotherm of 

sulfur dioxide (Fig. 6) that a curve of this kind is difficult to represent 

algebraically. Actually the deviations of the calculated values from the 

observed curve are small. At the reduced temperature Tr = 1. 215 and the 

reduced pressure Pr= 1.928 the deviation in Z amounts to 0.045. This 

is the region in which the largest deviations from Pitzer I s tables for 

an acentric factor O. 5 have been found. On the whole, the result is 

quite satisfactory for a substance as strongly polar as sulfur dioxide. 

Ammonia (Fig. 7), another strong polar substance is well represented. 

The deviations in Z do not exceed 0.024 at a reduced temperature 1.475, i.e., 

326°c. This is in the tecJ;mically interesting temperature region. 

'!'" 

,", 

.. 
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Detailed data for a comparison of observed and calculated values of 

Z are shown in the Appendix for su.bs~cances discussed in this section and 

for benzene, l-butene, hydrogen sulfide, carbon dioxide, helium, xenon, 

hydrogen, nitrogen and oxygen. The results are similar to those discus­

sed. On the whole, they are considered to be satisfactory. 

3. Examples of Thermodynamic Calculations 

31. General Rules 

Sixty years have passed since Caratheodory made the last major 

contribution to fundamental thermodynamics, and G. N. Lewis to its 

practical applications. Numerous attempts in both fields have produced 

little progress in fundamental thermodynamics, but thermodynalJlic calcula­

tions in chemical engineering problems have been steadily and vigorously 

developed. Even so, there is still a wide field opened for improvement 

in the efficiency of thermodynamic calculations. Efficient methods are 

of particular value in the design of routine calculations in the chemical 

plant and laboratory; they are useful also in the deSign of computer 

programs. 

A series of computations of the same kind, e.g., computation.of 

equilibrium converSions under varying conditions, is advantageously 

carried out in a table. No part of the computation is performed on a 

separate sheet. One line of the table is aSSigned to each single step 

carried out directly or by slide rule or by desk calculator~ 

Each single computation problem (e.g., set of conversion conditions) 

is assigned one column. This choice is aLmost always preferable to 

aSSigning one line to each problem and one column to each operation. 
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The reason for this choice is the easier performance of an operation 

based on data that are aligned in a column rather than in a horizontal 

line. The opposite choice may be preferable in a rare exceptional case 

such as a numerical integration. 

Computation is best carried out line by line. Speed and reliability 

are increased by immediately repeating the same operation. There is a 

good chance of detecting an error by casually inspecting similar inter­

mediate results written in one line. The same advantage is obtained in 

the inspection of the final results. It will often be useful to observe 

directly the response of the results to a change in conditions. 

In graphical representation a distinction should be made between 

diagrams for computing and illustrations. The scales in diagrams of the 

first kind should be chosen so that experimental errors are . noticeable. 

Otherwise the graphical representation leads to a loss of accuracy. If 

this condition cannot be reasonably satisfied, one plots a deviation 

function, i.e., the difference between the observed values and a simple 

crude approximation function (linear or parabolic function ). The computa­

tion is then carried out partly numerically and partly graphically. 

In illustrations this rule will usually be disregarded. Herethe 

objective is to gi veinformation of the functional relation at the first 

glance. A few rules are obvious: the curves should fill essentially the 

whole available space and the slope of the major part should be roughly 

45° or 135°. 

The usefulness of all these rules is best shown by a few examples 

like those following. 

."6, 
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32. Ammonia Synthesis 

The objective of a thermodynamic examination of the synthesis 

of ammonia is to calculate the equilibrium yield of ammonia, as it is 

influenced by pressure, temperat~re, and the presence of argon. 

The ammonia synthesis is based on the equilibrium reaction 

The thermodynamic equiiibrium constant for this reaction can be 
I 

calculated from 

! 
lnK = _~o/RT. (3.2) 

. !. ° The standard free energy change ~ for the reaction must first be 

determined. These freeeneJgy changes at different temperatures may 

either be read directly from thermodynamic tables or calculated from 

thermodynamic equations as 4" function of temperature. In our case, the 

i m O is calculated in the following manner. 
" "I . 

In the compilation of Wicks and Block (1963) we find 

6 
" "" -3 5 -2 " 

LY::p = - .0 + 4.32 x 10 T - 0.55 x 10 T • ../ 

Since 

LY:: = (ctE/cT) 
p" " p 

we have 

The integration constant c
l 

is found by substituting a known value of tE 

at a given temperature. In'this case, we use the value of -11400 cal/gmole 

for tEo at 298.15°K. Solving for c
l 

we have cl = -9628. The relation 



-16-

furnishes 

To find the integration constant c2, we substitute mO = -4000 cal/gmole 

at T = 298.15°K into the equation, and c2 is found to be -14.93~ Rearrang-

ing, we obtain _ 

We then proceed to solve for K at any desired temperature from Eq. (3. 2 ), 

as shown in Table 1, which presents the first, simple example of applying 

the rules of the preceding section. 

Table 1. Ammonia S:i!!thesis: 
TOK 623.15 773·15 

log T 2.7946 2.888 

A 6·2.303 log T 38.62 39·91 

B 2.16 x 10-3T 1.346 1.670 . 

c = 0.27 x 105/T
2 

0.043 0.045 

D = 9628/T 15·45 12.45 

E = A - B + C - D - 14.93. 6.937 10·905 

log K = -E/2 • .303·1.987 -1. 5160 -2.3831 

K 0.b3048 0.00414 

In Table 2 the values of log Kat ,various temperatures for the ammonia 

synthesis are shown as calculated from eq'Uations·of Wicks and Block, and 

Harrison and Kobe (19,53). 

'. Usually one introduces the reactants in the stoichiometric ratio of 

lN2: 3H2 so that the residue can be recycled without a special make up. 

If argon is present, it is enriched in the residue; the result is a lower 

conversion such that some of the residue must be rejected. Calculations 

of the conversion to ammonia at equilibrium are made both for the absence 

and the presence of 10 mole % argon in the feed stream. 
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Table 2. E~tiilibriQm Constants. 

Wicks & Block Harrison & Kobe 
Eq. (3.8) 

T(OK) log KW log ISr 
298·15 2·921 

400 0.8171 

500 - .4661 -0·52178 

600 -1.351 -1.39940 

700 -2.003 -2.04342 
800 -2·504 -2·53646 

Table 3 gives a summary of the following terms expressed as a func-

tion of a , the mole fraction ·of argon in feed and c, the fraction of feed 

converted to a~monia at equilibrium: 

° n. = number of moles i in the feed initially 
1 

ni = number of moles i in equilibrium 

n = total number of moles of components in the equilibrium mixture 

Y i = mole fraction of any component in the equilibrium mixture. 

The partial molal free energy of any component in a mixture, G., is 
1 

the SQm of the partial molal free energy of the gas when it behaves ideally, ' 

-id -E 
G ,and the excess partial molal free energy, G • 

It should be noted that G. E is a correction factor for the deviation from 
1 

ideality, and at the same time a function of fugacity coefficient ¢. 

-E 
and G. are expressed as 

1 
-.:. id 
G

1
• = GO + Rl'£ny . . i 1 

-E 
G. 
'1 

R'I%i¢ .• 
1 

- id 
G. 

1 
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Table 3· Com;E0sition. 

0.5J1J
2 

+ 1.5H
2 = NH3 + Ar 

(1) (2 ) (3) (4 ) 

0·5(1-a,) 1.5(1-a,) 0 2a, 

O. 5(1-a,)(1-c) 1. 5(1-a,)(1-c) c(l-a,) 2a,' 

.0. 2~1-a,2 ~l-c) 1. 5(1-a,)~1-c) c(l-a,) 
2 - c +a.c 2-c+a,c 2 .,;, c + a.c 

The free energy change for any reaction is given as 

M = L:niG .• 
l 

n = 2 - 2a, -

Substituting Eqs. (3.9), (3.10) and (3.11) into Eq. (3.12), we have, 

Le = fu° +nRT £nP + RTL:n· £ny; + RTL:n; £n¢. 
. ill l 

. Since at equilibrium, 
. I 

&! = 0 

one obtains 

a,c 

(3.14) 

or 

- Leo Y3 ¢3] 
- = £n[--,:--~--~ -
RT . pO. 5 1. 5 ¢ O. 5¢1. 5 

Yl Y2 1.· 2 

Equating Eq. (3.2) to Eq. (3.15), we obtain, 

Denoting the second and third quantities on the right hand side of the 

equation as Y and :q, respectively, and simplifying, we have 

... 
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K = Yi1J/p 

Since 

and 

substituting Eq. (3.19) and the y. 's in Table 3 into Eqo (3.18) we have 
]. 

c (2-c+a.c) 
2 2 

0.5 (l-a,) (l-c ) 

From Eqs.: (3'.1 t) and '(3~ 20) we obtain 
\ 

i1J 
P 

Simplifying and rearranging, we ,have a quadratic equation: 

(1.3PK +i1J)(1_a,)c
2 

- 2[1.3PK(1-a,) +i1J]c + 1.3PK(1-a,) = 0 

Solving for c, 

From Table 3, 

= eel-a,) 
Y3 2-c+a.c 

(3.22 ) 

From Eqs. (3.23) and (3.24), one can compute the mole fraction Y3 of 

ammonia at equilibrium at a given temperature and pressure. 

Since the fugacity coefficient ¢ is dependent on temperature, pressure 

and composition of the gases, it is necessary to find first the values of <P 

at each specified condition before going into the actual calculations for c. 
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'From the fugacity coefficients obtained from an equation of state (Redlich 

et al. 1965), we can calculate ~ for different compositions~ Values of ~ 

at a specified temperature and pressure are then plotted against Y3 in 

Figs. 8 and 9. The result obtained by :::ougen, Watson and Ragatz (1954) 

and that by Dodge (1944) are also shown in the figures. Since y 3 is not 

known beforehand, one has to repeat the calculation after a first trial. 

Table 4 shows an example of tabular computation of Y3 at 773.l5°K and 

300 atm from Eqs. (3.23) and (3.24), with a, = 0.0 and a, = 0.1. .. We first 

assume a value of Y3' indicated by parenthesis in Table 4, obtain numerical 

values of K and ~ from Table 1 and Fig. 9, substituting into Eg. (3.23), we 

find the value for c. From Eq. (3.24), we in turn solve for y 3. If the 

assumed and the calculated values of Y3 do not agree, a second trial is 

made using the first calculatedY3 as assumed. In the present case, two 

trials are sufficient to obtain good results. 

The simplicity of tabular computation will be evident by comparison 

with any other way of solving Eqs. (3.23) and (3.24). The steps indicated 

in Table 4 are the same as those to be used in a computer program. 

The effects of the process variables on the ammonia conversion c(Eq. 

3.23) are shown in Tables 5 and 6 •. Table 6 gives the conversion of am!'l1onia 

in the equilibrium mixture at 300 atm and 773.15°K. Columns 3, 4 and 5 

give respectively the conversion as calculated by the Lewis rule,by the 

virial equation and by the equation of Redlich and Kwong. These figures 

have been given by Sort land and Prausnitz (1965). Column 6 is obtained 

from the experimental data given by -Curtis (1932). The fugacity rule of 

Lewjs and Randall leads to. a serious discrepancy. The other results agree 

fairly well with each other and also with the observed values of Curtis. 

.~L 

( 
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Table 4. Equilibrium Calculation. 

T(OK) 773·15 
,r 

0.00414 K 

P(atm) ·300 
'. 

a 0 0.10 

A := (I-a) 1 0'.90 

B := 1.3PK 1.615 1.615 

D := A·B 1.615 1.454 

Iteration 1 2 1 2 

Y3 (0.3 ) 0.249 (0.3) 0.204 

cI> 0.9116 0·91 0.9116 0·91 

-b := D + cI> 2·527 2.525 2.366 2.364 

b2 6.386 . 6.376 5.598 5.589 

E := B + cI> 2.527 2.525 2·527 2·525 
, 

4ac = DAE 4.081 4.078 3·307 3·305 
.2 4 b ~ ac := r 2 2.305 2.298 2.291 2.284 

r 1.519 1~ 516 1. 513 1.51 

-b - r 1.008 1.009 0.853 0.854 

2a := AE 2.527 2·525 2.274 2.273 

C == (-b-r )/2a 0.399 0.400 0.375 0.376 

CA 0.399 0.400 0.338 0.338 

Cet 0 0 0.034 0.034 

. 2 .. c +Ca := s 1.601 1.60 1.659 1.659 

'. Y3 = CA/s 0.249 0.250 0.204 0.204 
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Table 2' Ammonia· Conversion. 

c, Mole % NH3 
.. 

T(OK) P(atm) 0% Ar 10% Ar 

Observed Calculated Calculated 

200 52 •4 53·7 43.0 
623.15 

500 74.8 57·5 

200 19·5 18.8 15. 2 

773·15 
500 37·2 34.8 28.0 

Table 6. Calculated Conversions. 

c, Mole % NH3 

. T(OK) P(atm) 0% Ar 10% Ar 

Lewis Virial Redlich Curtis Present Present 
Kwong result result 

773·15 300 22.75 25·93 25·15 26.44 25·00 20.40 

Since the combination of hydrogen and nitrogen to form ammonia is 

accompanied by a decrease in volume, it is apparent from the general 

principle underlying any equilibria that an increase in pressure will 

favor the forward direction, and thus a higher ammonia content. From 

Table 5, the percentage of ammonia at equilibrium at 632.15°K decreases 

from 74.8 to 53.7% when the pressure drops from 500 to 200 atm. .,. 

The effect of temperature is also very marked. Since the ammonia 

synthesis is exothermic, the reaction is favored at lower temperatures. 

As can be seen from Table· 5, at a pressure of 500 atm, the ammonia content 
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The presence of an inert gas such as argon in the system affects the 

equilibriQm yield of a~monia to a great eA~ent. The effect can be seen 

from the data shown in Tables 5 and 6. 

The ammonia conversion in equilibriQmwith a 3:1 mixture of hydrogen 

and nitrogen gases is dependent on several variables which one has to take 

into careful consideration in order to obtain the highest possible con-

version. 

33. A Phase Diagram for Explosion Limits 

Any reaction, not taking place near equilibrium is accompanied 

by a decrease of , free energy. The sign of the calculated virtual change 

provides a means to find out whether or not a given reaction is spontaneous 

under specified conditions. In order for an explosion to occur, there must 

be a sizable decre~se in free energy. In general, the greater the decrease 

of the free energy change,' the more violent may be the explosion. The 

violence of an explosion may be particularly great if the decrease of 

enthalpy is large. 

Explosion hazard has become a serious problem in the handling of 

organic solutions of hydrogen peroxide. It is of interest to investigate 

the possibility of detonation of the mixtures and the characteristics of 

the system within the explosion limits. 
i 

Tables of the free energy are used in the calculations of .cc°and mO 

fora given change. The data used have been obtained from Table A-7 in 

" ." (nC.) ThermodYIlB:mlcs by Lewis - Randall- Pitzer - Brewer, l)'Vl . The function 

The symbol q is used if the enthalpy refers 
o 

to OaK as a standard state, and q298 is used for a standa,rd state at 

298°K. To convert qo to q298' we add (m;98-m~)/T with 6H denoting the 
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value for the formation from the elements. All calculations are made for 

a temperature of 298°K. As a somewhat involved example of explosion 

danger the ternary system acetic acid-hydrogen peroxide-water will be 

examined. Five changes, chemical ox: physical, are anticipated to occur 

within this system. They will be called simple reactions: 

(A) CH3COOH(£) + 4H202 (£) 2C02 (g) + 6H2O(g) 

(B) CH3COOH(.e ) + 2H202(.e) = 2CO(g) + 4H2O(g) 

(C) H202 (.e) 
1 

H20(g) + "2 °2 

(D) H20(.e ) = H2O(g) 

(E) CH3COOH(.e) CH3COOH(g) 

To determine the possibility of an explosion of this system from the 

values of $ and .6H, the first step is to compute 

of these reactions. It is obvious that the reactions proceed from liquid 

reactants to gaseous products. Hence various conversions are necessary 

in the computation. The symbol (!) refers to the gaseous state. An 

asterisk'* will be used to indicate that a summation is to be carried 

out for the values of the liquid reactants and gaseous product.-

From the tables we obtain the values qo' for the gaseous substances 

and therefore the values of GO, - HO'. They are converted (Table 7)' for 
o 

the liquid reactants to the quantities GO - HO! by means of the vapor 
o 

pressures pO (atm) according to 

Then we obtain (Table 8) $0* for the reaction from the pure liquids to 

the pure gases by 



In other words, using GO _H
o 

f for the liQv.ids, one finds the desired t£0* 
o 

by using the enthalpy change for the purely gaseous reaction. 

The enthalpy ChangeM~98 for the reaction from liquids to gases 

must be computed separately (Table 8). 

Vapor pressures are taken from the literature,and heats of vaporiza-

tion computed from the equation of Clausius and Clapeyron. 

Pure substances under consideration are characterized by the sub~ 

scripts lto 6. The numbers 7 to 17 are used to indicate mixtures in the 

ternary phase diagram. 

I 
Various auxiliary quantities are assembled in Table 7. The vapor 

pressures for water and acetic lacid have been taken from Perry's Handbook, 

that of hydrogen peroxide from IMaass and Hiebert (1924). In this arid the 
. I 

following tables the symbol t ~s used to indicate the quantity given in 
! 

the preceding line. The symbol tt is used for the quantity in the line 

before. 

The standard 

will be called ~ , 0 

I 
100 

enthalpy of formation (tHo or M298 

or H~98 in tJe following section. 

of Pitzer and Brewer) 

Variations in the composition of a mixture will result in different 

combinations of the simple reactions in the system. Hence the values of 

t£ and M of a system of this kind depend greatly on its composition. The 

explosive reaction is represented as a composite of the simple reactions 

(A) to (E). We denote by a, b •.. e the numbers of moles converted accord­

ing to the reaction equations (A), (B) ••• (E). "Since we start from a 

mixture (liquid,mo.?-e fractions Xl" x2 ••• ) and obtain a mixture (gaseous, 

mole fractions Yl" Y2; •• )' we have to include the composition dependent 

parts of t.he free energy. Since they are small in any case, we assume 

t.hat t.he relations for perfect solutions and perfect gas mixtures furnish 
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Table 7. Auxiliarl Quantities. 

CH
3

COOH H202 CO
2 H 0 CO 

2. 
(g, p, ) (g, p, ) (g) (g, p, ) (g) 

i (1) (2 ) (3 ) (4 ) (5) 

qo 
I 56·50 46·95 43·56 37.17 40.25 

GO'-Ho, 

° 
-16845 -13998 -12987 -11082 -12001 

° 33.18 23.756 p (mmHg) 2.1 

760/po 22·905 _ 361.90 31·992 

-log t -1. 360 -2·559 -1. 505 

2.3RT-t -1855 .,.3491 -2053 

CO'-Ho,+ l' -18700 -17489 -13i35 
° . f' . 

~98 -103800 .,.32530 -94052 . -57798 -26416 

H' -100500 -31040 -93969 -57107 -27202 
° 

a sufficient approximation. Thus we obtain 

M = aM~* + bL:Gb* + cL:G~ * + ........... . 

• it •••••••••• 

The computation will be based on one mole of acetic acid 

Because of 

we have 
n2 = x2/x1 

n4 = x4/xl . 

O2 
(g) . 

(6) , .. 

42.06 

-12540 

0 

0 
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Table 8. Standard Value s. 

CH3COOH(.e) + 4H202(.e) . - .2C02(g) + 6H2O(g) 
t· 

i (1 ) (2 ) (3 ) (4 ) 
,jj 

n. -1 -4 +2 +6 
J. 

GO' -Ho, -12987 -11082 
° 

n . .,. 
J. -25974 .. 66492 

GO-Ho, -18700 -17489 
° 

n. t +18700' +69956 -3810 
J. 

Hf, -100500 -31040 -93969 -57107 
° 

nit +100500 +124160 -187938 -342642 -305920 

/Ylo* -309805 

Hf, 
298 -103800 -32530 -94052 -57798 

n.t 
J. 

+103800 +130120 -188104 -346788 -300972 

H +3625 +11678 vap 

ni t -3625 -46712 -50337 

6H
o* 298 -250635 



-28-

In the range 

n2 > 4nl (3.33) 
G 

. x2/x
l 

> 4 (3·34) 

> 4 . x2 xl (3.35) ,~ 

The reactions participate according to 

a = n = 1 . 1 (3.36 ) 

b = 0 (3.37) 

c = n2 - 4nl = x2/xl -4 (3.38) 

d = n4 = x4/xl . (3.39) 

For 

n2 = 4nl (3.40) 

x2 = 4xl (3~4l) 

one obtains 

a = 1 (3.42 ) 

,b = 0 (3.43) 

c = 0 (3.44) 

d = x4/xl . (3.45) 
/ 

In the range 

~ < 4nl (3.46 ) '. 

'x2/x1 < 4 (3.47) ., 

x2 < 4xl . (3.48) 
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a+b=n =1. 
1 

Solving these equations we obtain 

In addition we have 

a = x2/(2xl ) - 1 

b ::: 2 - x /(2x ) 2· 1 

c = 0 

These relations are needed to determine the amounts of gaseous· 

products. They are given (in numbers of moles) by 

n ' = e 
1 

n' = 2a 
3 

n4 = 6a + 4b + c + d 

n' = 2b 
5 

n6 ::: 0·5c 

n' ::: &. + 6b + 1. 5c +d + e 
The amounts of the liquid reactants are 

~:::a+b+e 

~=4a+2b+c 

n= 5a.+3b+c+d+e 

(3.58 ) 

(3·59) 

(3.60) 

(3.61 ) 
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The various steps in the computations of~ and tH of some of the 

mixtures are tabulated in Table 9· 

Table 9· Free Energ~ and EnthalE~' ,~ 

xl 0.2 0.1 0.083 0·333 0.167 0 

x2 0.8 0.4 0·333 0.667 0·333 0 

x4 0 0·5 0.584 0 0·5 1 

a 1 1 1 0 0 0 

b 0 0 0 1 1 0 

c 0 0 0 0 0 0 

d 0 5 7 0 3 1 

e 0 0 0 0 0 '0 

n ' 3, 
2 2 2 0 0 0 

n ' 4 6 11 13 4 7 1 

n ' 
5 

0 0 0 2 2 0 
, , 

n6 0 0 0 0 0 0 

, n' 8 13 15 6 9 1 

Y3 0.25 0.154 0.133 0 0 0 

Y4 0·75 0.846 0.867 0.667 0.778 0 

Y5 
0 0 0 0·333 0.222 0 

Y6 0 0 0 0 0 1 

n
3

'log Y
3 "'1.204 -1.624 -1. 752 0 0 0 

n4'log Y4 -0·750 -0.803 -0.806 -0.704 -0.763 0 

n
5

'log Y
5 

0 0 0 -0·956 -1. 308 0 

n6'log Y6 0 0 0 0 0 0 
'). 

tn.'log 
1 Yi -1.954 -2.427 -2.558 -1.660 -2.071 0 

M == 2.3 RT.1' -2666 -3311 ~3490 -2265 -2826 0 
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Table 9· (continued) 

n1 1 1 1 1 1 0 

;; 4 4 4 2 2 0 n2 

n4 0 5 7 0 3 1 

. n1log xl -0.699 -1 -1.081 -0.478 -0·777 0 

n210g x2 -0.388 -1. 592 -1. 912 -0.352 -0·956 0 

n410g x4 0 -1. 505 -1.638 0 -0·903 0 

~n.log x. -1. 087 -4.097 -4.631 -0.830 -2.636 0 
1 1 

N = 2-3RT·t -1483 -5590 -6318 -1132 -3596 0 

aL0G 0* -309730 -309730 a -309730 0 0 0 

bLG 0* 
b 0 0 0 -134904 -134904 0 

cL0G 0* 0 0 0 0 0 0 e 
dL0G'o* 

d 
0 10265 +14371 0 +6159 2053 

L0Go 
-309730 ::'299465 -295359 ":134904 -128745 '2053 

t:G = t +M-N -310913 -297186 -292531 -136037 -127975 2053 

am 0* 
a -250635 -250635 -250635 0 0 0 

b~o* 0 0 0 -88183 -88183 0 

cm 0* 0 0 0 0 0 0 c 
dm 0* 

d 0 +52600, +73640 0 +31560 " 10520 

m -250635 -198035 -176995 -88183 -56623 10520 

,. 
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The units of m and $ are expressed in calories/g-mole. Converting 

to 1 kg, and denoting the molal weights by Ml , M2 ••• , -we obtain 

g = $/(nlMl+n2M2+n4M4) kcal/kg 

h = .6H/(nlMl+n2M2+n4M4) kcal/kg 

The calculation procedure is shown in Table 10. 

Table 10. Free Energy and Enthalpy per kg. 

Point No. 

M
l

n
l

=60.05n
1 

M2n2=34.02n2 

M
4

n4=18.02n
4 

L:n.M. 
1 1 

1/ 't 

g= t·$ 

h= ii·l:H 

0.2 

0.8 

o 

60.05 

136.08 

o 

196.13 

.0051 

-1586 

-,1278 

15 

0.1 

0.4 

60,'05 

136.08 

90.1 

286.23 

.. 0035 

-1037 

-691 

14 

0.083 

0·333 

0.584 

60.05 

136.08 

126.14 

322.27 

.. 0031 

17 

0.333 

0.667 

o 

60.05 

68.04 

o 

128.09 

.0078 

-1063 

... 689 

0·333 

0·5 

60.05 

·68.04 

54.06 

182.15 

.0055 

-703 

-311 

4 

o 

o 

1 

o 

o 

18.02 

18.02 

.0555 

+114 

These mixtures are represented by straight lines from points 16. to 4 

and from 17 to 4. These lines are the most critical ones since acetic acid. 

and hydrogen peroxide are present in the stOichiometric ratios for the 

reactions (A) and (B). For interpolation, g and h are crOSE? plotted in 

Figs. 10 and 11. 

From the curves in Figs. 10 and 11 we can find the compositions of 

mixtures for which g and h ,equal 0,-300, -600, -900, -1200 and -1500 
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. kcal/kg, respectively. These data are then plotted in triangular coordi-

nates at constant g and constant h~ Figures 12 and 13 are the ultimate ., ' 

goals of the calculation. Cusps are to be expected in these contour lines : 

where they cross the lines 16-4 and 17-4 because the nature of the chemi-

cal reactions involved changes there. Smooth interpolation is appropriate 

elsewhere. 

The most interesting contour lines are those for g = ° and h - 0. 

All mixtures containing less H202 than indicated by the line g =0 are 

perfectly safe. Actually one will not expect any detonation for H202 

concentrations lower than those of the line h = 0. But for higher H202 · 

concentrations the danger i~ obvious. As a matter of fact, very .serious 

explosions of mixtures high in H
2

02 and low in H
2

0 have taken place. 

Phase diagrams of the ki:nd presented in Figs. 12 and 13 fu"rnish 

direct information on hazards in industrial operations. 

34. A Model for Automatic Computation of EquilibriQm Conditions 

In thermodynamic calculations, attention has been focused to a 

great extent on a single chemical reaction with a given set of reactants. 

In practice one is frequently apt to be concerned with two or more reac-

tions occurring simultaneously. The equilibrium is then characterized by 

I 

a minimQm of the total free energy with respect to all virtually possible 

changes. One can easily carry cut the computation when there is only a 

single reaction to be considered. Difficulties are encountered if this 

i 
method is extended to several simultaneous equilibria. Numerical mathe-

matical procedures have been developed for such purposes. The use of 

electronic computers is of great importance. 

For instructive purposes, we shall examine a simple example. Only 

two simultaneous rea.ctions will be considered, namely, those between 
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methane and steam at a temperature of lOOOoK and under atmospheric pressure. 

The two reactions, designated by A and Bare 

(A) CH4 + H20 == CO + 3H2 

(B) CH4 + 2H20 == CO2 + 4H2 

Generally, in more complicated problems one has to resort to trial-

and-error methods in order to find the minimum of the free, energy. Even· 

the highly sophisticated method of steepest desc~nt is based on trial and 

error. The working of such procedures will be illustrated by a primitive 

calculation. The free energy will be computed for points in a two-

dimensional network, then for points in a more closely meshed network in 

the neighborhood of the lowest pOint, and so on. 

Instead of the free energy we shall use the more convenient Massieu's 

function 

Q == G I (2.; 3RT) • 

The data have been taken from the Thermodynamics of Lewis, Randall, Pitzer 

and Brewer. 

The total Gibbs free energy G for theSe gaseous mixture.s, which are 

assumed to be perfect, is 

G == ~n. (G~+RT .en y. ) 
.. ~ ~ ~ 

so that 

with 

QO== ~n.G~/(2.3RT). 
. ~ 1 

We take as the initial mixture of the reactants 1 mole of methane 

and 2 nlo1es of .steam. The substances present in the system at equilib-

brium, CH4, H20, CO, H2 and CO2, are numbered as ·1, 2, 3, 4 and 5 
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respectively. Hence, at equilibrium, we have for the conversions a and 

b by th~ reactions A and B, respectively, 

nl = 1 a - b (3.70) 

n2 = 2 - a 2b (3.71) 

n3 = a (3.72) 

n4 = 3a + 4b (3.73) 

n = b 
5 

.. (3.74) 

Since n
l 

cannot be negative, a + b cannot be greater than 1. 

Tables 11 and 12 show the calculations of the standard changes 6Go/T 

with T = 10000K for the reactions A and B 

Table 11. Standard Free Energy Change (A) • 
CH

4 
+ H

2
O - CO + 3H2 

i (1 ) (2) (3 ) (4 ) 

n. -1 ;..1 1 3 
1 

-(Go-Ho)/T 47.65 47.01 48·77 32.74 

° .0/ n.t=-.6(G -H ) T 
1 

-47.65 -47.01 48.77 98.22 

Hf -15990 -57107 -27202 0 
° 

n.t =,6Hf 15990 57107 -27202 0 
1 ° 

,6Hf/T 15·99 57.107 -27. 202 0 
° 

.6Go/T = t +.6(Go-Ho)/T 

To determine the minimum Q, we assign values to a and b under the 

condition a + b ~ 1. For the first approximation, we calculate Q at a = 0 

while b increases from 0 to 1.0 at an interval of 0.2; then we proceed 

with a = 0.2, and b = 0 to 0.8; then a = 0.4 .•••• etc. 



Table 12. 

i 

n. 
l 

_(Go_HO)/T 

n ,.. == _L(Go_Ho )/T 
l 

Hf 
0 

n. t == ~'if 
l 0 

mf/T 
0 

·/YP/T ==. t +L(Go-HO)/T 
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Standard Free Energy Change (B) . 

CH4 + 2H2O == CO2 + 

(1 ) (2 ) (5) 

-1 -2 1 

47.65 47·01 54.11 

-47.65 -94.02 54~11 

-15990 57107 -93969 

15990 114214 -93969 

15·99 114.214 -93·969 

4H2 

(4 ) 

4 

32.74 

130.96 

0 

0 

0 

43.40 

36.235 

-7.165 

A few sample calculations ofQ are shown in Table 13. The results 

of the first step are presented in Figs. 14 to 16. They reveal that a 

minimum is somewhere in 'the neighborhood of a == 0.8 and.b == 0.2. 

In the next step several pOints are chosen in intervals of 0.02 in 

a and b (Fig. 17). The interval for a is reduced to 0.01 in the third 

step. The diagram shows that the minimum is close to a == 0.71 and b 

0.24. The final determination is made with the aid of crossplots. Fig-

ure 18 shows .Q as a function of b for a == 0.71, and Fig. 19 gives Q as a 

function of a for b == 0.24. A reasonable inte~polation based on Figs. 17 

to 19 furnishes the final result 

a == 0.711; b == 0.246; q == -3.6359 

It is seen that this crude'method gives a quite definite and accurate 

result. The price paid for it is high. " Although Table 13 shows that the 

computation of each point in the chosen arrangement can be performed 

quickly and with a low risk of error, it is the number of points required 
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Table 13. Calculation of Q. 
a 0.4 0.6 0.8 

b 0.2 0.2 0.2 

n =l-a-b 1 
0.4 0.2 0 

n2=2-a-2b 1.2 1.0 0.8 

n =a 
3 

0.4 0.6 0.8 

~ n4=3a+4b 2.0 2.6 3·2 
n =b 

5 
0.2' 0.2 0.2 

L:n.=n 4.2 4.6 . 5·0 
J. 

Yl 0.095 0.044 0 

. Y2 0.286 0.?17 0.16 

Y3 
0.095 0.130 0.16 

Y4 0.476 0·565 0.64 

~5 
0.048 0.044 0.04 

log Y1 -1.022 -1.357 00 

log Y2 -0·544 -0.664 -0.796 

log Y
3 

-1.022 -0.886 -0.796 

1ogY4 -0.322 -0.248 ~0.194 

log Y5 
-1.319 -1·357 -1.398 

nllogYl -0.409 -0.271 0 

n210g Y2 -0.653 -0.664 -0.637 

nlogY
3 

-0.409 -0·532 -0.637 

n410g Y4 -0.644 -0.645 -0.621 

n
5
10g Y

5 
-"0.264 -0.271 -0.280 

L:n.log Y; 
J. J. 

-2·379 -2.383 -2.175 

a(!:::GO/T) a -2·574 . - 3.861 -5.148 

b (!:::G<Fo/T) -1.433 -1.433 -1.433 

L:(t£P/T) -4.007 -5. 294 -6.581 

QO=1'j2.3R -0.876 -1.157 -1.438 
, 

Q =t+L:n.1og y. 
J. J. 

";3. 255 -3·540 -3.613 

that . makes the computational burden heavy. But the method can be 

advantageously used in a simple computer program. Of course, the comp1ica-

tion increases rapidly with the number of simultaneous reactions under con-

sideration. More elaborate procedures of finding the minimum of the total 
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free energy will often be considerably more efficient . But the inherent 

danger of the existence of several relative minima increases with the number 

of reactions. There may be a point where plain mapping rather thana high 

sophisticated procedure leads to the most reliable results. 
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4. Appendix 

The Program Es68z 

41. General Scope 

The program Es68Z - Equation of State 1968 can be used 

for the computation of the compressibility factor Z = pv/m for pure sub-

stances. It is based on the equation of state by Redlich and Kwong, 

modified by the addition of a third individual parameter. 

The program Es68z is written in Fortran IV. It consists of the main 

program Es68z and the subroutine VIETA. 

The mein program Es68z can be divided into four major parts: (1) Input 

and Preparation, (2) Main Cycle, (3) Approximation Cycle, and (4) Results. 

The data cards to be introduced are: (1) the. Title Card which state s 

the title of the problem. The integer KCL controls intermediate quantities 

to be printed out. MCL is used to indicate the kind of experimental data 

to be read in. The experimental data may be given as compressibility 

factors Z; if PV, volume or density are given, the program converts the 

data toZ. WOM (molar weight of the sUbstance) is punched on the Title 

Card when the observed data are expressed in mass or volume units instead 

of molar units. (2) Experimental Data are given as Z, or PV, volume or 

density. A blank card follows the last data card. (3) the Substance 

Card gives the name of the substance, the critical temperature (TC), 

pressure (PC) and compressibility factor (ZC). The last quantity LAA 

controls the number of approximation cycles desired. (4) the. Temperature-

Pressure Schedule Cards allo¥ a variety of prescriptions for different sets 
I 
i 

of temperatures and pressures. The T-schedule provides for sets consist-

ing of a starting temperature TL and an arbitrary number of higher tempera-

tures TL + DT, TL + 2DT, TL + 3DT, ••••• at equal intervals. The 
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P-schedule may follow one of the three schemes: (a) starting pressure PL 

and any number of higher pressures PL + DP, PL + 2DP, PL + 3DP, •.•.. 2.:. 

equa~ intervals, (b) starting pressure PL and any number of pressures of 

the amounts 2PL, 5PL, 10 PL, etc., (c) s'tarting pressure PL plus any 

number of additional pressures read in on cards following the ,Schedule 

Card. Several sets of T-P schedules may be put in provided the totaJ 

nl101ber of points (product of NOT and NOP) does not exceed 500. Any posi-

tive value for KS in the schedule card means that another schedule card 

follows. The last schedule card carries KS = O. Calculation for a new 

substance can be prescribed simply by adding a new complete set starting 

with the Title Card and so on. A card containing KCL = -1 will terminate 

the computation. 

The data are to be given in arbitrary but co'nsistent absolute units 

throughout, e.g.,_ all temperatures in oK or oR, and pressures in atm, 

pSia, etc •. The output is given in the same units. 

The program can also be used for computations starting from the 

reduced variables Tr and Pro In this case, both T and P are set at 1 
c c 

and T and P are introduced wherever T and P are prescribed. 
r r 

The subroutine used in this program is VIETA-MODIFICATION 4 to solve 

the general cubic equation. This is a modified version of a SHARE routine. 

The solution gives any of the three cases: two equal roots (MrYPE=O), two 

complex roots (MTYFE=l) and three real roots (MTYFE=-l). ' 

42. Outline of the Program 

The first part (addresses 101 to 199) takes care of the input 

and assigns a point number ME to every experimental value .ZE and the cor-

responding values of T and P as prescribed in the T-P schedule. 
r r 
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In the Main Cycle (addresses 201 to 299) the computation of ZE is 

carried out if ZE is given by data for density, volume or PV. The results 

of the equation of Redlich and Kwong and several coefficients of the modi-

fied cubic equation are computed. 

In the Approximation Cycle (addresses 301 to 399) the coefficients 

A(2), A(3), A(4) of the modified cubic equation are computed. The sub-

routine VIETA furnishes the first results, which are fed-back~ The final 

result is mixed with the result of Redlich and Kwong if T . > 1. In this 
r 

case also the deviation function DC is computed and added. 

The last part (addresses 401 to 499) takes care of the main output . 

and of the return to a new problem. 

In the following the symbols used in the text and in the program are 

coordinated. 

Symbols Symbols Equations 
in Program in Text in TeXt 

AC A 2.6, 2.8, 2.10, 2.11 

AK A,2 2.1, 2·3 

BC B 2·7, 2·9, 2.10, 2.11 

BK B' 2.1, 2.2, 2.4 

D Dr 2.17: 2.18 

DC ZD 2·32 

GG G 2.14, 2.15, 2.16, 2.21 

GL L 2.13, 2.15, 2.16, 2.20 

PA P 

PRR P r 

QZ C12 2.30, 2.31, 2.33 

TK T 



" 

TRR 

TT 

U 

UF 

UG 

v 

VF 

VG 

W 

WA 

WE 

WF 

WG 

ZF 

ZFK 

ZG 

·ZGG 

43. Input 

1. Title Card 

Column 

2-37 

38-39 

40-41 
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T r 

T3 2.32 r 

C
5

, 2.21, 2.25, 2.28 

C10 2.25 

Cll 2.25 

C4 2.21, 2.24, 2.27 

C8 2.24 

C
9 

2.24 

C1 2.19, 2.20, 2.23, 

C· 
2 

2.19, 2.20 

C
3 

2.20, 2.22, 2.29 

C6 2.23 

C
7 

2.23 

Z 2·33 

ZK 2.31, 2·33 

Z 2·31 

~ 2·31, 2.33 

Title of the problem~ 

KCL = Print intermediate quantities: 0 no print 
9 print 

2.26 

-1 termination 

MCL:Experimenta1 data 
. If MCL = 0: no data; 

MCL >0: data. 

,.. 
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44- 53 (4 dec.) 

54-63(4 dec.) 
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If MCL = 1, data are give~ as Z, but 
if MCL > 1, data are given as PV, 
or volume or density. , 

NPC: Reserved for punch control (not included in 
the program). 

WOM: molar weight (if required for the computation 
of experimental Z). 

ECL: not used in this program. 

The following list shows the values of MCL and WOM to be used when the set 

of experimental data is given as PV, or volume or density; WOM = 0 when 

the data are given as Z. 

Units MCL WOM 

for P for T for volu.rne 
or density 

atm oK amagat 2 

atm oK cm3/g 23 

atm oK g/cm3 21 

atm oK lit/mole 23 

atm oK moles/lit 21 

mmHg oK lit/mole 3 

psia oR cUft/lb 33 

psia oR lb/cu ft 31 

psia oR eu ft/lb-mole 33 

pSia oR lb-mole/cu ft. 31 

2. Experimental Data (6nlyif MCL ~ 1) 

Insert any number of cards up to 499. 

Column 

2-10(4 dec.) 
I 

ZE: Experimental value of Z orPV or volume or 
density. No card with ZE = 0 is allowed. 

o 

MW 

MW 

o 

o 

o 

MW 

MW 

o 

o 
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The last card is followed by a blank card. 

3· Substance Card 

Column 

2-24 

25-36(6 dec. ) 

37-48(6 dec. ) 

49-60(6 dec.) 

61-62 

Name of the substance. 

TC: critical temperature in any absolute units. 

PC: critical pressure in any absolute units. 

ZC: critical compressibility factor. 

LAA: number of approximation cycles~ 
if LAA = 0, computer sets LAA = 40 
if LAA >0, computer sets number of approximation 
cycles LA = 1AA + 10. 

4. T-P Schedule Cards 

Column 

3-4 

5-6 

7-8 

9-20(6 dec.) 

21-32 (6 dec n 
33-44(6 dec.) 

45-56(6 dec.) 

KS:' control 
KS > 0 indicates that the schedule card is to be 
followed by another one, while 
KS = o means that the schedule card is the last in 
the set. 

NOT: munber of temperatures to be introduced. 

NOP: number of pressures to be introduced. 

TL: lowest temperature to be introdu,ced, in the same, 
unit as TC. 

DT: temperature increment in the Same unit as TC. 

PL: lowest pressure to be introduced, in the same 
unit as PC. 

DP = -1: pressure schedule is PL, 2PL,. 5PL, 10PL, 
etc. for NOP pressures. . 
DP == 0: schedule is given by PL and the following 
NOP-l additional pressure cards. 
DP > 0: pressure increment for NOP pressures in the 
same unit as PL. 

5. Additional'Pressure Cards 

NOP - 1 cards (only if DP - 0). 
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6. A complete set of data cards starting with the Title Card may be 
put in for a new problem. A new count of point s (up to 499) start s. 
A card containing KCL = -1 in col. 38-39 terminates the calculation. 

44. Diagnostic Options 

A diagnostic option KCL is provided at the end of the approxima-

tion cycle. If KCL =: 9 several intermediate quantities will be printed 

out. (Format 20). 

The first three colunJ.rls contain the number ME of the point and the 

reduced values Tr and Pre Then follows QZ, the mixing factor (C12 ) for 

supercritical temperatures. The value ZFK obtained by the equation of 

Redlich and Kwong is given, then the experimental value ZE. The follow-

ing column contains the value ZGG obtained by the solution of the third 

order equation modified by the functions Land G. The value ZG is obtained 

by mixing ZFK and ZGG as prescribed by QZ. The next column contains the 

final value ZF for the first phase obtained from ZG by addition of the 

deviation function DC (following column). The last column cbntains the 

numerator UP of DC. 

45. Output 

The first line of the output reproduces the Title Card. It is 

followed by the Substance Card and the T-P Schedule Cards. 

If the solution of the modified cubic equation is not obtained within 

0.0004 (in Z) after LAA approximation cycles, the computer prints (Format 

17) the number ME of the point, the number JA of the approximation cycle, 

the phase distribution MTYPE of VIETA (-1 three phases, 0 critical, 1 a 

single phase), the factors of the cubic equation (input for VIETA), and 

its Toots (output of VIETA). 
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The main output is arranged in tables for each set of temperatures 

and pressures. Each table starts with the following heading: 

ME Number of the point for each problem. 

TK Absolute temperature in oK or oR. 

PA Absolute pressure in atm, psia, etc. 

TR Reduced temperature. 

PR Reduced pressure. 

ZFK Z obtained according to Redlich and Kwong. 

ZE Z ob served. 

ZF Z calculated. 

DF Difference between ZE and ZF. 

The printout for the first phase of any point may be followed by a 

line for a second phase. 

ZSK Zfor the second phase computed by the equa.tion of Redlich 
and Kwong. 

ZE Z observed. 

ZS Z for the second phase computed by the present modified equa­
tion. 

DS Difference between ZE and ZS. 

If the. final Tesults from the computations. do not converge within 

the tolerance of 0.0004 or due to some other reasons, the computer prints 

some number between 9.0 and 9.9. 

The following is a list of the numbers which may appear in the main 

output rather than the actual result s. obtained from the calculation. 

Number Quantity 

ZF ZS ) 

Reason 

LA cycles do not satisfy the 
tolerance of 0.0004. 
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f Number Quantity Reason 

9·1 ZF, ZS ZFK < o. 

9·2 ZF, ZS ZC (as given in the input) 
> 0.333· 

9·3 ZF, ZS T < 0.721-r 

9·5 ZSK only one phase is obtained from 
the equation of Redlich .and Kwong. 

9·9 ZS The final calculation leads to 
a single phase. 

At the critical point (and very close to it) the subroutine VIETA 

is insufficient. In this case inaccurate results are printed, not indi-
tf 

cated by a printout of 9~0 or higher. 

46. Phases 

Since the present modified equation of state is of third order, 

it may furnish one or three real solutions for Z. If the equation fur-

nishes three real solutions, the computer prints out the highest root of 

Z as the value for the gaseous phase and the lowest root as that for the 

liquid phase. 

The present program does not give an indication of which of the 

phases is stable. This decision can be made only after the computation 

of the fugacity coefficients (The calculated fugacity coefficient is 

higher for the metastable phase). 

47. Convergence 
I 

The computation of Z from the modified cubic equation is carried 

out by a step-by-step approxima.tion with a damped feedback. The calcula-

tion stops either after sufficiently converging to the result or after 

completing a prescribed number of cycles LA without converging. The 

number of approximation cycles set without special instruction is 50. 
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More cycles can be prescribed if desired. The computer prints out the 

intermediate quantities for the last 10' cycles. As mentioned in Sectiori 
\ 

44, the computer does not print out the results in the main output if they 

do not converge except due to insufficient approximation of the VIETA 

feature; the number 9.0 is printed out instead. 

To start the cycle, the Z value obtained from the original equation 

of state by Redlich and Kwong is used for the first approximation. 

Oscillations of the results are suppressed by feeding back into the 

computation the sum of the last result multiplied by QIN, and the last-but-

one result multiplied by (l-QIN). The damping factor (l-QIN) of the feed-

back (influence of the last-but-one result) is increased if the last two 

changes of the result go into opposite directions, it is decreased if the 

steps go into the same direction. 

48. Program and Examples 

In the following the complete program Es68z as of 13 September, 

1968 is reproduced. 

Calculation examples are given for 

Pitzer's Tables for acentric factor 0.0 

Benzene (Sage and Lacey, 1955) 

I-Butene (Sage arid Lacey, 1955) 

n-Nonane (Sage and Lacey, 1955) 

Sulfur dioxide (Kang, 1961) 

Hydrogen sulfide (Sage and Lacey, 1955) 

Amm,onia (Beattie and Lawrence, 1930) 

Carbon dioxide (Sage, and Lacey, 1955) 
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Helium (Landolt andB6ernstein) 

Xenon (Beattie, 1951) 

Hydrogen (Landolt and Boernsteinj Bartlett, 1927) 

Nitrogen (Smith, 1923j Bartlett, 1927) 

Oxygen (Michels, 1954) 

The critical constants T ,P and Z for each substance are either 
c c c 

obtained from the quoted source of the data or from "International Critical 

Tables (1926-1930) or "Selected Values of Properties of Hydrocarbons and 

Related Compounds." 

The arrangement of the output tables has been discussed in Section., 45. 

References A, B, or C have been added to some of the output lines at the 

right hand side. They represent the following comment s. 
i 

A. The result of this line refers to a metastable phase. Usually, 

though not always, the stable iphase is presented in the preceding line 

(gas) or in the following line (liquid) . 
I 

B. The calculated results for Z in Pitzer's Tables are 0.288 and 
c 

0.313 although the values 0;.291 and 0.251 have been prescribed in the 

input. The subroutine VIETA cannot strictly handle the critical pOint. 

The error appears to be magnified by insufficiency of the approximation 

procedure. It is advisable to replace any output by a proper comment if 

both T and P are between 0.995 and 1. 005. This has been avoided in the 
r r 

program so that the effect is demonstrated. 

C. The. input data result in T < 0.721, excluded according to 
r 

Section F5. 
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1 r.311.C:=l·. . --·l::,S-·Rf.AU-Yj-;-Zt: (f.,f-)----.---------.----.-.--.-------.------.-..... . 
. _. ____ .IF:...-' n. (.!4E1J __ !:.l ~)i'-6.~J.3J_. ____ ... ______ .... ____ .. ____ . _____ .. _._._ .... _ ... __ _ 

131 I~F=~it:+l 
_____ ._G.Q . .:rO .. JII.S ______ ._._ .. ___ ·. ________ · _______ .:_ .. __ .... __ ._._. ___ .... _ .. __ ..... . 

le& MZ=~f-l . 
__ ._ .•.. 1 F.. __ (.'·;CL -:2 .Ll.0_4_.J..t.I._lJ).8._._~-,-_ .. ___ . _______ . __ ._. _~ . __ •. _._. ___ .. __ ... ___ ... _ 

le1 ~vU:O . 
GO TO 1·j4 ----1 f;li-- p"r:=" 0"; (i-I t,-C';:i7- -.-.- - ------------.---------_. ----.---.--- -_.-

____ . __ .1 t. .J_i~ii'!t_I.32_!.132 .J33 ___ ._. ______ ._~. ___ .. , ______ ... _. ____________ . ___ . __ .. _ 
132 I"(,M: 1 • (j 

__ 13 .3. ~('\N} I 1~1Je:_._. __ ._. ________ . ______ .... _ , __ ~-'-.. ___ . .:-.. ____ ._ . __ .. _____ ._._ 
~vb=-l . 
IF (;lCL-211 It·4.109.1C9 

---li:9--~'~Ji)=22-i.icL-·-- .--------.----.. -----.. ---.. -.-----.. --.--- .. --------.-... 

IF 1~OM-l.C) 110.11~,11i . .. . --iY,,-- R~';12. i 871 ... -- - ...... - ... - . -.--- ---.------.-- -.--.... ------ ...... --- ..... --.. --.- .. ---... .. 

Go Tn 11;> . 
-Tfi··I';.;,;('~(,12ifi7i-·-------·---------------·----;-·-- -....... -._ .. - -.... 
__ "ll2IFJ!·ICL-:nl.l.:.'I._,1.13, 1 i.3 __ .-.---·-.----.. __ .... ___ . _______ ... _ ........ ___ _ 

113 ",,·=fI.()f:I:31E,+ 
M,U=32-MCL . . . . 

----1'i46:!~jTti'iuE.·---------------·-·---.--·--------.. ------.. --.. --.. --.-.. .. 
____ PFr.~._) .. _,.(;;lId_'r'.) .• >l=l. 4.), TC.yC, ZC.LAA. __ ._. ___ ._· _____ .• __ . ____ ._ ... _. 

PWINT l~,(SU~{~),M=!,q) ,lC.PC.lc.LAA 
P;;}NT 12 

----~--A'~:;;ZC"lC 1r;~2'599-2I(~-------------------------... -------- ----- .. - --.-.... 
____ .. t:,,:..:.~ .• ~.5~~2.1.:;2~?f ___________ .. _. _____ ,, _______ ._ ... ___________ _ 

K=l 
~l(=r· 

--1-14-kE.-Ai)"·i5:K-s~ M) r;i~u'p-;-i c;·o T ~'Pl' ,-OP----------·--------·---·-.. ·--·-·-
___ ~_.P;::l ~!T .. l", K.S ,I,OT. ~jOP, TL, Or .F.'L ,()P ___ ._. _____ . ___ ._~ ___ .. _. __ ... _______ . 

P(I)=PL 
. __ Jr=2. __________ .. ____________ . __ .. _._ .. _____ ~_ .... _ ... ______ ... _. ___ .. _ .. _____ .. _. __ ._. _" ... 

IF (iIF') 11">,llf,.lI7 . 
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___ 11 SP.(JP)=P (JP-ll tl2 .0 ____ .. ___ . __ . ___ ._._. __ . __ . ____________ . __ _ 
JP=JP+l 

_________ . If (JI.i~:~OP) 116,11 b, 119. ___ .~ _____________________ . __ . ___ ~_. ____ "_'_.,. 
11~ FIJP)=PI~P-1)02~5 

____ .--.. -.J!'=JP+L- .. _. ___ .. _______________ . _______ . ______ ~ ___________ .. 
IF (JP-'.OP) lU .120, 119 

___ 121LP_(JPJ=P(Jt'-1>_tl2.C!: ___________________ ·.c_~. ___ ~ ____ . __ . ______ " 

JP=JP+l . 
___ . _____ If ._.(JP.·i~0P>" 11·5,.115, 1 :.9 .. ______ .. ______ . __________ · _________ ._._. __ ~._. __ . 

121 RE~O 16,P(JP) . 
________ PRINT._J6 ~t? (JpL ___ _ --------------_.--------... _-------- ,,_. 

J"'=JP + 1 
____ .116_1 F __ I JP-N(If> >-'J 21 ,121 ,119 ___ ~ _________________ . _________ , _____ .... __ ._. __ _ 

111 p(JP)=P(J~-I)+UP 
______ JP_=JP.l. _____________ ~ ________ _: ____ .. __ ._ .. _________________ ... _. _____ . 

IF (Ji>-NuP.) 117, 117, 119 . 
___ J 1_9 __ C0r~J !f\jVE_. _____________ .--.---------___ . __________ .. ____ .. 

00 122 J1=!,~OT . 
____ ~ _____ ... T=FLOA1(JJJ __ ~1.o] _____________________ .. _________ . _____ . __ _ 

lJO J 23 J')= 1 • i~OP 
_. _____ YE='~x·(Jl-l)!li,(,.p_+JQ .. _____ _ 

TM(~E)=(lL·HToDt)/TC 
___________ f>_~J:"'of.. )'?.P J_J~~JLr:.C ______ ~ _______ .. _____ .. __________________ .. __ . _______ _ 

123 cnNTINUE . . 
__ . ____ .. 122 __ C.t:i'>IUNUE ___________________________ . __ . _______ .. _______ ._ .... __ . 

n;,=';X.f"OT<.r~op 
__ -. __ IF_(KS)_12 4 , 124, 125 ________ ._ . ...:.. ____ . ____ . ___ ~ __ . __ . ____ ._. ___ . ____ .... ___ ._ 

125 k=K+l . 
. _--- . ____ G0 J.(l_ ... 114 _____ . __ . ____ ~ ________________ . _____________ . ___ . __ ._. ___ _ 

124 IF n_AA) 126.12().127 
____ .126_Lf,A=toQ ______ · __ . ___ . ___ . _________ . ____ . ___________________ :... ___ . __ ._ ... ____ . _____ . __ ._ 

127 LA=LAA.l~ '. 
_____ :._IF_('·,Z~;·L~)_12d,i29,129. _________________ . __________ . __ .. _______ ._ ... _._. 

128 ML=~Z+l . '. . 
____ . __ O_li __ 1.3_"_ ~ll:.=~ll-'_~_X _ ___C.. __ c ___________________ ~ _________ ~_. ___ -' __ , _______ _ 

13r. ZF 1"'€1 =0.0 
__ J29 __ CI)!'Jl~I)E. _______________ . __________ .. ________ .. _, ____ .. ______ :. ________ . __ 

A (}) =1.0 . 
• __ ~ ____ F.( 1 ) = 1 • Q. ________ •. ___ ..:. _____ ••• ____ . ______ . ___ .. _______ .•. __ .. _. 

E(2)=-1.n . 
_____ . _____ Pyl·',L 1_2. ___________ . _________ . _. ___________ . __ .. __ , _____ . ________ . 

C 
__ C _____ . ____ .,., ,:. I N .. _ CYCU:_..: _________ --'-__ . ____ _ --______ 0:-____ --_._--- _. __ 

['0 2-'1 '-'E=l,;.;X 
_____ .Tf'R:TR (~T' 

TIJS=S,I<T (TilR) 
______ liJ=TKt-i~l. 0...:. _______ . _________ _'_._ ... _________ . ___ ._. __________ .... ________ .. __ _ 

f'Rk:Pk (1JoE) 
__ . ____ 11::_( "'CL~2 L202 .?Cl3,2f)!+ __ . ___ _ 

2r3 Zf(M~)=lE(ME1*213.15/(T~~OTC) 
_________ (-0_ IO __ 29.2 ____ . ___________________ '--__ ~ ___ . _____ . __ ... ____ .. _____ _ 

21.4 IF ("VD) 2f,s.2r.3,206 
___ .21~6 ZE (;"E )=} • ·)/ZE (~'E:l._._ .~ ____ .. ______ _ _____________________________ ._ .... __ 

205 If(~E)=HR*d0~OZE(ME)OPRROpC,(TRMOTC) 
__ . 2 (\ 2 _ C ~NT1 lJUE ________ . ___________________________ ._. ________________ _ 

OIN=ljO . 
__ . ___ .IF:_( Tr1K-l • ('2)._.209, 2C9_.21O. -----------_. __ .--_ .. -

.210 UZ=l.C-Exp(-n.PS/lu) 
2r;9 c0r~.Ilrlu~ ______ -'-'..::.... ____________________ . ________________ . __ .. 

c R .~OK . . 
A.=~.427k*P?k/(TRROTRROTRS) 
.~" =0. OlH:>t> ,0;: "K/iRK . --- --- . 



..... _ . __ ....... ____ .. __ .. _ .. __ ._ .. __ . _______ .. _ .. ___ ._ .. _-54~ .. 
. . 

E(3)=AK-Rk*ll.D+HK) 
-------·tj4)=-AKftHK . -----.----------

_. __ . __ CALL. vJETA.IE,Y.,.t:I.TJ. 
ZFlQ:·1n =Y (1) . 

.~------------------.-- .. --.. -.----.--. 

____ c I LJ."IU.ZLt".,211.212 ___ . ___ . 
211 ZSK (1.,t) =Y (3) 

GO Tf) 213 . 
--"2-)-i?i'j-;';'(I't:.) =9·:"5----------
_ 2.l.3_C()I\oU ~U€ ___ ._. ___ . _____ . ___ . ___________ . _______ . ___ . ____ . ______ ' ... 

At=AA*~~R/(THH*THM*TRS) 
SC=8QoPRR/TAR . 

----. --·---l'[I,= I To 0 +~. 1 o Th"-;:;-Yo iT:c;~·;;~ii-ip-R-)------· --------.----- .. ---- -- ... ----- --
. W=O.1/(1.0+2.060TU) . . 
---.-- V';l.lS* I 1. f,+c."boTU-)7ot-N'"'----------------------·----·-----
____ U=r..1 (13 0 t1. '.1+3. <;'}*1 ') IOEN. ____ . _______ ------~---------o------.. --.. 

h'=EXpI2.3;~5g*(1.0·3.noZC)/W)-1.0 
____ Z~_!JJ.=.rJ_t> ________ ._._ . 

c 
_~ ____ :i:~_~~9..xji~_tJJ.~~_!.._~_yCJ:._E ________ _ 

DO 3·,1 ,.II\=1,LA 
___ . ____ IF _.Il A(.J .\) .1...322..3. 0 2 .3.Q ~ __ . ________ . __ ' ___ '_' __ .. ; __ : _'- '_'_ . ___ .... _ 

3,:'2 LF(~:O=9.J 
_____ ZSJ'."t:L:::.9_ • .L _____ _ ----.----------.----------.. --.- .. 

GO TO 2Ql . 
303 D=PRHOZC/(TRHOlA~JA» --S';Uu(j. C..:t.i~(3 ~ 0':':[;)-) ----------- .-------- .---...... ---.----.-.- .... 

___ ._(,LL=1 •. O~.;-I II <15_ ... _ ._,_, __ , ___ ._. ____ ._. ____ . _____________ • __ ..•.. __ .•. _. ______ . 
'IF (GLL). 3;:4,3~4.3()5 

3.;4 IF'(~:E)-=9.2 
---- ---is'F'E-i;'9-:;:i---

be To) cOl . 
--3;;5-GL,;~,,(>t:Lot,i~ (HLU-------------·-·------------· ----.--- -- --.----
_' __ .. _._.I.~:_.(S-1_~.G) __ :jC6. :SO}" 30t .. -:. __________ . _____________ ... _'-_. _________ . _. 

3 A6 W~=1~43/(T~k<lT~S)~1.32 
. GL=GLo I,yf.!+·( 1.:f·-~,~IIlS) 
--:J1:1-",j;';1 ~-0'+\J*sus<lTs~f~ r.-'-i'-f';-T~~-i 

IF ((.LG) 3(;U."OH':S09 
------j~-8·: "IF",i·iE) =9~··3 . -_ .... _"' . __ . -----.----------- --.--_._--------"'--- ... ---- .-_. -
___ ._ZS('.~Et=:.9_. ;3 ___ ~ ___ .. ____ ,...: ___ ._. _____ . _____ ~ ... ____ . __ .. __ .... ___ .. -__ __ 

. 60 TO 2~1 . 
319 GG=v(>AL!Gl~(GLG) --------A(2i;;GC::;·}-;() ------------------.,.--,--------------------.-... ----------.-, . 

A(3)=ACU(i.~-GG)-bCIl(I.n-GL+HC) . ------A( ~-,_;-.:.AcoFiCo( i. ;'':'-GG-'-- --------- --- .. ----------------------- ---------- ... 
CaLL VIETAfA,I,MTYPE) • . ------li (:i,ti-·'LAA j 3 i i~ 312 .3'i'j---·-----------------------·~-.. ---- -.-. 

313 FillflT 170r·;E,JA,r,~TYpE. (A(f,l),r:·,=2 • ..).(lC(N).N:l,3) _____ __ -----jfz--ZG If":U';'-£(fi- .. ------ ---- .. ----.-- -------.-.----~---.- ----------,----
IF (AbS!Z(;(f.l£)-ZA (JAI )-0.(,OU4) 31 4 ,375.325 . __ _ ----32S--tfC-T:c4.:.1 ~ i -315.3 IS ,3ii . --.--------- ..... ----------------------,--

__ ~.2CI!! ".= (X. (p·l" (J/\) )(> (Z AJ.JAl..:Z AJ JP~JJ.. _________ · ______ . _________ , ___ . 
IF (I)lS) 322.322,323 

322 QJf'i=~; .'1°r;l11~ _______ ._ ---- '-G;~Tn 315 -.---------------.--- ------------. ---
323 Qjl,=QIN/n.9 - ______ _ 

--- --Iii (Ofi~';;\ .--T3i5~-315~ji4-----------------------

3240J"'=1.0 
--31 b -Z~-(jll; l);-(.iII:;4i7.GII-iEl-;IT;"ii:aT;:j~i~(JA) ---" ------ .. -..... 

3~1 (r)!~TINUE ----- ---u (~-'U ='9~O------' ----- ----------------- ----_._--

. . Z S ( "E) = 9. li ______ .. _____ . __ .~ ______ . ___________________ . _______ ._. ____ " _. _._. 
----"----G" T{)-2(11-------



__ .. ------.~-.----- ____ .. ___ ._. ___ .... -:-_~_~._. __ ._ ... .':5~ __ ._._ . __ ._._ .. _ ... __ .... _ .. __ ... _ ._. ___ " __ " 

___ 3.t4_Z(3b ('~E) =7.(.(~lE) .. _____________ . ___ ._~ _______ . ______ ~ _____ . __ ... __ . _. 
IF !T~R-l.()2) 31~,3)(1.31l 

_31 LlG (.':lE)=ZF."(!1E>_·I.iZ~ (lGG (t~r.:J:.ZF.K (MEl.) _____________ "--
31 (l CO'~TI I~UE 

_______ If._(~\T YPE) _316,31.7 .• 317 
3.17 £S("'E)=9.9 

_· ___ GO __ Tt:L3HL 
316 ,Zsl;',E>=X(3) 

_. _~.JDC.=_I) .• (L _______ _ 
318 IF (T~~-1.~2) 319.320,320 

__ 32_Q_-'J=IRR .. T~R"l~.Ii ___ . _______________ ·· _____ .. ____________ ._. ___ . __ 
. U~=(3.2dl-ll.lcOZC)OITT-2.6oTU+(14.36~lS.OoZC)oJRR-6.7Q+21.30ZC)O 
___ ,tS~_~.T-'!:'R~)J. ______ . _____________ . ___________________ . __________ ._ 

DC~UPoTU~P~A/(TToTT.~.4oP~Ro~RR) , . 
__ 3.1 .9.Jf. (I~F.:)=. ZG(~'!E 1 .. +_PC_. ______ _ 

JF (KCL-q) 2~1.326'20] 
___ 32LE~ l"']'_~C_,!:!_~_'J}iR '!.fB~ ,.QZ,_ZfI5Jt·iElj ZE ([11::" ZGGJ_~EJ.,ZGJ!:1J:.1 ,Z£l~E)J OC, u.~_ 

2r.l CoNTINUE' 
__ C ______ .. __ . __ 

C P~SUL1S 
. P~INT 12 

-----j.>Rlt·~.,.-21-----

____ QJL4_~L~,!E_:: t. MX 
DF=C'.O 
0,=0.0 

-----TK-~ff./Il.iE) oTe 

.---------------. --. ---.---

---~------------ -----------------
. PA=~R(MEjopc . 

---j F -. c·z': (i"E~; ~9-:c.;-~ 402,403. 4Q3 ---------........ 
____ .4t,2_.t'f.=lEJ.MF.J ~ZF_(~i~) ________ . _____ , ________ .~ ___ .. _____ ._. __ .. .. ____________ . ___ ._ 

4~3 .... dNT 1 b .... r.: , TK,PA,TR I11E) ,PFi (I~E) ,ZFKp'E) ,ZE (~lE) .Zf'(ME) ,Of 
__ . ____ IL.IZS (11EU _,+01 ,,.01 ,4(16 __ . __ . __ ~~ ___ ._. _. ____ . _. ____________ __ 

4C6 IF (ZS(ME)-9.r) 405,401,401 
___ 1t!)5_)'S=7£ (I>i().-ZS 0"0_. ___ . __ . _________________ -, __ 

PRINT 19.1SK (t'IE) ,IE (!-IE) ,ZS(~if) ,(;5 
4~1 C(;l~TINUE - --- .. --'fi~-AD- .. i 1··~-·(1-I-T~4)-~-~,-;)~;6T~·KC-L-;-~;ci_;~pc-.-wO-:i~-ECC-· -------.---------

______ 1 f __ J.I<_C.t,:L_9J.J!'J.'JQL __ . ________________ ~ ______ ."._. ___ . _____ .. 
99 STOP 

____ I~J.u"-___ _ ---...,.-._----------------_ .. _. __ .. -
C 

--------_. --------_._-----_._-----
. . _._-----------------_._------------------_. -_. 

------_. -----------------_._-_._---'. __ .--_ .. _-_._._-------_. -- '"' 

-----_._-;-------,- -
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---'----'---',". . ..... _--_ .. _- -----.- ... _- - .•.. "'- ._ .. ---.-
SU~ROUTINE VIETA (A. y, ~l~PE ) 

___ CV". . ____ .5CLIJT 1 Of,. OF THE. GEI\J[R/II. CUB 1 C [QU'\ T ION ______ .. _ .. _____ . _________ . 
C A(11*~**3+Alcl*~**2.AI3)*Y+A(41=r. 

_._C _____ -- '-l TIiOl.lTCU,1Ek TF.. liS HJF • _ACOSF ,_.FOP_GENER_AL_USE _____ . _____________ _ 
DI~IEIJSION AI'!·), ijl31, y(3) 

__________ h (1 1_= A (2 I /:q lJ _________________________________________________ .. 
BIUV3 = 1"111/3.0 

_____ ._.H (2) .= A (3) / A (ll _______ . __ ... __ ._. ___________ ._. ________ ... ___ .. 
IH31 = AI41/A(11 

_____ . ALf _=JH2)_ -, B I 1l*810V3 ________________________ ..... ___ . ___ ._. ______ · .. ___ . 
BET = 2.!*blov3**3 - BI21*~lOV3 + Si3) 
BrloV2 = BEl/2.e . ---------AU:Ov3 --,:;-fll.F 13 .c----·----·----------- .. -----·-------·---·---- ----- -.-

_____ C'.)II OV3 _': .. ALFOV 3~!3 __________ ._. ___ ._. ______ . __ .. ___ . ______ . __ .. _____ ... 
SObOV2 = bEl0V2**2 

_________ D£':L __ =_ S'jWlV_2 _ ~ CUAOV3 _________ . _______________ . ______________ __ 
IF (GELI 4,),2{'.30 

-~-- ---- --.---- ~----'. --------- --------.- ---.---.-:--------~-----------.--- ... -- --- .. _._. 
C ~TYPE=0 TNO HOOTS EQUAL . 

~ ..... _ ... 2Q YTYPE .. = .. () _ .. _____ .. _ .. _ ... ____ ._._ .• _____ ..... __ .. _ .. _______ ._-' __ ._. _____ ._.:...._ ....... 
GAM = SQ~TFI-ALFOV31' 

_________ .... 1 F_I "lET). 22022_.21. ___________________ . __________ .. __ ... ______ . __________ .. 
21 YIII = -2.,.~AM -Slov3 . 

_______________ Y_ I 2 )_= .. (;c.:;_~ __ ~ ___ ~l_r.~v.~ _____ ._ _ ____________ . ____ .... ______ ---. ____ _ 
y 131 = YI?) 

__ .. __ .... _ ... Gc _ T. ()". 50. ___ ... ____ ... __ ...• _ ....... _______ ._._. ____ . ___ . ___ ......... __ .•. _ .... _ ..• __ ._ .. _ 
22 y,l) = 2.(*GAM -SIOV3 

.... _______ y( 2 L.= _.::'G .... I.<1...:-.t3} OY3 ____ . _______ . _________ . __________ ._._. ________ . __ ... ____ .. 
YI31 = Vl21 

_ .. _____ ._. ___ J;c __ T 0 _5(1 ________ . __ .. _. __ ..... ___ . __ . _ ... ___ ..... __ .. _____ ._. ____ ................. _ ... . 
c . . 

_ c ____ .... y·T Y PE= l __ h..o __ COi1.f'LE.LFl(lO.lS ... _. ___ .... __ ... __ ._ .. ~. ______ . _____ ._ .. _ .. ___ "._ ._ .. 
3a MTYPE = 1 . 

____ -'-_ EF.~ _ =._ SQ';!LI I)_EL..I ____ .. ___ . __ . _________ , _______________ .. _ .. _ 
TtU ~ -6El0~2 . 

.. k(U=TAU+E~S .' 

~~~.~:~:~.~~~~t~-~~~ps~~.~_~_=_~_=~ __ ==~~~:~~~-_-. _.~=- __ ~-.-.-~=_:~'~ ____ ._ ........ . 
SJS=l.O 

_______ .. IF. (~CUI31 ,_32.32. ______________ . _______ -'_. __ .... ___ .. ______ .. ___ .. _____ C._ 

31 SI~;-I.O . . 
32 1 F (~CUI _33.., 3_~'_3~ ________________ j_/ ________ .-.. __ ~ .. _ .. __ .. _____ .. __ .. _ 

33 S!S=-l.Q 
___ 34 __ Y=51 f<* (51 ><*!-'CUI 0*0. 33333333 ____ ~ _______ ... ____ . _______ . ____ . __ ... __ .. _ .... 

5=SI$0IS!S*S(.IJl**O.33333333 . 
_________ Y (1 ) _=:H_~+.s _- iH OV3 ____________ ._ _________ _ __________ _ 

Y(ZI = -lk+S)/?.~ - olov3 
____ YI3.1_.:: __ f!_._!Lb_"!,I??~O.~J~.::S.1_ .. _________ ._._. ____ ..... __ ._ ._. ___ .. ___ ._. __ . __ 

C;C' TO 50 

-~---------... ----------.-.. ------.----.----~.-.--... -------_ ... --_ ... -. 
C MTYPE=-l lnRtE REAL ROOTS 

4C fo-'TYP( = -1 ------QL,cir -';-S~uL"ij2;-CUA-ov3-----------~-- --------------.-- c----------- --' 

ROOT = SnRTF(-Q~OT.) -------- 1 F t '.~E-T"j '4i ,-4 i ,"41' . ------.0.--.- ------- -. -- -... -----------.-------- ----. -----... 

___ 4.1_pt:l __ =_ (1.5 !.rj1.9.1?3~.A:r A1>JL( ~O()T_I.S':;'R:r.r::.( 1.(J .... ~ .. POO ToC>2) l.I_.I. 3. (1 .. _ 
6(1' TO 43 

.. 2 P ... I :: ATfll,FISi)kTFIl.;\ - H.OUT**2) / ~onT)_J 3 .• 0 .. _ .. __ . ________ ... _ 
43-- F -,;'CT -,; - 2.- ,: *S(iHTF I -4LFOV,:\ I .--

Y (l I = Ft.CT*t;0Sr IPrill -" ~lOv, 
.-.. -.--.. ----- 'Y"(e) -: .FI!CT~t,;OSF(PHI • ~.(.9439S1' .- p)OV3 
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______ ~_'}L::_f~_C_!~C9SF(PHI • 4.18H79(l2) -R10V3 C; -- --- --.-.-...... --.--- .. ------

_.C _____ v (1) HIGI1t:Sl. rWOT, _Y (3) _LOV.EST ROOT 
VA=A~·A.Al! Y (1) • Y (e) • Y (3» -- - -----------------.--

______ JC:=!I'~~N~ O:JJ!.!XJ2) ''1'(3» 
Y';=Y (1).y (2) + Y (31 :'YA-YC: ---
Y(})=Y'A ------y (~I=YS-------- ----- -----------.-------. ---------- .---- -.. -- .. - .. 

_______ Y (3t;=Y.C ___________________ ~ ________ . ______ . __ _ 

50 fiUIJRN 
_____ ~~JL _____ .. ___ .. ___________________________________ _ 

---_._----------

._--- .-.-~-.--.-- --.....:- .. -~---.--..... ''''''-'''.-.". 

1 5 5 ..• &OOCO(! .• 100000 0200(100 .4~~OO() _____ . ___ _ 
---·-i-~-~-:------._-8·00GOo ---'---·~1 00000---- -2.0000·00- ---i .00 ii ~ 00--
___ 1 __ 5._!) _____ ).40.0009 _______ • 4 00 ooc ______ .200 00_0 ... ____ •. 4r; ~ 000 ______________________ . 

1 5·8 1.400000 .40COCC 2.000000 1.0Co~oo 
____ Ll_5 __ !h 0000(\(1 __ .~~ .. .-._._ .. ____ -'_ .. ____ .20(j~·()0 __ . ___ .400000 ____ . _, __ . ___ ._. _____ •... _ ... 

-0 1 8 4.00UOOO -0. 2.000000 1.000000 

----------_.- ---------------------------------.---.- -- .. --.-- _._---

--------- --~---'---.---.':-'-----.-'----.--~.-

ZCALC OIFF 

1 .8~.Q..L __ ..!.?_~'!.~ _____ .!:§00 ____ • .?_9Jl. ___ .~56.~51 ____ .850 .001· 
_ c· .034 .P.51 0('33--·--.8113-'\ 

-.2 ___ 0_800(L ____ .• (,00o ____ • 800 __ .6(10 ___ ._.1(1.. .. ,.100 ___ ._ .• 096 ___ .004 __ . 
3 .&;00 1.DOOO .&ou 1.000 .1f6 .164 .158 .006 

___ .4 _____ .8~OO __ . ___ ) .4000 ____ .• 6 00 __ 1.400.___ .226 .225.219 .CO" 
5 .s~oo 1.ROOO .~DO 1.800 .289 ~287 .219 .C08 

_.:. __ 6 _____ ._9600 _______ .20()D ____ .• 90.0 __ ._ ..• 20L .. _._ .9('>1 .9()4 .898 .... _. COb_ 
7 .9r·OO oe.OOO .900 .600 ·.scn .102 .612 -.510A 

__ _ __ _ ____ .ll} _.lCL ____ .108. ___ -.(J06 __ _ 
8 •. 9~Oo .-i:oOOO-----;9COi":-OOQ---- .175 .1('7 .1bO .007 

__ 9 __ ~._ .• 9~!I? ___ :._1.~r.i)(i. ____ ._ .900 _1. 4 00 ___ 0235 .• ?29 ____.220 _ ...• 009_. 
1~ .9~CO 1.50~O .900 1.8(\0 .• 294 .2se.Z78 .010 

.11 __ . J.'~OC .2000 1.lloe .200 .929.Q32 .931 .001 
12 J.c~on .~ooo 1.000 .bOO .7Se. .757 .755 .002 



_)3 ___ )_.O.~OI)_._._ ! .OOOL_ .. _._} ~ (,00 .. __ ).000. ___ .. _.29./L __ ,291._ .288.003 6 
14 1.0nOO 1.4000 1.000 1.400 .217 .250 .?37 .013 

__ ) 5 ___ .l .•. 9~00 ___ 1. eOOO. __ l. 000._1. 800. ___ .,.324 ..... _, .304._ .. _._ .. ~285. __ of 019 .. 
. 16 1.lnr~ .2000 1.100 .200 .947 ,.950 .951 -.OO} 

_._U _____ J_~J~-o.r\--.--. 600L __ 1.oJ Q9 __ .. __ .60.Q __ .. ___ •. 83.9 ____ • JlJJ ___ . __ .• 831. __ .• 0 ~2 
lA 1.1"OC 1.0000 1;100 1.000 .691 .~91 .682.009 

___ I_~ ___ .t.J.~QP_.J .• 4J)_OO ___ 1_.)\)0 __ ) .40 (1 ___ .• _5_21_. __ .• 512 _____ • 498_. __ • .0 14 
~O 1.1~00 1.8~00 1.100 :,800 .431 .408 .411 -.OOJ 

__ 21. __ . .1 .• 2;; OJ' ___ ._._.2000 ______ 1.200_ ... _._,200_ .. ___ .• 9(.0..._ .963 ___ ..• 964 ... _~. 0 (11 
22 1.2rOO .6000 1.200 .600 .875 .879 .878.001 

._ 2~ ___ :.1, 2C.OD_. __ .1 .• 0 00 O __ . ___ J .20(' ... .1.000 .. ___ ..... _, 7!l5 .. .188 .. _. _ .• 183 ... _ ..• 005 
24 1.2pOC 1.4000 1.200 1.400 .693 .690 .683 .007 

_.25 ____ 1. 2f 0 0 _____ 1 .8000 ____ 1. 200_ .. 1 .. 800_._.~ .. _ .. ru 2 ___ '.598._ .. _. ___ , 59.1 _ ..• (; ° 1 _ 
26 .8"on 2.0000 .800 2.000 .320 .318 .311 .007 

_21 ____ • 8~no ... __ '" .. 3. OOOL ______ • 8e-0 .. 3.000._ .. __ .466. .461. __ .. _.458._.003 
28 .8~OC 4.0COO .800 4.000 .6"8 .605 .600· .005 

___ 2~. ___ . __ • 8 ~O{l ___ ._ 5.000 O ___ . ___ .8ll O .... 5,00 O .... ___ .J4b. _ ..• .14.6 ___ . __ .740. ___ .• 006. 
30 .B~OO 6.0000 .800 6.000 . ·.Jl81 .AB3 .876 .007 

__ 3t _____ •. BS oo. ___ . .7 .• Q 00 Q_. ____ .~C'o_. 3,000. ___ . .,.014 ... 1." 17 __ ._-,_1 .009_ .0 oe 
32 .bAoo 8.0000 .800 8.000 1.145 ~.150 1.140 .010 

___ 33 ___ , 8f!(1I)._. ____ 9.0000 _____ ._ .600 _ 9.000 ...... _, 1. 274 .... L 280 ._. ,1.268. __ .• 012 
34 .9~OO 2,0000 .900 2.000 .322 .316 .309 .007 

__ 35 ___ ._ •. 9 ~ 00._._3. (\ 0 0 .. 0 .. ____ . __ .• 90 0 ...... 3.0 ftO .. __ . __ .46(1 ... _ .• 458 __ . ___ ,451 ....... 007 __ 
36 .9"00 4.0000 .900 4.000 .591 .591 .588 .003 

__ 3·t ___ .. _.9~1)" ____ .5 ,000 0_. _____ .900 .... S.0 09_. __ .. ___ .• 1.l Ii .. _ .• 718 ___ ..• 723 -, C OS._ 
- 38 .9~(\0 6.~000 .900 6.000 .841 .842 .854 -,012 
__ 3~_._ .. __ .9&(lo .. -.- ... 1, OOOO_._ .. __ ... 9()0._ 7.-()OC . _ .. _ .9(-.2._.966. _ .....• 983 ._-.011. .... 

40 .9rOO H.OOOO ,900 B.OOO l,()~O 1.o~9 1.110 -.021 
____ 41 _____ .• 9~ O.L ___ .. 9.00 OQ_ .. _ •. 900 .. __ 9.000.. ___ . __ 1. 1 '17 __ --' .?1 0 1 • 234.-.• ('24 _ . 

42 l,o~cr 2.0000 I.DOO 2.000 ,349 .329 .313 .016 
43 1.0~Or 3.00(1) l.noo 3,000. . .412 458 .• 442 .016 

---44 ··-··.T.o·~ O~ 4. ('.000 ... ·-f.c:o 0" '4.00 (\ .----.. :592 - -. -: 582----... 570 --- .• 012-
45 1.0nOO 5.(1000 1.000 S.OOO .707 ,102 .696 .006 

---46-----1. 0 ~ O~---·-6. Q 00 0---'1, (100 6. DOn .....-.• !12i: ., ~ 819 • ~19 -.0 (I 0 . 
__ .4_L __ l .• (I.~(ln---._-7.0000.--.--. I, OCO ... 1. 000. ___ .930 .. ___ .• 932 .......• 941 .. -.009 

48 1.~~OO b.OOOO 1.000 ~.OOO 1.037 1.n48· 1.061 -.013 
49 1.Cr,C~. __ .. _9.0000 1.nOO.9.0QO ____ 1.1.44 ;.166 1.179 .. -.013 .. 
So 1.1~(lC 2.0000 1.100 ?OOO .431 .4(12 .409 -.007 

_._51_._. _ 1_.1 "OC . __ }. 0000 .. __ . 1.lr.0 .. _ 3,000 ___ ._ ... 51 n .484 ..... _. ,486 ... -.002 
52 l,lf-OC 4.0000 1.100 4.0CO .610 .589 .5~9 -.000 
53. 1.1~~O 5.ouOO 1.100 5,00(1 .713 .699 .696 .003 
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13 .1.OnOO 1.0000. 1.000 1.000 .298 ~251 .313 -.0628 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. ' Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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