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ABSTRACT OF THE DISSERTATION

The essential p-dimension of finite simple groups of Lie type
by
Hannah Knight
Doctor of Philosophy in Mathematics
University of California, Irvine, 2023

Associate Professor Jesse Wolfson, Chair

In this dissertation, we compute the essential p-dimension of the split finite quasi-simple
groups of classical Lie type at the defining prime, specifically the quasi-simple groups arising
from the general linear and special linear groups, the symplectic groups, and the orthogonal
groups. Also, for odd primes [ not equal to the defining prime, we compute the essential I-
dimension of the finite groups of classical Lie type, specifically the general linear and special
linear groups, the symplectic groups, the orthogonal groups, and the unitary groups, and the

non-abelian simple factors in their Jordan-Holder series.
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1 Introduction

In my thesis, I study the essential p-dimension of the finite simple groups of Lie type. In
particular, I calculate the essential p-dimension at the defining prime for the finite quasi-simple
groups groups of classical Lie type and the essential /-dimension of the groups at a prime I,
where [ # 2 and [ # p (where p is the defining prime). I also calculate the essential 2-dimension
for the linear groups in the case ¢ = 1 (mod 4) and for the unitary groups in the case ¢ = 3
(mod 4).

Fix a field k. The essential dimension of a finite group G, denoted edy(G), is the small-
est number of algebraically independent parameters needed to define a Galois G-algebra over
any field extension F'/k (or equivalently G-torsors over SpecF'). In other words, the essential
dimension of a finite group G is the supremum taken over all field extensions F'/k of the small-
est number of algebraically independent parameters needed to define a Galois G-algebra over
F. The essential p-dimension of a finite group, denoted edy(G,p), is similar: the essential p-
dimension of a finite group is the supremum taken over all fields F'/k of the smallest number of
algebraically independent parameters needed to define a Galois G-algebra over a field extension
L/F of degree prime to p. See Section [2|for more formal definitions. See also [4] and [10] for more
detailed discussions. For a discussion of some interesting applications of essential dimension and
essential p-dimension, see [20].

What is the essential dimension of the finite simple groups? This question is quite difficult
to answer. A few results for small groups (not necessarily simple) have been proven. For
example, it is known that edy(S5) = 2, ed(Ss) = 3 for k of characteristic not 2 [2], and
edi (A7) = edi(S7) = 4 in characteristic 0 [5]. It is also known that for k a field of characteristic
0 containing all roots of unity, ed;(G) = 1 if and only if G is isomorphic to a cyclic group Z/nZ
or a dihedral group D, where m is odd ([4], Theorem 6.2). Various bounds have also been
proven. See [4], [13], [20],[16], among others. For a nice summary of the results known in 2010,
see [20].

We can find a lower bound to this question by considering the corresponding question for

essential p-dimension. The results in my thesis can be summarized in two main theorems:



Theorem 1.1. Let p be a prime, k a field with char k # p. Then

(1) (Theorem[{.1], Bardestani-Mallahi-Karai-Salmasian p # 2 [1], K. p=2)

edg(PSLy(Fpr),p) = edip(GLy(Fpr),p) = rpr(n=2).

(2) (Theorem (5.1

rpr (=1, p#2orn=2
ed,(PSp(2n,p"),p) = edp(Sp(2n,p"),p) =
ror=D=1(or(n=2) 4 1) p=2.n>2

(3) (Theorem

T, n = 3,p 7& 2

2r, n=4, anyp
edk(PQE(napr)ap> = edk<QE<n7pT)’p) =

rp?r(m=2), n=2m, n>4, anyp

ppt(M=Dm=2) L ppyr(m=1) " —9m +1, n>5, p#2

Furthermore, edi(O€(2m,2"),2) = 14edi(2°(2m, 2"),2), and for p # 2, edi(Q2°(n,p"),p) =
edk(Oe(napr)vp)'

Definition 1.2. For [ a prime, n € Z, let v;(n) denote the highest power of [ dividing n. And

let j1;(n) denote the the largest integer d such that (¢ < n.

Theorem 1.3. Let p be a prime, ¢ = p", and | a prime with | # p. Let k be a field with
char k # 1. Let d be the smallest positive integer such that ‘ q¢* —1. Let s = y(q® — 1),

and let ng = | 5]. Assume that k contains a primitive I°-th root of unity. Then

(1) (Theorem[7.1) If I = 2, assume that ¢ =1 (mod 4). Then for alll,

pi(no)
ede(GLa(Ee), ) = > (158) = Ugr) )
k=0



(2) (Theorem Let ju(n)" denote the smallest k such that | x| 1| w5 ] > 0. Ifl = 2, assume
that ¢ =1 (mod 4). Then for alll,

edi(SLy(F,),1) = edi(GL,(Fy),1), Itg—1

edk(GLn(Fq)v l) - l'ul(n)/v ! } q— 1
(3) (Theorem[9.1) If | = 2, assume that ¢ =1 (mod 4). Then for all I,

edp(PSLn(Fy),1) = edi(SLn(Fy), 1))

(4) (Theorem Let n'|n. If l = 2, assume that ¢ =1 (mod 4). Then for all l,

edi(SLy(Fg)/{al :a € FY,a™ =1},1) = edy(PSLy(F,)).

(5) (Theorem Assume that 1 # 2. Then for all l,

ed(GL2,(Fy),1), d even
edi(PSp(2n, ), 1) = edi(Sp(2n, q),1) =

edp(GL,(F,),1), d odd



(6) (Theorem[12.1) Assume that | # 2. Then

edy(GLy,(Fy), 1),

edk(GLm,1(Fq), l),

edi(GLam (Fy), 1),
edk(PQE(m q),l) = edk(oe(nvq)a l) =

edk (GLQm,Q(Fq), l),

(7) (Theorem Assume that | # 2. Then

edi(GLyp(F,2),1),
edp (U gyt — | T Ee kD

edp(GL 2| (Fg2),1),

(8) (Theorem Assume that | # 2. Then

edi(U(n, ¢%), 1),

edi(SU(n,¢%),1) =

n=2m+1, dodd

orn =2m,d odd, e =+
n=2m,d odd, e = —
n=2m+1, d even

orn =2m, d even,e =+,ng even
orn = 2m,d even,e = —,ng odd
n = 2m,d even,e = +,ng odd

orn = 2m,d even,e = — ng even

d=2 (mod 4)

d#2 (mod 4)

ltg+1

edy(SLa(Fp2),0), 1]gq+1

(9) (Theorem Assume that 1 # 2. Then

edk‘(SU(na q2)’ l)a
edy(PSU(n,¢*),1) =

ltnorlfqg+1

edg(PSLy(Fp2), 1), L|n, I|g+1

(10) (Theorem Assume that ¢ =3 (mod 4), and let ' = vo(q+1). Assume that k contains

a primitive 25 -th root of unity. Then



—~

p2(n)
n

edi(U(n,q*),2) = Y (I3¢) — 2l 57 D2

B
Il
o

(11) (Theorem[16.9) Assume that ¢ =3 (mod 4), and let s' = vo(q+1). Assume that k contains

a primitive 25" _th root of unity. Let ua(n)’ denote the smallest k such that L%J — szﬂlj > 0.
Then
edy(SUL(F,),2) = edy(U(n,g?),2) — 22

(12) (Theorem Let p # 2 be a prime, ¢ = p", k a field with char k # 2. Assume that ¢ =3

(mod 4), and let ' = vo(q +1). Assume that k contains a primitive 2° -th root of unity.
edg(PSU(n,¢%),2) = edg(SU(n,¢°),2).

Remark 1. In Theorem for p = 2,n = 2,r = 1, we have PSp(4,2)" = Ag, and so
edx(PSp(4,2),2) = edy(Ag,2) = 2. Except for p=2,n=2,r =1, PSp(2n,p") = PSp(2n,p")’
is simple. The methods of this thesis can recover the proof that ed;(PSp(4,2),2) = edr(Ss,2) =
3 and that edi(PSp(4,2),2) = edy(Ag,2) = 2, but for brevity, because these are known theo-

rems, we will omit the proofs here.
Remark 2. If char k = p, then edy(G,p) = 1 unless p 1 |G|, in which case edx(G,p) = 0 [22].

Remark 3. Dave Benson independently proved edc(Sp(2n,p),p) = p"~! for p odd ([3], Ap-
pendix A).

Remark 4. The following results were known prior to my work:
1. edc(PSLy(Fpr,p)) = ede(GLy(Fyr)) = rp"™=2) for p # 2 ([1], Theorems 1.1 and 1.2).

2. Duncan and Reichstein calculated the essential p-dimension of the pseudo-reflection groups.
These groups overlap with the groups above in a few small cases. See the appendix for

the overlapping cases.

3. Reichstein and Shukla calculated the essential 2-dimension of double covers of the sym-

metric and alternating groups in characteristic # 2: Write n = 2% + ... + 2% where



a; > ay > ...>as > 0. For S, a double cover of S,,, edk(gn,Q) = 2ln=9)/2] " and for A,
a double cover of A,, edj(A,,2) = 2L(»=s=1/2] (21], Theorem 1.2). These groups overlap
with the groups above in a few small cases: Ay = SLy(3), As = SLy(5), Ag = SLy(9),
SE = GLy(3).

Note. When calculating essential [-dimension we can assume without loss of generality that &
contains a primitive [-th root of unity since adjoining an [-th root of unity gives an extension of
degree prime to [. However, this is not the case for [°. For example, the cyclotomic polynomial

for adjoining a 9-th root of unity is 2% 4+ 23 + 1, which has degree divisible by 3.

General Outline for Proofs

The key tools in the proofs of Theorem are the Karpenko-Merkurjev Theorem (Theorem

, a lemma of Meyer and Reichstein (Lemma , and Wigner Mackey Theory.

Theorem 1.4. [Karpenko-Merkurjev [10], Theorem 4.1] Let G be a p-group, k a field with
char k # p containing a primitive p-th root of unity. Then edi(G,p) = edi(G) and edi(G,p)

coincides with the least dimension of a faithful representation of G over k.

The Karpenko-Merkurjev Theorem allows us to translate the question for p-groups formulated

in terms of extensions and transcendence degree into a question of representation theory.

Lemma 1.5. [[15], Lemma 2.3] Let k be a field with char k # p containing p-th roots of unity.
Let H be a finite p-group and let p be a faithful representation of H of minimal dimension. Then

p decomposes as a direct sum of exactly r = rank(Z(H)) irreducible representations

p=p1O...0pr

and if x; are the central characters of p;, then {Xil|q,(z(w))} is a basis for f/l\l(Z(H)) over k.

(Q(Z(H)) is defined to be the largest elementary abelian p-group contained in Z(H); see Defi-
nition )

This lemma allows us to translate a question of analyzing faithful representations into a question

of analyzing irreducible representations. Our main tool for the case at hand is Wigner-Mackey



Theory. This method from representation theory allows us to classify the irreducible represen-
tations for groups of the form A x L with A abelian. (See section [3])

By Lemma [2.9] it suffices to consider the Sylow p-subgroups. By Corollary we may
assume that our field k contains p-th roots of unity. Then by the Karpenko-Merkurjev Theorem,
we need to find the minimal dimension of a faithful representation of the Sylow p-subgroups.
Throughout this thesis, we will use the notation Syl,(G) to denote the set of Sylow p-subgroups
of G. Let S € Syl,(G). By Lemma if the center of S has rank s, a faithful representation p

of S of minimal dimension decomposes as a direct sum

pP=p1®...0ps

of exactly s irreducibles, and if x; are the central characters of p;, then {Xi|ﬂl( Z( S))} is a basis

for (/ZI(Z(S)) (see Definition .

Our proofs will follow the following steps:

e Step 1: Find the Sylow p-subgroups and their centers.

e Step 2: Classify the irreducible representations of the Sylow p-subgroups using Wigner-

Mackey theory.

e Step 3: Construct upper and lower bounds using the classification in step 2.

Remark 5. For some of the more detailed calculations, see the appendix.

2 Essential p-Dimension Background

Fix a field k. Let G be a finite group, p a prime.

Definition 2.1. Let T : Fields/k — Sets be a functor. Let F/k be a field extension, and

t € T(F). The essential dimension of t is

dp(t) = i trdegy (F').
edy(?) FICF st teIm(T(F)~T(F) egr(F")



Definition 2.2. Let T": Fields/k — Sets be a functor. The essential dimension of T is

edp(T) = sup edg(t).
teT(F), F/keFields/k

Definition 2.3. For G be a finite group, let H!(—; G) : Fields/k — Sets be defined by
H'(—; G)(F/k) = {the isomorphism classes of G-torsors over SpecF}.
Definition 2.4. The essential dimension of G is
edi(G) = edp(HY(—; Q).

Definition 2.5. Let T : Fields/k — Sets be a functor. Let F/k be a field extension, and

t € T(F). The essential p-dimension of t is
edy(t, p) = min trdeg;, (F")
where the minimum is taken over all

F" C F' a finite extension, with F' C F’
[F": F|] finite s.t. pt[F’: F] and

the image of ¢ in T'(F”) is in Im(T(F") — T(F"))

Note. edi(t,p) = edg(t|pr).

min
FCF'/,pt[F':F]

Definition 2.6. Let T : Fields/k — Sets be a functor. The essential p-dimension of T is

edk(Ta p) = sup edk(tvp)
teT(F), F/keFields/k

Definition 2.7. The essential p-dimension of G is

edk(G¢p) = edk(Hl(_; G)ap)'



The next lemma follows directly from the definitions:
Lemma 2.8. If H C G, then edx(H,p) < edy(G,p).

The key to proving the above lemma is that given a Galois H-algebra E over F', we can

extend to a Galois G-algebra over F. See the appendix for the proof.
Lemma 2.9. Let S € Syl,(G). Then edy(G,p) = ed (S, p).

The key to proving the above lemma is that given a Galois G-algebra E over F' there exists
an extension of F, Fy = F¥ such that F is a Galois H-algebra over E¥. See the appendix for
the proof.

The following lemma allows us to extend the underlying field k& when calculating essential
p-dimension, so long as the extension is of degree prime to p. In particular, this allows us to

assume our field k contains p-th roots of unity (Corollary [2.12)).

Lemma 2.10 ([10], Remark 4.8). If k a field of characteristic # p, ki1/k a finite field extension

of degree prime to p, then edi(G,p) = edy, (G, p).

(The idea for the lemma above was brought to my attention by Federico Scavia and Zinovy
Reichstein.) The key to proving Lemma is the fact that given a field extension F//k and a
finite field extension ki/k, trdegy(Fk1) = trdeg,(F'). See the appendix for the proof. Putting
Lemma together with Lemma we get

Corollary 2.11. If ki/k a finite field extension of degree prime to p, S € Syl,(G), then
edk(Gap) = edk(Sv p) = edkl(Sa p)

Corollary 2.12. If k a field of characteristic # p, S € Syl,(G), ¢ a primitive p-th root of unity,

then

edi (G, p) = edy(¢) (S, p).-

Proof. Since ( is a primitive p-th root of unity, ¢ is a root of the polynomial 2 — 1 = (z —
1)(1+...+2P71). Then the minimal polynomial over a field of characteristic prime to p divides

1+...+ 2P~ ! and so has degree prime to p. So we have that p { [k(¢) : k]. O



Note. By the corollary above, when calculating the essential p-dimension over a field k£ of

characteristic # p, we may assume that k contains a primitive p-th root of unity.
The following theorem and corollary from [I0] will also be useful for our approach:

Theorem 2.13 (Karpenko-Merkurjev [10], Theorem 5.1). Let Gy and G2 be two p-groups, k a
field with char k # p containing a primitive p-th root of unity, then edi(G1 x Ga) = edr(G1) +
edk(Gg)

Corollary 2.14. Let G be a finite abelian p-group, k a field with char k # p containing a

primitive p-th root of unity. Then edyx(G) = rank(G).

3 Representation Theory Background

Definition 3.1. Let H be a p-group. Define Q1 (Z(H)) (also called the socle of H) to be the

largest elementary abelian p-group contained in Z(H), i.e. 0 (Z(H)) ={z € Z(H) : 2P = 1}.

Definition 3.2. For G an abelian group, k a field, let G denote the group of characters of G
(homomorphisms from G to k*). We will use the notation K/Z\l(Z (H)) for the character group of
N (Z(H)).

The next lemma is due to Meyer-Reichstein [15] and reproduced in [IJ.

Lemma 3.3 ([I5], Lemma 2.3). Let k be a field with char k # p containing p-th roots of
unity. Let H be a finite p-group and let (p; : H — GL(V;))i<i<n be a family of irreducible
representations of H with central characters x;. Suppose that {xilo,(z(m)) : 1 < i < n} spans

K/II(Z(H)) Then @, pi is a faithful representation of H.

Note. For each of the groups S € Syl,(G) in sections 4-6, 1(Z(S)) = Z(S), so we can ignore

the €7 in those sections.
Let F} = (Z/pZ)" denote the additive group of [Fyr.

Definition 3.4. For k containing a p-th root of unity, fix a nontrivial character ¢ of IF;? — k.

For b € Fyr, define ¢p(x) = 1 (bx).

10



Remark 6. The map given by b — 1) is an isomorphism between IF;Q and F}.

We will use boldface b to denote elements in (F,-)™ and by, b, ..., by € Fyr to denote the

components.

Definition 3.5. Fix a nontrivial character ¢ of IF;T — k. Fix m. For b = (b;) € (F})m, define

o —

vp(d) = [ [y, (d))) € FH)™,

J
where b;,d; are the components of b, d.

Lemma 3.6. For k containing a p-th root of unity, fix a nontrivial character ¢ of IF;} — k.

Then b — vy gives an isomorphism ()™ = ()™, and ¢p(d) = ¢(bd”).

The Wigner-Mackey Little Group Method

The following exposition of Wigner-Mackey Theory follows [23] Section 8.2 and is also reproduced
in [I] page 7: Let G be a finite group such that we can write G = A x L with A abelian. Let k
be a field with char k 1 |G| such that all irreducible representations of A over k have degree 1.
Then the irreducible characters of A form a group A= Hom(A, k). The group G acts on A
by

(x9)(a) = x(gag™"), for g € G,x € A,a € A.

Let (@Z)S)w eA/L be a system of representatives for the orbits of L in A. For each Vs, let Ly be
the subgroup of L consisting of those elements such that 15 = 1), that is Ls = Stabr(¢)s). Let

Gs = A - Lg be the corresponding subgroup of G. Extend 15 to G by setting
Ys(al) = s(a), for a € Al € L.

Then since Iy = ¥, for all [ € L, we see that 15 is a one-dimensional representation of Gj.
Now let A be an irreducible representation of Lg; by composing A with the canonical projection

Gs — L we obtain an irreducible representation A of G, i.e

Aal) = 1), for a € Al € L.
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Finally, by taking the tensor product of xs and A\, we obtain an irreducible representation s ® A
of Gs. Let 05 ) be the corresponding induced representation of G, i.e. 8, = Indgs (1hs @ N).
The following is an extension of Proposition 25 in Chapter 8 of [23], it is called “Wigner-Mackey

theory” in [I] (Theorem 4.2):

Theorem 3.7 (Venkataraman [26], Theorem 4.1; Serre (for k = C) [23], Proposition 25). Under

the above assumptions,
(1) 05 tis irreducible.
(it) Every irreducible representation of G is isomorphic to one of the 6 x.

Venkataraman also proves a uniqueness statement: If 6, and 6y y/ are isomorphic, then
s = 1, and \ is isomorphic to A'. But we do not care about the uniqueness of the irreducible
representations. In what follows, we will consider characters s with s € A rather than
Ps € A /L. The two points above still hold.

Note that in the cases considered in sections 4-6, the conditions hold so long as char k # p.
Since we are considering the Sylow p-subgroups, this takes care of the first condition that
char k 1 |G|. All of our Sylow p-subgroups have the form A x L with A = (Z/pZ)N for some
N > 0. By the note following Lemma[2.10] we may assume that k contains a primitive p-th root
of unity. Thus we can conclude that all irreducible representations of A over k have degree 1.

The dimension is given by dim(f; ) = I‘L%l\ dim(A). If we pick A = 1, then this will minimize

the dimension of the representation and we will have dim(fs ;) = % So for our purposes, we

will only consider when A = 1. The dimension of the representation will be minimized when

|Ls| is maximized.

4 The Linear Groups at the Defining Prime

In this section, we will prove that

Theorem 4.1 ([1] p # 2, K. p = 2). For any prime p, k a field such that char k # p,

edy(PSLy,(Fyr),p) = ed(GLy(Fpr),p) = rpr(n—Q).
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In this case, we will actually identify a subgroup (the Heisenberg subgroup) of a Sylow p-
subgroup, to which Wigner-Mackey theory can be applied. This will give a lower bound for the
essential p-dimension. We will find an upper bound by constructing a specific faithful represen-
tation (we will extend the minimal dimensional representation of the Heisenberg subgroup to a

representation of the same dimension).

Definition 4.2. Define Up,, (F,-) to be the unitriangular n x n matrices over F,- under multi-

plciation. (Unitriangular matrices are upper triangular matrices with 1’s on the diagonal).

The kernel of the natural homomorphism GL,(F,-) — PSL,(F,) has order prime to p, so it
maps the Sylow p-subgroups of G Ly, (F,) isomorphically onto Sylow p-subgroups of PSL,,(Fy-),
so it suffices to consider the Sylow p-subgroups of GL,(F,-). It is straightforward to show the

following two lemmas.
Lemma 4.3. For all n > 2 and all primes p, we have Up,, (Fpr) € Syl,(G Ly, (Fpr)).

Lemma 4.4. For alln > 2 and all primes p, we have

1 0 0 ain
01 0 0
Z(Up,(Fpr)) = { |y =Fy = (2/p2)
0 0 1 0
0 0 O 1

Definition 4.5. Define the Heisenberg subgroup to be

1 a x
H,(Fy)={|0 1d, , bT|:z€Fy abe (Fy)" 2}

0 0 1

It is a straightforward calculation to find the center.

1 0 T
Lemma 4.6. Z(H,(Fpr))={|0 Id,_o» 0|} =2Z(Up,(Fp)).
0 0 1

13



Using Wigner-Mackey theory, in [I] the essential dimension of the Heisenberg subgroup is

calculated for all p :

Theorem 4.7 ([1], Theorem 1.1). Let k be a field with char k # p. Then
edi(Hy,(Fpr)) = rp’ ("2

[1] assumes that k = C, but by using Venkataram’s extension of Wigner-Mackey theory, their
proofs carry over to the case where char k # p. Now we will show that Up,, (F,-) has the same

essential p-dimension of Hy,(F,-).

Theorem 4.8. Let k be a field with char k # p. Then
edi(Up, (Fypr)) = edi(Hp(Fpr))

For p # 2,k = C, this is a theorem of [I] (Theorem 1.2). Since H,(F,-) C Up,,(Fpr), by Lemma
2.8
edy(Hn(Fpr)) < edi(Up,, (Fpr))-

So it suffices to prove

edi(Up,(Fpr)) < edi(Hp(Fpr)).

We will do this by constructing a faithful representation of Up,,(F,) of dimension rp™"~2). A

straightforward calculation shows the following.

Proposition 4.9. Up, (Fy,r) is isomorphic to H, (Fyr) x Up,,_o(Fpr), where the action of

Up,—2(Fpr) on Hy(Fpr) is given by

1 a T 1 aAd™! T
Alo Id, o BT | =10 Id, 5 (bAT)T
0 0 1 0 0 1

14



for

1 a T
AeUp, oFp), |0 Id,_o bT| € Hn(Fp).
0o o0 1

Proof of Theorem [{.8 By Corollary we may assume that our field k£ contains p-th roots of

unity. We will construct a faithful representation of Up,, () of dimension rp"™~2): By Problem
6.18 in [9], every faithful irreducible representation of H, (F,~) can be extended to Up,, (Fp-).

Fix 1 a non-trivial character of IF}. Then the characters of Z(H,(F,r)) = IE‘;T are given by

y for b € Fpr, where 1)y, is defined by ¢4 (d) = 1(bd). Let {e;} be a basis for IF;Q over F,,. For

each 7, let p; be an irreducible representation of H,,(IF,-) with central character t,. Then extend

n—2)

pi to Up,(Fyr). Let p = @, pe;- Then p is a representation of Up,,(F,r) of dimension rp"(™=2).

Since the set of all {pe,|z(up, (F,)) = Ye;} form a basis for IF/‘ET, p is a faithful representation of

Up,,(Fpr) by Lemma

5 The Symplectic Groups at the Defining Prime

In this section, we will show that

Theorem 5.1. For k a field such that char k # p,

rp (=1, p£2orn=2

edi(PSp(2n,p"),p) = edr(Sp(2n,p"),p) =
r2r(n—1)—1(2r(n—2) + 1)’ p=2,n>2

We do not prove the case p = 2,n = 2,r = 1, since it is already known that ed;(PSp(4,2)’,2)
= edi(Ag,2) = 2. In any other case, PSp(2n,p") = PSp(2n,p"), so we obtain a complete

calculation of edy(PSp(2n,p"), p).
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Definitions

0 1Id
Definition 5.2. Let S = " |. The symplectic groups are defined by

-1d, 0

Sp(2n,p") := {M € GLy,(Fyr) : MTSM = S},
and the projective symplectic groups are defined by

PSp(2n,p") := Sp(2n,p")/Z(Sp(2n,p")).

A B
Note: A matrix M = € GLoy(Fyr) is symplectic if and only if ATC, BTD are

C D
symmetric and ATD — CTB =1d,,.
The Sylow p-subgroups and their centers

The kernel of the natural homomorphism Sp(2n,p”) — PSp(2n,p") has order prime to p, so it
maps the Sylow p-subgroups of Sp(2n, p") isomorphically onto Sylow p-subgroups of PSp(2n,p"),

so it suffices to consider the Sylow p-subgroups of Sp(2n,p").

Definition 5.3. For any prime p, define Sym(n,p") as the group of n x n symmetric matrices

under addition (with entries from F,-).
It is straightforward to show the following results. See the appendix for the calculations.

Lemma 5.4. [See [18], Lemma 1] For any prime p, let

A Op Id, B .
S(p,n) ={ : A € Up,(Fp), B € Sym(n,p")}.
0, (A~HT 0, Id,

Then S(p,n) € Syl,(Sp(2n,p")).

Corollary 5.5. [See [19]] For any prime p, S(p,n) the Sylow p-subgroup of Sp(2n,p") defined

in Lemma
S(p,n) = Sym(n,p") x Up, (Fpr),
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where the action is given by A(B) = ABAT, where B € Sym(n,p"), A € Up,,(Fpr).

Lemma 5.6. For p # 2, S(p,n) the Sylow p-subgroup of Sp(2n,p") defined in Lemma 5.4}

Id, D d 0 N .
Z(S(p,n)) = { D= } = F}, > (2/pZ)
On Idn 0 On—l

Lemma 5.7. For S(2,n) the Sylow p-subgroup of Sp(2n,2") defined in Lemma
Z(5(2,n))

Id, D
- {( . ) :D; ; =0, forall (i,7) ¢ {(1,1),(1,2),(2,1),D12 = Do} = (F;)Q ~ (Z/QZ)QT
0y, -

See the appendix for the calculations of the centers.

Classifying the irreducible representations

By Corollary we may assume that our field k contains p-th roots of unity. We will use
Wigner-Mackey Theory with S(p,n) = Sym(n,p”) x Up,,(Fyr) to compute the minimum dimen-

sion of an irreducible representation with non-trivial central character. So

A = Sym(n’pr)’ L= Upn(FpT)

For
by by ... by,
by bpt1 ... ban—1
B=] : : € Sym(n,p"),
b1 ... bn(n+1)/2-2  bn(nt1)/2-1
bn ... bums1)/2-1  bnna1)/2

let b = (b1,...,b4(ns1)/2)- Then the map map B +— b gives an isomorphism Sym(n,p") =
(n+1)/
(]F;;«)n<n+1)/2.

Fix 1 a non-trivial character of IE‘;T. By Lemma there is an isomorphism between

o —

(IF;Q)"("H)/Q and (F,)"("+1)/2 given by sending b € (F})”(”H)/Q to the character 1)y, defined by
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Yp(d) = ¢(bd”T). A straightforward computation shows that for p # 2, the characters extending
a non-trivial central character are iy with b # 0. Similarly, a straighforward computation
shows that for p = 2, the characters extending a non-trivial central character are i with
(b1,b2) # (0,0), that is by # 0 or by # 0. Note that H € Ly, if and only if 1)(b-(hdhT—d)) = 1 for
alld € (Fpr)"("“)/ 2 where hdh™ is the vector corresponding to HDH™ under the isomorphism

Sym(n,p") = (F})"("H)/Z. See the appendix for the full details of the computation.

The case p # 2

Proposition 5.8. Forp # 2,

min dim(fp ) = pr(n=h),

be(]g;rr)n(nJrl)/Q7 b1£0
This minimum is achieved when b = (b,0,...,0) with b # 0.

Proof. Recall that b,d are vectors corresponding to matrices B, D € Sym(n,p”) via the iso-
morphism defined above for Sym(n, p") = (F,.)""+1/2 and hdh™ is the vector in (F.)"("+1)/2
corresponding to HDH' € Sym(n,p") under the isomorphism Sym/(n,p") = (F})”(”H)/z.

We prove this proposition by showing that for b = (b1, , by(n41)/2) With b1 # 0, |Lp| <
| Upy,_q (Fpr)| = pr = D=2)/2] Pick jy # 1 and choose D with d; ; = 0 except for dy j, and let

d be the corresponding vector. Then
Jo—1
b (hdh™ —d) = d , <2h17j03171 +) hi7j0317i> :
i=2
So since we need (b - (hdh” — d)) = 1 for all choices of d, we can conclude that

io—1
1 J
1

h1jo = 351, ; hi jo Bui-

So
|Ly| < [{H : Hy; fixed Vj # 1}| = | Up,,_, (Fy)| = p' "D/
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It is straightforward to show that for b = (b,0,...,0),
Ly = {(0n, H ") : Hi j = 0,¥j # 1} = Up,,_; (Fpr).

Thus the minimum is achieved when b = (b,0,...,0).

The case p =2
Case 1: n=2

Proposition 5.9. Forp=2, n =2,

min dim(fy, 1) = 2",
bE(FZT‘)S’ b17507b2;é0

This minimum is achieved when b = (b1, ba,0) with by # 0,by # 0.
Ifb = (bl, bg, O) with bl 7& 0, bQ 7& O, then
dim(ﬁbyl) =27,
Proof. The proof is similar to that for p # 2. We refer the reader to the appendix for full
details. O

Case 2: n>2

Proposition 5.10. Forp=2,n > 2,

min dim(fp 1) = or(@n=3)-1
be(F,, ) (172, by£0

This minimum is achieved when b = (b;) = (b1,be,0,...,0) with by, by # 0.

min dim(fy 1) = gr(n=1-1,
be(FF)nn+1/2, b0

This minimum is achieved when b = (b;) = (b1,0,bs,...,0) with by, bs # 0.
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Proof. The proof is again similar. We refer the reader to the appendix for this proof. O

Note: For any n > 2 and any r, 2r(2n=3)=1 5 or(n—=1)-1

Proof of Theorem [5.1]

Proof. By Corollary we may assume that our field £ contains p-th roots of unity. So by
Lemma faithful representations of S(p,n) of minimal dimension will decompose as a direct
sum of exactly r = rank(Z(S(p,n))) irreducible representations.

Case 1: p #2

Since the center of S(p, n) has rank r and the minimum dimension of an irreducible representation

with non-trivial central character is p"(*=1),

edy(PSp(2n,p"),p) > rp" "=V,

Let {e;} be a basis for IF;Z over I, and let s; = (€;,0,...,0). Let p = @,65,1 . Then by
Proposition [5.8]

dim(p) = rp" V.

By Lemma p is a faithful representation of S(p,n). Thus
edi(PSp(2n,p"),p) = rp" Y.

Case 2: p=2
Step 1: Find the lower bound
Subcase 1: n = 2: Since the center has rank 2r and by Proposition [5.9] the minimum

dimension of an irreducible representation with non-trivial central character is 2771,
edy(PSp(4,2")) > 2r2" 1 = r2".

Subcase 2: n > 2: Let p = p; be a minimal dimensional faithful representation. Since

the set of all central characters {x;} must form a basis for (F}P, we can conclude that by # 0
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for at least r of the p;. So for these p; minimum dimension is 2"(2"=3)~1 by Proposition

The other r may have by = 0, so their minimum dimension is 2""~1)=1 by Proposition

Thus we have
edy, (PSp(2n, 27’)7 2) > ,,,2r(2n73)71 + r2r(n71)71 — r2r(n71)71(2r(n72) + 1)

Step 2: Construct the upper bound
Let {e; ?;1 be a basis for IF; over Fy. Let x be a nonzero element in For. We will choose subsets
S of A = Sym(n,p") such that the set of all central characters of {0y, ; }nes form a basis for the

characters of the center. For n = 2, let S = {(e;,€;,0), (7,€;,0)}",. For n > 2, let
S = {(ei, €:,0,...,0),(e;,0,2,0,...,0)}2 .
Let p = @pcg0b,1- Then by Propositions and

r2", n=2r>1
dim(p) =) dim() =
bes r2r(r=D=1(2r(n=2) 1 1) n>2

By Lemma p is a faithful representation of S(2,n). Steps 1 and 2 together give us that

r2", n=2r>1
edi (PSp(2n,2"),2) =

rzr(n—l)—l(z’r(n—?) + 1)’ n>2

6 The Orthogonal Groups at the Defining Prime

In this section, we will show the following theorem:
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Theorem 6.1. For e € {+} in the notation of Subsection@ k a field such that char k # p,

T, n = 37p ?é 2
2r, n=4, anyp
edi (PQ(n,p"),p) = edi(Q(n,p"),p) =
rp?r(m=2), n=2m, n>4, anyp

rpr DO Tl = 2m 1, n > 5, p #2

Furthermore, ed;(0O°(2m,2"),2) = 1 + edi(Q2°(2m,2"),2), and for p # 2, edx(0°(n,p"),p) =

edk(QE(n,pr)7p).

We do not need to consider the case n = 2m + 1,p = 2 since O°(2m + 1,2") = Sp(2m, 2")
([8], Theorem 14.2), so this case is taken care of in the work on the symplectic groups.
Definitions

The case n =2m,p # 2

Let

Let n € F;,« be a non-square and let Id] be the m x m identity matrix with the first entry

replaced by 1. Let
0, Idpy,

A_ =
Id?  Op
Definition 6.2. The orthogonal groups associated with A* are defined by
Ot (2m,p") :={M € GL(2m,Fpr) : MTATM = A"},

The orthogonal groups associated with A~ are defined by

O~ (2m,p") :={M € GL(2m,Fpr) : MTA"M = A™}.
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The special orthogonal groups are defined by
SO(2m,p") :={M € O°(2m,p") : det(M) = 1}.

We define

Q°(2m,p") := SO (2m,p")" (the commutator subgroup).

Lastly, we define
PQ(2m,p") :== Q(2m,p")/(Q°(2m, p") N {£Id}).

The case n =2m,p =2

For x = (x;) € Fjr, let Q*(x) = 371 @iy m, and let

Then Q*(x) = xA}x”. By Artin-Schreier theory, there exists 7 € For such that 22 + z + 7 is
irreducible in For[z].
Let

m

i=1

and define A, to be

0L Idm Op-1 O Om-1 0
. , where 0}, = and 0} =

Om O 0o 1 0 7

Then Q,(z) = xA,,xT. So if we write x = (a,b,c,e) where a,c € Iﬁ‘gl_l, b,e € For, then

Qm(x) =QF (a,c) +b? +be+ne* = ac’ + b% + be + ne?.

m—1
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Or if we write x = (y,z) where y,z € 3}, then
Qun(x) = 2"+ + 02,
Definition 6.3. Define O¢(2m,2") as
0¢(2m,2") := {M € GL(2m,Fy) : Q°(Mz) = Q%(z) for all z € F&m}.

Definition 6.4. Define B(z,y) = Q°(z +y) + Q°(z) + Q°(y), the bilinear form corresponding
to Q°.

Note that Bt (z,y) = >0, Tilitm + D ieq YiTitm- S0 the corresponding matrix is

That is, BT (z,y) = xSy”, and B~ (z,y) = 22_11 TilYitm + YiTitm + TmY2m + YmTam. So the
corresponding matrix is also S. That is, we have B~ (x,y) = xSy’ = B*(x,y), the same bilinear

form as for AT. Note that this is a nondegenerate alternating form and we have

O°(2m,2") C Sp(2m,2"),
where Sp(2m,2") is the symplectic group corresponding to S.
Definition 6.5. Define Q¢(2m,2") := O¢(2m,2")" (the commutator subgroup).
For consistency, we make the following definition:
Definition 6.6. Define PQ¢(2m,2") := Q(2m,2")/(Q(2m,2") N {£ld}) = Q°(2m, 2").

Definition 6.7. The Dickson invariant, 65, o, is a homomorphism from 0¢(2m,2") to Z/27

given by 05, or (M) = rank(Ida;, — M) mod 2. Define
SO(2m,2") := ker 85, or.
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Definition 6.8. Given € € {£}, the Witt index w, is defined to be the dimension of a maximal

totally isotropic subspace of For with respect to the quadratic form Q€.

Grove shows ([8], Proposition 14.41) that for Witt index we > 0, and n > 2,
Q°(2m,2") = O°(2m,2")" = SO (2m, 2")".
He also shows ([8], Theorem 14.43) that if m > 2 and (m, w,) # (2,2), then Q¢(2m, 2") is simple.

The case n =2m +1

Let

Definition 6.9. The odd orthogonal groups are defined by

O@2m+1,p") :=={M € GL2m + 1,Fp) : MTLM = L}.

The special orthogonal groups are defined by

SO2m+1,p"):={M € O2m+1,p") : det(M) = 1}

Define
Q(2m +1,p") := SO(2m + 1,p")" (the commutator subgroup).
The Sylow p-subgroups

Definition 6.10. For any prime p, define Antisym(m,p") as the group of m x m anti-symmetric

matrices under addition (with entries from [Fj-).

Definition 6.11. For p = 2, define Antisymgo(m,2") C Antisym(m,2") = Sym(m,2") as the
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subgroup of symmetric/antisymmetric matrices with 0’s on the diagonal. That is,
Antisymo(m,2") = {B € Sym(m,2") = Antisym(m,2") : B;; = 0, Vi}.

The case n = 2m

For p # 2, the Sylow p-subgroups of PQ¢(2m,p"), Q¢(2m,p"), and O¢(2m, p") are isomorphic, so
it suffices to consider the Sylow p-subgroups of Q¢(2m, p"). (We do this for notational purposes so

we can combine the arguments with the case p = 2.) A direct computation shows the following.

Lemma 6.12. [See [18], [12]] For p # 2, e = +, let

A O Id,, B
S*(p,2m) = { : A € Up,,(Fyr), B € Antisym(m,p")}.

O (A™HT 0, Id,

and for p # 2,e = —, let

B A O, Idy O . r
S™(p,2m) = { : A e Up,,(Fpr),C € Antisym(m,p")}.

O (AHT )\ C  Idp

Then S*(p,2m) is isomorphic to the elements in Syl,(Q* (2m, p")) and S~ (p,2m) is isomorphic

to the elements in Syl,(Q~(2m,p")).

Corollary 6.13. For p # 2, S¢(p,2m) as defined in Lemma e € {£},
S¢(p, 2m) =2 Antisym(m,p") x Up,, (Fpr),

where the action is given by A(B) = ABAT.

Since ST (p,2m) =2 S~ (p,2m), it suffices to consider ST (p,2m). For the sake of simplicity of

notation, let S(p,2m) = ST (p,2m).
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Lemma 6.14. Let

A Om Id, B
S(2,2m) = { : A € Up,,(For), B € Antisymo(m,2")}.

Om (A™HT Om  Idp,

Then S(2,2m) € Syly(Q€(2m,2")) for e € {£}.

Corollary 6.15. For S(2,2m) as defined in Lemma
S(2,2m) = Antisymo(m,2") x Up,, (Far),

where the action is given by A(B) = ABAT.

The above lemma is slightly more involved, see the appendix for the details.

The case n =2m + 1,p # 2

The kernel of the natural homomorphism O(2m + 1,p") — Q(2m + 1,p") has order prime to p,
so it maps the Sylow p-subgroups of O(2m + 1,p") isomorphically onto Sylow p-subgroups of
Q(2m 4+ 1,p"), so it suffices to consider the Sylow p-subgroups of O(2m + 1,p").

It is straightforward to show the following:

Lemma 6.16. For p # 2, let

S(p,2m +1)
1 0 b4 1 0 0 1 0 0
={|xT Id, Om 0 A O 0 Id, B |:xeF,, AeUp,(Fy),B e Antisym(m,p”)}.

0 On Id) \O 0, (AHT)\0 0 Id,
Then S(p,2m + 1) € Syl,(O(2m + 1,p")).

Corollary 6.17. For p # 2,

S(p.2m + 1) = ((F;)™ x Antisym(m, p")) % Up,,(Fyr)),

where the action of Up,, (Fpr) on Antisym(m,p") is given by A(B) = ABAT. and the action of

Up,,,(Fpr) on (F})m is given by A(x) = xAT.
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The centers

For n = 3, Antisym(1,p") and Up,(F,-) are trivial, so we have S(p, 3) = IF;T, which is abelian.
For n = 4, the action of Upy(F,r) = Fpr on Antisym(2,p") = Fpr is trivial and so S(p,n) =

Fpr x Fpr. Thus the Sylow p-subgroup is abelian.

Lemma 6.18. For any prime p, m > 2, let S(p,2m) = S™(p,2m) be defined as in Lemmas
and|[6.14. Then

0 =« 0
Id,, D
Z(S(p,2m)) = { :D=|—-z 0 o |}=F,=(z/p2)
0, Idy,
0 0 0,9

Lemma 6.19. For p #2, m > 2, S(p,2m + 1) defined as in Lemma[6.16),

1 0 X 0 =z 0
Z(Sm,2m+1))={|x" 1, D |:x=(x1,0,...,0,D=1|—-x 0 0 }%(IF;V
0 Om [dm 0 0 0m72

For the calculations of the centers, see the appendix.

Classifying the irreducible representations

By Corollary we may assume that our field & contains p-th roots of unity.

The case n = 2m

We will use Wigner-Mackey Theory with

Antisym(m,p") x Up,,(Fyr)  p# 2
S(p,2m) =

Antisymg(m,2") x Up,,(F2r) p=2
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to see what is the minimum dimension of an irreducible representation with non-trivial central

character. So

Antisym(m,p") p#2

A= (Fy )™ 20 L= Up,, (Fyr).
Antisymo(m,2") p=2
For
0 by --- b1
—by 0 bm e bam—3
Antisym(m,p"), p#2
B=| : €
AntisymO(m7pT)7 p=2
b - 0 Br(m—1)/2
~bm—1 - _bm(mfl)/2 0

let b= (b1, -, bpm—1)/2)- (When p = 2, the negatives go away.) Then the map B ~ b gives

Antisym(m,p"), p#2
an isomorphism = (F;g)m(m—l)/?_

Antisymo(m,p”), p=2
Fix 1 a non-trivial character of IE‘;T. By Lemma there is an isomorphism between

—

(IF;DC«)m(m_l)/2 and (F,\,)™(m=1)/2 given by sending b € (IF;T)’”(’”_I)/2 to the character v, defined
by ¥p(d) = ¢(bd”). As for the symplectic groups, a straightforward computation shows that
for any prime p, the characters extending a non-trivial central character are 1 with by # 0.
Note that H € Ly, if and only if ¢/(b - (hdh™ — d)) = 1 for all d € (F;;,)™™~1/2 where hdh™
is the vector in (F;-)m(mfl)/ 2 corresponding to HDHT € Sym(m,p") under the isomorphsim

Sym(m,p") = (F;)m(m_l)m. See the appendix for the full details of the computation.

Proposition 6.20. For any prime p,

min dim(fy, 1) = p*(m=2,
be(Ff)mm=1/2, b0

This minimum is achieved when b = (b,0,...,0) with b # 0.

Proof. Recall that b,d are vectors corresponding to matrices B, D € A via the isomorphism
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A = (IF;;T)m(m_l)/2 and hdh™ is the vector in (F;)m(m_l)/z corresponding to HDHT €
Antisym(m,p") under the isomorphism Antisym(m,p") = (F})m(m_l)/z.
Calculation 1. For jo > 2, choosing d; ; = 0 except for dy j, = —dj, 1 and performing similar

calculations to those for Propostion [5.8] we get that

jo—1
E hZ,JOBlﬂ = O.
=2

For 2 < k < n, if By # 0, we can solve for hy, j, in terms of h; j, for ¢ # 1, k. If particular, since

By = b1 # 0, we can solve for hy j, in terms of h; j, with ¢ > 2.

Calculation 2. For jo > 2, choose d; ; = 0 except for d j, = —dj, 2, and again performing

similar calculations to those for Propostion [5.8] we get

Jo Jo—1
—Bishijo + Y Biihijohia+ | Baihij, = 0.
1=2 =3

Since By = by # 0, we can solve for hy j, in terms of hyo and h; j, with ¢ > 2.

Putting these two calculations together, we can conclude that for all b = (b;) with by # 0,
|Lv| < |{H : Haj fixed ,Vj > 2, Hy j fixed ,Vj > 2}| = [Fpr| - |Upp—o(Fpr)| = prlm=2)(m=3)/2+1],

We leave to the reader the verification that the minimum is achieved for b = (b,0,...,0). O

For more details of the above proof, see the appendix.

The case n=2m+ 1, p # 2

We will use Wigner-Mackey Theory with S(p, 2m+1) = ((F;?)m x Antisym(m,p")) x Up,, (Fpr)
to compute the minimum dimension of an irreducible representation with non-trivial central

character. So we have

A= ((F})m x Antisym(m,p")) x {Idy,},
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L= ({0 x{0m}}) % Upy, (Fpr).

m+m(m—1)/2

We obtain an isomorphism (F},)™ x Antisym(m,p") = (F}.) by sending (a, B) to

(a,b), where b is the image of B under the isomorphism Antisym(m,p") = (IF‘I'})m(m_l)/2
defined at the beginning of [6]

Fix v a non-trivial character of ]F;,?. By Lemma there is an isomorphsim between
(Ffymtmim=1/2 and (F})Tm_l)ﬂ given by sending (a,b) € (F.)™*™(m=1/2 to the char-
acter ¥, p defined by ¢apn(c,d) = ¢¥((a,b)(c,d)?). As above, a straightforward computation

shows that the characters of (F,)""(m~1)/2 extending a non-trivial central character of the

Sylow p-subgroup are a1 with (a1,b1) # (0,0). Note that H € L, if and only if
Y(a- (xHT —x)+b-(hdh™ —d)) =1

for all (x,d) € (Fpr)™+t™m=1/2 where hdh™ is the vector in (I}, )™(m=1/2 corresponding

p'V‘
to HDH” ¢ (IF‘;})’" x Antisym(m,p") under the isomorphism (F})m x Antisym(m,p") =
(Ft)m—l—m(m—l)/Q
u .
Proposition 6.21. For p # 2,
r(mfl)(me)'

min dim(0 =p
(a,b)€(Ff,)mtmm=1/2, b, 70 a1

This minimum is achieved when a = 0,b = (b1,0,...,0) with by # 0. Similarly,

min dim(6 = prm=1),
(ab)e(F)mtm(m=1/2, a10 a1
This minimum is achieved when a = (a1,0,...,0),b =0 with a; # 0.

Proof.
Case 1: by #0
If we take x = 0, then v(a- (xH? —x)) + b - (hdhT — d)) = 1 reduces to the condition for

QF(2m,p"). So L(ap) must be a subset of the Ly, calculated in Proposition Thus

31



|Lap)| < [{H : Haj fixed ,Vj > 2, Hy j fixed ,Vj > 2}| = prlm=2)(m=3)/2+1]

It is straightforward to show that for a =0, b = (b1,0,...,0),
L(a,b) = {H S Upm(IFpr) : Hl,j = O,Vj 75 2,H27j = O,V] > 2}

Hence the minimum is achieved for a =0, b = (b1,0,...,0).
Case 2: a; #0
If we take d = 0 then ¥ (a- (xH? —x)+b-(hdhT —d)) = 1 reduces to ¢(a- (xH' —x)) = 1.

Note that
m—1 m
a-(xHT —x) = ap- (Y xjhy)
k=1 j=k+1

For jo > 1, choose z; = 0 except for z;,. Then we get that

jo—1

Z akth‘O =0.
k=1

So if a1 # 0, we can solve for hy j, in terms of h; ;,,% # 1, k. Hence
| Lo < [{H : Hyj fixed Vj # 1} = |Up,, ()| = p" D022,
It is straightforward to show that for a = (a1,0,...,0), b =0,
Lap) =1{H : Hi; =0,Vj #1}.

Hence the minimum is the minimum is achieved for a = (a1,0,...,0), b = 0.

O]

Again, for more details see the appendix. For O¢(2m,2"), note that (—Id) x S(2,2m) is a
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Sylow 2-subgroup of O¢(2m,2"). Thus
edr(0(2m,2"),2) = 1 4+ edr(Q°(2,2"),2).

Proof of Theorem [6.1]

Proof. By Lemma faithful representations of S(p,n) of minimal dimension will decompose
as a direct sum of exactly » = rank(Z(S(p,n))) irreducible representations. We will complete
the proof for four separate cases.
Case 1: n=3,p # 2
Forn=3,p #2, S(p,3) = JF;Q, and thus ed;(S(p,3)) = edk(JF}) =r.
Case 2: n=4
For p # 2, the action of Upy(F,r) = F)r on Antisym(2,p") = F} is trivial, and so St (p,4) =
F i x Ff. So edp(ST(p,4)) = edp(Fyr x Fjir) = 2r.
Similarly for n = 4, p = 2, S*(2,4) 2 Fyr x F5,. So edy(ST(2,4)) = edy(F4. x FJ.) = 2r.
Note: The work in the previous section is valid, though unnecessary, for n = 4. It gives us
that the minimum dimension of an irreducible representation is 1. Then since the center has
rank 27, we will get an essential dimension of 2r.
Case 3: n=2m,m > 2
Since the center has rank r and the minimum dimension of an irreducible representation with

non-trivial central character is p2"(m=2)

edi (QF (2m,p"),p) > rp* (M=),

Let {e;} be a basis for IF;Q over I, and let s; = (e;,0,...,0). Let p = @,605,1 . Then by
Proposition [6.20

dim(p) = Zdim(HSiJ) = rp?r(m=2),
i=1

By Lemma p is a faithful representation of S™(p,2m). Therefore
edy,(2°(2m, p"), p) = rp> "2
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Case 4: n=2m+1,p # 2

Let p = p; be a minimal dimensional faithful representation. Since the set of all central characters
{x:} must form a basis for Z(S(m—i— 1)), we can conclude that by # 0 for at least r of the
Xi = ¥p, and so the dimension is at least p"(™~D(m=2)  The other  may have b; = 0 but then

we must have a; # 0, so their minimum dimension is p"(™~Y. Thus
edi, (S(p,2m + 1)) > rpm=Dm=2) 4 ppr(m=1)

Let {e;} be a basis for IF;T over Fp, and let S = {(e;,0,...,0),(0,...,0,€;,0,...,0)}. Let p =

@.cg0s,1- Then by Proposition

dlm(p) = Zdlm(e&l) = rpr(m_l)(m—Q) + Tpr,»(m_l)‘
ses

By Lemma p is a faithful representation of S(p,2m + 1). Therefore

edy,(Q°(2m, p"), p) = rp/ "IN g ppr(ml),

7 The General Linear Groups at Non-defining Primes
In this section, we will prove the following theorem:

Theorem 7.1. Let p be a prime, ¢ = p", and | a prime with | # p. Let k be a field with
char k # 1. Let d be the smallest positive integer such that [ ‘ q*—1. Let s = ul(qd —1). Assume
that k contains a primitive [°-th root of unity. Let ng = |%]. If 1 = 2, assume that ¢ = 1
(mod 4). Then for all l,

no

ede(GLu(F). D) = Y (1) — Ugegr)) 1
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The p-Sylow and its center

Definition 7.2. Let |G|; = v(|G]); i.e. |G|; is the order of a Sylow [-subgroup of G.

By ([25], Lemma 3.1), for [ # 2,
(GL(F)|y = ot LRI e

And by (]25], Theorem 3.7),
(GLn(Fy)l2 = (2°)" - 220,

Note that in both these cases, we have for any [,
|GLn(Fq)|l =" |Sno|l'

We first find a Sylow [-subgroup of .S,,.

Lemma 7.3. Let ag be the permutation which permutes the ith set of I blocks of size 7"1. Then

<{Ug}1ﬁj§m(n),1§i§Lﬁj> S Sylz(Sn)-

Let Py(Sy) denote this particular Sylow l-subgroup of S,.
Proof. For the proof, see the Appendix. O

Lemma 7.4. For P € Syl;(GL,(F,)),
P =(Z/I°Z)" x Pi(Sh,)-

Proof. E|
Let € be a primitive [°-th root of unity in F 4, and let E be the image of € in GL4(FF;). There

!This construction follows [25].
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are ng copies of (E) in GL,(F,), given by (E1), ..., (Ey,) where

1
E
1
El = s <y En() — 1
E
1
Idnfnod
The symmetric group on ng letters acts on (Ey,..., E,,) by permuting the F;, and it can be
embedded into GL,(F,). Let
P=(E1,...,Ey) % B(Sy)
= (Z/1PZ)™ % Fi(Spy)
Then
|P| = [(Z/1°Z)"°] - | P(Sn)]
= |GLn(Fq)’l
Therefore, P € Syl;(GL,(F,)).
O
Lemma 7.5. For P € Syl;(GL,(F,)),
Z(P) o (Z/lsz)zzl:(gw L?TOJ_lngglJ'

Proof.

Let P = (Z/I°Z)™ x P/(Sp,). By Lemma P is isomorphic to a Sylow [-subgroup of
GL,(F,).
For py(ng) = 0: P = (Z/I°Z)™, which is abelian.
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For y(ng) > 0: Fix
(b',7) € (Z/I°Z)™ % Pi(Sn,),

and let

(b,7) € (ZJI*Z)™ x Py(Sp,)-

Then

(b, 7)(b,7) = (b + 7' (b),7'7) and (b,7)(b’,7") = (b + 7(b'), 77).

Thus (b’,7’) is in the center if and only if 7/ € Z(P(Sy,)) and
b’ + 7' (b) = b + 7(b)

for all b,7. Choosing 7 = Id, we see we must have b’ + 7/(b) = b + b’. Thus we must have
7/(b) = b for all b. Therefore, 7/ = Id. We also need 7(b’) = b’ for all 7 € P,(S,,). Write
b =], E.

Note that (o1,... ,UEHTOD acts transitively on {Ei,..., B}, {Ei,... Ba},.. {Bq_yymo s, Bymo )

and acts trivially on the remaining F;, if there are more. Thus we can conclude that
bl :"':bl7 bl+1 :"':bﬂ) ey bltyllfojfl:"':blefOJ)

and the remaining no — [[ 2] choices of b; can be anything.
(02,... ,O'T%OJ> acts transitively on each group of [ of the sets above through the | 7 |-th set
l

and trivially on the rest. Thus we can conclude that
bl — ... :bl2’ b12+1 T— e e :b2l2’ ey bZQ(L%J*I) = e .. _bl2Ln0J7

!
and of the remaining b;, from the previous paragraph, we must have ————== = | "¢ | —[[ 72 ]

sets of [ b; which are equal, while we still have the last ng — [ % | allowed to be anything.

(o) gfl(ﬁﬁ%) ), where p(ng) is the highest power of

lHl(nO)

Continuing this logic until we get to (o}
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I such that |75 ] > 0, and we can conclude that

by = =bu . - bn n =i =b .
1 111 (10) 5 s YUpug( 0)(Lzﬂl(%0)J_1) T ( OMWL(?lo)J’

and we have

[Ha(no)=1| | — (o) | _mo__|

(o) d no . no
B Lluz(no)—lJ Lluz(no)J

ng
111 (ng)—1
i1 (no)—1

sets of [#1(m0)=1 p. which are equal, and in general for 1 < k < p;(no), we have
no 1o

LZT;J - ZLWJ

sets of [¥ b; which are equal. So we are allowed to choose

different entries. Thus

o150t )

Z(P) = (Z/1°Z) >+~ BT

O

Definition 7.6. Let s;,,, = Zl:(go) 7] =14 |. In Lemmal(7.5) we showed that in (Z/1°Z)" x
P/ (Sy,), we can choose s;,, components of b while making (b, 7) to be in the center. Call the
indices of these components i,. For 1 <. < s, — 1, we have that in the center the entries b;
for i, <i < i,41 are equal. And we have that the entries b; are equal for isl’no <1i<ng. Let I,

denote

{i 1, <1< ’L'H_l}, L < Son
I, = .
{i: isl’no <i<n}, =S8,

For each ¢, note that |I,| = ¥ for some k. Let k, be such that |I,| = (.
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Classifying the irreducible representations

We will use Wigner-Mackey Theory with (Z/1°7)" x P;(Sy,,) to compute the minimum dimension

of an irreducible faithful representation with non-trivial central character. So
A= (ZJIPZ)", L = P/(Sp,)-

Recall that we are assuming that k contains a primitive [*-th root of unity. Define ¢ : Z/I5Z — S*
by ¥ (k) = e’ . Then the characters of (ZJI°Z)" are given by ¢y, for b € (Z/I°Z)"™, where
¥p(d) = ¢(b-d).

Note. Since A = (Z/I°Z)™, we now need to assume that k£ contains a primitive [*-th root of

unity in order to apply Venkataram’s extension of Wigner-Mackey Theory.

Recall
Ly, =stabpyp, = {7 : (b - (r(a) —a)) =1, Va e (Z/I°Z)""}.

Recall that the dimension of the irreducible representation 6y, ; will be minimized when |Ly| is

o . S L
maximized, and the dimension is given by %.

Proposition 7.7. Fix . Then

min dim(fy, 1) = 1%
b;#0 for some i€1, ’

This minimum is achieved when b = (b;) with b;, = 1 and all other entries 0.

Proof.

Let 7 € Lp. Note that b (1(a) —a) = >, ai(br;) — bi). For ig < n, let a = ze;,. Then
b- (T(a) - a) = x(bT(ZO) - blo)

If br(ig) — biy # 0, then xb ;) — xb;, will be non-zero for some value of z € Z/I°Z. But then

7 (10

¢(xb7(i0) — xb;,) would not equal 1. This contradicts the assumption that 7 € Ly. Therefore,

for all i, we must have b,(;) = b;. If this condition is satisfied, then b - (7(a) —a) = 0 for all
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ae€ (z/I°Z)™. Thus
Lb = {7’ : bT(i) = bi, \V/’L}

If |I,| =1, then all 7 € L act trivially on I,. Thus for b = (b;) with b;, = 1 and all other
entries 0, we will have Ly, = L, and thus dim(fy, ;) = 1.
If I | |1,], then if we choose b with b; = b for i € I, and all other entries 0, then for d = (d;)

with d; = xl°~! for ¢ € I, and all other entries 0, we get that

2milbzls L .
T 6271'be -1

wb(d) =€

o —

Thus in terms of forming a basis for Q1 (Z((Z/I15Z)™ % Pi(Sy,))), this is no different than having
b = b; =0 for ¢ € I,. So we must have b;, # bj, for some ig, jo € I, or we can assume that

b; = b; = 0 for all 4, j € I,. Hence for

T= 11 (o))" € Ly,
1<p<pi(no), 1<v<[ 72 |
we must have b; = b; = 0 for all 4,5 € I, or b;, # bj, for some iy, jo € I, and a,, = 0 for all ob
which act non-trivially on I,. Recall |I,| = [*. For i € I,, for each x < k,, there will be one o
L]

which acts on b;, each of order [. Thus |Lp| < lTb So

dim(fp 5) > 1%

For b = (b;) with b;, = 1 and all other entries 0, this minimum will be achieved.

Proof

Proof. Let P = (Z/I°Z)™ x Pi(Sy,). By Lemma faithful representations of P of minimal
dimension will decompose as a direct sum of exactly » = rank(Z(P)) irreducible representations.

Since the center has rank s;,, = ’,“:igo) | 7*] — [ ], a faithful representation p of minimal
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dimension decomposes as a direct sum

p:pl@"’@pslmo

of exactly s;,, irreducibles, and if x; are the central characters of p;, then {x;| Q1(Z( p))} form a
basis for Ql(/ZFD)) = (Z/TZFWO.

Since we must have X;|q,(z(p)) generating Qm)), for each 1 < ¢ < §;,, we will need
at least one of the y; to have b; # 0 for some i € I,, and so by Proposition [7.7] the minimum
dimension of that p; in the decomposition into irreducibles will be

b;#£0 foIrnsié’lme iel, dim (s, ») = "
where |I,| = 1%

Moreover, by choosing b* = (b;), with b;, = 1 and all other entries 0, A trivial, we get that
p= EBfl:”{O fp. 1 is a faithful representation of dimension Zf!{o Ik

In the sum s;,,, = /ku:(go) |72 ] — Ul ;##1] calculated in the proof of Lemma for each k,

we get |72 ] — I 7] different values of 4, with [[,| = I* ie. k, = k. Thus

St,nq i (no)

edp(GLy(Fg), 1) = Y 1F = >~ (L%J —ZLZ,%J)Z’“

=1 k=0

8 The Special Linear Groups at Non-defining Primes

Theorem 8.1. Let p be a prime, g = p", and | a prime with | # p. Let k be a field with
char k # 1. Let d be the smallest positive integer such that [ | ¢ — 1. Let s = y(q? — 1).
Assume that k contains a primitive 1°-th root of unity. Let p(n) denote the smallest k such

that | & ] — w5 ] > 0. If 1 =2, assume that ¢ =1 (mod 4). Then for all I,
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edk(SLn(Fq)J) _ edk(Gan(Fq),l)7 l)fq 1

ed(GLn(Fy), 1) — 1m™' | 1| g—1

Note: In the notation of the previous section, when [ ‘ q — 1, we have d = 1 and ng = n.
If 1 { ¢ — 1, then the Sylow I-subgroups of SL,(F,) are isomorphic to the Sylow l-subgroups
of GL,(IF4). So we need only prove the case when [ ‘ q — 1. Thus in this section, we will assume

l’q—l.

The p-Sylow and its center

By ([8], Proposition 1.1),

_[GLu(F,)]
SLu (8] = =2l
So
GLn]F l s(n—
N

Lemma 8.2. For P € Syl;(SL,(F,)),

P = (Z/I°Z)" ' % P(S,,).

Proof.

Let € be a primitive [°-th root of unity in F,, and let

By

I
i
|
5
I
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Note that in SL,(F,), these all generate distinct cyclic subgroups except E,,, and
E, = H?;ll EV~1. The symmetric group on n letters acts on (E1,...,E,) by permuting the F;.

(2

So it acts on
n—1

(Br,...,Eno1) = (Br,...En)/(En = [T EX).
=1

And P)(S,,) can be embedded into SL,(F,). Let

P = <E1,... ,En_1> X F)I(Sn)

=~ (Z/1°Z)"" x P(Sh)

Then P € Syl;,(SL,(Fy)).

Z E) Z Z Z ( —l(n)\_ k;J ll_ —+ J) 1
( )N( /3 ) k 1 1k .

Proof.

Let P = (Z/I°Z)"' x P/(Sy,). By Lemma P is isomorphic to a Sylow [-subgroup of
SL,(Fy).
For pp(n) = 0: P = (Z/I°Z)" ', which is abelian.
For p(n) > 0: Just as for GL,(F,), (b’,7') is in the center if and only if 7/ = Id and 7(b") = b’
for all 7 € P(S,). Write b’ = [[/- E”. Recall that E,, = [[/=} E'' !, If E; can be sent to
E, via some T € P,(S,,), then we will have 7(b’) = [/} EI # b’. Thus for i such that E; can
be sent to E,, via some 7 € P(S,) (that is for i € I, , we must have b; = 0.

So not only do we have to have the b; equal for E; that can be mapped to E,, we must have
those b; = 0 (if [ { n, then this is just b, = 0). Thus we have one less different entry that we can

choose than we could choose in the case of GL,(F;)). Thus in either case,

2(P) = (z/1°7) R L -l D1
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Classifying the irreducible representations

We will use Wigner-Mackey Theory with (Z/1°7)™ x P;(S,,) to compute the minimum dimension

of an irreducible faithful representation with non-trivial central character. So
A= (Z)I°Z)" ', L = P(Sy).

Recall that we are assuming that k contains a primitive [*-th root of unity. Define ¢ : Z/I5Z — S*
by (k) = ¢*#". Then the characters of (ZJ1°Z)"~! are given by vy, for b € (Z/I°Z)" !, where
Yp(d) = ¥(b-d). Recall

Ly, = stabytp, = {7 : %(b - (r(a) — a)) = 1, Va € (Z/I°Z)"'}.

Recall that the dimension of the irreducible representation 6y, ; will be minimized when |Ly| is

o . S L
maximized, and the dimension is given by ||—‘

bl

Proposition 8.4. Fiz 1 # s;,. Forb = (b;)

min dim(&b )\) = lkL
b;#0 for some i€, ’

This minimum is achieved when b = (b;) with b;, = 1 and all other entries 0, X trivial.

Proof.
Note that since i € I, and ¢ # s;,, €; cannot be mapped to e,, thus we will have 7(e;) = e;
for some j < n, and we can write 7(e;) = e,(;)-

By the exact same reasoning as for GL,,(F,),
dim(ﬁb,)\) > lk‘,

and this minimum will be achieved for b = (b;) with b;, = 1 and all other entries 0.
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Proof

Let P = (Z/I°Z)" ' x P/(S,,). By Lemma faithful representations of P of minimal dimension
will decompose as a direct sum of exactly r = rank(Z(P)) irreducible representations. Since
the center has rank s;,, — 1, a faithful representation p of minimal dimension decomposes as a

direct sum

p:p]'@.'.@psl,no_l

of exactly s;,, — 1 irreducibles, and if x; are the central characters of p;, then {xilo, (z(p))} form

—

a basis for Ql(/ZWD)) >~ (Z/17)5m0 1
Since we must have x;|o, (z(p)) generating Ql(/ZE’)), for each 1 <t < 815, — 1, we will need
at least one of the y; to have b; # 0 for some ¢ € I,, and so by Proposition 8.4 the minimum

dimension of that p; in the decomposition into irreducibles will be

min dim(@b )\) = lkL,
b;#0 for some i€, ’

where |I,| = 1%

Moreover, by choosing b* = (b;), with b;, = 1 and all other entries 0, we get that p =

Si,n— —1
on

k.
¢ {"e.

19b/,71 is a faithful representation of dimension Zsl;"

Let f4(n)" be the smallest value of k such that [ ] — |35 | > 0. In the sum Z’”(no | 7] =

]

l|7#47] — 1 calculated in the proof of Lemma for each k > p(n)’, we get [70] — U] ity
different values of 4, with |I,| = I¥, i.e. k, = k. For k = p(n)’, we get I—ll‘l<" | - LM(TL),HJ 1

1k

different values of i, with k, = p;(n)’. Thus

Slynfl
ed(SLn(Fy), 1) = > I*
=1
p(n) n n n -
_ R o k. 172
=\ 2 (-t ) + (!~ ) — 1) ™
k=p;(n)'+1
pa(n) n n
_ k n)’
= (leJ LWJ)Z _ pm(n)
k=pu(n
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p(n)
= | X0 (L) gl ) 0 v

k=0

= edp(GL,(F,), 1) — 1

9 The Projective Special Linear Groups at Non-defining Primes

Theorem 9.1. Let p be a prime, ¢ = p", and | a prime with | # p. Let k be a field with
char k # 1. Let d be the smallest positive integer such that [ ‘ q®—1. Let s = v(q® —1). Assume
that k contains a primitive 1°-th root of unity. If | = 2, assume that ¢ =1 (mod 4). Then for
all 1,

edi(PSLn(Fy),1) = edy(SLa(F,), 1)

If [ { n, then the Sylow l-subgroups of PSL,(F,) are isomorphic to the Sylow [-subgroups of
SL,(Fy). So we need only prove the theorem when ! ‘ n. Thus in this section, we will assume
l ’ n. Let t = y(n).

The p-Sylow and its center

By ([8], Proposition 1.1),

_ |SLa()]
|PSLy,(Fy)| = g—1)°
So
|SLy(Fg)li)

|PSLn(]FQ)|l = — ls(nfl)*min(,s’t) . ‘Sn‘h

Vl(ng(nvq - 1))
where s = (¢ — 1) and t = y;(n).

Lemma 9.2. For P € Syl;(PSL,(F,;)),

(ZJ1SZ)"2% x P(Sy), s<t
P

I

(ZJ1°Z7)" 2 x ZJI57YZ) x P/(Sy), s>t
Proof.
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Let € be a primitive [°-th root of unity in F,. Let

a =
—_

1 1/e €

Note that in PSL,(F,), these all generate distinct cyclic subgroups except E, and E,_;. Just
as in SLy(F,), E, =[]/ EX L.
Case 1: s <t

If s < t, then min(s,t) = s, so
|P5Ln(Fq)|l =12 |Snli-

Note that Z(SLn(Fy)) = {ald : a € F),a™ = 1}. Since I° | n, € = 1. Thus eld € Z(SLy,(F,)).
Note E,,_1 = 1(E)E3--- E'”3. Thus

(Br,...,Ep_ 1) =(Ey,...,E,_o) = (Z/1Z)"2.
As before, S, acts on (E1,..., E,) by permuting the F;. So it acts on
n—1 n—2 '
(Br,...,Bng) = (By,...En)/(Bn=[[ B " Ena =[] E).
i=1 i=1
Py(Sy) can be embedded into PSL,(F;). Let

P = <E1,... ,En_2> X Pl(Sn)

= (ZJIFZ)" 2 % P(S,).

Then P € Syl,(PSLy,(F,)).

Case 2: s>t
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If s > ¢, then min(s,t) =t, so
’PSLn(Fq”l = ls(n_l)_t ) |Sn|l-

Note that Z(SL,(Fy)) = {ald : a € F)*,a™ = 1}. So since (€77 =1, € 'Id € Z(SLn(F,)).
Note (E, 1) " = L [[I22 B . So in PSL,(F,), EX | = [['=2E"". As before, S, acts

el n—1 — 7

on

n—1 n—2

s__ s—t 7 s—t
(Br,... Byg) = (Br,...E)/(Bn= [ BN EL =] EX ).

i=1 i=1

P,(S),) can be embedded into PSL,(F,). Let
P = <E1, e ,En_1> X B(Sn)
> ((ZJIFZ)"™2 x ZJ1°7VZ) x Pi(S,,).

Then P € Syl;(PSLy(Fy)). O

Lemma 9.3. For P € Syl;(PSL,(F,)),
Z(P) = (Z/ZSZ)( ZQS)LZ%J—ZLW%J)—l‘

Proof.

Note that since [ | n, p(n) > 0. Just as for GL,(F,) and SL,(F,), (b',7') is in the center if
and only if 7/ = Id and 7(b’) = b’ for all 7 € P,(S,,). Write b’ = [['=" E*. Just as for SL,(F,),
we must have b; = 0 for ¢ such that F; can be sent to E,, via some 7 € F(.S,,). Similarly, we will
need b; = 0 for 7 such that E; can be sent to E,,_1. But since [ ’ n, the E; which get mapped to
FE,,_1 are the same as those which get mapped to E,. So we get no added conditions to those

which we had for SL,,(F,). O
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Classifying the irreducible representations

We will use Wigner-Mackey Thoery with

(ZJ1°7)"=% % P(S,), s<t
(ZJ1PZ)" 2 x ZJI57'Z) x Pi(Sy), s>t
to compute the minimum dimension of a fiathiful representation with non-trivial central char-

acter.

Recall that we are assuming that k£ contains a primitive [®*-th root of unity. Define v :

Z)157 — St by (k) = e .
Recall that for 1 < ¢ < s;,,, — 1, 4, correspond to the components of b that are allowed to be
chosen arbitrarily while making (b, 7) to be in the center, where s;,,, = Zl:(go) |72 — U]

1, is

{i:i, <i<i}, < Sing
I, = .
{ivis,, <i<n}, 1=s

k, is such that |I,| = I*-.
For s < t, the characters of (Z/I°Z)"~2 are given by vy, for b € (Z/I°Z)"~2, where v, (d) =
(b -d). Recall

Ly, = stabphy, = {7 : (b - (1(a) —a)) = 1, Va € (Z/I°Z)"?}.

For s > t, the characters of (Z/I°Z)"~2 x Z/I°7'Z are given by ¢y, for b € (Z/I°Z)" %,z €
Z/1°7Y7., where

Ube(d,y) = P(b-d+1'(zy)).

Recall

Lb,z = Stawab,z

— {7 (b (r(a )|y — &)+ a(r(a sz — 9), Vo) € (Z/PZ)"2 x 2/ T)),
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Note that for (b, z) in the center, we will have x = 0, thus since we only care about non-
trivial central characters, we can assume that = 0, and so we have the exact same situation

as that for s < t.

Proposition 9.4. Fiz 1 # s;,,. Forb = (b;)

min dim(fp ») = 1™
b;#0 for some i€l, ’

This minimum is achieved when b = (b;) with b;, = 1 and all other entries 0, A trivial.

Proof.

Note that since ¢ € I, and ¢ # s, €; cannot be mapped to e,. And since [ ’ n, we also have
n—1¢ Isl’n; thus e; cannot be mapped to e,_ either. Hence we will have 7(e;) = ej for some
J <n—1, and we can write 7(e;) = e,(;)-

By the exact same reasoning as for GL,(F,),
dim(gb,)\) > lkLv

and this minimum will be achieved for b = (b;) with b;, = 1 and all other entries 0.

Proof

Let

P (Z)1FZ)"2 % P(Sy), s<t
(Z)1*Z)"2 x ZJI°7'Z) % Pi(Sy), s>t |

By Lemma faithful representations of P of minimal dimension will decompose as a direct
sum of exactly r = rank(Z(P)) irreducible representations. Since the center has rank s;,, — 1,
a faithful representation p of minimal dimension decomposes as a direct sum

p:p]'@.“@psl,no_l
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of exactly s;,, — 1 irreducibles, and if x; are the central characters of p;, then {xilo, (z(p))} form

o —

a basis for Ql(/Z(\P)) >~ (Z/17)%m0 L,

Since we must have x|, (z(p)) generating Ql(/Z(\P)), for each 1 <t < 57, — 1, we will need
at least one of the y; to have b; # 0 for some i € I,, and so by Proposition the minimum
dimension of that p; in the decomposition into irreducibles will be

min dim(0p1) = [k,
b;#0 for some i€l, ’

where |I,| = (¥
Moreover, by choosing b* = (b;), with b;, = 1 and all other entries 0, we get that p =

@filé?bb,triv is a faithful representation of dimension

sl,n_l
RAD
=1

Thus

sl’n—l
edp(PSLy(Fy),1) = > 1F = edi(SLn(Fy),1)
=1

10 Quotients of SL,(F,) by cyclic subgroups of the center at

Non-defining Primes

Note the for n’|n, we obtain a subgroup of SL,(F,) containing PSL,(F,) of order |iﬁ’£‘i§| b,

taking the quotient of SL,(F,) by the cyclic subgroup of order n' given by {al : a € F, a” =1}.

The order of the p-Sylow subgroup will be given by

ls(nfl)fmin(s,t/)+L%J+L%+...+L%J

)

for s =vi(¢ —1),t = vi(n).

Theorem 10.1. Let n'|n, and let s = vj(q — 1). Assume that k contains an [*-th root of unity.
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If 1 =2, assume that ¢ =1 (mod 4). Then for alll,
edi(SLn(Fy)/{al :a € F},a" = 1},1) = ed(PSLy(Fy),1).

Proof. Let s =v;(q—1),t =vy(n),t' =y (n'). For ltn or s <t', we will get that the [-Sylow is
the same as that for PSL, (IF,).

So let us consider the case [ ! n,s > t'. All the arguments that we used for PSL,(F,)
apply directly here as well. By identical arguments to those for PSL,(F,), we can show that

for F1, ... E, defined as before, the p-Sylow is given by
(By,...,En 1) x P(S,) =2 (Z2)1°Z)" 2 x Z/ls’t/Z) X Pi(Sy).

The fact that we have Z /15~ Z instead of Z/1°~*Z does not affect the argements used before.

By the exact same arguments, we obtain the same essential [-dimension.

11 The Symplectic Groups at Non-defining Primes

Theorem 11.1. Let p be a prime, ¢ = p", and I a prime with | # 2,p. Let k be a field with

char k # 1. Let d be the smallest positive integer such that [ ‘ q¢® —1. Then

edy(GL2y(Fy),1), d even
edi(PSp(2n,q),l) = edi(Sp(2n,q),l) =

edy(GLn(F,),1), d odd

Proof. By Grove ([§], Theorem 3.12),

_ 15p(2n,q)|
[PSp(2n, q)| = -1

So since [ # 2, |l, PSp(2n,q)|; = |Sp(2n, q)|;. Hence since PSp(2n,q) is a quotient of Sp(2n,q),

we can conclude that their Sylow [-subgroups are isomorphic. Let d be the smallest positive
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integer such that I ‘ ¢ — 1 and let s = (g — 1).
If d is even: Then by Stather ([25]), |Sp(2n,q)l;i = |GL2n(F,)|;. Hence since Sp(2n,q) is a
subgroup of GLay(F,), we can conclude that their Sylow [-subgroups are isomorphic.

If d is odd: Then by Stather ([25]), letting no = [ % |, we have
15p(2n, q)1 = |GLn(Fg) |1 = 17" - [Snoli
Let € be primitive /*-th root in F a, and let E be the image of € in GL4(F,). Let

E

El )

Idn—nod
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Then for all i, E; € Sp(2n,p"). Note we can embed P;(Sy,) into Sp(2n,q). Let
P=(Ey,...,Ep) % L= (ZJI’Z)™ x P,(Sn,)

Then P € Syl;(Sp(2n,q)), and P is isomorphic to a Sylow l-subgroup of GL, (F,). O

12 The Orthogonal Groups at Non-defining Primes, [ # 2

Theorem 12.1. Let p be a prime, ¢ = p", and I a prime with | # 2,p. Let k be a field with

char k # 1. Let d be the smallest positive integer such that [ ‘ g —1, and let ng = 5]

edy(GLn(Fg), 1), n=2m+1, dodd
orn =2m,d odd, e = +
edy(GLy-1(Fy),1), n=2m,d odd,e=—
ed(GL2m (Fy), 1), n=2m+1, deven
edk (PQE (na Q)a l) = edk)(oe (na Q)v l) =
orn =2m, d even,ng even,c =+

orn = 2m,d even,ng odd, e = —

edi(GLam—2(Fy),l), n=2m,d even,ng odd, e =+

orn = 2m,d even,ng even,e = —

Remark 7. We do not need to prove the case n = 2m+1,p = 2 since O¢(2m+1,2") = Sp(2m, p")

([8], Theorem 14.2), so this case is taken care of in the work on the symplectic groups.

Proof. By Grove, for p # 2 ([§], Theorem 9.11 and Corollary 9.12),

[O(2m +1,9)|
4

¢ |0(2m, q)|

|PQ(2m +1,q)| =
For p =2 ([8], Theorem 14.48 and Corollary 14.49),

O<(2m,
P(2m, g) = T DL

So in all cases, since [ # 2, we have that |PQ(n,q)|; = |O%(n,q)|;. Hence since PQ¢(n,q) is a
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quotient of O¢(n,q), we can conclude that their Sylow l-subgroups are congruent. Let d be the

smallest positive integer such that [ ‘ ¢ — 1 and let s = (g% — 1).

The case n =2m + 1

If d is even: Then |O(2m + 1,q)|; = |GLom+1(Fy)|; = |GLam (Fy)|;. Hence since O(2m + 1, q)
embeds in GLop+1(F,) and GLg,,(F,;) embeds in GLgp,41(F,), we can conclude that the Sylow
l-subgroups of O(2m +1,q), GLam+1(Fy), GLop (F,) are isomorphic.

If d is odd: Then by Stather ([25]), letting mo = |} ], we have

[0(2m + 1,q)li = |G Ln(Fg) |1 = I - Po(Smo)

Let € be primitive /*-th root in F a, and let E be the image of € in GL4(F,). Let
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Idmfmod

(E—I)T

Idm—mod

Then for all 4, E; € O(2m + 1,p"). Note we can embed F;(Sy,,) into O(2m +1,q). Let
P=(B,...,En) % L= (Z/I*Z)" x P(Syny)
Then P € Syl;(O(2m +1,¢)), and P is isomorphic to a Sylow l-subgroup of GL,(F,).

The case n = 2m

Note that O¢(n, ¢) embeds into O¢(n + 1, ¢) via

X —

By Grove ([8], Theorem 9.11 and Corollary 9.12),

-1
|07 (2m, q)| = 2¢™ ™ V(g™ - 1) T (¢* - 1).

%

3

I
—

—1
0~ (2m,q)| = 2¢™™ V(g™ +1) T (¢* - 1).
1

3

(2
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and

j0@2m +1,1) = 24" T (¢* - 1).

=1

Thus

[0@2m +1,9) : 0" (2m, q)] = ¢"(¢" + 1)
(07 (2m,q) : O2m — 1,¢)] = ¢" (¢ = 1)
[O2m +1,q9) : O~ (2m,q)] = ¢"(¢™ — 1)

[0~ (2m,q) : O2m —1,¢9)] = ¢™ (¢ + 1)

Note that since [ # 2, either ¢™ + 1 or ¢"™ — 1 is prime to [.

If ¢™ + 1 is prime to [, then

0T (2m, q)|; = |0(2m +1,q)|;

|0~ (2m, q)l; = 10(2m — 1,q);

Thus when ¢™ + 1 is prime to [, the Sylow [-subgroups of O"(2m, q) are isomorphic to those of
O(2m +1,q), and the Sylow l-subgroups of O~ (2m, q) are isomorphic to those of O(2m — 1, q).

If ¢™ — 1 is prime to [, then

|07 (2m, )l = 10(2m — 1,q)|;

|0~ (2m, q)|; = 0(2m + 1,q);

Thus when ¢ — 1 is prime to [, the Sylow [-subgroups of O"(2m, ¢) are isomorphic to those
of O(2m—1,q), and the Sylow l-subgroups of O~ (2m, q) are isomorphic to those of O(2m+1,q).
We showed in the section on odd orthogonal groups that when d is even, the Sylow I-
subgroups of O(2m + 1, q) are isomorphic to those of G Loy, (F,), and when d is odd, the Sylow

l-subgroups of O(2m + 1, ¢) are isomorphic to those of GL;,(Fy).
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Recall that we defined ng = [27*]. By Stather [25],

|GLn (Fy) i, d odd
|O+(2m, Q)|l = ’GLQm_Q(IFq)h, d even, ng odd
|G Lam (Fq)li, d even, ny even

and
.

|GLm-1(Fy)l;,  d odd

107 (2m, @)li = § |GLom ()1, d even,ng odd -

|G Lom—2(Fq)|;, deven,ng even
\

In order for this to match up with the isomorphisms to the odd orthogonal groups, we must
have that when d is odd or d is even with ng even, then ¢"* + 1 is prime to . When d is even
with ng odd, then ¢ — 1 is prime to .

Case 1: d odd

For d odd, the Sylow [-subgroups of O (2m, q) are isomorphic to those of O(2m+1, q), which
are isomorphic to those of GL,,(F,) and the Sylow l-subgroups of O~ (2m, ¢) are isomorphic to
those of O(2m — 1, ¢), which are isomorphic to those of GLy,—1(Fy).

Case 2: d even, ng odd

For d even, ng odd, the Sylow [-subgroups of O (2m, q) are isomorphic to those of O(2m —
1, q), which are isomorphic to those of GLgy,—2(Fy) and the Sylow I-subgroups of O (2m, ¢) are
isomorphic to those of O(2m + 1,¢), which are isomorphic to those of GLay,(IFy).

Case 3: d even, ng even

For d even, ng even, the Sylow [-subgroups of O (2m, q) are isomorphic to those of O(2m +
1,q), which are isomorphic to those of GLop,(F,) and the Sylow I-subgroups of O~ (2m, q) are
isomorphic to those of O(2m — 1, ¢), which are isomorphic to those of G'Lay,—2(Fy).

Putting the above results together, we get Theorem [12.1 O
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13 The Unitary Groups at Non-defining Primes, [ # 2

Theorem 13.1. Let p be a prime, ¢ = p", and |l a prime with | # 2,p. Let k be a field with

char k # 1. Let d be the smallest positive integer such that [ ‘ q¢® —1. Then

edp(GLp(Fyp2),1), d=2 (mod 4
(U, ¢%).0) = k(G Ln(Fg2),1) ( )

edk(GLL%J (FqQ), l), d 75 2 (mod 4)

Proof. By Stather [25]

|GLn(Fp2);,  d=2 (mod 4)
U(n,¢%)) = !

|GL 2 (Fg2)li, d#2 (mod 4)

Case 1: d =2 (mod 4).

Since U(n,q*) C GLy(F2) and |U(n,q*)|; = |GLy(F2)|; in this case, we can immediately
conclude that for d = 2 (mod 4), the Sylow I-subgroups of U(n, ¢*) and G L, (IF,2) are isomorphic.
Case 2: d# 2 (mod 4)

Let s = v(¢? — 1). let € be a primitive I*-root of unity in F,2a. Let E be the image of € in
GL4(F,).

For n = 2m, let

Eq
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1
E
Idm—Lmjd
ELmJ = d
1
1
(E-H)T
Tdy—| 24
For n =2m + 1, let
1 0 1 0
E = Y e
1 ) ) LdJ

Pl(SL%J) acts on <E1""’EL%J> = (Ei,,E,me We can embed Pl(SL%J) into U(n,q2).

d

Let
P = <E1""’E\_%J> X PIS\_%J)

Then P € Syli(U(n,q?)), and P is isomorphic to a Sylow l-subgroup of GLy,(F,2), which is

isomorphic to a Sylow l-subgroup of GLL% [(Fg2). O

14 The Special Unitary Groups at Non-defining Primes, [ # 2

Theorem 14.1. Let p be a prime, ¢ = p", and I a prime with | # 2,p. Let k be a field with

char k # 1. Then
edp(U(n,q?),l), 1fq+1
edk(SU(n7q2)al) =
edp(SLn(Fp2),1), 1 ‘ qg+1

60



Proof. By Grove ([§], Theorem 11.28 and Corollary 11.29),

U

SU(n, ¢*
|SU(n, q%)| )

If 1 { ¢+ 1, then the Sylow I-subgroups of SU(n, ¢?) are isomorphic to the Sylow I-subgroups
of U(n, q?). So we need only prove the case when [ ‘ q+ 1. Thus in this section, we will assume
l | g+ 1. Then since [ # 2, this implies that [ { ¢ — 1. Also, since ¢> — 1 = (¢ + 1)(¢ — 1), we
must have [ ‘ q> — 1. Let d’ be the smallest positive integer such that I ‘ q*—1. Then d' = 2.
Let s = v;(¢? — 1). Then since [ { ¢ — 1, we have that s = v;(q + 1).

Note that when finding the Sylow [-subgroup of GL,(F,), we would have d the smallest
power of ¢? such that I ‘ (¢®>)? — 1. So in this case, we would have d = 1. Then we would set
s=1((¢>)?—1) = y(g® — 1), so the s is still the same even though the d is different. We would

have ng = | 4] = [ ] = n. Thus in the present case,
|GLn(Fq2)|l =" |Sn|l

So

|GLu(Fg2)li

1SU(n,¢*)|; = Pt = 157D 1S, | = [SLn(Fp2) i

Recall that SU(n,q*) = {M € U(n,q?) : det(M) = 1} and SL,(Fpz2) = {M € GL,(Fp) :
det(M) = 1}. Therefore, since the Sylow I-subgroups of U(n, ¢*) and GLy(F,2) are isomorphic,

we can conclude that the Sylow I-subgroups of SU(n, ¢?) and SLy(F2) are isomorphic. O]
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15 The Projective Special Unitary Groups at Non-defining

Primes, [ # 2

Theorem 15.1. Let p be a prime, ¢ = p", and |l a prime with | # 2,p. Let k be a field with
char k #1. Then

edk(SU(naQQ)vl)a l*n 0Tl+Q+1
ed(PSU(n,¢%),1) =

edp(PSLy(Fp2),0), U|n, 1|q+1

Proof. By Grove (Corollary 11.29),

_|SU(n. )

PSU(n, ¢* )
| (n,q7)] g+ 1)

If I {norlf{q+ 1, then the Sylow I-subgroups of PSU(n,q?) are isomorphic to the Sylow
l-subgroups of SU(n,q?). So we need only prove the case when [ ‘ n, [ ‘ g + 1. Thus in this
section, we will assume [ ‘ n, 1 } q + 1. As before, this implies that [ { ¢ — 1 and [ ‘ ¢> — 1. Let
s =1(¢> — 1). Then since [ { ¢ — 1, we have that s = v;(q + 1).

By the same reasoning as in the section on the special unitary groups, we can conclude that

the s here is the same as the s found for the special linear groups. Thus we have
|SLy(F2)| = 151 |5, )i

Let t = vy(n). Then

_ ‘ SLy (Iﬁ‘q2 ) ‘l
= pmin(v(n),v(g+1))

|PSU(n,¢%)|; = (#n=D=min(st) |G |, = |PSL,(F )i

Since PSU(n,¢*) and PSLy(F,2)) are obtained from SU(n,¢*) and SLy(F2) respectively
by modding out by a cyclic group of order [™"(*) and the Sylow Il-subgroups of SU(n,q?)
and GLy(F,2) are isomorphic, we can conclude that the Sylow l-subgroups of PSU(n,¢?) and
PSLy,(F,2) are isomorphic. O
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16 The Unitary Groups, [ =2 and ¢ =3 (mod 4)

The Unitary Groups

Theorem 16.1. Let p # 2 be a prime, q = p", k a field with char k # 2. Assume that ¢ = 3

(mod 4), and let s' = v5(q+ 1). Assume that k contains a primitive 2° -th root of unity.

p2(n)
edi(U(n,q%),2) = Y (I55) = 2l g7 2"
k=0

Proof. By Stather [25]

U, )]z = 222

Note that

Ha€Fp:aa=1} =q+1.

Let € be an element of order 2* in {a € F,2 : aa = 1}. Then let

€ 1
1
B = B, =
. ]
1 €
Let
P = <E1, Ce ,En> X PQ(Sn)
= (Z/25Z)" x Py(S,)
Then P € Syly(U(n,q?)). By the same reasoning as for G L, (F,),
p2(n) n n
edp(U(n, ¢%),2) = (L27J - 2[@[)2@
k=0
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The Special Unitary Groups and Projective Special Unitary Groups

Theorem 16.2. Let p # 2 be a prime, ¢ = p", k a field with char k # 2. Assume that ¢ = 3
(mod 4), and let s' = va(q+1). Assume that k contains a primitive 25 -th root of unity. Let
p2(n)" denote the smallest k such that | 55| — | 551 | > 0. Then

2k

(n) n n N ()’
ede(SURE),2) = | D (Lge) —2lgers) ) 1 | —2

k=pi(n)’

Proof. Note that

Ha€Fp:aa=1} =q+1.

Let € be an element of order 2¥ in {a € Fy2 :aa = 1}. Then let

o =
—

1 1/e €

Then in SU(n, ¢%) these all generate distinct cyclic subgroups except E,, and E,, = H?;ll EiQS -1
Let

P = <E1,.. . ,En> X P2(Sn)

>~ (7,/257)""" x Py(S,)

Then P € Syly(SU(n,¢?)). By the same reasoning as for SL, (F,),

i (n)
n n n)
ed(SU(n,q°),2) = Z (L27J - QLWJ) ] =2,
k=p(n)’
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Theorem 16.3. Let p # 2 be a prime, q = p", k a field with char k # 2. Assume that ¢ = 3

(mod 4), and let s' = v5(q+ 1). Assume that k contains a primitive 2° -th root of unity.
edr(PSU(n,¢%),2) = edi(SU(n,¢%),2).

Proof. By Grove ([§], Theorem 11.28 and Corollary 11.29),

_ISU(n. @)

PSU(n,q? )

Thus if n is odd, the 2-Sylow subgroups are isomorphic. So we need only consider the case

n = 2m. The proof is almost identical to that for PSL,(F,).
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Appendix

In this appendix, we provide some details for the computations in this thesis.

Remark 4

Remark 4: Duncan and Reichstein calculated the essential p-dimension of the pseudo-reflection
groups: For G a pseudo-reflection group with k[V]® = k[f1,--- , fal, di = deg(f;), edp(G,p) =
a(p) = |{i : d; is divisible by p}| ([6], Theorem 1.1). These groups overlap with the groups above

in a few small cases (The values of d; are in [24], Table VII):

(i) Group 12 in the Shephard-Todd classification, Zs.0 = GLy(F3): dy,ds are 6,8; so

edk(ZQ.O, 3) =1= edk(GL2<F3), 3).

(ii) Group 23 in the Shephard-Todd classification, W (Hs) = Z /27 x PSLy(F5): di,---ds are
2,6,10; so
edx(W(Hs),5) =1 = edi(PSLy(F5),5),

and

edk(W<H3),3) =1= edk(PSLg(]F5),3).

(iii) Group 24 in the Shephard-Todd classification, W (J3(4)) = Z/27Z x PSLs(5): di,...,ds
are 4,6, 14; so

edk(W(J3(4)),3) =1= edk(PSL2(5),3)

and

edy (W (J3(4)),7) = 1 = edj,(PSLa(5), 7).

(iv) Group 32 in the Shephard-Todd classification, W (Ly) = Z/37Z x Sp(4,3): di,---dy are
12,18, 24, 30; so
edk(W(L4), 3) =4=1+ edk(Sp(4, 3), 3),
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and

edy (W (La),5) = 1 = ed(Sp(4,3), 5).

(v) Group 33 in the Shephard-Todd classification, W (K5) = Z/27 x PSp(4,3) = 7Z/27 X
PSU(4,2): dy,---ds are 4,6,10,12,18; so

edk(W(K5)73) =3= edk(PSp(4v 3)? 3),

edk(W(K5), 2) =5=1+ edk(PSU(Zl, 2)),
edp(W(K5),5) = 1 = ed(PSp(4,3),5) = ed(PSU(4,22),5)

and

edy(W(K35),3) = 3 = edy,(PSU(4,2%), 3).

(vi) Group 35 in the Shephard-Todd classification, W(Eg) = O~ (6,2): dy,--- ,dg are 2,5,6,8,9,
12; so

edy(W(Es),2) = 4 = ed(07(6,2),2),
edy(W(Es),5) =1 =edi(O(6,2),5),

and

edk(W(EG), 3) =3= edk(Oi(ﬁ, 2), 3)

(vii) Group 36 in the Shephard-Todd classification, W (E7) = Z/27 x Sp(6,2): di,--- ,d7 are
2,6,8,10,12,14, 18; so

edy (W (Er),2) = 7 =1+ edy(Sp(6,2), 2),

edp(W(E7),5) = 1 = edp(Sp(6,2),5),

edp(W(E7),3) = 3 = edp(Sp(6,2),3),
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and

edy (W (E7),7) = 1 = edy (Sp(6,2), 7).

(viii) Group 37 in the Shephard-Todd classification, W(FEg) contains O7(8,2) as in index 2
subgroup: di,...,dg are 2,8,12,14, 18,20, 24, 30; so

ed,(W(Eg),3) = 4 = edi (07 (8,2),3),

ed, (W (Ezg),5) = 2 = ed(07(8,2),5),
and
ed),(W(Ey),7) = 1 = edy (0" (8,2), 3).
Lemma 2.8

Lemma (2.8). If H C G, then edi(H,p) < edi(G,p).

Proof.

edy(G,p) = edy(H'(—; G))

= sup edg(E)
E Galois G-algebra over F, F'/k€Fields/k

And

edy(G,p) = edr(H'(~;G),p)

= sup edy(E, p)
E Galois G-algebra over F, F/keFields/k

= sup (min trdeg,,(F")))

E Galois G-algebra over F'

where the minimum is taken over all

F" C F' a finite extension, with F' C F’

[F': F| finite s.t. pt[F': F] and
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EF' = E'F” for some E’ Galois G-algebra over F”

Thus

edk(Gap)

= sup
E Galois G-algebra over F

min
FCF' a finite extension and p{[F’:F)

min trdegy, (F"))
F" st. EF'=E'F" for some E’ Galois G-algebra over F'/

And similarly,

edk(va)

= sup
E Galois H-algebra over F'

min
FCF' a finite extension and p{[F":F|

min trdegy (F"))
F'" st. EF'=E'F" for some E’ Galois H-algebra over F

Since H is a subgroup of G, we have that given a Galois H-algebra E over F', we can extend
to a Galois G-algebra over F. Thus it suffices to show that for F C F; with E a Galois H-algebra

over I and F; a Galois G-algebra over F', if ' C F' is a finite extension with p { [F’: F], then

min trdeg (F"))
F'" s.t. EF'=E'F" for some E’ Galois H-algebra over F

< min trdeg;, (F"))
F'" s.t. E1F'=E{F" for some E{ Galois G-algebra over F"/

Let F C F’' be a finite extension with p { [F’ : F]. If F” is such that there exists E] with
EF' = E{F”, then there exists a Galois G algebra E’ over F” contained in E}F’ such that

EoF" = FE'F'. Let E' = EgNE. Then E’' is a Galois H-algebra over F”. Hence F” is considered

71



in the min for edc(H, p). Thus the desired inequality holds. Therefore,

edi(H,p) < edi(G,p).

Lemma 2.9
Lemma (2.9). Let S € Syl,(G). Then edi(G,p) = edx(S,p).

Proof. By Lemma 2.8, we already have edy(S,p) < edi(G,p). So we only need to show that
edi(G,p) < edi(S,p). Since S is a subgroup of G, we have that given a Galois G-algebra E over
F there exists an extension of F, Fy = E°, such that E is a Galois S-algebra over E°. Thus

it suffices to show that for E a Galois G-algebra over F', which is also a Galois S-algebra over

Fy=E°,

edk(Gap)

min
FCF' a finite extension and p{[F’:F]

min trdeg, (F"))
F'" st. EF'=E'F" for some E’ Galois G-algebra over F’’
< min
FoCF' a finite extension and p{[F’:Fp)
min trdeg;, (F"))
F" st. EF'=E'F" for some E’ Galois S-algebra over F"'

Note that since S is a subgroup of G of index prime to p and [Fy : F] = [E® : F] =[G : S],

we get that p {1 [Fp: F]. Given Fy C F a finite extension and p{ [F” : Fp], then

p {[F :F|=[F: FlF:F)].

Thus F” is also considered in the minimum for edy (G, p), and so the desired inequality holds.
Therefore,

edi(G,p) < edi(H,p).
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Lemma 2.10

Lemma (2.10; [10], Remark 4.8). If k a field of characteristic # p, k1 /k a finite field extension

of degree prime to p, then edy(G,p) = edy, (G, p).

Proof. T : Fields/k — Sets be defined by T'(F/k) = the isomorphism class of G-torsors over
SpecF'. Recall that

edk (Ga p)

= sup edy(t, p)
teT(F),F/keFields/k

= sup min trdeg,, (F")
teT(F),F/kEFields/k \F"' CF’ s.t. pt[F’:F"'] and the image of t in T'(F"') is in Im(T(F"")—=T(F"))

First we will show that edy, (G, p) < edk(G, p):

Let Fy/ky, t1 € T(F). We want to show that there exist F/k, t € T(F') such that

edy, (t1,p) < edi(t,p).

In other words, if we are given F” C F’ such that p{ [F’ : F"], the image of ¢ in T'(F') is in
Im(T(F") — T(F")), we need to be able to show that there exists F' C F| such that p { [F] : F{|
and the image of ¢; in T(FY) is in Im(T(F{") — T(F}])) and

trdegy,, (F]') < trdeg,(F").

So, let FF = Fy and t = t;. Suppose we are given F” C F’ such that p 1 [F’ : F"] and
the image of ¢ in T'(F’) is in Im(T(F") — T(F’)). In other words, there exists to € T(F"),
ts € T(F"). such that to and ¢t; both map to t3. Then let Fy' = F"ky, F| = F'ky. Then since
p1[ki: k] and G is a p-group, toky € T(FY),tsk; € T(F}), and ¢; and tok; both map to ¢3k; in
T(F{). Since [F{ : F{'| | [F": F"] and p{ [F" : F"], we have that p{ [F{ : F{']. Also the image of
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t in T(FY) is in Im(T'(F7') — T'(FY])). Moreover, trdeg,, F|' = trdeg F".

Therefore, we can conclude that edy, (T, p) < edk(T, p).

Now we will show that edyx (G, p) < edk, (G, p) :

Let F/k, t € T(F). We want to show that there exist Fy/k1, t1 € T(F’) such that

edi(t,p) < edy, (t1,p).

In other words, if we are given F}' C F] such that p{ [F] : F}] and the image of ¢ in T'(FY)
is in Im(T'(Fy") — T(FY)), we need to be able to show that there exists F” C F’ such that

p1[F': F"], the image of t in T'(F") is in Im(T(F") — T(F’)) and
trdegy, (F") < trdegy, (FY).

So, let F} = Fk; and let ¢; be the image of ¢ in T'(F}). Suppose we are given F|' C F| such
that p t [F] : F{'] and the image of 1 in T'(FY) is in Im(T(F}') — T'(F})). Thenlet I = F{', F' =
F|. Then pt [F': F"] = [F] : F{], and the image of ¢ in T'(F") is the image of ¢; in T'(F}) (from
T(F1)), which is in Im(T'(F") — T'(F")). Moreover trdeg; F" = trdeg; F{' = trdegy, FY', since
k1 /k is a finite extension.

Therefore, we can conclude that edx (T, p) < edy, (T, p).

Lemmas 5.6 and 5.7

For any prime p, we define

A 0, Id, B ;
S(p,n) =A{ : A € Up,(Fpr), B € Sym(n,p")}.
0, (A=HT 0, Id,

And it is easy to show that S(p,n) € Syl,(Sp(2n,p")) and that
S(p,n) = Sym(n,p") x Up,,(Fyr),
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where the action is given by A(B) = ABAT, where B € Sym(n,p"), A € Up,,(Fpr).

Lemma (5.6). For p # 2, S(p,n) the Sylow p-subgroup of Sp(2n,p") defined above,

Id, D d 0 o .
Z(S(p,n)) = { D= }=Fy = (2/pZ)
On Idn 0 On—l

For the proof of of this Lemma, we need the following lemma:

Lemma 16.4. Forp # 2, D € Sym(n,p"), AD = D(A™Y)T for all A € Up,,(F,r) if and only if
d 0

D=
0 On—l

Granting this lemma, we can calculate the center:

Proof.
A 0, Id, B ;
S(p,n) =1 : A € Up,(Fpr), B € Sym(n,p")}
0, (AHT ) \o0, Id,
A AB ;
= { : A € Up,,(Fyr), B € Sym(n,p")}.
On (A—l)T
Note that
A4 A\ (¢ cp A AB '\ [ATICA ATICAB+ ATICD(ATYH)T - B((ATlCA)THT
On  (A-1)T 0. M) \o, aHr) \ o, (A-tca)y-HT
¢ CD
So € Z(S(p,n)) if and only if C € Z(Up,,(F,-)) and
On (C—l)T
CD=CB+CA'DA™HY — B(Cc™HT, for all A € Up,,(F,r), B € Sym(n,p").

Choosing A, B = Id,,, we need CD = C +CD — (C~HT. So C = (C~Y)" and thus C = Id,,. So
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the other requirement above becomes

D=A"'"DAYHY & AD = D(A™HT, for all A € Up,,(F,r).

By Lemma we get that

Id, D d 0
Z(S(p;n)) =A{ D= }
On Idn 0 On—l

Proof of Lemma [16.4].
«: This is a straightforward calculation.

=: We will prove this by induction.

Yy
Base Case: When n = 2, we can write A = and D =
0 1 Yy oz
r+ay y+az
AD = ,
Y z
and
r—ay y-—az
D(Afl)T —

So the condition that AD = D(A™1)T for all A implies that y = 0 and z = 0.

Induction Step: Write

dy dip di3 din 10 0
dy 2 dao  da3 dan 01 0
D — s A =
dip—1 don—1 dp—1pn—1 dn—1n 0 0
dl n d2 n dn—l,n dn,n 0 0 0
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Then

dy E dypn—1 dyp
da o e dop—1 dop,
AD =
dLn—l%_an—LndLn ce dn—Ln—l%_an—Lndn—lm dn—Ln_Fan—Lndmn
dLn o dnan dnm
and
dig - dip—2 d1n—1 — an-1nd1n din
dip -+ dop-—2 dop—1— an_1ndan dop,
D(A—I)T —
dLnfl ce dn71m=2 dnanfl_‘anandnflm dnflm

dLn te dmn—? dn—Ln'_an—Lndmn dnm

In order for these to be equal for all a,,_1,, we must have dj , = 0 for all k. So the matrix

dy dio  dig e dypn—1
dy o dao da3 e dapn—1
D' =
dip—2 dop—2 -+ dp—2p—2 dp_2n
dip—1 don-1 -+ dp—2n-1 dp—1p-1

satisfies the condition A’D’ = D'(A'""1)T for all A’ € Up,,_;(F,r). By induction, we conclude

that
o d 0
0 0n72
and hence
d 0
D=
0 On—l
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Lemma (5.7). For S(2,n) the Sylow p-subgroup of Sp(2n,2") defined above,

Id, D
Z(5(2,n)) =A{ : Dy,j = 0, for all (4,7) ¢ {(1,1),(1,2), (2, ]-)aDl,Q = D271}
0, Idy

= (F})? = (2/22)"

For the proof, we need the following lemma:;:
Lemma 16.5. Forp =2, D € Sym(n,2"), AD = D(A™YT for all A € Up,,(For) if and only if
D;; =0, for all (i,j) ¢ {(1,1),(1,2),(2,1)}.

Granting this lemma, we can calculate the center:

Proof.
A AB
Syly(5(2,m)) = { A€ Up,(Fy), B € Sym(n,2")}.
On (A—I)T
¢ CD
Just as for p # 2, € Z(Syl,(PSp(n,2"))) if and only if C' = Id,, and
On <C*1)T

D=A"'DAYHY « AD = DA, for all A € Up,,(Fpr).

By Lemma then we have that

Id, D
Z(5(2,n)) ={ o :D; ; =0, for all (4,5) ¢ {(1,1),(1,2),(2,1)}}

Proof of Lemma [16.5]
«: This is a straightforward calculation.

=: We will prove this by induction.

Base Case: When n = 2, we can write A = and D =
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and

T+ a
AD = Y
Yy
x
D(A—I)T —
Yy

Y+ az

z

+ay y

+az z

So the condition that AD = D(A™1)T for all A implies that z = 0.

Remark 8. This calculation is the key difference between odd and even characteristic.

Induction Step: Assume that n > 2. Write

dy dip di3 din
dy2 doo  dog3 dap
D=
dip—1 dan—1 dp—1pn—1 dn—1n
dipn  dopn dn-1n  dapn
Then
di1
di2
AD =
din—1+ ap_1ndip dp—1,n-1
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1 0 O 0
01 O 0
) A=
0 0 1 an-1n
0 0 O 1
din-1 din
do.n—1 dop,

+ an—l,ndn—l,n dn—l,n + an—l,ndn,n

dn,n

dn—l,n




and

dig - dip—2 dip—1+ an—
dip - dop—2 dop—1+ an—
DA =
dip—1 - dpn—1n—2 dp—1p—1+an-
din ce dnm,Q dnfl,n + ap—

)

In order for these to be equal for all a,_1,, we must have dj,, = 0 for all k except k =n — 1.

Since n > 2, we can pick

1 0 0 0
0 1 0 0
A=
0 1 anoni1 O
0 0 - 1 0
0 0 0 S|

By comparing the entries of AD and D(A™1)T, we see that in order to have AD = D(A™HT

for all a,—2,-1, we must have dj, ,—1 = 0 for all k except k£ =n — 2. In particular, we get that

dpn—1=dp_1, = 0. Thus di, = 0 for all k. So the matrix

Lndl,n dl,n
1,nd2,n d2,n
l,ndn—l,n dn—l,n

1,ndn,n dn,n

di1 dip di3 dip—1
dy2 doo  dogs dopn—1
D =
dip—2 don—2 -+ dp—2n-—2 dp_2y
dip—1 don-1 -+ dpn—2p-1 dp—1n-1

satisfies the condition A’D’ = D'(A""1)T for all A’ € Up,,_(F,

that

r). By induction, we conclude

D;; =0, for all (i,7) ¢ {(1,1),(1,2),(2,1)}.
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Section 5.3 Calculation

The calculation that H € Ly, if and only if ¢(b- (hdh™ —d)) = 1 for all d € (F,-)""*+1/2 where

hdh? is the vector corresponding to HDH?' under the isomorphism Sym(n,p") & (F})"(”“)/ 2:

Remark 9. In all of the following, we view ¢, ) as a map on A = Sym(n,p") = IFZT(TLH)/Q.

So ¢,y (D, 1d) = ¢, (D) = ¢(b - d), where b = (b;) and d is the vector corresponding to the

matrix D.

Note that (0,, H~!) € Ly if and only if for all d € (F,-)*"*1/2 = D € Sym(n,p"),
U,) (0n, H)(D,1d,) (0n, H 1)) = 15,y (D, 1d,,).

Let hdh™ denote the vector corresponding to HDH?T. Then since
b(v;)((0n, H)(D,1d,)(0n, H 1)) = ¢(b - hdh™),

and

we get that (0, H™') € Ly if and only if for all d € (F,-)*"*1/2 = D € Sym(n,p"),
(b - (hdhT —ad)) = 1.

Proposition 5.8

Proposition (5.8). For p # 2,
min dim(fp ) = pr Y,

be(]F;’T)n(’rr‘rl)/Z’ b1 #£0

This minimum is achieved when b = (b,0,...,0) with b # 0.
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Write

1 hig hiz - hig dy dip di3 e din
0 1 hog -+  han di dao da3 e dan
H — s D =
0 0 e 1 hn—l,n dl,n—l d2,n—1 te dn—lm—l dn—l,n
o 0 0 --- 1 di  dop 0 dpoin dpg
Then
HDHT - D
Do (ha 3oy dikhaw)] —din [D0o(hea 3op_y dikhaw)] —diz - (30— drnhik) —din
Do (hy Yy s dikhor)] —dia [Dojg(head o pesdikhor)] —d22 -+ (O i_gdknhor) —dan
Oy hgdin) —din O, houdin) —dom e 0

We will prove the proposition in two steps:
Claim 16.6. For p # 2, for s = (b;), b1 # 0, |Ls| < | Up,,_1(Fpr)| = pr»~D(=2)/2,

Claim 16.7. For p # 2, s = (b,0,---,0) with b # 0,
Ls = StabL(ws) = {H : Hl:j = O,Vj 75 1} = Upn—l(FpT)

Proof of Claim[16.6 Pick jo # 1 and choose D with d; ; = 0 except for dy j, = dj,,1. Then we

get that
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2dyjohjo  hegodijo ccr Rj—140d1ig O -e- O

ha,joda o 0 E 0

HDH' =D = | hj—1jydu jo 0 a 0
0 . 0

0 0 0

Thus we have

Jo—1 Jo—1
b (hdh™ —d) = 2d1 joh1 joBi1 + Y hijodrjo Bri = dij, <2h1,joBl,1 +) hz',joBl,i>

=2 =2
If (2h1,joBl,1 + 250251 hi,joBLi) # 0, then as we run through all the values for d; j,, we will get
that b - (hdh™ — d) runs through all the values of F,r. And since ¢ is non-trivial, this means
that ¥(b - (hdh™ — d)) cannot always equal 1. This is a contradiction. So we must have

Jo—1
2h1joBry+ Y hijoBri =0

1=2

for all choices of jo # 1. Recall that By = by # 0. So, for all jg, given h; j, for i > 1, the above

dictates hq j,:

1 Jo—1
hjo = 381, ZZ; hi jo Bui-

Thus we can conclude that for all s = (b;) with b; # 0,

|Ls| < [{H : Hyj fixed Vj # 1} = | Up,_y(Fpr)| = p" = D=2/
O

Proof of Claim[16.7 Let B be the matrix corresponding to s = (b,0,---,0). Since the only
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nonzero entry of B is B1 1 = b, we have that

n

b- (hdh™ — d) = b(hdh™ —d); = b ([Z(hu > dighig)]

=1 k=1

By the proof of Claim if H € Lg, then Vjg # 1, we must have

] Jo—1
hi,j, = E Zz; hi joB1: = 0.

And if hyj, = 0 Vj # 1, then we have

— d171> .

b - (hdh™ —d) = b(h1,1d1,1h11 — di,1) = 0, since hig =1

Thus we have shown that (0,,, H~') € L; if and only if hy ; = 0,V # 1. Therefore,

Ly={(0n, H ") : Hij = 0,¥j # 1} 2 Up,,_ (Fpr).

Proposition 5.9

Proposition (5.9)). For p=2,n =2,
min dim(6y1) = 2" 1.

be(]F;’r )37 b1 7507b2 750

This minimum is achieved when b = (b1, by, 0) with by # 0,by # 0.
If b= (bl, bQ,O) with bl 7é 0, b2 7'5 0, then

dim(ﬁbyl) =27,

Proof. We will prove the proposition in two steps:

Step 1: Proving that for p =2,n = 2,s = (b;), (b1, b2) # (0,0) :

|Ls| <2, and otherwise |Lg|=1.
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S (hy i dirhin)] —din (i deahig) —dio
(7 hagdio) — dig 0

HDHT — D =

Let p =2, s = (b;) with (b1, b2) # (0,0).
Calculation 1. Choose d; ; = 0 except for da .

Then we get that

P
hioda 2 hi2d2s

hi,2d2.2 0

) )

HDH" — D =
Thus we have

b- (hth — d) = Bl,lhigdgg + Bl7zh1’2d272

= daoh12(B1,1h12 + Bi12)

Then since 1 is non-trivial, we must have hy (B 1h12 + Bi2) = 0. Thus either Ay o = 0 or
Bl71h172 + BLQ =0. If BLl # 0, BLQ # 0, then either h172 =0 or hl,g = % If B171 # 0,
Bip =0o0r By =0, Bio # 0, then h12 = 0. Our findings can be summarized in a chart as

follows (we only care when (Bj 1, By 2) # (0,0)):

Case: result options

Bi11#0,B12#0 | hig=00r hi2= % 9

,1

B11 #0,B12=0 hi2=0 1

Bl,l =0, BLQ 75 0 hLQ =0 1

Thus we can conclude that for all s = (b;) with (b1, b2) # (0,0), then for by, bs # 0, |Ls| < 2 and
otherwise |Lg| = 1.

Step 2: Showing that when s = (b1, b2,0) with by # 0,bs # 0, |Lg| = 2.
For s = (by, b, b3),
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2 2 2
b (hdh™ —d) = b, ([Z(hu > dighig)] - dm) + by ([Z dy2h ] — d1,2>
=1 k=1

k=1
= b1h%72d2,2 + bado o1 2

since we are working in char 2
= da2hi12(bihi + b2)

If by # 0,b9 # 0, then either h172 =0or hy =

= Z—f. In either case, the above is identically zero.
Thus |Lg| = 2.

O
Proposition 5.10

Proposition (5.10). For p =2, n > 2,

min dim(fy 1) = 2r(2n=3)-1
e 2, bt

This minimum is achieved when b = (b;) = (b1, b2,0,...,0) with by, bs # 0.

min dim(fy 1) = gr(n=1)-1,
be(F ) +1/2, b1 #0

This minimum is achieved when b = (b;) = (b1, 0, b3,

..,0) with by, b3 # 0.
Proof. Again, we will prove this in two steps:

Step 1: Proving that for p=2,n> 2,s = (b;), (b1,b2) # (0,0): If bz #0, then
|Lg| < 27(0=2)(0=3)/241 "and if by = 0(= by # 0), then |Lg| < 2r(P-1(n=2)/2+1

Calculation 1. For jo > 2, choose d; ; = 0 except for dy j, = dj, 1.

Then
Jo—1 jo—1
b- (hdh™ —d) = > hijodijoBri = dijy D hijoBu
i—2 i=2
So for all jy > 2, we must have
Jo—1

> hijoBii =0.
=2
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For jo = 3, this gives ho j, B12 = 0, and thus if By 2 # 0, we must have hy j, = 0. For 2 <k < n,

if By # 0, then for all jo > 3, given h; j, for i # 1, k, the above dictates hy, j,:

Jjo—1

bk jo = Z hijoBui-
1,k 1=2,iF#k

Calculation 2. Now for jo > 1, choose d; j = 0 except for dj, j, .

Then

jo—1 Jo

b (hdhT —d) mo( Bl,khl,johk,jo>

=1 k=l
So for all jo # 1, we must have
Jo—1 j

Jo
> Bishujohijo =0.
=1 k=l

Thus we have that for all jg # 1,

Jjo—1 Jo

ha 4o 231 kP jo) + Z ZBZ kP jo Pk jo = 0

=2 k=l

For j() = 2, this tells us 0 = hLQ(BLthQ + B1,2)- If BLQ = O(:> B1’1 7é 0) or Bl,l = O(:> BLQ 7é

0), then this implies that hy o = 0. If By 2 # 0 and B;; # 0, then we have two options for hq a:

hi2 =0 and h12 = gi’?. For jo > 2, this is a quadratic expression for hy j, in terms of B; ; and

hy.j, for k > 1, namely

Jo—1 jo
Bl,lh%,go ZBl kPk,jo )P jo + Z ZBl kh,johejo = 0
1=2 k=l
Thus for jo > 2, given h; j, for ¢ > 1, there are up to two options for hq j,.

Calculation 3. Now for jo > 2, choose d; ; = 0 except for dy j, = dj, 2.

Then

Jo Jo—1
b- (hth —d) = da j, <Bl72h1,j0 + Z Biihi joh12 + Z BQ,ihi,j())
=2 =3
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So for all jo > 2, we must have

Jo jo—1
Biahijo+ Y Biihijyhi2+ Y Baihij, = 0.
i=2 i=3

If B1 s # 0, then for all jo > 2, given h; j, for ¢ > 2, the above dictates hy j,:

1 Jo—1
hijo = Bl ) <Z By ihijohi2 + Z Bj ihi 7]())
’ 1=3

Case 1. by #£0

If Bi 2 = by # 0, then we have from the first calculation that for all jo > 1, given h; j, for i > 2,
ha j, are dictated. By the second calculation we have that there are at most two options for A o.

And by the third calculation, hy j, is dictated for jo > 2. Thus for by # 0, we can conclude that

|Ls| < |{H : two options for H; o, and Vj > 2, Hy ;, Ha ; fixed, }|

=2|Up,,_»(Fpr)|

_ 2T(n—2) (n—3)/2+1 )

Case 2. by =0,b3 #0

If Bio =by =0(= Bi,1 #0): We have by the second calculation that for jo > 2,

Jjo—1 jo

0=DBi1hi;, + ZBl khigo) b + > > Brrhigoh o
=2 k=l

For jo = 2, we get BLlh%Q = 0. Thus we must have h1o = 0. For jo = 3, we get 0 =
Bl71h%3 + B173h173 = h173(Bl71h173 + B173). Thus either h13 =0 or h13 = % For j() > 3,
we have from the first calculation thatz hl joB1: = 0, so the equality from the second
calculation becomes

Jjo—1 Jo

0= Bi1hi j, + Bujohijo + > > Brwhijohujo
=2 k=l
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We will use the following proposition:

Proposition 16.8 ([17], Proposition 1). In a finite field of order 2", for f(x) = axz?® + bz + c,

we have have the following:

(i) f has ezxactly one root < b= 0.

(i) f has exactly two roots < b # 0 and Tr(y5) = 0.
(i4) f has no root <> b # 0 and Tr(35) = 1,

where Tr(z) = x + 22 4+ --- + 22 L.

So, for jo > 3, if By j, = 0, then there is only one option for hy j,. Otherwise, it might have two
options or no options. Thus we have the following for jo > 3: If By j, = 0, then there is one
option for hy j,, but hy j, can be anything for £ > 1. And if By j, # 0, then there is only one
option for hj, , for all kg > 2 (by the first calculation with k = jo, jo = ko), but hq j, might
have two options. So we can obtain an upper bound for Lg by choosing By ; = 0 for all j > 3
and assuming all the options are in L,. In this case hoj can be anything, but hq ; is fixed for

all j except j = 3, and there are two options for h1 3 So we get that

B
|Ls| < |{H : Hy fixed Vj # 3, Hy 3 =0 or fﬂ

= 2| Up;,_1 (For)|

_ 2r(n71)(n72)/2+1

Step 2: Showing that for p = 2,n > 2: When s = (by,b2,0,---,0) with by, b # 0,

|Lg| = 2r(=2)(n=3)/2+1 " and when s = (by,0,bs, - -+ ,0) with by, bg # 0, |Lg| = 2x®@-1(n-2)/2+1,

Let p=2, s = (b1,b2, -+ ,by,0,---,0). And let B be the corresponding matrix. Then

b (hdh™ —d) =b1 > hf e+ > b | D (ha Y dighag)] — day
k=2 j=2 I=j k=1

Case 1. bl,bg%o,bg,”- ,bn:O.
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Since Bi 2 = by # 0, then we have from the first calculation in Step 1 that for all jo > 2,

1 Jo—1
h2jo =g, ZZ; hi joB1,i = 0.

)

B2
Bi1

By the second calculation we have that there are two options for hjo: h12 =0 and h12 =

And by the third calculation, for jo > 2,
1 Jo jo—1 1
hijo = Bra ;Bl,ihi,johla + ; Ba khijy | = %Bl,zhz,johm =0
Thus we have
b- (hdh™ — d) = dosh12(B11h12 + Bi2)

So whether h1o =0 or hio = %, this is identically 0. Therefore

B2

|Lal = [{H : Hip =00r Hip= 5=, Hyj=0=Hy; Vj > 0} = 2[ Up, _,(Fy)| = 2"(""2(n=/2H1
1,1

Case 2. by #0,bo =---=1b, =0.

If By = b, =0 for 2 <k <n: We have the following by the work in Step 1:
hi2 = 0. By the second calculation we have that there are two options for hj 3: hi2 = 0 and

his = % And for jo > 3,

Jjo—1 jo
0= Biahi ) + Bujohijo + > > Bishijohujo = Biahi
=2 k=l
So we have hy j, = 0 for jo # 1. Thus
n
b (hdh™ —d) = b1 > hi pdi s since b; = 0 for i > 1
k=2

=0 since hy j, = 0 for jo # 1
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Therefore

B ’ T — —
Lj’,Hl,jo =0 for jo # 1,3} = 2| Up,,_1(Far)| =2 (n—1)(n—2)/2+1

|LS| == ‘{H : H1,3 =0or Hl’g == Bf
1

Lemma 6.14

Lemma ((6.14). Let

A B
S(2,2m) = { : A € Up,,(For), B € Antisymg(m,2")}.
O0m (A HT)\ 0, Id,

Then S(2,2m) € Syl,(2¢(2m,2")) for € € {£}.

Proof. Since Q¢(2m,2") C O¢(2m,2") C Sp(2m,2"), we must have that for S; € Syly(Q¢(2m,2")),
Sy € Syly(0¢(2m, 27)), Ss € Syly(Sp(2m,27)), S1 C Se C Ss. It is straightforward to show that

for S35 € Syl,(Sp(2m,2") for S3 = N x O where

Id, B : :
N = : B € Sym(m,p")} = Sym(m,p")
O Idy,

and

A O
0= { t A€ Upm(FQT)} = Upm(Fgr)
Om (A—l)T

Note O is a subgroup of both Q" (2m,2") and Q™ (2m,2"). O is isomorphic to Up,,(Far). So
|O] = (27)™m=1/2 Let

o (4, B
N' =/{ : B € Antisymo(m,2")} C N

0, Idp
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Then N’ = Antisymg(m,2"). And for M € N,

T AT M — 0 Idp,
m
0, BT
and for z = (y, z),
Q(Mz)=y" 2+ 2TBT2

And
ZTBT, = Z B; jziz;
i,

n
= Z 2B; jzizj + Z B; ;22 since B € Antisymg(m,2") C Sym(m,2")
i<j i=1

= 0 since we are in characteristic 2 and B;; = 0, Vi

Therefore, Q*(Mz) = y'2 = QT (z) for all z = (y,z). So N’ C OT(2n,p"). Also, for

Id B
M = " e N',

Id, 0, 0}
BT 1d,,] \0, 0% O Idp,

Id,, Op 0L Idy,
= , since By, m =0

BT 14,, 0,, 02

oL Id,
0 BT 404

So for = = (y, 2),

Q (Mx) =yz" +y2, +d22 +2zBTz"

= yz! + 92, + dz?2, since zBTz" = 0 by the work shown above
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=Q (v)
Therefore N' C O~ (2n,p") as well. And
‘N" _ (pr)z;:;ll E _ (pr)m(m—l)/Q.

Then consider N’ x O C Q¢(2m,2") for both € = 4+ and € = — (the operation is inherited from

N % O). Then we have

IN" % 0| = [N'| - O]
_ (2r)n(n—1)/2 . (2T)m(m—1)/2

_ 2rn(n—1)

We learned the following argument from an early draft of [7]:

A (]
Note that for M = € 0,

Om (A—l)T

52+m,27" (M) = rank(Idg,, — M) mod 2

Id,, + A 0.,

= rank mod 2

O Idy, +(A™HT
= 2 rank(A) mod 2

=0

Id,, B
And for M = e N/,

Op,  Idp,

5;m’27,(M) = rank(Idg,, — M) mod 2
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= rank " mod 2
0, Op

=rank(B) mod 2

And since B is symmetric with B;; = 0, Vi, B determines an alternating symmetric bilinear
form, and thus has even rank.

Thus, 0y, 5-(M) = 0 for M € N’ as well. Hence we have that both N’ and O are in
QF(2m,2") = SO*(2m,2") = ker(63,, ). Therefore, N’ x O C Q*(2n,2"). And

IN' % Of = 22mm=1) = |Q¢(2m, 2")|»
Thus we can conclude that for e = +, —,

N' % O € Syly(2°(2m, 2")

Lemmas 6.18 and 6.19

For p # 2, we define
B
S(p,2m) ={ : A € Up,,(Fpr), B € Antisym(m,p")}.

It is easy to show that S(p,2m) is isomorphic to the elements in Sylp(Qi(Qm, p")) and that
S(p,2m) = Antisym(m,p") x Up,,(Fpr),

where the action is given by A(B) = ABAT.
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We also define

S(p,2m + 1)
1 0 bd 1 0 0 1 0 0
={|xT 1d,, O A O, 0 Id,, B |:x€Fy, AeUp,(Fpr),Be Antisym(m,p")}.

It is easy to show that S(p,2m + 1) € Syl,(O(2m + 1,p")) and that

S(p,2m+1) = ((F})m x Antisym(m,p")) x Up,, (Fyr)),

where the action of Up,,(F,r) on Antisym(m,p") is given by A(B) = ABAT. and the action of

Up,,(F,r) on (IF;D)’” is given by A(x) = xAT.

Lemma ((6.18)). For any prime p, m > 2, let S(p,2m) = S*(p,2m) be defined as above and in

Lemma 6.15. Then

0 =« 0
1d,, D N
Z(S(p,2m)) ={ D=|—-z 0 o [}=F,=(Z/pL)
0,, Id,,
0 0 0,9

For the proof, we need the following lemma;:

Antisym(m,p") p#2
Lemma 16.9. Given D € ,

Antisym0(m,2") p=2

0 =z 0
AD =D(A Y VA€ Up, (Fpr)eD=|—2 0 0
0 0 0,9

Remark 10. This lemma is true for any m > 2.

Granting this lemmma, we can calculate the center:
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Proof. For p # 2,

A O Id,,
S(p,2m) ={ : A e Up,(Fy), B € Antisym(m,p")}
Om (A~DHT Om  Idp,
A AB
=1 : A e Up,,(Fp), B € Antisym(m,p")}.
O (Afl)T
and
A O Id,,
S(2,2m) ={ : A e Up,(Fpr), B € Antisymo(m,2")}
Om (A~DHT O Idp,
A AB
= : A e Up,,(Fpr), B € Antisymo(m,2")}.
n (A7)

we have

A as \ (¢ cp A AB \  [ATICA ATICAB+AT'CD(ANHT - B((AT'CA)THT
0m (A7) \ow ©H7) \ow aH7) \ o (A=1cA)~HT '

So
C CD
€ Z(S(p,2m))
Om (C—I)T
if and only if
1 0 x
Ce Z(Upm(}FpT)) = { 0 Idm72 0 }

0 0 1
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and

CD =CB+CA ' DA YT —=B(C™HT, forall A e Up, (F,r),B e
m\—-p

Antisym(m,p") p#2

AntisymO(m,2") p=2

Remark 11. For the remainder of this proof p can be any prime. (When p = 2, the negatives

will go away, but the argument is the same.)

Choosing A = Id,,, we need

So we must have

for all

Write

Then for

we get

CD=CB+CD— B(C™HT.
CB=B(C™HT

Antisym(m,p") p#2
Be

Antisym0(m,2") p=2

T

—~
Q
L
S
Il
[ew) —
o)
(=)
3
o |
&
Il
o —
oy
(=)
3
[e=) o

o
o
—
4

o
—

Antisym(m,p")  p # 2
B = (bi,j) €

)

Antisym0O(m,2") p=2
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—xb1,m b1,2 - be,m cee bl,m—l - ﬂgbm—l,m bl,m

—b12 0 ba 3 e b2,m
CB = :
_bl,m—l e bm—l,m
_bl,m e _bmfl,m 0
and
_mb17m b1,2 e b17m
—b12 — b2, 0 ba 3 e ba,m
B(C—I)T —
_bl,mfl - fﬂbmfl,m _b2,m71 cee bmfl,m
_bl,m _bQ,m T _bm—l,m 0

So if m > 2, we must have z = 0, and hence C' = Id,,.
Remark 12. This is where I need m > 2.

So the other requirement above becomes
D=A"'"DA™HY & AD = D(A™HT

for all A € Up,,(Fpr). Then by Lemma we get that

0 =« 0
Id,,, D
Z(S(p,2m)) = { :D=|-z 0 o0 |}
0, Id,,
0 0 0,9

Proof of Lemma[16.9

<«: This is a straightforward calculation.

=: We will prove this by induction.
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a x
Base Case: When m = 2, we can write A = and D =
0 1 —z 0
—ax
AD = =DAHT.
—x 0

1 a b
So the condition that AD = D(A™!)T always holds. When m = 3, wecanwrite A= |0 1 ¢

0 01
0 =z wy
andD=|_» 0 z
-y —z 0
—axr—by x—bz y+az
AD=| -z —¢cy —cz z )
—y —z 0
and
—ax+acy—by xT—cy y
DA = —x +acy — bz —cz 2z
—y+az—acz+bz —z 0
So in order for these to be equal for all A, we must have y = 0 and z = 0.
Induction Step: Write
0 dy2 di3 di,m r0 0 - 0
—d1,2 0 das3 dom o1 0 - 0
D= , A=
—dim—1 —d2m-1 - 0 dm—1,m 00 -+ 1 amim
—d1m —doym 0 —dm—1,m 0 00 0 - 1

) )
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then

0 di2 digs B dim—1 di,m
—di,2 0 da3 d2,m—1 d2,m
AD =
7d1,m—1 - am—l,mdl,m ot 7dm—2,m—1 - am—l,mdm—l,m 7am—l,mdm—1,m dm—l,m
*dl,m e 7dm71,m 0
And
0 dipg diz -+ dim—2 d1m—1 — am—1,md1,m di,m
—di2 0 dog -+ dom—2 dom-1—Gm-1m —d2m dom
D(A—I)T —
_dl,mfl T dmfl,me _amfl,mdmfl,m dmfl,m
_dl,m te _dm,m—Q _dm—l,m 0

In order for these to be equal for all a,,—1,,, we must have dj ,, = 0 for all £ # m — 1. Since

m > 2, we can pick

1 0 0 0
0 1 0 0
A= )
0o - 1 Am—2m—1 0
0 O 1 0
0 0 0 1
SO we get
AD
0 diz di3 e di,m—1 di,m
—di2 0 das d2,m—1 d2,m
_dl,Tn72 - a7n72,m71d1,mfl o _a7n72,m71dm72,mfl dmf2,m71 dmflm + am72,m71dmfl,m
_dl,mfl o _dm72,m71 0 dmfl,m
_dl,nL ot _dmfl,m 0
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And

_dl,m—2

—dim—1

_dl,m

dl,m—?)

d2,m73

_dm—2,m—3
_dmfl,me

_dm,m—?)

d1,m—2 — AGm—2,m—1d1,m-1 d1,m—1 di,m
dom—2 — AGm—2m—1d2,m—1 do m—1 d2,m
_am—Z,m—ldm—Zm—l dm—2,m—1 dm—?,m
_dm72,m71 0 dmfl,m
_dm—2,m + am—2,m—1dm—1,m _dm—l,m 0

In order for these to be equal for all a,,—2,,, we must have dj ,,—1 = 0 for all K # m — 2. In

particular, we get that dpmm—1 = dm—1,m = 0. Thus dj,,, = 0 for all k. So the matrix

D' =

d11 dy2

—d12 da 2
—dim—2 —d2m—2
—dim—1 —d2m-1

dy3 d1m—1

da 3 do m—1
dm—Z,m—Q dm—?,m
_dmf2,m71 dmfl,mfl

satisfies the condition A'D" = D'(A~HT for all A’ € U,,—1(Fpr). By induction, we conclude

that

and hence

D/

I
|
8

z 0

0 0 )
0 Op—3

T 0

0 0

0 Opm—2
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Lemma (6.19). For p # 2, S(p,2m + 1) defined as above,

1 0 X 0 =z 0
Z(S(p2m+1))={|x" 1d,, D |[:x=(21,0,...,0,D=|— 0 o0 |[}=(F)’
0 Om Idm 0 0 0m—2
Proof.
Case 1: n=5

The proof for n > 5 uses the result for Z(S(p,2m)), which we only calculated for m > 2. So we
must prove the case m = 2 separately:

For m = 2, the action of Upy(F,r) = F,r on Antisym(2,p”) = F,r is trivial. And the action on
F? is given by a(z,y) = (x + ay,y). So we have S(p,5) = F2. x F2., where the action of F2,
(2nd copy) on F2 (st copy) is given by (b,a) ((z,y)) = (x + ay,y). An element ((z,y), (a,b))

is in the center if and only if for all ((w, z), (d, c)) we have

((w, 2), (d; 0))((2,9), (b, a)) = ((2,9), (b, a))((w, 2)(d; ¢))

Note that

((w, 2), (d, ) ((z,9), (b,a)) = ((z + w + cy,y + 2), (b + d,a + ¢))

and

((z,y), (b,a))(w,2)(d,c)) = ((r +w+ az,y + 2),(b+d,a+¢))

These will be equal for all ((w, z), (d,c)) if and only if @ = 0 = y. Therefore the center is given
by
{((:Ea 0)7 (ba 0)) tx,b € Fpr}'

Translating this back into the original form in a matrix, we get that the center is
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100 woO0\f10O0O 0 0 100 w 0
0100 O0[]lO10 0 b 010 0 b
Z(S(p5)={|lo 01 0 o|foo1 b o|l=]0 01 —b 0f}=(F)>
w 00 1 0[]Joo0oo0O 1 0 w 00 1 0
0000 1/\000 0 1 000 0 1

Case 2: n>5

Since

we can conclude that

Z(5(p,2m +1)) N ({0} x S(p,2m))

must be a subset of Z(S(p,2m)), which we proved above to be

0 =z 0
Id, D .
Z(S(p,2m)) = :D=|-z 0 o |}=F,=(Z/pZ) (for m > 2).
O Idp,
0 0 0,2

Thus the center of (F;)m X (Antisym(m,p") x Up,,(Fpr) is a subset of

0 z 0 1 0 x 0 z 0
(Ffe)™ (Idm D):D— 0 0 ={|x" 1. D |:xeFpD=|_2 0 o
On A 0 0 Opos 0 Op Idm 0 0 Opnos
Given
1 0 y
v A AB | €SyL(0@m+1,p"),
0 0, (A HT

we have that
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1 0 X 1 0 y 1 0

y +x(A™HT
x' 1d,, D yI' A AB =|xT+y" A xTy4+AB+ DA HT
0 0p Idn/ \0 0, (AT 0 Op (A=H”
and
1 0 y 1 0 X 1 0 X+y
yI' A AB xI' Id,, D |=|y"+4xT A xy"+AD+ AB
0 0, AHT)\o o0, Idn 0 Orm (A=hHT

So in order for

1 0 X
xI' 1d,, D
0 0, Id,

to be in the center, we need x’ = Ax”, x = x(A™1)T, and AD = D(A™1)7T for all choices of A

By the work on even orthogonal groups, AD = D(A™1)T is satisfied if and only if

0 =z 0
D=|l—-2 0 o0
0 0 00

Note that the kth entry of x = Ax” is given by z, + Z;’;kﬂ x;ay,;. In order for this to be equal
to z, for all ay;, must have x; = 0 for all i > 1. So x = (21,0,---,0). In this case x = x(A~1)7

will be satisfied as well. Therefore the center is
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Section 6.4 Calculation

The calculation that H € Ly, if and only if ¢ (b - (hdh™ —d)) = 1 for all d € (F},)™(m~1/2,

where hdh?T is the vector in (IE",IJ;)’”(’”_I)/2 corresponding to HDH?T € Sym(m,p") under the

isomorphsim Sym(m, p") = (IF;?)m(m_l)/Q:

Remark 13. In all of the following, we view t;,) as a map on

A = Antisym(m,p") = ng(mfl)ﬂ p#£ 2

A = Antisymo(m,2") = IF;?(’”_”/Z p=2

So Y,y (D, 1d) = ¥,y (D) = ¢(b - d), where b = (b;) and d is the vector corresponding to the

matrix D.

The action of h € Syl,(Q*(2m,p")) on A is given by
"p(D,1d) = (h~ (D, Idm)h).
So for h = (0,,, H~1), the action on Y, is given by
"4,y (D, 1dim) = Y(p,) (O, H)(D, 1) (0, H1)).
So (0, H™1) € Ly if and only if

w(bj)((0m7 H)(D7 Idm)(oma H_l)) = w(b]')(D7 Idm)

for all

Antisym(m,p") p # 2
de (IF;})m(m_l)/2 corresponding to D € .

Antisymo(m,2") p=2

Let hdh™ be the vector corresponding to HDH™. Then since

$,) (O, H)(D,1d) (0, H')) = (b - hdh™),
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and

Yo, (D, 1dm) = (b - d).

we get that (0,,,, H™!) € Ly if and only if
Y(b- (hdhT —d)) =1

for all

s . Antisym(m,p") p#2
de (FPT)m(m )/2 corresponding to D € .

Antisymg(m,2") p=2
Proposition 6.20

Proposition (6.20). For any prime p,

min dim(fp 1) = p2rm=2),

be(]l?;%)m(m*)/?, b1#£0

This minimum is achieved when b = (b,0,...,0) with b # 0.

Proof. Write

1 hip hiz - hin 0 dy 2 dy3 e dy,m

0 1  hyz --- ham —di 2 0 da3 e da.m
H= . D=

0 O e ) —dim—1 —dom—1 - 0 dm—1,m

O 0 0 - 1 —dim —dym 0 —dmoim 0

We will prove the proposition in two steps:
Step 1: Proving that for any s = (b;), by # 0, |Ls| < |Fpr| - [Um—2(Fpr)| = p2r(m=2),

In all the following, in characteristic 2, the negatives will go away, but the argument is the same.

Calculation 3. For jo > 2, choose d; ; = 0 except for dy j, = —dj, 1.
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Then

Jo—1 jo—1
b (hdh™ —d) = > hyjodijoBri = di, (Z hi,joBl,i>
i=2 1=2

If 250:;1 hijoB1; # 0, then as we run through all the values for dj j,, we will get that b -
(hdh™ — d) runs through all the values of Fyr. And since 1 is non-trivial, this means that
¥(b - (hdh™ — d)) cannot always equal 1. This is a contradiction. So we must have

Jo—1

> hijeBii=0
=2

for all choices of jo > 2. Recall that By 2 = by # 0. So, for all jo > 2, given h; j, for i > 2, the
above dictates hg j,: If we know h; j, for 7« > 1, then we have

Jo—1 1 Jjo—1
> hijoBri=0= hyj, = Bia > hijoBui
=2 =3

)

(In particular, note hg3 = 0.) For 3 < k < n, if By # 0, then for all jo > 2, given h; j, for

i # 1, k, the above dictates hy, j,: If we know h; j, for ¢ # 1, k, then we have

Jo—1 1 Jo—1

> hijoBri=0= hyjo = B > hijoBu.

i—2 Lk 9tk
Calculation 4. Now for jo > 2, choose d; ; = 0 except for do j, = —dj, 2.

Then

Jo Jo—1
b (hdh™ —d) = dy, (-Bl,zhl,jo +>  Brihijohia+ Y Bz,v:hz‘,jo>
=2 1=3

By the same reasoning as before, we must have

Jo Jo—1
—Bishijo + Y Buihijohia+ > Baihijy =0
=2 =3

for all choices of jo > 2. Recall that By = by # 0. So for all jo > 2, given h; j, for i > 2, the
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above dictates hq j,: If we know hi o and h; j, for i > 1, then we have

Jo—1 Jo—1
1
—B; 2h1 goT E B, 1h ,gohl 2+ E BQZ ijo = =0= hlJo = 731 ; < E B, Zh ,]Ohl 2+ E BQ whi 7]())
=2 k=3 ? =2 =3

Thus we can conclude that for all s = (b;) with b; # 0,
L] < |{H : Haj fixed ,Vj > 2, Hy j fixed ,Vj > 2}| = [Fpr| - [Uppoo(Fpr )| = prlm=2m=3)/241],

Step 2: Exhibiting that the max is achieved when s = (b,0,---,0) with b #0.
Let B be the matrix corresponding to s = (b,0,---,0). So since the only nonzero entry of B is

Bi 2 = b, we have that
b- (hdhT —d) =b(HDH” — D)15=10 < > [hay delhl k— Z dy 1 )] dm) .
=2 k=l+1
By the first calculation above, we have that for jy > 2,

Jol
Mm= E:MNBM—O

So we have
2 m—1
b-(hdhT —d) =5 ([Z diohig — Y daghig] — dm)
k=1 k=3

By the second calculation above, we have that for jo > 2,

1 Jo—1
hijo = Bio <Z By ihijohi2 + Z By khi JO)
’ =3

= ha,joh1,2

=0
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So we have

2
b (hdh™ —d)=1b <[Z diohi =] — d1,2>
k=1
= b(d12h11 + da2h12 —di2)

= (0 since h171 = 0,d272 =0

Thus we have shown that (0,,, H!) € L if and only if haj = 0,Vj > 2 and hy; = 0,Vj > 2.
Therefore,

Ls={(0p,H Y : Hy; =0,Yj > 2, Hy; =0,Yj > 2}.

S0 |Lal = [Fyr| - [Umn-a(Fy )| = prln=2m=/2¢1]

Proposition 6.21

Proposition (6.21). For p # 2,

min dim(0a b),1) = prm=1(m=2),

(ab)e(F S )mtmim=1/2, by £0

This minimum is achieved when a = 0,b = (01,0, ...,0) with b; # 0. Similarly,

min dim(6 = prm=1),
(0 D) 12, (Oap)1) =P
This minimum is achieved when a = (a1,0,...,0),b = 0 with a; # 0.

Proof. Case 1: by #0
If we take x = 0, then ¢(a- (xH” —x)) + b - (hdh™ — d)) = 1 reduces to the condition for
QF(2m,p"). So L(ap) must be a subset of the Ly, calculated in Proposition Thus

|Ls| < |{H : Hy fixed ,Vj > 2, Hy; fixed ,Vj > 2}| = p'l(m=2(m=3)/2+1],
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If b; = 0 for ¢ # 1, then we get

L C {H S Upm(Fpr) : HL]‘ =0,Yj # 2,H27j =0,Vj > 2}

Given H of this form, we have b - (hdh™ — d) = 0. Then for a = 0,

a-(xH' —x)+b-(hdh™ —d) =0.
So for (0,---,0,b1,0,---,0),
Ls={H € Up,,(Fyr) : Hy; = 0,Vj # 2, Hyj = 0,Yj > 2}.

Case 1: aj # 0 If we take d = 0 then ¥(a- (xH” —x) + b - (hdhT — d)) = 1 reduces to
Pla- (xHT —x)) = 1. Write

1 h1 2 ]’L173 hl m
0 1 h273 ham
H =
0 0 1 hmfl,m
0 O 0 1
Then
1 0 0
his 1 0 0
xH = (3717 T 7xm) his ha3z 1 0
hl,m h2,m o hmfl,m 1

m
= ( § xkhl,k’ Tyl xmhm—Lmv xm)
k=1
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So
m
T x= (Z :L‘khl,lm T axmhmfl,ma 0)

Thus
m—1 m
a-(xHT —x) = ag - ( Z xjhy ;)
k=1 j=k+1

Calculation. For jo > 1, x = (z;) with x; = 0 except for zj,.

Then we get

Jjo—1 jo—1
T
(xH E :ak Tjo i jo = Tjo E akh,j,

So for all jo > 1, we must have
Jo—1

Z akhkvjo =0.
k=1
So if a1 # 0, given h; j, for ¢ # 1, k, the above dictates hy j;:

Jol

1,50 = : : akhk’]o

Therefore,

|Ls| < [{H : Hyj fixed Vj # 1} = | Up,_y (Fpr)| = p/ "= D272,

If a; = 0 for i # 0, then we get from the calculation above that

Jo 1
hijo = E akhi,j, =

So

3
L
3

a-(xH? —x)

ar- (Y wjihgy)

j=h+1

i
I

m
=a- (Z zih15), since a; = 0,7 > 1
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=0 since h1; = 0,7 > 1
So we get that for s = (a1,0,---,0) with a3 # 0,

LS = {H : HLj = O,V] 7é 1}

Lemma 7.3

Lemma 1) Let O'g be the permutation which permutes the ith set of [ blocks of size 771,

Then

(ol heizmmaziz|z)) € SYL(Sn)-

Let P;(S),) denote this particular Sylow [-subgroup of S,,.

Proof. E|Let n' = [7], and let
o1 = (1, 1), 00 = ((n = DI +1,---,01).

Base Case: If n’ = 1, then n = [ + k for & < [. Thus the only factor of n! divisible by [ is [, so
we have |S,|; = I, and P)(S,) = (Z/IZ) € Syl,(S,) (generated by ot = (1,---,1)).
Induction Step:

Let D = (Z/IZ)". Then S, acts on D by permuting the o}. And D x S, embeds into Sy,.

Write n = In’ + * for * < [; then

= u((in'))
in’/

= I/l(i)
i=1

=) wu(li)
=1

2See [14], Corollary 4.2
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~

Thus D xS,y embeds into S,, with index prime to . Therefore, P;(S,) = D x P,(Sy) € Syl;(Sn).
Let w;(n) be the highest power of I such that LM%J > 0. Let

o = (1,041, - ,1(1=1)+1)

n n n

in(n) _ (LZM(H)*l +1,-- JM(")*l(l _ 1) + 1)7

pi(n)  _ u(n) n o pi(n) n - pr(n)—1 B T O TR _m(n)—1
Jtmzr(bn) =(l (Lluz(n)J 1) +1,( (Lluz(n)J 1) +1 +1,---,1 Lluz(n)J l +1)

Then P;(S,) is generated by {af }. And for jo fixed {Jgo} generates a subgroup of order
(Z/ZZ)LN%J. ag permutes the ith set of I blocks of size 1771,
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