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Character iz ing ,  Rationalizing ,  a n d Reifyin g 

M e n t a l  M o d e l s o f  Recu rs io n 

Shawkat H. Bhuiyan Jim E. Greer Gordon I. McCalla 

ARIES Laboratory 
Departmen t  o f  Computationa l  Scienc e 

Universit y o f  Saskatchewa n 
Saskatoon ,  SK ,  Canad a S 7 N O WO 

arics(S)cs.usask.c a 

Abstrac t 
Menta l  model s reflec t  people' s knowledg e abou t  entitie s 
and system s aroun d them .  Therefore ,  knowin g an d 
understandin g menta l  model s ca n hel p i n explorin g 
cognitiv e issue s i n instructio n includin g wh y a  studen t 
take s a  certai n approac h o r  applie s a  particula r  strateg y t o 
solv e a  problem ,  wh y a  studen t  make s mistakes ,  an d wh y 
and ho w misconception s ar e developed .  Fou r  differen t 
menta l  model s o f  recursion ,  use d fo r  synthesizin g 
solution s t o recursiv e programmin g problems ,  hav e bee n 
identifie d throug h students '  protocols .  Eac h mode l  ha s 
been characterize d i n a  wa y consisten t  wit h th e students ' 
protocols .  Variou s proble m solvin g behaviour s ar e 
rationalize d i n term s o f  th e models .  Suggestion s ar e mad e 
as t o ho w th e menta l  model s develo p an d evolv e i n th e 
cours e o f  learning .  W e als o presen t  a  learnin g 
environmen t  i n whic h thes e menta l  model s ar e reifie d an d 
we sho w ho w menta l  model s ca n b e incorporate d int o a n 
intelligen t  tutorin g system . 

Introduction 

A mental model is a coherent collection of knowledge held 
by a  perso n abou t  som e aspect ,  entit y o r  concep t  o f  th e 
world .  Peopl e us e menta l  model s t o interpre t  th e world , 
and therefore ,  aspect s o f  huma n behaviou r  ca n b e explaine d 
throug h thes e model s (Centne r  an d Steven s 1983) .  Sinc e 
menta l  model s reflec t  people' s knowledg e abou t  entitie s 
aroun d them ,  knowin g an d understandin g menta l  model s 
ca n hel p i n understandin g cognitiv e issue s i n instructio n 
suc h a s wh y a  studen t  take s a  certai n approac h o r  applie s a 
particula r  strateg y t o solv e a  problem ,  w h y a  studen t 
makes mistakes ,  an d w h y an d h o w misconception s ar e 
developed .  B y understandin g th e menta l  model s o f  a 
student ,  a  tuto r  o r  mento r  ca n desig n appropriat e 
individualize d pedagogica l  guidance . 

Most  menta l  mode l  researc h ha s bee n conducte d i n 
domain s involvin g physica l  device s wit h well-structure d 
physica l  principles .  Workin g o n th e Studen t  Computin g 
E N v i r o n m e n T ( S C E N T )  L IS P programmin g adviso r 

(McCall a e t  a l  1988) ,  a n ongoin g intelligen t  tutorin g 
projec t  a t  th e A R I E S Laboratory ,  w e becam e intereste d i n 
understandin g menta l  model s o f  abstrac t  concepts , 
especiall y recursio n i n compute r  programming .  Recursio n 
i s a  ver y interestin g domai n t o stud y becaus e man y 
student s clai m t o experienc e a  significan t  cognitiv e chang e 
(ofte n describin g thi s a s a  radica l  re-organizatio n o f 

knowledge )  a s the y gai n understandin g o f  recursiv e 

concepts . 
I n thi s regard ,  a n empirica l  stud y wa s carrie d ou t  t o 

stud y menta l  model s o f  recursio n wit h th e followin g goal s 
i n mind :  1 )  W h a t  ar e menta l  model s o f  recursio n i n th e 
contex t  o f  compute r  programming ? 2 )  H o w d o thes e 

model s develo p an d h o w ar e the y modified ? 3 )  H o w doe s 
migratio n fro m on e mode l  t o anothe r  mode l  tak e place ? 4 ) 
H o w d o differen t  model s relat e t o on e another ? 5 )  W h e n 
multipl e model s exist ,  ar e the y al l  applicabl e o r  ar e the y 
situatio n dependent ? 6 )  W h a t  ar e th e transformatio n 
operator s o r  mappin g function s amon g differen t  menta l 
models ? 7 )  Ar e change s i n menta l  model s evolutionar y o r 
revolutionar y i n nature ? 

Th e protoco l  analysi s an d preliminar y finding s o f  ou r 
empirica l  stud y wer e discusse d i n (Bhuiyan ,  Gree r  & 
McCall a 1989) .  Thi s pape r  take s th e wor k furthe r  b y 
characterizin g menta l  model s o f  recursion ,  rationalizin g 
students '  proble m solvin g i n ligh t  o f  thes e models ,  an d 
providin g a  syste m fo r  reifyin g thes e menta l  models . 

Background 

Variou s researcher s hav e studie d students '  conception s o f 
recursio n i n th e contex t  o f  compute r  programming .  Thei r 
findings  ca n b e summarize d a s follows :  I )  Novice s a t  earl y 
stage s o f  learnin g abou t  recursiv e programmin g posses s a 
loo p model ;  tha t  is ,  the y vie w recursio n a s som e so n o f 
iterativ e proces s (Anza i  an d Uesat o 1982 ;  Kahne y 1982 ; 
Kurlan d an d Pe a 1985 ;  Kessle r  &  Anderso n 1986) .  2 )  A 
syntacti c mode l  o f  recursio n ha s bee n suggeste d b y PiroU i 
(1985 )  a s a n idea l  novic e mode l  o f  recursion ,  ye t  wit h a 
syntacti c mode l  a  studen t  canno t  explai n th e behaviou r  o f  a 
recursiv e procedur e (Kahne y 1982) .  3 )  Firs t  learnin g 
iteratio n ma y hel p student s learnin g recursion ,  bu t  no t  vic e 
vers a (Anza i  an d Uesat o 1982 ;  Kessle r  an d Anderso n 
1986) .  4 )  Experts '  menta l  model s o f  recursio n ar e differen t 
fro m thos e o f  novice s (Kahne y 1982) .  5 )  Ther e ar e n o 
significan t  differenc e i n students '  performanc e wit h 
recursiv e task s whe n the y wer e taugh t  wit h theoretica l  v s 
syntacti c methods ,  althoug h ther e i s som e indicatio n tha t 
transfe r  i s enhance d throug h a  theoretica l  approac h (Gree r 
1987) . 

Althoug h th e literatur e hint s a t  severa l  differen t  menta l 
model s o f  recursion ,  n o comprehensiv e wor k ha s ye t  bee n 
don e i n thi s domain .  Therefore ,  w e believ e i t  i s  importan t 
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t o investigat e menta J model s o f  recursio n mor e carefully , 
especiall y h o w th e model s ar e use d i n synthesizin g 
recursiv e programs ,  an d henc e w e carrie d ou t  th e empirica l 
study .  Th e inten t  o f  th e stud y wa s no t  t o statisticall y 
validat e menta l  model s o f  recursion ,  bu t  rathe r  t o explor e 
th e goal s mentione d above . 

Mental Models of Recursion 

Our  empirica l  stud y involve d monitorin g th e proble m 
solvin g o f  si x non-majo r  compute r  scienc e student s o n a 
weekl y basi s t o analys e thei r  knowledg e o f  recursio n a s 
the y learne d th e concep t  i n a  programmin g course .  Fou r 
differen t  menta l  model s o f  recursion :  loo p model ,  syntacti c 
model ,  analyti c mode l  an d analysis/synthesi s (A/S )  mode l 
hav e bee n identifie d throug h analysi s o f  th e students '  verba l 
protocols .  Thes e fou r  menta l  model s o f  recursio n wer e 
use d b y variou s student s a t  varyin g time s a s the y 
synthesize d solution s fo r  recursiv e problems .  Earlie r 
paper s (Bhuiya n e t  al .  1989 ;  Gree r  1987 )  provid e evidenc e 
justifyin g thes e menta l  models .  A  numbe r  o f  analysi s 
model s wer e als o use d b y th e student s fo r  analyzin g an d 
tracin g recursiv e programs ,  bu t  thes e ar e no t  discusse d 
here .  Her e a n attemp t  i s mad e t o characteriz e students ' 
problem-solvin g behaviou r  consisten t  wit h eac h model . 

L o o p M o d e l 

The loo p mode l  i s a  flawe d mode l  o f  recursio n tha t  man y 
student s develo p earl y i n thei r  stud y o f  recursiv e 
programmin g (Anza i  an d Uesat o 1982 ;  Kahne y 1982 ; 
Kurlan d an d Pe a 1985 ;  Kessle r  an d Anderso n 1986) .  Thi s 
model  come s int o existenc e whe n th e studen t  trie s t o 
understan d an d explai n recursio n i n term s o f  prio r 
knowledg e abou t  iterativ e programming . 

Typically ,  th e beginne r  ha s som e basi c declarativ e 
knowledg e abou t  recursio n eithe r  fro m a  tex t  boo k o r  fro m 
a teacher .  Thi s knowledg e coul d includ e fact s suc h as :  a 
recursiv e functio n call s itself ,  a  recursiv e functio n ha s a 
base cas e an d a  recursiv e case ,  an d s o forth .  Th e studen t 
may no t  hav e acquire d an y mean s t o appl y thi s declarativ e 
knowledge ,  i.e ,  he/sh e ma y no t  hav e th e procedura l 
counterpar t  o f  th e knowledge .  O n th e othe r  hand ,  his^e r 
knowledg e abou t  iteratio n typicall y consist s o f  bot h 
declarativ e an d procedura l  knowledge .  Th e student' s 
knowledg e abou t  iteratio n dominate s his/he r  knowledg e 
abou t  recursion ,  an d i t  i s  likel y tha t  th e studen t  trie s t o 
understan d recursio n b y drawin g analogie s t o loo p o r 
iterativ e strucuires . 

Usuall y student s develo p informa l  solutio n plan s befor e 
writin g programs .  A  studen t  wit h a  loo p mode l  i s likel y 
t o develo p a n iterativ e solutio n plan .  I f  he/sh e attempt s t o 
translat e thi s t o a  recursiv e algorithm ,  ther e i s a  goo d 
chanc e tha t  th e algorith m wil l  b e flawed ,  incorporatin g 
suc h feature s a s declaratio n o f  loo p inde x variables , 
initializatio n o f  loo p inde x variables ,  updat e (increment / 
decrement )  o f  thes e variables ,  an d a  terminatio n test . 
Manifestatio n o f  thes e feature s depend s upo n th e initia l 
selectio n o f  th e loo p structur e tha t  th e studen t  ha d i n min d 
whil e developin g th e algorithm .  Th e student' s progra m 
usuall y doe s no t  contai n a n explici t  loop ,  becaus e th e 

studen t  know s tha t  recursion s ar e differen t  from  iterations , 
but  instea d substitute s th e intende d loo p structur e wit h a 
recursive  call . 

Protoco l  analysi s reveale d severa l  issue s relate d t o 
students '  us e o f  th e loo p model .  Learnin g iteratio n ma y 
assis t  late r  learnin g o f  recursion ,  a s Kessle r  an d Anderso n 
(1986 )  an d Uesat o an d Anza i  (1982 )  claim ,  bu t  w e 
observe d tha t  th e loo p mode l  di d no t  hel p student s i n 
understandin g recursion ;  rathe r  student s becam e confuse d a s 
the y trie d t o appl y th e loo p mode l  t o synthesizin g 
recursiv e solutions .  B y th e en d o f  th e secon d wee k o f  ou r 
investigation ,  al l  student s w h o wer e initiall y  usin g th e 
loo p mode l  seeme d t o hav e move d o n t o mor e suitabl e 
menta l  models .  Gree r  (1987 )  mad e a  simila r  observatio n 
i n hi s experiment . 

Syntacti c M o d e l 

Student s acquir e th e syntacti c mode l  b y abstractin g 
structura l  feature s o f  recursio n whe n the y hav e littl e 
conceptualizatio n o f  recursio n a s a  problem-solvin g 

technique ,  bu t  hav e considerabl e declarativ e knowledg e 
abou t  recursion .  A t  thi s stage ,  thei r  declarativ e knowledg e 
focuse s o n tw o structura l  featiu'e s o f  recursiv e functions :  a 
bas e cas e an d a  recursiv e case ;  wher e a  proces s t o solv e a 
proble m i s repeatedl y calle d i n th e recursiv e case ,  an d th e 
bas e cas e stop s th e process .  W h e n a  studen t  transform s 
suc h knowledg e o f  recursio n int o proble m solvin g fo r 
simpl e problems ,  he/sh e usuall y abstract s thes e tw o 
feature s int o a  recursio n template ,  a  schem a wit h slot s fo r 
bas e cas e an d recursiv e cas e a s show n i n Figur e 1 .  Again , 
eac h cas e ha s a  conditio n par t  an d a n actio n part . 

(defun <function-narno (<argl> ... <arg n>) 
(con d 

(<condition-l > <action-l> )  ; ;  bas e cas e 
(<condition-2 > <action-2> )  ; ;  bas e /  recursiv e cas e 

(<condition-k > <action-k>)) )  ; ;  recursiv e cas e 

Figure 1: Syntactic model template 

To synthesize a solution to a recursive programming 
proble m usin g th e syntacti c model ,  firs t  a  templat e i s 
selected .  Th e selecte d templat e ca n b e a  'basi c template ' 
lik e th e on e i n Figur e 1  o r  a  templat e fro m a n earlie r 
proble m analogou s t o th e curren t  problem .  Afte r  selectin g 
th e templat e th e studen t  fills  i n th e conditio n an d th e 
actio n part s i n th e cas e slot s wit h programmin g languag e 
specifi c  cod e chunks .  I n general ,  a  studen t  make s severa l 
attempt s t o fill  i n recursiv e cas e slot s whe n partia l  result s 
ar e t o b e passe d back .  Th e protocol s i n Figur e 2  illustrat e 
th e us e o f  th e syntacti c model . 

A seriou s shortcomin g o f  th e syntacti c mode l  i s tha t 
althoug h a  studen t  i s  awar e o f  th e condition s an d action s i n 
a template ,  he/sh e m a y no t  kno w h o w t o deriv e them . 
Thi s frequentl y result s i n nearl y rando m slot-fillin g 
behaviou r  b y novic e programmers .  Moreover ,  whil e 
synthesizin g program s usin g thi s model ,  novices . 

121 



generally ,  thin k o f  th e solution s a t  th e programmin g 
languag e cod e level .  Thi s m a y b e du e t o th e fac t  tha t  the y 
ar e simpl y concerne d wit h fillin g i n th e templat e slots . 

(a) Snident K is looking for an arbitrary recursion template 
K:  . .  I  don' t  know .  I  hav e t o .. .  I  can' t  remembe r  th e 

"format "  tha t  goe s here .  Yo u showe d m e a  coupl e o f 
minute s ago . 

Tutor :  Okay .  W h y d o yo u hav e t o se e a  format ? 
K:  Well ,  th e bas e cas e an d th e recursiv e cas e -  ho w the y ar e 

set  up ,  I  forgo t 

(b) An example of template filling behaviour 
K:  So ,  w e nee d a  bas e case .  Th e bas e cas e woul d be :  i f  th e 

lis t  i s  empt y the n retur n 0 ,  els e . .  (ove r  a  minute )  . . 
Els e tak e res t  o f  L .  .. .  retur n Coun t  +  1 . 
....Thi s i s no t  ho w it' s  don e 

Figur e 2 :  Protoco l  demonstratin g th e syntacti c mode l 

Although the syntactic model is better than the loop 
model  i t  doe s no t  constitut e a  complet e understandin g o f 
recursion .  Nevertheless ,  w e observe d tha t  novic e student s 
frequentl y use d th e syntacti c mode l  i n synthesizin g 
recursiv e solutions .  Thi s correspond s t o Escott' s  (1988 ) 
research ,  wher e sh e foun d 8 0 % o f  students '  program s wer e 
structura l  analogie s o f  earlie r  programs .  Th e LIS P Tuto r 
(Anderso n an d Reise r  1986 )  encourage s student s t o us e 
recursio n template s whic h the y fil l  i n t o arriv e a t  a  final 
program .  W e hav e foun d tha t  fo r  solution s t o routin e 
problems ,  th e syntacti c mode l  i s sufficient ,  althoug h it s 
usefulnes s diminishe s whe n student s ar e face d wit h nove l 
or  difficul t  problems .  Perhap s fo r  thi s reaso n th e LIS P 
Tuto r  augment s th e proble m solvin g b y guidin g student s 
throug h a  plannin g dialo g t o formulat e solutions . 

Analyt i c M o d e l 

Althoug h a  studen t  m a y solv e simpl e recursiv e problem s 
employin g th e syntacti c model ,  comple x problem s requir e 
a deepe r  understandin g i n orde r  t o m a p th e proble m t o a 
recursiv e construct .  Thi s "dee p understanding "  involve s 
th e abilit y  t o analyz e input-outpu t  behaviou r  o f  a  proble m 
and t o determin e inpu t  condition s an d correspondin g outpu t 
action s togethe r  wit h associate d transformations .  Suc h 
analyti c cognitiv e abilit y  t o synthesiz e a  recursiv e solutio n 
give s rise  t o th e analyti c model . 

Wit h th e analyti c model ,  a  studen t  doe s no t  vie w 
recursio n simpl y a s a  physica l  construc t  lik e th e syntacti c 
template ;  rathe r  he/sh e view s recursio n a s a  problem -
solvin g technique .  Therefore ,  th e significanc e o f  thi s 
model  i s t o analys e th e input-outpu t  behaviou r  o f  th e 
give n problem . 

Solutio n synthesi s usin g th e analyti c mode l  ha s th e 
followin g thre e steps :  1 )  Determin e cases :  Analyz e th e 
variou s inpu t  case s fo r  th e give n problem .  Determin e th e 
inpu t  case s an d th e correspondin g outpu t  strategies .  I n thi s 
step ,  th e studen t  specifie s his/he r  intentions ,  a n informa l 
solutio n specification ,  fo r  th e problem .  2 )  Translat e inpu t 
case s t o inpu t  condition s an d translat e outpu t  strategie s t o 
outpu t  actions :  I n thi s step ,  th e studen t  plan s a  high-leve l 
solution ,  whic h ca n b e translate d t o an y programmin g 

language .  Student s i n th e empirica l  stud y wer e foun d t o 
us e natura l  languag e phrase s t o outlin e th e solutio n plan . 
3)  Translat e inpu t  condition s an d outpu t  action s int o 
programmin g languag e code . 

Th e analyti c mode l  provide s tw o level s o f  intermediat e 
representation s betwee n th e proble m statemen t  an d th e 
solutio n (ste p 1  an d ste p 2  above) .  Th e ste p 2  intenmediat e 
representatio n i s particularl y interestin g becaus e i t  support s 
a pseudo-language ;  a  mixtur e o f  natura l  languag e an d 
programmin g languag e primitives ,  whic h student s us e t o 
elaborat e th e inpu t  condition s an d th e correspondin g outpu t 
action s fo r  th e problem .  T o describ e a  solutio n i n natura l 
language ,  a  studen t  need s t o attai n a  deepe r  leve l  o f 
cognitio n tha n fo r  th e syntacti c model .  Th e protoco l  i n 
Figur e 3  show s a  student' s solutio n pla n fo r  th e LIST- B 

problem ,  t o retur n a  lis t  o f  al l  to p leve l  B' s i n a  list : 

S:....So, these are lists, then? O.K. If Null L then Return the 
empt y list .  I f  Firs t  o f  th e lis t  i s  a  B  the n retur n B ,  an d 
wor k (on )  th e rest .  Els e Gathe r  . . 

The solution plan consisted of the following three cases: 
Case 1 :  I f  N U L L L  the n retur n a n empt y list . 
Case 2 :  I f  th e firs t  o f  th e lis t  i s  a  B  the n retur n B ,  an d 

wor k o n th e res t  o f  th e inpu t  lis t 
Case 3 :  Els e (fo r  non e o f  th e abov e conditioru) . 
Gathe r 

Figur e 3 :  Protoco l  demonstratin g th e analyti c mode l 

In Figure 3, student S was not working directly with 
bas e case(s )  o r  recursiv e case(s )  a s i n th e syntacti c model . 
Moreover ,  sh e wa s als o no t  concerne d wit h transformin g 
th e solutio n pla n int o progra m code .  Fo r  example ,  i n 
Case 2 ,  sh e di d no t  articulat e th e exac t  cod e fo r  th e 
conditio n par t  o r  fo r  th e actio n part .  Interestingly ,  sh e 
made n o mentio n o f  constructin g a n outpu t  lis t  o f  B's , 
whic h th e proble m aske d for ,  bu t  sh e wante d t o proces s 
("wor k on" )  th e res t  o f  th e inpu t  list .  Thi s suggest s he r 
intentio n (o r  goal )  w a s implici t  fro m th e proble m 
statemen t 

The mai n differenc e betwee n th e analyti c mode l  an d th e 
syntacti c mode l  i s tha t  wit h th e syntacti c mode l  a  studen t 
write s progra m cod e directl y fro m th e proble m statement , 
wherea s wit h th e analyti c mode l  th e studen t  firs t 
determine s a  solutio n pla n fro m th e proble m statemen t 
usin g a n intermediat e languag e an d the n transform s th e 
pla n int o progra m code . 

Analysis/Synthesi s M o d e l 

Th e analysis/synthesi s (A/S )  mode l  i s th e mos t  powerfu l 
model  o f  recursio n encompassin g bot h structura l  an d 
functiona l  properties .  Exper t  programmer s see m t o 
posses s thi s model .  Onl y on e studen t  i n ou r  stud y bega n 
t o acquir e thi s mode l  an d attempte d t o us e i t  i n th e 
solutio n o f  a  challengin g proble m i n th e las t  wee k o f  ou r 
study .  W e hav e uncovere d littl e direc t  evidenc e fo r  thi s 
model ,  althoug h othe r  wor k (cf .  Gree r  1987 )  support s th e 
existenc e o f  th e A/ S model .  W e includ e a  brie f  descriptio n 
of  th e A/ S m o d e l  i n thi s pape r  fo r  th e sak e o f 
completeness . 
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T h e A l S m o d e l  give s th e abilit y t o reduc e a  give n 
prob le m int o smalle r  one s a n d t o synthesiz e th e 
correspondin g solution s int o a  globa l  solutio n To r  th e 
problem .  T h e usua l  step s o f  solvin g a  proble m usin g th e 
A l S m o d e l  ar e a s follows :  1 )  Determin e th e smalles t 
piece s tha t  ca n b e solve d instantaneously .  2 )  Brea k th e 
proble m int o subproblem s whe r e solutio n t o a  subproble m 
i s th e solutio n t o a  smalles t  piec e plu s solutio n t o a 
smalle r  subproblem .  3 )  Determin e stoppin g case(s) . 

E v e n exper t  p rog rammer s d o no t  appl y th e A / S m o d e l 
ever y tim e the y solv e a  prob le m recursively .  I f  th e 
proble m i s  simpl e the n ther e i s  a  g o o d chanc e tha t  a 
simila r  p rob le m ha s b e e n previousl y solved ,  thu s 
providin g a  templat e o r  a  chun k t o e m b o d y th e solution . 
I n othe r  words ,  fo r  familia r  problems ,  mos t  p rog rammer s 
see m t o emp lo y a  syntacti c model . 

Evolution of Mental Models 

Student s acquir e (o r  develop )  menta l  model s o f  recursio n 
durin g instructio n an d proble m solving .  Menta l  model s 
see m t o evolv e i n a  sequentia l  fashion ,  roughl y i n th e 
sequenc e o f  loo p model ,  the n syntacti c model ,  analyti c 
model  an d finall y  th e A/ S model . 

Over  th e five  week s o f  ou r  stud y student s wer e aske d 
(amon g othe r  things )  t o solv e nin e problem s wit h 
recursiv e solutions .  Fro m thei r  protocols ,  th e menta l 
model  tha t  the y wer e tryin g t o us e fo r  formulatin g eac h 
proble m solutio n wa s identified .  Th e problem s generall y 
increase d i n difficult y throug h th e first  fou r  week s an d a 
difficult ,  challengin g proble m wa s give n i n th e final  week . 
Tabl e 1  show s th e menta l  model s tha t  th e si x student s use d 
whil e attemptin g t o formulat e a  solutio n t o th e problems . 
I n a  numbe r  o f  case s on e menta l  mode l  prove d insufficien t 
fo r  th e student ,  an d a  secon d attemp t  usin g a  differen t 
menta l  mode l  wa s observed .  Tabl e 1  demonstrate s tha t  i n 
most  case s student s evolve d mor e sophisticate d menta l 
model s ove r  time . 
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Tabl e 1 :  Evolutio n o f  Menta l  Model s o f  Recursio n 
Our empirical study supports the hypotheses that 
student s construc t  particula r  menta l  models ,  tha t  th e 
model s ar e enhance d b y ne w materia l  tha t  the y lear n fro m 
clas s lecture s o r  fro m othe r  sources ,  tha t  th e model s 
become inappropriat e fo r  certai n proble m solvin g 
situations ,  an d finally  tha t  ne w model s evolve .  I t  seem s 
tha t  menta l  models ,  onc e formed ,  ar e persisten t  Student s 
frequentl y retur n t o mor e establishe d menta l  model s whe n a 

first  attemp t  t o solv e a  proble m wit h a  ne w mode l  fails .  I t 
als o seem s tha t  som e student s wil l  attemp t  t o appl y a  wel l 
establishe d menta l  model ,  find  tha t  i t  i s no t  sufficien t  t o 
conceptualiz e th e solutio n t o th e problem ,  an d onl y the n 
wil l  the y appl y a  ne w menta l  model .  Student s see m t o 
adop t  mor e sophisticate d menta l  model s o f  recursio n a s 

the y mee t  wit h mor e difficul t  recursiv e problems . 

A Learning Environment to Support 

Men ta l  M o d e l s 

We hav e determine d tha t  menta l  model s pla y a n importan t 
rol e i n students '  understandin g o f  recursiv e programming . 
I t  follow s tha t  menta l  model s ca n b e utilize d i n bette r 
understandin g students '  intermediat e proble m solvin g 
behaviou r  an d als o ca n hel p i n promotin g students ' 
learnin g o f  recursion .  I n essence ,  menta l  models ,  i f 
properl y use d i n intelligen t  tutorin g systems ,  wil l  increas e 
th e diagnosti c precisio n an d th e appropriatenes s o f 
pedagogica l  guidanc e offere d b y th e system .  T o thi s end , 
we hav e constructe d a  prototyp e learnin g environmen t 
(name d P E T A L )  i n whic h student s m a y choos e fro m a 
variet y o f  Programmin g Environmen t  Tool s (PETs ) 
whic h correspon d t o variou s menta l  model s o f  recursion . 

At  th e presen t  tim e P E T A L i s  bein g use d t o furthe r 
explor e menta l  model s o f  recursio n b y observin g studen t 
problem-solvin g behaviou r  whe n the y ar e constraine d b y 
an environmen t  tha t  support s a  particula r  menta l  model . 
P E T AL doe s no t  simulat e th e executio n o f  explici t 
runnabl e menta l  models ;  rathe r  i t  use s wha t  w e believ e 
abou t  th e existenc e o f  thes e model s i n th e learner' s min d t o 
provid e scaffoldin g t o suppor t  th e learner' s use  o f  th e 
models .  I t  i s  importan t  t o realiz e tha t  i t  i s  th e learne r  w h o 
"runs "  th e menta l  mode l  o n his/he r  min d wit h P E T A L 
merel y providin g suppor t  an d constraint .  P E T A L directl y 
support s specifi c  model s o f  recursio n b y providin g a n 
intelligen t  computer-base d environmen t  i n whic h student s 
formulat e solution s t o programmin g problems .  Th e 
studen t  firs t  select s a  proble m t o wor k o n an d the n 
specifie s th e parameter s fo r  th e functio n t o b e synthesized . 
Next  th e studen t  select s amon g th e availabl e P E T s t o 
choos e a n environmen t  correspondin g t o a  menta l  mode l  i n 
whic h t o solv e th e problem .  Student s m a y switc h fro m 
one P E T t o anothe r  a s the y attemp t  t o solv e a  problem . 
Sinc e th e loo p mode l  i s no t  a  viabl e mode l  o f  recursion , 
ther e i s n o correspondin g P E T .  I n ou r  prototyp e 
implementatio n o f  P E T A L ,  onl y th e syntacti c an d th e 
analyti c PET s hav e bee n built .  Twenty-thre e programmin g 
task s hav e bee n include d s o far . 

The syntacti c P E T support s solutio n synthesi s fro m th e 
viewpoin t  o f  th e syntacti c model .  Th e studen t  usin g thi s 
P ET mus t  construc t  a  recursiv e templat e o f  bas e case(s ) 
and recursiv e case(s) .  Nex t  he/sh e mus t  fill  i n th e cas e 
slot s wit h proble m specifi c  cod e chunks .  I n orde r  t o assis t 
th e student ,  th e syntacti c P E T provide s a  men u o f  availabl e 
cod e chunk s specifi c t o th e selecte d problem .  Th e cod e 
chunk s fo r  a  particula r  proble m ar e create d i n advanc e b y a 
domai n expert .  Cod e chunk s m a y contai n distractors , 
whic h ca n b e usefu l  i n diagnosin g an d clarifyin g potentia l 
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misconception s whic h th e studen t  migh t  possess .  Onc e 
th e cod e chunk s hav e bee n fille d int o th e template , 
correspondin g LIS P cod e i s automaticall y generate d b y th e 
P E T. 

The analyti c P E T correspond s t o th e analyti c mode l  fo r 
solutio n synthesis .  Wit h th e analyti c P E T ,  th e studen t 
view s recursio n a s a  proble m solvin g techniqu e base d o n 
input/outpu t  (I/O )  analysi s o f  th e proble m whereupo n 
thes e I/ O behaviour s ar e mappe d t o propertie s o f  recursion : 

bas e case(s )  an d recursiv e case(s) .  Unlik e th e syntacti c 

model ,  th e analyti c mode l  provide s cognitiv e suppor t  t o 
th e studen t  t o deriv e th e case s throug h I/ O analysis . 
Progra m synthesi s usin g th e analyti c P E T consist s o f  thre e 
stages .  Intentio n stage :  Determin e inpu t  case s an d 
correspondin g outpu t  strategie s fo r  th e give n problem . 
Pla n stage :  Determin e th e solutio n pla n b y derivin g 
inpu t  condition s an d outpu t  action s correspondin g t o th e 
inpu t  case s an d th e outpu t  strategie s respectively .  C o d e 
translatio n stage :  Translat e th e solutio n pla n int o 
progra m code . 

Figur e 4  show s th e analyti c P E T initialize d wit h th e 
count-atom s proble m (countin g th e numbe r  o f  to p leve l 
atom s i n a  list) .  Th e analyti c P E T manifest s thes e thre e 
stage s o f  solutio n synthesis .  First ,  a t  th e intentio n 
stage ,  th e studen t  determine s th e possibl e inpu t  case s an d 
th e correspondin g outpu t  strategie s fo r  th e problem .  List s 
of  suc h choice s o f  th e inpu t  case s an d th e outpu t  strategie s 
ar e displaye d i n Inpu t  Cas e Choice s an d Outpu t  Strateg y 
Choice s table s (i n th e uppe r  lef t  par t  o f  di e scree n display) . 
As inpu t  cas e choice s an d outpu t  strategie s ar e selected , 
eac h i s displaye d i n th e I-Case s an d O-stralegie s table s (i n 
th e lowe r  lef t  par t  o f  th e scree n display) .  Togethe r  th e 
case s an d th e strategie s constitut e a n informa l  an d coarse -
graine d solutio n t o th e problem .  I n a  broa d sense ,  th e 
student' s intention s ar e capture d i n thi s informa l  solution . 

Durin g th e pla n stage ,  th e studen t  develop s a  solutio n 
pla n consistin g o f  inpu t  condition s an d outpu t  actions , 
derive d fro m th e inpu t  case s an d th e outpu t  strategie s 
respectively .  A n inpu t  conditio n an d it s  correspondin g 
outpu t  actio n togethe r  mak e a  subplan ,  wher e th e conditio n 
i s th e contex t  o f  th e subpla n an d th e actio n i s th e goa l  o f 
th e subplan .  T h e analyti c P E T provide s natura l  languag e 
phrase s t o elaborat e th e solutio n plan .  Thes e phrase s ar e 
proble m specifi c an d ar e supporte d b y empirica l  evidenc e 
fro m ou r  earlie r  stud y o f  problem-solvin g protocols . 

Afte r  developin g th e solutio n plan ,  th e c o d e 

translatio n stag e begins .  Th e translatio n i s no t  full y 
automati c sinc e precis e cod e canno t  alway s b e inferre d from 
th e student' s natura l  languag e plans .  W h e n th e studen t 
presse s th e Edi t  P rog ra m button ,  a  L IS P Edito r  appear s 
whic h show s al l  th e input-outpu t  analysi s (a s commentary ) 
togethe r  wit h a  partiall y  fille d cod e templat e fo r  th e 
solution .  I t  i s  lef t  t o th e studen t  t o fles h ou t  th e progra m 
cod e derive d fro m th e solutio n plan . 

Th e exampl e above ,  show s h o w th e analyti c P E T 
provide s student s suppor t  fo r  synthesizin g solution s t o 
recursiv e problem s consisten t  wit h th e analyti c mode l  o f 
recursion .  P E T A L currentl y act s a s a  stand-alon e 
programmin g environment ,  an d no t  a s a  complet e 
instructiona l  syste m lik e th e Bridg e Syste m (Bona r  & 
Cunn ingham ,  1988 )  o r  th e L I S P Tuto r  (Anderso n & 
Reise r  1986) .  P E T A L i s designe d t o eas e students ' 
transition s throug h increasingl y sophisticate d menta l 
model s o f  recursion .  E v e n withou t  knowledgeabl e 

feedbac k t o th e student ,  P E T A L i s provin g t o b e a  usefu l 
p rogrammin g environment ,  sinc e student s explor e 
solution s t o problem s i n a  rich  conceptua l  environmen t 
an d ca n produc e L IS P cod e wit h littl e effort .  Afte r  pilot -
testin g P E T A L wit h a  smal l  numbe r  o f  student s w e ar e 
n o w beginnin g t o conside r  it s potentia l  a s a n interfac e t o 
an intelligen t  tutorin g syste m (specificall y th e S C E N T - 3 

RM PET lUlndoi u fo r  th e count-atomt-proble m 
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system) .  Interactin g wit h P E T A L ,  student s mak e explici t 
th e genera l  strategie s an d specifi c  plan s the y ar c 
considering .  Thi s knowledg e abou t  strategie s an d plan s i s 
extremel y usefu l  an d difficul t  t o infe r  i n a  standar d 
intelligen t  tutorin g system .  Th e additiona l  knowledg e 
availabl e t o a  tutorin g syste m tha t  use s a  menta l  model -
base d interfac e i s considerable .  A t  th e sam e lime ,  th e adde d 
benefi t  o f  knowledgeabl e feedbac k t o th e studen t  usin g 
P E T AL shoul d prov e t o b e substantial .  Althoug h muc h 
more researc h i s needed ,  P E T A L promise s t o b e a  viabl e 
front-en d fo r  th e S C E N T intelligen t  tutorin g system . 

Conclusion 

Intelligen t  tutorin g system s wil l  achiev e thei r  fulles t 
potentia l  whe n the y ca n suppor t  students '  learnin g a t  th e 
deep "menta l  modelling "  levels ,  rathe r  tha n merel y suppor t 
thei r  understandin g a t  a  surfac e level .  W e hav e examine d 
ho w t o creat e suc h suppor t  tool s fo r  th e domai n o f 
programming ,  i n particula r  fo r  recursiv e programmin g 
concepts .  A  prerequisit e t o th e succes s o f  ou r  endeavou r 
has bee n t o carr y ou t  a n empirica l  stud y delineatin g th e 
spac e o f  menta l  model s actuall y use d b y students .  The n 
suppor t  tool s fo r  eac h identifie d menta l  mode l  hav e bee n 
define d an d ar e currentl y bein g teste d o n students .  Studen t 
use o f  thes e tool s i s feedin g bac k int o ou r  understandin g o f 
th e menta l  model s themselves .  Th e symbioti c relationshi p 
betwee n empirica l  studie s an d th e syste m tha t  grow s ou t  o f 
thes e studie s i s a n importan t  lesso n o f  thi s research . 

Thi s researc h als o contribute s t o th e burgeonin g bod y o f 
knowledg e abou t  menta l  models .  I n contras t  t o th e usua l 
menta l  model s o f  physica l  systems ,  w e investigat e menta l 
model s i n a n abstrac t  domain .  Recursio n i n compute r 
programmin g ha s tw o features :  first ,  i t  i s  a  proble m 
solvin g techniqu e use d i n synthesizin g programs ,  an d 
second ,  i t  i s a  proces s o r  contro l  structur e tha t  control s th e 
executio n orde r  o f  th e program .  Usin g th e synthesi s 
model s o f  recursion ,  discusse d i n thi s paper ,  student s 
formulat e recursiv e solutions .  Ou r  experiment s hav e 
shown tha t  student s d o indee d emplo y menta l  model s i n 
recursiv e proble m solving ,  tha t  the y adop t  mor e 
sophisticate d menta l  model s a s th e nee d arises ,  an d tha t 
the y ca n switc h amon g menta l  model s a s appropriate . 

Moreover ,  ou r  woii c o n P E T A L add s t o th e repertoir e o f 
tool s t o suppor t  dee p conceptualizatio n b y student s a s the y 
learn .  Ou r  PET s ar e simila r  t o so-calle d intermediat e 
representation s employe d i n variou s intelligen t  tutorin g 
system s suc h a s th e Bridg e Tuto r  (Bona r  &  Cunningha m 
1988),  G I L (Reise r  e t  a l  1990) ,  an d Angl e (Koedinge r  & 
Anderso n 1990) .  However ,  w e provid e severa l  differen t 
representations ,  rathe r  tha n jus t  on e a s i n thes e othe r 
systems .  Thes e multipl e representation s ar e provin g t o b e 
valuabl e pedagogically ,  an d ar e bein g use d t o hel p u s refin e 
and clarif y our  understandin g o f  th e structur e an d us e o f 
menta l  models .  The y als o provid e u s wit h a  precis e len s 
throug h whic h t o vie w th e geneti c relationship s student s 
evolv e amon g severa l  differen t  menta l  models . 

Our  futur e wor k wil l  continu e t o refin e an d elaborat e 
thes e menta l  models .  W e wil l  explor e ho w student s 

actuall y us e th e menta l  models ,  especiall y h o w us e o f  th e 
model s i s altere d a s studen t  knowledg e evolves .  Finally , 
we wil l  continu e t o investigat e h o w t o buil d effectiv e 
suppor t  tool s fo r  th e menta l  mode l  leve l  o f  learning . 
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