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Correlators exceeding one in continuous measurements of superconducting qubits
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We consider the effect of phase backaction on the correlator (I(¢)I(t 4+ 7)) for the output sig-
nal I(¢) from continuous measurement of a qubit. We demonstrate that the interplay between
informational and phase backactions in the presence of Rabi oscillations can lead to the correlator
becoming larger than 1, even though |(I)] < 1. The correlators can be calculated using the gen-
eralized “collapse recipe” which we validate using the quantum Bayesian formalism. The recipe
can be further generalized to the case of multi-time correlators and arbitrary number of detectors,
measuring non-commuting qubit observables. The theory agrees well with experimental results for
continuous measurement of a transmon qubit. The experimental correlator exceeds the bound of 1
for a sufficiently large angle between the amplified and informational quadratures, causing the phase
backaction. The demonstrated effect can be used to calibrate the quadrature misalignment.

Introduction. Continuous quantum measurements
(CQMs) are attracting significant attention in quantum
computing and quantum physics. Although they have
been theoretically discussed for a long time using vari-
ous approaches [IH9], current interest in CQMs is mainly
motivated by relatively recent experiments with super-
conducting qubits [I0HI6]. They are useful for quantum
computing applications such as quantum feedback [I7-
21], rapid state purification [22], preparation of entangled
states [14}, 23] 24], and continuous quantum error correc-
tion [25] 26]. CQMs are also shedding light on our un-
derstanding of the still debatable quantum measurement
process, including nontrivial cases such as simultaneous
CQM of noncommuting observables [15] [T6], 27].

Temporal correlators of the output signals from CQMs
are important objects to study because they bear non-
classical features due to the interplay between coherent
quantum evolution and measurement-induced quantum
backaction. In particular, violation of a classical bound
is a clear indication of quantum behavior. As an ex-
ample, macrorealism assumptions have been tested with
correlators from CQM via the continuous Leggett-Garg
inequality [T1]. There is significant recent interest in cor-
relators from CQMs [28H33], including multi-time corre-
lators and the case of non-commuting observables. In
particular, multi-time correlators are important in the
continuous operation of quantum subsystem codes [34].

Quantum backaction from measurement can be de-
scribed in terms of Kraus operators [I]. The polar de-
composition of a Kraus operator suggests, in general,
two types of quantum backaction that are related to the
non-unitary and unitary factors of the polar decomposi-
tion. In particular, in circuit QED-based measurements
of superconducting qubits they are often referred to as
informational backaction and phase backaction, respec-
tively [0, 13 B5]. Circuit QED systems are ideal to
study these two types of quantum backaction because

their relative strength is easily tunable by the phase of
the pump applied to a phase-sensitive parametric ampli-
fier 8, @, [13].

In this paper, we study the effect of phase backaction
on output-signal correlators for continuous measurement
of a superconducting qubit. We present a general theory
for multi-time correlators in the spirit of the “collapse
recipe” [30, [32 B6], which is extended here to include
phase backaction and proven using the quantum Bayesian
formalism. In such a generalized recipe, the correlators
from continuous qubit measurements can be calculated
by assuming fictitious “strong” measurements (with dis-
crete outcomes +1) at the time moments entering the
correlator and assuming ensemble-averaged evolution at
other times. Importantly, the fictitious strong measure-
ments can move the qubit state outside the Bloch sphere,
and correspondingly the outcome probabilities for the
next strong measurement can be negative. Even though
the procedure is bizarre from physical point of view, this
is a simple way to obtain correct correlators, including
the case of simultaneous CQM of noncommuting qubit
observables and arbitrary additional evolution and deco-
herence of the qubit.

In particular, our theory predicts the counterintuitive
result that correlators can be larger than 1, even though
the average value of the output is between +1. To test
this prediction, we perform CQM of o, (Fig. 1) and show
that the experimental correlators indeed exceed unity
when we use a sufficiently strong phase backaction and
sufficiently fast Rabi oscillations. Note that such non-
classical values would be natural for weak values [37];
however, our experiment is not related to weak values
since it does not use post-selection. We also discuss a
sensitive correlator-based method to estimate the mis-
alignment between amplified and informational quadra-
tures in circuit QED-based qubit measurement setups.

The quantum Bayesian formalism. As the simplest
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FIG. 1. (a) Schematic illustration of the experimental setup
for continuous measurement of qubit observable o.. A su-
perconducting qubit is dispersively coupled to the fundamen-
tal mode of a 3D microwave resonator. The leaked field is
amplified by a phase-sensitive Josephson parametric ampli-
fier (JPA), producing the (downconverted) normalized output
signal I(t). The cancellation tone displaces the outgoing field
close to the vacuum, thus preventing JPA saturation. The
coherent states corresponding to the eigenstates of o, are il-
lustrated in panel (b) by two circles in phase space. The line
through their centers defines the informational quadrature,
while the JPA’s pump phase defines the amplified quadrature.
The angle @, between them affects the phase backaction.

case, let us consider a Rabi-rotated qubit under contin-
uous o,-measurement in the typical circuit QED setup
with a phase-sensitive amplifier [I3], [I5] — see Fig. 1. In
this case the relative strength of the phase backaction
and informational backaction is controlled by the angle
a between the amplified and informational quadratures
[8,@9]. We will discuss the correlator (to > t;)

K(t,t2) = (I(t2) 1(t1)), (1)

where I(t) = [I(t) — I,]/AI(pa,) is the normalized output
signal, I(t) is the actual experimental output, I, is the
offset, and AI(p,) = Alnax COS @, is the response, so
that this normalization provides (I) =1 or —1 when the
qubit is in the state |1) or |0), respectively (the symbol
(..) means ensemble average). The normalized signal can
be modeled as [7, [32]

I(t) = Tr[ozp(t)] + VT £(t) = 27(t) + VT §(1),  (2)

where r = (z,y, z) is the Bloch vector defined by the
qubit density matrix parametrization p = (1 4+ xo, +
yo, + 20,)/2 and z = (0,0,1) is the measurement axis
direction corresponding to the measured observable o, =
[1)(1] —]0)(0]. The white Gaussian noise £(t) has zero
average, (£(t)) = 0, and two-time correlator

(€0 E)) = ot —1). 3)

The “measurement time” 7y, = Timin/ cos? pa in Eq.
is the time to reach the signal-to-noise ratio of 1.

The qubit evolution can be described by the quantum
Bayesian equation [8] [9] (in It6 interpretation)

z—(zr)r zZXr

f‘:AenS(r—rst)—l— \/ﬂ

)+ K

£(t), (4)

where the first term is the ensemble-averaged evolution,
the second term is the informational backaction, and the
third term is the phase backaction with K = tan¢,. The
evolution of the ensemble-averaged state rens = (r),

":’ens = Aens(rens - rst)7 (5)

is characterized by 3 x 3 matrix Ae,s and stationary
state rg; this evolution corresponds to the Lindblad-
form equation, pens = —(i/h)[Hq, pens] + L]Pens), where
H, is the qubit Hamiltonian and £ describes the qubit
ensemble decoherence. In our case, the contribution to £
due to measurement is Ly, [p] = Tim[o.po, — p]/2, where
Tm = (1+K2)/(207m) = 1/(21Tmin) is the measurement-
induced ensemble dephasing rate and 7 is the detector
quantum efficiency. Note that 'y, does not depend on
©a, in contrast to K and 7.

Collapse recipe. The collapse recipe was previously in-
troduced to calculate two-time correlators [36] and multi-
time correlators [32] without phase backaction. For the
correlator , this recipe states that we should replace
continuous measurement at time moments t; and ¢y by
(fictitious) projective measurements and use ensemble-
averaged evolution at any other time. The projective
measurements probabilistically produce discrete results
I, = +1 and correspondingly collapse the qubit to |1) or
|0).

As will be proven below, in the presence of phase back-
action, the correlator still can be calculated in a some-
what similar way; however, we should use a quite unusual
Generalized Collapse Recipe (GCR). In particular, af-
ter a projective measurement at time ¢; with the result
I, = £1, the qubit state collapses to I17co1, where

Teoll = 2 + K (2 X 71) (6)

and vy = r(t; — 0) is the qubit state just before the
collapse. We emphasise that, excluding the case when
zxr; =0or K =0, state @ is outside the Bloch sphere.
After the collapse at time ¢, the qubit evolves according
to Eq. . Thus, using the GCR, the correlator can
be calculated as

K(ty,t2) = Z I Lp(Io, to| I, t1) p(I1, 1), (7)
I, I==+1

where the sum is over four scenarios of outcomes,

1—|—Il zZT1

p(Ii,t1) = 5 (8)

is the probability to get the first outcome I; = +1, and

1+ 12 ZTens (t2 ‘Ilfrcolla tl)
5 ;9

p(127t2|113t1) =

is the “conditional probability” to get the outcome Iy =
+1 at time t5 given that we got outcome I; at time ¢;.
Here Tens (t|7in, tin) denotes the solution of Eq. with
initial condition Teps(tin) = Tin at time ¢, < . Since rens
can be outside the Bloch sphere, the “probability” @[)



can be negative or larger than one; however, the normal-
ization condition lezilp(lg,tgﬂl,tl) = 1 still holds.
If the qubit is prepared in the state r¢ at to < t1, then
ry = rens(t1|r0,t0) is within the Bloch sphere, so the
first probability has the usual range of values. Note
that the recipe for multi-time correlators (discussed be-
low) has essentially the same form.

GCR from the quantum Bayesian formalism. Let us
prove the recipe of Egs. @7@ using Eqs. 7. The
proof somewhat follows Refs. [30, 32]. First, we rewrite
Eq. of the GCR as

K(tl,tQ) =z ['rens (t2|'rcolla tl) (1 + Zl)/2
_Tens(t2| - rcollytl) (]- - Zl)/2]7 (10)

where z; = zr; and t5 > t1. Next, we calculate the corre-
lator (1)) directly and show that the result coincides with
Eq. (10)). Using Eq. , we decompose the correlator as

K(ty,t2) = 2 [KW (ty,ta) + K3 (t,15)], (11)

(1,2)

where the vector-valued correlators K are defined as

KW(ty,ty) = (r(t2)) 21, K@ (t1,t2) = (r(t2) /T £(t1)).

(12)

Differentiating K1) over ¢, and using Eq. (@), we find
that KV satisfies an equation similar to Eq. (J

8t2K(1)(t13 t2) = AenS[K(l)(tl’ t2) - erStL (13)
with initial condition K(l)(tl, t1) = r12z1. Therefore,
KW (ty,ta) = Plta|tr) 2171 + 21Psi(talts),  (14)

where P(t|t') is a 3 x 3 matrix satisfying equation

OGP(tt) = Aens(t)P(t|t') with P('|t') = 1, and

P (t|t') = — f; PE|t") Aens(t”) 7t () dt”" is a vector.
Similarly, K(?) satisfies equation

8t2K(2)(t1,t2) = AensK(Q)(t1;t2)7 (15)

in which there is no term proportional to rg, in contrast
to Eq. , because (Aens 75t £(t)) = 0. To find the initial
condition K (t1,t, + 0), we discretize Eq. with a
timestep 0t and obtain r(t; + 0t) — r(t1) =~ [z — 2171 +
K (z x 71)] 0t &(t1)/+/T,,, which has a typical size ~ /5t
since (€2(t1)) = (6t)~! —see Eq. (B). Inserting this result
for 7(t; + 6t) into Eq. (I2), we obtain K® (t1,# 4 0) =
z — 2171 + K (z x r1) in the limit 6t — 0. Thus,

K@ (ty,ty) = P(ta|ts) [Peon — 2171] (16)

so that 7, in the definition (12]) of K ) cancels out.
From Egs. 7 and ([16]), we obtain

K (t1,t2) = 2[P(t2]t1) Teon + 21 Pst (t2t1)], (17)

with the terms proportional to z;7; in Eqgs. and
exactly cancelling each other and not contributing to
Eq. (17). This is expected from linearity of quantum

Bloch
sphere

FIG. 2. Qubit evolution in the GCR picture. At time ¢1, the
qubit state jumps to reon [Eq. ], which is outside the Bloch
sphere when phase backaction is present. Rabi oscillations
then can produce z-component zens = 27Tens larger than 1, so
that the correlator K (t1,t2) = zens(t2) exceeds 1.

mechanics, which requires a linear (not quadratic) de-
pendence of the correlators on the initial state.

Finally, formally solving Eq. as Tens (t‘rin,tin
P (t|tin) Tin+Pst (ttin) and using this solution in Eq. (10)),
we see that the result exactly coincides with Eq. (L7]).
This proves that the GCR yields the same correlator as
the one obtained from the quantum Bayesian formalism.

Ezperimental correlators larger than 1. The GCR in-
troduces an unusual way of thinking about the qubit
evolution that nevertheless enables us to calculate cor-
relators in CQMs. Next we discuss that the effective
qubit evolution outside the Bloch sphere leads to corre-
lators larger than 1 in the experiment illustrated in Fig.
1. In the experiment the qubit undergoes Rabi oscilla-
tions with frequency (g over the z-axis and continuous
measurement of o,. Neglecting the energy relaxation,
the ensemble-averaged evolution is described by Eq.
with rg = 0 (i.e., unital evolution) and

T 0 0
Ae=| 0 - —0r |, (18)
0 Qr 0

where I' is the ensemble dephasing rate, which is mostly
due to measurement, I' = T';,,. Because of unitality (rg =
0), there is a symmetry

Tens (t| — Tin, tin) = —Tens (t’ Tin, tin)a (19)
so Eq. for the correlator reduces to
K(tl,tQ) = ZTens (t2|rcollvt1)- (20)

Therefore, in the GCR we can assume that the measure-
ment result at ¢; is always Iy = +1, this moves the
qubit to the state rcon given by Eq. (6), and the cor-
relator is simply the qubit z-component at time t¢,, i.e.,
K = Zens = 2Tens.

In the experiment, the qubit is prepared at time to = 0
in the state ro = (20,0,0) with g = £1 (i.e., along the
rotation axis). Without the intuition provided by the
GCR, this choice to observe correlators larger than 1 is



counterintuitive. However, according to the GCR, the
effective after-collapse qubit evolution starts outside the
Bloch sphere at the state

Teoll = (0,21 tan,, 1), @1 = zgexp(—Tty),  (21)

which after Rabi rotation can have z-component up to
1+ z?tan? p,. This geometrical picture is illustrated
in Fig. 2] making clear that both phase backaction and
Rabi oscillations are necessary to observe K > 1.

In the experiment, the correlator is additionally time-
averaged in order to reduce fluctuations,

1 tskip+T'
K(T)ET/ K(tl,tl +T)dt1, (22)
tskip

where T is the averaging duration, which starts with
a small delay tqp, to skip initial transients. Using the
GCR, we obtain — see the Supplemental Material (SM)
[38],

sin(Qgr7)| e T7/2

K(r)= |:COS(QRT) + 2£R

0 i}
R sin(Qr) e_FT/Q, (23)

+t CX
an @, =
Pa On

where ¢ = exp(—Ttgap)[1 — exp(~T'T)]/(T'T) and Qg =
Q% —T2/4. This correlator does not depend on the
quantum efficiency 7. The first and second terms in
Eq. are due to informational and phase backac-
tions, respectively. Note that the quantum regression
formula [39] applied to the qubit state gives only the
first term [30] and cannot be used in the case with
phase backaction. Though theoretically K (7) can exceed
unity for any non-zero values of Qg and ,, in the ex-
periment we need sufficiently fast Rabi oscillations and
rather large ¢, to overcome experimental fluctuations.
From Eq. for [Qr| > I', the maximum value of K (7)
is Kmax ~ 1+ c2tan? p,.

The measurement setup is shown in Fig. [1| and fur-
ther discussed in the SM [38]. In the experiment we use
I' = 1/1.8us, Qr/27 = £1 MHz, and ¢, = 70°. (In
the SM [38], we also present data for ¢, = 0, 40°, and
80°.) The averaged correlator is obtained from the
recorded data using T' = 0.28 us and tsip, = 0.28 us, so
that ¢ = 0.79 in Eq. . Figure a) shows the experi-
mental correlators K4 (7), where the subscript indicates
the sign of the product zoQgr [38]. In each case the en-
semble averaging is over 6.5 x 10° recorded traces. We
see a good agreement between experiment (symbols) and
theory (lines) in Fig. 3(a). Most importantly, experimen-
tal correlators reach values up to K ~ 2, thus confirming
that correlators can be larger than 1.

Figure [3[b) shows the correlator difference AK (1) =
K, (7) — K_(7). This difference is more immune to off-
set fluctuations of the detector outputs, so the exper-
imental AK(7) is less noisy than K(r) in Fig. [(a).
The experimental result (circles) in Fig. b) agrees very

) ) Symbols: expt.
o g . Lines: theory ]

®a =70 (b) ]

2t
Circles: expt.
-4 ) ) Line: theory ]
0 1 2 3 4
7[ps]

FIG. 3. Experimental correlators exceeding unity, for the
phase misalignment ¢, = 70°, initial state xo = £1, Rabi
frequency Qr/27m = +1 MHz, and ensemble dephasing I' =
1/1.8 us. Panel (a) shows the correlators K4, with + corre-
sponding to the sign of zoQr. Panel (b) shows the correlator
difference AK (1) = K4(1) — K_(7). Experimental results
are represented by symbols, the theory is shown by lines.

well with the theoretical result (solid line) AK(r) =
tan @, x 2¢ (Qr/Qr) sin(Qr7) e T7/2.

The correlator difference AK(7) can be useful to set
wa = 0 accurately in experiments that need to avoid
phase backaction. At present this is typically done
by maximizing the response AI(p,), which depends
quadratically on ¢, = 0 near the maximum, there-
fore leading to an inaccurate calibration. In contrast,
AK(7) x tan ¢, vanishes at ¢, = 0 and depends linearly
on ¢, in the vicinity (this still holds for the unscaled cor-
relators), thus potentially providing a much better cal-
ibration accuracy. The practical use of AK(7) for this
purpose needs further investigation.

The GCR for multi-time correlators. In the case of si-
multaneous CQM of N4 noncommuting qubit observables
o¢ = nyo (here o is the vector of Pauli matrices, ny is
the ¢th measurement axis direction on the Bloch sphere,
and £ =1,2,...Nq), the GCR for an N-time correlator of
the output signals I;(¢) can be naturally generalized as

[cf. Eq. ]

Koy ooty otn) = Loy (En) - Loy (t2) Loy (81))
2N j=N
= Z [ H Io,p(Ie,, ti | 1o,y tj—1) | Te,p(Tey 1), (24)
(I, =£1} - j=2

where the time arguments are ordered as t; < to < ... <
tn, p(Igl,tl) is given by Eq. with z replaced by ny,,



and the “conditional probability” factors are

1+I[ Ty, Tens(t |If i’ coll7t )
5 .

p([gj ) tj |[€j/ ) tj/)
(25)

éon, where

The collapsed state at time ¢; is Iy,

(J)

Tcol

1 = Ny +IC£ Ty, ><"'ens( |I€, 1rcoﬁl)7tj—1) (26)

for j > 2 [cf. Eq. (6))] and r((xl)fl is given by Eq. () with
z and K replaced by ny, and Ky, , respectively. Param-
eters Ky = tanj characterize the relative strength of

phase backaction in the ¢th detector [15]. In Eqgs. (25)—

, Tens Obeys the evolution equation , where Acpg
accounts for measurement of all oy. This method to cal-

culate N-time correlators is proven in the SM [38]. Multi-
time and/or multi-detector correlators can also exceed
unity in the presence of phase backaction (with the co-
herent evolution not always needed) [38].

Conclusions. We have developed a recipe for the cal-
culation of correlators in continuous qubit measurements
with phase backaction. As a consequence of the effec-
tive evolution outside the Bloch sphere, the normalized
correlators can exceed 1. This has been confirmed ex-
perimentally, with the correlator reaching the value of 2.
The correlators can be used as a calibration tool.
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Supplemental Material for

“Correlators exceeding 1 in continuous measurements of superconducting qubits”

I. EXPERIMENTAL DETAILS = 1.5
=
A. Setup and parameters é 11 Pa _,30 °
o o
We have performed continuous quantum measurement \I/ o
of the qubit observable ¢, using the typical circuit QED 05} o b — 70°
setup, illustrated in Fig. [[]of the main text, generally sim- = o e
ilar to Ref. [S1] (though with important modifications). g o e ’
We use a 3D microwave cavity whose fundamental mode ~ lefee® -
is dispersively coupled to a transmon qubit. The weakly- 0 0.2 0.4 0.6

coupled input port is used to inject the Rabi drive and
the readout tone. The stronger-coupled output port is
used for the outgoing field. An additional cancellation
tone (injected through circulator) displaces the outgoing
field close to the vacuum, thus preventing saturation of
the amplifier (the saturation becomes a serious problem
for large angles @,).

The cavity frequency is 6.66 GHz and the qubit fre-
quency is 4.26 GHz (the same as in Refs. [S2, [S3]). The
cavity mode decays with the rate k/2r = 7.2 MHz, the
qubit relaxation times are 77 = 60 us and T3 = 30 ps.
For qubit measurement, the cavity is coherently driven,
causing the measurement-induced ensemble dephasing,
which greatly exceeds intrinsic qubit dephasing. The
resulting ensemble dephasing rate is I' = 1/1.8us =
27w x 88 kHz (for the results presented below in Sec.
I' = 1/1.6 us). The amplifier half-bandwidth is
Bamp/27m ~ 10 MHz. The detection quantum efficiency
isn=0.44.

For measurement of correlators, the qubit is prepared
in the states zp = %1, and then we apply the Rabi ro-
tation about z-axis with frequency Qgr/27 = +1 MHz
(there are four combinations). The output signals from
the continuous measurement are recorded for the dura-
tion of 4.88 us with a timestep of 4 ns; after an additional
averaging, the timestep is increased to At = 40 ns. We
use only the traces, selected by heralding the ground state
of the qubit at the start of a run and checking that the
transmon qubit is still within the two-level subspace after
the run [S3] (this eliminates about 25% of traces).

Experimental parameters satisfy the relation I' <«
0] < kK < Bamp. This justifies the white noise and
the “bad cavity” assumptions needed for the quantum
Bayesian formalism [S4] [S5]. Since 1/277T = 0.015 < 1,
we can neglect energy relaxation in the analysis.

B. Calibration of response

The response Al(p,) is calibrated for each angle ¢,
between the amplified quadrature and the informational
(maximum response) quadrature. For this calibration,
the qubit is initialized in the state [1) (z;, = 1) or |0)

t [usl

FIG. S1. Calibration of the detector response AI(p.) for
wa = 0 and 70°. Detector response is obtained as the slope
of the linear fit (dashed lines) to experimental results for
(Z4+(t)) — (Z-(¢)), depicted by circles. We find AI(0) = 2.01
and AI(70°) = 0.66.

(zin = —1) and then continuously measured with no
Rabi oscillations applied. For each initial state, we col-
lect about 17,000 traces of the continuous (digitized with
At) output signal I(t), each of 4 s duration. Units of
I(t) are arbitrary, but always the same (same gain of the
amplifier).

To find the response Al(p,), for each trace we numer-
ically calculate the integral

t
L) = [ L), (51)
0

where the subscript 4+ corresponds to initial state zj, =
41, and then average over the ensemble of traces to get
(Z4(t)). The difference (Z(t)) — (Z_(t)) for v, = 0 and
o = 70° is shown in Fig. From the slope of these
practically straight lines, we find the response AlI(p,) =
d[{Z+(t)) — (Z_(t))]/dt. Note that we use only initial
0.6 us of the process, because for a significantly longer
integration there is a noticeable deviation from straight
lines due to energy relaxation. From the slopes of lines in
Fig. we obtain the responses AI(0) = Alyax = 2.01
and AI(70°) = 0.66. This confirms the expected relation
ATI(pa) = Alpax €08 @, within 3% inaccuracy.

To find the quantum efficiency 7 (even though we do
not actually need it for the correlators), we first obtain
the “measurement time” 7, as T (a) = [2/AI(pa)]? ¥
do?(t)/dt, where the variance o%(t) = 03 (t) = (Z3(t)) —
(Z+(t))? should theoretically be independent of ¢, and
Zin. Figure shows that indeed o2 (t) ~ o2 (t), and
they are almost the same for ¢, = 0 and p, = 70°, so
we practically have one straight line. From the linear fit,
do?(t)/dt = 2.06 us, we obtain 7,(0) = Tmin ~ 2.04 us
and 73, (70°) = 18.9 us. Therefore, the quantum efficiency
is 7 = (20 7min) ~* = 0.44.
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FIG. S2. The variance o3 (t) = (Z2(t)) — (Z+(t))? as a func-
tion of the integration time t. Circles show o4, crosses show
o_, blue symbols are for , = 0, red symbols are for p, = 70°.
All four cases can be fitted by one straight (dashed) line with
slope do?(t)/dt = 2.06 us, which gives 7m(0) = 2.04 us and
Tm (70°) = 18.9 ps.

C. Correlators

For measurement of correlators, the qubit is prepared
at time ¢y = 0 in the pure state 7o = (+1,0,0) and then
is Rabi-rotated about z-axis with frequency Qg /27 =
+1 MHz (four combinations), while being continuously
measured along z-axis. The ensemble-averaged evolution
is supposed to change (decrease) only z component of
the qubit state, while z and y components should remain
zero on average. We obtain experimental correlators as

_ L[l f1) — I (4)
K(T)_T/t < Al(pa)
<

skip

I(tl +T)— I(t1—|-7')>
Al(pa)

where the averaging time is T' = 0.28 us (to reduce fluc-
tuations) and the discarded initial duration is tewp =
0.28 us (to avoid initial transients in the data). Note
that both T and fgp are small in comparison with
1/T = 1.8 us and duration of 4.88 us of the recorded
traces.

Since on average z(t) = 0 for g = 1 and Rabi ro-
tation over z-axis, the average (I(t)) in Eq. should
theoretically be a constant offset I,. However, this is not
exactly the case in the experiment, as seen from Fig.
which shows (I(t)) for all four combinations of z and Qg
in the case p, = 70°. Besides the overall shift, I, ~—04,
we see small periodic features, the reason for which is
unclear. Note that the size of these features (~ £0.1) is
small in comparison with the response (0.66) and noise in
an individual trace (oa; & 6); however, they still slightly
affect the correlators. This is why we subtract (I(t)) in
Eq. instead of subtracting a constant offset I,, in
order to remove the fluctuating offsets. Moreover, we
calculate (I(t)) in Eq. by averaging over a relatively
small number of neighboring runs (about 3,000), in order
to account for offsets, slowly fluctuating in time. Figure

> dty, (S2)
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FIG. S3. The offset (I(t)) for the initial state zo = 1 (crosses)
or top = —1 (triangles) and Rabi frequency Qr = 1 MHz
(blue symbols) or —1 MHz (red symbols). The data points
are separated by At = 40 ns.

also explains why we use tip = 0.28 s, i.e., skip first
seven data points, for which some transient process is
easily noticeable.

To calculate the theoretical result for the two-time cor-
relator, we use Eq. (20) of the main text with r(t; —0) =
(e~ T*1134,0,0). Solving the ensemble-averaged qubit evo-
lution (energy relaxation is neglected), we obtain the cor-
relator

sin(Qr7)| e T7/2

~ r
K(t1,t1 +7) = |cos(QrT) + —
2Qr

_r¢, tan . Or =

+xzpe sin(Qr7) e 17/2, (S3)

Qr

where Qp = V% —T?/4. To perform the additional
integration over t; in Eq. , we notice that t; enters

Eq. (S3)) only via the factor eI in the second term.
Therefore, the only change in Eq. (S3)) is the replacement
e TT

T (S4)

Tg — CTo, C= e Dtokip
Thus we obtain Eq. (23) of the main text,

sin(Qr7)| e T7/2

~ I
K(r) = Q + —
(1) cos(QrT) 50

R

+cxzp tan p, % sin(Qrr) e 1772, (S5)
R

Figure shows experimental results (symbols) and
analytics (lines) for the correlators K(7) for ¢, = 70°
in the four cases: for Rabi frequency Qgr/27 = 1 MHz
(upper panel) or —1 MHz (lower panel) and initial state
zo = 1 (blue circles and blue lines) or zyp = —1 (red
crosses and red lines). There is a good agreement be-
tween the theory and experiment in all the four cases.
In Fig. 3(a) of the main text we present the same re-
sults, additionally averaged over two cases with the same
product Qgrzg.



Qr/2m = 1MHz A

FIG. S4. Experimental correlators (symbols) and analytics
(lines) for the four cases with Qr/27 = +1 MHz and xo =
+1. The amplified-quadrature angle determining the phase
backaction is ¢, = 70°, time-averaging parameters are T =
0.28 ps and tskip = 0.28 us, ensemble averaging is over 3.2 X 10°
traces in each case.

D. Correlators for other angles ¢,

We have also measured the correlators for angles ¢, =
0, 40°, and 80°. This was done on a different date com-
pared with the results presented in Sections and
in the main text, so parameters are slightly different.
In particular, the qubit ensemble dephasing rate dur-
ing measurement is I' = 1/1.6 us (a slightly higher mi-
crowave power for measurement). The detector responses
are AI(0) = 2.3, AI(40°) = 1.75, and AI(80°) = 0.44.
The relation AI(p,) = Alnax cos(pa) is satisfied with
1% inaccuracy for 40° and with 10% inaccuracy for 80°
(inaccuracy grows with decrease of the SNR).

Figure shows the experimental correlators (sym-
bols) and theoretical results (lines) for the angles ¢, =
0,40° and 80°. We use Qr /27 = 1 MHz (only one di-
rection) and zo = =1, the time-integration parameters
are still T' = tqqp = 0.28 us. The experimental correla-
tors for ¢, = 0 agree with the theory very well; they are
practically the same for zop = 1 and xzp = —1 (theoret-
ically there is no dependence on the initial state [S3]),
and |K(7)| < 1 always because there is no phase back-
action. Experimental correlators for ¢, = 40° also agree
well with the theory; the correlator K(7) for zp = 1
marginally exceeds 1 at only one point. Experimental
correlators for ¢, = 80° greatly exceed 1 at many points,
reaching values up to Kpa.x ~ 5. However, there is a
significant deviation from the theory, which is somewhat
expected since the SNR greatly decreases for angles ¢,
close to /2.

Qr/2m = 1MHz |

9, =0

Qr/2m = 1MHz |

FIG. S5. Experimental correlators (symbols) and theoretical
predictions (lines) for angles . = 0 (top panel), 40° (middle
panel), and 80° (bottom panel). Initial states are zo = 1
(blue circles and lines) and zo = —1 (red crosses and lines),
Rabi frequency is Qr = 1 MHz.

II. GENERALIZED COLLAPSE RECIPE FOR
MULTI-TIME MULTI-DETECTOR
CORRELATORS

In this section we prove the generalized collapse recipe
(GCR) for multi-time correlators from simultaneous con-
tinuous measurement of Ny noncommuting qubit observ-
ables 0y = nyo, where ny is the fth measurement axis
direction on the Bloch sphere and £ =1,...Ng.

In this case, the quantum Bayesian equation for qubit
evolution in It6 interpretation is [cf. Eq. of the main
text]

Tt p L L e
— {lens st et \/ﬁ 0 \/’?@ e\t)s
(S6)

where 74 is the “measurement time” for the /th detector
and K, = tan ¢j determines the corresponding relative
strength of phase backaction. The normalized output
signal from the ¢th detector is modeled as

1o(t) = Tr[oop(t)] + /T &e(t) = mer(t) + V7o (1), (ST)



where &, are uncorrelated white noises,

(&e(t) & (1)) = duw O(t — '), (S8)
Let us consider the N-time correlator
Ke1-»-ZN (tlv "'tN) = <IZN (tN) o IZQ (tz) Il1 (t1)>a (Sg)

in which the time arguments are ordered as t; < t3 <
.. <ty and N can be smaller, equal, or larger than Ny.
We will prove that this correlator can be obtained from
the GCR formula

Kg% (t,..tn)

2N j=N

- Z |: H Iéjp(lej’tj|lej—17tj_1) Izlp(Ieutl)a
j=2

1o, =%1}
(S10)

where the sum is over 2%V scenarios of obtaining discrete
outcomes I, = %1 of (fictitious) “strong” measurements
at time moments ¢; (j =1,...N),

141, TL@I’I"(tl — 0)

p(Iflatl) = 9

(S11)

is the probability to get the first outcome I, = £1 at
time 1, and

1+ Iy mug, rens (] T, e 00 81)

j—1 coll

Py ti|1e, tj-1) =
(S12)
is the “conditional probability” to get the outcome Iy,
at time ¢; (j > 2) given that we got the outcome Iy, ,
at time t;_1 (this “probability” can be negative or larger
than 1). We assume (pretend) that the strong measure-
ment of oy, (with phase backaction) at time t; with the
result I, = +1 collapses (abruptly moves) the qubit state
to
r(t;40) = I, v =

iTeon = 1t [”Zj T, 1 xr(tj—())], (513)
while at other times, ¢ # t;, the qubit evolution is given
by the ensemble-averaged equation

(S14)

ﬁens = Aens (rens - rst)'

Therefore, in each of the 2V scenarios, we have a different

sequence of after-collapse states Iy, TEO%I, with

(€]

Teoll

=mny, + K¢, ng, X r(t1 —0) (S15)

for the first collapse, and then for j > 2 we have

rd) = Ytjo1), (S16)
where 7y (t|rin,tin) is the solution of Eq. |D with
initial condition ey (tin|rin,tin) = T, and r(t; — 0) =
Pens (t1 |r0, to) if the procedure starts at time tq < t; with
the initial state rg.

Pl
j—1 Tcoll

Ty, —‘rlCz g, X Tens(t ‘Ig

Note that the initial qubit state should be physical,
and therefore the 3-vector r¢ should be within the Bloch
sphere, |ro| < 1. However, after each collapse, the state

Ipr EQI will be outside the Bloch sphere (if K;; # 0).
Therefore, the state before the next collapse may also
be outside the Bloch sphere, and then the “conditional
probabilities” for the next outcome I, , = &1 may be
negative or larger than 1 — see Eq. (S12)). Also note
that the 3 x 3 matrix Aens in Eq. akes into ac-
count unitary evolution, continuous measurement by all
Nq detectors, and possible additional decoherence. Both
Aens and 7¢; can depend on time. The formal solution of
Eq. can still be written in the same form as in the
main text,

Tens (t’rirn tin) = P(t|t1n) Tin + Pst (t‘tin)a (817)

where P(t|t') is a 3 x 3 matrix satisfying equation
LP(tE) = Aenb() (t)) with P'|t') = 1, and
P t|t' _ ft’ t|t” ens t” (t”) dt".
To prove that Egs. ‘ give the correct value
r (59

for the multi-time correlato 9), let us first carry out
the summation over the last outcome I, in Eq. ( -
and represent the result as

KGR (t, . tn) = ne  KE% (t,..tn), (S18)

where we have introduced the vector-valued correlator
2N —1

KGCR (tht )E Z rens(tN|I€N 1 <(;011
{Ig.:il}

)tN 1)

j=N-—

<[ H

p(Le,,ti] Lo, b 1)]% (I, t1).
(S19)
We then apply Eq. - ) to Eq. , use Eq. 1-) With

7 = N — 1 and use the relations 1 ) and -
obtain the recursive formula
KGR

KM =P(tnlty-1)[ney_,
+ ’CZN 1My X KGCR} GCR Pst(tNltN 1)

(S20)

where for brevity KGR = KE’CF}N(tl,...tN) and

KGCR = KGCF}N (t1,...tny). This recursion for N needs
two initial cases, for which N = 2 and N = 1 can be
used. The correlators for N =1 are trivial,

KGR (ty) = r(t, — 0) (S21)

and therefore KECR(tl) =ny,r(t
correlators for N = 2 are [cf. Eq. (1

1+mner(t;—0
Kélez (t17t2) = Tens (t2’7’.coll’t1) %

1 —mngr(t; —0)
2

— 0), while the GCR
0) of the main text]

~rens (2] 7o 1) (522)



and correspondingly KR (t1,t2) = ng, KZFR(t1,t2).
Using Eq. (517)), it is easy to see that Eq. (S22)) can be
obtained from the recursion (S20) if we formally define

K§OR =1, (S23)

Thus far, we have just rewritten the GCR in a recursive

form [Egs. and (S20)]. Next, we will show that
the same recursive relations for the correlators [including
the initial cases f] can be obtained from the
quantum Bayesian equations Eq. 7, thus proving
the GCR.

Now we are considering the actual process (not the
fictitious scenarios of the GCR), so Iy(t) are continuous
noisy signals — see Eq. . Using the causality property
(&e(t) I (")) = 0 for t > t', we can express the multi-time
correlator in the same form as Eq. ,

Ko, oy (t1, ... (S24)

tn) = Ny Koy oy (t1, . tN),

where we have introduced the vector-valued correlator

Kél..‘ZN (tl, ...tN) = <7'N Iszl(thl)...Igl (t1)> (525)
and for brevity we use notation ry = r(ty). Also intro-
ducing the short notation Ky = Ky, ¢y (t1,...tn) and
using Eq. for Ip, ,(t), we can write Ky as a sum

of two terms,

Ky=K{ +K{?, (S26a)

K](\}) = <'I“N (’n,szl’l“Nfl) IZN,Z(tN72)---I£1(t1>>;
(S26b)

KJ(\?) = <TN vV TeN—lféN—l(tN—l)IZN—Z(tN—Q)“'Iél (t1)>'
(S26¢)

We now consider K](\%) and K](\?) as functions of ty.
By differentiating them over ¢y5 and using Eq. , we
obtain the following equations of motion

0 K'Y = Ao [K}V” - rStKN,l}, (S272)
Oy K =Aens K. (S27b)

The initial condition for KJ(\}) is

K\ (tv-1) = K}

AN

= <T‘N,1(TLZN71TN,1) Ingz(tN,Q)...Iel (t1)>, (828)

(tv =tn—1,tN—1,-., 1)

and the initial condition for Kz(\?) can be obtained by

averaging over the noise &, (tx—1) in the same way as
in the main text (for the two-time correlator), that gives

KJ(\?)(tN—l) = Kéf)gN (tN =tN—1,tN—1, - t1) =
<|:nZN—1 - (anferfl)erl + ICZN,l(nKN,l X T'Nfl)]
X IZN72(tN_2)...Igl (t1)>. (829)

We then solve the linear equations (S27)) using (S17)),

Ky =Plinlin-1) Ky (tn-1) + PsKn-1, (330a)
K =P(tyltn-1) K& (tn-1), (S30Db)

and inserting the initial conditions (S28])—(S29)), we find

Ky + KP =Ptylty_1)x
<[n£N—1 + IC[N—l(an—l X TN—l)] IZN—2 (tN—Q)"'Ifl (t1)>
+ Pse(tnltn-1) Kn_1, (S31)

where Ky is the short notation for the correlator (S24)).

Finally, using Egs. (S9), (S525)), and (S26a)), the result
(S31)) can be rewritten as a recursion,

Ky =P(tnltn-1) [neN,lKN—g

+ Koy, (moy_, X Kn_1)] + Pse(tnltn—1) Kn-1,
($32)

which is exactly the same as Eq. (S20) for the vector-
valued correlators obtained via the GCR method [recall
that Eq. is also the same as Eq. ] It is easy
to see that K in the initial cases N = 1 and N = 2
for the recursive relation also coincide with the re-
sults and for the GCR method [so that we
can still define Ky = 1 as in Eq. ] This proves that
Ky = KJ(\;,CR, so any multi-time multi-detector corre-
lator calculated via the generalized collapse recipe coin-
cides with the correlator given by the quantum Bayesian
formalism. The obvious advantage of the recipe is sim-
plicity of calculations compared with the direct quantum
Bayesian simulations.

Note that for a single detector (Nq = 1), the correla-
tors can be larger than 1 only in the presence of a uni-
tary evolution. This is because the projection of the col-
lapsed state (S13)) on the measurement axis is +1 (even
though it is outside the Bloch sphere), and without uni-
tary evolution (only decoherence) this projection remains
within the 4+1 range. In contrast, for detectors of non-
commuting observables, the correlators can exceed 1 even
without unitary evolution, only due to phase backaction.
As an example, for continuous measurement of o, and
o [S2], the two-time cross-correlator K., (t1,t2) exceeds
1 for small positive values of ¢; and t5 — ¢ if the initial
state is 7(0) = (0,—1,0) and the phase backaction for
o.-measurement is sufficiently strong, K, = tan¢? > 1.
A weaker phase backaction would also produce cross-
correlator larger than 1 if o, measurement is replaced
with the measurement along the direction between x and
z.
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