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Abstrac t 

The purpose of this study v/as to find the level of ab-
stractio n tha t  facilitate s transfe r  i n mathematica l  prob -
le m solving .  T w o experiment s i n thi s stud y showe d 
tha t  subject s wh o mad e goo d abstractio n showe d bet -
te r  transfe r  (Experimen t  1) ,  an d i t  i s  possibl e t o teac h 
an abstracte d schem a quickl y (Experimen t  2) ,  althoug h 
a hin t  i s  necessar y i n testing .  Th e abstracte d schem a 
was th e ide a o f  ho w t o construc t  correc t  equation s fo r 
targe t  problems .  Thi s schem a wa s a t  a n mor e abstrac t 
leve l  tha n th e for m o f  equations .  Thus ,  w e argu e tha t 
th e proces s name d solutio n compression ,  i n whic h tw o 
or  mor e equation s ar e considere d t o b e constructe d fro m 
one idea ,  i s  neede d i n orde r  t o generaliz e thi s schem a an d 
t o promot e transfe r  i n mathematica l  proble m solving . 

Introduction 

To become proficient in solving mathematical problems, 
one o f  th e mos t  importan t  skill s i s t o transfe r  knowl -
edge tha t  wa s acquire d fro m example s t o nove l  problem s 
(targe t  problems) .  Transfe r  i s difficul t  t o obtai n (Reed , 
1993) .  Rathe r  smal l  change s i n a  proble m ca n greatl y 
reduc e th e effectivenes s o f  a n exampl e (Reed ,  Dempster , 
& Ettinger ,  1985) . 

The basi c mechanism s tha t  yiel d transfe r  ar e analog y 
(Anderson ,  1987 ;  Gic k k  Holyoak ,  1983 ;  Piroll i  k  Ander -
son ,  1985 ;  Reed ,  1993 ;  Ross ,  1984 )  an d abstractio n (Gic k 
fc  Holyoak ,  1983 ;  Ros s k  Kennedy ,  1990 ;  Suzuki ,  1995 ; 
Suzuk i  k  Kuriyama ,  1996) .  I n thi s study ,  usin g algebr a 
wor d problems ,  w e tr y t o for m transfe r  throug h abstrac -
tion .  W e us e targe t  problem s tha t  hav e element s o f  th e 
correc t  equatio n whic h canno t  b e generate d b y analogy . 
Each o f  th e targe t  problem s i n thi s stud y ca n b e solve d 
wit h simila r  equation s t o th e on e use d i n th e exampl e 
problem .  However ,  a  proble m solve r  ha s t o modif y th e 
solutio n o f  th e exampl e because  par t  o f  th e equatio n i s 
change d i n th e targe t  problems .  W e wil l  cal l  thes e tar -
get  problem s sm?7o r  targe t  problems .  I n contras t  t o thi s 
study ,  mos t  o f  th e studie s o n transfe r  hav e use d isomor -
phi c targe t  problem s tha t  ca n b e solve d wit h th e sam e 
equatio n a s th e on e use d i n th e example . 

Holyoak ,  Novick ,  k  Mel z (1994 )  insiste d tha t  th e pro -
ces s name d adaptatio n wa s neede d i n orde r  t o solv e sim -
ila r  targe t  problems .  Adaptatio n wil l  b e require d when -
ever  th e underlyin g structure s o f  th e exampl e an d th e 
targe t  problem s ar e no t  completel y isomorphic .  I f  th e 
targe t  proble m ha s element s tha t  d o no t  correspon d t o 

anythin g i n th e example ,  additiona l  target-generate d in -
ference s (i.e. ,  adaptation )  wil l  b e require d t o supplemen t 
thos e generate d b y analogy .  Holyoa k e t  al .  (1994 )  re -
analyze d th e result s o f  Ree d (1987 )  an d showe d tha t  th e 
difficult y o f  transfe r  t o simila r  targe t  problem s wa s du e 
t o th e difficult y o f  th e adaptation .  Novic k k  Holyoa k 
(1991 )  als o obtaine d simila r  results .  Althoug h mos t  o f 
th e work s o n transfe r  hav e use d isomorphi c problems , 
ther e i s n o guarante e tha t  th e underlyin g structure s (i.e. , 
th e for m o f  equations )  o f  a n exampl e an d a  targe t  prob -
le m ar e full y isomorphic ;  indeed ,  thi s wil l  seldo m b e th e 
cas e fo r  mathematica l  problems .  Moreover ,  simila r  prob -
lem s ar e ofte n mor e difficul t  tha n isomorphi c problem s 
(Reed ,  1987) .  Thus ,  i t  i s  quit e meaningfu l  t o explor e 
what  knowledg e shoul d b e acquire d an d ho w th e knowl -
edg e i s acquire d i n orde r  t o promot e transfe r  t o th e sim -
ila r  targe t  problems .  Thi s i s th e basi c ai m o f  thi s study . 

I f  proble m solver s canno t  solv e th e simila r  targe t  prob -
le m b y analogy ,  i t  i s  expecte d tha t  a n appropriat e ab -
stractio n fro m exampl e problem s o r  thei r  solution s facili -
tate s transfe r  (Gic k k  Holyoak ,  1983) .  However ,  ther e i s 
a littl e evidenc e tha t  th e abstractio n promote s transfe r 
i n mathematica l  proble m solvin g (Reed ,  1993) .  Gic k k 
Holyoa k (1983 )  an d Catrambon e k  Holyoa k (1989) ,  us -
in g Dunker' s radiatio n proble m an d it s isomorphi c prob -
lems ,  showe d tha t  a n appropriat e schem a abstractio n 
promote s transfer .  Althoug h thei r  result s ar e impres -
sive ,  i t  i s  unclea r  whethe r  the y coul d b e duplicate d fo r 
comple x problem s suc h a s algebr a wor d problem s (Reed , 
1993) .  Indeed ,  a  negativ e resul t  tha t  faile d t o suppor t 
th e schem a abstractio n hypothesi s wa s provide d (Reed , 
1989) .  Moreover ,  i t  i s  no t  isomorphi c problem s bu t 
simila r  problem s tha t  w e wil l  use .  Ros s k  Kenned y 
(1990) ,  usin g isomorphi c probabilit y  problems ,  showe d 
tha t  a n abstractio n play s a n importan t  rol e i n transfer , 
tha t  is ,  th e us e o f  earlie r  example s promote s generaliza -
tion s abou t  proble m type s an d affect s late r  performance . 
However ,  Ros s k  Kenned y (1990 )  di d no t  examin e th e 
content s o f  th e knowledg e (schema )  tha t  th e student s 
acquired .  I n othe r  words ,  i t  i s  unclea r  wha t  an d ho w 
knowledg e i s acquired .  Bernard o (1994 )  showe d tha t  th e 
problem-typ e schemat a include d bot h problem-specifi c 
and abstrac t  information .  However ,  i t  i s unclea r  whethe r 
thes e schemat a facilitat e transfe r  becaus e h e use d prim -
in g paradig m (h e examined ,  no t  proble m solving ,  bu t 
recognizin g proble m sentences) . 

Th e purpose s o f  thi s stud y ar e (l)t o sho w evidenc e 
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tha t  ai l  appropriatt -  abstractio n facilitat<> s traiislr r  t o 
simila r  targe t  problems ,  (2)l o explor e wha t  ;il)slra( t 
schem a shoul d b e acquired ,  an d (3)t o discus s th e pro -
cesst> s o f  schem a abstractio n an d illustration .  VV V hav e 
carrie d ou t  tw o experiment s i n orde r  t o achiev e thes e 
purposes . 

Overview of Study 

Both of the experiments in this study provide evidence 
an appropriat e abstractio n fro m example s facilitate s 
transfer :  i n orde r  t o promot e transfer ,  i t  wa s usefu l  t o 
induc e o r  t o teac h th e ide a o f  ho w t o construct  correc t 
equation s Thi s resul t  i s  quit e meaningfu l  becaus e littl e 
evidenc e ha s bee n presente d tha t  sho w thi s effec t  o f  som e 
abstraction .  I n contras t  t o m a n y previou s studie s whic h 
considere d th e form s o f  correc t  equation s themselve s a s 
th e abstrac t  structure s o f  algebr a wor d problem s (e.g. . 
Reed,  1987 ,  1989 ;  Ree d e t  al. ,  1985 ,  Ros s c V Kennedy , 
1990) ,  w e deal t  wit h th e ide a o f  h o w t o construc t  correc t 
equation s a s a n abstrac t  structur e (schema) . 

W h at  ar e th e propertie s o f  th e ide a ?  Ar e the y differ -
ent  fro m thos e whic h ar e include d i n th e schem a induce d 
fro m puzzle-lik e problem s (e.g. ,  Dunker' s radiatio n prob -
lem )  (se e Gic k 1 -  Holyoak ,  1983 )  ?  W h y i s i t  usefu l  t o 
induc e o r  teac h th e ide a i n orde r  t o facilitat e transfe r  t o 
simila r  targe t  problem s ?  W h a t  abstrac t  schemat a ar e 
acquire d an d h o w ?  W e wil l  discus s thes e question s i n 
genera l  discussion ,  an d argu e tha t  (1 )  t o induc e o r  teac h 
th e ide a mean s t o for m mor e abstrac t  schem a tha n th e 
schem a induce d fro m puzzle-lik e problems ,  (2 )  thi s typ e 
of  abstrac t  schem a i s usefu l  fo r  comple x problem s suc h a s 
algebr a wor d problems ,  (3 )  thre e type s o f  th e processe s 
of  acquirin g th e abstrac t  schemat a ar e considered .  W e 
wil l  cal l  th e proces s t o m a k e mor e abstrac t  schema ,  suc h 
as th e ide a o f  h o w t o construc t  equations ,  solutio n com -
pression . 

Experiment 1 

This experiment is a correlational study that shows in-
ducin g a n abstrac t  schem a fro m example s i s a  predicto r 
of  th e amoun t  o f  transfer . 

Method 

Participants. 50 high-school students participated in a 
collectiv e paper-cind-penci l  tes t  durin g thei r  norma l  mathe -
matic s classes . 

Mater ia ls .  Th e followin g thre e problem s wer e used . 
Pond Problem :  Thre e perso n A ,  B ,  C  wen t  ciroun d a  pond , 

startin g a t  th e sam e point ,  t o th e sam e direction .  The y 
starte d a t  th e sam e time .  Perso n A  wa s walkin g a t  70 m 
per  minute ,  B  wa s runnin g a t  150 m pe r  minute ,  an d C  wa s 
goin g aroun d b y bicycle .  I t  take s fiv e minute s fro m startin g 
fo r  C  t o catc h u p wit h A .  Fou r  minute s afte r  C  ha d caugh t 
u p wit h A ,  C  caugh t  u p wit h B .  Fin d th e averag e spee d o f 
C.  (Th e correc t  equation :  5 i  -  7 0 x  5  =  9 x -  15 0 x  9 ) 

Cloc k Problem :  Ther e i s a  roun d cloc k tha t  ha s 6 0 grad -
uation s keepin g equa l  angles .  N o w ,  i t  i s  twelv e o'clock ,  th e 
minut e han d i s o n to p o f  th e hou r  hand .  W h e n wil l  th e 
minut e han d b e o n th e hou r  han d nex t  agai n ?  (Th e correc t 
equation :  6 x — 0.5 i  =  360 ) 

Trai n Problem :  A  ma n walke d alon g wit h rail s a t  a n aver -
age spee d o f  4  km/h .  ()n< '  grou p o f  th e train s runnin g i n th e 
same directio n o f  th e per.so n passe d hi m ever y 1 0 minutes . 
Also ,  anothe r  grou p o f  th e train s runnin g i n th e opposit e di -
rectio n t o th e perso n me t  hi m ever y 8  minutes .  A H th e train s 
ra n wit h keepin g a  constan t  distanc e an d a t  th e sam e speed . 
Fin d th e averag e spee d o f  th e trains .  (Th e correc t  equation : 
lO x -  4  X  1 0 =  8i- K 4  X  8 ) 

Th e participtint s wer e give n th e pon d proble m first ,  an d 
the n th e cloc k proble m second ,  th e trai n proble m l£ist .  Th e 
cloc k proble m an d th e trai n proble m wer e th e exampl e an d 
th e targe t  problem ,  respectively .  Th e cloc k proble m wa s th e 
targe t  proble m fo r  th e pon d problem ,  bu t  wa s th e exampl e 
proble m fo r  th e trcii n problem . 

The form s o f  th e correc t  equation s fo r  thes e thre e prob -
lem s ar e differen t  fro m eac h other .  Man y previou s studie s 
hav e considere d th e form s o f  correc t  equation s themselve s a s 
th e abstrac t  structure s o f  algebr a wor d problem s (e.g. .  Reed , 
1987 ,  1989 ;  Ree d e t  al. ,  1985 ,  Ros s k  Kennedy ,  1990) .  Th e 
for m o f  correc t  equatio n fo r  th e pon d proble m (example )  i s 
Rat e C  X  Tim e C  -  Rat e B  x  Tim e B  =  rat e C  x  Tim e C 
Rat e A  x  Tim e A .  Thi s for m o f  th e equatio n ha s bee n con -
sidere d t o b e th e abstrac t  structur e an d t o hav e eigh t  slots . 
The for m o f  correc t  equatio n fo r  th e cloc k proble m (target ) 
i s  Rat e H  x  Tim e H  Rat e M x  Tim e M =  th e angl e o f  a 
round .  Th e righ t  sid e o f  th e equatio n fo r  th e targe t  proble m 
i s change d fro m th e on e fo r  th e example .  Student s ofte n sho w 
difficult y i n generatin g altere d quantitie s eve n i f  th e form s o f 
th e equation s becom e eas y b y thi s chang e (Reed ,  1987) .  A 
possibl e remed y fo r  generatin g cdtere d quantitie s i s t o buil d 
instructio n aroun d procedure s tha t  ca n generat e quantitie s 
tha t  ar e i n th e targe t  proble m bu t  no t  i n th e exampl e (Reed , 
1993) .  Procedure s ca n b e attache d t o slot s i n a  schem a fo r 
th e purpos e o f  generatin g value s t o fil l  th e slo t  (Bobro w k 
Winograd ,  1977) .  Ree d & i  Bolsta d (1991 )  trie d t o facilitat e 
transfe r  b y usin g thi s method :  the y taugh t  student s th e ex -
ampl e solution ,  th e for m o f  th e equation ,  an d th e se t  o f  pro -
cedures .  However ,  thi s metho d wa s no t  usefu l  fo r  promotin g 
transfe r  t o simila r  targe t  problems .  Moreover ,  i t  i s  difficul t 
t o us e thi s metho d fo r  makin g transfe r  t o th e trai n prob -
le m becaus e th e for m o f  equatio n i s extremel y change d (se e 
th e right  sid e o f  th e equation) .  Indeed ,  previou s studie s o n 
transfe r  di d no t  conside r  problem s suc h a s th e trai n proble m 
t o b e a  targe t  proble m fo r  example s suc h a s th e pon d prob -
le m an d th e cloc k proble m becaus e o f  th e extremel y change d 
for m o f  equatio n (e.g. ,  se e Reed ,  1987 ,  1993) .  Ou r  origina l 
attemp t  i s t o tr y t o obtai n transfe r  t o suc h problem s a s th e 
trcii n problem . 

I n contras t  t o thes e previou s studies ,  w e conside r  a n ide a 
of  ho w t o construc t  correc t  equation s a s a n abstrac t  schem a 
induce d fro m example .  Th e ide a i s a s follows :  whe n a n ob -
jec t  catche s u p wit h anothe r  object ,  a  differenc e betwee n th e 
tw o distance s i s equa l  t o a  pcirticula r  distance .  Althoug h thi s 
ide a ma y loo k lik e th e for m o f  equatio n itself ,  ther e ar e som e 
importan t  differences .  First ,  thi s ide a teache s u s ho w t o find 
th e solution s t o th e problems .  I n othe r  words ,  student s ca n 
lear n fro m th e ide a t o construc t  th e lef t  sid e o f  th e equatio n 
first ,  the n t o fin d th e right  side .  Bu t  th e for m o f  equatio n 
itsel f  doe s no t  tel l  u s thi s order .  Second ,  thi s ide a i s availabl e 
fo r  al l  thre e problems ,  bu t  i t  i s  difficul t  t o fin d commo n for m 
of  th e thre e equations .  Especially ,  th e for m o f  th e equatio n 
fo r  th e trai n proble m i s differen t  fro m th e on e fo r  th e pon d 
proble m o r  th e cloc k problem .  Indeed ,  th e above-mentione d 
metho d b y Ree d e t  al .  (1991 )  i s no t  availabl e fo r  facilitat -
in g transfe r  t o th e trai n proble m fro m th e example s i n ou r 
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study .  I n short ,  thi s metho d canno t  accep t  I  h e (hangin g o f 
arithmeti c sign s (changin g fro m — t o + )  i n th e ri|4h (  side s 
of  th e equation s becaus e th e metho d doc s no t  consicic i  (h e 
arithmeti c sign s a s slots .  Third ,  th e ide a i s a  nioi c ahsti,u ( 
schema thci n th e for m o f  th e equation s becaus e tw o o r  mor e 
slot s o f  th e equation s ar e change d t o on e component .  Fo r 
example ,  th e right  sid e o f  th e equatio n fo r  th e pon d problem , 
havin g fou r  slots ,  i s  change d t o on e component :  a  particula r 
distance . 

Procedure .  A s mentione d above ,  th e participant s trie d 
t o construc t  correc t  equatio n fo r  th e pon d proble m first,  an d 
the n th e cloc k proble m second ,  th e trai n proble m last .  The y 
wer e give n fiv e minute s fo r  eac h problem .  I n testing ,  th e fol -
lowin g hin t  wci s give n t o th e students :  thi s proble m i s simila r 
t o th e proble m whic h hci s jus t  bee n learned . 

Afte r  th e attemp t  t o solv e th e pon d problem ,  th e solutio n 
was provided .  Th e participant s wer e require d t o understan d 
th e solutio n fo r  fou r  minutes .  Th e sam e procedur e wa s re -
peate d afte r  th e attemp t  t o solv e th e cloc k problem .  Fo r  th e 
cloc k problem ,  th e provide d solution s ha d th e followin g con -
tents :  i n compariso n wit h th e hou r  hcuid ,  th e minut e han d 
wil l  g o aroun d th e cloc k on e tim e more ,  thus ,  th e differenc e 
betwee n tw o angle s (  6 x — 0.5 i  )  i s  equa l  t o th e angl e aroun d 
th e clock ,  tha t  is ,  360 .  Simila r  explanatio n wa s provide d fo r 
th e pon d problem . 

The participant s wer e aske d th e followin g questio n afte r 
the y understoo d th e solutio n t o th e pon d problem :  pleas e 
describ e wha t  yo u learne d (o r  found )  fro m th e proble m a s t o 
(1 )  wha t  i s  importan t  i n orde r  t o solv e thi s problem ,  (2 )  wh y 
di d yo u fai l  t o solv e thi s proble m i f  yo u faile d t o d o so ,  (3 ) 
what  d o yo u nee d t o notic e whe n yo u mee t  simila r  problems . 
Thes e question s ar e use d i n cognitiv e counselin g fo r  learn -
er s t o induc e usefu l  lesson s afte r  proble m solvin g (Ichikawa , 
1991) .  Fou r  minute s wer e spen t  o n thi s task .  Th e partici -
pants '  response s t o thi s questio n wer e expecte d t o reflec t  th e 
content s o f  schemat a tha t  th e student s acquire d fro m th e ex -
ample .  W e cissigne d th e participant s t o tw o group s bcise d 
on th e response s t o thi s question .  Th e participant s wh o re -
ferre d t o th e above-mentione d ide a o f  ho w t o construc t  th e 
correc t  equatio n wer e assigne d t o th e good-abstractio n stu -
dents '  group .  Th e participant s wh o di d no t  refe r  t o th e ide a 
wer e assigne d t o poor-abstractio n students '  group .  W e ex -
pecte d tha t  th e goo d student s woul d sho w bette r  transfe r  t o 
th e cloc k proble m tha n th e poo r  student s did . 

Then a  tes t  tha t  measure d th e degre e o f  th e understandin g 
of  th e provide d solutio n wa s don e fo r  fou r  minutes .  Th e tes t 
aske d th e student s wha t  eac h elemen t  o f  th e correc t  equa -
tio n (fo r  example ,  350 ,  9 ,  9x-350 ,  an d s o on )  represented . 
An exampl e o f  a n ite m o f  thi s tes t  wa s a s follows :  wha t  doe s 
"5 i  —350 "  represen t  ?  Th e participant s wer e prohibite d fro m 
seein g th e solution .  I f  a  participan t  correctl y answere d on e o f 
th e items ,  h e o r  sh e receive d on e point .  Thi s tes t  Wci s marke d 
on a  max imu m scal e o f  seve n points .  Th e reaso n tha t  w e 
carrie d ou t  thi s tes t  wa s t o chec k th e above-mentione d as -
signmen t  o f  th e participants .  I t  wa s possibl e tha t  th e goo d 
student s wer e abl e t o understan d th e solutio n t o th e pon d 
proble m bette r  tha n th e poo r  student s did .  Tha t  mean t  tha t 
th e assignmen t  wa s no t  base d o n th e participants '  response s 
t o th e questio n abou t  acquire d schemata .  T o den y thi s pos -
sibility ,  w e ha d t o chec k th e degre e o f  th e pjirticipants '  un -
derstanding .  I t  wa s als o possibl e tha t  th e goo d student s ha d 
bette r  abiUt y i n mathematic s tha n th e poo r  student s did .  T o 
chec k thi s possibility ,  w e collecte d th e participants '  scor e o f 
a tes t  o f  mathematic s tha t  ha d bee n don e tw o week s befor e 
thi s experimen t  wa s carrie d out . 

The procedur e simila r  t o th e on e fo r  th e pon d [)robl (  n i 
wa.s repeate d fo r  th e cloc k proble m befor e th e participant s 
lric< l  t o solv e th e trai n problem .  I n short ,  th e participant s 
wer e aske d th e questio n abou t  thei r  schemat a acquire d fro m 
th e cloc k problem ,  an d give n th e tes t  o f  understanding ,  afte r 
th e solutio n t o th e cloc k proble m wa s learned .  Th e tes t  o f 
understandin g th e solutio n t o th e cloc k proble m ŵ l s marke d 
on a  m a x i m u m scal e o f  fiv e points .  Th e participant s wer e re -
cissigne d t o th e tw o groups ,  tha t  is ,  goo d student s an d poo r 
students ,  base d o n th e response s t o th e questio n abou t  ac -
quire d schemata .  W e expecte d tha t  th e goo d student s woul d 
sho w bette r  transfe r  t o th e trai n proble m tha n th e poo r  stu -
dent s did . 

Th e participant s wer e require d t o solv e th e pon d proble m 
and th e cloc k proble m again ,  on e wee k afte r  thei r  first  at -
tempts .  Fiv e minute s wer e give n fo r  eac h problem . 
Results and Discussion 
Dat a fro m seve n participant s wer e discarde d becaus e 
the y succeede d i n solvin g th e pon d problem . 

Tabl e 1  show s th e proportion s o f  participant s w h o suc -
ceede d i n constructin g correc t  equation s fo r  eac h prob -
lem .  T h e participant s coul d attemp t  t o solv e th e cloc k 
proble m b y usin g th e schemat a acquire d fro m th e pon d 
proble m (se e th e secon d colum n i n Tabl e 1 )  an d t o solv e 
th e trai n proble m b y usin g th e schemat a acquire d fro m 
th e pon d proble m an d th e cloc k proble m (se e th e thir d 
column) .  W h e n the y wer e require d t o solv e th e pon d 
proble m an d th e cloc k proble m again ,  the y coul d solv e 
thes e problem s b y usin g th e schemat a acquire d fro m th e 
pon d proble m an d th e cloc k proble m (se e th e fourt h 
an d fifth  column) .  T h e hypothesi s i s tha t  th e good -
abstractio n student s sho w bette r  transfe r  tha n th e poor -
abstractio n students .  W e als o expecte d tha t  th e goo d 
student s woul d sho w bette r  performanc e o n th e retes t 
on e wee k later .  T h e overal l  tendenc y o f  th e dat a sup -
porte d thes e expectations . 

Transfer to the Clock Problem. The joorf students 
showe d bette r  transfe r  t o th e cloc k proble m (Se e tabl e 1) . 
I n contras t  t o 2 7 % o f  th e poo r  student s ( N =  11 )  suc -
ceedin g i n solvin g thi s problem ,  5 6 % o f  th e ̂ oor f  student s 
(A ^  =  32 )  constructe d th e correc t  equations .  Thi s differ -
enc e i s significan t  (x^(l )  =  2.75, p <  .05 ,  on e tailed) . 
Thi s resul t  support s th e above-mentione d hypothesis . 

Ther e wer e n o differenc e ei s t o th e score s o f  under -
standin g th e solutio n fo r  th e pon d problem .  T h e m e a n 
score s o f  th e goo d an d poo r  student s wer e 6.7 8 an d 6.55 , 
respectivel y (<(41 )  =  0.96, p =  .34) .  T h e differenc e a s 
t o th e score s o f  abilit y  i n mathematic s wa s als o no t  sig -
nificant .  T h e m e a n score s o f  th e goo d an d poo r  student s 
wer e 28. 2 an d 28.3 ,  respectivel y (<(36 )  =  0.05, p =  .96) . 
Thus ,  th e dat a t o doub t  tha t  th e assignmen t  wa s base d 
on anothe r  criterio n wa s no t  provided .  ̂  

Transfer to the Train Problem. The train problem 
was a  ver y difficul t  proble m becaus e onl y si x o f  4 3 par -

Mn Experimen t  1 ,  w e collecte d th e student s wh o wer e o n 
a certzu n leve l  o f  achievemen t  i n thei r  schoolwork ,  becaus e w e 
neede d t o sho w tha t  th e assignmen t  wa s based ,  no t  o n generci l 
mat h ability ,  bu t  th e content s o f  abstraction .  I n general , 
student s wit h goo d abstractio n skill s  ma y perfor m bette r  o n 
a genera l  mat h abilit y  test . 
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Cloc k Trai n 
Group s 

Pond 
(rrtest ) 

Cloc k 
(retesi ) 

Good 
Poor 

.5 6 

.2 7 
.2 0 
.0 0 

.8 7 

.4 6 
.6 3 
.3 1 

Tabl e 1 .  Performanc e o n eac h proble m 

ticipant s (3 0 wer e good ,  1 3 wer e poor )  wer e abl e t o solv e 
thi s problem .  Notic e tha t  al l  o f  th e si x student s wer e i n 
th e goo d grou p (se e Tabl e 1) .  (Tw o o f  th e si x participant s 
faile d t o solv e th e cloc k problem ,  an d th e res t  succeede d 
i n solvin g it .  O f  course ,  al l  o f  the m faile d t o solv e th e 
pon d problem. )  Th e differenc e betwee n th e tw o group s 
was marginall y significan t  ( p =  0.10 ,  Fisher' s exac t  test , 
one tciiled) .  Thi s resul t  support s th e hypothesi s tha t 
good-abstractio n student s sho w bette r  transfer .  Ther e 
was n o differenc e a s t o th e score s o f  understandin g th e 
solutio n fo r  th e cloc k problem .  Th e mea n score s o f  th e 
good an d poo r  student s wer e 4.5 3 an d 4.23 ,  respectivel y 
(<(41 )  =  I.00, p =  .32) .  However ,  th e differenc e a s t o 
th e score s o f  abilit y  i n mathematic s wa s marginall y sig -
nificant .  Th e mea n score s o f  th e goo d an d poo r  student s 
wer e 30. 3 an d 23.3 ,  respectivel y (<(36 )  =  2.00, p =  .052) . 
We me t  th e limitatio n o f  correlationa l  study .  I n th e sec -
on d assignment ,  i t  i s  possibl e tha t  th e participant s wer e 
assigne d t o th e tw o group s based ,  no t  o n th e content s o f 
acquire d schemata ,  bu t  thei r  abilit y  i n mathematics .  W e 
hav e t o carr y ou t  a  controlle d experiment :  Experimen t 
2. 

Performances on Retest. As shown in Table 1, 87 % 
of  th e good-abstractio n student s  ̂  answere d correctl y t o 
th e retes t  o f  th e pon d proble m i n contras t  t o 4 6 % o f 
th e poor-abstractio n students .  Ther e wa s a  significan t 
differenc e a s t o thes e percentage s betwee n th e tw o group s 
( p <  0.01 ,  Fisher' s exac t  test ,  on e tailed) .  Al l  o f  th e 
participant s ha d faile d t o solv e thi s proble m o n thei r 
firs t  attempt .  A s t o th e retes t  o f  th e cloc k problem , 
63 % o f  th e goo d student s gav e th e correc t  equatio n i n 
contras t  t o 3 1 % o f  th e poo r  students .  Thi s differenc e 
was significan t  (x^(l )  =  3.86, p <  .05 ,  on e tailed) .  Thus , 
we ca n sa y tha t  th e effec t  o f  goo d abstractio n remaine d 
fo r  on e week . 

Experiment 2 

The result s o f  Experimen t  1  sho w tha t  acquirin g th e 
ide a o f  ho w t o construc t  equation s facilitate s transfer . 
Althoug h thi s experimen t  ha s th e advantag e o f  exam -
inin g directl y th e schemat a tha t  student s acquire d (w e 
ca n kno w th e content s o f  schemat a fro m participants '  re -
sponse s directly) ,  ther e i s a  well-know n limitatio n o f  cor -
relationa l  study :  th e correlationa l  stud y ca n no t  prov e 
a causa l  relationship .  Thus ,  w e wil l  teac h student s th e 
ide a o f  ho w t o construc t  equation s an d confir m th e re -
sult s o f  Experimen t  1  b y doin g a  controlle d experiment : 
Experimen t  2 .  A s mentione d above ,  th e ide a i s a  mor e 

^Th e secon d assignmen t  wa s use d becaus e th e re -
assignmen t  reflect s th e fina l  content s o f  th e acquire d 
schemat a 

abstr.u' t  schem a tha n th e form s o f  equation s themselves . 
No researche r  ha s trie d t o teac h student s t o represen t 
problem s a t  a  mor e abstrac t  leve l  tha n th e form s o f  equa -
tion s (Reed ,  1993 ,  p.62) . 

Method 

Participants .  Participant s wer e 7 6 high-schoo l  students . 

Materials. Participants were given the clock problem as 
an exampl e an d th e pon d proble m a s a  targe t  problem . 

Procedure. Participants were randomly assigned to three 
conditions ,  tha t  is ,  contro l  condition ,  formul a condition ,  an d 
compressio n condition . 

At  first  participant s wer e require d t o solv e th e example . 
The correc t  solutio n t o th e exampl e wa s show n t o th e par -
ticipant s cifte r  the y trie d t o solv e i t  fo r  five  minutes .  Th e 
content s o f  th e solutio n Wci s th e sam e a s th e on e give n i n 
Experimen t  1 . 

Afte r  th e solutio n instruction ,  a n explanatio n abou t  thi s 
proble m wa s presented .  I n th e contro l  condition ,  th e subject s 
wer e taugh t  tha t  w e cal l  thes e kind s o f  problem s "catching -
up-with "  problems .  I n th e formul a conditio n th e followin g 
explcinatio n Wci s adde d t o th e on e give n i n th e contro l  condi -
tion :  th e formul a o f  th e equatio n o f  thi s kin d o f  proble m i s 
Rat e A  x  Tim e A  -  Rat e B  x  Tim e B  =  a  particula r  distance . 
I n th e compressio n conditio n th e followin g explanatio n wa s 
adde d t o th e on e give n i n th e contro l  condition :  th e poin t  o f 
thi s kin d o f  proble m i s tha t  th e differenc e betwee n th e tw o 
distance s i s equa l  t o a  particula r  distance . 

The participcint s the n proceede d t o th e tcirge t  problem . 
They wer e give n five  minute s t o solv e i t  withou t  an y hints . 
Afte r  thi s  first  attempt ,  th e participant s wer e give n fou r  min -
ute s t o solv e thi s proble m agai n wit h th e hint :  thi s proble m 
i s simila r  t o th e cloc k proble m whic h ha s jus t  bee n learned . 
Results and Discussion 

Dat a fro m fou r  participant s wer e discarde d becaus e the y 
succeede d i n solvin g th e example .  Tabl e 2  show s th e 
number  o f  participant s w h o succeede d i n constructin g 
th e correc t  equatio n t o th e targe t  problem . 

Ther e wer e n o difference s amon g th e thre e condition s 
withou t  hin t  (x (̂2 )  =  3.32, p >  .10) .  Thi s resul t  i s i n 
lin e wit h th e result s o f  previou s studie s tha t  showe d th e 
difficult y o f  transfe r  withou t  hin t  (e.g. ,  Gic k k  Holyoak , 
1983) .  Th e proportion s o f  participant s wh o succeede d i n 
solvin g th e targe t  proble m wit h hin t  wer e significantl y 
slante d (x^(2 )  =  6.54, p <  .05) .  Thu s w e ca n sa y tha t 
participant s succeede d i n constructin g correc t  solutio n 
mor e i n th e formul a conditio n an d compressio n conditio n 
tha n i n contro l  conditio n (se e Tabl e 2) . 

Thi s mean s tha t  th e appropriat e abstractio n wit h hin t 
facilitate s transfe r  i n th e comple x domai n suc h a s math -
ematica l  proble m solving . 

Althoug h th e participant s i n th e formul a conditio n 
showe d goo d transfer ,  not e tha t  the y wer e no t  taugh t  th e 
for m o f  th e equatio n itself ,  (se e th e righ t  side ,  se e als o 
discussio n i n th e explanatio n o f  material s i n Experimen t 
1. )  Participant s i n th e formul a conditio n woul d b e abl e 
t o interpre t  th e explanatio n abou t  th e exampl e jus t  a s 
th e explanatio n i n th e compressio n condition .  I n Experi -
ment  1 ,  w e hav e alread y show n tha t  th e good-abstractio n 
student s w h o ha d succeede d i n makin g goo d abstrac t 
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Condition s 
Contro l 
Formul a 
Compressio n 

{N=26 ) 
(N=23 ) 
(N=>3 ) 

Befor e hin t 
Succes s Fai l 

2 2 4 
6 1 7 
3 2 0 

Afte r  hin t 
Succes s Fai l 

3 n 
8 IT ) 
10 1 3 

Tabl e 2 :  Th e numbe r  o f  participant s wh o ca n solv e th e 
targe t  problem . 

schema themselve s showe d goo d transfer .  N o goo d stu -
dent s referre d t o th e for m o f  equatio n itself .  Therefore , 
we ca n conclud e tha t  student s hav e t o acquir e th e knowl -
edge tha t  i s instructe d i n th e compressio n conditio n i n 
orde r  t o promot e transfer . 

General Discussion 

What Knowledge Should Be Acquired ? 
C o m p r e s s e d Solutio n 

Bot h experiment s i n thi s stud y sho w tha t  acquirin g th e 
ide a o f  ho w t o construc t  correc t  equation s facilitate s 
transfe r  t o simila r  targe t  problems .  Thi s findin g i s quit e 
meaningfu l  becaus e ther e i s littl e evidenc e t o sho w tha t  a 
schema abstractio n fro m example s facilitate s transfe r  i n 
mathematica l  proble m solving .  Moreove r  w e succeede d 
i n facilitatin g transfe r  t o simila r  targe t  problem s whic h 
i s difficul t  t o obtai n (Reed ,  1987 ,  Ree d &  Bolstad ,  1991) . 

I n thi s section ,  w e wil l  examin e wha t  th e propertie s o f 
th e ide a are ,  i n othe r  words ,  wha t  knowledg e shoul d b e 
acquire d i n orde r  t o promot e transfer ,  especiall y t o sim -
ila r  targe t  problems .  Th e previou s studie s hav e consid -
ere d th e form s o f  equation s a s th e abstrac t  structure s o f 
problems ,  bu t  i t  mus t  b e difficul t  t o memoriz e th e for m 
of  a n equatio n itsel f  becaus e i t  sometime s ha s man y slot s 
and ther e ar e variou s form s o f  equation s i n th e domai n 
of  algebr a wor d problems .  Moreover ,  transfe r  t o simi -
la r  targe t  problem s i s difficul t  t o obtai n eve n i f  student s 
lear n th e form s o f  equation s (Ree d &  Bolstad ,  1991) . 
The ide a o f  constructin g equation s i s a  mor e abstrac t 
schema tha n th e form s o f  equation s a s w e hav e alread y 
mentione d (se e Material s i n Experimen t  1) .  Student s 
can construc t  variou s form s o f  equation s fro m on e ide a 
as show n i n Experimen t  1 .  I n short ,  tw o o r  mor e slot s 
of  a n equatio n ar e compresse d int o on e component .  Fo r 
example ,  th e righ t  sid e o f  th e equatio n o f  th e trai n prob -
lem ,  havin g fou r  slots ,  ar e compresse d int o on e concept : 
a particula r  distance .  W e wil l  cal l  thi s compressio n i n 
abstractio n '"solutio n compression" .  Th e compresse d so -
lutio n i n thi s stud y teache s student s t o construc t  th e lef t 
sid e o f  th e equatio n first,  the n t o find  th e righ t  side . 

Solutio n compressio n i s define d ci s compressin g a 
whol e procedur e o f  a  solution .  Mathematica l  problem s 
ofte n hav e a  lon g an d comple x solutio n procedure .  I t 
i s  difficul t  t o memoriz e th e whol e procedure .  Indeed , 
th e transfe r  difficult y seem s t o ste m fro m a  tendenc y b y 
many learner s t o memoriz e a  solutio n procedur e fro m 
example s rathe r  tha n a  mor e meaningfu l  organizatio n 
(Catrambone ,  1996) .  Thus ,  student s hav e t o compres s 
th e procedure .  Thi s teache s u s tha t  a  compresse d solu -

tio n i s diflPeren t  fro m th e abstrac t  schem a tha t  i s induce d 
fro m a  puzzle-lik e problem .  Fo r  example ,  conside r  th e 
transfe r  fro m Dunker' s radiatio n proble m t o th e fortres s 
proble m (Gic k &  Holyoa k 1983) .  Th e tumo r  i s change d 
t o a  "target "  i n th e abstrac t  schema ,  tha t  correspond s 
t o th e for m o f  equatio n i n a n algebr a wor d problem . 
The notio n o f  "target "  i s  directl y change d t o "fortress " 
i n th e fortres s problem .  Althoug h i t  i s  neede d t o cre -
at e super-ordinat e concept s (e.g. ,  "target" )  t o describ e 
a mor e genera l  schem a (Reed ,  1993) ,  w e coul d memoriz e 
th e whol e solutio n procedur e t o a  puzzle-lik e problem . 
I t  i s  usuall y shor t  an d simple .  Fo r  exampl e i t  seem s t o 
be relativel y eas y t o memoriz e th e followin g abstrac t  so -
lution :  i f  a  targe t  i s difficul t  t o overcom e becaus e a  larg e 
forc e canno t  b e aime d a t  th e targe t  fro m on e direction , 
divid e th e forc e int o convergen t  smal l  forces .  Thus ,  th e 
solutio n compressio n i s no t  needed . 

Anothe r  differenc e betwee n compresse d solutio n fro m 
mathematica l  proble m an d abstrac t  schem a fro m puzzle -
lik e proble m i s foun d i n th e proces s o f  illustratin g ab -
strac t  schemata .  Onl y on e ste p i s neede d i n th e illustra -
tio n o f  a n abstrac t  schem a acquire d fro m a  puzzle-lik e 
problem .  A s t o th e above-mentione d example ,  th e no -
tio n o f  "target "  i s  directl y change d t o th e "fortress" .  I n 
contras t  t o thi s case ,  a t  leas t  tw o step s ar e neede d i n 
orde r  t o solv e a  simila r  targe t  problem .  I n ou r  study , 
th e ide a o f  constructin g equation s woul d b e expande d 
t o a  for m o f  equatio n a t  first  (th e for m o f  equatio n cor -
respond s wit h abstrac t  schemat a fro m puzzle-lik e prob -
lems) ,  an d the n th e value s t o fill  th e slot s o f  th e equatio n 
ar e generated . 

Studen t  ca n construc t  th e for m o f  equatio n fo r  a  simi -
la r  targe t  problem s befor e the y generat e value s t o fill  th e 
slot s o f  th e equation ,  b y acquirin g th e ide a o f  construct -
in g equations .  Thi s i s th e reaso n wh y th e compresse d 
solution ,  th e ide a o f  constructin g equations ,  ar e usefu l 
fo r  facilitatin g transfe r  t o simila r  targe t  problem s tha t 
canno t  b e solve d jus t  lik e th e example . 

We m a y b e abl e t o sa y tha t  t o acquir e th e compresse d 
solutio n allow s student s t o se t  a  subgoal .  Fo r  exam -
ple ,  i n thi s study ,  student s ca n se t  th e followin g subgoal : 
construc t  th e lef t  sid e o f  th e equatio n a t  first  an d the n 
find  th e righ t  side .  Prio r  wor k wit h th e subgoa l  learnin g 
demonstrate d tha t  i f  a  studen t  learn s th e subgoa l  struc -
tur e fo r  solvin g problem s i n a  domain ,  the n h e o r  sh e i s 
mor e likel y t o adap t  ol d procedure s fo r  nove l  problem s 
(Catrambone ,  1994 ,  1995 ,  1996 )  althoug h th e subgoa l  i s 
set  a t  a  mor e abstrac t  leve l  i n ou r  study . 

How Is the Knowledge Acquired ? 

We hav e discusse d wha t  schem a shoul d b e acquired . 
N ow w e wil l  speculat e ho w th e schem a o r  compresse d 
solutio n i s acquired .  W e d o no t  hav e enoug h dat a t o 
clarif y th e proces s o f  acquirin g th e compresse d solutio n 
yet .  However ,  w e ca n begi n t o speculat e o n it . 

We ca n conside r  thre e way s a s processe s o f  solutio n 
compression .  Th e first  i s instructio n b y other s (teachers , 
printe d materials ,  an d etc.) .  Experimen t  2  i s a n exampl e 
of  thi s case .  W e taugh t  student s th e compresse d solutio n 
directly .  Thi s instructio n wa s effectiv e fo r  facilitatin g 
transfer .  Th e secon d i s inducin g schemat a b y learner s 
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themselves .  A s show n i n KxperiiiK-ii t  1 ,  lihikaw a (l!)!)l ) 
employe d th e question s t o hav e learner s induc e usefu l 
lesson s afte r  proble m solving .  Ichikaw a (1991 )  calle d thi s 
activit y t o induc e lesson s b y learner s themselve s "lesso n 
induction" .  Th e goo d student s i n Fyxperimen t  1  wen ^ 
considere d t o d o goo d lesso n induction ,  o r  t o generat e 
goo d self-explanation s (Chi ,  Bassok ,  Lewis ,  M(>imann ,  k 
Glaser ,  1989) .  Not e tha t  m a n y participant s wer e abl e t o 
acquir e th e compresse d solutio n fro m onl y on e problem : 
th e pon d proble m (se e th e firs t  assignmen t  i n Experi -
ment  1) .  Abstrac t  schemat a hav e ofte n bee n considere d 
t o b e induce d fro m makin g a n analog y betwee n tw o prob -
lem s (Gic k .1 -  Holyoak ,  1983 ;  Novic k c*L -  Holyoak ,  1991 ; 
Ross A :  Kennedy ,  1990) ,  bu t  th e result s o f  Experimen t 
1 show s tha t  doin g lesso n inductio n o r  self-explanation s 
fro m onl y on e exampl e proble m i s als o a  goo d wa y t o 
acquir e a n abstrac t  schema .  Th e thir d i s t o us e analog y 
fro m differen t  domain .  Suzuki(1995 )  ha s taugh t  hi s par -
ticipant s th e solutio n fo r  th e "work "  proble m b y usin g 
th e followin g analogy :  tw o person s star t  t o ea t  a  stic k 
cand y fro m eac h side .  Th e participant s w h o wer e give n 
thi s analog y showe d goo d transfer .  A n importan t  poin t 
of  th e solutio n t o th e wor k proble m become s clea r  b y thi s 
analogy .  Th e point ,  compresse d solution ,  i s tha t  th e s u m 
of  th e amoun t  o f  wor k (stic k candy )  tha t  eac h perso n di d 
(eat )  i s  equa l  t o th e whol e amoun t  o f  th e work .  I n m a n y 
previou s studies ,  Analogie s wer e alway s m a d e betwee n 
an exampl e an d a  targe t  proble m (Gic k k  Holyoak ,  1983 ; 
Novic k k  Holyoak ,  1991 ;  Ros s k  Kennedy ,  1990) .  I n 
contras t  t o thes e studies ,  Suzuk i  (1995 )  use d a n analog y 
betwee n a n exampl e proble m (wor k problem )  an d an -
othe r  exampl e i n a  differen t  an d familia r  domai n (eatin g 
stic k candy) . 

I n thi s study ,  w e hav e show n tha t  a n appropriat e ab -
straction ,  t o acquir e th e compresse d solution ,  facilitate s 
transfe r  t o simila r  targe t  problems .  T h e compresse d so -
lutio n i s a  mor e abstrac t  schem a tha n th e for m o f  equa -
tio n itself ,  whic h ha s bee n considere d t o b e th e abstrac t 
structur e o f  solution s t o algebr a wor d problems .  Ou r 
stud y contribute s t o clarifyin g wha t  schem a shoul d b e 
acquire d i n orde r  t o promot e transfer ,  bu t  d o no t  hav e 
enoug h dat a ye t  t o clarif y th e proces s o f  acquirin g th e 
compresse d solution .  Furthe r  researc h i s neede d i n or -
der  t o examin e th e proces s o f  acquirin g th e compresse d 
solutions . 
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