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Abstracﬁ
Current and concentrafion distribdtions on a rotatiﬁg disk
electrddelare computéd for general electrode reactioné where the
product‘concentfations must be included. The effect of migra;ion on
the surface coﬁéentrafion of the'supporting:electrolyte is aléo

demonstrated.
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Newman introdude& a_méthod'for thé calculatién of current

and coﬁcenfrétion prafiles over the surface éf.a rotating disk

electrode operated beléw the limiting current. The problem is

complex, since thé concentration variations;ﬁear the éleétrode, the
surface'overpotential associated witﬁ the electrode reaction,

- and thé ohmic pdtential droé in the bulk of the soluﬁion must be

included in_the_énalysis. The diffusion layer on a rotating disk’elecfrode
is thin cbﬁpared wiﬁh tﬁe characteristic dimensions of the eledtrOf
‘chemical cells used in most experimentalvabplications. This physicél
situatidn, in which the concentration changes rapidly in a regién
‘mﬁch smaller than the bulk of the solution‘ﬁhere éhe-pqtential
continues to vary, was naturally formulated aé a singﬁlar perturbatioﬁ.(6)
Thus the potentiallin a‘large'portion éan be qo@sidered to satisfy
Laplace's equation'with the current density distribution oﬁ the
boundaries matched to the ﬁass fiux entering the diffuéion boundary
.layér. In the diffusion layer, the concentrations are determined

from the appropriéte mass trénsport equaFions with a mass flux at thé
electrode surface related by Faraday's law to.the current density
distribution on the éiectrodes, aﬁd-ﬁith the concentrations apprdaching
the bulk COncentratioﬁs far from the electrode. The current
.distributiOn and conéentrations at the electrode -surface are further
specifiéd by the overpotentiél computed as the difference of the

applied voltage, the equilibrium potentiai, and the ohmic drop in the
(2) (3) '

solution. Marathe and Newman experimentally proved the soundness
of the theory by piating copper from a cupric-sulfate~sulfuric acid

solution and then measuring the thickness of the deposit. The potential



(4)

mapping expériments of Miller and Bellavance ‘also agfee quantita:ively

with theoretical'predictiOns. Other verification exists in the

work of Miller and Bruckenstein,(ll) (9,12)

and Smyrl and Newmap.
In an'attempt_to keep the treatmént of the proBlem'fromvbeihg a

quagnire éf coméutational detail,  common exferimental-situations were

' evaluated,and'assumptiqns were made tﬁat would permit the broadest

application of the theofy. The flow was considered fﬁily developed

V'ahd laminar. The»diék'was designed to minimize edge effects. The

‘mass transfer’bpundary layer must lie well within the hydrodynamic

boundary layer; thus the Schmidt number musﬁ be large._'Radialv'_'

Aiffusion.was neglected ovéf'the.entireAsurface of'tﬁe electrode,

even at the outer edge. A métheﬁétically chvenient‘celi utilized a

_céntered disk,'émbédded in an:infinite insulating plane, and placed .

the counterelectrode atvinfinity. Actual cells must be'carefuily

devised to approximate the condition of infinite diménsion,or a

correction to the‘pétential descriﬁtion is necessary.. Any electrochemical

reaction.may bé;étudied éxcept those evolving gas, but attenticn was

- restricted to metal deppsifion fr@m a siggie salt solution and to an

elecﬁrode reaction with an excess of supporting electrolyte, having

a zeré ﬁransference numbef and no dependence upon the product concentration.
Copper plating from a cupric sulfate solution is an example of

the single salt feagtion.while the éddition_of enough sulfuric acid |

to suppreés migratiﬁﬁ effects on tﬁe reactants illustrates the:secgnd

type. Since the”product'does not rémain iﬁ,solutibn,.it may be validly

ignored. Any electrode reaction that ihvolves only electromn transfer



usually requires that the effect‘ofkthe'pfoductvéoncentrationvbe
inclﬁded; Redox couples and organic syntheses are iq'this qlass of
reactioné, | | |

'The.élternating current respoﬁSe of a disk electrode has been
investigéted'by Néwmanfls)'but thé effect of copcgntration variation
was not_included. Vériations of double layer effects can bé computed
voniy if the concentrations of all thg ionic,sﬁecies arebknown at the
electrode surface. The'sqpporting.electrolyté‘does‘not participate
in the‘surface.feaction,but migration causes the surfacé‘boncentration
to deviate from the bulk solution. A fﬁture objective to treat the
alternating current response more coﬁpletely requires the knowledge
of the_iocaluvglue'of each component in soluéion.

We shali éxtend here the original:perturbation scheme to general
electrode feactioﬁs depénding on bqth«regctant and product concentrations
andbwili develop a brocedure for determiniﬁg the concentration of the‘

(14) 5. 380.)

supporting electrolyte. (See also Newman,
Overpotentiél
The major departure from the formulation that omits the pfodUCt

(1)

dependence lies in the treatment of the overpotential expressions
and the variation of the exchange current density i_o . The necessary
- reaction parameters are conVenién;ly introduced by the generai

electrode reaction -

) s.M 1 + ne : ‘ oDl
4 '

o



Qhere 8y ;ié the stoithiometric'coefficiept, Mi is the symbol
for thé chemical species, éi is the speciés'charge.number, and n
is the number of. electrons participating-in the réaétion.a Thg v
.total,voltage .V .applied to the cell ié decompbsed into the -
equilibrium‘potentiél U, 6hmic drop '¢6 ,:thé'concentration over-

" potential’ n. s and the surface overpotential Ng
VU Qo + e f ns Y ' ‘ ' (2)

The surface overpotential is defined by the Butler-Volmer expression
o _ (oZF o ‘,Bz_'.) o .

i=1, [exp (RT s) P < RT ns] : o )

The local value of the exchange current density io - can be related
‘to the concentrations of the reactants and products at the electrode

‘surface by

: c‘ioY.i ,
1 =1 q-te | ()
o 0, ci,w : ,

where ,id,é is a ;onstant determiped by the ;eactioﬁ prgperties and
the constituents of- the bulk‘solution; and Z is equal to -n . Tﬁe
" kinetic parameter§ o » B, and Yi.'ére associated with the éype of
reaction occurring.‘.The parameters'df_Eq. (3) and Eq. (4) may be

(5)

measured experimentally; Newman suggests rules for the evaluation
of the EXpoﬁents 'Yi:.

The concentration overpotential depends upon the variation of

COncentratipn through the diffusion layer in a complicated way. A



relatively high electric. conductivity which can be considered
constant and enough supporting electrolyte to suppress the effect of
sigration on the reactants and products allow - concentration dependent.

(6)

Hoteﬁtialﬂeffecté to be adequately represented by

RT “;i,-c'° | '
C—n—F'gs lp<c. ). _ ‘ (5)

Although no formal arguments about the order of the perturbatlon
approach'have been glven, Eq. (5) may be con31dered a flrst
.approximation which is justified-by the small.variation in electrical

conductivity through the diffusion iayef.

 Potential Distribution in the Bulk of the
‘Solution outside the Diffusion Layer

The potential distribotion in the bulk of the solution outside
the diffusioh layer,where the conceoerations are uniforo,satisfies
Laplace's equation.  Rotational ellioticlcoordinetes have proven
both natural and convenient for the repreeeo:ation of,ﬁhe ohmic .

(7,1)

effects of rotatlng disk electrodes " The expression for the

' potential at the surface of the electrode is

-@OI_—_ e I BP2 m (6)
e m=0 . - :

'sz(n) ‘is the Legendre polynomial of order ' 2m ‘andren = Ql_- (r/ro)2
at the surface. The constants Bm are evaluated by taking the normal

derivative of the potential distriootion, then making use of the



‘drthogonal»prOPefties of Legehdre polynomials and the current

“matching condition between the diffusion layer and the bulk solutiom.

The Diffusion'Layer

The.mass balance is
veVc, = b_Vzc. + z,u,FVe+(c, VD) . , : “(7)
— i i i Tid i

@)

Levich advancéd the idea of investigating thé.cqnéentration
distribution of ali components in'the_solution'by a perturbation
technique. The method has been successfully épplied tq.show the

:effecf;of ionic migration on the,suppofting electrolyte at the
limitiné;currentﬂ;s) _For.a soluticn.that contains minor specieé
and a binary iﬁdifférent electrolyte, theAzero appfoximationromits

" the minor’species. ‘The'potential and concentration profile éésoéiatéd
with the suppofﬁiﬁg;ions ére then'found to be constants, since the
major_sféciés do not.péfticipéte’in_the'electfdde,reaction; Therefore

- no current is passed?and the solution iszthé bulk concentration of

cl’m"agd cép)

electroneutrality. The first order approximation is

(o) _
1

~ the supporting iomns, c is specified by

=)+ e

céo)'¥'c§l)

c, = cél)  where i>2. o (8)



Eq. (8) is substituted into Eq. (7), and second order terms are

dropped, which'gives

@ p g2 D s, g
X_Vci = DiV ;iv. for 1> 2 €))
. 2 U, (D - D,) 3 o
7o) 1 e 4y a0 700 ao
| i %1% 7 %% .
The physical parameter De‘ is the diffusion coefficient of the
‘binary.electrolYte
z,u.D z,u,D _

D = 1 12”2721 . _ (11)

RS b R A
The potentlal is removed from Eq. (7) by the binary electrolyte
approx1mat10n then the electroneutrallty condltlon is used to
eliminate cél)
The ﬁiﬁor eémﬁdﬁents are found by solving:Eq. (9);‘the eéuation
of_conveetive.diffﬁsion that epplies when the-effectvof‘migratibn
ean bevignored. Smyrl and Newman(g). have wgrked out a fermal»
solution to Eq. (9) that can be applied to dlffusion'layers ln
laminar forced convection at?high Schmidt numbets'on éxisymmetric
5edies. lhe chcentration derivative at the electrode Surface; as
a fﬁnction ot thelsurface.concentratiqn; is

‘a¢7 v _ ut‘.dc..
-r : i,o
=0 F(4/3) : dr

i
14

dr'
3 '3
-r

J173 s a2

r=r' (r
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and Eq. (12) can be inverted

. . I : .

. : ~ dc
o -1 -/‘ —i,0} r'dr' : ,
c. -c, = - (13)
io i, F(2/3) - 14 =0 (r3»— r.3)?/3
. : -‘r=rr

where thé-dimensionless distance from the surface is

7 = yGav/apBamt/? . o aw

All of the minor ionic species are either a reactant or a product in
the general electrode reaction Eq. (1) which combined with Eq. (13)

provides the relationship

c -C .8 D
i,o i,» i/ ' .
—e " . X
c, - ¢, s, <D> : (15)
Js0 3™ J 1

" A great economy thCOmputation can bé achievéd_by using Eq. (15)

to find the concentrations of all reaction épécies except for one,

which must be determined from Eg. (12). The réferénce ionfwill be

taken to bé the ;hird_species, and tﬁis céﬁ bevéonveniently regardéd

as the limitiﬁg reactaﬁt. ” |
For the case of two minor species, Eq. (10) is solved subject

to the boundary conditions

c{.l) >0 - as [ o> | -. B - (16)
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and
e L “1% o +z, 9 ) (17
o - oz
'd; £=0 22u2D1A ?lulDZ'. 3 dg =0 4 dt c=0| )
to give 135)
Y ED I 65 o o \1/3 -
1,0 7.1, Z3%1 [Py = D3\|/D, -
(l) (l) z.u, - z,u, \D_ - D./I\D. - -

| o \1/3) 2/3( .
| z3“1D2 {Pe Y e A N e
z,u,D u,D D * s D zZ.u, - z,.u
1172 7 %2%2Y1 \P3/ 3 \74 1Y1 7 %%

/D - p\|/p\/3 C awD. p \1/3 |
Dé - D4 D4 . zlulD2 2u2D1 D4' -

o

The remaining conceﬁtration, Cy " is calculated from the electro-

neutraiity condition.

Numerical Example'
_ For a numerical example,da faet redox rezction equimolar in the
bulk concentrations of minor species, such.as‘the ferro-ferricyanide
vcouple'withvsodium fiuoride es the supporting:electfolyte,was chosen
for a system that would exhibit 51gn1ficant dlfferences between ‘a | , -
product dependent and a product 1ndependent treatment. Many other
'systems would serve Jjust as well. The dlmen51onless groups that

characterlze the solutlons are(1 10)
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- » ‘nFroilim : : '
N = -T'(4/3) ———— S 19
- ' RTKoo o )
sand
i r nF y
J= —-‘%—EQ- eooh (20)

The basic solution procedure for the set of equations is similar to that of

(lo)_with the addition of Eq. (15) for the .

.Parrish'and Newman
concentfation of the product.énd Eq. (18) for the concentration of
the supporting electrolyte. - | | |
Concentration énd current_distributidﬁs are calculated With a
given average current rathér than a specified fraction of the
limiting current atﬂthe'center of thé diék; by adding ;ﬁ extra
ldob<3)I.to the baéic iteration(l) The parémetric_dependence of
) tﬁe computationé on £he dimensionless $tirring rate N is thus
':ciearly emphasiied iﬁ'Figs._lfand_Z.: Increasing N’ prbducés larger
‘differences between.the product dependent and independent approaches.
The concentration of the supporting electfoiyté'cation'differsbfrom
_the bulk vaiue és_shown in.Fig. 3. The effect is émail, but it)must
.bé tgken'iﬁto aégount for alternating'currgnt_impedance calcuiations
or double léyer iﬁvestigations.
Fig. 2 for the»reactant concentraéion is rélatéd to Fig{ll«fof.
‘the current distributiOn by means of Eq. (12) or Eﬁ.,(i3). The
product concen;fatioh ‘célé- would be higher than the bulk concenfration

s

by an amount prpportional td‘the depletion of the reactant in Fig. 2,
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Figure 1. Current distribution; dashed lines represent the product-—
- independent reaction and solid lines are for the product-dependent

reaction (reduction of ferricyanide with equal bulk concentrations

of. ferricyanide and ferrocyanide)."D4/D3'= 1.0; the curves are not

appreciably different for D4'/D3 = 0.825, the ratio at infinite dilution.
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Figure 2, Concentration distribution; dashed lines represent the
product independent reaction and the solid lines are for the
product.dependent reaction. : o
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Figuré 3. Concentration distribution of the cation of the uni-univalent
supporting electrolyte for the product and reactant dependent
reaction. (De/D3 = 1.798 and D4/D3 = (0.825. Mobilities are obtained

from the Nernst-Einstein relation.) , »
_ . g



and could be computed througﬁlEq.'(lS). ‘The supporting cation in

Fig. 3 reflects the current distribution also, but this is through

,
-

the reactant and product concentrations according to Eq. (18).
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Nomenclature
a . 0.51023
Bm coefficients in series for pctential
g concentratioq cf ith species, mole/_cm3
cgj) concentfatioﬁ of ith scecies iﬁ the jth perturbatioc§ mole/cm3
ci,o concencration.of the‘ich species at’ the electrode surface;
mole/cm3
;i,é concentracion'cf the ith'species in the bulk solqtion, mole/cm? 
De- diffusion coefficient of the binery electrolyte; cm2/sec
Di , diffusion coefficient df‘the ith species, cm2/sec
F Faraday's constant, coulomb/eQuic
i ‘normal current density ac electrode surface; amp/cm
o excﬁange current density, amp/cm2
io,m characteristic eichange currenc_density, emp/cm2
'ilim currect decsity at theblimiting:curfeht, amp/cm2
dimeneiohIess exchange current densityi‘
y .

chemical'eymbol for ith*speciesc
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dimensionless stirring rate

number of giegtrons produced‘iﬂ the reaction
Legendre polynomial.of order 2m

universal gas const#nt, joule/mole-deg
radial coordinate,.cm'

radius of_disk electrode, cm

stoichiometric coefficient of species. i

"absolute temperature, °K

open circuit cell potential, volt
mobility of species i, sz-mqle/joule—sec
applied potential, volt

normal distance from disk, cm

charge number of species i

negative number of electrons produce& in the reaction
parametef in Butler-Volmer kinetic expression
parameter in exchange curfent relation (see Eq. (45).
dimensioﬁlessrnormal‘distance (sge Eq,_(l4))

elliptic coofdinaté

concentration overpotential,ivolt-

surface ovérpotential, volt

electrical conductivity of bulk solution, ohm-lcﬁf-1

e e 2
kinematic viscosity, cm”/sec

electrostatic potential, volt
electrostatic potential extrapolated to the electrode

rotation speed, radians/sec

surface, volt
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